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The Work of M. H. Freedman
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Michael Freedman has not only proved the Poincaré hypothesis for 4-dimensional topological manifolds, thus characterizing the sphere S 4 , but has also given
us classification theorems, easy to state and to use but difficult to prove, for much
more general 4-manifolds. The simple nature of his results in the topological
case must be contrasted with the extreme complications which are now known
to occur in the study of differentiable and piecewise linear 4-manifolds.
The "n-dimensional Pioncaré hypothesis" is the conjecture that every topological n-manifold which has the same homology and the same fundamental group
as an n-dimensional sphere must actually be homeomorphic to the n-dimensional
sphere. The cases n = 1,2 were known in the nineteenth century, while the cases
n > 5 were proved by Smale, and independently by Stallings and Zeeman and
by Wallace, in 1960-61. (The original proofs needed an extra hypothesis of differentiability or piecewise linearity, which was removed by Newman a few years
later.) The 3- and 4-dimensional cases are much more difficult.
Preedman's 1982 proof of the 4-dimensional Poincaré hypothesis was an extraordinary tour de force. His methods were so sharp as to actually provide a
complete classification of all compact simply connected topological 4-manifolds,
yielding many previously unknown examples of such manifolds, and many previously unknown homeomorphisms between known manifolds. He showed that
a compact simply connected 4-manifold M is characterized, up to homeomorphism, by two simple invariants. The first is the 2-dimensional homology group
H2 =

H2(M\Z)*:Z(&>-<®Z,

together with the symmetric bilinear intersection pairing
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This pairing, which is defined as soon as we choose an orientation for M, must
have determinant ± 1 by Poincaré duality. The second is the Kirby-Siebenmann
obstruction class, an element

aeH4(M]Z/2)^Z/2
that vanishes if and only if M is stably smoothable. In other words, a is zero
if and only if the product M X R can be given a differentiable structure, or
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equivalently a piecewise linear structure. These two invariants OJ and a can be
prescribed arbitrarily, except for a relation in one special case. If the form UJ
happens to be even, that is if cj(a;, x) = 0 (mod2) for every x G H2ì then the
Kirby-Siebenmann obstruction must be equal to the Rohlin invariant:
a = signature (u )/8

(mod 2).

(Freedman's original proof that these two invariants characterize M up to homemorphism required an extra hypothesis of "almost-differentiability," which was
later removed by Quinn.)
If the intersection form w ^ 0 is indefinite or has rank at most eleven, then
it follows from known results about quadratic forms that M can be built up
(nonuniquely) as a connected sum of copies of four simple building blocks, each
of which may be given either the standard or the reversed orientation. One needs
the product S2xS2i the complex projective plane CP2, and two exotic manifolds
which were first constructed by Freedman. One of these is a nondifferentiable
analogue of the complex projective plane, and the other is the unique manifold
whose intersection form u is positive definite and even of rank eight. (This CJ can
be identified with the lattice generated by the root vectors of the Lie group Es.
As noted by Rohlin in 1952, a 4-manifold with such an intersection form can never
be differentiable.) By way of contrast, if we allow positive definite intersection
forms, then the number of distinct simply connected manifolds grows more than
exponentially with increasing middle Betti number.
Freedman's methods extend also to noncompact 4-manifolds. For example, he
showed that the product S3 x R can be given an exotic differentiable structure,
which contains a smoothly embedded Poincaré homology 3-sphere and hence
cannot be smoothly embedded in euclidean 4-space [11, 16]. His methods apply
also to many manifolds which are not simply connected [22]. For example, a
"flat" 2-sphere in 4-space is unknotted if and only if its complement has free cyclic
fundamental group; and a flat 1-sphere in Ss has trivial Alexander polynomial
if and only if it bounds a flat 2-disk in the unit 4-disk whose complement has
free cyclic fundamental group.
The proofs of these results are extremely difficult. The basic idea, which had
been used in low dimensions by Moebius and Poincaré, and in high dimensions by
Smale and Wallace, is to build the given 4-manifold up inductively, starting with
a 4-dimensional disk, by successively adding handles. The essential difficulty,
which does not arise in higher dimensions, occurs when we try to control the
fundamental group by inserting 2-dimensional handles, since a 2-dimensional
disk immersed in a 4-manifold will usually have self-intersections. This problem
was first attacked by Casson, who showed how to construct a generalized kind of
2-handle with prescribed boundary within a given 4-manifold. Freedman's major
technical tool is a theorem which asserts that every Casson handle is actually
homeomorphic to the standard open handle, (closed 2-disk) x (open 2-disk). The
proof involves a delicately controlled infinite repetition argument in the spirit of
the Bing school of topology, and is nondifferentiable in an essential way.
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