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ABSTRACT: Teaching as a learning environment for teachers' is analyzed. The structure and properties of instructional interactions were detailed by means of a model developed on the basis of practice by a multiple-case-study procedure. It allows describing a teacher's proficiency when interacting with students and demonstrating the potential of the interactions for teachers' learning of mathematics. More proficient interactions between a teacher and her/his students are shown to have greater potential for teachers' learning. A case study exemplifies and explains ideas developed here. 

BACKGROUND: Mathematics teachers’ professional development through practice is widely addressed in the educational literature (e.g., Lampert & Ball, 1999; Mason, 2002; Markovitz & Even, 1999); Wilson, Shulman, & Richert, 1987). Studies mainly concern learning through teaching by way of teachers’ continual inquiry into students’ thinking and learning (e.g., Franke et al., 2001; Shifter, 1998). Some researchers who are expert teachers analyze their own pedagogical growth (Chazan, 2000; Lampert, 2001); others focus on a micro-teaching situation (Leikin, Berman & Zaslavsky, 1999). Still, our understanding of what and how changes in teachers’ mathematical knowledge through teaching is relatively limited.

 Through the concept of learning as interactive process (Voigt, 1995; Sfard, 2001; Cobb, Yackel, & Wood, 1992), teachers’ interactions with students, as well as reflection (Schön, 1983), were grasped as the main source of learning-through-teaching. Interactions are usually defined as a reciprocal process by which information is exchanged between individuals through a common system of symbols, signs, or behavior (Merriam-Webster Online, 2003). According to this definition, through instructional interactions, which are oriented to student learning, the teacher learns as well by exchanging information with the students.

THE MODEL OF INTERACTIONS: During the last six years my research has centered mainly on teachers' learning-through-teaching in a real classroom setting (e.g., Leikin, in press). It included a multiple case study that used a design experiment (i.e., "teaching unfamiliar mathematical tasks") and a qualitative research paradigm based on Strauss and Corbin’s (1990) grounded theory.  The integral part of this investigation was analysis of instructional interactions. I suggested (Leikin, in press) a model that makes possible  detailed analysis of teachers' interactions in a system of six properties (characterized as “big themes”): (1) the purpose for which a teacher may interact with students; (2) initiation by the teacher or by the pupils; (3)  motives, which may be external if they are prescribed by the given educational system, or internal including cognitive conflict, uncertainty, disagreement, or curiosity; (4) reflection on or in teachers' or students' previous experiences; (5) actions that support the interactive process, e.g., advice, presentation, questioning, and discussing; (6) focus of interaction, which may be mathematics or pedagogy. Each of these themes may be divided into broad categories so that any interaction may be seen as a vector constructed of six "coordinates". 

THIS PAPER AIMS to explain how the model of instructional interactions characterizes teachers' proficiency, and how qualities of interactions -- incorporated in the model -- are related to the development of teachers' mathematical knowledge. Here this follows Shulman's (1986) definition: it covers knowledge of mathematical concepts, their different representations and the connections between them, and their implementation for solving problems. 

DATA COLLECTION: The data were collected from 29 mathematics teachers (seven elementary school teachers, 22 secondary school teachers; experience varied from three to 17 years). Each teacher was asked to teach an unfamiliar mathematical task matching the topics he/she taught. The duration of teaching varied from one to three lessons. The data of all the cases were collected in triads of planning teaching (pre-active stage), performing teaching (interactive stage), and critical analysis of the planning and instructing (post-active stage) in order to follow what changed in teachers' knowledge, and how the change occurred. All the data were accurately recorded in written protocols or videotaped and transcribed. At least two people analyzed the data in any piece of information. 

The following is a brief description of one case chosen as typical, and especially abundant in the teacher’s learning. The description of the diagnostic and predictive features of the interactions model is based on this particular case.

THE CASE OF EINAT: LEARNING MATHEMATICS WITH STUDENTS
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Einat – one of the teachers who participated in the study – had taught mathematics for 14 years in senior high school, where she was regarded as an expert teacher. Einat was asked to teach this problem:

Problem 1: Find the shortest way from the bottom left corner to the top right corner of the large rectangle without passing through the small (gray) rectangle (see Figure 1). 
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Pre-active stage: When solving the problem Einat first considered it a maxima-minima problem. However, using calculus tools was complicated since the correspondent function had at least two variables. So she drew several possible tracks, and saw that two of them (by symmetry) were of minimal length (see Figure 2). She proved this using triangle inequality. 
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Einat planed teaching the problem in her basic level 11th-grade class. She decided first to present the problem to the students in a story-like mode (i.e., presenting the smaller rectangle as a pool with crocodiles in the middle of the surrounding rectangular park: see Figure 3), and then to apply the Pythagorean Theorem. To train the students to use the theorem, several times she moved the small rectangle to the left and added numbers to the drawing (see Figure 4). It was clear to her that moving the rectangle broke the equality between the paths.
Interactive stage: The first phase of the lesson (solving the pool-in-the-park problem) developed according to Einat's initial planning. When working with problem 2, the students were surprised that the two paths were of different lengths. One of the students (Ron) asked: "Is it possible to compare the lengths of the two paths without calculation?" This question was unforeseen; Einat as well as the students were intrigued by it. She changed her plans: the classroom discussion focused on Ron's question.  One of the students (Opher) raised an unexpected conjecture: “Obviously, if the vertex [points to one which determined the shortest distance] is closer to the diagonal AB, then the path is shorter”. The lesson ended at this point. 

Post-active stage: Unpredicted questions and unpredicted answers.

Einat was satisfied after the lesson: all the students had worked actively on the problem. No less important, she felt that she had learned mathematics with her students: both Ron's question and Opher's conjecture were new to her. However, she was unhappy that they did not prove the conjecture during the lesson. She decided to continue the discussion and prove the conjecture in the next lesson. 

At once, when started planning the new lesson, she figured out that Opher's conjecture was wrong: She knew that "of all triangles with a given side s and given area A, the isosceles triangle has the minimal perimeter". Thus, vertexes of two paths of different lengths may be at the same distance from AB. Further, she solved the problem using the ellipse property: Two tracks A-F-B and A-E-B (see Figure 5) are of the same length iff the points E and F are on the ellipse with focuses at A and B. So vertexes of two paths of equal length may be at different distances from AB. However for her, "from the didactic point of view" Ron's question still remained open: the students were not familiar with the tools that Einat used in these two solutions. Eventually she designed an activity using guided inquiry in DGE which involved construction of lines parallel to AB and dragging a point along these lines (see Figure 6). 

USING THE MODEL TO EXPLAIN TEACHER'S LEARNING 
While the previous publication (Leikin, in press) described the model’s development, this study paid special attention to the two main functional features of the model. These are specifying teachers' proficiency in managing effective learning interactions with the students (diagnostic function) and predicting the potential of the interactions for teachers' own learning of mathematics (predictive function). I turn to short explanation of these ideas using Einat's case.
     Purpose: Teaching is taken here in its broad sense: it includes pre-active (planning), interactive (performing), and post-active (analyzing) purposes.
The potential of planning for teachers' learning corresponds to teachers' solving unfamiliar problems before the lessons and their reasoning about students' potential questions. Teachers' ability to recognize what is unforeseen in the problem determines their own learning of mathematics. Einat missed some deep questions related to the problem when she planned the lesson, so she experienced no learning at that stage. However, she saw the potential of the problem for students’ learning and transformed it, thereby learning mathematics herself at the interactive stage.
When teachers analyze the lesson their learning is based on their critical thinking and their need to continue teaching the topic. Einat's case demonstrates this argument perfectly: Einat realized the mistake in her own as well as in her student's conjecture, and refuted both of them in several ways.
    Teachers' proficiency at the interactive stage is addressed in detail in the following sections. 

Initiation: Teachers’ proficiency is associated with their ability to design interactions based on pupils’ initiatives, which are the main source for the teachers' learning. The learning of students and teachers alike depends on the teachers' noticing (Mason, 2002) of students' unexpected answers and evaluating these answers as "worth addressing".
Einat obviously connected the class discussion to the students' initiative, i.e., thinking about an unexpected question connected to the problem. Her ability to change the planned learning trajectory indicated her competence. As a result she and her students "entered new [for her] mathematical territory" (to quote Lampert, 2002).   
Motives: As mentioned earlier in the section on the interactions model, I differentiate between external and internal motives that direct teachers' interactions with students. Internal and external factors have a potential for teachers’ learning. Einat was asked by the researcher to teach an unfamiliar problem, so this experiment was first motivated externally. Yerushalmy, Leikin and Chazan (submitted) analyzed teachers' learning in conditions of curricular change, namely another kind of external motivation. 

Teachers' ability to stimulate students' internal motives is an element of teachers' proficiency, while their interactions with students due to their internal motives have great potential for teachers' learning. For example, Einat was able to create a situation in which the students were highly motivated. Her own curiosity about Ron's question and her dissatisfaction that Opher's conjecture was not proved served as internal motives for the development of her own mathematical knowledge. 

Reflection: Every interaction somehow relates to people’s previous experiences (e.g., Voigt, 1995; Schön, 1983). A teacher in the classroom may react to pupils’ experiences (perform reflection in action); he or she may reflect on his or her own experiences and plans. Teachers' ability to reflect on their learners’ experiences characterizes them as more proficient, as well as carrying great potential for their own learning. Einat's case demonstrates these claims.

Actions: The actions of more proficient teachers promote learners’ active participation in the interactive process, whereas less proficient teachers are themselves more active than reactive. 
    Proficient teachers' actions may stimulate students' initiatives and generate internal learning motivation in teachers and students alike. Actions that impart to students' an active role and to the teacher a reflective role in the interactive process have more potential for teachers' own learning. Einat designed learning actions that encouraged students to participate actively in the lesson; she listened carefully to the students' voices, and in doing so enhanced opportunities for her own learning during the lesson.
    Actions are of course all interactive by nature, so they may also be of diverse qualities. In this sense the model is of a recursive nature.

Focus: More proficient teachers mostly succeed in focusing on mathematics. Einat's interaction with the students focused on mathematics, and therefore provided an opportunity for her to learn mathematics through teaching.

Figure 7 depicts the interaction model. The two paths on the diagram denote a particular teacher-student interaction. The heavy line shows Einat's interaction with the students during the episode of "Ron's question". It may be described as proficient management of students' learning, which has high potential for teachers' learning. The dotted line depicts less proficient teacher-centered interactions with the students during which the teacher (Miri, who was asked to teach the same problem) did not learn mathematics herself.

Teachers' proficient interactions with students are necessary but not sufficient conditions for teachers' learning in teaching. Other factors include teachers' knowledge and beliefs, which affect their decisions when interacting with students. Space constraints of this paper do not allow discussion of these factors.
The above discussion of the qualities of teachers' interactions sets out the relationship between teachers' proficiency and their learning of mathematics by teaching. The interactions of more proficient teachers have greater potential for this learning. On the other hand, the more teachers learn through teaching, the more proficient they become. Accordingly, I suggest that teachers' learning through teaching is generative by nature.
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Figure 4: Problem 2
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Figure 3: Problem 1a
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Figure 5: General solution





Figure 6: Exploring the �conjecture in DGE
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Figure 7: Diagram of the Model of Interactions
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