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1 | INTRODUCTION
The classical Mehler's formula,'
+o00

Z t"H,(x)H,(y) _ 1 exp <—t2(x2 + %) + 2ty

n=0 Z”I’l! 1/1_1.2 1—t2

for the univariate real Hermite polynomials H,(x) := (=1)"e” %(e‘xz), as well as its numerous versions are useful and
have wide applications in many fields of mathematics and theoretical physics.

In the present paper, we deal with 2 kinds of generalizations of this formula to the class of the weighted univariate
complex Hermite polynomials

) =: Et(X,yL (1)

_ - am+n e
H, . (z,2) = (—1)m+n€m% (e vzz) ; z€C, (2)

for an arbitrary fixed positive real number v > 0. The main results to which is aimed this paper are Theorems 3.1
and 4.1. Both obtained formulas are realized as double summation over the indices. The first one corresponds to the

product u™H,, ,(z,2)H,, ,(w,w). Its proof lies on a generating function giving rise to the reproducing kernel of the
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generalized Bargmann space of level m, defined as L>-eigenspace of a specific magnetic Laplacian (see Section 3). The
second obtained Mehler's formula involves the product u™v*H,, ,(z, Z)H,V,:,n(w, w), with different arguments v and v/, and
generalizes (v = v/ = 1) the Mehler's formula given firstly in Wiinsche* (without proof) and proved in Ismail.’ theorem 33
In fact, it appears in Ismail® as a particular case of the so-called Kibble-Slepian formula.> theerem 1.1 The proof we present
here is more direct and simpler. We also provide application for each obtained Mehler's formula. The first one (Theorem
3.3) concerns a closed expression of the Heat kernel function associated to a special magnetic Laplacian on the com-
plex plane. The second application (Theorem 4.2) is an integral reproducing property of the univariate complex Hermite
polynomials H,, , (self-reciprocity property) by a like Fourier transform. Curious and remarkable identities involving the
univariate complex Hermite polynomials are also derived.

2 | PRELIMINARIES ON THE UNIVARIATE COMPLEX
HERMITE POLYNOMIALS

Notice first that for v = 1, the polynomials in (2) are those introduced by It6 in the context of complex Markov process,
and next used as a basic tool in the nonlinear analysis of travelling wave tube amplifiers. They appear in calculating the
effects of nonlinearities in broadband radio frequency communication systems.” Such class have been the subject of a
considerable number of papers in the recent years (see for examples previous studies™*° and the references therein). The
incorporation of the parameter v in (2) is fairly interesting for its physical meaning. In fact, it can be interpreted as the
magnitude of a constant magnetic field applied perpendicularly on the Euclidean plane. Below, we recall some needed
results of these polynomials. We begin with the well-established fact (Benahmadi et al?)

/Ce‘”'5|2+“<f+ﬂ5d,1(§) — <%> e%, 3)

valid for every fixed positive real number x > 0 and arbitrary complex numbers «, § € C. Here, dA(§) = dxdy; é = x+iy €
C denotes the classical Lebesgue measure on the complex plane C. Formula (3) is quite easy to check by writing & as
& =x+iy;x,y € R, and next making use of the Fubini's theorem as well as the explicit formula for the gaussian integral

% b2
/Re‘”x2+bxdx = <%> ew; u>0,beC. (4)

Based on (3), we can reintroduce the class of univariate complex Hermite polynomials H,, ,(z;Z) by considering the
integral representation (Benahmadi et al®)

Hyp@2) = (£) oy /(C gnE e IE g ), s)

Here, v = ";—ﬁ with 4 > 0 and a,f € C such that a¢f > 0. By taking, for example, 4y = 1 and « = —f = i, so that

v = af/u = 1, the integral representation (5) reduces further to the one obtained by Ismail.[>> theorem 5.1]
Using this integral representation and the reproducing property (3), it is easy to obtain the following exponential
generating function

I ) = QuzhZ-w)
Z WHI\’;LV!(Z; 7) = e uehiz-uy) (6)

m,n=0 :

The result (6) is well-known for the special case v = 1 (see, for example, Ghanmi® and Wiinsche!?). It can also be
obtained directly by means of (a) of Proposition in Ghanmi,? to wit

+o0
n S — /

2 e Hy W) = V7 (= 2 e, )

n=0 """

We conclude this section by recalling the following

= Hy, (2. 2H), ,(w,W) ,
Y = (V" Hy, - wz=mw)e 9, ®)
vin! ’

n=0
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The identity (8) is exactly Proposition 3.6 in Ghanmi® (when v = 1) and appears as a particular case of Theorem 3.1 in
Benahmadi et al.’ Its proof follows making use of

Hy1(2,2) = (-1)"V"e ¥ r @e 1<),

as well as (7). Indeed, we get

S Hnn@DH,, (0, w)

Y

n=0

— (_1ym+m pvizl? ym m' m’ —v|z|?+vzw
Tl (-1 e az <v (z—w) e >

= (—1)’”'H:n’m, (z —w,z—w)e™z.

Remark 2.1. By taking m = m’ in (8), we recognize the explicit expression of the reproducing kernel of the generalized
Bargmann space of level m, defined as the L-eigenspace of the magnetic Laplacian A,, in (10) below, associated to
the eigenvalue v m.

3 | FIRST MEHLER'S FORMULA

Theorem 3.1. Forevery u,z € C such that |u| < 1, we have

©)

+§ U Hyy (@ DHy p 0 0) @00 <—vu|z—w|2>

m+np 1| - _ _
el vitimln! 1-uw 1-u

Proof. By taking m = m’ in (8) and using the fact that Hy, (¢, &= (—1)mm!me£2)(v|§|2), we get

+00 = —
H), . (z,2)H,, ,(w,w)
Z m,n . V;l,n — m!meES)(VIZ _ W|2)ev<w,z>‘
vin!

n=0

Therefore, the identity (9) follows making use of the well-known generating function for the Laguerre polynomials,
to wit (Rainville [> P135]);

- (@ _ 1 —xt \ . "
ZtﬂLn x) = T exp(1 —t) ;o Jtl<1,xeR".
n=0 O
As a particular case of Theorem 3.1, we have the following.
Corollary 3.2. The remarkable identity
+2'° u"|Hy, (22| ek
ped vmtmlnl T (1-w)
holds true for every u,z € C such that |u| < 1.
An interesting application of Theorem 3.1 is given when considering the Cauchy problem
a J atED=Muar  (62) €10, +oolxC.
u(t;z) = f(z) € C(C),
associated to the self-adjoint magnetic Laplacian
0? 0
A= -2 422, 10
0707 0z (10)

acting on L>V(C; e‘V|Z|2dA). In fact, we give a closed explicit expression of the Heat kernel function K, (¢; z, 7o) for the heat
solution of (H). Namely, we assert
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Theorem 3.3. For every t > 0, we have

V(t+(2,2)) — 7|2
K(tz20) = (%) 4 exp<'Z %l ) 1)

1_evt evt_l

Proof. Recall first that the expression of K(t; z, 7o) of a self-adjoint operator L is given by

(o)

K(t;2,20) = Z e H'ej(2)ej(20),
j=0
where {¢;} is a complete orthonormal system of eigenfunctions of L and the 4; are the corresponding eigenvalues (see
Davies'! for example). In our case, the Hermite polynomials H,, ,(z, Z) constitute an orthogonal basis of L2V(C; e’ d )
whose the square norm is given by

”H:n;n”iz((c;e,‘z‘zdﬂ) = <%> vm+nm!n! (12)

(see other studies®!*!*). Moreover, for varying nonnegative integer n, they are eigenfunctions of 4, associated to the
eigenvalue vm, to wit A H,, ,(z,zZ) = vmH,, ,(z,%). Therefore, the heat kernel function

K(t:z.2) == ) e""”H’v"’”(z;Z)H’V"’"(zo;ZO)
T

m,n=0

yvmtimin!

is given by the closed expression (11) thanks to (9) in Theorem 3.1 with w = Zp and u = e™* € R such thate™ < 1
(ie, t > 0). O

4 | SECOND MEHLER'S FORMULA

Consider the kernel function

(13)

o 1 W' [(vzl? + v/ |[wPuw — uzw — vzw)
b Zw) = —eX - .
wv W) T—wu P 1-wuv

It can be seen as an analytic extension of the classical Mehler's kernel E;(x, y) involved in (1) and introduced by Mehler!
himself in 1866. One proves that E;’; (z,w) can be expanded in terms of the H}, ,. More precisely, we assert

Theorem 4.1. Forevery v,V € R, we have the Mehler's formula

v,V < umyn v — —
iy @w) = Y — (G DH (W W) 14)

m,n=0 .

valid for every u,v € C such that uv € R and vw'uv < 1.

Proof. The proof of Theorem 4.1 can be handled easily starting from the right-hand side of (14). Indeed, making use
of the integral representation (5) combined with the generating function (6), we obtain

S (0 gl [ g o EY
m,zn;O m!"!Hm’n(Z’Z)Hm’"(W’W)_<7r>e ) /Ce SR <m§0 .y Hy, ,(w;w) ) dA)

- <E> el / M=) PG =PV DE g 4 )
n C

Thus, under the condition 1 — vv'uv > 0, the integral formula (3) can be applied to get (14). O

Remark 4.2. The result gives a closed formula for the Poisson kernel (Mehler's formula) for the product of Hermite
polynomials Hy, ,(z;z) associated with the same or different real arguments v and v'.
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Remark 4.3. For the particular case v = v' = 1, the Mehler's formula (14) reads simply

(s

umyn _ — 1
Y, ——Hun(z: D Hpnn(w; W) = exp
o 0! 1—uv

uzw +vzw — (|z|> + |w|?)uv
1—uy '

(15)
This is the the Mehler's formula for H,, ,(z; Z) given by Wiinsche* without proof and recovered by Ismail® theorem 3.3
as a specific case of his Kibble-Slepian formula.®> theorem 1.1

By specifying u, v, zand w in Theorem 4.1, we obtain interesting and curious identities involving the univariate complex
Hermite polynomials.

Corollary 4.4.

1. Forz,w € Cand reals v,v' > 0 such that v < 1, we have

S Hy (@ D Hy, o (w3 W) —w
Y St o exp (vl + VWl - 2R@w)) ) (16)
- m!n! 1-w 1-w
m,n=0
2. Foreveryu,v,z € Candv > 0such that v’uv < 1, we have
(o)
um™" —2 1 VW +v—2vu)
Z "~ |HY ; =— exp| — s 17
m;:O m!n! [Hinn(z:2)] T— v P < 1—v2uv i (17)
as well as
o UM 2 1 V2 5 2 2
H;,,(2;2)) = ———ex —{uz +vZ —2vuv|z } . 18
m;:() m!n!( nn(@:2) 1—v2uv p(l—vzuv 1 (18)
3. Foreveryz € C, v > 0and real A such that Av < 1, we have
< A" - 1 av2|z)?
—H, ,(z;2) = ex . 19
mzzaml mm(%:2) 1+ Av p<1+lv (19)

Proof. The identity (16) follows as by taking u = v = 1 in (14) with vv' < 1, while (17) and (18) follow, respectively,
by setting w = z and w = z in (14) with v = v/ and v?uv < 1. The last identity follows by taking w = 0 and setting
A := —v'uv under the assumption that Av < 1, we see that (14) yields (19). A basic fact in obtaining (19) is the
following Hy, ,,(0;0) = (V)" M!Sy . O

As an interesting consequence of the Mehler's formula (14), we prove the following:

Theorem 4.2. Forevery v,V € R and u,v € C such that uv € R and vv'uv < 1, we have a self-reciprocity property for
the Hermite polynomials, to wit

]2 — I
/ exp( Vw|? = w (uzw VZW)) H]‘(’:}.(W;W)d/l(w)
C

1—-wuy
5 (20)
= 2(V )1 — wuvyuivk exp [ L4

1—-wuy

|z|2> H}, (2:2).

Proof. Theidentity (20) follows by multiplying the both sides of (14) by e*’ |W|2H] .V;{(w; w) and integrating over C, keeping
in mind the orthogonality relation as well as the formula (12) giving the square norm of Hy,., in L*(C; el ’dy. O

Remark 4.4. By considering the particular case of v = v =1and letting u, v tend to i, we obtain

21

) w2 _ . —
/Cem(zw)e—%HkJ(W; W)dﬁ(W) = 27[ij+k€_ 2 j’k(z; 2). (21)

The self-reciprocity property (21) is the analogue of the classical fact that the real Hermite functions are eigenfunc-
tions of the Fourier transform (see, for example, Andrews?).
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