
Didac&cal	  engineering	  	  
as	  a	  research	  methodology:	  	  

from	  Fundamental	  Situa&ons	  to	  
Study	  and	  Research	  Paths	  

	  
Berta	  Barquero	  Farràs.	  Universitat	  de	  Barcelona	  (UB).	  	  

Marianna	  Bosch	  Casabò.	  Universitat	  Ramon	  Llull	  (URLL).	  	  
www.atd-‐tad.org	  	  

	  
ICMI	  Study	  22	  –	  Task	  Design.	  July	  25th,	  2013	  

	  
	  



Berta	  Barquero	  &	  Marianna	  Bosch	   2	  

①  DidacCc	   engineering	   within	   ATD:	   the	   problem	   of	   teaching	  

mathemaCcs	  as	  a	  modelling	  tool	  at	  university	  level	  

②  The	   ‘a	   priori’	   analysis:	   mathemaCc	   and	   didacCc	   design	   of	   a	  

Study	  and	  Research	  Path	  on	  populaCon	  dynamics	  	  

③   ImplementaCon	  and	  ‘in	  vivo’	  analysis	  

④  DidacCc	  engineering	  from	  TDS	  to	  ATD:	  the	  HerbarCan	  schema	  

⑤  The	  ecology	  of	  SRP:	  condiCons	  and	  constraints	  

⑥  Three	  quesCons	  to	  the	  audience	  

Outline	  



Berta	  Barquero	  &	  Marianna	  Bosch	   3	  

Some	  preliminary	  considera&ons	  

¡ In	   TDS	   and	   ATD,	   what	   is	   usually	   considered	   as	   ‘task’	   is	  
integrated	  in	  the	  basic	  no&ons	  of:	  

	  

	  	  Fundamental	  situaCon	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Praxeology	  

	  	  (game	  against	  a	  milieu) 	  (type	  of	  tasks,	  techniques,	  
	   	   	   	   	  	  	  	  	  	  technology,	  theory)	  

¡ Task	   design	   is	   integrated	   in	   the	   whole	   process	   of	   didacCc	  
engineering	   (DE)	  developed	  as	  a	  research	  methodology	  by	  TDS	  
and	  its	  developments	  since	  1980	  (Ar&gue	  1990,	  2002,	  2009).	  
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1.	  Teaching	  mathema&cs	  as	  a	  modelling	  tool	  

¡ Ar&gue	  (2009	  &	  2013)	  dis&nguishes	  	  
four	  different	  phases:	  	  

	  
1.	  Preliminary	  analyses	  
‘Praxeological	  analysis’	  

	  
2.	  Design	  and	  a	  priori	  analysis	  
Mathema&cal	  engineering	  level	  

Didac&c	  engineering	  level	  

4.	  A	  posteriori	  analysis,	  
validaCon	  and	  
development	  

Ecology	  of	  study	  processes	  
	  

3.	  ImplementaCon,	  observaCon	  
and	  data	  collecCon	  
‘In	  vivo’	  analysis	  	  

Research	  methodology	  
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¡ One	   could	   think	   that	   the	   facul&es	   of	   Natural	   Sciences	   would	   offer	  
favourable	   ins&tu&onal	   condi&ons	   to	   teach	   mathemaCcs	   as	   a	  
modelling	  tool,	  essen&al	  to	  the	  understanding,	  use	  and	  development	  
of	  the	  Natural	  Sciences.	  	  

¡ However,	   reality	   seems	   far	   away	   from	   this	   purpose:	   despite	  
mathema&cal	  models	  appear	   in	   syllabi,	   their	   teaching	  always	  arrives	  
at	  the	  end	  of	  the	  process,	  if	  &me	  is	  le]	  for	  it!	  	  

¡ The	   ruling	   ‘ideology’	   in	   mathema&cs	   teaching	   at	   university	   can	   be	  
called	   the	  ‘applicaCon	  of	  pre-‐established	  knowledge’,	   leaving	   li_le	  
place	  for	  the	  process	  of	  construc&ng	  mathema&cal	  models.	  

1.	  Teaching	  mathema&cs	  as	  a	  modelling	  tool	  

FIRST	  PHASE:	  
PRAXEOLOGICAL	  

ANALYSIS	  

1.A.	  What	  mathema&cs	  is	  taught	  at	  Natural	  
Sciences	  university	  degrees?	  
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	  	  1.	  Teaching	  mathema&cs	  as	  a	  modelling	  tool	  

¡  In	  the	  last	  decades,	  there	  has	  been	  a	  large	  development	  of	  the	  field	  of	  
mathemaCcal	   modelling	   and	   applicaCons,	   shared	   by	   many	  
researchers	   and	   supported	   by	   the	   new	   curricular	   orienta&ons	  
introduced	  into	  our	  educa&onal	  systems.	  

¡ Besides	  all	  the	  progress,	  the	  problem	  of	  the	  large-‐scale	  disseminaCon	  
of	  modelling	  processes	  has	  recently	  been	  iden&fied	  as	  both	  an	  urgent	  
and	  an	  intricate	  task.	  	  

We	  know	  how	   to	   teach	  modelling,	   have	   shown	   how	   to	   develop	   the	  
support	   necessary	   to	   enable	   typical	   teachers	   to	   handle	   it,	   and	   it	   is	  
happening	   in	   many	   classrooms	   around	   the	   world.	   The	   bad	   news?	  
‘Many’	   is	   compared	   with	   one;	   the	   proporCon	   of	   classrooms	   where	  
modelling	  happens	  is	  close	  to	  zero	  (Burkhardt,	  2008).	  

FIRST	  PHASE:	  
PRAXEOLOGICAL	  

ANALYSIS	  

1.B.	  What	  results,	  knowledge	  and	  know-‐how	  can	  
educa&onal	  research	  offer	  to	  the	  problem?	  	  
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1.	  Teaching	  mathema&cs	  as	  a	  modelling	  tool	  

¡  In	   the	   framework	   of	   the	   ATD,	   we	   start	   from	   the	   principle	   that	   any	  
mathemaCcal	  acCvity	  can	  be	  reformulated	  as	  a	  modelling	  acCvity.	  

A:	  Construc&on	  of	  
	  a	  model	  to	  give	  
	  answer	  to	  Q	  

Q	  

	  
Q(1),	  A(1)	  

	  
Q(2),	  A(2)	  

	  
Q(3),	  A(3)	  

…	  
	  

FIRST	  PHASE:	  
PRAXEOLOGICAL	  

ANALYSIS	  

1.C.	  What	  epistemological	  principles	  are	  assumed	  
about	  mathema&cal	  modelling?	  	  

¡ The	   term	   ‘reality’	   does	   not	   only	   refer	   to	   an	   extra-‐mathema&cal	  
reality,	  it	  also	  includes	  ‘intra-‐mathema&cal	  reality’.	  
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¡ The	  ATD	  proposes	  to	  reformulate	  mathema&cal	  modelling	  ac&vity	  as	  
a	   process	   of	   (re)construcCon	   and	   arCculaCon	   of	   mathemaCcal	  
praxeologies	   (Ai)	   which	   become	   progressively	   broader	   and	   more	  
complex	  with	  the	  main	  aim	  to	  provide	  an	  answer	  to	  some	  problema&c	  
ques&ons	  (García,	  2005	  and	  Barquero,	  2009)	  

1.	  Teaching	  mathema&cs	  as	  a	  modelling	  tool	  

FIRST	  PHASE:	  
PRAXEOLOGICAL	  

ANALYSIS	  

1.C.	  What	  epistemological	  principles	  are	  assumed	  
about	  mathema&cal	  modelling?	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	   Q

(1)	  
A2	   A3	   …	  

Q(2)	  

Q	  	  	  	  	  	  	  A1	  
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1.	  Teaching	  mathema&cs	  as	  a	  modelling	  tool	  

FORMULATION	  OF	  THE	  RESEARCH	  PROBLEM	  

¡ HYPOTHESIS:	   Study	   and	   research	   paths	   (SRP)	   appear	   as	  
appropriate	   teaching	  proposals	   for	  mathemaCcal	  modelling	   to	  
play	   an	   explicit	   and	   crucial	   role,	   emerging	   from	   ques&ons	   and	  
linking	  mathema&cal	  contents	  that	  appear	  as	  models	  to	  answer	  
ques&ons.	  

¡ RESEARCH	   PROBLEM:	  What	   kind	   of	   condiCons	   could	   help	   and	  
what	  kind	  of	  constraints	  hinder	   the	   integra&on	  of	  mathema&cs	  
as	  a	  modelling	  tool	   in	  current	  educa&onal	  systems	  at	  university	  
level?	  	  
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①   A	  generaCng	  quesCons	  Q0	  is	  the	  starCng	  point	  of	  a	  SRP	  

The	  star&ng	  point	  of	  a	  SRP	  should	  be	  a	  ‘lively’	  ques&on	  Q0	  which	  we	  will	  
call	  generaCng	  quesCon.	  The	  evolu&on	  of	   the	  study	  of	   the	  genera&ng	  
ques&on	  leads	  to	  posing	  new	  successive	  ques&ons	  derived	  from	  Q0.	  	  

②   A	  SRP	  has	  a	  tree	  structure	  as	  a	  consequence	  of	  the	  conCnuous	  
search	  for	  answers	  to	  Q0	  

The	  study	  of	  Q0	  and	  its	  derived	  quesCons	  leads	  to	  successive	  temporary	  
answers	   Ai	   which	   would	   be	   tracing	   out	   the	   possible	   routes	   to	   be	  
followed	  in	  the	  effec&ve	  experimenta&on	  of	  the	  SRP.	  

3.	  The	  ‘a	  priori’	  analysis:	  mathema&c	  and	  didac&c	  design	  	  

SECOND	  PHASE	  	  
OF	  ANALYSIS	   2.A.	  Mathema&cal	  engineering	  level	  
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③   The	  media	  and	  milieu	  dialecCcs	  at	  the	  core	  of	  the	  study	  of	  Q0	  

Some	   ‘external’	   pre-‐established	   answers	   accessible	   through	   the	   different	  
means	   of	   communicaCon	   and	   diffusion	   (the	  media)	  will	   be	   necessary	   to	  
elaborate	   the	   successive	   temporary	  answers	  Ai.	   The	  appropriated	  milieus	  	  	  
will	  therefore	  be	  necessary	  to	  test	  and	  ‘check’	  the	  validity	  of	  these	  answers	  
and	  to	  adapt	  them	  to	  the	  new	  study.	  

3.	  The	  ‘a	  priori’	  analysis:	  mathema&c	  and	  didac&c	  design	  	  

Q0 →

(Q0
' ,A0

' )→ (Q1
',A1

' )→→ (Qp
' ,Ap

' )

(Q0
'' ,A0

'' )→ (Q1
'',A1

'' )→→ (Qq
'' ,Aq

'' )



"

#
$$

%
$
$

SECOND	  PHASE	  	  
OF	  ANALYSIS	   2.A.	  Mathema&cal	  engineering	  level	  
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3.	  The	  ‘a	  priori’	  analysis:	  mathema&c	  and	  didac&c	  design	  	  

A	  GENERATING	  QUESTION	  –	  Q0	  

Given	  the	  size	  of	  popula&on	  over	  some	  &me	  period,	  	  

¡ Can	  we	  predict	  its	  size	  a]er	  n	  periods?	  Is	  it	  always	  possible	  to	  predict	  
the	  long-‐term	  behaviour	  of	  the	  popula&on	  size?	  	  

¡ What	   sort	   of	   assump&ons	   on	   the	   popula&on	   and	   its	   surroundings	  

should	  be	  made?	  	  

¡ How	  can	  one	  create	  forecasts	  and	  test	  them?	  	  
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Study	  of	  Study	  of	  popula&on	  dynamics Q0	  	   xt{ }

Discrete	  models	  
	   t ∈

ConCnuous	  models	  
	   t ∈

Independent	  generaCons	  
xt	  depends	  on	  xt-‐1	  

 Study	  of	  
    rn =
xn+1 − xn

xn

First-‐order	  
recurrent	  sequences	  

xn+1 = f (xn )

MP	  D1	  

Homogenuous	  	  
populaCons	  

 
Study	  of	  	  	  	  

r(t) = x '(t)
x(t)

First-‐order	  
ODEs	  

x '(t) = f (x(t))

MP	  C1	  

PopulaCons	  	  
in	  compeCCon	  

 Study	  of	  
    rx (t) y ry (t)

ODEs	  of	  second	  
order	  of	  higher	  

	  
	  

Study	  of	  systems	  
of	  ODEs	  

MP	  C2	  

Mixed	  generaCons	  
xt	  depends	  on	  xt-‐1,...,	  xt-‐n	  
 

Recurrent	  
sequences	  of	  
order	  n	  ≥	  2	  

MP	  D2	  

Xn+1 = M ⋅ Xn

= M n+1 ⋅ X0

FIRST	  SRP:	  Discrete	  
models	  for	  the	  study	  of	  
independent	  genera&on	  
popula&on	  dynamics	  

THIRD	  SRP:	  Con&nuous	  models	  for	  the	  study	  of	  
popula&on	  dynamics	  

SECOND	  SRP:	  Discrete	  
models	  for	  the	  study	  of	  

mixed	  genera&on	  
popula&on	  dynamics	  
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Q0	  	  

Independent	  generaCons	  (H0)	  
	  

Figure	  1	  -‐	  Formula&on	  of	  H1	  

(Q1,	  A1)	  
Q1.1	  	  (limita&on	  of	  A1):	  How	  can	  we	  overcome	  the	  
unrealis&c	  fact	  of	  assuming	  infinite	  resources?	  	  

Figure	  2	  –	  Numerical	  simula&on	  method	  in	  the	  
case	  of	  the	  Malthusian	  model	  M1	  

M1	   (milieu)	   =	   {	   rate	   of	   growth,	   recurrent	  
sequences,	   numerical	   s imula&ons,	  
graphical	  representa&ons,	  …	  }	  

Q0	  	  

	  
	  	  	  Discrete	  Malthusian	  model	  

	  
	  
A1	  

   H1 : rn ≡ r, r ∈ and Q1

xn+1 =α ⋅ xn
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Q1.1:	  Malthusian	  paradox	  
	  

	  

Discrete	  logis&c	  model	  

	  

A2	  

   H2 : rn = a − b ⋅ xn , a, b ∈ and Q2

Q0	  	  

(Q1	  ,	  A1)	  

M2	  (milieu)	  =	  	  {	  M1,	  Q1,	  A1,	  non-‐linear	  rate	  
of	  growth,	  convergence,	  …}	  

Figure	  1	  –	  Numerical	  simula&on	  in	  the	  case	  of	  logis&c	  model	  

LimitaCons	  of	  A2	  

Q2.1	   :	   What	   does	   the	   convergence	   of	   (xn)	  
depend	  on,	  in	  the	  logis&c	  model	  case?	  	  

Q2.2	   :	  What	   does	   the	   speed	   of	   convergence	  
of	  (xn)	  depend	  on?	  

Nn+1 = α ⋅Nn ⋅ 1−
Nn

K
$
%&

'
()
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Q1.1:	  Malthusian	  paradox	  
	  

(Q2	  ,	  A2)	   Q2.1:	  Convergence	  of	  	  

Q2.2:	  Convergence	  speed	  of	  	  

	  

	  
	  
	  
	  

Q3.1:	  f	  	  linear	  func&on	  
Q3.2:	  f	  	  quadra&c	  func&on	  

Q3.3:	  f	  	  any	  func&on	  of	  C1	  class	  

	  

  H3 : rn = g(xn ) and Q3

xn+1 = f (xn )

 xn{ }n∈

 xn{ }n∈

Q0	  	  

(Q1	  ,	  A1)	  

Q1.1	   Q2.1.	  &	  Q2.2.	  	  
(Q1	  ,	  A1)	  Q0	  	   (Q2	  ,	  A2)	   (Q3	  ,	  A3)	  
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M3	  (milieu)	  =	  {	  M2	  ,	  Q2	  ,	  A2	  ,	  
func&ons,	   deriva&ves,	  
speed	   of	   convergence,	  
g r aph i c a l	   s imu l a&on	  
(spider	  web),	  …}	  
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¡  If	  the	  study	  of	  Q0	   leads	  to	  the	  construc&on	  of	  a	  whole	  mathemaCcal	  
praxeological	   tree	   structure.	   Its	   implementa&on	   requires	   the	  
construc&on	   of	   didacCc	   praxeologies,	   which	   has	   to	   create	   new	  
condi&ons	  for	  the	  SRP	  to	  emerge,	  taking	  into	  account	  the	  restric&ons	  
of	  the	  considered	  teaching	  ins&tu&on:	  

o  How	  will	   the	  generaCng	  quesCons	  Q0	  be	  taken	   into	  considera&on?	  How	  to	  make	  
quesCons	  and	  answers	  evolve	  over	  the	  &me?	  

o What	  milieu	  and	  media	  can	  be	  available?	  How	  to	  access	  to	  them?	  

o  How	  are	  different	  responsibiliCes	  shared	  in	  the	  community	  of	  study?	  	  

o  …	  

	  	  	  	  3.	  The	  ‘a	  priori’	  analysis:	  mathema&c	  and	  didac&c	  design	  	  

SECOND	  PHASE	  	  
OF	  ANALYSIS	   2.B.	  Didac&c	  engineering	  level	  
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¡  [MESOGENESIS]	   How	   to	   manage	   the	   media	   and	   milieu	   dialec&c?	  
What	   answers	   can	   be	   obtained,	   through	   what	   media,	   against	   what	  
milieu?	  

¡  [TOPOGENESIS]	  What	  is	  the	  ‘role’	  or	  ‘place’	  (topos)	  of	  the	  teacher	  and	  
the	   students?	   How	   are	   they	   sharing	   the	   study	   and	   research	  
responsibili&es	  (didacCc	  contract)?	  

¡  [CRONOGENESIS]	   How	   to	   make	   quesCons,	   responses	   and	   study	  
moments	  evolve	  over	  &me?	  

	  	  	  	  3.	  The	  ‘a	  priori’	  analysis:	  mathema&c	  and	  didac&c	  design	  	  

SECOND	  PHASE	  	  
OF	  ANALYSIS	   2.B.	  Didac&c	  engineering	  level	  
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o  Search	   for	   ‘external’	   available	   answers	   about	   models	   of	   popula&ons	  
(Malthusian	   growth,	   Verlhust	   model,	   spire-‐web	   graph,	   chao&c	   behavior	  
etc.)	  in	  on-‐line	  encyclopaedia	  and	  textbooks	  

o  Experimental	  milieu	  through	  ICT	  devices:	  Excel,	  CAS,	  etc.	  

o Ways	  to	  ins&tu&onalize	  the	  temporary	  answers	  provided	  by	  the	  students	  

o  Internal	  valida&on	  of	  answers	  by	  working	  in	  small	  groups	  

o  The	  teacher	  has	  to	  avoid	  validate	  the	  students	  answers	  

o …	  

3.	  The	  ‘a	  priori’	  analysis:	  mathema&c	  and	  didac&c	  design	  	  

SECOND	  PHASE	  	  
OF	  ANALYSIS	  

2.B.	  Didac&c	  engineering	  level	  
The	  mesogenesis	  condi&on	  
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¡ The	  topos	  of	  students	  have	  an	  important	  extension	  to	  their	  tradi&onal	  
responsibili&es:	  
o  They	  should	  be	  able	  to	  provide	  their	  own	  temporary	  answers	  
o  They	  are	  required	  to	  formulate	  new	  ques&ons	  and	  approach	  them	  
o  They	  should	  be	  able	  to	  introduce	  in	  the	  milieu	  any	  external	  work	  or	  piece	  
of	  knowledge	  they	  find	  appropriate	  

¡ The	   teacher	   has	   a	   new	   role	   to	   play	   as	   ‘director	   of	   the	   study’	   or	  
‘supervisor	  of	  the	  inquiry’	  

¡ The	  class	  as	  a	  ‘mathema&cal	  consul&ng	  company’	  

3.	  The	  ‘a	  priori’	  analysis:	  mathema&c	  and	  didac&c	  design	  	  

SECOND	  PHASE	  	  
OF	  ANALYSIS	  

2.B.	  Didac&c	  engineering	  level	  
The	  topogenesis	  condi&on	  
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¡  The	   planning	   of	   the	   work	   is	   not	   under	   the	   responsibility	   of	   the	  
teacher	  only,	  students	  should	  take	  part	  in	  it:	  “planning	  proposal”	  

¡  To	   avoid	   the	   tempta&on	   of	   imposing	   some	   possible	   answers,	   the	  
groups	   of	   students	   need	   to	   be	   invited	   to	   defend	   the	   successive	  
answers	   they	   provide,	   although	   they	  may	   s&ll	   be	   of	   a	   temporary	  
nature.	  	  

¡  This	   collec&ve	   study	  has	   to	   include	  new	  ‘devices’	  where	   it	  would	  
be	   possible	   to:	   plan	   the	   work,	   elaborate	   their	   answers,	   compare	  
data	   and	   models,	  write	   reports	   with	   temporary	   answers,	   defend	  
their	  final	  responses,	  …	  

…	  and	  the	  consequent	  ‘dilataCon’	  of	  temporality	  

3.	  The	  ‘a	  priori’	  analysis:	  mathema&c	  and	  didac&c	  design	  	  

SECOND	  PHASE	  	  
OF	  ANALYSIS	  

2.B.	  Didac&c	  engineering	  level	  
The	  chronogenesis	  condi&on	  



Berta	  Barquero	  &	  Marianna	  Bosch	   23	  

4.	  Implementa&on	  and	  ‘in	  vivo’	  analysis	  

¡ We	   tested	   the	   use	   of	   these	   SRP	   during	   five	   academic	   years	  
(from	  2005/06	  to	  2009/10)	  with	  first	  year	  students	  of	  technical	  
engineering	   degree	   at	   the	  Universitat	   Autònoma	  de	  Barcelona	  
(UAB).	  	  

¡ The	   tes&ng	   took	   place	   within	   the	   one-‐year	   course	  
‘Mathema&cal	  Founda&ons	  of	  Engineering’.	  

¡ It	  was	  performed	  in	  what	  we	  called	  a	  ‘MathemaCcal	  Modelling	  
Workshop’ who	  was	  always	  op&onal	  for	  students	  but	  provided	  
an	  extra	  point	  in	  the	  final	  grade	  (of	  each	  semester).	  

THIRD	  PHASE	  OF	  
ANALYSIS	   Implementa&on,	  observa&on	  and	  data	  collec&on	  
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2.	  A	  way	  to	  introduce	  a	  new	  epistemology	  at	  school:	  the	  
Study	  and	  Research	  Course	  (SRC)	  

A	  GENERATING	  QUESTION	  –	  Q0	  
Given	  the	  size	  of	  popula&on	  over	  some	  &me	  period,	  	  
¡ Can	  we	  predict	  its	  size	  a]er	  n	  periods?	  Is	  it	  always	  possible	  to	  predict	  
the	  long-‐term	  behaviour	  of	  the	  popula&on	  size?	  	  

¡ What	   sort	   of	   assump&ons	   on	   the	   popula&on	   and	   its	   surroundings	  
should	  be	  made?	  	  

¡ How	  can	  one	  create	  forecasts	  and	  test	  them?	  	  

Year	   PopulaCon	  
size	  

1937	   8	  
1938	   26	  
1939	   85	  
1940	   274	  
1941	   800	  
1942	   1800	  
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4.	  Implementa&on	  and	  ‘in	  vivo’	  analysis	  

¡ In	  the	  workshop,	  students	  worked	  in	  teams	  of	  2	  or	  3	  members.	  	  

¡ Assessment	  of	  the	  students	  during	  the	  SRP:	  	  

o  In	  the	  beginning	  of	  each	  session,	  the	  teams	  had	  to	  deliver	  a	  report	  
of	  all	  the	  work	  done	  during	  previous	  sessions	  (assump&ons	  
considered,	  main	  problema&c	  ques&ons	  treated,	  mathema&cal	  
models	  used,	  ‘temporary’	  answers).	  	  

o  	  At	  the	  end	  of	  each	  SRC,	  each	  student	  individually	  had	  to	  write	  a	  
final	  report	  of	  the	  en&re	  study	  (evolu&on	  of	  problema&c	  ques&ons,	  
work	  in	  and	  with	  different	  models,	  rela&onship	  between	  them,	  etc.)	  

¡ The	  weekly	  team’	  report,	  the	  ‘secretary’	  and	  the	  team	  of	  the	  
week	  had	  a	  crucial	  role	  along	  the	  workshop.	  

THIRD	  PHASE	  OF	  
ANALYSIS	   Implementa&on,	  observa&on	  and	  data	  collec&on	  
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4.	  Implementa&on	  and	  analysis	  of	  the	  SRP	  

SOME	  CONDITIONS	  TO	  SRP	  
¡  The	  study	  of	  the	  Q0	  covers	  most	  of	  the	  curricula	  contents	  
of	  1st	  year	  math	  course.	  

¡  Tree	   structure	   of	   the	   SRC:	   many	   possible	   paths	  
depending	  on	  the	  models	  considered.	  

¡  Transfer	   of	   some	   responsibili&es	   to	   the	   students:	  work	  
in	   groups,	   planning,	   formula&ng	   ques&ons,	   checking	  
hypothesis,	   	   weekly	   reports	   with	   temporary	   answers,	  
‘secretary	  of	  the	  week’,	  etc.	  

SOME	  OF	  THE	  CONSTRAINTS	  TO	  THE	  INTEGRATION	  OF	  SRP	  

¡  Necessity	  to	  break	  the	  rigidity	  of	  the	  classical	  structure	  ‘lectures-‐problem	  sessions-‐exams’	  
and	  integrate	  SRC	  in	  it.	  

¡  Necessity	  of	  an	  ad-‐hoc	  mathema&cal	  discourse	  available	  to	  describe	  the	  process.	  
¡  Difficul&es	  for	  keeping	  in	  mind	  the	  genera&ve	  ques&on	  of	  the	  mathema&cal	  process.	  
¡  New	  devices	  to	  help	  the	  running	  of	  the	  new	  didac&c	  contract.	  Some	  responsibili&es	  are	  very	  
difficult	  to	  transfer	  to	  the	  students.	  

FOUTH	  PHASE	  OF	  ANALYSIS	   A	  posteriori	  analysis	  and	  ecology	  
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Level	   SRP	  
	  

Pre-‐	  and	  
Primary	  
school	  

	  
§  Feeding	  silk	  warms	  (Garcia	  &	  Ruiz	  2013,	  ICMI	  22)	  
§  Numera&on	   systems	   in	   primary	   teachers’	   training	  

(Sierra	  2006,	  TT)	  

	  
	  
	  
	  

Secondary	  
school	  

§  Saving	  plans	  (García	  2005)	  
§  Comparison	  of	  cellphones	  tariffs	  (Rodriguez	  2006)	  
§  How	   to	   earn	   money	   by	   selling	   T-‐shirts?	   (Ruiz	  

Munzón	  2010)	  
§  Graphical	  transforma&ons	  of	  func&ons	  (Otero	  et	  al,	  

2013)	  
§  Supply	  and	  offer	  equilibrium	  (Otero	  et	  al,	  2013)	  

Other	  SRP	  following	  the	  same	  research	  methodology	  
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Level	   SRP	  

	  
	  

Secondary	  
school	  

§  Measure	  of	  quan&&es	  and	  real	  numbers	  in	  teachers’	  
training	  (Licera,	  in	  progress)	  

§  Progressive	   discounts	   in	   teachers’	   training	   (Ruiz,	   in	  
progress)	  

§  Nega&ve	  numbers	  and	  algebra	  (Cid,	  in	  progress)	  
§  Epidemic	  propaga&on	  (Lucas,	  in	  progress)	  
§  AMPERE	  Project	  (France)	  

	  
	  

UniversiCes	  

Business	  and	  administra:on	  degree	  
§  Sales	  forecast	  (Serrano	  2011)	  
§  Human	  Resources	  management	  (Serrano	  2011)	  
§  Network	  users	  dynamics	  (Barquero	  &	  Serrano	  2013)	  
Mathema:cs	  degree	  
§  A	  urban	  bike	  sharing	  system	  (Barquero	  2013)	  

Other	  SRP	  following	  the	  same	  research	  methodology	  

328

www.LunaticWorld.com 

¿Qué es una red social? Es una estructura social formada por 

nodos, los usuarios de la red, y aristas, las relaciones existentes 

entre ellos. Estas relaciones pueden ser de diversos tipos: 

económicas, profesionales, de amistad, etc. Probablemente en 

la actualidad las redes sociales son el principal atractivo de 

Internet, mostrando el gran cambio que se está produciendo en 

la fo rma de comunicarse e interactuar. 

 

Nos centraremos en estudiar el crecimiento del número de 

usuarios de la red social de Internet LunaticWorld, que fue 

creada en 2004 con 18 usuarios. Una de las características 

principales de esta red social es que un individuo tan solo 

puede formar parte de ella a través de la invitación de un 

usuario ya existente.  

 Una vez presentada la cuestión inicial, se van sucediendo y 
alternando semanalmente dos tipos de sesiones de seminario: las de 
trabajo en equipo y las de exposición. En las primeras, mediante la 
utilización de las herramientas disponibles (ordenador, apuntes de clase 
y literatura), cada grupo debe explorar el problema y preparar un informe 
parcial con los resultados alcanzados que expone oralmente al iniciar la 
sesión posterior. Durante las sesiones de exposición, tras la entrega de los 
informes parciales y la exposición de uno de los grupos en el aula, se realiza 
una puesta en común de los resultados de los demás grupos, se formulan 
nuevas cuestiones o posibles respuestas alternativas y se buscan, bajo la 
supervisión del profesor, nuevas vías y objetivos a alcanzar para seguir 
con el estudio. Después de unas ocho semanas, al final del trimestre, cada 
alumno debe presentar un informe final individual con una síntesis del 
trabajo realizado y respuestas a las cuestiones iniciales e intermedias 
planteadas. En cada trimestre se abordan distintos aspectos que siempre 
giran en torno a la situación inicial y que requieren la movilización de 
distintos tipos de modelos matemáticos: la previsión a corto y largo plazo 
del número de usuarios considerando el tiempo como una magnitud 
discreta (modelos funcionales); la misma previsión considerando el tiempo 
como una magnitud continua (ecuaciones diferenciales), y la previsión en 
tiempo discreto del número de usuarios, distinguiendo tres grupos de 
usuarios con distintos privilegios (álgebra matricial). 

C) COMPETENCIAS QUE SE DESARROLLAN Y CÓMO SE EVALÚAN

Aparte de las habilidades matemáticas propias del trabajo de 
modelización que hemos mencionado parcialmente más arriba, a través 
de los talleres los alumnos deberán ser capaces de desarrollar la 
competencia específica de análisis y síntesis. Podemos estructurar tal 
competencia en diversos aspectos, como el conocimiento de las técnicas 
básicas introducidas durante las clases magistrales o con anterioridad en 
su formación previa para modelizar situaciones reales, el desarrollo de su 
propio pensamiento analítico o la capacidad de destacar los aspectos más 
importantes de la práctica realizada. El trabajo de análisis será evaluado 
mediante la supervisión del trabajo desarrollado en el aula por cada uno 
de los estudiantes durante las sesiones de seminario y a través de los 
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The	  teaching	  of	  mathema&cs	  is	  an	  old	  teaching,	  which	  has	  trouble	  
gezng	   renewed.	   What	   is	   it	   suffering	   from?	   Basically	   from	   the	  
escape,	  the	  exhausCon	  of	  meaning.	  

Taught	   objects	   are	   condensed	   in	  answers	   to	   quesCons	   that	  we	  
have	   lost.	   We	   need	   to	   recover	   these	   ques&ons:	   Why	   are	   we	  
interested	  in	  triangles?	  Why	  do	  we	  need	  to	  simplify	  frac&ons,	  or	  
to	   rewrite	   a	  numerical	   expression	   in	   a	   canonical	   form?	  Why	  are	  
we	   interested	   in	   the	   proper&es	   of	   figures?	   There	   are	   so	   many	  
quesCons	  that	  have	  lost	  their	  answers	  in	  a	  school	  culture	  turned	  
into	  a	  lifeless	  ‘museography’.	  

Chevallard,	  Y.	  (2006).	  	  
Étudier	  et	  apprendre	  les	  mathémaCques:	  vers	  un	  renouveau	  	  
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It	  is	  this	  school	  culture	  that	  has	  to	  be	  restored	  and	  then	  brought	  
to	   life	   in	   classrooms.	   How	   to	   do	   it?	   By	   purng	   the	   study	   of	  
quesCons	   at	   the	   beginning	   of	   the	   study	   of	   mathemaCcs.	  
QuesCons	   that	   have	   to	   be	   taken	   seriously	   and	   truly	   answered	  
[…].	  

From	   this	   work,	  mathema&cal	   objects	   will	   emerge,	   which	   come	  
into	  life	  not	  in	  a	  formal	  and	  unmo&vated	  way,	  but	  highlighted	  by	  
the	  part	  they	  play	  in	  a	  given	  intellectual	  adventure.	  	  

Chevallard,	  Y.	  (2006).	  	  
Étudier	  et	  apprendre	  les	  mathémaCques:	  vers	  un	  renouveau	  	  
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4.	  Didac&c	  engineering	  from	  TDS	  to	  ATD	  

	  	  	  	  	  	  	  How	  to	  (re)introduce	  the	  raConale	  of	  mathemaCcs	  at	  school	  and	  	  
to	  promote	  the	  development	  of	  a	  ‘real’	  mathemaCcal	  acCvity?	  

Study	  and	  Research	  Paths	  	  
(SRP)	  	  	  

How	  can	  we	  design	  and	  implement	  teaching	  and	  learning	  processes	  that:	  

§  place	  adidacCc	  situaCons	  /	  problemaCc	  quesCons	  (raison	  d’être)	  	  
at	  the	  core	  of	  the	  mathema&cal	  ac&vity	  developed	  at	  school,	  

§  integrate	  condiCons	  (at	  micro	  and	  macro	   level)	  favouring	  a	  change	  
of	   school	   paradigm:	   from	   “visiCng	   works”	   (monumentalism)	   to	  
“quesConing	  the	  world”	  (Chevallard	  2012)?	  

AdidacCc	  situaCons	  within	  
a	  didacCc	  context	  
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The	  ‘herbarCan’	  schema	  (Chevallard,	  2004)	  
o Group	  of	  students	  X and	  study	  supervisor(s)	  Y  

o They	  start	  from	  a	  quesCon	  Q [more	  or	  less	  “big”]	  	  

o They	  should	  elaborate	  their	  own	  (collec&ve)	  answer	  A♥	  to	  Q	  
S(X ; Y ; Q) à A♥	


o To	  elaborate	  A♥	  ,	  an	  “experimental	  milieu”	  is	  needed	  

[S(X ; Y ; Q) à M ] à A♥	  

o The	  milieu	  is	  composed	  by	  other	  bodies	  of	  knowledge	  Ai
◊ 

(labeled	  answers)	  and	  other	  objects	  Ok 

[S(X ; Y ; Q) à { A◊
1, A◊

2, …, A◊
n, On+1, …, Om }] à A♥	  

4.	  Didac&c	  engineering	  from	  TDS	  to	  ATD	  
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Taking into account 
a generating 
question Q 

Meeting other questions 
Q’, Q’’, etc. that seem to 
help approach Q 
 à “squeleton” of the 
process  

Search answers Ai◊ to 
Q’, Q’’, etc. in the 
available media 

 Evaluation (validation) of 
answers Ai◊ through an 
appropriate milieu 

 Elaboration of an 
own answer A♥  

 Deconstruction and 
reconstruction (development) of 
answers Ai◊ to adapt them to Q 

 Evaluation, diffusion 
and development of 
the final answer A♥  
 

DIVERSITY	  
OF	  POSSIBLE	  
(study	  and	  
research)	  
PATHS	  
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¡ The	  “transmissive”	  pedagogy	  (monumentalism):	  

o The	  ini&al	  ques&on	  remains	  in	  the	  shadow	  Q	  

o The	  teacher	  brings	  an	  answer	  AT (‘concept’,	  praxeology)	  
legi&mated	  by	  culture	  and	  validated	  by	  him/herself	  

o Students	  assume	  it	  as	  their	  own	  answer	  A♥	  ≈ AT 
o The	  rela&onship	  to	  knowledge	  is	  a	  “cultural	  copying”	  (lector	  -‐	  
reader) 

[S(X ; Y ; Q) à { AT}] à A♥ ≈ AT 

The	  Herbar&an	  schema	  as	  a	  general	  model	  
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¡ 	  The	  	  “naïf	  construcCvism”:	  

o The	  star&ng	  point	  is	  a	  ques&on	  Q 

o Students	  have	  to	  build	  an	  answer	  A♥	  “almost	  from	  zero”,	  only	  
through	  some	  milieus	  M	  supplied	  by	  Y	  

o The	  classroom	  is	  a	  closed	  universe,	  without	  any	  contact	  with	  the	  
outside,	  the	  “media”	  and	  other	  labeled	  answers	  A◊

i.	  

[S(X ; Y ; Q) à { A◊
1, A◊

2, …, A◊
n, On+1, …, Om }] à A♥	  

The	  Herbar&an	  schema	  as	  a	  general	  model	  
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The	  Herbar&an	  schema	  as	  a	  general	  model	  

¡ The	  “modernist”	  pedagogy:	  

o The	  teacher	  raises	  a	  ques&on	  Q	  to	  which	  he/she	  disposes	  of	  a	  
previously	  established	  answer	  AT	  

o The	  teacher	  brings	  materials	  Ok	  for	  the	  study	  (tasks,	  docs,	  …)	  

o The	  teacher	  leads	  the	  students	  to	  the	  answers	  Aj
◊	  	  needed	  to	  

elaborate	  AT,	  raising	  the	  appropriate	  sub-‐ques&ons	  Qi	  and	  
planning	  the	  process	  of	  study	  

o The	  students	  follow	  the	  teacher’s	  indica&ons	  to	  reconstruct	  
their	  collec&ve	  answer,	  similar	  to	  the	  teacher’s	  one:	  A♥	  ≈	  AT 

[S(X ; Y ; Q) à { A◊
1, A◊

2, …, A◊
n, On+1, …, Om }] à A♥	  ≈	  AT	  
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4.	  Didac&c	  engineering	  from	  TDS	  to	  ATD	  

Double	  openness	  of	  the	  HerbarCan	  schema	  

1.   The	  trajectories	  are	  not	  previously	  determined	  

2.   The	  sharing	  of	  responsibiliCes	  is	  not	  given:	  
o Who	  raises	  and	  chooses	  the	  ini&al	  ques&ons	  Q?	  

o Who	  searches	  the	  available	  answers	  Aj
◊?	  

o Who	  validates	  Aj
◊?	  Who	  determines	  the	  needed	  milieus	  M?	  

o How	  do	  new	  ques&ons	  Qi	  emerge?	  Who	  decides	  to	  address	  
them	  or	  not,	  and	  how	  (planning)?	  

o How	  the	  final	  answer	  	  A♥ is	  delimited?	  Validated?	  
Disseminated?	  Related	  to	  other	  Aj

◊(ins&tu&onalized)?	  	  
Used	  to	  raise	  new	  ques&ons?	  



Berta	  Barquero	  &	  Marianna	  Bosch	   38	  

4.	  Didac&c	  engineering	  from	  TDS	  to	  ATD	  

Two	  main	  concrete	  realisaCons	  of	  the	  HerbarCan	  schema:	  

STUDY	  AND	  RESEARCH	  PATHS	  
o QuesCon	  Q	  is	  taken	  “seriously”	  (its	  answer	  ma_ers)	  and	  there	  
is	  no	  previously	  determined	  answer	  A◊	  to	  Q	  

o 	  Q	  	  is	  deployed	  into	  subques&ons	  	  
o There	  is	  a	  search	  for	  	  available	  answers	  Aj

◊	  in	  the	  accessible	  
media	  and	  a	  confronta&on	  with	  an	  experimental	  milieu	  M	  in	  
order	  to	  obtain	  the	  final	  answer	  	  A♥  

STUDY	  AND	  RESEARCH	  ACTIVITIES	  
o The	  star&ng	  point	  is	  a	  previously	  determined	  answer	  A◊	  (a	  
praxeology)	  that	  is	  to	  be	  “known”	  (integrated	  in	  the	  milieu	  M)	  	  

o The	  process	  of	  study	  consists	  in	  finding	  the	  ra:onale	  of	  A◊	  
(genera&ng	  ques&ons	  Q)	  and	  make	  its	  components	  available	  
through	  6	  moments	  of	  study.	  



Berta	  Barquero	  &	  Marianna	  Bosch	   39	  

4.	  Didac&c	  engineering	  from	  TDS	  to	  ATD	  

To	  deal	  with	   this	  huge	  didac&c	  problem,	   it	  has	  been	  proposed	   to	  
design	  and	  implement	  new	  DE	  realisaCons:	  

From	  the	  school	  paradigm	  of	  
‘visiCng	  works’	  to	  

‘quesConing	  the	  world’	  

TDS	   ATD	  
§  Fundamental	  situaCons	  and	  its	  
a-‐didac&c	  and	  didac&c	  
dimensions	  

§  Milieu	  of	  the	  situa&on	  
§  DialecCcs:	  	  
ac&on	  –	  formula&on	  –	  valida&on	  	  
devolu&on	  –	  ins&tu&onaliza&on.	  

§  Study	  and	  Research	  Paths	  
(ar&culated	  with	  SR	  Ac&vi&es)	  

§  Global	  designs	  in	  terms	  of	  	  
sequences	  of	  praxeologies	  

§  Media	  -‐	  milieu	  dialec&cs	  
§  The	  scale	  of	  levels	  of	  didac&c	  
codetermina&on	  (ecology)	  

[S(X ; Y ; Q) à { AT}] à A♥ = AT 

[S(X ; Y ; Q) à M ] à A♥ 
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4.	  Didac&c	  engineering	  from	  TDS	  to	  ATD	  

¡ The	  openness	   assumed	  by	  SRP,	  with	   their	   genera&ng	  ques&ons	  
Q,	   temporary	  answers	  A	  and	  works	  O,	   reflects	  an	  unlimited	  and	  
permanent	  changing	  universe.	  	  

¡ The	  variaCons	  can	  not	  be	  avoided,	  not	  only	  because	  of	  changes	  
in	   the	   students	   and	   the	   teachers,	   but	   also	   because	   of	   the	  
available	  media	  and	  milieu.	  And	  the	  unavoidable	  “invariants”	  are	  
s&ll	  unknown.	  	  

¡ A	   deep	   ‘clinical	   analysis’	   of	   SRP	   has	   to	   be	   developed,	   under	  
different	   ecological	   environments,	   to	   study	   the	   condi&ons	   that	  
make	   their	   introduc&on	   and	   running	   possible,	   and	   the	  
constraints,	  at	  all	  levels,	  that	  may	  hinder	  their	  development.	  	  	  

à	  NEED	  FOR	  REFUNDING	  THE	  NOTION	  OF	  DIDACTIC	  
ENGINNERING	  IN	  ATD	  
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5.	  The	  ecology	  of	  SRP:	  condi&ons	  and	  constraints	  

Civiliza&on	  

Society	  

School	  

Pedagogy	  

Discipline	  

Domain	  

Sector	  

Theme	  

Subject	  

What	  is	  the	  main	  purpose	  of	  SRP	  experimentaCons?	  

§  Possibili&es	   for	   the	   paradigm	   of	   “Ques&oning	   the	  
world”	  to	  exist	  in	  current	  educa&onal	  ins&tu&ons	  

§  Concrete	   “forms”	   of	   implemen&ng	   this	   paradigm,	  
depending	  on	  the	  educa&onal	  level	  and	  context	  

§  Invariants	   or	   regulari&es	   observed	   throughout	   the	  
different	  educa&onal	  ins&tu&ons	  

§  New	  necessi&es	  in	  terms	  of:	  mathema&cal	  resources,	  
didac&c	   organisa&ons	   (collec&ve	   learning	   and	  
research	  processes),	  pedagogical	  infrastructures,	  …	  

§  Be_er	   understanding	   the	   different	   obstacles	   or	  
constraints	  at	  different	  levels	  of	  the	  scale	  
à	  THE	  PROBLEM	  OF	  THE	  ECOLOGY	  OF	  SRP	  	  
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5.	  The	  ecology	  of	  SRP:	  condi&ons	  and	  constraints	  

Civiliza&on	  

Society	  

School	  

Pedagogy	  

Discipline	  

Domain	  

Sector	  

Theme	  

Subject	  

Understanding	  the	  specific	  ‘ecology’	  of	  SRP/SituaCons	  
	  
COMMON	  CONSTRAINTS:	  
§  “Applica&onism”	   in	   Natural	   Sciences	   and	   DTP	   in	  

mathema&cs	  as	  dominant	  epistemologies	  	  
§  “Monumentalism”	  as	  dominant	  pedagogy	  
§  Learning	  as	  an	  individual	  cogni&ve	  process	  
§  Syllabi	   organised	   in	   “themes”,	   “sectors”	   and	  

“domains”,	  not	  in	  “Crucial	  alive	  ques&ons”	  
§  Fron&ers	   between	   disciplines	   can	   be	   stronger	   at	  

school	  than	  in	  research	  ins&tu&ons	  
§  The	  management	  of	  media	  at	  school	  has	  always	  been	  

mediated	  by	  the	  teacher	  
§  Reduc&on	  of	  the	  milieu	  to	  the	  teachers	  answers	  or	  to	  

the	  deduc&ve	  mathema&cal	  logic	  
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5.	  The	  ecology	  of	  SRP:	  condi&ons	  and	  constraints	  

Civiliza&on	  

Society	  

School	  

Pedagogy	  

Discipline	  

Domain	  

Sector	  

Theme	  

Subject	  

Understanding	  the	  specific	  ‘ecology’	  of	  SRP/SituaCons:	  
	  
SPECIFIC	  CONSTRAINTS:	  
§  Disappearing	   of	   quan&&es	   in	   school	   (and	   scholar)	  

mathema&cs	  (real	  numbers,	  measure,	  etc.)	  
§  Lack	  of	  techniques	  to	  work	  with	  measure	  errors	  
§  Numbers	  come	  before	  algebra	  (nega&ve	  numbers)	  
§  Models	   and	   results	   are	   not	   “named”	   (popula&ons	  

dynamics,	  saving	  plans)	  
§  Excessive	  focus	  on	  equa&ons	  instead	  of	  formulae	  
§  Disappearance	  of	  parameters	  in	  school	  algebra	  
§  Excessive	   focus	  on	  the	  deriva&ve	   in	  detriment	  of	   the	  

rate	  of	  growth	  
§  All	   those	  related	  with	  the	  “mixture”	  of	  mathema&cal	  

models	  and	  no&ons	  with	  other	  disciplines	  
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6.	  Three	  ques&ons	  to	  the	  audience	  

(1)	  In	  the	  programme	  of	  research	  inaugurated	  by	  TDS,	  the	  transiCon	  to	  
the	  paradigm	  of	  quesConing	  the	  world	  becomes	  crucial:	  mathema&cal	  
contents,	  as	  well	  as	  any	  other	  subject	  ma_er,	  need	  to	  appear	  as	  “truly	  
answers”	  to	  “real	  ques&ons”;	  not	  as	  “monuments	  to	  visit”.	  
à	  Is	  this	  assumpCon	  shared	  by	  others	  design	  approaches?	  How?	  

	  

(2)	  ATD	  proposes	  a	  big	  enlargement	  of	  the	  unit	  of	  analysis	  to	  approach	  
the	  problem	  of	  the	  ecology	  of	  design	  realisaCons,	  moving	  outside	  the	  
classroom	  to	  the	  different	  levels	  of	  the	  scale	  of	  codetermina&on.	  	  
à	   How	   do	   other	   design	   approaches	   deal	   with	   the	   ecological	  
problem?	  How	  have	  they	  ‘experienced’	  it?	  	  

	  

(3)	   The	   ecological	   problem	   needs	   to	   engage	   different	   partnerships:	  
researchers	   and	   designers,	   the	   educa&onal	   system,	   the	   profession	   of	  
teachers	  and,	  maybe	  also	  mathema&cians.	  	  
à	  How	  to	   involve	   them,	  especially	   the	  profession	  of	   teachers?	  
What	  role	  is	  devoted	  to	  them	  in	  task	  design	  or	  DE?	  



Didac&cal	  engineering	  	  
as	  a	  research	  methodology:	  	  

from	  Fundamental	  Situa&ons	  to	  	  
Study	  and	  Research	  Paths	  

	  

Thank	  you	  very	  much!	  
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