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a b s t r a c t 

One of the questions that has recently predominated the literature is the generation and modulation of 

strange chaotic attractors, namely the ones with multi scrolls. The fractional theory might be useful in 

addressing the questions. We use the Caputo fractional derivative together with Haar wavelet numeri- 

cal scheme to investigate a three-dimensional system that generates chaotic four-wing attractors. Some 

conditions of stability at the origin (the trivial equilibrium point) are provided for the model. The error 

analysis shows that the method converges and is concluded thanks to Fubini–Tonelli theorem for non- 

negative functions and the Mean value theorem for definite integrals. Graphical simulations, performed 

for some different value of the derivative order α show existence, as expected, of chaotic dynamics char- 

acterized by orbits with four scrolls, typical to strange attractors. Hence, fractional calculus appears to be 

useful in generating and modulating chaotic multi-wing attractors. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction to the model 

Even though a huge interest for fractional differentiations and

heir properties has only resurfaced during the last two decades,

ractional calculus remains a scientific domain as old integer order

alculus is. Many authors have applied it in various processes

elated to real life phenomena, such as acoustic dissipation, vis-

oelastic systems, mathematical epidemiology, continuous time

andom walk, biomedical engineering, porous media, control

heory, Levy statistics, fractional Brownian, dielectric polarization,

ractional signal and image processing, electrolyteelectrolyte po-

arization, fractional filters motion and nonlocal phenomena [1–9] .

ost of the models used in those analysis are non linear and

equire sophisticated techniques to solve them. Hence, number

f numerical methods for the solution of fractional differential

quations have been developed and proposed in numerous works,

n order to provide an improved description of the phenomenon

nder investigation. Common numerical methods include finite

ifference method, variational iteration method, Crank–Nicholson

ethod, adomian or homotopy analysis and lastly the one of our

nterest in this paper: wavelet method [10–18] . Wavelet analysis

ppears to be relatively new in mathematical analysis theory but

s catching interest among scientist, especially those specialized in
E-mail addresses: dgoufef@unisa.ac.za , franckemile2006@yahoo.ca 

⎪⎪⎪⎩
ttp://dx.doi.org/10.1016/j.chaos.2017.08.038 

960-0779/© 2017 Elsevier Ltd. All rights reserved. 
uid flow, applied in signal and image manipulation and numerical

nalysis, etc. 

On the other side, the scientific academy has seen, during the

ears, the development and simulation of the so called strange at-

ractors whose unique particularity is to exhibit attractor with a

ractal structure [19–21] . Edward Lorenz [22] is one of the first

o propose strange attractor, Lorenz attractor. However, there are

umber of other systems of equations that generate strange at-

ractors leading to chaotic dynamics. Few examples include the

össler attractor [23] and Hénon attractor [24] , Arneodo Attrac-

or [25] , Lu-chen attactor [26] , etc, and lastly the one of our in-

erest in this paper: Four-wing attactor. This paper aims to as-

ess the effect resulted from a combination of fractional deriva-

ive and those strange systems of equations. Whence, the whole

nalysis conducted here consists of exploring the existence of four-

ing attractor and stability results for the model (1.3) here be-

ow, that belongs to the same family as the chaotic Rössler system

23,27,28] given as 

 

 

 

 

 

 

 

 

 

 

 

d 

dt 
x (t) = −y − z, 

d 

dt 
y (t) = x + ay, 

d 

dt 
z(t) = bx + z(x − c) , 

(1.1) 

http://dx.doi.org/10.1016/j.chaos.2017.08.038
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2017.08.038&domain=pdf
mailto:dgoufef@unisa.ac.za
mailto:franckemile2006@yahoo.ca
http://dx.doi.org/10.1016/j.chaos.2017.08.038


4 4 4 E.F. Doungmo Goufo / Chaos, Solitons and Fractals 104 (2017) 443–451 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

w  

r  

C  

o

D  

w  

f

H  

R  

[  

d

c
 

w  

1  

a

c
 

a

c
 

α  

t  

m

L

a  

A  

i  

(

α
 

a

α
 

 

d  

p  

i  

o  

g

a

 

w  

(

 

d

g
 

 

w  

W  
or the Lorenz system [22,27,28] ⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

d 

dt 
x (t) = σ (y − x ) , 

d 

dt 
y (t) = x (ρ − z) − y, 

d 

dt 
z(t) = xy − δz, 

(1.2)

with α ∈ [0 ; 1] , β ∈ (0 , + ∞ ) , t > 0 where x = x (t) , y = y (t) , z =
z(t) represent the system state and σ , ρ , δ are real constants pa-

rameterizing the system. 

The model of our interest reads as ⎧ ⎨ ⎩ 

D 

α
t x (t) = ax + cyz, 

D 

α
t y (t) = bx + dy − xz, 

D 

α
t z(t) = ez + f xy, 

(1.3)

where a, b, d, e ∈ R , c > 0 and f < 0 with cf � = 0. x = x (t) , y =
y (t) , z = z(t) represent the system state and a 1 , a 2 , b 1 , c 1 are real

constants parameterizing the system. The term D 

α
t represents a

fractional derivative. In the next section, a comprehensive defini-

tion of the fractional derivative we employ, namely the Caputo

derivative and more other details with properties are provided. Our

approach is to fully analyze the model (1.3) for any order α ∈ [0; 1].

More precisely, we solve the model using the numerical method of

Haar wavelets that is described in Section 3 below. The goal is to

refute or not the (non)existence of a chaotic four-wing attractor for

(1.3) . Before that, let us recall the following 

Theorem 1.1. It is impossible for the system (1.3) to generate a

chaotic four-wing attractor when α = 1 and b = 0 . 

Proof. The proof follows from [28, Theorem 1] and the fact that 

D 

1 
t u (t) ∼ du (t) 

dt 
. (1.4)

�

Hence for α = 1 , the model (1.3) reduces to the system ⎧ ⎨ ⎩ 

x ′ (t) = ax + cyz, 

y ′ (t) = bx + dy − xz, 

z ′ (t) = ez + f xy 

(1.5)

System (4.2) was introduced in [28,29] proved to be chaotic in the

same level as Lorenz or Rössler equations are. Moreover, it gen-

erates a four-wing chaotic attractor with less terms in the system

equations compared to other models. Then, let us analyze the ex-

tended model (1.3) and exhibit the shape of the solutions in order

to compare with those of (4.2) . 

2. A note on derivative with non-integer order [11,27,30–33] 

In this particular domain of calculus, the most popular defini-

tions of derivatives with non-integer order remain the Riemann–

Liouville derivative (RLFD) and Caputo derivative. The first was

named after the work of Bernhard Riemann and Joseph Liouville

more than a century and a half ago. Their main idea started with

the following integral of order α

I α f (t) = 

1 

�( α) 

∫ t 

a 

f ( τ ) 

( t − τ ) 
1 −α

dτ (2.1)

based on Euler transform when applied to analytic function and

Cauchy’s formula for calculating iterated integrals. Hence, the RLFD

of order α was defined for any t > 0 as 

D 

α
t f (t ) = 

d n 

dt n 
I n −α f (t ) , n − 1 < α ≤ n (2.2)
L

here n ∈ N , −∞ ≤ a < t, b > a and f : (a, b) −→ R an arbitrary

eal and locally integrable function. After that, in 1967, Michele

aputo proposed another definition closely related to the previous

ne and given (for n = 1 ) as 

 

α
t f (t) = I 1 −α d 

dt 
f (t) , 0 < α ≤ 1 (2.3)

here the unknowns are the same as in (2.2) , except the function

 that is from the first order Sobolev space 

 

1 (a, b) = 

{
f : f, 

d 

dt 
f ∈ L 2 (a, b) 

}
. (2.4)

ecently, more investigations conducted by Caputo and Fabrizio

31] pointed out another definition, the Caputo–Fabrizio fractional

erivative given by 

f D 

α
t f (t) = 

M(α) 

( 1 − α) 

∫ t 

0 

˙ f ( τ ) exp 

(
−α( t − τ ) 

1 − α

)
dτ, (2.5)

here M ( α) is a normalization function such that M(0) = M(1) =
 . Soon after that Losada and Nieto [32] improved this definition

s 

f D 

α
t f (t) = 

(2 − α) M(α) 

2 ( 1 − α) 

∫ t 

0 

˙ f ( τ ) exp 

(
−α( t − τ ) 

1 − α

)
dτ. (2.6)

nd defined a more suitable fractional integral that reads as: 

f I αt f (t) = 

2(1 − α) 

( 2 − α) M(α) 
f ( t) + 

2 α

( 2 − α) M( α) 

∫ t 

0 

f ( τ ) dτ, (2.7)

∈ [0, 1] t ≥ 0. This anti-derivative represents sort of average be-

ween the function f and its integral of order one. In the same mo-

entum, Goufo and Atangana [4,11] propose the New Riemann–

iouville fractional order derivative given for α ∈ [0, 1] by 

 

D 

α
t f (t) = 

M(α) 

1 − α

d 

dt 

∫ t 

a 

f ( τ ) exp 

(
− α

1 − α
( t − τ ) 

)
dτ (2.8)

gain, the NRLFD is without any singularity at t = τ in compar-

son to the classical Riemann–Liouville fractional order derivative

2.2) and also it verifies 

lim 

→ 1 
a D 

α
t f (t) = 

˙ f ( t ) (2.9)

nd 

lim 

→ 0 
a D 

α
t f (t) = f ( t ) . (2.10)

In order to address the issue of locality that exists in the above

efinitions of fractional derivatives, nonlocal definitions were pro-

osed and generalized [27,33] as follows: Let f be a function

n H 

1 (a ; b) ; b > a ; α ∈ [0 ; 1] , β ∈ (0 ,+ ∞ ) then, the Caputo-sense

ne-parameter and nonlocal fractional derivative of order α is

iven by: 

b D 

α
t f (t) = 

M(α) 

( 1 − α) 

∫ t 

a 

˙ f ( τ ) E α

[
−α( t − τ ) α

1 − α

]
dτ = 

abc 
a D 

α
t f ( t) . 

(2.11)

here M ( α) is the same normalization function defined in

2.5) and E α the one-parameter Mittag–Leffler function. 

The Caputo-sense two-parameter and nonlocal fractional

erivative of order α knowing β as a parameter is given by: 

c D 

α,β
t f (t)= 

βW (α, β) 

( β−α) 

∫ t 

a 

˙ f ( τ ) (t −τ ) β−1 E α,β

[
−αβ(t −τ ) α

β−α

]
dτ,

(2.12)

here W ( α, β) is a two-variable normalization function such that

 (0 , 1) = W (1 , 1) = 1 , and and E α, β the two-parameter Mittag-

effler function. 
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The Laplace transform of the later definition is given by 

 ( gc D 

α
t f (t) , s ) = 

M(α) 

( 1 − α) 

s α ˜ f (x, s ) − s α−1 f (0) 

s α + 

α
1 −α

. (2.13) 

here ˜ f = L ( f (t) , s ) . 

. A note on Haar wavelets 

The function 

(t) = 

⎧ ⎨ ⎩ 

1 , for t ∈ [0 , 1 / 2) ;
−1 , for t ∈ [1 / 2 , 1) ;
0 , elsewhere . 

(3.1) 

hat is defined on the real line R is called the Haar wavelet [16–

8] . Let t ∈ [0, 1), define for each i = 0 , 1 , 2 , 3 , · · · the family 

 i (t) = 

{
2 

j 
2 H(2 

j t − k ) , for i = 1 , 2 , · · · ;
1 , for i = 0 , 

(3.2) 

here we keep in mind the remark that each i = 0 , 1 , 2 , · · · can

e written into the form i = 2 j + k with j = 0 , 1 , 2 , · · · and k =
 , 1 , 2 , · · · , 2 j − 1 . Hence, it can been proved that resulting fam-

ly { h i (t) } ∞ 

i =0 
forms a complete orthonormal system in the Banach

pace of square-integrable function L 2 [0, 1). Moreover, if we con-

ider the function r taking in the Banach space of continuous func-

ions C [0, 1) then, the series 
∑ ∞ 

i =0 〈 r, h i 〉 h i converges uniformly to

 with 〈 r, h i 〉 = 

∫ ∞ 

0 r(t) h i (t ) dt . We can then decompose the same

unction r to have 

(t) = 

∞ ∑ 

i =0 

c i h i (t) 

here c i = 〈 r, h i 〉 . For reasons of practicability, the approximated

olution reads as 

(t) ≈ r k (t) = 

k −1 ∑ 

i =0 

c i h i (t) 

here k ∈ { 2 j : j = 0 , 1 , 2 , · · · } . 
Let b ∈ N , we are now making use of the translation of the haar

unction on [0, b ) to define the function 

 s,i (t) = h i (t − s + 1) s = 1 , 2 , · · · , b and i = 0 , 1 , 2 , · · ·
(3.3) 

here h i is given by (3.2) . Obviously the same properties that hold

or h i also hold for h s, i . Namely, the family { h s,i (t) } ∞ 

i =0 
, (s =

 , 2 , · · · , b) forms a complete orthonormal system in the Banach

pace of square-integrable function L 2 [0, b ). Hence it is also possi-

le to exploit the following haar orthonormal basis functions 

 s,i = 〈 r, h s,i 〉 = 

∫ ∞ 

0 

r(t) h s,i (t) dt 

o expand the solution r ∈ L 2 [0, b ) as the series 

(t) = 

b ∑ 

s =1 

∞ ∑ 

i =0 

c s,i h s,i (t) . (3.4)

imilarly for reasons of practicability, the approximated solution

eads as 

(t) ≈ r k (t) = 

b ∑ 

s =1 

k −1 ∑ 

i =0 

c s,i h s,i (t) (3.5)

here k ∈ { 2 j : j = 0 , 1 , 2 , · · · } . Note that (3.5) can be expressed

nto the compact form 

(t) ≈ r k (t) = 

T C bk ×1 H bk ×1 (3.6)
here T C bk × 1 is the transpose vector of 

 bk ×1 = 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

c 1 , 0 
. . . 
c 1 ,k −1 

c 2 , 0 
. . . 
c 2 ,k −1 

. . . 
c b, 0 

. . . 
c b,k −1 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

and H bk ×1 = 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

h 1 , 0 

. . . 
h 1 ,k −1 

h 2 , 0 

. . . 
h 2 ,k −1 

. . . 
h b, 0 

. . . 
h b,k −1 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

. 

. Model analysis 

The equilibrium points of model of system (1.3) are obtained

ia the system 

 

 

 

0 = D 

α
t x (t) = ax + cyz, 

0 = D 

α
t y (t) = bx + dy − xz, 

0 = D 

α
t z(t) = ez + f xy, 

(4.1) 

or e > 0 , ea 
c f 

> 0 , b 2 c − 4 ad > 0 , obviously E 0 = (0 , 0 , 0) is the

rivial equilibrium point and we have four non-trivial other equi-

ibrium points given by 

 1 , 2 = 

( 

1 

a 
ce 

1 
2 

( 

∓b + 

√ 

1 

c 

(
b 2 c − 4 ad 

)) √ 

a 

c f 
, ±

√ 

ea 

c f 
, 

1 

2 

( 

b ∓
√ 

1 

c 

(
b 2 c − 4 ad 

)) ) 

, 

 3 , 4 = 

( 

− 1 

2 a 
ce 

1 
2 

( 

±b + 

√ 

1 

c 

(
b 2 c − 4 ad 

)) √ 

a 

c f 
, ±

√ 

ea 

c f 
, 

1 

2 

( 

b ±
√ 

1 

c 

(
b 2 c − 4 ad 

)) ) 

. (4.2) 

emark 4.1. 

1. This clearly insinuates that model (1.3) with the five equilib-

rium points E 0, 1, 2, 3, 4 cannot be topologically equivalent to

the Lorenz model with its three maximum equilibrium points

[27,28,34] . 

2. The model (1.3) has no non-trivial other equilibrium points if
ea 
c f 

> 0 , or b 2 c − 4 ad > 0 . 

.1. Conditions around the stability of the origin E 0 = (0 , 0 , 0) when 

 ≤α < 1 

To have a look at the stability of the trivial equilibrium point

 0 = (0 , 0 , 0) of the model (1.3) , we evaluated at E 0 , the Jacobian

atrix J ( E o ) for the system given that reads as follows: 

(E o ) = D f (E o ) = 

( 

a 0 0 

b d 0 

0 0 e 

) 

(4.3)

We know, see [35] , that the trivial equilibrium point E 0 =
(0 , 0 , 0) for a fractional model of type (1.3) is asymptotically sta-

le if all of the eigenvalues, λ1, 2, 3 of J ( E 0 ) satisfy the following

onstraint: 
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Fig. 1. Bifurcation diagram of system state x versus the parameter b , for the control 

parameters a = 0 . 25 , c = 1 , d = −0 . 45 , e = −1 , f = −1 and α = 1 . 0 . It shows the 

huge importance of parameter b in creating a multi-wing attractor. 
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Fig. 2. Bifurcation diagram of system state x versus the parameter b , for the control 

parameters a = 0 . 25 , c = 1 , d = −0 . 45 , e = −1 , f = −1 and α = 0 . 9 . It shows the 

huge importance of parameter b in creating a multi-wing attractor. 
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α
π

2 

< | argλi | (i = 1 , 2 , 3) . (4.4)

The eigenvalues of J ( E 0 ) are given by λ1 , 2 , 3 = d, e, a respec-

tively. Hence, since λ1, 2, 3 ar e all r eal numbers, a necessary con-

dition for the origin E 0 = (0 , 0 , 0) to be asymptotically stable is to

have 

d < 0 , e < 0 and a < 0 . (4.5)

Furthermore, the real character of λ1, 2, 3 pr ov es that ther e is no

Hopf bifurcation anywhere near the origin. 

The bifurcation diagram of the system (1.3) represented in both

Figs. 1 and 2 show the symmetry of the chaotic attractors versus

parameter b whose value at the centre is b = 0 . This means that

parameter b does not affect too much the chaos of the system but

is particularly significant in generating a four-wing attractor. 

5. Haar wavelets numerical method for the system 1.3 

We analyze in this section the model 1.3 ⎧ ⎨ ⎩ 

D 

α
t x (t) = ax + cyz, 

D 

α
t y (t) = bx + dy − xz, 

D 

α
t z(t) = ez + f xy, 

(5.1)

assumed to be subject to the following initial conditions 

x (0) = u (x ) , y (0) = v (y ) , z(0) = w (z) . (5.2)

To transform the model (5.1) and (5.2) into a compact form, we

define the following vectors for the system states 

r(t) = 

( 

x (t) 
y (t) 
z(t) 

) 

and g 0 (x, y, z) = r(0) = 

( 

x (0) 
y (0) 
z(0) 

) 

= 

( 

u 

v 
w 

) 

and the matrix operator 
 (r(t ) , t ) = M (x (t) , y (t) , z(t) , t) = 

( 

M 1 (r(t) , t) 
M 2 (r(t) , t) 
M 3 (r(t) , t) 

) 

= 

( 

M 1 (x (t) , y (t) , z(t) , t) 
M 2 (x (t) , y (t) , z(t) , t) 
M 3 (x (t) , y (t) , z(t) , t) 

) 

here 
 

M 1 (r(t ) , t ) = ax + cyz, 
M 2 (r(t ) , t ) = bx + dy − xz, 
M 3 (r(t ) , t ) = ez + f xy 

ence, (5.1) becomes 

 

α
t r(t) = M (r(t ) , t ) 

quivalently, 

 

α
t x (t) = M 1 (r(t ) , t ) 

 

α
t y (t) = M 2 (r(t ) , t ) 

 

α
t z(t) = M 3 (r(t ) , t ) 

(5.3)

ssumed to be subject to the following initial conditions 

 (0) = u (x ) , y (0) = v (y ) , z(0) = w (z) . 

e can now make use of haar wavelets numerical scheme given in

3.6) to approximation the Caputo fractional derivative expressed-

odel (5.3) that yields 

 

α
t x (t) = M 1 (r(t ) , t ) ≈ D 

α
t x k (t) = 

T C 

1 
bk ×1 

H bk ×1 

 

α
t y (t) = M 2 (r(t ) , t ) ≈ D 

α
t y k (t) = 

T C 

2 
bk ×1 

H bk ×1 

 

α
t z(t) = M 3 (r(t ) , t ) ≈ D 

α
t z k (t) = 

T C 

3 
bk ×1 

H bk ×1 

(5.4)

pplying the Rienmann–Liouville antiderivative (2.1) on both side

f (5.4) yields 

 (t) − u ≈ D 

α
t x k (t) = 

T C 

1 
bk ×1 

F α
bk ×bk 

H bk ×1 

 (t) − v ≈ D 

α
t y k (t) = 

T C 

2 
bk ×1 

F α
bk ×bk 

H bk ×1 

(t) − w ≈ D 

α
t z k (t) = 

T C 

3 
bk ×1 

F α
bk ×bk 

H bk ×1 

(5.5)
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quivalently 

 (t) ≈ x k (t) = 

T C 

1 
bk ×1 

F α
bk ×bk 

H bk ×1 + u 

 (t) ≈ y k (t) = 

T C 

2 
bk ×1 

F α
bk ×bk 

H bk ×1 + v 
(t) ≈ z k (t) = 

T C 

3 
bk ×1 

F α
bk ×bk 

H bk ×1 + w 

(5.6) 

here F α
bk ×bk 

represents the haar wavelets fractional operational

atrix [17,18] . Exploiting at this point the Galerkin’s method based

n collocation points, in order to solve the model (5.1) –(5.2) ,

he substitution of the approximated systems (5.4) and (5.6) into

5.1) generates the residual errors given by 

 1 

(
ζ 1 , ζ 2 , ζ 3 , t 

)
= 

T C 

1 
bk ×1 H bk ×1 − M 1 

(
T C 

1 
bk ×1 F 

α
bk ×bk H bk ×1 , 

T C 

2 
bk ×1 F 

α
bk ×bk H bk ×1 , 

T C 

3 
bk ×1 F 

α
bk ×bk H bk ×1 , t 

)
 2 

(
ζ 1 , ζ 2 , ζ 3 , t 

)
= 

T C 

2 
bk ×1 H bk ×1 − M 2 

(
T C 

1 
bk ×1 F 

α
bk ×bk H bk ×1 , 

T C 

2 
bk ×1 F 

α
bk ×bk H bk ×1 , 

T C 

3 
bk ×1 F 

α
bk ×bk H bk ×1 , t 

)
 3 

(
ζ 1 , ζ 2 , ζ 3 , t 

)
= 

T C 

3 
bk ×1 H bk ×1 − M 3 

(
T C 

1 
bk ×1 F 

α
bk ×bk H bk ×1 , 

T C 

2 
bk ×1 F 

α
bk ×bk H bk ×1 , 

T C 

3 
bk ×1 F 

α
bk ×bk H bk ×1 , t 

)
(5.7) 

here 

1 = c 1 1 , 0 , · · · , c 1 1 ,k −1 , · · · , c 1 b, 0 , · · · , c 1 b,k −1 

2 = c 2 1 , 0 , · · · , c 2 1 ,k −1 , · · · , c 2 b, 0 , · · · , c 2 b,k −1 

3 = c 3 1 , 0 , · · · , c 3 1 ,k −1 , · · · , c 3 b, 0 , · · · , c 3 b,k −1 

ith c i ·, · representing the components of T C 

i ·×·. 
Assuming that 

 1 

(
ζ 1 , ζ 2 , ζ 3 , t s,i 

)
= 0 

 2 

(
ζ 1 , ζ 2 , ζ 3 , t s,i 

)
= 0 

 3 

(
ζ 1 , ζ 2 , ζ 3 , t s,i 

)
= 0 

here 

 s,i = 

2 i − 1 

2 k 
+ s − 1 , s = 1 , 2 , · · · , b; i = 1 , 2 , · · · , k 

epresent a bk number of collocation points, we finally obtain a

ystem of 3 bk equations, with 3 bk unknowns given by 

 

1 
1 , 0 , · · · , c 1 1 ,k −1 , · · · , c 1 b, 0 , · · · , c 1 b,k −1 

 

2 
1 , 0 , · · · , c 2 1 ,k −1 , · · · , c 2 b, 0 , · · · , c 2 b,k −1 

 

3 
1 , 0 , · · · , c 3 1 ,k −1 , · · · , c 3 b, 0 , · · · , c 3 b,k −1 

herefore, we easily obtain these unknowns and substitution into

5.6) yields the desired approximated solution 

(t) ≈
( 

x k (t) 
y k (t) 
z k (t) 

) 

. Convergence of the method through error analysis 

Making use of error analysis, we present here exact error

ounds that were used in the proposed numerical method to solve

he model (5.1) - (5.2) . For that since r ∈ L 2 [0, b ), we assume that

 ∈ L 2 [0, b ), y ∈ L 2 [0, b ) and z ∈ L 2 [0, b ) and define 

 r‖ 2 = 

(‖ x ‖ 

2 
L 2 + ‖ y ‖ 

2 
L 2 + ‖ z‖ 

2 
L 2 

)1 / 2 
(6.1) 

here 

 x ‖ L 2 = 

(∫ b 

0 

| x (t ) | 2 dt 

)1 / 2 

, ‖ y ‖ L 2 = 

(∫ b 

0 

| y (t ) | 2 dt 

)1 / 2 

, 

 z‖ L 2 = 

(∫ b 

0 

| z(t ) | 2 dt 

)1 / 2 

. 
bviously ‖ r ‖ 2 represent a norm. From (3.5) and (3.6) we assume

hat similar to (5.6) , the fractional derivative D 

α
t r K (t) is an approx-

mation of D 

α
t r(t) expressed as 

 

α
t r(t) ≈ D 

α
t r k (t) = 

b ∑ 

s =1 

k −1 ∑ 

i =0 

c s,i h s,i (t) 

quivalently 

 

 

D 

α
t x k (t) 

D 

α
t y k (t) 

D 

α
t y k (t) 

⎞ ⎠ = D 

α
t r k (t) = 

b ∑ 

s =1 

k −1 ∑ 

i =0 

c s,i h s,i (t) = 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

b ∑ 

s =1 

k −1 ∑ 

i =0 

c 1 s,i h s,i (t) 

b ∑ 

s =1 

k −1 ∑ 

i =0 

c 2 s,i h s,i (t) 

b ∑ 

s =1 

k −1 ∑ 

i =0 

c 3 s,i h s,i (t) 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

here k ∈ { 2 j : j = 0 , 1 , 2 , · · · } and c s,i = 〈 D 

α
t r k , h s,i 〉 b =

 b 
0 D 

α
t r k (t) h s,i (t) dt, 

c 1 
s,i 

= 〈 D 

α
t x k , h s,i 〉 b = 

∫ b 

0 

D 

α
t x k (t) h s,i (t) dt 

c 2 
s,i 

= 〈 D 

α
t y k , h s,i 〉 b = 

∫ b 

0 

D 

α
t y k (t) h s,i (t) dt 

c 3 
s,i 

= 〈 D 

α
t z k , h s,i 〉 b = 

∫ b 

0 

D 

α
t z k (t) h s,i (t) dt 

(6.2) 

Hence, 

 

α
t r(t) − D 

α
t r k (t) = 

b ∑ 

s =1 

∞ ∑ 

i = k 
c s,i h s,i (t) 

= 

b ∑ 

s =1 

∞ ∑ 

i =2 j 

c s,i h s,i (t) j = 0 , 1 , 2 , · · ·

= 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

b ∑ 

s =1 

∞ ∑ 

i =2 j 

c 1 s,i h s,i (t) 

b ∑ 

s =1 

∞ ∑ 

i =2 j 

c 2 s,i h s,i (t) 

b ∑ 

s =1 

∞ ∑ 

i =2 j 

c 3 s,i h s,i (t) 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

j = 0 , 1 , 2 , · · · (6.3) 

Now, using the norm (6.1) , we can state the following conver-

ence results, that also hold for functions x, y and z in the Sobolev

pace H 

1 [0, b ). 

roposition 6.1. Let 0 ≤α ≤ 1 and assume that x ∈ H 

1 [0, b ), y ∈ H 

1 [0,

 ) and z ∈ H 

1 [0, b ). If the Caputo fractional derivaive functions

 

α
t r k (t) are the approximations of D 

α
t r(t) obtained via Haar wavelet

chemes, then we have the exact upper bound reading as follows: 

 D 

α
t r(t) − D 

α
t r k (t) ‖ 2 ≤ K 

K α�(1 − α) 
(6.4)

here K is a real positive number and K α = 

2(1 −α) 
b2 α

( (3 −3 k (1 −α) ) 

2 2 α−2 
+

(3 −3 k (2 −2 α) ) 

2 2 α−4 
) −1 / 2 . 

roof. From (6.1) and exploiting the haar wavelet expression

6.3) we have 

 D 

α
t r(t) − D 

α
t r k (t) ‖ 2 

= 

(‖ D 

α
t x − D 

α
t x k ‖ 

2 
L 2 + ‖ D 

α
t y − D 

α
t y k ‖ 

2 
L 2 + ‖ D 

α
t z − D 

α
t z k ‖ 

2 
L 2 

)1 / 2 

= 

(∫ b 

0 

| D 

α
t x (t) − D 

α
t x k (t) | 2 dt + 

∫ b 

0 

| D 

α
t y (t) − D 

α
t y k (t) | 2 dt 
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Fig. 3. Rough representation of a four-scroll attractor of system (1.3) in a chaotic 

state, with the control parameters a = 4 , b = 1 , c = 5 , d = 5 , e = 10 , f = 1 and α = 
+ 

∫ b 

0 

| D 

α
t z(t) − D 

α
t z k (t ) | 2 dt 

)1 / 2 

= 

⎛ ⎝ 

∫ b 

0 

∣∣∣∣∣ b ∑ 

s =1 

∞ ∑ 

i = k 
c 1 s,i h s,i (t) 

∣∣∣∣∣
2 

d t + 

∫ b 

0 

∣∣∣∣∣ b ∑ 

s =1 

∞ ∑ 

i = k 
c 2 s,i h s,i (t) 

∣∣∣∣∣
2 

d t 

+ 

∫ b 

0 

∣∣∣∣∣ b ∑ 

s =1 

∞ ∑ 

i = k 
c 3 s,i h s,i (t) 

∣∣∣∣∣
2 

dt 

⎞ ⎠ 

1 / 2 

. 

Using Fubini–Tonelli theorem for non-negative functions

[36,37] and the fact that the family { h i (t) } ∞ 

i =0 
forms a complete

orthonormal system on [0, b ), that is, 
∫ b 

0 H bk (t) T H bk (t) dt = I bk 

(identity matrix), 

‖ D 

α
t r(t) − D 

α
t r k (t) ‖ 2 

≤
( 

b ∑ 

s =1 

∞ ∑ 

j=0 

2 j+1 ∑ 

i =2 j 

∫ b 

0 

∣∣c 1 s,i h s,i (t) 
∣∣2 d t + 

b ∑ 

s =1 

∞ ∑ 

j=0 

2 j+1 ∑ 

i =2 j 

∫ b 

0 

∣∣c 2 s,i h s,i (t) 
∣∣2 d t 

+ 

b ∑ 

s =1 

∞ ∑ 

j=0 

2 j+1 ∑ 

i =2 j 

∫ b 

0 

∣∣c 3 s,i h s,i (t) 
∣∣2 dt 

) 1 / 2 

≤
( 

b ∑ 

s =1 

∞ ∑ 

j=0 

2 j+1 ∑ 

i =2 j 

∫ b 

0 

∣∣c 1 s,i 

∣∣2 d t + 

b ∑ 

s =1 

∞ ∑ 

j=0 

2 j+1 ∑ 

i =2 j 

∫ b 

0 

∣∣c 2 s,i 

∣∣2 d t 
+ 

b ∑ 

s =1 

∞ ∑ 

j=0 

2 j+1 ∑ 

i =2 j 

∫ b 

0 

∣∣c 3 s,i 

∣∣2 dt 

) 1 / 2 

(6.5)

where c 
q 
s,i 

, q = 1 , 2 , 3 are given in (6.2) and where we have con-

sidered the fact that k takes the form of powers of 2 ( k ∈ { 2 j : j =
0 , 1 , 2 , · · · } ) . 

Now computing each c 
q 
s,i 

using (6.2) , the definitions (3.2) and

(3.3) of h s, i imply 

c 1 
s,i 

= ( 
√ 

2 ) j 

[ ∫ k + 1 
2 

2 j 
−1+ s 

k 

2 j 
−1+ s 

D 

α
t x (t) dt −

∫ k +1 

2 j 
−1+ s 

k + 1 
2 

2 j 
−1+ s 

D 

α
t x (t ) dt 

] 

c 2 
s,i 

= ( 
√ 

2 ) j 

[ ∫ k + 1 
2 

2 j 
−1+ s 

k 

2 j 
−1+ s 

D 

α
t y (t) dt −

∫ k +1 

2 j 
−1+ s 

k + 1 
2 

2 j 
−1+ s 

D 

α
t y (t ) dt 

] 

c 3 
s,i 

= ( 
√ 

2 ) j 

[ ∫ k + 1 
2 

2 j 
−1+ s 

k 

2 j 
−1+ s 

D 

α
t z(t) dt −

∫ k +1 

2 j 
−1+ s 

k + 1 
2 

2 j 
−1+ s 

D 

α
t z(t ) dt 

] 

(6.6)

Using the Mean value theorem for definite integrals, there

are two times τx ∈ ( k 
2 j 

− 1 + s, 
k + 1 

2 

2 j 
− 1 + s ) and 

˜ τx ∈ ( 
k + 1 

2 

2 j 
− 1 +

s, k +1 
2 j 

− 1 + s ) such that 

c 1 s,i = ( 
√ 

2 ) j 
(

1 

2 

j+1 
D 

α
t x (τx ) dt − 1 

2 

j+1 
D 

α
t x ( ̃  τx ) dt 

)
= 2 

−( j 2 +1 ) ( D 

α
t x (τx ) dt − D 

α
t x ( ̃  τx ) dt ) 

(6.7)

Using the formulation (2.3) of Caputo derivative leads to ∣∣c 1 s,i 

∣∣ = 2 

−( j 2 +1 ) | D 

α
t x (τx ) dt − D 

α
t x ( ̃  τx ) dt | 

= 2 

−( j 2 +1 ) 1 

�( 1 − α) 

∣∣∣∣∫ τx 

0 
( τx − ξ ) 

−α dx ( ξ ) 

dξ
dξ

−
∫ ˜ τx 

0 
( ̃  τx − ξ ) 

−α dx ( ξ ) 

dξ
dξ

∣∣∣∣

1

ince x ∈ H 

1 [0, b ), hence there is a positive constant K x such that

 ̇ x ( ξ ) ‖ ≤ K x for all ξ ∈ (0, τ x ) and ξ ∈ (0 , ̃  τx ) . This yields 

c 1 s,i 

∣∣≤K x 2 

−( j 2 +1 ) 1 

�( 1 −α) 

∣∣∣∣∫ τx 

0 
( τx −ξ ) 

−α
d ξ −

∫ ˜ τx 

0 
( ̃  τx −ξ ) 

−α
d ξ

∣∣∣∣
ntegrating and simplifying finally lead to ∣∣c 1 s,i 

∣∣ ≤ K x 2 

−( j 2 +1 ) 

( 1 − α) �( 1 − α) 

∣∣τx 
(1 −α) − ( ̃  τx ) 

(1 −α) 
∣∣

≤ K x 2 

−( j 2 +1 ) 

( 1 − α) �( 1 − α) 
2 

j(1 −α) , 

(6.8)

here we have used the facts that 0 ≤α ≤ 1, τx ∈ ( k 
2 j 

− 1 +
, 

k + 1 
2 

2 j 
− 1 + s ) and 

˜ τx ∈ ( 
k + 1 

2 

2 j 
− 1 + s, k +1 

2 j 
− 1 + s ) . 

In a similar way, we prove easily that there are positive con-

tants K y and K z such that ∣∣c 2 s,i 

∣∣ ≤ K y 2 

−( j 2 +1 ) 

( 1 − α) �( 1 − α) 
2 

j(1 −α) (6.9)

nd ∣∣c 3 s,i 

∣∣ ≤ K z 2 

−( j 2 +1 ) 

( 1 − α) �( 1 − α) 
2 

j(1 −α) . (6.10)

efine K = max (K x , K y , K z ) . The substitution of (6.8), (6.9) and

6.10) into (6.5) gives 

 D 

α
t r(t) − D 

α
t r k (t) ‖ 2 

≤
( 

3 bK 

2 

4(�( 1 − α) ) 2 ( 1 − α) 2 

b ∑ 

s =1 

∞ ∑ 

j=0 

2 j+1 ∑ 

i =2 j 

2 

2 j(1 −α) 

2 

j 

) 

1 / 2 

≤
(

3 b 2 K 

2 

4(�( 1 − α) ) 2 ( 1 − α) 2 

×
(

2 

2 α − 2 

2 αk (1 −α) 

2 

2 α − 2 

+ 

2 

2 α − 2 

2 αk (2 −2 α) 

2 

2 α − 4 

))
1 / 2 

≤ bK 

2(�( 1 −α) )( 1 −α) 

( 

3 

2 

2 α
(
1 −k (1−α) 

)
2 

2 α−2 

+ 3 

2 

2 α
(
1 −k (2−2 α) 

)
2 

2 α−4 

) 

1 / 2 

(6.11)

hich ends the proof. �
 . 0 . 
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to be governed by a fractal structure. 
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s  

s

5  

t  

1  
emark 6.1. If the functions x, y and z do not belong to H 

1 [0, b )

hen the only condition x ∈ L 2 [0, b ), y ∈ L 2 [0, b ) and z ∈ L 2 [0, b ) is

ot enough to state the Proposition 6.1 since the interval [0, b ) is

ot closed. Hence the functions x, y, z and their first order deriva-

ives might not bounded nor attain their bounds on [0, b ). 

Hence we have proved the following 

orollary 6.1. Let 0 ≤α ≤ 1, x ∈ L 2 [0, b ), y ∈ L 2 [0, b ), z ∈ L 2 [0, b ) and

ssume that ˙ x (t) , ˙ y (t) and ˙ z (t) are continuous and bounded on [0,

 ). If the Caputo fractional derivative functions D 

α
t r k (t) are the ap-

roximations of D 

α
t r(t) obtained via Haar wavelet schemes, then we

ave the exact upper bound reading as follows: 

 D 

α
t r(t) − D 

α
t r k (t) ‖ 2 ≤ K 

K α�(1 − α) 
(6.12)
F  
here K is a real positive number and K α = 

2(1 −α) 
b2 α

( (3 −3 k (1 −α) ) 

2 2 α−2 
+

(3 −3 k (2 −2 α) ) 

2 2 α−4 
) −1 / 2 . 

. Simulations and attractor representations 

Now that the error committed by using Haar wavelets scheme

n our context has been successfully analyzed and shown to be

nsubstantial, we can provide numerical simulations using the

cheme presented above. It appears here that the model (1.3) ,

olved using the Haar wavelets is chaotic as expected (see Figs. 3 –

 ). Fig. 3 exhibits a crude representation of a four-scroll chaotic at-

ractor of the system (1.3) for the control parameters a = 4 , b =
 , c = 5 , d = 5 , e = 10 , f = 1 . The same analysis is done for

igs. 4 and 5 but this time, for the control parameters a =
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0 . 25 , c = 1 , d = −0 . 45 , e = −1 , f = −1 . The processes in both reg-

ular case ( α = 1 ) and pure fractional case ( α = 0 . 9 ) show chaotic

dynamics. One of the particularities here is the appearance in

those figures of two types of attractors: a global orbital and dy-

namical attractor and a local one. The global attractor does not

count on the initial zones of the orbit. It is characterized by com-

plex orbits around all the equilibrium points and also represented

as a double-scroll and four-scroll chaotic attractor. The local attrac-

tor does count on the initial zones of the orbit and characterized

by a sink, basic periodic orbits and a single-scroll chaotic attractor

( Figs. 4 –5 ). The values of the control parameter α on top of the

other ones ( a, b, c, d, e, f ) provides additional options for modu-

lating the system and hence, represents an extra ingredient in this

powerful recipe for the generation and control of chaotic dynamics

with strange attractors. 
. Concluding remarks 

We have used the Haar wavelet numerical method to analyze

 three-dimensional system of Caputo fractional differential equa-

ions. The system is proved to generates chaotic four-wing at-

ractors. Equilibrium points have been studied and conditions of

tability of the trivial equilibrium point (the origin) are provided

or our model. The error analysis has been performed and has

hown that the Haar wavelet method is convergent in the con-

ext and conditions of our analysis. Graphical simulations have

een performed for two values of the parameter α and all ex-

ibit existence of a chaotic system characterized by orbits with

our scrolls, which is specific to strange attractors. This is the first

nstance where a model of Caputo fractional differential equations

f type (1.3) is solved using a relatively recent method like wavelet
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ethod. Hence, the Haar wavelets scheme combined with the Ca-

uto fractional derivative appears to be a powerful tool in generat-

ng and modulating strange and chaotic multi-wing attractors. 
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