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Members of the mathematics education teams at the University of Michigan-Dearborn and Western Michigan University have been working on the development of the number strand for a reasoning and problem solving-based curriculum for elementary mathematics teachers.  The project aims to help preservice teachers build the mathematical knowledge needed for teaching (Ball, 2004), such as analyzing the thinking of others, understanding and analyzing common misconceptions, and, in general, understanding mathematics themselves in productive ways.  We aim to achieve this goal by centering the program on reasoning and meanings and their many facets, asking students, for example, to justify why mathematical processes or strategies are reasonable, to generate conjectures and evaluate them, to use counterexamples productively, and to make and justify generalizations.  

The project addresses several problems, many interrelated, that have been demonstrated widely and confirmed in local observations:

· Pre-service teachers have learned mathematics in fragmented, shallow ways (Ball & Bass, 2000; Schmidt et al., 1997). They struggle to use reasoning to build new ideas on old ones, to see relationships among mathematical ideas, to use and translate among different representations of a concept, and to transfer learning to more complex situations (Ball, 1990; Ma, 1999). To address this problem, we ask, “What concepts and processes are so central to mathematics understanding that they merit attention from a variety of perspectives?”  The table below illustrates the weaving of three fundamental processes for the first course.  Other fundamental concepts and processes (some implicit in the table’s examples) include: meanings of operations, equivalence, structure of a base ten number system, inverses, identities, composing and decomposing, and translations among multiple representations.

Sample Tasks Illustrating Reasoning Processes within Units

	
	
	Numerical Reasoning
	Proportional Reasoning 
	Algebraic Reasoning 

	Course 1 Units
	Whole Numbers and Meanings of Operations
	A student’s work for 
112 ÷ 8 shows 100 ÷ 8 = 12 R4 and 12 ÷ 8 = 1 R4 and 4 + 4 = 8 so 12 + 1 + 1 = 14.  Explain the logic of the student’s work. (JF)
	You know 8 x 6 = 48.  Use this to find other factor pairs of 48.  How are the factor pairs related?  Justify your response using two different interpretations for multiplication (Inv.)
	Explore relationships of number pairs having a constant product. Describe relationships found.  Formulate a conjecture. Justify your conjecture verbally and with a diagram.

	
	Number Theory
	If a number is divisible by 2 and 3, must it be divisible by 6?  Is the same true for a number divisible by 4 and 6?  Why or why not? (CMP)
	How can you use all the factor pairs for 100, 200, 300 or 400 to find all the factor pairs for 600?  Which set of factor pairs is most productive?  Tell why. (Inv.)
	How many consecutive numbers do you need to guarantee that one of the numbers is divisible by 3?  By 4?  By n?  Justify your answer. (CMP)

	
	Fraction Meanings and Operations
	Find a word problem modeled by 1 3/4 ÷ 1/2. Find the solution and explain what it represents.  Make a diagram that illustrates your solution for each interpretation of division. (DB)
	If 1/3 x 8 = 8/3 and you multiply 1/3 by 2 and divide 8 by 2, what happens to the product 8/3?  Do you get the same results using numbers other than 2?  Why, or why not?  
	The pizza pirate eats 1/2 a pizza on the first night.  Each subsequent night he eats 1/2 of the remaining pizza.  What is the fraction of pizza remaining after n nights?  (CMP)


Key: Identified items are adaptations from CMP, Investigations (Inv.), and the research of Ball (DB) or Flowers (JF)
· Pre-service teachers need support in developing the language, clarity, and reasoning for understanding and communicating mathematics effectively (Ball, 1990; Hiebert, 1999).  Regarding this problem, students are asked regularly to explain their reasoning in small group work, full class discussions, short writing assignments, extended problem solving, and exams.  Attention is paid to language usage and to difficulties students experience in distinguishing how they did something (a description of a procedure) versus why (a rationale.)  

· Many pre-service teachers are anxious about learning mathematics, lack persistence, are reluctant to share their reasoning, have little mathematical curiosity, and find mathematics learning unsatisfying. In addressing this problem we provide challenging work in a highly safe and encouraging environment. Students work in teams, where reticent students feel comfortable to say what they think.  Lessons center on a few (often just one) problems with sufficient time to think.  By focusing on demanding, compelling problems, students struggle, develop persistence, and ultimately take pride in their accomplishments.
· Materials for courses of this sort commonly do not engage preservice teachers in the intellectual challenges of elementary mathematics.  Typical materials are limited in promoting reasoning and problem-solving and, by providing examples, often pre-empt students’ opportunity to reason for themselves.  Moreover, existing materials do not assist instructors in developing student thinking. Regarding this problem, we have selected and are adapting exemplary school curricula.  The Connected Mathematics Project (Lappan et al., 1998) and Investigations (Russell et al., 1998) were selected as the bases for our project because their authors have identified and centered their work on what youngsters need to know and how learners best access those ideas. The materials center on reasoning and problem-solving, even for work involving computation (Hiebert et al., 1996). 
· Helping students understand requires detailed information about their thinking:  misconceptions, errors, underdeveloped concepts, or insights.  Existing materials lack this sort of information. This problem is addressed through video-taping and transcription of classroom activities and by a collection of instructionally-revealing student work.  Classroom episodes often spur valuable discussions or reveal critical misconceptions.  Capturing these moments helps us understand student thinking and plan more relevant instruction.
Consequently the project is developing materials that engage students in a carefully honed set of rich, challenging, and generative tasks, fundamental to mathematical understanding, derived from researched activities (Ball, 1990; Lampert, 2001; Lamon, 1999; Ma, 1999), National Science Foundation-funded elementary and middle grades curricula (Lappan et al., 1998;  Russell et al., 1998), and the developers’ teaching experiences.  In classwork, homework, assignments, and assessments students are expected to provide mathematical justifications for their solutions; to understand, to challenge, and to refine each others’ solutions, representations, and reasoning (Cobb & Yackel, 1996); and to construct relationships among different ways of thinking about a problem (Davis, Maher, & Noddings, 1990).  Because of the challenge to instructors in working with this program, we are also developing detailed instructor’s notes for the program and video-clips to help users envision the nature of the classroom enactment.

Relationship to ICMI Study.  For the ICMI meeting we would like to address Strand I   (Teacher Preparation Programs and the Early Years of Teaching) question (c): How are teachers prepared to know mathematics for teaching?  What are the special problems of subject matter preparation and how are they addressed?  

Goal.  We are proposing to do a demonstration session designed to engage participants in understanding and considering the challenges of designing and implementing a curriculum for future elementary teachers that centers on problem solving and reasoning.  Foci will include: What is the nature of such a program? How do students respond? What are the challenges?  What are some benefits and concerns? 

Plan.  We will provide a brief overview and background of the project.  We will center our demonstration on one problem and its classroom enactment: generating and justifying the equivalence of multiplications with the same product.  First, participants will explore the problem and the mathematics it entails, then discuss this together.  Next we will view artifacts of such a program, for example, a sequence of brief video-clips of a lesson and related student written work.  Finally, participants will discuss the challenges of designing and implementing such a program.

The mathematics problem central to the demonstration involves whole number multiplication, interpretations of multiplication, factors with equal products, and proportionality.  The student work includes generating conjectures, investigating conjectures, representing products, and creating an argument accessible to preservice teachers.
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A Reasoning and Problem Solving-based Curriculum 

for Elementary Mathematics Teachers: Visions and Perspectives
Summary

Members of the mathematics education teams at the University of Michigan-Dearborn and Western Michigan University have been working on the development of the number strand portion of a reasoning and problem solving-based curriculum for elementary mathematics teachers.  The project addresses several problems, many interrelated, that have been demonstrated widely and confirmed in local observations.  These include problems related to learning (shallow mathematics learning, weak reasoning and communication, and unproductive disposition) and problems related to teaching (inappropriate materials and insufficient information about student thinking).

We are addressing these problems by developing, implementing, and evaluating a curriculum centering on problem solving and reasoning.  Course materials are designed to engage students in a carefully honed set of rich, challenging, and generative tasks, fundamental to mathematical understanding, derived from researched activities (Ball, 1990; Lampert, 2001; Lamon, 1999; Ma, 1999), National Science Foundation-funded elementary and middle grades curricula (Lappan et al., 1998; Russell et al., 1998), and the developers’ teaching experiences. 

We are also working on the instructional approaches that address the identified problems.  Our work draws upon the thinking of theorists related to constructivist approaches, learning for understanding and learning environments, such as that of Cobb and Yackel (1996); Davis, Maher, and Noddings (1990); and Hiebert (1999).  Consequently, courses are designed so that the problem solving activities are collaborative in multiple respects and students analyze work at a spectrum of levels of completion.  Students learn early in the course through the team work, through the expectation that partial or tentative solutions are presented, and through the full class engagement in grappling with problems that we really can think together and support one another’s learning.  In classwork, homework, assignments, and assessments students are expected to provide mathematical justifications for their solutions; to understand, to challenge, and to refine each other’s solutions, representations, and reasoning; and to find relationships among different ways of thinking about a problem.  Because of the challenge to instructors in working with this program, we are also developing detailed instructor’s notes for the program and video-clips to help users envision the nature of the classroom enactment.

We will provide a brief overview and background of the project.  We will center our demonstration on one problem and its classroom enactment: generating and justifying the equivalence of multiplications with the same product.  First, participants will explore the problem and the mathematics it entails, then discuss this together.  Next we will view artifacts of such a program, for example, a sequence of brief video-clips of a lesson and related student written work.  Finally, participants will discuss the challenges of designing and implementing such a program.

The mathematics problem central to the demonstration involves whole number multiplication, interpretations of multiplication, factors with equal products, and proportionality.  The student work includes generating conjectures, investigating conjectures, representing products, and creating an argument accessible to preservice teachers.

