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Monge, Dijon.

CHATELET (A.), professeur a 1'Univer-
sité, 73, rue Caumartin, Lille.
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lique, 17, rue Le-Verrier, Paris (6e).
FRrEcHET (M.), professeur 4 I'Université,
2, quai Jacoutot, Strashourg-Robert-
sau.
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Tokio.
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Canada......cooveeiiiii e 1
Danemark. ....................ooiial, 3
Egypte .................................... 1
Espagne............co i 10
Etats-Unis........ooviiinineieiinieean... 11
France..........coiiiiiiiiiiiiiiniiinne. 80
(6 - PN 6
Hollande ............cooviuiiiiiiiiennnnn. 5
Indes..........ccovviiiiiiii i, 2
Italie ... 5
Japon ... 2
MexiquUe......ovvvriiriniiiiiinn e 2
NOrvege. ...t 4
Philippines. ............coviiiiiiiiiiiL, 1
Pologne........ccoviiiiiiiiiiiiiiiiiiia 2
Portugal. ... 3
Roumanie ...............cooiiiiiiinnnn., 6
Russie...........ccooiiiiiiiiiiiii e 1
Serbie........ooiiiiiiiii e 1
Suéde ..o e e 1
Suisse...... ..ot 14
‘Tchéco-Slovaquie ......................... 12
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LISTE DES SOUSCRIPTEURS DU CONGRES

Ministére-des Affaires étrangéres. ...................ccoiiiiiiiiiiiinn, 10.000f »
Commissariat général d’Alsace-Lorraine......................c...0ouu0 7.000 »
Ville de Strasbourg...........c.iiiiiiiiiii it ii e niaeanns .. 5.000 »
Chambre de Commerce de Strasbourg..................cooviiiiiinnn., 1.000 »
Société des Amis de 'Université de Strasbourg......................... 1.000 »
M. Camille Jordan, membre de PInstitut...................... ...t 500 »
M. Gabriel Keenigs, membre de Institut......................... ... ... 500 »
M. Emile Picard, Secrétaire Perpétuel de ’Académie des Sciences...... 500 »
Société de Diétrich (Niederbronn)...............ccoieiiiiiiiiinnen... 500 »
Société Générale Alsacienne de Banque........................ ..ol 1.000 »
Minoteries Alsaciennes..............iiiiiiiiiiiiieiii it 200 »
Société Ungemach (Strasbourg)............oviiiiiiiiiiiiiiinniennnn.. 200 »
Société des Moulins d’'IlIkirch .............coviiiii ... 1.000 »
Brasserie Gritber (Strasbourg)............. ..o i 100 »
Brasserie du Pécheur (Schiltigheim)................. ... ..o, 100 »
M. Lamotte (Rombach-le-Franc) ...............cooooiiiiiiiniien., 500 »
Les petits-fils de Francois de Wendel..................... ... ... ... 1.000 »
M. H. Schloesing (Niederbronn).................... e 100 »
Société des Mines de Péchelbronn................... ... ..ol 500 »
Société Alsacienne de Constructions mécaniques de Graffenstaden...... 500 »
Crédit Lyonnais............oiviiiiiiiiinii .. e 200 »
M. E. Schwoerer, corresp. de I'Institut, 12, rue Schlumberger, a Colmar. 1.200 »
Société Cotonniére de Mulhouse........................ e 500 »
M. Wick, 10, rue des Charpentiers, & Mulhouse......................... 50 »
M. Charles André (MasSeVAUX). .. o.uuuvuuerureareennerneeranueneeernenans 100 »
M. Edm. Schlumberger (Mulhouse) ...............cvviiiiiiiiiiinninnn, 100 »
M. Godefroy Sehlumberger (Mulhouse) ..............ccovvvvieviinnn... 100 »
Manufacture d’Outils de Mutzig. ................... . i, 500 »
Comptoir National d’Escompte.................oiiiiiiiiiiiiiiiiin.n. 200 »
M. Léon Brunschvicg, membre de I’Académie des Sciences morales et

politiques, professeur 4 la Sorbonne.................. ... ..ol 100 »
M. M. Gros, Roman (Wesserling)...........ooiuiiiiiiiiininnnnennannnnns 1.000 »
M. Edmond de Rotschild, membre de I’Académie des Beaux-Arts....... 3.000 »
M. Camille de Lacroix (Mulhouse)...........cooitiiieiiiinnianeennn.. 500 »
Filature de Malmerspach.......... ...t 1.000 »
Manufacture d’Outils de Zornhoff (par Saverne)......................... 500 »
M. Auguste Lauth-Scheurer (Thann)............... ..o i, 100 »
M. Jules Scheurer, sénateur du Haut-Rhin...,........................ . 100 »

Areporter...................... 40.450
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Report....................o.... 40.450 »

M. Albert Scheurer (Thann)..............ooiiiiiiiiiiiiiiiiiinenn.. 100 »
Société Poulenc fréres (Paris) ... 500 »
Société des Forges de Strasbourg............cooviiiiiiiiiiiiiiinneinns 500 »
M. Solvay, A Bruxelles.......... ..ottt eaaanenes 5.000 »
Société des Forces Motrices du Haut-Rhin (Mulhouse) .................. 500 »
M. M. Koechlin, Dessaulles et Cie, 4 Mulhouse..............ccovvivnvnnne. - 500 »
M. Louis Lumiére, membre de I'Institut .............ccciiiiiiiiinnnn. 300 »
M. Quiri (Schiltigheim)........ ... .. ..o i 300 »
Filature de laines peignées d’Erstein..................... .ooiiiat, 300 »
Magasins Modernes (Strasbourg). ...ttt 100 »
M. A. Kiener, Président de la Chambre de Commerce de Colmar. ....... 500 »
Société d’Electricité de Strasbourg ....................evurrninnnnn. 1.000 »
M. Ernest Schneider (Koenigshoffen) ................. ... v, 100 »
Société du Gaz de Strasbourg ........... ... ... 250 »
M. Becker (Grands Moulins de la Ganzau), & Strasbourg................ . 100 »
Monseigneur Ruch, évéque de Strasbourg .......................oiat. 25 »
M. Jacob Holtzer (Forges et Aciéries d’Unieux, M. Beghin, directeur).... 300 »
Droguerie Centrale de I’Est, Strashourg (M. H. Hofstetter) .............. 100 »
Banque Nationale de Crédit..............c..cooiiiiii i 1.000 »
Filature de Guebwiller......... ... .ottt 100 »
Société La Chaussure Strasbourgeoise.................. ...t 100 »
Société desMines de laHouve............cooiiiiiiiiiiiiinniinn.. 500 »
Filature de Colmar. ........... ... iiitiiii ittt 500 »
M. V. Hoehl et Cie (Strashourg-Robertsau)....................ooiiiiie, 100 »
M. M. Scheurer-Lauth et Gie (Thann)...................coooiiiiiine, . 500 »
M. Camille Schlumberger (Ribeauvillé) ................... ... 500 »
M. de Langenhagen (Saar-Union).............cccoeveeiiininnennnnnenns e 50 »
M. M. Vernes et Cie, banquiers & Paris...........c.....coiveiiiineenn.... 500 »
Mile Méquillet (Colmar)........cootiiiiiii ittt iiieannens 500 »
Tonnellerie mécanique Friithinholtz (Schiltigheim)............ P 100 »
Aciéries de Micheville (Meurthe-et-Moselle)...................covventn, 500 »
MMmes de Neufville (Colmar) .........ooiuiieiiiiiiiienieieinenaennns 150- »
Forges et Aciéries de COmmercy. ........ocvviriieieennnnrenrennnennnns 500 »
Mines de Bouxwiller...... ...t 200 »
Faienceries de Niderwiller........... ..ot 100 »
MM. Zeller fréres, a Oberbriick..............ciiiiiiiiiiiiiii it 500 »
M. A. Rateau, membre de PInstitut ..., 200 »
Société « La Prévoyance » Assurances contre les Accidents............. 100 »
M. Henri Bernheim (Paris) ...........cociiiiiiiiiiniiiiiiiiiiinian. 1.000 »
M. Henri Villat, professeur & I'Université de Strasbourg................. 450 »
M. Vincent, 68, boulevard de Courcelles, 4 Paris........................ 200 »
Papeteries Bergés, a Lancey (Is€re) ............ccoviiivnineneennennnn. 500 »
M. M. Leflaive et Cie, & Saint-Etienne. ......ovuneeenee et e, 100 »
Compagnie de Navigation Paquet (Marseille) .....................c. ... 500 »
Chantiers Augustin Normand (Le Havre) ...............ccovieiennnn.n.. 200 »
Banque d’Alsace-Lorraine (Strasbourg)..............ooviiiineeninenenn. 1.000 »
Distillerie Cusenier.............c..oiiiiiiiiiiiiiii ittt 200 »
M. de Witt-Guizot (chateau d’Ottrott). ............coovviiiiivennnnn.a 100 »
Filature et Tissage Haussmann (Logelbach)............................ . 500 -»
Areporter...................... 62.375 »
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Report.................. e 62.375 »
M. Xavier Léon, Directeur de la « Revue de Métaphysique et de Morale ». 50 »
‘Général Taufflieb, sénateur du Bas-Rhin................................ 100 »
Société des Cigarettes Job..... ... ... it e 100 »
MM. N. Schlumberger et Cie, & Guebwiller.......................ooiut 1.000 »
M. Gilet, industriel, 4 Lyon (Rhoéne)..............c..coiiiiiiiniininnn 1.000 »
M. Alfred Bernheim (Paris)..........ccoitiiiniiiiiiiii e, 1.000 »
Comptoir des Textiles artificiels, 16, rue du Louvre, a Paris ............ 1.000 »
Société Alsacienne de Constructions Mécaniques de Belfort............. 1.000 »
Ateliers de Constructions Mécaniques Escher, Wiss et Cie (Zurich)...... 100 »
Fonderies et Lamineries Marcel Bassot, 14, rue de Turenne, &4 Paris.... 50 »
Société Commentry, Fourchambault et Décazeville, 64, rue de Lille, ,

A Paris (VI8 .. ittt it ettt 300 »
M. A. de Marchena, ingénieur, 16, rue de la Pépiniére, a Paris.......... 200 »
MM. Krieg et Zivy, Métaux perforés, 21, rue Barbés, & Montrouge ....... 200 »
Société des Ciments Portland de Lorraine....................ccvevunn. 500 »
Forges de Chatillon, Commentry et Neuves-Maisons, 19, rue de La Roche-

foucault, & Paris (IXe) ... ..ot e 500 »
Banque Staehling, Valentin (Strasbourg) ................... ..ot 1.000 »
Séquestre général des Mines de Potasse d’Alsace ....................... 1.000 »
M. Louis Stephan, & Koenigshoffen .....................c. .o, 50 »
MM. Hofer et Cie, A Ribeauvillé........... ..ottt 200 »
Filature de Sélestat......... ... i it i 200 »
Société Lorraine de Dietrich,a Lunéville.....................ccovv... 500 »
MM. A. Giros et Cie, 56, rue du Faubourg-Saint-Honoré, a Paris......... 300 »
M. Frédéric Jacquel, & Natzwiller ............. ..., 200 »
M. Gaston Blum, ingénieur, 131, boulevard Malesherbes, & Paris ........ 50 »
M. Paul Lévy-Salvador, ingénieur, 1, rue de Liége, a4 Paris.............. 50 »
MM. Paul et Jules Lacour, & Sainte-Marie-aux-Mines.................... 600 »
MM. Durand et Huguenin, Société Anonyme, a Bile .................... 200 »
Raffinerie et Sucrerie Say, 123, boulevard de la Gare, 4 Paris........... 1.000 »
Papeteries Schwindenhammer, & Turckheim ........................... 200 »
Société des Hauts-Fourneaux et Fonderies de Pont-a-Mousson........... 200 »
M. Jules Schaller, 27, Haute-Montée, a Strashourg ...................... 100 »
Banque de Mulhouse. ...........coiiiiiiiiiiiii ittt 1.000 »
M. Jules Binder, & Colmar. ...........coiiiiiitiiiiiiit ittt ninnnens 500 »
Société des Tuileries Gilardoni, 25, rue Decamps, a Paris............... 300 »
Société Saint-Gobain, & Paris................ .o i - 1.000 »
Banque de France............c.c.iiiiiiiiiiiiiiiii ettt eninnnenes 3.000 »
Filature Engel, d Mulhouse............coiiiiiiiiiiii i iienianens 200 »
Société Miniére des Terres Rouges, 4 Audun-le-Tiche (Moselle) ......... 1.000 »
Ecole Centrale des Arts et Manufactures de Paris....................... 1.000 »
M. Oscar Bernheim, 4, rue de Castelnau, 4 Colmar ..................... 200 »

Total...........cccovivinnnnn 83.525¢ »
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Nous transcrivons ci-dessous les indications générales (program-
mes, dispositions, réglements) qui furent élaborées par le Comité
d’organisation.

PROGRAMME DU CONGRES

MERCREDI 22 SEPTEMBRE

9 heures. — Séance officielle d’ouverture sous la présidence de E. CHar-
vtty, Recleur de 1'Université de Strasbourg, représentant M. ArapETITE,
Commissaire Général de la République (Salle des Fétes de I'Université, Palais
principal, 1° étage). ‘

11 heures. —— Visite de 1'Université.

15 h. 1/2. -— Premigre séance pléniere (Salle des Fétes). Constitution
du Bureau définitif, nomination du Président, des Vice-Présidents, des Se-
crétaires, etc.

20 h. 1/2. — Réception des Membres du Congrés par le Comité d’orga-
nisation (Salle des Fétes).

(La fagade de I'Université illuminée par les soins gracieux de la Société
« Force et Lumiére » de Strasbourg).

JEUDI 23 SEPTEMBRE

De g 2 12 heures. — Séances ordinaires des diverses Seclions.

De 8 & 12 heures. — Visite des quatre Musées, en groupes, sous la direc-
tion de membres de la Société des Sciences du Bas-Rhin.

14 h. 1/2. — Conférence générale de Sir J. Larmor (Salle des Fétes).

16 h. 1/2. — Thé offert par la Société des Amis de I'Université, 2, rue
Geiler. Allocutions de M. de Wirr-Guizor au nom de la Société, de
M. E. Picarp, au nom des Congressistes.



XX CONGRES INTERNATIONAL DES MATHEMATICIENS.

20 heures. — Conférence de M. A. Uncerer « Sur I'horloge astrono-
mique de la Cathédrale de Strasbourg! ».

VENDREDI 24 SEPTEMBRE

De g & 12 heures. — Séances ordinaircs des Sections.

10 heures. — Visite du Mausolée du Maréchal de Saxe.

11 heures. — Visite de la Cathédrale. (Ces deux visites sous la conduite
de membres de la Société des Sciences du Bas-Rhin.)

14 h. 1/2. — Conférence générale de M. Dickson (Salle des Fétes).

17 h. 1/2. — Réception officielle & I'Hétel-de-Ville (thé). Allocution de
M. H. L£vy au nom de la ville de Strasbourg, de M. G. Koenies et de M. C.
DE LA VarLie-Poussin au nom des Congressistes. M= Jeanne Crapier, de
I’Académie de Vaucluse, récite une Ode « Salut a Strasbourg » de la plus
belle inspiration.

20 h. 1/2. — Séance organisée en I’honneur du Congres par la Société
des Sciences du Bas-Rhin (Salle de 1’Aubelte, place Kléber). Programme :
Conférence de M. le Général TaurrrLies, Sénateur, sur : « La Science en
Alsace »; Allocutions, Concert.

SAMEDI 25 SEPTEMBRE

De g heures & 10 h. 1/2. — Séances ordinaires des Sections.

10 h. 1/2. — Conférence générale de M. pE Lo VaLLEe-Poussin (Salle des
Fétes). _

De 14 heures a 16 h. 1/2. — Séances ordinaires des Sections.

17 heures. — Réception officielle (thé) au Commissariat Général de la
République (rue Brilée).

DIMANCHE 26 SEPTEMBRE

Excursion a Sainte-Odile.

1. Un résumé de cette Conférence est publié plus loin dans les Comptes-Rendus,
Section IV, pp. 656 et suiv.
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LUNDI 27 SEPTEMBRE

De g heures & 10 h. 1/2. — Séances ordinaires des Sections.
10 h. 1/2. — Conférence générale de M. V. VoLTERRA.
14 h. 1/2. — Excursion en bateau sur le Rhin, visite des ports de Stras-

bourg et de Kehl (Excursion offerte gracieusement par la Direction géné-
rale des Ports).

MARDI 28 SEPTEMBRE

De g & 12 heures. — Séances ordinaires des Sections.

14 h. 1/2. — Conférence générale de M. NOrLunp (Salle des Fétes).

17 heures. — Séance officielle de cloture, dars la Salle des Fétes, sous
la présidence de M. AvareTiTE, Commissaire Général de la République.

19 heures. — Bapnquet offert par le Comité d’Organisation.

MERCREDI 29 SEPTEMBRE

Excursion a Saverne (le Hohbar).

JEUDI 30 SEPTEMBRE

Excursion au Linge (Turckheim, le Kayserberg, les Trois-Epis, etc.).

DISPOSITIONS GENERALES

(Reproduites d’apres le texte remis & chaque Congressiste.)

Le lieu du Congrés est le Grand Palais de 1'Université (place de I'Uni-
versité).

Salle du Secrétariat général. — Du 22 septembre au 28 inclus, sauf le
dimanche 26, les bureaux du Secrétariat général seront ouverls aux Membres
du Congrés de g & 12 heures. et de 14 heures & 18 h. 1/2, dans la Salle de
Dessin de I'Institut de Mathématiques (Rez-de-Chaussée, salle 9 ; — consulter
le plan affiché a I'’entrée de 1'Université).
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Les Membres trouveront au Secrétariat tous les renseignements qu’ils:
pourront désirer.

Ceux des Membres qui ne posséderaient pas encore leurs cartes sont
priés de se les procurer au Secrétariat.

Les Membres du Congres sont priés d’enregistrer leurs adrcsses ou chan--
gements d’adresse au Secrétariat.

Les leltres, télégrammes, etc., adressés aux Membres du Congrés sans.
indication d’adresse particuliére seront centralisés au Secrétariat, ou les.
Congressistes pourront les retirer.

Salle de Correspondance. Télégraphe. Téléphone. — Une vaste Salle de-
Correspondance est installée dans la salle n° 31 (voir le plan). Les Congres--
sistes y trouveront gratuilement les cartes, papiers & lettres, etc.; un télé-
phone sera & leur disposition dans cetle salle; on trouvera également dans.
la méme salle le service ordinaire des Bureaux de Poste, & ’exception du
service des mandats, de la caisse d’épargne et des chéques postaux. Le
dimanche 26 ce service postal sera fermé.

Dactylographie. — Toutes facililés pour travaux de dactylographie seront
procurées par le Secrétariat. Ces travaux seront cxécutés aux prix courants.
sous la direction de M"® Kuhm, dactylographe de 1'Université.

Salle de lecture. — La Salle de lecture de I'Université (journaux et pé-
riodiques généraux; voir le plan) sera ouverte aux Membres du Congrés sur
présentation de leur carte de Congressisle, chaque jour de g a 12 heures et
de 14 & 19 heures, et, le dimanche, seulement de 10 & 12 heures.

Bibliothéques. — La Bibliothéque de ['Institut de Mathématiques est a la
disposition des Congressistes (s'adresser au Secrétarial).

La Bibliothéque de I'Université (place de la République) est ouverte le
matin de 8 h. 1/2 & 12 heures, sauf le dimanche.

Bureau des Excursions. — Le Bureau des Excursions est ouvert dans la.
Salle du Secrélariat chaque jour de 9 & 12 heures et de 14 & 17 heures.

Pour les grandes excursions (Sainte-Odile, Saverne, Le Linge) se faire
inscrire au Bureau avant le 23 mai au soir au plus tard; les tickets de
chemin de fer devront étre retirés le samedi 25 entre 9 et 17 heures.

Pour l'excursion aux ports de Strasbourg et de Kehl, s¢ faire inscrire
avant le 24 au soir.

Repas. — Les Congressisles officiers de réserve dans une Armée alliée
sont avisés qu'ils peuvent prendre leurs repas au Cercle des Officiers, place
Broglie.
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Hotels. — Les Congressisles sont avisés que la plupart des Hotels per-
-goivent une légére majoration sur le prix des chambres lorsque les repas
.sont pris en dehors de 'Holel méme.

Banquet d'adieu. — Le Comité d’organisation a le plaisir d'offrir aux
‘Congressistes un Banquet d’adieu le 28 septembre, 2 19 heures, au Backe-
hiesel. Il prie les Congressistes qui veulent se rendre a cette invitation, de
bien vouloir se faire inscrire au Secrétariat général avant le 23 sepltembre
& 12 heures. Bien entendu, l'invitation s’adresse & tous les Congressistes,
quelle que soit la cotisation versée.

Tableau d'affichage. — Les Membres du Congres sont priés de consulter
-souvent le tableau d’affichage placé a cdté de la porle du Secrétariat général.
‘"Toules les Communications urgentes seront portées par cctte voie & la con-
naissance des Congressistes.

REGLEMENT INTERIEUR DU CONGRES

I. — Les Séances générales seront présidées par le Président du Congrés
.ou par un des Vice-présidents.

II. — La premiére réunion de chaque Section sera présidée par un des
Introducteurs désignés par le Comité d’organisation. A cette premiére réu-
nion la Section nommera un ou plusieurs Secrétaires, qui seront chargés
de recueillir les délibérations pendant toute la durée du Congrés. A chaque
séance les Membres.de la Section éliront le Président de la séance suivante.

IlI. — L’ordre des Communications inscrites & chaque séance’ sera fixé
par le Comilé d'organisalion, qui tiendra dans ce choix le compte le plus
grand possible des veeux exprimés par les différenles Scclions.

1IV. — L'exposé d'une Communicalion ne devra pas dépasser vingt mi-
nutes. Pendant la discussion, un orateur ne pourra pas prendre la parole
pendant plus de dix minutes, ni plus d'une fois sur le méme sujet, saut
autorisation spéciale du Président.

V. — Les Conférences et Communications préseniées au Congreés seront
réunies dans le volume des Comples-Rendus du Congreés International de Stras-
bourg. Les manuscrits devront étre remis par MM. les Auteurs entre les
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mains du Comité de rédaction (composé de MM. Picarp, Koenies, GALBRUN,
et Viurat) au plus tard le jour méme ot la Communication sera inscrite &
I'ordre du jour d'une séance.

VI. — Les manﬁscrits devront étre trés lisibles, autant que possible tapés
a la machine (4 I'exception des formules), et obligatoircment & la machine
s’ils sont rédigés dans une langue autre que le francais.

VII. — MM. les Auteurs sont priés de remettre un trés court résumé de
leurs Communications, entre les mains du Comité de rédaclion, au plus
tard la veille du jour ol ces Communications viendront en séance.

VIII. — Le Comité de rédaction rappelle qu’il se réserve le droit de
n'imprimer qu'un résumé de certaines Communications.

IX. — Les Auteurs qui demanderont a faire des modifications de
grande importance sur leurs manuscrits en cours d’impression, devront
supporter les frais des susdiles modifications.




SEANCE D’OUVERTURE DU CONGRES

Cette séance a eu lieu le 22 septembre, & g heures du matin, dans
la grande Salle des fétes du palais de I'Université, devant un public
comprenant 2 la fois les Congressistes et un certain nombre de notabi-
lités alsaciennes de Strasbourg et de la région.

La séance était présidée par M. S. Cuariiry, Recteur de I’Académie
de Strasbourg, représentant M. AvaperiTe, Commissaire général de la
République, retenu ailleurs par les devoirs de sa charge. M. 8. Char-
1éty prononce un discours de bienvenue au nom du Gouvernement et
au nom de I'Université.

Prennent ensuite la parole :

M. Henri Levy, Adjoint au Maire, qui salue les Congressistes au nom
de la ville de Strasbourg;

M. Emile Prcarp, Secrétaire Perpétuel de ’Académie des Sciences,
au nom de I’Académie des Sciences et du Comité National Francais des
Mathématiciens ;

M. Henri Vicrar, Professeur & 1'Université de Strasbourg, au nom
de la Faculté des Sciences de Strasbourg et au nom du Comité d’orga-
nisation du Congres.

M. G. Km:nies, Secrétaire général du Congrés, donne lecture de la
liste des délégations officielles.

M. W.-H. Youne prend la parole au nom des Congressistes anglais;

M. C. pE A VaLpke-Poussiy, au nom de la Belgique;

v



XXVI CONGRES INTERNATIONAL DES MATHEMATICIENS.

M. N.-E. N6ruunp, au nom du Danemark;

M. L.-E. Dickson, au nom des Etats-Unis d’Amérique;
M. G. Remounpos, au nom de la Grece;

M. V. VoLTERRA, au nom de I'Italie;

M. Taxac1, au nom du Japon;

M. StorMER, au nom de la Norvege;

M. pa Cosra-Loso, au nom du Portugal ;

M. Typra, au nom de la Serbie;

M. CrEeLiER, au nom de la Suisse;

M. Bypzowsky, au nom de la Tchéco-Slovaquie.

Nous donnons ci-dessous le texte du discours de M. Emile Picarp.

ALLOCUTION DE M. EMILE PICARD

MespaMES, MESSIEURS,

Au nom du Comité National Francais de mathémaliques et du Comité
d’organisation de ce Congrés, je remercie M. le Commissaire Général d’avoir
bien voulu se faire représenter 4 cette séance d’'inauguration. En souhaitant
la bienvenue aux amis de notre pays, qui ont répondu & notre appel, M. le
Commissaire Général et M. le Recteur de 1'Université ont montré I'intérél
que le gouvernement de la République porte aux progrés des sciences.
Quand nous avons proposé de vous réunir a Strasbourg, nous avons pensé
rendre hommage a la noble terre d’Alsace, revenue a cetle patrie francaise,
a laquelle la raltachent ses antiques origines et des sympathies restées tou-
jours vivaces a lravers les péripéties de son histoire. Nous avons aussi voulu
honorer I’Université de Strasbourg, qui, depuis le seiziéme siécle, a compté
tant de maitres distingués. Les hommes éminents qui y enseignent aujour-
d’hui tiennent dignement le role que leur imposent les tragiques événements
de ces derniéres années, en faisant d’eux les pionniers de la culture géné-
reuse et humaine que fut toujours la culture francaise. Nous prionsle Conseil
de 'Université d’agréer I’expression de notre gratitude pour la gracieuse
hospitalité qu’il nous offre dans ce palais. Comment ne pas rappeler en ce
lieu 'admirable conduite de tant de maitres de notre enseignement dans la
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guerre qui vient de finir; leur foi patriotique a contribué i la victoire com-
mune, qui nous permet aujourd’hui de nous réunir dans la ville de Stras-
bourg. Je tiens & saluer particuliérement 1'un des plus jeunes maitres de
cette Université, qui porle sur son visage les traces glorieuses de son hé-
roisme.

Nous sommes aussi trés reconnaissants au Comité local, qui, sous l'ac-
live direction de M. Henri ViLLat, a eu la lourde charge de régler nos
séances et d’organiser les réceptions ct les promenades, dont le charme tem-
pérera l'austérité de nos travaux. Nos collegues de Strasbourg ont considéré
en effet qu’ils avaient le devoir de faire connailre 2 nos hétes quelque chose
de cette Alsace, dont le nom est devenu un symbole. Nous voulons espérer
que tous les Congressistes en emporteront un touchant souvenir.

11 m’est enfin particuliérement agréable de remercier M. le Maire et M. lc
Président de la Chambre de Commerce de Strasbourg, ainsi quc les repré-
sentants de nombreuses Sociétés alsacicnnes et autres généreux bienfaileurs
de ce Congres, dont les dons nous sont extrémement précieux et permet-
tront des publications témoignant de 1'activité scienlifique de cette réunion.

Dans un article récent, plein de remarques pénétrantes sur l’enseigne-
ment des mathématiques en divers pays, un professeur de celte Université
évoquait le souvenir de deux mathématiciens, qui y enseignérent jadis :
Sarnus, dont le nom restera dans I’histoire du calcul des variations, et ArBo-
GAST, qui apparait.comme un précurseur du Calcul fonctionnel. J’ajouterai
a ces deux noms de mathématiciens celui, peut-étre inatlendu, de PasTeUR.
Le jeune savant, qui vint ici en 1849 enseigner la chimie, ne se montrait-il
pas alors quelque peu géomeétre? Les mémoires célébres de PasTEUR sur
I’hémiédrie et la polarisation rotatoire, qui datent de cette époque, relévent
de la géométrie : géométrie bien pittoresque d’ailleurs, ou certains champi-
gnons microscopiques se montrent habiles mathématiciens, puisqu’ils
savent distinguer, pour s’en nourrir, entre un cristal droit et un cristal
gauche. C’est par la voie de la géométrie que PasTeur est enlré dans 1'étude
des fermentations. Strasbourg peut étre fier d’avoir compté ce grand homme
parmi ses maitres.

Messieurs, c’est un des objets des Congrés, comme celui que nous inau-
gurons aujourd'hui, d'établir des relations personnellesentre les chercheurs
qui cultivent la méme science ou des sciences voisines. Aprés 'effroyable
tourmente de ces derniéres années, qui a rompu tant de liens, les rappro-
chements sont nécessaires entre savants qui s'estiment et qui, sans aucune
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arriére-pensée, n'ont d’autre souci que le culte désintéressé de la vérité. Ils
sont particulidrement utiles aux mathématiciens qui ont parfois montré
quelque tendance a s’isoler dans des parties trés limitées de leur science.
De larges esquisses, faisant connaitre 1’état actuel de quelques grandes ques-
tions, doivent étre un des attraits de réunions comme la ndtre, et peuvent
exercer la plus heureuse influence. Les malhématiciens passent quelquefois
pour des personnages un peu originaux, ensevelis dans leurs symboles et
perdus dans leurs abstractions. Il importe que le public cullivé, de forma-
tion parfois trop exclusivement liltéraire, ait une opinion plus juste a cet
égard. Non, la mathématique n’est pas la science étrange et mystérieuse
que se représentent tant de gens; elle est une piéce essentielle dans 1'édifi-
cation de la philosophie naturelle.

Toute théorie physique, suffisamment élaborée, prend nécessairement
une forme mathématique; il semble que les aclions et réaclions cntre 1’es-
prit et les choses ont amené peu a peu a former des moules ou peut, par-
tiellement au moins, s’insérer le réel. Certes, beaucoup de concepts créés
par les mathématiciens n’ont pas trouvé encore d’applications dans 1’étude
des phénomeénes physiques, mais ’hisloire de la science montre qu'il était
téméraire d’affirmer que telle ou telle notion ne sera pas un jour utilisée.
Les géométres aiment & rappeler le mot du grand mathématicien LacraNGE,
qui, comparant un jour les’ mathématiques & un animal dont on mange
toutes les parties, disait : « Les malhématiques sont comme le porc, tout en
est bon. »

Le mélier de prophéte est toujours dangereux. Quelques-uns pensent
cependant que les applications des mathématiques seront surtout étudiées
dans les années qui vont venir et que la théorie purc sera quelque peu négli-
gée par les jeunes générations. Le temps ol nous vivons devient en effet sin-
guliérement dur dans tous les domaines pour les ouvriers de 'inlelligence,
et les plus optimistes se demandent parfois avec inquiétude si la civilisation,
telle que nous sommes habitués 3 'envisager, ne va pas subir une éclipse.
Aussi ne devons-nous pas nous lasser de répéter que les spéculations théo-
riques sont en derniére analyse la véritable source de tous les progrés dans
les sciences appliquées. Si par malheur la recherche désintéressée cessait
d’étre possible, le capital scientifique accumulé dans les 4ges antérieurs
s'épuiserait rapidement, et 1'on ne continuerait pas longtemps a vivre du
parfum d'un vase vide, comme disait Renax pour un autre objet. Quoi qu’il
advienne, on trouvera toujours parmi les mathématiciens des incorrigibles
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idéalistes, qui, semblables & la femme de I’Evangile, croiront avoir choisi la
meilleure part en scrulant les propriétés de l’espace, et en analysant dans ses
recoins les plus subtils I'idée de fonction; elle ne leur scra pas dtée. C’est
dans l'espérance que les mathématiques pures et les mathématiques appli-
quées continueront une collaboration féconde que nous commencgons les
travaux de ce Congrés, ott de nombreuses Communications nous ont été
promises, et oti d’éminents géom&tres voudront bien nous faire quelques
Conférences générales sur les progres et les tendances de la science qui nous
est chére. Que tous ceux qui vont ainsi contribuer & 1’éclat de cette réunion
veuillent bien recevoir par avance les remerciements du Comité d’organisa-
tion.




SEANCE DE CLOTURE DU CONGRES

Cette séance eut lieu le 28 septembre, & 17 heures, dans la Salle des
Fétes de I'Université, sous la présidence de M. ArapeTiTE, Commissaire
Général de la République, assisté de M. S. CuarrEry, Recteur de 1'Uni-

versité.

M. AvaperiTE ouvre la séance par une allocution dans laquelle il
apprécie 'importance et la portée du Congres, et félicite les Congres-
sistes du résultat de leurs travaux.

M. E. Picarp, Président du Congres, prononce le discours qu’on
trouvera un peu plus loin.

M. G. Kokexies, Secrétaire général du Congres, lit le Rapport qu’on
verra reproduit ci-dessous.

M. G. GreenuiLL répond en exprimant les sentiments des Congres-
sistes, au nom de 1'Angleterre;’

M. DevouLiv prend ensuite la parole au nom de la Belgique;

M. N. E. Norru~p, au nom du Danemark ;

M. J. Rey-Pasror, au nom de I'Espagne;

M. Buck, au nom des Etats-Unis d’Amérique;

MM. Zervos et Harzipakis, au nom de la Gréce
. Barrav, au nom de la Hollande;

. J. Boccarpi, au nom de I'Italie;

. GuLpBERG, au nom de la Norvege;

. Da Costa LoBo, au nom du Portugal ;

. MYLLER, au nom de la Roumanie

. RiaBoucHinski, au nom de la Russie;

. CrauMER, au nom de la Suéde;

. G. pu Pasquier, au nom de la Suisse;

. Bypzowsky, au nom de Ja Tchéco-Slovaquie.

EREEEEERER
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A 19 heures, un Banquet, offert aux Congressistes et a leurs
familles par le Comité d’organisation, réunissait, au restaurant du
Baeckehiesel, les Congressistes eux-mémes, et un certain nombre d’in-
vités choisis; ce banquet, présidé par M. AvaperiTE, fut animé de la
plus franche et cordiale gaieté.

ALLOCUTION DE M. EMILE PICARD

MoNSIEUR LE COMMISSAIRE GENERAL,

Au nom des Congressistes, jec remercie le Gouvernement frangais, dont
vous &tes ici le représentant, de 'intérét qu’il a pris a cette réunion interna-
tionale. Nous sommes heurcux de saluer dans cette séance de cléture 1’admi-
nistrateur éminent qui, dans sa brillante carriére, s'est toujours montré a
la hauteur des situations les plus délicates, et qui continue dignement ici la
taiche commencée par son illustre prédécesseur, que la confiance du Par-
lement,  et, on peut le dire, du pays vient d’élever a la Présidence de la
République.

MEespaMES, MESSIEURS,

Quand la réunion a Strasbourg d'un Congres international de mathéma-
tiques fut définitivement annoncée au mois de décembre dernier, quelques
personnes timorées nous représenterent que l’entreprise était prématurée.
La question était cependant loin d’étre nouvelle. La reprise des relations
internationales avait été étudiée longuement & Londres et & Paris en octobre
et novembre 1918 dans deux conférences inter-académiques, ou figuraient
des représentants des puissances alors en guerre avec les Empires centraux.
Dans ces réunions, il fut insisté fortement sur ce point que les guerres
antérieures n’avaient pas détruit la mutuelle estime des savants belligérants
les uns pour les autres, et que la paix alors avait pu effacer aprés peu d’an-
nées les traces du passé. « Mais aujourd’hui, concluaient & 1’'unanimité les
délégués des pays alliés, les conditions sont tout autres. Des crimes sans nom
vont laisser dans I'histoire des nations coupables une tache, que des signa-
tures au bas d’un traité de paix ne sauraient laver. Aussi devrons-nous
abandonner les anciennes associations internationales et en créer de nou-
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velles avec le concours éventuel des neutres. » Tels sont les principes qui
ont guidé les décisions prises d’abord & Londres et a Paris, confirmées et
précisées dans une nouvelle conférence tenue 4 Bruxelles I'année derniére.
Un Conseil international de recherches fut créé, auquel se rattacheraient,
par 'adhésion a certaines idées générales, mais en gardant une large indé-
pendance, des Unions internationales se rapportant aux différents ordres de
sciences. La question des Congrés internationaux reléverait de I'Union cor-
respondante. Enfin, les nations neutres seraient priées d’adhérer au Conseil
international de recherches ainsi qu’aux diverses Unions.

Ce programme est en grande partie réalisé aujourd’hui. Nous avons
I'adhésion d'un grand nombre de pays au Conseil international de recher-
ches. L'Union astronomique, 1'Union géodésique et géophysique, 1'Union
chimique, d’autres encore, enfin 1'Union mathématique ont été fondées.
Nous avons ici-méme, mercredi dernier, prié les pays neutres d’adhérer a
cette derniére Union, et nous ne doutons pas qu'ils répondront a notre appel.
C’est conformément & ce plan général que fut convoqué le Congrés actuel,
dont j’ai cru devoir vous retracer sommairement la genése.

Messieurs, le monde de 1920 est bien différent de cclui du début de 1914,
et il est peu d’hommes de science qui soient aujourd'hui disposés a s’isoler
dans une tour d’ivoire; quoique savants, nous restons hommes. Vous venez
de voir que le problémec des relations internationales a 616 repris & picd
d’ceuvre. Dans chaque ordre de sciences, tout Congres scienlifique, rattaché
au Conseil international de recherches, et ui se réunira pour la premiére
fois dans les années prochaines, sera essentiellement nouveau, je veux dire
qu’il ne s’insérera dans aucune suite déja commencée.

En ce qui regarde spécialement notre Congrés, nous n'avons jamais dis-
simulé que nous enlendions lui donner une signification particuliére, en le
réunissant & Strasbourg. Aussi avons-nous été extrémement touchés de I’em-
pressement avec lequel nos amis étrangers ont répondu a notre appel. Arri-
vés dans cette ville, ils se sont laissés, comme nous, pénétrer par 'almos-
phére alsacienne, et beaucoup, j’en suis certain, se sont livrés a des réflexions,
que, loin d’ici, ils n’avaient pas élé amenés a faire. Des liens plus intimes
ont été formés, qui resteront précieux. Nous continuerons ainsi, entre peu-
ples amis, nos travaux scienlifiques, apportant dans celte collaboration nos
qualités diverses, sans qu’aucun prétende exercer une insupportable hégé-
monie et sans nous soucier de cerlaines menaces, qu'avec une impudeur qui
ne nous élonne pas, on a 0sé proférer.
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Quant & cerlaines relalions, qui ont été rompues par la tragédie de ces
derniéres années, nos successeurs verront si un temps suffissamment long et
un repentir sincére pourront permettre de les reprendre un jour, et si ceux
qui se sont exclus du concert des nations civilisées sont dignes d’y rentrer.
Pour nous, trop proches des événéments, nous faisons encore ndlre la belle
parole prononcée pendant la guerre par le cardinal Mercier, que, pardonner
a certains crimes, c'cst s'en faire le complice.

A tout point de vue, le Congrés qui va se terminer a réussi au deld de
nos espérances. Nos diverses sections ont entendu des Communications de
haute importance et les Conférences générales qui nous ont été faites ont
été trés brillantes. Les sujets les plus variés d’Analyse, de Géométrie, de Méca-
nique et de Physique Mathématique, ainsi que des questions intéressant I’en-
seignement et I’histoire des scicnces, ont été abordés. La théorie de la rela-
tivité, si a la mode aujourd’hui, nc pouvait manquer de fairc I'objet de
quelques discussions. Certains ne peuvent parler sans passion de cette doc-
trine qui est devenue, pour eux, comme une sorte de religion. L’avenir
dira si la théorie générale de la relativité est autre chose qu'une construction
purement formelle et mathématique, ou bien si les psychologues ont raison,
qui considérent que des hypothéses, incapables d’étre saisies par l'intuition,
ne sont pas susceptibles d’étre & la base d’'une explication du monde physi-
que. Une conséquence de la théorie peut cependant nous intéresser ici, c’est
qu’on vieillit moins vite, quand on se déplace rapidement. Il est donc bon
de beaucoup voyager, résultat propice au succés des Congrés internatio-
naux.

Il ne me reste qu'un devoir agréable & accomplir. J’ai déja remercié par
avance, dans la séance d’inauguration, quelques-uns des organisateurs de ce
Congres, en particulier les membres du Gomité local et son infatigable Pré-
sident, M. Henri ViLrar. Je veux aujourd’hui, en terminant, dire la gratitude
de tous a celui qui fut 'ouvrier de la premiére heure, & notre dévoué Secré-
taire Général, M. Gabriel Koenies. Il n’a jamais douté du succds : qu'il soit
a I’honneur, aprés avoir été a la peine.
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RAPPORT DE M. G. KENIGS

Secrétaire Général du Congres.

MgessiEURS,

Le devoir du Secrétaire Général est de vous apporter ici, dans les termes
les plus brefs, un compte-rendu précis sur la genése de ce Congrés, sur sa
tenue et aussi de rendre un public hommage aux concours si dévoués aux-
quels il a di son éclatant succes.

M. le Président du Congres vient de vous dire, avec sa haute autorité,
quelles étaient les attaches scienlifiques de ce Congreés et, I'on peut ajouter,
ses direclives morales.

Pour faire suite aux projets antérieurement élaborés a Paris et & Londres
par le Conseil interallié de Recherches, un Congrés fut réuni en juillet 1919
a Bruxelles sous les auspices des Académies interalliées. On y poursuivit
la création de diverses Unions internationales telles que 1'Union astronomi-
que, I'Union géodésique, etc.....

En ce qui concerne I'Union mathématique internationale, les mathémati-
ciens présents & Bruxelles ne s’estim&rent ni assez nombreux ni suffisam-
ment accrédités pour réaliser sa constilution définitive. A cette époque en effet
n’avaient été constitués nulle part les Comilés nationaux de mathématiques,
dont le concours devait étre la base naturelle de I'Union. Nous déciddmes
donc & Bruxelles de constituer seulcment une Union provisoire; nous en
élaborames soigneusement les statuts, en conformité avec le réglement du
Conseil de Recherches auquel nous nous unifions, nous nomméimes un
Bureau provisoire et enfin nous émimes des veeux.

Le premier de ces veeux fut qu'un Congrés de mathématiques serait tenu
dés l'automne 1920 en la ville de Strasbourg, en dépit de certains engage-
ments d’avant-guerre.

Il fut également décidé que chacun de nous provoquerait dans son pays
la constitution d’'un Comité national de mathématiques. Ces divers Comités
devaient envoyer a Strasbourg, 'avant-veille du Congres, des délégués ayant
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la mission de oonslituer définitivement I'Union internationale mathéma-
tique.

Tout ce programme a élé rempli.

Dés I'hiver 1919 notre Comilé national francais de mathémaliques était
constitué sous les auspices de ’Académie des Sciences de I'Institut de France
et avec le concours de la Société Mathématique de France. Des Comités
analogues s’organisérent ensuite en Angleterre, en Italie, en Belgique, aux
Etats-Unis, et ces Comités envoyerent ici des délégués diiment accrédités. Il
en vint également de la Tchéco-Slovaquie, de la Gréce, du Portugal, de la
Serbie, du Japon, de la Pologne. Le 20 septembre 1920 a pu ainsi se tenir,
dans une salle de I'Université de Strasbourg, la réunion prévue des délégués
alliés ou associés. Les statuls provisoires élaborés 2 Bruxelles y ont été défi-
nitivement adoptés, un Bureau définitif a été constitué, qui, avec cerlaines
additions, confirme dans ses fonctions le bureau provisoire de Bruxelles ; il

est ainsi composé :

Présidents d’honneur. MM. Jorpan, LamB, PicarD, VOLTERRA.

Président. . ......... DE La VALLEE-PoussIN.

Vice-Présidents.. . . . . ArpeLL, Bianchi, Dicksoxn, Larmor, Youne.
Secrétaire Général. . . Koenigs.

Secrétaires . . . ... ... pE DonpER, HaTZIDAKIS, PETROVITCH, POMPEIU.
Trésorier . ......... DemMoULIN.

Aussitdt constituée, I'Union mathématique Internationale a pris deux dé-
cisions. La premiére concerne la bibliographie mathématique; on invitera
les directeurs des journaux mathématiques a exiger des auteurs des articles
qu’ils impriment la rédaction d’un court résumé du mémoire fait par l'au-
teur lui-méme.

La seconde décision concerne la dale et le lieu des prochains Congrés.
D’apreés la constitution de I'Union internationale, c’est en effet & elle que
cette initiative appartient.

Il a été décidé que les Congrés de mathématiques auraient lieu tous les
quatre ans, par conséquent en 1924, 1928, etc..... Quant au lieu de réunion,
deux propositions ont été simultanément mises en avant par les Belges et
les Américains, les uns proposant Bruxelles et les aulres New-York ou ses
environs. Il a été décidé d'un commun accord que le Congrés de 192/ serait
tenu & New-York et le suivant en Belgique.
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Le lendemain 21 septembre, connaissance a été donnée & tous les neutres
présents de la constitulion définitive de I’'Union internationale et de ses sta-
tuts. 1ls ont été prévenus qu’ils étaient libres de se joindre 4 nous et nous
avons tout lieu d’espérer que la plupart des nations neutres constitueront
comme chez nous des Comités nationaux possédant 'autorité suffisante pour
les représenter légalement au sein de 1’Union.

Ainsi se trouve accomplie ’ceuvre que nous avions en vue a Bruxelles
et dont notre ceeur de Francais se réjouit d’autant plus qu’elle a été réalisée
dans I'Université de Slrasbourg.

Dés sa conslitulion, en décembre 1919, le Comité national francais pré-
sidé par M. Emile Picarp et dont M. Koexigs est le Secrélaire général et
M. GauBrux le Secrétaire, avait pris en main l'organisation du Congres de
mathémaliques. La jeune élite de mathématiciens que la France avait en-
voyée & I'Université de Strasbourg ne pouvait manquer de faire l’accueil le
plus cmpressé a 'appel du Comité national francais. Ces Messieurs consti-
tudrent aussildt un Comité local qui eut toute latitude pour s’organiser
d’abord lui-méme et pour organiser ensuile sur place les multiples éléments
nécessaires & la tenue d'un Congrés.

Le Président de ce Comité local est M. Henri ViLraT, le Secrétaire M. René
Tuiry, le Trésorier M. G. VALIRON.

Le Congres s’est tenu sur invitations non collectives mais individuelles,
adressées par le Comité national frangais lui-méme, qui centralisait en ou-
tre toutes les propositions de Conférences ou de Communications.

Au Comité local incombait la lourde tache d’asssurer le service malériel
en procurant aux Congressistes des logements, en aménageant des locaux
convenables pour les séances pléniéres et celles des Sections, en réglant le
fonctionnement de ces derniéres, en facilitant aux Congressistes des ex-
cursions, des promenades et des visiles dans les musées et monuments dont
les beautés ou les souvenirs font la gloire de Strasbourg. Enfin ou plutét,
d’abord il fallait penser que rien ici-bas ne sc fait sans argent et que les coti-
sations demandées aux Congressistes ne pourraient suffire, sous peine d’étre
prohibitives, & pourvoir aux dépenses du Congrés. Ces dépenses ne consis-
tent pas seulement en frais pour réceptions, banquets, frais de poste, de
circulaires et d’indemnités au personnel auxiliaire. Il faut penser aussi a
I'impression des Communications faites au Congrés et des travaux qui y
ont été présentés.

Il ne fallait rien moins que le savoir-faire et le dévouement admirable
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déployés par le Bureau du Comité local pour venir & bout de ces difficultés.

M. René Tairy a organisé avec un soin méticuleux ct un ordre parfait
la répartition des logements, et tous les Congressistes lui sont profondé-
ment reconnaissants pour les soucis qui gréce a lui leur ont été évités sur
ce sujet. Il a été puissamment secondé dans cette liche par le Syndicat
d’initiative et de propagande, dont le concours a permis d’établir un ser-
vice de réception des Congressistes a leur sortie de la gare et qui a aussi
beaucoup facilité la question des logements. ‘

Nous devons une mention particuliére a M. le Professeur DeLcourT qui a
si joliment organisé la soirée offerte par le Comité aux Congressistes dés le
premier jour du Congrés.

M. le Commissaire Général a bien voulu de son cdté offrir un lunch aux
membres du Congrés qui, par ma bouche, lui en expriment toute leur gra-
titude. Des remerciements encore 2 la Société des Amis de I'Université, a la
Municipalité strasbourgeoise, qui ont bien voulu, 'une et l'autre, donner
réception en notre honneur.

Que de remerciements ne devons-nous pas aussi 8 M. G. Kern, le distingué
Président de la Société des Sciences, Agricullure et Arts du Bas-Rhin, qui a
eu la gracieuse altenlion de recevoir au sein de sa Sociélé les Congressistes
qui ont eu I’honneur de s’y rencontrer avec I'élite de la Société strasbour-
geoise.

Nous ne saurions oublier ni le délicieux concert qui nous y fut donné
par des artistes de choix, ni le cheeur des jeunes chanteuses dont le costume
caractéristique et le grand nceud noir symboliseront toujours en ce qu’elle a
de plus charmant la patriotique Alsace.

Dans 'organisation de grandes excursions, M. le général Ferter et M. le
colonel HorrzaprELL se sont trés aimablement employés pour les rendre aussi
faciles et aussi peu onéreuses que possible. Ils ont droit & toute notre gra-
titude.

Mais celui auquel nolre reconnaissance est particulierement acquise, c’est
le Président du Comité local, M. Henri ViLLatr. Ce qu’on doit dire de lui est
trop vrai pour que sa modestie puisse en étre froissée.

Si le Congres a pu trouver les ressources pécuniaires indispensables, c’est
A ses efforts persévérants, a ses démarches infatigables que nous le devons.
Il a su trouver en lui-méme, dans sa foi patriotique et scientifique la force
qui fait marcher, la parole qui persuade. Je lui demandais I'autre jour com-
ment il avait pu obtenir un si grand nombre d’adhésions et si fructueuses.
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« J'ai parlé de la Science et de la France », me répondit-il. Et cette réponse
donne une valeur morale singuliére a I’énumération que je vous dois et
dont vous allez subir la longueur!.

A tous ces patriotiques et généreux donateurs, nous disons, du fond du
ceeur : merci !

M. Henri Vicear m’a déclaré lui-méme qu’il n’aurait jamais atteint un
chiffre aussi élevé sans les conseils ou l'action personnelle discréte de beau-
coup d’intermédiaires dévoués qui 'ont secondé dans son’ inlassable propa-
gande. A tous nous adressons nos bien vifs remerciements, et plus particu-
litrement 3 M. Emile Scawoerer, Correspondant de I'Institut de France,
dont l'activité a été spécialement efficace.

Et maintenant, Messieurs, je manquerais & mes devoirs si je ne renou-
velais d'une facon spéciale, au nom des Gongreésistes, tous nos remercie-
ments & M. le Commissaire Général ALsPETITE qui, aprés avoir accordé au
Congrés une importante subvention, a multiplié 4 son égard les témoi-
gnages de sa bienveillance et qui a bien voulu, en dépit de ses graves occu-
pations, accepter de présider cette réunion terminale.

Renouvelons aussi nos remerciements & la Municipalilé de Strasbourg
qui, aprés nous avoir accordé une subvention de 5.000 francs, n’a cessé de
nous donner son appui. Nos remerciemenis a M. le Recteur de I'Université,
qui a libéralement mis & notre disposition les spacieux locaux de I’'Université
de Strasbourg et a si heurcusement ouvert notre Congrés le 22 septembre.

Nos rcmerciements enfin & tous ceux que nous n’oublions pas, mais
dont il nous est impossible de lire ici la longue liste des noms, et dont le
concours nous a été précicux.

Je voudrais cependant dire un mot spécial & 1'adresse des dames de
Strashourg qui ont aidé leurs maris dans leur tdche ardue ou qui ont créé
autour du Congrés une atmosphére de sympathie favorable & son succes.
Merci a ces bonnes et vaillantes francaises.

MESSIEURS,

Les Francais et leurs amis en venant & Strasbourg, s’y sont rencontrés
avec I'dme alsacienne, ils ont éprouvé 'extréme sensibilité qu’elle manifeste

1. Ici 'orateur donne lecture de la liste reproduite plus haut, pp. xvr et suiv.
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au contact de tout ce qui tient & la grande patrie, la France, et a sa gloire.
Strasbourg de son cdté a bien compris le geste de ces mathématiciens amis
qui, en faisant de Strasbourg le siége du premier Congrés international
d’apres-guerre et en 1’y organisant suivant le veeu de son cceur, ont eu sans
aucun doute le désir complexe de donner :

a I'Alsace un témoignage de profonde affection,
a d’autres un exemple a suivre,
et & d’autres encore une legon a méditer.
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Les travaux du Congrés ont compris 5 grandes Conférences géné-
rales et 79 Communications réparties dans les quatre sections. On
trouvera plus loin in exfenso le texte de ces Conférences et Communica-
tions. Nous en donnons ci-dessous la liste, avec les dates correspon-
dantes.

CONFERENCES GENERALES

Jeudi 23 septembre, 14 h. 3o.
Sir Josepn LARMOR.

Questions in physical indelermination.

Vendredi 24 septembre, 14 h. 3o.
M. L.-E. Dicksox.

Relations belween the Theory of numbers and other branches of

Mathematics.

Samedi 25 septembre, 10 h. 3o.
M. C. oE LA VarLEe-Poussiy.

Sur les fonctions a variation bornée et les questions qui s’y ratta-
chent.

Lundi 27 septembre, 10 h. 3o.
M. V. VorLTERRA.

Sur l'enseignement de la Physique Mathématique et de quelques
points d’Analyse.

Mardi 28 septembre, 14 h. 3o.
M. N.-E. No6rLunD.

Sur les équations aux différences finies .

1. Pendant les Conférences générales, M. E.-Michel MAECKLER, éminent artiste strasbour-
geois, a bien voulu prendre des croquis d’aprés lesquels ont été réalisés les dessins qui se
trouvent encartés dans ce Volume.
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COMMUNICATIONS

SECTION 1.
Arithmétique. Algébre. Analyse.

Introducteur : M. E. Picarbp.

23 SEPTEMBRE, de g & 12 heures.

Président : M. HapAMARD.

M. Youne : Sur la définition de l'aire et du volume.

M. Dickson : Homogenous Polynomials with a Multiplication Theorem.
M. Cuitecer : La loi de réciprocité et les corps abéliens.

M, DanierL : Stieltjes-Volterra Products.

M. Awmsrer : Sur le calcul symbolique sommatoire.

24 SEPTEMBRE, de g a4 12 heures.
Président : M. N.-E. NORLUND.

M. Fuerer : Einige Sitze aus der Theorie der complexen Multiplication
der elliptischen Functionen.

Discussion : MM. Dickson, Rychlik, Fueter.

M. Densoy : Sur une classe d’ensembles parfaits en relation avec les fonc-
tions admettant une dérivée seconde généralisée.

M. Stoirow : Sur les ensembles de mesure nulle.

M. pu PasqQuier : Sur une théorie de nombres complexes.

M. Wiener : On certain iterative properties of bilinear operations.

25 SEPTEMBRE, de g & 10 h. 3o.
Président : M. L.-E. Dickson.

M. DracH : L'intégration logique des équalions différentielles.

M. Hapamaro : Sur la solution élémenlaire des équations linéaires aux
dérivées partielles et sur les propriétés des géodésiques.

M. Taxaecr : Sur quelques théorémes généraux de la théorie des nombres
algébriques.

VI



XLII CONGRES INTERNATIONAL DES MATHEMATICIENS.

25 SEPTEMBRE, de 14 & 16 h. 3o0.

Président : M. G. pu PASQUIER.

M. StormeR : Méthode d’intégration numérique des équations différen-

tielles.

L’exposé oral est complété par I'exposition de plusieurs grands tableaux affichés
aux murs de la salle. M. Dickson signale les applications faites en Amérique de
I'intégration numérique.

. Tyepa : Sur les équations du troisieme degré.
. REmounpos : Sur le module et les zéros des fonctions analytiques.
Varorouros : Sur le module maximum des fonctions algébroides.

2 2=

Discussion : MM. du Pasquier, Varopoulos.

M. RiaBoucHINsSkI : Sur le calcul des valeurs absolues.

Discussion : M. du Pasquier.

M. Zervos : Remarques sur certaines transformalions des équations aux
dérivées partielles.

Discussion : MM. Cerf, Zervos.

M. Ripw : Sur la transformation des équations différentielles linéaires.

27 SEPTEMBRE, de 9 & 10 h. 3o.

Président : M. Cam. JORDAN.

M. P. Boutroux : Sur une équation différentielle et sur une famille de

fonctions entiéres.

M. LerscHETZz donne en l'absence de M. G. GREENHILL, retenu comme Président a
la Section IV, des explications sur des recherches de M. Greenhill concernant la
division par 5 et par 7 de fonctions elliptiques. Des tableaux affichés aux murs
fournissent des résultats sur ce sujet.

M. Lerscuerz : Quelques remarques sur la multiplication complexe.
M. Wavre : Sur un systeéme d’équations & une infinité d'inconnues.
M. Wiener : On the Theory of Sets of Points in terms of continuous Trans-

formations.

Discussion : MM. Fréchet, Hadamard.

M. Deruvrs : Une propriété simple des systémes transformables.
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28 SEPTEMBRE, de g 4 12 heures.

Président : M. HATzIDAKIS.

M. Ocura : Sur la théorie de I'interpolation.

M. VaLiroN : Sur quelques points de la théorie des fonctions entiéres.

M. Zervos : Sur l'intégration de certains systeémes différenliels indéier-
minés.

M. Wausn : On the location of the Roots of the derivative of a Polynomial.

M. Rev-Pasror : Sur la représentation conforme.

Discussion : M. B. Bloch.
M. ZareumBa : Sur un théoréme fondamental relatif & 1'équation de Fou-
rier.
M. Younc : Sur certaines intégrales doubles.

M. SakEeLLARIOU : Sur les solutions discontinues du probléme du Calcul des
Variations dans ’espace 4 n dimensions.

SECTION II.
Géomeétrie.

Introducteur : M. GOURSAT.

23 SEPTEMBRE, de g & 12 heures.

Président : M. DEMOULIN.

M. Bypzowsky : Sur les transformations quadratiques reproduisant une
quartique elliptique plane.
M. Tayros : La géométrie des variables complexes.

24 SEPTEMBRE, de g & 12 heures.

Président : M. EISENHARDT.

M. Carran : Sur le probléme général de la déformation.
M. Dracn : L'intégration logique des équations’ différentielles; applica-
tions a la géoméi;rie et & la mécanique.
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2b SEPTEMBRE, de g & 10 h. 3o0.

Président : M. LE Roux.

M. Jorpan : La classification des constellations.
M. Eisexnaror : Sur la transformation des systémes conjugués R.

Discussion : MM. Demoulin, Larmor.

M. Sosorka : Sur la deuxiéme indicatrice en un point d'une surface.

M. CrapiEr : Sur la transformation de Lie.

25 SEPTEMBRE, de 14 & 16 h. 3o.

Président : M. HosTINSKY.

M. Le Roux : Sur la géométrie des déformations des milieux continus.

M. EISENHARDT : Transformation des surfaces applicables sur une qua-
drique. (Le développement de celte communication est publié dans le Jour-
nal de Mathémaliques pures et appliquées (Journal de Jordan), 1921, fasc. 1).

M. Mugrray : Method of classifying all polygons having a given set of ver-

tices.
M. Harzmaxis : Sur quelques formules de géométrie cinématique.

M. Hostinsky : Sur les propriétés de la sphére qui touche quatre plans tan-
gents consécutifs d'une développable.

Discussion : MM. Barrau, Hatzidakis.

SECTION III.
Mécanique. Physique mathématique. Mathématiques appliquées.

Introducteur : M. G. Koenias.

23 SEPTEMBRE, de g & 12 heures.

Président : M. J. BoccaRrbpr.

MM. VanperLinDEN et DE DonpEer : Quelques covariances de la gravifique.

M. BriLrouin : Sur un type d'action & hérédité discontinue et les équations
différentielles des mouvements qui en résultent.

M. ScuwoEeReRr : Détermination de I’équation séculaire de la terre dans la

théorie d’Arrhenius.
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24 SEPTEMBRE, de g & 12 heures.

Présidents : MM. V. VorLTERRA, M. BRILLOUIN.

M. GuirLauME : Expression mono et poly-paramétrique du temps dans la
théorie de la Relativité.

Discussion : MM. Grossmann, Bauer.

M. WiLuicexs : Représentation géométrique du temps dans la théorie de la
Relativité.

M. Hapamarp : Sur le probléme mixte pour une équation linéaire aux
dérivées partielles.

M. Boccaroi : Sur le déplacement du Pdle.

M. pi Costa-Loso : Sur la courbe décrile par le Pole sur la surface de la
terre.

25 SEPTEMBRE, de g & 10 h. 3o.

Président : M. J. Boccarpr.

M. Boccaror : Sur les approximations numériques et les sciences d’obser-
vation.

M. Farip-Boursp : Nouveau théordme pour calculer les tensions des barres
surabondantes des poutres et arcs & montants et croix de Saint-André.

M. Greenuis : La fonction potentielle uniaxiale et sa fonction de force
orthogonale. (Le développement de cette Communication est publié dans le
Journal de Mathématiques pures el appliguées (Journal de Jordan), 1921,
fasc. 2).

25 SEPTEMBRE, de 14 a 16 h. 3o.
Président : M. P. Wxiss.

. Hostinsky : Sur un probléme général de la mécanique vibratoire.
. Mamrarp : Mise au point des hypothéses cosmogoniques nébulaires.

==

27 SEPTEMBRE, de g h. & 10 h. 3o.

Président : M. G. BoccARpr.

. RiaBoucHinskr : Sur la résistance des fluides.
. Larmor : Sur les pressions des ondes sonores.
. Larmor : Sur les rayons diffractés attachés aux images optiques.

. GuLpBerG : Une application des polynémes d’'Hermite & un probléme
statistique.

=EREE=
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M. P. Wersss : Sur le repérage par le son.

M. M. BriLrouin présente, au nom de M. H. ViLrat, retenu par ses devoirs
d’organisateur du Congres, un certain nombre de résultats concernant la
théorie des surfaces de discontinuité dans la mécanique des fluides (existence
de plusieurs solutions satisfaisant & toutes les conditions bien définies du pro-
bléme; recherches sur le régime variable avec surface de discontinuité, etc.)
Le développement de cette Communication sera publié ultérieurement dans
le Journal de Mathémaliques pures et appliquées, et dans les Annales de U'Ecole
Normale Supérieure.

28 SEPTEMBRE, de g & 12 heures.

Président : M. M. BRILLOUIN.

M. Barrav : Sur la cinématique plane.
M. Bauer: Remarques élémentaires sur le principe de relativité en électro-
dynamique.

SECTION IV.
Questions philosophiques, historiques, pédagogiques.

Introducteur : M. H. ViLLaT.

23 SEPTEMBRE, de g & 12 heures
Président : M. D.-E. SmiTn.
M. Geérarpiy : Décomposition des nombres. Machines & congruences. Des

nombres entiers. Jeux scientifiques.

Discussion': MM. du Pasquicr, d’'Ocagne, Gérardin.
M. Brocarp : 24 propositions de Fermat.

M. DEeLaporTE : Sur la réforme du calendrier.

24 SEPTEMBRE, de 9 & 12 heures.

Président -+ M. p’OcAGNE.

M. pu Pasquiker : Sur les nombres {ransfinis.

Discussion : MM. B. Bloch, Haalmeyer, Millon, du Pasquier.

M. GreenHiLL : Les fonctions de Fourier et Bessel comparées.
La Section, sur la proposition de M. GreenniLL, émet le veeu suivant :
« Les fonctions de Fourrier et de Bessel, liées par la relation F(6)=1J,(2/0)
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se présentent dans les mémes questions. Mais la fonction de Fourier F(5),
dont l'origine remonte & 1822, présente des avanlages sur l'autre qui fut
proposée en 1824. il conviendrait que les mathématiciens se servissent de
préférence de la premiére, quitte, pour les calculs numériques, a recourir a
la relation ci-dessus pour faire usage des Tables des fonctions de Bessel. »

M. p’Ocaene : La pratique courante de la méthode nomographique des
points alignés, & propos de ses applicalions de guerre.

25 SEPTEMBRE, de 9 & 10 h. 3o.

Président : M. CRELIER.

M. Grossmany : Sur l’état de publicalion des ceuvres d'Euler.

Historique de la publication des ccuvres complétcs d’Euler par la Société
helvétique des Sciences naturelles; volumes lerminés pendant la guerre. Dif-
ficultés d'envoi aux souscripteurs, difficultés actuelles résultant du lieu
d'impression, du change et des décisions des Académies. Questions soule-
vées pour éclaircir la situation.

Discussion : MM. Crelier, B. Bloch, Fehr, Gérardin, Fueter, Grossmann.

27 SEPTEMBRE, de g & 10 h. 3o.

Président : M. G. GREENHILL.

M. Zervos : Sur I'enseignement mathémalique & Athénes. Il s’agit spécia-
lement de la formation des licenciés pour la préparation éventuelle d’une
thése. Rapport sur une série de conférences données par M. Zervos sur le
développement historico-philosophique du calcul différentiel et intégral.

Discussion : MM. Fehr, Zervos, B. Bloch.

M. Mirown : Sur le probléme des dimensions de !'espace.

Discussion : MM. Hatzidakis, Zervos, B. Bloch.

M. G. Komenics présente une note de M. Dubecq sur I'enseignement en
République Argentine.

M. Gérarpin fait une Communication sur la généralisation de certaines
équations citées par M. Dickson dans sa Conférence générale.

—
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QUESTIONS IN PHYSICAL INTERDETERMINATION

By Sir Joserpr LARMOR

(Cambridge, England.)

The point of view has become prominent in recent generalisations that space and
time are not conditions prior to the formulation of physical change, but that rather
each group of located physical events constructs an appropriate space-time for
itself as part of its own evolution. If that proves not to be consistent or tenable
ground, we must fall back on space and time being already essentially there, as a
foundation prior to thought; though the evolution of events may happen to be best
described as one involving change in the mode adopted for the expression of the
continuum space-time, as well as change in phenomena located therein. The unre-
solvable essence of space-time would be a fourfold ordered array of points : body
could be given to it by constructing various kinds of space, and various networks
of reference in each kind. It has to be considered how far such a compound speci-
fication is pleonastic. The conditions requisite for physical determinacy in general,
and for unambiguous continuation of physical fields into hitherto unexplored regions,
demand further attention in this and other regards.

The purpose of the considerations which follow is mainly critical interpretation
and simplification of ideas in relation to existing difficult analytical formulations,
which have established an essential authority by agreement with crucial facts of
physical nature. The degree of confidence in recent theories resting on perhaps
ambiguous or only partial determination in space-time, or sometimes overdetermi-
nation, which prompted two difficult eclipse expeditions and is strengthened by
their remarkable results, invites consideration of such theories from all sides. They
have even diverted attention from the steady output of fundamental atomic laws by
radioactive experiment. The doctrine that strict adherence to algebraic analysis
avoids the pit-falls of intuition is not always a sound one; it may unduly restrict
the horizon, however hazy, of science.
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As the aim of this study is to bring the underlying principles into closer touch
with the familiar historical development of the physics of an extended medium, so
far as its fourfold analytical symmetry will permit, the distraction of the very
complex analysis which seems to be inseparable from the analysis is avoided; that
is indeed fully accessible in the literature, where it is expounded from many sides.
It is sufficient for critical purposes to consider the ideas of the ordinary aether-
theory placed in relation to the new, and illustrate by its simpler argument. The
exposition becomes mainly a study in the implications of the dynamical Principle
of Action, and the possibilities of an extended scope for it which shall be more than
an analytical formulation : the results that emerge perhaps suggest that the new
chains of analytical ideas in physical science should be capable of further clarification.

We shall be led to consider-the possibilities as regards' a universe of permanent
atoms, gravitational and electric, interacting entirely in modes expressed by extremal
types of modification of intervening generalized space, taking the place of modes of
transmission across an aethereal medium, of the perhaps more crude ordinary elastic
type, in the space. This view, which is a modified aether-theory, would not admit
displacement of solar spectral lines.

The general trend of the gravitational theory has been assumed to be known :
readers unfamiliar with it will find a very complete informing discussion from the
relativist point of view in A. S. Eddington’s recent brilliant and intensive book
Time Space and Gravitalion.

Contrast of the algebraic and geometrical methods.

In the formulation of general dynamical science in the hands of Lagrange the
specifications had become purely analytical. In the words of his famous pronoun-
cement in the preface to the Mécanique Analytique, « On ne trouvera point de figures
dans cet ouvrage. » This has proved to be a feature of strength for the evolution
of dynamics, by allowing and even suggesting the utmost formal generality of the
frame of the science, transcending all limitations imposed by intuitive preposses-
sions regarding force and movement. Thus the beginning even of the train of
ideas leading to the Riemann differential geometry have been traced back to this
work. On the other hand this detached analytical abstraction of the argument
naturally introduced, at first, a cleavage betwen its analysis and the concrete thought
of the physical investigators, who were probing the order of nature by cultivation
of the simpler dynamical ideas and their mutual experimental relations. Accor-
dingly the evolution of appropriate wider conceptions in the science, largely under
the hands of Kelvin and Maxwell, preluded by the introduction of such explicit
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concepls as degrees of freedom with their generalised co-ordinates and component
momenta in Thomson and Tait’s Natural Philosophy in 1867, followed by the dyna-
mical imagery inherent everywhere in Maxwell’s Electricitly and Magnetism a few
-years later and partially adopted later by Helmholtz, heralded a new era as regards
modes of general physical thought. Perhaps at that time the further advantage on
the side of generalisation. inherent in the wholly unrestricted outlook of the unvi-
-sualized Lagrangian analysis, was not always adequately appreciated.

Lagrange was the most resourceful of analysts, powerful because concise. For
instance, his discrimination between the differential of a function and its displace-
ment or variation, indicated by the contrast of symbols d and 3, has in many
respects doubled the power and range of infinitesimal analysis.” The function of
the pure analyst is to go ahead in his own abstract world of related symbols, with
no diagrams and no acquired intuitions to chain him to earth. Point de figures.
‘His instinct is to generalise continually. But that he may not wander into an arti-
ficial world out of range of ordinary human mentlality, the intervention of the
.geometer is necessary from time to time, to connect his formal constructions with
the mechanism of actual thought. Riemann was essentially a geometer : so was
Hamilton. Since their time'a new doctrine of invariance has arisen, from special
beginnings of linear transformation in pure algebra, but developing into wider
ranges as an affair of permanence of relations between the members of a pair of
groups when change is made from one member in either group to another: this also
is an integral or geometric relation, and has even provided a criterion for degrees of
-permanence and substantiality. The most interesting problem presented by the
Tecent analyses of degrees of relativity is how to elucidate their algebraic procedure
.and results to the ordinary geometric apprehension.

Lagrange seems to have delighted to dwell on the enlargement which accrued to
the powers of analysis from the simple device of extension of its symbolism. In the
lectures in the Calcul des Fonctions, which contained much of his final thought in
simplication of the process of the calculus, he has devoted a chapter (Legon 21) to
an exposition of the previous efforts of the Bernoullis, of Brook Taylor, and of Euler
towards a general method of variations. « Mais dans 1’état actuel de I'analyse, on-
peut regarder ces discussions comme inutiles, parce qu’elles regardent des méthodes
oubliées, comme ayant fait place & d’autres plus simples et plus générales. Cepen-
dant elles peuvent avoir encore quelque intérét pour ceux qui aiment & suivre pas
.4 pas les progrés de I'analyse, et & voir comment les méthodes simples et générales
naissent des questions particuliéres et des procédés indirects el compliqués. » Then
in a final lecture he translates definitively the theory which he had evolved in his
youth in the Turin Memoirs of 1758, in terms of differentials, into the modern form
of gradients of the functions and of their variations.

The final remark at the end of the lectures, referring to the « Equations aux
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limites qui n’étaient pas connues avant le calcul des variations, et sans lesquelles o
p’aurait que des solutions incomplétes » may be regarded as an indication towards
the future, when the extremal formula of varying Action, in the hands of its disco-
verer Hamilton, was to open up yet another world of analysis, of crucial importance
for the full development of general principles in theoretical physical science. Consi-
dering the innate simplicity of the source of this great chain of ideas, merely the
introduction of variations alongside differentials, one is ready to pardon the inge-
nuous remark of Thomas Young, the vast range of whose own attainments generated
an impatience of any but the most direct and time-saving expositions, in his sketch
of the life of Lagrange, that « the merit of the invention is none the less... because
it might have occurred to a less distinguished mathematician ».

The dynamical equations of Lagrange, in general coordinates, certainly had their
source in the Principle of Action as treated by the new calculus of variations as
early as 1758. It may now seem strange that in the Mécanique Analytique twenty
years later the method of Action was put aside in favour of a formulation by Virtual
Work. Its restriction to what have more recently been named holonomous coordi-
nates was one cause. The method returned with vastly increased power in Hamil-
ton’s two dynamical memoirs (Phil. Trans. 1834-5), introducing the entirely new
and most fruitful aspect of the Action as an extremal function connecting directly
the initial and final stages of the course of change in the material system.

The idea of invariance, which in connexion with the Minkowski fourfold analy-
sis acquired, on a narrow basis, the designation of relativity, had already pervaded,
of course, the ordinary formal theory of isotropic elasticity as initiated long ago
by Navier and Cauchy. When Green transformed it in 1837 into a theory of energy
by introduction of Lagrangian variations, the expression for the energy-function was.
limited and determined by the condition of permanence of form when the co-ordi-
nates were changed in various ways, though it was perhaps implied rather than
exhibited that this invariance was complete. When Mac Cullagh soon after, tacitly
adopting this method from Green in his brilliant and final formulation of optical
dynamics, was guided to the square of the curl (or rotation) of the displacement
as the proper expression for the energy leading to the desired optical results, he
recognised fully the difficulty which his critics over-pressed, the absence of any overt
mechanical explanation of his abstract formulac, of the nature of elastic strain.
He fell back upon the recognition — for the first time in mathematical science —
that the curl function of the displacement is thoroughly appropriate, as being in fact
a.differential invariant vector as regards the isotropic group of changes of frame
of reference : his energy function thus satisfied the condition for relativity in its
most modern form, and was abstractly permissible though independent — even
possibly because independent — of any quality such as material elastic strain.
Finally, Stokes in his memoir of 1849 on the Dynamical Theory of Diffraction of rays,
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in which he evolved completely the general laws of spreading of propagated effects,
incidentally placed isotropic elastic theory in three dimensions on its final basis,
.and even prepared the vectorial frame for one of the most suggestive advances of
the age, the Helmholtz theory of permanent vorticity-in frictionless fluid media.

The inverse method of potential functions (‘) had been fully developed long
before this time, by Green in 1828 in his Essay on the Mathematical Theory of Elec-
tricily and Magnetism. Here, for the first time, the idea of a general spatial func-
tion as delermined solely by its poles arose, including complete discussion of the
different distributions of poles oulside a region that would give the same potential
function within the region. His ideas and methods, and the reaction which they
promoted in abstract mathematics by leading up to the theory of functions, have
remained fundamental ever since. Their author was an isolated genius, cast up
sporadically outside the range of schools and universities, at the village of Sneinton
near Notlingham. How did he get inoculated with mathematical research? The
terms of an early manuscript prospectus, drawn up by Babbage, of the famous
Analytical Society founded at Cambridge in 1813 mainly by John Herschel, Peacock
.and himself, as a missionary body to introduce the cultivation of the inverse Conti-
nental analysis by study of the French models, alongside (if not instead of) the fluc-
tional and vectorial methods of Newton, have recently thrown an interesting light
on this question. For reference is made to Mr Bromhead of Caius College, then a
Bachelor of Arts, as the Secretary of the Analytical Society, from whom informa-
tion regarding its operations could be obtained : and the same Sir Edward Ffrench
Bromhead lurns up in the list of the original subscribers to Green’s Essay in 1828,
and as the communicator of Green’s subsequent memoirs to the Cambridge Philoso-
phical Society, and also as the patron of Green who introduced him to membership
of Gonville and Caius College in 1834. We are entitled to infer that it was the
stimulus of access in the country to his friend’s collecticn — apparently very com-
plete and kept up to date, under the influence of the Cambridge movement — of
the classical French mathematics, that gave his opportunity to one of the greatest
.analysts of modern times.

Interdetermination.

The principle named after Dirichlet asserts that the value of a potential V given
over a boundary determines its value outside in free space devoid of sources :

(*) The introduction of the name potential is usually ascribed to Green, but it was em-
ployed by Gauss independently. It would seem that it is to be traced back to the idea of
wis potentialis, in the sense of potential energy, in the hands of D. Bernoulli and Euler.
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thus it determines the gradient 3V /dn over the boundary, and arbitrary values of V
and dV/dn would be inconsistent with empty space outside. But they are quite con-
sistent with a wider view which includes such sources. According to a proposi-
tion first asserted by Gauss. who rediscovered many of Green's special results in
potential theory ten years after him, if the value of a Newtonian potential is given
in any region of free space, the potential is thereby determined in all places beyond
that region which can be reached from it without passing across attracting matter.
Its value is thus uniquely determined by the process of gradual continuation, after
the manner of Taylor’s expansion theorem, in the space surrounding the unknown
sources or masses of which it is the potential : and the process can be prolonged
towards them, either until it encounters actual regional sources or until their sim-
plest possible and most condensed form is reached, as limiting singular surfaces,
curves, or points at which the potential becomes infinite or has other type of singu-
larity. But the problem of tracing a limited field of potential to its singularities
seems, though definite, to be practically intractable so far as regards those outside
the region (*).

As regards the very remarkable property thus asserted by Gauss, two related
questions arise. How small may the region be, for a complete knowledge of it
thus to determine the whole universe of Newtonian attraction? For a given such
region, how minute must the knowledge of the potential be, in order to justify a
practical extension to distant places? For example, we are accustomed to infer
from constancy of potential in a small region inside a hollow charged conductor,
that it must be constant everywhere inside until the charged surface is reached :
but we are now asked to recognise that a more minute knowledge for that small
region would involve complete knowledge of the details of the distribution of the
electrons (if they were at rest) which make up the charge in the conductor. In the
criticism and amendment to which principles of mathematical determination, in-
cluding the cognate one named after Dirichlet, have been subjected in more recent
times, this proposition of unlimited continuation seems to have escaped scrutiny.
‘We propose to adopt it provisionally as a basis for physical discussion.

If we accept this result without limitation, it carries with it much more. For
an isotropic uniform elastic medium, whether a material solid or an electric aether,
or a medium partaking of both their kinds of elasticity, a cognate assertion can be
made. Here the sources are regions within which extraneous force straining the
medium is applied, or else are centres or poles of innate intrinsic strain such as.
electrons can be considered to be in an aether. If we know the state of strain in
any small region free from extraneous force, it is held that the state of strain

(*) This problem formed the subject, long ago, of an cpistolary correspondence between.
Kelvin and Stokes, which still exists.
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everywhere adjacent to it is thereby rendered definite : we can thus extend the
known region so as to surround all the centres of extraneous force or intrinsic
strain, and so by closing in upon them determine their nature, so far as it regards
the medium, as before. This statement holds, because the same Laplacian diffe-
rential operator that determines the distribution of a Newtonian potential — the
only possible isotropic form — is involved, as infra, in the equations of this pro-
blem as well.

A’ more intuitive physical system, which throws light on the nature of the
result, is that of a freely jointed frame of rigid bars, such as a girder or bridge-
work. If an increase of tension is put into one of its members, the tension or
thrust thereby produced in every other member, however distant, can be deter-
mined uniquely by a process of statical continuation applied at the joints. This,
however,‘implies that the frame is just stiff, and no more. If there is any slackness
the result, of course, could not hold : if the frame is over-stiff, owing to presence
of redundant members, the result becomes indeterminate until the elastic qualities
and yielding of its members are brought into consideration. Comparing with the
result for a continuous medium, we can recognise that an elastic solid, even when
in internal intrinsic strain, has complete elastic inter-connections, but not redundant
ones, so long as the relation of stress to strain remains of linear type.

Such complete interdetermination is a very remarkable mode of relation. It
involves that knowledge of change in any small part of a system determines the
change throughout : that each part is in a sense the cause of the whole. The fami-
liar relation of cause and effect has thus vanished, along with all its metaphysical
perplexities : every part of the set of concurrent events is now the determining
cause of all the remainder. It is a necessary condition for this result that the cir-
cumstances should be strictly statical; elastic or other transmission in time must
not enter into the scheme.

Interdetermination for statics of an isotropic medium.

The proof of the extension above stated is readily indicated. The equations of
static frictionless strain in an isotropic solid medium, are, in Lamé’s notation, of
type, as determined from the isotropy alone, in terms of displacement &4,

2 .
(7\+pu)$c-+zxv :=X,

where
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leading to
e X Y | Z
N+ ap)v 0=$+ —37 >

Thus the expansion of volume represented by 6 is determined by the last equation,
of Laplacian type, in terms of places of concentration of applied force X, Y, Z : if 6
is known over any small region, it is thus determinate by continuation beyond it,
and all around these sources which are thus themselves determined. And 6 being
thus ascertained throughout the field, the same argument applies to & as given by
the first equation. Complele interdetermination is thus established : knowledge of
a small portion determines the whole, including even the extraneous forces that are
disturbing the medium beyond.

There is no formal restriction here to circumstances of stability, such as will
enter later in more general questions. Similar analysis applies in all cognate pro-
blems of static isotropic extension.

Interdetermination fails in a pseudo-space.

If, however, we deal with an Euclidean threefold pseudo-space in which one
dimension is imaginary, the spatial invariant is

3’ 4 3y* — 82%;

and the differential form contravariant to it now gives an invariant equation corre-
lative to that of Laplace,

hi o >
(a—m';-*-a—f—-sz-,—)V—o.

But if z represents time, this equation connotes propagation of effect by waves in
the two dimensional space a, y : thus obviously the state of affairs in a limited region
for a limited time cannot here determine the state everywhere for all time. In fact,

the quasi-radial form for V, here (x* + y’—z’)—é, does not now belong to a point
source in the threefold extension, but to a singular conical surface * 4+ y*=2*, of
unlimited extent, on which it is everywhere infinite; which marks another funda-
mental difference showing the hasard of physical exiension by analogy from a spatial
continuum to a pseudo-spatial one. It may be of interest to note conversely in pas-
sing, that the equation of propagation in three dimensions of space is satisfied for-
mally by

V=A(m! + y! + z!_ tl)—l,
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which belongs to an expanding spherical surface-source expressed by the equation
r==1, the unit of time being chosen so that the velocity of transmission is unity.
Similar considerations apply to the fourfold world-history of space-time of the mo-
dern relativity theories. It is only to real spaces that complete static interdetermi-
nation can belong. Freedom demands that at least one dimension shall be imagi-
nary : otherwise the world would be a hard rigid construction with no initiative
anywhere. But even with this freedom, dala over a complete boundary in the four-
fold ought, along with the sources inside, to determine the activity throughout the
interior, and in exterior space as well, provided there are no sources there.

In particular, this absence of complete interdetermination in the fourfold pseudo-
space saves the Einstein Principle of Equivalence, which asserts that locally a field
of gravitation and a field of acceleration relative to the frame of reference are not
distinguishable. For if each could be continued without ambiguity, the poles of
the gravific field would at length emerge and reveal the distinction. A gravific field
given in a limited region can be continued into the region beyond, only when there
are no poles or centres of atiraction beyond or when such poles are all given in
advance.

Minimum property related to continuation.

What prescribes these limitations of determinacy, as regards continuation in
Cauchy’s manner, of a scheme of functions given by differential equations (for exam-
ple, the Einstein space potentials) from a region in which they are given to the
unexplored extension beyond? In such a caseif the value of the functions and their
successive gradients(*) are given along the boundary, up to the order just below the
highest order occurring in the characteristic differential equations, then these latte p
gradients are determined at that surface, and uniquely if they occur in the equations
only in the first power. And by successive differentiations all the still higher gra-
dients at the surface may be determinable. Then by the expansion of Taylor all
the functions concerned can be continued from the boundary, along any linear paths
we may choose, into the region outside that surface. Let us regard them as so
continued, along direct paths, to an adjacent outside surface enclosing the original
boundary, over which a distribution of values of the functions is thus obtained.
This implies that the two surfaces are not too far apart, and that no poles or other

(*) The first gradient along the normal to the boundary necessarily suffices as the other
first gradients are already involved. [The argument in this section applies primarily to the
case in which a number of functions are controlled by an equal number of differential
equations.]
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singularities are encountered between them in the process. It is just an analogous
ranging of the eye, along various interlacing paths in the space around us, that pro-
vides our conception of itand its contents.

But there is insufficient assurance, as yet, that, for the functions as dectermined
by this process, there will be proper continuity in directions transverse to these linear
paths of continuation. If, however, the differential equations on which this conti-
nuation is based are the conditions of extremal(') variation of a continuous integral
of a function which is essential positive within the limits of the region, the position
seems to be much more simple. For the boundaries being near together, and the
gradients belween them being regular, there must be some distribution of the func-
tions with the assured continuity which makes the integral minimum for the given
values over the two boundaries. In this case, at any rate, we may presume that
the functions, thus conditioned by a set of extremal differential equations, can be
continued uniquely beyond the original boundary by successive short stages, and so
continually onwards, so long as singular regions can be avoided in the process.
The minimal property affords assurance, such as would not otherwise exist(*), that
the continuations, necessarily made at first along isolated outward linear paths,
blend into a continuous result in all paths over the region.

In general slatical theory, stability with its minimum energy would thus be an
essential condition for complete interdetermination.

The essentials of representation in space and time.

The mode of arriving at a conception of Euclidean space, when the Cartesian
systematic analysis has replaced the Euclidiau synthetic way, is to find all the
frames of reference with respecl to which the essential internal properties of a
permanent or rigid system of bodies retain the same expression. To assert that
these relations are invariant with respect to this group of similar frames is to say
that mobility of a frame, changing it into adjacent ones in the group, makes no
difference; or, owing to the mutual relationship, it is to assert that the rigid system

(") A positive connotation, on Hamillonian lines, is here proposed for the lerm extremal,
alrcady in usc in a different and less defined sense.  An integral is extremal when ils va-
riation is expressible in lerins of changes over the boundary alone of the region of integra-
tion. On Hamilton’s principle of Varialion of Action the extremal form of the integral
becomes expressed as a funclion of initial and final configurations or other daia, alone.
This fertile remark involves Lhe whole group of reciprocal relations expressing the mutual
influences of changes at pairs of el :menls of the boundary, however far apart, when under
exlremal conditions. We may also speak of a varialion as being exiremal in this sense.

(*) But if there are no sources, or other singular points of the functions, in the region
oulside, the conlinuation is definite.
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is itself freely mobile with regard to any one of the continuous group of similar
frames of reference.

We may have two solid systems thus freely mobile, one of them for example
being a network of polar or other curvilinear coordinates : it follows that a mutual
relation of free mobility is established between the two systems, and we can thus
refer the rigid system to a curvilinear frame instead of a Cartesian one. We may
-even generalise by transforming algebraically to a frame which mixes time with
space, as has often been done in physical problems. It is only one step further to
refer the sysiem to an extended collocation of point-relations which cannot be inter-
preted as a flat space at all, except possibly as regards its infinitesimal parts : it
must, however, be expressible in a differentially continuous extension, unless we
are prepared to atomise extension itself. These ideas are suitably illustrated by
the statical variational theory for a stressed framework of bars, as readily developed
in terms of the relations between the invariant lengths of the bars alone, without
any reference to space. The unresolvable essence of space is mere extension in
threefold continuity : the frame which particularises it may be Euclidean or elliptic
.or heterogeneous at choice : the difference will be that the relations of nature will
be expressed in different forms, and it is the search for simple and direct laws of
physical connection that prescribes the most natural frame, which is thus adjoined,
so to say, to these physical laws or relations. The final stage of such advance
would be to the gravific fields where, after Einstein, the space-time frame is
no longer uniform.

Scientific geometry led early to the recognition of rigid bodies freely mobile in
flat threefold space, though the implications involved in their existence were left for
Helmholtz and Lie to unravel. The same tendency of thought leads naturally to
-enquiry as to the continuous group of frames, for all of which the vast scheme of
travelling radiations which establish interconnections in the universe presents the
:same aspect : this group has been identified by Minkowski with the frames of a
fourfold flat space-time. Complication thus arises from the emergence -of two
groups of equivalent frames of reference, constructed on similar ideas, one for
rigid bodies, another for radiation : one of the two must absorb the other and be
universal. It is a surprise that it is the more recondite group that seems to prevail :
.and another surprise that gravitation remains refractory to it until the flatuess,
which originally recommended it as an invariant scheme of nature, is broken
.down, though not in the direction of a Newtonian attraction suitable to rigid
bodies. Thus are theories which have served their turn transcended by new views
founded upon themselves, in the continued adaptation of the scheme into which we-
.are compelled to adjust our survey of physical nature.
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Non-uniform invariance founded on local characteristics.

All characteristic equations in continuous physics, such as, for example, the
differential equations of the gravific potentials in the Einstein formulation, are
essentially relations prescribing local constitution ; they are available, as above, only
for gradual continuations from elements of extension to adjacent elements in suc-
cession, provided such continuation in any direction fits in without inconsistency
for the directions transverse. The essential quality of all such equations, — the
main example is that of Laplace, — is thatl they retain their forms, are invariant,
when the co-ordinates of reference are changed locally to any other scheme of
coordinates, algebraically related of the appropriate group. This secures that if
the continuation of the functions is formally possible, the result is a finite exten--
ded scheme with intrinsic internal relations of its own ramifying all over it, inde-
pendent of the particular frame of the relevant group, in which it happens to be
set. For example, the symmetric fourfold radial field of a gravific point-centre
proves to be thus uniquely determined, virtually by a process of continuation from
the core, provided we postulate that the coordinate functions are to be isotropic as.
regards each differential region of it in the three elements of extension. At some
stage in the process of continuation the field may, however, begin to be disturbed
sensibly by the presence of another gravific centre : that disturbance cannot be pre-
dicted, but by exploring it around that new centre we can determine its source, in
the only respect that is relevant, which is just so far as regards-its influence on the
adjacent space : and so on by including other centres, until all space and its con-
tents have been explored. To clear the ground for:such an exploration of a less.
restricted spatial structure, we proceed, following Riemann, by use of the simplest
definite apparatus of continuation that will allow greater freedom than a Euclidean
frame, merely a differential measuring rod imagined as retaining unchanging length
in all the isotropic elements of extension into which it may be successively trans-
ferred. Does not the process, then, imply that the space is already there, that it is
a matter of exploring or organising a pre-existing space, with its poles, if there are
such, by this new extraneous apparatus, rather than of creating afresh a space for
our use as we proceed? If the space is postulated to be there already, the question
as to whether the process of continuation is self-consistent, and therefore possible,
need hardly arise, if only the machinery of measurement is self-consistent. Thus
space and time have not been transcended in the new developments; we have only
agreed to measure (that is, describe) the same essential continuum according to a
different, but still intrinsic, plan, such as may permit more coherent expression of
some parts of the scheme of physical nature, at the expense possibly of other parts.
It is a question of pure analytical mathematics, important for our schemes of
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physical representation, but without ultimate philosophical implication. The
Newtonian frame of space and separate time is absolute, or pre-eminent, only by
its simplicity and the extreme closeness of its adaptation to wide ranges of physical
investigation : there can- be no meaning in the term absolute except umiversality of
convenience.

The control which makes-a radial field of fourfold space-time extension definite
for gravific purposes as above, is not merely that the elements of it shall be isotropic
-or flat, and that the scale of length shall be imagined-as an invariable transferable
-differential rule materialising in fact a locally invariant quadralic differential
expression : it must also be possible to construct a function of Hamiltonian extremal
variation from it. An alternative procedure would be to retain the same ordered
distribution of the points as corresponds to a flat fourfold, and attempt to strain the
length of the differential measuring rule in passing from place to place. But such
variation of the standard of length in an extremal extension, without loss of direc-
tional isotropy in its application, appears to have been shown by H. Weyl to amount
precisely to the introduction of an electrodynamic field operating in and slightly
modifying the extremal spatial (or gravific) field. In the case of radial symmetry
the results seem to be still definite, if there is an electric charge of unrestricted
amount at the origin superposed on the mass there. The gravific pole involves no
electric field and so no charge at the origin; and an electric charge involves no gra-
vific field, in this radial case, though it alters the space around it according to a
different law of its own. Thus in the more general case when the matter is
regarded as a continuous distribution, an electric field seems to require an accom-
panying residual field of the gravific type('). The atomic view brings greater pre-
cision. A gravific pole deforms the space, without any eleclric accompaniment.
But an electric pole in addition to its electrodynamic field involves also deformation
of the space, residual and very slight, yet according to a different law from the gra-
vific pole; in fact it involves a slight deformation such as could only be produced
by a volume distribution of gravific poles over the region and of infinitely increasing
density towards the centre. But the definite value of the atomic charge remains to
be accounted for, as also the definite masses of the atoms with which it is associated.

Can an aether be eliminated?

Another point cognate to determination also deserves further consideration. For
reasons which are readily understood, of the ten gravific potentials introduced by
Einstein four can be quite arbitrary; so that of their ten differential equations

(*) De Donder, Teyler archives (April 1916).
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determining their mode of distribution, any four are consequences of the other six..
This in fact connotes the arbitrary choice in the space of the four space-time par-
ameters or co-ordinates in terms of which the equations of variation of the space
are formed. 1f there is an electric field also present, specified by the four compo-
nents of its vector potential, there are four more differential equations : and any
four of the fourteen are now determined by the ten others. The significance of the
resulting four identities, which must be necessarily involved in the extremal cha-
racter of the Action principle, as expressing essential convergence of stress-tensors,
is elucidated in terms of direct physical varialion infra. But the present remark is
that it has been emphasised (compare Hilbert) that if an electric field is given, its
presence removes lhe indeterminateness or relativity of the space, for it determines
all ten gravific potentials in addition to its own poles. This looks very like a rever-
sion to the position that an electric field requires a fixed aether for its specification-
— so fugitive are the ideas belonging to a region of imperfect determination. Or,
conversely, if the ten potentials are given arbitrarily and so cannot belong to a pure-
gravific space, they require and determine not only a definite fourfold extension but
also an electric field in that continuum with its own sources or poles, which will
usually be a continuous distribution. And, as above noted, a set of centres or poles,.
electric or gravific, can hardly be conceived without their fields of influence being
given with them, which requires an & priori space in which to exhibit them. The:
presence of a space manifold, imagined as a definite unique scheme of marked
extension, seems to be prior to all systems, however general, for its representation:
whether by flat or elliptic or other modes of laying it out.

Radiation as the fundamental means of physical connection : necessity for
three dimensions of space.

In the world of physical nature changes are produced and controlled mainly,.
perhaps entirely, by free radiation across space. We have learned from Maxwell
that when an electric current in one coil induces a current in a neighbouring coil,.
it does so by means of aethereal pulses or undulations, sent out from it swiftly
across the intervening space, which are absorbed by the atomic structure of this.
second coil where it meets them and produce their effect so smoothly as to escape
direct detection. In telegraphy the message is really carried from source io receiver
by electric waves in the surrounding space, which are-merely guided and prevented
from spreading away sideways by the deficiency of electric elasticity due to atomic-
freedom in the conductor. The waves of unguided telegraphy in free space, whether
of small or great length, are the normal mode of intercommunication in nature :.



QUESTIONS IN PHYSICAL INTERDETERMINATION. 17

guidance by a telegraph wire is as artificial as concentration of sound by a tube, as
Lord Kelvin used to emphasise. Even in chemistry, when one molecule stimulates
another the effect is probably to be regarded as transmitted across by intimate elec-
tric fields, and part of the energy must go off in radiation.

With what degree of latitude is radiation to be specified, if it is thus to be reco-
gnised as the basic means of physical connection between systems out of direct
contact? We recognise in it the idea of clean, sharp propagation of effect by waves
and pulses, travelling unchanged even across celestial spaces, leaving no trail of
disturbance along their paths such as would drain away part of the energy during
its transmission. Such pulses, issuing from a small molecular source, must in an
isotropic medium spread out at sufficient distance as spherical shells. They must
thus be expressible by functions such as ¢, and the gradients of such faunctions, res-
tricted to the form

¢ = F()flct — 1),

where ¢ is the velocily of their propagation. In n isotropic dimensions of space
and one of time, the differential equation determining the nature of ¢ in every loca-
lity must, irrespective of dynamical considerations, if it does not contain gradients
above the second, be of form

Yo | Vg Yo 9.
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for it must be linear, and no other form seems to have the necessary isotropic inva-
riance in the flat continuum. To enable this equation to have a solution of the
radial type expressed above, it.is not difficult (') to prove that we must have

n=1 and F(r)=A, orelse n=3 and F(r)=Ar—.

If time has one dimension, space must thus be restricted to three dimensions, if
atomic vibrations are to be able to send out pure radiation travelling across celestial
spaces absolutely without degradation. For example, this would not be possible in
two dimensions : a line source in three dimensions corresponds to a point source in
two, but the elements of the line are at different distance from an outside point,
so that, as Lord Rayleigh has explained, the vibrations emerging from a simulta-
neous impulse all along the line take different times to travel to that point and

(*) [This result has been given by P. Duhem in Hydrodynamique, Elasticilé, Acouslique,
Cours professé en 18go-g1, tome II'; as appears from an important memoir by V. Volterra,
Acta Mathemalica 18, 1894, pp. 161-232 (cf. p. 221) in which the characteristics of the va-
rious types of differential equations in the text are discussed from the point of view of the
principles of Huygens and Green by strict mathematical analysis. Cf. also Volterra, Clark
University Lectures, 1gog].
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could not arrive together : instead of a clear cut cylindrical shell of radiation expan-
ding outward, all the space inside the outward boundary would be filled with a trail
which the radiation had left behind in its progress.

The simplicity and disentanglement of physical phenomena, as dominated by
radiation between the portions of permanent maller, seems thus to be intimately
bound up with the three dimensions of our space. This characteristic equalion of
local delermination of all functions such as potentials that are connected with radia-
tion, thus necessarily restricted to three dimensions, namely

Yo Yo Ve Ny
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dx? dy

will remain invariant when the variables a,y,z,t are changed by the appropriate
continuous group of linear transformations. As the sum of differential squares

3x’ + 3y + 3z2° — ¢*af*

is contravariant to the cognate differential operator acting on ¢, that operator will
remain invariant for all transformations within the group which maintains the lat-
ter differential expression invariant. That is, it will be invariant for any transfe-
rence of the frame of reference in a flat fourfold or pseudo-space with three real
dimensions «,y, z and one imaginary one ¢&. Such displacements form the funda-
mental fourfold Minkowski group. Radiations by electrodynamic agency are the
main case in point : and the (Lorentz) correspondence is well-known and simple,
which connects their vectors and their poles when expressed in terms of one such
frame and when the corresponding (though different) vectors but the same poles
are expressed in another(*).

Close up lo a radiant source, for example an electric bipolar (Hertzian) vibrator,
the radiation is of course not pure in this sense of sharp transmission. In addition to
amplitudes of vibration varying as r—* which carry away radiant energy, there are
terms varying as 7 which represent alternaling readjustment of the local field of
the electric poles and effect merely local fluctuations of energy in that field. In
dealing with energy purely radiant this latter part must be assigned to the molecu-
lar local fields : it does not come practically into our field specifications at all, except
among. the molecules of dense matter.

(") CI. Aelher and Malter, Cambridge, 1goo, chapter xI.
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Conditions for physical continuation illustrated by modes of formulation
for radiation.

A previous chapter of physical determinacy will now be reviewed, as its method
may be of wide application in newer fields. A train of elastic disturbance, due to
sources in any region, is transmitted across an arbitrary boundary surrounding
them : its value outside ought to be expressible in terms of the succession of cir-
cumstances at that boundary for the duration of the disturbance. In the case of
light this is the problem of diffraction, as formulated by Fresnel. In an isotropic
uniform medium of unlimited extent it is resolvable in various ways. The effect
of the changing traction exerted on the medium beyond, at each element of the
surface, can be computed : or the effect of the changing displacement thus imposed
(with no displacement at other elements) can be determined : and the result in
either case derived by integration. But, as Lord Rayleigh noted long ago, the
expressions so obtained for the effect emitted from an element do not agree. Thus
the question arises whether either of them can be regarded as the actual effect for
which that element is responsible; though the total effect integrated over the whole
surface for all the elements must be the same in both cases.

The most graphic and suggestive mode of treatment of such a question is by
the inverse general method of Green, applied by him in his Essay of 1828 to elec-
trostatic fields, either steady or in which the velocity of adjustment is taken to be
infinite. This order of ideas can be extended to the most general types of distur-
bance (*). 1f there is a system of poles A inside and another B outside, we can
determine the surface distributions of poles, in simple and double sheets spread
over it, which with A will produce the actual field inside and no field outside, or
with B will produce the actual field outside and no field inside. The former is the
case now in question : we can choose B arbitrarily, and for each choice obtain a
different distribution of surface poles, and all of these systems produce outside the
actual effect propagated from A. They will also produce an effect inside, namely
that due to the system B with changed signs, which can be made what we please
by choice of B. The distribution of surface poles that is equivalent in the aggregate
to given inside sources is thus, in the case of disturbances of general type, widely
indeterminate, in the absence of more definite knowledge than the state of affairs
at the surface alone.

But now we restrict the disturbance to pure radiation, advancing in the outward
direction only, and so at a distance from its molecular sources : it is also to be cohe-

(*) Cf. a paper On the Mathematical Expression of the Principle of Huygens (Proc. London
Math. Soc. Ser. 2, Vol. I, p. 1, 1903).
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rent radiation, otherwise its energy would be an accumulation of irregular elements,
and we could not treat of its alternating stresses at all except as a residual average,
for instance in. considering mechanical effects or the radiation pressure which is
everywhere equal to density of energy.

For such pure outward radiation the disturbance propagated up to the boundary
surface or interface is wholly transmitled beyond it by actions occurring at that
surface : no part of it is sent backwards by these actions. It is this restriction
that renders the problem of the mode of transmission from the surface definite :
the secondary sources on that interface must be such as to give the actual distur-
bance in the medium just outside it and no disturbance at all just inside it. There
must be no sources B. The function of each element of surface being thus now
precise, the rate of transmission of energy across each element of the surface, and
its ray paths, are also definite and are readily estimated : the result should of course
agree with the Poynting flux, if the radiation is electric. The solution, so restricted,
is in accord with the well-known formula hit upon indirectly by Kirchhoff in 1883,
apparently without recognition of the indetermination of the problem; which was,
however, also restricted, though in exhauslive analytical detail, to the case of pres-
sural waves such as sound (*) depending on one scalar potential ¢. That formula
is in fact frequently claimed, but as we now note with only partial justification,
to be a final definitive formulation of the Principle of Huygens.

But it seems to have never yet been recognised that this problem of continuation
of coherent radiation was adequately and properly treated without any ambiguity
long previously, in the classical memoir by Stokes (*) which in the historical order
formed a chief foundation of the modern general theory of wave-transmission,
thus illustrating from yet another side its comprehensive range. He there intro-
duces for this purpose the refined principle that the influence propagated up to the
surface in a very small interval of time t is represented beyond it immediately
after by a shell of the radiation just outside, of thickness ¢z, and that therefore the
subsequent effect at greater distance is represented as that sent on from this thin
shell of volume distribution of disturbance in the medium (*). His previous gene-
ral expressions for the disturbance transmitted from local volume distributions of
displacement and velocity, imposed on an unlimited uniform medium, then ena-
bled him to reach an unequivocal result for the disturbance emerging from the
surface.in terms of its local data. It should be verifiable from these formulae that
no disturbance is transmitted backward. But the immediate aim of Stokes was

(") G. Kirchholl, Zur Theorie der Lichtslrahlen (Wicd. Ann. 18, 1883).

(*) G. G. Stokes, On the Dynamical Theory of Diffraction (Cambridge Transactions,
Yol. I\, 1849; reprinted in Math. and Phys. Papers, Yol. II, pp. 343-328).

) Loc. cit., § 33.
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to obtain data for the change of plane of polarisation to be anticipated in diffracted
light, such as could be put to experimental test as a criterion between the types
of theories of elastic media that were competing at that stage of optical science ;
accordingly it was not within his purpose to sum up the effects transmitted from
all the surface elements and verify that the result vanishes in the backward region(*).

Recently without knowledge of Stokes’s discussion, the investigation (*) by aid
of secondary sources after the manner of the electrostatic theory of Green has been
carried through for general electric radiation, arriving at remarkably simple results
for the amplitudes actually contributed by the elements of surface and for their
polarisations. On comparison with Stokes’s conclusions of 1849, discrepancy seems,
hpwever, to be revealed. This is probably to be traced to the cause that, though
the equalions of propagation must be the same for all types of optical theory, yet
the stress-tensors of the medium are different for the electric (rotational) and the
-elastic solid (strain) specifications, this being in fact the source of the differing
laws of reflection for the waves of light. This involves also that radiation is
propagated differently from an electric bipolar (Hertziam) vibrator and from a
source involving alternating strain, which would account for the discrepancy.
But the procedure of Stokes for propagation by strain could, of course, be carried
through on the same principles for the different problem of electric propagation :
if this were done the aggregate secondary sources in his layer of disturbance of
breadth ¢t ought to agree with the superficial distribution derived from Green's
method, which identifies the sources with the analytic singularities of the functions
-concerned.

Extremal variation of Action as the foundation of all relations in general
physics.

The variation of the total intrinsic Action of a physical system is postulated to
be of extremal character. As it is essentially an integral taken over the spatial ex-
tension alone, the widest possible variation, in the Einstein type of theory, arises from
changes in the potentials, ten or less, of the type of space belonging to the problem
and changes in the components of the electric vector potential; for these are all the
independent variables. A particular type of variation is that due to the changes in
these potentials, taken at the same points, but arising from displacement of some
frame to which the poles of the material system can be regarded as attached. This

() This stalement must be corrected : the verification appears cxplicitly near the end
-of § 34.

(*) On the Mathematical Represenlalion of the Principle of Huygens Pt II (Proc. London
Math. Soc., november 1919).
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type of variation must be extremal because it is included in the general extremal
type : and the analytic expression of this fact leads immediately to a stress-tensor,
which has no convergence, provided the Action does not involve the coordinates or
potentials absolutely, but only their local gradients. This seems to be the source-
of all the identities that turn up in the analytical developments. The conclusion
holds good, however the co-ordinates be transformed; but if they are such that the-
fourfold element of extension is not equal to the product of differentials of the coor-
dinates, the necessary factor, a function of the coordinates expressed by the familiar
symbol yy — g of Einstein, will enter into the form of the tensor and destroy its des-
criptive simplicity. There are as many forms of tensor as there are systems of co-
ordinates, all of them equally effective, and indeed fundamentally identical. It has.
long been recognised that the Maxwell stress was not shown to be unique : but any
addition to its tensor must be locally invariant and must introduce no new poles,
and would apparently have to come from the addition of another scalar invariant,
of higher complexity, to the Action-density. The system of coordinates might ex-
press any nelwork of curves, however complex, or even belong to any frame of bars,
to which the moving sources or poles can be regarded as attached : but to avoid
complication, we refer this imaginary material framework to the same coordinates.
to which the potentials of the space are referred. The influence exerted between a
source or congeries of poles and the spatial medium around may then be identified
with the resultant of the tensor of this material framework integrated over any bar--
rier surface which cuts out the source from the region. Asregards a gravific source
the procedure of Einstein shows, and it is easy (¢f. p. 24) to verify directly, that the
result is equivalent to an added tensor which is a mass-constant multiplied by the:
quadratic tensor of its component velocities as in gas-theory. This appears to be-
the origin of the claim that the laws of conservation of mass, momentum, and energy
of particles are implicit in the Einstein theory of gravity (*). From our point of view
we should rather adhere to the historical claim that they are implicit in the all-
embracing Hamiltonian Extremal Variation of Action, to which all physical theory
dealing with relations across a distance, including gravitation, has to conform.
Recognition of a space or an aether whose character is subject to variation, and the-
artifice of an imagined framework of coordinates in that space to which the material
bodies remain attached in their motion, and the postulate of extremal variation of”
an Action expressed as the integral of alocal Action-density which must be invariant
with regard to local differential change of the frame, make up the outfit for the-
whole theory. The circumstance that the spatial part of the Action involves second

(*) The fact thal when the Action is made extremal, ils density vanishes everywhere-
except at the poles, has even been advanced as a difficulty in the application of the method.
of Action, whereas it is the source of all the simplification.
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gradients does not destroy the scheme, though it renders it somewhat abnormal in
comparison with the quadratic functions of first gradients that belong to ordinary
dynamics. The variety of possible tensor forms that has been evolved by different
writers has here its natural origin. '

It has been a favourite position, in the enforcement of special relativist ideas, to
.assert that physical reality can’only consist of the mectings of particles tracing their
various paths in space-time, and that all that is essential is the order of these points
-of encounter along these various curves, the intervening void being filled in conve-
niently by any form of space whatever that we may choose. Though graphic as an
illustration, this is perhaps hardly intended as a serious expression of the scope of
physical reality. Let us observe what takes its place in the formulation here sket-
-ched. A space is to be chosen by means of its potentials, such as may prove most
efficient as regards the range of phenomena to be formulated in it. The moving
‘sources or masses are attached to an imagined mobile framework in space as thus
.specified, representable by the same coordinates, which may be chosen as we please
.subject only to those masses being attached in its virtual displacements : and it is
this unlimited generality of the coordinate framework holding the masses and also
‘measuring the space that now replaces the filling in of an intervening void as above.
For. displacement, conveniently represented by variation of the coordinates em-
ployed (*), of this network in the space, the Lagrangian process must evolve an
.extremal variation of the distribution of Action, thus introducing a tensor, which
integrated over a barrier surface expresses the mechanical effects transmitted to each
source or mass. The ootion of colliding material points is no longer relevant : the
intimate nature, perhaps infinitely complex, of each source remains unexplored : it
is certainly far more than a point or particle, but its relations to the spatial exten-
.sion, in which the activities reside so as to pass on by its mediation to other sources,
are adequately expressed by the stress-tensor appropriate to the particular set of co-
-ordinates in the selected form of space, to which the material framework has also
been regarded as attached. In ordinary electrodynamic theory this can be held to be
the suitable dynamical variational setting of the Maxwell stress, originally introdu-
-ced sporadically, whose place in the scheme has been an unresolved puzzle since its
initiation. When the uniform mixed space-time frame of Minkowski is introduced,

(*) That is, the set of coordinates that is arbilrarily chosen to represent the space (or
medium), but yet being in the spacc must vary along with it, is also conveniently chosen to
describe the imaginary maferial framework that is supposed {o connect the poles. If a
stress tensor for this framework approximates to Maxwell’s form, the coordinates must
approximate to Cartesian. In other terms, the variation by displacecment of 2yz to = + p,
¥+ q, z+ r implies that there is something at the point to displace : but the displace-
ment of the medium of transmission is fully 1-epreserited by variation of its potentials :
thus the other must belong to an imagined material frame attached to the arbitrary set of
«coordinates and also to the poles.
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that stress-form should expand in the well-known striking way into a symmetric
fourfold stress-energy-momentum tensor which embraces all the principles of con-
servation. When with Einstein the fourfold uniformily is only in the differentials
element of extension, while its scale varies from element to element, the Action-
with its extremal variation enables the tensor still o connect by mutual relations
the parts at a distance. Thus are evolved physical principles suitable to our percep--
tions, through the reciprocal relalions that arise from the proved possibility of ex-
pression of the Action in terms of the extremal data alone. These Hamiltonian.
principles of extremal variation, first detecled by him on optical lines for ray-sys--
tems, afterwards extended to the general Newlonian dynamical world, would thus-
be the ultimate universal formulation, putting in evidence the selection that extracts
or renders possible an ordered physical science, so far as regards reversible pheno-
mena, including relations of entropy, in an unresolvable atomic cosmos.

On this view it would not be correct procedure to adjoin to the Action special*
terms for the matter and for the electricity in the regibn, as has been done. The:-
seat of the activity is the region, and the Action is solely a volume integral through--
out it. But in approaching a material pole or atom, or rather the singular curve
which is its path in the fourfold, the integrand tends to infinity : so it is cut out by
a barrier surface, and its effect in the variation is replaced by that of a surface inte--
gral over that tubular barrier, which, reducing to a line-integral in the Action, repre--
sents the atom in so far as it interacts with the medium(*). Similarly for an electric
atom or electron. In each case the atom is a mere nucleus keying up activity in the-
surrounding spatial threefold extension, not an active source of activity itself(®).

Source of the linear integrals along orbits of poles that are made extremal in-
the Action.

The derivation of the linear integral in the reduced extremal Action, whichin its.
own extremal form determines the orbital curve of a particle, from the formula
expressing the volume-distribution of the Action throughout the region, seems to be-
strikingly simple and direct as regards the gravific terms. For it appears that even
when an influencing electric field is present, and therefore the extension does not.
belong to the type of an Einstein purely gravific space, the gravific part G of the-

(*) This result seems to follow, as will appear immediately, from the remarkable fact
that the distribution of extremal gravific Action in the medium is all concentrated at the
poles.

(*) This is the point of view of Aether and Malter (1goo) Chapter vi, variation of strain in
aether being now replaced by variation of structure of space.
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Action-density, when made extremal, reduces to zero everywhere throughout free
extension. Therefore this Action is made up only of discrete parts, becoming con-
centrated, when the extremal condition is salisfied, at each pole. On account of the
determinate distribution around each pole, regarded as at rest, owing to the radial
and differential isotropic symmetry of coordinates, the integration over the three
dimensions of space, in coordinates relative to the pole as origin, leads to a value
constant and characleristic of the pole which we may call its mass : and the element
of the Action attached to the pole is therefore of the form mc3¢, involving the remain-
ing differential, that of time. When transformalion is made to a coordinate frame
with respect to which the pole is moving with velocity u,v,w this element mc3t

1
transforms by the Lorentz correspondence to md{(¢* — u* —v*— w*)?, which is mc3s,
where 3s*=¢"31* — dx* — 5y* — 327, being the square of the fourfold interval of linear
extension, regarded as a time-interval. Theorbital part of the Action, with distribu-
tion rendered extremal throughout the extension, is therefore ¢ /mds : but this is not
a new term appended to the Action, and the orbit derived from it is really control-
led, as it ought to be, by the activity in the extension or medium around the par-
ticle. A cognate instantaneous deduction of the orbital terms for an electric pole
f(mds + eFdx + eGdy + eHdz — eVcdt) may possibly be feasible on Weyl's formu-
lation(*). Incidentally the reason for the preference for a change of sign as above
in 3s°, making it positive for a time-interval, becomes manifest : for otherwise the
lapse of time in an orbit would be an imaginary quantity. The interval from one
point-time to another is to be measured by ¢3¢ (or by &¢ in altered units) diminished
by correction for the change of position. The actual orbit from one point in time-
space to another is that for which the sum of the elementary intervals along it is
thus diminished as little as possible. The principle that a free line (geodesic) is the
path of maximum extension (not spatial length) for constant time between every
two adjacent points of it, derived by Robb in his synthetic construction of space in
terms of the relation of time, is thus recognised as an essential statement involved
in the reality of time and not a mere paradox.

The variational ideas of Hilbert.

The first to attempt systematic consolidation, into a deductive system, of the
tentalive constructions of tensors and vectors, which seem to have been originally

(*) But a ray of light is not a singular curve in the fourfold, thus the possession of the
inertia of energy is nol sufficient to constitute mass. Itis not even a free or extremal path :
but when the analysis is, carried over into a correlative Newtonian space and time, it does.
become a hyperbolic orbit.



26 SIR J. LARMOR.

inspired by generalisation of the Maxwellian stress-formulation, appears to have
been Hilbert. In an exposition with the comprehensive title ‘* Die Grundlagen der
Physik ", Gottinger Nachrichten, November 20, 1915, he has identified, following on
a brief indication by Einstein himself, a function whose integral extended over the
fourfold domain will by variation evolve the Einstein scheme of differential equa-
tions. The integrand (‘ Welt Function’) must be invariant as regards change of
system of coordinates (‘ weltparameter ’) : thusif its form is not to be unreasonably
complex it must be restricted to the single Riemann invariant of local quasi-curva-
ture appropriate to the fourfold extension : and it is verified that this in fact gives
the required form.

But if an electrodynamic scheme is to be included as well as gravitation, an
electric potential which is a fourfold vector must appear as contributing a part to the
integrand, in addition to the part involving the ten gravitational potentials that
define the linear interval. This will lead by variation to a scheme, involving inler-
dependence of electric and gravitational fields. But Hilbert stresses the property
that in such a problem in a fourfold four of the differential equations, in this case
fourteen in number, that arise from the extremal variational property of the inte-
gral, are not independent but are involved in the others. He points out that these
four may be chosen to be the electrodynamic relations : and he concludes with
emphasis that in this sense electrodynamic phenomena are manifestations (* Wir-
kungen’) of gravitation, and that Riemann’s aspiration to establish connection
between light and gravitation has thus been at length realised.

Though intuition rebels against such sweeping specialisation, this analytical re-
lationship ought to be capable of direct physical interpretation. If we fall back on
our guiding principle that the gravilational field is delermined by its singular
points, poles of various kinds which stand for the Newtonian attracting matter, it
might be held to mean that where that field is free of singularities the electrodyna-
mic field will be free of singularities also, for the four electric field-equations are
irivolved in the ten gravitational ones. In that case the Hilbert principle would re-
quire that the electrical and gravitational poles coincide, that the ultimate Newtonian
attracting element is also an electric element, and conversely. Is then every elec-
tron, and every other type of ion, also in another but correlative aspect a particle of
matter of definite gravitating mass? What is the relation between these two pro-
perties of the pole? For there should be one or more types of such relation corres-
ponding to electron, ion. Are we here in sight of the strict relation of electricity to
matter? The answer, if any, would have to come by minute constructive analysis
of the part of the fields that closely surrounds the structure of the pole, possibly in
ways yet unimagined. If the pole is of infinitesimal extent that local field will be
of intense curvature, and abstruse relations must be involved. The exact solution
of Schwarzschild carries this gravitational field close up to the pole, and that of
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Nordstrom (cf p. 28) the electric field : but the nature of the pole itself, recognised
always as really a structure essentially unknown, may still escape us even in these
respects of merely physical configuration.

Here we come up against fundamentals. The ultimate poles are known to be
either all alike as regards both mass and charge, namely electrons, or they are of a
limited number of definite types, as regards mass and spectrum associated with
negative or positive multiples of the fundamental charge, namely atoms. What
contribution will this type of theory, suggesting relation of charge to gravific mass,.
manage to make to the expression of this ultimate fact?

These questions will be approached again when the radial field is examined in
detail. It appears thal an electric source involves a space around it of definite
constitution different from the Einstein species of distance-spaces which represent
fields purely gravific. 1t is thus hardly appropriale or exact to describe an electric
pole as involving a gravific as well as electric field, though its spatial field could be
imitated by a continuous regional distribution of mass or gravific sources except
that the density would be concentrated in a higher degree at the centre. On tran-
sition to the Maxwell relations, it must be this distribution that represents the
intrinsic inertia of the electron.

It may be noted, as a feature characteristic of the wayward evolution and conso-
lidation of theories, that the gravific part of the Action has been determined as a
scalar distribution, invariant for a general Riemann space, and then an electric part
separately invariant as regards its own fundamental vector has been added, which
destroys the Einstein extremal type of that space in which pure gravitation was
found to subsist : an electric field interacts with and disturbs a gravific field,
because they both involve changes in space.

In a continuation of date December 1916 Hilbert seems to recognise that the
principle of physical determinacy could no longer be relied upon in general in a
fourfold whose elements are, as he terms it, pseudo-Euclidean, that is flat but with
some of the four dimensions imaginary. He thus replaces the imaginary variables
by real space-time coordinates, and expresses a set of conditions betwen the space
potentials that are necessary if the scheme is to correspond with real space and time,
in the respect that when the coordinates are changed effects are still to succeed
their antecedents without ambiguity, that, as he phrases it, to this degree the prin-
ciple of causality is to obtain. The change to a system of coordinates in which
this property is preserved he characterises as a proper space-time transformation :
the condition involved (p. 67) seems to be that there shall everywhere be only one
imaginary dimension in the fourfold (*). When this condition is attended to it is

(*) The conditions ensure (cf. p. 10) that the spatial part of 3s* shall be essentially
positive.
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made out, by means of approximate Laplacian analysis, that knowledge of the distri-
bution of the fourteen potentials, ten spatial and four electric, at the  present’
makes their course of change in the ¢ future’ determinate and unique, so far as
these conditions hold and therefore this course of change has physical meaning. The
terms present and future (or the reversible past) are here defined with reference to
that coordinate of the pseudo-Euclidean fourfold which is the expression of time.
If more (or less) than one imaginary dimension arises anywhere in an analytical
transformation of the fourfold, that transformation has to be rejected as being-
beyond the determinate world of physics, or perhaps as unsuitable to express it.
The scheme then could not claim to evolve reality, with its determination of the
future from the whole of the present, which appears as something absolute in the
background to which the analysis has Lo be careful to conform (*).

Thus one can concur with Hilbert and with Klein that the essential feature of
the new analysis, which has merged gravitation in the scheme of space and time,
is that the extremal relations that determine extension after Riemann on the basis
of distance are now involved in altered form along with the extremal relations of
Action that determine dynamical sequence. They could not be extricated except in
the limiting case corresponding to an infinite velocity of radiant propagation, when
space becomes determined separately and the sequence of schemes of events is then
determined in that space. The new feature is that the formulation of space-time,
as well as the dynamics, is modified by, and so itself now helps to determine, the
distribution of material and electric poles that constitutes the permanent essence of
matter, and without which it has even been argued that space itself must vanish.

But Hilbert seems to prefer, as usual in algebraic analysis, to ignore the atomic
clue, by constructing (p. 70) an exposition in which there shall be no singular
points in the fourfold, but in place of them a continuous distribution of electric
fourfold potential which he aims at identifying with material manifestations. The
idea of a duplex medium, aether plus material atoms (cf. p. 36) is thus lost.

The radial type of combined gravific and electric field.

The simplest case of concomitant gravitational and electric fields is that of a
single point-source of mass m and charge e. This case has been worked out by
Nordstréom (*) with a result which, like the Schwarzschild field confined to a mass-
centre, is exact; namely that

3s°=F~8r" + (r30)" + (r sin 68¢)* — c*F5¢’

(*) The inlermixture of real and imaginary coordinates has been criticized on lines
essentially similar by R. A. Sampson : cf. the Holley Lecture, Oxford, 1g920.
(*) Amsterdam Proceedings 1918, p. 1241.
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where with his units
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"This in ‘ordinary c. g. s. units with e in electroslatic measure seems to corres-
pond to
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in which y is the constant of gravitation 6.10™*c. g. s. The second term is now
that obtained in the solutions'hy Schwarzschild and by Dréste for a central gravi-
tation alone; and the dimensions of the third term have been made to correspond
with it by introducing the appropriate power of ¢ which had been chosen to be
unity.

In this form of 3s®, r is merely a radial parameter which can be replaced by any
function of 7. Thus in this case of conical symmetry, the presence of an electric
field still leaves the spatial potentials with an arbitrary feature; but it can be readily
shown that this indetermination is removed if the coordinate system as expressed
by algebraic functions is postulated to be everywhere locally isotropic.

The equation of a free orbit of an-uncharged body in this field is determined
(cf. p. 24) by 3 fds = extremal. Now approximately
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where v is the velocity of the body with reference to the frame, the relatively very
small last term being a main cause of the Einstein progression of the apse of a pla-
netary orbit. But the ordinary variational equation of a free orbit in the Newtonian

frame is
3 f (2 v 4 V) dt = extremal ,

in which V is the potential of the field of force per unit mass, thus for example the
radial component of attraction being — mdV/dr. On comparison it appears that
the free orbit of the previous specification, by 3 fds= extremal, is described as if
aunder a central Newtonian attraction

__(___‘(1+_Yf_’), which is - — 11—,
r Ac-’. r ac'r

Dbut is, as before, subject to the disturbance arising from the last term in 3s/3.
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The first term of this central force represents Newtonian gravitation and gives.
an elliptic form to the orbit. The second or disturbing term, inversely as the cube:
of the distance, was shown by Newton for the purposes of his lunar theory to:
produce precession of the apse of the ellipse : in fact the usual equation of the-
4

central orbit, in terms of u equal to r™*, is

du P ym ve?
E Y 7y Sy Thl
or
Xu ye
o + u=constant, where 6" =¢* (1 + W) ,

representing an ellipse rotating through an angle 2= -Z;{-;h—;in each revolution of the
planet.

This electric progression of the apse of the orbit, being the whole effect of the-
electric field, might conceivably compete in magnitude with the gravitational pro-
gression which is only a secondary effect, a point which we shall now examine.

. N 3 ? . .
The latter is by the Einstein formula am gy <%n) for an orbit nearly circular, the
expression being as usual here adapted to practical units i)y altering the power of ¢
so as to make it of zero dimensions.

. . - .. 1 fe\?
The ratio of the electric to the gravitational precession is -“_Y (;;;) . If the central

source of activity is an electron e/m is of order% 10°c : if an atom of hydrogen it is

of order 10'c: and y is 6.107°. Thus if the source is an atom of matter with
ionic charge the electric progression overwhelms the other part. The intra-atomic
theories of rings of electronic satellites will here possibly be very different from the:
customary calculations.

It is not unlikely that the Sun has a small positive charge due to the expulsion
of electrons by molecular disintegration, reaching a limit determined by its resul-
ting field (*). If it were charged so that the average field at its surface is as much
as one volt per cm., and if a is its radius, its charge E would be given by

—=——; and M:éﬂa’p,

a’ c’ 3

so that for the sun E/M would then be of order 4. 10™*¢™".

(*) Thus electrons could be discharged with radio-active speeds from the Sun, and its
positive charge thus continually increased, until that charge would be sufficient to drive
out positive ions beyond recall by gravitational attraction : this would put a limit of the
solar field at goo volts per cm., and very much less if the ions have the initial velocity
of a rays.
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As the planet that is under the influence of the Sun would be a conductor, there
is the effect of direct attraction due to the displacement of its own electricity to be
.added. For a planet of radius b this is the attraction between E on the Sun and an
image —Eb/r in the planet,:which-is a-force E*b/r’. The total effect of this distur-
bing force is again a progression of the apse, by Newton’s theorem, amounting for
.a planet of ' mass m to a frackion-—ac*b/my of the above.indirect:electric effect due to
supposed electric warping of the space.

The Einstein effect, the direct electric effect, and the indirect electric effect on
ithe planetary apse must thus be represented by
3 ( M >2 bE* YE
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which are as
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For a solar field of n volts per cm. these ratios are for the planet Mercury of
-order

—3) 2 —32 2

I, 2.10°°n%, a.107%n°,

showing how absolutely negligible the electric apsidal effects are for matter in bulk
in comparison with the direct gravitational, and also how vastly the spatial effect
of an electrified Sun on an electrically neutral planet exceeds that of its direet
-electric attraction.

License in choice of physical units.

This occasion is not inopportune to consider how the present irritating uncer-
tainty of the units adopted in abstract mathematical writings relating to physical
science might be mitigated. For purposes of practical physics and engineering
there is only one recognised set of units, the original electromagnetic c. g. s. system
with its practical multiples, volts, ohms, coulombs, amperes and so on. In abs-
tract algebraic analysis it is now usual to gain symmetry as regards the velocity
factor ¢ by a mixed electrostatic magnetostatic system, instead of that of Maxwell’s
Treatise. It would be less confusing to choose a provisional unit of time so thatc
becomes unity and so disappears altogether : the final results could then be trans-
lated into the practical unitary system by inserting the power of ¢ in each term
that is required to give it the proper dimensions. Again, some writers are accus-
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tomed, following Heaviside, to absorb the frequent factor 4= by also allering the
units of electric and magnetic quantity; so that there is added uncertainty in the
final result as to whether this has been done or not. We are now liable in writings-
on astronomical relativity to be abruptly confronted with the expression of the
mass of the sun in kilometres, involving yet another new orientation. The result
of such unitary license is to make it impossible, without an exploration which
consumes time, for a person who has ceased to be a specialist to pass with security
from one writer’s work to that of another. This promotes impatience and discou-
ragement, and intensifies that narrow insulated specialism which it is in the inte-
rest of all to circumvent as far as possible. It is a slight matter, but one in which
international settlement such as was so important for technical electrical science:
seems almost called for.

. Nature of radial and other spaces.

If the function F(r) in the expression above for a radial space is essentially posi--

2 ', or a rather different value

s
tive, that is if e/m merely exceeds (27); or 12% ., 10~
for the isotropic scheme whereas it is about 10‘c for an « particle, the singular
region near the origin can shrink to a point. Otherwise there would be also two
spherical surface sheets of singularity, of extremely minute radius: and in the
space inside the force may be repulsion from the centre, while in the different uni-
verse outside the force is attraction.

It is recalled above that in the differential theory for radial space the function
of r that represents the distance is still arbitrary, even when the centre is an elec-
tric pole in addition to being a gravific one. But all essential indetermination
disappears if the space is to be specified by integrated coordinates which are every-
where differentially isotropic(*). In general may we assert that a space-time is deter-
mined throughout if we know its poles, including their strengths as regards charge
and essential mass, and assuming radial symmetry, by the condition that the coor-
dinates shall be everywhere locally isotropic? To the free mobility of Euclidean
space this latter condition is of course essential.

As already noted, it is hardly suitable to assign a gravific field as a concomitant.
to electric manifestations. An electric source modifies radially the free space
around it, as does a gravific source : but the two changes follow different specific
laws, the electric being much more local and usually much smaller.

In one sense this radial space is not self-determined by its central pole alone :

(*) When r is thus transformed to R, chosen as that function of r which renders 3s*
isotropic, the nature of the singular surfaces near the centre will be changed.
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the invariant properties which restricted it belonged to space in general. Some-
what analogously an abstract doctrine is often maintained that an isolated particle
existing alone could have no field and no mass.

In these formulae the pole has been reduced to rest. But the dynamical tensor
belongs to an imaginary material framework in which all the moving poles are
attached : this frame, being referred to moving coordinates, therefore involves
products of types dx 8¢ in 3s%, and the field near a moving pole is obtained by refer-
ring the formula above to coordinates having relative motion. The synthesis of
Einstein makes it clear that the local tensor is interpretable in lerms of mass and
its momentum and energy : but a direct verificat'on from the extremal variation
for the radial field (*) would be concise and suitable.

The essential quality of the fourfold pseudo-space has been exhibited without
use of imaginaries by Lorentz, by a beautiful variation from the method of Dupin,
who invented his indicatrix as descriptive of the neighbourhood of a point of a sur-
face. An ordinary continuous surface is made up of flat elements of area; but this
description is not adequate, for it does not bring out the coherence. The feature
of curvature must be introduced, and that was exhibited graphically in its local
relations by Dupin by utilising a section of the surface parallel and adjacent to the
tangent plane at the point : it is in the limit an ellipse or hyperbola whose radii
determine the curvatures of the surface in the normal planes. If indicatrices are
drawn all over the surface their relations determine the intrinsic character of the
curvature. If it could be arranged so that some relations between indicatrices
were not altered, by bending of the sheet without changes of length such as stret-
ching would involve, they would express the intrinsic nature of the surface in that
respect. It is necessary for this purpose to replace the plane indicatrix of Dupin
by the indicatrix of Lorentz, which is a geodesic circle around the point.as centre,
so infinitesimal that it is adequately expressed by lhe equation f3s — constant,
pushed to the second order. Then the texture of their intersections defines every-
where the intrinsic local continuity of a Gaussian inextensible sheet. In higher di-
mensions these indicatrices become intersecting hypersurfaces of the second order:
and from the permanent geometry of their configuration Lorentz has evolved in
more direct intuitive manner the equations of the Einstein theory.

(*) This seems however to be provided generally by the idea of .p. 24.
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Special varieties of space-time extension.

The space-time that represents a field of free gravitation, without radiation and
resulting electric field, is that of Riemann as controlled by invariance of the qua-
dratic expression

3s" = 3g Oz dx,

in which the coefficients g,, are implicit functions of some scheme of coordinates
or spatial parameters x, in that space, but now restricted in a sixfold manner by the
requirements of extremal variation, p. 1a. Various cases arise for special investigation,
but all apparently very exceptional.

(i) As regards pure gravific space there may be radial symmetry around a centre :
the resulting limitations on the potentials have been determined by Schwarzschild
and by Droste : if the integrated spatial coordinates are restricted to be everywhere
locally isotropic the expression for 3s® determining the radial space is unique. A
space-time isotropically specified would, if it can exist, thus be determined by its
poles, or if limited in extent, by its poles and data over the boundary. Its existence
is implied in the approximate form of the gravitation theory.

(ii) The pure gravific space may be isotropic in its coordinates but not also ra-
dially symmetrical : then

5s* = P'(3x" + By* + 82°) — Q°5F,

and the differential equations limiting the forms of P and Q may be determined by
a similar analysis. It seems that it is only in exceptional cases that this form is pos-
sible, the radial field being one of them.

(iii) Or the space may be merely referred to a rectangular network expressible
algebraically so that

885 == glsx: + gsam: +g38w: - glgm:’

and the inherent limitation similarly obtained.

The extreme limitation of all these types must have been recognized early by
Einstein.

But when a free electric field is present the extension is no longer subject to
sixfold restriction; though it appears that its single Riemann curvature invariant is
restricted to be everywhere zero. This is illustrated (supra) by the form for 3s*
around an electric pole as found by Nordstrém, with its different type of singularity
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at the pole. Inside a distribution of matter or electricity or both, taken as of uni-
form continuous densily, the fourfold extension is of unrestricted Riemann type :
even its single curvature invariant does not vanish.

Whatever be the type to which a space and its coordinates are restricted, the
method of variation remains effective to determine immediately the extremal rela-
tion and its form of stress-energy-momentum tensor, which the set of coordinates as
constrained to this type requires : so much so that with the method at hand it is
almost otiose to select and discriminate among possible forms of tensors. But when
the space is limited in advance as above by restricting its potentials, the variation
can only arrive as the conditions of invariance for those that remain, that is, for a
restricted ‘variation of the nature of the space. Though the equations it leads to
will be correct, as in Hilbert’s deduction for radial space, other relations may have
to be verified before we can know that the hypothesis of a space thus limited is legi-
timate : for instance, the process of variation now provides a tensor, invariant only
for the special group of frames that can be expressed in terms of the restricted num-
ber of variables. The determination of the expression for the invariant gravific part
of the Action is the crucial operation.

An electric field also must be spatially interpreted "if a gravific field is
spatial.

We have concluded that the imposition of an electric field breaks up and dissol-
ves the extremal space into which the gravitational effects have been absorbed. The
problem thus seems imperative, to specify directly what wider type of spatial con-
tinuity then takes its place. In one sense it is defined by extremal variation of the
Action as now altered by introduction of an electric vector : but if that vector cannot
be associated with space it must be connected with an aether. A most interesting
account of it seems to be provided on the lines of the theory developed by H. Weyl,
which apparently replaces 3s* by a wider differential invariant

8l )
35" <1 +3 T) whete - =F.bz, + F,5, + ¥,3, + F,bz,,
when it turns out that the vector F thus introduced, and partaking in the extremal
variation, plays the part of an electric vector potential. The mode of expression of
the invariant here adopted implies that the mobile differential isotropic Riemann
measuring rule ulilized by Einstein must alter its length as it is transferred to new
positions, in the differential ratio 3//I. When it is transferred along a closed circuit
back to its starting point its length will thus have returned to a different value un-
less the expression for 8//1 is an exact differential. But that is the condition that
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the electric field shall vanish : the vector potential F could then only be described
as (like a residual constant latent momentum in dynamics) possibly a permanent
residue left by an electric field after the manner of the ‘electrotonic state’ of Fara-
day. This failure of determination as regards the measuring rod has naturally been
regarded as a serious obstacle to the reception of such a theory. But on the other
hand why may not the local fundamental invariant 3s* be replaced by a modified
one, worked out on parallel lines on its own foundation? The real inconsistency
would seem rather to be the insistence on retaining the idea of a permanent transfe-
rable material scale of intervals of extension in length and time, which is something
imposed from outside and out of touch with a theory that develops differentially and
so internally(*). It may be held to be a surviving fragment of the mobile rigid body
which is the means of finite measurement in uniform space, but which cannot re-
main when the space is not uniform, except approximately in a differential domain
throughout which uniformity can be assumed.

The controlling local invariant, if thus compounded of the quadratic form 3s* and
the vector F, would be of a special cubic form. From it a spatial synthesis of gra-
vific and electric field relations ought perhaps to be developable by extremal analysis,
in which the vector F would now of necessity take part. Here again the permanent
intrinsic things would be the gravific and electric poles. The great desideratum, if
it be feasible, is a theory of the relation of the field of modified space-time to its
sources, following out the methods of Green for the simple case of static Euclidean
fields of force, which have already admitted of extension to propagated Euclidean
fields of radiation as above indicated, p. 19.

Theory of a binary medium.

As regards the twofold aspect of the subject, propagation in the aether or in
quivering space, and mechanical forces sustained by the material poles interspersed
in and determining this field of activity, we appear to have gained in comprehension
by an enlarged representation. We can adopt any frame of reference at our choice,
to which the matter is attached, expressed by coordinates in the space by whose
instantaneous values (*) the space also is itself expressed. The property of extremal

(%) If it be said thal the atoms say of hydrogen supply just such mobile scales of length
and limc throughout the universe, the answer is that they are only approximate in a va-
rying fourfold. See also p. 3g.

(*) Compare the Eulerian analytical specification of the motion of a solid body, by re-
ference to coordinates of a frame which is itself in motion along with the body : this
likewise is a specification differential as regards time, from which the integrated change
of position is to be determined by continuation.



QUESTIONS IN PHYSICAL INTERDETERMINATION. 37

-variation of a suitable invariant integral of Action, with regard to the local poten-
tials which specify the gravific and electric fields, then leads to the equations go-
verning and conditioning those interacting fields, as referred to that frame. One
-special type of variation of the potentials is that arising locally from a Lagrangian
virtual displacement of the frame of reference, that is, due to variation of its coor-
dinates, but so as to preserve the region of integration unvaried : for this type the
-result must be extremal, because it is so for the general variation which-includes
it. The exhibilion of an extremal result for this variation by displacement of
«coordinates involves immediately the stress-tensor belonging to the coordinate
network that had been chosen, whether it be rectangular or curvilinear. It is a self-
equilibrated tensor and suitable for transmission of influence, in the sense that its
divergence everywhere vanishes, because it is only the gradients of the potentials
and not their absolute values that occur in the Action : but this qualily breaks down,
requires to be supplemented for a complete account, at the singular points or mass-
centres at the region. These poles are to be cut out of the region in which the
activities are propagated, by any kind of barrier surface closely surrounding them,
in Green’s manner; and their influence on the region, and its reaction on the poles,
are replaced by that of the tensors acting over the barrier surfaces. When the bar-
rier surfaces are taken to be of infinitesimal extent, the integrated effect of the ten-
sors over one of them should in the limit show (as on p. 24) a result interpretable in
terms of mass and charge of the included pole, and its momentum and the forces
acting on it, in the manner of the tensor adapted by Einstein from gas-theory.

On the elastic-aether theory space is occupied by a medium, and it is the disfur-
bance of the medium, expressed locally by strain involving displacement gradients,
which is the variable in the function representing the distribution of Action : in the
new mode of representation it is deformation of the space itself, by change of type,
that is the foundation of the Action. The isotropically invariant local Lagrangian
function of strain, possibly including differential rotation, which expresses the for-
mer Action per unit volume, is replaced in the latter specification of an Action by a
function that is locally invariant for any assigned type of space, as determined in the
Riemann manner by conservation of its group of differential distance relations;
and variation of this type of spatial scheme now takes the place of variation of
Action in terms of strain. In the former order of ideas, variation of the electric
potentials would be taken to mean variation of internal locally balanced latent
structure, of which they somehow représent in perhaps unknown way the reduced
compendious influence in the local part of the Action, exerted in modes of which
hydrodynamic and other illustrations are available. In the latter order of thought
there is a heterogeneous ordering of the array of points which impose marked loca~
lity on mere spatial extension, and a coordinate network locating a geography in
that arrangement; this double ordering is redundant, more than is necessary. The
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local density of Action in this specification must be some function of the potentials.
specifying this enlarged type of space, and their gradients with regard to the co-
ordinates, which has to be locally invariant for change of coordinates : naturally it
will not involve the absolute local values of those coordinates explicitly, or the-
absolute local values of the potentials, but only relative gradients of the latter. The
redundancy of the data implies in advance identities in the development, which are-
the feature af the analytical tensor theory.

The principle of an extensional distribution of an Action function, whose inte-
gral is postulated td be of extremal variation for every part of the region, poles and
other centres of activity being excepted and cut out as above, is the only known type
of concatenation assigned by purely local or differential specification, which permits.
of the deduction of general relations between parts of the medium separated by
finite distance(*). A scheme of permanent relations at a distance of this kind can
alone constitute the direct systematic knowledge, such as it is open to us to acquire,.
of the course of nature. The abstract Action formulation of Lag}range—Hamilton
runs parallel perhaps to the way in which such large-scale knowledge of group-
relations becomes constituted for us, in a complex world which we cannot compre-
hend or even recognise in its atomic detail. The Principle of Extremal Action
would thus be the fundamental formula of reversible physical science.

The problem brought into the foreground by Einstein, with such brilliant results.
in anticipating gravitation, is whether a formulation depending directly on changing
concatenations of isotropic quadratic distances in an ultimate array of points is more
fundamental, — not more correct but closer to nature, — than one depending on
local change of form in a Euclidean scheme of space. It may be said that it is the
circumstance that the Lagrangian function'T — W, in this case the form of 3s’ is.
not essentially positive that renders such a question possible : for it perhaps saves.
the physical world from the stark rigidity of complete interdetermination in space
and time.

There is the other prior question perhaps more profound, why the fourfold space-
time continuum of Minkowski is closer to nature, at any rate as regards each diffe-
rential element of extension, than a'Euclidean space combined with the Newtonian
time, althoughit is far more remote from our means of mental comprehension. Some
attempt at an answer has here been offered. It appears that there can hardly be
definite radiation, such as disentangles itself radially from the local dynamical dis-
turbance around atomic centres, and is propagated ever after to celestial distances,
however great, compactly without change of form or dissipation, unless the universe
is organised into space of three dimensions, leaving out the special circumstances.

(*) The construction of an invariant tensor implies transmission of stress to a distance,
but not also the reciprocal relations that are involved in an extremal distribution of Aclion..
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of only one. It also appears immediately that the vast complex of radiant inter-
changes, which largely, perhaps completely, determine interrelations in the universe,
maintains invariant relations to all frames of reference for space and time that are
included in- the-fourfold greup for-which 3x* 4 3y* 4 32® — 3{* is invariant, provided
the sources and reflectors of the radiation are compelled lo come into invariant rela-
tion to this same group of-frames instead-of-the rigid-body group of-separated.space
-and time. It is further held that if the energies of dynamic transmission are regar-
.ded as all resident in the radiation and the spatial or aethereal continuum which
-carries it, so that the mass-centres and electric centres can be regarded as only pas-
sive local intrinsic constraints keying up and thereby determining permanent fields
.around them, these centres will be responsive freely to the surrounding radiation
.and no compulsion would be required to adjust their movements into relation with
it(*). We are asked then to recognise that in the rare cases in which we can practi-
.cally distinguish, this formulation in terms of invariant fields of radiant transmis-
sion is more flexible and more closely adapted to a view of nature as an interaction
of discrete atoms than the familiar formulation in terms of solid bodies maintaining
.absolutely invariant spatial relations of form. There should be little difficulty about
admitting this alternative, if necessary as it appears to be, seeing that in either case
the question is as to the construct of a scheme adapted to exhibit the larger rela-
tions of an atomic constitution of our universe which is in its particulars beyond
detailed investigation.

A criterion for an active ather.

This mode of exposition of the world-history can thus be held to imply a me-
dium of communication, but one too different from our ideas of matter even to be
readily expressible in the usual forms with which we clothe space and time. Itisat
variance with one of the three classical Einstein predictions, the definite displace-
meat of the lines in a solar or stellar spectrum on account of gravitation. Accor-
ding to the strict relativity, an extramundane atom, imagined to be introduced extra-
meously into this self-adjusted world-history, would have to carry about with it
.absolute periods of time of vibration, for it is a self-contained system and the modi-
fied space and time around it is a mere local form. Such absolute time has to be
identified with the ¢'st in this invariant expression 3s’, for there is no other way
available to introduce it into the theory. Butas thus defined, it is not even integrable

(*) The argument is set out in-Aether and Matter, 1goo, p. 176. Cf. also Internatlional
Mathematical Congress, Cambridge, 19123, introduction to lecture dealing with radiant pro-
.cesses as the universal mode of electrical and general physical adjustments.
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as regards a moving atom ; so it could not be the basis of an independent dynamics
of the atomic structure, at any rate unless x, y, z remain constant which seems to
locate absolute position. Even then, an extraneous atom moving across from the
Earth to the Sun would have no time of its own in which to subsist. Moreover there-
could be no assurance that the value of the gravitation potential at a distance, thus
given directly by spect