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The Problem

Teachers’ mathematics knowledge plays a significant role in shaping the quality of their teaching.  However, the mathematics knowledge it takes to teach is inadequately understood.  Little is known about what mathematical knowledge teachers need, where in teaching this knowledge is useful, and what it takes to make this knowledge usable in practice.  We believe that an underdeveloped understanding of the specialized and applied nature of the mathematical knowledge for teaching continues to thwart well-intentioned efforts to improve the quality of teachers’ professional preparation — both in the U.S. and abroad.

Recent analyses of teachers’ practice, however, provide new insight into these problems.  These analyses reveal two things: first, that the mathematical demands of teaching are substantial, and second, that a study of that knowledge is significantly informed by concurrent study of the work of teaching.  A central goal of our work has been to define a practice-based theory of mathematical knowledge for teaching.  

In this interactive work session, led by Deborah Ball and conducted with Hyman Bass, Laurie Sleep, and Mark Thames, we will: (a) present a theoretical framework for mathematical knowledge for teaching, (b) investigate, together with participants, the mathematical knowledge demands evident in video of classroom teaching, and (c) engage participants in considering how practice-based domains of knowledge might be developed for use in teacher education.

An Example of Mathematical Knowledge for Teaching

In our work, we ask: What kinds of common and specialized mathematical knowledge and skill are needed for the distinctive work of teaching?  To illustrate, we examine a simple subtraction computation:
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Most will remember an algorithm that produces the answer, 139:
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To teach, being able to perform this calculation is necessary. This is common content knowledge (CCK), shared by most educated adults.  But being able to carry out the procedure is not sufficient for teaching it.  For instance, this algorithm is one with which many third graders struggle, often making errors.  One common error is:
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A teacher needs to be able to do more than just immediately spot that 261 is incorrect.  Skilled teaching requires being equipped to help a student learn to get it right.  A teacher with specialized content knowledge (SCK) can analyze the site and source of errors.  Here, for example, a student has, in each column, calculated the difference between the two numbers, or subtracted the smaller digit from the larger one.  Teachers need to be able to perform such error analysis, efficiently and fluently.  Such analysis often requires specialized knowledge of mathematics, detailed in ways that most adults do not have at their fingertips.

Let’s go one more step, for error analysis is not all that teachers do.  Teaching also involves explaining procedures such as this one. One could give a set of procedural directions specific to this calculation, but this would not generalize to, for instance, 314 – 161, where one only “crosses out” and “puts” once, not twice.  It also does nothing to show why the procedure works.  What is an effective way to represent the meaning of the subtraction algorithm –– not just confirm the answer, but show what the steps of the procedure mean, and why they make sense?  

Teaching also involves considering what numbers are strategic to use in an example.   307 and 168 may not be ideal choices to make visible the conceptual structure of the algorithm.  What is revealed by numerical examples that require two regroupings instead of one, or by a sequence of examples from ones requiring no regrouping to ones that require several?  And what about the role of zeros at different points in the procedure? Questions such as these require a kind of mathematical insight and problem solving unique to teaching.

Note that, up to this point, nothing in our illustration involves knowing about students.  Nothing yet implies a particular course of pedagogical action.  Each step in our example so far has involved a deeper and more explicit knowledge of subtraction than that entailed by simply performing the calculation.  Each step points to some element of knowing mathematics in ways central to teaching it.

The example helps to make plain that knowing mathematics for teaching demands a kind of depth and detail not needed for carrying out the algorithm reliably.  Second, our example also shows that there are predictable and recurrent tasks that teachers face that are deeply entwined with mathematics and mathematical reasoning –– figuring out where a student has gone wrong (error analysis), explaining the basis for an algorithm and showing why it works (principled knowledge of algorithms, and reasoning), and selecting strategic examples (mathematical problem solving).  Important to note is that each of these common tasks of teaching is as much a mathematical undertaking as it is a pedagogical one.  Our argument is not that teaching requires only content knowledge.  Rather, it is that teaching demands –– in addition to many other resources — a specialized kind of content knowledge too often overlooked. 

The Session

This session will provide evidence for four distinct domains of mathematical knowledge for teaching.  These domains emerged first in conceptual analyses of classroom teaching and were then refined as we developed and implemented measures of mathematical knowledge for teaching.  
First is common content knowledge (CCK) — the mathematical knowledge of the school curriculum.  Examples include knowing what a prime number is, being able to multiply fractions, and converting fractions to decimals.  A second domain is specialized content knowledge (SCK) — the mathematical knowledge that teachers use in teaching that goes beyond the mathematics of the curriculum itself.  Unlike the composite known as “pedagogical content knowledge,” SCK is mathematical knowledge, not knowledge intertwined with knowledge of students and pedagogy.  It is knowledge of mathematics needed specifically for the work of teaching.

Our third domain, knowledge of students and content (KSC), lies at the intersection of knowledge about students and knowledge about mathematics, and a fourth domain, knowledge of teaching and content (KTC), at the intersection of knowledge about teaching and knowledge about mathematics.  KSC includes knowledge about common student conceptions and misconceptions, about what mathematics students find interesting or challenging, and about what students are likely to do with specific mathematics tasks.  KTC includes knowledge about instructional sequencing of particular content, about useful examples for highlighting salient mathematical issues, and about advantages and disadvantages of representations used to teach a specific content idea. 

To illustrate these four domains, consider the difference between calculating the answer to a multi-digit multiplication problem (CCK); analyzing calculation errors for the problem (SCK); identifying student thinking that is likely to have produced such errors (KSC); and recognizing which manipulatives would best highlight place-value features of the algorithm (KTC). These last two domains, KSC and KTC, are closest to what is often meant by “pedagogical content knowledge” –– the unique blend of knowledge of mathematics and its pedagogy.  

These domains will provide participants with tools to use to examine the mathematical demands of teaching evident in video of teaching.  The session will end will end with a discussion of how these four domains might be used profitably with prospective teachers.  
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Teachers’ mathematics knowledge plays a significant role in shaping the quality of their teaching.  However, the mathematics knowledge it takes to teach is inadequately understood.  Little is known about what mathematical knowledge teachers need, where in teaching this knowledge is useful, and what it takes to make this knowledge usable in practice.  We believe that an underdeveloped understanding of the specialized and applied nature of the mathematical knowledge for teaching continues to thwart well-intentioned efforts to improve the quality of teachers’ professional preparation — both in the U.S. and abroad.

Recent analyses of teachers’ practice, however, provide new insight into these problems.  These analyses reveal two things: first, that the mathematical demands of teaching are substantial, and second, that a study of that knowledge is significantly informed by concurrent study of the work of teaching.  A central goal of our work has been to define a practice-based theory of mathematical knowledge for teaching.  

In this interactive work session, led by Deborah Ball and conducted with Hyman Bass, Laurie Sleep, and Mark Thames, we will: (a) present a theoretical framework for mathematical knowledge for teaching, (b) investigate, together with participants, the mathematical knowledge demands evident in video of classroom teaching, and (c) engage participants in considering how practice-based domains of knowledge might be developed for use in teacher education.  

Our analyses of classroom teaching and our efforts to measure such knowledge have led us to identify four domains of mathematical knowledge for teaching, each tied to the distinctive work teachers do.  First is common content knowledge (CCK) — the mathematical knowledge of the school curriculum.  Examples include knowing what a prime number is, being able to multiply fractions, and converting fractions to decimals.  A second domain is specialized content knowledge (SCK) — the mathematical knowledge that teachers use in teaching that goes beyond the mathematics of the curriculum itself.  Unlike the composite known as “pedagogical content knowledge,” SCK is mathematical knowledge, not knowledge intertwined with knowledge of students and pedagogy.  It is knowledge of mathematics needed specifically for the work of teaching.

Our third domain, knowledge of students and content (KSC), lies at the intersection of knowledge about students and knowledge about mathematics, and a fourth domain, knowledge of teaching and content (KTC), lies at the intersection of knowledge about teaching and knowledge about mathematics.  KSC includes knowledge about common student conceptions and misconceptions and about what mathematics students find interesting or challenging.  KTC includes knowledge about instructional sequencing of particular content and about useful examples for highlighting salient mathematical issues.  

To illustrate these four domains, consider the difference between calculating the answer to a multi-digit multiplication problem (CCK); analyzing calculation errors for the problem (SCK); identifying student thinking that is likely to have produced such errors (KSC); and recognizing which manipulatives would best highlight place-value features of the algorithm (KTC). These last two domains, KSC and KTC, are closest to what is often meant by “pedagogical content knowledge” –– the unique blend of knowledge of mathematics and its pedagogy.  
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