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21 August 1958, and the text of the addresses given by in­
vitation of the Programme Committee. In accordance with 
a decision already announced, the short communications 
made by members at the Congress are not included in the 
Proceedings, but the names of the communicators and the 
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S E C R E T A R Y ' S R E P O R T 

PREPARATIONS 

The invitation to the International Congress of Mathematicians to 
meet in Edinburgh in 1958 was sponsored by the City of Edinburgh, the 
University of Edinburgh, the Royal Society and the Royal Society of 
Edinburgh; it was conveyed to the Amsterdam Congress in September 
1954 by Professor W. V. D. Hodge, and was unanimously accepted. 

After informal discussions on the procedure to be adopted, the first 
(and only) meeting of the Congress Committee was held in Edinburgh 
on 29 April 1955; this Committee contained representatives of the four 
sponsoring bodies and of the London Mathematical Society, the 
Edinburgh Mathematical Society and the British National Committee 
for Mathematics. It was announced at this meeting that H.R.H. the 
Duke of Edinburgh had graciously consented to become Patron of the 
Congress. 

The Congress Committee appointed the principal officers of the 
Congress and set up an Executive Committee to supervise the detailed 
arrangements, keeping only certain formal and ceremonial matters in 
its own hands. 

The first meeting of the Executive Committee was held on 5 October 
1955. It was decided to set up a series of sub-committees to be respon­
sible for the detailed work of organization ; membership lists of these 
are given earlier in the present volume. Most of the work of preparation 
was done by these sub-committees, in particular by their chairmen and 
secretaries, and by the other officers of the Congress. In fact, only two 
further meetings of the Executive Committee were held, on 3 October 
1956 and on 6 January 1958, and the remaining work of the Congress 
Committee was handled by correspondence. 

It would take up too much space to describe in detail the work of the 
various sub-committees, whose functions are clearly indicated by their 
titles. Suffice it to say that a great deal of hard work was done by a great 
many people, both mathematicians and others, associated with these 
sub-committees, and that the Congress owes them an immense debt 
of gratitude. Mathematicians from all parts of the country contributed 
to their labours ; for instance, much of the work on the scientific pro­
gramme was done in Manchester, and travel grants for invited speakers 
were mainly dealt with in Liverpool. 
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FINANCE 

The City Chamberlain of the City of Edinburgh (Mr A. L. Imrie) acted 
as Treasurer of the Congress, and the organisers owe a great debt to him, 
and to Dr C. H. Stout and Mr D. R. Ritchie of his staff, for the assistance 
which they gave. 

There were four sources of revenue: (1) donations, both in the form 
of direct grants and by placing facilities at our disposal without charge, 
from a number of bodies, especially those represented on the Congress 
Committee; (2) donations from industrial and other organizations, and 
from private individuals (see List of Donors on p. xii) ; (3) a subvention 
from the International Mathematical Union for {a) organizational 
expenses, (6) travel grants, (c) publication of Proceedings; (4) member­
ship fees of £5 for full members and £2 for associate members. 

THE CONGRESS 

The Congress itself may be said to have begun with the opening of 
registration at 2 p.m. on 13 August 1958, and an informal social 
gathering took place in the headquarters the same evening. The Congress 
headquarters were situated in the Edinburgh University Union, 
occupying a central position relative to the rooms where most of the 
lectures took place. 

The inaugural session took place in the McEwan Hall at 10 a.m. on 
Thursday, 14 August 1958, and the closing session in the same hall at 
2.30 p.m. on Thursday, 21 August. Detailed accounts of these sessions 
will be found at the end of this Report. 

The Congress was attended by 1658 full members and 757 associate 
members ; this is the largest total number for any International Congress 
of Mathematicians, though the number of full members is slightly less 
than at Harvard (1700) in 1950. 

Universities and scientific organizations throughout the world were 
invited to appoint official delegates to the Congress. Similar invitations 
were sent to industrial organizations who had made substantial con­
tributions to the funds of the Congress. The number of delegates 
appointed was 582, representing 308 organizations. 

SCIENTIFIC PROGRAMME 

The scientific programme of the Congress consisted of invited lectures, 
lasting either for an hour or for half an hour, and of offered communica­
tions, lasting for fifteen minutes each. The numbers of these delivered 
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were as follows: 19 one-hour lectures, 37 half-hour lectures, and 604 
fifteen-minute communications. The half-hour lectures and fifteen-
minute communications were allocated to sections according to subject; 
there were originally eight sections, but they were later subdivided, the 
final list being : 

I. Logic and Foundations VB. Differential Geometry 
IIA. Algebra VI. Probability and Statistics 
I IB. Theory of Numbers VII A. Applied Mathematics 

III A. Classical Analysis VIIB. Mathematical Physics 
HIB. Functional Analysis VIIC. Numerical Analysis 
IV. Topology VIII. History and Education 
VA. Algebraic Geometry 

Even with this degree of subdivision there were often several sessions 
in progress in a single section at the same time. 

In Section Vi l i a number of special sessions were arranged by the 
International Commission on Mathematical Instruction. These were 
devoted to reports and discussions on three prepared topics, namely : 

(i) Mathematical instruction up to the age of fifteen years. 
(ii) The scientific bases of mathematics in secondary education. 

(iii) Comparative study of methods of initiation into geometry. 
Most of the sessions were held in rooms in the University of Edin­

burgh; some of the invited lectures, however, took place in George 
Heriot's School, in the Heriot-Watt College, or in Moray House. Mathe­
maticians from all parts of the world acted as chairmen of the sessions. 

SOCIAL EVENTS AND ENTERTAINMENTS 

The informal social gathering on the evening of Wednesday, 13 August, 
has already been mentioned. On the afternoon of Thursday, 14 August, 
the Lord Provost, Magistrates and Council of the City of Edinburgh 
held a garden party for members of the Congress in the grounds of 
Lauriston Castle. On the evening of Saturday, 16 August, an informal 
dance took place in the McEwan Hall ; a team from the Scottish Country 
Dance Society was present to give demonstrations. Instead of a ban­
quet,, as at previous Congresses, a Congress Reception was given; this 
was held in the Royal Scottish Museum on the evening of Wednesday, 
20 August. 

On the evening of Friday, 15 August, members of the Congress were able 
to choose from three entertainments: (i) a chamber music recital in 
the Freemasons' Hall; (ii) an evening of Scottish song and dance in the 
Music Hall; (iii) a programme of Scottish films at the Gateway Theatre. 
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EXCURSIONS 

The main Congress excursions were held on Sunday, 17 August. The most 
popular was the steamer cruise from Glasgow down the Clyde and 
round the island of Bute, ending at Gourock; this was a full-day excur­
sion. The alternative was an afternoon excursion by coach to Loch 
Lubnaig and Loch Earn. 

On the afternoon of Tuesday, 19 August, a wide variety of excursions 
was available to members of the Congress; scenic, historic, artistic and 
technological interests were all catered for. Sight-seeing bus tours of 
the City of Edinburgh were provided on two evenings during the 
Congress. 

Special excursions were provided for associate members on three 
mornings; most of these were to various firms, factories and workshops, 
but there were also trips down the Royal Mile and to the Royal Botanic 
Garden, and visits to Hopetoun House and Lennoxlove. In addition, 
all associate members were invited by the Royal Zoological Society 
of Scotland and the Royal Society of Edinburgh to visit the Royal 
Scottish Zoological Gardens on the morning of Friday, 15 August. 

EXHIBITIONS 

An exhibition of current mathematical books was on view during the 
Congress on the premises of Messrs James Thin, South Bridge, Edin­
burgh; the books were selected by an international sub-committee 
under the chairmanship of Professor T. A. A. Broadbent. 

An exhibition of school text-books was arranged by the International 
Commission on Mathematical Instruction, and was shown at Moray 
House during the Congress. 

The Monotype Corporation arranged an exhibition of mathematical 
typography at the Heriot-Watt College. 

Other exhibitions of mathematical books were on view in the 
Scottish National Library and the Edinburgh University Library. 

ACKNOWLEDGEMENTS 

A separate list of industrial firms who gave financial assistance to the 
Congress is printed earlier in this volume, and some other donations 
have been mentioned in §2 of this Report. 

Besides those services by individuals and organizations that have 
been indicated, explicitly or implicitly, earlier in this Report, there are 
others that should not be passed over unnoticed. Some of these are 
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mentioned below; doubtless many more have been inadvertently 
omitted. To all these the warmest thanks of the organizers of the 
Congress are due for their willing help and co-operation. 

In addition to the general entertainments described in §5, official 
delegates to the Congress were hospitably entertained at various 
functions by H.M. Government, by the City of Edinburgh and the 
University of Edinburgh, and by the Company of Merchants of the 
City of Edinburgh. 

Secretarial assistance was provided to many officers of the Congress 
by the institutions to which they belonged; special mention may be 
made of the Universities of Edinburgh, Glasgow, Cambridge, Man­
chester and Liverpool, and of the Royal Naval College at Greenwich. 

Folders in which members could carry Congress papers were presented 
jointly by B.O.A.C. and B.E.A. 

Messrs Oliver and Boyd presented each member of the Congress with 
a recently published illustrated booklet entitled Presenting Edinburgh. 

The Edinburgh Festival Society Ltd. performed the onerous task of 
arranging the accommodation of Congress members in hotels, boarding 
houses, private lodgings and University hostels. 

Messrs T. and A. Constable Ltd. printed the booklets supplied to 
Congress members on their registration. 

The Congress badge was designed by Mr Walter Pritchard and manu­
factured by Messrs H. W. Miller. 

The Scottish Tourist Board, British Railways, Scottish Omnibuses 
Ltd. and the Edinburgh City Transport Department took part in 
arrangements for excursions and other transport for Congress members. 

Sir Henry Lunn Ltd. were official travel agents for the Congress. 
The Post Office and the Commercial Bank of Scotland made special 

facilities available for Congress members. 
The co-operation of the Edinburgh City Police, the Automobile 

Association, the Royal Automobile Club and the Royal Scottish Auto­
mobile Club in arranging sign-posting and in controlling the movement 
of traffic near the Congress headquarters must also be acknowledged. 

Students from Edinburgh and other universities acted as stewards at 
headquarters, in the lecture rooms and elsewhere; they were supervised 
by Dr M. F. Atiyah and Dr J. C. Polkinghorne. 

I.B.M. United Kingdom Ltd. provided office equipment on loan for 
use in the Congress office. 

Finally, the devoted work of Mrs Fenton and Miss Watson, who 
assisted in the Congress office, should be acknowledged. 
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R E P O R T OF T H E 

I N A U G U R A L S E S S I O N 

The inaugural session of the Edinburgh Congress took place in the 
McEwan Hall on the morning of Thursday, 14 August 1958. The Right 
Honourable Ian Johnson-Gilbert, Lord Provost of the City of Edin­
burgh, and Chairman of the Congress Committee, presided over the 
meeting. 

The Lord Provost opened the proceedings by welcoming the Congress 
on behalf of the City of Edinburgh. His address was followed by other 
speeches of welcome : these were given by Sir Edward V. Appleton, Vice-
Chancellor and Principal of the University of Edinburgh, and Vice-
Chairman of the Congress Committee, on behalf of the University ; by 
Sir David Brunt on behalf of the Royal Society; and by Professor 
N. Feather on behalf of the Royal Society of Edinburgh. 

Professor J . F . Koksma, Secretary of the Amsterdam Congress of 
1954, then spoke as follows: 

My Lord Provost, Ladies and Gentlemen: Professor Schouten, President 
of the Amsterdam Congress of 1954, being prevented by reasons of health 
from coming to Edinburgh, to his and our deep regret, has asked me to 
transmit a message to you, a message which contains a proposal. I think the 
best thing I can do is to read you the letter he wrote to me on the 5th of 
August. I should only like to add the remark that Professor Schouten does 
not mention any motive for his proposal, presumably for the trivial reason 
that in the eyes of all of us such a mention would be superfluous. After having 
heard his letter you will all, I am sure, agree with Professor Schouten's views. 

Epe, August 5, 1958 
Dear Colleague, 

I t is the custom that the President of the last Congress proposes the name 
of the person to be elected by the Congress as its President. 

As I cannot attend the Congress, I beg you to bring my best wishes for 
the Edinburgh Congress, and to propose Professor W. V. D. Hodge as 
President. 

Yours sincerely, 

J. A. SCHOUTEN 

The proposal that Professor W. V. D. Hodge be elected President of 
the Congress was then put to the meeting, and carried by acclamation. 
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Professor Hodge then read to the meeting the following message from 
H.R.H. The Prince Philip, Duke of Edinburgh, Patron of the Congress: 

Buckingham Palace 

When preparations for this International Mathematical Congress began, 
more than three years ago, I was invited to accept the onice of Patron. I 
gladly accepted this invitation recognizing, as I do, the quite essential part 
that mathematics has to play in the modern world. This is the age of applied 
science and many practical details of our lives, our transport, our communica­
tions, our engineering, our agriculture as well as our explorations of nearer 
and farther space, are governed more and more by technology which itself 
rests on a mathematical basis. 

I t seems to me most fitting that a Mathematical Congress should meet in 
Edinburgh, for this is the birthplace of John Napier's logarithms, that 
indispensable tool of the technical man all the world over. 

Friendship between nations grows from personal friendship between in­
dividuals. Therefore a congress such as this has a wider significance and can 
do much to deepen and enrich international amity. 

I wish this Edinburgh Congress all success in its labours. I trust that many 
new friendships will be made as well as old ones renewed and that, when you 
leave Edinburgh, you will take with you happy memories of this ancient, 
famous and beautiful city. 

JtrHILIP 
August 1958 

Professor Hodge then proposed that the following reply be sent to 
His Royal Highness : 

H.R.H. The Duke of Edinburgh, 
Balmoral Castle 

The mathematicians assembled in Edinburgh for the International 
Congress of Mathematicians thank Your Royal Highness most warmly for 
the gracious message which you have sent as Patron. They are proud to have 
as Patron one whose great interest in all branches of science is known through­
out the world, and they send respectful greetings to Your Royal Highness. 

W. V. D. HODGE 

President 
This proposal was carried unanimously. 

Professor Hodge then gave his Presidential Address to the Congress. 
The address was as follows : 

P R E S I D E N T I A L A D D R E S S 

I am most grateful to Professor Koksma for the kind words he has used 
about me, and I am deeply honoured by the manner in which you have 
accepted me as your President. 
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When the idea of holding this Congress in Edinburgh was first mooted, 
it was the hope of all British mathematicians that we should have as our 
President Sir Edmund Whittaker, that great figure in the fife of the City and 
University of Edinburgh, so much respected and loved in the mathematical 
world. But in March 1956 he passed away. I count it not the least of my 
claims to be President of this Congress that I was one of those fortunate 
enough to receive their first introduction to higher mathematics in Sir 
Edmund's classes. 

The preparations for this Congress have been onerous, and I would first 
like to pay tribute to all who have helped to make it possible for us to bring 
our plans to maturity. I t has been a most moving and pleasant experience 
to find that so many were willing to contribute both their time and their 
money to the enterprise. Our four hosts, the City of Edinburgh, the Univer­
sity of Edinburgh, the Royal Society, and the Royal Society of Edinburgh, 
have proved far from merely formal sponsors. Each in its own way has 
contributed practical help to an extent which cannot easily be measured, 
and the goodwill which they have shown to us throughout has been quite 
indispensable. Next, I should like to pay my tribute to all those individuals, 
mathematicians and others, throughout the country, who have laboured 
long for the success of the Congress. If I do not name them individually it is 
simply because the Hst is too long. I should also like to thank the various 
institutions to which these people are attached, who have so generously 
allowed them to use their facilities for the work of the Congress. And, 
finally, we are most grateful to the International Mathematical Union and 
the many learned societies, industrial organizations, and individuals who 
have contributed most generously to the cost of this enterprise. 

At the Harvard Congress of 1950 Professor Veblen referred to the diffi­
culties encountered by the organizers of International Congresses, caused by 
the ever increasing number of people professionally engaged in the study of 
mathematics, and at Amsterdam in 1954 Professor Schouten spoke of the 
same problem. As you can well imagine, the organizers of the present Con­
gress have had to face this problem once again. I should like to take up a 
little of your time by giving my own personal reflexions on this matter. 

The International Congresses of Mathematicians, which are held every 
four years, serve a number of purposes. The most important is to get together 
the leaders in all branches of mathematics so that they may discuss their 
common problems and exchange ideas on them. In saying this, I wish to 
emphasize the phrase 'all branches of mathematics'. In recent years there 
has been a steady growth in the number of symposia held, many with the 
support of the International Mathematical Union. These symposia lia ve done 
excellent work in advancing research in special fields. But this is not enough. 
I t is essential for the well-being of mathematics that there should be periodic 
gatherings attended by representatives of all branches of the subject, and 
this for several reasons : in my personal opinion, the most important reason 
is that gatherings such as this serve as an invaluable safeguard against the 
dangers of excessive specialization. 

The problem of specialization is a difficult one. Mathematics is now so 
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vast that few can hope to cover the whole range, and much of our progress 
has been due to the efforts of men and women who have devoted their lives 
to work in a narrow field of research. Most of us must continue to work in 
specialized fields, and with good fortune we can make our contribution to 
mathematics as a whole in this way. But there are dangers in this. There is 
always the risk that we may come to regard our own special problems as 
all-important ; and to regard mathematics simply as a system of conclusions 
drawn from definitions and postulates that must be consistent, but otherwise 
may be created at the free will of the mathematician. As Professor Courant 
has justly remarked: 'If this description were accurate, mathematics could 
not attract any intelligent person. I t would be a game with definitions, rules, 
and syllogisms without motive or goal Only under the discipline of 
responsibility to the organic whole, only guided by intrinsic necessity, can 
the free mind achieve results of scientific value.' 

I believe that mathematicians are now much less likely to fall into this 
danger than they were some time ago. But over-specialization also produces 
a practical difficulty. As we all know from our own experience, in order to 
make progress in our own field we must know what is going on in other fields, 
and what new techniques are being developed elsewhere in mathematics. 
The problem we are faced with is simply that of maintaining contact with 
all the main developments going on in mathematics while working inten­
sively in our own specialized field. Some solution of this problem is essential, 
and International Congresses can go a long way towards giving the required 
answer. These Congresses provide an opportunity for periodic stocktaking, 
and the opportunities they provide for surveying the whole field of mathe­
matics are a way of counteracting the evils of excessive specialization, and 
of determining the 'intrinsic necessity' to which Professor Courant refers: 
they may thus vitally influence the whole course of mathematics in the 
succeeding years. 

The organizers of this Congress have planned our meetings so as to pass 
under review all the main developments in mathematics and to try to get 
things into perspective. In the main, we have followed the traditional divi­
sions into sections, but we have, surely not before time, given topology a 
section to itself, and we have somewhat changed the emphasis in the sections 
dealing with applied mathematics. But the one-hour speakers are not 
assigned to sections. They have been picked as a team so that a continuous 
spectrum will be presented and they have been asked to make their lectures 
broad surveys of recent developments. In this way it is our hope that their 
contributions will present a general survey of all that is important in modern 
mathematics, and that when our Proceedings are published, they will form 
a focus from which many of the developments of mathematics in the next 
few years may begin. 

Over one week, it is not possible to cover the whole range of mathematics, 
and at the same time to deal adequately with the wide applications of 
mathematics to other fields of intellectual endeavour. No mathematician 
can be indifferent to the ever growing number of applications of mathematics 
to the various sciences—-physical, biological, and social—and in industry 

d-z 
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the present generation has witnessed with pride the revolution brought about 
by the introduction of statistical methods, and by the spectacular develop­
ment since the war of the science of computing. We should like to include 
in the business of this Congress a thorough study of all the applications of 
mathematics to Science and Technology. But factors of time and space make 
this a practical impossibility, and our business is primarily concerned with 
that abstract science of mathematics whose laws govern so much of our 
knowledge. Hence most of our work will be concerned with pure mathe­
matics. But not all. In our sections dealing with applied mathematics we 
have endeavoured to overcome, to some degree, the limitations of time-table, 
by inviting some distinguished exponents of other sciences to talk to us about 
their mathematical problems : we are at least establishing contact with them 
on ground which gives hope of fruitful cooperation. 

In one instance, we have gone further. The youngest child of mathematics, 
the science of computing, perhaps because of its youth, has presented the 
mother science with many fascinating new problems, and we have consider­
ably enlarged the amount of space given to this subject. Practical con­
siderations have, however, forced us to confine ourselves to the mathematical 
side of this science, leaving the engineering side for other Congresses. 

You will see that we have again included a section dealing with history 
and education in mathematics. Mathematics has a great history, and mathe­
maticians should know something of it. The problems of mathematical 
education are many, and the International Commission on Mathematical 
Instruction has devoted much time to some of these problems. The meetings 
of the Commission form part of the work of the section on Education. The 
work of the Commission will be concerned with three problems of importance 
in the field of mathematical education which have been selected for special 
study during the last few years; but, at the same time, there are other 
problems in mathematical education, particularly on the higher levels, 
which concern us all. I t is part of our duty to see that our pupils who go on 
to walks of life outside the academic field understand that mathematics is 
an integral part of world culture; not only a pillar of the technological 
civilization of today, but an essential item in the intellectual equipment of 
the good citizen. To achieve this state, it is first necessary that the training 
we give our young men and women should be aimed at developing this 
understanding of principles and encouraging their interest, instead of 
crushing it beneath a mass of technicalities ; and secondly, that we should 
be prepared to take the trouble to give accounts of our work to the mathe­
matically educated layman. 

Another respect in which our Congresses differ from symposia lies in the 
fact that membership of a Congress is open to all mathematicians, while 
that of a symposium is by invitation, and is therefore confined to those who 
have been or are making a name for themselves in their particular field. 
Hence Congresses offer almost the only opportunity for many young mathe­
maticians to meet and listen to the leaders in their subject. We welcome the 
large number of young people who are attending a Congress for the first time. 
Many will be here just to listen, but they will be able to meet and discuss 
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problems with more mature mathematicians. Others, and the number of 
them is very large, are presenting papers and it is to be expected that, 
amongst the 650 papers offered, a number will attract attention from the 
more senior of us, and may prove a foretaste of great things to come. On this 
occasion we do not propose to publish these short papers; it is better that 
they should follow the normal channels of publication, but, in the expectation 
that many of the papers read at this Congress will excite considerable 
interest, we have made arrangements for a number of small discussion rooms 
to be available where groups can get together informally and discuss their 
ideas more fully. 

Believing, as I do, that we have provided for those essential needs of 
mathematicians which only an International Congress can satisfy, I wish you 
all a profitable and enjoyable week in Edinburgh. 

Professor H. Hopf, chairman of the Fields Medals Committee, then 
read the report of the Committee, which was as follows : 

My Lord Provost ! Ladies and Gentlemen ! As on the occasion of the last 
three International Congresses of Mathematicians, so at this Congress two 
Fields Medals are to be awarded. It is already a tradition that the recipients 
of the medals are young mathematicians. This is not expressly prescribed in 
the memorandum of the donor, the late Professor Fields. I t is only said that 
the awards should be made ' in recognition of work already done, and as an 
encouragement for further achievement on the part of the recipients '—and this 
has been interpreted to imply that the recipients should be young. How­
ever, the other day, a friend of mine made the remark that when one looks 
at the present situation in mathematics and the developments in recent years, 
one feels that it is the old rather than the young who need encouragement. 
But even the point of this bon mot persuades us again to applaud and reward 
youth. Thus the Committee on the Fields Medals 1958 agreed, from the 
beginning, to keep to the tradition of awarding the medals to mathematicians 
of the younger generation. 

This Committee on the Fields Medals, which was set up by the Organizing 
Committee of the International Congress of Mathematicians, Edinburgh, 
consists of eight members, namely: Chandrasekharan, Bombay; Friedrichs, 
New York; Hall, Cambridge (England) ; Hopf, Zürich; Kolmogoroff, Moscow; 
Schwartz, Paris; Siegel, Göttingen; and Zariski, Cambridge (U.S.A.). Each 
of us first wrote down his own fist of nominees. The combined list contained 
thirty-eight names. Let me address these words to the thirty-six who will 
not be named here: 'The Committee on the Fields Medals wishes to express 
its sincere appreciation and admiration for the work you have done. The high 
quality and the great variety of your achievements augur well for the future 
of mathematics. These very attributes have created considerable trouble for 
our Committee; again and again have we regretted that more than two 
medals could not be presented.' 

The great variety within mathematics is due not only to the multiplicity 
of the branches of mathematics, but also to the diversity of the general tasks 
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that face a mathematician in any branch. A task which is particularly funda­
mental, is : to solve old problems ; and another, no less fundamental, is : to open 
the way to new developments. Our Committee is glad to have found two 
young mathematicians who have done unusually good work, one in each of 
these directions. As Chairman of the Committee on the Fields Medals 1958, 
I have the honour and pleasure to announce that the Committee has decided 
to award the Medals to 

K L A U S F R I E D R I C H R O T H , of the University of London, for solving 
a famous problem of number theory, namely, the determination of 
the exact exponent in the Thue-Siegel inequality; 

and to 

R E N é THOM, of the University of Strasbourg, for creating the theory 
of ' Cobordisme ' which has, within the few years of its existence, led 
to the most penetrating insight into the topology of differentiable 
manifolds. 

Detailed reports on the work of the laureates will be given in a special 
session; Professor Davenport will speak on Dr Roth's work, and I on 
Professor Thorn's. 

May I now ask Dr Roth and Professor Thom to come forward to receive the 
Medals from the hands of the Lord Provost of Edinburgh? 

After reading the report, Professor Hopf introduced Dr K. F . Roth 
and Professor R. Thom to the Lord Provost, who presented the medals 
to the two prize-winners. 

The Lord Provost then declared the Inaugural Session closed, and 
the proceedings terminated with the playing of the National Anthem 
of the United Kingdom. 
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The closing session of the Edinburgh Congress took place in the 
McEwan Hall on the afternoon of Thursday, 21 August 1958. Professor 
W. V. D. Hodge, President of the Congress, was in the chair. 

Professor Hodge made the following statement about the 1962 
Congress and the procedure to be followed in deciding where the 1966 
Congress should be held: 

P R E S I D E N T ' S C L O S I N G R E M A R K S 

Before passing to the business of this meeting, may I, on behalf of all mem­
bers of the Congress, express our sincere sympathy with the delegation from 
the Netherlands in the tragic accident which occurred to one of its members 
on Tuesday. It is the fervent hope of all of us that Professor van Wijngaarden 
will make a good recovery from his injuries. 

As those who were present at the International Congress in Amsterdam 
will remember, a committee consisting of representatives of the International 
Mathematical Union and of the organizers of the 1958 Congress was appointed 
to consider the location of the Congress of 1962. This committee consisted 
of Professors Hopf, Chandrasekharan and MacLane representing the Union, 
and Dr Smithies and myself representing this Congress. 

The committee has discussed with the representatives of a number of 
countries the possibilities of holding the next Congress in a number of places. 
I am authorized by the committee to say that while for reasons of a technical 
nature it is not possible to make any announcement today of the name of the 
host country for 1962, the prospects of holding a Congress in that year amount 
to a certainty. In order to remove any element of mystery from this state­
ment, I will explain that one country represented here is very anxious to be 
our host but is unable to issue a formal invitation until certain consultations 
are completed at home ; while another country has generously expressed its 
willingness to await the conclusion of these consultations and has promised to 
issue an invitation if, but only if, the first country finds itself unable to do so. 

The necessary consultations will be completed in a few months. The joint 
committee, therefore, undertakes to make an announcement by 1 January 
1959. This announcement will be sent to the Adhering Organizations of the 
International Mathematical Union and subsequently published in Inter­
national Mathematical News. If any country which is not a member of the 
International Mathematical Union wishes to be informed directly, will its 
representatives please send to Professor Eckmann, Secretary of the Union, 
the name and address of the organization which should be informed. 

Another matter concerning future Congresses must now be decided. I 
should like to propose that a committee of five, three to be appointed by the 
Executive Committee of the Union and two by the organizers of the 1962 
Congress, be appointed to consider the location of the Congress of 1966. 
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The proposals made by Professor Hodge were unanimously approved. 
Professor H. Hopf made a brief report on the work done at the 

Assembly of the International Mathematical Union, which had met at 
St Andrews from 11 to 13 August 1958. 

Dr F . Smithies, Secretary of the Congress, made some formal 
announcements ; he also reminded members of the decision taken earlier 
not to include the texts or abstracts of fifteen-minute communications 
in the published Proceedings of the Congress. 

Professor B. Jessen then addressed the Congress as follows: 

The opportunity has been given to me of saying some words at this 
closing session of our congress. I shall try to express the feelings of gratitude 
to our hosts that I am sure are shared by all members of the congress. 

We must all be happy that our British colleagues, when inviting the congress 
to meet in Britain, chose Edinburgh as the meeting place, thus making it possible 
for us to enjoy for a while the special atmosphere of this ancient and beautiful 
city and to become acquainted also with other parts of Scotland. We have 
reason to be most grateful to the city of Edinburgh, to its famous university, 
and to its people for the hearty hospitality with which they have received us. 

I believe that only those who have tried it quite know what it means to 
organize a congress of the size of our international mathematical congresses. I t 
must be an enormous amount of work that the organizing committee and its 
helpers over a long period of time have put into the planning of the congress. 
I must express the admiration that I am sure we all feel for the way in which 
everything has been arranged. You certainly have done an excellent job. I 
wish that we could thank you all individually, including all the young people 
who have been around to help us with the many practical problems that 
invariably arise. But you have been very shy about it, and have not even 
printed the names of the organising committee in the membership list. 

I t is certainly not possible at the present stage to sum up the results of this 
congress. Through the choice of the invited speakers and through the large 
number of communications of other members the congress has presented a 
picture of mathematics today with all its trends. But the international con­
gresses have another purpose, which I believe is just as important, that of 
promoting the fellowship between mathematicians of all countries. This 
fellowship has its roots in our common love for our science, to whose growth 
we all try to contribute. I t is the responsibility of each generation to take 
care that this fellowship is maintained and strengthened, and extended to 
the new generation. I t increases our joy in our work and, like the similar 
fellowship among scientists of other fields, sets an example for international 
collaboration. I am sure that, through the way in which this congress has 
been prepared, it has also admirably served its purpose in this respect. 

The song of Auld Lang Syne has as its theme friendship and kindness. Our 
British colleagues and friends have at this congress given us both in full 
measure. Thank you. 

Professor Hodge then declared the Edinburgh Congress closed. 
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THE WORK OF K. F. ROTH 

By H. DAVENPORT 

On the three previous occasions on which Fields Medals have been 
presented, the addresses on the achievements of the recipients have been 
given either by the Chairman or by a member of the awarding Committee. 
On this occasion, Professor Siegel was to have spoken about the work of 
Dr Roth, but as he is unfortunately unable to be present the duty has 
devolved on me. It is a pleasant duty, in that it requires me to pay 
tribute to the work of a colleague and friend. 

Dr Roth's greatest achievement is by now well known to mathe­
maticians generally; it is his solution, in 1955, of the principal problem 
concerning approximation to algebraic numbers by rational numbers. 

If a is any irrational number, whether algebraic or not, there are 
infinitely many rational numbers pjq such that 
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for example the convergents to the continued fraction for a. I t is there­
fore natural to attempt to characterize irrational numbers in terms of 
the exponents JLC for which there are infinitely many approximations 
satisfying 
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For convenience, I denote by ~ß = fi{a) the upper bound of such ex­
ponents fi. Obviously ~ß{cc) ^ 2. 

The problem is: what can be said about the value of fi{ot) when a is 
algebraic ? In 1844 Liouville showed, in a very simple manner, that 
ß{a) < n if oc is an algebraic number of degree n. In fact, if a is a root 
of the irreducible equation f{x) = 0, where f{x) has integral coefficients 
(not all 0), then on the one hand 

Kf)N qn> 



lviii WORK OF THE FIELDS MEDALLISTS 

and on the other hand it is easily seen that 

P '© - 'ë-H < c - — a 

where c depends only on a. Comparison of these inequalities leads to 
the result. If n = 2 we get Jl{a) = 2; thus quadratic irrationals are about 
as badly approximable as any irrational number can be. 

There are simple considerations which suggest that Liouville's result 
is far from being best possible. But it was not until 1908 that this was 
proved; in that year the Norwegian mathematician Axel Thue showed 
that JL{(x) < \n+ 1. In 1921 Siegel made further very substantial pro­
gress, and obtained ß{a) < 2 <]n approximately, the precise result being 
a little better than this. In 1947 Dyson improved Siegel's inequality to 
Jl{oc) < *J{2n). 

In all this work, extending over a period of 40 years, the basic idea was 
the use of polynomials in two variables. S u p p o s e / ^ , x2) is a polynomial 
with integral coefficients, of degree rx in xx and r2 in x2, and suppose 
p1/q1 and p2\q2 are two rational approximations to a. Then 

aiMS-' 

provided of course that 

(Pi PÀ 

fl^M + o. 

Suppose further that f{a, a) = 0 and that the Taylor expansion of 
f{x1,x2) in powers of xx — a and x2 — a has all its 'early ' coefficients zero, 
a condition which can be made precise in various ways. Then one can 
obtain an upper bound for . x 

f(Pl P*\ 

in terms of Pi 
ï i 

— a and 
22 

and the principle is to combine this with the previous lower bound in 
such a way as to establish that px\q\ and p2\q2 cannot both be very good 
approximations to a. Finally, p±\qx &nd#2/g2 are chosen in a suitable way 
from the infinite sequence of approximations. 

The proof of the existence of a polynomial f(xl9 x2) with all the desired 
properties is a difficult matter, and the condition that 

f(Pi P*\ 
JWqJ 

# 0 
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is particularly troublesome. No explicit construction for such a poly­
nomial has yet been found. During the course of their work, the four 
mathematicians I have mentioned developed methods of great subtlety 
and interest, and other important ideas which are relevant to the problem 
were contributed by Gelfond, Mahler and Schneider. 

In 1955 Roth finally solved the problem: he proved that fi{cc) = 2 for 
any algebraic number a. The achievement is one that speaks for itself; 
it closes a chapter, and a new chapter will now be opened. Roth's 
theorem settles a question which is both of a fundamental nature and 
of extreme difficulty. I t will stand as a landmark in mathematics for 
as long as mathematics is cultivated. 

I t is not my intention to describe or analyse Dr Roth's proof, par­
ticularly as he will be speaking about it himself. My own impression of 
his proof is tha t it is a structure, inevitably of some complexity, every 
part of which fits into its proper place and carries its proper share of the 
total load. As you have probably anticipated from my description of 
previous work, it uses polynomials in an arbitrarily large number of 
variables, instead of in two variables. I t had indeed long been realized 
that this would be necessary, but the difficulties in the way had appeared 
to be quite insuperable. 

I turn now to another achievement of Dr Roth, which seems to me to 
be also of the first magnitude, though the problem to which it relates is 
perhaps of less universal interest. Let 

n^, n2, n%, . . . 

be a sequence of natural numbers, and suppose that no three of the 
numbers are in arithmetic progression; in other words, 

unless i=j = k. I t was conjectured by Erdós and Turân in 1935 
(though the conjecture is believed to be older) that such a sequence must 
have zero density, that is, the number N{x) of terms not exceeding x 
must satisfy 

N{x) ^ 
— — - > 0 as #->oo. 

x 

This problem was the subject of several interesting and ingenious papers, 
but it resisted all attempts at solution for a long time. The conjecture 
was proved by Dr Roth in 1952, and his proof is one of great interest and 
originality. He first considers a set of numbers nl9 n2,..., nr < x with the 
property in question, for which r is a maximum, and proves that such 
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a set, if dense, would have to have considerable regularity of distribu­
tion. This regularity is of two kinds : regularity of distribution in position 
and regularity of distribution among the residue-classes to any modulus. 
Then he applies the analytic method developed by Hardy and Littlewood 
for problems of an additive character, and the features of regularity 
prove to be just sufficient to give the estimates necessary for the method 
to succeed. The final conclusion is that N{x) < cxl{loglogx), where c is 
an absolute constant. I can recall no other instance, of comparable 
importance, in which the Hardy-Littlewood method has been used to 
elucidate the additive properties of an unknown sequence, instead of 
a special sequence such as the Jcth. powers or the primes. 

There are other achievements of Dr Roth which stand out by their 
originality and novelty, and it is with reluctance that I pass over them. 
Those I have outlined already will, I am sure, satisfy you that the 
recognition which has come to him is well merited. 

The Duchess, in Alice in Wonderland, said that there is a moral in 
everything if only you can find it. It is not difficult to find a moral in 
Dr Roth's work. It is that the great unsolved problems of mathematics 
may still yield to direct attack, however difficult and forbidding they 
appear to be, and however much effort has already been spent on them. 

THE WORK OF R. THOM 

By H. HOPF 

René Thom wurde 1923 in Montbéliard geboren. Er absolvierte von 
1943 bis 1946 die Ecole Normale Supérieure in Paris und ging danach an 
die Universität Strasbourg, an der er heute 'Professeur sans Chaire' ist. 
In Strasbourg entstand seine Thèse 'Espaces fibres en sphères et carrés 
de Steenrod' {Ann. Sci. Ecole norm. sup. (3), 69), mit der er 1951 an der 
Universität Paris zum Doktor promovierte. Im Jahre 1954 erschien 
die durch die Thèse schon vorbereitete Abhandlung ' Quelques propriétés 
globales des variétés differentiates' {Comm. Math. Helvet. 28), in der 
die Theorie des Cobordismus begründet wird. Heute, also nach vier 
Jahren, darf man sagen, daß seit langer Zeit nur wenige Ereignisse die 
Topologie, und durch die Topologie weitere Zweige der Mathematik, 
so stark beeinflußt haben wie das Erscheinen dieser Arbeit. Ich will 
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versuchen, die Grundidee und die Grundzüge der Theorie des Cobor-
dismus hier kurz zu beschreiben. 

Man betrachtet ^-dimensionale kompakte unberandete orientierte 
Mannigfaltigkeiten A, B,... ; man setzt nicht voraus, daß sie zusammen­
hängend sind (eine 1-dimensionale A ist also die Vereinigung endlieh 
vieler zueinander fremder geschlossenen Linien, eine 2-dimensionale A 
die Vereinigung endlich vieler fremder geschlossener Flächen usw.). Mit 
A+B wird die Vereinigung zueinander fremder Exemplare von A 
und B, mit —A die zu A homöomorphe, aber entgegengesetzt orientierte 
Mannigfaltigkeit, mit A — B die Summe A + ( — B) bezeichnet. A.B ist, 
für Mannigfaltkgkeiten beliebiger Dimensionen, das cartesische Pro­
dukt. Daneben betrachtet man, für jedes h, (ß+l)-dimensionale kom­
pakte berandete orientierte Mannigfaltigkeiten U, V,..., deren Ränder 
i-dimensionale Mannigfaltigkeiten sind. Wenn zu der &-dimensionalen 
A eine (& + l)-dimensionale U existiert, deren Rand ein Exemplar von 
A ist, so sagt man: CA ist berandend5, und man schreibt: A ~ 0; wenn 
A—B berandend ist, so sagt man: ' A und B sind cobordant', und man 
schreibt: A ~ B. Die Relation ~ definiert die 'Cobordismusklassen' 
der Mannigfaltigkeiten A, B, Diese Klasseneinteilung ist verträglich 
mit der Addition; die Klassen jeder Dimension h bilden bezüglich der 
Addition eine Abelsche Gruppe Qk; ihr O-Element ist die Klasse der 
berandenden A. Die Klasseneinteilung ist auch verträglich mit der 
cartesischen Multiplikation; so werden die Gruppen £lk mit 1c = 0,1,2,... 
zu einem Ring Q „ QO + û I + . . . + û » + . . . 

verschmolzen. Das ist die ' Thomsche Algebra '. 
Man wird sich hier fragen: 'Ist das nicht alles ganz trivial? Kann 

denn eine so primitive Definition die Grundlage von neuen und interes­
santen Einsichten bilden?' Aber dieselbe Frage hat man sich auch 
gestellt, als Hurewicz 1935 die Homotopiegruppen definiert hatte; und 
als man dann die Konsequenzen dieser primitiven Definition sah, da 
gestand mancher Mathematiker: 'Das hätte ich nicht entdecken können 
—das wäre mir zu einfach gewesen.' Es bedurfte in der Tat eines 
genialen Mathematikers wie Hurewicz, sich durch das anscheinend zu 
Einfache nicht abschrecken zu lassen, sondern zu sehen, wie tief diese 
einfachen Begriffe in das Wesen der Probleme eindringen. Ich bin der 
Ansicht, daß Hurewicz einer der größten Geometer unserer Zeit gewesen 
ist—sein früher Tod wird auch während dieses Kongresses schmerzlich 
fühlbar sein—und ich persönlich habe kaum ein höheres Lob an einen 
Mathematiker zu vergeben, als ihn in die Nähe von Hurewicz zu stellen. 
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Nun, Thorns Entdeckung des Cobordismus und der Algebra O erinnert 
mich immer wieder—bei aller inhaltlichen Verschiedenheit—an die 
Entdeckung der Homotopiegruppen durch Hurewicz. 

Eine der gar nicht trivialen Einsichten, die Thom offenbar von Anfang 
an hatte, war die, daß der Begriff des Cobordismus besonders gut der 
Untersuchung der differenzierbaren Mannigfaltigkeiten angepaßt ist. 
Auf diese werden wir uns jetzt beschränken. Eine differenzierbare 
Mannigfaltigkeit läßt sich immer mit einer Riemannschen Metrik 
versehen, also mit einer Metrik, die im unendlich-Kleinen euklidisch 
ist; so kommen die orthogonalen Gruppen ins Spiel. Thom verbindet 
mit den orthogonalen Gruppen SO{n) gewisse topologische Komplexe 
M{SO{n))\ unter Benutzung tiefgehender und erst in den letzten Jahren 
entwickelter Hilfsmittel (Eilenberg, MacLane, Cartan, Serre) zeigt er, 
daß die Gruppen Qk mit gewissen Homotopiegruppen der Räume 
M{SO{n)) isomorph sind, und es gelingt ihm, für viele Fälle diese Gruppen 
zu berechnen oder wenigstens recht präzise Aussagen über sie zu machen. 
Die Hauptergebnisse sind die folgenden: Es ist 

0° = Z, O1 = O2 = O3 = 0, Ü4 = Z, O5 = Z2, O6 = O7 = 0, 

wobei Z die unendlich zyklische, Z2 die Gruppe der Ordnung 2 bezeichnet. 
Für alle h, die =f= 0 mod 4 sind, ist £lk endlich. Für k = 4m ist Qk direkte 
Summe von n{m) Gruppen Z, wobei n{m) die Anzahl der Partitionen 
(Zerlegungen in positive Summanden) von m ist, und einer endlichen 
Gruppe. Die erwähnten endlichen Gruppen sind schwer zu bestimmen; 
befreit man sich aber von ihnen dadurch, daß man O durch die ' schwache ' 
Thomsche Algebra Q' ersetzt, die aus O entsteht, indem man rationale 
Zahlen als Koeffizienten der Elemente von O zuläßt (sodaß also Q' das 
Tensorprodukt von O und dem Körper der rationalen Zahlen ist), dann 
läßt sich nicht nur die additive, sondern sogar die multiplikative Struk­
tur der Algebra genau angeben: Q' ist die Algebra der Polynome mit 
rationalen Koeffizienten in Variablen P°,P2, ...,P2m,..., wobei P2m 

durch den komplexen projektiven Raum von 2m komplexen (also 4m 
reellen) Dimensionen repräsentiert wird. Hieraus folgt: jede Mannig­
faltigkeit M besitzt ein ganzzahliges Vielfaches nM, das mit einer wohlbe­
stimmten ganzzahligen linearen Verbindung von cartesischen Produkten 
komplexer projektiver Räume gerader Dimensionen cobordant ist. 

Alles dies dient natürlich in erster Linie dazu, diejenigen Eigenschaften 
von Mannigfaltigkeiten zu untersuchen, welche Invarianten der Co-
bordismusklassen sind. Es sind dies in erster Linie diejenigen Eigen­
schaften, die mit den schwer zu untersuchenden 'Pontrjaginschen 
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Zahlen ' der Mannigfaltigkeiten zusammenhängen. Ein soeben erwähnter 
Satz zeigt, daß es darauf ankommt, einerseits die betrachtete Mannig­
faltigkeit in der Algebra Q darzustellen, und andererseits die Pontr-
jaginschen Zahlen der Räume Pm zu ermitteln; die Rolle, welche diese 
aus der klassischen algebraischen Geometrie stammenden Räume hier 
für die Topologie beliebiger (differenzierbarer) Mannigfaltigkeiten 
spielen, ist höchst bemerkenswert. 

In diesen Rahmen gehört die bisher wichtigste Auswirkung der Theorie 
des Cobordismus; sie bildet einen der Pfeiler, auf denen F . Hirzebruch's 
Theorie des Riemann-Roch'schen Satzes ruht—eine Theorie, die man 
ihrerseits zu den bedeutendsten mathematischen Fortschritten der 
letzten Jahre zählen darf (F. Hirzebruch, Neue topologische Methoden in 
der algebraischen Geometrie, Springer-Verlag, 1956). 

Eine andersartige Anwendung der Cobordismus-Theorie hat J . Milnor 
gemacht: er hat die aufsehenerregende Tatsache bewiesen, daß die 
Sphäre S1 mehrere verschiedene differenzierbare Strukturen tragen kann, 
womit zum ersten Mal gezeigt worden ist, daß es zwei differenzierbare 
Mannigfaltigkeiten gibt, die sich zwar eineindeutig und stetig, aber nicht 
eineindeutig und differenzierbar aufeinander abbilden lassen; an der 
Spitze von Milnors Beweis steht der Satz von Thom, daß O7 = 0, daß 
also jede 7-dimensionale (geschlossene orientierbare) Mannigfaltigkeit 
'berandend' ist {Ann. Math. (2), 64, 1956). 

Ich kann hier nicht mehr auf andere unter den vielen interessanten 
Resultaten von Thom eingehen, weder aus den oben erwähnten, noch 
aus den Arbeiten, die ich nicht erwähnt habe. Aber eine Bemerkung 
prinzipieller Art will ich noch machen: 

Die Topologie befindet sich, wie viele andere Zweige der Mathematik, 
heute in einem Stadium kräftiger und konsequenter Algebraisierung; 
dieser Prozeß hat außerordentlich klärende, vereinfachende und verein­
heitlichende Erfolge gezeitigt und zu unerwarteten neuen Resultaten 
geführt; dabei ist es nicht etwa so, daß die Algebra nur die Hilfsmittel 
zur Behandlung topologischer Probleme liefert, es zeigt sich vielmehr, 
daß die meisten Probleme selbst eine Seite von ausgesprochen alge­
braischem Charakter besitzen. Die großen Erfolge dieser Entwicklung 
bringen aber, wie mir scheint, auch eine gewisse Gefahr mit sich, nämlich 
die Gefahr einer Störung des mathematischen Gleichgewichtes, indem 
eine Tendenz entsteht, den geometrischen Inhalt der topologischen 
Probleme und Situationen ganz zu vernachlässigen; diese Vernach­
lässigung aber würde eine Verarmung der Mathematik bedeuten. 
Gerade im Hinblick auf diese Gefahr finde ich, daß Thoms Leistungen 
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etwas außerordentlich Ermutigendes und Erfreuliches an sich haben: 
auch Thom beherrscht und benutzt natürlich die modernen alge­
braischen Methoden und sieht die algebraischen Seiten seiner Probleme, 
aber seine grundlegenden Ideen, von deren großartiger Einfachheit ich 
vorhin gesprochen habe, sind von durchaus geometrisch-anschaulicher 
Natur. Diese Ideen haben die Mathematik wesentlich bereichert, und 
alles deutet darauf hin, daß die Wirkung Thomscher Ideen—mögen sie 
nun in den schon bekannten oder in noch ungeschriebenen Arbeiten 
zum Ausdruck kommen—noch lange nicht erschöpft ist. 



ONE HOUR ADDRESSES 





MODERN DEVELOPMENT OF 
SURFACE THEORY 

By A. D. ALEXANDROV 

I will try to give in my lecture an outline of a general theory of surfaces 
as it has been developed during the past decade by a group of Russian 
geometers, U. E. Borisov, V. A. Zalgaller, A. V. Pogorelov, U. G. Reshet-
nak, I. J. Backelman, V. V. Streltsov and myself. This theory arose as 
a natural generalization of the theory of convex surfaces, the systematic 
presentation of which was given in my book The Intrinsic Geometry 
of Convex Surfaces, published just 10 years ago. Now this general theory 
has grown into an extensive branch of geometry with its own concepts, 
problems, methods and numerous results. 

It would be hopeless to try to give here more than a general idea of the 
theory, so that all details and many results even of a fundamental 
character must be omitted. In constructing the foundations of the theory 
my aim was to define and to study the most general surfaces which allow 
of concepts and results analogous to those of classic Gaussian theory of 
surfaces. There are, first of all, two basic concepts of Gaussian theory; 
that of the intrinsic metric of a surface and that of its curvature. We 
accept an integral point of view according to which the metric is deter­
mined not by means of a line-element but by means of the distances 
between points measured in the surface, and the curvature is considered 
as a set-function, so that we mean integral curvature of a domain on the 
surface instead of the curvature at a point. 

Let a surface S possess the property that any two of its points x, y can 
be joined by a curve xy which lies in S and has a finite length s{xy). We 
define the intrinsic distance as 

ps(
x>v) = inf«(^). (1) 

xydS 

I t is evident that it satisfies the usual conditions imposed upon the 
general concept of a metric : 

(1) p{x, y) = 0 if and only if x = y; 

(2) p{x,y)+p{y,z) > p{z,x). 

Thus the surface becomes a metric space with the metric ps. 
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There are two points of view; one may consider a surface as a figure 
in the space, being interested in its special shape; or the surface may be 
considered as a metric space with the intrinsic metric p. In this case we 
speak of the intrinsic geometry of the surface, while in the first case we 
speak of its external geometry. 

Corresponding to these two points of view there are two concepts of 
the curvature of a surface. The external curvature is measured by means 
of the area of the spherical image and the intrinsic curvature is measured 
by means of the excesses of geodesic triangles, the excess of a triangle T 
with the angles a, ß, y being, by definition, 

a{T) = a+ß + y-7T. 

As we are going to consider surfaces with a definite, i.e. finite, curvature 
we speak of surfaces with bounded curvature. Thus the objects of the 
purely intrinsic theory are two-dimensional metric manifolds with 
bounded intrinsic curvature (M.B.C.) and the objects of the external 
theory are surfaces with bounded curvature (S.B.C.). 

The intrinsic and the external theories are not independent; there 
exists a-close connection between them and, first of all, the well-known 
theorem by Gauss which asserts the equality of the intrinsic and the 
external curvatures for, at least, sufficiently regular surfaces. Thus we 
have sketched a certain programme; to give the strict definitions of 
manifolds of bounded curvature and of surfaces of bounded external 
curvature, to study their properties and to establish the connection 
between the intrinsic and the external properties of these surfaces. 

A somewhat different, and in some respects even more general, 
approach to the theory of surfaces may be based upon the concept of 
parallel translation, which is closely connected with the concept of 
curvature because of the well-known Gauss-Bonnet theorem. The 
parallel translation of a vector along a curve on a surface can be denned 
both in intrinsic and external terms by means of the Levi-Civita con­
struction. If we follow this trend of ideas the objects of the theory are 
the metric manifolds and the surfaces where parallel translation of 
vectors is defined for a sufficiently ample set of curves. Such surfaces 
were studied recently by Borisov, and I will give an account of his results 
in the last part of my lecture. 

1. The definition of M.B.C. 

1.1. The intrinsic metric. The length of a curve is defined in any 
metric space in the usual manner; it is the supremum of the sums of the 
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distances between successive points of the curve. If any two points of a 
set S in a metric space can be joined by a curve which Mes in S and has 
finite length, we call the set metrically connected. Now we say that the 
metric of a space is intrinsic in itself, or, simply, intrinsic, provided that 
the space is metrically connected and the distance between any two points 
is equal to the infimum of the lengths of curves joining these points. 

The introduction of this concept is justified by the following theorem. 
Let S be a metrically connected set in a metric space R. Then if we 
define the distance ps{x,y) = infs{xy), 

xytS 

the metric thus introduced in S proves to be intrinsic in the above sense. 
Accordingly we speak of the intrinsic metric induced in S by the metric 
of the surrounding space R. The definition of the metric of a surface given 
above is a particular instance of this general definition. Thus, our theorem 
being applied, we see that this metric is intrinsic in itself. 

An M.B.C, must be a surface considered from the intrinsic point of 
view. Therefore it is natural that our first postulate in the definition of 
an M.B.C, should be the following one. An M.B.C, is a two-dimensional 
metric manifold with a metric intrinsic in itself. 

1.2. The angle. In order to formulate the condition of the boundedness 
of the curvature by means of the excesses of triangles we have to define 
a triangle and an angle. (These definitions will be valid for any metric 
space.) We define, first, the shortest line or segment xy as a curve 
joining the points x, y and having the length equal to the distance p{x, y) 
between them. Then it is evident what is understood by a triangle or 
a polygon. We note that in any manifold and even in any locally compact 
space with an intrinsic metric each point has a neighbourhood any two 
points of which can be joined by a segment. 

The definition of an angle is given as follows. Let L, M be two curves 
with the common initial point 0. Take the variable points X e L, Ye M 
{X, Y =|= 0) and construct the plane triangle O'X' Y' with sides equal 
to the distances OX, OY, XY. Let y{XY) be the angle of this triangle 
at the vertex 0'. We define the upper angle between the curves L and M as 

ä{LM)= Km r ( I 7 ) . 

This angle always exists. 
Further, we say that there exists a definite angle between the curves 

L, M provided that the limit of the angle y{XY) exists, and in this case 
we define the angle a(LM) = Mm y{XY). 

X,Y->0 
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Making use of the upper angle, which always exists, we define the 
excess of a triangle T as ^/m. _ -* _ 

B S{T) = oc + ß + y-7T, 

E, ß, y being the upper angles between the sides of T. 

1.3. The condition of the boundedness of the curvature. Now we 
are ready to formulate the second and last postulate which defines an 
M.B.C. Each point has a neighbourhood U such that the sum of the 
excesses of pairwise non-overlapping triangles lying in U is uniformly 
bounded above: ^ .,„,, ,T 

Hd{T) < N. 
N does not depend upon the set of the triangles and depends upon the 
neighbourhood U only. 

Thus, briefly speaking, an M.B.C, is a 2-manifold with an intrinsic 
metric and with uniformly bounded sums of the excesses of non-over­
lapping triangles, at least in certain neighbourhoods which cover the 
manifold. Sometimes we speak of a metric of bounded curvature, which 
is preferable in the case where we have to consider not only one but many 
metrics given in the same manifold, i.e. when the manifolds are topo-
logically mapped on to one and the same manifold. 

1.4. Curvature. The definition of curvature is quite natural and runs 
as follows. We define the positive and the negative parts of the curvature 
of an open set G as the upper and the lower bounds of the sums of the 
excesses of the pairwise non-overlapping triangles lying in G 

a)+{G) = supS^(T), o)-{G) = infS^? 7 ) . 

The curvature itself is denned as 

O){G) = O)+{G) + ù)-{G), 

and the absolute curvature 
Q{G) = O)+-ù)-. 

After that one can prolong these set-functions on to the ring of Borei 
sets by following the routine of measure theory. Then the fundamental 
fact is tha t these set-functions prove to be totally additive. 

Our conditions concerning the excesses of triangles seem to be, in a 
certain respect, the minimum one has to suppose in order to have the 
possibility of defining the curvature as a totally additive set-function. 

Zalgaller has given an abstract construction of a measure (non-
negative totally additive set-function) which covers the definition of 
Lebesgue's measure, the above definition of the curvature and of many 
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other set-functions which occur in geometry provided the definition 
starts from certain magnitudes ascribed to such elementary sets as the 
area of rectangles in the case of Lebesgue's measure or the excesses of 
triangles in the case of curvature. 

1.5. Some other concepts. We define, further, such concepts as the 
area of a domain, the direction of a curve at a point, and the integral 
geodesic curvature (the bend) of a curve. For example, two curves are 
said to have the same definite direction at their common initial point 
provided the upper angle between them is equal to zero. The angle 
between two curves depends upon their directions only, i.e. it is the 
same for all pairs of curves with the same directions. The set of direc­
tions at a given point is isometric, with respect to its angular metric, to 
the set of generators of a cone. 

2. The study of M.B.G. by means of approximation 

2 .1 . With the exception of direct methods the first and most fruitful 
method in the theory of M.B.C, is that of approximation of general 
M.B.C, by means of polyhedra. First of all we have the following funda­
mental theorem: Let an intrinsic metric p given in a manifold M be the 
limit of a uniformly convergent sequence of metrics pn with uniformly 
bounded positive parts of curvatures. Then p is a metric of bounded 
curvature also, and the curvatures of the metrics pn weakly converge to 
the curvature (o of p in the sense that for any continuous function f{x) 
different from zero on a compact set only, 

jf{x)con{dM)->jf{x)aj{dM). 

In particular, the limit of Biemannian metrics with uniformly bounded 

positive parts of curvature, i.e. KdS, is a metric of bounded cur-
JK>0 

vature. 

2.2. The simplest M.B.C, are manifolds with polyhedral metrics, or, in 
short, polyhedra. A polyhedron is such a manifold with an intrinsic 
metric, each point of which has a neighbourhood isometric to a cone. 
This descriptive definition is equivalent to a constructive one: a poly­
hedron is a manifold with intrinsic metric constructed of plane triangles, 
or in other words it allows of a subdivision into triangles isometric to 
plane ones. The curvature of a polyhedron is concentrated in its vertices, 
i.e. in such points the neighbourhoods of which do not reduce to pieces 
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of the plane. The whole angle 6 around such a point is different from 2n 
and is connected with the curvature o) of the point by the equation 

(0 = 27T-d. 

The curvature of a polyhedron is the sum of the curvatures at the 
vertices and its positive part is the sum extended over the vertices with 
the whole angle 6 < 2n. The convergence theorem above implies that 
the limit of polyhedral metrics with uniformly bounded positive parts 
of curvatures is a metric of bounded curvature. 

The converse theorem exists in the following forni: Any metric of 
bounded curvature is a limit of a sequence of polyhedral metrics with 
uniformly bounded absolute curvatures. Or in a more exact form, let 
P be a compact polygon in an M.B.C., R, and let p be the intrinsic metric 
induced in P by the metric of R. There exists a sequence of polyhedra Pn 

with uniformly bounded absolute curvatures, and of mappings of these 
on to P, such that the metrics determined in P by these mappings uni­
formly converge to p. And the positive and the negative parts of their 
curvatures weakly converge to the corresponding parts of the curvature 
of the metric p. We say that the convergence is regular. 

2.3. If we combine this result with the previous convergence theorem, 
we get a new definition of an M.B.C, as a manifold which is, at least 
locally, the limit of polyhedra with uniformly bounded positive parts of 
curvatures. Polyhedra being, obviously, the limits of Biemannian 
manifolds, an M.B.C, proves to be the limit of Biemannian manifolds 
with uniformly bounded positive parts of their integral curvatures. In 
other words, the class of M.B.C, is the closure of the class of Biemannian 
or of polyhedral manifolds in the sense of uniform convergence of 
metrics under the condition of the uniform boundedness of positive 
parts of curvatures, or, what proves to be the same, the boundedness of 
absolute integral curvatures. 

2.4. The above theorems provide the foundations of a method of 
studying M.B.C, by means of approximation by polyhedra. This method 
is applied to the study of some fundamental properties of M.B.C. For 
instance, we define the area of a polygon P in an M.B.C, as the limit of 
the areas of polyhedra regularly convergent to P. 

In order to ensure a standard application of this method we have to 
supply ourselves with a number of general theorems concerning the 
convergence of various magnitudes associated with an M.B.C, and 
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figures in it, such as polygons, curves, angles, area, integral geodesic 
curvature, etc. In fact, we have such theorems at our disposal. 

Suppose, now, we are given a problem concerning M.B.C. Then we 
formulate it for polyhedra, and attempt to solve it for them. Polyhedra 
being the objects of elementary geometry, the problem reduces to one 
of a rather intuitive character. And if we succeed in solving the problem 
for polyhedra it only remains for us to apply suitable convergence 
theorems in order to obtain the general result. Most of the concrete 
results in the theory of M.B.C, have been obtained in this way. 

3. Analytic characterization of M.B.C. 

3.1. Probably the most important result obtained by means of this 
method is the following theorem by Reshetnak (1953). The metric of 
each M.B.C, may be determined by means of a line-element of the form 

ds2 = \{dx2 + dy2), (1) 

where log À is the difference of two subharmonic functions, and con­
versely, any metric determined by such a line-element, with the same 
condition for À, is a metric of bounded curvature. 

More exactly the first part of the theorem may be expressed as follows: 
Let P be a polygon in an M.B.C., R, homeomorphic to a circle. Then, by 
means of a map of P on to a domain D of the a^-plane, one can introduce 
in P co-ordinates x, y in. such a way that the length of any curve in P 
which is the image of a broken line £ in D is equal to 

s = jj{\(dx* + dy% (2) 

And if we put z = x + iy, A{x, y) = \{z) is representable by means of the 
following formula 

logA(z) = ~£log \z-Ç\ <o{dEç) + h{z), (3) 

where (o{E^) is the curvature of the set in P corresponding to Eç <=• D; the 
integral is understood in the Lebesgue-Radon sense, and h{z) is a suitably 
chosen harmonic function in D. Since o) = a)+ + o)~, o)+ > 0, or~ < 0, the 
well-known integral representation of subharmonic functions implies 
that log À is the difference of two such functions. 

This theorem generalizes the well-known fact that the line-element of 
a regular surface may always be represented in the conformai form (1) 
and À is connected with Gaussian curvature by the formula 

AlogA = -2iTA. (4) 
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If we consider this formula as a Poisson equation for log À we just get 
the solution in the form (3) with 0){dE^) = KXd^dij. 

3.2. Reshetnak's theorem adds to the two above definitions of an M.B.C. 
(i.e. the initial axiomatic one and the constructive one) a third one, the 
analytic definition. It opens the way for applications of analytic methods 
to the study of M.B.C. But so far nobody has followed this way to any 
considerable extent. Almost all results in the theory so far have been 
obtained by means of geometric methods. 

4 . Geometrical methods and some results of the theory of M .B .C. 

4.1. There are two geometric methods in the theory of M.B.C., that of 
approximation by polyhedra and the other one which I call the method 
of cutting and gluing. It is based upon 'the theorem of gluing'. As a 
polyhedron is constructed or glued up of triangles, so, more generally, 
an M.B.C, may be constructed of pieces of given M.B.C., for example, of 
polygons cut out of any M.B.C., by means of gluing them together along 
segments of their boundaries. The possibility of such a construction 
under certain conditions imposed upon the boundaries of the glued 
pieces is ensured by a theorem which I call the 'theorem of gluing'. 

In the simplest case when the glued pieces are polygons the theorem 
reduces to the following statement: Suppose we are given a complex of 
polygons cut out of some M.B.C. ; suppose the complex is a manifold R 
with a boundary (possibly void) and that the identified segments of the 
sides of the polygons have equal lengths. Then if we define for any two 
points x, y e R the distance as the greatest lower bound of the lengths of 
curves joining x, y (the lengths being defined by metrics which are 
already given in each polygon) then R turns out to be an M.B.C. 

In the case of more general domains than polygons an additional 
condition is necessary. It concerns the integral geodesic curvatures of 
the boundaries, for these curvatures as segment functions should be of 
bounded variation. For instance the conditions are fulfilled provided 
we have pieces of regular surfaces bounded by curves with piecewise 
continuous geodesic curvature. 

4.2. The method of cutting and gluing is as old as geometry itself. The 
ancient proofs of Pythagoras's theorem as well as many other ancient 
proofs in elementary geometry consist just in cutting certain figures into 
suitable pieces and rearranging, or, let me say, gluing those pieces 
together so as to make the statement obvious. We apply just the same 
idea to our far more general and abstract figures. 
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4 . 3 . In order to show that we do not only have general definitions let 
me mention a few results which were obtained by means of our methods 
and which were new for regular surfaces as well. I formulate these results 
in ordinary terms of differential geometry in order to avoid further 
definitions of certain concepts of the general theory. 

(1) Consider surfaces S in a space of constant curvature K0. Let them 
be homeomorphic to a circle and have prescribed the perimeter p and 
the positive part of their relative curvature, i.e. 

i KdS, 
K>K0 

S being the area and K the Gaussian curvature. We put the question: 
what is the upper bound for the area of such surfaces? The answer is 
that it is the area of the circular cone with the same prescribed data 
(provided such a cone does exist, which is ensured by a simple condition). 

(2) Consider the same surfaces in the same space and suppose they 
have non-positive relative curvature, i.e. K < K0, so that for any domain, 
o) < KQS. We ask, once again, about the maximum of the area. The 
answer is that the maximum is attained by the surfaces isometric to a 
circle with the same perimeter. I t is worth mentioning that Reshetnak 
succeeded in proving that such an isometric inequality for any small 
circle on a surface is not only necessary but also sufficient for the Gaussian 
curvature of the surface to be ^ K0. 

(3) Consider now a curve L on a surface S homeomorphic to a circle. 
Let (o+ be the positive part of the curvature of S, and s and r the length 
and the integral of the absolute value of the geodesic curvature of the 
line L. The following results hold. 

(3a) Let CO+ + T < n and the distance between the ends of L be r. 
Then r 

^ COS|(O>+ + T ) ' 

and the estimation is sharp. The equality is attained in the case of an 
isosceles triangle, r being its base and s the sum of two other sides. 

(36) Under the condition O)+ + T < 2TT, the curve L either has no mul­
tiple points and it is necessarily so provided G>+ + T < TT, or may be 
divided into two branches without such points. In the latter case it 
consists of a loop (i.e. a curve without multiple points and with coincident 
ends) and of one or two branches each of which has neither multiple 
points nor common points with the domain bounded by the loop. 

(3c) Under the same condition O)+ + T < 2n the length of the curve 
does not exceed a certain constant which depends on o)++r and the size 
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(the diameter, or the perimeter) of the surface. In particular, p being 
the perimeter of the surface, 

P 
1 + COS|(C«;+ + T ) ' 

if 0)+ + T < 7T, 

and s < -—~-r r, if n < o>+ + r < 2n. 
smf(w+4-r) 

These estimations are sharp. 
The above theorems are cited as examples of numerous concrete 

results that are obtained in our theory. I could give many other ex­
amples, some similar to the above and some of quite different type, but 
there is not time. 

5. The surfaces which are M.B.C. 

5.1. The question arises as to what are the surfaces, in ordinary Euclidean 
space J P , which, from the intrinsic point of view, are M.B.C., and 
whether or not it is possible to embed any M.B.C., at least locally, in Ez. 
According to the beautiful Nash-Kuiper theorem, any Biemannian 
manifold allows of such an embedding, and even in the large provided 
it is orientable and compact. Any M.B.C, can be approximated by 
Riemannian manifolds, and this makes it obvious enough that one can 
extend the Nash-Kuiper result to an M.B.C. But the Nash-Kuiper 
embedding is too arbitrary, and it does not ensure that deep connection 
between the external and the intrinsic properties of the surface which is 
characteristic for more regular embeddings of Riemannian manifolds. 
The most fundamental of these connections being Gauss's theorem, we 
define a Gaussian embedding as one which preserves the validity of 
Gauss's theorem in at least a suitably generalized form. Thus our problem 
consists in finding Gaussian embeddings. 

5.2. But in order to approach the solution of the problem it is necessary, 
at first, to determine and to study the classes of surfaces among which 
the realization of a given M.B.C, may be sought. Hence, our first problem 
is to determine and to study sufficiently general surfaces which are 
M.B.C, from the viewpoint of their intrinsic metric and which allow of 
a generalization of Gauss's theorem. After that the second problem is to 
prove, if possible, that an M.B.C., possibly subject to certain additional 
conditions, can be realized in E3 as a surface of the given class. The third 
problem consists of a deeper study of the dependence of the external 
properties of the surface upon the intrinsic ones. In particular there is 
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the question concerning the dependence of the degree of regularity of 
the surface upon that of its intrinsic metric. The special importance of 
the last problem for the general theory consists in the fact that its positive 
solution makes one sure that the solutions of problems of embedding 
and bending of surfaces obtained in the scope of general theory give the 
solution of corresponding problems in terms of differential geometry 
provided the surfaces have sufficiently regular intrinsic metric. 

5.3. The surfaces R.D.C. (representable by differences of convex 
functions). As far as our first problem is concerned, the following results 
have been obtained. I studied the surfaces which, at least locally, allow 
of a representation by an explicit equation of the form z = f{x, y), where 
x, y, z are Cartesian co-ordinates and / is the difference of two convex 
functions. In short these are R.D.C, surfaces. Any polyhedron which 
allows of a local representation by the equation z = f{x, y), any convex 
surface, and any surface with first derivatives subject to the Lipschitz 
condition are R.D.C, surfaces. It is not difficult to verify that an R.D.C. 
surface can be approximated by regular surfaces with uniformly bounded 
absolute curvatures. Therefore, our convergence theorem for M.B.C. 
being applied, we see that these surfaces are M.B.C. 

To establish the connection between the intrinsic and the external 
properties of these surfaces was not so easy. A generalized Gauss's 
theorem exists, but the exact definitions of the spherical image and of 
the external curvature require some consideration because of the 
absence of either tangent or supporting plane at an arbitrary point. 
I will not give such details here. 

The connection between the intrinsic and the external geometry is 
not exhausted by Gauss's theorem. For instance, we have an intrinsic 
concept of an angle and of a direction of a curve. For R.D.C, surfaces 
they prove to be equivalent to the corresponding external concepts. 
The existence of an intrinsic direction of a curve at its initial point 0 
proves to be equivalent to the existence of the ordinary tangent line, and 
the angle between two curves proves to be equal to the angle between 
their tangents measured on the tangent cone of the surface at the 
point 0. 

5.4. Surfaces with generalized second derivatives. Backelman 
has studied the surfaces which allow of a parametric representation 
x{u, v), y{u, v), z{u, v) with continuous first derivatives and with general­
ized second derivatives summable by squares. He succeeded in ex­
tending to such surfaces all basic results of ordinary differential geometry 
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provided the second derivatives which occur in its formulae are under­
stood as generalized ones. 

5.5. Smooth S.B.C. Backelman's surfaces are not, in general, R.D.C. 
Still they are included in a class of surfaces studied by Pogorelov. These 
are smooth surfaces with bounded external curvature. The exact 
definition is the following. The surface S is supposed to have at each point 
a tangent plane which continuously depends upon the point. Therefore 
the spherical image is defined. Let now Fv ...,Fn be closed sets on S, 
pairwise without common points, and let cr{Fi) be the areas of their 
spherical images. The condition of the boundedness of the external 
curvature requires that ^cr{Fi) be uniformly bounded for all such 
systems of closed sets F^ 

First Pogorelov proves that his surfaces are M.B.C. Now as far as 
Gauss's theorem is concerned, there is no difficulty in defining absolute 
external curvature as sup T,o'{Fi). But it proved to be far more difficult 
to define curvature with suitable sign and to prove Gauss's theorem for it. 
Pogorelov's considerations are rather subtle. First he divides the points 
of the surface into two classes: the ordinary points and the non-ordinary 
ones, the first being characterized by the following property. An ordinary 
point A has such a neighbourhood U that no point X e U has the same 
spherical image as A. It is proved that the non-ordinary points are in 
a certain sense negligible. 

The ordinary points are classified according to their indices, i.e. 
according to the number and the sense of the circuits of the spherical 
image of a closed simple curve surrounding the point. The sign of the 
index is ascribed to the point, and the positive part of the curvature is 
defined as the area of the spherical image of the set of all positive points, 
provided the multiplicity of the spherical image is taken into con­
sideration. The negative part of the curvature is denned similarly. Then 
Pogorelov proves that these set-functions are equal to the corresponding 
intrinsic magnitudes. 

Some additional results are worth mentioning. The surfaces with 
everywhere positive curvature are convex, and the surfaces whose 
positive and negative curvature both vanish are developable. If a 
surface has a locally one-to-one spherical image then it is convex, 
provided the spherical map preserves orientation, otherwise it is of 
negative curvature. 

5.6. Backelman has noted lately that Pogorelov's proof of the theorem 
that his surfaces are M.B.C, does not make use of the smoothness of the 
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surfaces and therefore allows of an immediate generalization to the 
surfaces with the following property. 

Consider a surface S, and divide it into small pieces Sit Consider the 
spherical image of those points of an Si at which Si has a supporting 
plane, with the exception of the points which Me upon the boundary of Sit 

Let o,+{Si) be the area of this spherical image. The condition imposed 
upon the surface is: the sums Ho'+{Si) are required to be uniformly 
bounded for all subdivisions of S into pieces S^ I t is obvious that in this 
construction we just catch the positive part of the external curvature of 
the surface. Hence the surfaces subject to the above condition may be 
characterized as the surfaces of bounded positive external curvature, 
quite analogously to our definition of M.B.C, where the condition of 
boundedness is imposed just upon the positive part of the curvature. 

The simple repetition of Pogorelov's proof for smooth surfaces—for 
Pogorelov just makes use of the above construction—leads to the result: 
a surface with bounded positive part of the external curvature is an 
M.B.C. But up to now this is essentially all that is known about such 
surfaces. In particular we have neither a proof of Gauss's theorem nor 
even the definition of curvature for such surfaces. Their study is our 
next problem. 

I believe that these surfaces form that general class of surfaces among 
which we have to expect the local realization of abstract M.B.C. They 
include all the above classes of surfaces, such as, for instance, the R.D.C. 
surfaces. 

6. Embedding problems 

6.1. As far as the embedding problems are concerned we have no general 
results except those for convex surfaces. First of all there is my old 
theorem on the embedding of manifolds into a space R?KQ of constant 
curvature jfiT0. In the case of a compact manifold it reads asfollows. LetJf 
be an M.B.C, homeomorphic to a sphere and let its curvature <o for any 
domain G be subject to the condition co{G) ^ K0S{G),S being the area. 
Then there exists in RZ

K a convex surface isometric to M. According to 
Pogorelov's theorem this surface is unique up to a motion or reflection. 

6.2. The problem of the regularity of the embedding provided the 
metric of M is representable by means of a line-element ds2 has been 
solved to the following extent. Suppose the coefficients of the line-
element have first derivatives subject to the Lipschitz condition. Then 
the surface S is smooth and realizes not only the metric but the line-
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element ds2 itself. That is (in the case of Euclidean space) there exists 
a parametrization u, v of M such that the vector-function x{u, v) repre­
senting the surface S satisfies the equation dx2 = ds2. In other words, 
the embedding solves not only the generalized problem but also the 
classical problem itself. 

The same property of regularity takes place in the small, i.e. for a 
convex surface realizing any domain in an M.B.C., provided the cur­
vature is subject to the inequalities: 

C > 7̂77T > K0 + e (e = c o n s t > °)-ò(br) 

6.3. Pogorelov established stronger regularity of a convex surface with 
prescribed line-element, provided the latter is at least five times differ-
entiable. Pogorelov's theorem reads as follows: If the line-element of 
a convex surface S in RxQ is k + 1 times {k ^ 4) differentiable (analytic) 
and has curvature K > K0 everywhere, then S is k times differentiable 
(analytic). The result is valid for any convex surface in a space. 

6.4. Notwithstanding their strength, these results seem to me far from 
being sufficient. If a line-element is k + 1 times differentiable the surface 
proves to be k times differentiable (or we have somewhat stronger results 
if a Lipschitz condition is implied). But in my theorem above k = 1 and 
in Pogorelov's theorem k ^ 4. Meanwhile, the ordinary formulae of 
differential geometry imply second derivatives, or third ones if we 
write the Peterson-Codazzi equations not in an integral but in their 
ordinary form. Therefore the most interesting and important problem 
consists in finding the minimal conditions which ensure two times or 
three times differentiability of the surface. This problem, however, still 
remains unsolved. 

6.5. I would like to mention that Pogorelov succeeded recently in prov­
ing theorems on the embedding of a manifold into a three-dimensional 
Riemannian space (the curvature of the manifold being sufficiently great). 
The theorem of regularity and that of the uniqueness of the embedding are 
also established. A short exposition was published in Vestnik of Lenin­
grad University, 1957, N7, and the full details are given in a booklet 
published later by Kharkov University Press. 

7. The surfaces with parallel translation of vectors 

7.1. As was mentioned at the beginning of my lecture there is a different 
approach to the theory of general surfaces based upon the concept of 
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parallel translation of a vector. This idea has been recently realized by 
Borisov. 

The definition of parallel translation was given by Levi-Civita. 
Consider a smooth surface S and a line L c: S joining the points A, B. 
Take a vector a tangent to S at the point A. Take, now, successive points 
A = X0, Xx,..., Xn = B eL. If we project the vector a onto the tangent 
plane Px at the point Xv we get a vector ax at X±; then project this vector 
onto the tangent plane P2 at the point X2 and so on. At the end we get 
a vector an at the point B. Suppose that the vector an tends to a certain 
limit b provided the points Xi are taken to be more and more dense 
upon the line L. Then we say that b is the result of parallel translation 
of a along the curve L. 

This is the external definition of parallel translation by means of 
projections. A somewhat different definition may be given when, instead 
of projecting a vector from one tangent plane Pi onto another one Pi+1, 
we revolve the first plane Pi around the line of intersection of P̂  and Pi+1 

and transfer in this way a vector given in i^ into the plane Pi+V This 
operation being applied, we have parallel translation by the development 
of tangent planes. 

Both definitions are equivalent for regular curves on regular surfaces, 
but, in general, they are not. Borisov has proved the following simple 
theorem which seems to be the more interesting because of the simplicity 
of its result. The lengths of vectors an converge to a certain limit, pro­
vided we use the projection, if and only if the curve has the following 
property. The sum of the squares of the angles between the normals to 
the surface at the successive points Xl9 ...,Xn tends to zero when the 
points are distributed more and more densely on the curve. If the curve 
has such a property the parallel translation along it is unique for any 
vector, i.e. not only the lengths of the vectors an, but the vectors them­
selves with their directions have a definite limit. Under the same con­
dition for the curve the parallel translation by developing of tangent 
planes is unique also, and gives the same result. But the converse state­
ment is not true, which shows, in particular, that the two definitions of 
parallel translations are not equivalent. 

In the following we understand by a parallel translation the operation 
defined by means of projections. 

7.2. Borisov proves, further, that the uniform convergence of the 
parallel translation on a compact set of rectifiable curves (on a given 
surface) is equivalent to the condition that Q2\p -> 0 uniformly as p -> 0, 
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p being the distance between any two points and 6 the angle between the 
normals at them. 

Borisov studies the surfaces subject to this condition. First of all he 
proves that the parallel translation has an intrinsic meaning. Its in­
trinsic definition may be given for Borisov's surfaces as follows. A vector 
a is translated along a geodesic, i.e. the shortest line, if the angle between 
the vector and the line remains unchanged. The translation along a 
curve is defined by means of parallel translation along inscribed geodesic 
broken lines with the natural passage to the limit. Borisov proves that 
this intrinsic parallel translation is defined for any rectifiable curve and 
is equivalent to the external parallel translation as it has been defined 
above. 

It is necessary to note that this is not so very simple, for we must have, 
at first, an intrinsic co-ordinate-free, purely metric definition of a vector 
in the surface and of the angle between the vector and the shortest line. 
These definitions are based upon a concept of angle which is somewhat 
more general than that used in the theory of M.B.C. Two curves are 
said to have the same direction at a point 0 if the angle between them is 
equal to zero. The concept of a direction being thus introduced, we have 
immediately the concept of a vector. 

We shall not mention Borisov's other results with the exception of the 
Gauss-Bonnet theorem. Borisov proves that for any domain G with 
rectifiable boundary L homeomorphic to a circle and having spherical 
image within a hemisphere the Gauss-Bonnet formula holds. The 
rotation of a vector under parallel translation along L is equal to the 
area of the spherical image of G defined as a certain curvilinear integral 
along the spherical image of L. This result seems to me the more inter­
esting in that Borisov's surfaces are not, generally speaking, manifolds 
of bounded curvature, so that their curvature is not a totally additive 
set-function. 
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ON SOME MATHEMATICAL PROBLEMS 
OF Q U A N T U M FIELD THEORY 

By N. N. BOGOLYUBOV AND V. S. VLADIMIROV 

In this talk, which has been prepared by Vladimirov and myself, I shall 
be concerned with some mathematical problems, which arose in con­
nection with the quantum field theory. 

In our opinion, modern quantum field theory is of great interest for 
mathematics as a source of new mathematical ideas. Already the usual, 
non-relativistic, quantum mechanics has essentially influenced the 
development of a new branch of mathematics—the theory of generalized 
functions or distributions. It is sufficient to mention that the well-known 
delta-functions were first introduced by Dirac in his quantum mechanical 
investigations, and that he actually made use of the notion of the im­
proper, or weak, transition to the limit as the way of defining such 
functions. 

In dealing with these functions, physicists did not focus appropriate 
attention on the question of rigorous mathematical foundation of their 
arguments. Because of such a lack of mathematical 'rules of behaviour ' 
mathematicians were for a long time very sceptical as to the possibility 
of introducing the concept of delta functions, and of analogous non-
conventional functions, into their world. 

Now, however, after the work of Sobolev[1] and SchwartzC2] the 
theory of generalized functions has become a fully recognized mathe­
matical theory. Its applications to other branches of mathematics 
are still expanding. Quantum field theory deals with generalized 
functions which in Schwartz's terminology are called tempered dis­
tributions. 

Let us explain here briefly what these generalized functions are. 
A theoretical physicist would say something like this—the singular or 
generalized functions are defined merely by prescribing the rules for 
integrating them with sufficiently regular functions. Unlike ordinary 
conventional functions they are not characterized by giving their values 
for different values of their arguments. 

Let us now formalize this intuitive way of presentation and formulate 
one of many possible rigorous definitions. Consider Schwartz's space S 
of infinitely differentiable functions F{x); x = {xx, ...,xn), such that F{x) 
and any of its partial derivatives decrease at infinity more rapidly than 
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any power of lj\x\. Consider linear functionals L{F) in this space and 
introduce a convention of representing them in the form 

L(F)= [K{x)F{x)dx. 

Then the K{x) are called generalized functions. The generalized functions 
introduced in such a way possess many very convenient properties. 
For example, they can be infinitely differentiated; they always have 
Fourier transforms and so on. But all this good behaviour disappears 
when we try to perform non-linear operations on them. 

Even such an apparently elementary operation as the multiplication 
of two generalized functions is, in general, meaningless. We wish to 
stress that this fact is very closely connected with the appearance of the 
so-called 'divergences' in quantum field theory. Let us make only a 
few remarks on this subject. The main problem of the theory is to deter­
mine the scattering matrix S, the elements of which may be used to 
calculate the probabilities of different processes occurring in particle 
collisions. For the determination of the $-matrix its elements are usually 
expanded into the perturbation theory series in a small parameter 
characterizing the interaction strength. 

In the case of electrodynamics this parameter can actually be con­
sidered as small (it is equal to 1/137) and therefore perturbation theory 
was first applied in detail to the problems of quantum electrodynamics. 
As is well known, in quantum field theory the nth. term of the expansion 
of the $-matrix may be represented as an integral of the so-called time-
ordered product T{^{xx)... &(xn)}. 

Here x = {x°, x1, x2, xz), x° is the time, J§?{x) is the operator representing 
the interaction Lagrangian. 

A purely formal 'definition' of the time-ordered product is the fol­
lowing: it is the product of the operators ordered with the time increasing 
from right to left. The explicit form for any matrix element of such an 
expression leads to products of the type 

n0®(s<-a,), (1) 

where S(c)(#) are generalized functions defined by integral representations 
of the form / 7)\ C P^P* 

awi-^jp^dp. (2) 
Here 0* {djdx) is a certain polynomial, the integrals are taken over the 
whole 4-space of the momentum variables p = {p°,p1,p2,p3), and 

:p2==(:p0)2_ 2 {p«)2, px=p°x°- £ P*xa-
Ka<3 l<a<3 
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By formally evaluating the expressions involving the products (1) by 
means of Fourier transforms, we are led to the well-known divergences 
due to the insufficiently rapid decrease of the integrands with increase 
of p. 

In quantum field theory a special subtraction formalism has been 
developed by means of which the divergences from every expansion 
term of the ̂ -matrix can be removed. In fundamental papers by Dysont4] 

and Salam[5] a rather general form was given to this technique, which 
however still had the form of a recipe, as in the corresponding considera­
tions one had to deal with meaningless divergent expressions. An inter­
esting property of the products of type (1) was noticed by Parasiuk[6]. 

In trying to attach some meaning to them, Parasiuk has considered 
the approximating sequences of regular functions @M{X), which tend 
to S(c)(œ) as M -> oo in the improper sense. It turned out that the 

does not have, in general, even an improper limit; such a limit exists, 
however, in a more restricted sense. In fact, if one introduces a more 
restrictive definition of the local improper limit in the space of points 
{xv...,xn) excluding the possibility of any pair of arguments xi9 x$ 
coinciding, then this limit exists. More exactly, this limit exists on the 
subspace of those trial functions which, together with their partial 
derivatives, vanish for coinciding arguments. Thus the problem of com­
pleting the definition of the product (1) is reduced to that of extending 
the linear continuous functional defined at first only on the above-
mentioned subspace to the whole space of trial functions. 

This problem is not as arbitrary as it might seem at first sight. This is 
due to the fact that the extension must be done in such a way as not to 
violate the basic physical requirements for the $-matrix, i.e. the most 
general conditions such as covariance, unitarity and causality. These 
physical conditions have been formulated mathematically, in[3], in the 
form of relations to be satisfied by the terms of the $-matrix expansion. 

The problem of extending the notion of product, taking account of 
the above conditions, has been solved in a paper written together with 
Parasiuk[7]. The resulting algorithm turned out, in fact, to be essentially 
equivalent to the Dyson-Salam subtraction procedure. It should be 
emphasized that the problem of removing the divergences was solved 
only in the framework of perturbation theory. The convergence of the 
perturbation theory series itself is not yet proved. Moreover, some 
rather convincing arguments for its divergence have been put forward. 
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Leaving aside these more delicate questions, we will turn our attention 
to more outstanding features. I t was convenient to speak about the 
small parameter ha quantum electrodynamics, when investigating the 
interaction of electrons with photons. However, for strong interactions, 
e.g. nucleon-meson interaction, the corresponding parameter character­
izing the interaction strength equals approximately 15. Therefore, it is 
quite hopeless to obtain even an asymptotic approximation by means of 
only a few terms of the perturbation theory series. As for the problem of 
the regularization of exact equations in quantum field theory, it is still 
rather far from its solution. In particular, it becomes necessary to define 
the multiplication of generalized functions of more general type than (2). 
This circumstance determines the great interest of any attempts to go 
beyond the framework of perturbation theory. 

Recently a new trend characterized by an interesting and profound 
approach has appeared. Independently of any special variety of meson 
theory, these investigations start only from the most fundamental 
hypotheses of present-day quantum field theory such as covariance, 
unitarity and causality of the scattering matrix, and the properties of 
the energy spectrum. As a result of these investigations various so-called 
dispersion relationsf have been obtained between quantities which can 
be determined from the scattering experiments. 

Dispersion relations, therefore, can be experimentally verified. There 
are no indications yet that they contradict experimental facts. But the 
experimental investigations become more and more exact. Let us imagine 
the situation which would arise if it were shown that some dispersion 
relations are not fulfilled. This would mean that the most fundamental 
hypotheses of present-day theory need a radical reconsideration, since 
only they are taken into account in the derivation of the dispersion 
relations. In this connection it is quite understandable that great 
attention is being paid to the question of a rigorous proof of the disper­
sion relations. One must be sure that the violation of dispersion relations 
implies, in fact, the incorrectness of the basic axioms of the present-day 
theory. 

Moreover, it became clear recently that the dispersion relations are a 
rather effective means for obtaining information on the interactions of 
elementary particles. They may also be used to obtain approximate 
equations for the determination of the probabilities of different collision 
processes which occur at not too high energies. 

The dispersion relations are exact integral relations between the real 
t Cf. C8], where further references are contained. 
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and imaginary parts of matrix elements of the scattering matrix. The 
principal means for obtaining dispersion relations is Cauchy's theorem, 
for the application of which it is necessary to know the analyticity 
properties of the matrix elements in their complex arguments. Since the 
matrix elements are generalized functions, the problem of analytical 
extension of generalized functions arises. 

In order to explain this, let us simplify somewhat the real situation. 
Suppose that two generalized functions fr{t) and fa{t) of one variable t 
are given, and that in virtue of the causality conditions fr{t) vanishes for 
t < 0 (retarded function) and fa{t) vanishes for t > 0 (advanced function). 
Then it is clear that their Fourier transforms fr{E) and fa{E) admit 
analytic extension into the upper or lower half-planes, respectively. Now 
we make use of the so-called energy-spectrum condition, mathematically 
expressed as the coincidence of the functions fj{E) {j = r, a) in the energy 
range \E\ < JLC. From this condition follows the existence of a single 
analytic function f{z) holomorphic throughout the plane of the complex 
variable z, except for the cut 

— oo < Re 2 < — [i, /i < Re^ < GO, Imz = 0. 

Since fj(t) are generalized functions, the function f{z) so constructed is 
bounded polynomially (cf.[9]) in the domain where 

|Imz| > £ > 0. 

Denoting by n the degree of the majorant polynomial and applying 
Cauchy's theorem with an approximate contour of integration one may 
obtain the integral representation for the function f{z), 

(z-E0r+i/r-x r n [fr(W)-fa(E')] ^-fc^RM^ z)(E'-E0)
n+1 àW 

+ îy]fM(E0)(z-E0)*, 

where \E0\ < [i. Passing to the real axis we may easily obtain the 
required dispersion relation. 

Of course, the real situation is much more complicated, because the 
matrix elements depend upon many variables. So, for instance, for 
functions lFr{x) and ^a{x) dependent upon one four-vector 

ry — f/yO /yX /y»2 /y»3 \ 
Us — XtA/ , Us , %AJ , vt/ I 

and vanishing outside the advanced {x > 0) and retarded {x < 0) light-
cones respectively we come across the following difficulty. In order to 
carry out the above scheme for obtaining dispersion relations applicable 
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to this case, it is necessary to establish the analyticity properties of 
the functions 

^{E,e) = \ex$[i{ExQ-{E2--/i2}iex)]ßr
j{x)dx, |e| = 1, {j = r,a) 

(3) 
in the complex domain of the energy variable E. 

It can be seen, however, from the given formula that these functions 
may be analytically extended into the corresponding half-planes only 
under the non-physical condition [i2 < O.f Moreover, the expressions 
(3) themselves are defined only on two intervals of the real axis 

— oo<E< —fi, fi < E < co. 

For the analytical extension of these functions we must resort to 
complicated artificial methods. A welcome circumstance is the so-called 
energy-spectrum condition according to which the functions &${p) 
coincide in a certain domain of the momentum variables. 

A general purely mathematical problem which arises here belongs to 
the following type. In the space of n four-vectors {xv ...,xn) generalized 
functions ^}(a?l5..., xn) are given which vanish outside the corresponding 
combinations of the retarded and advanced light-eones. Let, further, 
their Fourier transforms ^{p1} . . . , | )J coincide in a certain domain ^ 0 

of the momentum variables (pl9 . . . ,^ n ) . The question is whether there 
exists in the space of én complex variables 

z={z1,...,zn) = {p1 + iq1,..-,pn + iqn) 
a function &{z) holomorphic in a certain domain ^ and coinciding for 
real z from the domain ^ 0 with the functions &j{p1} ~-,pn)- Since the 
actual form of the functions J5} is unknown, the intersection of all such 
domains is of interest (if, of course, it is not empty). 

We understand by analytical extension of the generalized function 
f{p) from the real domain ^ 0 into the complex domain ^ a holomorphic 
function f{p + iq) in the domain ^ which possesses the properties: 

(1) for every fixed q the function f{p + iq) is a generalized function 
with respect to p, for those p for which p + iq e (S\ 

(2) f{p + iq) is convergent in the improper sense hi the domain ^ 0 to 
f{p) if q -> 0. This means that for any trial function <j){p) the support of 
which is confined to ^ 0 the limit 

\f{p + iq)<l>{p)dp-> jf{p)<ß{p)dp 

f In connection with this let us note the investigations by Schwartztl0] and Lions1111, 
where the association between the support of the generalized function and the analy­
ticity properties of its Laplace transformation has been studied. 



PROBLEMS OF QUANTUM FIELD THEORY 25 

for q -> 0 exists. Thus, we see that the questions under consideration are 
concentrated on two intensively developing branches of mathematics— 
the theory of generalized functions and that of functions of several 
complex variables. 

Let us give some definite results, which apart from their own interest 
may play the role of lemmas in the consideration of more complicated 
cases. We point out first an important theorem of the so-called 'edge of 
the wedge theorem' type. 

Theorem 1. Let 3Fr{x) and ^a{x) be two generalized functions which 
vanish outside the advanced and retarded light-cones respectively. Let 
their Fourier transforms ^{p) {j = r, a) coincide in the domain ^0 . 
Then there exists a function &{z) of four complex variables 

z = {z°, z1, z2, zz) 

holomorphic in a domain <S, the real section of which is ^0 . This function 
is such that for all real z = p in ^ 0 

#(P) = #r(P) = #a(P)' 
The theorem stated above follows directly from the theorem proved 

in 1956 by one of the authors of this report ([8], Mathematical Appendix). 
This theorem states: 

Let the functions ^{x) {j = r, a) possess the retarded and advanced 
properties respectively and let their Fourier transforms coincide in a 
sphere of radius 7] with centre at the origin. Then there exists a simultan­
eous analytical extension &{z) of the functions ^{p) into the domain 

|z0| < 0-187/, |z| < 0-189/. (4) 

Furthermore, for sufficiently large indices r and q one may construct 
the 'universal' functions Hj{z,p) with the properties: 

{a) Hj{z,p) as a function of p belongs to the class C{r,q; 4) (cf. [3]) 
while as a function of z it is holomorphic in the domain (4). 

(6) In the domain (4) ß"{z) admits the integral representation 

&(z)= s to(p)mz,p)äp. (5) 

We outline briefly a scheme for proving the last theorem. Introducing 
the cut-off factor — exl — ex2 into the exponent we define the ' smoothed ' 
Fourier transforms ^{z,e) which are entire analytic functions of z 
and construct the function 

Mz,e)-T(z,e) (lmz0>0), 

{#a(z,e)-T(z,e) (ImzQ < 0), 
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where 1 ÇB ^r{t,z,e)-^a{t,z,e) ml9 ^ _ 1 fB ß-r{t,z,e)-^a{t,z,( 
(*'6) - 2ni J _* ^ -dt. 

This function is holomorphic inside the circle of radius R. 
Further, a set of z is defined for which T{z, e) tends uniformly to zero 

if e -> + 0. Making use of these facts and applying Cauchy's theorem we 
determine the domain of uniform convergence of the function ^{z, e) 
for e -> + 0 to the analytical function &{z). At the same time formula (5) 
is obtained. 

Later Theorem 1 was proved anew by Bremermann, Oehme and 
TaylorC12] using other methods where the analogous theorem was called 
the 'edge of the wedge theorem'; a third proof was given by Jost and 
Lehmann[13]. It should be emphasized that there are at least three 
methods of proving the theorems such as Theorem 1 and its various 
generalizations and modifications. 

(1) The method of the theory of generalized functions using different 
ways of parametrization. The basic ideas of this method in its simplest 
form have been illustrated by the scheme of the proof of Theorem 1 given 
above. This method was further developed and improved in our 
papers £14>15>16l 

(2) The method of Bremermann, Oehme and TaylorC12] in which the 
basis for the proofs is the theory of functions of several complex variables : 
the expansion in series and construction of the envelope of holomorphy 
of domains. By an envelope of holomorphy of the domain ^ (cf., for 
instance, Bochner and Martin[17], chap, iv) we understand the inter­
section of the domains of holomorphy of all functions which are holo­
morphic in <&. If the envelope of holomorphy of the domain coincides 
with the domain itself, then we shall call this domain a domain of 
holomorphy. 

(3) The method of Jost and Lehmann[13], which was later developed 
and improved by Dyson[18], the basis of which is the construction of an 
integral representation for generalized functions the Fourier transforms 
of which vanish outside the light-cone, whereas the functions themselves 
vanish in a given region of the type 

^-V(p2+ô 2)<i ) 0<V(p2+ c 2)-^ (6) 

Let us review Dyson's considerations. Let the function f{x) vanish 
outside the light-cone. Then the function f{p) admits a representation 

f(P) = ^{PQ,P\P\PZ> 0,0) = &m> (?) 
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where &{p) is a function of six variables p = {p0^1, ...,#5) satisfying 
the six-dimensional wave equation 

DQ^{p) = 0. 

Using the representation of a solution of the wave equation and taking 
into account (7) we obtain the representation for the function f{p), 

ftp) = JdS8|V(r), fc&(r-p)j , (8) 

where the integration is made over an arbitrary space-like surface in 
the six-dimensional space, and where Q){p) is the odd invariant function 
in the six-dimensional space 

0(*) = 2^* ( * o )W) . 

To satisfy the condition that/(^9) vanishes in the region (6) a corre­
sponding space-like surface is chosen in representation (8) (from the 
so-called admissible hyperboloids in the six-dimensional space). This 
leads to the final representation 

f{p) = [dàuïdk2£{pQ--u0)S[{p-u)2-k2]ft{u,k2), (9) 

where the function i/r{u, k2) vanishes everywhere except for those {u, k) 
which Me in a domain defined uniquely by the parameters a, b and c. 
We shall not write out the particular form of this domain. One can 
find the details in the original paper by Dyson[18]. 

Representation (9) is unique. The inverse statement also holds: any 
function represented in the form (9) vanishes in the region (6), whereas 
its Fourier-transform vanishes outside the light-cone. 

Let us give some examples of the particular evaluation of the domains 
^ under different assumptions about the domains ^0 . 

(1) Let @Q be a slab \p°\ < m. Then ^ is a set of points z = p + iq 
satisfying the inequality^ 

|q| < |Im{(^0-|-^0)2-m2}*|. (10) 

This result has been obtained also in the paper[12]. I t was proved that 
the domain (10) does not admit further analytical extension, i.e. it is a 
domain of holomorphy. The proof is based on the construction of the 
envelope of holomorphy of the domains of the special form: 

[p + iq:p° + iq°e^, |q| <ir{pQ,qQ)> |p| < oo], (11) 

the so-called semitubes. In Bremermann's paper[19] it was proved that 
the envelope of holomorphy of the semitube (11) is a domain of the same 
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form where the function *f is to be replaced by its smallest super-
harmonic majorant. 

(2) Let ^ 0 be the exterior of the hyperboloid 

( jp°)2<p2 + m (ra$0). 

Then ^ is the whole space with the exception of the points at infinity and 
the analytical hypersurface 

(z0)2 - (z1)2 - (z2)2 - (z3)2 = p (max (0, m) ^ p< oo). 

Therefore, further analytical extension of the domain obtained is 
impossible (cf. Behnke and Thullen[20]). Moreover, the function # ( z ) 
admits the representation 

# ( z ) = Z0>k{z) M(z°)2 - (21)2 - (*2)2 - (z3)2}> (12) 

where the sum has a finite number of terms. In the representation (12) 
&k{z) are polynomials, while the functions <j>k{w) are bounded poly-
nomially. For m > 0, this result may also be obtained using the Jo s t -
Lehmann-Dyson method if we put in (6) a = 0, b2 = c2 = m. 

(3) If ^ 0 is the domain 

<a- (7 iP 2 + o-2)i <p°<c2+ (y2p2 + d2)i {7i > 0), 

then the domain ^ is a set of points p + iq satisfying the conditions: 
either q2 > 0 or q2 < 0, 

C i -{y i e 9 ( | p | - | « | ) + o*}*+|ff| <P°<c2 + {7ie2(\p\-\q\)+S^-\q\, 
where e2(£) = E2 if £ > 0 and e2(£) = 0 if £ < 0. In this example the 
domain ^ is, in fact, wider but is defined by more complicated conditions 
(cf. for example, papers [14] and [16]). 

These results enable one to prove the following theorem which is the 
basic one for proving the dispersion relations for elastic particle 
scattering. 

Theorem 2. Let four generalized functions 

of four 4-vectors be given, invariant with respect to the transformations 
of the inhomogeneous orthochronous Lorentz group. Suppose that these 
generalized functions satisfy the following conditions: 

&„ = 0, if x± < x3 or x2 < x±; 

^ra = 0, if xx < xz or x2 > #4; 

^ar = 0, if xx > xz or x2 < x±; 

^aa = 0, if x± > xz or x2 > x±. 
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Suppose, further, that their Fourier transforms 

&ii(Pl>P2>P*P4Ì 

defined, evidently, on a manifold 

Pi+P2+Pz+P* = 0 (13) 
satisfy the conditions: 

<^rj = ^aj> if p\<{J(+lif and pl<y2/t2 {j = r,a); 

^ir = ^ia> i f Pi < M'+zO2 a n ( i PÎ<y2M>2 {i = r,a); 

J^. = 0, if {p1+p2)*<{^+fi)2 or pl+pl<0 {ij = r,a). 

We suppose that y > 1, Jl+pb^ y/i. 

Let F and r0 be any fixed numbers satisfying the inequalities 

V < T0 ^ /£2, r0 ^ -fl{2^+fl). 

Then there exist a sufficiently small positive number p and a generalized 
function ., ~ 

0(z1?z2, ...,z5;é) 
of the real variable g with the properties: 

(1) <j){zx,...,z5; g) is analytic with respect to (z1?...,z5) in the domain 

\zx-Ji2\ < p, \z2-J(2\ < p, | Z 3 - T | < p, | Z 4 - T | < p,) 
f (14) 

|z5 + 4A2|</>/g, J 
where the real parameters r and A2 independently vary in the intervals 

v*r*T» °^A^^il-é^hTQ- (15) 

(2) çS(z1,...,z5;ê) = 0 i f g < ( ^ + / . ) 2 . 
(3) For real (pl9..., pé) from the manifold ( 13) for which the quantities 

*i=Pi ( i= l , . . . , 4 ) , z5 = {p1+p2)
2, g=(^i+2>3)2 

satisfy the inequalities (14) and p\+p% ^ 0 we have a representation 
of the form 

^{pv ...,p4) = $[Pî,PIPIPI {PI+P2)
2'> (Pi+Ps)2]-

The upper hmit for A2 in (15) may be increased. To do this we have 
to turn our attention to the numerical solution of a system of three 
algebraic equations with three unknowns (cf. the details in[16]). So, for 
instance, for meson-nucleon scattering (7 = 3, r0 = ju,2, *J?= 1/JL) for-
mula (15) yields A» < 2/.*, (16) 
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while the numerical calculation gives 

A2 ^ 2-56/*2. 

The estimate (16) has been obtained also in the paper by Bremermann, 
Oehme and Taylor using the above-mentioned semitube method. In 
this paper attention is drawn to the fact that the interval (16) may be 
extended by means of further analytical extension. 

Recently Lehmann obtained the result[21] 

A < 3 2^-// S/l ' 

using the method of the Jost-Lehmann-Dyson integral representations. 
This result was also given in a footnote in [12K 

The examples given by Bremermann et al.ll2ì show that an arbitrary 
increase of the upper limit for A2 in Theorem 2 is impossible. Thus, for 
instance, a theorem of the type of Theorem 2 for nucleon-nucleon 
scattering may be proved only for the non-physical mass ratio 

li>{^2-\)Jt, (17) 

if one takes into consideration only the causality conditions and spec­
trum. However, there exist also the symmetry conditions of the Green 
functions. It is an open question whether these conditions make further 
extension possible or not. At any rate, for the nucléon vertex function 
the example given by JostC22] shows that even the use of the symmetry 
conditions does not provide any dispersion relations if 

which is actually satisfied for real mass ratios. 
In conclusion, let us dwell upon the papers devoted to the study of the 

analyticity properties of the vacuum expectation values of scalar fields. 
In Kallén and Wightman's paperC23] were established those analyticity 
properties of the vacuum expectation values of three scalar fields 

^^{x-x^x'-x") = <0 \stf{x)@{x')<ë{x")\ 0>, 

which are due to local commutativity, the spectrum properties and 
Lorentz invariance. It was found that all six different vacuum expecta­
tion values which maybe obtained by the commutation of three operators 
stf{x), 3${x') and ^{x") are the boundary values of the same analytical 
function of three complex variables the domain of holomorphy of which 
appears to be limited by seven analytical hypersurfaces. It was proved 
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that further analytical extension of the domain obtained is impossible 
if only the above-mentioned properties are used. The methods employed 
in the theory of functions of several complex variables, particularly the 
analytical extensions, are widely used in the proofs of this paper. More­
over, the Bargmann-Hall-Wightman theorem[24] is essentially used. 
It states: 

Let / , a function of n complex four-vectors zv ...,zn, be analytic in 
the tube 

-oo < Rez .̂ < oo, Imz5 > llmz^l {j=l,...,n) (18) 

and invariant with respect to the homogeneous orthochronous Lorentz 
group. Then/is a function of only the scalar products z3-zk {j,k = 1,..., n). 
This function is analytic on the complex manifold of the corresponding 
scalar products, when (zl5..., zn) vary over the domain (18). 

It is interesting to note that, though domain (18) does not contain any 
real point, Lorentz invariance implies analyticity in a certain region of 
the real points. In fact, as Jost has shown[25], this region consists of 
points {xv ...,xn) possessing the following property: any convex domain 
of the form 

n f n \ 

£ = £ A Ä Uk>0, SA , = 1 

consists entirely of space-like vectors. The example constructed by 
Jost in[25] shows that this domain cannot be extended without additional 
assumptions. 

The results given play an essential role in estabhshing the connection 
between the analyticity properties of the vacuum expectation values 
and the principal hypotheses of the theory (cf. Wightman[26], Dyson[27] 

and the papers mentioned above by Källen and Wightman[23], Hall and 
Wightman^ and Jos t ^ ) . 
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SUR LES FONCTIONS DE PLUSIEURS 
VARIABLES COMPLEXES: 

LES ESPACES ANALYTIQUES 

Par HENRI GARTAN 

Je voudrais résumer ici quelques résultats obtenus depuis trois ou quatre 
ans dans la théorie des espaces analytiques. 

1. Notions préliminaires 

Les fonctions analytiques de plusieurs variables complexes n'ont été 
étudiées, pendant longtemps, que dans les ouverts des espaces numériques 
Cn ( O désigne l'espace dont les points ont pour coordonnées n nombres 
complexes). A une époque relativement récente on a abordé l'étude 
systématique des variétés analytiques (complexes); la notion de variété 
analytique est aujourd'hui familière à tous les mathématiciens. En gros, 
une variété analytique de dimension (complexe) n est un espace topo­
logique séparé, au voisinage de chaque point duquel on s'est donné un 
ou plusieurs systèmes de 'coordonnées locales' (complexes), en nombre 
égal à n, le passage d'un système de coordonnées locales à un autre 
s'effectuant par des transformations holomorphes. Pour tout ouvert 
U d'une variété analytique X, on a la notion de fonction holomorphe dans 
U {f est holomorphe dans U si, au voisinage de chaque point de U, 
f peut s'exprimer comme fonction holomorphe des coordonnées locales); 
les fonctions holomorphes dans U forment un anneau J4?{U). Notons 
que la notion de fonction holomorphe a un caractère local: pour qu'une 
/ continue dans U soit holomorphe dans U, il faut et il suffit que la 
restriction fiàefk chacun des ouverts TJi d'un recouvrement ouvert de 
U soit holomorphe dans U^ Ceci conduit à considérer, en chaque point 
x € X, l'anneau £<fx des 'germes' de fonctions holomorphes au point x 
(anneau qui est la limite inductive des anneaux $f{ U) relatifs aux ouverts 
U contenant x). La connaissance, pour chaque point x e X, de l'anneau 
J^x, détermine entièrement la structure de variété analytique de X. 
D'une façon précise, supposons donné, pour chaque point x d'un espace 
topologique séparé X, un sous-anneau Jf?x de l'anneau des germes de 
fonctions continues (à valeurs complexes) au point x (nous dirons alors 
que X est un espace annelé); pour qu'il existe sur X une structure de 
variété analytique de dimension n telle que, pour chaque x, J^x soit 

3 TP 
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précisément l'anneau des germes de fonctions holomorphes au point x, 
il faut et il suffit que X puisse être recouvert par des ouverts Vi jouissant 
de la propriété suivante: il existe un homéomorphisme fa de TJi sur un 
ouvert Ai de Gn, de manière que, pour chaque point xeU^ l'homéo-
morphisme fa transporte l'anneau Jf?x sur l'anneau des germes de 
fonctions holomorphes au point fa{x) de l'espace O . Cette condition 
exprime, en somme, que fa définit un isomorphisme de Ui9 comme espace 
annelé, sur l'ouvert Ai muni de sa structure naturelle d'espace annelé. 
Ainsi les ouverts de O , munis de leur structure naturelle d'espace 
annelé, constituent des modèles locaux pour les variétés analytiques de 
dimension n. 

Mais la notion de variété analytique n'est pas suffisamment générale. 
Prenons un exemple: une variété algébrique, plongée sans singularité 
dans un espace projectif complexe, peut bien être considérée comme une 
variété analytique; mais une variété algébrique plongée avec singularités 
dans un espace projectif ne peut pas rentrer dans le cadre trop étroit des 
variétés analytiques. Cet exemple suggère la nécessité d'élargir la 
notion de variété analytique, et explique pourquoi la notion plus générale 
d" espace analytique ' arécemment acquis droit de cité en Mathématiques. 
Les espaces analytiques sont, en quelque sorte, des variétés analytiques 
pouvant admettre certaines singularités internes. Etant donné l'im­
portance qu'a prise récemment la notion d'espace analytique, nous 
allons entrer dans quelques détails. 

2. Sous-ensembles analytiques 
On va utiliser une catégorie de 'modèles' plus étendue que la caté­

gorie des ouverts de O . Avant de la définir avec précision, il nous faut 
rappeler une définition et quelques» résultats classiques. Soit A un 
ouvert de O ; on dit qu'une partie M de A est un sous-ensemble analytique 
de A si M est fermé dans A et si, pour chaque point x e M, il existe un 
ouvert U contenant x et contenu dans A, et un système fini de fonctions 
fi holomorphes dans U, de telle manière que M nU soit exactement 
l'ensemble des points de U où s'annulent simultanément les fonctions/^; 
en bref, un sous-ensemble analytique de A est un sous-ensemble fermé 
qui, au voisinage de chacun de ses points, peut se définir par des équa­
tions holomorphes. La structure locale des ensembles analytiques est 
bien connue depuis Weierstrass;f si x est un point d'un ensemble analy­
tique M, M est, au voisinage de x, réunion d'un nombre fini d'ensembles 
analytiques Mi dont chacun est 'irréductible' au point x, et les Mi sont 

f Voir par exemple [27], et [7], Exposé 14. 
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entièrement déterminés au point de vue local: si l'on a deux décom­
positions de M en composantes irréductibles au point x, ces deux décom­
positions coïncident, à l'ordre près, dans un voisinage assez petit de x. 
De plus, on peut donner une description locale d'un ensemble analytique 
M irréductible au point x: il est possible de choisir, au voisinage de x, 
des coordonnées locales xv ...,xn dans l'espace ambiant, nulles au 
point x, et un entier p < n, de manière que soient vérifiées les conditions 
suivantes. L'application/de M dans O définie par 

(xly...,xn) -> (#£, ...,xp) 

est ce qu'on appelle un 'revêtement ramifié ' de degré k au voisinage dex: 
cela veut dire que/ applique tout voisinage assez petit de x dans M sur 
un voisinage de 0 dans O , et que l'image réciproque d'un point de O 
assez voisin de 0 se compose 'en général' de k points distincts de M 
(voisins de x), et possède en tout cas au plus k points; l'entier p s'appelle 
la dimension (complexe) de M au point x (et en fait, la dimension topo­
logique de M, au voisinage de x, est égale à 2p). D'une façon plus précise, 
il est possible d'exclure de Cp, au voisinage de 0, un sous-ensemble 
analytique R dont toutes les composantes irréductibles en 0 sont de 
dimension < p, de manière que la restriction d e / à M—f~1{E) fasse de 
M — f~x{R) un revêtement (véritable) à k feuillets de O — R, du moins 
dans des voisinages assez petits de x e M et de 0 € O . Les coordonnées 
de chacun des k points de M — f~*{R) que/transforme en un point donné 
{xt,...,xp) sont des fonctions holomorphes de xx,...,xp. On voit que 
M—f~\R) est, au voisinage de chacun de ses points, une sous-variété 
analytique (sans singularités) de dimension p dans l'espace ambiant 
O ; de plus cette variété est connexe: d'une façon précise, il existe un 
système fondamental de voisinages ouverts de x, dans l'espace ambiant, 
qui coupent M — f~x{R) suivant un ensemble connexe. 

Soit M un sous-ensemble analytique au voisinage d'un point x e O ; 
nous avons dit que M est réunion, au voisinage de x, de ses composantes 
irréductibles au point x. On dit que M est de dimension < p a u point 
x si toutes les composantes irréductibles de M au point x ont une 
dimension ^p; et l'on dit que M est purement ^-dimensionnel au point 
x si toutes les composantes de M au point x ont la dimension p. 

Soit à nouveau M un sous-ensemble analytique d'un ouvert A <= O . 
On dit que M est de dimension < p si M est de dimension < p en chacun 
de ses points; et que M est purementp-dimensionnel si M est purement 
jp-dimensionnel en chacun de ses points. Un point x e M est dit régulier 
si M est, au voisinage de ce point, une sous-variété de l'espace ambiant; 

3-2 
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l'ensemble des points réguliers de M est ouvert dans M et dense dans M, 
et l'ensemble des points non-réguliers, ou singuliers, de M, est un sous-
ensemble analytique.f Si M est purement ^p-dimensionnel, l'ensemble des 
points réguliers de M est une sous-variété de dimension p en chacun de 
ses points, et l'ensemble des points singuliers de M est un sous-ensemble 
analytique de dimension t^p— 1. 

Tout cela est bien classique. Mais un résultat récent de Lelong[22]? 
dont de RhamC33] vient de donner une autre démonstration, concerne 
l'intégration des formes différentielles sur les sous-ensembles analytiques 
et fournit une information précieuse sur la nature des singularités d'un 
tel ensemble. Soit M un sous-ensemble analytique purement ^9-dimen-
sionnel d'un ouvert A <=• O ; soit M' l'ouvert de M formé des points 
réguliers de M ; il est bien connu que, au voisinage de chaque point de 
M — M', M' est de volume (2^)-dimensionnel fini, et par suite toute 
forme différentielle a) de degré 2p, définie dans A et à support compact, 
possède une intégrale \o) étendue à M'. Ainsi M définit un courant de 
dimension 2p dans l'ouvert A. Lelong et de Rham montrent que ce 
courant est fermé; cela revient à dire que, pour toute forme différentielle 
w de degré 2p—l, à support compact, l'intégrale f dm étendue à M' est 
nulle (ce résultat vaut si la forme w est de classe C1). Ce théorème 
exprime, en somme, que l'ensemble M — M' des points singuliers de M 
est négligeable comme courant de dimension (réelle) 2p — 1 ; on savait 
seulement que sa dimension comme espace topologique est < 2p — 2. 

3 . Espaces analytiques 

Etan t maintenant un peu familiarisés avec les sous-ensembles analy-

tiques,nouspouvonsaborderladéfinitiongénéraled'unespacea^aZî/%^e4 
Soit M un sous-ensemble analytique d'un ouvert A c: O ; M possède 
une structure annelée naturelle: on attache à chaque point xeM 
l'anneau J^x des germes de fonctions induits sur M par les germes de 
fonctions holomorphes de l'espace ambiant O . Les espaces annelés 
ainsi attachés aux divers sous-ensembles analytiques (pour tous les 
ouverts A c: O , et pour toutes les valeurs de n) sont nos 'modèles'. 
Par définition, un 'espace analytique' est un espace annelé X, dont la 
topologie est séparée, et qui satisfait à la condition suivante: chaque 

t Voir [8], Exposé 9. 
j II y a essentiellement deux définitions possibles d'un espace analytique : celle dite 

de Behnke-Stein (voir [ 4 ]), et celle dite de Cartan-Serre (voir m , Exposé 13 ; t 8 ] , Exposé 6; 
et C85]). L'équivalence des deux définitions n 'a été démontrée que tout récemment par 
Grauert et Remmert (GM, Acad. Sci., Paris, 245, 918-921 (1957)). Nous donnons ici 
la définition *de Cartan-Serre' . 
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point de X possède un voisinage ouvert U qui est isomorphe (comme 
espace annelé) à l'un des modèles qu'on vient de définir. Etant donnés 
deux espaces analytiques X et X', une application $: X -> X' sera dite 
analytique (ou holomorphe) si c'est un 'morphisme d'espaces annelés', 
ce qui signifie ceci: <fi est une application continue telle que, pour tout 
point x e X et tout germe fe ^(x), le germe composé/oçS appartienne 
à Jifx. En particulier, les fonctions holomorphes (scalaires) sur X ne 
sont autres que les fonctions continues qui, en chaque point xeX, 
appartiennent à l'anneau J^x. L'anneau Jfx est ainsi l'annfeau des germes 
de fonctions holomorphes au point x. 

On voit que les espaces analytiques forment une 'catégorie' avec 
morphismes, au sens technique de ce terme; et les variétés analytiques 
forment une sous-catégorie de la catégorie des espaces analytiques 
(c'est d'ailleurs une sous-catégorie 'pleine ', dans le jargon des spécialistes ; 
autrement dit, les applications analytiques d'une variété analytique 
X dans une autre X' sont les mêmes, que l'on considère X et X' comme 
des variétés analytiques ou comme des espaces analytiques). 

On a une notion évidente de sous-espace analytique d'un espace 
analytique X; c'est un sous-ensemble fermé Y de X, tel que Y puisse 
être défini, au voisinage de chacun de ses points y, en annulant un 
nombre fini de fonctions de l'anneau 3^y de l'espace ambiant X. On 
munit Y d'une structure annelée en associant à chaque point y e Y 
l'anneau des germes induits sur Y par les éléments de ^v\ et on voit 
facilement que cet espace annelé Y est un espace analytique. 

Toutes les notions qui ont été définies sur les modèles et qui ont un 
caractère local, invariant par isomorphisme, se transportent aux espaces 
analytiques. Par exemple, un espace analytique X peut, en un de ses 
points x, être irréductible ou non; en tout cas, x possède un voisinage dans 
lequel X est réunion d'un nombre fini de sous-espaces analytiques 
irréductibles au point x. On a la notion d'espace purement w-dimen-
sionnel, et celle d'espace de dimension < n. Un espace analytique X, 
purement ?i-dimensionnel, est de dimension topologique 2n; si X est de 
dimension < n, il est de dimension topologique < 2n. Un point xeX 
est uniformisable s'il possède un voisinage ouvert isomorphe à une 
variété analytique; l'ensemble des points uniformisables est un ouvert 
partout dense, et son complémentaire est un sous-espace analytique. 
Si X est purement 1-dimensionnel, tous les points de X sont uniformi­
sables. Tous ces faits sont bien connus. 

On a aussi la notion globale d'irréductibilité: X est globalement 
irréductible si X n'est pas la réunion de deux sous-espaces analytiques 
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X' et X" tous deux distincts de X. Si X n'est pas irréductible, on appelle 
composante irréductible de X (au sens global) tout sous-espace analytique 
Y tel que X soit réunion de Y et d'un sous-espace analytique Y1 =# X. 
On démontre que X est la réunion de ses composantes irréductibles, et 
que celles-ci forment une famille localement finie (i.e. chaque point de x 
possède un voisinage qui ne rencontre qu'un nombre fini de composantes 
irréductibles). Les composantes irréductibles de X ne sont pas autre 
chose que les adhérences des composantes connexes de l'ensemble des 
points uniformisables de X. Tout espace irréductible est purement 
dimensionnel. 

On a une catégorie intermédiaire entre celle des variétés analytiques 
et celle des espaces analytiques: c'est celle des espaces analytiques 
normaux. Ce sont les espaces annelés dont les modèles sont les sous-
ensembles analytiques normaux des ouverts d'un espace O . Pour qu'un 
espace analytique X soit normal, il faut et il suffit que, pour chaque 
point xeX, l'anneau Jf?x soit intègre et intégralement clos; en par­
ticulier, X est irréductible en chaque point x (car ceci équivaut à dire 
que l'anneau fflx est intègre). Toute variété analytique est un espace 
normal. Si X est un espace analytique quelconque, l'ensemble des xeX 
tels que J^x soit intègre et intégralement clos est un ouvert partout 
dense, et son complémentaire est un sous-espace analytique (Oka).f De 
plus, on peut attacher canoniquement à l'espace X un espace analytique 
normal 3L (dit 'normalisé ' de X), dont les points sont en correspondance 
biunivoque avec les composantes irréductibles de X en chacun de ses 
points, de telle manière que l'application naturelle X -> X soit holo­
morphe et 'propre' (i.e. l'image réciproque de tout compact de X est un 
compact de 3t). L'espace normalisé X jouit de la propriété universelle 
suivante: toute application holomorphe surjective Y->X, où Y est 
un espace analytique normal, se factorise d'une seule manière en 
Y -> X -> X, où l'application Y -> X est holomorphe. 

Signalons deux propriétés importantes des espaces analytiques 
normaux: les composantes irréductibles (au sens global) d'un espace 
normal ne sont autres que ses composantes connexes; les points non-
uniformisables d'un espace normal de dimension n forment un sous-
espace analytique de dimension < n — 2.% 

4. Etude géométrique d'une application analytique X -> Y 

Soit / une application analytique d'un espace analytique X dans un 
espace analytique Y. Il est évident que l'image réciproque /_ 1( Y') d'un 

f Voir [25], et t8], Exposé 10. % Voir C83, Exposé 11, théorème 2. 



ESPACES ANALYTIQUES 39 

sous-espace analytique Y' de Y est un sous-espace analytique de X. 
En revanche, on sait bien que l'image directe d'un sous-espace analytique 
de X n'est pas, en général, un sous-espace analytique de Y. Dê]hf(X) 
n'est pas nécessairement fermé dans Y; et il n'est même pas vrai, en 
général, que chaque point def{X) possède dans Y un voisinage ouvert U 
tel que f{X) n U soit un sous-ensemble analytique de U. Un contre-
exemple classique est le suivant: X est l'espace G2 (coordonnées xv x2), 
Y est l'espace C2 (coordonnées yv y2), e t / es t l'application 

(X^Xy,) -> \X1,X1X2)'} 

l'image f{X) se compose de tous les points de Y, sauf ceux pour lesquels 
yx = 0, y % =(= 0; quel que soit l'ouvert U contenant l'origine, U nf{X) 
n'est pas fermé dans U. 

Une analyse subtile du comportement d'une application holomorphe 
/ : I - > 7 a conduit Stein et Remmert à d'importants résultats,f dont 
je voudrais mentionner quelques-uns. Considérons, pour chaque point 
x € X, la 'fibre ^ f~1{f{x)), qui est un sous-espace analytique contenant x; 
soit d{x) la plus grande des dimensions de ses composantes irréductibles 
au point x; pour chaque entier k, soit Xk l'ensemble des points de X où 
d{x) ^ k. On a X = X0 => Xx =>...=> Xk =>..., et l'on montre que les 
Xk sont des sous-espaces analytiques; de plus, chaque fibre de l'applica­
tion Xk -> Y induite par / est de dimension ^ k en chacun de ses points. 
Si X est de dimension finie, on définit une suite de sous-ensembles 
analytiques 

0 = X ( - l ) c z Z ( 0 ) c : ... c=X(f)c= ..., 

avec X{r) = X pour r grand. Les X{r) se définissent par récurrence 
descendante sur r : à chaque composante irréductible A de X{r+\), on 
associe le sous-espace Ak (avec k = dim(A) — r), et X{r) est réunion des Ak. 
On démontre alors ceci: tout point x e X{r)—X{r — 1) possède dans X{r) 
un voisinage dont l'image par / est un sous-ensemble analytique purement 
r-dimensionnel au point f{x). A partir de là, on démontre le résultat 
fondamental de Remmert: si Vapplication analytique f: X -> Y est propre 
(c'est-à-dire, répétons-le, si l'image réciproque de tout compact de Y est 
un compact deX), alors l'image f{X) est un sous-espace analytique de Y, 
et la dimension def{X) est égale au plus petit des entiers r tels queX{r) = X ; 
de plus, si X est (globalement) irréductible, il en est de même def{X). 

Dans les démonstrations des résultats précédents, l'on fait un usage 
essentiel d'un théorème de Remmert et Stein, J qui sert dans maintes 

f Voir w\ w, w. % Voir ™, ainsi que [", Exposés 13 et 14 de Stein. 
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circonstances, et se formule ainsi: soit Z un sous-ensemble analytique, de 
dimension < n, d'un espace analytique Y; et soit A un sous-ensemble 
analytique purement n-dimensionnel de l'ouvert Y — Z; alors l'adhérence 
de A dans Y est un sous-ensemble analytique purement n-dimensionnel 
de Y. 

Le théorème de Remmert s'applique notamment lorsque X est un 
espace analytique compact, car / est alors automatiquement propre: 
l'image f{X) est alors toujours un sous-ensemble analytique de Y. En 
particulier, supposons que Y soit l'espace projectif (complexe) Pn; pour 
toute application analytique/: X -> Pn, l'image/(Z) est un sous-ensemble 
algébrique de Pn, d'après le célèbre théorème de Chow (lequel est d'ailleurs 
une conséquence immédiate du théorème de Remmert-Stein, comme je 
l'avais signalé dans la conférence que j'ai faite au Congrès de Harvard 
en 1950). A titre d'application,f considérons k fonctions méromorphes 
fi sur un espace analytique compact X; elles définissent une application 
analytique / : X -> ( P ^ . A vrai dire, ceci n'est pas tout à fait correct, 
à cause des points d'indétermination des fa; mais on voit facilement 
qu'on peut ' modifier ' l'espace X de façon que l'application/soit partout 
définie: d'une façon précise, il existe un espace analytique compact X' 
et une application analytique n: X' ->X qui définit un isomorphisms 
des corps de fonctions méromorphes K{X) et K{X'), et qui jouit de la 
propriété que les faon = gi n'ont pas points d'indétermination sur X'. 
Les gi définissent donc une application analytique g: X' -> (PJ*, dont 
l'image est un sous-espace algébrique. Si les fi sont analytiquement 
dépendantes (c'est-à-dire si les différentielles dfa sont linéairement 
dépendantes), il en est de même des gi9 donc le rang de l'application g est 
< k, et l'image g{X') est distincte de (Px)

fc; il existe donc un polynôme 
non identiquement nul qui s'annule sur l'image de g, autrement dit les 
fi sont algébriquement dépendantes (théorème de Thimm, démontré ainsi 
par Remmert). De la même manière, on montre que si n désigne la dimen­
sion de l'espace analytique compact X, le corps K{X) des fonctions 
méromorphes est une extension algébrique simple d'un corps de fractions 
rationnelles à k variables, avec k ^ n (théorème annoncé tout d'abord 
par Chow). 

5. Quotients d'espaces analytiques 

Les questions précédentes sont en rapport étroit avec le problème, 
étudié par Stein[39], des espaces quotients d'espaces analytiques. Soit 
X un espace analytique, que nous supposerons normal; soit R une relation 

f Voir M. 



ESPACES ANALYTIQUES 41 

d'équivalence propre sur X (ceci signifie que R satisfait à l'une des trois 
conditions suivantes, équivalentes: 

(i) leuî-saturé de tout compact de X est compact; 
(ii) l'espace quotient X/R est localement compact et l'application 

p: X -> X\R est propre; 
(iii) R désignant le graphe de la relation d'équivalence, l'application 

de projection R -> X est propre). 
Sur l'espace quotient X/R on a une structure annelée évidente: à 

tout ouvert U <= X/R on associe l'anneau J^{U) des fonctions continues 
/ sur U, telles que p of soit holomorphe dans p-^U); cet anneau s'iden­
tifie à celui des fonctions holomorphes dans p_1(f7) et constantes sur 
les classes d'équivalence. Le problème se pose de savoir si XjR, muni 
de cette structure annelée, est un espace analytique normal. Il faut, 
bien entendu, faire des hypothèses convenables sur la relation R. Nous 
ferons désormais l'hypothèse suivante: 

(H) chaque point z e XjR possède un voisinage ouvert U tel que, pour 
tout couple de fibres distinctes de p~x{U), il existe une application holo­
morphe de p~x{U) dans un espace analytique, constante sur les fibres, 
et prenant des valeurs distinctes sur les deux fibres en question. (Par 
exemple, il en est bien ainsi lorsque les fonctions de l'anneau ^{U) 
séparent les points de U.) 

Avec l'hypothèse {H), il n'est pas encore certain que XjR soit un espace 
analytique normal, mais c'est presque vrai. D'une façon précise, l'applica-

/ g 
tion propre p: X -> XjR admet une factorisation X -> Y -> X/R, où Y 
est un espace analytique normal, / une sur j ection holomorphe (et propre), 
et g un morphisme d'espaces annelés jouissant de la propriété suivante: 
les fibres de g sont des ensembles finis, et il existe un sous-ensemble 
fermé ' mince ' A de XjR tel que g~x{z) soit réduit à un seul point lorsque 
z f. A (on dit qu'une partie fermée A de X/R est 'mince' si tout point de 
A possède un voisinage ouvert U tel qu'il existe une fonction de J^{U) 
nulle sur A n U et non identiquement nulle). De plus, une telle factorisa­
tion est unique 'à un isomorphisme près', et g induit un isomorphisme 
des espaces annelés Y—g~1{A) et {X/R) —A. 

L'espace Y est ainsi déterminé à un isomorphism près par la relation 
d'équivalence R (supposée satisfaire à {H)); on peut l'appeler le quotient 
analytique de X relativement à R. 

Le théorème précédent, qui résulte des travaux de Stein, possède 
d'intéressantes applications, comme on le verra tout à l'heure. 
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6. Classification des espaces analytiques 

Proposons-nous d'abord de voir comment un espace analytique X se 
comporte vis-à-vis des fonctions holomorphes. Soit J f {X) l'anneau des 
fonctions holomorphes dans X (tout entier); cet anneau peut se réduire 
aux constantes, par exemple si X est compact et connexe. Considérons, 
pour un espace analytique X, les propriétés suivantes: 

{a) Les éléments de Jf(X) séparent les points de X (autrement dit, 
pour tout couple de points distincts x, x', il existe une /holomorphe dans 
X et telle que/(a?) + f{x')). 

{b) Pour chaque point x e X, il existe un système fini de fa e J^{X) qui 
est 'séparant' au point x (on entend par là que, pour l'application 
/ : X -> O définie par les n fonctions fa, x est un point isolé de la fibre 

/-TOO]). 
(c) Tout sous-ensemble analytique compact de X est fini. 
Il est facile de voir que (a) entraîne (6). D'autre part, il est presque 

immédiat que {b) entraîne (c). 
Grauert[14] a démontré le résultat surprenant que voici: si X est 

irréductible, la condition (6) entraîne que X est réunion dênombrable de 
compacts {on sait que Calabi et Rosenlicht[6] avaient donné l'exemple 
d'une variété analytique, connexe, qui n'est pas réunion dênombrable 
de compacts). Grauert a aussi montré que si X, irréductible et de dimen­
sion n, satisfait à {b), il existe un système de n fonctions fa e ffl{X) qui 
est ' séparant' en tout point xeX. 

A côté des propriétés {a), {b), (c), il est une propriété d'une nature 
différente: on dit que X est holomorphiquement convexe si, pour tout 
compact K <=: X, l'ensemble K des x e X tels que l'on ait 

\f{x)\ < sup I/] pour toute fe Jf{X) 
K 

est compact. Il revient au même de dire que, pour tout sous-ensemble 
infini et discret de X, il existe une / € J^{X) qui n'est pas bornée sur cet 
ensemble. Il est trivial que tout espace analytique compact est holo­
morphiquement convexe; en revanche, un espace compact ne satisfait 
à {a), {b) ou (c) que s'il est fini. 

Rappelons le théorème connu: pour qu'un domaine étalé sans rami­
fication dans O soit un domaine d'holomorphie, il faut et il suffit qu'il 
soit holomorphiquement convexe (OkaC26] pour le cas général des 
domaines à une infinité de feuillets). 

Pour un espace X holomorphiquement convexe, les conditions (6) et 
(c) sont équivalentes, comme on le voit facilement. De plus Grauert a 
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prouvé (ce qui est beaucoup plus difficile) que {b) et {a) sont équivalentes 
pour un X holomorphiquement convexe[14]. Une variété analytique X 
qui est holomorphiquement convexe et satisfait à l'une des conditions 
équivalentes {a), {b), (c) est une variété de Stein, et réciproquement. 
Dans le cas général, un espace analytique X qui est holomorphiquement 
convexe et satisfait à {a), {b), (c) est appelé par Grauert un espace 
holomorphiquement complet. Il est immédiat que tout sous-espace 
analytique d'un espace holomorphiquement complet est holomorphique­
ment complet. C'est pour les espaces holomorphiquement complets 
que les théorèmes fondamentaux de la théorie des faisceaux analytiques 
cohérents, établis antérieurement pour les variétés de Stein, sont 
valables; mais ceci est un autre sujet, qui nous entraînerait trop loin. 

Soit X un espace holomorphiquement convexe, que nous supposerons 
normal; nous ne faisons sur X aucune des hypothèses (a), {b), ou (c). 
Considérons, dans X, la relation d'équivalence R que voici: x et a;'sont 
.A-équivalents si g{x) = g{xr) pour toute g e J^{X). Il est clair que la 
condition {H) du no. 5 est remplie; on peut donc appliquer ici le théorème 
de ce numéro. Soit alors Y le £quotient analytique' de X relativement 
à la relation R; on voit tout de suite que la surjection holomorphe 
f'.X ->Y définit un isomorphisme des anneaux de fonctions holomorphes 
Jf{X) et J f ( Y); puisque l'application/est propre, l'espace Y est, comme 
X, holomorphiquement convexe. De plus il est évident que Y satisfait 
à la condition (b), donc Y est holomorphiquement complet, et en 
particulier Y satisfait à (a); il en résulte que l'application Y -> XjR est 
un isomorphisme d'espaces annelés. Ainsi l'espace quotient X/R, muni de 
sa structure annelée, est un espace normal, holomorphiquement complet. 
On le notera X* ; il est naturellement attaché à X (Remmert[31] le nomme 
le cnoyau' de X). On en déduit notamment: tout espace analytique 
irréductible et holomorphiquement convexe est réunion dênombrable de 
compacts (cf.C31]) : si X est normal, cela tient au fait que X* est réunion 
dênombrable de compacts d'après Grauert, et que l'application X ~> X* 
est propre; si X n'est pas normal, on considère le normalisé X. 

On peut considérer d'autres classes d'espaces analytiques. Nous 
dirons que X estprojectivement complet fanalytiquement complet' dans 
la terminologie de Grauert et Remmert) si X est holomorphiquement 
convexe et si, pour tout xeX, il existe une application holomorphe de X 
dans un espace projectif Pk qui est 'séparante' au point x. On peut 
démontrer que tout espace analytique normal X, holomorphiquement 
convexe, possède un plus grand quotient qui est projectivement complet : 
c'est un espace normal Y, projectivement complet, muni d'une surjec-
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tion holomorphe et propre/: X -> Y, qui jouit de la propriété universelle 
suivante: toute application holomorphe de X dans un espace projective­
ment complet Z se factorise (nécessairement d'une seule manière) en 

f g 
X -> Y -> Z, où g est holomorphe. 

Nous dirons qu'un espace analytique X est algébriquement complet 
s'il est holomorphiquement convexe et si, pour tout x e X, il existe une 
application holomorphe de X dans un espace algébrique (non nécessaire­
ment projectif) qui est séparante au point x. Tout espace analytique 
normal X, holomorphiquement convexe, possède un plus grand quotient 
algébriquement complet, qui jouit d'une propriété universelle vis-à-vis 
des applications holomorphes de X dans les espaces algébriquement 
complets. 

De là résulte en particulier ceci: tout espace analytique normal et 
compact X possède un plus grand quotient qui soit une variété algébrique 
projective (normale); tout espace analytique normal et compact possède 
un plus grand quotient qui soit une variété algébrique (non nécessaire­
ment projective). 

Les résultats précédents, dont la démonstration sera publiée ailleurs, 
constituent une généralisation d'une situation bien connue: tout tore 
complexe possède un plus grand quotient qui est une variété abélienne 
(c'est-à-dire un tore complexe satisfaisant aux conditions de Riemann). 

7. Problèmes de plongement 

Il s'agit de 'réaliser' certains espaces analytiques comme sous-
espaces d'espaces particulièrement simples, tels que les espaces numéri­
ques O et les espaces projectifs Pn. Dans chaque cas, le sens du mot 
'réaliser' a besoin d'être précisé. 

Si l'on veut réaliser un espace analytique X dans un espace O , le 
moins que l'on puisse exiger est de trouver une application holomorphe 
et injective/: X -> Gn. Or ceci n'est possible que si les fonctions holo­
morphes sur X séparent les points de X (condition (a) du no. 6). Rem­
mert™ a montré que cette condition nécessaire {a) est aussi suffisante, 
du moins si l'on suppose que X est réunion dênombrable de compacts 
(ce qui est automatiquement le cas lorsque X est irréductible). D'une 
façon précise, si X est purement i-dimensionnel, satisfait à (a) et est 
réunion dênombrable de compacts, il existe une application holomorphe 
et injective de X dans C2k+1. 

On peut être plus exigeant, en demandant une application/: X -> Cn 

qui soit non seulement holomorphe et injective, mais propre. Ceci impose 
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à X de satisfaire à {a) et d'être holomorphiquement convexe; autrement 
dit, X doit être holomorphiquement complet. Remmert[31] montre que, 
réciproquement, tout X holomorphiquement complet qui est réunion 
dênombrable de compacts peut être plongé dans un O par une applica­
tion / holomorphe, injective et propre; alors l'image/(X) est un sous-
espace analytique Y de O ; mais il faut prendre garde que cette 'réalisa­
tion' Y de X ne respecte pas nécessairement les structures annelées. 
Cependant, lorsque X est une véritable variété analytique (variété de 
Stein), on peut réaliser X comme sous-variété analytique d'un espace 
O (avec un n qui ne dépend que de la dimension de X). 

Je voudrais maintenant dire quelques mots des plongements dans 
l'espace projectif (l'image étant alors un sous-ensemble algébrique). 
On a établi ces dernières années une série de théorèmes qui garantissent 
l'existence de tels plongements. Sans entrer dans le détail (ce qui 
nécessiterait toute une conférence), rappelons seulement le théorème 
fondamental de Kodaira[20] : une variété analytique compacte sur laquelle 
existe une forme de Kahler à périodes rationnelles est isomorphe à une 
variété algébrique plongée sans singularités dans un espace projectif. 

Soit X une variété analytique dans laquelle un groupe discret d'auto-
morphismes G opère proprement (ce qui signifie que, pour tout compact 
K c: X, les s e G tels que sK rencontre K sont en nombre fini). Considérons 
l'espace quotient X\G muni de sa structure annelée (cf. no. 5); on mon­
tre™ que c'est un espace analytique normal (mais ce n'est pas, en 
général, une variété analytique, à cause de l'existence de points fixes 
pour les transformations de G); plus généralement, si X est un espace 
analytique normal et si G est un groupe discret opérant proprement dans 
X, X\G est un espace analytique normal. Cela étant, si X\G est compact, 
il est naturel de se demander si X\G peut être réalisé comme sous-espace 
analytique (donc algébrique) d'un espace projectif. Effectivement, il 
en est toujours ainsi lorsque X est un domaine borné d'un espace numéri­
que Cn; le plongement projectif de XjG peut alors être obtenu au moyen 
d'un système fini de formes automorphes (séries de Poincaré) d'un même 
poids;f la variété algébrique, image du plongement, est 'projectivement 
normale'. 

Mais les cas les plus intéressants, dans la théorie des fonctions auto­
morphes, sont ceux où l'espace XjG n'est pas compact; alors il ne peut être 
question de réaliser XjG comme variété algébrique dans un espace 
projectif. On peut néanmoins se proposer de chercher une application 
analytique/: XjG ->Pn qui soit injective et définisse un isomorphisme 

f Voir C101 et [2]. 
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de l'espace analytique XjG sur un 'ouvert de Zariski' d'une variété 
algébrique projective V (c'est-à-dire sur le complémentaire, dans V, 
d'un sous-ensemble algébrique W). On sait maintenant que ceci est 
possible dans la théorie des fonctions modulaires de Siegel [36»37]. D'une 
façon précise, soit X l'espace de Siegel, formé des {n, w)-matriees symé­
triques complexes z = x + iy telles que y soit définie-positive; le groupe 
symplectique réel 8p{n, R), formé des {2n, 2%)-matrices réelles 

où a, b, c, d sont des {n, n)-matrices telles que lMJM = J, avec 

- ( - l o")' 
opère dans X par z -> {az + 6) (cz + d)"1; dans ce groupe de transformations 
de X, on considère le sous-groupe discret G défini par les matrices à 
coefficients entiers. Le quotient XjG = Vn est un espace analytique 
normal, non compact. SatakeC34] a montré comment on peut compactifier 
Vn en définissant une topologie convenable sur la réunion de T̂ ,T̂ _x> •••> 
Vv V0, et il a de plus défini une structure annelée sur ce compactifié Y%, 
structure qui induit, bien entendu, les structures d'espace analytique des 
sous-espaces Vn (ouvert dans V%), Vn_x, etc. Puis Bailyt3] a prouvé que 
l'espace annelé V* est effectivement un espace analytique normal, ainsi 
que l'avait conjecturé Satake, et a de plus montré que Y% peut se 
réaliser comme variété algébrique dans un espace projectif, 

F* - = F * - F 
r n—1 r n rn 

s'identifiant à une sous-variété algébrique de Y%. Le plongement 
projectif peut être obtenu par des formes automorphes d'un même poids 
convenable (il s'agit de formes automorphes pour les puissances du facteur 
d'automorphie det {cz + d)2). L'existence d'un tel plongement permet 
de prouver que toute fonction méromorphe dans X et invariante par G 
s'exprime comme quotient de deux formes automorphes de même poids 
(du moins si n ^ 2). On peut compléter ces résultats, et montrer que 
l'algèbre graduée des formes automorphes des divers poids est engendrée 
par un nombre fini d'éléments (comme algèbre sur le corps complexe).f 
D'autre part, tous ces résultats s'étendent au cas de n'importe quel 
sous-groupe du groupe symplectique qui est ' commensurable ' au groupe 
modulaire; les variétés algébriques projectives qui sont ainsi attachées 
à ces groupes sont des (revêtements ramifiés' les unes des autres. 

f Voir »w, Exposé 17. 
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8. Application à la théorie des variétés analytiques réelles 

Il est superflu de rappeler la définition d'une variété analytique réelle 
(abstraite); les modèles sont ici les ouverts de l'espace numérique réel 
Rn, et les changements de coordonnées locales sont analytiques-réels. 
Nous ne considérerons que les variétés analytiques-réelles qui peuvent 
être recouvertes au moyen d'une famille dênombrable de compacts, ce 
qui revient à supposer l'existence d'une base dênombrable d'ouverts pour 
la topologie. 

Soit V une variété analytique-réelle de dimension n; les résultats de 
Whitney™ permettent d'affirmer l'existence d'une application injective 
et propre / : V -> K2n+1

J indéfiniment differentiable et de rang n en tout 
point, dont l'image est une sous-variété de R2n+1 qu'on peut même 
supposer analytique. La question était restée ouverte de savoir si l'on 
peut exiger en outre que le plongement / soit analytique; en d'autres 
termes, toute variété analytique-réelle (abstraite) peut-elle être réalisée, 
au sens de la structure analytique, comme sous-variété analytique d'un 
espace numérique réel? Il y a un an à peine, une réponse positive a été 
donnée par Morrey[24] dans le cas où V est compacte; auparavant, 
Malgrange[23] avait donné une réponse affirmative pour toute variété 
analytique V, compacte ou non, mais sous la restriction de l'existence 
d'un ds2 analytique sur V (la méthode de Malgrange reposait sur la 
théorie des équations elliptiques). Grauert[18] vient de prouver enfin 
que toute variété analytique-réelle (sans aucune autre restriction que 
l'hypothèse d'une base dênombrable d'ouverts) peut se réaliser comme 
sous-variété analytique d'un espace numérique; ce résultat est obtenu 
par des méthodes analytiques-complexes, et c'est à ce titre qu'il en est 
question ici. Voici quelques détails au sujet de cet important théorème. 

On sait que toute variété analytique-réelle V peut être plongée 
comme sous-espace fermé d'une variété analytique complexe X, de 
manière que X soit une 'complexifieation' de V: ceci signifie que chaque 
point x e V possède un voisinage ouvert U (dans X) dans lequel on a un 
système de coordonnées locales complexes tel que les points de V n U 
soient précisément les points à coordonées réelles, celles-ci servant de 
coordonnées locales pour V. Si n est la dimension réelle de V, n est donc 
la dimension complexe de X. Grauert montre qu'ainsi plongée dans X, 
V possède un système fondamental de voisinages ouverts qui sont des 
variétés de Stein; il est impossible de donner ici une idée de la démon­
stration, fort délicate, et qui met en œuvre la théorie des faisceaux 
analytiques cohérents et celle des fonctions plurisousharmoniques 
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(introduites par Lelong il y a plus de dix ans). A ce propos, il est bon de 
noter qu'une condition nécessaire et suffisante pour qu'une variété 
analytique-complexe X, connexe et holomorphiquement convexe, soit 
une variété de Stein, est qu'il existe sur X une fonction ( strictement 
plurisousharmonique '. 

Revenons à la variété analytique-réelle V, plongée dans une variété 
de Stein X qui en est une complexification. Appliquons à X le théorème 
de plongement de Remmert (no. 7); ceci donne un plongement analy­
tique-réel de V dans un espace numérique réel. On pourrait aussi, sans 
utiliser le théorème de Remmert, procéder comme suit: le fait que V 
possède un système fondamental de voisinages ouverts qui sont des 
variétés de Stein entraîne que les théorèmes fondamentaux de la théorie 
des faisceaux analytiques cohérents sont applicables à la variété 
analytique-réelle F[11]; on sait alors que l'anneau des fonctions analy­
tiques-réelles, sur V, est assez riche pour fournir une application analy­
tique de V dans un espace Rfc, dont le rang soit égal en tout point de V 
à la dimension de V; d'où l'existence d'un ds2 analytique sur V, et l'on 
peut appliquer le théorème de Malgrange. 

L'existence d'un plongement analytique propre de V dans un Kk 

permet d'appliquer à F le théorème d'approximation de Whitney[40]: 
toute fonction p fois continûment differentiable sur V peut être arbitraire­
ment approchée par des fonctions analytiques sur V, l'approximation 
s'entendant au sens de la convergence uniforme de la fonction et de 
chacune de ses dérivées d'ordre ^ p; et l'on peut même exiger une 
convergence de plus en plus rapide à l'infini. De là résulte évidem­
ment que si une variété analytique-réelle est réalisable différentiable-
ment dans un espace Rfc, elle est aussi réalisable analytiquement dans 
le même R&. Toute variété analytique-réelle V de dimension n peut 
donc être analytiquement réalisée dans R2n+1. 

D'autre part, le fait que la théorie des faisceaux analytiques cohérents 
s'applique à toute variété analytique-réelle V a des conséquences 
agréables, telles que celles-ci: toute sous-variété analytique W de V 
peut être définie globalement par des équations analytiques fa = 0, en 
nombre fini {les fa étant analytiques dans V tout entière); de plus, toute 
fonction analytique sur W est induite par une fonction analytique dans 
V; la cohomologie réelle de V peut se calculer au moyen des formes 
différentielles analytiques, etc....[11] 

Notons que tous ces résultats nécessitent l'usage des méthodes 
analytiques-complexes, qui semblent ainsi commander toute étude 
approfondie de l'analytique-réel. Ceci est confirmé par le fait que la seule 
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notion de sous-ensemble analytique-réel (d'une variété analytique-réelle 
V) qui ne conduise pas à des propriétés pathologiques doit se référer à 
l'espace complexe ambiant: il faut considérer les sous-ensembles fermés 
E de V tels qu'il existe une complexification X de F et un sous-ensemble 
analytique-complexe E' de X, de manière que E = W n F. On démon­
tre^11 que ce sont aussi les sous-ensembles de Y qui peuvent être définis 
globalement par un nombre fini d'équations analytiques. La notion de 
sous-ensemble analytique-réel a ainsi un caractère essentiellement 
global, contrairement à ce qui avait heu pour les sous-ensembles analy­
tiques-complexes. 

Bruhat et Whitneyl5] viennent d'étudier ces sous-ensembles analyti­
ques-réels d'une variété analytique-réelle V. Ils prouvent notamment que 
si E est un sous-ensemble analytique de V, il existe une famille locale­
ment finie de sous-ensembles analytiques irréductibles (globalement) 
Ei telle que Ei 4= Ej pour i 4= j , et que E soit la réunion des E^, cette 
famille est uniquement déterminée à l'ordre près. De plus, si E est 
irréductible et de dimension p, tout sous-ensemble analytique de E, 
distinct de E, a toutes ses composantes irréductibles de dimension 
< p — 1 (c'est là un résultat qui semble naturel; néanmoins il serait faux 
si l'on avait adopté, pour la notion de sous-ensemble analytique, la 
définition de caractère local à laquelle on songe naturellement). 

9. Espaces fibres analytiquesf 

Nous nous bornerons, pour simplifier l'exposition, au cas des fibres 
principaux. Considérons d'abord le cas analytique-complexe: on a un 
espace analytique X, un groupe de Lie complexe G, et l'on considère 
les fibres analytiques principaux (localement triviaux au sens analytique-
complexe) ayant pour base X et pour groupe structural G; deux tels 
fibres P et P' sont isomorphes s'il existe un isomorphisme de l'espace 
analytique P sur l'espace analytique Pr, qui soit compatible avec les 
opérations du groupe G et qui induise l'application identique de la base 
X. On sait que les classes de fibres isomorphes sont en correspondance 
biunivoque avec l'ensemble de cohomologie ^{X, Ga), Ga désignant 
le faisceau des germes d'applications holomorphes de X dans G. On 
pourrait aussi considérer les classes de fibres topologiques principaux, 
qui sont en correspondance biunivoque avec les éléments de HX{X, Gc), 
Gc désignant le faisceau des germes d'applications continues de X dans 
G. On a une application naturelle 

* H1{X,Ga)->H1{X,Gc) 
f Voir les t ravaux de Grauert[15»16«17], ainsi que l'exposition qui en est faite dans [9]. 

4 TP 
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définie par l'injection Ga->GC; elle n'est, en général, ni injective ni 
surjective. Cependant Grauert a démontré que si X est un espace holo­
morphiquement complet (cf. no. 6), l'application * est bijective; autrement 
dit, si deux fibres analytiques principaux de base X et de groupe struc­
tural G sont topologiquement isomorphes, ils sont analytiquement 
isomorphes; et tout fibre topologique principal, de base X et de groupe 
G, peut être muni d'une structure de fibre analytique principal, com­
patible avec sa structure de fibre topologique. Ce résultat important est 
établi par des méthodes fort difficiles, et qu'il ne semble pas possible de 
simplifier substantiellement dans l'état actuel des Mathématiques. Les 
démonstrations font d'ailleurs intervenir simultanément d'autres pro­
blèmes. En voici quelques-uns, que nous formulons seulement dans un 
cas particulier pour simplifier l'exposé : toute application continue X -> G 
est-elle homotope à une application holomorphe? Si deux applications 
holomorphes X -> G sont homotopes dans l'espace des applications 
continues, le sont-elles dans l'espace des applications holomorphes? 
Si une application holomorphe Y -> G (où Y désigne un sous-espace 
analytique de X) est prolongeable en une application continue X -> G, 
est-elle prolongeable en une application holomorphe X->6r? Toutes 
ces questions reçoivent une réponse affirmative lorsque l'espace X est 
holomorphiquement complet. Si l'on ne fait pas cette hypothèse, on a 
des réponses partielles lorsque le groupe G est résoluble (Frenkel[13]). 

D'une manière générale, lorsque X n'est pas holomorphiquement 
complet, la classification des fibres analytiques de base X est un problème 
fort intéressant mais sur lequel on ne sait encore que peu de choses. La 
classification des fibres vectoriels a été faite par Grothendieck[19] dans 
le cas où X est la droite projective complexe, et par Atiyah[1] lorsque X 
est une courbe algébrique de genre 1. 

Je voudrais encore dire quelques mots des fibres analytiques-réels. 
On peut vérifier que les méthodes de Grauert sont susceptibles, moyen­
nant des modifications adéquates, d'être appliquées aux fibres analy­
tiques-réels, compte tenu du fait que la théorie des faisceaux analytiques 
cohérents s'applique maintenant aux variétés analytiques-réelles sans 
aucune restriction (grâce au théorème de plongement de Grauert). On 
peut alors montrer que tous les résultats énoncés plus haut pour le cas 
où X est un espace analytique holomorphiquement complet et G un 
groupe de Lie complexe, sont valables lorsque X est une variété analy­
tique-réelle et G un groupe de Lie réel. En particulier, la classification 
analytique des fibres principaux coïncide avec leur classification topologique. 
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10. Conclusion 

Cet aperçu de résultats récents dans la théorie des espaces analytiques 
est forcément incomplet. Je regrette notamment de n'avoir même pas 
mentionné la toute nouvelle théorie des i déformations de structures 
complexes'; mais c'est un sujet qui apparaît déjà assez vaste pour 
nécessiter une conférence à lui seul.f J'ai dû aussi laisser de côté le 
problème du prolongement des sous-ensembles analytiques (complexes), 
auquel Rothstein a apporté de si intéressantes contributions, ainsi que 
le problème analogue du prolongement des faisceaux analytiques 
cohérents. Je signale enfin un problème qui mérite de retenir l'attention: 
sur un espace analytique général, on n'a pas encore de théorie satis­
faisante des formes différentielles; si on considère un point non-uni-
formisable et que l'on réalise un voisinage de ce point par un sous-
ensemble analytique d'un ouvert d'un espace Cn, il y a certainement 
Heu de considérer d'autres 'formes différentielles' que celles qui sont 
induites par les formes différentielles de l'espace ambiant Cn. 
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LA THÉORIE DES GROUPES ALGÉBRIQUES 

Par G. GHEVALLEY 

1. La notion de groupe algébrique 

La notion de groupe algébrique repose sur celle de variété algébrique, 
de la même manière que eelle de groupe topologique dépend de la notion 
d'espace topologique. Il ne saurait être question d'exposer ici avec pré­
cision la définition des variétés algébriques; nous allons cependant in­
diquer les caractères essentiels de ce type d'objets mathématiques. Une 
variété algébrique peut être définie par les données d'un ensemble U, son 
ensemble de points, et d'un ensemble de fonctions, son corps de fonctions 
rationnelles; ces fonctions sont des applications de parties de U dans 
un corps algébriquement clos K, qu'on appelle le corps des constantes: 
par ailleurs, elles forment un corps relativement à des opérations 
d'addition et de multiplication qui jouissent des propriétés suivantes: 
si des fonctions rationnelles u et v sont définies en un point x,u + vetuv 
sont également définies en x et y prennent les valeurs u{x) + v{x) et 
u{x) v{x) respectivement; de plus, si u est définie en x et u{x) =(= 0, u~x est 
définie en x; les applications constantes de U dans K sont des fonctions 
rationnelles, et forment un corps isomorphe à K. Une variété algébrique 
est munie d'une topologie dont la famille d'ouverts est engendrée par 
les ensembles de définition des fonctions rationnelles; cette topologie 
est d'un type très particulier, puisque les ouverts non vides y sont tous 
denses dans l'espace entier. Pour tout point x de la variété, il existe un 
voisinage A{x) de x et un certain nombre de fonctions rationnelles 
ux, ...,un, partout définies sur A{x), telles que l'application 

x'^(u1(x')9...9un(x')) 

soit une bijection de A{x) sur un sous-ensemble algébrique de l'espace 
numérique Kn (une partie de Kn est dite algébrique si elle se compose 
de tous les points dont les coordonnées satisfont à un certain système 
d'équations algébriques); de plus, toute fonction rationnelle u sur U 
s'exprime comme fraction rationnelle en %,. . . ,u n , et même comme 
polynôme si elle est définie en tout point de A{x); on dit alors que 
%, . . . ,u n forment un système de coordonnées en x sur U. Une applica­
tion / d'une variété V dans une variété U est dite rationnelle (on dit 
alors aussi que / est un morphisme) si / est continue et possède la pro­
priété suivante : si y e V et si u±,..., un est un système de coordonnées sur 



54 C. CHEVALLEY 

Uenf{y), il y a un système de coordonnées {vv ...,vm) en y sur V tel que, 
au voisinage de y, les ui{f{y)) s'expriment comme polynômes en les v^y). 

Si U et U' sont des variétés, le produit cartésien UxU' possède une 
structure de variété qui possède la propriété suivante: si %, . . . ,u m 

(resp. u[, ...,u'm) forment un système de coordonnées sur U (resp. U') 
en un point xQ (resp. x'0), les fonctions {x, x') -> u^x), {x,x') ->Uj{x') 
forment un système de coordonnées en {x0, x'Q) sur U x U'. 

Un groupe algébrique est un groupe G qui est muni d'une structure de 
variété algébrique et qui possède la propriété suivante: l'application 
{s, t) -> st-1 est un morphisme de G x G dans G. 

Par exemple, le groupe GL{n) des matrices inversibles de degré n à 
coefficients dans K est un groupe algébrique (les fonctions rationnelles 
sur le groupe étant les fonctions de matrices qui peuvent s'exprimer 
comme fonctions rationnelles des coefficients des matrices). 

Un autre exemple se construit comme suit. Soit G le corps des com­
plexes, et soit n un entier > 0; soit P un sous-groupe discret de O 
engendré par 2n points linéairement indépendants sur le corps R des 
réels. Le groupe O / P = Z est alors un groupe commutatif compact; 
il est muni d'une structure de groupe de Lie complexe de dimension 
complexe n. Soit maintenant L le corps des fonctions méromorphes sur 
Cn qui admettent tous les éléments du groupe P comme périodes. 
A chaque fonction de L est associée une fonction définie sur une partie 
de Z, à savoir l'image par l'application canonique O -> O / P de l'en­
semble des points où la fonction donnée est holomorphe. En général, 
le corps L ne contiendra que les constantes. Cependant, si le groupe P 
satisfait à certaines conditions (qui s'expriment au moyen de la théorie 
des matrices de Riemann), le corps L contiendra 'assez de fonctions' 
dans le sens que, pour deux points distincts de Z, on pourra trouver une 
fonction de L qui soit définie en ces deux points et y prenne des valeurs 
distinctes. On montre alors que l'on peut munir le groupe Z d'une 
structure de groupe algébrique en définissant les fonctions rationnelles 
comme étant les fonctions sur Z définies parles éléments de L. Les groupes 
algébriques ainsi définis s'appellent les variétés abéliennes; il vaudrait 
sans doute mieux les appeler groupes abéliens, n'était la confusion 
fâcheuse qui tend à se produire entre ce sens du mot abélien et le sens 
usuel de 'commutatif. Il importe de noter que les divers groupes 
algébriques qu'on peut obtenir ainsi à partir des divers groupes P satis­
faisant aux conditions requises ne sont pas tous isomorphes entre eux, 
alors que les groupes de Lie complexes dont ils proviennent sont tous 
isomorphes. 



LA THÉORIE DES GROUPES ALGÉBRIQUES 55 

Soit G un groupe algébrique, et soit H un sous-groupe de G qui est 
une partie fermée de G (au sens de la topologie définie ci-dessus sur la 
variété G). On montre alors que la composante connexe HQ de l'élément 
neutre dans H est un sous-groupe distingué d'indice fini de H, et est une 
partie fermée de G; de plus, H0 peut être muni d'une structure de groupe 
algébrique, une fonction rationnelle sur H0 coïncidant localement (au 
voisinage de chaque point de son ensemble de définition) avec la restric­
tion à H0 d'une fonction rationnelle sur G. Un groupe HQ défini de cette 
manière s'appelle un sous-groupe algébrique de G. 

Par exemple, le groupe des éléments de déterminant 1 de GL{n) est 
un sous-groupe algébrique de GL{n); il en est de même du groupe des 
matrices orthogonales de déterminant 1 contenues dans GL{n), et, si 
n est pair, du groupe des matrices symplectiques contenues dans GL{n). 
Citons encore le groupe des matrices triangulaires {a^) {ai:} = 0 si i < j), 
le groupe des matrices triangulaires unipotentes {a^ = 0 si i < j , au = 1), 
le groupe des matrices diagonales. 

Les sous-groupes algébriques des variétés abéliennes sont eux-mêmes 
des variétés abéliennes. 

2. Garactérisation des deux types de groupes algébriques 

Les groupes algébriques qui sont isomorphes à des sous-groupes 
fermés de groupes du type GL{n) sont appelés les groupes linéaires ; les 
propriétés de ces groupes sont très différentes de celles des variétés 
abéliennes définies plus haut. Il est remarquable que le fait pour un 
groupe algébrique G d'être du type linéaire ou du type abélien puisse 
se reconnaître par le seul examen de la variété du groupe, abstraction 
faite de sa loi de composition. 

Commençons par les groupes linéaires. On dit qu'une variété algé­
brique U est affine s'il existe un système de coordonnées sur U valable 
sur toute la variété, c'est-à-dire d'une manière plus précise si U est 
isomorphe à une sous-variété fermée d'un espace numérique Kn. Ceci 
étant, on montre qu'une condition nécessaire et suffisante pour qu'un 
groupe algébrique soit linéaire est que sa variété soit une variété affine. 
La condition est évidemment nécessaire. Si elle est satisfaite, on montre 
qu'on peut former des sous-espaces vectoriels de dimensions finies de 
l'algèbre des fonctions partout définies sur le groupe (c'est-à-dire des 
fonctions qui s'expriment comme polynômes en les coordonnées d'un 
système de coordonnées valable sur toute la variété) qui sont invariants 
par les opérations de translation du groupe; ces espaces fournissent des 
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représentations linéaires du groupe qui permettent de construire un 
isomorphisme du groupe avec un groupe linéaire. 

Passons maintenant aux groupes du type abélien. Ces groupes n'ont 
été introduits jusqu'ici que dans le cas où le corps de base est celui des 
complexes; c'est Weil qui a donné la généralisation de ces groupes au cas 
d'un corps de base de caractéristique quelconque. La définition des 
variétés abéliennes repose sur la notion de variété complète qui généralise 
en géométrie algébrique celle des espaces compacts (on observera que 
les variétés abéliennes introduites plus haut sont, du point de vue des 
groupes de Lie, des groupes compacts). Considérons une variété U et 
un morphisme / d'une sous-variété ouverte V d'une variété V dans U; 
le graphe d e / est une partie V de la variété produit U x V; prenons son 
adhérence F. Bien que l'application / ne soit pas définie aux points de 
V—V, il peut se produire que, si y e V— Y', il y ait un ou des points 
x e U tels que {x,y) e F; on dit alors que x est une valeur d'adhérence 
de /en y. La variété U étant donnée, si pour tous choix de V, V e t / e t 
pour tout y eV—V il existe au moins une valeur d'adhérence d e / en 
y, on dit que la variété U est complète. Ceci étant, si K est le corps des 
complexes, on peut montrer que les variétés abéliennes comme définies 
plus haut sont exactement tous les groupes algébriques qui sont des 
variétés complètes. Il est donc naturel, pour un corps de base quel­
conque, d'appeler variétés abéliennes les groupes algébriques qui sont des 
variétés complètes. Ces groupes sont nécessairement commutatifs; leur 
étude est à certains égards plus difficile que celle des groupes linéaires; 
le simple fait qu'ils soient commutatifs oblige par exemple à aller chercher 
beaucoup plus profondément les éléments de structure propres à les 
caractériser. Cette étude a été cependant poussée très loin dans les 
travaux de Weil et de ses successeurs; nous y reviendrons. 

Tandis qu'un groupe linéaire admet une représentation linéaire fidèle, 
un groupe du type abélien n'admet aucune représentation linéaire non 
triviale; un groupe ne peut donc être à fois linéaire et du type abélien 
sans se réduire à son élément neutre. 

Par contre, on peut montrer que les groupes algébriques les plus 
généraux peuvent se construire à partir des groupes linéaires et des 
groupes du type abélien. Indiquons d'abord que, si G est un groupe 
algébrique et H un sous-groupe algébrique de G, l'ensemble G\H des 
classes (à droite ou à gauche) de G suivant H peut être muni de manière 
naturelle d'une structure de variété; l'application naturelle / : G->G/H 
est un morphisme, et tout morphisme de G dans une variété qui est 
constant sur chaque classe suivant H se décompose en l'application / 
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suivie d'un morphisme de GjH. Si H est de plus distingué, GjH est un 
groupe, et, muni de la structure de variété dont on vient de parler, un 
groupe algébrique. Ceci étant, on peut montrer que tout groupe algé­
brique G admet un sous-groupe algébrique distingué H et un seul tel 
que H soit linéaire et GjH complet (i.e. du type abélien); il existe 
diverses démonstrations de ce théorème, dont deux publiées, l'une par 
Barsotti et l'autre par Rosenlicht. On a encore peu de renseignements 
sur le problème réciproque, à savoir le problème de déterminer les groupes 
algébriques admettant un sous-groupe distingué linéaire H donné 
admettant comme quotient un groupe donné de type abélien. Cependant, 
des cas importants ont été étudiés par Rosenlieht, Serre et Lang; cette 
question très importante est liée aux généralisations de la théorie du 
corps de classes aux variétés algébriques. 

3. Variétés abéliennes 

3.1. Décomposition en variétés simples. Isogénies. Une variété 
abélienne A est dite simple si elle ne se réduit pas à son élément neutre 
et si elle n'a aucun sous-groupe fermé connexe non trivial autre que la 
variété tout entière. On est naturellement conduit à chercher à décom­
poser une variété abélienne quelconque en produit de variétés abéliennes 
simples. Cependant, il se produit ici un phénomène analogue à celui que 
l'on rencontre dans la théorie des groupes de Lie semi-simples, un groupe 
de Lie semi-simple étant seulement localement, mais en général pas 
globalement, isomorphe à un produit de groupes simples. Pour en 
arriver à un énoncé exact, on introduit la notion d'isogénie de variétés 
abéliennes. On appelle en général homomorphisme d'une variété 
abélienne A dans une variété abélienne B une application de A dans B 
qui est à la fois un homomorphisme de groupes et un morphisme de 
variétés. On dit que A est isogène à B s'il existe un homomorphisme 
surjectif de noyau fini de A dans B; cette relation, évidemment reflexive 
et transitive, se trouve être aussi symétrique. Ceci étant, on montre que 
toute variété abélienne A est isogène à un produit de variétés abéliennes 
simples; le nombre des facteurs du produit qui sont isogènes à une 
variété abélienne simple quelconque ne dépend que de A. 

3.2. L'anneau des endomorphismes. Soit A une variété abélienne; 
un élément de structure d'importance fondamentale que l'on peut 
attacher à A est son anneau d'endomorphismes %{A); il se compose de 
tous les homomorphismes de A dans A, avec les lois de composition 
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définies par les formules {ot+ß) {x) = a{x)+ß{x), {ocß){x) = a{ß{x)). 
Parmi les endomorphismes figurent notamment les multiplications par 
les entiers naturels, à savoir les applications x-^nx; l'étude de ces 
applications fournit des renseignements sur les points d'ordre fini de A ; 
réciproquement, le fait que les endomorphismes transforment en lui-
même l'ensemble des points d'ordres finis fournit des renseignements 
précieux sur l'anneau %{A). 

Avant d'indiquer les résultats auxquels on arrive dans le cas général, 
nous considérerons d'abord ce qui se passe dans le cas où A est de 
dimension 1 et où K est le corps des complexes. La variété A est alors 
une courbe elliptique; elle se met sous la forme C/P, où P est un sous-
groupe discret de rang 2 de C; les fonctions rationnelles sur A sont les 
fonctions elliptiques admettant les points de P comme périodes. Un 
endomorphisme de A est la transformation de A induite par une 
opération de la forme z-> ocz dans C, a étant un nombre complexe tel 
que CLP C P\ ces opérations sont ce qu'on appelle les multiplications 
complexes attachées à la courbe elliptique A ; on sait que les nombres a 
tels que aP <=• P forment un anneau qui ou bien se réduit à l'anneau des 
entiers rationnels ou bien est un sous-anneau de l'anneau des entiers 
d'un corps imaginaire quadratique L; de plus, dans ce dernier cas, la 
théorie de la multiplication complexe est très intimement associée à la 
théorie du corps de classes sur L. Ceci indique que, les résultats généraux 
relatifs à l'anneau 21 (.4) pour une variété abélienne quelconque A une 
fois obtenus, on peut espérer que ces résultats puissent servir de base à 
une généralisation de la théorie arithmétique de la multiplication com­
plexe à des corps de nombres plus généraux que les corps imaginaires 
quadratiques. Cet espoir a été brillamment réalisé par les travaux de 
Shimura et Taniyama. 

Soit A une variété abélienne quelconque; à tout endomorphisme oc de 
A se trouve associé un entier v{a) défini comme suit: si a n'est pas sur-
jectif, v{a) = 0; dans le cas contraire, a définit un isomorphisme du corps 
F {A) des fonctions rationnelles sur A sur un sous-corps F'{A) de lui-
même, et v{oc) est alors le degré de l'extension F{A)fF'{A). Si cette 
extension est separable, ce qui se produit toujours dans le cas où v est la 
multiplication par un entier premier à la caractéristique de K, v{cc) est 
égal à l'ordre du noyau de a. Un premier résultat fondamental de la 
théorie affirme que, si a est la multiplication par un entier k > 0, on a 
v{a) = Jc2aimA; il en résulte facilement que, si k est premier à la 
caractéristique, les points d'ordres diviseurs de k forment un groupe fini 
isomorphe au produit de 2 dim A groupes cycliques d'ordre k. On en 
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déduit que, si l est un nombre premier distinct de la caractéristique, les 
points d'ordres diviseurs de puissances de l forment un groupe qui est 
le produit de 2 dim A exemplaires du groupe additif des entiers Z-adiques 
réduits modulo l. Soit Mx ce groupe: il est clair que les endomorphismes 
de A opèrent sur le groupe Mx, ce qui donne une représentation de l'anneau 
%{A) dans l'anneau des endomorphismes de Mx. Or on voit facilement 
que ce dernier est isomorphe à l'anneau des matrices de degré 2 dim J. à 
coefficients dans l'anneau des entiers Z-adiques, anneau que nous 
désignerons par JKX. Utilisant la représentation ainsi obtenue de %{A) 
dans Jfx, Weil obtient les résultats suivants. Le groupe additif de %{A) 
admet un ensemble fini de générateurs, et n'admet pas de torsion; il en 
résulte que l'anneau %{A) se plonge dans une algèbre de dimension finie 
%§{A) sur le corps O des rationnels. Cette algèbre est semi-simple. 
D'une manière plus précise, si A est une variété abélienne simple, %{A) 
n'admet aucun diviseur de zéro 4= 0, de sorte que 3IQ {A) est dans ce cas 
un corps gauche. Ce corps n'est d'ailleurs pas quelconque: il admet un 
antiautomorphisme a -» a! involutif tel que l'on ait cr{aoc') > 0 pour tout 
oc 4= 0, o* étant la trace. Dans le cas général, il y a des variétés abéliennes 
simples Bv ...,Bm, non isogènes entre elles, telles que A soit isogène au 
produit de % fois la variété B1,...,nm fois la variété Bm. L'algèbre 
2IQ(J.) se décompose alors en m algèbres simples, dont la i-ième est 
l'algèbre des matrices de degré % à coefficients dans 9ÏQ {At). 

Nous avons déjà signalé l'application de la théorie des variétés 
abéliennes aux généralisations de la multiplication complexe. Une 
autre application (c'est celle pour laquelle la théorie a été édifiée) se 
rapporte à la théorie des corps de fonctions algébriques d'une variable 
sur un corps fini k à q éléments. Soit O une courbe; l'anneau des corre­
spondances entre la courbe C et elle-même est isomorphe à l'anneau des 
endomorphismes de la jacobienne J de la courbe C, de la manière 
suivante: si Y est une correspondance entre G et C (que nous supposons 
dépourvue de composantes de la forme x x G, ce qui signifie qu'il n'y a 
pas de point de G auquel tous les points de C correspondent), les points 
qui correspondent à un point x de G, affectés de multiplicités con­
venables, forment un diviseur b{x) sur la courbe C. Par linéarité, on 
déduit de l'application x -> b{x) une application a -> b(ct) du groupe des 
diviseurs a de C dans lui-même (si a = 2 a ^ , on a b(ct) = Sa^b(^)); on 
montre que cette application transforme les diviseurs principaux en 
diviseurs principaux, donc définit un endomorphisme du groupe des 
classes de diviseurs de C, c'est-à-dire du groupe sous-jacent àia jacobienne 
J de C dans lui-même; on montre que cet endomorphisme est un 
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morphisme de la variété J; c'est donc un endomorphisme de J, dont on 
montre qu'il ne dépend que de la classe de Y. On montre que l'applica­
tion ainsi obtenue de l'anneau des classes de correspondances dans 2Ï( J) 
est un isomorphisme du premier de ces anneaux sur le second. Or, 
supposons la courbe C définie par une équation F{x, y) = 0 à coefficients 
dans le corps k; il y a alors une correspondance remarquable Y entre G 
et elle-même, à savoir celle qui fait correspondre à tout point {x, y) le 
point {xq,yq). La puissance n-ième de cette correspondance associe au 
point {x, y) le point {xqn, yqn); les points de C qui se correspondent à eux-
mêmes au moyen de cette correspondance sont ceux dont les coordonnées 
appartiennent à l'extension unique kn de degré n du corps k. Par ailleurs, 
r définit un endomorphisme a' de J ; Weil a déduit des propriétés de 
l'anneau d'endomorphismes de la jacobienne des renseignements sur 
la croissance en fonction de n du nombre des points fixes de la correspon­
dance r , c'est-à-dire du nombre des points de G à coordonnées dans kn; 
c'est la méthode par laquelle il a pu établir l'hypothèse de Riemann 
relative à la fonction £ définie par la courbe G. 

3.3. Variétés abéliennes et variétés de Picard. La théorie des 
variétés abéliennes trouve d'autres applications dans la théorie des 
diviseurs sur une variété algébrique complète U quelconque; il s'agit 
ici de généraliser la relation qui existe entre une courbe et sa jacobienne. 
Les diviseurs sur U sont les combinaisons formelles à coefficients entiers 
d'hypersurfaces tracées sur U; ils forment un groupe %{U). On appelle 
famille algébrique de diviseurs sur U une loi qui fait correspondre à tout 
point t d'une variété non singulière T (dite variété des paramètres) un 
diviseur D{t) sur U, loi qui doit satisfaire à certaines conditions qui 
permettent de qualifier d'algébrique l'application t -> D{t). Un diviseur 
est dit algébriquement équivalent à 0 s'il appartient à une famille 
algébrique de diviseurs qui contient aussi le diviseur 0; les diviseurs 
algébriquement équivalents à 0 forment un sous-groupe ®0 de ®. Dans 
le cas d'une courbe, ®0 n'est autre que le groupe des diviseurs de degré 0, 
i.e. des combinaisons formelles de points dans lesquelles la somme des 
coefficients est 0. Parmi les diviseurs algébriquement équivalents à 0 
figurent les diviseurs principaux, i.e. les diviseurs de fonctions sur la 
variété; ils forment un sous-groupe ®p de ®0. Dans le cas d'une courbe, 
®o/®p n'est autre que la jacobienne de la courbe. On établit que, dans 
le cas général, le groupe ® 0/®p peut encore être muni d'une structure de 
variété qui en fait une variété abélienne P, et qui satisfait à la condition 
suivante: si t -> D{t) est une famille algébrique de diviseurs de ®0, et si 
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on désigne par CW{t) la classe de U{t) modulo ^p, t -> CW{t) est un 
morphisme de la variété T dans la variété P. La variété P ainsi obtenue 
s'appelle la variété de Picard de la variété U. La construction de la 
variété de Picard a fait l'objet de nombreux travaux récents, dus notam­
ment à Matsusaka, Samuel, Néron et Weil. 

Les notations étant comme ci-dessus, le théorème de Néron-Severi 
affirme que le groupe ®/®0 admet un ensemble fini de générateurs; 
Lang a donné récemment de ce théorème une élégante démonstration 
basée sur l'étude des points d'ordres finis de la variété de Picard. 

Par ailleurs, les résultats obtenus relatifs à la variété de Picard per­
mettent d'étudier les extensions abéliennes non ramifiées du corps F{U) 
des fonctions sur la variété U, en utilisant la théorie classique des 
extensions kummériennes. Une extension cyclique de degré diviseur 
de n {n étant un entier premier à la caractéristique) du corps F{U) 
s'obtient par extraction de la racine n-ième d'une fonction u sur U. 
Comme en théorie des nombres algébriques, pour que l'extension ainsi 
obtenue soit non ramifiée, il faut et suffit que le diviseur de la fonction 
u soit de la forme nD, où D est un diviseur; par ailleurs, si D est lui-même 
principal, l'extension est triviale. On est donc conduit à étudier les 
éléments d'ordres diviseurs de n dans le groupe "S)/®^ Or le groupe des 
éléments d'ordres diviseurs de n dans ®0/®p es^ connu par la théorie de 
la variété de Picard; par ailleurs, le groupe des éléments d'ordres diviseurs 
de n dans ®/®0 est un groupe fini dont l'ordre est borné en fonction de n. 
On conçoit donc qu'on puisse obtenir des renseignements assez précis 
sur la théorie des extensions abéliennes non ramifiées de F{U); et de fait, 
Lang est parvenu à généraliser aux extensions abéliennes des corps de 
fonctions algébriques une grande partie de la théorie du corps de classes 
pour les corps de nombres algébriques. 

La théorie de la variété de Picard P d'une variété quelconque s'ap­
plique en particulier au cas où U est elle-même une variété abélienne A. 
On trouve que P est alors isogène à A, sans lui être nécessairement iso­
morphe. Cartier a réussi tout récemment à montrer que la relation 
ainsi établie entre une variété abélienne A et sa variété de Picard P est 
une relation réciproque; en d'autres termes, la variété de Picard de P est 
isomorphe à A. On arrive ainsi à une relation de dualité entre variétés 
abéliennes qui rappelle, par ses propriétés formelles, la relation de 
dualité entre les groupes commutatifs finis et leurs groupes de 
caractères. 
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4. Les groupes linéaires 

Le développement de la théorie des groupes linéaires algébriques, a 
comporté deux phases assez distinctes, qui se différencient l'une de 
l'autre aussi bien par la nature des problèmes traités que par celle des 
méthodes employées. 

La première phase a été marquée par le souci de s'inspirer de la théorie 
générale des groupes de Lie. Cette dernière ne fournissait à la théorie 
des variétés abéliennes qu'un invariant de nature triviale, puisque 
l'algèbre de Lie d'un groupe commutatif analytique ne dépend que de la 
dimension de ce groupe. Il n'en est plus ainsi dans le cas des groupes 
linéaires; cela se conçoit, puisqu'un sous-groupe analytique du groupe 
linéaire complet GL{n, C) est entièrement déterminé par son algèbre 
de Lie. Aussi a-t-on cherché d'abord à exploiter au maximum les 
renseignements sur un groupe algébrique que l'on peut tirer de l'étude 
de son algèbre de Lie: c'est la voie dans laquelle s'est engagé le fondateur 
de la théorie, Maurer; ses travaux ont été repris et complétés par ceux 
de Chevalley. 

On aperçoit aisément une méthode pour construire des sous-groupes 
algébriques du groupe GL{n, C). Ce dernier opère en effet de manière 
naturelle sur les espaces de tenseurs de diverses espèces construits sur 
l'espace yectoriel O , et les composantes du transformé s{T) d'un tenseur 
T par une opération s de GL{n, C) s'expriment comme fonctions ration­
nelles des coefficients de la matrice s. On dit qu'un tenseur T est un 
invariant d'un sous-groupe G de GL{n,G) si on a s{T) = T pour tout 
s € G, et un semi-invariant si s{T) est de la forme a{s) T (pour s e G), a{s) 
étant un scalaire. Ceci étant, si on se donne un certain nombre de tenseurs 
Tv ...,Th d'espèces quelconques, l'ensemble des éléments s de GL{n,C) 
qui admettent chacun des % comme semi-invariant est évidemment un 
groupe algébrique. On peut montrer que tout sous-groupe algébrique G 
de GL{n, C) peut se définir de la manière précédente. L'idée de la démon­
stration est la suivante. Les fonctions polynômes sur GL{n, C) (celles 
qui peuvent s'exprimer comme des polynômes en les coefficients d'une 
matrice de GL{n, C)) forment une algèbre P; celles d'entre elles qui sont 
homogènes d'un degré déterminé d sont des tenseurs. Le groupe GL{n, C) 
opère sur l'algèbre P. Par ailleurs, un sous-groupe algébrique G de 
GL{n, C) est défini par un certain idéal a de P, qui se compose des 
fonctions nulles sur G. On voit tout de suite qu'une condition nécessaire 
et suffisante pour qu'un élément s appartienne à G est que s transforme a 
en lui-même; il suffit même que s transforme en lui-même l'espace des 
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fonctions de a d'un degré inférieur à un certain entier d (pourvu que d soit 
assez grand). La condition pour que s e G s'exprime donc par la condition 
que s transforme en eux-mêmes certains sous-espaces vectoriels de 
certains espaces tensoriels; or on voit facilement que cette condition peut 
encore se traduire par la condition que «s doit laisser semi-invariants 
certains tenseurs en nombre fini. Utilisant ce théorème, on peut montrer 
que, si G est un sous-groupe algébrique de GL{n, C) et H un sous-groupe 
algébrique et distingué de G, le groupe algébrique GjH est isomorphe à 
un groupe linéaire. Par ailleurs, il convient de noter que le résultat 
précédent et sa démonstration s'étendent sans modification au cas où 
le corps C est remplacé par un corps quelconque. 

Soit G un sous-groupe quelconque de GL{n, C); il y a alors un plus 
petit groupe algébrique G* contenant G: il se compose des opérations qui 
admettent comme semi-invariants tous les semi-invariants de G; on 
l'appelle la coque algébrique du groupe G. On montre que, si G est un 
groupe analytique, G* contient G comme sous-groupe distingué et a 
même groupe des commutateurs que G, de sorte que G*jG est commutatif ; 
d'une manière plus précise, on a G* = G toutes les fois que G est lui-
même le groupe des commutateurs d'un groupe analytique. Par ailleurs, 
on montre que le groupe G* est engendré par les coques algébriques des 
sous-groupes à un paramètre du groupe analytique G (i.e. des groupes 
de la forme {exptX}, où X est une matrice fixe). Or les résultats cités 
plus haut sur la détermination d'un groupe par ses semi-invariants 
permettent de déterminer explicitement la coque algébrique G* d'un 
groupe à un paramètre G. Supposons que G se compose des opérations 
exp tX. La matrice X peut se représenter de manière unique comme 
somme d'une matrice nilpotente N et d'une matrice semi-simple D 
(i.e. d'une matrice réductible à la forme diagonale) qui commute avec N. 
Ceci étant, pour qu'une matrice X' appartienne à l'algèbre de Lie de Ö*, 
il faut et suffit qu'elle puisse se mettre sous la forme cN + D' où c est un 
scalaire et D' une matrice qui se met sous la forme P{D), P étant un 
polynôme qui doit posséder la propriété suivante: si dv ...,dn sont les 
racines caractéristiques de D, on doit avoir S^P(^) = 0 toutes les fois 
que zx,...,zn sont des entiers tels que ljzidi = 0. Les matrices X' qui 
possèdent cette propriété s'appellent les répliques de X; pour qu'une 
sous-algèbre g de l'algèbre de Lie de GL{n, C) soit l'algèbre de Lie d'un 
sous-groupe algébrique de GL{n, C), il faut et suffit que toute réplique 
de toute matrice appartenant à g appartienne encore à g. 

Les résultats précédents fournissent des renseignements sur les points 
d'un groupe linéaire algébrique irréductible G à coefficients dans un sous-



6 4 C. CHEVALLEY 

corps donné K de C. Nous supposerons que G est défini sur K, c'est-à-dire 
que l'idéal des fonctions polynômes nulles sur G est engendré par des 
polynômes à coefficients dans K; il revient au même de dire que l'algèbre 
de Lie de G est engendrée par des matrices à coefficients dans K. Dans 
ce cas, on peut montrer que G contient ' assez ' de points à coefficients dans 
K, en ce sens que toute fonction polynôme sur GL{n, C) qui est nulle sur 
l'ensemble des points de G à coefficients dans K est identiquement nulle 
sur G. Le principe de la démonstration consiste à utiliser les théorèmes 
cités plus haut pour se ramener au cas où G est commutatif ; dans ce cas, 
on fabrique des points de G à coefficients dans K en partant de points s 
à coefficients dans une extension algébrique galoisienne de K et en formant 
le produit de s par ses conjugués relativement à K; comme ces conjugués 
commutent entre eux, leur produit est à coefficients dans K. On notera 
que la question des points à coordonnées dans un corps donné K se pose 
encore de la même manière quand G est remplacé par un corps algé­
briquement clos de caractéristique quelconque; mais, dans ce cas, 
Rosenlieht a montré que le théorème d'existence d'assez de points à 
coordonnées dans K n'est en général plus vrai, bien qu'il le soit encore 
si on suppose le corps K parfait. 

Les résultats relatifs à la correspondance entre les groupes algébriques 
et leurs algèbres de Lie tombent malhereusement en défaut dès que la 
caractéristique p du corps de base cesse d'être nulle. On peut bien encore 
associer à tout groupe algébrique de dimension n une algèbre de Lie, 
qui est aussi de dimension n; cette algèbre de Lie est d'ailleurs une 
^-algèbre au sens de Jacobson, c'est-à-dire une algèbre de Lie dans 
laquelle est définie une opération de puissance p-ième, liée à l'opération 
de crochet par certaines identités; la présence de cette opération résulte 
du fait que la puissance ^-ièrne d'une dérivation d'un corps de caracté­
ristique p est encore une dérivation. Mais, alors que les théorèmes de la 
théorie classique qui permettent d'inférer les propriétés de l'algèbre de 
Lie à partir de celles du groupe restent en général vrais en caracté­
ristique p, il n'en est pas de même des théorèmes allant dans l'autre 
direction. Citons par exemple le fait que plusieurs sous-groupes irréduc­
tibles d'un même groupe algébrique G peuvent avoir la même algèbre 
de Lie, et que des groupes algébriques non résolubles (comme le groupe 
linéaire unimodulaire à 2 variables en caractéristique 2) peuvent avoir 
des algèbres de Lie résolubles. Il résulte de là que les méthodes inspirées 
de la théorie des groupes de Lie perdent toute leur efficacité dans l'étude 
des groupes linéaires en caractéristique p, tout comme dans le cas des 
variétés abéliennes en caractéristique 0; elles ont dû être remplacées par 
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des méthodes directes, qui s'appuyent ici encore fortement sur la 
géométrie algébrique. 

Les premiers résultats relatifs à la théorie des groupes linéaires en 
caractéristique ̂  furent ceux de Kolchin relatifs aux groupes résolubles; 
Kolchin a notamment démontré que le théorème de Lie, qui affirme que 
les matrices d'un groupe linéaire analytique résoluble complexe peuvent 
être simultanément réduites à la forme triangulaire reste vrai pour les 
groupes algébriques résolubles irréductibles sur des corps algébrique­
ment clos de caractéristique quelconque; le résultat était d'autant plus 
frappant que l'on savait à l'époque que l'énoncé correspondant pour les 
algèbres de Lie est faux. 

C'est au mémoire fondamental de Borei que la théorie des groupes 
linéaires algébriques sur un corps algébriquement clos K de caracté­
ristique quelconque doit l'aspect de doctrine harmonieuse et cohérente 
qu'elle revêt aujourd'hui. Soit G un groupe linéaire algébrique irréduc­
tible sur K. Il est clair que G lui-même ne saurait être une variété com­
plète sans se réduire à son élément neutre. Mais G peut néanmoins avoir 
des espaces homogènes complets, c'est-à-dire des sous-groupes fermés 
H tels que la variété G\R soit complète. C'est ainsi que l'espace projectif 
de dimension n — 1, qui est une variété complète, est un espace homogène 
du groupe linéaire général à n variables. Cependant, on peut montrer 
qu'un groupe linéaire résoluble ne peut avoir aucun espace homogène 
complet; d'une manière plus précise, si un groupe linéaire résoluble 
opère rationnellement sur une variété complète U quelconque, il y a au 
moins un point de U qui est invariant par les opérations du groupe. La 
démonstration se fait en se ramenant d'abord au cas où le groupe est 
commutatif , puis, de là, au cas où le groupe est de dimension 1 ; or on peut 
montrer qu'un groupe algébrique irréductible de dimension 1 est 
isomorphe soit au groupe additif du corps de base soit au groupe multi­
plicatif des éléments 4= 0 du corps de base; dans chacun de ces cas, iFest 
facile de montrer directement que le groupe n'admet aucun espace 
homogène complet non trivial. Il résulte de là que, si un groupe linéaire 
irréductible G opère dans une variété complète U, tout sous-groupe 
résoluble irréductible de G est contenu dans le groupe d'isotropie d'au 
moins un point de U. Par ailleurs, le groupe G admet au moins un espace 
homogène complet tel que les groupes d'isotropie des points de cet espace 
soient résolubles. Pour le montrer, il suffit de plonger G dans le groupe 
linéaire complet GL{n,K) et d'observer que le théorème est vrai pour 
GL{n,K). Or le quotient de GL{n,K) par le groupe des matrices tri­
angulaires n'est autre que la variété des drapeaux de l'espace vectoriel 
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Kn sur K, c'est-à-dire la variété composée des suites (Ll9..., Ln) où L{ est 
un sous-espace de dimension i de Kn et Lt c Li+1 (1 < i ^ n— 1); cette 
variété est complète. On démontre en même temps par cette méthode 
que tout sous-groupe résoluble irréductible de GL{n, K) est conjugué à 
un sous-groupe de groupe triangulaire, ce qui fournit une nouvelle 
démonstration du théorème de Lie-Kolehin. Si G est un groupe linéaire 
algébrique irréductible quelconque, on appelle maintenant groupes de 
Borei les sous-groupes résolubles irréductibles maximaux de G; ce sont 
aussi les éléments minimaux de l'ensemble des sous-groupes fermés H 
tels que GjH soit complet; on montre que ce sont aussi des sous-groupes 
résolubles maximaux (sans condition d'irréductibilité) de G. Les groupes 
de Borei d'un groupe G sont tous conjugués entre eux dans G. 

On appelle tore un groupe linéaire qui est isomorphe au produit d'un 
certain nombre de fois le groupe multiplicatif du corps de base par lui-
même; la raison de cette terminologie est que ces groupes jouent dans la 
théorie des groupes algébriques un rôle très analogue à celui que jouent 
les groupes toroïdaux dans la théorie des groupes compacts. Dans le 
cas du groupe linéaire général, le groupe des matrices diagonales est un 
tore maximal, et tout autre tore contenu dans le groupe est conjugué à 
un sous-groupe du groupe des matrices diagonales. Si G est un groupe 
linéaire algébrique quelconque, les tores maximaux de G sont encore 
tous conjugués entre eux; leur dimension commune fournit un invariant 
important du groupe G, que l'on appelle son rang. On appelle enfin 
groupes de Cartan de G les centralisateurs des tores maximaux de G; 
tout groupe de Cartan est le produit direct d'un tore maximal et d'un 
groupe formé d'éléments unipotents (une matrice est dite unipotente si 
elle est la somme de la matrice unité et d'une matrice nilpotente). 

Les résultats se précisent encore dans le cas où G est un groupe semi-
simple, c'est-à-dire où G n'admet aucun sous-groupe résoluble dis­
tingué de dimension > 0. Dans ce cas, on démontre que les tores maxi­
maux sont leurs propres centralisateurs, de sorte que les groupes de 
Cartan sont des tores. Chaque tore maximal T n'est contenu que dans 
un nombre fini de groupes de Borei Bv ..., BN; ces groupes sont permutés 
de manière simplement transitive entre eux par les opérations du normal-
isateur N du groupe T; le groupe NjT = W est un groupe fini; dans le 
cas classique, l'importance de ce groupe dans la théorie des groupes 
semi-simples avait été reconnue par Weyl; aussi l'appelle-t-on le groupe 
de Weyl du groupe G. Soit B l'un des groupes B^ il est le produit semi-
direct du groupe T et d'un groupe Bu formé de matrices unipotentes. 
De plus, alors que la structure des groupes unipotents généraux en carac-
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téristiques p > 0 semble être fort complexe, les groupes Bu qui proviens 
nent de groupes semi-simples sont relativement peu compliqués: Bu est 
en effet le produit semi-direct d'un certain nombre de groupes Hi de 
dimension 1, isomorphes au groupe additif du corps K, dont les norma-
lisateurs contiennent T. Si Ht est l'un de ces groupes, dont on suppose 
fixée une paramétrisation au moyen des éléments de K, le transformé 
par un élément t de T du point de paramètre d sur J3̂  est le point de para­
mètre oc^t) 6, oc^t) étant un homomorphisme du groupe T dans le groupe 
multiplicatif du corps K. Les divers homomorphismes de T que l'on 
obtient de cette manière sont appelés les racines du groupe G (relative­
ment à T) ; le groupe de Weyl permute entre elles les racines. On retrouve 
ainsi tous les éléments de structure qui ont permis à Killing et à Cartan 
de donner dans le cas classique la classification complète des groupes de 
Lie semi-simples; on peut alors procéder à cette classification dans le 
cadre plus général de la théorie des groupes semi-simples sur un corps 
algébriquement clos de caractéristique quelconque; ceci fait, on constate 
qu'il y a exactement autant de types que dans la théorie classique, de 
sorte que la classification est entièrement indépendante de la caracté­
ristique du corps de base. Il convient de noter cependant que l'existence 
de groupes des divers types prévus par la classification ne peut encore 
être établie qu'à partir de la connaissance de l'existence de ces groupes 
dans le cas classique. Pour passer du cas classique au cas de caracté­
ristique p, on utilise un procédé qui permet d'associer à tout groupe semi-
simple complexe G qui soit son propre groupe adjoint et à tout corps K 
(pas nécessairement algébriquement clos) un groupe de matrices à 
coefficients dans K; appliqué aux corps finis K, ce procédé permet de 
construire des groupes finis qui fournissent certains groupes simples finis. 
Parmi les groupes finis simples ainsi obtenus, ceux qui correspondent 
aux groupes simples classiques ou aux groupes exceptionnels de type 6?2 

étaient connus depuis les travaux de Dickson. 
Soit G un groupe linéaire irréductible, et soit B un groupe de Borei 

de G. L'espace homogène complet G/B ne dépend que du quotient de 
G par son radical; les variétés complètes que l'on obtient ainsi possèdent 
des propriétés intéressantes. Le groupe B, étant un sous-groupe de G, 
opère dans GjB; le théorème de Bruhat affirme que l'espace GjB se 
décompose en un nombre fini d'orbites pour le groupe B. Chacune de 
ces orbites est une sous-variété (non fermée en général) de GjB, isomorphe 
à un espace numérique Kv. Dans le cas classique, on obtient de cette 
manière une décomposition cellulaire de l'espace compact GjB en cellules 
de dimensions paires; il en résulte immédiatement que, pour toute 

5-2 
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dimension m, le groupe d'homologie entière pour la dimension m de 
GjB est un groupe fibre de rang égal au nombre des cellules de dimension 
m. Or le nombre de ces cellules peut en principe se calculer dès que l'on 
connaît la manière dont le groupe de Weyl opère sur les racines. On trouve 
ainsi des formules relatives à l'homologie de GjB qui ont été également 
obtenues par voie transcendante par Bott. Par ailleurs, on sait que 
c'est encore un problème ouvert que de généraliser aux variétés définies 
sur les corps de caractéristique p > 0 les notions que la topologie fournit 
à l'étude des variétés algébriques complexes; ce problème est intimement 
Hé aux questions d'analyse diophantienne par les conjectures de Weil. 
Dans le cas des variétés GjB, on peut montrer que la notion d'anneau de 
classes d'équivalence rationnelle, due à Chow, fournit la solution du 
problème: on trouve en effet que, pour une caractéristique quelconque, 
l'anneau de Chow de la variété G\B est isomorphe à l'anneau de coho-
mologie de la variété complexe qui correspond au groupe complexe 
homologue de groupe G. 
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SOME NEW CONNECTIONS BETWEEN 
PROBABILITY A N D CLASSICAL ANALYSIS 

By W I L L I A M FELLERf 

Recent research has revealed the intimate relationship between potential 
theory and Markov processes, and has supplied new examples of the 
fertility of a probabilistic approach to problems of classical analysis. 
Choquet's work on capacities, the Beurling-Deny theory of general 
potentials, Doob's probabilistic approach to the Dirichlet problem, and 
Hunt's basic results concerning potentials and Markov processes are 
closely related, despite the diversity of formal appearances and 
methods. I had hoped in this address to discuss the interconnections 
between these theories, but the task proved too overwhelming for the 
limited time and my own limitations. I am therefore compelled un­
ashamedly to restrict this talk to some related aspects of my own work. 
I propose to describe the two boundaries and topologies induced by the 
annihilators of certain operators; to discuss their justification, their use 
for an abstract theory of so-called boundary value problems, and their 
connection with an invariant theory of operators of local character 
(which generalize the ill-defined notion of differential operators). 

I shall not endeavor to develop a theory or even to state results in 
a precise form. Rather I shall try to explain the background and the 
purpose of the theory by means of a few simple examples, preferably 
using classical harmonic functions. Although everything will be inter­
preted probabilistically, the main emphasis is purely analytic. 

In the sequel D will always denote a topological space and C the 
familiar Banach space of continuous functions in D with 

11/11 =BUp,ez,|/(l»)|. 

Unless otherwise stated all operators will act on continuous functions. 

1. Boundaries induced by positive operators 

1.1. Harmonic functions. I t is convenient to start with a probabilistic 
interpretation of harmonic functions by means of an ad hoc constructed 
random walk. In § 2 we shall approach the Laplacian more directly and 
more naturally. 

f Research in part supported by the Office of Ordnance Research, U.S. Army. 
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Let D be the open unit disc in the plane and for each point p € D let 
Dp <= D be the greatest open disc centered at p and contained in D. 
We shall study the operator T from G to C for which Tf{p) equals the 
arithmetic mean off over Dp. Thus 

Tf= f K{.,q)f{q)dq, (1) 
JD 

where K{p, q) equals jZ^j - 1 or 0 according as q € Dp or q e Dp. Similarly, 
Tn is induced by a kernel i£(n). 

This T determines a discrete random walk with arbitrary initial position 
p eD in. which K^n){p, .) is the density of the random position QneD 
after n steps. We obtain a well-defined measure in the space of all 
sequences {Qn} {Q0 = p, Qne D) and it can be shown that almost all 
sequences are convergent to a point of the boundary circle. For our 
purposes a less refined purely analytical statement will suffice. For any 
set A c= D the probability that Qn e A equals Tnx{p), where % *s ^e 
characteristic function of A. I t is easily verified that Tnf-> 0 for each 
/ € C vanishing at the boundary. Therefore Tnx -> 0 for each compact A, 
and this is equivalent to the statement that Qn approaches the boundary 
in probability. 

This result can be rendered more precise as follows. Let r c J B b e 
a set of the boundary circle B, and uv the harmonic function determined, 
in the classical sense, by the boundary values 1 on Y and 0 on B— Y. 
Then ur{p) is the probability that Qn approaches Y as n -> oo. 

Harmonic functions appear in this context because they are eigen-
functions satisfying <j) = T(j>. The set 5̂ of all solutions of this equation 
such that 0 < ç5 < 1 is a convex set and the harmonic functions uT 

coincide with its extremals. The sets 

r , = {g r€D |« r ( a )> l - e} (2) 

are a system of deleted neighborhoods of V. If % is the characteristic 
function of Te then Tnx -> uT, and hence 

Up(p) = Km prob {̂ n e r J . (3) 

From this it follows easily that ur{p) is the probability of an actual 
asymptotic approach to Y, but for our purposes the weaker statement 
(3) fully suffices. [An alternative proof is given in the next section.] 

The point to be emphasized is that this set-up is not of an analytic 
nature but can be carried out abstractly for a large class of operators in 
an arbitrary topological space D. No boundary need be defined a priori, 
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and it is natural to define a boundary in such a way that the sets Ye become 
neighborhoods of the corresponding boundary sets. Again, D may possess 
a boundary which does not admit of the interpretation of Ye as neigh­
borhoods, and it may be necessary to introduce a new boundary appro­
priate to the study of the transformation T. The simplest example is 
obtained by mapping the unit disc D conformally onto a domain ß whose 
boundary B is of a complicated structure with prime ends, etc. Under 
this conformai map T and its random walk are carried over to 5 , the 
new eigenfunctions are again harmonic, but obviously the convergence 
properties of the random walk remain true only if we replace the ' natural ' 
boundary of J5 by the boundary and topology induced by the conformai 
map. This, of course, is a probabilistic version of the now familiar ob­
servation due to Martin[17] that the study of harmonic functions in 
complicated domains requires the introduction of an appropriate 
boundary. 

We pass to a more interesting example of a different kind. 

1.2. Relativization and isomorphisms. For an arbitrary (not 
necessarily bounded) i]r > 0 harmonic in the disc D we define a new 
transformation by m * r imt*r\ /A\ 

J Ttf=f-1T{fi/r). (4) 
Its kernel is given by 

Kf{p,q) = f-1{p)K{p,q)f{q). (5) 
A function v > 0 satisfies v = T^v if and only if $ = vijr satisfies 
(j) = T(f) (is harmonic). We have thus a 1-1 correspondence between the 
positive eigenfunctions of T andT^ with 1 and ^correspondingto ^r~x 

and 1, respectively. 
Operators of this form will be called similar to T. Clearly similarity is 

transitive, symmetric and reflexive. A closely related transformation 
has been used by Brelot[1] for harmonic functions. We shall see that the 
notion of similarity is exceedingly useful, andhasits counterpart in similar 
semigroups and differential equations. Here we use it to illustrate the 
notion of the boundary induced by T^ and to derive a new proof for our 
interpretation of the harmonic function ur. 

Denote by *ß and *ß ,̂ respectively, the sets of positive eigenfunctions 
of T and T^ bounded by 1. For simplicity of exposition consider the case 
i[r = ur where i]!r is an extremal of *($. The mapping u^r<^^> establishes 
a 1-1 correspondence between ^ and the subset of $ß of elements such 
that ç5 < ur; this correspondence preserves extremals. Now the struc­
ture of the set *ß of harmonic functions is best described in terms of the 
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'natural' boundary of D. Since relations between T, *ß, and D\JB 
with the natural topology will carry over to T^, ^ and DKJY, the set Y 
plays for T^ the role that B plays for T and may be considered the 
boundary induced by T^. 

The same conclusion may be reached probabilistically. From 
i/r-1 = T^ijf-1 it follows that T$f^ 0 for each/€ C vanishing along Y. 
Hence if % is the characteristic function of a neighborhood U of Y we 
have T^x -> 1" thus in the random walk associated with T^ the paths 
converge in probability to the boundary set Y. 

This remark leads to a new proof of the interpretation of uT given in 
the preceding section. Using (5) it is seen that the relation T^x -+ 1 m a y 
be rewritten as „ 

^KW>(p,q)f{q)dq->f{p). (6) 

Now the neighborhood U of Y may be chosen so small that in it i/r = uT 

is arbitrarily close to 1 and we conclude that in the ^-random walk 
P{Qn eU}-+ uT{p) for each neighborhood of Y. This is a slightly 
weakened version of the interpretation of uv{p) as probability of an 
asymptotic approach to Y. 

Given this interpretation of uv we see that in the ^-random walk 
K^ represents the conditional transition probability density given the 
event that the paths converge to Y. Probabilistically, then, the T^-random 
walk is obtained from the T-random walk by conditioning or relativization: 
in the y-walk we pay attention only to paths converging to Y. More 
precisely, let © be the set of all sequences {Qn}, (Q0 = p,Qne D), with the 
measure P induced by T, and let @r be the subset of sequences converging 
to T. Then the T^-walk assigns zero probability to © — @r and pro­
bability P{21} -r P{@} = P{21} fHp)t0 t h e subsets 91 c @. 

1.3. Abstract construction; restricted and total boundaries. We 
pass to the extreme case where D is the set of integers 1,2,..., with the 
discrete topology. This has the advantage that no preconceived in­
tuitive notion of boundary obscures the view. The boundaries may be of 
a complicated topological structure and the present case will clearly 
reveal the features and problems of the most general set-up. 

C is now the space of bounded functions and we write f € C as a column 
matrix with elements jf(i). We consider an operator T defined by a matrix 
II with elements II {i, j) so that in matrix notation Tî = Ilf. The matrix 
II is supposed to be substochastic, that is, its elements are ^ 0, its row 
sums < 1. We denote by *ß the set of all eigenvectors^ such that <f> = 110 



PROBABILITY AND CLASSICAL ANALYSIS 73 

and 0 ^ <j> ^ 1, and by ^°° the set of all (possibly unbounded) solutions 
0>Oofg& = II0. To avoid trivialities we shall assume: (i) each <f> is 
strictly positive, (ii) *ß contains at least two independent vectors. 
[Condition (i) eliminates the nuisance of partitioned matrices requiring 
words rather than thoughts; (ii) eliminates empty and single-point 
boundaries.] 

Again II may be interpreted as the matrix of transition probabilities 
in a random walk (Markov chain), the row defects 1 — SII(., j) accounting 
for the possibility of a termination of the process. For an arbitrary 
initial position i e D we have a probability measure on the set © of all 
terminating or infinite sequences of integers {Qn}. The subset &n) of 
sequences of length > n has probability E^IP^i, j), and hence the 
probability of the set @(00) of infinite sequences is given by the ith 
element of<f> = lim II71!.. Note that <f> is the maximal element of *ß. 

We proceed to introduce a restricted or ^-boundary B, and a total or 
^-boundary B™ => B. We begin with the extremely simple special case 
where <j> = H<f> has only finitely many independent solutions. 

{a) The ^-boundary. Let *ß be spanned by N non-zero vectors 
0(1), ...,<p(-N). These can be chosen as extremal elements of *ß, which 
amounts to saying that \\<f>ik)\\ = 1 and 0 = 0(1) + . . . + <ßm. For fixed 
k and e > 0 put Y(k) = {i | ftk){i) > 1 — e}. As e -> 0 we get a nest of non­
empty sets with empty intersection; from <f> ^ 1 we conclude that for 
fixed e > | the sets Y[j) and T(

e
fc) are non-overlapping (j 4= k). 

The restricted boundary B consists of N points ßa), ...,ß(N) such that 
Y{k) is a deleted neighborhood of /?(fc). We can extend the definition of 
each <f> e *ß to D u B by putting <jP\ß^) = 1 or 0 according as j = k or 
j =# k. Then each 0 is continuous in D u JS, and the 'Dirichlet problem' 
is soluble: to prescribed boundary values there corresponds exactly 
one <f> € *ß. 

Finally with an obvious notation, Un{i, Yik)) -> <fi{k){i), as w -> oo for 
each fixed e. From this one deduces that in the random walk starting 
at i the sample sequences {Qn} converge with probability (j)^k){i) to ß{k); 
with probability 1 — <j){i) they terminate; and the probability of no 
convergence is 0. 

(6) The ^-boundary can be introduced directly, but it is more con­
venient to use the similarity transformation introduced in § 1.2. A matrix 
11^ is similar to II if either 11^ = II or 

n ,̂i) = HP(ù')f(A (?) 
where 4> € *JJ°°. We recall that similarity is transitive, reflexive, and 
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symmetric and that the mapping 0<->v where v{i) = çS(i) ^ -1(i) 
establishes a 1-1 correspondence between *ß°° and ?$$. 

To see the relation between B and the corresponding restricted boun­
dary Bp induced by 11^ consider the typical case 4* = $(1) + $(2)- To 
0(3),..., <f>m and to each unbounded <f> e *J3°° there correspond unbounded 
vectors in ^ and the boundary B^ reduces to two points whose neigh­
borhoods coincide with the neighborhoods of/?(1) and /?(2). For the inter­
pretation of this 11^ in terms of conditional probabilities see § 1.2. 

In general, if B^ is the restricted boundary induced by 11^ we shall 
identify points of B and B^ with coinciding systems of neighborhoods. 
With this identification we define the total boundary B™ induced by U 
as the union of the boundaries B^ as t|> ranges over *ß°°. All similar matrices 
induce the same total boundary, and if 3̂°° is spanned by M independent 
vectors, then J500 contains exactly M points. 

Note that D u JB00 need not be compact. (No compactification seems 
natural or desirable for our purposes.) 

(c) The maximal ideal boundaries. When *ß is not spanned by denumer-
ably many elements the extremal elements of *ß do not correspond to 
points of the prospective boundary, but rather to sets of positive 
capacity. No satisfactory definition of points and neighborhoods is 
known. Now both 9$ and *ß°° have a lattice structure similar to that of 
harmonic functions, and the correspondence between ^S00 and ^ is a 
lattice isomorphism. This makes it possible to define points of B and JB00 

by maximal ideals in *ß and ^S00, respectively (see[5]). Unfortunately these 
boundaries are absurdly large. For example, sample sequences converge 
to sets rather than to points; each <ß e *ß has continuous boundary values 
which is at variance with the desirable model of harmonic function in a disc 
D with the natural topology. That the lattices *ß and 5̂°° are isomorphic 
to lattices of continuous functions on some Hausdorff spaces is, of course, 
well known (see, for example, Kadison[15]). To us the main point is that 
this Hausdorff space appears as a boundary of D and is useful as such. 

Our maximal ideal boundaries serve well for an orientation and as 
a guide, but the introduction of a less clumsy and more appropriate 
boundary is an open, and promising, problem. 

[Postscript. A partial solution has now been obtained by J. L. Doob[19] 

who uses Martin's original construction. The Martin boundary is 
sufficiently small for sample sequences to converge toward points. In 
the finite case, however, this boundary may be bigger than ours ; its 
neighborhoods are larger and this could lead to difficulties in connection 
with boundary value problems and non-minimal semigroups.] 
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2. Semigroups and differential equations 

2.1. Orientation. We turn to the more interesting study of a family 
of positive operators {T{t)}, t ^ 0, from C to G with \\T{t)\\ < 1, and with 
the semigroup property T{t + s) = T{t)T{s). The probabilistic counter­
part to a fixed T{t) is a (possibly terminating) random walk with jumps 
taking place at times t,2t, .... To the whole semigroup there corresponds 
a random motion (Markov process) in D with continuous time: the 
sample space © is the space of functions Q defined in an interval 
0 < t < T < oo such that Q{t) e D, and Q{0) = p e D is a given point. 
The semigroup induces a P-measure in @ such that for each Borei set 
A c: D we have P{Q{t) e A} = T{t) x{p) where x is ^he characteristic 
function of A. Needless to say with the P-measure almost all paths 
are reasonably regular. In particular, they are continuous when the 
semigroup is generated by a differential operator ('diffusion processes'). 

If a path Q is defined only within a finite interval 0 ^ t < r (that is, 
if the process terminates at time r) then, except on a null set of paths, 
as t f r either Q{t) -> q e D or Q{t) has no point of accumulation in D. In 
the first case we say that the process terminates at q, in the second that it 
terminates' at the boundary \ However, it remains to justify this expression. 

For this purpose we shall have to introduce a boundary B induced by 
the generator Q of the semigroup. It will be seen that all operators 
T{t), t > 0, induce the same boundary n <= B, and that the process either 
terminates at B — n or approaches n asymptotically without reaching it. 

We say that the semigroup is generated by Q, if for a dense set of 

' smooth ' /€ C ]imt-i{T{t)f-f} = Qfe C (8) 

in the sense of pointwise convergence. According to this definition, 
introduced in[11], O may generate many semigroups; the infinitesimal 
generator in the sense of Hille[13] is a contraction OjS of O obtained by 
imposing lateral conditions (see §4.3). 

Putting T{t) f = u{t, . ) the function u will satisfy the functional 
equation ut = Qu with the 'initial condition' ^(0, . ) = / . (This is liter­
ally true for smooth/, and in an operational sense for all/. ) In classical 
terms we are concerned with 'solving' this equation. We consider first 
a family of ' similar ' generators and then the relation between generators 
with the same annihilators. 

2.2. The Laplacian. Isomorphisms. We return to harmonic func­
tions and take as example the familiar heat equation ut = Au in the unit 
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disc D. Among the positive semigroups generated by A there exists a 
minimal semigroup. In classical terms u{t, .) = T{t)fis the solution of 
ut = Au with initial condition u{0, . ) = / and boundary condition that u 
vanishes at the circle B. Associated with it is the Wiener process in D 
terminating at B. Physically the process represents a homogeneous 
diffusion in D with ' absorbing boundaries ', or heat conduction with zero 
temperature at the boundary. 

For this minimal semigroup \\T{t)\\ < 1 and therefore the boundary n 
induced by T{t) is empty, but we are concerned with the boundary in­
duced by harmonic functions, that is, the annihilators of the generator A. 
In this connection, of course, we adhere to the natural topology of the 
closed disc. As in § 1.1 let uT be the harmonic function in D determined 
by the boundary values 1 on the set Y <= B and 0 on B — Y. For the process 
starting at the point p e D we have the following analogue to the results 
of §1.1. 

uv{p) is the probability that the process terminates at the boundary set Y. 
The probability that this happens before time t is v(t,p) where v is the 
solution of vt = Av with zero initial values and boundary values 1 on Y 
and 0 on B- Y. 

This assertion becomes plausible on observing that for bounded 
harmonic ^obviously y ( ( ) ^ = ^ _ ^ . ) ) ( 9 ) 

where vt = Av and v has zero initial values and boundary values coin­
ciding (almost everywhere) with those of ijr. Now T{t) \{p) = P{Q{t) e D} 
is the probability that the process does not terminate before it. Together 
with (9) this implies the assertion for the particular case uT = l,orY = B, 
at least if we accept as fact that the process does not terminate in the 
interior of D. We shall only indicate how the general assertion may be 
reduced to this particular case by a generalization of the method of 
similarity transformations or isomorphisms, introduced in § 1.2. 

For positive harmonic ft we define a new semigroup of positive oper­
ators from C to C by m ... £ , « m/,x , «, x ,.. ^ 

J Tir{t)f= ft^Ttf) {fft). (10) 

If 0 < / < 1 then 0 < Tf(t)f < ft-1 < T{t) ft < 1 and hence ||2^(*)|| < 1. 
A glance at (8) shows that the semigroup {T^} is generated by the 
operator A, denned by ^f = ^ . ^ ^ ( 1 1 ) 

For simplicity of exposition we now restrict the consideration to ifr = uT. 
First note that ft~x is unbounded near B—Y and close to 1 near Y, and 
that Tq$)~x < ft~x. From this it is easy to conclude that the random 
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process corresponding to {T^} terminates at Y. Our interpretation of ur is 
obtained from this by adapting the argument following (6). As at the 
end of § 1.2 we remark that the kernel of the ^.-semigroup represents 
the conditional transition probability densities of the T-process given 
that the path terminates at Y. In the sense explained above the T^-
process is therefore simply the restriction of the T-process to the paths 
terminating at Y. 

Returning to the analytical relationship between the T- and the 
^-semigroup note that A^ = 0 if and only if <j)ft is harmonic. The 
positive (possible unbounded) annihilators of A and A^ stand in a 1-1 
correspondence (which is a lattice isomorphism). The bounded anni­
hilators of A^ correspond to the harmonic functions dominated by 
ft = uT, and thus the set Y is the appropriate boundary for {ï^} just 
as the circle B is for {T}. In short we find the same situation as 
in §1.3. 

The circle B, induced by the harmonic functions, represents the 'total9 

boundary for the family of all similar semigroups {T^(t)} [or all differential 
equations ut = A^.u\. The boundary induced by the bounded annihilators 
of A^ corresponds to the subset Y e B. 

That T is the appropriate boundary for the î^-semigroup reflects the 
fact that the common range of the transformations T^(t) is characterized 
by the side condition that T^{t)f vanishes along Y just as T{t)f vanishes 
along B. 

We have here the simplest example of a 'boundary condition' and 
see that it relates to our boundary rather than the 'natural' one. In the 
terminology of classical differential equations, A^ is a differential 
operator with coefficients singular along B — Y, and boundary conditions 
can be imposed only along I\ How vague and unsatisfactory such 
descriptions can be is known from the simple Sturm-Liouville theory 
in one dimension. 

2.3. The active boundary. Singular operators. A new pheno­
menon may be described in connection with the operator Q = o)A in 
the disc D where co > 0 is continuous in D but may tend to zero or in­
finity near the circle B. This operator has the same annihilators as the 
Laplacian A and it is interesting to compare the semigroups generated 
by (oA with those generated by A. In classical terms we are concerned 
with the integration of the parabolic differential equation ut = (oAu 
which may be singular owing to the behavior of a) near B. We describe 
here the main features of the theory carried out in[6] for denumerable 
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spaces (the Kolmogoroff differential equations) by methods of much 
wider applicability. 

There exists a uniquely determined minimal positive semigroup 
{T{t)} generated by wA and for it || T{t) || < 1. However, for an appropriate 
choice of co it may happen that T{t) 1 = 1: the minimal semigroup is in 
this case unique; by contrast to the heat equation no boundary condi­
tions need or can be imposed in this case, and the induced random 
process (diffusion) does not terminate at a finite time. 

With an arbitrary o) > 0 let {T{t)} be the minimal semigroup generated 
by o)A in the unit disc D. Then the following is true. 

{a) The passive boundary n. There exists a set n cz B of the unit circle 
(determined up to a null set) such that for each t > 0 the eigenfunctions 
ç5 of <fi = T{t) (j) such that 0 < çS < 1 coincide with the positive harmonic 
functions (the annihilators of &>A) dominated by un, the harmonic 
function with boundary values 1 on n and 0 on B — rt. In this sense the 
boundary induced by each T{t) coincides with n. In the case a) = 1 (the 
heat equation) n is empty. Por any set Y <=> n the value uv{p) is the 
probability in the jP(£)-process starting at the point p eD that Y is 
asymptotically approached as t -> oo; the probability of reaching T at a 
finite time is zero. 

(ò) The active boundary A = B — n. For each set T c= A the value 
uT{p) is the probability that the process will terminate at Y. The pro­
bability that this occurs before time t equals v{t,p) where v is a solution 
of vt = o)Av with zero initial values and boundary values 1 on T and 
Oon^-r. 

No boundary conditions can be imposed along the passive boundary. 
This summary explains the relations between minimal semigroups 
generated by operators with the same annihilators. 

In analytic terms we may characterize the active and passive boun­
daries as follows. For À ^ 0 the bounded positive solutions of 

\(f)-(DA<j) = 0 (12) 

form a convex set *ßA endowed by a lattice structure similar to that of 
harmonic functions. Now there exists a 1-1 correspondence (lattice 
isomorphism) between the *ßA for À > 0 on one hand, and the harmonic 
functions dominated by uA on the other hand. Thus the active boundary 
is induced by each *ßA for À > 0. An alternative interpretation may be 
given in terms of the resolvent (À — OJA)'1 and a discrete random walk 
associated with it. 
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3. The adjoint boundary 

3.1. Duality. So far we have restricted consideration to operators 
acting on functions. Actually the study of an operator T from C to C 
cannot be separated from the study of the adjoint operator Î7* which 
takes measures into measures. In probability T* is the primary notion, 
although we are compelled to take T as the basic tool of the theory of 
Markov processes. The reasons are discussed in[7]; see also Dynkin[3]. 

To avoid new notations let D be an open domain of the plane and 
suppose that T is of the form (1) with an arbitrary positive kernel. The 
adjoint transformation acts on all measures, but it is convenient to 
consider only absolutely continuous measures and treat Î7* as an operator 
on densities. Let then L be the Banach space of integrable functions 
in D with the usual norm -

N{u)= \u\dq. (13) 

Then T* as an operator from L to L carries u e L into 

T*{u) = f u{p)K{p, .)dp. (14) 

It is positive and N{T*) < 1. The transformation (14) remains meaning­
ful for all u > 0, although the integral may diverge. 

In principle the construction of a boundary induced by 7* should 
follow the method used for T, but fortunately an extremely simple trick 
will save us the trouble of a repeated construction. 

We start from the set *J$* of all finite eigenfunctions u > 0 of u = T*u. 
They need not be integrable, but for simplicity we shall suppose that each 
u € *ß* is strictly positive and continuous in D. 

For an arbitrary u e *ß* define a kernel K by 

Ê(p,q) = u(q)K(q,p)u-i(p), (15) 

wherepeD,qeD. Clearly 
r g(p,q)dq=l (16) k 

for each p, and thus K represents the kernel of a new transformation 
yfrom C to C. 

If v € *ß* then 0 = vu-1 is a continuous eigenfunction of T$ = <p, not 
necessarily bounded. Conversely, to each positive eigenfunction of 
T$ = <j) there corresponds the element v = <fiu € ^J*. This establishes a 
1-1 correspondence between ?$* and the set *ß°° of positive eigen-

file:///u/dq
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functions of T. (These sets are endowed with lattice structures and the 
correspondence is a lattice isomorphism, but we omit these details.) In 
§ 1.3 we have seen that T induces a total boundary relative to the set ^°° 
of all positive eigenfunctions of T(j> = ç5. If in (15) we replaces by another 
element of *ß* then T is replaced by a similar operator (as defined in 
§ 1.3) and the total boundary remains unchanged. This justifies the 

Definition. The adjoint boundary B* induced by T is the total boundary 
induced by the operator T acting from C to C. I t is independent of the 
choice of u e *ß*. 

Probabilistic interpretation. Consider first the case where N{u) = 1 
and interpret u as the stationary probability density of the position 
(at any time) in a Markov chain with transition probability densities K. 
This process is defined for all integral values of the time parameter from 
— oo to oo. In[16] Kolmogoroff pointed out that in this process R{p,q) 
represents the conditional probability density of the position q a t time 
n given that at time n+1 the position is p. Moreover, the same relation­
ship exists between the higher order transition probability densities of 
the if-ehain and the iT-chäin. In other words, for the üT-ehain, É repre­
sents the transition probability densities in the negative time direction: 
the Jf-chain is obtained from the if-chain by reversing the time direction. 

Roughly speaking, then, the boundary induced by T represents the 
directions towards which the sample sequences can converge, and the 
adjoint boundary the directions from which the process can originate. 
This description applies to, and becomes more concrete in connection 
with, continuous time parameter processes and leads to an interpretation 
of the boundary conditions for differential equations. 

Analytically there is no change in the situation when the integral (13) 
diverges, and it is therefore annoying that Kolmogoroff's intuitive 
interpretation of Ë. breaks down. However, as Derman[2] pointed out, 
it may be salvaged for non-integrable u by considering a whole family 
of chains. 

3.2. Relations between the two topologies. I t is natural to ask 
whether and how the topology of D u B induced by T is related to the 
topology of D u J3* induced by Î7*. A first answer is that every imagin­
able situation can arise. For the familiar symmetric operators of analysis 
the two spaces are identical. Still simpler is the other extreme, where B 
and JB* are disjoint and have disjoint neighborhoods. Most vexing are 
the intermediate cases. Among the examples given in[5] there appears the 
following configuration: 
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The boundary B consists of m points ß®, ...,/?(m) and B* consists of 
n points y(1),..., y^n\ Each deleted neighborhood of B is a deleted neigh­
borhood of B* and vice versa. However, each neighborhood of y(1) 

contains a neighborhood of /?(1) u /?(2) and each neighborhood of /?(1) or 
/?(2) is contained in a neighborhood of y(1). Roughly speaking, the point 
y(1) is the same as the set /?(1) u /?(2). Similarly, two points of B may be 
equivalent to the union of the three points of B*, etc. 

These phenomena lead to many new problems connecting topological 
and analytical problems and are interesting in connection with boundary 
conditions; see the end of § 4.3. 

4. Background and program 

4.1. The problems. Given a topological space D an important 
problem of probability theory is to find the most general Markov process 
on D. (Hunt's beautiful results in [14] permit us to reformulate this in 
terms of potentials.) Space does not permit us here to analyze why and 
how this problem is reduced to that of finding semigroups of operators 
from C to C. Anyhow, the following slightly more general problem is of 
obvious interest in itself. 

Find all operators O generating [in the sense of (8)] positive semigroups 
{T{t)}from C to C. We have omitted the restriction \\T{t)\\ < 1, which 
becomes more and more untenable even for probability theory and 
excludes semigroups of interest in potential theory, in diffusion (with 
creation of masses), and heat conduction. [We note in passing that our 
method of isomorphisms cannot be fully exploited as long as one adheres 
to the conventional Banach norm. It would be interesting and highly 
desirable to reformulate the whole theory free from restriction to normed 
spaces utilizing the Köthe-Mackey concept of dual spaces.] 

Given a generator Ü, we face the problem of finding all positive semi­
groups generated by it and to discover the analytic and probabilistic relations 
among them. The first part leads to a strict formulation of the vague and 
unsatisfactory notion 'boundary conditions9 for differential equations. 
The problem is to construct all possible lateral conditions; in this form 
it is analogous to the construction of self-adjoint contractions in Hilbert 
space, but it leads to new angles. 

Finally, it is important to find the generator of the adjoint semigroup. 
(In special cases this amounts to finding the physicist's Fokker-Planck, 
or continuity, equation.) 

This point of view links together operators which classically seemed 
worlds apart. For example, when D is the set of integers we are led to 

6 TP 
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infinite systems of ordinary differential equations that can be treated 
precisely as partial differential equations ; in fact, we obtain the boundary 
conditions with an analogue of 'normal derivatives9 at the boundary in 
a form which is applicable also, say, to harmonic functions in a domain 
with non-differentiable boundary. Again, when D is the real line, the 
semigroup for which u{t, . ) = T{t)f is harmonic in the half plane t > 0 
is generated by a Riesz potential, and Elliott[4] has shown that its restric­
tion to finite intervals is closely related to a second-order differential 
operator. 

It is possible now to see, in rough outlines, the way to a rather general 
solution of the problems stated. Space does not permit us to go into 
details, and we proceed instead to indicate how the first problem is 
connected with an intrinsic theory of differential operators (or their 
analogue) in arbitrary spaces. 

4.2. Operators of local character. The concept of a differential 
operator is defined only in special spaces and depends on a co-ordinate 
system. We replace it by the more meaningful and more general notion 
of an operator of local character. The positive semigroups generated by 
an operator of local character present an obvious analytic interest. 
(The corresponding Markov processes are the only ones whose path 
functions are continuous with probability one; see Ray[18].) They are 
a natural generalization of the second-order elliptic differential operators 
in Euclidean spaces: on one hand, such operators share the main pro­
perties of the Laplacian and generate positive semigroups. On the 
other hand, the derivation of the diffusion equation based on the local 
character condition (which I regret having introduced in C12] under the 
misleading name of Lindeberg condition) shows that no differential 
operator of higher order shares this property. 

For an operator O of local character to generate a positive semigroup 
such that \\T{t)\\ ^ 1 it is necessary, and very likely also sufficient, that 
it have the following positive maximum property: for each/in the (local) 
domain of O such tha t / attains a positive local maximum at the point p 
one has Q.f{p) < 0. Dropping the norm condition \\T{t)\\ < 1 leads to 
the weak maximum condition which requires £lf{p) < 0 only at points p 
such that/(^p) = 0 and / < 0 in a neighborhood of p. 

Operators of local character with the maximum property promise to 
be a fertile analogue in topological spaces of the Laplacian and general 
elliptic operators. It is a challenging problem (now within reach) to 
find a canonical expression for the operators of this class. A complete 
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answer exists only in one dimension1^, but unpublished results of 
McKean point toward a solution in Euclidean spaces. 

The notion of induced boundaries plays an important role in this con­
nection. To explain it, consider an operator Ù of local character with the 
maximum property in a one-dimensional interval / . It is easily seen that 
Q, can have at most two independent annihilators. We may suppose, if 
necessary, that the domain of O has been extended so that Q, possesses 
the maximal number of annihilators compatible with its definition. We 
say then that the point p e I is regular if in a neighborhood N of p there 
exist two independent annihilators, that is, if the local topology induced 
by O agrees with the given topology. At a point p near which there exists 
only one annihilator, Q, induces a topology in which each interval has 
but one boundary point (is half open). This is reflected both in the 
analytic and the probabilistic properties of the corresponding processes. 
For example, all paths starting at a deficient point go in one direction 
(see Dynkin[3]). Similarly, in an arbitrary topological space D it will be 
desirable to avoid singularities and pathologies by requiring that in the 
interior of D the local topology induced by O agrees with the given 
topology. 

An indication of the general character of our operators is obtained from 
the canonical form of an operator O of local character with the positive 
maximum property in an open interval / without singular points. I t is 
given by the following theorem[9]. The interval / can be parametrized 
by a ' canonical scale ' x in such a way that each/in the domain of O has 
one-sided derivatives with respect to x and they are continuous except 
for jumps. (We denote them indiscriminately by/ ' . ) Moreover, there 
exist two Borei measures m and y in / , the m-measure of each interval 
being positive, such that for each/in the domain of O, 

Qf.dm = df'-fdy (17) 

in the sense that the integrals are equal. Of course, if m and y are abso­
lutely continuous this canonical form reduces to O/ = af" — cf. However, 
this traditional form requires artificial restrictions on the coefficients, 
whereas (17) is of an intrinsic nature and its theory is simpler and more 
flexible. Thus, in the equation of the vibrating string our m represents 
the mechanical mass and y an attractive elastic force[10]. The form (17) 
now covers cases where either the mass or the force are concentrated at 
individual points, which are usually treated by artificial passages to 
the limit, whereas the generalized form of O makes available once and 
for all the basic existence and expansion theorem. 

6-2 
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4.3. Lateral conditions. A conditioning set 2 for O is a set such that 
for / e C and each À > À0 there exists exactly one solution .F € 2 of 

AF-QF=f. (18) 

Using the Hüle-Yosida theory it can be shown that each semigroup 
generated by Q corresponds to a conditioning set. For example, the 
minimal semigroups generated by O = wA (§2.3) correspond to re­
stricting the domain of O to functions vanishing at the active boundary. 
The problem 'to find a semigroup generated by the differential operator 
£1 restricted by the conditioning set S ' is the rigorous formulation of 
the vague and not always soluble problem of 'integrating the differential 
equation ut = £iu with the boundary condition u € 2 '. 

For simplicity consider an operator O such that for À > 0 the equation 
Ag—Qg = 0 admits exactly m independent solutions £e C. Then the 
active boundary A induced by Q. consists of m points /?(1), ...,/?(w). For 
example, if O is a second-order differential operator in one dimension, 
say of the form (17), m < 2. All F in the domain of O will be continuous 
i n D u i . The solution Fmin of (18) corresponding to the minimal semi­
group generated by O satisfies the boundary condition Fmin{ß^) = 0. 
Every other solution is of the form 

m 
^ = ^mln + £<I)<j)gö-)j (19) 

i = l 

where £<*> is the solution of A£-Q£ = 0 such that £®(ß®>) = 0 or 1 
according as j 4= k orj = k, and where Oü) is a certain functional of/. 

Our problem now consists in determining these arbitrary functionals 
in their dependence on À in such a way that the range S of the transforma­
tion f->F is independent of A, and to describe all possible such ranges 
(conditioning sets). In [6] and[8] this problem is solved by a method of 
wide applicability. It is interesting that even in the case of differential 
equations the lateral condition F e S need not be of local character; 
hence the classical notion of boundary condition is too restrictive. 

The adjoint semigroup is generated by an operator Ü* acting on 
measures. It is noteworthy that even for a differential operator Q, the 
adjoint Q* need not be of local character. It appears, however, that for 
the minimal semigroup O* shares the local character of Q. 

I t is customary to consider (in Euclidean spaces) only differential 
operators O which are symmetric or so nearly symmetric that Q, and O* 
induce the same boundary. New and interesting phenomena occur for 
truly unsymmetric operators. An abstract formulation of many classical 
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problems is to find semigroups generated by O whose adjoint is generated 
by a given formal adjoint Ü* of O. 

Suppose that the minimal semigroup generated by O has an adjoint 
generated by O*. Let the adjoint boundary consist of TI points y(1),..., y(n) 

corresponding to n independent solutions 7j(k) of AT/ — £l*ri = 0. For the 
semigroup corresponding to (19) to be generated by O* it is necessary 
and sufficient that each functional Oü) is a linear combination of the 
TjW, so that the general solution of our problem involves mn free para­
meters to be determined in such a way that the range of the transforma­
tion (19) be independent of A. 

The solution of this problem given in [6] shows clearly the abstract 
generalization of the normal derivatives appearing in the mixed boundary 
value problem for harmonic functions. (One advantage of the abstract 
approach is to derive the boundary conditions in a form that is always 
meaningful, whereas the classical normal derivatives impose a regularity 
condition on the boundary.) 

The general solution seems also to indicate that the topological ques­
tion whether ß® and y(&) have disjoint neighborhoods is related to the 
behavior of the inner product of £ö) with rfk) as A -> oo (see § 3.2). How­
ever, the precise way in which the relations between the two topologies 
induced by O are reflected in the analytical properties of O is an open and 
promising problem. 
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SOME TRENDS A N D PROBLEMS IN LINEAR 
PARTIAL DIFFERENTIAL EQUATIONS 

By L A R S G A R D I N G 

The theory of partial differential equations is a very large and very 
loosely connected part of present-day mathematics. It has, however, 
a core which has grown out of the boundary value problems of classical 
physics and now qualifi.es as a mathematical theory in its own right. The 
present trend or drift of the subject is very clear. There is an increased 
interest in general problems connected with this core, and this interest 
is due to some very successful applications of the theory of linear topo­
logical spaces which have been made recently. After the pioneering work 
by Schauder [1],f the interaction with the theory of linear spaces has been 
rather slow in coming, but is now producing good results in the hands of a 
generation that learnt both subjects at the same time. When a problem 
about partial differential operators has been fitted into the abstract 
theory, all that remains is usually to prove a suitable inequality and 
much of our new knowledge is, in fact, essentially contained in such 
inequalities. But the abstract theory is not only a tool, it is also a guide 
to general and fruitful problems. 

In my exposition I shall often refer to a comprehensive survey[2] of 
problems in the theory of partial differential equations written by 
Petrowsky in 1946. 

1. Operators with constant coefficients 

We shall write linear differential operators in the form 

A{x,D) = XAa{x)Da (\a\ <m), 

where x is a point in Rn, Dk = djdxh, Da = Dai...Da]c, AJx) is per­
mutation symmetric in <x and \a\ = k is the length of the index a, i.e. the 
order of Da. The order of A is supposed to be m and we write 

PA{x,D) = XAa{x)Da (\a\ = m), 

for the principal part of A. The two corresponding characteristic poly-
nomials are A% Q = ^ ^ ^ ( | a | ^ m)> 

and PA(x, 0 = -LAa(x) £, (\a\ = m), 

f N.B. Superior figures in the text refer to the bibliography. The figure co3 means that 
the result is not published. 

http://qualifi.es
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where £ = (£i> •••>£») has complex components and £« = £ai... £ajfc. 
A hypersurfaee s{x) = 0 is said to be characteristic with respect to A 
at a point x if PA{x,sx) = 0, {sx = grads). A manifold of arbitrary 
dimension is said to be free if no characteristic hyperplane is tangent to it. 

Let us start with operators A{D) with constant coefficients. It is 
natural to ask if they have interesting properties in common. We shall 
see that the answer is yes. The guide to fruitful problems in this con­
nection has been the theory of distributions (Soboleff[3], Schwartz[3]) 
rather than classical physics, and this shows that a new theory does 
not have to solve old problems to motivate its existence. It is quite 
enough to state and solve new ones. Classically, a natural domain for 
a differential operator J. is a set of smooth functions defined in an open 
set (9, e.g. the space ê = ê{(9) of infinitely differentiable functions and 
its subspace 3i = 3){6) of functions with compact supports. If these 
spaces are equipped with the Schwartz topologies, any A will map them 
continuously into themselves. Via the integral 

<h,g> = j> h{x)g{x)dx {ge3), 

any h in ê and, in fact, any locally integrable function gives rise to a 
continuous linear functional on 3, and, if h € ê, we have 

(Ah,g) = (h,Äg), Ä{D) = A{-D). 

Let S)' be the space of distributions, i.e. the dual of the space 3). The 
same equality serves to define Ah e 3)' when h € 3', provided we let 
(/, g} denote the value of/ € 3' at g e 3. In this way we have imbedded 
ê into 3', we have extended the notion of the integral and we have 
extended A from ê to 3'. In many ways, the elements / of 3' behave 
like functions. They can be studied locally by restriction to 3{ V), where 
F is a small open set contained in 6, and they are limits of functions in 3. 
Taking <£}' as a domain of definition gives new perspectives on classical 
results and leads to new interesting problems. 

Let us consider A on @J. Taking the Fourier-Laplace transform 

m){0 = je-^f{x)dx, 

we see that ^Af{Q = A{Ç)^f{Q, i.e. !F turns A into multiplication by 
its characteristic polynomial. An immediate consequence is that / vanishes 
if Af vanishes provided A 4= 0, which we now assume. A more precise 
result is the inequality 

f\f{x)\*dx < cJ\Af(x)\*dx {fe®), (1) 
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where c depends only on the support of/ (Malgrange[4], Hörmander[5]). 
Applied to Ä it shows among other things that the mapping A : 3 ->$ 
has a continuous inverse. By the abstract theory, in this case the 
Hahn-Banach theorem, this implies that 

A3' 3 g'. (2) 

The space on the right consists of all distributions with compact supports 
in (9. In particular, the equation AF = S has solutions F e 3'{Rn). 
These are elementary solutions of A and were obtained long ago by 
summations of the integral 

(2*rt)-»j e&A^)-1 d£ (Re £ = 0), 

in various special cases by, for example, Fredholm[6], Zeilon[7] and Her-
glotz[8]. There is also a method which applies to the general case (Hör-
mander[0]). Deeper results of the same nature as (2) are Ai = ê and 
A3'h = 3'h (Malgrange[4]), which hold when 6 is convex; 3'h is the space 
of distributions of finite order. Ehrenpreis[9] has shown that A3' = 3f 

when 0 = Rn, and Lojasiewicztio] and Hörmander[11] that ASf' =&" 
where Sf is the space of tempered distributions. It would be inter­
esting to know, for example, if A3' = 3' for an arbitrary convex & and 
to clarify the role of the convexity. This leads to interesting uniqueness 
properties for solutions of Au = 0 (Malgrange[4]). 

Inequalities of the type (1) can serve as a basis for comparison between 
operators. An operator A is said to majorize another, B, if (1) holds in 
a bounded region with Bf on the left side. This concept is due to Hör-
mander[5] who proved that A majorizes B if and only if 2 |2?(a)(£)|2 is 
majorized by a constant times 2 |J.(a)(£)|2 for all £ with R e £ = 0 , 
(J.(a)(£) = daA{Q, dk = 3/3£fc)- If majorization is taken with respect to 
functions which do not vanish at the boundary (in which case cj\ f{x) |2 dx 
should be added to the right side of (1)), it turns out that A majorizes 
only operators of the form cxA+c2 where cx and c2 are constants, pro­
vided A is not a polynomial in one variable. 

Let us now consider solutions u of Au = 0. A solution of the form 
polynomial times e& where A{Ç) — 0 will be called exponential. Mai-
grange^1 has shown that if 0 is convex, the exponential solutions span all 
solutions in ê and in 3'. Still more precise results have been obtained by 
Ehrenpreis[0] for entire functions. Simple examples show that, in general, 
Au = 0 has more solutions in 3' than in ê. On the other hand, Weyl[12] 

(see also Caccioppoli[13]) has shown that any locally integrable solution 
of Au = 0 is harmonic (Weyl's lemma). This led Schwartz to the following 



90 LARS GÂRDING 

question. When is it true that Au = 0 has the same solutions in 3' and 
ê, i.e. when is every solution u in 3' an infinitely differentiable function? 
An operator with this property is called hypoelliptic. Hörmander[5] 

proved that A is hypoelliptic if and only if A (£) -> oo with Im £, uniformly 
when Re £ stays bounded. This class includes the parabolic operators 
and also the elliptic ones, which are characterized by the stronger 
property that the solutions of Au = 0 are analytic functions of the real 
variables x. That this is equivalent to the classical algebraic condition 
that PA{Q =|= 0 when Re£ = 0 and £ + 0 had been proved by Petrow-
sky[14]. Let x = {x',x") be a partition of the co-ordinates x into sets x' 
and x" with ri and ri' = n — ri elements. Generalizing our present pro­
blem we may ask when it is true that every solution u e 3' of Au = 0 is 
hypoelliptic in a/ in the sense that \u{x', x") <j){x") dx" is infinitely differ­
entiable when <f> e3. A necessary and sufficient condition is that 
A = HiAa{D')D"a, where A0 is hypoelliptic and dominates the other Aa 

in the strict sense so that J.a(£')/J.0(£')-> 0 as Im£'->oo, uniformly 
when Re£' is bounded (Gârding and Malgrange[39]). This shows, for 
example, that when A is the wave operator • = D\ — D\ —... — D| , any 
solution u is infinitely differentiable in x2, ...,xn. Another consequence 
is that any solution u of Au = 0 gives rise to distributions on non-
characteristic hyperplanes which are restrictions of u. In particular, it 
makes sense to speak of the Cauchy data of u on such a hyperplane. An 
important, but somewhat neglected, problem is to characterize these 
data. It includes as a special case the characterization of the boundary 
values of an analytic function in a strip, where, of course, many results 
are known, e.g. the Paley Wiener theoremC15>3]. For a general A, some 
results have been obtained by Ehrenpreis[0]. The subject of partial 
ellipticity should also offer things of interest. 

The hyperbolic operators can be characterized as those for which 
AF = â has a solution F whose support can be contained in some proper 
half-cone with its vertex at the origin. Let era; < 0 be a half-space which 
has at most the origin in common with the support of F. We say that A 
is hyperbolic cr. An equivalent condition is that PA{cr) 4= 0 and that 
A{tor + Q 4= 0 when £ is purely imaginary and t is large enough (Gar-
ding[16]). It follows that A is hyperbolic — cr, that PA is hyperbolic cr 
(but not conversely !) and that the real algebraic surface PA{£) = 0 has 
m sheets. If these do not intersect, except at the origin, A is said to be 
strictly hyperbolic. In any case, the elementary solution F is uniquely 
determined. Cauchy's problem for Au = 0 is correctly set with Cauchy 
data in S or 3' on the plane ax = 0 and the solution will beine and 3' 
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respectively in the whole space. The value of u at a point y with ory > 0 
depends only on the Cauchy data in the intersection of crx = 0 with 
2/ —suppJP. To take a classical example, the wave operator • is hyper­
bolic a = (1,0,..., 0). The support of F is in this case the cone x1 ^ 0, 
xx = x1x1 — x2x2—...—xnxn ^ 0 if n is odd and its boundary x1 ^ 0, 
xx = 0 if n is even. This is the precise formulation of Huygens's prin­
ciple. The support of F has been determined by Petrowsky[17] for the 
case when A = PA is homogeneous and strictly hyperbolic. He found 
other cases of Huygens's principle with lacunas or 'holes ' in the support, 
and suggested a similar investigation when A = PA is not necessarily 
strictly hyperbolic. The discovery that in this case the dimension of the 
support may be much less than the dimension of its convex hull (Gâr-
ding[18]) has not diminished the interest of this problem. A successful 
treatment will probably not be easy and cannot avoid the topology of 
the complex hypersurface A{Ç) = 0. Clearly, lacunas are an exceptional 
phenomenon, but it is interesting to note that they occur also for wave 
operators with variable lower terms. This has been proved by Stell­
macher^93, who at the same time disproved Hadamard's conjectureC20] 

that the only second-order hyperbolic operators with lacunas are the 
wave operators in even dimensions. 

2. Analytic coefficients 

By Cauchy-Kovalevskaja's theorem we know that Cauchy's problem 
can be solved locally for analytic data on an analytic non-characteristic 
hypersurface 8 provided the coefficients of the operator A = A{x,D) 
are analytic. The local character of this theorem leads to questions 
of analytic continuation. These have been attacked recently by 
LerayE23], who proposes to show that all the singularities of the solution 
lie on (complex) characteristics issuing from the singularities of the data 
or on characteristics which are tangent to 8. His generalization^31 of 
the Laplace transform, which replaces the cycles Re £ = constant by 
compact cycles, shows promise of being an instrument which can single 
out natural classes of elementary solutions for operators with constant 
and polynomial coefficients and give information about them which is 
detailed enough to solve, for example, the problem of the lacunas. 

Elliptic operators A with analytic coefficients are of special interest. 
JohnC24] has shown that they have analytic local elementary solutions, 
and from this it follows easily that if u e 3', fis analytic, and Au = /, 
then u is analytic. This completes classical results to the effect that all 
sufficiently differentiable solutions of analytic elliptic equations, even 
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non-linear, are analytic (Petrowsky[14], see also Friedman[25]). Recently, 
Malgrange[4] has extended Runge's theorem to analytic elliptic operators. 
He shows that every solution u in i{(9) of Au = 0 is a limit of solutions 
in S{(9') where 0f is any open set which contains 0, provided 0. has no 
holes, i.e. & — (9 has no components which are compact relative to 6. 
Naturally, A has to be elliptic in &. The theorem is also true for analytic 
manifolds. Holmgren[21] proved long ago, using Cauchy-Kovalevskaja's 
theorem, that a smooth solution of Cauchy's problem for a free hyper­
surface is unique. This type of uniqueness problem can be stated more 
generally as follows. Let Au = 0 and let u vanish of infinite order on 
a i-dimensional analytic manifold M • When is it true that u vanishes 
in a neighbourhood of M ? The cases k = n— 1 and k = 0 correspond 
to Cauchy's problem with zero data and the case when u has an infinite 
zero at a point respectively. Perfecting the technique of Holmgren, 
John[22] has shown that it is sufficient that M be free and that domains 
of uniqueness can be obtained by deforming M through free manifolds 
keeping its boundary fixed. If M is linear and A has constant 
coefficients, this result is best possible. In fact, then Au = 0 has non-
trivial solutions vanishing of infinite order on any given characteristic 
hyperplane (Hörmander[5]). 

3. Non-analytic coefficients 

The extension of Holmgren's uniqueness theorem to operators with 
non-analytic coefficients presents considerable difficulties for operators 
which are not hyperbolic or parabolic. If this could be achieved for 
elliptic operators, Malgrange's generalization of Runge's theorem would 
hold in the non-analytic case. At the time of Petrowsky's report, the 
only significant result was due to Carleman[26»27] who had shown unique­
ness for a first-order real system in two variables with non-multiple 
characteristics. He had also proved that if the system is elliptic, a solu­
tion with a zero of infinite order must vanish identically. The first result 
has now been extended by Calderon[28] to, for example, Cauchy's pro­
blem with data on a plane crx = constant for operators A with real 
principal parts and no multiple characteristics in the sense that 
PA{x, t<r + Q has no multiple zeros in t when £ is real. The requirements 
on the coefficients are very mild. The proof uses the Zygmund-Calderón 
singular operators[29] which are an efficient substitute for the Fourier 
transform. Counter-examples to uniqueness have been found by 
Landis[30], de Giorgi[31] and PlisC32]. Carleman's second result has been 
extended to elliptic operators A of the second order with real principal 
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part by AronszajnC33] (see also Cordes[34]) who extended an inequality 
by Heinz[35] and Müller[36] modelled on an inequality by CarlemanE27]. 
Aronszajn's result implies uniqueness of Cauchy's problem, which has 
been proved in another way by Landis[37]. Hörmander[383 has proved 
that inequalities of the Carleman model do not work when the multi­
plicity of the characteristics exceeds two. The whole situation is, how­
ever, far from clear and we have no real idea of the mechanism of 
uniqueness since necessary conditions are not explored. The general 
uniqueness problem stated above is unexplored in the non-analytic 
case. 

For operators whose coefficients are not infinitely differentiable, 3' 
is no longer a natural domain of definition since A = H{ — Da)Aa does 

V 

not map 3 into itself, and, if the coefficients are only continuous, A 
need not even have a sense. One way out of this difficulty is to consider 
bilinear forms ,, 

j ^Aaß{x) DJ{x) Dß g{x) dx, (3) 

rather than differential operators. When the coefficients Aaß are suffi­
ciently smooth and / or g belongs to 3 we can write such a form as 

J 
or 

(L(-D)ßAaß(x)DJ(x))g(x)dx, 

^f{x)Y1{-D)aAaß{x)Dßg{x)äx, 

but (3) has a sense also when the coefficients are only locally integrable. 
In classical physics, forms of the type (3) with/ = g appear as expressions 
for various kinds of energy and are prior to differential operators. We 
shall find it convenient to associate with (3) double differential operators 

A=A(z9x, D,D) = Y*Aaß{x, x)DJDß, (4) 

where x is a new set of variables and Aaß{x,x) = Auß{x). Then the 

integrand equals [Af(x) g(x)ix=-x. 

Following Hörmander[5] we abuse this notation by shortening it to 
Af{x)g{x). Accordingly, the integral (3) shall be written as (Af,g}. For 
instance, taking J. = SZ)&Z>fc,weobtaintheDirichletintegral.Weassume 
that the total order n of A is independent of x and x and define PA in the 
obvious way. The characteristic polynomial of A is defined to be 

A{x, x, £, I) = I<Aaß{x, x) CaCß, 
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where £ is the conjugate of £. We say that A is elliptic or hyperbolic if 
A{x,x,D, —D) is elliptic or strongly hyperbolic respectively. Hyper­
bolic double differential operators have been introduced by GardingC40]. 
Here I only want to point out that some of the work that has been done 
on the regularity of solutions of elliptic equations (see Nirenberg[41]) 
can be stated very conveniently in terms of double differential operators. 
Pnf 

\Dkf{x)\* = Y>\DJ{x)\* \\*\<k) 

and \Dkf,G\ = H \Dkf{x)\Ux\ , (5) 

where 0 is open, and put with Laurent Schwartz 
\D~kf, 0| = sup \(f,g)\ \Dkg, 0|-i {g e D{&)). (6) 

If the value + oo is permitted, all these norms have a sense for any 
fe 3'{(9). Let 0 ^ k < m and suppose that A has the (double) order 
k;m — k, i.e. that the sum in (4) runs over |a| ^ k and \ß\ ^m — k. Then 
if \Dkf, &\ < oo we can compute 

\j)U-mAf, 0| = s u p \{Af,g)\ \D™~kg, O^1 {g e 3{(9)). 

Suppose now that A is uniformly elliptic, that k < m and that the double 
order of A — PA does not exceed k ; m — k — 1. Suppose also that (P'cfP 
has compact closure in (9. Then one can show that 

\Dk+1f, 0'\ < clIP+^Af, &\+c \Dkf, <D\ (7) 

with some finite constant c, provided the coefficients of A are bounded 
and those of PA are Lipschitz continuous or, more generally, Lipschitz 
continuous in the norm {j\a\ndx)^n (Garding[0]). In particular, if Af = 0 
and \Dkf, (9\ < oo, then \Dk+1f, (9'\ < oo. Iterations of this inequality 
lead to various generalizations of Weyl's lemma. It has numerous 
variants involving norms 

f f \Dkf{x)\vdxTP (1 < p < oo), 

and Holder continuity. Very sharp results in this direction, which have 
important applications to non-linear equations, are known for n = 2 
(see Nirenberg[41]). They have recently been extended to general n by 
N a s h ^ and de Giorgi^. The latter proves that if A = XA^D^ 
{Ajk = Akj) is real and uniformly elliptic, any solution / of Af = 0 with 
(D1/, @\ < oo is Holder continuous. The proof uses a contraction property 
of Dirichlet's integral which has been explored systematically by 
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Beurling and Deny[44]. Nash has got corresponding results also for 
parabolic operators. It would be interesting to have some idea of con­
tinuity requirements which are necessary for inequalities of the type (7). 

Weyl's lemma has been extended to hypoelliptic operators with 
variable coefficients by Hörmander[45] and MalgrangeC46]. 

4. Boundary problems 

Let ß c Bn be open and bounded and let H = H{&) be the Hilbert 
space of all square integrable functions in (9. Let A = 2L4aDa be a differ­
ential operator with smooth coefficients and let A = T,{ — D)aA0C be its 
formal adjoint. With the domain 3 they become densely defined oper­
ators from H to H. One of the problems posed by Petrowsky was to find 
correctly set boundary problems for arbitrary differential operators. 
A somewhat abstract answer to this problem has been found by VishikC47]. 
He interprets a closed operator B between A and A* as giving a boun­
dary problem if the range of Bis H and B"1 is bounded. It is easy to see 
that such a B exists if and only if A and A have bounded inverses. Hence 
the inequality (1) shows that Petrowsky's question can be given a 
positive answer for operators with constant coefficients. For sufficiently 
small regions Hörmander[5] has extended the inequality (1) to a general 
class of operators with variable coefficients, those of principal type and 
with real principal parts. Still, Petrowsky's question remains open if 
one adds that the boundary problem should be specified in a more 
classical fashion, e.g. so that the domain of B is given by equations Qf=0 
on the boundary of 6, when Q runs through a set of differential operators. 

One of the achievements of the last decade is the extension of Dirich-
let's problem to general elliptic equations and systems which are positive 
definite in a certain sense, the so-called strongly elliptic operators 
(VishikC48]). I will try to give a brief sketch of the theory. The method is 
closely connected with Dirichlet's principle and can be considered as a 
variant of the method of orthogonal projection by H. Weyl[12]. Let (9 
be bounded and define |Dkf | = \Dkf,&\ as before. Let Hk be all functions 
for which this norm is finite and let H% be the closure of 3{(9) in Hk. I t 
is easy to see that \Dkf\* and JS \Daf{x)\2dx, {\a\ = k), are equivalent 
square norms in H$. Let Hök be the dual of HQ with respect to the duality 

if>Q> = \f{x)g{x)dx. 

It consists of a l l / € 3'{(9) for which the norm 

\D-*f\=su-p\(f,9)\\r>k9\-1 {g*®), 
is finite. 
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Let A = ZAaßDaWß (\a\ = \ß\ = m) (8) 

be a double differential operator of (double) order m; m with constant 
coefficients whose real part 

is elliptic. Changing the sign of A we may assume that Re A ^ 0, i.e. 
HeA{Ç,Q > 0 when R e £ = 0. Put (Af,g) = (Af,g). A Fourier trans­
formation shows that (ReAf,f) and \Dmf\2 are equivalent square norms 
on 3. As remarked by Laurent Schwartzco], this means that J. is a linear 
homeomorphism H^^H^. (9) 

In particular, the equation Au =feH = H° has a unique solution u in 
Hff. Weyl's lemma shows that when / is smooth, then u is smooth and 
satisfies ZAaßDa(-D)ßu=f. 

Hence we have solved an inhomogeneous variant of Dirichlet's problem 
in an almost trivial way. The non-trivial part is the verification that 
when/is smooth and 0 is smoothly bounded, then the solution is smooth 
in the closure of (9. This result can be stated as follows. If 0 is bounded 
by a smooth hypersurface of dimension n— 1, the mapping (9) induces 
linear homeomorphisms 

H™+knHff->H$-™ {O^k^m), (10) 

Hm+knH^->Ek~m {k^m). (11) 

Observe that both sides decrease as k increases. The last result is due to 
Ladyzenskajat49] and Guseva[50], the first one to Lions[51]. For m = 2, 
mixed boundary problems have been treated similarly by Soboleff and 
Vishik[71]. The smoothness properties of (9) expressed by (10) and (11) 
have a local character. In fact, both sides of these formulas could be 
taken relative to some smoothly bounded subset &' of 0 which has a 
part of its boundary in common with the boundary of 0 and then A 
and 0 do not have to be smooth outside &'. 

Some reflection shows that if B has order m; m and sufficiently small 
coefficients, then A+B still gives a homeomorphism (9). More generally, 
it has been shown (see, for example, Garding[52]) that a uniformly elliptic 
operator A of order m; m with uniformly continuous principal part and 
bounded lower terms gives rise to a Fredholm mapping (9). By definition, 
such a mapping has a closed range whose codimension is finite and equal 
to the dimension of the nullspace. If the coefficients of A and the 
boundary of (9 are sufficiently smooth, A also induces Fredholm map-
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pings (10) and (11). It is probable that a uniformly elliptic operator A 
of order m + k;m — & (0 < & < m), with a uniformly continuous principal 
part and bounded lower terms gives a Fredholm mapping (10) when (9 
is smoothly bounded. It would be interesting to investigate the smooth­
ness properties of (9) near lower-dimensional parts of the boundary of 6. 
The behaviour of the elements of H\ near such parts has been studied by 
Soboleff[53] in his classical paper on the polyharmonic equation. 

Consider a strongly elliptic operator A of the form (8) and suppose 
that it is real, i.e. that A = Re A. Changing the sign of A, we may also 
suppose that A > 0. When m = 1, |Dm/ |2 and {Af,f) + (/,/) are trivially 
equivalent square norms of Hm, but when m > 1, this is no longer true. 
This concept is due to AronszajnC54] who obtained conditions for co-
erciveness when A is locally positive in the sense that Af] ^ 0 for all / . 
His results were generalized by Schechter[55] and Agmon[56]. They are 
part of a general and as yet incomplete theory of majorization of real 
double differential operators on various classes *€ of functions. When the 
operators are squares and ^ = 3, it reduces to Hörmander's theory153. 

A variety of boundary problems for strongly elliptic operators have 
been explored in a general way by, for example, Vishik[47], Aronszajn[57], 
Browder[58] and Lions[59]. Much less has been done for general elliptic 
operators and systems. Important results on the regularity properties 
of boundary problems for elliptic and hypoelliptic operators have been 
obtained by Hörmander[60], but so far we have insufficient knowledge 
of what the natural boundary problems are except, of course, in special 
cases like the Cauchy-Riemann equations. One cannot expect to find 
very close analogues of the Riemann mapping theorem, but it should be 
possible to find interesting classes of non-linear boundary problems 
which include it (cf. Beurling[61]). 

The theory of Cauchy's problem for hyperbolic operators and systems 
with variable coefficients is at present in good shape. Petrowsky's 
fundamental workC62] has been simplified by LerayE63] and extended to 
the case when the data are distributions. Both these authors use the 
Cauchy-Kovalevskaja theorem and an approximation via operators 
with analytic coefficients, but the existence theorems can also be made 
to follow directly from certain inequalities of the Friedrichs-Lewy type 
(Garding[40]). It remains to study the properties of the solutions, in 
particular the propagation of discontinuities. A start has been made by 
Leray[23], Courant and Lax[64] and Lax[65]. 

The work that has been done on, for example, Dirichlet's problem for 
elliptic operators, and Cauchy's problem for hyperbolic operators has 
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led to new problems and has given us new techniques, but on the whole 
the results are straightforward extensions from the classical case m = 2 
and they are of limited physical interest. The boundary problems that 
occur in practice in connection with, for example, the wave equation 
are mostly of the mixed type. In these, the boundary has a space-like 
part C2 carrying two data and a characteristic or time-like part Cx 

carrying one datum. A large number of papers have been written about 
this problem (see, for example, recent contributions by Duff[66]) but 
a systematic theory is still missing. It would be interesting to have it 
cast in the form of appropriate inequalities. Mixed problems for general 
parabolic type equations in cylindrical domains have attracted much 
interest. In particular, Ladyzenskaja[67] and Lions[68] have developed 
a powerful variant of the method of orthogonal projection adapted to 
this case. Still, I feel that these problems are less significant than the 
true mixed problems where the boundary is more arbitrary. Such pro­
blems for hyperbolic operators of higher order in two variables occur in 
gas dynamics and linear cases have recently been successfully treated by 
Campbell and Robinson[69] (see also Thomée[70]). It would be interesting 
to have an extension to several variables (cf. Friedrichs[77]). 

5. Spectral theory 

Let H be the Hilbert space of all square integrable functions in an open 
set (9 with the scalar product (/, g) = \f{x) g{x) dx and let jBbea self-
adjoint extension of a differential operator A with domain of definition 
3 and smooth coefficients. It follows from a theorem of Gelfand and 
KostiutjenkoC72] (see also Berezanskij[73] and Maurin[74]) that B has a 
complete set of eigendistributions of A. When A is elliptic these are 
smooth functions. The summability properties of the corresponding 
eigenfunction expansion are determined by the kernels e{\, x, y) of the 
projections Ex associated with B, 

EJ(x) = je(A,x,y)f(y)dy. 

When A is elliptic and B is bounded from below, the spectral function 
e is a smooth Carleman kernel. I t turns out that A alone determines the 
properties of e for large À. In fact, if e' is a spectral function belonging 
to another self-adjoint extension B' of A in another region G', then the 
difference e' — e is so stongly oscillating in (9 r\ & as À -> oo that a suffi­
ciently high Riesz mean of it tends to zero like any negative power of À 
(Bergendal[75]). For special operators A and B, LewitanC76] has obtained 
many sharp estimates of e and of the convergence or summability J?A/ -^ / 
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(À -> GO). It would be interesting to extend them to the general case. In 
particular, it should be possible to prove convergence when / is locally 
smooth and satisfies appropriate boundary conditions. It would also be 
interesting to remove the restriction that B is bounded from below, as 
has been done by Lewitan[76] in special cases, and to investigate the 
role of the ellipticity for the local character of the convergence. 

6. Conclusion 

I cannot go here into many important parts of the subject like differ­
ence equations, the theory of systems and applications to quantum 
mechanics and differential geometry. My subject has been the general 
theory of partial differential operators. It has grown out of classical 
physics, but has no really important applications to it. Still, physics 
remains its main source of interesting problems. I have the feeling that 
general talks of the kind I have given are perhaps less useful than 
periodical surveys of unsolved problems in physics which seem to require 
new mathematical techniques. Such surveys will of course not be news 
to specialists, but they will provide many mathematicians with worth­
while problems. Planned efforts to further the interaction between 
physics and mathematics have been rare. They ought to be one of the 
major concerns of the international mathematical congresses. 
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THE COHOMOLOGY THEORY OF 

ABSTRACT ALGEBRAIC VARIETIES 

By ALEXANDER GROTHENDIEGK 

It is less than four years since eohomologieal methods (i.e. methods of 
Homologieal Algebra) were introduced into Algebraic Geometry in 
Serre's fundamental paperC11], and it seems already certain that they are 
to overflow this part of mathematics in the coming years, from the 
foundations up to the most advanced parts. All we can do here is to 
sketch briefly some of the ideas and results. None of these have been 
published in their final form, but most of them originated in or were 
suggested by Serre's paper. 

Let us first give an outline of the main topics of eohomologieal 
investigation in Algebraic Geometry, as they appear at present. The 
need of a theory of cohomology for 'abstract' algebraic varieties was 
first emphasized by Weil, in order to be able to give a precise meaning 
to his celebrated conjectures in Diophantine Geometry[20]. Therefore the 
initial aim was to find the 'Weil cohomology' of an algebraic variety, 
which should have as coefficients something 'at least as good5 as a field 
of characteristic 0, and have such formal properties (e.g. duality, Run­
neth formula) as to yield the analogue of Lefschetz's 'fixed-point 
formula '. Serre's general idea has been that the usual ' Zariski topology ' 
of a variety (in which the closed sets are the algebraic subsets) is a suit­
able one for applying methods of Algebraic Topology. His first approach 
was hoped to yield at least the right Betti numbers of a variety, it being 
evident from the start that it could not be considered as the Weil 
cohomology itself, as the coefficient field for cohomology was the ground 
field of the variety, and therefore not in general of characteristic 0. In 
fact, even the hope of getting the 'true ' Betti numbers has failed, and so 
have other attempts of Serre's[12] to get Weil's cohomology by taking 
the cohomology of the variety with values, not in the sheaf of local 
rings themselves, but in the sheaves of Witt-vectors constructed on the 
latter. He gets in this way modules over the ring W{h) of infinite Witt 
vectors on the ground field h, and W{h) is a ring of characteristic 0 even 
if h is of characteristic p =t= 0. Unfortunately, modules thus obtained 
over W{h) may be infinitely generated, even when the variety V is an 
abelian variety[13]. Although interesting relations must certainly exist 
between these cohomology groups and the 'true ones', it seems certain 
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now that the Weil cohomology has to be defined by a completely different 
approach. Such an approach was recently suggested to me by the 
connections between sheaf-theoretic cohomology and cohomology of Galois 
groups on the one hand, and the classification of unramified coverings of a 
variety on the other (as explained quite unsystematically in Serre's 
tentative Mexico paper[12]), and by Serre's idea that a 'reasonable' 
algebraic principal fiber space with structure group G, defined on a 
variety V, if it is not locally trivial, should become locally trivial on some 
covering of V unramified over a given point of V. This has been the starting-
point of a definition of the Weil cohomology (involving both 'spatial' 
and Galois cohomology), which seems to be the right one, and which 
gives clear suggestions how Weil's conjectures may be attacked by the 
machinery of Homological Algebra. As I have not begun these investiga­
tions seriously as yet, and as moreover this theory has a quite distinct 
flavor from the one of the theory of algebraic coherent sheaves which we 
shall now be concerned with, we shall not dwell any longer on Weil's 
cohomology. Let us merely remark that the definition alluded to has 
already been the starting-point of a theory of eohomologieal dimension 
of fields, developed recently by Tate[18]. 

The second main topic for eohomologieal methods is the cohomology 
theory of algebraic coherent sheaves, as initiated by Serre. Although in­
adequate for Weil's purposes, it is at present yielding a wealth of new 
methods and new notions, and gives the key even for results which were 
not commonly thought to be concerned with sheaves, still less with 
cohomology, such as Zariski's theorem on 'holomorphic functions' and 
his 'main theorem'—which can be stated now in a more satisfactory 
way, as we shall see, and proved by the same uniform elementary 
methods. The main parts of the theory, at present, can be fisted as 
follows: 

(a) General finiteness and asymptotic behaviour theorems. 
(6) Duality theorems, including (respectively identical with) a 

eohomologieal theory of residues. 
(c) Riemann-Roch theorem, including the theory of Chern classes 

for algebraic coherent sheaves. 
(cu) Some special results, concerning mainly abelian varieties. 

The third main topic consists in the application of the eohomologieal 
methods to local algebra. Initiated by Koszul and Cartan-Eilenberg in 
connection with Hubert's 'theorem of syzygies', the systematic use of 
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these methods is mainly due again to Serre. The results are the character­
ization of regular local rings as those whose global eohomologieal dimen­
sion is finite, the clarification of Cohen-Macaulay's equidimensionality 
theorem by means of the notion of eohomologieal codimension[2d\ and 
especially the possibility of giving (for the first time as it seems) a 
theory of intersections, really satisfactory by its algebraic simplicity and 
its generality. Serre's result just quoted, that regular local rings are the 
only ones of finite global eohomologieal dimension, accounts for the fact 
that only for such local rings does a satisfactory theory of intersections 
exist. I cannot give any details here on these subjects, nor on various 
results I have obtained by means of a local duality theory, which seems to 
be the tool which is to replace differential forms in the case of unequal 
characteristics, and gives, in the general context of commutative 
algebra, a clarification of the notion of residue, which as yet was not 
at all well understood. The motivation of this latter work has been the 
attempt to get a global theory of duality in cohomology for algebraic 
varieties admitting arbitrary singularities, in order to be able to develop 
intersection formulae for cycles with arbitrary singularities, in a non-
singular algebraic variety, formulas which contain also a 'Lefschetz 
formula mod.p'm. In fact, once a proper local formalism is obtained, 
the global statements become almost trivial. As a general fact, it appears 
that, to a great extent, the 'local' results already contain a global one; 
more precisely, global results on varieties of dimension n can frequently 
be deduced from corresponding local ones for rings of Krull dimension 
n + l. 

We will therefore turn now to giving some main ideas in the second 
topic, that is, the cohomology theory of algebraic coherent sheaves. 
First, I would like, however, to emphasize one point common to all 
of the topics considered (except perhaps for {d)), and in fact to all 
of the standard techniques in Algebraic Geometry. Namely, that the 
natural range of the notions dealt with, and the methods used, are not 
really algebraic varieties. Thus, we know that an affine algebraic variety 
with ground field h is determined by its co-ordinate ring, which is an 
arbitrary finitely generated ^-algebra without nilpotent elements; 
therefore, any statement concerning affine algebraic varieties can be 
viewed also as a statement concerning rings A of the previous type. Now 
it appears that most of such statements make sense, and are true, if we 
assume only J. to be a commutative ring with unit, provided we sometimes 
submit it to some mild restriction, as being noetherian, for instance. In 
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the same way, most of the results proved for the local rings of algebraic 
geometry, make sense and are true for arbitrary noetherian local rings. 
Besides, frequently when it seemed at first sight that the statement only 
made sense when a ground field k was involved, as in questions in which 
differential forms are considered, further consideration of the matter 
showed that this impression was erroneous, and that a better under­
standing is obtained by replacing k by a ring B such that A is a finitely 
generated J5-algebra. Geometrically, this means that instead of a single 
affine algebraic variety V (as defined by A) we are considering a 'regular 
map' or 'morphism' of V into another affine variety W, and properties 
of the variety V then are generalized to properties of a morphism V -> W 
(the 'absolute' notion for V being obtained from the more general 
'relative' notion by taking W reduced to a point). On the other hand, 
one should not prevent the rings having nilpotent elements, and by no 
means exclude them without serious reasons. Now just as arbitrary 
commutative rings can be thought of as a proper generalization of affine 
algebraic varieties, one can find a corresponding suitable generalization 
of arbitrary algebraic varieties (defined over an arbitrary field). This 
was done by Nagata[9] in a particular case, yet following the definition 
of schemata given by Chevalley[4] he had to stick to the irreducible case, 
and with no nilpotent elements involved. The principle of the right 
definition is again to be found in Serre's fundamental paper[11], and is 
as follows. If A is any commutative ring, then the set Spec {A) of all 
prime ideals of A can be turned into a topological space in a classical way, 
the closed subsets consisting of those prime ideals which contain a given 
subset of A. On the other hand, there is a sheaf of rings defined in a 
natural way on Spec {A), the fiber of this sheaf at the point p being the 
local ring Ap. More generally, every module M over A defines a sheaf 
of modules on Spec {A), the fiber of which at the point p is the localized 
moduleMp over Ap. Now we call pre-schema a topological space X with 
a sheaf of rings Gx on X, called its structure sheaf, such that every point 
of X has an open neighborhood isomorphic to some Spec {A). If X and 
Y are two pre-schemas, a morphism f from X into F is a continuous map 

/ : X -> Y, together with a corresponding homomorphism /*: QT -> 0X 

for the structure sheaves, submitted to the one condition: if x e X, 
y = f{x), then the inverse image by/* : 6YtV -> 0XfX of the maximal ideal 
in GXiX is the maximal ideal in @Y,y If X and Y are the prime spectra of 
rings A and B, then it can be shown that the morphisms from X into Y 
correspond exactly to the ring homomorphisms of B into A, as they 
should. 
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As was explained before, if we consider morphisms / : X -> S with a 
fixed pre-schema S, S plays the part of a ground-field. Besides, if 
8 = Spec {A), then X is a pre-schema over S if and only if the sheaf of 
rings 0X is a sheaf of J.-algebras. In the category of all pre-schemata 
over a given 8, there exists a product (which corresponds to the tensor 
product of algebras over a commutative ring A). Using this, one can 
define objects like pre-schemata of groups, etc., over a fixed ground-
pre-schema 8. One can also use products in order to introduce a mild 
separation condition on pre-schemata, suggested by the usual condition 
in the definition of algebraic varieties, so that one gets what can be called 
a schema. A schema is called noetherian if it is the union of a finite number 
of open sets isomorphic to the prime spectra of noetherian rings. A schema 
X over another S is called of finite type over 8 (or the morphism/: X -> S 
is called of finite type) if, for every affine open set U in S, /_1(Î7) is the 
union of a finite number of affine open sets, corresponding to finitely 
generated algebras over the ring of U. Most of the notions and results of 
usual Algebraic Geometry can now be stated and proved in this new 
context, provided essentially that in some questions one sticks to 
noetherian schemata and to morphisms which are of finite type. Let us 
only remark here that the notion of a complete variety yields the notion 
of a proper morphism (which in the case of Algebraic Geometry over the 
complex numbers is the same as proper in the usual topological sense): 
the morphism / : X -> S is called proper if it is of finite type, and if for 
every noetherian schema Tover S, the projection XxsY->Y is a, closed 
map. One can define also projective and quasi-projective morphisms, 
corresponding to the notions of projective and quasi-projective varieties. 
Many properties on general morphisms can be reduced to the case of 
projective or quasi-projective ones, using a suitable generalization of 
Chow's well-known lemma. 

A sheaf of modules F on the schema X is called quasi-coherent if on each 
affine open set U in X, it can be defined by a module M over the ring A 
of U. If X is noetherian, then F is coherent (in the general sense of[11]) 
if and only if it is quasi-coherent, and the modules M are finitely gen­
erated. Quasi-coherent and coherent algebraic sheaves behave as nicely 
under the usual sheaf-theoretic operations (tensor products, sheaves of 
homomorphisms, direct and inverse images, and derived functors of the 
previous ones) as could possibly be expected from them. 

We are now in a position to state results in the proper context. We 
shall limit ourselves, however, to {a) and (è). The Riemann-Roch 
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theorem, proved independently by Washnitzer[19] and myself[2] in 
abstract algebraic geometry, will be exposed by Hirzebruch at this 
Congress. Let us only remark that the present formulation of this 
theorem, as suggested by Hirzebruch's formula, is substantially stronger 
than the latter, because as usual a statement about a complete variety 
is replaced by one about a proper morphism. As for the 'special results ' 
alluded to in {d), due to Barsotti, Cartier, Rosenlicht and Serre, let us 
only state that one knows about all one wants and expects on the 
cohomology of an abelian variety, and a great deal of the relations 
between the cohomology of a variety and its Albanese variety. In par­
ticular, one gets by eohomologieal methods the absence of 'torsion ' in an 
abelian variety [1>3a,13] and the biduality of abelian varieties[3]. As yet, 
there has been no question of stating such results in the general context 
of a schema over another, although this is certainly a reasonable one. 

The main results in the cohomology theory of morphisms of schemata 
are the following (Theorems 1 and 2 being rather straightforward 
adaptations of Serre's results[11]). 

Theorem 1. Let F be a quasi-coherent sheaf on the affine schema X, 
defined by a module M over the co-ordinate ring A of X. Then 
Hi{X, F) = 0fori> 0, and HQ{X, F) = M. 

Of course, the cohomology groups are taken in the general sense of 
eohomologieal algebra in abelian categories1^'6]. I t is important for tech­
nical reasons not to take as a definition of cohomology the Cech coho­
mology as was done in[11]; in virtue of Leray's spectral sequence for a 
covering, Theorem 1 implies that the cohomology groups of a quasi-
coherent sheaf on a schema X can be computed by the Cech method, but 
this should be considered as an accidental phenomenon. There is a 
converse to Theorem 1C17j, to the effect that if X is a noetherian pre­
schema for which HX{X, F) = 0 for every coherent subsheaf F of 0X, 
then X is affine. This can be shown in this general case by a suitable 
adaptation of Serre's proof. 

Let us recall that if / i s a continuous map from a space X into another 
Y, then for every abelian sheaf F on X, one defines the direct image 

/* {F) of Fbjfto be the sheaf on Y the sections of which on an open set 
U c: Y are the sections of F on/_1( U). Taking the right derived functors 
of the functor/*, we get the 'higher direct images' BQf*{F) of F by / . 
The sheaf Baf*{F) is the sheaf associated to the pre-sheaf 

U->W{f-i{U),F)9 
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and is well known as entering in the beginning term of Leray's spectral 
sequence for the continuous map / and the sheaf F. In case / is a mor­
phism of schemata and F is an algebraic sheaf, the higher direct images 
are algebraic sheaves, which are quasi-coherent whenever F is quasi-
coherent and / of finite type. In this case, the group of sections of 
Baf*{F) on an affine open set U of Y is identical withH^f-^U),F), as 
follows at once from Leray's spectral sequence, for instance. Theorem 1 
is easily generalized to a property of affine morphisms / : X -> Y, i.e. 
morphisms for which the inverse image of an affine open set is affine 
(which in fact is a property local with respect to Y) : if/is affine, then for 
every quasi-coherent sheaf F on X, we have RQf%{F) = 0 for q > 0, and 
the converse holds if X is noetherian. 

The next theorem is concerned with projective morphisms. Let Y be 
a pre-schema, and let SP be a quasi-coherent sheaf of graded algebras on 
Y. For the sake of simplicity, we suppose t h a t ^ has only positive degrees, 
and is generated (as a sheaf of 0F-algebras) by SP1. Then by generalizing 
well-known constructions, one can define a pre-schema X over Y (in 
fact a schema if Y is one itself), and on X an algebraic sheaf locally 
isomorphic to (9X, denoted by 0X{\). More generally, for every quasi-
coherent sheaf JK of graded ^-modules, one defines a quasi-coherent 
sheaf F{JK) on X, the functor ^#-> F{Jt) being exact and compatible 
with the usual operations such as tensor products and &~oriy J^om 
sheaves and êxtl. Taking ^ = SP, one gets 6X, and shifting degrees by 
n in S one gets sheaves &x{n), which can (by what we just stated) be 
obtained as n-fo\d tensor products of 6x{i) with itself. The definitions 
are such that, if / is the projection f:X -> Y, then we have a natural 
homomorphism (compatible with / ) of JKQ into F{Jt), and hence also 
from Jln into F{<J({n)) = F{JK) {n), where for every algebraic sheaf G 
on X, we denote by G{n) the tensor product G®(px(9x{n). The formalism 
just sketched, and in particular getting a pre-schema over Y from a 
graded quasi-coherent sheaf SP of algebras on Y, should be considered 
as the natural general description of the 'blowing-up' process: this is 
obtained by taking a coherent subsheaf ß of 6T, taking the subsheaves 
#n of 6y generated by this sheaf of ideals, and taking f o r ^ the direct 
sum of the sheaves ßn, which is a graded sheaf of algebras in an obvious 
way. A pre-schema X over Y is called projective over Y (and the morphism 
/ : X -> Y is called a projective morphism) if X can be obtained, by the 
process alluded to above, from a sheafs such that SP1 is a finitely gen­
erated sheaf (i.e. a coherent sheaf if Y is assumed noetherian). Thus, if 
Y is an affine noetherian schema which is of integrity (i.e. irreducible 
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and (9T without nilpotent elements) then the schemata over Y which 
are projective over Y, and for which the projection / : X -> Y is a bi-
rational equivalence, are those which can be obtained from Y by blowing 
up a coherent sheaf of ideals on Y (so that we get 'practically all' bi-
rational proper morphisms by the standard blowing up process). Let us 
also remark that if we take for SP the symmetric algebra of a locally free 
sheaf of modules y* on Y, then the corresponding X over Y should be 
looked at as the fiber space with projective spaces as fibers, which 
corresponds to the 'vector bundle' defined by the sheaf y dual to f. 
(In fact, all 'geometric' constructions of Algebraic Geometry can be 
carried over in the context of schemata.) The main facts about the 
eohomologieal theory of projective morphisms are stated in the following 
theorem: 

Theorem 2. Let / : X -> Y be a projective morphism, defined by a 
graded sheaf of algebras SP on Y. Y is supposed noetherian, and we 
suppose that SP1 is generated as a sheaf of modules by r generators 
(locally). Then the following statements hold for every coherent sheaf 
FonX: 

(i) F{n) is 'generated by its sections ' for n large, provided we restrict 
to the points of X which He above an affine open set of X; 

(ii) B%{F{n)) = 0forq>0,n large; 
(iii) B%{F) = 0 for q>r; 
(iv) The sheaves Rqf*{F) are coherent. 
The first statement (i) implies also that every coherent sheaf F on X 

can be obtained from a suitable quasi-coherent sheaf of graded modules 
over SP. 

The next two theorems are proved by first dealing with the case of a 
projective morphism (N.B. projective morphisms are proper). Then the 
statements reduce to statements on graded modules over a polynomial 
ring A[Xl9 ...,Xn], with A noetherian, and can be proved by an easy 
decreasing induction on the dimension i in the cohomology. This explains 
why a complete statement and a simple proof of these results, even 
restricted to i = 0 (i.e. when not concerned with genuine cohomology), 
could not be achieved by non-cohomological methods. The case of a 
general morphism is then reduced to the case of a projective one by 
Chow's lemma, as in[7]. 

Theorem 3. Let / : X -> Y be a proper morphism, Y being noetherian. 
Then, for every coherent sheaf F on X the sheaves Bqf*{F) are 
coherent. 

Theorem 4. Let / : X -> Y and F be as before, let j / b e a point of Y, 
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then Bzf*{F)y is a finitely generated module over the local ring 0y, and 
the m^-adie completion of this module is naturally isomorphic to 

(where my is the maximal ideal of <9y). 
This shQuld be considered as the complete statement of Zariski's 

main result on 'holomorphic functions'[21]. Here, the lim group should 
be considered as the 'holomorphic cohomology' of X along the fiber 
f"x{y), with coefficients in the sheaf F. From Theorem 4, one gets a result 
which is global with respect to Y: if Y' is a closed subset of Y, and 
X' ~f-\Y'), then the holomorphic cohomology of X along X' (with 
coefficients in F) is the ending of a spectral sequence of eohomologieal 
type, the beginning term of which is Ef z = Rv{Y\Y', B% {F)) (where the 
second member denotes the holomorphic cohomology of Y along Y'). 

Theorem 4 yields at once Zariski's connectedness theorem, in the 
following general form. Let / : X -> Y be a proper morphism, Y no­
etherian. Then by Theorem 3 the direct image f*{0x) is a coherent sheaf 
of 6y -algebras SS on Y. Let y e Y, then 06y is an ^-algebra which is a 
finitely generated module. It follows at once from Theorem 4 (with 
q = 0) that the set of connected components of the fiber f~x{y) is in one 
to one correspondence with the maximal ideals of âSy (which of course 
are finite in number). If, for instance, X and Y are of integrity, / sur-
jective, then the field K of Y is a subfield of the field L of X, and 3Sy is a 
subring of L which is integral over the subring 0y of K. If the integral 
closure of 0y in K has only one maximal ideal (we then say that y is a 
'unibranch point ' of Y) and if the algebraic closure of K in L is purely 
inseparable over K, then it follows at once that 3&y has only one maximal 
ideal. Therefore, the fiber of / at y is connected. (N.B. no analytic 
irreducibility of 0y was needed.) 

We can state things in a more geometric way, by using the fact that 
the coherent sheaf f*{@x) = âS of 0F-algebras defines in a natural way 
a pre-schema Y' over F (characterized by the condition that Y' be affine 
over Y and the direct image of (PT, should be â§). It follows from the 
Cohen-Seidenberg theorems that Y' is also proper over Y, and that the 
fibers in the projection Yf -> Y are finite. (Conversely, it follows from 
Theorems 3 and 4 that any Y' over Y having these properties can be 
defined by a coherent sheaf of algebras on Y. We shall say that such a 
pre-schema Y' over Y is integral over Y.) Using the fact that we have an 
isomorphism B ^>/*(^x)? o n e s e e s ^ a ^ f'< X -> Y can be factored in a 
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r a 
natural way as X -> Yf -> Y, where now / ' is such that f*{Ox) = (9Y>. 
Zariski's connectedness theorem can now be stated in the following way: 
the connected components of f~\y) are in a one to one correspondence 
with the elements of g~\y), or equivalently : the fibers off are connected. 
(This canonical factorization of / was suggested by work of Stein on 
analytic spaces.) 

Using Theorems 3 and 4 and the connectedness theorem, one obtains 
also, by global and eohomologieal methods, the most general statement 
of Zariski's 'main theorem' in commutative algebra, which we will state 
here in the geometric language: 

Theorem 5. Let / : I - > 7 be a quasi-projective morphism from a 
schema X into a noetherian schema Y. The points in X which are isolated 
in their fiber f~\f{x)) form an open set U. There exists a schema Y' 
integral over Y, and an isomorphism of U onto an open subset U' of 
Y', such that the restriction of / to U is identical to the compositum 
U-*Y'-> Y. 

This statement is somewhat more general than the usual purely local 
statement. It should be remarked that the local rings of X and Y may 
contain nilpotent elements. The proof of Theorem 5 is obtained by first 
reducing to the ease when X is proper over Y. Then Y' is the schema 
over Y constructed above with the sheaf f^{&x), and the fact that the 
canonical factorization of / induces an isomorphism from U onto an 
open subset of Y' is easily deduced from the connectedness theorem. 
The fact that there should exist eohomologieal proofs of Zariski's con­
nectedness theorem and of his 'main theorem' was first conjectured by 
Serre. That these results hold also for general schemata, not only those 
of algebraic geometry, yields results such as the following (which I under­
stand is due to Chow) : let A be a noetherian local integrity domain which 
is normal (or more generally, 'unibranch'); then the algebraic projective 
space over the residue field k of A defined by the graded i-algebra 
G{A) = Hmnlmn+1 {m = maximal ideal of J.) is connected. 

It remains to say a few words on the duality theorems, although time 
does not permit us to give precise statements. Let us recall first Serre's 
original statement[22]: if Xn is a non-singular projective variety defined 
over an algebraically closed field k, E a vector bundle over X, then there 
is a natural duality between W{X, 6X{E)) and En-\X, Û | ( I ' ) ) , where 
0X{E) is the sheaf of germs of regular sections of E, and Çl\(E') the sheaf 
of germs of regular ^-differential forms of X with values in the dual 
vector-bundle E'. This duality is obtained by cup-product, using the 
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fact that Hn{X, ùx) itself is naturally isomorphic to the ground-field k. 
Various generalizations of this result, and applications to Poincaré 
duality (including a Lefschetz formula) were given in [8]. However, the 
case of singular varieties was not taken into account, so that the state­
ments on Poincaré duality were necessarily restricted to non-singular 
cycles and non-singular intersections of such cycles. Moreover, the 
proper algebraic foundations for the covariant features of the coho­
mology of non-singular varieties, as suggested by Poincaré duality, 
remained unclear. By developing a general theory of residues, this 
situation can now be considered as (potentially) completely clarified. 
To simplify matters, let us consider schemata of finite type over an 
arbitrary ground-field k, i.e. algebraic spaces defined over k, the local 
rings of X being allowed, however, to have nilpotent elements (which is 
technically of the highest importance). Then, on such an X, there is a 
canonically defined complex of algebraic quasi-coherent sheaves Jfx, 
with positive degrees, and a differential operator of degree — 1. In dimen­
sion i, Ctifx is the direct sum of sheaves 3){X\Y), where Y runs over the 
set of all closed irreducible subsets of X of dimension i. The sheaf 
£è{X\Y) is the extension to X of a constant sheaf on Y, corresponding 
to a module over the local ring (Px/Y of Y in X, which should be called 
the dual module of this local ring. In general, if A is a locality, over the 
ground-field k (that is, a local ring of a finitely generated i-algebra) 
there is a well-defined ^.-module D{A), called its dual (with respect 
to k), which can be obtained in the following way: take a subfield L 
of A separable over k such that the residue field of A be algebraic over 
L, then D{A) = H o m ^ { A Qp{m 

where Horn denotes the continuous homomorphisms, and where QP{L) 
is the vector space (of dimension 1) over L of the highest dimensional 
differential forms of L with respect to k. (The fact that the second 
member does not depend on the choice of L is not trivial, and is obtained 
as a consequence of an alternative eohomologieal definition of D{A) as 
a direct limit of Ext modules.) The sheaf C^x is an injective sheaf of 
0^-modules. The definition of its differential operator is a rather subtle 
one. The complex of sheaves CtiCx should be called the residue complex 
of X (or the complex of 'generalized Cousin data' of X). It turns out that 
if X is non-singular and separable over k, then $CX is an (injective) 
resolution of the sheaf Q,x of germs of differential forms of highest degree 
on X. In any case, if dimX = n, then the sheaf of cycles of degree n 
in Cffx, denoted by cox, should be considered as playing the part of 
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differential forms of degree w o n l . In fact, there is a natural homo-
morphism (defined by the well-known Kahler process) of Q.x into tox; 
if X is normal and separable over k, then tox is nothing else but the sheaf 
of germs of differential forms on X which are regular at simple points. 
On the other hand, if X is Cohen-Macaulay (i.e. its local rings are Cohen-
Macaulay), then 3fx is a resolution of cox (and conversely). This shows 
that in general the sheaves H^X^) are not zero even for i =j= n (N.B. they 
never are for i = n), however, these sheaves are always coherent (although 
CPCX itself is much too big to be coherent). 

Now let F be an arbitrary coherent sheaf on X, we write 

Ht{X, F) = fli(Hom& (X; F, Xx)). 

Thus the homology of X with coefficients in F is defined as a contravariant 
functor in F, which moreover is a 'homological functor' because the 
complex J>TX is injective, i.e. F -^Horn^ {X; F,3fx) is exact. I t has 
all the properties one expects from homology, in particular, it is covariant 
with X with respect to proper morphisms (the sheaf Ctfx itself behaving 
covariantly with X), the cohomology of X operates on the homology by 
cap-product. Relative homology and cohomology groups of various types 
can also be defined. If X is Cohen-Macaulay, then the above definition 
Sfives 
g HtiX, F) ~ Ext£-<(X; F, <oz). (1) 

This relation is replaced by a spectral sequence in the general case. If 
X is Cohen-Macaulay and moreover F is locally free, then the above 
relation yields ^ ^ „ Hn_i{X> p ^ ^ ( g ) 

so that in this case, homology can be expressed as cohomology. In the 
general case, this relation is replaced by a spectral sequence, analogous 
to Cartan's spectral sequence for an arbitrary topological space, 
connecting its homology and its cohomology (and yielding Poincaré 
duality in case the space is a variety). 

Using the definitions of Hn and tùx, we see that (if d i m X = n) there 
is a canonical element in Hn{X, ìùX), called the canonical homology class 
of X; as homology is contravariant in the argument, it follows that there 
is a canonical homology class in Hn{X, Cix), and as homology is co-
variant with the space, it follows that for each p-cjcle Z in X, there is 
a homology class yx{Z) in Hp{X,Q^). The formation of these classes 
is compatible with direct images of cycles and homology classes. More­
over, if X is non-singular and separable over k, then y{Z) can be regarded 
as an element ofHn~p{X, QijfP) in virtue of (2). Using some simple facts 
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of local character connecting the intersection and inverse images of 
cycles with some partially defined multiplicative structure in CPfx (for 
non-singular X), we get that formation of characteristic classes is 
compatible with products and inverse images (which solves the difficulties 
encountered in [8]). 

Serre's duality theorem is now generalized in the following way. 
Suppose F is a coherent sheaf on X with complete support, then by 
cap-product there is a natural pairing 

H,{X, F) x H*(X, F) ~> H0{X, Qx\ß), (3) 

where ß is any coherent sheaf of ideals on X such that f. F = 0. We 
can take f such that G^f has complete support, i.e. is the sheaf of 
local rings of an algebraic subspace Y of X. Then the second member of 
(3) is nothing else but H0{ Y, @Y)> and using the sum of residues one gets 
a natural jfc-homomorphism 

H0{X, QX\J) = H0{ Y, &T) ~> h. (3a) 
Using (3) and (3a), one gets a pairing 

Hi(X,F)xH^(X,F)->k. (4) 

This pairing is a duality: thus for complete supports, homology and 
cohomology are dual to each other. Moreover, in this duality, the direct 
image of homology is transposed to the inverse image of cohomology 
(as is needed for the formalism of Poincaré duality). 

We have sketched the statement of results for schemata of finite type 
over a field k. More general results hold in fact, and the duality theorem 
can be stated for any coherent sheaf / o n a noetherian schema X, such that 
the support of F is complete (i.e. proper over some Artin ring A, which 
need not be a field). Combining this with Theorem 4, one gets an equi­
valent statement, concerned with the homological properties of an 
arbitrary proper morphism (the basis Y being noetherian). 

To conclude this talk, I should state some unsolved questions. In 
fact it is perhaps too early to do so, as the available new techniques 
have not been tried seriously enough to know whether or not they are 
able to solve these questions. The following two (which are probably 
related) will perhaps show some resistance. For the sake of brevity, we 
state them in the context of Algebraic Geometry. 

Problem A. (Kodaira's vanishing theorem.) Let F be a non-singular 
projective variety, L a negative line bundle on V (i.e. such that some 
negative multiple of L defines a projective embedding of V). If V is of 
dimension n, is it true that H*(X, @X{L)) = 0 for 0 < i < nì 

8-2 
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It is not difficult to show, using duality, that this problem is equi­
valent to the following one, which no longer involves cohomology: 
Let V and L be as before, and let W be a non-singular hyperplane section 
of V (with respect to some projective embedding of V). Then is it true 
that every regular {n— l)-form, on W, with coefficients in L, is the 
residue of a rational differential ?i-form on V, with coefficients in L, 
having a divisor ^ — Wì 

Problem B. Let / be a birational proper morphism of a non-singular 
variety X into another T. Is it true that BQf*{(9x) = 0 for q > 0? 

Using Leray's spectral sequence, this is equivalent to the problem: if 
/ : X -> Y is as above, is it true that Hv{X, 0X) Z- H^{Y, <9Y) for every 
p Ì More generally, it would follow that if E is a vector bundle on Y, 
F its inverse image on X, then H^{X,6X{F)) Z- E^{Y,GY{E)) ('birational 
invariance of cohomology'). It would imply that the arithmetic genus 
of a complete non-singular variety is a birational invariant (this is only 
known in the classical case when k is the field of complex numbers and 
X projective, by using symmetry h0*** = hP>Q), more generally that 
(/being as before) the Todd classes of Y are the direct images by/of the 
Todd classes of X (as is seen by applying the Riemann-Roch formula[2]). 
The answer to Problem B is not known even for non-singular projective 
varieties over the field of complex numbers. It should be remarked that 
it is essential for the statement to be true, that both X and Y should be 
non-singular. 

There are some other questions in which the eohomologieal methods 
and the heuristic insight provided by the point of view of schemata will 
probably prove helpful. The most important at present seem to be the 
following ones. 

Problem C. Let X be a noetherian schema, Y a complete sub-schema. 
State conditions under which it is possible to 'blow down' F to a point, 
i.e. to find a proper morphism of X into a schema X', mapping Y 
into a single point y and inducing an isomorphism of X — Y onto 
X'-(Y). 

According to Grauert, this problem is closely related to problem A. 
Moreover, it is connected with the theory of holomorphic functions of 
Zariski, a necessary (yet not sufficient) condition for the blowing-down 
to be possible being the following (in virtue of Theorem 4) : the ring of 
holomorphic functions of X along Y must be noetherian and of Krull 
dimension equal to dimX. 

Problem D. Let G be a schema of groups over the schema Y {G of 
finite type over Y), let if be a closed sub-schema of groups of G. Prove 
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the existence of the schema G/H over X (defined by the usual universal 
mapping properties). 

Problem E. Let X be a schema proper over another Y {Y noetherian). 
Prove the existence of a schema of abelian groups of Y, playing the part 
of a relative Picard variety with respect to the determination of locally 
free rank one sheaves on products XxYZ {Z being a variable 'para­
meter schema ' over Y). 

We shall not give here the precise definition of a 'relative Picard 
schema', but only remark that if this schema exists then it behaves in 
the simplest conceivable way with respect to change of base-space Y 
(which should be looked at as the analogue of a change of a base-field). 
Moreover, the fact that we do admit nüpotent elements in the local rings 
of the schemata Z provides a great amount of supplementary information 
on the Picard variety (especially its infinitesimal structure), which does 
not seem to have been obtained as yet even in the classical case. These 
remarks still hold if we consider the more general following situation: 
Given a schema of groups G over X {G of finite type over X), for 
every Z over Y, we consider on X xrZ the inverse image Gz of 
G by the projection XxTZ -^X and the isomorphism classes of 
schemata over XxYZ which are principal under Gz. This leads to 
a definition of a generalized relative Picard variety of X, with respect 
to G, which should be a schema over T, and a schema of abelian groups 
over Y if G is abelian. It is hoped that a general existence theorem of 
such generalized relative Picard schema exists and will be proved in 
the future. 

As a quite general fact, it is believed that a better insight in any part 
of even the most classical Algebraic Geometry will be obtained by trying 
to re-state all known facts and problems in the context of schemata. 
This work is now begun, and will be carried on in a treatise on Algebraic 
Geometry which, it is hoped, will be written in the following years by 
J. Dieudonné and myself, and which is expected to give a systematic 
account of all the questions touched upon in this talk. 
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KOMPLEXE M A N N I G F A L T I G K E I T E N 

Von F. HIRZEBRUCH 

1. Einleitung 

Vor etwa 10 Jahren veröffentlichten Ehresmann und Hopf Ar­
beitend14], in denen untersucht wurde, ob gegebene differenzierbare 
Mannigfaltigkeiten eine komplexe Struktur zulassen. Dabei führten sie 
die fast-komplexen Mannigfaltigkeiten als Verallgemeinerung der kom­
plexen ein. Beispiele für komplexe Mannigfaltigkeiten werden durch 
die algebraischen Mannigfaltigkeiten geliefert. Damit sollen in diesem 
Vortrag kompakte komplexe Mannigfaltigkeiten gemeint sein, die sich 
holomorph und singularitätenfrei in einen komplexen projektiven Raum 
einbetten lassen. 

Von komplexen Mannigfaltigkeiten selbst wird kaum die Rede sein. 
Es soll einerseits über Resultate von Münor[163 über fast-komplexe 
Mannigfaltigkeiten berichtet werden und andererseits über die neue 
Formulierung des Satzes von Riemann-Roch für algebraische Mannig­
faltigkeiten beliebiger Dimension durch GrothendieekC2]. Milnors Unter­
suchungen stehen in engem Zusammenhang mit der Thomschen Co-
bordisme-Theorie[21]. Grothendieck hat den in[13] bewiesenen Satz von 
Riemann-Roch weiter verallgemeinert. Seine allgemeinere Formulierung 
ermöglichte einen rein algebraischen Beweis für Grundkörper beliebiger 
Charakteristik. Bindeglied zwischen den Überlegungen von Milnor und 
Grothendieck ist für diesen Vortrag die Theorie der Chernschen Klassen. 
Ich beginne daher damit, daß ich an die Definition der fast-komplexen 
Mannigfaltigkeiten und der Chernschen Cohomologieklassen einer 
solchen Mannigfaltigkeit erinnere. 

Falls nichts Gegenteiliges gesagt wird, sollen Mannigfaltigkeiten 
immer kompakt sein. Es ist für das Folgende wichtig, ausdrücklich 
darauf hinzuweisen, daß Mannigfaltigkeiten im allgemeinen nicht als 
zusammenhängend vorausgesetzt werden. 

2. Fast-komplexe Mannigfaltigkeiten» ^ 

Es sei X eine 2w-dimensionale differenzierbare Mannigfaltigkeit. Der 
Raum Tx der Tangentialvektoren an X im Punkte x e X ist ein 2^-dimen-
sionaler Vektorraum über dem Körper R der komplexen Zahlen. Eine 
fast-komplexe Struktur auf X ist ein stetiges Tensorfeld J, das jedem 
x € X einen R-Endomorphismus Jx von Tx mit JxoJx = —Id zuordnet. 
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Durch Jx wird Tx wie folgt mit der Struktur eines Vektorraumes über 
dem Körper G der komplexen Zahlen versehen: Für a + bieC {a,b 
reell) und v e Tx wird definiert 

{a + bi)v = a + b{Jxv). 

Eine fast-komplexe Mannigfaltigkeit ist eine differenzierbare Mannig­
faltigkeit mit fast-komplexer Struktur. Die Aussage 'Die Vektoren 
vv ...,vpeTx sind linear-unabhängig über C' ist für eine fast-komplexe 
X sinnvoll. 

3 . Chernsche Klassen & 13>2(» 

Auf einer orientierten (kompakten) differenzierbaren Mannigfaltig­
keit X gibt es immer Vektorfelder mit endlich vielen Singularitäten 
(Nullstellen). Jeder Singularität ist eine ganze Zahl als Vielfachheit 
zugeordnet. Ein alter Satz von Hopf besagt, daß die Anzahl der Singu­
laritäten eines Vektorfeldes (gezählt mit den richtigen Vielfachheiten) 
unabhängig von dem Vektorfeld ist: Diese Anzahl ist immer gleich der 
Eulerschen Charakteristik e{X). Unter einem ^-Feld auf X verstehen 
wir ein p-tupel von Vektorfeldern auf X. Nun sei X mit einer fast­
komplexen Struktur versehen. Ein Punkt xeX heißt Singularität eines 
gegebenen ̂ -Feldes, wenn die ̂ -Vektoren des ̂ »-Feldes in x als Vektoren 
von Tx linear-abhängig über C sind. Es sei n die komplexe Dimension 
von X und 1 < p ^ n. Die Singularitätenmenge eines ^-Feldes ist im 
allgemeinen ein 2{p — l)-dimensionaler Zyklus. Die (ganzzahlige) Homo­
logieklasse dieses Zyklus ist unabhängig von der Wahl des ̂ -Feldes. Sie 
heißt Chernsche Homologieklasse der ^-Felder. Die Chernsche Homo­
logieklasse der 1-Felder ist 0-dimensional. Zu ihrer Definition ist eine 
fast-komplexe Struktur nicht erforderlieh. 

Die fast-komplexe Mannigfaltigkeit X ist in natürlicher Weise 
orientiert, da jeder Tangentialraum Tx als Vektorraum über C orientiert 
ist. Also ist der Chernschen Homologieklasse der ^-Felder durch den 
Poincaréschen Dualitätssatz, der ja eine kanonische Isomorphie 
zwischen der ganzzahligen r-dimensionalen Homologiegruppe und der 
ganzzahligen Cohomologiegruppe H2n-r{X,Z) herstellt, eine Cohomo-
logieklasse cn_p+1 e H2(-n~p+1){X, Z) zugeordnet. Damit sind die Chern­
schen Cohomologieklassen ci (1 < i ^ n) von X definiert (ĉ  € H2i{X, Z)). 

Wir haben vorstehend die Hindernis-Definition der Chernschen 
Klassen angedeutet und dabei die Homologiesprache verwendet. 
Natürlich ist die Cohomologiesprache für die Hindernistheorie besser 
geeignet: Man trianguliere X. Es gibt dann immer singularitätenfreie 
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jp-Felder über dem (2^-2p+l)-dimensionalen Skelett, und das Hin­
dernis gegen singularitätenfreie Fortsetzung auf das {2n — 2p + 2)-Skelett 
ist eine Cohomologieklasse der Dimension 2 {n—p + 1 ) mit Koeffizienten in 
der {2n — 2p + l)-ten Homotopiegruppe der Stiefeischen Mannigfaltigkeit 
aUer^-tupel komplex-linear-unabhängiger Vektoren des O , die bekannt­
lich den kompakten homogenen l&a,umTJ{n)llJ{n—p) als Deformations-
retrakt hat. 7T2n_2p+1{\J{n)ITJ{n— p)) ist die erste nicht verschwindende 
Homotopiegruppe von \]{n)jV{n— p). Sie ist unendlich-zyklisch. Man 
kann ci auch definieren als das erste Hindernis gegen die Reduktion der 
Strukturgruppe des komplexen Tangentialbündels auf U(i — 1). 

4. Chernsche Zahlen 

X sei weiterhin fast-komplex und habe die komplexe Dimension n. 
Der Cohomologiering H*{X, Z) ist ein graduierter Ring mit den Coho-
mologiegruppen ffl{X,7L) als direkten Summanden, der vermöge des 
Poincaréschen Dualitätssatzes zum Homologie-Schnittring der Mannig­
faltigkeit X isomorph ist. Das Einselement 1 von H*{X, Z) gehört zu 
H°{X, Z) und entspricht beim Poincaréschen Isomorphismus dem Grund­
zyklus der orientierten X. Die Gruppen H2i(X, Z) gehören zum Zentrum 
des Cohomologieringes. Sofern wir also nur Chernsche Klassen mitein­
ander multiplizieren, gilt das kommutative Gesetz. 

Jeder Partition o) von n soll eine ganze Zahl zugeordnet werden: 
o) = {rx, ...,rj) wird von natürlichen Zahlen gebildet, deren Summe 
gleich n ist. cricTi...cr, ist dann eine Cohomologieklasse der Dimension 
2n, die auch mit cw bezeichnet werde. cw[X] soll den Wert von ĉ  auf dem 
Grundzyklus der orientierten X andeuten. Jeder Partition o) von n ist 
also die ganze Zahl cJ[X] zugeordnet. Das sind die Chernschen Zahlen 
von X. Wegen des in § 3 erwähnten Satzes von Hopf ist cn[X] die Euler-
sche Charakteristik. Die Chernschen Zahlen, die, wie Beispiele zeigen, 
im allgemeinen von der fast-komplexen Struktur und nicht nur von der 
differenzierbaren Struktur abhängen ([1], § 13.9) sind also Verallgemein­
erungen der Eulerschen Charakteristik, die natürlich nichts mit der 
fast-komplexen Struktur zu tun hat. Die Chernschen Zahlen lassen sich 
auch als Schnittzahlen Chernscher Homologieklassen interpretieren. 
Das entspricht mehr dem Vorgehen in der algebraischen Geometrie, wo 
die Chernschen Klassen ersetzt werden durch gewisse Äquivalenz­
klassen algebraischer Zyklen bezüglich rationaler Äquivalenz (kanonische 
Klassen). Zur Definition der Chernschen Zahlen auf rein algebraische 
Weise ist die Theorie des Schnittringes der Äquivalenzklassen alge­
braischer Zyklen erforderlich (vgl. die Arbeiten von Chow). 
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5. Chernsche Zahlen und arithmetisches Geschlecht[13] 

X sei eine ?i-dimensionale algebraische Mannigfaltigkeit (wobei wir 
unter 'Dimension' einer algebraischen oder fast-komplexen Mannig­
faltigkeit immer die komplexe Dimension verstehen wollen). gi sei die 
Dimension über C des Vektorraumes aller holomorphen Differential­
formen von X vom Grade i. Das arithmetische Geschlecht %(X) ist 
gegeben durch n 

x(X) = x(-iy9i. 
i=0 

Per definitionem ist g0 die Dimension über G des Vektorraumes der 
holomorphen Funktionen. Da X kompakt ist, ist g0 gleich der Anzahl 
der Zusammenhangskomponenten von X. Man kann xfê) darstellen 
als Linearkombination der Chernschen Zahlen von X mit rationalen 
Koeffizienten. Für jede Dimension n hat man ein Polynom Tn vom 
Gewicht n in den ct, das diese Linearkombination angibt. Es gilt für 

n=l: X(X) = ic1(X], 

n = 2 

n = 3 

n = 4 

X(X) = Ä(c2 + cf)[X], 

X(X) = Äc2Cl[X], 

X(X) = ^ ( - c 4 + C3C1 + 3ct + 4c2c|-cì)[X]. 

Das ist der Satz über das Toddsche Geschlecht, der in[13] bewiesen wurde 
und einen Spezialfall des Satzes von Riemann-Roch darstellt. 

Ein mehrfach-projektiver Raum ist ein Produkt von komplexen 
projektiven Räumen, dessen komplexe Dimension gleich n ist. Es gibt 
n{n) mehrfach-projektive Räume der Dimension n, wo n{n) die Anzahl 
der Partitionen von n ist. Die n{n) Koeffizienten des Toddschen Poly­
noms Tn sind zum Beispiel dadurch gegeben, daß Tn(cv . . . , c j auf allen 
mehrfach-projektiven Räumen der Dimension n den Wert 1 annehmen 
muß. (Die Chernschen Zahlen der mehrfach-projektiven Räume sind 
wohlbekannt.) Für jede fast-komplexe Mannigfaltigkeit X können wir 
das Toddsche Geschlecht T{X) als rationale Zahl durch die Toddsche 
Linearkombination Tn der Chernschen Zahlen von X definieren. Für 
algebraische X ist %(X) = T{X), das Toddsche Geschlecht also ganz­
zahlig. 

6. Chernsche Zahlen und Satz von Milnor[16] 

Ein System von n{n) ganzen Zahlen, oder genauer eine Abbildung der 
Menge der Partitionen von n in die ganzen Zahlen, muß gewisse Beding-
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ungen erfüllen, um als das System der Chernschen Zahlen einer w-dimen-
sionalen algebraischen Mannigfaltigkeit X auftreten zu können. Eine 
notwendige Bedingung wird durch die Ganzzahligkeit des Toddschen 
Geschlechtes gegeben, die für n = 1 besagt, daß die Eulersche Charakter­
istik gerade sein muß, und zum Beispiel für n = 3, daß c±c2[X] durch 24 
teilbar sein muß. Für n = 1 ist die Teilbarkeit von cx[X] durch 2 auch 
die einzige Bedingung: Die positiven geraden Zahlen werden durch 
disjunkte Vereinigungen von Riemannschen Zahlenkugeln (projektiven 
Geraden) erhalten, die geraden Zahlen < 0 durch zusammenhängende 
Riemannsche Flächen vom Geschlecht ^ 1. Milnor hat sich folgende 
Frage gestellt: 

Welche Systeme von n{n) ganzen Zahlen treten als System der Chernschen 
Zahlen einer fast-komplexen X der komplexen Dimension n auf! 

Milnor hat gezeigt, daß man für jedes n ein 'vollständiges' System 
von Kongruenzen für die Chernschen Zahlen aufstellen kann, deren 
Gültigkeit notwendig und hinreichend dafür ist, daß ein vorgegebenes 
System von n{n) ganzen Zahlen als System der Chernschen Zahlen einer 
7i-dimensionalen fast-komplexen X auftritt. Milnor beweist nämlich 
folgenden 

Satz. Bin System von n{n) ganzen Zahlen tritt dann und nur dann als 
System der Chernschen Zahlen einer n-dimensionalen fast-komplexen X 
auf, wenn es als System der Chernschen Zahlen einer n-dimensionalen 
algebraischen Y auftritt, die einer wohlbestimmten Menge 3DÎ von alge­
braischen Mannigfaltigkeiten angehört. 

Zur Menge 501 gehören die komplexen projektiven Räume, ferner die 
Hyperfläche H(nö des zweifach-projektiven Raumes Pr{C) x Pt{C) vom 
Doppelgrad (1,1) und mit r > 1, t > 1. Milnor zeigt durch eine einfache 
Überlegung, daß es zu jeder algebraischen bzw. fast-komplexen X ein 
'Negativum' gibt, das ist eine algebraische bzw. fast-komplexe Mannig­
faltigkeit X' gleichdimensional mit X, so daß jede Chernsche Zahl von 
X' gleich dem negativen der entsprechenden Chernschen Zahl von X ist. 
Wir nehmen nun in die Menge 501 noch jeweils ein Negativum der oben 
erwähnten Mannigfaltigkeiten auf. 90t wird aus den bereits in Wl auf­
genommenen Mannigfaltigkeiten durch Summenbildung (disjunktes 
Vereinigen) und cartesische Produktbildung erzeugt. 

Da man die Chernschen Zahlen der Wl erzeugenden Mannigfaltig­
keiten berechnen kann, und da man das Verhalten der Chernschen 
Zahlen bei Summen- und Produktbildung kennt, kann man durch 
Lösen gewisser endlich vieler linearer Gleichungen entscheiden, ob ein 
vorgegebenes System von n{n) ganzen Zahlen als System der Chernschen 
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Zahlen einer w-dimensionalen X eWt auftritt. Man wird so zu dem 
weiter oben erwähnten vollständigen System von Kongruenzen geführt. 
Es ist bisher nicht gelungen, dieses vollständige System für jedes n 
explizit niederzuschreiben. Gewisse Kongruenzen ergeben sich aus der 
algebraischen Geometrie (Satz von Riemann-Roch). Denn gilt eine 
Kongruenz für algebraische X, dann gilt sie nach dem Satz von Milnor 
auch für fast-komplexe X; zum Beispiel: 

Korollar. Das Toddsche Geschlecht einer fast-komplexen Mannig­
faltigkeit ist eine ganze Zahl. 

Bisher war nur bekannt [11*13], daß das Toddsche Geschlecht einer 
n-dimensionalen fast-komplexen X multipliziert mit 2n~1 eine ganze 
Zahl ist. Für eine algebraische X kann man auch die Zahlen 

Xp(X) = î{-l)«h?>* 
<z=o 

durch Linearkombinationen Chernscher Zahlen ausdrücken. Das gibt 
weitere Kongruenzen für fast-komplexe X. So ist zum Beispiel für eine 
4-dimensionale algebraische X 

iX(X)-x1(X) = ̂ (2ci + csc1)[X]. 

Also ist für eine 4-dimensionale fast-komplexe X die Zahl 

(2c4 + c3c1)[Z] 
durch 12 teilbar. 

Korollar. Die Eulersche Charakteristik einer ^-dimensionalen fast­
komplexen X, deren zweite Bettische Zahl verschwindet, ist durch 6 teilbar. 
Insbesondere ist die quaternionale projektive Ebene nicht fast-komplex 
(vgl.™). 

Milnor[16] gelangt zu dem oben angegebenen Satz, indem er für 
fast-komplexe Mannigfaltigkeiten ein Analogon der Thomschen 
Cobordisme-Theorie[21] aufstellt. Milnor nennt zwei fast-komplexe 
Mannigfaltigkeiten gleicher Dimension c-äquivalent, wenn sie in ihren 
Chernschen Zahlen übereinstimmen. Die c-Äquivalenzklassen der n-
dimensionalen fast-komplexen Mannigfaltigkeiten bilden bezüglich des 
disjunkten Vereinigens wegen der weiter oben erwähnten Existenz des 
Negativums eine Gruppe Tn. Milnor ordnet der unitären Gruppe V{k) 
einen Raum M(U{k)) zu, so wie Thom es mit den orthogonalen Gruppen 
gemacht hat. Er zeigt, daß 7TiJr2k{M(U{k))) für große k nur von i abhängt 
und zwar verschwindet diese 'stabile' Gruppe für ungerades i und ist 
isomorph zu Tn füri = 2n. Die Spektralsequenz von J.F.Adams {Comm. 
Math. Helvet. 32, 180-214 (1958)) wird entscheidend herangezogen. 
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Milnor zeigt weiter, daß r* = 2 Fn bezüglich des cartesischen Produktes 

einen graduierten Ring bildet, der dem graduierten Polynomring über 
Z in unbestimmten xl9 x2, xz,... isomorph ist. xn entspricht dabei einem 
Element von Vn. Einen Isomorphismus von Z[xlyx2,...] auf T* erhält 
man, indem man xn irgendeine ^-dimensionale fast-komplexe Mannig­
faltigkeit Xn zuordnet, deren Chernsche Zahlen eine gewisse Bedingung 
erfüllen. Um diese Bedingung zu beschreiben, führen wir das Polynom 
sn(ori> -"> °"n) e^319 das ^ e symmetrische Funktion V± +t% +. . . +t% durch 
die elementar-symmetrischen Funktionen cri in den t$ ausdrückt. Dann 
definieren wir s{X) für eine ^-dimensionale fast-komplexe X als Linear­
kombination Chernscher Zahlen folgendermaßen: 

s{X) = sn{c±,..., cn) [X] (c,j Chernsche Klasse von X). 

Xn muß folgende Bedingung erfüllen: Ist n+1 keine Primzahlpotenz, 
dann s{Xn) = ± 1. Ist n+l = qr mit q Primzahl, dann s{Xn) = ±q. 
Eine Folge von Mannigfaltigkeiten Xn läßt sich aus den oben angege­
benen Erzeugenden der Klasse 9DÎ konstruieren, da 

«(Pn(G)) = » + l und S(Hn() = - ( r + ') ( r > l , « > l ) . 

In der Arbeit [16] erhält Milnor mit denselben Methoden auch neue 
Informationen über den Thomschen Cobordisme-Ring Q*. Er zeigt, 
daß Q* nur 2-Torsion besitzt und daß O* modulo dem Ideal der Torsions­
elemente die Struktur eines Polynomringes besitzt. 

7. Bemerkungen zum Satz von Milnor 

(1) Zunächst geben wir für 1 ^ n < 4 ein vollständiges System von 
Kongruenzen für die Chernschen Zahlen einer w-dimensionalen fast­
komplexen Mannigfaltigkeit an. 

n = 1 : cx = 0 mod 2. 

7i = 2: c2 + cf = 0 mod 12. 

n = 3: c2cx = 0 mod 24, c3 = cf = 0 mod 2. 

n = 4: - c 4 + c3c± + 3cf + 4c2c|-c\ = 0 mod 720, 

c2cf + 2c\ = 0 mod 12, - 2c4 + czcx = 0 mod 4. 

(2) Aus den Milnorschen Überlegungen kann man folgern, daß es 
eine natürliche Zahl gibt, so daß jedes System von n{n) ganzen Zahlen 
multipliziert mit dieser Zahl als System der Chernschen Zahlen einer 
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w-dimensionalen fast-komplexen Mannigfaltigkeit auftritt, und daß die 
kleinste natürliche Zahl yn mit dieser Eigenschaft gleich dem Nenner des 
n-ten Toddschen Polynoms ist (siehe C13]) : 

yn= H gMff-D] (g durchläuft alle Primzahlen). 
Q. 

Analoges gilt für Pontrjaginsche Zahlen und differenzierbare Mannig­
faltigkeiten. Die Zahl Nk, nach der in [13],S. 80 gefragt wird, ist gleich 
dem Nenner des Polynoms Lk: 

Nk = n qm^a~1)] {q durchläuft die ungeraden Primzahlen). 
Q. 

(3) Die Frage, wann ein System von n{n) ganzen Zahlen als System 
der Chernschen Zahlen einer zusammenhängenden fast-komplexen (bzw. 
algebraischen) Mannigfaltigkeit auftritt, bleibt ungelöst. Wahrschein­
lich müssen dann für die Chernschen Zahlen neben den Kongruenzen 
noch gewisse Ungleichungen erfüllt werden. 

(4) Von Milnor und dem Verfasser wurde in Gesprächen der Begriff 
der verallgemeinerten fast-komplexen Struktur einer differenzierbaren 
Mannigfaltigkeit X eingeführt und angewandt: Eine solche Struktur 
ist eine komplexe Struktur (zur Terminologie [1], §7.3) einer trivialen 
Erweiterung des reellen Tangentialbündels von X. Unter einer trivialen 
Erweiterimg des Tangentialbündels wird dabei seine Whitneysche 
Summe mit einem trivialen reellen Vektorraum-Bündel verstanden. 
Für verallgemeinerte fast-komplexe Mannigfaltigkeiten sind ebenfalls 
Chernsche Klassen und, falls die Dimension von X gerade ist, auch 
Chernsche Zahlen definiert. Für die im vorigen Paragraphen skiz­
zierten Untersuchungen von Milnor ist der Begriff der verallgemeinerten 
fast-komplexen Mannigfaltigkeit adäquater: Tn ist auch isomorph zur 
Gruppe der c-Äquivalenzklassen der verallgemeinerten fast-komplexen 
Mannigfaltigkeiten der komplexen Dimension n, so daß zum Beispiel 
der Satz über die Ganzheit des Toddschen Geschlechtes auch für verall­
gemeinerte fast-komplexe Mannigfaltigkeiten richtig ist. Für eine 
verallgemeinerte fast-komplexe Mannigfaltigkeit X der komplexen 
Dimension n ist cn[X] im allgemeinen von der Eulerschen Charakteristik 
e{X) verschieden. So besitzt zum Beispiel die Sphäre S2n eine verallge­
meinerte fast-komplexe Struktur mit c%[S2rJ = 0. Aber das zweite 
Korollar in §6 gilt, wenn man 'fast-komplex' durch ( verallgemeinert 
fast-komplex' und 'Eulersche Charakteristik' durch c4[X] ersetzt. Aus 
den Pontrjaginschen Klassen der quaternionalen projektiven Ebene 
P2(K) berechnet man, daß c4[P2(K)] für eine verallgemeinerte fast-
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komplexe Struktur nur ± 3 sein kann[12], so daß also P2(K) keine verallge­
meinerte fast-komplexe Struktur besitzt. Mit Hilfe der bekannten 
Einbettung von Pn-1(K) in PW(K) beweist man das entsprechende für 
die höher-dimensionalen quaternionalen projektiven Räume: Das 
Normalbündel von P?i_1(K) in P^(K) besitzt eine komplexe Struktur. 
Da es zu jedem komplexen Vektorraum-Bündel £ ein komplexes Vektor­
raum-Bündel mit derselben Basis gibt, dessen Whitneysche Summe mit 
£ ein triviales Bündel ist, würde nämlich aus der Existenz einer verallge­
meinerten fast-komplexen Struktur auf PW(K) die Existenz einer solchen 
Struktur auf P7l__1(K) folgen. Man erhält so den 

Satz. Die quaternionalen projektiven Bäume PW(K), versehen mit der 
üblichen differenzierbaren Struktur, besitzen für n ^ 2 keine verallge­
meinerte fast-komplexe {und damit auch keine fast-komplexe) Struktur. 

Dies verallgemeinert einen in [12J angegebenen Satz. 
(5) Die Existenz von fast-komplexen bzw. verallgemeinerten fast­

komplexen Strukturen auf einer differenzierbaren X kann auch mit 
Hilfe der Theorie der (höheren) Hindernisse untersucht werden, die 
gewisse Cohomologieklassen von X mit den Homotopiegruppen 

ni{SO{2n)IV{n)), i^2n-l, 

bzw. mit den stabilen Homotopiegruppen 7ri(SO(2m)/U(m)), m groß, als 
Koeffizienten sind. Da auf Grund der Resultate von Bott[3_5] alle diese 
Homotopiegruppen wohlbekannt sind, kann man hoffen, daß die 
Hindernistheorie sich systematisch durchführen läßt. (Im fast-kom­
plexen Fall ist nur die Gruppe 7T2n_1{SO{2n)ITJ{n)) nicht stabil, aber 
auch diese Gruppe läßt sich mit Hilfe der Bottschen Resultate explizit 
angeben.) 

8. Komplexe Vektorraum -Bündel[1'13] 

Ein komplexes Vektorraum-Bündel g mit der typischen Faser C* hat 
einen Totalraum Eg, eine Basis Bg und eine (stetige) Projektion 77g von 
Eg auf Bg. Ferner ist jede Faser nj^x), wo x e Bg, mit der Struktur eines 
g-dimensionalen Vektorraumes über G versehen. Schließlich sind eine 
offene Überdeckung {^} von Bg und q Abbildungen «$*>: U^Eg, 
{i = l,...,q), für jedes j ausgezeichnet, die Schnitte sind, d.h. 
TTgOsW = Identität, und lokale Produktdarstellungen von g Hefern, d. h. 
für j edes j ist die durch 

{x,X1,...,Xq)^ixis^{x) (A,€C) 

gelieferte Abbildung [^.x&-> ng^Uj) ein Homöomorphismus. 
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Für g sind Chernsche Klassen ĉ (g) € H2i{Bg, Z) (1 < i < q) analog 
zum speziellen Fall des komplexen Tangentialbündels einer fast­
komplexen Mannigfaltigkeit definiert (vgl. § 3). In der Formulierung 
des Satzes von Riemann-Roch ist eine gewisse gemischt-dimensionale 
Cohomologieklasse von Bg von Bedeutung, der sogenannte Chernsche 
Charakter von g, der mit ch (g) bezeichnet wird und (im Falle eines 
endlieh-dimensionalen Basisraumes Bg) ein Element des Cohomologie-
ringes H*{Bg, Z) ® Q ist. (Wie üblich bezeichnet 0 die rationalen Zahlen.) 
Die Definition von ch (g) erfolgt mit Hilfe der in § 6 angeführten Poly­
nome sk. „ 

eh(g) = q+ S t t l ) - 1 « * ^ © , .«,c*(ö). 

Dabei sind die Chernschen Klassen cfc(g) für k > q {Cq ist typische Faser 
von g) gleich 0 zu setzen. Die Summe ist endlich, wenn Bg endlich-
dimensional ist. 

Schheßhch erinnern wir an die Definition des holomorphen Vektor­
raum-Bündels. Diese erfolgt genauso wie oben. Eg, Bg sind jetzt kom­
plexe Mannigfaltigkeiten oder komplexe Räume, ng und die s[^ sind 
holomorphe Abbildungen. 

9. Der Satz von Riemann-Roch[13] 

Es sei X eine algebraische Kurve (kompakte Riemannsche Fläche). 
Ein Divisor D ist eine endliche formale Linearkombination von Punkten 
von X mit ganzzahligen Koeffizienten. 

D = m1$1+...+mkpk. 

Das Problem von Riemann-Roch ist, die Dimension des Vektorraumes 
über C aller derjenigen auf X meromorphen Funktionen/ zu bestimmen, 
deren Divisor plus dem gegebenen Divisor D ein nicht-negativer Divisor 
ist, d. h. ein Divisor mit ausschließlich nicht-negativen Vielfachheiten. 
Dieser Vektorraum wird mit S(D) bezeichnet. Seine Dimension ist 
immer endlich. Jedem Divisor D wird ein holomorphes Geradenbündel 
{D} (Vektorraum-Bündel mit C = C1 als Faser und X als Basis) so zuge­
ordnet, daß £(D) dem Vektorraum über G aller globalen holomorphen 
Schnitte von {D} kanonisch isomorph ist. Das führt zu folgender Verall­
gemeinerung des Problems von Riemann-Roch: X sei eine algebraische 
Mannigfaltigkeit und g ein holomorphes Vektorraum-Bündel über X. 
Man bestimme die Dimension des Vektorraumes über C der globalen holo­
morphen Schnitte von g. Es gibt keine allgemeine Antwort auf diese 
Frage. 
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Erinnern wir zunächst an den Begriff der analytischen Garbe über 
einer komplexen Mannigfaltigkeit X. Einfachstes Beispiel ist die Garbe 
Ox, die durch das Garbendatum beschrieben wird, das jeder offenen 
Menge U von X, den Ring der in U holomorphen Funktionen zuordnet. 
Nachdem die Garbe Ox eingeführt ist, kann man den gerade erwähnten 
Ring identifizieren mit Y{U,Ox), dem Ring der Schnitte über U der 
Garbe (9X. Eine analytische Garbe kann durch ein Garbendatum 
angegeben werden, das jeder offenen Menge U von X einen Modul über 
Y{U,@X) zuordnet. Jedes holomorphe Vektorraum-Bündel g über X 
bestimmt eine analytische Garbe (9(g) vermittels des Garbendatums, 
welches jeder offenen Menge U von X den T{U, 0x)-Modul der holo­
morphen Schnitte von g über U zuordnet. Falls g das triviale Geraden­
bündel ist, dann ist 0(g) = &x. Die analytischen Garben heißen auch 
Garben von 0x-Moduln[18]. Homomorphismen solcher Garben sind per 
definitionem immer ^-HomomorphismenC18]. 

Es sei nun X wieder eine algebraische Mannigfaltigkeit und g ein 
holomorphes Vektorraum-Bündel über X. Dann bezeichnet man mit 
%(X, g) die alternierende Summe der Dimensionen der Cohomologie-
gruppen von X mit Koeffizienten in 0(g). Diese Cohomologiegruppen sind 
endlich-dimensionale Vektorräume über C. 

X(X,ê) = £(-l)*dimo#'(X,0(£)) 

dimcl?
0(X, 0(g)) ist dabei die Zahl, nach der im Problem vom Riemann-

Roch gefragt wird. Hl{X, 0(g)) verschwindet, wenn i größer als die 
komplexe Dimension von X ist. Wenn g das triviale Geradenbündel ist, 
dann ist %(X, g) das in § 5 betrachtete arithmetische Geschlecht x(%)-
Der Satz von Riemann-Roch besagt, daß sich x(X, g) durch die Chern­
schen Klassen von X und g ausdrücken läßt. Die Chernschen Klassen 
von X sind natürlich diejenigen des Tangentialbündels von X. 

Wir bezeichnen mit ci die Chernschen Klassen von X und führen die 
totale Toddsche Klasse ein durch 

y-{X) = TlTj{c1,...,cj), wo T0=leH0{X,Z). 
i=o 

Die Tj sind die in § 5 betrachteten Toddschen Polynome. Wir multi­
plizieren den Chernschen Charakter ch(g) (siehe §8), mit 3~{X) und 
erhalten ein (gemischt-dimensionales) Element des Cohomologieringes 
H*(X,Z)®Q. ch{£)3r{X)eH*{X,Z)®Q. 

Ist a ein beliebiges Element von H*{X, Z) ® Q und hat X die komplexe 
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Dimension n, dann wird unter a[X] der Wert der 2n-dimensionalen 
Komponente von a auf dem Grundzyklus der orientierten X verstanden. 
oc[X] ist eine rationale Zahl. 

Der Satz von Biemann-Boch[13i besagt 

X(X,£) = (ch(£)$-(X))[X]. 

Die vorstehende Gleichung ist eine Verallgemeinerung der in §5 
betrachteten Übereinstimmung von Toddschem und arithmetischem 
Geschlecht. Wenn g das triviale Geradenbündel ist, dann ist nämlich 
ch(g) = 1. Per definitionem ist &~{X)[X] das Toddsche Geschlecht 
T{X). 

Die rationale Zahl (ch (g) ̂ {X)) [X] ist auch für eine fast-komplexe 
Mannigfaltigkeit X und ein (stetiges) komplexes Vektorraum-Bündel 
g wohl-definiert. Sie werde mit T{X,E) bezeichnet. Es ist keineswegs 
klar, daß diese Zahl ganz ist. Der Satz von Riemann-Roch impliziert 
ihre Ganzheit für eine algebraische X und ein holomorphes g. Den 
Überlegungen von [1], wo gezeigt wurde, daß T{X, g) multipliziert mit 
einer geeigneten Potenz von 2 ganz ist, folgend, kann man die Ganzheit 
von T{X, £)für eine fast-komplexe X und ein stetiges g beweisen. Man hat 
dazu die Resultate von Milnor (§ 6) heranzuziehen (mit der in § 7 (4) 
angegebenen Verallgemeinerung). 

Ganzzahligkeitsaussagen über T{X, g) lassen sich, wie in [11 gezeigt 
wird, zu Sätzen über kompakte orientierte differenzierbare Mannig­
faltigkeiten umformen. Man erhält so folgenden Satz, der in [1] nur 
'bis auf Potenzen von 2 ' bewiesen werden konnte. 

Satz. Es sei X eine kompakte orientierte differenzierbare Mannig­
faltigkeit, pi € HU{X, Z) sei die i-te Pontrjaginsche Klasse von X und 
{Aj{px, ...,Pj)} sei die multiplikative Folge von Polynomen, die zur 
Potenzreihe -, ; 

sinh.\^jz 

gehört. Ferner seien d ein Element von H2{X, Z), das mod 2 gleich der 
Stiefelr-Whitneyschen Klasse w2 e H2{X, Z2) ist, und g ein komplexes 
Vektorraum-Bündel über X. Dann ist 

mfìótÌAJ(pv...9Pi))[x\ 
eine ganze Zahl. 

Die hier kurz referierten Dinge sollen in einer an [1] anschließenden 
gemeinsamen Arbeit mit A. Borei dargestellt werden ([1], Part III). Der 
vorstehende Satz läßt manche Folgerungen zu, so ergibt sich der Satz 
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von Bott[4], daß die Chernsche Klasse cn eines komplexen Vektorraum-
Bündels über der Sphäre S2n durch {n— 1)! teilbar ist. Ferner hat 
Milnor[15'173 mit Hilfe des Satzes Ergebnisse über die stabilen Homo­
topiegruppen der Sphären erhalten. 

10. Kohärente analytische Garben 

Es sei X eine komplexe Mannigfaltigkeit. Der Begriff der kohärenten 
analytischen Garbe ist lokaler Natur. Zu diesen Garben gehören einmal 
die Garben 0(g), wog ein holomorphes Vektorraum-Bündel ist, und 
allgemeiner die analytischen Garben, die sich lokal als Kokern eines 
lokalen Homomorphismus (9(g) -> 0(g') darstellen lassen[18], wog, g' 
triviale Vektorraum-Bündel sind. Das sind alle kohärenten analytischen 
Garben. Ist X algebraisch, zusammenhängend, w-dimensional, dann 
lassen sich die kohärenten analytischen Garben kennzeichnen, als die­
jenigen analytischen Garben G, zu denen es holomorphe Vektorraum-
Bündel g0,g1?, ..,gw über X und globale Garbenhomomorphismen gibt, 
so daß man eine exakte Sequenz 

o -> &(U -> mn-ù - > - - * 0(&>) -> s -> o (i) 
hatC2]. Eine solche Sequenz nennt man eine Auflösung von G in Vektor­
raum-Bündel. Diese Auflösungen hängen mit dem Syzygien-Satz von 
Hilbert zusammen. Von nun an seien die auftretenden Räume X, Y, 
zusammenhängend. 

X sei weiterhin algebraisch und G kohärent analytisch über X. 
Grothendieck[2] definiert den Chernschen Charakter von G mittels einer 
Auflösung von G in Vektorraum-Bündel wie folgt: 

n 

ch (0) = 2-( -1)< oh &) € H*(X, Z) ®Q. (2) 

Er zeigt, daß diese Definition legitim ist, d. h. daß ch (ö) unabhängig 
von der Wahl der Auflösung ist. Wichtig ist dabei die Linearität des 
Chernschen Charakters: Wenn 0 -> g' -> g -> g" -> 0 eine exakte Sequenz 
von Vektorraum-Bündeln ist, dann ist 

ch(g) = ch(g') + ch(g''). 

Für die kohärente analytische Garbe G über der algebraischen X kann 
man die Zahl ^(X, G) wie im Falle eines Vektorraum-Bündels definieren 

oo 

X(X,G)^^(-lYâàmcH^X,0). 
i=0 

Diese Summe enthält wieder nur endlich viele Glieder, die Dimensionen 
der Cohomologiegruppen sind endlich. Nimmt man für G eine Auflösung 

9-2 
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(1), dann folgt aus elementaren Eigenschaften der Eulerschen Charak­
teristik, daß 

X(X,ö) = S ( - l ) ^ ( X , g , ) . (3) 
3 = 0 

Wegen (2), (3) besitzt der Satz von Riemann-Roch die folgende Aus­
dehnung auf kohärente Garben über einer algebraischen X: 

X(X,ö) = (ch(ö)eT(X))[X]. (4) 

11. Direkte Bilder analytischer Garben [2>9] 

Im Satz von Riemann-Roch (4) tritt die gemischt-dimensionale 
Cohomologieklasse ch{G)S<~{X) e H*{X,Z)®Q auf. Eigentlich spielt 
aber in (4) nur die Komponente dieser Cohomologieklasse eine Rolle, 
deren Dimension gleich 2.dimcX ist. Grothendieck hat dem Satz von 
Riemann-Roch nun eine allgemeinere Formulierung gegeben, in der die 
gesamte Klasse ch {G)&~{X) herangezogen wird: Grothendieck betrach­
tet zwei algebraische Mannigfaltigkeiten X und Y, eine kohärente 
analytische Garbe G über X und eine holomorphe Abbildung / von X 
in Y. Dann hat man einen additiven (nicht multiplikativen) Homo-
morphismus ^ ^ ^ _ ^ ( r Z ) 

und ebenso einen Homomorphismus/# der mit 0 tensorierten Gruppen. 
/.j. ist folgendermaßen definiert. Man nimmt zu einer Cohomologie­
klasse a von X die ihr via Poincare-Dualität entsprechende Homo­
logieklasse, bildet diese durch / i n Y ab, erhält eine Homologieklasse 
von Y und definiert dann f* oc als die der letzten Homologieklasse via 
Poincare-Dualität entsprechende Cohomologieklasse. Offensichtlich ist 
dim/* a = dim a + 2. (dimc Y — dimc X). Grothendieck versucht nun, 
/*(ch(ö) eT(X)) in der Form ch(?) F{Y) darzustellen. Dazu werden 
die direkten Bilder analytischer Garben benutzt. 

Es seien X und Y komplexe Mannigfaltigkeiten (nicht notwendiger­
weise kompakt), G eine analytische Garbe über X und/eine holomorphe 
Abbildung von X in Y. Das g-te direkte Büd von G ist eine analytische 
Garbe über Y, die mit f%{G) bezeichnet wird. Zu ihrer Definition geben 
wir ein Garbendatum an: Für eine beliebige offene Menge U von Y 
betrachten wir die Cohomologiegruppe Hq{f"1{U)9G). Diese ist ein 
Modul über den in /_1(Î7) holomorphen Funktionen. Da jede in U holo­
morphe Funktion zu einer in /_1(Ì7) holomorphen Funktion geliftet 
werden kann, ist H^f-^U), G) auch ein Modul über T{U, ßT)> dem Ring 
der in ü holomorphen Funktionen. Die T{ü, 0F)-Moduln Httf-^U), G) 



KOMPLEXE MANNIGFALTIGKEITEN 133 

hefern ein Garbendatum für die analytische Garbe f%{G) über Y. Diese 
direkten Bilder treten im wesentlichen bereits in den fundamentalen 
Arbeiten von Leray auf. f%{G) ist die Nullgarbe, wenn q > 2dimcX. 

Satz. Wenn X und Y algebraische Mannigfaltigkeiten sind {vgl. Ein­
leitung), wenn f: X -> Y holomorph ist und G eine kohärente analytische 
Garbe über X ist, dann sind die direkten Bilder f%{G) kohärente analytische 
Garben über Y. 

Dieser Satz, über den wir gleich noch einige Bemerkungen machen 
werden, ermöglicht die folgende Definition 

/,ch((?) = i(-l^ch(/g(ö)). 

In der Tat, die/|(ö) sind kohärent, also sind ihre Chernschen Charaktere 
nach § 10 wohldefiniert. (Der Chernsche Charakter der Nullgarbe ist 
gleich 0.) 

12. Der Satz von Riemann-Roch-Grothendieck[23 

Satz. Es seien X und Y algebraische Mannigfaltigkeiten {vgl. Ein­
leitung), f eine holomorphe Abbildung von X in Y und G eine kohärente 
analytische Garbe über X. Dann gilt inH*{Y,Z)®Q die folgende Gleichung : 

/*(ch(G)^(X)) = (/,ch(£)),r(7). 

(1) Dieser Satz etabliert eine starke Kovarianz-Eigenschaft der 
Toddschen Polynome. Wenn zum Beispiel X aus Y durch Aufblasen 
einer Untermannigfaltigkeit von Y entsteht (monoidale Transformation) 
und/die natürliche birationale Abbildung von X auf Y ist und G = @x 

ist, dann ist f%{@x) = 0T und f%{@x) = 0 für q > 0. In diesem Falle 
besagt die Grothendiecksche Formel 

Es entsteht die Frage, ob diese Gleichung für jede birationale holo­
morphe Abbildung einer algebraischen X auf eine algebraische Y gilt. 

(2) Der übliche Satz von Riemann-RochE13] (vgl. die Formel (4) 
von § 10) ergibt sich, wenn man für Y einen Punkt nimmt und für / die 
konstante Abbildung. Dann ist 3~{Y) = 1, ferner ist 

ch(/|((?)) = dim c^(X,(?) . l . 

Die Kohärenz der Bildgarben besagt hier, daß die Dimensionen der 
HQ{X,G) über C endlich sind. Weiter beachte man, daß /* auf allen 
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Komponenten von eh ((?)^"(X), deren Dimension kleiner ist als 
2.dimcX, verschwindet, und daß 

Mch(G)tT(X)) = (oh(0)^(X))[X].l. 

(3) Die wichtigste Anwendung des Grothendieckschen Satzes ist 
wohl der übliche Satz von Riemann-Roch, da für diesen bisher kein 
algebraischer Beweis bekannt war. Die allgemeinere Formulierung hat 
den algebraischen Beweis möglich gemacht, der zunächst für den Fall 
einer Projektion/: X x P -» X {P ein projektiver Raum), und dann für 
Injektionen / : X -> Y durchzuführen ist. Im zweiten Fall spielen die 
monoidalen Transformationen eine entscheidende Rolle. Wie gesagt, 
Grothendiecks Beweis ist rein algebraisch, er ist gültig für Grundkörper 
behebiger Charakteristik. Man hat in Formulierung und Beweis des 
Satzes die analytischen Begriffe durch die entsprechenden algebraischen 
zu ersetzen (holomorph durch regulär, kohärent analytisch durch 
kohärent algebraisch usw.), die Zariski-Tolopogie und (anstelle des 
Cohomologieringes) den Schnittring (Chowschen Ring) der Äquivalenz­
klassen algebraischer Zyklen zu verwenden. Der Satz von §11 wird 
ebenfalls ein rein algebraischer Satz. In diesem Vortrag haben wir 
durchweg die analytische Sprache verwendet, und der hier formulierte 
Satz von Grothendiek hat daher a priori (selbst bei Beschränkung auf 
Charakteristik 0) einen anderen Inhalt als der in [2] angegebene Satz 
von Riemann-Roch-Grothendieck. Wegen der Serreschen (GAGA)-
Korrespondenzsätze[19] zwischen analytischer und algebraischer Geo­
metrie waren wir aber berechtigt, die analytische Sprache zu verwenden. 

13. Mögliche Verallgemeinerungen 

Wie weit gilt der Satz von Riemann-Roch für komplexe Mannig­
faltigkeiten? Die übliche Formulierung von § 9 ist sinnvoll für kompakte 
komplexe Mannigfaltigkeiten und holomorphe Vektorraum-Bündel £. 
Die Vermutung, daß die Gleichung 

x(X,o = (oM£).f(X))[X] 

in diesem Falle richtig ist, wird bestärkt durch das neue Resultat (§ 9), 
daß die rechte Seite eine ganze Zahl ist. 

Um zu einer Verallgemeinerung im Sinne von Grothendieck zu kom­
men, ist zunächst zu untersuchen, in welchen Fällen die direkten Bilder 
kohärenter analytischer Garben wieder kohärent sind. Darüber haben 
Grauert und Remmert [7~103 wichtige Resultate erhalten (sogar im Falle 
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komplexer Räume). Man hat folgende allgemeine Vermutung (Grothen-
dieck-Grauert-Remmert) : 

Bei einer eigentlichen holomorphen Abbildung f eines komplexen Baumes 
X in einen komplexen Baum Y sind die direkten Bilder einer kohärenten 
analytischen Garbe über X kohärente analytische Garben über Y. 

X und Y werden hier nicht als kompakt vorausgesetzt. 'Eigentlich' 
bedeutet, daß für jede kompakte Teilmenge K von Y auch f~x{K) 
kompakt ist. 

Grauert und RemmertC8] haben gezeigt, daß die obige Vermutung 
richtig ist, wenn X analytisch-vollständig und Y holomorph-vollständig 
ist. Zu den analytisch-vollständigen Mannigfaltigkeiten[8] gehören 
sowohl die holomorph-vollständigen (Steinschen) als auch die alge­
braischen Mannigfaltigkeiten. Die Klasse der analytisch-vollständigen 
Mannigfaltigkeiten ist abgeschlossen bezüglich Produktbildung und 
Bildung von Untermannigfaltigkeiten. 

Aus der Gültigkeit der obigen Vermutung für analytisch-vollständiges 
X und holomorph-vollständiges Y ergibt sich leicht ihre Gültigkeit für 
analytisch-vollständiges X und behebiges Y. Das schließt den Satz 
von § 11 ein, der aber leichter über die algebraische Geometrie zu erhalten 
ist (§12 (3)). 

Weiter muß man den Chernschen Charakter einer kohärenten analy­
tischen Garbe über X (bzw. Y) definieren können. Dazu braucht man 
die Auflösung einer solchen Garbe in (endlieh-viele) holomorphe Vektor­
raum-Bündel über zusammenhängenden relativ-kompakten Teilmengen 
von X (bzw. Y). Nach mündlicher Mitteilung von Remmert ist das 
möglich, wenn X (bzw. Y) analytisch-vollständig ist. 

Der Satz von Biemann-Grothendieck scheint richtig zu sein für analy­
tisch-vollständige Mannigfaltigkeiten X, Y, eine holomorphe eigentliche 
Abbildung f: X -> Y und eine kohärente analytische Garbe über X. 

Ob Grauert, Grothendieck oder Remmert zur Stunde ein exakter 
Beweis bekannt ist, weiß der Verfasser nicht. 
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Zusätze bei Korrektur 

(1) Die Vermutung von § 13 über die direkten Bilder wurde inzwischen von 
H. Grauert bewiesen. 

(2) Der Satz von Riemann-Roch-Grothendieck (§ 12) hat ein differenzierbares 
Analogon gefunden (M. F . Atiyah and F . Hirzebruch, Bull. Amer. Math. 
Soc, to appear). 
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MATHEMATICAL LOGIC: CONSTRUCTIVE 

A N D NON-CONSTRUCTIVE OPERATIONS 

By S. G. K L E E N E 

1 . Mathematical logic 

Early in the century, especially in connection with Hubert 's treatment 
of geometry (1899), it was being said tha t the theorems of an axiomatic 
theory express truths about whatever systems of objects make the 
axioms true. 

In the simplest case, a system S consists of a non-empty set D (the 
domain), in which there are distinguished certain individuals, and over 
which there are defined certain %-place functions (or operations) taking 
values in D, and certain w-plaee predicates (or properties and relations), 
i.e. functions taking propositions as values. 

The elementary (or first-order) predicate calculus provides a language 
for discussing such systems. To a preassigned list of (non-logical) 
constants for the distinguished individuals, functions and predicates, 
we add the propositional connectives -> ('implies' or ' if . . . t hen . . . ' ) , 
& ( 'and') , v ( 'or'), —« ( 'not ') , the universal quantifier {a) ('for all a (in 
D) ' ) , and the existential quantifier {Ea) ('(there) exists (an) a (in D 
such that) ' ) . 

For example, when 8 is the arithmetic of the natural numbers 0, 1, 2, 
..., with 0, 1, + , - , = , > in their usual senses, 

(a) a = b+1, (ß) {Eb){a = 6 + 1), (y) a > 0, 

{8) a > 0 -> (Eb) (a = 6 + 1), (e) (a) [a > 0 -> {Eb) {a = 6 + 1)], 

are formulas. Formula (a) (containing a, 6, free) expresses a 2-place 
predicate (relation), {ß)-(8) (containing a free) express 1-place predicates 
(properties), and (e) (containing no variable free, i.e. a sentence) expresses 
a proposition. 

When {a, 6) are (3,2), (a) is true. Hence when a A-+B 
is 3, (ß) is true, also (y); and hence by the t ru th A\B True False 
table for -» (right), {d) is true. Similarly, for any True 
other a, (S) is true. Hence (e) is true. Truth False 
tables, which in principle go back to Peirce (1885) 
and Frege (1891), were first fully exploited by 
Lukasiewicz (1921) and Post (1921), and t ru th definitions generally by 
Tarski (1933). 

True 

True 

False 

True 
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We need one elementary technical result of logic. In any formula, 
the quantifiers can be advanced (step by step) to the front, preserving 
the truth or falsity of the proposition, or of any value of the predicate, 
expressed. (For example, 

[(a)A(a)]->(a)B(a) 

is equivalent to (Ea) (6) [A(a) -> B(b)].) 

The resulting formula we call a prenexform of the original. 

a sentence Ais } p 

AAA • £rae of a 
sentences A0, Al9 A2,... are J 

true of a system S± with countable 

I. If-Löwenheim (1915) 
Skolem(1920). 

given system 8, then -I , 77 

* * {they are all 
domain Dv 

Proof. Say a prenex form of A is 
(Eb) (c) (Ed) (e) (/) (Eg)A(b, c, d, e, f, g) (i) 

(all quantifiers shown). This being true of S with domain D, there are 
an individual ß and (by the axiom of choice) functions S(c) and y(c, e, f) 
such that (c) (e) ( / M ( A cd{cl e> / ; r ( C ; e> / } ) ( ü ) 

is true. Now (ii), and hence (i), will remain true if we cut down the 
domain (without otherwise altering the functions and predicates) from 
D to its least subset Dx containing ß (and the distinguished individuals 
of 8) and closed under S, y (and the functions of 8). The new domain 
Dx is countable; indeed all its members have names in the list t0, tl912,..., 
of the distinct terms without variables formable using ß, d, y and the 
symbols for the distinguished individuals and functions of 8. (We can 
always arrange to have at least one individual, and one function, symbol.) 
For the version with AQ, Al9 A2,..., we use different symbols in the role 
of ß, S, y with each prenex form. 

Continuing the example, (i) will be true of a system $x with domain Dx 

whose members are named by tQ9tl9t29...9 if each of the expressions 
A(ß, tc, S(tc), te, tf, y(tc, te, tf)) (c, e, f = 0,1,2,...) is true; enumerate these 
(or for AQ,A1}A2,..., the expressions arising similarly from the various 
prenex forms) as A0, A1, A2,.... 

For the next theorem we simply try in all possible ways to make 
A0, A1, A2,... simultaneously true. We obtain the greatest freedom to do 
this by interpreting each term ti as representing a different individual, 
say i. Thereby we can choose the value of each expression P(tCi, ...>£Cw) 
(P an n-place predicate symbol) as true or false independently of the 



MATHEMATICAL LOGIC 139 

others. Enumerate these (without repetitions) as Q0, Ql9 Q2,.... Choosing 
their values successively can be correlated to following a path (indicated 
by arrows) in the tree (right) ; e.g. if we choose QQ true, Qx false, Q2 false,..., 
we follow the path W0V01V01l.... As soon as 
the values already chosen make any one of <r"^r Vn 

< i ^"*Ss—^ 1/ 

^ ir • • • 

false, we are defeated for that sequence of ^ vQ0 

choices, and terminate the path. 
Now by König's Unendhchkeitslemma (1926) (= a classical version 

of Brouwer's fan theorem, 1924), if (Case 1) arbitrarily long finite paths 
exist, there is an infinite path. (We follow such a path by choosing each 
time an arrow belonging to arbitrarily long finite paths.) Thereby we 
obtain the first alternative of: 

II. Either (1) all of A0,A1,A2,... (and hence l n * A A A )) 
\ {all of AQ,A1,A2, ...j/ 

are true of some system 8± with the domain Dt = {0,1,2,...}, or else (2) 
some 'Herbrand conjunction ' Ah & ... & A*™ 

(and hence I > I 

\someAki&...&AkJJ 
is false of every system 8. 

If (Case 2) there is a finite upper bound 6 + 2 to the lengths of paths, 
then for each of the 2b+1 ways of choosing the values of QQ,..., Qb some 
particular A* will be false. The conjunction Ah So ...&Ai™ (m < 2Ô+1) 
of these Aj,s will be false for all 26+1 ways, and thus of all systems 8. 
Likewise A itself (or the conjunction Aki & ... & Akn of those A0, Ax, A2,... 
from which A^9...,A

j™ arise); for were A true of an S, we would be led 
as under I to values of Q0,..., Qh making Ah,..., A^ all true. (Here we 
need S and y for only finitely many arguments, symbolized by terms 
occurring in Aji & ... & A*™, so I is reproved without using the axiom 
of choice.) 

I I includes as much of Gödel's completeness theorem for the pre­
dicate calculus (1930), and of Herbrand's theorem (1930), as we can 
state in model theory. The theory of models concerns 'mutual relations 
between sentences of formalized theories and mathematical systems 
[models] in which these sentences hold' (Tarski, 1954-5). 

Gödel's completeness theorem (IIG) has (2G) { . . 0 _ . . 
G'\some-n(Aki&...&Akn) 

is provable in the predicate calculus in place of (2), and Herbrand's 
theorem (!!#) gives the equivalence of (2G) to (2). 
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However, if we agree here that a c proof ' of a sentence should be a 
finite linguistic construction, recognizable as being made in accordance 
with preassigned rules and whose existence assures the ' truth' of 
the sentence in the appropriate sense, we already have (II ), since 
the verification of (2) for a given Ah&mm.&A*m is such a con­
struction. 

What usual proofs of Gödel's completeness theorem add is that the 
proof of —iA (or -^(Aki& ...&Akn)) for (2G) can be effected in a usual 
formal system of axioms and rules of inference for the predicate calculus 
as given in proof theory. 

Proof theory is a modern version of the axiomatic-deductive method, 
which goes back to Pythagoras (reputedly), Aristotle and Euclid. Since 
Frege (1879), it has been emphasized that, in order to exclude hidden 
assumptions, the axioms and rules of inference should be specified by 
referring only to the form of the linguistic expressions (i.e. not to the 
interpretations or models); hence the term 'formal system'. 

With Hilbert since 1904 appeared the idea of proving in a metatheory 
or metamathematics theorems about formal systems (cf. Hübert-Bernays, 
1934, 1939; Kleene, 1952). Thus we can talk of proving (metamathe-
matically) that in (2G) there is a (formal) proof of —*A. 

In Hilberths metamathematics it was intended that only safe ('con­
structive' or 'finitary') methods should be used. That certain methods 
outrun intuition and even consistency, the mathematical public was 
forced to recognize by the paradoxes in which Cantor's set theory cul­
minated in 1895. Hilbert hoped to save ' classical mathematics ' (including 
the usual arithmetic and analysis and a suitably restricted axiomatized 
set theory), which he acknowledged to outrun intuition, by codifying it 
as a formal system, and proving this system consistent (i.e. that no 
' contradictory ' pair of sentences G and —i G are provable in it) by finitary 
metamathematics. Kronecker earlier (in the 1880's), and others later, 
proposed rather a direct redevelopment of mathematics on a less or 
more wide constructive basis, such as the intuitionistic (Brouwer, 1908; 
Heyting, 1956) or the operative (Lorenzen, 1950, 1955). 

In a model 8X as constructed above for II, = may not express equality 
(identity). (For I, it will if it does for 8.) But ifA0, Ax, A2,... include the 
usual axioms for equality, then the relation {x = y is true of the above S^ 
will be an equivalence relation under which the equivalence classes will 
constitute the domain (countably infinite or finite) of a new model 8X 

with — as equality (Godei, 1930). For our applications, we may take II 
to be thus strengthened. 
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A p p l y i n g ( I I o ) w i t h ^ ^ o ^ K } as the ( ^ ^ ^ J : TO. 

r j£Ae predicate calculus Ì 
\̂ eorie«5 formalized by the predicate calculus with axioms B0, Bv B2,... | ' 

eacA sentence C which is true of 

(every system S Ì 
[every system S which makes B0, Bv B2,... true) 

is provable as a theorem. This confirms that the predicate calculus fully 
accomplishes (for 'elementary theories') what we started out by con­
sidering as the role of logic. But what is combined with this in Gödel's 
completeness theorem (including Löwenheim's theorem) is more than 
was sought, and makes the theorem as much an incompleteness theorem 
for axiom systems as it is a completeness theorem for logic. 

Thus the Löwenheim-Skolem theorem I shows that the axioms of an 
axiomatic set theory have a countable model (if they have any model 
at all), despite Cantor's theorem holding in the theory (the Skolem 
'paradox', 1922-3). 

Furthermore, I I entails: (II") / / the sentences of each finite subset 
Ak 9 ...,Akn of A^,AX,A2,... are true of a respective system 8, then there 
is a system 8l9 with countable domain, of which A0, Al9 A2,... are all true. 
This gives the following theorem, found by Skolem (1933, 1934) using 
another method (and partially anticipated by Tarski, 1927-8). 

III. Say the constants include 0, + 1 , = , and suppose B0, Bl9 B2,... are 
true of the system S0 of the natural numbers. Then there is a system Sl9 

with countable domain, not isomorphic to SQ of which BQ, Bl9 B2,... are 
also true. 

Proof. hetA0,A1,A2,...beB0,B1,B2,...,—10 = n,—^l = n, —i2 = n,... 
where n is a new individual symbol. Each Aki, ...,Akn is true of an 8 
obtained from SQ by interpreting n as a natural number different from 
each n for which —m = n is among Akl,..., Akn. 

Applications of Gödel's completeness theorem to algebra were noted 
about 1946-7 by Tarski, Henkin and A. Robinson, and have been culti­
vated since. We have been supposing the number of symbols at most 
countably infinite, as must be the case of any language in actual use. 
However, Malcev (1936) extended the completeness theorem to languages 
with arbitrarily (possibly uncountably) many constants, and Henkin 
(1947) used such languages to represent the complete addition and 
multiplication tables, etc., of algebraic systems in the set of formulas for 
application of the extensions of I-II. 
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Returning to countable languages, we may consider ones with more 
than one type of variables, e.g. a second-order predicate calculus with 
variables ranging over a domain D of individuals and also variables 
ranging over a collection M of subsets of D. A standard model for a set 
of sentences AQ, Av A2,... is one with M = {the set 2D of all subsets of D}. 
The above results do not extend when only standard models are used, 
in view of the categoricity of Peano's axioms for the natural numbers 
(using a variable over 2D to express induction). However, Henkin 
(1947, 1950) introduced the notion of a general model in which M may 
be an appropriate subset of 2D, and with which he obtained an exten­
sion of Gödel's completeness theorem. Thus we are still unable to 
characterize the natural numbers, except by reading into the axioms the 
notion of all possible subsets, which is hardly simpler. 

We have given the foregoing model theory as part of the familiar 
classical mathematics, and for the classical 'two-valued' form of the 
predicate calculus. The negative results obtain all the more from the 
constructive standpoints. The axiomatic method cannot provide an 
autonomous foundation for mathematics. The rules of the language of 
the axioms must (at some level) be understood, and not merely described 
by more axioms; and this amounts to presupposing the natural numbers 
intuitively. 

2 . Cons t ruc t ive and non-cons t ruc t ive opera t ions 

The awareness that some mathematical operations are 'constructive', 
and others are not (at least directly) such, must go far back in mathe­
matical history; witness the word 'algorithm'. A computer cannot 
tabulate the t ruth or falsity of (Ex)B(a,x), where the variables range 
over the natural numbers, unless for the particular B he has some theory 
which gives him an equivalent 'constructive' definition oî (Ex)B(a,x). 
Say triples bQ, bl9 b2 are mapped constructively into single numbers b, 
with constructive inverses (6)0, (6)1? (b)2. Such a theory is known for 
B(a,x) = (a)0(x)0 + (a)1(x)1 = (a)2, using Euclid's algorithm; but not 
today for B(a,x) = ((x)0+ 1)^3+ ( ( ^ + 1 ) ^ 3 = ((x)2+ l)«*>s do (x)z>a, 
where the value just for a = 2 would 'decide' Fermat's 'last theorem'. 

In 1936 the claim was made, by Church first and independently by 
Turing and by Post, tha t a certain class of functions definable mathe­
matically (in one of several equivalent ways) includes all that are 
'computable' or 'effectively calculable' or 'constructively defined' 
(Church's thesis), and conversely that all the functions of this class are 
'computable' (Converse of Church's thesis). 
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The definition of this class of functions is not itself constructive. I t 
consists in specifying constructively a type of computation procedure. 
But a given such procedure may or may not terminate for all arguments, 
so as to compute a (completely defined) function. (Otherwise, by Cantor's 
diagonal method one could get constructively outside the class, so 
Church's thesis could not hold.) 

The converse of Church's thesis constructively interpreted means that , 
whenever one has a constructive proof that the computation procedure 
always terminates, the function is computable. I t is hardly debatable 
then. A possibility for skepticism remains to one who wishes com-
putability to include constructive provability that the computation 
procedure always terminates, while allowing the condition tha t it 
always terminate to be understood classically; he may imagine that there 
might be cases when the procedure does always terminate but without 
there being any constructive proof of that fact. 

Much work has been done, especially by Péter since 1932, on special 
classes of computable functions, for which classes proofs are known 
that all the computation procedures always terminate. 

To Church's thesis itself, the only suggested counterexamples involve 
'computation procedures' in which the computer is to perform steps 
depending on some unpredictable future state of his mind, or in which 
the 'procedure' is somehow to vary with the argument of the function. 
But for the thesis, ' computation ' is intended to mean of a predetermined 
function independent of the computer, by only preassigned rules 
independent of the argument. 

We shall now present (essentially) Turing's definition of the class of 
the 'computable' functions. (Among the equivalents that appear in 
the literature are the Church-Kleene À-definable functions, 1933-5, the 
Herbrand-Gödel general recursive functions, 1934, and definitions using 
Post's canonical systems, 1943, and Markov's algorithms, 1951.) 

Instead of a human computer subjected to preassigned instructions, 
we can speak of a machine. Turing's theory is about ideal (digital) 
computing machines, unhampered by finiteness of storage space or 
fallibility of functioning. More recently the notion of an automaton 
has been used, by von Neumann (1951); the automaton should not be 
finite (Kleene, 1956), but potentially infinite (Church, 1957). We want 
a fixed finite amount of structure (or information) to establish the com­
putation procedure for a function <j)(a), while an unbounded amount of 
space and time must be available to accomodate the argument a and the 
computation. 
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The machine or automaton shall accordingly consists of ^ 0 cells, each 
adjacent to at most a given finite number of other cells; but only a finite 
diversity of structure shall be built into it, the rest of the infinity con­
sisting of identical repetition. Here we use the idea from information 
theory that information is conveyed only when the signal is not pre­
dictable. In order to simplify our brief discussion, we can specialize to 
the case when the cells are c0, cl9 c2,..., in the order type of the natural 
numbers, each ci (except c0) being adjacent to exactly two others ci_1 

and ci+1. The general defense of the Church-Turing thesis then requires 
arguing that no other arrangement of the cells (with only a finite diver­
sity of structure) would make a function computable that is not com­
putable in this space. 

Discrete moments of time 0,1,2,... are distinguished. States sQ, ...,si 
are given, in one of which each cell shall be at each moment. At moment 
0, all but a finite number of the cells shall be in the passive state sQ. 
A table is given which determines the state of each cell ci at moment t + 1 
from its state and the states of the adjacent cells (for i = 0, sQ replacing 
the state of ĉ _x) at moment t; the output of this table shall differ from 
sQ only when an input does. 

To set the problem, say of computing <j>(a) for a as argument, we can 
take the states at t = 0 of the cells c0, cv c2,... to be 

s0 Si . . . s1 s2 SQ S0 SQ . . . . 

a times 

The answer shall be receivable by the states being 

SQ SX . . . S1S1SQ SX . . . 5 X S3 SQ SQ SQ . . . 

a times ^ (a) times 

at a later moment t — x when sz first occurs. (The fundamental repre­
sentation of a natural number b is by b successive marks, so it can be 
argued that a computation problem is solved only when it is possible to 
present the solution in this representation.) 

One may for example imagine the cells c09cl9c29... as representing 
sheets of paper, each admitting one of finitely many symbols on each of 
finitely many squares, and one of them carrying as part of its state a 
human computer in one of finitely many states of mind (cf. Kleene, 1952). 

Machines can be used similarly to compute w-place functions 
<f>(av ...,an); and they can be used to 'decide' predicates P(ax, ...,an) 
by computing 0 to represent truth and 1 falsity. 
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The behavior of a machine is completely described by its table, which 
can be written in code form as a natural number, its index. 

Let T(i, a, x) = {i is the index of a Turing machine Mi9 which, when 
applied to compute for a as argument, first at moment x has computed 
a value ç^(a)}. 

Here <j>i(a) is an incompletely defined function of i and a, its condition 
of definition being (Ex) T(i, a,x). 

We can constructively decide whether a given i is the index of a 
machine Mi9 and if so given also a and x imitate M/s behavior for a as 
argument at moments 0, ...,x successively. Thus, given i, a, x, we can 
decide whether T(i, a, x) is true or false. (So there is by Church's thesis, 
and in a detailed treatment of the subject we would actually construct, 
a machine that decides T(i, a,x).) 

IV. The function 
Ma(a) + 1 if (Ex)T(a,a,x), 

f(a) = \ (A) 
[0 otherwise 

is uncomputable. 
Proof. Were fr(a) computable, it would be computed by a machine 

Mq; so for each a, (B) i/r(a) = $a(a) and (C) (Ex)T(q,a,x). Substituting 
q for a in (C) and using (A), i/r(q) = <pa(q) + 1, which contradicts (B) with 
q substituted for a. 

V. The predicate (Ex) T(a, a, x) is undecidable. 
Proof. Were (Ex) T(a, a, x) decidable, we could compute i/r(a) by first 

deciding (Ex) T(a, a, x), and according to the answer, either imitating 
machine Ma applied to a as argument to compute <f>a(a) and adding 1, or 
writing 0. This is Church's theorem 1936, but with a different example 
of an absolutely undecidable predicate. 

In a standard formal system N of arithmetic (or 'number theory'), 
each decidable predicate, such as T(i, a, x), can be expressed; hence also 
(Ex)T(a,a,x), by a sentence Ca (constructively obtainable from a). 
Now, for particular a, (Ex) T(a, a, x) when true can be 'proved ' by doing 
the computation that shows T(a, a, x) to be true for the appropriate x. 
This intuitive proof is available formally in a standard N. Thus 

(Ex) T(a, a, x) -> {Ca is provable}. (a) 

Also we are assuming of N that only true formulas are provable in it, so 

{Ca is provable} -> (Ex) T(a, a, x). (b) 
Now V gives: 

VI. There is no procedure for deciding whether a given sentence is 
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provable in a formal system N of arithmetic; briefly, N is 'undecidable' 
(Church 1936). 

Continuing, could we in N also prove —>Ca whenever (Ex) T(a, a, x) 
is false, besides only then so 

{—>Oa is provable} -> —> (Ex) T(a, a, x), (c) 

we would be able, by searching for Ca or —*Ca among the provable 
sentences, to decide (Ex) T(a, a, x). So, again from V: 

VII. In a formal system N of arithmetic, there is a sentence Cq such that 
Cq and —iCq are both unprovable, though —>Cq is true (i.e. —i(Ex) T(q, q, x)). 

This gives Gödel's famous incompleteness theorem (1931), generalized 
to apply to all formal systems N satisfying very general conditions, and 
with the 'formally undecidable' sentence Cq expressing the value, for 
an argument q depending on the system, of a preassigned predicate 
(Ex)T(a,a,x). The above proof is indirect, the existence of q being 
inferred from the absurdity that —*Ca is provable for all a for which it is 
true. But we can make it direct, by taking as q the index of a machine 
Mq which, given a, searches through the proofs in N for one of —><7a, and 
if one is found writes 0 (but otherwise never computes a value), so 

(Ex) T(q, a, x) = {-n(7a is provable}. (d) 

Substituting q for a in (b)-(d), the three conclusions of VII follow. 
Here we have used the feature of formal systems, essential for the 

purpose which they are intended to serve, that a proof of a sentence can 
be constructively recognized as being such (and also that Ca can be con­
structively found from a). Without this feature, we would have a trivial 
counterexample to VII by taking all the true sentences as the axioms 
of N. With it, by Church's thesis we conclude the existence of an Mq to 
any such system. Here the computability notion can be applied directly 
to the linguistic symbolism, or the latter can be converted to natural 
numbers as we have already done with machine tables (by a 'Godei 
numbering'). 

The application of Church's thesis by which we obtain VII for all 
systems N can be avoided for a particular system by actually con­
structing the Mq for it. This in effect Godei did in proving his theorem for 
a particular system before Church's thesis had appeared. 

In retrospect, Skolem's theorem III on the existence of unintended 
models 8X of systems of sentences BQ, Bl9 B2,... intended to describe the 
natural numbers suggests Gödel's theorem VII. (Compare the example 
of Euclid's fifth postulate.) Indeed, for an N based on the elementary 
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predicate calculus, (II#) shows that Cq is false of such an Sv However, 
I II applies even when BQ, Bv B2,... are all the true sentences, unlike VII. 

I do not consider that VII means we must give up the emphasis on 
formal systems. The reasons which make a formal system the only 
accurate way of saying explicitly what assumptions go into a proof are 
still cogent. Rather VII indicates that, contrary to Hubert's program, 
the path of mathematical conquest (even within the already fixed 
territory of arithmetic) shall not consist solely in discovering new proofs 
from given axioms by given rules of inference, but also in adducing new 
axioms or rules. There remains the question whether mathematicians 
can agree on the validity of the new methods. 

In VII, no sooner are we aware that —>Cq is unprovable than we also 
know that —>(7ff is true, so we can extend N by adding —*Gq as a new 
axiom. This process can be repeated, finitely often, and indeed trans-
finitely often within the limits of structural constructiveness. 

It is illuminating to consider wherein the intuitive proof of —*Cq 

transcends N. We only conclude the truth of —>Og when we accept (c). 
By (a), (c) reduces to the consistency of N, which is expressible in N via 
Godei numbering by a sentence 'Consis'. The rest of the reasoning that 
—*Cq is true is elementary, though tedious when executed in full detail; 
so we may expect (as has been confirmed by Hilbert and Bernays (1939) 
for the usual systems as N) that it can be formalized in N. So Consis 
cannot be provable in N, or —»Ca would be, contrary to VII. Thus: 

VIII. In a usual formal system N of arithmetic, the sentence Consis 
expressing the consistency of N is unprovable (Gödel's second incom­
pleteness theorem, 1931). 

Thus a system N formalizing classical mathematics cannot be proved 
consistent, as Hilbert hoped, by a ' subset ' of the methods formalized in N. 

Gentzen (1936, 1Ö38) gave a proof of the consistency of a system iV" of 
arithmetic, in which the method transcending N is a form of transfinite 
induction over the ordinal numbers < Cantor's first epsilon-number e0; 
and other such proofs have appeared since. It is a rather subjective 
matter whether this should make us feel safer about N than we already 
feel on the basis of its axioms being true, and its rules of inference pre­
serving truth, under an interpretation ('truth definition') that as 
classical mathematicians we presumably accept. By a reduction of 
classical to intuitionistic logic given by Kolmogorov (1925), Godei 
(1932-3), Gentzen (1936) and Bernays, the consistency proof by a truth 
definition can even be managed intuitionistieally. 

Kreisel (1951-2, 1958) finds the significance of the consistency proofs 
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using e0-induetion in by-products. When a sentence (a)(Eb)B(a,b) 
(B decidable) is proved, then (a) B(a, ß(a)) will be true for certain func­
tions /?, including ß(a) = {the least b such that B(a, b) is true}, which is 
computable. It is clear that in a given system N only a subclass of the 
computable functions can thus be proved to exist; indeed Kleene (1936) 
gave a proof of Gödel's incompleteness theorem from this idea. Kreisel, 
however, extracts from Ackermann's consistency proof (1940) a different 
characterization (not directly from N) of this subclass of the computable 
functions. The possibility thus appears that some true formula 
(a) (Eb) B(a, b) might be shown to be unprovable in N because no ß 
for it is in this subclass. 

From Church's theorem other undeeidability results follow. The 
theory of (Ex) T(a, a, x) can be formalized in a system Nx consisting of 
finitely many axioms Bl9 ...,Bk adjoined to the (elementary) predicate 
calculus. So (Ex) T(a, a, x) = {Ga is provable in JVJ = {Bx & ... & Bk -» Ca 

is provable in the predicate calculus}. Thence from V: 
IX. The elementary predicate calculus is undecidable (Church, 1936a; 

Turing, 1936-7). 
Various formal systems obtained by adjoining axioms for algebraic 

systems to the predicate calculus have been shown undecidable by 
Tarski and others using a method of Tarski (1949) (cf. Tarski et al. 1953). 

Negative solutions to the problems of the existence of various algebraic 
algorithms have been obtained by Post (1947), Markov since 1947, and 
others; in particular, Novikov (1952, 1955) showed the word problem 
for groups unsolvable. 

Turing (1939) introduced the notion of a function ç5(a) computable from 
another function i]r(a) (or predicate Q(a)). A simple plan under the above 
treatment is to print the values of ^ into the space, in this respect alone 
violating the demand that only a finite amount of information be in­
corporated, by accenting successions of ^(0)+1,^(1)+ 1,^(2)+ 1,... 
cells, preceded and separated by single unaccented cells. In effect, we 
double the number of states from s0,..., sz to sQ,..., sl9 s'Q,..., sz. 

When the theory is thus relativized to a given predicate Q(a), the 
decidable predicate T(i,a,x) becomes a predicate TQ(i,a,x) decidable 
from Q, and IV, V assume relativized versions IV*, V*. 

X. / / BQ(a, x) is decidable from Q, there is a computable function 6(a) 
such that (Ex)B®(a,x) = (Ex)T^(6(a),6(a),x). 

Proof. Given a, let Me(a) be a machine which tries to compute from Q 
the constant function whose value is the least x such that BQ(a,x), by 
testing successively x = 0,x = l,x = 2,.... 
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Thus (Ex) BQ(a, x) is decidable from (Ex) TQ(a, a, x) by first computing 
6(a). In particular (taking BQ(a,x) = Q(a)&x = x), Q(a) is decidable 
from (Ex)TQ(a,a,x); but by V*, not conversely. This Post (1948) 
expressed by saying (Ex)TQ(a,a,x) is of 'higher degree (of unsocia­
bility)' than Q(a). Predicates and functions are of the 'same degree' 
when each is decidable (or computable) from the other. A decidable 
predicate is of the lowest degree ('solvability'). Starting from say 
H(Q)(a) = a = a, and for each n defining Hn+1(a) = (Ex)THw(a,a,x), 
we obtain predicates H(n)(a) (n = 0,1,2,...) of ascending degrees. These 
predicates, together with those decidable from them, turn out to be 
exactly the predicates (called arithmetical by Godei, 1931) expressible 
in the usual system of arithmetic. Thus the arithmetical predicates fall 
into a hierarchy, first described by Kleene (1943) and Mostowski (1946) 
in terms of the numbers of quantifiers necessary to define them in 
prenex form from decidable predicates. 

The hierarchy can be extended into the transfinite (Davis, Kleene, 
Mostowski, Post, about 1950; cf. Mostowski, 1951; Kleene, 1955). One 
method is to consider H(n)(a) as a predicate H(n,a) of both variables; 
this is of higher degree than each H(n)(a), and thus is non-arithmetical. 
'Contracting' H(n,a) to a one-place predicate H((a)1,(a)0), which we 
write H((û)(a), we can proceed as before to HiûJ+1)(a),Hiù)+2)(a),.... In 
general, at a limit ordinal £ of Cantor's second number class approached 
through an increasing sequence {^}, we consider H^n)(a) as a predicate 
of n, a, and contract. 

However, we have no uniform method, or justification, for picking 
a particular increasing sequence {gj- for £. So a diversity of predicates 
H(g arise, for each transfinite £, depending on the selections of increasing 
sequences. Worse than this, even for £ = co, the use of arbitrary increasing 
sequences {£J- with limw £n = £ (above we used £w = n) will give pre­
dicates of arbitrarily high degree. This suggests restricting the sequences 
{£J- to be computable, after rendering ordinals accessible to the above 
notion of eomputability by representing them in a suitable system of 
notations, which can be natural numbers (Church-Kleene, 1936; Kleene, 
1938). This being done, the diversity in predicates at a given transfinite 
level £, which remains due to the possibility of using different computable 
increasing sequences, was shown by Spector (1955) to be confined always 
within a degree. The predicates thus definable corresponding to con­
structive ordinals, together with all predicates decidable (and functions 
computable) from them, we call hyperarithmetical (Kleene, 1955 a). 

It was noticed, about 1957, by Addison, Buchi, Grzegorczyk, Kleene, 
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Kuznecov and Myhill (cf. Grzegorczyk et al. 1958) that the hyperarith-
metical predicates are exactly the predicates expressible unambiguously 
by a formula of the elementary predicate calculus, when the domain is 
the natural numbers. 

Kleene (1957) formulated eomputability from higher-type objects, 
such as from the existential quantifier (Ex) considered as a functional 
E which operates on a predicate to produce a truth value (or on a func­
tion ijr to produce the number 0 if (Ex) (^r(x) = 0) and 1 otherwise). The 
hyperarithmetical functions <j)(al9 ...,an) are exactly those computable 
from E; thus, operating constructively, except for using a number 
quantifier, we obtain not merely the usual predicates of arithmetic but 
the hyperarithmetical predicates. 
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E X T E N D E D B O U N D A R Y VALUE PROBLEMS 

By C. LANCZOS 

1. Introduction 
The topic to which the following discussions are devoted is as old as 

the history of quantitative thinking. It was observed from the time of 
antiquity that continuous phenomena can be approached from the 
viewpoint of treating them as the limits of discontinuous happenings. 
This age-old problem was revitalized in our own days and became once 
more of topical interest on account of the sensational development of 
the big electronic digital computers. With the ever-increasing memory-
capacity of the new machines it becomes more and more possible to 
tackle many of the customary types of boundary value problems in a 
practical way. Partial differential equations of two or even three dimen­
sions can be coded for the big machines, and we come nearer and nearer 
to the state in which the physicist or the engineer may get all the relevant 
answers for which he is striving by putting his problems on one of the 
high-powered electronic machines. 

In this development a very definite approximation procedure plays a 
vital role. The given partial differential equation is changed to a difference 
equation and coded as a simultaneous set of algebraic equations. If, in 
particular, the given differential equation is of the linear type—and in 
all the following discussions we will restrict ourselves to the domain of 
linear operators—the resulting set of simultaneous linear equations can 
be characterized by the simple matrix equation 

Ay = b, (1) 
where the matrix A takes the place of the given linear differential 
operator, the vector y corresponds to the unknown function, while the 
given right side of the differential equation, including the given boun­
dary conditions, is absorbed by the vector b. 

That this algebraization of a problem in linear differential equations 
is always possible is by no means self-evident. Anybody who has ever 
coded such a problem for the big machines will inevitably run into some 
questions which cannot be answered in a trivial way. Let us consider 
for the sake of illustration a somewhat over-simplified but characteristic 
example. Given the potential equation 

é+4 = 0 (2) 
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to be solved for a certain square-domain of the variables x and y. We 
set up a square grid of points and change the given differential equation 
into a difference equation. We observe at once that we obtain only (n — 2)2 

equations for n2 quantities, which demands 4n — 4 more data for a full 
algebraic characterization of our problem. Hence we have to add én — é 
boundary data. How shall we choose these data? The mathematician 
tells us that we will be wise if we add as boundary data the values of the 

function ci in the grid-points along the four boundaries of our square. 
But we may have different ideas and tell him that we would prefer to 
choose our data along three sides only but omit the line 6, instead of 
which we want to give the functional values along the fine 1. He will 
advise us strongly against such an idea. On the other hand, if the given 
differential equation happens to be 

dx2' 
1 ^ = 0 
c2 dy2 (3) 

he gives us exactly the opposite advice. If we try to understand these 
puzzling prescriptions, he refers us to the 'theory of characteristics' 
which, however, is not an algebraic theory, while our desire would be to 
understand the nature of differential equations purely from the algebraic 
point of view. This desire is not unjustified if it is true that a linear 
differential equation can be conceived as the limit of a set of linear 
algebraic equations, obtained by replacing the derivatives by difference 
coefficients. But then, why is it that the nature of the boundary value 
problem differs so completely in the elliptic and in the hyperbolic case, 
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although algebraically they seem to be equivalent? Before we come to 
the general discussion of such problems, a brief glance on the historical 
development of the subject wül not be out of place. 

2. Historical survey 

The close relation between continuous and discrete operators was 
recognized from the very beginnings of higher mathematics. But the 
first example of a differential equation investigated in a consistently 
algebraic manner is perhaps a study of Daniel Bernoulli[1] concerning 
the motion of a perfectly flexible heavy string, suspended between two 
points. He starts with a chain, composed of two, three, four, and later 
an arbitrary number of finks. ' Then ', he says, ' by making the number of 
links infinite, I finally arrive at the oscillations of the completely flexible 
chain of either constant or variable thickness.' Later Lagrange[10], in 
his admirable studies of the propagation of sound, applied a similar 
method to the vibrations of a stretched string. He replaced the con­
tinuous manifold of points by a discrete set of points whose mutual 
distance could be made as small as we wish. We find the same basic 
idea in manifold manifestations in the works of Euler[4], who based his 
entire theory of differential calculus on the theory of difference equations 
with gradually decreasing increments. Thus he derived the fundamental 
differential equation of variational calculus by replacing the variational 
integral by a sum, and the derivatives of the unknown functions by 
difference coefficients. In the new form the problem became an ordinary 
maximum-minimum problem which could be solved by the tools of 
elementary calculus. He was not aware that this method involves the 
exchange of two limit processes which demands specific justification. 

However, perhaps the greatest and most consistent exponent of the 
algebraic method was Lord Rayleigh[12] in his investigations of acoustic 
and elastic vibrations (of the years 1877-94). He gained deep insight 
into the nature of orthogonal function systems by his algebraic method, 
and it was in fact this method which led him to the discovery of the 
fundamental properties of orthogonal expansions. Even in his time the 
discretization of continuous operators was performed without any 
qualms of conscience, as a matter of 'physical intuition'. He starts out 
with the following general remarks in the introductory chapter of his 
great researches on vibrating systems:f 'Strictly speaking, the dis­
placements possible to a natural system are infinitely various, and 

t Cf. tl2], vol. 1, chap, iv, p. 91. 
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cannot be represented as made up of a finite number of displacements of 
specified type. To the elementary parts of a solid body any arbitrary 
displacements may be given, subject to conditions of continuity. It is 
only by a process of abstraction of the kind constantly practised in 
Natural Philosophy, that solids are treated as rigid, fluids as incom­
pressible, and other simplifications introduced so that the position of a 
system comes to depend on a finite number of co-ordinates. It is not, 
however, our intention to exclude the consideration of systems possessing 
infinitely various freedom, on the contrary, some of the most interesting 
applications of the results of this chapter will be in that direction. But 
such systems are most conveniently conceived as limits of others, whose 
freedom is of a more restricted kind. We shall accordingly commence 
with a system, whose position is specified by a finite number of in­
dependent co-ordinates ifrl9 $%, i/rz,..., etc.' 

With Lord Rayleigh we come to the turn of the century and it was 
exactly around that time that a new epoch of mathematical rigor takes 
its departure, with the classical investigations of Fredholm (1900-3) 
concerning the theory of a certain type of functional equations, now 
called 'integral equations of the Fredholm type'[6]. Fredholm tackles 
the problem on an algebraic basis and arrives at his results by a rigorous 
estimation of infinite determinants. This was the first time that the 
algebraization of infinitesimal processes was carried through to its final 
consequences with full mathematical rigor. In the dazzling fight of 
this new approach the previous algebraic attempts were put in the 
balance and found wanting. While the results of Fredholm remained 
above all reproach, it was pointed out that similar results cannot be 
expected if we depart from the Fredholm type of integral equations, f 
The direct algebraization of differential equations was looked upon with 
suspicion and admitted without reservation only if the given problem 
could first be transformed into an integral equation of the Fredholm 
type. 

This demand restricts, however, the type of boundary value problems 
admitted to an unnecessary degree. It includes only those problems 
which in the algebraic formulation are characterized by an n x n matrix 
(which means that the number of equations and unknowns must be 
equal), the determinant of which is different from zero. Beyond this 
requirement, however, the demand of the existence of a Green's function 
(in other words the existence of the inverse operator), restricts our possi­
bilities still further. $ Hadamard[7], in his lectures on the Cauchy 

t Cf. C83, p. 1344. t Of. t8], p. 1362; i«, p. 358. 
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problem, called this type of boundary value problems ewell-posed', or 
'correctly set' fun problème correctement posé'). A problem is eligible 
to this distinction if the following two conditions are satisfied: 

(1) The given data are sufficient to obtain one and only one solution. 
(2) Within a certain general class of functions the given data can be 

prescribed freely. 
Without impinging in the least on the importance of these problems, 

we can hardly doubt that these requirements handicap our possibilities 
quite severely. In the first place, how shall we decide in a given case 
whether a given problem is well-posed or not? This requires a very 
elaborate preliminary investigation of the given differential equation. 
Our present knowledge goes hardly beyond the realm of second-order 
operators. There we have the three types of elliptic, parabolic, and 
hyperbolic equations, and we know that a ' well-posed ' problem demands 
in the case of elliptic differential equations the prescription of boundary 
conditions, in the other two cases the prescription of initial conditions. 
But how much or how little we should prescribe in the case of differential 
equations of third or fourth or higher order for the sake of a well-posed 
problem, it is impossible to tell. 

Apart from this difficulty, we encounter well-defined and reasonable 
problems which do not fall in the well-posed category. Consider the 
case of a conservative field of force, characterized by the equation 

gradçi = F. (4) 

Here the scalar field <p is transformed into the vector field F. If our aim 
is to obtain ci by observing F, we have clearly an over-determined pro­
blem which is not solvable if F is freely prescribed, which is solvable, 
however, if F satisfies the compatibility condition 

curlF = 0. (5) 

The algebraic picture associated with this problem involves a matrix 
Aoîn rows and m columns in which n > m. 

On the other hand, consider the differential equation 

divE = yo, (6) 

where a vector field E is transformed into a scalar field p. The vector 
field E is by no means determined by this equation but we would like 
to know what conclusions can be drawn from the fact that p is given. 
Here we have an example of an under-determined system, algebraically 
characterized by a matrix A of n rows and m columns in which n < m. 
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One of the most fundamental equations of the theory of analytical 
functions is Cauchy's integral theorem 

1 f/(£)«*£ 
/ ( Z ) = 2 ^ J T T 7 ' ( ) 

which determines the value of f(z) inside a domain if it is given on the 
boundary of the domain. The corresponding theorem in the theory of 
the Newtonian potential is the equation 

by which the function $ can be evaluated at the inside point P, if the 
values of çS and d<f>/dn are given on the boundary S of the domain. Con­
ceiving these problems as boundary value problems, both theorems 
suffer from the fact of over-determination. The potential function ^ is 
uniquely determined by the boundary values ç5($) alone, without giving 
the values of (d<fildn) (S). In the case of the analytical function f(z) it is 
unnecessary to give/(£) all along the boundary; it suffices if/(£) is given 
along an arbitrary open portion of the boundary and we are entitled to 
ask the question 

(8) 

how to obtain f(z) in the inside of the domain in terms of these data. 
The problem is not of the well-posed type and has no elementary solution 
but we know that the solution exists and we are entitled to pose the 
problem. 

We now ask quite generally the following question. Given a linear 
partial differential equation or any system of such equations with added 
boundary conditions which are chosen in an arbitrarily judicious or 
injudicious fashion, thus leading to an arbitrarily over-determined or 
under-determined system. Can we treat such a problem successfully by 
an algebraic method, and if so, can we transfer the results without 
difficulty to the field of continuous operators ? 

From the historical standpoint this problem is not in fine with the 
Fredholm type of investigations since the method of determinants loses 
its significance if we depart from the realm of square matrices to the 
realm of the more general n x m matrices. It so happens, however, that 
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the stakes of the algebraic method are much more widely set than the 
theory of determinants. If we follow up the later development of 
Fredholm's theory, we come to the classical investigations of Hilbert[9] 

who also employed the algebraic method for the development of the 
theory of integral equations (1904-10) but from an entirely different 
viewpoint. In Hubert's theory the emphasis is laid on the geometry of 
second-order surfaces which are put in a Euclidean space of increasingly 
many dimensions. The principal axis transformation of these surfaces 
became the central item in Hubert's theory. This geometrical method 
gave a second and independent rigorous foundation of the theory of 
integral equations, without recourse to the theory of determinants. The 
same theory was later put on a more analytical basis by E. Schmidt[133. 
I t is this principal axis theory of quadratic forms which provides the 
proper frame of reference for our much more general problem and which 
yields a suitable universal platform for the understanding of the be­
haviour of both well-posed and not well-posed boundary value problems. 

3. The fundamental eigenvalue problem 
We start with the algebraic equation (1), assuming J. as a general 

n x m matrix, with n~m. The case n > m can be pictured as follows: 

over-determined 
n > m 

(grad <p = F) 
(9) 

The case n < m can be pictured as follows: 

b under-determined 
n < m (10) 

(divE = 0) 
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The case n = m (with the added condition det A 4= 0) belongs to the 
usualfwell-posed' case: 

y = 
'well-posed' 

n = m ai) 

Our diagrams demonstrate by inspection an important feature of our 
problem. Usually we have the n x n case in hand and consider a matrix 
A as an operator which transforms a vector y into another vector y'. 
But the general case n =j= m shows that the case n = m hides an important 
feature of our problem, viz. that the two vectors y and b belong to 
two different spaces. The vector y on which A operates belongs to an 
m-dimensional space, the vector b into which y is transformed, to an 
n-dimensional space. Hence a general matrix A takes a vector from one 
space and transforms it into a vector of another space. It is necessary 
that in all our following discussions we should keep the separateness of 
these two spaces clearly in mind.f 

The fundamental first step, from which everything will follow with 
logical necessity, is an apparent triviality. We extend the basic equation 
( 1 ) by a second equation and consider the resulting system of a single unit : 

Ay = b, JT.0 = 0. (12) 

This extension is reflected in the following matrix diagram: 

0 

A 

A 

0 

(13) 

f Without this distinction serious misunderstandings are prone to happen; e.g. the 
so-called 'integral equations of the first kind ' , are often declared analytically inferior 
to the Fredholm type of equations (see, for example, [8], p . 1453), solely because the 
function of the left side and the transformed function of the right side do not belong 
to the same class of functions. 
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We notice that we have extended our matrix J. to a new (n + m) x (n + m) 
square matrix 8: 

s = 

0 

A 

A 

0 

(14) 

This matrix is not only square but even symmetric: 

S = S. (15) 

We know that symmetric square matrices have particularly desirable 
properties. In particular, we know that such a matrix can always be 
diagonalized by a proper orthogonal transformation. This requires the 
determination of the principal axes of the matrix, on the basis of the 
equation 

Sw = Aw. (16) 

The vector w has n + m components which we will record in the following 
form: 

(17) 

In view of the specific structure of S the principal axis problem will 
exhibit some special features. Indeed, the basic equation (16) can be 
formulated in terms of the matrix A as follows: 

.4y = Ax, Ì x = Ay. (18) 

We will call this system the 'shifted eigenvalue problem', because the 
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customary eigenvalue problem f of a square matrix is defined by the 

Ay = Xy, 2 x = Ax, (19) equations 

while in our case—which remains meaningful for the general case of an 
arbitrary nxm matrix—the position of the vectors x and y on the right 
sides is reversed. 

If we multiply the second equation (18) by A, we see at once that the 
x-vectors in themselves can be defined as the solution of the eigenvalue 
problem ^ 

A2x, (20) 

while multiplication of the first equation by Ä shows that similarly the 
y vectors in themselves can be defined as the solution of the eigenvalue 
problem j , 

A2y. (21) 

Since, however, the matrices AÄ and ÄA are in themselves respectively 
symmetric nxn and mxm matrices, we see that the x vectors them­
selves are mutually orthogonal to each other, and so are the y vectors: 

Xi • X/c — $ik> Yi-Yk — Hk* (22) 

Moreover, the vectors xi} if plotted as columns, fill out a full nxn space, 
the vectors y;- a full mxm space. Hence we can include the solution of 
the given eigenvalue problem (18) in the following matrix diagram: 

(23) 

Although the two spaces X and Y are separated, there is a correlation 
between them on the basis of the equation 

A, ' 
(24) 

t Cf. '«, p. 64. 



164 G. LANCZOS 

which shows that to every yi vector a corresponding x^ vector can be 
found. And yet our diagram shows that this pairing between the two 
kinds of vector cannot hold generally if n and m are not equal. In our 
illustration m > n and m — nyi vectors remain unpaired. But the 
relation (24) breaks down only for Â  = 0. Thus we see that the eigenvalue 
A = 0 must be present at least m — n times. In actual fact the multi­
plicity of the zero eigenvalue may be still larger since it is possible that 
even some of the x^ vectors belong to the eigenvalue A = 0. 

It will now be our aim to separate the zero eigenvalue from the non-
vanishing eigenvalues. We will thus bracket out all those principal axes 
x^ and ŷ  which are truly paired on the basis of a Â  which is not zero. 
The matrix of these x^ vectors shall be denoted by X, the matrix of the 
corresponding ŷ  vectors by Y, while the subspaces associated with the 
zero eigenvalue shall be denoted by X0 and YQ. 

X 

Y 

*o 

Yo 

(25) 

We see here the emergence of a new integer, say 43, which characterizes 
the number of xit y{ vectors included in the spaces X and Y. The matrix 
X is an n x p orthogonal matrix 

IX = / , 

the matrix Y &nmxp orthogonal matrix 

TY = I. 

(26) 

(27) 

(The products XX and Yf, however, need not be equal to / , because 
n 

generally, if p < , the matrices X and Y do not fill out their spaces). 

The multiplicity of the zero eigenvalue is now 

(n— p) + (m— p) = n + m — 2p. 
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The total number of eigenvalues must become equal to n + m, since the 
matrix S has n + m rows and columns. Consequently, we get for the 
number of non-zero eigenvalues: 

n+m — (n + m — 2p) = 2p. 

Why does our diagram display only p instead of 2p axes? The reason is 
that to every solution 

a second solution can be constructed, namely 

(x^, — y$, — At). 

Hence all non-zero eigenvalues appear with both plus and minus signs. 
We will agree to omit all the negative eigenvalues and keep only the 
positive ones, since the negative eigenvalues do not add anything new 
to the eigenvalue problem. We can thus characterize p as the number of 
positive eigenvalues for which the shifted eigenvalue problem (18) is 
solvable. It can assume any value between 1 and the smaller of the two 
numbers n and m: 

1 < p ^ min. {n,m}. (28) 

This number p coincides in fact with the ' rank ' of the matrix A. We see 
that this fundamental number, which in the usual algebraic theory of 
Kronecker and Frobenius is defined on a completely different basis, f 
enters our eigenvalue problem again as a quantity of decisive importance. 

4. The fundamental decomposition theorem 

Apart from the two matrices X and Y we construct a diagonal matrix 
A which contains in the diagonal all the positive eigenvalues A1? A2,..., Ap, 
for which the shifted eigenvalue problem (18) is solvable: 

A 

"Ai 

A,n 

Then the principal axis transformation of the matrix 8 leads to the 

t Cf. tin, p . 10. 
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following fundamental decomposition theorem which holds without any 
exception for any matrix A which does not vanish identically: 

A = XAY. (29) 

p 
p 

X 

A 

XA 

Y 

A 

The most remarkable feature of this decomposition is that the operator A 
completely by-passes the zero fields X0, Y0. Only those principal axes of S 
are needed for the construction of A, which belong to positive eigen­
values. Hence we will call the columns of the matrices X and Y the 
eessential axes' of our problem. It will be possible to formulate the 
entire theory of solving the basic equation (1) in terms of the matrices 
X and Y, without any reference to the fields X0, YQ which are associated 
with the eigenvalue A = O.f 

5 . Solution of the basic equation 

We return to our original problem of solving the matrix equation (1). 
We will, however, change our notation by denoting the right side of the 
equation by x: 

Ay = x. 

Then, substituting for A the product (29) we obtain 

XAfy = x. 

We transform our variables according to the law 

x = Xx.', y = Fy', 

(30) 

(31) 

(32) 

f Professor A. S. Householder called the author's attention to a paper of E. G. Kog-
betliantz, 'Diagonalization of general complex matrices as a new method for solution 
of linear equations' , Proceedings of the International Congress of Mathematicians, 
(North-Holland, Amsterdam, 1954), n , p . 356, which describes a numerical process for 
the diagonalization of an arbitrary matrix, on the basis of the equation U*A V = D 
(which in our notation becomes UAV = D since it is tacitly understood tha t ' t rans­
position' in the presence of complex elements includes the change of * to — i). No 
reference is made to the 'shifted eigenvalue problem' (18), nor to the decomposition 
theorem (29), (in which the zero-field is clipped away). 
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and obtain for the new variables the relation 

Ay' = x', (33) 

which can be solved in the form 

y' = A-ix'. (34) 

This solution is always possible because the diagonal matrix can have 
no vanishing elements in the diagonal. But premultiplication of (32) 
by J?, respectively T, gives 

x' = Ix, y' = Yy, (35) 

and thus we obtain y = YA^Xx. (36) 

This solution gives the impression that every linear system has a 
solution and, in fact, a unique solution, which can hardly be expected of 
arbitrarily over-determined or under-determined systems. But actually 
this solution depended on the assumption (32) which is equivalent to the 
statement that the vector x is inside the X-space, the vector y inside 
the F-space. Let us first consider the latter statement. 

The operator A operates solely in the subspaces X and Y. We could 
describe the situation by imagining that in the matrix diagram (25) the 
fields X, Y are illuminated while the fields XQ, Y0 remain entirely in the 
dark. Now the vector y can have a projection into Y0 as well as a projec­
tion into Y. However, the given equation determines solely the projec­
tion into Y but leaves the projection into Y0 completely undetermined. 
Under these circumstances it seems natural that we place y completely 
into the space Y and leave the determination of the projection into Y0 to 
some additional information. The second equation of the system (32) 
can thus be conceived as a natural normalization of our solution, by 
putting it into the space of the least number of dimensions which is able 
to hold it. 

While the second equation of (32) can be conceived as a matter of 
choice, this is not so with the first equation. The fact that the left side 
x is inside the space X, is not a matter of choice but a consequence of 
the given equation. If the given left side x does not satisfy this con­
dition, then the given system is self-contradictory and thus unsolvable. 
We can thus conceive the condition. 

x = I x ' , (37) 

as the compatibility condition of the given system which is necessary and 
sufficient for the existence of a solution. Hence we see that the two 



168 C. LANCZOS 

conditions (32) solve the problem of over-determination and under-
determination. The first condition expresses the compatibility of the 
given system in the case of over-determination, the second condition 
normalizes the solution in the case of under-determination. The unique­
ness of the solution (36) is thus explained. 

The compatibility conditions (37) can be expressed in various equi­
valent forms. We can put it, for example, in the form of an orthogonality 
condition, expressing the orthogonality of the vector x to the space X0: 

l"0.x = 0. (38) 

This leads to the traditional formulation of the compatibility condition 
of an arbitrarily given linear system : ' A given linear system of equations 
is solvable if and only if the right side of the system is orthogonal to 
every independent solution of the adjoint homogeneous system.' 

It is more adequate, however, to avoid any reference to the space X0, 
in which the operator A is not active. We can stay completely within 
the confines of the space X and express the compatibility condition (37) 

™ t h e f o r m x - Xlx. (39) 

But we can go still further and include all the compatibility conditions 
of an arbitrary linear system into one single scalar condition. If the 
vector x falls completely within X, then the length of the vector and the 
length of its projection into this space become equal: 

x2 = ë! + ëÎ+. . .+g, (40) 
where ^ = x^.x. (41) 

The converse of the theorem is equally true. The scalar condition (40) 
can thus be considered as the necessary and sufficient condition for the 
solvability of the system (30). 

Transition into the realm of differential operators. I t will now be our 
aim to translate these algebraic results into the domain of continuous 
operators, particularly differential operators. And here we encounter 
first of all the following deviations from the algebraic case: (1) The 
matrix Ä is defined by a transposition of rows and columns. This opera­
tion does not allow a direct interpretation in the realm of differential 
equations. (2) A differential equation is usually associated with certain 
boundary conditions. We have to find a way of associating the matrix 
operators A and Ä with the given differential operator, plus the proper 
boundary conditions. (Infinite domains are excluded from our con­
siderations.) 
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We find the answer to these questions by considering the so-called 
'bilinear identity' x.Ay-y.Äx = 0, (42) 

which holds for arbitrary vectors x and y. If for a given matrix A we 
succeed in finding a matrix B which for arbitrary x and y satisfies the 
identity x.Ay-y.Bx = 0, (43) 

then we know that B = Ä. (44) 

Hence we can define Ä as that particular matrix B which satisfies the 
identity (43). 

Now in the theory of linear differential equations the bilinear identity 
(42) appears in the form of 'Green's identity': 

(vDu — uî>v) dr = boundary integral, (45) 

which is always obtainable by the method of integrating by parts. The 
notation D refers to an arbitrary given linear differential operator 
(ordinary or partial), or systems of such operators (such as for example 
the left sides of the Cauchy-Eiemann equations, or Maxwell's equations, 
etc.). 

In addition to the differential equation 

Du = p 

some more or less stringent boundary conditions may be prescribed for u 
and its derivatives on the boundary of the domain. These conditions may 
generally be of the homogeneous or inhomogeneous type. We will agree, 
however, to replace any inhomogeneous boundary condition by the 
corresponding homogeneous condition. This is always possible by the 
device of replacing the original unknown function ü by the sum 

u = u0 + u, (46) 

where u0 is chosen as some function which absorbs the given inhomo­
geneous boundary conditions, without satisfying, however, any differ­
ential equation. Then, considering u as the new unknown, we obtain the 
differential equation Du = p-DuQ, (47) 

plus boundary conditions which are now of the homogeneous type; (the 
right side being equal to zero, instead of some prescribed values).f 

Together with the given operator Du we will consider the 'adjoint 
(transposed) operator' Bv which is likewise augmented by suitably 

f After obtaining our result for u it is not difficult to return to the original function 
ü and formulate the results in terms of the original inhomogeneous boundary values 
(with p = 0 in most cases). The explicit carrying out of the substitution (46) is thus 
seldom demanded. 
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chosen boundary conditions. The definition of T)v follows from the 
expression on the left side of Green's identity (45). The definition of the 
' adjoint boundary conditions ' follows from a careful study of the boun­
dary integral on the right side of Green's identity (45). We prescribe for 
v (and its derivatives) the minimum number of boundary conditions 
which are necessary and sufficient to make the boundary integral vanish 
at all points of the boundary. These conditions are once more of the 
homogeneous kind. The more over-determined the original problem was, 
the more under-determined is the adjoint problem, and vice versa. 

If we now consider the 'shifted eigenvalue problem' 

Du = Xv, £>v = Xu, (48) 

where u is subjected to the given, v to the adjoint boundary conditions, 
this problem has always the right degree of determination and allows 
an infinity of possible solutions for an infinite—but discrete—set of 
eigenvalues À̂ , among which we may find À = 0 represented with a 
finite or infinite multiplicity. We drop these latter solutions and keep 
only the solutions which belong to the non-vanishing (and even positive) 
Â . We thus obtain an infinite set of orthogonal (and normalized) eigen­
functions u^r) and a corresponding infinite set of orthogonal (and 
normalized) eigenfunctions v^cr). These two sets of functions operate 
generally in two separate portions of Hilbert space, although they belong 
to the same domain of the independent variables. There is, however, a 
one-to-one correspondence between these two sets of functions, on 
account of the relation rkn , v 

vt(r)=^. (49) 

6. Solution of the differential equation Du = v 

We will now consider the solution of the differential equation 

Du = v, (50) 

where u is subjected to the given homogeneous boundary conditions. 
Although we have dropped the eigenfunctions associated with the 
eigenvalue zero, the remaining functions %(T) and v^r) are still suffi­
ciently complete to serve as base vectors for the representation of the 
functions u(r), respectively v(r). Hence we can put 

U(T) = 2 < ^ ( T ) , 

00 

»(T) = S M W -

(51) 
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The differential equation (50) establishes the following relation between 
the two sets of coefficients: 

« - * . («0 

Our equation (50) is thus solvable by the infinite expansion 

u(r) = £ Ç%(T), (53) 

where y{ = v(cr) v^a) da. (54) 

However, in view of the fact that the functions v^r) are generally 
not complete (since we have dropped the vf which belong to À = 0), 
it is necessary to test the given function v(r) concerning compatibility. 
The solvability of the equation (50) demands that v(r) is completely 
within the subspace of the vt(r). This means 

j v2(cr)d<r = Xcl (55) 
i=l 

This 'completeness relation'—which corresponds to the previous alge­
braic relation (40)—represents the compatibility condition demanded 
of the right side of the differential equation (50) in the case of an over-
determined system. 

7. The two kinds of boundary value problems 

If we approach our problem from the previously pursued algebraic 
angle by considering the given differential equation (50) as the limit of 
an algebraic set of equations, our general expectations will be as follows. 
In view of the arbitrarily judicious or injudicious choice of boundary 
conditions we are confronted with a system which may be arbitrarily 
over-determined or under-determined. As far as under-determination 
goes, the uncertainty of the solution is eliminated by a natural normal­
ization of our solution, viz. by putting the solution into that w-space in 
which the operator D is activated. As far as over-determination goes, 
we have to test the right side of the equation whether or not it satisfies 
the condition that it is completely contained in that v-space in which 
the operator D is activated. If this condition is not satisfied, no solution 
is possible. If this condition is satisfied, a unique solution of the given 
boundary value problem is obtained. We do not see any further com­
plications which may arise. 

However, limit processes have their own intricacies and we know 
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that unexpected things can happen because in the limit something may 
occur which did not occur any time during the limit process. For 
example the limit of a continuous set of functions may be a discontinuous 
function. A closer analysis reveals that something similar is at work in 
our problem. 

Let us plot the entire À rspeetrum on the positive half-fine, from zero 
to infinity. We have omitted the zero eigenvalue as not included by the 
operator. And yet, the zero eigenvalue may come into evidence in a 
more subtle manner. I t is possible that our eigenvalue spectrum does 
not start with a certain finite Xt = e but that À = 0 is a limit point, 
which means that there are infinitely many eigenvalues which, although 
discrete, come to zero as close as we wish. These eigenvalues cannot be 
omitted as not belonging to the operator. They do belong to the operator 
and their presence has a strong influence on the solution of our problem. 

Under these circumstances we can put the entire class of possible 
boundary value problems into two categories, according to the presence 
or absence of the limit point À = 0. 

7.1 . Boundary value problems of the first kind. This class of 
problems is characterized by the condition that À = 0 is not a limit 
point of the eigenvalue spectrum. The traditional type of boundary value 
problems fall into this category. Within this class of problems we 
distinguish two subgroups: 

(a) À = 0 is not included among the eigenvalues of the adjoint operator B. 
This means that under the adjoint boundary conditions the equation 

Bv = 0 (56) 
has no non-vanishing solutions. 

(b) À = 0 is included among the eigenvalues of the adjoint operator B. 
This means that the equation (56) (under the adjoint boundary con­
ditions) has a finite or infinite number of non-vanishing solutions. 

The case (a). This is distinguished by the property that the given 
problem is solvable for arbitrarily prescribed v(r),f without the demand 
of specific compatibility conditions. The solution can be given in the 
form of the infinite expansion (53). But the same solution may also be 
put in operational form, corresponding to the matrix solution (36) of 
the algebraic problem: * 

U(T)= \Q(r,or)v(a)d(T, (51) 

f The expression 'arbi t rary ' refers to an aribtrary function from the general class of 
'functions of bounded variation' . 
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where 0(T, <T), the 'Green's function', is defined by the following infinite 

expansion: <* u.Mv (<r\ 
g(T,(T) = S , ( • (58) 

This expansion is a natural generalization of the well-known bilinear 
expansionf of a symmetric kernel function K(r, cr) = K(cr, r ) : 

Z ( T , e r ) - S ^ ^ . (59) 

As we know, this expansion is not always convergent, although con­
vergence can be obtained by averaging over an arbitrarily small neigh­
bourhood of the point or. The same holds of the expansion (58). More­
over, while the expansion (58) itself may diverge, we get a convergent 
result if it is applied in (57) under the integral sign, integrating term 
by term. 

The function G(r, cr) may also be characterized by the solution of the 
differential equation ^ ^ . ~, x ,nrkX 

^ DG(T, cr) = 8(T, or), (60) 
where d(r, a) is Dirac's delta function (the underlining of r indicates 
that we consider r as the variable while o* is a mere parameter). 

As a special case within the subgroup (a) we can go one step still 
further and demand that not only the adjoint homogeneous equation 
(56) but also the given homogeneous equation 

Du = 0 (61) 

(under the given boundary conditions) shall have no non-vanishing 
solutions. Then the solution given in the form (53), or in the alternate 
form (57), (58), is unique not merely by normalization but uncon­
ditionally. In the algebraic sense we now have the limiting case 
n = m = p. This most restricted group of boundary value problems 
corresponds to Hadamard's 'well-posed' problem. 

The case (b). If the equation (56) possesses non-vanishing solutions 

vf\r), vf(r), ..., vf\r) (62) 

we come to the next group of boundary value problems. We exclude the 
solutions vf\r) from our system of eigenfunctions V^T), and thus lose 
the completeness of our function system (we do the same with the 
uf\r), if they exist, with respect to the system u^r)). 

The solution (53) is once more valid, and it is also possible to give the 
solution in terms of the Green's function (57), (58). This function is 
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occasionally called thec generalized Green's function ' f because, although 
the bilinear expansion (58) retains its form without any change, the 
defining differential equation (60) is now to be modified to 

DO(T, cr) = S(r, cr) - S v(P(r)vf\cr), 
r 

8 

BG(T,O;) = 8{r,q)-^uf\T)uf{çr). 

(63) 

(The numbers r and s—which are completely independent of each other 
—may be finite or infinite. If s = 0, the solution is unique not only by 
normalization, but unconditionally.) 

The only important difference between the cases (a) and (b) is that the 
function V(T) can no longer be chosen freely but has to satisfy the com­
patibility conditions 

yf) = jv((r)vf(o')d<T = 0 (i = 1,2, ...,r). (64) 

All these conditions are replaceable by one single scalar condition, viz. 
the 'completeness relation' (55), which expresses the fact that V(T) is 
inside that subspace of the function space which is spanned by the 
V^T) alone, without the vf\r). 

7.2. Boundary value problems of the second kind. This class 
of boundary value problems is characterized by the property that 
À = 0 is a limit point of the eigenvalue spectrum. These problems fall 
outside the realm of the traditional type of boundary value problems. 
We encounter them if an elliptic differential equation is characterized 
by hyperbolic type of boundary conditions, or vice versa, or if, for 
example, the heat conduction equation is characterized by end-values 
instead of initial values. The problem indicated in figure (8) falls likewise 
into this category. 

These problems are solvable but require a more circumspect approach 
than that employed in the previous class of problems. The characteristic 
feature of the new eigenvalue problem is the unusual distribution of the 
eigenvalues X{. This feature is deeply interwoven with a fundamental 
question that concerns the general structure of the function space. The 
concept of the 'function space' envisages a Euclidean space of infinitely 
many dimensions. The various orthogonal function systems associated 
with self-adjoint differential operators can be conceived as various 

t Cf. c« p. 356. 
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systems of orthogonal base vectors which in principle are all equivalent 
to each other. And yet the complete homogeneity of a Euclidean space 
in every direction does not correspond to the actual structure of the 
function space. In a Euclidean space the sequence in which we arrange 
our co-ordinate axes is entirely immaterial. In function space a definite 
ordering of the axes is demanded, in view of the fact that the infinite 
expansion into eigenfunctions has to converge to a definite limit f(r). 
c Convergence ' by its very definition means that the terms of high order 
contribute negligibly small amounts to the. expansion. This, however, 
assumes that we have arranged our functions properly, namely in order 
of decreasing significance. From where do we obtain such an ordering 
principle in a Euclidean space which is homogeneous in every direction? 

We are used to the Sturm-Liouville type of eigenfunction problems f 
in which the ordering of the eigenfunctions is quite systematic and 
determined by the magnitude of the eigenvalues X^ By putting the Â  in 
increasing order: Ax < A2 < A3 ^ ..., we obtain a natural ordering 
principle for the associated eigenfunctions ç51(^),ç52(^),ç53(^),.... This 
principle carries over into the realm of partial differential equations if 
we deal with boundary value problems of the conventional type. In 
our present problem, however, we encounter a situation which is not 
of the conventional type. First of all, if A = 0 is a limit point of the 
eigenvalue spectrum, the ordering of the Xi in increasing order is no longer 
possible. But this ordering would not even be justified since it is no 
longer true that the orthogonal functions of primary importance belong 
to the smallest eigenvalues. We experience a peculiar 'inversion of 
eigenvalues', due to which certain eigenfunctions which should appear 
quite late in order of importance, appear in fact very early in the Â  
spectrum. For this reason we will speak of a 'residual spectrum', to 
which we will relegate all the eigenvalues (and associated eigenfunctions) 
which cluster around the value zero and which in fact represent eigen­
functions of high order. 

In view of this situation we will establish the following procedure for 
a definite ordering of the A .̂ We prescribe a certain arbitrarily small e 
and put the eigenvalues into two categories: 

Group 1: all the eigenvalues Â  > e, arranged in increasing order: 
Xx <: A2 ^ A3 < ... (together with the corresponding %(r), V^T)). 

Group 2: all the eigenvalues (now denoted by Â ) for which Â  < e, 
arranged in decreasing order: X[ ^ A2 ^ A3 > ... (together with the 
corresponding u^r), v'^r)). 
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The solution of the equation (50) under the present circumstances 
occurs once more by the infinite expansions (51) if we pay attention to 
the proper ordering of the eigenfunctions : 

where yi = v(or) v^a) do-, y] = v(cr) v'^c) do-, (66) 

and Zi*#/vu_v Ti ^ ) = 2 M ) + S ^ ; ( T ) . (67) 

In contradistinction to the previous type of problems, a solution in 
terms of the Green's function is no longer possible. We can define the 

* — " • " * » 0M,Î^M, <6S) 

but the corresponding function for the primed eigenfunctions does not 
exist. Hence we can give the solution only partially in terms of the 
Green's function; the addition of an infinite sum, extended over the 
residual spectrum, cannot be avoided: 

u(r) = \G(T,<T)v(cr)do' + ?i § ^ ( r ) . (69) 

It is exactly this sum which represents the difference between the 
conventional and the unconventional type of boundary value problems. 
We observe that the division by very small X[ has the consequence that 
the sum on the right side (69) will generally not converge. Hence the 
function V(T) cannot be prescribed arbitrarily. In order that U(T) shall be 
quadratically integrable, it is necessary and sufficient that the following 
condition shall be satisfied: 

m < oo. (70) 

Beyond this condition, however, we will be generally obliged to demand 
the absolute convergence of the expansion coefficients: 

2 
i = l 

< oo. (71) 
K 

The convergence conditions (70) and (71) restrict the class of functions 
v(r) for which the given boundary value problem is solvable, although this 
restriction is less stringent than that encountered in the class I, case (b) 
type of problems. There the conditions (64) demanded that all the expan­
sion coefficients yf) which belonged to the eigenfunctions associated 
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with the eigenvalue zero must vanish. Now the demand is that the 
expansion coefficients y\ which belong to the eigenfunctions associated 
with almost vanishing eigenvalues, need not be zero but are sufficiently 
small. 

The two subgroups (a) and (6) of the previous class of boundary value 
problems can once more be distinguished, with quite analogous results: 

Case (a). The value zero is not included among the eigenvalues of the 
adjoint operator B. This case is covered by our foregoing discussions. 
The function v(r) need not satisfy additional compatibility conditions, 
beyond the convergence conditions (70) and (71). 

Case (b). The value zero is included among the eigenvalues of the adjoint 
operator B. Here the solvability of the given problem demands that the 
function v(r) shall satisfy the additional completeness relation: 

/ • 
*»(*)*,-= S 7Î + S 7}a- (72) 

* = 1 3 = 1 

8. An alternative treatment 

The same results can be obtained by a somewhat different approach 
in which the residual spectrum is brought in in the form of a limit process. 
We start again with a given e and all the Â  which are greater or equal to e. 
They are once more ordered in increasing magnitude and once more we 
define the Green's function by the expansion (68). We indicate, however, 
that this function depends on e : 

Ge(r,cr) = i U J ^ l . (73) 
t = l Ai 

We now decrease e to smaller and smaller values which means that 
Ge(r, a) goes more and more out of bound. However, while Ge(r, cr) does 
not approach any limit, it is possible that the sequence of functions 

ue(T) = JGe(r,c)v((r)dcr (74) 

formed with the help of these Ge(r, cr), approaches a definite limit: 

U(T) = iimue(T). (75) 

If this limit does not exist, the function v(r) was not chosen from the 
class of permissible functions and the given problem has no solution. 
If the limit (75) does exist, the function v(r) was given properly and the 
limit u(r) represents the solution of the given boundary value problem. 
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9. Elastic vibrations 

An interesting example of such a 'boundary value problem of the 
second kind', which at the same time has physical significance, is 
provided by the problem indicated in figure (8). Here the function f(z) 
of the complex variable z = x + iy is given along an open boundary only 
and our aim is to obtain f(z) inside the given domain with the help of 
the boundary data. By putting 

we can formulate our problem in the following alternative fashion. 
'Given the potential function $(x,y) and its normal derivative d^/dn 
along an arbitrarily small open portion s of the boundary curve S. Find 
the value of ci inside the given domain.' The associated eigenvalue 
problem is now ^ = ^ ^ = ^ ( ? 7 ) 

with the boundary conditions 

du 
= U, along s, 

(78) 

u = 0, — = 0, along s, 
on 
dv 

v = 0, —- = 0, along S — s 
on y 

Now it is exactly this eigenvalue problem which characterizes the 
vibrations of an elastic sheet, clamped along s and free along S — s. This 
problem is well investigated for simple (particularly rectangular and 
circular) boundaries but only under the assumption that the full boun­
dary is clamped. The interesting fact that for any partially open boun­
dary the eigenvalue A = 0 is a limit point of the eigenvalue spectrum— 
i.e. that there exist infinitely many vibrational modes which belong to 
arbitrarily small frequencies—has (to the author's knowledge) escaped 
the attention of the research workers in this field. And yet, we can 
demonstrate the existence of this limit point without any detailed 
calculations, solely on the basis of a logical argument. 

First of all, the examination of the boundary conditions (78) shows that 
—in view of the complete symmetry of the differential equations (77) 
with respect to u and v—the following two problems possess exactly the 
same eigenvalue spectrum: (a) the sheet clamped along s and free 
otherwise; (6) the sheet clamped along S — s and free otherwise. Let us 
now assume that A = 0 is not a limit point of the eigenvalue spectrum. 
Then there must exist a definite smallest vibrational frequency vv If 
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we now enlarge the length of s by a small amount, we have from the 
standpoint of (a) tightened the boundary conditions and thus vx must 
increase, while from the standpoint of the complementary problem (b) 
we have weakened the boundary conditions and thus vx must decrease, f 
These two statements are self-contradictory, which disproves the exist­
ence of vx and thus proves the existence of the limit point A = 0. 

How far can we tighten the boundary conditions before this limit point 
disappears? We have to clamp in fact the entire boundary for this pur­
pose. Even an arbitrarily small undamped part of the boundary will 
cause arbitrarily small frequencies. The limit point A = 0 disappears 
suddenly and jumps up to a finite vx in the moment that even the last 
portion of the free boundary becomes clamped. But can we believe that 
this will really happen? Can we assume that any clamping mechanism 
is so perfect that not even an arbitrarily small portion of the sheet 
might maintain its free mobility? If this question is answered by 'no', 
then we automatically admit a distribution of vibrational frequencies 
which is very different from the traditional one. We should then find that 
an elastic sheet, if struck with a hammer, contains overtones which are 
exceedingly £ow-pitched. This can be tested in an indirect way by putting 
the sheet under lateral pressure. This pressure decreases the vibrational 
frequencies, until a ' critical load ' is reached at which the smallest fre­
quency becomes reduced to zero. At that moment the elastic sheet 
collapses and we experience the phenomenon of 'buckling\% 

Now it is a well-known fact that the actual critical load at which 
buckling occurs is by far lower than that evaluated theoretically. § 
This surprising result is entirely understandable, if we take into account 
the effect of the 'residual spectrum' which must accompany even the 
slightest imperfections of the imposed boundary conditions. 'But'— 
we may be inclined to say—'this implies another absurdity since now 
buckling could occur under the slightest lateral pressure, which is 
certainly not the case.' This possibility is prevented, however, by that 
peculiar 'reversal of eigenvalues' that we have discussed before. A very 
small eigenvalue does not belong to a vibrational mode of low but of high 
order. This means that a very small eigenvalue would demand a rippling 
of the sheet of such fineness which is physically unrealizable. And thus 
the 'residual spectrum ' in its physical manifestation does not start with 
the frequency zero but with a definite finite frequency which, however, 
is still much lower than the lowest frequency calculated for the case of 
perfect clamping. 

t Cf. C2], p. 407. J Cf. [14], chap, ix, pp. 439-497. § Cf. [14], p. 462. 

12-2 
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The explanation suggested here of the reduced elastic stability of thin 
sheets is open to experimental verification, since imperfect clamping 
conditions can be experimentally generated and the corresponding 
critical loads (at least in rough approximation) calculated. The currently 
accepted explanation is based on very different considerations. The 
theory proposed by von Karman [15] operates with vibrations of finite 
amplitudes, while the theory of Donnell[3] is based on large initial 
deflections, caused by imperfections of the cylindrical shape. In both 
cases the discrepancy between theory and experiment is conceived as 
a non-linear effect which leads to exceedingly complex calculations. The 
present considerations do not go beyond the realm of the classical eigen­
value theory, although attention is called to the fact that the 'reversal 
of eigenvalues ' which must come in operation under these conditions, 
confronts us with a situation which is not of the conventional type and 
which cannot be treated by the customary methods. 

10. Summary 

The present investigation endeavours to establish a common platform 
for the theory of linear partial differential equations, subjected to boun­
dary conditions which may be chosen in an arbitrarily judicious or 
injudicious fashion and given in an arbitrarily over-abundant or under-
abundant number. The problem is approached from the domain of 
algebra, exploiting the isomorphism which exists between linear differ­
ential equations and systems of linear algebraic equations. First the 
general problem oînxm linear systems is solved on the basis of an eigen­
value problem which yields a unique solution of the problem if the right 
side satisfies the proper compatibility conditions. This method is then 
translated into the domain of differential equations. I t is found that a 
general boundary value problem belongs to one of two categories, de­
pending on the question whether the eigenvalue spectrum excludes or 
includes the value A = 0 as a limit point. The conventional boundary value 
problems belong to the first category. The eigenvalue method is applic­
able, however, to both categories and yields the solution on the basis of 
an expansion into eigenfunctions. The solvability of the problem demands 
that the data satisfy compatibility conditions—and in the second 
category certain convergence conditions—which can be explicitly 
stated. The explicit construction of the solution and the testing of the 
data concerning solvability presupposes, however, the preliminary 
solution of the eigenvalue problem, excluding the eigensolutions 
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associated with the eigenvalue zero which are not needed for the con­
struction of the solution and which are dispensable also from the 
standpoint of the compatibility conditions. 
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JI. C. nOHTPflTHH 

OHTHMAJILHBIE nPODjECCBI PErYJIHPOBAHHH 

B 8T0M ^OKJia^e H H3Jiaraio pe3yjiBTaTH, nojiyHemnie MOHMH y^eira-
KaMH B. T. BOJITHHCKHM H P . B. TaMKpeJIH^Se H MHOK)[1'2'33. 

1 . IIocTâHOBKa samara 

IlycTB O—HeKOTopoe TonojiornnecKoe npocTpaHCTBO. By^eM TOBO-
pHTL, ITO 3a#aH ynpaejiaeMbiü npoucecc, ecjra HMeeTCH CHCTeMa OôMKHO-

BeHHHx fliH(|)$epeHn;Hajii>HHx ypaBHemiH 

dx^ 
-^=p(x\...,x*;u)=f(x;u) (i=l,...,n), (1) 

HJiH B BeKTopHOË $opMe: ,_ 

dt=f&u)> (2) 

r#e x1, ...,xn — fteECTBHTejiBHtie $yHKu;HH BpeMeHH t, x = (x1, ...,xn) 
— BeKTop w-MepHoro BeKTopHoro npocTpaHCTBa B, u e Q, a 

f&u) (i = l,...,n) 

— $yHKD;HH, 3ap;aHHHe H HenpepHBHue RSLH Bcex 3Ha^eHHH napH 
(x, u) e i? x Q. IIpe^nojiaraeTCH TaioKe, HTO sacrane npoH3BO,n(HHe 

TaKîKe onpe^ejieHH H HenpeptiBHH Ha BceM npocTpaHCTBe i? x O. 
J^JIH Toro, HTOöH HaftTH penieHHe ypaBHeHHH (2), onpe;o;ejieHHoe Ha 

0Tpe3Ke t0 < t < tl9 ßocTaTOHHO yKa3aTB $yHKi%mo u(t) ynpaejienusi Ha 
OTpe3Ke t0 < t < tt H HanajiBHoe 3HaneHHe x0 penieHHH npn t = tQ. B COOT-
BeTCTBHH c 8THM MH 6y,n;eM roBopHTB, HTO 3a;o;aHO ynpaejienue 

U = (u^tvt^Xv) (3) 

ypaBHeHHH (2), ecjin 3a,o;aHa ^yHKipra u(t), 0Tpe30K tQ < t < tx ee onpe-
;o;ejieHHH H HanajiBHoe SHanemie x0 pemeHHH x(t). B ^ajiBHeönieM 
öyjjyT paccMaTpHBaTBCH KycoHHo HenpepHBHHe <|>yHKn;HH ynpaBJieHHH 
u(t), gonycKaionpie paspuBH nepBoro po^a, H Henpepuemie penieHHH 
ypaBHeHHH (2). Ilpn BTOM ynpaBJieHHH u(t) ôy^yT npejjnoJiaraTBCH 
HenpepHBHHMH B HanajiBHOË Tonne t0 H no«JiyHenpepBiBHHMH cjieBa, 
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T.e. y#OB«neTBopHioirj;HMH ycjiOBHio u(t — 0) = u(t), t > t0. M H 6y ;̂eM 
roBopHTB, HTO ynpaBJieHHe (3) nepeeodum Towy x0 B TOHKy xl9 eejin 
cooTBeTCTByiomiee peraeHHe x(t) ypaBHeHHH (2), yftOBJieTBopHiomee 
HanaJiBHOMy ycjiOBHio x(t0) = x0, yftOBJieTBopneT em;e KOHê HOMy 
ycjiOBHio: x(t±) = xv 

IlycTB Teueiphf°(x1, ...,xn;u) =f°(x,u) — $yHKD;HH, onpe^ejieHHaH H 
HenpepHBHan BMecTe co CBOHMH nacTHHMH npoH3Bo,o;HBiMH 

3/o/au* (j=l,...,n), 

Ha BceM npocTpaHCTBe B x O. KaîK^OMy ynpaBJieHHK) (3) cooTBeTCTByeT 
Tor^a HHCJIO /.̂  

L(U)= f\x(t),u(t))dt. 
J to 

TaKHM o6pa30M, L ecTB $yHKrpioHaji ynpaB«neHHH (3). VnpaBJieHHe U 
Sy^eM Ha3HBaTB onmuMajibnuMy eejin, KanoBO 6 H HH 6HJIO ynpaBJieHHe 

U* = (u*{t),t$,t},xQ)9 

nepeBOjnHm;ee TOHKy x0 B To^Ky xl9 HMeeT MecTO HepaBeHCTBO 

L(U) ^ L(U*). 

3aMeuauue 1. ECJIH (3) —onTHMajiBHoe ynpaBJiemie ypaBHeHHH (2), 
x(t) — cooTBeTCTByiomiee eMy pemeHne ypaBHeHHH (2), a t2 < t3 — jsße 
TOHKH 0Tpe3Ka t0 ^ t < tl9 TO U' = (u(t),t2,tS9x(t2)) eCTB TaioKe onTH-
MajiBHoe ynpaBJieHHe. 

3aMenanue 2. ECJIH (3) — onraMajiBHoe ynpaBJieHHe ypaBHeHHH (2), 
nepeBOflHirjiee TOHKy x0 B Towy xl9 a r—npoH3BOJiBHoe HHCJIO, TO 

TJ" = ( ^ - T ^ o + T ^ + T ,^) 

—TaKHîe onTHMajiBHoe ynpaBJieHHe, nepeBOßHiijee TO^Ky x0 B XX. 
BaMHHM nacTHBiM cjiynaeM HBjraeTCH TOT, Korp-a $yHKrj;HH f°(x;u) 

onpe^ejineTCH paBeHCTBOM .n/_ , 
r(x,u) = l. (4) 

B 9T0M cjiynae HMeeM L(U) = t-^ — tQ, 

H onTHMajiBHOCTB ynpaBJieHHH U 03HanaeT MUHUMajibuocmb epeMenu 
nepexoda H3 nojiomemiH xQ B nojiomeHne xx. 

B npHMeHeHHHx BameH cjiynan, Korßa fi HBJIHCTCH 3aMKHyT0H 
o6jiacTBH) HeKOToporo r-MepHoro aBKjnmoBa npocTpaHCTBa E; Torjja 
u = (ux,...,ur), H oflHH ynpaBJiHiomiHö napaMeTp u npeBpanjaeTCH B 
cncTeMy HHCJIOBLIX napaMeTpoB u1, ...,ur. B cjiynae, Kor^a Q. npe^cTa-
BJineT CO6OH OTKpHToe MHOîKecTBO npocTpaHCTBa E, c^opMyjinpoBaHHan 
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sjjecB BapnaipiomiaH sa^a^a HBJIHCTCH nacTHHM cjiy^aeM 3a;n;a*ra 
Jlarpamna ([4], cTp. 225), H OCHOBHOH pe3yjiBTaT, npHBO^HMHH umme 
(npHHipin MaKCHMyMa), eoBna#aeT c H3BecTHHM KpnTepneM Benep-
niTpacca. ^ J I H npHJioîKeHHH BaHîeH, ojpiaKO, cjiynan, Kor,o;a ynpaB-
jiffionpie napaMeTpBi y^oBjieTBopnioT HepaBeHCTBaM, BKJnonaiomHM 
paBeHCTBa, HanpHMep , ., ^ _ ,. _ x 
r r r |tt*| < 1 (t = l , . . . , r ) . 

B BTOM cjiy^ae KpHTepnfi BefiepniTpacca, OHCBH^HO, HeBepeH, H npnBo-
flHMHH HHÎKe pe3yJIBTaT HBJIHeTCH HOBHM. 

2 . Heoôxo^HMLie ycJioBHH onTHMaaBHoe™ (npiiimiin MaKCHMyMa) 

JJjIH $OpMyJIHpOBKH HeOÖXOßHMOrO yCJIOBHH OHTHMaJIBHOCTH BBeffeM 
B paccMOTpeHHe BeKTop s = (^0 ^ ^ n ) 

(n + l)-MepHoro 3BKJiH,n;oBa npocTpaHCTBa S H paccMOTpnM ynpaBJineMHË: 
npoD;ecc 

-^=f(x\...,x^u)=fi(x,u)=f(x,u) (» = 0,l, . . . ,n), (5) 

HJIH B BeKTOpHOH $OpMe ,„ 

§=M«), (6) 
r,o;e f°(x9u) ecTB (^yrnupra, KOTopan onpejjejraeT ^ymupiOHaji L. JSjin 
Toro, HTO6H, 8Han ynpaBJieHHe (3) ypaBHeHHH (2), noJiy^HTB ynpaBJieHHe 

ypaBHeHHH (6), ßOCTaTOHHO, HCXOßH H3 HaïajiBHoro 3HaieHHH 

XQ = (XQ, ...,XQ), 

3aji;aTB HanajiBHoe 3HaHeHHe x0 ypaBHeHHH (6). M H onpe^ejiHM BeKTop 
X0, nOJIOHÎHB ~ _ /n 1 n\ 

XQ — Û, XQ, ...,XQ). 

9THM cnocoôoM ynpaBJieHHe (3) ypaBHeHHH (2) oftHOSHarao onpe^ejineT 
ynpaBJieHHe ypaBHeHHH (6), H MH npocTO 6yji;eM ciHTaTB, HTO (3) ecTB 
ynpaBJieHHe ypaBHeHHH (6). ECJIH TenepB ynpaBJieHHe (3) nepeBOßHT 
HanajiBHoe 3Ha^eHHe x0 ypaBHeHHH (6) B KOHe^Hoe 3HaneHHe 

^x ~~ \x0i **a> • • • ? ^ i /> 

TO MH HMeeM L(U) = x\, 

H 9THM onpe^eJineTCH CBH3B ypaBHeHHH (6) c ^opMyjinpoBaHHOä paHee 
Bapnan;HOHHOii sa^a^en. 
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Hapn#y c KOHTpaBapnaHTHHM BeKTopoM x npocTpaHCTBa S pac-
CMOTpHM BCnOMOraTeJIBHHH KOBapHaHTHHË BeKTop 

ft=(fto,~;fn) 

9Toro npocTpaHCTBa H cocTaBHM $yHKii;Hio 

K(ft9x9u) = (ft,f(x,u)) 

(cnpaBa CTOHT CKajrapHoe npoH3Be;p;eHHe BeKTopoB ijr H / ) . 
IlpH $HKCHpOBaHHHX 3HaHeHHHX $ H X Ĉ yHKIJHH K CTaHOBHTCH 

$yHKu;HeË napaMeTpa u; BepxHioio rpaHB 3HaHeHHô 9TOë $yHKii;HH 
oôosHa^HM nepe3 N(ijr9x). CocTaBHM, #ajiee, raMHJiBTOHOBy cncTeMy 
ypaBHeHHÖ dR 

W = Wi {i = °'-'n)> (7) 

HenocpencTBeHHO BH^HO, HTO cncTeMa (7) coBnanaeT c CHCTCMOö (5), 
CHCTeMa Hte (8) ecTb 

« - 0 , d t - è o M w - 1 » • • • » » ) • w 

TeopeMa 1. Ilycmb (3) —onmuMajibnoe ynpaejieuue ypamenust (2) w 
#(£)— coomeemcmeyjoufee eMy petueuue ypaenemin (2). JJOHOJIHUM 

eenmop x(t) do eenmopa x(t)9 nojiootcue 

*°(*)= [lpm)Mt))dt 
Ju 

Cyu^ecmeyem moeda manasi nenyjieeash nenpepuenaa eeKmop-fiyumcusi 

fi(t),Hmo Z ( ^ ( g , ä S ( g , « ( g ) = , o W g « ; 0 ) , (10) 
a cßyuKijiiu ^(£), #(£), %(£) 

cocmaejiHJom pewemie zaMUJibmonoeoü cucmeMu (7), (8), npuueM 

K{fi(t),x(t)Mt)) = #(#(*),«(*)); ( n ) 

/y?» amo^ OKasbieaemcsi, nmo (ßyHKi^ust K(ijr(t)9x(t)9u(t)) nocmostuna, 

man nmo K($(t)9 x(t)9 u(t)) = 0. (12) 

JJJIH $opMyjinpoBKH HeoSxo^HMoro ycJiOBHH B cjiynae, Kor^a pe^B 
H^eT O MHHHMaJIH3ai];HH BpeMeHH (CM. (4)), COCTaBHM raMHJiBTOHOBy 

tTBKmno H($,x,u) = (fj{x,u)). 
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ïïpH $HKCHpOBaHHHX 3HaneHHHX ijf H X ŷHKDjHH H(i/r, X, u) CTaHOBHTCH 
$yHKu;HeH napaMeTpa u. BepxHioio rpaHB 3HaHeHHH 9TOö $yHKii;HH 
o6o3HaHHM nepe3 M(ijr,x). CocTaBHM, ßajiee, raMHJiBTOHOBy cncTeMy 

v-W, w-1 »>• " 3 > 

£ - - » «-' •>• <"> 
OHCBH^HO, HTO CHCTeMa (13) coBna^aeT c CHCTCMOH (1), a CHCTeMa (14) 

f = - l ^ tf-> »>• 
TeopeMa 2. Ilycmb (3) —onmuMasbuoe djia (ßyHK-quoHOJia (4) 

ynpaejienue ypaenenust (2) w #(£) — coomeemcmeyjoi^ee dmoMy ynpaesenuio 
pewenue ypaenenua (2). Cyu^ecmeyem moeda manast mnyjieeasi nenpe-
puenasi eenmop^ynnv^u^ ijr(t) = (^(t), ...,ijrn(t)), nmo 

H{f(t0)9x{t0)9u{tQ))>09 

a (pyHKlfUU ^(£), x(t)9 u(t) 

ydoejiemeopawm eaMvuibmomeoü cucmeMe ypaeuenuu (13), (14), npuneM 

H(f(t)9 x(t), u(t)) = M(f(t)9 x(t)). (16) 

Onadbieaemcsi, npoMe moeo, nmo $yHKi%usi H(ijr(t)9x(t)9u(t)) nocmomma, 
man nmo fl(^ _ ( ^ ^ ) } > Q ( 1 ? ) 

TeopeMa 2 HenocpefleTBemio BHTenaeT H3 TeopeMH 1. 
TjiaBHHM coAepHîaHHeM TeopeM 1 H 2 HBJIHH)TCH paBeHCTBa (11) H (16). 

Ilo9TOMy TeopeMa 2, nepBOHa^ajiBHO onyôJiHKOBamiaH B KanecTBe 
rnnoTe3H B 3aMeTKe[1], Ha3BaHa npum^unoM MancuMyMa. B 9TOM me 
CMHCJie H TeopeMe 1 ecTecTBeHHO npncBOHTB HaHMeHOBaHne npuni^una 
MancuMyMa. 

3 . floKa3aTeJiBCTBO npHHipaia MaKCHMyMa (meopeMu 1 u 2) 

floKaîKeM TeopeMy 1. B HOKa3aTejiBCTBe ncnojiB30BaHH HeKOTopne 
KOHCTpyKD;HH MaKineHHa[5]. IlycTB (3) — HeKOTopoe ynpaBJieHHe ypa­
BHeHHH (6) H x(t)—cooTBeTCTByiomee eMy penieHne ypaBHeHHH (6). 
CncTeMa ypaBHeHHH B Bapnaiprax ;O;JïH CHCTCMH (5) B6JIH3H penieHHH 
X(t) 3aHHCHBaeTCH, KaK H3BeCTH0, B BH^e 

dyi »df*(&(t)9u(t))^ 
^ = , ? o M V (i = 0,l,...,n). (18) 
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3anHCHBan peineHne CHCTCMH (18) B BeKTopHOH $opMe, nojiynaeM 

B e K T 0 P 9(t) = W), -..M)). 
B jjajiBHeEineM 6y^yT paccMaTpnBaTBCH TOJIBKO HenpepHBHHe penieHHH 
y(t). CncTeMy ypa^Hemio B Bapnaiprax, Kan H3BCCTHO, MOîKHO HCTOJI-

KOBaTB CJiê yiOm ÎM 06pa30M. IlyCTB y0 npOH3BOJIBHHË BeKTop 
npocTpaHCTBa S. pa^a^HMCH HanajiBHHM 3Ha*ieHHeMf 

x0 + ey0 + eO(e) 

#JIH penieHHH ypaJBHemiH (6). Torjua caMO pemeHne ypaBHeHHH (6) e 
9THM Ha^ajiBHHM dHa^eHneM 3anncHBaeTCH B $opMe: 

x(t) + ey(t) + eO(e), 

r#e y(t) ecTB pemeirae CHCTCMH (18), B3HToe c HanajiBHHM 3Ha^eHneM y0. 
M H SyjjeM roBopHTB, HTO penieHne y(t) CHCTCMH (18) HBJIHCTCH 

nepenecenueM BeKijopa y0, 3a,o;aHHoro B HanajiBHon TOHKC XQ TpaeKTopnn 
x(t), B^OJIB Been TJpaeKTopHH. B TOM ate CMHCJie MOJKHO cna3aTB, HTO 

penieHne y(t) HBJiflfeTCH nepeHeceHHeM BeKTopa y(r), 3a,o;aHHoro B TOHKC 
X(T) TpaeKTOpHH 3$[t), BflOJIB BceË TpaeKTopHH. 

Hapn#y c KOHTpaBapnaHTHHM BeKTopoM y(t)9 HBJimonpiMeH penie-
HHeM CHCTeMH (1^), paCCMOTpHM KOBapHaHTHHH BeKTOp ljf(t)9 HBJIHK)-
H^HHCH penieHneM CHCTeMH (8). Henocpe^CTBeHHO npoBepneTCH, HTO 

|(#), m) = o, 
TaK HTO (ft{t), y{l)) = const. (19) 

ECJIH HCTOJiKOBHBaTB KOBapnaHTHHÔ BeKTop ijr(t) Kan HJIOCKOCTB, 
npoBe^eHHyio *iepe3 TOiKy x(t), TO MOJKHO CKa3aTB, HTO HJIOCKOCTB ^r(t) 
HBJineTCH nepenecenueM njiocKOCTH ^(r ) , 3ap;aHHOö B TO^Ke X(T) Tpaen-
TOpHH X(t)9 BflOJIB BCeË TpaeKTOpHH. 

Bapuaifueü yn^aBjiemiH (3) 6y ;̂eM Ha3HBaTB ynpaBJieHHe 

[7* = C7*(e,a) = (^*(0,£0^i + ae>^o)> 

3aBHCHHi;ee OT na#aMeTpa e H p;eËCTBHTejiBHoro HHCJia a, onpe^ejieHHoe 

ßJiH Bcex ^ocTaTotHO MajiHx nojioJKHTejiBHHX 3HaneHHH napaMeTpa e H 

y,o;oBJieTBopHH)nT;ee cjiepyiomeMy ycjiOBHio: PenieHne x*(t) ypaBHeHHH 

(6), eooTBeTCTByiolmee ynpaßjieHHio J7*, B TOHKC t = tx + ea MOJKCT 6HTB 

sanncano B BH«e j x(tl) + e~ô(U*) + eO(e), 

Tj\e 8(U*) He 3aBEtcHT OT e. 

f B ^ajiBHeËnieM CHMBOJi 0(e) HcnojiB3yeTCH KaK THiranecKoe o6o3Ha^eHHe 

#JIH BejiHHHH, CTpeMHiipixeH K HyJIK) BMecTe c e. 



188 L. S. PONTRYAGIN 

CeMeËCTBO A BapnauiHH o^Horo H Toro me ynpaBJieHHH (3) 6y,o;eM 
Ha3HBaTB donycrnuMWM, ecjin Hapn^y c nam^HMH ftByMH BapnaiiiHHMH 
Uîfa&i) H U$(e9oc2) B HeM HaË^eTCH npn JIIOôHX HeoTpnijaTejiBHHX yl9 

y2 TpeTBH BapnaniHH U*(e9y1a1 + y2oc2)9 yßOBJieTBopHiomaH ycjiOBHio 

*(V*) = 7ihUÎ) +yJ(U$). (20) 

CKOHCTpynpyeM TenepB cneipiaJiBHyio Bapnaipiio 

TJ*(e9a) = V(e9 oc9 r, <r, u*)9 

3aBHcnm;yio OT TOHKH T nojiynHTepBajia t0 < t < tx (npnqeM npn a < 0 
ftOJDKHO 6HTB r < ti), HeoTpni];aTejiBHoro nncjia <x H TOHKH U* npo-

CTpaHCTBa O. Bapnaipno V(e,a,T,cr,u*) onpe^eJiHM, 3a;a;aB $yHKii;Hio 
U*(t) COOTHOHieHHHMH 

ru(t) npn t0 ^t ^T — ecr, 

u* npn T — eo"<t^T, 
• 

u(t) npn T < t < tl9 

<u(t^) npn tx < t < t1 + ea (ecjin oc > 0). 

u*(t) = (21) 

tHerKO nocTpoHTB ftonycTHMoe eeMeËCTBO A, co;a;epîKain;ee Bce BapnaijHH 
Tnna (21). 9TO ceMencTBO A H 6y,o;eT nojiOHîeHO B ocHOBy ßajiBHeEnrax 
HOCTpOeHHH. 

K a n t o n BapnaDiHH £7* ji;onyeTHMoro ceMencTBa A cooTBeTCTByeT 
BeKTOp #(?7*), BHXOßHIipiE H3 TOHKH Xx. COBOKynHOCTB BCeX 9THX 

BeKTopoB 3anojiHneT BHnyKJiHË KOHyc (CM. (20)) II c BepniHHOH B 

TOTOe^. nycTB v = (-l,0,...,0) 

— BeKTop, BHXo^HmHË H3 TOTOH x± H H#ym;HË B HanpaBJieHHH OTpnn;a-
TejiBHOË OCH x° B npocTpaHCTBe S. ECJIH KOHyc II co^epîKHT KOHen; 
BeKTopa v B KanecTBe BHyTpemieË TOHKH, TO ynpaBJieHHe U ne HBJIHCTCH 

onTHMaJiBHHM. IlycTB, B caMOM ßejie, U* e A — Ta BapnaipiH ynpaBJie­
HHH U, «JIH KOTOpOË g,jj^ = „ 

06o3HanaH *iepe3 xf TOHKy, B KOTopyio nepexojjHT TO*ma x0 npn ynpa-
BUUHE U*, nooiynaen ^ = ^ + e 0 + e O ( e ) > 

Pacn^enjiHH 9TO paBeHCTBO Ha CKajinpHoe JJJIH HyjieBOË KOop^imaTH H 
BeKTopHoe ßJiH ocTajiBHHx KOopjpraaT, nojiynaeM 

L(U*) = a}* = x\-e + eO(e) = L(U)-e + eO(e)9 

%* = x-L + eOfe). 
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TaKHM o6pa30M, <f)yHKD;HOHaji yMeHBnieH Ha Bejnraray nopn^Ka e, a 
KOHeu; TpaeKTopHH OTJinnaeTCH OT HîejiaTejiBHoro Ha Bejnraray eO(e). 
YTOHHeHHe 9Toro nocTpoeHHH npHBOjpiT Hac K TaKOË BapnaipiH C7#€ A, 
ftjiH KOTopoË KOHeu; x\ TpaeKTopnn #* y^OBJieTBopneT TOiHOMy paBeH-
CTBy xf = x± — ev9 a 9TO npoTHBopennT npe^nojiomeHHio 06 OHTH-

MajiBHOCTH ynpaBJieHHH U. 
ÜTaK, npe^nojiaran, HTO ynpaBJieHHe U onTHMajiBHO, MH 6y#eM 

CHHTaTB B ftaJIBHeËHieM, HTO BeKTOp V He HBJIHeTCH BHyTpeHHHM ftJIH 
KOHyca II. Tan KaK KOHyc II BHnyKJiHË, TO ,O;JIH Hero cymecTByeT 
TaKan onopHan HJIOCKOCTB V, HTO caM KOHyc JICHîHT B O^HOM nojiy-
npocTpaHCTBe (3aMKHyT0M), onpe^ejineMOM 9TOë njiocKOCTBio, aBeKTop 
v—B ßpyroM. 06o3HanaH nepe3 }frx KOBapnaHTHHË BeKTop, COOTB6TCT-

ByiOmHË nJIOCKOCTH T, BHÔpaHHHË C HaßJieJKailJHM 3HaKOM, MH 

nonynaeM tfltâ(U*))*0 (P* £A), (22) 

(fi^)^O. (23) 

Ü3 HepaBeHCTBa (23) cpaay cneayeT HepaBeHCTBo 

^oi < 0. (24) 

06o3HaHHM nepe3 ^r(t) KOBapnaHTHHË BeKTop, nojiy^aionpiECH 
nepeHeceHneM BeKTopa ijrl9 3a,n;aHHoro B TOHKe%, B,O;OJIB BceËTpaeKTopHH 
x(t). ÏIoKanîeM, HTO BeKTop-$yHKn;HH ijr(t) H ecTB Ta, cymeeTBOBamie 
KOTopoË yTBep5K,o;aeTCH B TeopeMe 1. 

IlycTB V(e9 0, r, cr, u*) — npoH3BOJiBHaH eneipiajiBHaH BapnaipiH 
(CM. (21)) ceMeËCTBa A H x*(t) — eooTBeTCTByiom;ee eË penieHne ypaB­
HeHHH (6). IIpOCTHe BHIHCJieHHH flaiOT 

2*(r) = Ä(T) + e[/(Ä(T),w*)-/(Ä(r),w(T))] + eO(e). 

OöosHa^HM *iepe3 y(t) BeKTop, nojiynaion^HËCH H3 BeKTopa 

y(r) = f(x(r)9 u*) -f(x(r), u(r))9 

3a,n;aHHoro B TO^me #(r), nyTeM nepeHOca B^OJIB TpaeKTopnn x(t). 

TorAa MH HMeeM „ * ( g = £ i + e ^ i ) + e 0 ( e ) . 

TaK KaK BeKTop y fa) npHHa^Jien^HT KOHycy II, TO B CHJiy HepaBeHCTBa 

(22) n o ^ a e M ( f r ,**«) < 0. 

B CHJiy (19) OTCiofla nojiynaeM 

(^(T),/(Ä(T),«*)-/(2(T),«(T))) < 0. 
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IlepenHCHBaH nocjie^Hee HepaBeHCTBo B o6o3HaneHHHx <$yHKu;HH K, 
nojiy^aeM HepaBeHCTBo 

K$(T)9 x(r), u(r)) > K($(T), X(T)9 U*)9 

9KBHBajieHTHoe paBeHCTBy (11). 
IlycTB TenepB U* = V(e,a,r,0,u*). PenieHne ypaBHeHHH (6), 

eooTBeTCTByiomee 9T0My ynpaBJieHHio Z7*, o6o3HaHHM nepe3 x*(t). 
M H HMeeM oneBHßHo 

x*fa + ae) = x1 + eô(U:il) + eO(e), 

rÄe 8(U*) = *f(xl9ufa)). 

TaK KaK BeKTop S(U*) npnHa,n;jieîKHT KOHycy II, TO, B CHJiy HepaBeHCTBa 

(22), no,yHaeM a^vf(xlMh))) < 0. 

BBHfliy Toro, HTO a ecTB npoH3BOJiBHoe ^eËCTBHTejiBHoe HHCJio, nocjiep;-
Hee HepaBeHCTBo BO3MO?KHO JIHIHB npn ycjiOBHH 

(ft1J(£1,u(t1))) = 09 

T.e. npn K(ffa)9xfa)9ufa)) = 0. (25) 

^OKaîKeM, HaKOHen;, HTO <f>yHKii;HH K(t) = K(ijr(t)9x(t)9u(t)) nepe-
MeHHoro t nocTOHHHa. IlycTB t0 < t2 < t3 < tl9 npnneM Ha nojiyHH-
TepBajie t2<t^tz $yHKn;HH u(t) HenpepHBHa. ÜOKameM, HTO Ha 9TOM 
nojiyHHTepBajie $yHKu;HH K(t) nocTOHHHa. BOSBMCM jspe npoH3BOJiBHHe 
TO^EKH T0 H TX nojiyHHTepBajia t2 < t < tz. B cnjiy (11) HMeeM 

K(^T(TQ), X(T0), U(TQ)) - K(ft(T0), X(TQ), U(T±)) ^ 0, 

-Ktfir^ X(TX)9 u ^ + Ktfr^ x(rx)9 u(rQ)) < 0. 

üpHÖaBJIHH K OÔeHM HaCTHM 9THX HepaBCHCTB pa3HOCTB K(TX) — K(TQ) , 
nojiyraM HepaBeHCTBa 

-K^ir^x^M^+K^iT^xir^Mro)) < ^ K ) - ^ ( T » ) 

< K(ft(Tl), x(7l), ü{Tl))-K{$(T0), x(r0), u{rx)). (26) 

$ajiee, TaK KaK $yHKn;HH K(ijjr(t)9x(t)9u(r)) nepeMemioro t Ha 
OTpe3Ke t2 < t < tz HenpepHBHa H HMeeT npoH3Bo;o;Hyio, paBHyio Hyjno B 
CHjiy (7), (8), TO KpaËHne HJICHH HepaBeHCTB (26) Hcne3aioT. TaKHM 
o6pa30M, K(TX) — K(TQ) = 0, T.e. K(t) = const Ha nojiyHHTepBajie 
t2 < t ^ t%. 

IlycTB TenepB r0 — Tourna pa3pHBa <|>yHKn;HH u(t) H T± > r0 — 
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6jiH3Kan K r 0 TOHKa. ECJIH K(T0) > K(rx), TO n p n ßOCTaTOHHO MaJiOM 

TX — T0 M H HMeeM 

HTO npoTHBope^HT paBeHCTBy (11). ECJIH me K(T0) < K(TX), TO n p n 

ftOCTaTOHHO MaJIOM TX — TQ M H HMeeM 

-£(îfao)>X(TQ),U(TX)) > K($(TQ),X(TQ),U(TQ))9 

HTO TaKÎKe npOTHBOpeHHT paBeHCTBy (11). TaKHM o6pa30M, 

K(r0) = K(r0 + 0). 

H3 ji;oKa3aHHoro BHTeKaeT (CM. (25)) enpaBe,n;jiHBOCTB paBeHCTBa (12) 

Ha BceM OTpe3Ke t0 < t < tXl neM, B nacTHocTH, p;oKa3aHO nepßoe H3 

cooTHonieHHË (10). B ï o p o e H3 cooTHonieHHË (10) ejiepyeT H3 Hepa­

BeHCTBa (24) B CHJiy nepBoro ypaBHeHHH (9). 

ÜTaK, TeopeMa 1 nojiHocTBio ßOKasaHa. 

3aMeuauue K meopeMe 1. TeopeMa 1 ocTaeTCH cnpaBe^jiHBOË H B 

cjiynae, ecjin B KanecTBe ^onycTHMHx ynpaBJimoiipix ^yHKijHË u(t) 

paccMaTpHBaTB u3MepuMue orpararaeHHHe (^yHKipiH; n p n 9TOM paBeH-

CTBO (11) #jiH onTHMajiBHoro ynpaBjieHHH BHnoJiHneTCH no^TH Beiopy. 

4 . OnTHMaJiBHBie B cMBicjie ßBicTpo^eficTBHH jiHHeHHBie ynpaBJieHHH 

BamHHM JJJIH npnjiomeHHË H xoponio HJijnocTpnpyioiipiM oôiipie 

pe3yjiBTaTH npnMepoM HBJIHCTCH jiHHeËHan ynpaBjraeMan CHCTeMa 

dx^ n r 

_ _ = S afâ+ S b%uk (i = 1, ...,n), 

iTje ü = (u1, ...,ur) ecTB TOHKa BHnyKJioro 3aMKHyToro o rpamraemioro 

MHororpaHHHKa O, paenoJiOHteHHoro B JIHHCëHOM npocTpaHCTBe E c 

KOOpftHHaTaMH u1, ...,Ur. B BeKTOpHOM BHfte 9Ta CHCTeMa MOHîeT 6 H T B 

3anncaHa Tan: ?-
^ = Ax + m, (27) 

TReA — jiHHeËHHË onepaTop B npocTpaHCTBe B nepeMeHHHX x1, ...9x
n, 

a B—jiHHeËHHË onepaTop H3 npocTpaHCTBa E B npocTpaHCTBO B. 

M H 6yo;eM paccMaTpHBaTB 3,o;ecB TOJIBKO s a ^ a n y o MHHHMaJiH3aipiH 
rh 

c^yHKipioHajia at, T.e. 3a#any MHHHMajiH3an;HH BpeMeHH nepexo^a . 

J\SIR nojiy^eHHH HeKOTopnx pe3yjiBTaTOB xapaKTepa e^HHCTBeHHOCTH 

M H 6y,n;eM HajiaraTB Ha ynpaBJineMoe ypaBHemie (27) HHJKecJießyioHpie 

yCJIOBHH (A), (B), pOJIB KOTOpHX BHHCHHTCH B ,n;ajiBHeEnieM : 



a CHCTeMa (15) 

HJIH, 

3anHCHBaeTCH B BHße 

~dT~~ 

B BeKTOpHOË $OpMe, df _ 
dt ~ 

U = 

A*ijr. 
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(A) IlycTB w—HeKOTopnË BeKTop, HMeion̂ HË HanpaBJieHHe KaKoro-
JIH6O H3 peôep MHororpaHHHKa O; Tor^a BeKTop Bw He npHHajjJieîKHT 
HHKaKOMy HCTHHHOMy no,n;npocTpaHCTBy npocTpaHCTBa B9 HHBapnaHT-
HOMy OTHOCHTejiBHO onepaTopa J.; TaKHM o6pa30M, BeKTopn 

Bw9 ABw, ..., An~xBw (28) 

jiHHeËHO He3aBHCHMH B npocTpaHCTBe B BCHKHë pa3, Kor^a W eCTB 
BeKTop, HMeionpiË HanpaBJieHne o^Horo H3 peôep MHororpaHHHKa Q. 

(B) Ha^aJio KOopflHHaT npocTpaHCTBa E HBJIHCTCH BHyTpeHHeË 
TOHKOë MHororpaHHHKa O. 

OyHKijHH H(ïp9 x9 u) B HaineM cjiynae HMeeT BHJI; 

H = (f9Ax) + (f9Bu)9 (29) 

1, ...9n), 

(30) 

OneBHAHO, HTO $yHKn;HH H, paccMaTpHBaeMan KaK ^ymupra nepe-
MeHHoro û e Q, ßocTnraeT MaKCHMyMa oßHOBpeMemio c (^ymapieË 

(f,Bü). 

B COOTBeTCTBHH C 9THM o6o3Ha^HM *iepe3 P ( ^ ) MaKCHMyM $yHKipiH 
(\jf9Bu)9 paccMaTpHBaeMöE KaK $yHKn;HH nepeMemioro üeQ.. Ü3 
TeopeMH 2 cjie^yeT, TaKHM o6pa30M, HTO ecjin 

Ü = (ü(t)9t09tl9x0) 

ecTB onTHMajiBHoe ynpaBJieHHe ypaBHeHHH (27), TO cynjecTByeT Tanoe 
penieHne ifr(t) ypaBHeHHH (30), HTO 

(ï?(t)9Bû(t)) = P(f(t)). (31) 

TaK KaK ypaBHeHne (30) He co^epjKHT HeH3BecTHHX $yHKn;HË x(t) H 
ü(t)9 TO Bee penieHHH ypaBHeHHH (30) Jiemo MoryT 6HTB HaE^emi, H 
TeM caMHM no ycjiOBHio (31) jierKO MoryT 6HTB HaË#eHH H Bee OHTH-

MajiBHne ynpaBJieHHH u(t) ypaBHeHHH (27). Bonpoc o TOM, HacKOJiBKO 
o^H03HaHHO ycjiOBHe (31) onpe^ejineT ynpaBJieHHe u(t) nepe3 $yHKijHio 
^r(t)9 peniaeTCH HHJKecjiefl;yion];eË TeopeMOË: 

TeopeMa 3. ECJIU eunojmeuo ycdoeue (A), mo npu sadannoM mrnpu-
euajibHOM pemenuu i/r(t) ypaenenua (30) coontHomenue (31) oduoduanno 
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onpedejinem ynpaeMioiqyio ^ynnv^mo u(t); npu dmoM onadbieaemcn,, nmo 
cßyHKvifUH ü(t) nycoHHO nocmosmna u ee 3HaneuusiMU aejimomca Jiuwb 
eepwumi MHoeoapauHUKa O. 

/foKa3ameAbcmeo. TaK KaK $yHKu;HH 

m),Bü), (32) 

paccMaTpHBaeMan KaK $yHKu;HH BeKTopa ü, jiHHeËHa, TO OHa JIHöO 
nocTOHHHa, JIHöO AOCTHraeT CBoero MaKCHMyMa Ha rpamnje MHoro­
rpaHHHKa Q. 9TO me cooSpaaîeHHe npHMeHHMo H K KajßßoE rpaHH 
MHororpaHHHKa Q. TaKHM o6pa30M, JIH6O $yHKu;Hfl (32) ßoeTHraeT 
CBoero MaKCHMyMa JinniB B O^HOë BepniHHe MHororpaHHHKa Q>9 JIHöO 

2Ke ̂ ocTHraeT ero Ha n;ejioË rpaHH MHororpaHHHKa O. IIoKaîKeM, HTO B 
CHJiy ycjiOBHH (A) nocjie^Hee BO3MOH?HO JIHHIB JJJIH KOHe^Horo HHCJia 
3HaneHHË t. J^onycTHM, ^TO $yHKu;HH (32) ji;ocTHraeT CBoero MaKCHMyMa 
(H, cjie,o;oBaTejiBHo, nocTOHHHa) Ha HeKOTopoË rpaHH F MHororpaHHHKa 
Q. IlycTB w — BeKTop, HMeiomHË HanpaBJieHHe HeKOToporo pe6pa 
rpaHH T. B CHJiy nocTOHHCTBa $yHKu;HH (32) Ha rpaHH T HMeeM 

(f(t),Bw) = 0. 

ECJIH 6 H 9TO cooTHonieHne HMCJIO MecTO RJIH SecKOHenHoro MHomecTBa 
SHaneHHË nepeMeHHoro t9 TO OHO BHHOJIHHJIOCB 6 H TOJKßecTBemio no t H, 

PiH$(|>epeHn;HpyH ero nocJie^OBaTejiBHO no t, MH nojiynnjin 6 H 

(f(t),Bw) = 0, 

(A*f(t), Bw) = (ft(t), ABw) = 0, 

(A*hjr(t),Bw) = (tf(t),A2Bw) = 0, • (33) 

(A^-^t^Bw) = (ilr(t),An-1Bw) = 0,t 

a TaK KaK B CHJiy ycjiOBHH (A) BeKTopn (28) o6pa3yioT 6a3nc npocTpaH­
CTBa B, TO H3 cooTHonieHHË (33) cjießOBaJio 6 H i/r(t) = 0, HTO npoTHBO-
peiHT npe,o;nojioîKeHHio o HeTpHBnaJiBHOCTH penieHHH i/r(t). 

5. TeopeMBi ê HHCTBeHHOCTH pjifl JiHHeËHBix ynpaBJieHHË 

PeniHM ypaBHeHHe (27) KaK Heo#Hopo#Hoe MCTO^OM BapnaijHH 
nOCTOHHHHX. ^JIH 9Toro o6o3HaiHM nepe3 

^yHffaMeHTajiBHyio CHCTeMy penieHHË o^Hopo^Horo ypaBHeHHH 

dx 
dt ^ Ax> 

13 



194 L. S. PONTRYAGIN 

yaoBJieTBopmonjyio HanajiBHHM ycjiOBHHM $j(t0) = dj, a nepe3 

J\t)9 ..., fn(t) 
— (̂ yHßaMeHTaJiBHyio CHCTeMy penieHHË oßHopoßHoro ypaBHeHHH (30), 
yßOBJieTBopniomyio Ha^ajiBHHM ir{(tQ) = 8{. Ey#eM HCKaTB oönjee 
penieHne ypaBHeHHH (27) B BH^e 

rio^CTaBJiHH 9TO penieHne B ypaBHeHne (27), nojiy^HM 

îut)^ï=mt). 
yMHOHîan nocjie^Hee cooTHOineHne cKajinpHO Ha fé is. y r a r aßan , HTO 

ffi(*)M)) = 8h nojiynaeM 

dc*(t) 
dt 

= (^(t)9Bû(t)). (35) 

TaKHM o6pa30M, penieHne ypaBHeHHH (27) npn HPOHSBOJIBHOM ynpaB-
jieHHH U = (û(t)9tQ9tl9xQ) 3anncHBaeTCH B BHjje 

m = £ ut) (xi + P mt)9 Bum dt). (36) 

TeopeMa 4. flonycmuM, nmo ypaenenue (27) ydoejiemeopaem ycjioeuio 
( ), u nycmb ^ = ^ ^ ^ ^ _ ^ ^ = ^ ^ ^ ^ _^ 

— 9<?a onmuMcuibHux ynpaejienua ypaenenua (27), nepeeodmjque monny 
XQ e oduy u my wee monny xx; moeda dmu ynpaejienun coenadawm 

h = h> %W = ü2(t). 

floKa3amejibcmeo. TaK KaK o6a ynpaBJieHHH Z7X H U2 onTHMajiBHH, TO 
tx = t29 H6O ecjiH 6 H 6HJIO, HanpHMep, tx < t29 TO ynpaBJieHHe U2 ne 
ÔHJIO OH OnTHMaJIBHHM. M H HMeeM, TaKHM o6pa30M, paBeHCTBO 

% = S ft(*i) (*o +' T $*(*), Bü±(t)) dt) 

TaK KaK BeKTopn fòfa), ...9$
nfa) jiHHeËHO He3aBHCHMH, TO H3 nocjieß-

Hero paßeHCTBa cjie#yeT 

^(^(tlBüMdt = [h(^(t),Bü2(t))dt (i = 1, ...,n). (37) 
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OnTHMajiBHOMy ynpaBJiemno Ux B CHJiy TeopeMH 3 cooTBeTCTByeT 
BeKTop-$yHKD;HH i/r(t)9 HBJimomaHCH pemeHHeM ypaBHeHHH (30). 
HanajiBHoe 3HaneHHe 9TOë $yHKn;HH npn t = t0 o6o3Ha^HM iepe3 

Tor^a penieHne i/r(t) MOHîHO sanncaTB B BH#e 

n 

W) = 2fM$*(t). (38) 

yMHOJKaH cooTHoraeHHe (37) Ha fri0 H cyMMapya no i, nojiyiaeM 

P (f(t), BUM dt = P ff(t), BUS)) dt- (39) 
J to Jt0 

B CHJiy TeopeMH 3 ^yHKî HH ux(t) y^OBJieTBopneT ycjiOBHio 

m)9BuM=-pm)) 
H onpe^ejineTCH 9THM ycjiOBneM oßHOSHarao. ECJIH 6 H $yHKii;HH ü2(t) 
He coBna,p;ajia c (JyHKipieË üx(t)9 TO OHa He y^oBJieTBopnjia 6 H ycjiOBHio 

(ï?(t)9Bû2(t))^P(f(t))9 

H noTOMy ŷHKDjHH (i/r(t),Bü2(t))9 mivpß He npeBoexo^n $yHKii;HH 
(i/r(t)9Büx(t))9 na. HeKOTopoM HHTepBajie ÔHJia 6 H MeHBine ee. TaKHM 
o6pa30M, ecjiH Ha 0Tpe3Ke t0 ^ £ < tx He HMeeT MecTa TOJK^CCTBO 

Üx(t) = U2(t)9 TO paBeHCTBO (39) HeB03MO?KHO. 
HïaK, TeopeMa 4 ,n;oKa3aHa. 
By^eM Ha3HBaTB ynpaBJieHHe 

U = (Ü(t)9 t0, tv XQ) 

dKcmpeMajibHUM, ecjin OHO y^OBJieTBopneT ycjiOBHio (31), rjje ifr(t) — 
HeKOTopoe HeTpHBHaJiBHoe penieHne ypaBHeHHH (30). 

^ J I H HaxoHî̂ eHHH Bcex onTHMajiBHHx ynpaBJieHHË, nepeBOftHnpix 
TOHKy xQ B TOHKy xx, MOîKHO HaËTH cnepsa Bee 9KCTpeMaJiBHHe ynpa-
BJieHHH, nepeBOßHiipie Toray X0 B TO^KJ xl9 a 3aTeM BHÖpaTB H3 HX 

HHCJia TO e^HHCTBeHHoe, KOTopoe ocymecTBjiHeT 9TOT nepexojj B 
KpaTHaËinee BpeMH. Bo3HHKaeT Bonpoc, MOHîCT JIH cymecTBOBaTB 
HecKOJiBKo 9KCTpeMajiBHHx ynpaBJieHHË, nepeBOftHiipix TO^Ky x0 B 
TOHKy xxi Boo6nje roBopn, HX MOJKCT cynjecTBOBaTB HCCKOJIBKO. 

Hnmecjie^yiomaH TeopeMa yKa3HBaeT BasKHHË cjiynaË ê HHCTBeHHOCTH. 
TeopeMa 5. flonycmuM, nmo ypaeuenue (21)ydoejiemeopHem ycjioeuHM 

(A) u (B), u nycmb 

JJX = (ÜX(t), t0, tX, XQ), U2 = (Ü2(t), tQ9 t29 XQ) 

I3-2 
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— dea dKcmpeMcuibHUx ynpaejieuua, nepeeodaiqux monny xQ e naucuio 

Koopdunam xx = 0 npocmpancmea B; moeda ynpaejienun Ux u U2 

coenadaiom . _ ,.x _ ./JA • 
h = h> U\V) = US)-

ffoKa3amejibcmeo. Ilo npeanojiomeHHio, MH HMeeM paBeHCTBa 

S Uh) (4 + T $<(*), Bûx(t)) dt) = 0,' 
>-

î$i(h) (4+ f(^*(*),-BS,(0)*) = 0. 

(40) 

TaK KaK BeKTopn (34) JIHHCëHO He3aBHCHMH n p n JIIO6OM t9 TO H 3 

paBeHCTB (40) cjie,p;yeT paBeHCTBO 

- 4 = f* (TO> ̂ i(O) * = f' (TO, 5^(0) *• (41) 
Jto Jto 

^onycTHM ßjra onpe^ejieHHOCTH, HTO tx > t29 H nycTB ijr(t) — TO penieHne 
ypaBHeHHH (30), ^JIH KOToporo HMeeT MecTO TOJK êcTBo 

(f(t)9Büx(t)) = P(f(t))9 

onpeßejiHiomee $yHKipiio ûx(t). KaK H npn A0Ka3aTejiBCTBe TeopeMH 4, 
$yHKipiio i/r(t) 3anHineM B BH,o;e (38). yMHOîKHM cooTHOineHne (41) Ha 
tfri0 H npocyMMHpyeM no i. M H nojiy^HM 

f1 (f(t)9 Bûx(t)) dt = P" (f(t)9 Bû2(t)) dt. 
J tu J to 

3aMeTHM TenepB, HTO H3 ycjiOBHH (B) cjie^yeT 

P(fi(t))>0. (42) 

B caMOM ßejie, TaK KaK HO JIB HBJIHCTCH BHyTpeHHeË TOHKOë BHnyKJioro 

Tejia O, TO $yHKn;HH (i/r(t)9Bü)9 KaK ^ y m o p m nepeMeHHoro u9 JIH6O 

TOHÎfleCTBeHHO paBHa HyJIIO, J IH60 MOHîeT npHHHMaTB KaK OTpHDiaTeJIB-

HHe, TaK H nOJIOJKHTeJIBHHe SHa^eHHH. 

B CHJiy (42) M H HMeeM HepaBeHCTBo 

Ç\(ï?(t)9Bûx(t))dt^ [h(f(t)9Bü2(t))dt. 
J to J to 

ÜTCiofta TaK me, KaK H npn ji;oKa3aTejiBCTBe TeopeMH 4, nojiy^aeM 

ûx(t) = ïï2(t) npn t0 < t < t2. 
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,Hajiee, TaK KaK paBeHCTBO P(ijr(t)) = 0 MOJKCT HMCTB MCCTO TOJIBKO JJJIH 

OT^eJIBHHX 3Ha^eHHË t, TO flOJIHÎHO 6 H T B tx = t2. 

HïaK, TeopeMa 5 #0Ka3aHa. 

6 . CynjecTBOBaHHe onTHMajiBHBix ynpaBaeHHË ftjra JiimeiiiiBix CHCTCM 

TeopeMa 6. ECJIU cyw^ecmeyem xomsi 6u odno ynpaejienue ypaenenux 

(27), nepeeodauçee monny xQ e monny xx, mo cyiqecmeyem u onmuMOJibnoe 

ynpaejienue ypaenenua (27), nepeeodauçee monny xQ e monny xx. 

JJona3amejibcmeo. CoBOKynHOCTB Bcex ynpaBJieHHË Bn;n;a 

U=(u(t),0,t,x0), (43) 

nepeBOfljHiqHx TO*my x0 B TOHKy xx, o6o3HanHM nepe3 A^o ^ . KamftOMy 

ynpaBJieHHH) (43) cooTBeTCTByeT BpeMH nepexo,o;a t. HHJKHIOIO rpaHB 

Bcex TaKHX BpeMeH n p n U e A^o ^ o6o3HanHM nepe3 t* H #OKa?KeM, HTO 

cyiinecTByeT ynpaBJieHHe Ï7* = (i£*(£),0,£*,ir0), nepeBO^Hiuiee TOHKy xQ 

B TOHKy xx. 

BnöepeM H3 MHOJKecTBa A^o ^ oecKOHerayio nocjie^OBaTejiBHOCTB 

ynpaBJieHHft Uk = mW^0) (4-1,2,. . .) . 
#JIH KOTOpOË HMeeT MeCTO paBeHCTBO 

l i m ^ = £*. 

OneBH^HO, HMeeT MCCTO paBeHCTBO 

lim £ fa(t*) U + r (f*(t)9 Bük(t)) dt) = xx. (44) 

PaCCMOTpHM THJIBÖepTOBO npOCTpaHCTBO L2WCeX H3MepHMHX $yHKI^HË 

c HHTerpnpyeMHM KBajjpaTOM, 3a;a;aHHHx Ha OTpe3Ke 0 < t < t*. 

YnpaBJieHHe ük(t) ecTB BeKTop-<J>yHKipïH; i-io KOop,n;HHaTy 9 T O ë $yHKn;HH 

o6o3HanHM nepe3 u\,(t). <DyHKo;HH u%(t), paccMaTpHBaeMan Ha OTpe3Ke 

0 < t < t*, npHHafljieHîHT npocTpaHCTBy L2. CoBOKynHOCTB Bcex 

$yHKDiHË u%(t), h = 1 ,2, . . . , OHeBH^HO npHHa,o;jie2KHT HeKOTopoMy inapy 

npocTpaHCTBa L2, H noTOMy H3 Hee MOHîHO BHÖpaTB cjia6o cxo,a;HinyiocH 

no,o;nocjieji;oBaTejiBHocTB. M H 6y^eM npocTO c^HTaTB, HTO caMa 

nocjieffOBaTejiBHOCTB 
u\(t), u&t), ..., u\(t), . . . (45) 

CJia6o CXOßHTCH K HeKOTOpOË $yHKIi;HH ul(t), i = 1, ...,r. 

^OKaHîeM, HTO BeKTOp-$yHKIi;HH 

ü*(t) = (ui(t),...,ur(t)) 
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noHTH ftJiH Bcex 3Ha^eHHË t yp;oBJieTBopHeT ycjiOBHio 

ü*(t)e£l. 

IlycTB r 
b(ü) = S &,«* = 6 

î = l 

— ypaBHeHne rnnepnjiocKocTH, HeeymeË o^Hy HS (r— l)-MepHHX 

rpaHeË MHoropamnma O, npnneM MHororpaHHHK O pacnojioîKeH B 

nojiynpocTpaHCTBe b(û)^b. 

IlycTB m—MHomecTBO Bcex SHaneHHË t OTpe3Ka [0,£*], JçJIH KOTopnx 
b(û*(t)) > b, H v(t) — xapaKTepHCTHHecKan $yHKn;HH MHomecTBa m: 
M H HMeeM Tor^a 

lim f vfa[b(ü*(t))-b(ük(t))]dt = 0, 
k-><x> J 0 

B CHJiy cjia6oË CXO^HMOCTH nocjiejjOBaTejiBHOCTeE (45), H TaK KaK 
b(u*(t)) — b(uk(t)) > 0 Ha MHOHîecTBe m, TO mes(m) = 0. 

TaKHM 06pa30M, H3MeHHH BeKTOp-$yHKO;HH) ÏÏ*(t) Ha MHOîKeCTBe 
MepH HyJIB, MH nOJiyHHM HOByK) $yHKUiHIO, KOTOpyH) CHOBa 0603HaHHM 
nepe3 û*(t)9 yftOBJieTBopmomyio ycjiOBHH) ïï*(t) € 0 , 0 < t < t*. 

Ü3 cooTHonieHHH (44) B CHJiy cjia6oË CXO^HMOCTH nocJie^oBaTejiB-
HOCTeË (45) cjiefliyeT 

J ^ * ) (x\ + ̂ y(\t)9Bü^(t))dt) = xx. 

TaKHM 06pa30M, Î7* = (Û*(t), 0, t*9 X0) HBJIHeTCfl H3MepHMHM OnTH-
MajiBHHM ynpaBJieHHeM, nepeBOftHnpiM TO*my x0 B TOHKy xx. 

B CHJiy 3aMenaHHH K TeopeMe 1, HSMCHHH ynpaBJieHHe u*(t) Ha 
MHOHîecTBe Mepn HyjiB, MH MOHîeM npeBpaTHTB ero B ynpaBJieHHe, 
y,o;oBJieTBopHK)iD;ee npHHijHny MaKCHMyMa, T.e. B HanieM cjiynae — 

y « * (?(t),Bü*(t)) = P(f(t)). 

Et3 9Toro ycjiOBHH, o^eBHßHO, BHTeKaeT KycoHHan HenpepHBHOCTB 
$yHKÎ HH ÏÏ*(t). 

HïaK, TeopeMa 6 #OKa3aHa. 
TeopeMa 7. ECJIU ypaenenue (27) ydoejiemeopnem ycjioeuHM (A) u (B) 

u onepamop A ycmounue, m.e. ece ezo coócmeennue 3nanenusi UMeiom 
ompui^amejibHue deücmeumejibnue nacmu, mo djin nawcdou monnu x0e B 
cyiqecmeyem onmuMcuibnoe ynpaejienue, nepeeodauçee dmy monny e 
nanajio noopdunam 0 € B. 
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JIìona3amejibcmeo. ^OKaîKeM npeHme Beerò, HTO cynjecTByeT OKpecT-
HOCTB V TOHKH 0 B J?, Ka?K#aH TOTOa XQ KOTOpOË MOHîeT 6HTB npH 
noMonp: HeKOToporo ynpaBJieHHH nepeBe^eHa B 0. 

BnôepeM B O TSIKOE BeKTop v, HTOöH BeKTop — v npHHa^Jiemaji £2 H 

HTO6H BeKTop h — Ti­

ne npHHa;o;jie?Kaji HH K KaKOMy HCTHHHOMy nojjnpocTpaHCTBy npo­
cTpaHCTBa B9 HHBapnaHTHOMy OTHOCHTCJIBHO onepaTopa A. B CHJiy 
ycjiOBHË (A) H (B) TaKOË BeKTop v cymecTByeT. Ilpn ßocTaTOHHo 
MajiOM nojioîKHTejiBHOM e onepaTopn A H e~eA HMCIOT coBna^aiomHe 
HHBapnaHTHHe no^npocTpaHCTBa, H noTOMy BeKTopn 

e~eAb, e~2eAb9 ..., e~neAb 

JIHHeËHO He3aBHCHMH. 
IlycTB x(t)—npoH3BOjiBHan fteËeTBHTeJiBHan ̂ ymopra, onpejüejieH-

Han Ha HeKOTopoM 0Tpe3Ke O ^ K ^ H H e npeBocxoftHmaH no MOUJIK) 
e f l HH^M;Tor f la u = mWl,xo) 

ecTB ynpaBJieHHe ypaBHeHHH (27) H ynpaBJieHHe 9TO nepeBOjpiT TOHKy 
XQ B TOHKy (CM. (36)) , ch v 

xx = ehAIXQ+\ e~tAbx{t)dt\. (46) 

BnöepeM TenepB $yHKijHio %(£) 3aBHcnm;eË OT napaMeTpoB £1
9...,l;

n 

TaKHM o6pa30M, HTO6H TOHKa (46) — o6o3HaHHM ee *iepe3 xx(xQ; g1,..., £n) 
—y,o;oBJieTBopHJia cjie^yiomHM ycjiOBHHM: 

^ ( 0 ; 0 , . . . , 0 ) = 0, 

a $yHKD;HOHaJiBHHË onpe,o;ejiHTejiB 

d(x\,...,xl)\ 
Sfé1, . . . ,ên) U=o,^=o,%..,i»=o 

OTJIH îeH OT HyJIH. IIoCTpOHB TaKyiO $yHKÎ HIO X(t)> M H AOKaîKeM, HTO 
ypaBHeHHe xx(xQ; g1,..., gw) = 0 pa3peniHM0 OTHOCHTCJIBHO g1,..., £W 

JJJIH Bcex 3Ha^eHHË XQ, npHHaßJiemamHX HeKOTopoË OKpecTHOCTH V 
Haïajia 0. 

Onpe^ejiHM npemße Beerò $yHKii;Hio cr(£,T,i;) nepeMeHHoro t, 
0^t^tx, T%e 0<T<tx, a g—napaMeTp. OyHKijnn <r(£,r,£), KaK 
$yHKDiHH nepeMeHHoro t, paBHa Hyjno Bcio#y BHe HHTepBajia [r,7 + £], 
a Ha 9TOM HHTepBajie OHa paBHa sign g. IïOJIOJKHM TenepB 

X(t) = îcr(t9Jc69ÇK). 
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ÏIpoeTHe BHHHCJieHHH noKa3HBaiOT, HTO TOHKa XX(XQ'9 g1, ...,£,n) n p n 

9T0M BHÔOpe $yHKU;HH X(t) y^OBJieTBOpHeT BHCKa3aHHHM yCJIOBHHM. 

IlycTB TenepB x0—npoH3BOJiBHan Tourna npocTpaHCTBa B. IlycTB 

OHa cnepBa ^BnraeTCH n p n ynpaBJieHHH û(t) = 0. TaK KaK Bce CO6CT-

BeHHHe 3HaneHHH onepaTopa A HMCIOT OTpnn;aTejiBHHe ;a;eËCTBHTejiBHHe 

nacTH, TO no HCTeneHHH HeKOToporo BpeMeHH TOHKa npn,n;eT B OKpecT-

HOCTB V, nocjie nero ee, no p;oKa3aHHOMy, MOîKHO nepeBecTH B Haïajio 

KOop^HHaT. OTCioßa, B CHJiy TeopeMH 6, BHTeKaeT cynjecTBOBaHHe 

onmuMOJibno3o ynpaBJieHHH, nepeBOßnmero TOHKy x0 B Hanajio. 

ÜTaK, TeopeMa 7 ßOKasaHa. 

7 . C H H T 6 3 JiHHeËHoro oHTHMaaBHoro ynpaßaeHHH 

3a^aHa cunme3upoeanua onTHMajiBHoro ynpaBJieHHH HMeeT CMHCJI 

Rsrn npoH3BOJiBHOË ynpaBJiHeMOË CHCTeMH (1), o^HaKO 3,o;eeB H 6y^y 

TpaKTOBaTB ee TOJIBKO JJJIH J IHHCëHOë ynpaBJiHeMOË CHCTCMH (27), 

yflOBJieTBopmomeË ycjiOBHHM (A) H (B), c ycTOËHHBHM onepaTopoM A. 

^JIH TaKOË CHCTeMH HMdOT MeCTO TeopeMH CymeCTBOBaHHH H eftHHCT-

BeHHOCTH (TeopeMH 7 H 5), 6jiaro;a;apH neMy s a t a n a CHHTe3a HBJIHCTCH B 

npHHipine peineHHOË. IIpHBOAHMHe 3ji;ecB cooopaHtemra ;a;aiOT KOH-

CTpyKTHBHHË MeTOff pemeHHH sdij^dmrn. OcynjecTBJieHHe 9Toro MeTOjja B 

KaîKflOM KOHKpeTHOM ejiynae Tpe6yeT, o,o;HaKO, p n ^ a nocTpoeHHË. 

CnHTe3HpoBaHHe onTHMajiBHoro ynpaBJieHHH J IHHCëHOë CHCTCMH (27) 

coBepineHHO BpyrHM MCTOROM 6HJIO ocynjecTBjieHO 30 CHX nop JIHUIB 

#JIH cjiynan o#Horo ynpaBJimonjero napaMeTpa (T.e. n p n r = 1) 

<DejiB;o;6ayMOM[63 n p n ReËCTBHTeJiBHHx Kopmix onepaTopa A H Bynioy [ 7 ] 

fljiH cj iyqan, Kor#a n = 2, a co6cTBeHHHe 3HaneHHfl onepaTopa A 

KOMnJieKCHH. 

By^eM CHHTaTB, HTO ypaBHeHne (27) y^OBJieTBopneT ycjiOBHHM (A) H 

(B) H HMeeT ycTOËHHBHË onepaTop A. Tor,o;a ;O;JIH Kam^oË TOHKH XQ e B 

cymecTByeT (H npnTOM TOJIBKO ojmo) onTHMajiBHoe ynpaBJieHHe 

Uï0 = (ua0(t)9tQ9tl9x0)9 (47) 

nepeBOßHiijee TO^Ky x0 B Hanajio KOopjpmaT 0 eB. E^HHCTBCHHOCTB 

HMeeT MecTO KOHCHHO C TOHHOCTBIO AO CABnra BpeMeHH (CM. 3aMenaHHe 2 

K HOCTaHOBKe 3aaaHH). BeJIHHHHa Ü^Q(tQ) 3aBHCHT, TaKHM o6pa30M, 

TOJIBKO OT TOHKH xQ9 a He OT cjiynaËHO BHÔpaHHoro Hanajia OTcneTa 

BpeMeHH tQ9 H noTOMy MOîKHO HOJIOîKHTB 

V(XQ) = %(*o)-

IlycTB x(t) — penieHne ypaBHeHHH (27), cooTBeTCTByionjee ynpaBJieHHH) 
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(47); Tor,o;a C^(T) = (u^o(t), r, tl9 x(r)) (CM. 3aMenaHHe 1 K nocTaHOBKe 
aaaaHH), H noTOMy ^ = _ ( _ ( T ) ) > 

TaKHM o6pa30M, * 

H MH BHflHM, HTO peiHCHHe ypaBHeHHH 

-£ = Ax + Bv(x) (48) 

C HpOH3BOJIBHHM HaHaJIBHHM yCJIOBHCM x(tQ) = XQ JS&eT 3aKOH OnTH-
MaJIBHOrO B̂HJKeHHH TOHKH XQ B HaTOJIO KOOpftHHaT. B 9T0M CMHCJie 
ŷHKDjHH v(x) cunme3upyem OHTHMajiBHoe ynpaBJieHHe, nepeBO^Hiniee 

jnoöyio TOHKy x0 B Hanajio. 
^ajpiM TenepB MeTOß nocTpoeHHH <J>yHKii;HH v(x). IlycTB ijr(t) — TO 

penieHne ypaBHeHHH (30), KOTopoe B cnjiy TeopeMH 2 cooTBeTCTByeT 
ynpaBJieHHio (47), TaK HTO _ 

a $yHKijHH ü^(t) onpeflejiHeTCH H3 ypaBHeHHH 

(f(t),m-Jt)) = P(f(t)). (50) 

IlycTB, ^ajiee, x(t)—penieHne ypaBHeHHH (27), y^oBjieTBopmomee 
nawBHOMy yc^OBHH, m = _o ( 5 1 ) 

H KOHeHHOMy yCJIOBHH) xfa) = 0, (52) 

TaK HTO ^ = Ax(t) + Bu^(t). (53) 

Tor#a $yHKî HH v(x) y^OBJieTBopneT ycjiOBHio 

(f(t0),Bv(x(t0))) = P(f(t0)). (54) 

H3 TeopeM cynjecTBOBaHHH H C^HHCTBCHHOCTH cjiepyeT, HTO cymecTByeT, 
H npHTOM TOJIBKO o,o;Ha (c TOHHOCTBK) RO cpjBHra BpeMeHH), napa 
^yHKî HË u^o(t),x(t), 3aaaHHHx Ha 0Tpe3Ke 10 < t < tx H yßOBJieTBO-
pnioiipix ycjiOBHHM (49)-(53). BßH^y BO3MOHîHOCTH c^Bnra BpeMeHH, 
HHCJia tQ H tx 9THMH yCJIOBHHMH He OHpe#eJieHH OflHOBHaHHO, a HHCJIO 
tx — tQ onpe^ejieHO. 

CoBepnieHHO He HCHO, KaK HCKaTB $yHKipiH u^o(t),x(t), yjjOBJie-
TBopmonpie BceM ycjiOBHHM (49)-(53), HO JierKO HaËTH Bee <f>yHKu;HH 
ü^9(t),x(t), y.q.OBJieTBopHroiipie JIHIUB ycjiOBHHM (49), (50), (52), (53). 
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fljiH 9Toro nocTynHM cjie^yromHM o6pa30M: BBHpy BO3MOîKHOCTH 

npoH3BOJiBHoro cpiBHra BpeMeHH, 3a$HKcnpyeM HHCJIO tx, nojiOHîHB 
tx = 0. IlyCTB TenepB X — npOH3BOJIBHHË KOBapnaHTHHË BeKTOp, 
OTJIHHHHë OT HyjiH, H ijr(t9 x)—peniemie ypaBHeHHH (49), ySOBJieTBO-
pHionjee HanaJiBHOMy ycjiOBHio 

¥(Q>x) = x 

H onpeftejiemioe npn t ^ 0. OnpeßejiHM, p;ajiee, $yHKn;HK) ü(t,x) H3 

ycnoBHH {f{t,x)>Bü{t,x)) = Pm,X)) (*<0), 

H (JyHKipiH) x(t9 x) H3 ypaBHeHHH 

^Mï = Ax(t,x)+Bû(t,x). 

CorjiacHO CKa3aHHOMy BHine, «lyHKipra v(x) onpe^ejiHTCH cooTHoineHneM 

(f{t, X), Bv(x(t, x))) = P(f(t, X))- (55) 

Ü3 TeopeMH cymecTBOBaHHH (TeopeMa 7) cjie^yeT, ÊTO TOHKa x(t,x) 
onncHBaeT Bce npocTpaHCTBO B9 Korjja t npoöeraeT OTpnijaTejiBHHe 
3HaHeHHH, a BeKTOp X MeHHeTCH npOH3BOJIBHO. TaKHM o6pa30M, 
cooTHonieHHe (55) onpe^ejineT 3HaneHHe $yHKn;HH v(x) RJIH. npon3BOJiB-
HOë TOHKH x npocTpaHCTBa B. 
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RATIONAL APPROXIMATIONS TO 
ALGEBRAIC N U M B E R S 

By K. F. ROTH 

1. Let a be any algebraic irrational number and suppose there are 
infinitely many rational approximations hjq to a such that 

h 
a — 

2 
<£• (D 

I proved in 1955 that this implies K < 2. In this talk I shall try to outline 
the proof, and to say a few words about some of the possible extensions, 
and about the limitations of the method. 

I t is easily seen that there is no loss of generality in supposing that 
a is an algebraic integer. Accordingly, we shall suppose that oc is a root 
of the polynomial », x n n . /rtX 

* J f(x) = xn + Oitf*-1 +...+an (2) 
with integral coefficients and highest coefficient 1. 

2. Previous work on the problem entailed the use of polynomials in 
two variables. I t has long been recognized that further progress would 
demand the use of polynomials in more than two variables, and that 
polynomials in a large number of variables would have to be used to 
obtain the full result. I t is not difficult to formulate properties which 
a polynomial should have in order to be useful for our purpose. 

Suppose that hxjqX9 ...9hm\qm are rational approximations to a, all 
satisfying (1). Let Q{xl9...9xm) denote a polynomial with integral 
coefficients, of degree at most r5- in x$ for eachj. Then 

H!--rl)H. 
where P = gf... q^9 provided, of course, that 

< Fl)*0' 
Let the Taylor expansion of Q(h1/q1,..., hmjqm) in powers of (hjqj) — a,..., 
(Ä m / ? J - abe , \H /h \*m 

Z...2&, .J-1-«) ...(--<*) • 
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Suppose now that Q has the properties: 
A= ?-?|G* ü<pA> 
where A is small; 
B : Q<h,...An = ° f o r a U h> --'im satisfying 

é->4fc<P* (^>0). 
Then each term in this Taylor expansion with a non-zero coefficient has 

1 1 
— -a\ ... — - a 

Hence U * i , ...,**) 

Comparison of (3) and (4) yields 

(q£...qt)K PK*' 
1 

(4) 

* < - ^ - . (5) 

We must bear in mind that to obtain (5) we used, in addition to A and B, 
the condition 

Wi ftJ 
To prove our theorem we shall establish the existence of a poly­

nomial Q satisfying the conditions A, B, C with <fi near to \. For this 
purpose it will be necessary to take m large and to choose the approxi­
mations hxlql9...,hmlqm suitably. Only after choosing these approxima­
tions do we choose the polynomial Q9 and the latter choice depends on 
the former. 

[With m = 2 it is only possible to satisfy condition B with çS of the 
order of n~% (where n is the degree of a), and this leads to an estimate of 
the type K < cni.] 

3. The logical structure of the proof is as follows. We suppose K > 2; 
m is chosen sufficiently large and is fixed throughout. A small positive 
number 8 ( < 1/m) will be fixed until the end of the proof, when we let 
S -> 0. We denote by A any function of d and m such that A -> 0 as 8 -> 0 
for fixed m. 

We begin by choosing hxjql9 ...9hm\qm [with (h^q^ = 1] from the 
assumed infinite sequence of approximations to a (satisfying (1)) 
by first taking qx sufficiently large (in terms of m, 8, a), then taking q2 

sufficiently large in terms of qx, and so on. It will in fact suffice if 

_^ML>s-^ (j = 2,...,m). 
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Then we choose integers rl9..., rm which are sufficiently large in relation 
to qx,..., qm and which satisfy 

<Ê < S$' < gïl(1+A5). (6) 

This presents no difficulty. We note that (6) implies 

qmn ^ p < qmna+A)m (7) 

Condition B now takes the form that the Taylor coefficients Qilt...tim 

vanish for all il9 ...9im satisfying 

^ + . . . + ^ < m ç i + A. (8) 
rl rm 

4. We shall first outline a proof of the existence of a polynomial Q* 
satisfying conditions A and B only (with <p near to f ). This proof, due 
essentially to Siegel, is based on the use of Dirichlet's compartment 
principle. The question of satisfying C as well, which gives rise to the 
principal difficulty, is deferred until later. 

We put Bx = q(ri and consider all polynomials W(xl9 ...,#m) of degree 
at most r^ in x$, having positive integral coefficients, each less than Bx. 
We try to find two such polynomials W9 W" such that their derivatives 
of order ix, . . . , im are equal when xx = ... = xm = a, for all il9 ...,im 

satisfying (8). Since any such derivative is of the form 

AQ + Axoc+...+An_xa
n-1

9 

where A09 ...9An_x are integers, one can estimate the number of possi­
bilities for a derivative for given ix,..., im. This number can be shown to 
be less than i?^1*3^. The number of polynomials W is about B{, where 
r = (rx+1)... (rm+1). Thus the number of polynomials W will exceed 
the number of possible distinct sets of derivatives provided that the 
number of sets of ix, ...,im satisfying (8), and with no i exceeding the 
corresponding r, is less than about rj{n(l + 38)}. The number of integer 
points (il9 ...,im) in the region defined by the above conditions can be 
shown to be less than f rjn if <f> is chosen so that 

<j) + A = \ m — Bnmi. (9) m* 

The polynomial #* = W — W" satisfies B, by its definition, and can 
be shown by a process of simple estimation to satisfy A. Furthermore, 
on letting Ä^Owe would obtain 

(j) = J — 37im~i, 
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so that (f) could be assumed to be sufficiently near to f, since m is large. 
[It is in order to be able to choose <f> near to \, that we must work with 
polynomials in many variables.] 

5. To find a polynomial Q which satisfies A, B and C as well, we seek 
a derivative 

of not too high an order, of the polynomial Q* just considered. We want 
Q not to vanish at (hx\qx, .-.,hmlqm). The 'order5 is measured by 
Jilri + • • • +Jmlrm- The replacement of Q* by Q will involve a weakening 
of condition B, but provided the order in question is a A, this will make 
no difference on letting 8 -> 0. There will also be an effect on condition A, 
but this turns out to be insignificant. Condition C is the essential 
requirement now. 

The existence of such a derivative, whose order is a A, is not easy to 
establish. One would in fact expect this to cause difficulty, as the choice 
of Q* was designed to make Q* very small at (hxfqx,.-.,hmlqm). 

At this stage it is convenient to introduce the notion of the index of 
a polynomial at a point. We define the index of a polynomial at the 
point (ocx,...9ocm) relative to positive parameters rl9...9rm to be the 
minimal order of derivative (measured as above) which does not vanish 
at the point (ax, ...,am). In this language, we need to show that the 
index of Q* at (hxjqx,...,hjqm) is a A. 

For polynomials in two variables, two quite different fines of reasoning 
have been used to obtain upper bounds for the index of Q* a^ 
(hxjqx, ...,hmjqm). The first, due to Siegel, is algebraic in nature. I t is 
based on the principle that, under certain conditions, the sum of the 
indices of a polynomial at a finite number of points (not restricted to 
be rational) is bounded in terms of its degrees in the various variables. 
Since Q* satisfies condition B (with an appropriate (j>), it has an almost 
maximal index (in a certain sense) at the point (a, ...,a) and at the 
points obtained by replacing a by its conjugates; and it can be deduced 
that the index of Q* is small at any other point. I have been unable to 
extend this method to polynomials in more than 2 variables. 

The second method, due to Schneider, is arithmetic in nature. I t is 
based on the principle that, under certain conditions, the index of a 
polynomial at a rational point is bounded in terms of the magnitude of 
its coefficients. Since the coefficients of Q* are not too large, this leads 
to a result of the desired kind. 
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My treatment is based on Schneider's approach and enables me to 
prove the following lemma. 

Principal lemma. Let 0 < S < m-1, and let rl9..., rm he positive integers 
satisfying 

rm>l08-\ ^ x * - 1 (i = 2,...,m). 

Let qx,..-,qm he positive integers satisfying 

qx> c = c(m9 8), q)ù ^ q{i. 

Consider any polynomial B9 not identically zero, with integral coefficients 
of absolute value at most qx

n and of degree at most r^ in x$. Then 

index .B < 10»tf*>w, 

where the index is taken at a point (hxlqx, -..,hmlqm) relative to rl9 ...,rm; 
the h's being integers relatively prime to the corresponding q's. 

This suffices for the purpose of finding Q; the hypotheses of the lemma 
are satisfied when B = Q*, and the lemma shows that the index of Q* 
at (hxjql9..., hjqj is a A, as required. 

6. The proof of the lemma is self-contained, as indeed it must be, for 
it uses induction on the number of variables, whereas in the main proof 
the number m is fixed. Furthermore, the lemma has to be generalized 
before the induction can be set up. 

We consider the class of all polynomials B(xl9..., xm) with integral co­
efficients, each coefficient being numerically at most JS, say, and of degree 
at most r$ in x$. We obtain, under certain conditions, an upper bound 
for the indices of polynomials of this class at a point (hxjql9 -..,hmlqm) 
relative to rl9 ...,rm. During the course of the proof, which is by in­
duction on m, it is necessary to consider various different sets of values 
of the parameters involved. The final estimate is of the type required to 
establish the lemma. 

The case m = 1 is simple. Suppose the coefficients of a polynomial 
B(xx) are numerically less than B. If dx is the index of B at hx\qx relative 
to rx, the polynomial B(xx) is divisible by 

It follows from Gauss's theorem on the factorization of polynomials 
with integral coefficients into polynomials with rational coefficients, that 

B(xx) = (q^-hJ^R*^), 
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where B*(xx) is a polynomial with integral coefficients. Hence the 
coefficient of the highest term in 12* is an integral multiple of qxi

n
9 so that 

rx\ogqx 

This gives an upper bound of the required type for m = 1. 
Now suppose that upper bounds of this kind have been obtained for 

m = 1,2,...9p — 1, where p ^ 2. We wish to deduce an upper bound for 
the indices for classes of polynomials in p variables. 

For any given polynomial B(xl9 ...9xp)we consider all representations 
of the form 

•ß = <f>o(xp) fo(xv • • > x
P-i) + • • • + <t>i-i{x

v) fti-i(
xv • • > S-i)> (10) 

where the <f>v and ijrv are polynomials with rational coefficients, subject 
to the condition that the <j>v and ijrv are of degree at most r$ in Xj. Such 
a representation is possible, e.g. with I—I = rp and <fiv(xp) = xv

p. From 
all such representations we select one for which I is least. 

In this representation the polynomials <j> form a linearly independent 
set, and so do the ifr's. Thus the Wronskian W(xp) of the ç5's is not 
identically zero, and the same is true of a certain generalized Wronskian 
G(xl9 ...9xp_x) of the ^ ' s . From (10) and the rule for multiplication of 
determinants by rows, it follows that 

G(xl9 . . . ,^_1) W(xp) = F(xl9 ...9xp) (11) 

is a certain determinant whose elements are all of the form 

Since G and W have rational coefficients, there is an equivalent factoriza­
tion of F in the form 

F(xl9 ...9xp) = U(xl9 . . . ,^_x) V(xp)9 (12) 

where U and V have integral coefficients. 
If the coefficients of B are assumed to be numerically less than B9 this 

will imply an upper bound for the coefficients of F; and this, in turn, 
will imply upper bounds for the coefficients of U and V. The induction 
hypothesis then gives us upper bounds for the indices of U and V at 
the points (h1/q1,...,hp_x\qp_x) and hp\qp respectively; and by a multi­
plicative property of indices, (12) then yields an upper bound for the 
index of F at (hjq^ ..., hp\qp). 

On the other hand, F is obtained from B by the operations of differen­
tiation, addition and multiplication; and by using some simple properties 
of indices relating to these operations, one obtains a lower bound for the 
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index of F in terms of the index of B. Thus the upper bound for the index 
of F leads to an upper bound for the index of B. 

In this way it is possible to set up the induction on m, although the 
details are somewhat more complicated than they are made to appear 
above. 

This concludes the outline of the proof of our theorem. We note that 
the proof of the existence of a polynomial Q satisfying conditions A, B, C 
of § 2 is very indirect, and it would be of considerable interest if such a 
polynomial could be obtained by a direct construction. 

7. The theorem can be generalized and extended in various ways. For 
example, instead of considering rational approximations to the algebraic 
number a, we may consider approximations to a by algebraic numbers ß 
(a) lying in a fixed algebraic field, or (b) of fixed degree. In each case the 
accuracy of the approximation is measured in terms of H(ß), the maxi­
mum absolute value of the rational integral coefficients in the primitive 
irreducible equation satisfied by /?. 

The results already found by Siegel can be improved in both cases. 
In case (a) the best possible result has been obtained.f In case (6), 
Siegel's result is significant only if the degree of ß is not too large com­
pared to the degree of a, and I do not know how to obtain an improvement 
which does not suffer from a similar limitation. 

The theorem can also be extended to ^p-adic and gr-adic number fields, 
and this has been done by Ridout and Mahler respectively. 

Various deductions can be made from the theorem. For example, for 
a given oc and K > 2, it is possible to estimate the number of solutions 
of (1), as has been done by Davenport and myself. This leads to estimates 
for the number of solutions of certain Diophantine equations. 

The method is subject to a severe limitation, however, due to the role 
played by the selected approximations hx\qx, ...,hm\qm. One cannot 
answer questions of the following type: 

(i) Can one give, in terms of a and K (if K > 2), an upper bound for 
the greatest denominator q among the finite number of solutions h\q 
of (1)? 

(ii) Can one prove that 
h 

OL < q-®+f(Q)) 

has only a finite number of solutions h\q for some explicit function f(q) 
such that f(q) -> 0 as q -> oo? 

f See W. J. LeVeque, Topics in Number Theory, Addison Wesley, 1956. 
14 TP 
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Liouville's result 

K. F. ROTH 

h\ 
a —- > c(oc)q~n 

remains the only known result of its type for which an explicit value of 
the constant can be given. 

Our method can only throw fight on such questions if some assumption 
is made concerning the cgaps' between the convergents to a. It would 
appear that a completely new idea is needed to obtain any information 
concerning problems of the above type. 

One outstanding problem is to obtain a theorem analogous to ours 
concerning simultaneous approximations to two or more algebraic 
numbers by rationals of the same denominator. In the case of such 
simultaneous approximation to two algebraic numbers ax, a2 (subject 
to a suitable independence condition), one would expect the inequalities 

h a i - — <T 
ho 

< cr* 

But to have at most a finite number of solutions for any K > 
practically nothing is known in this connection. 

A complete solution of the problem of simultaneous approximations 
could lead to the complete solution of many others, such as, for example, 
case (6) of the first problem mentioned in this section. 
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EXTREMUM PROBLEMS A N D VARIATIONAL 
METHODS IN CONFORMAL MAPPING 

By MENAHEM SCHIFFER 

1. Introduction 

One fundamental problem in the classical theory of conformai map­
ping was the study of the various types of canonical domains upon which 
any domain, arbitrarily given in the complex plane, can be mapped 
conformally. The first question to be settled was, therefore, the existence 
of various types of canonical mapping functions. From the beginning, 
methods of the calculus of variations were applied in order to establish 
the necessary existence theorems. The role of the Dirichlet principle in 
the attempted proof of Biemann's mapping theorem for simply con­
nected domains is well known and also the influence of its initial failure 
upon the critical period of the calculus of variations and upon the 
development of the powerful modern direct methods in this important 
branch of analysis. The existence proofs for canonical conformai map­
pings by means of extremum problems like the Dirichlet principle are 
so difficult because they characterize the sought mapping function, which 
is analytic and univalent, as the extremum function in a much wider 
class of admissible competing functions. The latter class is so large 
that the main labour in the proof is spent in establishing the existence 
of an extremum function of the variational problem considered. 

The theory of conformai mapping advanced considerably when one 
started a systematic study of the univalent analytic functions in a given 
domain; that is, the class of those functions which realize the various 
conformai mappings of that domain. The main result of this theory is 
that all univalent functions in a given domain form a normal family. 
This fact leads easily to the consequence that for each reasonable 
extremum problem within the family of univalent functions there exists 
at least one element of the family which attains the extremum con-
sidered[20l On the basis of this theory, very elegant proofs could be 
derived for the Riemann mapping theorem and for the existence of 
numerous other canonical mappings. The characteristic difficulty of 
the new approach, that is to study extremum problems within the family 
of univalent functions, lies in the fact that the univalent functions form 
no linear space; hence, it is not at all easy to characterize an extremum 
function by comparison with its competitors by infinitesimal variation. 

14-2 
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In each particular existence proof a special comparison method had to 
be devised and the essential step of the whole proof was the character­
ization of the extremum function by this particular variation. 

It is possible to develop a systematic infinitesimal calculus within the 
family of univalent functions. In 1923 Löwner gave a now classical 
partial differential equation which has as solutions one-parameter 
families of univalent functions which admit a very simple geometric 
interpretation1183. I showed in 1938 that the univalent extremum 
functions do satisfy in very many cases a first-order differential equation 
and gave a standard variational procedure for establishing these 
ordinary differential equations[26]. In the following years, Schaeffer and 
Spencer applied this variational procedure systematically to the coeffi­
cient problem for functions univalent in the unit circle and developed 
an extensive theory for it̂ 22»23»243. Golusin applied the same variational 
technique to numerous questions of geometric function theory [7'8]. 
The significance of extremum problems for the general theory of con-
formal mapping is evident. The great number of possible conformai 
mappings of a given domain precludes the study of all of them; how­
ever, important individual mappings can be singled out as solutions of 
extremum problems and can be described geometrically and analytically 
just because of their extremum property. The remaining amorphous 
mass of conformai mappings is subjected to all the inequalities which 
flow from the solutions of the various extremum problems and is, thus, 
at least partially characterized. 

In the present paper we shall try to give a brief survey of the basic 
methods of variation within the family of univalent functions. By 
discussing a few important extremum problems, we will show the 
flexibility of the technique. It will appear that the variational method 
provides very often an elegant and useful transformation of the extre­
mum problem but leads sometimes to functional equations whose 
solution is a deep problem again. It is clear that the field of research 
described is by no means completely explored and exhausted and that, 
because of its interest from the point of view of applied as well as of pure 
mathematics, it deserves the continued attention of mathematicians. 

2. Variation of the Green's function 

The simplest approach to the calculus of variations for univalent 
functions seems to lead through the theory of the Green's function of a 
domain and its variational formula. Let D be a domain in the complex 
z-plane whose boundary C consists of n closed analytic curves and let 
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g(z9 £) be its Green's function with the source point £. We consider the 
conformai transformation 

eza/)2 

z*(z)=z + —Z- (z0eD,p>0). (1) 
Z-ZQ 

This mapping is univalent in the domain \z — zQ\ > p; hence, for small 
enough p it will be univalent on G and transform it into a new set (7* 
of n closed analytic curves which bounds a new domain D*. We denote 
the Green's function of D* by g*(z, Q and wish to express it in terms of 
g(z,Q. We observe that y(z, Ç) = g*(z*(z), £*(£)) is a harmonic function 
in the domain Dp which is obtained from D by removal of the circle 
\z — z0\ < p. y(z, Q has a pole for z = £ and vanishes on the boundary 
curves G of Dp. We choose two fixed points £ and rj in Dp and apply 
Green's identity in the form 

2^ I >\jfog{*,y)y{z>Q-gb>y)^ (2) 

Here, c denotes the small circumference \z — zQ\ = p. Observe now that 
the integration takes place only over the circumference c since both g 
and y vanish on 0. 

In order to simplify (2), we introduce the analytic functions of z 
whose real parts are g(z, rj) and g*(z9 Q, respectively, and denote them by 
p(z, 7j) and p*(z9 £). These functions have logarithmic poles at rj or £ and 
have also imaginary periods when z circulates around a boundary con­
tinuum. It is now easy to express (2) in the form 

g*(£*, v*)- flf(& v) = Re {ajs §**(**> £ * ) d ^ 9)} • (3) 
This integral equation for g*(£*9 TJ*) in terms of g(Ç9 y) must now hold 

for the most general domain D which possesses a Green's function at all. 
Indeed, such a domain D may be approximated arbitrarily by domains 
Dv with analytic boundaries Gy for which the identity (3) is valid. If D 
and Dv go under the variation (1) into the domains D* and Z>*, then the 
D* will likewise approximate Z>*. Since (3) holds for all approximating 
domains and since at £, TJ and on c the Green's functions of Dv and D* 
converge uniformly to the Green's functions of D and D*, respectively, 
the formula (3) must remain valid in the limit and is thus generally 
proved[31]. 

We may apply Taylor's theorem in the form 
pioc/j2 

p*(z*, £*) = p*(z, P) +p*'(z, £*) — ^ + 0{p% (4) 
z — zn 
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where the residual term 0(p4) can be estimated equally for all domains 
D which contain a fixed subdomain A which, in turn, contains the point 
£ and the circle c. Thus, inserting (4) into (3) and using the residue theorem 
we obtain after an easy transformation 

g*(P,v*) = 9(^v)+^{^pY(^0pf(^v)}+0(p% (5) 

where again 0(p4) can be estimated equally as above. Finally, using 
Taylor's theorem again, we can reduce (5) to[27'28] 

g*& v) = 9(£, v)+Re {«v[V fc» Qp'izo, v) - ^ $ -^z^]}+°0°4)-
(6) 

In the preceding, we have restricted ourselves to the particular 
variation (1) for the sake of simple exposition. It is clear that a corre­
sponding formula can be established for each variation z* = z+p2v(z), 
where v(z) is analytic on the boundary G of the varied domain. On the 
other hand, such a general variation can be approximated arbitrarily 
by superposition of elementary variations of the type (1). Indeed, for 
most applications the formulas (1) and (6) are entirely sufficient. 

A remarkable transformation of (6) is possible if the boundary C of 
D is a set of smooth curves. Indeed, we may express (6) in the form 

g*(Z,v)-9&n) = Re [eiaP2Wilf{Z'z-zf
 V) dz)+°W- W 

We observe that the real part of p(z, £) is the Green's function g(z, K) 
and that it vanishes, therefore, on G. Let z' = dzjds denote the tangent 
vector to G at the point z(s); it is easy to see that 

and hence (7) may be given the real form 

with ^ « R e / i y ^ J ^ j . (9) 
\%z z — z0) 

Clearly, 8n denotes the shift along the interior normal of the boundary 
point zeC under the variation (1). 

By linear superposition of elementary variations (1), formula (8) can 
be proved for very general ^-variations of the boundary curves G. 
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This formula was first given by Hadamard in 1908C11] and has been very 
frequently used in applied mathematics because of the very intuitive 
and geometric significance of the normal displacement of the boundary 
points. We may mention, in particular, Lavrentieff's systematic use of 
boundary deformations in many problems of fluid dynamics and con-
formal mapping116»173. 

If D is a simply connected domain there exists a close relationship 
between the Green's function of D and the univalent function <fi(z) 
which maps the domain D onto the exterior of the unit circle. In fact, 
we have 

g(z, £) = log 
#0-fl£) 

(10) 

Julia used this interrelation in order to derive from the Hadamard 
formula (8) a variational formula for univalent functions[15]. This very 
intuitive and elegant formula, however, cannot be applied directly to 
the study of extremum problems in the theory of conformai mapping. 
In fact, one cannot assert a priori that the extremum domain D will 
possess a boundary G which is smooth enough to admit a variation of 
the Hadamard-Julia type. 

3. Infinitesimal variations and extremum problems 

We are now in a position to construct, by means of the fundamental 
formula (6), in any given domain D, univalent mappings which are 
arbitrarily close to the identity mapping. We have to assume only that 
the boundary G of D contains a non-degenerate continuum Y. Let D(Y) 
denote the domain of the z-plane which contains the domain D and the 
point at infinity and which is bounded by Y; let g(z9 £) denote now the 
Green's function of D(Y). We choose an arbitrary but fixed point z0 e D 
and subject D(Y) to a variation (1) which transforms it into the varied 
domain D(Y*) with the Green's function g*(z9 £). The relation between 
g*(z9 £) and g(z, £) is given by the variational formula (6). 

Let w = <j)(z) be univalent in D(Y)9 normalized at z = oo by the 
requirement ç5'(oo) = 1, and let it map D(Y) onto the domain \w\ > 1. 
Analogously, we define w = 0*(z) with respect to the domain D(Y*). 
By virtue of the relation (10), we have obviously 

g(z,œ) = log\<f>(z)\, g*(z,cQ)=lag\4*(z)\; (11) 

these relations permit us to connect çJ*(z) with $(z) by use of (6). 
The function , x ,* l r , , X1 /lftX 

v(z) = ^ [ ç K * ) ] (12) 
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is analytic and univalent in D(Y) and hence, a fortiori, in D. A simple 
calculation based on (6) and (11) shows that 

Lz-Zo îMz)çKzo)[0(z)-çKzo)]J 

+ e-V jjWflg_ + 0 ( / 94) . (13) 

Since p can be made arbitrarily small, we have in (13) the representation 
for a large class of univalent variations of the domain D considered. We 
will now show that this set of variations is general enough to charac­
terize the extremum domains for a large class of extremum problems 
relative to the family of univalent functions. 

We shall consider extremum problems of the following type. Let T 
be a domain in the complex Spiane which contains the point at infinity 
and which is analytically bounded. We denote by F the family of all 
analytic functions f(t) in T which are univalent there, have a simple pole 
at t = oo and which are normalized by the condition f'(co) = 1. Let 
$Ui be a real-valued functional defined for all analytic functions f(t) 
in T. We suppose that <j)[f\ is differentiable in the sense that for an arbi­
trary analytic function g(t) defined in T 

W+egl = m + K*{*ftf,g$ + 0<?) (14) 

holds, where ^ is a complex-valued functional of/ and g, linear in g. 
We suppose that the residual term 0(e2) can be estimated equally for 
all analytic functions g(t) which are equally bounded in a specified 
subdomain of T. Thus, we require for ç5[/] the existence of a Gâteaux 
differential with the above additional specifications. 

We assume also that ç5[/] has an upper bound within the family F. 
Then, in view of the normality of this family, it is easy to show that 
there must exist functions f(t) e T for which <f>[f] attains its maximum 
value within F. We can characterize each extremum function by sub­
jecting it to infinitesimal variations and comparing ç5[/] with the 
functional values of the varied univalent elements of the family. Indeed, 
by means of the functions (13) we can construct the competing functions 
mF r(t) = v[f(t)].vf(<x>)-\ (15) 

where z = f(t) maps the domain T onto the extremum domain D in the 
z-plane. An easy calculation yields 

0L/*] = $[f] + 'Re{ei«p*A + e-i«p*B} + 0(p% (16) 
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with 
A = I V _ 1 f(z0)

2<f>(z) "I 

^ L ' z - Z o P(*W*o)W*)-M*o)U 

" L ç4'(z) ç5(z0) [1 - <t>{z0) <f>(z)] 4>{z0f J J 

(*=/(*)•). (17) 

Since the extremum property of / requires ç5[/*] < ç5[/] and since p 
and e*a are at our disposal, we can easily conclude A + B = 0, that is 

H>^ä&- *$ - - ] 
+ 

, / j z ^ ) ^ o ) i . ^ r , ^(^)^fa)-1 i a8v 

Before discussing the consequences of (18), we introduce some more 
elementary variations in F which will allow us to simplify the result (18). 
We map the domain D(Y) onto \w\ > 1 by means of the function 
w = <f)(z)-9 we then turn this circle into itself by the linear mapping 
wx = eiew and return to the z-plane through 0_1(Wi). Thus, the function 

Vl(z) = e - ^ - V ^ z ) ] (19) 

is univalent in D(Y) and hence in D. For small e9 we have the series 
development in e rrh(\ 1 

Vl(z) = z + ie^L-zj+0(e*). (20) 

Since/*(£) = vx[f(t)] is an admissible competing function in F9 we deduce 
easily from the extremum property of f(t) and from the freedom in the 
choice of the real parameter e 

*$-] real. (21) 

Another possible infinitesimal variation is obtained by 

^ ) = (l + e)-1ç5-1[(l+e)ç5(z)] (e > 0). (22) 

In fact, we may map D(Y) onto \w\ > 1, magnify the unit circle by a 
factor (1 + e) and return through ijr^w) to the z-plane. The function 
f*(t) = v2[f(t)] lies also in F and from the extremum property of f(t) 
we deduce by use of (21) the inequality 
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We return now to formula (18) and observe that in view of (21) 

^Amwh^-^- (24> 
In order to simplify the discussion we shall assume that 

+bï^ï=W(zo) 

is a meromorphic function of zQ; this is, indeed, the case in most applica­
tions. We put z = t/r(w)9 where i/r is the inverse function of w = <fi(z)9 

and obtain from (24) the boundary relation 

Mm W[f{w)] w*i/r'(wf = real, (25) 

for the function i/r(w) which is analytic ia\w\ > 1 and maps this circular 
domain onto D(Y). By the Schwarz reflection principle, the function 
W[ifr(w)]w2ifr'(w)2 can then be continued analytically into the domain 
\w\ ^ 1. Thus, ijr(w) satisfies a first-order differential equation with 
analytic coefficients in the entire w-plane. This fact shows that Y is 
composed of analytic arcs and the same holds for the boundary G of 
the extremum domain D:C is composed of analytic arcs. 

In order to complete the argument we need a last elementary variation. 
We again map JD(Y) onto the domain \w\ > 1 by means of ç5(z). The 
function „,2 

w\ o)=p(w) = w + -^ (K| = l) W 
w 

maps the circular region \w\ > 1 onto the w-plane slit along the segment 
between the points — 2w0 and + 2w0. It is then easily seen that, for e > 0, 

w1=p-1[(l + e)p(w) + 2ew0] = w + eW^W^W°Ko(e2) (27) 

provides a mapping o£\w\ > 1 onto the same circular region from which 
a small radial segment issuing from the periphery point wQ has been 
removed. The function 

^>=(^>^ )+eT)%t)0>W)] 

is then normalized at infinity and univalent in D. Hence, f*(t) = v3[f(t)] 
is again a competing function in our extremum problem, whence 

Re tt-mm-i« 
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But observe that the left side of (29) coincides with the right-hand term 
of (18) since zQ e Y. Hence, we have proved 

*[mNFH$&*0 <2°£r)- (30) 

Since \<fi(z)\ = 1 for ze Y we have logç$(z) = imaginary on Y and, 
consequently, wé can write on each analytic arc of Y 

f </>'(%) . , dz /ft,v 
2 W) = i m a g m a i y ' Z=ds- (31> 

Thus, we may express (30) also in the form 

*[mû^(ÏÏ>0 on °- (32) 

In this final form the characterization of the extremum domain has 
become independent of the choice of the subcontinuum Y. The boundary 
arcs of G are determined by a first-order differential equation involving 
the meromorphic function W(z) defined above. 

Under our assumptions made regarding the functional $\z, l/(z — z0)] 
it is also easy to prove that the extremum domain cannot possess 
exterior points. For, suppose zQ were an exterior point of an extremum 
domain D. In this case, the mapping (1) itself would be an admissible 
univalent variation for p small enough and the extremum property of 
f(t) would imply 

Re(e-p2f ^ , _ _ J J + 0(p4) ^ o, (33) 

(34) whence easily ft z, = 0. 
L z ~" zoJ 

But if, as supposed, iff is a specific meromorphic function W(z0), not 
identically zero, this result is impossible since (34) would imply by 
analytic continuation that W(z0) = 0[19]. Thus, we have proved the 

Theorem. The extremum domain of the extremum problem <f>[f] = max 
within the family F is a slit domain bounded by analytic arcs. Each 
satisfies the differential equation: 

where r is a properly chosen real curve parameter. 
This theorem was proved originally[26] by means of rather deep 

theorems of measure theory. It can be derived in elementary manner 
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from the variational formula for the Green's function as shown here. 
I t permits now a systematic and unified treatment of numerous extre­
mum problems of conformai mapping. The extremum domain can be 
determined either by integrating the differential equation (35) for the 
boundary slits or by solving the differential equation implied by (25) 
for the functions ft(w) which map the circular domain \w\ > 1 onto the 
domains D(Y). The latter procedure is particularly convenient in the 
case that the original domain T is simply connected. 

4. The coefficient problem 

The best studied extremum problem in conformai mapping is without 
any doubt the coefficient problem for the functions univalent in the 
unit circle. We consider all power series 

f(z) = z + a2z
2 + ...+anz"+...9 (36) 

which converge for \z\ < 1 and which represent univalent functions. 
Bieberbach stated the conjecture 

Kl < n. (37) 
Since the 'Koebe function' 

7-l— = z + 2z2+...+nzn+... (38) 
(1 — zf 

is indeed such a univalent power series, this function would seem to be 
the solution of an infinity of extremum problems. Because of its simple 
formulation the conjecture (37) has attracted the attention of many 
analysts. Bieberbach himself proved (37) in 1916 for n = 2[2]; Löwner 
proved the case n = 3 in 1923[18] and Garabedian and Schiffer proved the 
case n = 4 in 1955[5]. These proofs are to be considered as tests for our 
technique in handling extremum problems of conformai mapping and 
the main significance of the coefficient problem is indeed that it raises 
a challenge to our various methods in this field. We want to give a brief 
survey of variational methods applied in this problem. 

We define a sequence of polynomials Pn(x) of degree (n— 1) by means 
of the generating function 

^ r r ^ K + ̂ W ] ^ (A(*) = 0). (39) 

We note down the first few polynomials 

P2(x) = x9 PQ(x) = 2a2x + x2
9 Pé(x) = (2a3 + a\)x + 3a2#

2 + xz. (39') 
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A simple application of the reasoning in the preceding section leads to 
the following result. Let f(z) be a univalent function which maximizes 
\an\ ; we can make the permissible assumption an > 0. Then/(z) satisfies 
the differential equation[27] 

z2/ '(z)2
p f ! 1 _ ! , 2a2 3^3 (n-^a^ 
nlf(z)J z^-^zn-f(z)2 nLf(z)j z71"1 zn~2 zn~* 

+ (n-l)an + (n-l) an_xz+... + 3ä3z™-3 + 2ä2z
n~2 + zn~x. (40) 

The right side as well as the polynomial Pn(x) depends on the coefficients 
of the unknown function f(z); hence, (40) represents a rather com­
plicated functional equation for the extremum function sought which 
has been solved until now only in the cases n < 4. 

We may attack the functional equation (40) as follows. It is easily 
shown in all cases n < 4 that the extremum function w = f(z) maps the 
domain \z\ < 1 onto the entire w-plane slit along a single analytic arc 
T which runs out to infinity. We consider then the analytic functions 

w=f(z9t) = et[z + a2(t)z
2+-..+an(t)z" +. . . ] , (41) 

which map \z\ < 1 onto the w-plane slit along infinite subarcs Yt of Y. 
We can read off from (40) that Y satisfies the differential equation 

and evidently the subarcs Yt satisfy precisely the same equation. Using 
next the Schwarz reflection principle, we can show that the functions 
f(z91) satisfy differential equations which are very similar to (40) ; namely 

%^P^J^r\- S1 Av(t)zv = q(z9t)9A_v(t)=ÄM. (43) 
/ ( M r L/(M)J y=-(n-i) 

We may transform (43) into 

Löwner has shown[18] that the functions/(z, t) which represent the unit 
circle on a family of slit domains with growing boundary slits Yt of the 
above type satisfy the partial differential equation 

m^ = zl+J^dfpt) mwmtàmouB,\K\-l). (45) 
dt l—K(t)z oz ' 
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Thus, differentiating (44) with respect to t and using (43) and (44) we find 

/r . ,.-\+KZ /r . X^I+KZ0 lCzdq(z,t) 1 dz /Jn. 

^ 8 ' ' ) ] ì=S-^^'WìZ^-2 j % ^7bfeOÌT- (46) 

Differentiating (46) again with respect to z, we find after simple re-

arrangement 1 + Kzdq{z,t) 4 « 
-äT" zi-/cZ 3Z

 + ( T ^ * ( M ) - <47> 

On the other hand, q(z, t) is a simple rational function of z as is seen from 
its definition (43). When we insert its expression into (47) and compare 
the coefficients of equal powers of z on both sides, we obtain 

A A (f\ v-l 

^fi = vAv(t) + 2 S ( 2 i ; - / O V - ' . (48) 
at / t = _( n _i ) 

In order that Av(t) = 0 for all v ^ n it is necessary and sufficient that 
n—1 n—1 

S ^ K - / * EE 0, S M/*/c~/4 s ° identically in £. (49) 
/t=— (n—1) /*=—(w—1) 

These conditions guarantee also that A_v = Avis fulfilled for all values of t. 
We observe that the equations (48) for v = — 1, — 2, ..., — (n — 1) give 

(n—l) differential equations for the corresponding functions Av(t); 
their coefficients depend in a very simple manner on K(t). The function 
K(t)9 in turn, can be determined from the Av(t) by means of the second 
equation (49), which can be written in the form 

Imf S / ^ / c - / 4 = 0. (50) 

Thus, A_1,A_%, ...,A_n_1 and A: satisfy a well-determined system of 
ordinary differential equations. 

Let us start with the case n = 3. The differential system to be con­
sidered is , A ... j A ... . 

*%«3~*U* ^ 8 - ^ ( 0 . (51) 
Im{2J._2/c

2 + ^_1/c} = 0. J 

We can integrate immediately and find 

A_2(t) = <%2 e~
2<, ^_x(£) = oct e-K (52) 

Since for t = 0 the function q(z9 0) coincides with the right side of (40) 
for n = 3, we determine the constants of integration as follows: a2 = 1, 
ax = 2a2. Thus, tc(t) satisfies the equation 
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From the general Löwner theory it is well-known that 

/•oo 

e~ldt. (54) 

We have to utilize now the inequality |a3 — a| | < 1 which follows from 
the elementary area theorem. Since we assume a3 ^ 3 we can assert 
Re {al} ^ 2 and see that the left side of (53) cannot vanish for 0 < t < oo. 

We wish to show next that af = real in consequence of (53) and (54). 
Indeed, if af were not real, equation (53) would exclude the possibility 
K = ± sgna2 and the expression Im{/c(£) a2} could never change its sign. 
Consequently ^ 

J Im{2^)a 2 }e-^Ä = - Im{ |a 2 | 2 } (55) 

could not be zero, which yields a contradiction. Thus, af = real and in 
consequence of the area theorem even a\> 2 holds; hence, we conclude 
a2 = real. From (53) follows then easily that K must be real throughout 
and it can be shown that a3 = 3. 

The above proof for \a3\ < 3 is more complicated than Löwner 's 
original proof which made use only of the formula (45). I t can, however, 
be generalized to the problem of a4 though it becomes in this case still 
more complicated. The differential system becomes now 

Im {3A_3K* + 2A_2K* + A_XK] = 0. 

(56) 

We find A_z = a3e~Bt and, since ^4_3(0) = 1, we have A_z = e~3t. We set 

UP A_2(t) = a2(e-<) e~2K A_x(t) = *i(e-*) <r*\ (57) 
inserting into (56) and putting cr = e~l, we arrive at the differential 
system doc (cr) doc ( ( r) ^ 

f f = 2K, —f^ = - 2K2(T (0 < <r < 1), 
da der I (58) 

Im {3/c3cr3 + 2<x2(or) K2CT2 + oc^cr) KO) = 0. d 

A simple calculation leads to the boundary conditions 

aa(0) = 3a2, a1(0) = 2a3 + a2,) 
\ (59) 

a2(l) = 2a2, a ^ l ) = 3a3. J 
Those for cr = 1, £ = 0 are obvious; those for cr = 0, t = oo follow by 
comparison of coefficients of powers of e~l in (43) and by passage to the 
limit t = oo. 
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The differential system (58), together with the boundary conditions 
(59), represents a typical Sturm-Liouville boundary value problem. 
We have to start integration of (58) with such initial values ax(0) and 
a2(0) that we end up at the other end of the interval considered with 

<*iU) = K«i(0) - WO)2], «,(1) = W«)- (6°) 

The difficulty of the problem lies in the non-linear character of the 
equations and of the boundary conditions. Each possible set ax(0), a2(0) 
determines a set of possible values a2, a3. Clearly, a2 = 2, a3 = 3 and 
K(CT) == — 1 is an admissible solution which leads to the Koebe function 
(38), the conjectured extremum function. 

The question arises now whether the corresponding special values 
ax(0), a2(0) connected with the conjectured extremum function might 
not be imbedded into a one-parameter family of initial values such that 
all of them lead to the boundary relations (60). For this purpose, we 
have to study the variational equations of the system (58) and of the 
boundary conditions (60). If we denote the derivatives of al9 a2 and K 
with respect to the parameter by ßl9 ß2 and iX, we find easily 

f = 4^0-, f - H A , A - ^ I m ^ A , } , 

AU) = |[A(0)-|A(0)], AU) = ÎA(0); PW) = s**- i2<r+6.J 

(61) 

We are thus led to a linear differential system with linear boundary 
conditions which can be treated by the standard Sturm-Liouville 
methods. 

It is immediately seen from (61) that À is real and that ß-^cr) and ß2(or) 
must be pure imaginary. When we introduce the new unknowns 

u(cr) = Im{ß1^2crß2}, v(a) = lm{ß2} 

the system (61) simplifies to 

du dv 1 

dï = ~2v' dï = p-(cr)U' ( 6 2 ) 

with the boundary conditions 

u(l)=iu(0)-^v(0), v(l) = f*(0). (63) 
From the differential system we derive by integration by parts the 
equality f l f l 

2 v2dcr=\ pv'2d(T + ̂ v(0)2; v(l) = fv(0). (64) 
Jo Jo 
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We may now apply the calculus of variations in order to estimate the 

[" f pv'2d<T + ^ ( 0 ) 2 1 . f" P t ^ & r T 1 = E[v] (65) 

under the given boundary condition on v(a). Even when we replace in 
(65) the polynomial p(cr) by a piecewise constant function which is 
nowhere larger than p(cr) the minimum value of the new ratio, which 
can now be computed explicitly, comes out to be larger than 2. Hence, 
a fortiori, we can assert that B[v] > 2 for all admissible v(cr) and that (64) 
is impossible. We have thus shown that the solution a2 = 2, a3 = 3, 
K(O") = — 1 cannot be imbedded into a one-parameter family of solutions 
which can be differentiated continuously with respect to this parameter. 

By a more careful analysis we may now treat differences of solution 
systems a1(cr), a2(cr), K(CT) instead of differentials. We can then delimit 
an entire neighborhood of ihe point a2 = 2, a3 = 3, K = — 1 in which no 
other solution point could be located. On the other hand, one can 
combine the area theorem with various relations between the coefficients 
of the extremum function which arise from the differential equation (40), 
in order to estimate the values |a2 — 2| and |a3 —3| in the extremum case. 
It can be seen by elementary if very tedious calculations that the point 
a& a3> KW niust He precisely in the neighborhood in which 2, 3, — 1 is the 
only solution point. This proves that the Koebe function (38) is, indeed, 
the extremum function and establishes the inequality |a4| < 4 for all 
univalent functions (36). 

The actual labor in the proof sketched here lies in the very extensive 
elementary estimations and could probably be reduced considerably 
by extending the uniqueness neighborhood through greater attention 
to the theory of the differential system (58), (59). 

It may be remarked, finally, that the Koebe function (38) satisfies the 
functional equation (40) which characterizes the extremum function 
for every n > 2. This fact tends, of course, to strengthen the evidence for 
the Bieberbach conjecture. The following fact should be mentioned, 
however, in order to caution against too great reliance on this evidence. 
One may consider the family of functions 

f{z) = z + b0 +
 b-±+^+...+b^+..., (66) 

which are univalent in the outside \z\ > 1 of the unit circle and one 
may ask for max|6w|. The same variational technique as above 
yields for the extremum functions fn(z) of this 'exterior' problem a 

15 TP 
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differential-functional equation which is analogous to (40). It is easy 
to show that the functions 

K(*) = [ 
1 -ll/(n+l) 2 1 

belong to the family considered and satisfy the extremum condition for 
the corresponding fn(z). For n = 1 and n = 2 these functions are, indeed, 
the extremum functions of the exterior coefficient problem. The estimate 
|&i| < 1 was discovered together with the area theorem[23 and |62| < § 
was established in 1938 by Golusin[6] and myself[25]. I t was conjectured 
that \bn\ ^ 2\(n +1) was the best possible estimate for the nth coefficient 
for all values of n. However, in 1955 Garabedian and Ie43 showed that the 
precise value of the maximum for |63| is not \ as expected but f + e~6. 
Thus, in spite of the fact that the function Fs(z), defined in (67), satisfies 
the rather restrictive extremum condition*, it is not the extremum 
function fs(z). Since e~6 is a small number, this example shows also how 
little empirical numerical evidence can be trusted in problems of this 
kind. Recently, Waadeland[36] has shown that quite generally 

max l&jfĉ l > ^ (1 + 2e-2Kfc+W-1>5), (67') 

while for n = 2k no counter example to the conjecture \bn\ < 2/(n+1) 
seems to be known. 

There are, of course, numerous cross-relations between the coefficient 
problem for univalent functions and the general theory of conformai 
mapping. Two examples may serve as illustrations. There is a well-
known problem in the theory of conformai mapping: given n points in 
the complex plane, to find a continuum which contains these points and 
has minimum capacity[10]. From the topology of the extremum con­
tinuum, one can derive by an elementary variation the coefficient in­
equality |62| < §[25]. Here, the general theory of conformai mapping 
helped to solve a coefficient problem. Conversely, de PosselI21] for­
mulated a simple extremum problem for the coefficients of univalent 
functions in a multiply-connected domain and showed that the extre­
mum functions mapped the domain onto a parallel slit domain. Since 
the existence of an extremum function is assured, an elegant existence 
proof for an important canonical mapping was thus established. 

5. Fredholm eigenvalues 
The problem of conformally mapping a given plane domain D can 

often be reduced to a boundary value problem for the functions harmonic 
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in D. If the boundary 0 of D is sufficiently smooth, the latter problem 
can be attacked through the Poincaré-Fredholm integral equation 

m ( Z ) = ^ ) + ^ J 0 ^ r ( l o g | ^ | ) ^ ) ^ (zeC). (68) 

In order to solve this fundamental integral equation of two-dimensional 
potential theory one has to consider the corresponding homogeneous 
integral equation 

^(2) = - J c 4 ( l 0 g R l ) M ^ {Z€C)' (69) 

its eigenfunctions <j)v(z) and its eigenvalues Xv. The eigenvalue A = 1 
occurs always and has as eigenfunctions a set of easily described functions 
on 0; we shall call this eigenvalue the trivial eigenvalue of the domain. 
The non-trivial eigenvalues A„ satisfy the inequality |A„| > 1. It is 
easily seen that with each non-trivial eigenvalue A„ also the value — Xy 

will occur as eigenvalue of (69) with the same multiplicity. We shall 
restrict ourselves, therefore, to the positive non-trivial eigenvalues A„ 
and assume them ordered in increasing magnitude. These eigenvalues 
A„ are called the Fredholm eigenvalues of the domain D and they are of 
importance for the potential theory and the function theory of the 
domain considered. 

I t is, for example, of great interest to obtain a lower bound for the 
first eigenvalue Ax of a given domain. Such information would enable us 
to estimate the speed of convergence of the Neumann-Liouville series 
which solves the basic equation (68). The larger Ax can be asserted to be, 
the easier the numerical work for the solution of the boundary value 
problems in the potential theory for D. Thus, the A„ seem to be a set of 
functionals of D which deserves a careful study. 

The Ay are also closely related to the theory of the Hilbert trans­
formation -— 

' " M) ""-;£ (e-*y 
.dr., (70) 

which carries each analytic function in D into a new analytic function 
in the same domain. There exists a set of eigenfunctions wv(z) which are 
analytic in D and which satisfy 

WÀZ) = ^\\nÌSkdri {K>1)- (71) 

15-2 
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The eigenvalues A„ are precisely the Fredholm eigenvalues defined above. 
We shall assume the wv(z) to be normalized by the usual convention 

£ wv(z)\2dr= 1. (72) 
D 

The eigenfunctions wv(z) form an orthonormal set of analytic functions 
in D and play an interesting role in the theory of the kernel function 

In order to establish a unified theory for the treatment of extremum 
problems for the functionals A„ of D it is necessary to determine the 
variation of each Av for a variation of the defining domain D. If we assume 
the variation to be of the special type (1) with z0eD and if A, is non-
degenerate, we have 

A* = A, + (1 - A2) ir Re {e™p2wv(z0)
2} + 0(p% (73) 

An analogous, though slightly more complicated, formula can be given 
for the variation of degenerate eigenvalues. 

When one wishes to apply the variational formula (73) to the solution 
of extremum problems, one runs immediately into a serious difficulty. 
The entire theory of the Fredholm eigenvalues has been established under 
certain smoothness conditions for the boundary and one has to be sure 
that the extremum domain does possess a boundary of this type. One 
has to introduce a class of domains which possess admissible boundaries 
and which is compact; within such a class the calculus of variations based 
on (73) and the theory of extremum problems become possible. 

For this purpose, we introduce the concept of uniformly analytic 
curves. A curve is called analytic if it can be obtained as the image of the 
unit circumference \z\ = 1 by means of a function t(z) which is analytic 
and univalent on \z\ = 1. A set of curves is said to be uniformly analytic 
with the modulus of uniformity (r, R) (where r < 1 < R) if all of them are 
obtained by means of mapping functions f(z) which are analytic and 
univalent in the fixed annulus r < \z\ < R. This concept of uniform 
analyticity seems to be quite useful in the variational theory of domain 
functionals. 

We can now formulate the theorem: 
/ / a simply connected domain is bounded by a curve which is analytic 

with the modulus (r9 R)9 then its lowest Fredholm eigenvalue Ax satisfies the 
inequality: 2 ™ 

This estimate is the best possible for every modulus (r9 R). 
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Frequently, the boundary curve G of a domain is given in a parametric 
representation from which the modulus (r9 R) can be readily deduced. 
Thus, the estimate (74) is often convenient to predict the convergence 
of the Neumann-Liouville series which solve the various boundary 
value problems in the domain. 

We may also connect with a given domain D the Fredholm deter­
minant °° / ^2\ 

mSAl~iè "6) 

of the integral equation (68) and consider, for fixed A, D(X) as a functional 
of the domain D. The following extremum problem suggests itself: Let 
DQ be a given multiply-connected domain ; consider all smoothly bounded 
domains D which are conformally equivalent to it and ask for those do­
mains in this equivalence class which yield the maximum value of D(X). 

This problem has been solved in the case A = 1. The main difficulty in 
the investigation was again the non-compactness of the class of domains 
considered. I t could be overcome by considering maximum sequences 
of domains and their limit domain; all domains of the sequence were 
subjected to the same variation (1) and from the fact that they formed a 
maximum sequence it could be shown that their limit domain is analytic­
ally bounded. Then, the existence of a maximum domain is easily 
established and it can be shown that it is bounded by circumferences. 
We obtain thus a new proof of Schottky's famous circular mapping 
theorem and also a characterization of this canonical mapping by an 
extremum property. Methodologically, the proof is of interest since the 
method of variation is not applied to the extremum domain, whose 
existence is not yet known, but to the extremum sequence. This pro­
cedure seems to be of very great applicability. 

The solution of the maximum problem for general D(X) is not yet 
known and well deserves additional study. 

The Fredholm eigenvalues represent an instructive example for the 
flexibility of the variational method in dealing with extremum problems 
for rather difficult types of domain functionals. The great formal 
elegance of the variational formula (73) enabled us to overcome the quite 
serious difficulties which arise from the fact that these functionals are 
defined only for a restricted and non-compact class of domains. 

6. Further applications 
We have restricted ourselves to a few fundamental problems in order 

to exhibit clearly the basic ideas of the variational method. It may, 
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however, be applied to much more general function-theoretic problems. 
It can be used in problems of mapping of domains on Riemann sur­
faces C29>33] and leads there to existence theorems for various canonical 
realizations of Riemann domains. It can be applied to the theory of 
multivalent functions in a given domain[27], their coefficient problems 
and distortion theorems. Some interest has been devoted to the problem 
of developing a calculus of variations within important subclasses of 
the family of univalent functions in the unit circle. Golusin191 described 
a method of variations for the subclass of star-like univalent mappings 
and Hummel [12'13] gave an even simpler method of this kind. Singh [34i 
gave a theory of variations for real univalent functions, for bounded 
univalent functions and other interesting subclasses. Finally, the role 
should be mentioned which the method of variations could play as a 
useful tool in the theory of quasi-conformal mappings and of extremal 
metrics[14]. 

The variational method is, of course, only one of many powerful 
methods in the theory of conformai mapping and complex function theory. 
There are many problems where other methods give the answer more 
easily and directly. It seems to me, however, that the method of varia­
tions is one of the most systematic and widely applicable methods which 
we possess in this field. 
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COHOMOLOGY OPERATIONS A N D 

SYMMETRIC PRODUCTS 

By N. E. STEENROD 

This lecture is embodied in a set of mimeographed notes entitled ' Coho­
mology operations and obstructions to extending continuous functions '. 
These can be obtained by writing to the Department of Mathematics, 
Fine Hall, Box 708, Princeton, N.J., U.S.A. 
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LINEARIZATION A N D DELINEARIZATION 

By G. T E M P L E f 

1. Introduction 

My terms of reference, as prescribed by our President, are to survey 
problems of applied mathematics which still challenge the pure mathe­
matician. This is an agreeable exercise for it enables me to range over 
a wide field, to select such topics as fancy and caprice may dictate, and 
above all to shun the rigours of precise proof and detailed definition. 

The group of problems which I propose to describe belong to that 
Cinderella of pure mathematics—the study of differential equations. 
The closely guarded secret of this subject is that it has not yet attained 
the status and dignity of a science, but still enjoys the freedom and 
freshness of such a pre-scientific study as natural history compared with 
botany. The student of differential equations—significantly he has no 
name or title to rank with the geometer or analyst—is still living at the 
stage where his main tasks are to collect specimens, to describe them with 
loving care, and to cultivate them for study under laboratory conditions. 
The work of classification and systematization has hardly begun. 

This is true even of differential equations which belong to the genus 
technically described as 'ordinary, linear equations'. The morphology 
of this genus has progressed only as far as equations which possess three 
or at most four regular singularities. In the case of non-linear equations, 
Lie's theory of transformation groups has done little but suggest a 
scheme of classification. An inviting flora of rare equations and exotic 
problems lies before a botanical excursion into the non-linear field. 

I propose today to speak of some linear and non-linear differential 
equations as they arise in mathematical physics, with an eye to the 
unsolved analytical problems which they present. 

The history of mathematical physics during the last century may be 
divided into two periods—the linear period and the non-linear period. 
In those happy far-off times of the linear period, all differential equations 
were linear and the principle of superposition reigned supreme. In the 
present distressful times most differential equations are non-linear and 
no effective general method of solution has yet been proposed. We have, 
however, two practical expedients—the method of linearization by which 
non-linear equations are forcibly reduced to an associated, approximate 

t Bead by Professor E. C. Titchmarsh. 
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linear form, and the method of delinearization by which the non-
linearities are partially restored. 

Linearization and delinearization are the main topics of my address, 
especially in relation to the equations of fluid dynamics, but perhaps it 
is desirable to illustrate the nature of the problems involved by some 
trivial examples. 

2. Regular and singular perturbations 

Consider the ordinary differential equation of the first order 

dujdx = F(x,u9a)9 

in which a is a small parameter. The classical existence theorem can be 
easily proved by the use of dominant functions (Goursat[7]). It shows 
that, if F is an analytic function of x, u and a in the neighbourhood of 
a point x = xQ9 u = u0 and a = ot0, then the differential equation possesses 
a solution u = u(x9 a), which is analytic in some neighbourhood of the 
point x = x09 and such that uQ = u(xQ9 a), if a is in some neighbourhood 
of a0. In the type of problem which we wish to study we are especially 
interested in the solution for small values of oc, and therefore in the 
'reduced equation' ^ ^ = ^ % > Q)> 

which, in practice, is often much simpler than the original 'perturbed 
equation', dujdx = F(x,u,a). The solution of the reduced equation is 
called the 'basic solution\fQ(x) = u(x9 0). It is clear that the perturbed 
equation will possess a solution of the form 

u = fQ(x) + af±(x) + ...+ocnfn(x) +..., 

convergent in some interval \cc\ < p9 and reducing to u0 at x = x0, if 
the function F is analytic in a neighbourhood of x = xQ, u = uQ, a = 0. 
Also the leading term f0(x) will then satisfy the reduced equation. In 
this case the perturbation is said to be 'regular' at (x0,u0). But if the 
function F is not analytic in a neighbourhood of x = x0, u = u0, a = 0, 
the perturbation is said to be 'singular'. The classical existence theorem 
then applies no longer. This is the interesting case which frequently 
arises in applied mathematics. 

There is one obvious method of dealing with singular perturbations— 
it is to find a transformation which will result in an equation (or equa­
tions), for which the perturbation is regular. 

Consider, for example, the trivial equation 

(x + a) dujdx + ̂  = 0, 
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with the reduced equation 
xdujdx + u = 0, 

and the initial conditions x = 1, u = 1. 

The full perturbation equation is regular everywhere in the x9 w-plane 
except at x = 0. The solution of the perturbed equation is 

u(x9oc) = (l + (x)j(x + (x)9 

while the basic solution is f0(x) = x~x. 

The relation between the basic solution and the perturbed solution is that 

«(x, a)-/.(«)-g=|-0(«), 

but the approximation indicated by the order term is not uniformly 
valid for all values of x. In fact it is uniformly valid only in domains 
which exclude x = 0 and x = — a. 

If, however, we express the equation and solution in inverted form as 

udxjdu + x + oc = 0 

and x(u9 oc) = — a + (1 + a) vr1, 

then the perturbation is regular, the basic solution is 

x(u, 0) = vr1, 

and x(u9 a) — x(u9 0) = — a + au-1 = 0(a), 

uniformly in a neighbourhood of oc = 0. 

3. Neighbouring solutions 

If u = u(x, a) is an integral curve of 

dujdx = F(x9 u9 oc)9 

which passes through a point (xQ9 u0) in a region D in which the differ­
ential equation is regular, then 

u(x9oc)-u(x90) = 0(oc) (3.1) 

uniformly in D. But, as the preceding example shows, this is no 
longer true if D contains points at which the differential equation is 
singular. 

The significance of the relation (3.1) is that the integral curves 
u = u(x9oc) and u = u(x90) are 'neighbouring curves', with ordinates 
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differing by 0(oc) in D. But the preceding example suggests at once a 
more general concept of neighbourliness. 

Elementary geometrical considerations applied to a system of curves 

ç5(#, u9 oc) = 0 
suggest that the curves 

T or <f>(x9u,0) = 0, 

and C or <j)(x9 u9 oc) = 0, 

should be regarded as 'neighbouring' in a region D, if, with any point 
(£, rj) on F, we can associate a point (x, u) on C such that 

s - g = 0(a), 

and w — ?/ = O(oc), 

uniformly in D. In the preceding example 

u = 7]9 # - £ = - a ( l - £ ) . 

This then suggests that the whole system of curves 

(j)(x, u,oc) = 0 

should be regarded as a system of neighbouring curves if they can be 
represented in the parametric form 

x = X(z9 a), u = U(z9 oc)9 

where X and U are analytic functions of z and oc reducing to £ and TJ 
respectively when oc = 0. 

Since g and TJ are connected by the relation çi(£, rj9 0) = 0 this repre­
sentation is equivalent to 

x = £ + £ a^xn(i)9 « = 5(0 + 5 ^ ( 9 , 
i i 

in a region where drjjdE, is bounded. 
Although there is no a priori reason to assert that the solutions of a 

given singular perturbation problem must form a system of neighbouring 
curves, the preceding ideas do provide a powerful and flexible technique 
for searching for solutions and approximations which are uniform within 
a region containing singular points. 

This technique is due to Lighthill and has received numerous applica­
tions in fluid dynamics. It is reminiscent of the method of small per­
turbations employed by Poincaré[16], but the motivation of Poincaré's 
work was not any singularity in the perturbation but practical con­
venience in calculating the period of non-linear oscillations. 
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4. Uniformization 

If the original perturbation equation 

dujdx = F(x, u, oc) (u = u0 at x = x0), 

possesses a system of neighbouring solutions 

x = x(£,oc), u = T](^9a)9 

then the equations for x(E>9 oc) and ?/(£, oc) must be regular in a neigh­
bourhood of £ = xQ9 U = Tj(xQ, 0). The search for systems of neighbouring 
solutions therefore depends upon the introduction of a new variable £ 
and the replacement of the original equation 

dujdx = F(x, u, a) 
by two new equations, 

dxjdi; = X(£, x, u, oc), dujdE, = Ì7(£, x, u, oc), 
regular ina . 

This process may be called the 'uniformization' of the original equa­
tion, and it is equivalent to the method introduced by Lighthül[13]. 

Thus a typical equation discussed by Lighthill 

(x + au) dujdx + q(x) u = r (x) 

possesses the uniformizing equations 

jy = r(x)-q(x)u, 

dx 
— = x + au. 
ài 

These equations are manifestly analytic in a, and in fact their solutions 
are precisely those given by Lighthill if we write £ = log z. 

Consider for example, the equation 

(x + au)dujdx + (2 + x)u = 0, 

with the condition u = e~x at x = 1. 

The reduced equation xdujdx + (2 + x) u = 0 

has the solution u = x~2 e~x. 

To obtain the solution of the perturbed equation which is valid near 
x = 0 we must therefore uniformize by introducing an auxiliary variable. 
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To facilitate comparison with LighthilTs solution[13] (p. 1190) we write 

zdxjdz = x + au, zdujdz = — (2 + x) u9 

with x = 1, u = e_1 at 3 = 1 . 

These equations are analytic in a and possess solutions of the form 

x = xQ + ax1 + ...9 u = u0 + au1 +..., 

where xQ = z, uQ = z-2e~z, xx = z<f)(z), 

ux = ~z~ 

Hence, near z = 0, 

* J 0(£) (ft, <ß(z) = f V 4 e " s efo. 

x = z-\az~2 + 0(a2\z% 

u = z-2-\az-* + 0(a2\z% 

and, at a: = 0, u = (Zja)% + 0(a~i). 

The method of uniformization suggested here systematizes Lighthill's 
method of expansion in powers of an auxiliary variable. Its main 
advantage is that it establishes the existence of a solution which is 
analytic in the small parameter, without becoming embroiled in the 
details of its computation. 

5. Singular boundary conditions 

The singular perturbation equations which arise in fluid dynamics 
are often of a rather different character from those discussed above. 
In the first place they are usually of the second order, and in the second 
place the singularity is not in the equation but in the boundary con­
ditions. 

The first difference is of little importance. An equation of the second 
order can be replaced by a pair of equations of the first order, e.g. 

F(x, u, v, dujdx, a) = 0, dvjdx = u. 

The process of uniformization then consists in introducing an auxiliary 
variable z in such a way that the original system of equations is replaced 
by a system , ,, ^, x 

J J dxjdz = X(z, x, u9 v9 a), 
dujdz = U(z9 x9 u9 v9 a), 

dvjdz = uX, 
which is analytic in a. 
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The second difference is much more significant and a systematic 
examination of this question is lacking. 

A survey of those problems of compressible fluid flow which can be 
reduced to ordinary differential equations has been given by Lighthill[12]. 
Some of these require the location of a shock wave and involve singular 
boundary conditions. 

A striking example given by Lighthill[13] refers to the waves produced 
in still air by the slow uniform expansion of a circular cylinder with 
radial velocity aaQ9 a0 being the speed of sound in the undisturbed air, 
and a 8b small parameter. The velocity potential has the form 

<ß = a2tf(x)9 

where t is the time since the cylinder was of zero radius, and x = rj(a0t). 
The disturbed region is bounded externally by a shock wave at r — Ma0t 
or x = M9 and internally by the surface of the cylinder r = aaQt or 
x = a. The main problem is to calculate M for small values of a. 

Bernoulli's equation gives the local speed of sound in the form 

a = a0{l-(7-l)(f-xf' + ïn}ï, 

while the potential equation is 

a2 div grad ç5 = '̂ + 2ç5r <j)r + $2 <firr. 

Hence { l - ( 7 - l ) ( / - . / ' + i H ( f + . T ) = {x-fff-

The boundary conditions are 

(1) at x = a9 /'.(#) = a, 

(2) at x = M, f(M) = 0, 

and f(M) = 2(Jf - M~1)j(y+1). 

To put the differential equation in standard form we write / ' = u, 

J ~~ ' P dujdx+ Qujx = 0, dvjdx = u9 

where P = l-x2 + (y+l)xu-(y- l)v~l(y+l)u2
9 

and Q= l + (y-l)(xu-v-%u2). 

If we linearize this equation we find that 

( 1 — x2) dujdx + ujx = 0, 

whence \u\ = G\x-2-1|*, 

and C = a 2 ( l - a 2 ) - i 
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I t is then obvious that this approximation fails as we approach the upper 
limit x = M. We therefore proceed to uniformize the equation by writing 

zdxjdz = xjQ9 zdujdz = —ujP9 

and we construct solutions of the form 

x = z + a2x1 + a/Lx%+..., 

u = a2uQ+a/Lu1 +..., 

v = a2v0 + a*v1+.... 

This preserves the solution of the linearized equation in the leading 
terms, with , „ _ ,1 

u0 = (z~2-l)t. 

The solution then follows the lines of Lighthill's argument[13] (p. 1191) 

and finally yields M = 1+Uy+D*«*+.... 

6. Perturbations which are singular almost everywhere 
A specially interesting type of perturbation equation is one which is 

singular everywhere in the x, %-plane except on a certain curve C, e.g. 
the equation , _ 

Ut VU Wl U/tl/ — J] \tl/9 U/Ì. 

A classical example occurs in the theory of relaxation oscillations of the 
type studied by van der Pol. Here the perturbation equation can be 
expressed in the form 

audujdx = u — \u% — x = F(x,u). 

The periodic solution is represented approximately by a closed curve 
in the x, %-plane, consisting of certain arcs of the curve F(x, u) = 0 
and of certain straight lines parallel to the #-axis (Stoker[18], p. 128). 

The basic equation ^ ^ 1 q 

^ F = 0 or x = u — fu3 

provides an approximate solution except near the points where 

dxjdu = 1 — u2 

vanishes, i.e. at # = + § , u = ±1. 
Near these points uniformization is easily carried out by employing 
the Carrier 'two-way stretch'^, 

x = ±f + am£, u= ±l + anT/9 
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with suitable exponents m and n9 chosen so as to make the resulting 
equation regular. The simplest choice is 

m = 1, n = 0, 

which yields the regular equation 

( + l + ri)driJdE> = +7/2- |?/3-a£. 

7. The thin aerofoil problem 

Although a number of interesting and important problems in fluid 
dynamics involving singular perturbations of partial differential equa­
tions have been examined and uniformized by Lighthill[13], Carrier[4] 

and Whitham ([21] and numerous subsequent papers), the theory is in a 
much less advanced state than the corresponding theory for ordinary 
equations. It therefore seems preferable to give just a few specific 
examples. 

In the first place we consider the problem of a thin two-dimensional 
symmetric aerofoil (or strut) with profile 

y = ±ocf(x) ( 0 < a < l ) , 

placed in a uniform stream of incompressible, in viscid fluid with velocity 
components (Ucosa, ÎJsina) at infinityC14]. The potential a<j> of the 
disturbance velocity satisfies the equation 

and the boundary conditions 

ç5 = 0(R-1) 

for large R = (x2 + y2)i9 

and ( U sin a + a<j)y) — ± ( U cos a + a<f>x) af'(x), 
on the surface of the aerofoil. Now near the leading edge 

[f(x)f = c2x + 0(x2) (c + 0), 

and f'(x) = 0(x~i). 

The surface boundary condition is therefore singular at the leading edge. 
The reduced boundary condition is 

(U + <f>y) = ±Uf'(x), 

to be satisfied on the x-axis, y = 0, 0 < x < 1, and it is this equation 
together with the potential equation for 0 which forms the basis of 'thin 

l6 TP 
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aerofoil theory'. The main problem is to improve this approximation 
without making a completely fresh start. 

The boundary conditions can be uniformized by introducing parabolic 
co-ordinates £, rj, where 

x + iy — \a2c2 = c2(i + irj)2. 

Then x = c2(£2 - r\2 + \a% y = 2c2£^, 

and the parabola rj = \a osculates the leading edge section 

y2 = a2c2x + 0(x2). 

Hence in parabolic co-ordinates the profile y = af(x) has an equation 
of the form * , „,«.. 

7/ = | a + aP(£) 

and the exact boundary condition becomes 

{ — 2UC2T/ cos a + 2E7c2£ sin a + a<f>v} 

= aP'(£) {2 i7c2£ cos a + 2 TJc2r\ sin a + açSJ. 

This condition is regular, and hence the problem admits a solution of 
o r m <}> = <f>Q(£>9T)) + a<}>1(£)97)) + .... 

8. The boundary layer on a flat plate 
Another problem which exemplifies the techniques of both Lighthill 

and Carrier is that of the steady flow of an incompressible, viscous fluid 
past a semi-infinite flat plate 

y = 0, x > 0, 

placed parallel to the main stream. The natural units of length, velocity 
and pressure are vjU, U and pU2

9 where v is the kinematic viscosity, 
TJ the main stream velocity and p the density. In terms of these units 
the Navier-Stokes equations for the pressure p and the components of 
fluid velocity are , , A 

J uux + vuy = -px + Au, 

uvx+vvy = -py + Av, 

where Au = uxx + uyy. 
The boundary conditions are 

u->l, v^>0 as x2 + y2->ao, 
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except on the flat plate y = 0, x ^ 0 where 

^ = 0, v = 0. 

There is no parameter in these equations or boundary conditions, but 
it is known from experiment that derivatives of u and v with respect to 
y are small compared with derivatives with respect to x, except at the 
leading edge, x = 0, y = 0, where presumably the dominant derivative 
is in the radial direction. These conditions are conveniently expressed 
in terms of parabolic co-ordinates £, TJ such that 

x + iy = (£ + M?)2, 

or £ = [£(r + x)]i, TJ = [ J(r - x)]i9 

where r = [x2 + y2]i. 

The stream function ft is defined by the equations 

u = fy9 v = - fx9 

xjr ~ y = 2^71 for large £2 + rj2 (TJ 4= 0 !), and itself satisfies the equation 

p2A2^ - 4(£A^ + yAfv - Af) 

= - P 2 ( ^ A ^ - ^ A ^ ) + 2 ( ^ - £ ^ ) A f , 
where p2 = £2 + ?/2. 

To identify the dominant terms we write 

TJ = erj, ft = e~xft9 

thus introducing a small parameter e and thus obtaining a regular equa­
tion with parameter e. On retaining the terms of lowest order (i.e. those 
in e~5) we obtain the reduced equation 

£2 îv = _ £2(f£f»'--f'fl) - 2^f'ft'\ 

where accents indicate differentiation with respect to ?/. If we now write 

we find that by a remarkable and unexpected simplification the function 
/ satisfies the ordinary differential equation 

which integrates at once, in virtue of the boundary conditions at 
infinity, to *„ »»„ _ Q 

16-2 
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This is the well-known Blasius equation, with the boundary conditions 

/ ~ 2TJ for large TJ, 

/ = 0 , / ' = 0 at V = 0. 

The independent variable however is now 

y = risin J#, 

whereas in the classical Blasius problem it is 

yjxi = r% sin dj*J (coso). 

The preceding analysis is due to Carrier and LinE5] and there can be 
no doubt of the superiority of their solution of this problem over the 
classical solution given by Blasius[2]. A somewhat similar investigation, 
carried to the next order of approximation has been given by Kuo[11]. 

9. Accuracy of approximations 
The preceding brief accounts of some methods and problems of 

interest to applied mathematicians will doubtless suggest many questions 
for the analyst, but the question of outstanding importance is surely 
that of the accuracy of the approximations obtained. The existence 
theorems which have been invoked do little more than guarantee the 
existence of solutions in the form of power series in the perturbation 
parameter a. The following questions arise at once: 

(1) What is the radius of convergence of the power series ? 
(2) What is the rapidity of convergence? 
(3) Is it possible to prescribe an upper bound to the absolute magni­

tude of the error which is involved in truncating the power series after 
N terms? And, in particular, can we do this for the 'basic solution' 
where *N = 1 ? 

A classical example of this problem is provided by the Blasius equation 
which is obtained as the 'reduced equation' from the Navier-Stokes 
equations for the flow of an incompressible, inviscid fluid past a semi-
infinite flat plate. In this case, as in so many other physical problems, 
even the reduced equation is not linear. 

The Blasius equation, as obtained in § 8, is 

primes indicating differentiation with respect to r), and a solution is 
required for the range 0 < TJ < oo, with the boundary conditions 

/ = 0 and / ' = 0 or rj = 0 
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and / ' - > 2 as TJ-^OO. 

There is a power series solution (obtained by Blasius[2]) in the form 

/(C7/)2 (CT,f ll(C7,f 

. 2! 5! 8! 

where c
3 = / " ( 0 ) . 

Weyl[20] showed that the radius of convergence R of this power series 
in TJ satisfies the inequalities 

18 < c*R* < 60, 

and Punnis[17] obtained the closer limits 

3-11 < cR < 3-18, 

by showing that the power series has a simple pole at T\ = — R. There is 
therefore a real problem for the analyst to determine the value of c so 
as to satisfy the condition / ' -> 2 as TJ -> oo, although the practical 
computer has little difficulty in obtaining the approximate value 

f"(0) = 1-328.... 

Quite another approach to this problem is provided by Weyl's trans­
formation [20] of the differential equation into an integral equation of 

logFff(V) = Q(F') = -\^(r,-s)2Ff'(s)ds, 

where f(rj) = CF(CTJ), 

and, as before, c3 = / / / (0) . 

If an iteration process is specified by the conditions 

n = o, K+i = *(K), 

then F;<F'ì, F'[> F"%, !%<!%, etc. 

The sequence {F'^} converges and any two consecutive members form 
upper and lower bounds to the limit function. Moreover, 

•Fïfo) = <«p( - to») , 

is found to be an adequate approximation to the limit. 
The use of integral equations of Weyl's type has been successfully 

exploited by Meksyn[15] in numerous papers on boundary layer theory, 
although the convergence of the iteration process still requires 
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examination. As examples of other important investigations on approxi­
mate solutions of partial differential equations we may cite papers by 
Westphal™ and Görtler«». 

10. Conclusion 

In the preceding paper the name of 'delinearization' has been given 
to the process whereby we endeavour to return from a linearized approxi­
mation to the original non-linear equation. There is, however, another 
kind of delinearization, which, I venture to predict, will become in­
creasingly important—namely a process whereby an exact linear 
equation is replaced by an exact non-linear equation. This apparently 
retrograde step is sometimes advantageous because good approximate 
solutions may be obtainable more easily for the non-linear equation 
than for the original linear equation. 

One example is provided by the so-called Wentzel-Kramers-Brillouin 
method of solving the Schrödinger wave equation 

e2ft"+f(x)ft = Q 

for small values of the parameter e. This method, due to Jeffreys [8»9], 
consists in writing , . . 

ft = exp lie*1 x^x\ > 

and thus obtaining the Biecati equation 

with the series solution 

X = Xo-ieXi+-~> Xo^ft* Xi = -ÌXolXo-

Another example is derived from the new theory of diffraction prob­
lems, suggested by Birkhoff[1] and recently developed by Keller, Lewis 
and Seckler[10]. Here the wave equation for monochromatic light, 

div grad u + lc2u = 0, 
is solved in the form 

00 

u~ eik^^(ik)-nvn9 

where ft, v0, vx,... satisfy the non-linear equations 

(g rad^) 2 =l , 

2 grad vn. grad ft + vn div grad ft = — div grad vn_1 (v_x = 0 ! ). 



LINEARIZATION AND DELINEARIZATION 247 

These examples do suggest that the eras of linear equations and of 
linearized non-linear equations may be succeeded by the era of delinear-
ized linear equations. 
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DES VARIÉTÉS TRIANGULÉES A U X 
VARIÉTÉS DIFFÉRENTIABLES 

Par R. THOM 

1. Généralités sur les groupes de difféomorphismes 

Soit Vn une variété differentiable connexe séparée; par differentiable, 
on entendra toujours r-fois differentiable, où 2 ^ r < oo. On désigne 
par Dif (Vn) le groupe de tous les automorphismes de la variété differ­
entiable Vn, muni de la Or-topologie (i.e. la topologie définie par la 
différence sur tout compact des applications et de leurs dérivées partielles 
jusqu'à l'ordre r). Si Vn est orientable, on se restreindra aux difféomor­
phismes de degré + 1 . 

Tout difféomorphisme / d'une variété V connexe peut être déformé 
(au sens de la (^-topologie) en un difféomorphisme g tel que: 

(1) g laisse fixe un point donné p de V; 
(2) g est tangent à l'identité (jusqu'à l'ordre r) enp; 
(3) g se réduit à l'identité sur un voisinage de p. 
Les propriétés (1) et (2) sont connues; on en trouvera une démon­

stration complète, ainsi que de (3), dans un article à paraître de Jean Cerf. 

1.1. Les difféomorphismes des boules et des sphères. Soient 
Dif (Bn+1), Dif (Sn) les groupes de difféomorphismes de degré un de la 
(?i+l)-boule et de la rc-sphère. Soient 7T0(Dï£(Bn+1)), 7TQ(Dif(Sn)) les 
groupes discrets quotients des groupes précédents par les composantes 
connexes de l'identité. Milnor a démontré la propriété suivante: 

Théorème 1. Les groupes 7r0(Dif (Bn+1)), 7r0(Dif (Sn)) sont àbëliens. 
Démonstration: Soient/, g deux difféomorphismes de Sn; d'après la 

propriété (3), on peut déformer/, g resp. en/^ gx tels que/], se réduise à 
l'identité sur l'hémisphère Nord En+ de Sn, et tel que gx se réduise à 
l'identité sur l'hémisphère Sud En~ de Sn. Dans ces conditions, il est 
clair que l'on a, en tout point de Sn: 

kogx = g1of1. 

Par restriction au bord 8n de Bn+1, on définit un homomorphisme 
canonique (en fait, une fibration sur la composante connexe de l'identité) : 

j : Dif(^+ 1 ) ->Dif(^) ; par suite le quotient Dif (Sn)jj.TM(&*1) est 
discret, et isomorphe au quotient 7r0(Dif (Sn))jj. nQ (Dif (Bn+1)). Ce groupe 
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abélien sera désigné par Vn+1. On sait que certains de ces groupes ne 
sont pas nuls (par exemple T7); néanmoins, on ne connaît aucun exemple 
où le groupe 7r0(Dif (Bm)) n'est pas nul. 

2. Subdivisions differentiables d'une variété differentiable 

Soit K un complexe simplieial, \K\ l'espace topologique sous-jacent. 
Supposons que |JST| soit une variété qu'on peut munir d'une structure 
differentiable (Sf). On dire que K est une subdivision differentiable de 
la variété X9 si l'application canonique ak -> \K| de tout simplexe est 
une application differentiable de rang maximum du ifc-simplexe euclidien 
standard dans X. Tout simplexe apparaît ainsi comme un morceau de 
variété plongée dans X; un voisinage tubulaire normal de crk contient 
les Simplexes de l'étoile de <rk comme sous-variétés plongées; en coupant 
en un point x de ak par un (n — &)-plan transverse, on définira 1" étoile 
transverse' à crk

9 qui est une (n — &)-boule differentiable, contenant les 
sections des simplexes de dimension > k de l'étoile de crk comme sous-
variétés localement linéaires. Ceci impose que la triangulation proposée 
soit une 'triangulation de Brouwer' dans la terminologie de Cairns.f 

Etant donné le complexe K9 donné par exemple par son schéma 
combinatoire, on se propose de déterminer si la variété X = \K\ peut 
être munie d'une structure differentiable globale contenant K comme 
subdivision differentiable, et, de plus, de classifier ces structures à 
l'équivalence près. Pour que le problème ait un sens, il faudra supposer 
au départ que \K\ est une variété, et que K en est une 'subdivision de 
Brouwer', ce qu'on peut exprimer en disant qu'à tout simplexe (f est 
attachée une carte locale contenant <rr-comme sous-variété linéaire, et 
telle que tous les simplexes de l'étoile de orr-soient plongés rectilinéaire-
ment dans cette carte. 

On construira la structure differentiable sur K par récurrence sur les 
squelettes R1 successifs; une structure differentiable dans un voisinage 
du O-squelette K° s'obtient en attachant à chaque sommet sa carte 
locale qui lui est donnée en raison de la propriété de Brouwer de la 
subdivision. Le problème consistera donc, étant donnée une structure 
differentiable (6?) sur un voisinage du bord dak+1 d'un (k+1) simplexe, 
à étendre (si possible) cette structure à un voisinage de ak+1. C'est ce 
problème d'extension locale d'une structure differentiable qu'on va 
étudier de près. 

f Ceci n'est pas une restriction; en effet, J. H. C. Whitehead a démontré que toute 
variété triangulée possède une subdivision qui a la propriété de Brouwer. 
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3. Extension locale d'une structure differentiable 
Etant donnée une variété à bord M de bord V9 et une variété à 

bord M' de bord V de même dimensions, supposons qu'on ait défini 
dans les bords V, V deux sous-variétés à bords G a V, ö ' c F ' 
(dim. G = dim. G' = dim. V) qui soient difféomorphes; si, dans la réunion 
MKJM', on identifie G k G' par ce difféomorphisme, on obtient une 
nouvelle variété à bord P, dont la structure est bien déterminée à un 
difféomorphisme près. Cette structure ne varie pas non plus si on rem­
place le difféomorphisme d'attachement g: (?->(?' par un difféo­
morphisme qui s'en déduit par déformation continue. 

C'est ce procédé qu'on emploiera pour étendre la structure (S?) du 
bord Sk de notre (k+ l)-simplexe crk+1 à l'intérieur de ak+1; puisque la 
structure (S?) est définie dans un voisinage de 3crfc+1, il est possible de 
définir une variété à bord M diff. pour (£f) qui soit un ' voisinage tabulaire ' 
régulier de dak+1 pour (£f)\ un tel voisinage contient crk+1n M comme 
sous-variété plongée, et l'intersection V = dM par crfc+1 est, au moins 
topologiquement, une ß-sphere Sk topologiquement isotope (dans ork+1 

un peu agrandi), au bord polyèdral dak+1. 
On prendra pour G un voisinage tabulaire de Sk dans V. Au simplexe 

0.&+1 es£ attachée sa 'carte de Brouwer', dans laquelle il est rectilinéaire-
ment plongé; on peut, par une construction facile, définir une sphère 
Sk différentiablement plongée isotope au bord dork+1 pour la structure 
differentiable (&") associée à la carte de Brouwer; on prendra pour M' un 
voisinage tabulaire de ak+1 pour (3")9 limité aux plans normaux tombant 
sur Sk ; le voisinage normal de Sk sera la variété à bord G'. On recherchera 
si G et G' qui sont tous deux des fibres en (n — &)-boules sont difféomorphes ; 
si oui, on appliquera la construction générale; il restera à vérifier que la 
variété obtenue par identification est bien homéomorphe à un voisinage 
de (rk+1'9 ceci résulte du fait que les deux sphères Sk qu'on identifie dans 
0-fc+i s o n t isotopes au bord polyèdral dcrk+1

9 et que les plans normaux à 
0-A+i p O U I j e s ( j e u x structures (£f) et (F) définissent des polyèdres 
isotopes à l'étoile transverse en tout point x de ak+1

9 étoile qui, elle, est 
intrinsèquement définie. 

En fait la variété Jf' qu'on ajoute est difféomorphe au produit 
Bk+1xBn~k, comme voisinage tabulaire d'une boule; l'identification 
proposée sera possible si, pour la structure (6?), on peut trouver une 
sphère S approchant dcrk+1 dont la structure differentiable est la struc­
ture usuelle, et dont le voisinage normal soit trivial. Autrement dit: si 
l'on remarque que, pour la structure (£f), comme pour (^), le simplexe 
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ak+1 est différentiablement plongé, le problème d'extension de la 
structure (£f) se trouve décomposé en deux problèmes: 

( 1 ) extension de la structure ' tangente ', restriction de (Sf) au simplexe 

(2) extension de la structure fibrée des vecteurs normaux de (£f) à 
tOUt (7&+1. 

Le premier problème étant supposé résolu pour le moment, on va 
s'occuper du second. La première difficulté est de montrer que la struc­
ture fibrée normale à S pour (S?) est celle du produit. On le montre grâce 
à la remarque suivante : soit crn un w-simplexe quelconque de l'étoile 
de ork+1; sa section par un plan normal (pour (£f)) à ork+1 en x donne un 
(n — k—1)-simplexe (de dimension maximum) de 1"étoile transverse 
en #', simplexe qui a un sommet en x; les vecteurs tangents en x aux 
arêtes de ce simplexe-section définissent en tout point # € E un repère 
pour le fibre des vecteurs normaux. Comme ce repère est défini pour 
tout x et varie continuement avec x, ü en résulte bien que le fibre normal 
est trivial. 

On pourra donc étendre sans difficulté la structure normale, mais une 
sérieuse difficulté apparaît: la nouvelle structure obtenue doit contenir 
les simplexes de l'étoile de ak+1 comme sous-variétés linéaires en tout 
point. Cette condition est satisfaite pour la structure (^)\ le sera-t-elle 
pour (£f) étendue? Dans l'identification des fibres de vecteurs normaux 
pour (3f) et (2T)9 on peut supposer qu'on prend comme repères homo­
logues ceux définis par le simplexe an de l'étoile transverse dont il a 
été question plus haut; x variant sur S, la section de l'étoile transverse 
par une sphère normale donne naissance à une triangulation géodésique 
variable de cette sphère, triangulation dont un simplexe de dimension 
maximum (à savoir le simplexe orn~k section de orn) demeure fixe; le 
problème de l'extension sera donc possible si l'application de Sk dans 
l'espace des triangulations géodésiques de la sphère isotopes à une 
triangulation donnée (avec simplexe fixe) est homotope à zéro. Par une 
inversion on est ramené à considérer l'espace de tous les automorphismes 
semi-linéaires d'une subdivision simpliciale du simplexe. On est donc 
ramené à démontrer le 

Théorème 2. L'espace de tous les homéomorphismes semi-linéaires d'une 
subdivision simpliciale du m-simplexe dans lui-même (qui se réduisent 
à Videntité sur le bord du simplexe) est asphêrique. 

Un homéomorphisme semi-linéaire du simplexe sm dans lui-même est 
un homéomorphisme de sm sur lui-même qui est linéaire sur chacun des 
simplexes d'une triangulation donnée de sm. Il est clair qu'un tel homéo-
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morphisme est complètement déterminé dès qu'on s'est donné la posi­
tion des images des sommets; on a par suite sur cet espace une topologie 
naturelle définie par l'ouvert de (RmY défini par la position dans sm des 
q sommets images. Partons d'une subdivision donnée (K) de sm

9 et 
supposons défini l'espace H des homéomorphismes semi-linéaires de K. 
Supposons maintenant qu'on subdivise l'un des m-simplexes de K9 soit 
(z), par adjonction d'un nouveau sommet y intérieur à (z); dans ces 
conditions, on obtient une nouvelle subdivision (K')\ formons l'espace 
(H') des homéomorphismes semi-linéaires correspondants; tout élément 
de (H') provient d'une application de (H) par subdivision du simplexe 
(z); ceci définit une application de (H') sur (H); pour les espaces repré­
sentatifs, la fibre est l'ensemble des positions de y dans (z); c'est donc un 
espace asphérique. Par suite (H') et (H) ont même type d'homotopie. 

Nous avons donc démontré le théorème pour toutes les subdivisions 
qui se déduisent de la subdivision triviale du m-simplexe par une suite 
de 'subdivisions coniques' de simplexes de dimension maximum m. 
Le cas de la subdivision barycentrique classique échappe malheureuse­
ment au résultat. Il faudrait donc invoquer ici, pour obtenir le théorème 
dans toute sa généralité, une forme particulièrement forte de la 'Haupt-
vermutung'. 

Il en résulte donc que, si les étoiles transverses aux simplexes de K 
satisfont à cette condition, le prolongement de la structure normale sera 
possible. C'est ce que nous supposerons dorénavant. 

4. Prolongement de la structure tangente 

Pour que le prolongement de la structure tangente soit possible il 
suffit que la sphère S approximation differentiable de dcrk+1 pour la 
structure (Sf) soit isomorphe à la sphère Sk usuelle; de plus c'est une 
condition nécessaire de prolongement au (k+ 1)-simplexe: car on peut 
montrer qu'il y a unicité de la structure de l'approximation differentiable 
du bord do"k+1

9 la structure differentiable de l'espace ambiant étant 
donnée. 

Observons d'ailleurs que la sphère S possède une subdivision differen­
tiable isomorphe à dcrk+1; soit sk un de ses simplexes; le complémentaire 
2 — sk

9 formé de k simplexes de dimension k9 est nécessairement difféo-
morphe à l'un de ces simplexes de dimension k (on passe d'un simplexe 
à la réunion des ifc-simplexes par une suite de (k— 1) expansions élémen­
taires au sens de Whitehead; or, du fait qu'une boule euclidienne a une 
structure de produit Bn+1xl9 toute expansion définit un difféomor­
phisme). 
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Il en résulte que la sphère E s'obtient en accolant deux i-boules 
(hémisphères) suivant leur bord commun Sk~x. Dans ces conditions deux 
sphères sont ou non difféomorphes suivant que les difféomorphismes 
d'attachement Sk~1->Sk~1 sont ou non dans la même composante 
connexe de Dif (Sk~1) modulo Dif (Bk). Donc l'ensemble des structures 
différentiables de la sphère Sk (compatibles avec une subdivision 
differentiable isomorphe au bord du (&+l)-simplexe) s'identifie au 
groupe abélien Tk. Ce groupe définira par suite la nature de l'obstruction 
rencontrée dans l'extension au (k+1)-squelette de la structure differen­
tiable donnée sur le ^-squelette. 

De plus, au cas où l'obstruction est nulle, la sphère 2 est difféomorphe 
à Sk et on peut faire l'identification Sk -> S; en modifiant au besoin la 
paramétrisation de crk+1, il est possible de modifier l'application d'attache­
ment par un élément quelconque de Tk+1; les diverses extensions pos­
sibles sont donc en correspondance biunivoque avec les éléments du 
groupe Tk+1. 

Lemme d'addition. Soit crr+1 le (r+1) simplexe standard; toute r-face 
Fr de &r+1 admet pour bord do* = Sr~lm, il est possible de modifier la 
paramétrisation de chaque face Fó en modifiant l'application d'attache­
ment de Sr~1 sur F$ par un élément y$ de Yr. Le lemme d'addition 
exprime que pour la sphère Sr obtenue en recollant tous ces simplexes 
Fj ainsi modifiés, la structure differentiable globale correspond à 
l'élément ceTr défini par c = S( — l)*y^. 

En admettant toujours possible l'extension des structures 'normales ', 
on voit que l'extension des structures ' tangentes ' se heurte à des ob­
structions, à valeurs dans les groupes Tj. On peut vérifier que ces 
obstructions ont toutes les propriétés classiques des obstructions de la 
théorie de l'homotopie; ce sont des cocycles, et la nullité de leur classe 
est une condition nécessaire et suffisante de prolongement des structures, 
après une éventuelle déformation sur le squelette convenable. 

De plus, il résulte du lemme d'addition que si K' est une subdivision 
barycentrique de K9 les obstructions relatives à K' donnent les obstruc­
tions relatives à K dans l'homomorphisme canonique C(K') -> C(K). 
La construction d'une structure differentiable sur K se présente donc 
formellement comme la construction d'une section d'un fibre K -> K, 
dont la fibre serait un complexe (abstrait) T tel que n^T) = I \ . Une 
telle fibration donne naissance à une factorisation de Postnikov 

A A A A 

K -> ... -> Kn -> . . . -> Kj+1 -> Kj -> . . . -> K, 

la fibre de Kj+1 -> Ki étant le c complexe d'Eilenberg MacLane ' K(Tpj). 
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Les invariants k$ de cette factorisation apparaissent comme les obstruc­
tions successives à la construction d'une section. On ignore si ces in­
variants sont de nature topologique (ce sont des invariants combina-
toires); un exemple dû à Milnor montre que ce ne sont pas des invariants 
du type d'homotopie. 

5. Classification des structures différentiables 

Théorème 3. Soit Mn+1 une variété à bord differentiable homéomorphe 
au produit Vn x / , où Vn est une variété differentiable telle que le bord de 
Mn+1 soit homéomorphe à (V,0)u (V,l). Soit K une subdivision differen­
tiable de V; supposons que Mn+1 admette une subdivision differentiable 
isomorphe au produit Kxl. Alors (V,0) et (V9l) sont difféomorphes, et 
Mn+1 est difféomorphe au produit V xi. 

5.1. Indication sur la démonstration. Dans M on considère les 
hypersurfaces différentiables par morceaux t= constant, tel; en tout 
point p de M, l'hypersurface t = t(p) admet un vecteur transverse, à 
savoir le vecteur tangent à l'image de p x I dans M ; un tel champ est 
differentiable par morceaux dans M ; on pourra donc l'approcher par un 
champ differentiable H, qui, lui, sera encore transversal aux hyper-
surfaces t = constant; l'intégration du champ de vecteurs H (con­
venablement norme) fournira un groupe de difféomorphismes à un 
paramètre qui fait de M le produit F x / a u sens differentiable (on notera 
que cette structure de produit ne conserve pas la triangulation Kxl 
donnée tout d'abord). Soit K une subdivision, qu'on peut munir de deux 
structures différentiables (^°) et (S?1); supposons qu'on puisse munir 
le produit Kxl d'une structure differentiable telle que les bords (K,0) 
et (K, 1) y soient différentiablement plongés avec les structures (£fQ) 
et (Sf1) respectivement. Il résulte alors du théorème 3 que les structures 
(£f°) et (Sfx) sont isomorphes. Or, dans l'interprétation qui fait d'une 
structure differentiable une section du fibre K de fibre Y, on voit que 
les sections correspondant à (£?°) et (S?1) sont la restriction d'une section 
sur Kxl, donc des sections homotopes. Ainsi: à des sections homotopes 
du fibre K correspondent des structures différentiables isomorphes. 

Remarque. La classification ainsi obtenue des structures est plus fine 
que l'automorphisme differentiable pur et simple: on pourrait l'exprimer 
ainsi: Deux variétés différentiables V9 V munies de subdivisions différen­
tiables isomorphes K9 K' sont 'équivalentes', s'il existe un difféomor­
phisme A de F sur V tel que les subdivisions K' et h(K) de Y' soient 
'isotopes' dans V. 
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5.2. Quelques conséquences. Si l'on admet le résultat suivant: 
Théorème 4. L'espace des automorphismes semi-linéaires d'une 
subdivision simpliciale du simplexe est contractile, 

on peut affirmer: 
(i) Toute variété contractile triangulée admet une structure differen­

tiable compatible avec sa triangulation. 
(ii) Sur une variété contractile deux structures différentiables com­

patibles avec la triangulation sont isomorphes. 
Si l'on admettait en plus la Hauptvermutung, on en déduirait l'unicité 

de la structure differentiable sur les boules et l'espace euclidien. En effet, 
un fibre de base contractile admet toujours des sections, et deux sections 
sont homotopes. 
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SOME F U N D A M E N T A L PROBLEMS IN 
STATISTICAL PHYSICS 

By G. E. UHLENBECK 

1. Introduction 

On a similar occasion, in 1950, I had the privilege of discussing 
some basic problems of statistical mechanics before an audience of mathe­
maticians. I am grateful for this opportunity to give a kind of repeat 
performance, especially because in the last ten years there has been a 
revival of interest among physicists and mathematicians in statistical 
mechanics and as a consequence some real advances are being made. I do 
not mean to imply that this revival was due to my lecture, but it suffices 
perhaps to present again a kind of catalogue of unsolved problems, which 
are mainly of a mathematical nature, and which therefore may be of 
interest to some of you. It seems to me anyway, that anyone interested in 
statistical problems or in the theory of probability might profit from a 
study of statistical physics. The molecular constitution of matter pro­
vides ' populations ' of all possible varieties, and in addition the statistical 
regularities are empirically known, since these are the phenomena and 
laws of macroscopic physics. And they are again of an enormous variety, 
of which very little is understood in a really fundamental way. 

A natural division of the problems of statistical physics is into equi­
librium and non-equilibrium problems. If the system under considera­
tion, consisting say of N molecules with known interactions, is in thermal 
equilibrium with a heat reservoir of temperature T, then the probability 
W that the system is in some state is given by the canonical distribution : 

W ~ e~WkT>E9 (!) 

where E is the energy of the total system and is a function of the variables 
defining the state of the system. There is complete agreement about this, 
and one could say that (1) completely 'solves' all equilibrium problems. 
In fact, the so-called partition function 

z = ^e-a/kT)Ei} (2) 
i 

where the sum goes over all states of the system, is related to the free 
energy Y by Y = — kT In Z9 and from Y most of the observable average 
values can be derived by simple differentiations. Of course, as Poincaré 
said, a problem is never solved, only more or less solved, and the equa-
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tions (1) and (2) really give very little of what one would like to know. 
Only in a few cases can the sum (2) be actually evaluated; usually one 
has to use series expansions or successive approximation procedures of 
which the convergence can almost never be established. Technically 
one runs into subtle problems of combinatorial analysis, some of which 
are notoriously difficult. As a result, even such general phenomena as the 
melting of a solid at a sharply defined melting point, or the existence of 
a critical point for gases have not been explained in a really fundamental 
way. 

I will refrain from giving further details, mainly because of the lack 
of a general method of treating sums like (2) which would allow the 
investigation of the limit properties for N -> oo, which is needed to 
explain the phase transitions. This does not mean that there is no phy­
sical insight in these problems, but it is based on qualitative considera­
tions, or on intuitive and 'uncontrolled' approximations. They are very 
valuable, and I do not want to slight them, but they rarely give a mathe­
matical foothold and they are therefore perhaps of less interest to you. 

I would like to concentrate on the non-equilibrium problems, because 
in a sense the problem of the approach to equilibrium is the central 
problem of statistical mechanics—I propose to call it the problem of 
Boltzmann—and because through recent work a general point of view 
is emerging, which is I think of mathematical interest since it hints at 
a kind of generalization of the ergodic theory. 

2. The Boltzmann equation 

I will begin with the classical kinetic theory of gases. Consider the 
simplest type of molecular system: N point molecules in a vessel (volume 
V) repelling each other by a known monotonie central potential çi(r#) 
between each pair (i9j)9 which has a finite range rQ, so that ç5(0) -> oo 
and <fi(rQ) = 0. If the number of molecules is very large, and if r0 is very 
small compared with the mean free path À of the molecules, then the 
state of the gas is described by the distribution function/(r, v, t) giving 
the number of molecules at time t in the range dr dv of the phase space 
(/espace) of a molecule. The temporal development of the state of the 
gas is governed by the famous Boltzmann equation 

— - + v 
Dt dt • | + a|£ = fajdOgHgWfi-JÏJ, (3) 

which expresses the statement that if one moves with the molecules in 
/6-space the change of / is due to the gains and losses because of the 

17 TP 
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collisions with other molecules. In (3), a is the acceleration due to an 
outside potential U(r); the indices of/ indicate the velocity variables 
only, so that for instance/' =f(r9 v', t); the four velocity variables refer 
to the velocities of the binary collision 

(y,vi)^(v',v'i); 0 = | v - v i | = | v ' - v i | 

is the relative velocity, which in a collision turns over an angle 6 in the 
solid angle dû, and finally I(g, 6) is the differential cross-section which is 
uniquely determined by the force law <j>(r). Since <j)(r) has a finite range 
rQ9 the total cross-section 

er = jdClIfaO) (4) 

is also finite. 
I will postpone the critical discussion of (3), and first concentrate on 

its mathematical aspects. Since the famous paper of Hilbert[1] in 1910, 
the Boltzmann equation has received rather little attention from the 
mathematicians, and it is therefore perhaps worth while to point out 
some basic problems which are still unsolved. 

In the first place, the classical arguments of Boltzmann, by means of 
the üT-theorem, have made it extremely plausible that any initial 
distribution /(r, v, 0) will go over for t-+co into the equilibrium or 
Maxwell-Boltzmann distribution: 

/0 = ^eSp{-/?[^+*7(r)]}, (5) 

where the constants A and ß are determined by the total number of 
particles and the given total energy. These arguments, which occupy a 
central position in the explanation of the laws of thermodynamics, are 
quite convincing to the physicist, but it must be admitted that they lack 
rigor mainly because they presuppose the existence and the unicity of 
the solution of the initial value problem. Let me put therefore as: 

Problem I. Show that with 'appropriate' conditions for r, v -> oo and 
for 'sufficiently general' outside potentials U(r)9 the initial value 
problem for equation (3) has a unique solution, which for £-»oo 
approaches (5). 

For the spatially uniform case (U s 0;/function of v and t alone) and 
for elastic spheres (I(g9 6) = constant) Carleman[2] has given a rigorous 
proof. The extension to other force laws is, I think, straightforward, 
but the generalization to the spatially non-uniform case seems far from 
obvious. 
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3. The linearized Boltzmann equation 

For the case of a small disturbance of the equilibrium state it is natural 

t 0 p U t : / - / . ( l + *(r,v,t)), (6) 

and to neglect the quadratic terms in h. One then gets the linearized 
Boltzmann equation 

~S(h) + C(h). (7) 

Consider first again the spatially uniform case. To solve the initial value 
problem, it is clearly of interest to find the eigenfunctions ifr{ and eigen­
values Â  of the collision operator C, defined by 

cm = hfi- (8) 
Some properties are quite obvious. There are five zero eigenvalues, 
corresponding to the eigenfunctions 1, v, v2. This is a consequence of 
the five conservation laws during a collision. All other eigenvalues must 
be negative, which follows from the inequality : 

p \dvfoMfiXO- (») 

Because of the isotropy of G9 the eigenfunctions must have the form: 

using polar co-ordinates in velocity space. In one case (for so-called 
Maxwell molecules for which gl(g, 6) = F(d)) the ^ri and Xi have been 
found explicitly, but in general very little is known. I t is very likely 
that the spectrum is bounded from below if the total cross-section a is 
finite, which is the interesting case. Partially surmising, I put as: 

Problem II. Show that the linearized collision operator has a discrete 
eigenvalue spectrum \ t < 0 which is bounded from below. 

Clearly, knowing the ijri and Xi9 one can solve the initial value problem 
in the spatially uniform case by developing h(v, t) in the i/ri} and one gets 

Ä t o O - Z ^ e V ^ v ) , (10) 
i 

where the ci are determined from A(v, 0). Because of Xi < 0, (10) shows 
the relaxation of the disturbance h to zero. 

Again the spatially non-uniform case is much more complex, because 
of the different nature of the operators S and G. I only want to mention 

17-2 
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one problem, namely the propagation of sound. If the intensity is small, 
sound is a small disturbance and should therefore be described by (7). 
Because of the existence of a sound velocity, one might perhaps think 
that equation (7) has propagation character in the sense that the solution 
h(v, v, t) of the initial value problem at any t depends only on the initial 
values in & finite domain. I do not think that this can be true rigorously, 
because the sound velocity is not a limiting velocity, and there is, in fact, 
no limiting velocity. But in an approximate sense, for sufficiently 
'smooth' initial distributions, it must be so. Although rather vague, 
let me put therefore as: 

Problem III. Show that the solutions of the linearized Boltzmann 
equation have in some approximate sense propagation character. 

Dr Wang Chang and I[3] have approached the problem of the sound 
propagation by seeking solutions of (7) of the form: 

Ä = Ä0(v)e^-^>, (11) 

corresponding to a wave in the +z direction. Equation (7) becomes, 
supposing a = 0, u m . , ,. ox 

i(a)-(Tvz)h0 = C(h0). (12) 

Developing h0 in the eigenfunctions of G leads to an infinite set of homo­
geneous linear equations. Putting the infinite determinant equal to 
zero gives a relation between a) and cr, which expresses the dispersion 
law for the gas. Breaking off the determinant, using only the eigenfunc­
tions rjr{ corresponding to the zero eigenvalues, gives a) = VQ(r, where 
VQ = (5kTj3m)i is the well-known sound velocity. Taking in successively 
more and more eigenfunctions shows that the velocity V = (ojcr^ where 
a1 is the real part of cr (or = cr1 — ior2), increases monotonically with 
increasing o). There is now, as to be expected, also absorption of the 
sound wave, given by cr2, and this also increases with (o. Unfortunately, 
we were unable to discuss the convergence of this procedure, I will 
therefore omit the details and only put as: 

Problem IV. Find the dispersion law for a disturbance of the form 
(11), and show that both the velocity and the absorption coefficient go 
to infinity if a) -> oo. 

The second part of this problem is of course a surmise. I t is perhaps 
of interest to mention that the experiments of Greenspan[4] seem to 
agree ; at the highest frequencies the sound velocity in helium was already 
three times V0. 



PROBLEMS IN STATISTICAL PHYSICS 261 

4. The Chapman-Enskog expansion 

The usual description of the macroscopic properties of a gas is by 
means of the hydrodynamic equations, and the question therefore arises 
how these equations are contained in the Boltzmann equation. This 
question was answered in the dissertation of Enskog in 1917, which was 
inspired by Hilbert. Chapman, using another method which goes back 
to Maxwell, arrived at the same conclusions. I will give a short sketch 
of this theory, and I want to emphasize the mathematical features, 
which are very curious and I think quite fundamental. Further details 
can be found in the monograph of Chapman and Cowling[5]. 

Let us go back to the Boltzmann equation and the problem of the 
approach to equilibrium. Physically one expects that this approach 
proceeds so to say in two stages. Because of the collisions any initial 
distribution will reach very quickly (in a time of the order of the mean 
free time t0 = À/vav) a local Maxwell distribution 

*m i m \* r ^(v-u)2"i 

where n, u and T (the macroscopic variables) are still functions of r and t. 
Note the difference between (13) and the complete equilibrium dis­
tribution (5). In the second stage the slow relaxation of the macroscopic 
variables to their equilibrium values takes place, and it is this stage which 
we want to follow more in detail. To do this, put 

/= /«»[ l + çKr,v,*)] (14) 

in the Boltzmann equation. In the collision term, keep only terms linear 
in çS, while in dfjdt and in the streaming terms one puts only/(0). Thus one 
gets the inhomogeneous, linear integral equation 

(H' 
J(4) = jdVijdQglü, 6) (f+ &-<£- fa)fW>. 

(15) 

The homogeneous equation J(<fi) = 0 has the five solutions 1, v and v2, 
which I will call ç5̂ . Ih order that (15) has a solution the left-hand side 
must be orthogonal to the ^ . These solubility conditions turn out to 
be the ideal fluid or Euler equations for n, u and T with^ = nkT. These 
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conditions allow us to express the time derivatives of the macroscopic 
variables in terms of their spatial derivatives, and one then finds that 

where Ui = vi — ̂  is the thermal velocity and 

is the rate of deformation tensor. With (16) as the left-hand side, equa­
tion (15) has a solution which is also unique if we require that 

/ • 
</>J^dv = 0, 

which means that the macroscopic variables must be determined from 
/<°> alone. 

With the solution for <f> one can then calculate the stress tensor P^ 
and the heat flux qi9 for which one finds the well-known Newton and 
Fourier laws: D . 0 /r> m * \ -

dT (17) 

but with known values for the viscosity and heat conduction coefficients 
[i and v. They are expressed in terms of the cross-section I(g, 6), and can 
therefore be computed if the force law between the molecules is known. 
With (17) one can then 'correct' the Euler equations and one obtains 
the 'second order' or Navier-Stokes equations. Let me conclude this 
sketch with a number of remarks. 

(1) This is a successive approximation method which can be con­
tinued. The development parameter is of the order of the relative change 
of the macroscopic variables over a mean free path. For instance: 
(À/Î7) grad T. I will call this parameter the uniformity parameter. It can 
also be looked upon as the ratio tQj& of the mean free time t0 to a macro­
scopic relaxation time ©. 

(2) One obtains in this manner a solution of the Boltzmann equation 

of the form f = fm(r>y \n,u,T)+f»(r9v \ n,u,T) + ..., (18) 

where each approximation/^ is a function of r, v and of the macroscopic 
variables n9 u, T and their spatial derivatives; ßk) does not depend on 
the time explicitly. The time dependence is completely governed by the 
time dependence of the macroscopic variables, and these are determined 
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by the hydrodynamic equations of successive order, which are of the 
form ~ 

ou. 
-^ = F?>(r | n, u, T) + Vf(t \n,u,T) + ..., (19) 

and analogously for n and T. Here, again, the successive approxima­
tions Vf do not depend on the time explicitly. 

(3) The curious mathematical feature of the solution is therefore that 
the whole temporal development is determined by giving the initial 
values of n, u, T, which are the first five moments (in velocity) of the 
distribution function/, while from the Boltzmann equation itself follows 
that one needs the whole initial distribution function. Since Hilbert 
pointed out this feature of the solution one may perhaps call it the 
Hilbert paradox. 

(4) Physically, one must expect of course that an initial distribution 
in a time of order tQ relaxes to a solution of the form (18), whatever the 
initial distribution is. Or one can say, that after a time t0 (initial chaotiza-
tion period) a contraction of the description of the state of the gas is 
possible, in which the temporal development will be determined by 
many fewer variables. And the reason that these variables are n9 u 
and T is clearly because they correspond to the five quantities 1, v and 
v2 which are conserved in a collision. Therefore, the collisions cannot 
affect the n9 u and T directly. They change with time only 'secularly', 
and after a while they therefore completely govern the temporal 
development. 

(5) All this, although I think very plausible, is of course not proved ! 
Let me therefore put as: 

Problem V. In which precise sense is the solution of the initial value 
problem of the Boltzmann equation approximated by the Chapman-
Enskog expansion (18), and what is the nature of the convergence of 
this expansion? 

5. The general kinetic equation of Bogolyubov 
Let me return now to the derivation of the Boltzmann equation. I t 

has been clear for a long time that in the usual derivation one uses, 
besides the laws of mechanics, a probabilistic assumption about the 
number of binary collisions, the so-called Stosszahl Ansatz173. I t is this 
assumption which produces the irreversible behavior of the gas. A more 
fundamental derivation should, in my opinion, clarify the relation 
between the mechanical and the probabilistic assumptions, and in 
addition it should show the limits of validity of the Boltzmann equation 



264 G. E. UHLENBECK 

and indicate how to generalize the equation, especially for denser gases 
where triple and higher order collisions can no more be neglected. 
I think that all this has in principle been achieved by the work of 
Bogolyubov[6]. Before giving you a short sketch, let me first make some 
general remarks. 

Since probability theory always connects some given probabilities 
with other, derived probabilities, it is clear that some probability 
assumptions have to be made. Since the main concern is always the 
development of the system in time, I think the only proper place for 
probabilistic assumptions is for the initial state of the system. From 
then on only the laws of mechanics should be used. In addition, one is 
really only interested in such systems, where the temporal development 
soon becomes independent of the initial assumptions. One wants to know 
how the initial information gets lost, how the system gets 'mixed up', 
and one expects that this process will to a great extent be independent 
of the initial state. I think that only in this sense can probabilistic 
descriptions for the whole mechanical system (the ensembles of Gibbs) 
be expected to describe the temporal development of a single given 
system. 

Leaving the philosophy, in our case of a system of N particles with 
known interactions in a volume V, the state of the whole gas must be 
described by the probability distribution DN(xl9x2, ...,xN, t) in the 
phase space (r-space) of the gas. DN is a symmetric function of the 
x1...xN and xi = ri9 p^ denotes the co-ordinates and momenta of the ith 
molecule. DN changes with time according to the Liouville equation 

d-^ = {HN,DN), (20) 

where the brackets denote the Poisson brackets, and HN is the Hamil-
tonian of the whole gas of N particles. From (20) follows by integration 
a hierarchy of equations for the partial distribution functions 

Fs = Vsf... fl>Ndxs+1... dxN9 

which has been derived by many authors. One finds 

^ = {HS,FS} + 1 jdx^iftfa-r^F^, (21) 

where v = lim VjN for N and V -> oo. 
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The Liouville equation (20) or the hierarchy (21), to which it is equi­
valent, embodies the mechanical assumptions, and is so to say the basic 
equation of statistical mechanics. For a bounded system one knows (or 
better one expects) that any initial distribution DN(xv ...9xN,0), will 
approach (in the coarse-grained sense) the microcanonical or uniform 
distribution over the energy surface, which describes the equilibrium 
state. It seems that for any given process one would have to know DN(0) 
and it is often said that .£^(0) should be chosen so as 'to correspond with 
our initial macroscopic knowledge of the system'. But the authorities 
are silent about how this should be done, and I thought for a long time 
that this was an essential gap in the theory. The answer is, I think, that 
one is interested only in those phenomena which are independent of 
DN(0). To see how this can come about we have first to look for the basic 
relaxation times. In our case there are three of such times: the time of a 
collision r ~ fo/̂ av. (ro = r a n ge of molecular forces), the time between 
collisions t0 ~ A/#av, and the macroscopic relaxation time 

@~^Kv.gradf> 

if i]r is a macroscopic quantity. In the usual situations and for not too 
dense gases r < t0 <̂  0. 

Now one can expect, following Bogolyubov, that after an initial 
chaotization time of order r and for any DN(0) a stage is reached— 
Bogolyubov calls it the kinetic stage—in which the further temporal 
development of the gas is determined completely by the temporal change 
of the first distribution function Fx(x, t), which in turn is governed by an 
equation of the form: „ 

^ = A{x\F1), (22) 

where A depends functionally on Fx but does not depend on the time. 
Ail the higher distribution functions depend on the time only through 
Fx and have therefore the form 

F. = FJp1...x,\FJ. (23) 

To elucidate, let me again make a number of remarks. 
(1) Equation (22) represents a contraction of the description of the 

state of the gas, which is quite analogous to the Chapman-Enskog 
solution of the Boltzmann equation, which describes the second or 
hydrodynamical stage of the total relaxation process. Just as in the 
Chapman-Enskog solution one develops in the uniformity parameter, 
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Bogolyubov develops the functionals A and Fs in powers of Ijv (virial 
development): 

A(x | Fx) = A0(x 111)+-vA1(x | FJ+±A2(x \F1) + , 

Fs = Ff\x1...xs\F1)+lF£\x1...xs\F1)+.... 
(24) 

Just as the uniformity parameter is ~ t0j®, one easily sees that the 
dimensionless parameter in (24) is ~ TJt0. 

(2) That in the kinetic stage Ft is the basic 'secular' variable, which 
governs the temporal development, is because of the fact that the inter-
molecular forces do not affect F1 directly. Only for s > 2 the 'drift' 
term {Hs, F-,} in (21) contains the intermolecular force so that Fs (s ^ 2) 
will change quickly in a time of order T. The equation for s = 1, which 
can be written as 

d_F\ 
dt 

-&^4 Uf^i;-^!)^^')- (25) 
mdra vj ^ J dra dpa 

contains the intermolecular force <f> only in the 'collision' term under 
the integral sign, so that Fx will change much more slowly. 

(3) Bogolyubov actually succeeded in finding solutions of the form 
(22), (23), (24) by a method which is again quite similar to the method 
of Enskog for the Boltzmann equation. I have only time to say that one 
finds that A0(x \ Ft) is the drift term S(Ft) in the Boltzmann equation; 
Ax(x | Fx) becomes the collision term if the spatial non-uniformity of Fx 

over a distance of order r0 can be neglected; A2(x \ F±) contains as 
expected the triple collisions, etc. 

(4) Just as with the Chapman-Enskog expansion there remains: 
Problem VI. In which precise sense is the solution of the initial value 

problem of the Liouville equation approximated by the Bogolyubov 
expansion, and what is the nature of the convergence of this expansion? 
I think it may very well be that the sense of the approximation in this 
case is quite different from the way the solution of the Boltzmann 
equation is approximated by the Chapman-Enskog expansion, because 
of the different nature of the Liouville operator. Perhaps one gets the 
Bogolyubov expansion only by an averaging or coarse-graining pro­
cedure, while the Chapman-Enskog expansion is actually reached 
asymptotically. 

Let me conclude by saying that in my opinion the successive con­
traction of the description of the temporal change of the state of the 
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system is the essential feature of non-equilibrium statistical mechanics. 
It is the reason why there is no general method for treating the so-called 
irreversible processes analogous to the partition function method for the 
equilibrium phenomena. Everything depends on what are the basic 
relaxation times and on their relative spacing, and for each case the 
proper contraction of the temporal description has to be investigated. 
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ENTWICKLUNGSLINIEN IN DER STRUKTUR­

THEORIE DER E N D L I C H E N GRUPPEN 

Von H. WIELANDT 

Vor wenigen Jahrzehnten schien die Theorie der Gruppen von endlicher 
Ordnung sich einem Zustand der Erschöpfung und Unfruchtbarkeit 
zu nähern. Es fehlte zwar nicht an bedeutenden Problemen; es sei nur 
an die bis heute nicht bewältigte Aufgabe erinnert, alle einfachen 
Gruppen endlicher Ordnung zu bestimmen. Aber es fehlte an Methoden, 
die auch nur einen aussichtsreichen Ansatz zur Behandlung dieser 
Probleme hätten bieten können. Andererseits kann man auch sagen, 
daß es nicht an Methoden fehlte; es standen u. a. schöne Methoden von 
Holder, Jordan, Frobenius, Burnside und Schur zur Verfügung. Aber 
es schienen die Probleme erschöpft, die diesen Methoden zugänglich sind. 

Die Lage hat sich geändert und zwar von beiden Seiten her. Einerseits 
sind neue Hilfsmittel entwickelt worden, die mit ihrem kraftvollen, 
umfangreichen technischen Apparat zu ermutigenden Ergebnissen 
insbesondere über einfache Gruppen und über Gruppen von Primzahl­
potenz-Ordnung geführt haben; auf diese mit modularen Darstellungen 
und Lie-Ringen zusammenhängenden Methoden soll hier nicht einge­
gangen werden; das ist 1954 in Amsterdam durch Brauer und auf dem 
gegenwärtigen Kongress durch Higman und Chevalley geschehen. Es 
soll vielmehr gezeigt werden, wie auf der anderen Seite die den älteren 
Methoden zugänglichen Fragenkreise sich in den letzten drei Jahr­
zehnten erweitert haben. Wir beschränken uns dabei auf zwei zentrale 
Probleme, die mit den Stichworten arithmetische Struktur und Normal­
struktur bezeichnet werden können. 

Die Frage nach der arithmetischen Struktur einer Gruppe G betrifft 
das Verhalten von G bezüglich gegebener Primzahlen. Man untersucht 
vor allem Untergruppen, die durch arithmetische Extremaleigenschaften 
ihrer Ordnung ausgezeichnet sind. Ein bekanntes Beispiel ist der gleich 
zu erwähnende Satz von Sylow. 

Bei der Normalstruktur von G handelt es sich um die Normalteiler 
von G und ihre Faktorgruppen ; allgemeiner untersucht man Normalreihen 

G = G°>G1>G2> ...>Gl= 1, (1) 

in denen jede Gruppe normal in der vorangehenden ist, und die zu­
gehörigen Faktorgruppen j u = grA-i/grA 
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Hierher gehört z.B. der klassische Satz von Jordan und Holder: Die Fk 

sind bis auf Isomorphie und Reihenfolge allein durch G bestimmt, 
wenn die Normalkette eine Kompositionsreihe, d.h. nicht mehr zu 
verfeinern ist. Insbesondere sind dann die Indizes \Gx~xjGx\ eindeutig 
bestimmt; sie heißen die Kompositionsindizes von G. 

Zwischen beiden Fragenkreisen sind in den letzten Jahrzehnten 
überraschende Wechselbeziehungen entdeckt worden, vor allem durch 
Philip Hall. Über diese Entwicklung soll im folgenden ein Überblick 
gegeben werden an Hand einiger einfach zu formulierender, typischer 
Sätze. Wir beginnen mit Aussagen über die arithmetische Struktur. 

1. Sylowsätze 

Wir erinnern an den grundlegenden Satz von Sylow (1872): 
Die Ordnung der Gruppe G habe die Primfaktorzerlegung \G\ = Upa. 

Dann enthält G wenigstens eine Untergruppe Gp der Ordnung pa; je zwei 
solche Untergruppen sind in G konjugiert: Gp = g~xGpg. Jede Unter­
gruppe einer Ordnung pß ist in wenigstens einer der Gruppen Gp enthalten. 

Die Gruppen Gp heißen die zur Primzahl p gehörigen Sylowgruppen 
oder kurz die p-Sylowgruppen von G. Ihre Bedeutung hegt darin, daß 
in ihrer Struktur und Lage das Verhalten von G bezüglich der Primzahl 
p zum Ausdruck kommt. 

Obwohl die Bedeutung des Satzes von Sylow sofort erkannt wurde, 
dauerte es mehr als 50 Jahre, bis ein wesentlicher Fortschritt in der durch 
Sylow eingeschlagenen Richtung erzielt wurde. Und zwar gelang dies 
1928 Hall in einer Arbeit, die den Anstoß zu einer heute noch nicht 
abgeschlossenen Entwicklung gab. Der Fortschritt bestand darin, daß 
Hall mehrere Primzahlen gleichzeitig in Betracht zog. Es sei o) irgend 
eine Menge von Primzahlen. Man nennt eine Untergruppe H von G eine 
(ù-Gruppe, wenn ihre Ordnung die Gestalt \H\ = Tl pß (ß i^ 0) hat. Es 

p€.(0 

ist dann \H\ S II #a> wobei a den Exponenten von p in \G\ bezeichnet. 
p£(0 

Wenn in dieser Ungleichung das Gleichheitszeichen gilt, so wollen wir 
H nach einem üblich gewordenen Sprachgebrauch eine a)-Hallgruppe 
von G nennen. Hallgruppen sind diejenigen Untergruppen, deren Index 
zu ihrer Ordnung teilerfremd ist. 

Für eine gegebene Gruppe G und eine Primzahlmenge o) kann es 
eintreten, daß G wenigstens eine w-Hallgruppe enthält, daß ferner je 
zwei solche Gruppen in G konjugiert sind und daß jede a>-Untergruppe 
von G in einer w-Hallgruppe von G enthalten ist. In diesem Fall wollen 
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wir kurz sagen: In G gilt der co-Sylowsatz. Beispielsweise gilt in jeder 
Gruppe G für jede Primzahl p der ^-Sylowsatz. 

Besteht o) aus mehr als einer Primzahl, so braucht der w-Sylowsatz 
in G nicht zu gelten. Genauer: G braucht keine w-Hallgruppe zu enthalten 
(z. B. gibt es in der kleinsten einfachen Gruppe, der Ikosaedergruppe der 
Ordnung 60, weder eine {2,5}-Hallgruppe noch eine {3,5}-Hallgruppe). 
Wenn es mehrere w-Hallgruppen gibt, so brauchen sie nicht konjugiert 
zu sein. Und selbst wenn dies eintritt, braucht nicht jede ^-Untergruppe 
von G in einer w-Hallgruppe von G enthalten zu sein; hierfür gibt wieder 
die Ikosaedergruppe ein Beispiel mit (o = {2,3}. 

Aber in auflösbaren Gruppen G gelten alle diese Aussagen. Das ist 
die Entdeckung von Hall[4]: 

Ist G auflösbar und a) beliebig, so gilt in G der co-Sylowsatz. 
Man kann sagen, daß dieser Satz einen Einfluß der Normalstruktur 

auf die arithmetische Struktur erkennen läßt. Denn die Voraussetzung 
der Auflösbarkeit bedeutet, daß alle Kompositionsindizes von G Prim­
zahlen sind, m. a.W. daß G eine Normalreihe mit abelschen Faktor­
gruppen Fx besitzt. 

Der Beweis ist ein einfacher Induktionsschluß ausgehend von dem 
klassischen Satz von Sylow. 

Der Satz von Hall legt den Wunsch nahe, die Voraussetzung der 
Auflösbarkeit von G abzuschwächen. In dieser Richtung hat Öunihin 
seit 1943 eine längere Reihe von Untersuchungen veröffentlicht. Sie 
behandeln die folgende Frage: Es sei eine Normalreihe (1) irgend einer 
endlichen Gruppe G gegeben, und es sei etwas über w-Hallgriippen der 
einzelnen Faktorgruppen Fx bekannt. Was kann man dann über w-Hall-
gruppen von G sagen? Bei diesen Untersuchungen wurde Öunihin auf 
einen wichtigen neuen Begriff geführt. Er nennt eine Gruppe w-auflösbar, 
wenn jeder ihrer Kompositionsfaktoren entweder eine Primzahl aus o) 
oder durch keine Primzahl aus o) teilbar ist. Mit anderen Worten: 
Versteht man unter o)' die zu o) komplementäre Menge von Primzahlen, 
so heißt G dann w-auflösbar, wenn G eine Normalreihe besitzt, in der 
jede Faktorgruppe entweder eine («/-Gruppe oder eine abelsche (o-
Gruppe ist. (Eine auflösbare Gruppe ist also ^-auflösbar für jede Prim­
zahlmenge o).) Öunihin[2] beweist die folgende Verallgemeinerung des 
Satzes von Hall: 

G sei o)-auflösbar. Dann gilt in G sowohl der oj-Sylowsatz wie der 
0)'-Sylowsatz. 

Der Beweis beruht auf einem Satz von Zassenhaus, der aus der 
Erweiterungstheorie stammt und später erwähnt werden wird. 
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In einer anderen Richtung als Hall und Öunihin hat Wielandt 1954 
den Satz von Sylow erweitert. Es wird nichts über Normalreihen 
vorausgesetzt, dafür aber die Existenz einer w-Hallgruppe von spezieller 
Struktur gefordert[11]: 

Wenn G eine nilpotente oj-Hallgruppe enthält, so gilt in G der 
co-Sylowsatz. 

Dabei heißt eine Gruppe nilpotent, wenn sie das direkte Produkt 
ihrer Sylowgruppen ist. Diese zunächst vielleicht unangemessen stark 
erscheinende Voraussetzung kann, wie Baer[1] und andere gezeigt 
haben, durch verwandte, etwas schwächere Voraussetzungen ersetzt 
werden. Doch kann man hier nicht mehr viel einsparen; z. B. weiß man, 
daß die Voraussetzimg der Auflösbarkeit der w-Hallgruppe nicht 
ausreicht. 

Über den ganzen Fragenkreis der o>-Sylowsätze hat Hall 1956 eine 
inhaltreiche Übersicht gegeben. Das wichtigste seiner neuen Resultate 
besagt: 

Gegeben sei eine Nformalreihe (1) von G. In der obersten Faktorgruppe 
F1 gelte der (o-Sylowsatz, und die oj-Hallgruppen von F1 seien auflösbar; 
jeder andere Faktor Fx enthalte eine nilpotente (o-Hallgruppe. Dann gilt 
in G der aj-Sylowsaiiz. 

Dieser Satz umfaßt sowohl den Satz von Wielandt als auch mehrere 
Ergebnisse von Öunihin. Nahehegende Fragen sind noch offen; z.B.: 
Gilt der w-Sylowsatz in G genau dann, wenn er für jeden Faktor Fx einer 
Normalreihe von G gilt? 

Wir gehen nun zu Aussagen über die Normalstruktur über und be­
ginnen mit der Betrachtung eines einzelnen Normalteüers. 

2. Gruppen-Erweiterung 

Gegeben seien 5 wei Gruppen N und F. Wie konstruiert man die 
Erweiterungen von N mit F, das heißt diejenigen Gruppen G, die N als 
einen Normalteiler mit der Faktorgruppe GjN ^ F enthalten? 

Dieses Erweiterkngsproblem ist seit Holder (1895) mehrfach bear­
beitet worden. Wir wollen mit der Erörterung einer besonders einfachen 
Situation beginnen: Die zu untersuchende Erweiterung G soll zerfallen, 
d. h. ein Komplement zu N enthalten. Ein Komplement C zu N in G 
ist durch die beiden folgenden Forderungen erklärt: 

(i) C ist Untergruppe von G ; 
(ii) G enthält aus jeder Nebenklasse von N in G genau ein Element. 
Wenn es in G ein Komplement G zu N gibt, so ist G £ F, und jedes 
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Element g von G läßt sich eindeutig in zwei Komponenten aus N und 
C zerlegen: . __ ^, 

g = nc (neN, ceC). 
Das Rechnen mit diesen Komponenten gestaltet sich einfach wegen der 
Normalität von N: . 1x, x 

Öri9r2 = K-Ci^ 2 Ci 1 ) (c 1 c 2 ) . 

Hiernach kennt man die Multiplikationstafel von G, sobald man die 
Tafeln von G (d. h. von F) und von iV" kennt und sobald man außerdem 
weiß, welche Automorphismen der Normalteiler N bei Ähnlichkeits­
transformation mit den Elementen aus G erleidet. Dies führt zu einer 
durchsichtigen Konstruktion der zerfallenden Erweiterungen. 

Es erhebt sich die Frage, wann eine vorgelegte Erweiterung zerfällt 
und wie man alle Komplemente findet. Zum letzten Punkt ist zu bemer­
ken, daß jede zu einem Komplement konjugierte Untergruppe von G 
wieder ein Komplement zum selben Normalteiler ist. Wir formulieren 
daher das Komplementenproblem: Gegeben sei ein Normalteiler N von G. 
Wann enthält G wenigstens ein Komplement G zu N, und wann sind 
zwei gegebene Komplemente G, G zu N in G konjugiert? 

Zu diesem Problem hat Gaschütz 1952 einen wichtigen Beitrag 
geliefert. Sein Satz[3] kann in etwas vervollständigter Form so ausge­
sprochen werden: 

Sei N ein abelscher Normalteiler von G. 
(a) Genau dann gibt es ein Komplement zu N in G, wenn es für jede 

Primzahl p ein Komplement zuGpr\N in Gp gibt. Dabei bedeutet Gp eine 
p-Sylowgruppe von G. 

(b) Zwei Komplemente G, C von N in G sind genau dann konjugiert 
in G, wenn für jede Primzahl p die p-Sylowgruppen Cp und Op in G 
konjugiert sind. 

Dieser Satz führt das Komplementenproblem im Fall eines abelschen 
Normalteilers auf die Untersuchung von ̂ -Gruppen zurück. Ein Sonder­
fall des Satzes von Gaschütz war schon 1937 von Zassenhaus gefunden 
worden. Zassenhaus setzt voraus, daß N eine Hallgruppe von G ist. In 
diesem Fall sind die Durchschnitte Gpr\N entweder gleich Gp oder 
gleich 1, und die Bedingungen von Gaschütz sind stets erfüllt. Es gibt 
also stets Komplemente, und je zwei Komplemente sind konjugiert. 
Darüber hinaus hat Zassenhaus bemerkt, daß man durch einen Induk­
tionsschluß die Einschränkung auf abelsche Normalteiler mildern kann. 
Der vollständige Satz von ZassenhausC14] lautet: 

(a) Sei N normal in G und (\N\, \GjN\) = 1. Dann gibt es in G ein 
Komplement zu N. 
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(6) Sei N oder GjN auflösbar. Dann sind je zwei Komplemente zu N 
in G konjugiert. 

Zassenhaus gibt gute Gründe für die Vermutung an, daß die Voraus­
setzung der Auflösbarkeit überflüssig ist. 

Es wäre schön, wenn man beim Satz von Gaschütz die Voraussetzung 
der Kommutativität von N streichen könnte. Leider ist das nicht 
möglich. Wie Gegenbeispiele zeigen, wird der Satz schon dann falsch, 
wenn man Kommutativität durch Nilpotenz ersetzt. Die Aufgabe 
erscheint wichtig, das Komplementenproblem für nilpotente Normal­
teiler zu lösen. Wie sich nämlich unten zeigen wird, würde man daraus 
auch Nutzen für den Fall eines behebigen Normalteilers ziehen können. 

Wir müssen hier eine Bemerkung über den Beweis der Sätze von 
Zassenhaus und Gaschütz einschalten. Er benutzt die sogenannten 
Faktorensysteme. Auf diese wird man in folgender Weise geführt: Wenn 
es in G kein Komplement zu N gibt (wenn also die beiden Forderungen 
(i) und (ii) nicht gleichzeitig erfüllt werden können), oder wenn man kein 
Komplement kennt, so kann man doch stets (ii) erfüllen, indem man 
auf (i) verzichtet. Man braucht nur aus jeder Nebenklasse von N in G 
einen Vertreter cp auszuwählen (l ^ p S \GjN\). Die Abweichung des 
gewählten Vertretersystems G = {cp} von der Gruppeneigenschaft macht 
sich dann dadurch bemerkbar, daß in den Gleichungen 

CpCa- = npa-Cpa-

Faktoren npa. 4= 1 auftreten; dabei bedeutet cpa. den Vertreter der Neben­
klasse NCpCç., und es ist npa.eN. Derartige Faktorensysteme {np(r} sind 
in einem Sonderfall (nämlich N im Zentrum von G) 1904 von Schur und 
in voller Allgemeinheit 1926 von Schreier eingeführt worden. Die 
Faktorensysteme genügen auf Grund der Assoziativität der Multi­
plikation in G einer gewissen Funktionalgleichung. Leider ist diese 
Gleichung nur im Fall der Kommutativität von N handlieh genug, um 
wesentliche Aussagen über die Struktur von G zu hefern. Daran hat 
auch die im letzten Jahrzehnt erfolgte Einordnung der Faktoren­
systeme in die Kohomologie-Theorie (für die wir auf Kurosh[9] verweisen) 
bisher nichts geändert. Eine weitere Schwierigkeit hegt darin, daß die 
Faktorensysteme durch die erwähnte Funktionalgleichung eng mit der 
(im allgemeinen schlecht bekannten) Automorphismengruppe von N 
zusammenhängen und keine unmittelbare Beziehung zu der besser 
bekannten Struktur von N selbst (etwa den Sylowgruppen und Normal­
teilern von N) haben. 

Zur Umgehung dieser Schwierigkeiten schlug Hall 1940 einen Weg 
l 8 TP 
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ein, der dem Erweiterungsproblem eine neue Wendung gab. Während 
Schreier auf die Gruppeneigenschaft des Vertretersystems (Forderung 
(i)) verzichtet und die Eindeutigkeit (Forderung (ii)) verlangt, geht Hall 
gerade umgekehrt vor. Mit anderen Worten: Hall sucht in einer Gruppe 
G mit Normalteiler N nach Untergruppen S mit der Eigenschaft 

G = NS. (2) 

Wir wollen eine solche Untergruppe S kurz ein Supplement zu N in 
G nennen. Es existiert stets ein triviales Supplement, nämlich S = G. 
Wenn ein nicht triviales Supplement existiert, so liefert die (nicht mehr 
eindeutige) Zerlegung n , AT 0\ 

ö ' ö & g — ns (neN, s e S) 
eine Reduktion des Erweiterungsproblems, nänüich von G auf die 
kleinere Gruppe S. Die Reduktion ist um so stärker, je kleiner S ist, 
d.h. je kleiner der Durchschnitt Sr\N = T ist; genau wenn T = 1 ist, 
ist S ein Komplement von N. Es kommt also darauf an, kleine Supple­
mente zu suchen. Hall hat dies unter der zusätzlichen Voraussetzung 
durchgeführt, daß der Normalteiler N auflösbar ist. Es ist nicht schwer, 
seinem Gedanken eine allgemein anwendbare Form zu geben. Das 
geschieht im folgenden. 

Angenommen, wir hätten in N ein System S von Untergruppen oder 
Komplexen Jl9 J%,...,Jr mit folgenden Eigenschaften gefunden : Zu jedem 
Automorphismus T von N gibt es einen inneren Automorphismus von 
N, der auf das System die gleiche Wirkung wie r hat; d. h. zu r existiert 
ein neN mit n~xJpn = Jp (p = 1,...,r). Ein solches System S nennen 
wir intravariant in N. Ist dann G eine behebige Erweiterung von N und 
verstehen wir unter S den Normalisator von S in G, also 

S = {s \s € G, s-^s = Jt, ..., S^JyS = Jr}, 

so ist S eine Untergruppe von G, die wegen der Intravarianz von S die 
Eigenschaft (2) hat. Der Durchschnitt S n N = T ist normal in S, und 
wegen (2) ist SjT ^ GjN £ F; daher ist S eine Erweiterung von T mit F. 
Um also alle Erweiterungen von N mit F zu erhalten, hat man gewisse 
Erweiterungen S der festen Untergruppe T von N mit F zu bilden und 
diese, kurz gesagt, gemäß (2) mit N zu verschmelzen. Die letzte Aufgabe 
wird dadurch erleichtert, daß die von S bewirkten Automorphismen von 
N jede einzelne der Untergruppen J in sich überführen. 

Die Gruppe T = S nN ist nichts anderes als der Normalisator des 
Systems S in N. Also wird man S so zu bestimmen suchen, daß der 
Normalisator klein ist und eine durchsichtige Struktur hat. Hier sind 
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die Sylowsätze von Nutzen. Denn wenn in N der w-Sylowsatz gilt, so 
ist jede w-Hallgruppe intravariant in G. Und es ist leicht zu zeigen: 
Wenn jede einzelne der Gruppen Jv J2,..., Jr intravariant in N ist und 
wenn außerdem ihre Indizes in N paarweise teilerfremd sind, so ist das 
ganze System S = {Jly J2, ...,Jr} intravariant in N. Da in dem von Hall 
betrachteten Fall N auflösbar ist, kann Hall für die Jp ein vollständiges 
System von ̂ -Hallgruppen von N nehmen (zu jedem Primteiler pp von 
\N\ eine). Es ist leicht zu sehen, daß die so entstehende Gruppe T stets 
nüpotent ist. Damit erhält Hall den Satz[6]: 

In jeder auflösbaren Gruppe N gibt es eine nilpotente Untergruppe T 
mit folgender Eigenschaft: Man erhält jede Erweiterung von N durch eine 
beliebige Gruppe F, indem man T mit F erweitert und das Ergebnis S mit 
N verschmilzt. 

Den Verschmelzungsprozeß erörtert Hall eingehend. Dabei kommen 
ihm überraschende Eigenschaften der eben konstruierten Gruppe T zu 
Hilfe. (Dieser bis auf einen inneren Automorphismus von N eindeutig 
bestimmte Sylowsystem-Normalisator T dürfte die wichtigste Unter­
gruppe einer auflösbaren Gruppe N sein, abgesehen von der Kom­
mutatorgruppe.) Besonders einfach wird die Theorie, wenn alle Sylow-
gruppen des auflösbaren Normalteilers N abelsch sind. Dann wird das 
Erweiterungsproblem auf den schon ausreichend geklärten Fall eines 
abelschen Normalteilers zurückgeführt durch den folgenden Satz von 
Hall^: 

Ist N ein auflösbarer Normalteiler von G und sind alle Sylowgruppen 
von N abelsch, so gibt es in G zu der Kommutatorgruppe von N ein Kom­
plement S. Der Durchschnitt T = S nN ist abelsch. 

Auf diesem Wege haben Hall[6] und Taunt (1949) die Konstruktion 
und Struktur der auflösbaren Gruppen mit lauter abelschen Sylow­
gruppen untersucht. 

Ist der Normalteiler N nicht auflösbar, so stehen die jp^-Sylowsätze 
nicht zur Verfügung. Es sei jedoch erwähnt, daß man stets zum Ziel 
kommt, indem man für 2 irgend ein maximales in N intravariantes 
System wählt; dessen Normalisator in N ist nämlich, wie aus dem 
klassischen Satz von Sylow folgt, stets nilpotent. Der an vorletzter Stelle 
erwähnte Satz von Hall gilt also sogar für beliebige endliche Gruppen N. 
Der skizzierte Beweis legt die Aufgabe nahe, die maximalen intra-
varianten Systeme in N und ihre Normalisatoren T zu studieren. 
Natürlich kann man von diesen T nicht alle schönen Eigenschaften 
erwarten, die Halls Sylowsystem-Normalisator besitzt; dadurch wird 
die Diskussion des Versehmelzungsprozesses schwieriger werden als 

18-2 
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im Fall eines auflösbaren Normalteilers. Jedenfalls aber hat sich hier 
ein Weg zur Reduktion des allgemeinen Erweiterungsproblems auf den 
Fall nilpotenter Normalteiler eröffnet, der weitere Verfolgung verdient. 
Zur Lösung des verbleibenden Erweiterungsproblems für nilpotente 
Normalteiler würde es nützlieh sein, die Darstellungen einer gegebenen 
Gruppe durch Automorphismen von ^-Gruppen zu studieren; die 
Lösung dieser Aufgabe könnte an die Theorie der modularen Darstel­
lungen anknüpfen. 

3. Normalreihen 

Wie im ersten Teil gezeigt wurde, kann man aus Voraussetzungen 
über Normalreihen von G Aussagen über die Gültigkeit von Sylow-
sätzen in G gewinnen. Es gibt auch Sätze in der umgekehrten Richtung; 
sie hegen meist tiefer. So hat Hall 1937 die Umkehrung seines Satzes 
von 1928 bewiesen[5]: 

Wenn in G jeder oj-Sylowsatz gilt, dann ist G auflösbar. 
Schärfer gilt sogar[5]: 
Eine Gruppe ist genau dann auflösbar, wenn sie für jede Primzahl p 

eine p'-Hallgruppe enthält. 
Der Beweis benutzt einen bisher nur mit Hilfe der Gruppencharaktere 

bewiesenen Satz von Burnside, nach dem jede Gruppe der Ordnung 
paqß auflösbar ist. 

Der zuletzt genannte Satz von Hall ist ein wertvolles Hilfsmittel 
zum Nachweis der Auflösbarkeit von endlichen Gruppen. Eine ähnliehe 
Kennzeichnung der ^-auflösbaren Gruppen ist bisher nicht bekannt. 
Einfache Gegenbeispiele zeigen, daß sich jedenfalls der oben erwähnte 
Satz von Öunihin nicht umkehren läßt; wenn in einer Gruppe sowohl 
der w-Sylowsatz wieder cd'-Sylowsatz gilt, so braucht sie nicht cü-auflösbar 
und ^/-auflösbar, d. h. auflösbar schlechthin zu sein. Die Behauptung 
wird aber richtig, wenn man die Voraussetzung etwas verschärft[13]: 

G enthalte eine o)-Hallgruppe und eine a)'-Hallgruppe, die beide nilpotent 
sind (a) und o)' bedeuten komplementäre Mengen von Primzahlen). Dann 
ist G auflösbar. 

Dieser Satz ist insofern von Interesse, als er nur zwei Hallgruppen als 
bekannt voraussetzt. 

Es ist bemerkenswert, daß Hall und Higman im Zusammenhang mit 
Untersuchungen zu einem Problem von Burnside gezeigt haben, daß 
sogar eine einzige ^-Sylowgruppe schon einen gewissen Einfluß auf 
die Normalreihen von G hat, wenigstens wenn die Gruppe ^-auflösbar 
ist, d. h. wenn jeder Kompositionsindex von G entweder gleich p oder 
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teilerfremd zu p ist. Und zwar kann man, kurz gesagt, Kompositions­
faktorgruppen der Ordnung p auf wenige Strecken zusammenschieben, 
wenn die ^-Sylowgruppe eine einfache Struktur hat. Es sei nur der 
einfachste einer ganzen Reihe von Sätzen erwähntE8]: 

G sei p-auflösbar und besitze eine abelsche p-Sylowgruppe Gp. Dann 
besitzt G eine Normalreihe der Gestalt 

G>K>L>1 mit KjL ~ Gp. (3) 

Der Anteil von p an der Gruppe G tritt hier in besonders übersicht­
licher Weise im Mittelstück einer ausgezeichneten Normalreihe in 
Erscheinung. 

Der letzte Satz führt auf eine allgemeine Frage: Was läßt sich über die 
Normalreihen einer behebigen endlichen Gruppe G sagen, wenn man 
eine ^-Sylowgruppe von G kennt? Zur Behandlung dieser Frage hat 
Wielandt kürzlich eine Methode entwickelt. Es wird die Gesamtheit 
SG der subnormalen Untergruppen von G betrachtet; das sind die­
jenigen Untergruppen von G, die in Normalreihen von G auftreten: die 
Normalteiler von G, die Normalteiler der Normalteiler von G, und so 
weiter. Diese subnormalen Untergruppen stehen den normalen über­
raschend nahe. Beispielsweise sind sie unter schwachen Zusatzvoraus­
setzungen (man könnte fast sagen: im allgemeinen) miteinander als 
Ganze vertauschbar, und der Durchschnitt ihrer Normalisatoren in G 
ist niemals 1, wenn G =j= 1 ist (Wielandt 1957,1958). In unserem jetzigen 
Zusammenhang ist eine andere Eigenschaft von Bedeutung: Durch­
schnitt und Erzeugnis von subnormalen Untergruppen sind subnormal. 
Mit anderen Worten[10]: 

So ist ein Teilverband des Verbands aller Untergruppen von G. 
Man kann nun einen unmittelbaren Zusammenhang zwischen Normal­

reihen und Sylowgruppen hersteUen, indem man eine feste Sylowgruppe 
Gp von G wählt und jeder subnormalen Untergruppe A von G den 
Durchschnitt A n Gp = Ap zuordnet. Dieser Durchschnitt ist, wie man 
leicht erkennt, eine ̂ -Sylowgruppe von A. Außerdem gilt aberE12]: 

Die Abbildung A -> Ap ist ein Verbandshomomorphismus von SG in SGp. 
(Für Hallgruppen gilt der entsprechende Satz.) 

Wenn man die Struktur einer Sylowgruppe von G genügend gut kennt, 
ergeben sich starke Einschränkungen für den Verband SG und damit 
für die Normalreihen von G. Bisher ist nur der Fall einer zyklischen 
Sylowgruppe genauer untersucht worden. Es ergibt sich[12]: 

Wenn eine p-SylowgruppevonGzyklisch ist, so ist G entweder p-auflösbar, 
oder G besitzt nur einen durch p teilbaren Kompositionsindex. 
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Im ersten Fall hat G nach Hall und Higman eine Normalreihe der 
einfachen Gestalt (3); im zweiten Fall kann man G passend als ^-einfach 
bezeichnen. 

Der erwähnte Verbands-Homomorphismus ist genau dann treu, wenn 
jeder Kompositionsindex von G durch ̂  teilbar ist. Ist diese Bedingung 
nicht erfüllt, so genügt es, hinreichend viele verschiedene Primteiler der 
Ordnung von G heranzuziehen. Man erhält den Satz[12]: 

Der Subnormalverband SG einer endlichen Gruppe G ist ein Teilverband 
des direkten Produkts der Untergruppenverbände der Sylowgruppen von 
G zu den verschiedenen Primzahlen. 

Die im letzten Abschnitt erwähnten Sätze zeigen einen unerwartet 
starken Einfluß der Hallgruppen auf die Normal-Struktur. Hier scheint 
ein ergiebiges Feld für weitere Untersuchungen vorzuliegen. 

Insgesamt darf man wohl sagen, daß die an klassische Fragen und 
Methoden anknüpfende Strukturtheorie der endlichen Gruppen nicht 
mehr arm an angreifbaren, lohnenden Problemen ist. Sie wird auch der 
allgemeinen Strukturtheorie unendlicher Gruppen noch auf längere Zeit 
Anregungen geben können. 
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COMPLETENESS RESULTS FOR 
FORMAL SYSTEMS 

By E. W. BETH 

1. Suppose that, on the basis of the classical sentential logic in " 
I wish to test or to establish the validity of Peirce's Law: 

"and-*-, 

(1) 

The notion of validity can be taken either syntactically or semantic-
ally. I start from the semantic conception, and thus I try to construct 
a regular valuation under which formula (1) is false. The following 
semantic tableau records the successive steps in the construction and 
shows that its result is negative[1]: 

True 

(p->q)->p 

P 

P 

False 

P 

p->q 

(2) 

(3) 

(4) 

(5) 

. A similar tableau can be constructed for every formula X of senten­
tial logic. If X happens to be a logical identity (that is, a formula which 
is true under every regular valuation; by a regular valuation, I mean a 
valuation permitted by the truth-tables), then this fact will manifest 
itself by the 'closure ' of the tableau. If X is not a logical identity, then 
the tableau will not be closed and it will exhibit a regular valuation 
under which X becomes false. 

2. We now observe that the rules of construction and closure for semantic 
tableaux, although semanticaUy motivated, can be stated in syntactical 
terms. Thus a closed semantic tableau can be alternatively considered 
as a formal derivation in a certain Formal System F, which is trivially 
complete, so to speak. 
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3. In order to give this derivation a more familiar shape, it can be 
rewritten as follows: 

(p^q)->p 

m 
p 

1 

p->q 

P 

P 

l(p->q)->p]-+p 

In fact, every closed semantic tableau can be rewritten as a formal 
derivation in Gentzen's system NK, which hence proves to be complete. 
Likewise, closed semantic tableaux can be rewritten as formal deriva­
tions in Gentzen's system LK, and this remark implies the completeness 
of this system as weU. 

It takes somewhat more trouble to rewrite the tableau so as to obtain 
a formal derivation of Peirce's Law, starting from Church's axiom 

system P2: p->(q->p), (6) 

[p -> (q -> r)] -> [(p ->q)->(p-> r)], (7) 

(p->q)->(q-+p), (8) 
by means of substitution and modus ponens. By showing that, for every 
closed semantic tableau, this transcription can be carried out, we prove 
the completeness of the axiom system P2. 

4. In their original shape, semantic tableaux also suggest non-regular 
valuations by means of which we can establish the relative independence 
of Church's axioms. For instance, by means of a valuation w, defined 
as follows: 

(i) w(a) = 2 [true], w(p) = 0 [false] for each atom jp different from a; 
(ii) w(X) is obtained from w(X) as usual; 

(iii) w(a -> 6) = 2, whereas in all other cases w(X -> Y) is obtained 
from w(X) and w( Y) as usual; 

we show that, since: 
w([a->(b->c)] -> [(a->b)-*(a->c)]) = 0, (9) 

axiom (7) is independent with respect to axioms (6) and (8). 
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A systematic study of non-regular valuations suggests various new 
problems which, however, I cannot hope to discuss in this paper. 

5. I t may cause some surprise (although it is in accordance with 
Kreisel's no-counterexample interpretation[2]) that an entirely similar 
approach is found to be available in the theory of quantification. Let 
us draw up the semantic tableau for the formula: 

namely: 
(x)a(x)-+(y)a(y), 

True False 

(10) 

(x)a(x) 

- (x)a(x) 

-> a(li 

(x)a(x)-+(y)a(y) 

(y)a(y) < 

(x)a(x) 

a(l) 

B 

Some reflection on the method of construction shows that we could 
dispense with the decomposition of prenex formulas if, instead of 
formula (10), we considered the formula 

[(x) a(x) -> a(l)] -> {[a(l) -> (y) a(y)] -> [(x) a(x) -> (y) a(y)% (11) 

which, therefore, is derivable in sentential logic. A little more reflection 
is sufficient to convince us that, by introducing additional axioms: 

(z)[(x)a(x)->a(z)], (12) 

(z){[b(z)^(y)b(y)]->p}->p, (13) 

and stating suitable (and fairly obvious) rules for (generalized) sub­
stitution and (generalized) modus ponens, we shall obtain a complete 
axiomatization for the theory of quantification. 

Again, non-regular valuations, suggested by suitable semantic tab­
leaux, can be used in proofs of relative independence. For instance, the 
independence of axiom (12) with respect to axioms (6)-(8) and (13) can 
be established by means of the following valuation w: 

(i) if U is one of the atoms p,q,r, ...,a(l),b(l), ...,u(l, 1),..., then 
w(U) = 0; 

(ii) w(X) and w(X -> Y) are obtained from w(X) and w(Y) as usual; 
(iii) w[(v) U(v)] = w[U(l)], with one exception: w[(x)a(x)] = 2. 
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It hardly needs saying that we can again rewrite every closed semantic 
tableau so as to obtain formal derivations in Gentzen's systems NK 
and LK. 

6. The above method of semantic tableaux is one among several devices 
which have been offered as substitutes for the more conventional 
axiomatic treatment of elementary logic. The origin of these devices 
is found in Herbrand's ideas, and we may point to Gentzen's systems 
NK and LK and to the Hilbert-Bernays theory of the e-symbol as early 
representatives. More recent contributions are those by CraigC3], 
Guillaume*«, Hintikka^, Ranger»«, Kripke^ Quine^, and Schütte M 

In an elementary textbook by Basson and 0 'Connor[10], one finds an 
'Indirect Method of Truth-Table Decision9 which corresponds to the 
construction in § 1. However, these authors seem not to realize the 
implications of this method. 

7. An evaluation of the efficiency of these various systems can be based 
upon the following considerations: 

(i) simplifications in the proofs of more profound metamathematical 
results; 

(ii) the avoidance of reduction to prenex and other normal forms; 
(iii) the degree to which Gentzen's subformula principle is brought 

into effect; 
(iv) the possibility of an adaptation to the requirements of modal 

logic, intuitionistic logic, and many-valued logic. 
I feel that in these various respects considerable progress has been 

made as compared to the state of affairs created by Gentzen's work. 
In demonstrating this progress I shall discuss the method of semantic 
tableaux; however, I do not wish to imply that the methods developed 
by Craig, Hintikka, Kanger, or Schütte do not offer the same or similar 
advantages. 

By way of example, let us consider a special case of Herbrand's 
Theorem. Suppose we wish to establish the validity of the formula: 

(Ex)(Ey)(z)(t)U(x,y,z,t), (14) 

where U(x, y, z, t) is quantifier-free. 
Besides the formula (14), we consider the disjunctions: 

D U(3,h,f(3,k),g(j,h)), (15) 
j+kZP 

where f(j,Jc) = (j + Jc-1) x (j + Jc-2) + 2Jc, (16) 

g(j,Jc) = (j + k-l)x(j + k-2) + 2Jc+l, (17) 
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for P = 1,2,3,.... It will be clear that the semantic tableau for formula 
(14) will be closed if, and only if, for some P, the semantic tableau for 
formula (15) is closed; thus formula (14) will be derivable if, and only if, 
for some P, formula (15) is derivable. This is Herbrand's Theorem, as 
applied to formula (14). From this example, it may be seen to what 
extent the method of semantic tableaux (i) simplifies the proofs of 
certain more profound metamathematical results. 

Moreover, it is obvious from our discussion that (ii) the restriction of 
Herbrand's Theorem to formulas in proof-theoretic Skolem normal form 
serves no other purpose than that of simphfying the description of the 
index functions / , g,... which are required. EssentiaUy, Herbrand's 
Theorem applies to every formula; it is easy to construct in each case the 
necessary index functions by means of a semantic tableau. 

Let us now consider Gentzen's Subformula Theorem. For Gentzen's 
system LK, this theorem can be stated as follows: every derivation of 
a sequent K \- L can be replaced by a derivation in which only sub-
formulas of the formulas in K and in L appear. 

On the other hand, a derivation of a sequent K\-L by means of a 
semantic tableau always has the property that only subformulas of the 
formulas in K and in L appear in it. Thus it may be said that (iii) the 
subformula principle is brought into effect even more strongly than it 
was in Gentzen's own system. 

8. Finally, I turn to point (iv); our conclusions in connection with 
points (ii) and (iii) suggest the possibility of an adaptation of the method 
of semantic tableaux to other forms of logic. 

(iva) With a view to many-valued logic this possibility is so obvious 
as to make any further discussion superfluous. However, I may mention 
the possibility of combining the method of semantic tableaux with an 
application of the ideas recently expressed by Dreben[11]. 

(xvb) In connection with modal logic, I may mention recent work by 
Guillaume[4], Kanger[6] and Kripke[7]; it would carry me too far, however, 
to go more deeply into their results. 

(ivc) In recent work[1], I have extended the method of semantic 
tableaux to the case of intuitionistic logic. It is true that Kreisel[12] and 
Kleene[13] have raised certain objections as to the semantic basis of my 
construction; however, I do not wish to dwell upon this point. 

At any rate, my intuitionistic version of the method of semantic 
tableaux provides an adequate substitute for other extant formalizations 
of intuitionistic logic, such as Heyting's axiomatization or Gentzen's 
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systems NJ or L J. Moreover, it seems to offer the same advantages which 
are characteristic of the classical version. To demonstrate these advan­
tages, I may mention the fact that the well-known topological complete­
ness results for intuitionistic sentential logic by Tarski and for intuition­
istic elementary logic by Mostowski and Raisowa can be improved in 
this respect, that all topological spaces which are needed are subsets of 
the Cantor discontinuum. 

9. In order not to create an incorrect impression about the advantages 
of the method of semantic tableaux, I now wish to mention the meta-
mathematical results which are needed to justify the application of 
closed semantic tableaux as formal derivations. 

(I) I t must be proved that the closure of a semantic tableau does 
not depend upon the relative order in which the formulas are submitted 
to a decomposition. 

(II) It must be proved that, whenever the tableaux for K'\-L',X 
and for K", X \-L" are closed, so is also the tableau for K', K"YLr, L". 

(Ill) It must be proved that, whenever U is a logical identity, the 
tableau for the sequent ci \- U is closed. 

If we do not insist on having unitary proofs, then very simple proofs 
for the results under (I)-(III) are available. However, for (I) and (II), 
and for a suitably weakened version of (III), one may reasonably demand 
a finitary proof. 

As a weakened version of (III) we have, in the classical case, Her­
brand's Theorem, the proof of which is extremely simple, as we have seen. 
The results under (I) correspond to those by Curry and Kleene on the 
permutability of the rules for Gentzen's systems LK and LJ, whereas 
the results under (II) correspond to Gentzen's 'Hauptsatz9 for these 
systems. Nevertheless, the proofs of the results under (I) and (II) for 
closed semantic tableaux turn out to be simple as compared to those of 
the corresponding results for Gentzen's systems. 

10. In §§6 and 7 the method of semantic tableaux, along with other 
similar devices, has been presented as a substitute for the more con­
ventional axiomatic treatment of elementary logic. However, it may be 
asked if these devices can be justly appreciated if they are considered 
from this angle. 

Speaking for myself, I may observe that originally I did not introduce 
semantic tableaux as a substitute for an axiomatic treatment. This can 
be seen from a somewhat earlier publicationC14] where, among others, a 
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Subformula Theorem was proved in connection with an axiomatic 
treatment instead of a Gentzen-type formalization. The introduction 
of semantic tableaux was, however, a result of the investigations con­
tained in that publication. 

Perhaps the significance of semantic tableaux can be explained as 
follows. There is always a certain connection between the proof-theory 
of an interpreted formal system and the corresponding model-theory; 
this connection finds its expression in a completeness theorem. 

On the other hand, there is always a tendency to avoid the application 
of non-elementary methods in proof-theory, whereas in model-theory 
we naturally tend to apply non-elementary methods as well. Hence 
there arises, so to speak, a need for an elementary substitute for model-
theory which lends itself to a treatment by means of more elementary 
and, if possible, by means of finitary methods. It is in order to provide 
for this need that Herbrand's 'champs infinis9, Hintikka's 'model sets', 
and my own semantic tableaux are introduced. 

In this elementary substitute for model-theory the completeness 
theorem is replaced by Herbrand's Theorem. Conversely, if we pass on 
from this elementary substitute to the full theory of models, then such 
results as Gentzen's Subformula Theorem and Craig's Lemma present 
themselves as strengthened versions of the completeness theorem. This 
remark may also explain the title of the present address. 
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ORDINAL LOGICS A N D THE 
CHARACTERIZATION OF I N F O R M A L 

CONCEPTS OF PROOF 

By G. KREISEL 

1. Introduction 

By Gödel's (first) incompleteness theorem the informal notion of 
arithmetic truth cannot be formalized in the originally intended sense of 
'formalization': there is no recursive enumeration of the true formulae 
in the notation of classical arithmetic. All one needs here of the concept 
of truth is that each sentence or its negation is true, and that each 
theorem is true. On the other hand, mere incompleteness does not 
generally preclude the formalization of otherinformal notions, e.g. certain 
informal methods of proof. For, in general, it is not to be expected that 
every formula is either provable or refutable by such methods, even if 
the notation is restricted. This applies to the main subject of the present 
lecture, namely finitist proof in arithmetic as described by Hilbert-
Bernays, vol. 1, and also to its subsidiary subject, namely predicative 
proof. 

At first sight, another formulation of the incompleteness theorem, also 
due to Gödel[2^, seems to prohibit such a formalization: if P^A1) is a 
provability predicate (enumeration of theorems) then, for certain A, 
P^A1) -> A is not provable in the system. Yet another formulation is 
this: for certain A(n), P(rJ.(0(7l))1) is provable in the system with free 
variable n, but not A(n). Now consider finitist proof': if P( rJ.1) has been 
recognized by finitist means to be the provability predicate of a (partial) 
formalization, say S^, of finitist mathematics, and P(rJ.(0(w))1) has been 
established by finitist means then, on the intended meaning of free 
variables, A(n) is finitistically established. In other words, 2^ is incom­
plete and can be extended to 2 , in which A(n) is provable. Similar con­
siderations apply to several other informal concepts of proof. 

Thus the conclusion from the reformulation of the first incompleteness 
theorem is this: if the notion of finitist proof is capable of formalization 
at all, its proof predicate must not be recognizable as such by finitist 
means. 

Remark. The difference between a mere extensional enumeration of 
the theorems and a provability predicate which can be recognized as 

19 TP 
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such, is familiar from the need for the derivability conditions in the 
second incompleteness theorem. Thus, if P(m, n) is a proof predicate for 
a consistent system ($), ri denotes the negation of n, and Con 8 denotes 
(m)->P(m, r0= V) thenPx(m,n),i.e.P(m,n) &(p)[p < m->—^P(p,n)] 
is also a proof predicate, but Gonx8 is provable in (S) itself. 

To give a precise treatment of this idea of recognizing a proof predicate 
as such we shall consider formal systems whose constants are not only 
numerical terms and function symbols, but also proof predicates. This 
is independently justified by the accepted sense of finitist according to 
which finitist proofs can themselves be the subject-matter of finitist 
reasoning; also it is in accordance with Heyting's and Gödel's view of 
the place of proof as an object of a theory of constructivity. Just as 
function symbols may be introduced only after they have been shown to 
represent a computation procedure, so proof predicates may be intro­
duced only after they have been shown to represent an extension pro­
cedure as above. 

Roughly speaking, we propose to characterize finitist proofs by a 
precisely defined class of formal systems, namely the least class of systems 
2^ containing a certain basic finitist apparatus and closed under the 
principle: if a proof predicate Pv is recognized as such in a system 2^ of 
the class then the corresponding system 2„ also belongs to the class. 

Our main result is that, in a precise sense, the theorems of this class 
are co-extensive with those of classical number theory when the latter is 
suitably interpreted. (Below this is shown only for formulae (Ex)A(n, x) 
with primitive recursive A.) Since each of our extensions is finitist this 
means at least that finitist results include essentially those of classical 
number theory. 

The important problem of establishing the converse is not discussed 
here. But we note at least the following point: though each extension is 
finitist, the general extension principle cannot be regarded as finitistic-
ally evident since it is framed in terms of the concept of finitist proof 
which has no place in finitist mathematics; hence at least the obvious 
formalization of our class is not finitist. 

An important tool in this work is the use of ordinal notations for 
specifying formal systems, first discussed by Turing[6]. 

2. Ordinal logics 

The following information is needed only for a comparison between 
the present approach and Turing's. Turing uses a narrow and a wide 
definition of logics based on ordinals. 
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The narrow one consists of extending some system, e.g. classical 
number theory Z or Principia Mathematica with a recursively enumer­
able provability predicate P(fA1)(rA1 is provable) by all formulae 
P( rJ.1) -> A, and iterating the procedure. To ensure recursive enumer-
ability of the theorems of each extension, recursive ordinals are used to 
describe the iteration. In modern language Turing's construction can 
be formulated as follows: for each ne 0,0 denoting the class of recursive 
ordinals, we set up recursion equations relating Pn with Pm, m < 0n, of 
a kind which have a recursively enumerable solution by results of 
Kleene[3]. In fact, the only consequence of n e 0 needed here is that 
these recursion equations have a unique solution, and so the full degree 
of undecidability of n e 0 is not used. 

Fefermancl] has sharpened these results by giving an unambiguous 
method for constructing such proof predicates, and has shown that, if 
one starts the iteration with Z, the class of theorems is just that obtained by 
adding to Z all true formulae (x) A(x) with A primitive recursive. In con­
sequence: (i) the provability predicate for the whole iteration is arith­
metically definable while the proof predicate is not, since, at least with 
the obvious coding of proofs, it would allow us to decide n e O; (ii) exactly 
the same functions are provably recursive in the ordinal logics as in Z 
since, if \-z [{x) A(x) -> (x) (Ey)B(x, y)] and (x) A(x) is true, 

livB(x, y) = fiy[B(x, y) v -> A(y)] 

and the latter is provably recursive in Z. 
The wide definition simply associates a formal system with every 

recursive ordinal, e.g. for each neO, we add to Z the ' principle of 
transfinite induction' 

{y <ön& (x) [x <Qy-> A(x)]} -> A(y) 
y<0n->A(y) 

As shown by Wang, Shoenfield and myself[5], every true arithmetic 
formula is provable in one of these systems even if we require \n\ < (0e0. 
Conversely, for each a < co", Oa is arithmetic. This is obtained by showing 
degHnQ < degO^co and then analysing the argument proof-theoretically. 

The following differences between Turing's aims and consequently his 
methods on the one hand and ours on the other seem worth noting. 

(1) Turing aimed at completeness, we do not. The results above show 
conclusively that on the narrow definition we do not get completeness 
even for two-quantifier formulae with primitive recursive scope and 
that on the wider definition we get it too easily. However, with respect 

19-2 
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to the latter the following interesting problem remains open: to assign 
non-constructively a unique notation for each recursive ordinal and 
reopen the problem of completeness. 

(2) For Turing the narrow definition represented simply one means of 
extension: perhaps the most that can be said for it is that at each stage 
it is stronger than merely adding consistency: e.g. 

P(r-nConZ^)->-nConZ 

cannot be proved in Z from ConZ since otherwise Z u {Con Z) could be 
proved consistent in itself. We have to choose the extension principle in 
relation to the informal proof predicate under investigation. As it happens 
it turns out that the extension principle is intimately related to a kind 
of modal interpretation of Heyting's arithmetic discussed below. 

(3) By Feferman's results the choice of starting system is not important 
for Turing's aim of achieving completeness since no system will do it. 
We have to choose one which admits of an interpretation as a partial 
system of the informal concept under discussion. 

(4) We cannot use oracles to supply ordinals or, more specifically, to 
ensure the unique solubility of the recursion equations for the proof 
predicate, but this has to be proved in one of the earlier systems. 

3. Finitist proofs (general description) 

The description of our class of systems, and particularly the sketches 
of proofs, will have to be brief. It is hoped that the full details will be 
published before too long. 

Our variables range over the natural numbers. 
We have three kinds of constants : (i) numerical terms 0,..., (ii) function 

symbols with one or more arguments including the successor function, 
relation symbols < and = , and (iii) proof predicates P^m,^). 

Our formulae are prime formulae built up of the constants and 
variables above in the usual way, (quantifier-free) truth functional com­
binations of them, existential quantification, where (Ex)A(n,x) below 
usually denotes a string of existential quantifiers 

(Exx)... (Exp) A (n, xx,..., xp), 

A quantifier-free, and single truth functional combinations of the latter. 
This process is not iterated in accordance with the finitist requirement 
that no premises relating to an infinite totality may be used. 
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The rules of proof are first those of the classical propositional calculus, 
the transposition rules for the existential quantifier, 

{Ex)A(x)v(Ex)B(x) (Ex)A(x)&(Ey)B(y) ^(Ex)A(x) 
(Ex) [A(x)vB(x)] {Ex) (Ey) [A(x) & B(y)] -^A{n) 

(Ex)A(x)^(Ey)B(y) 
(Ey)[A(n)->B(y)] 

and conversely, with the obvious condition on n, 

(Ex)A(n,x) 
A[n,r(n)], m < r(n) -> —>A(n,m)' 

if A(n, x) quantifier-free, and similarly for strings of x, 

A(ot)vB A(n) 
(Ex)A(x)vB' A(a)' 

Also the schema of identity, and induction 

A(0),A(n)->A(rì) 
A(n) 

and the axioms for the successor function. This is the basic finitist 
apparatus. The existential quantifier is constructive and because of the 
restriction on the formulae the truth functional interpretation of the 
logical connectives is not problematical. 

Remark. I t seems likely that this formulation could be considerably 
simplified. 

In addition to induction, which is unproblematical, we use primitive 
recursive definitions 

0(0) = a, <f>(n') = ir[n,<f>(n)], (1) 

when a and ijr are already introduced (and <fi not). 
(1) can be interpreted in two ways, either as the existence of a unique 

function <j) satisfying (1) for all n, or as a set of equations from which, for 
each number 0<w>, <p(0^) = QM can be obtained for a unique m from (1) 
and the computation rules for a and i/r by a, finite number of substitutions. 
The difference is clear: e.g. 

/(n) = 2/(n+l) 

uniquely defines the function f(n) = 0 on the first interpretation since 
f(n + k) = 2~kf(n) a n d / i s integer valued, but not on the second. Only 
the second interpretation has finitist sense. Bernays has established 
by finitist methods the permissibility of (1). 
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Remark. It would be more elegant to start off with a pure equation 
calculus, and an elementary semiotic, and give a formal proof for each 
primitive recursive definition that it uniquely defines values for ç5(0(îl)) 
in a pure equation calculus. 

To deal with so-called definitions by transfinite induction, which are 
used below, we note a 

Lemma. Let r1? r2 be two functions and define a tree as follows: the 
descendants of a nodep are those values of rx(p), r2(p) which are different 
from 0. Then, if X(n) is a bound for the length of the tree with vertex n, 
then there is a function / , primitive recursive in À, rx, r2 and g, which 

Define F(n, m) by induction w.r.t. m: 

F(Q,m) = a. 

If the tree with vertex n has length > m then F(n,m) = 0. If the tree 
with vertex n has length ^ m then 

F(n, m) = g{n, F[rx(n)9 m - 1 ] , F[r2(n), m -1]}. 

F[n, À(n)] is our function. 
Finally, we come to the conditions to be satisfied by a proof predicate. 

In the definitive version it is essential to give a careful numbering of 
expressions, particularly of function symbols. 

P0(m, n) is the usual proof predicate for primitive recursive arithmetic, 
as extended above. 

We use some notation for ordinals, e.g. primitive recursive orderings 
of primitive recursive subsets of the natural numbers. 

Remark. It seems plausible that a wide range of alternative notations 
gives essentially the same results. 

As in [1] we regard each system 2^ (/i = 2l3k) as made up of the basic 
finitist apparatus together with a sequence Ànn^k, n) of axioms (the 
extensions), where I is a number of a primitive recursive relation which 
has been proved in S^ to be an ordering whose first element is 0, and k 
is in the field of I. 

If a is the successor of 0, nx(a, n) is an enumeration of formulae rA (p)1 

such that (Ey)P0(y, rA(0(!P))1) is provable in the basic finitist apparatus, 
and P0(m, n) means that m is a proof of n in this system; P^(m, n) means 
that m is a proof of n in this system from the appropriate set of axioms 
rt7Tr(s,n). 
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To establish an extension < I, k > in 2^ we require that there be a term 
TTi(k, n) in 2^ for which the following two statements can be proved in 2„: 

(i) For each k and n, a formula rA(p)1 has the number 7Tx(k, n) if, and 
only if, for some k' < $, either 7rx(k, n) = nffi, n') for some n', or it 
follows (in the basic finitist apparatus) from nn^k^n) that ^ ( O ^ ) 1 

follows from nnffi, n) with free variable p, i.e. it is proved in 2<zjÄ>> that 

{Ey)P<hW> (y/A(Wy). 

Note that such a proof in 2^ provides a term r(k, n) specifying ¥ and 
the axioms of nn^k', n) actually needed. 

(ii) There is a proof in 2^ that each tree with vertex < k, n > is finite if 
the descendants of a node N are the axioms specified by r(k, n). 

Our proposal is to identify finitist proofs in arithmetic with the least 
class of systems 2^ containing primitive recursive arithmetic with a con­
structive existential quantifier, and if Px(k, m, n) is proved to be a proof 
predicate in 2^, then 2<?sfîA.:> also belongs to the class. Call this class JF. 

It is occasionally natural to include variables/for free choice sequences 
in finitist mathematics, and, if (Ex)A(f, x) has been proved, to introduce 
a functional T( / ) with A[f,r(f)]. It would be desirable to develop our 
theory for this extended notation, but we have not done so here in order 
to keep the basic treatment of finitist proof strictly number theoretical. 
The use of variables for free choice sequences would permit a more 
elegant formulation of the conditions to be satisfied by a proof predicate, 
namely that <l be a well-ordering. Here it is necessary to distinguish 
between weak well-ordering when we have proved that every descending 
sequence is finite, i.e. (Ex)[f(x+l) <f(x)] and strong well-ordering 
(needed above) where we have to prove that every descending binary 
tree defined by a free choice sequence is finite when/(l) is the value of 
the vertex ;/(2),/(3) at the next level;/(4), ...,/(7) at the next, etc. It is 
clear that in a particular finitist system an ordering may be provable to 
be a weak well-ordering, but not a strong one, since otherwise one would 
get up to an e-number in each system. 

4. Finitist proofs (results) 

Our main results are: 
(i) Every function r(n) of the class Ji? is provably recursive in classical 

arithmetic Z. 
(ii) If A(n, m) is a quantifier-free formula whose non-logical constants 

are provably recursive functions of Z and (Ey)A(n,y) is provable in Z 
then it is also provable in some system of ffl. 
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Thus essentially exactly the same formulae in the notation of «^ are 
provable in Jfand in classical arithmetic. 

(i) is seen easily by constructing a truth definition in Z for each system 
2^ of Jf, and observing that, if Pv can be proved to be a proof predicate 
in 2^, a truth definition can be defined for 2„ in Z too. 

Two steps are used to establish (ii). 
First, we use the result[4] that exactly the same functions are provably 

recursive in Z and in Heyting's arithmetic. 
Secondly, we show that Heyting's arithmetic may be regarded as the 

metamathematics of c^in the following precise sense: Gödel's inter­
pretation of Heyting's propositional calculus in modal logic[2] can be 
extended to Heyting's arithmetic with the additional restriction that the 
modal operator B ('is provable') is replaced by: is provable in Jf7. 

In detail: we leave prime formulae unchanged; if J.*, B* are the trans­

lations of A and B, (A &P)* is J.* &P*, (^VJB)* is replaced by (Epi) 
[Pp is a proof predicate and P^Af1)] v (E/i) [P is a proof predicate 
and Pp(rBf1)], negation is not needed, [(x) A(x)]* is (E/i) [P is a proof 
predicate and P/l(

rAf(x)1)], [(Ex)A(x)]* is (Ex)A*(x), where Af is 
obtained from A* by replacing each free variable n in J.* by 0in\ Note 
that however complicated the logical structure of A may be, e.g. how­
ever many iterated implications it may contain, J.* will be an assertion 
of the form: a certain concretely specified formula is provable in some 2^. 
Also note that an assertion PV{(EJLO) [P^ is a proof predicate and P^(rA *1 )]} 
means that P^ is proved to be a proof predicate in 2„. 

As in Gödel's original work[2] the axioms of the propositional calculus 
go into true assertions on this interpretation, the rules for quantifiers 
are straightforward and so are the equality axioms and those for con­
stant functions. The induction axiom requires essentially that the union 
of systems 2^w) is again a system, namely, suppose 

PT(rA*(0P), PT{r(E[i) [Pfi is a proof predicate and P^A*^)1)] -> 

(Eju,') [Pf is a proof predicate and P/(
r^*(0^+1))1)]"1} 

then p! may be replaced by /Jb'(n +1), where pt'(n) is a term of 2, [i'(0) = r, 
and there is a proof that each fi'(n) is a number of a proof predicate 
permissible in 2T. What we need now is the union of 2 ^ ) , say 2^*, when 
we have 

PT(rPp* is a proof predicate and P^A^ri)1)1). 

Eecalling the condition on proof predicates this is essentially equivalent 
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to saying that the union of well-orderings is well-ordered, which can 
certainly be established in each of our systems. 

The conditions on Gödel's Bp are 

Bp -> BBp, [Bp & B(p -» q)] -> Bq and Bp^p. 

The first two conditions are clearly true for our interpretation, and so is 
the third by our closure condition. 

The translation of (Ey)A(n,y) asserts the existence of a proof of 
(Ey)A(n,y) in M*. 

Note incidentally that the application of the classical propositional 
calculus is much more reasonable in our translation than in general 
modal logic. For it is not at all clear that it always makes sense to say 
of a proposition that it is provable without further restriction, while 
our provability statements are purely existential assertions about 
decidable relations, just the kind of statements in our basic finitist 
apparatus. 

5. Predicativity 

Wang[7] gives a reasonable indication for treating predicative proof. 
The following modifications are needed: (i) To obtain the ordinals 
needed for the extension it seems best to add free function variables to 
his systems and extend the notion of term; a number of an ordering of a 
system* is said to be a notation for a (provable) well-ordering <, if 
(Ex)[f(x+l) <f(x)] can be proved in the system, (ii) The extension 
principle is now: if < is proved to be a well-ordering in a system 2^, then 
the system with types indexed by < is said to be proved in 2^ to be 
permissible (as a predicative proof predicate). Here, too, though each 
extension is predicative provided < has been recognized by predicative 
means to be a well-ordering, the general extension principle is not since 
the concept of predicative proof has no place in predicative mathematics 
in the present sense. 

I t should be noted that the new extension principle includes the 
previous one since now a truth definition can be introduced, and by 
means of a truth definition: from P^Afö1**)1) follows A(n). For, by 
induction w p^r^(odö)i) _> (n) T^A(0^y) 

and MT^A^^^T^^A^). 

I have no information about the least ordinal not obtained by these 
extensions starting from Z. 

The notion of predicative definability does not seem to come into the 
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present scheme at all. To fix ideas we consider number theory and a 
theory with two types of variables, for natural numbers and functions 
(of the natural numbers into the natural numbers). We call number 
theory predicative because it has a unique minimal model, i.e. a model 
no subset of which is also a model. We call predicative those theories of 
second order which have a unique minimal model in which the in­
dividuals are the natural numbers. 

Evidently hyperarithmetic set theories are predicative in this sense. 
Non-trivial group theory (with at least two elements) clearly is not 
predicative in the present sense because there exist infinitely many non-
isomorphic minimal models. It seems possible that there are set theories 
whose unique minimal model properly includes all hyperarithmetic sets. 
Naturally, this definition is itself quite impredicative. 

6. General remarks 

The present study is at the same time a theory of extensions of formal 
systems and of a single concept, namely the totality of such extensions. 

In its former role it seems to be complementary to the current ten­
dencies of invoking oracular identities or even statistical principles 
proposed for machines which are to 'accept' a rule of inference if it 
has been successful a certain number of times. Instead we have here 
mathematical principles governing extensions, e.g. for getting from a 
fragment of finitist mathematics to a larger one. While this principle is 
devoid of finitist sense it is, for example, constructive. At least as far 
as the actual work involved in extending the whole body of mathematics 
is concerned, the extensions of finitist mathematics as seen by a finitist 
seem to be a closer model than the proposals for learning machines. 
Naturally, if they are a good model it is also understandable why there 
is trouble about a mathematical theory of the principles governing 
extensions of the whole body of mathematics. 

In its latter role the present theory is closer to old-fashioned number 
theory and analysis than to modern algebra. For we do not consider all 
models of a formal system, but minimal models (satisfying certain 
closure conditions). 
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A. A. MAPKOBf 

HEPA3PEÜIHMOCTL nPOEJIEMLI rOMEOMOP0)HH 

1. By^eM Ha3HBaTt oönjen npoÖJieMOH roMeoMop^nn npoôJieMy pa3ti-
CKaHHH ajiropn^Ma, paeno3HaionT;ero Rsm JIIOöHX jipyx aaHHHX nojina-
ApoB, roMeoMop<|)HH sm OHH. IIojinoßpH npn 9TOM 3aji;aiOTCH KOMôH-

HaTopHO HX TpnaHryjiflipiHMH, HTO #aeT BO3MOJKHOCTB noHHMaTB 3#ecB 
TepMHH ca«JiropH$M' B ero TOHHOM cMHCJie, TO ecTB, HanpnMep, KaK 
cHopMajiH3yeMHH ajiropH$M '[3]. 

Hapa;o;y c o6iu;eH npo6jieMon roMeoMop$HH ecTecTBeHHO B03HHKaioT 
pa3JiHHHHe nacTHBie npoSjieMu roMeoMop$HH, OTHOcmipiecH K HOJIH8-

apaM Toro HJIH HHoro KJiacca. MOJKHO, HanpnMep, ^HKcnpya HaTy-
pa«JiBHoe HHCJIO n, CTaBHTB npoÔJieMy roMeoMop<|>HH RJLH. HOJIHB^POB 

pa3MepH0CTH He BHine n. MOJKHO TaKme CTaBHTB npoöJieMy roMeoMop-
$HH AJIH n-MepHHX MHoroo6pa3Hä, ecjiH ycjiOBHTBCH B onpeAejieHHOM 
noHHMaHHH TepMHHa 'MHoroo6pa3He'. 

^pyrHM ecTecTBeHHHM orpaHHHeHHeM, HajiaraeMHM Ha cpaBHHBaeMtie 
nojina^pH, HBJiaeTCfl $HKcau;Hfl OßHoro H3 HHX. Ilpn BTOM B03HHKaeT 
npoôjieMa roMeoMop<|>HH ßaHHOMy nojiHa^py A, eocTomu;afl B pa3H-
CKaHHH ajiropn^Ma, pacnosHaiomero #JIH «Jiioöoro nojina^pa, roMeo-
Mop$eH Jin OH nojraa,npy A. 

HeKOTopne H3 BTHX npoÔJieM jjaBHo peraeHH, HanpnMep, npoöjieMa 
roMeoMop<J>HH 2-MepHHX MHoroo6pa3HH HJiH npoöjieMa roMeoMop$HH 
AaHHOMy 2-MepHOMy MHoroo6pa3Hio. OflHaKO HMeeT MecTO cjie^y-
K)in;aH 

TeopeMa 1. J^JISI ecanoao namypajibHoeo nucjia n, ôojwwtezo rnpex, 
MOMCHO ynasarrih manoe n-Mepnoe MH080o6pasue Mn, nmo npoöjieMa 
8OMeoMop0uu MH08oo6pa3uu MH08oo6pa3U70 Mn aeumcsh uepa3pemuMoü. 

TepMHH cMHoroo6pa3He' MH noHHMaeM 3,o;ecB B CMHCJie IIyaHKapet4] 

H Be6jieHaC5]. 
Cjiedcmeue 1. IIpoójieMa 3OMeoMop0uu n-Mepmix MHoeoo6pa3uu 

wpa3pewuMa npu n > 3. 
Cjiedcmeue 2. IIpoójieMa 3OMeoMop0uu nojiuddpoe pa3Mepmcmu ne 

euiue n nepa3pemuMa npu n> 3. 
Cjiedcmeue 3. Oóucaa npoöjieMa eoMeoMopcßuu uepa3peiuuMa. 

f Read by Professor M. H. A. Newman. 
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2. HaMeTHM ,o;oKa3aTeji&CTBO TeopeMH 1. 

IlycTB K*—4-MepHHH map B 4-MepHOM c^epnHecKOM npocTpaHCTBe 

$4 ; Ss—ero rpaHHija; K3—3-MepHHH map; /—0Tpe30K HHCJIOBOH 

up»«* [-1,1]; z = PxI, 

TRe ' x ' —3HaK TonoJiorHHecKoro yMHomeHHH; v—HaTypajibHoe HHCJIO. 

IIocTpoHM CHCTeMy r B3aHMHO-o,oiH03HaHHHX AH$$epeHu;HpyeMHX 
OTOOpameHHH ^>1,...,^>r npocTpaHCTBa ZB $4,oOJia^aiomyK) cjieayionpiMH 
CBOÖCTBaMH: 

^ Z n ^ Z = 0 (i,j = l,...,r;i+j), 

S*nhZ = MK*x{-l,l})} {%-l—r> 

TRe 0 03HanaeT nycToe MHomecTBO. 
IIoCTpOHM nOJIHBftp r 

HHaie roBopn, 'npn^ejiaeM' K 4-MepHOMy mapy K* r 'pyqeK' 

^Z(i=l,...,r). 

B npocTpaHCTBe Z ecTecTBeHHHM o6pa30M onpe^ejiaiOTCH npaMO-
JIHHeHHHe 0Tpe3KH. yCJIOBHMCH o6o3HanaTB Hepe3 [X,y] npHMOJIH-
HeËHHË OTpe30K B Z c KOHijaMH x H y. To me o6o3HaneHHe 6yji;eM 
npHMeHHTB ßjia npHMOJiHHeHHoro OTpe3Ka B mape K* c KomjaMH xmy. 

By^eM paccMaTpHBaTB 2r-6yKBeHHHH aji$aBHT. 

Tr = {a\,...,a\,cc^1,...,a-1}. 

IlycTB P—CJIOBO B a«Ji$aBHTe Yr. ycjiOBHMCH Ha3HBaTB u3o6pawce~ 
HueM cjiOBa P BCHKyio npocTyio 3aMKHyTyio KpnByio W, nojiynaeMyio 
cjiep;yH)H^HM o6pa30M. 

ECJIH P nycTO, TO B KanecTBe W MOJKCT 6HTB B3HTa Jiiooan OKpym-
HOCTB, coAepjKamaacH BHyTpn ÜT4. 

IlycTB P HenycTO H nycTB 

P = a%...a%, (1) 

r^e ii9..., is—HHCJia H3 pa^a 1,. . . , r H r^e e^ = ± 1 (j = 1,.. . , s). Bo3BMeM 
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BHyTpn inapa K3 TOHKH xv ...,xs,yv..., ys TaK, HTOÔH coÔJiro^ajiHCB 
yCJIOBHfl 

Kty - e , ) , (ypeó)]n [(xh, -eh), (yh,eh)] = 0 

(j,h= 1, ...,s;j *h; ij = ih), 

(j,h= l9...,a;j +Ä), 

r,o;e # s+1 03Ha^aeT xx H 2/S+1 osHa^iaeT yv 9TO scerba BO3MOîKHO. IIOJIO-

îKHM s 

W = U(^u5 3 . ) , 

r^e 
^ = 0JXfy - 6j)> iVp 6j)i ) 

y (j = l, ...,s). 
B3 = WijiVp ej)> $ij+1(

xj+l> ~ eJ+l)iJ 
HCHO, HTO BCHKoe H3o6paHteHHe BCHKoro cjiOBa B aJi(|)aBHTe r r ecTB 

KycoHHO-rjia^Kafl npocTan 3aMKHyTaa KpnBaa, co^epHîamancfl BHyTpn 
Lr. 

IlycTB H3o6paH*eHHe W HenycToro cjiOBa (1) nocTpoeHO KaK TOJIBKO 

*ITO yKa3aH0. IlycTB c 03HanaeT u;eHTp mapa K3. MomeT 6HTB 

nocTpoeHO TonojiorHnecKoe OTOOpantemie iff nojina^pa K3xW BO 
BHyTpeHHOCTB Lr, o6jia,n;aioin;ee cjie^yionpiMH CBOöcTBaMH. 

T l . f(c,x) = x(xe W). 

T 2. ìjr AH$$epempipyeMO Ha BCHKOM nojiHBßpe K3 x A^ 

T 3. ì/r ftHc^epeHipipyeMQ Ha BCHKOM nojina^pe K3 x B^. 

T4. f(K*xAj)c:(f>ijZ. 

T5. ^(K^xB^KK 

ECJIH i/r o6jia,o;aeT BTHMH CBOöcTBaMH, TO MH 6y;o;eM roBopHTB o 
BHyTpeHHOCTH MHOHtecTBa i/r(K3 + W), HTO OHa ecTB myHHejib cjiOBa P. 

fljiH nycToro cjiOBa TyHHejin onpe;o;ejiHioTCfl aHajiorHHHO c TOH 
pa3HHn;eH, HTO Torßa ijr ^OJIHîHO 6HTB 3H$$epeHu;HpyeMHM OTo6pa?KeH-
neM nojiH9,npa K3 x W BO BHyTpeHHOCTB mapa if4, yßOBJieTBopnroniHM 
yCJIOBHH) T 1. 

HeTpy^Ho BH,o;eTB, HTO BO BCHKOë OKpecTHOCTH o6pa3a cjiOBa B 

aji$aBHTe Yr co^epmHTCH TyHHejiB 9Toro cjiOBa. 
IlycTB TenepB P x # . . . *Pm—CHCTeMa CJIOB B aji$aBHTe Yr. IIocTpoHM 

ffjiH BCHKoro i(\ ^ i ^ m) TymiejiB Tt cjiOBa Pi} TaK HTOôH coÔJiio^ajiHCB 

yCJiOBHH: linTt-0 (i,j=l «;<+i), 



J0 = Lr\UTi9 

THE PROBLEM OF HOMEOMORPHY 303 

Tjie nepTa HaA 6yKB0Ë 03Ha^aeT onepaipno 3aMHKaHHH B A4, 
IIoCTpOHM 3aTeM nOJIH9Ji;pH 

m 

Ji = Ä4\2J (i = l , . . . ,m) , 

Hi = Jix{i} (i = 0,l,...,m). 

HaKOHeu;, H3 nojiHBppoB H^i = —1,0, ...,m) nocTpoHM nojiH9^p M 
nyTeM ejie,o;yioin;Hx OTOH?;a;ecTBJieHHË TOHCK: 

(1) OTOHÎfteCTBJIHIOTCfl BCHKHe RBQ TOHKH (x, 0) H (x, — 1), Yßß X 
npHHafliJieHtHT rpamnje Lr B $4 ; 

(2) OTOîKAecTBJiflioTCH BCHKHe ßße TOHKH (x, 0) H (x,i), vj^e x npHHaji;-
jiejKHT rpamnje TyHHeJia î l B $ 4 (i = 1, . . . ,m). 

OnncaHHoe nocTpoeHne co^epjKHT BJICMCHTH npoH3BOJia. OjpiaKo 
pe3yjiBTaT nocTpoeHHH—noJiH9,np M—onpe^ejineTCH 0AH03HanH0 e 
TOHHOCTBH) ftO TOMeOMOp̂ HH HCXOßHOH CHCTCMOO CJIOB Pt* ...*Pm H 
HHCJIOM r. 

G ftpyroH CTopoHH, H caM 9TOT nponsBOJi JierKO MOJKCT 6HTB ycTpaHeH. 

Pe3yjiBTHpyiomHÖ noJiH9,np MH 6y,n;eM oôosHanaTB CHMBOJIOM 

<M(P1*...*Pm*r). 

OH, KaK HeTpyfljHO BH^CTB, Bcer^a HBJiaeTCfl 4-MepHHM MHoroo6pa3HeM. 
OnncaHHoe nocTpoemie 9Toro nojiraßpa HBJineTCfl HeKOTopHM yTOHHe-
HneM yKa3aHHoro 3en$epT0M H TpejiB^ajiJieM nocTpoeHHH 4-MepHoro 
MHoroo6pa3HH c 3a;n;aHH0Ë $yH;a;aMeHTajn>Hoö rpynnoöf. MeTO^aMH, 
H3JI0HteHHHMH B HX KHHre[2], ftOKaSHBaeTCH 

JleMMa 1. Kanoea 6u HU 6ujia cucmeMa cjioe Px * . . . * Pm e ajicßaeume Trì 

cßyHdaMeHmajibHaa epynna MH030o6pa3usi ^k(Px^ ...*Pm*r) u30Mop$na 
epynne, onpedejineMoü cucmeMoü coomnomenuu 

P , ~ A (i=l,...,m), (2) 

Meoicdy npomeodnvuuMU djieMewnaMu oc\, ...,a*. By neu af1, ...,a~x 

paccMampueawmcH npu dmoM nan dJieMenmu, oópamnue BJieMenmaM 
aì,...,aJ4 

t GM. W, CTp. 208. 
% CooTBeTCTByiomee aTOii rpynne rpynnoBoe HcracjieHHe (CM. I3], CTp. 341) B 

aji$aBHTe Tr MOJKCT 6HTB onpefleneHO CHCTCMOH cooTHOHieHHft, nojiynaeMOö H3 
CHCTeMH (2) nocjie npHcoeAiraeHHH cooTHonieHHH a*ar€<->À(^ = 1, ...9r; e = ± 1). 



304 A. A. MARKOV 

^ajiee MoryT 6HTB p;oKa3aHH cjieflyiomne JICMMH O roMeoMop$HH 
MHoroo6pa3Hft 3R(P1 * . . . * Pm * r). 

JleMMa2. Mm8oo6pa3ua3R(PX^^^Pm^r)uW(Q1^^.^Qm^r)soMeo-
Mopcßmi, ecjiu cucmeMa cjioe d , . . . ,Q m nojiyuaemcsi om cucmeMu cjioe 
P1^...^Pm epe3yjibmame nodcmanoenu nycmoso cjioea eMecmo exoofcdenuH 
cjioea a faf e(i = I, ...,r; e = ±1). 

JleMMa3. Mno30o6pa3unWt(Px*...*Pm*r)uW(QX*...*Qm*r)soMeo-
Mop0mi, ecjiu cpedu nuceji 1, . . . ,m UMeemca HUCJIO i marne, nmo Qi ecmb 
pe3yjtbmam v^unjiunecnou nepecmanoenu 6ym e cjioee Pi u nmo 

Qi = Pt (3) 
npu 1 ^j^muj^i. 

JleMMa 4. Mm8oo6pa3ua -B^P-t * . . . * Pm * r) u Wi(Qx * . . . * Qm * r) so-
MeoMopcßmi, ecjiu cpedu nuceji 1, ...,m UMeemca HUCJIO i marne, nmo Qi 

ecmb spynnoeoe oôpau^enue cjioea Pi u nmo npu 1 < j <[m u j 4= i 
UMeem Mecmo paeencmeo (3). 

Tpynnoeoe oopauçenue cjiOBa P B aJi$aBHTe Tr MH onpe^ejineM 3fl;ecB 
KaK CJIOBO, nojiynaeMoe H3 P B pe3yjiBTaTe H3MeHeHHH nopnjjKa 6yKB 
Ha oôpaTHHH e nocjie,o;yiomeHi 3aMeHoö BCHKOH 6yKBH a*- 6yKB0H aje. 

JleMMa 5. Mno8oo6pa3UH Wt(Px * . . . * Pm * r) u ($l(Q1 * . . . 0 Qm * r) so-
MeoMopcfinw, ecjiu cpedu nuceji l,...,m UMewmca nucjia i u h manue, 
nmo i =j= A, nmo 

Qi = PiPn 

u nmo npu l^j^muj + i UMeem Mecmo paeencmeo (3). 
JleMMa 6. Muo8oo6pa3ua 9Ji(# ot{ * . . . * a1 * r) u Wl(*k 0) soMeoMopcfiuu, 

nanoeo 6u nu 6UJIO namypajibnoe HUCJIO k. 
G noMOHjBio JieMM 2-6 JierKO MOJKCT 6HTB ßOKasaHa 
JleMMa 7. ECJIU spynna c npou3eodmj^UMU dJieMeumaMu a1 , . . . ,a1 , 

onpedejineMash cucmeMOÜ coomnotuenuu 

R^A (i=l,...,1c), (4) 

e aji(ßaeume Yr, ecmb eduHunuaa spynna, mo Mnosoo6pa3ue 

M(B1*...*Bk*
r+1r) 

8OMeOMOp0HO MH08006pa3UJ0 9Ji(#0). 

G ßpyroü cTopoHH H3 jieMMH 1 cjie#yeT 
JleMMa 8. ECJIU spynna, o nomopoü udem penb e jieMMe 7, ue ecmb 

ed uHUHnaa spynna, moMuo8oo6pa3ue<SR(B10... *Bk*
r+1r) nesoMeoMop0Ho 

Muosoo6pa3UJo ffî(*k0). 
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®HKCHpyeM TenepB HaTypaJiBHHe nncjia r H k. Ey;o;eM paccMaTpHBaTB 
rpynnn c npoH3BO#HmHMH BJieMenraMH a 1 , . . . ,a 1 , onpe^ejineMHe 
BceB03MOHîHHMH CHCTeMaMH k cooTHOHieHHH (4) B aji$aBHTe r r Byji;eM 
Ha3HBaTB TaKHe rpynnn (r, k)-spynnaMU. H3 JieMM 7 H 8 BHTeKaeT, HTO 
c noMOiip>K) BCHKoro ajiropn(|>Ma, pacno3Haioii];ero ^JIH Jiioôoro MHoro-
o6pa3HH, roMeoMoptfmo JIH OHO MHoroo6pa3Hio $ol(*fc0), MOHîCT 

6HTB nocTpoeH ajiropn<|)M, pacno3HaiomHH ftjifl BCHKOë (r, &)-rpynnH, 
HBJineTCfl JIH OHa eftHHHHHoö. Memjiy TeM, H3 nocTpoeHHH, npoBe-
^eHHoro G. H. A#HHOM B ero pa6oTe[1],f Henocpe^CTBeHHO cjie^yeT, HTO 

HHCJia r H k MoryT 6HTB 3ap;aHH TaK, HTO ajiropn^M, pacnosHaronprìi 

ê HHHHHOCTB (r,k)-TJ*yiLIlM, OKaîKeTCfl HeB03MOflKHHM. B03BMCM TaKyio 
napy raeeji (r, k) H HOJIOîKHM 

Jf* = 3R(**0). 

Tor#a npoöjieMa roMeoMop$HH MHoroo6pa3Hö 4-MepHOMy MHoroo6pa3Hio 
M oKaîKeTCfl Hepa3peniHMOH. 

HeTpy^Ho, HaKOHen;, B H ^ T B , HTO AJIH BCHKoro HaTypajiBHoro raejia 
n, öojiBHiero nerapex, Hepa3peniHMa npoöjieMa roMeoMop$HH n-
MepHOMV MHoroo6pa3HK) 

F J F Jf^ = i f 4 x ^ - 4 , 

vj^e Sh 03HanaeT A-MepHyio c$epy. 
9THM 3aBepniaeTCH ,n;oKa3aTejiBCTBO TeopeMH 1. 

3 . AHajiorHHHO npo6jieMaM roMeoMop<|)HH MoryT 6HTB noeTaBJiemi 
npOÔJieMH rOMOTOnHHeCKOË 9KBHBaJieHTH0CTH. Hx $0pMyJIHp0BKH 
nojiynaioTca H3 $opMyjinpoBOK npoÔJieM roMeoMop$HH nyTeM 3aMeHH 
cjiOB 'roMeoMop^HH', 'roMeoMop^eH', 'roMeoMop<|>Ho' cjiOBaMH 'roMO-
TOnHHeCKH 9KBHBaJieHTHH', 'rOMOTOHHHCCKH 9KBHBaJieHTeH ', 'rOMO-
Tonn^ecKH 9KBHBajieHTHo\ Ho TaKaa 3aMeHa, o^eBH^HO, B03MOHma B 
jieMMax 7 H 8. BTO jjaeT GJie^yiomne pe3yjiBTaTH. 

TeopeMa 2. Jfjisi ecnnoso namypajibnoso nucjia n, óojibtueso mpex, 
npoöjieMa soMomonunecnou dneueajienmHOcmu MHOsoo6pa3uü MHOSOOó-

pa3uio Mn Hepa3pewuMa. 
Cjiedcmeue 1. üpoöjieMa soMomonunecnou dneueajienmnocmu n-Mepnux 

MHosoo6pa3uu nepmpemuMa npu n > 3. 
Cjiedcmeue 2. IIpoójieMa soMomonunecnou dneueajienmnocmu nojiu-

ddpoe pa3Mepnocmu ne euvxe n nepa3pemuMa npu n > 3. 
Cjiedcmeue 3. Oôvqast npoöjieMa soMomonunecnou dneueajienmnocmu 

nepa3pemuMa. 
f CM. TaKtfse I6]. 

20 TP 
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LIE RING METHODS IN THE THEORY OF 
FINITE NILPOTENT GROUPS 

By GRAHAM HIGMAN 

1. Introduction 

There are, of course, many connections between Group Theory and 
the theory of Lie rings, and my title is, perhaps, designed rather to 
exclude those I shall not deal with, than to define those that I shall. It 
excludes, for instance, the classical connection between Lie algebras 
and continuous groups, the applications, due to Mal'cev and others, to 
torsion-free nilpotent groups, and the construction, by Chevalley and 
Tits, using Lie algebra methods, of finite analogues to the exceptional 
simple Lie groups. 

There is one other connection, that could hardly have been excluded 
by title, but which I can no more than mention. This is the so-called 
Baker-Hausdorff formula, the theorem that, if x, y are non-commuting 
variables, the terms of the series 

log(ex.ey) = x + y + %[x,y]+^([[y,x],x] + [[x,y],y] + ... 

are rational combinations of the elements of the Lie ring generated by x 
and y under the bracket multiplication [x,y] = xy — yx. Under suitable 
restrictions (cf. LazardE5]) this fact leads to an elegant and precise corre­
spondence between groups and Lie rings. For the sort of thing I have in 
mind, however, the restrictions are altogether too severe for the method 
to be of use. They are, in fact, precisely the sort ofthing one wants to have 
in the conclusion of one's theorems, rather than in the hypothesis. 

The method I want to discuss is much less precise, but much more 
generally applicable. It rests on the observation that the formal pro­
perties of multiplication and commutation in a group are similar to those 
of addition and multiplication in a Lie ring. For instance, commutation 
is almost bilinear: r n 1r _ r _ 

[xy,z] = y-1[x,z]y[y,z]; 

and, corresponding to the Jacobi identity, the product 

[I>, y},*] Ulf9z]9x\ [[z, x],y], 
if not 1, is at least expressible in terms of still more complicated com­
mutators. These facts can be used to associate with a group O a Lie 
ring Lin the following manner. 
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First, one chooses a series of normal subgroups of G 

G = H1^H2^HZ=> ...^H^ ... 

with the property that , for all integers i, j , the commutator group 
[Hi, Hj] is contained in Hi+j. For instance, the lower central series will 
do. Then the additive group of L is the direct sum of the (abelian) 
factor groups H^H^ of the series, elements of H^H^ being called 
homogeneous of degree i. Multiplication between homogeneous elements 

is defined by TJ IT r i IT 
9% Hi+i • 9j Hj+i = w> 9j\ üi+j+v 

That this is indeed well-defined, and that it can be extended by bi-
linearity to a multiplication on the whole of L, under which X i s a Lie 
ring, follows from the commutator identities already cited, and others 
like them. 

Obviously, this process can give information about G itself, rather 
00 

than about a factor group, only if f)Hi= I, which implies that G is at 

worst w-nilpotent. If, however, this is so, then we can associate one or 
more Lie rings L with G, and, generally speaking, reasonable properties 
of G will translate into reasonable properties of L. Since the structure of 
L is richer, and in some ways more regular, than that of G, it is reasonable 
to hope that this translation will make problems easier to solve. I want 
to illustrate this by discussing two problems, both of which have their 
origins in the first decade of this century—the golden age of group 
theory, if ever there was one. 

2 . Frobenius groups 

A Frobenius group is a permutation group on a finite set, no element of 
which, except the identity, has more than one fixed point. By a well-
known theorem of Frobenius, in such a group the elements without 
fixed points, together with the identity, form a normal subgroup G. 
But this by no means exhausts what can be said. If H is the subgroup 
leaving a particular point fixed, then of course H acts as a group of auto­
morphisms of G, and it is easy to see that H acts regularly, tha t is, no 
element of H except the identity leaves fixed any element of G except 
the identity. 

The problem then is, what finite groups H act as regular automor­
phism groups, and what finite groups G admit regular automorphism 
groups ? The answer to the first question, though a bit complicated, is 
classical. The investigation was begun by Burnside, and his work was 
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completed and corrected by Zassenhaus. But less is known about the 
answer to the second question. It is conjectured that G is nüpotent, but 
all that has been proved is that, if not, there must exist a simple G whose 
Sylow subgroups are large and possess improbable properties. 

Evidently, if G has a (finite) regular automorphism group, it has a 
regular automorphism of order p, for some prime p, so one may par­
ticularise the problem, and inquire, for each fixed prime p, what this 
implies about the structure of G. It is convenient at the same time to 
drop the assumption that G is finite, though to get a reasonable theorem 
we must have some condition on G, since a free product of p isomorphic 
groups certainly has a regular automorphism of order p. However, 
Neumann[6»73 has shown that, under appropriate side conditions, a 
group with a regular automorphism of order p is abelian if p = 2, and 
nilpotent of class at most two if p = 3. 

It is in attempting to generalize this result that Lie ring methods 
come in. They cannot be used to prove G nilpotent. They can be usedC3J 

to prove that if G is nilpotent, and has a regular automorphism of order 
p, there is a bound k(p) for its class, depending only on p. 

Naturally, there are two stages in the application. First one must 
translate the condition on G into a condition on L, and then one must 
prove a theorem on Lie rings satisfying this condition. The first half 
works precisely as one would expect. A nüpotent group G with a regular 
automorphism of order p has an associated Lie ring L of the same 
class with an induced automorphism which is also regular and of order 
p. Two warnings are, however, necessary. This result does not extend to 
w-nilpotent groups; and, if G is infinite, it may not be possible to take L 
to be the associated Lie ring formed from the lower central series itself. 

The second stage in the application is to prove that there is a function 
k(p) of p alone such that a Lie ring L with a regular automorphism of 
order p is nilpotent of class at most k(p). This depends on a rather 
complicated combinatorial argument which it is not possible even to 
sketch here, so that I must confine myself instead to making one or two 
remarks about it. 

First, an important step is to embed the given ring in one having as 
domain of operators the integer ring of the field of the jpth roots of unity, 
and generated by elements on which the automorphism acts as a scalar 
multiplier. It would be difficult, if not impossible, to carry out this step 
within G, and it is in this sense that the richer structure of L makes it 
easier to handle. 

Secondly, a much simpler argument proves an analogous theorem for 
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associative rings, and yields the value k(p) = p, which is easily seen to 
be best possible. But in the Lie ring case, apart from the first few values 
(k(2) = 1, Jfe(S) = 2, Jfc(6) = 6) aU that is known is that k(p) ^ l(p2-l). 

Note, finally, that the Lie ring theorem is clearcut; the messy side 
conditions in the group result come in in the translation. 

3. Burnside's problem 

The second application is, of course, to Burnside's problem, the pro­
blem, that is, of what can be said about a group G which satisfies an 
identical relation xn = 1, and, in particular, whether, if G is finitely 
generated, it is necessarily finite. 

Since our method requires that G is w-nilpotent, it will apply only to 
the case of a prime-power exponent, n = pr, say. Furthermore, it will 
apply only to the restricted Burnside problem, that is, to the question 
whether, for given k, there is a (finite) upper bound to the orders of the 
^-generator groups of exponent n. 

As before, there are two stages in the application of the method. The 
first requires us to translate the group theoretical problem into Lie ring 
terms; the second to prove a theorem about Lie rings. It cannot be said 
as yet that we know how to accomplish either half of this programme, 
in general. 

Let us look at the first stage first. If G is an w-nilpotent group of 
exponent n = pr, what can be said about its associated Lie ring Li We 
shall assume that L is formed using the lower central series of G; this has 
the advantage that if G can be generated by k elements, so can L; which 
is obviously desirable in the present context. Evidently, L is of character­
istic n; that is, nx = 0 for all x in L. 

But, furthermore, L satisfies certain identical relations. Let us explain 
how these can be obtained. 

We begin with a word __ 
W Q — X-^XQ • • • Xf 

in the free group on generators av..., aN, which is a product oînth powers ; 
and for simplicity we suppose that w0 is a positive word, so that each xi 

is an dj. We apply to w0 a commutator collection process. In the first 
stage of this the letters other than ax are collected to the left, in the order 
in which they occur. In the process, evidently, we shall have to introduce 
commutators [%, a{], and then [av ai9 a^], and so on. The upshot is an 
expression 

in which each yi is an ap j #= 1, and each zi is ax, or a commutator con-
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taining av Evidently, yxy2... ys is the result of putting % = 1 in wQ, so 
that it is a product of nth powers. Hence 

w1 = z1z2...zu 

is a product of nth powers. In the second stage, we similarly collect to the 
left, and drop, those zt which do not involve a2. The result is a product 
w2 of commutators, all involving both a± and a2, which is also a product 
of nth powers. Continuing thus, we ultimately obtain a product wN of 
commutators, all involving each of av ..., aN, which is also a product of 
nth powers. Now a commutator of weight N in wN involves a± just once, 
and hence was introduced at the first stage of the collection process. 
Hence it is of the form [ax,a2(r, ...,aN(T], where cr is a permutation of 
2,..., N; and it is easy to see that the number ka of times this commutator 
occurs is equal to the number of times av a2(r, ...,#JVO- occurs as a sub-
sequenceinWo. Thus UKh.<h~-,**.?' 

er 

is a product of nth powers, and commutators of weight greater than N 
involving each e .̂ I t is easy to see that 

2 #cr^l^2o- • • • XNa = 0 
cr 

is an identical relation in L. 
If, in particular, we take wQ = (axa2... an)

n, this relation becomes 

From this point, it is necessary to distinguish the case n — p from the 
general case n = pr, r > 1. If n = p, the condition we have obtained is 
precisely the (p— l)st Engel condition, xyv-1 = 0. That is, the associated 
Lie ring of a group of exponent p is of characteristic p and satisfies the 
(p — l)st Engel condition. As far as I know, we cannot be sure, except 
for the smallest values of p, that this gives the complete translation of 
the problem. But, what is far more important, we do now know that it 
is sufficient. That is, a Lie ring of characteristic p satisfying the (p — l)st 
Engel condition is locally finite. For p = 2 this is obvious; for p = 3 it 
was proved essentially by Levi and van der Waerden, though their 
argument was conducted entirely in the group. The case p = 5 is due 
independently to Kostrikin (see references in[4]) and to meC2]. The general 
case has been obtained very recently indeed by Kostrikin[4], whose 
work must be considered the first major break-through in Burnside's 
problem. It is not, of course, possible here to give any details, though it 
is perhaps worth observing that the point here is that the behaviour of 
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L is more regular than that of G. I t is not obvious, for instance, that 
G is an Engel group; certainly it is not true, in general, that for x, y in G, 

[x,y,...,y] = 1. 

p-i 

For q = pr (r > 1), the position is much less satisfactory. We know, 
in fact, that the translation mentioned above (which is now not a genuine 
Engel condition, but only a linearized one) is not the whole story, nor 
is it sufficient to prove L locally finite (e.g. the relation obtained lies in 
the second derived ring (L2)2, whereas for large enough k, xyk= 0; also, 
for g = 4, the relation holds in the non-soluble ring of dimension 3). 

In view of Kostrikin's achievement, it is, perhaps, appropriate to con­
clude with a word or two about the present state of Burnside's problem. 
It has for some time been clear that the problem falls into four parts: 

(i) the nilpotent part, the restricted problem for (a) prime and 
(6) prime power exponents; 

(ii) the reduction to (i) of the problem as far as it concerns soluble 
groups (this deals, in particular, with exponents involving just two 
primes); 

(iii) the reduction to (i) and (ii) of the general restricted problem; 
(iv) the passage from the restricted problem to the general problem. 
Of these parts, (ii) has been dealt with completely in Hall and Hig-

man[1], and Kostrikin has well begun (i). It seems likely that prime-
powers will fall to methods of the same general nature. There remain 
(iii) and (iv). Of these, (iv) is, perhaps, the most characteristic of the 
problem; (iii) draws attention to our need for information about the 
finite simple groups, but it scarcely needs Burnside's problem to do that. 
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B). B. JIHHHHKt 

0 IIPOE«IIEME #E«JIHTEJIEfl: H POftCTBEHHBIX EH 
BHHAPHLIX AflflHTHBHBIX HPOBJIEMAX 

1. MHorae aHrjiHËCKae aBTopH HsyiaJin acHMüTOTuraecKoe noBeaemie 
cvMM fleJiHTeneö BHna: 

T,Tki(n)Tk(n + l), (1,1) 

^rkl{v)Tk{n-v) (1,2) 

(CM. Hanp. HHraM[5], 9cTepMaHE3], THT^MapinE14], XOOJIH [4]). 

EHJIH BHBe^eHH acHMHTOTHHecKHe $opMy«JiH ftJiH kx = 2; k = 2,3 
(cjiynafi k = 3 6HJI H3yneH XOOJIHC4]). Xoponio H3BeeTHO, HTO $yHKn,HH 
r(n) = T2(n) TecHO CBH3aHa c $yHKu;HeH U(n) = 2 1; HX npoH3BO,a;H-

npie pfl^H ^npnxjie BOBOJILHO CXO;O;HH C aHajiHTHHecKOH TOHKH 3peHHH. 
BßHfly 3T0F0, Hanp., cyMMa (1,2) A;JIH kx = k = 2 oTBenaeT ;o;HO<|>aHTOBy 
ypaBHeHHH) w2 + v2 + w2 +12 = n. 

Bojiee oöiniie ypaBHeHHH, co^epntaiipie Jiioôyio 3a#aHHyio KBaTep-
HapHyH) $opMy, 6HJIH H3y^eHH KjiocTepMaHOM[6], TapTaKOBCKHM[12>13], 
H B He,o;aBHeË paôoTe BôxjiepoM[2]. 

BTH HCCJieAOBaHHH 6HJIH cBH3aHH c Teopneö rnnepKOMnjieKCHHX 
HHceji H npHMeHeHH aBTopoM H A. B. MajiHmeBHM (CM. Hanp. [7,8,9,10,11]) 
iHJifl pa3BHTHH acHMnTOTHHecKOô TeopHH npeftCTaBJieHHu HHceji TepHap-
HHMH KBâ paTHHHHMH $OpMaMH. 

ÜHTepeCHO, HTO BTa TeopHH OKa3HBaeTCH H0Jie3H0fi npH H3yHeHHH 
CyMM (1,1) , (1, 2) H CBH3aHHBIX C HHMH 3a^a^, KacaHHHlIXeH (|)OpMM 
au2 + buv + cv2. HMCHHO, TeopHH TepHapHHx KBaßpaTHiHHX $opM 
n03BOJIHeT BHBeCTH aCHMnTOTHHeCKHe BHpaîKeHHH ftJIH CyMM (1, 1), 
(1,2) ftjiH any^an kx = 2, k > 2 (jno6oe). 

nojib3yncB aHa«norHeö Mempiy r2(n) H U(n), ynoMHHaBHieôcH paHee, 
MOîKHO BHBecTH acHMHTOTH êcKHe $opMyjiH #JIH HHCJia peineHHü 
ypaBHeHHH 

n = Q{u,v) + gN{a), (1,3) 

rjje Q(u,v) — npHMHTHBHan ÔHHapHan KBajupaTHHHan $opMa ftHCKpn-
MHHaHTa d < 0; a—HßeaJi B 3a#amïOM none, aôejieBOM Haß paipio-

f Read in an English translation by Professor H. A. Heilbronn. 
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HaJibHHM nojieM; N(a) — ero HopMa, g—sa^amioe nojiojKHTejiBHoe 
HHCJio B3aHMHO npocToe K d. Bojiee o6in;ee ypaBHeHHe 

n = gxQ(u,v) + g2N(a) 

M05KHO TpaKTOBaTL TaKHÎC 
YpaBHeHHe (1, 3) MOîKHO paccMaTpHBaTB, KaK o6o6m;eHHe (nacTHHHoe) 

ypaBHeHHH I \ R. KjiocTepMaHa n = au2 + bv2 + cw2 + dt2; Bj^ech aôejieBO 
nojie — kQ—l) H c = d = g. 

2. MeTOß, ocHOBaHHHË Ha Teopnn TepHapHHX KBajjpaTHHHHx $opM, 
n03BOJIHeT BHBeCTH aCHMnTOTHHeCKHe $opMyjiH #JIH CyMM (1,1) H 
(1,2) TOJIBKO AJiH cjiynan kx = 2, k ^ 2 (jno6oe HHCJIO). (DopMyjiH JJJIH 

oSnjero l ÔBOJiBHO CJIOìKHH; MH yKameM JIHIHB npocTeöniyio H3 HHX 

(e l = 1) (oHa BepHa TaKme JJJIH l = — 1). 

TeopeMa 1. Ilpn n -> oo, k ^ 2 HMeeM 

S r a ( n ) r Ä ( n + l ) ~ k\Ck_x8kx(hixf, (2,1) 

C - lim * f f ^ i - ^ - i 

Pa3yMeeTCH, KOHCTamy 0A-i MOîKHO no^CHHTaTB HBHO, KaK BJieMeH-
TapHyio $yHKDiHio fc. 

Bojiee Toro, MH MOìKCM nojiy^HTb acHMnTOTHnecKoe pa3JiomeHHe JJJIH 

cyMMH (2, 1) BH;n;a: 

S r a ( n ) r Ä ( n + l ) = xPk(kix) + 0(x(lnx)«o), (2,4) 

r,n;e ij .(ln#)— nojiHHOM OT Ino; CTenemi k; a0 > 0—KOHCTaHTa (B #ajn>-
HeônieM ot{, rji, ^(i = 0,1,2,...)—Majine nojioìKHTejiBHHe KOHCTaHTH). 

uo^oOHHe acHMnTOTH êcKHe pa3JiomeHHH MOîKHO nojiy^HTB ßjiH 
oônpix cyMM (1, 1) H (1, 2). 

3 . IlycTB TenepB d < 0 — s a l a m m o (fjyHßaMeHTajiBHHfi: ^HCKPHMH-

HaHT 3aAaHHOä IjeJIOHHCJieHHOÖ npHMHTHBHOÜ ÔHHapHOH KBajupaTHHHOË 
$opMH Q(u,v)(d = 0; 1 (mod 4)). IlycTB $ 3a#aHHoe aJireopannecKoe 
nojie, aôejieBoe Haß nojieM paipiOHajiBHHX raceji, c ^HCKpnMHHaHTOM 
d&, H g > 0—ijejioe TaKoe, HTO (d,gd&) = 1. 

(2,3) 
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TeopeMa 2. BcnKoe ^ocTaTO^HO 6ojn>nioe HHCJIO n > n0(d,g,d&) MOîKCT 

6HTB npe#CTaBjieHO B $opMe 

n = Q{u,v)+gN(a), (3,1) 

r^e a—ijejinö n^eaji nojra ®. 
MOîKHO ;a;aTB acHMHTOTHnecKyro <$opMyjiy ^JIH nncjia penieHHH 

(3 ,1) . 3aMeTHM, HTO B cjiynae: $ = £ ( ^ - 1 ) , N(a) = z2 + t2, H MH 
nojiynaeM sacrano (XOTH H #ocTaTOHHO nrapoKHu) cjiynafi TeopeMH 
TapTaKOBCKoro o KBaTepHapHHX $opMax[13]: 

n = Q(u,v)+g(z2 + t2). 

flpyrofi nacTHHö cjiynaö TeopeMH 2: 

TeopeMa 2'. ^ J I H 3a;o;aHHoro D > 0 H n > n0(D) HMeeM: 

n = n! + n2, (3,2) 

r^e Ux COCTOHT TOJIBKO H3 npocTHX HHceJi = 1 (mod 4), a II2—TOJIBKO H3 
npocTHx HHceji = 1 (modD). ECJIH ĉ HTaTB KaîK^no npocTOH ^ejiHTejiB 
Hx RBaHtRH, KaîK^no npocTOË mejiHTeJiB II2—$(D) pa3, MOîKCM nojiy^HTB 
acHMnTOTHHecKyio $opMyjiy ^JIH HHCJia peineHHft (3, 2). 

ECJIH D = 4, nojiynaeM H3BecTHyio TeopeMy o neTHpex KBa#paTax. 
yKanteM TenepB acHMHTOTHiecKyio $opMyjiy #JIH (3, 1) #JIH HCKO-

Topnx npocTHX cjiy^aes $ . Xopoino H3BCCTHO, HTO BBH#y TeopeMH 
KpoHeKepa-BeSepa, ji;3eTa-$yHKii;HH ® BHpaîKaeTCH nepe3 OôHKHO-

BeHHHe L-pn^H ^Hpnxjie. M H paccMOTpHM cJiepyioiipiE cjiynan: 
IlycTB p0—npocToe HHCJIO BHp;a: p0 = qm+l;q 3a;n;aHo; cymecTByiOT 

CTeneHHHe BHHCTH CTeneHH q; nycTB Xi>X& *-->X<i ^J^JT COOTBCTCT-

Byionpie HerjiaBHHe xapaKTepn flnpHXJie. OöpasyeM pn# 

# ) = s 5 - = f W n V » ) ; Kes>l (3,3) 
H paccMOTpHM cyMMy T{n)= s ^ ( 3 4 ) 

n—Q{u,v)~gm 

9Ta cyMMa #aeT IHCJIO peinemiô ypaBHeHHH (3, 1) B TOCTHOM cjiynae, 
Kor^a o6pa3yionpio pnjü ,II|HPHXJie ÄJM HopM H,o;eaJiOB 3a,o;aeTCH (3, 3). 

<f>(D)-l 
Cjiynao(3,2)TecHOCBH3aHcJ.(5) = Ç(s) JJ L(s,Xk)>TP$Xk—HerjiaBHHe 

xapaKTepn ^Hpnxjie P;JIH Mo;n;yjiH D-
AcHMnTOTHHecKan $opMyjia #JIH T(n) #OBOJIBHO cjionoia. Ilpn 

3a^aHHHX n H D < n, o6o3HanHM: dx = (n,D); D = Dxdx; dx = dlxdX2, 
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r,o;e dxx COCTOHT H3 npocTHx nnceji, ßejranpix Dx, a dX2 B3anMHO npocTO 
K Dx. 06o3HanaeM 

Ti(n,D) = n ( l - ^ ) n (1 + UP) + - + ^(P)) 
P\D\ P I p\da 

S^ecB d—^HCKpHMHHaHT $opMH Q(u, v), ap— HaHBHCHian CTeneHB p, 
^ejinmancooTBeTCTByiomee^HCJio^nHJiH^),^^) = (djn)—xapaKTep 
KpoHeKepa, npHHaßJiemaiipiE d. 

TeopeMa 3. Ilpn g = 1 

T(n) = ^®(n) + 0{ffi-i), (3,6) 

r*e (B(n)= £ & ( ^ i ) - U V i ) n (n,dxS2...SQ_x). (3,7) 
*i,*., ...,*f-i«l OxÒ2...ÒQ_x 

PKR <&(n) cyMMnpyeMHH no B03pacTaioiipiM 8xd2...âQ_x, crpymrapo-
BaHHHM ftJIH OftHHaKOBHX 3HaHCHHH npOH3BeACHHH $xd2...dq_x,

 K a K 

jierKO BH^eTB, ycjiOBHO CXO,O;HTCH, H @(w) > 1/lnw. 

4. C$opMyjinpyeM TenepB rjiaBmie JICMMH. Xopoino H3BCCTHO, HTO 

cyMMa (1, 1) coßna^aeT c HHCJIOM penieHHH ^HO$aHTOBa ypaBHeHHH 

x1x2-yxy2...yk = i (MO 

no,a; ycjiOBneM xxx2 < I. 9TO HHCJIO MOîKHO nocTeneHHO CBCCTH K 

k\N(x, — I), r^e N(x, —I) — HHCJIO penieHHH (4, 1) npn ycjiOBHH: 

l < xxx2 <;x; yx<y2< ... < yk. 

flajiee, yx y2... yk_x ^(x + iyk-^k, H 

N(x,-l)~X S r(n), (4,2) 
(Vi) n==-l(moäy1...y ) 

n<x k"1 

TRe OÔJiaCTB CyMMHpOBaHHH fa) ecTB 

TaKHM o6pa30M, HTOôH BHBCCTH acHMnTOTHKy (4, 2) £OCTaTO*rao 
BHBeCTH aCHMnTOTH êCKHe $OpMyJIH ßJIH KOJIHHeCTB 

S r(n) (4,3) 
n=— Z(modZ>) 

«JIH D < (2xYk~1>lJc. 
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3aMeTHM, oßHaKO, HTO MH He Hyra«aeMCH B HHX «JIH Bcex 3Ha*ieHHfi D, 
HO, rpyöo roBopn, «JIH 'non™ Bcex' D < (2xfk~1)lk, T.K. $opMyjia (4, 2) 
HMeeT 'ycpejjHHiomiHô xapaKTep'. 

CDopMyjia (4, 3) «aeT HHCJIO penieHHH ypaBHeHHH 

xxx2 — By = —I (xxx2 < x). (4,4) 

EteyqeHHe 8Toro ypaBHeHHH npnBO«HT K TpnroHOMeTpHHecKHM cyMMaM 
KjiocTepMaHa (CM. CTaTBio aBTopa[10], CTp. 22-29 H MeMyap G. XOOJIHC4]). 

IIpHMeHHH xopoino H3BecTHHe oijeHKH AH«pe BefijiH «JIH cyMM Kjioc­
TepMaHa, MH MOîKeM noJiyHHTB BnojiHe y«OBjieTBopHTejiBHHe acHMnTO-
TH^ecKHe $opMyjiH «JIH D <, x%~ao (CMHCJI oti 6HJI oStHCHeH paHee). Ho 

«JIH Hanieö npoôJieMH MH Hym«aeMCH B D < (2xfk~1)ik, o«HaKO, «JIH 
'HOHTH Bcex' TaKHX D. BTO cocTaBJineT co«epHtamie rjiaBHOö JICMMH 1. 

JleMMa 1. IlycTB 

r«e <f>(D)— $yHKD;HH BöJiepa H 

c ° ~ r ( i ) -

IlycTB xi ^ Dx < x1-^; Z>2 = Z>i~^; I «; x. Torna 

2 ( S T(n)-A(x,D'A=o(^Dt). (4,6) 
(D,Z)=1 U=HmodD) / \ ^1 / 

Dl<D<V1+Di n<x 

3«ecB 7/x, 7j2—HeSojiBiHHe KOHCTaHTH; 7)z = VsiVvV^) > Q- 9 T a $opMyjia 
«aeT '«HcnepcHH)' r(n) B apn<f)MeTH*iecKHX nporpeccnnx; MH npnMeHHM 
ee KaK HepaBeHCTBo HeÖHineßa B Teopnn BepoHTHOCTen, HTO6H «OKa3aTB, 
HTO 'noHTH «JIH Bcex' D HMeeM y«oBJieTBopHTejiBHyio acHMnTOTH^ecKyio 
$opMyjiy «JIH (4, 3). ^ J I H D < AJX («ante «JIH D < x%~ao) MH MOîKCM 

npHMeHHTB $opMyjiH, ynoMHHyTHe BHIHC ^ J I H ocTaBHinxcn D > ^Jx 
npHMeHneM TpnBHajiBHyio BepxHioio on;eHKy. 

5. (DyHKipiH r2(n) OTBenaeT KBa«paTHHHOH $opMe uv; «JIH KBa«pa-
THHHOÖ $OpMH Q(U,V), yKa3aHHOH BHHie, MOÎKHO BHBeCTH $OpMyJIH, 
coBepnieHHO aHajiorHHHHe (4, 6). Onpe«ejiHH ^jmrnjim U(n,D) 
nocpe«CTBOM (3, 5), HMeeM 

JleMMa 2. 

s ( s 1 -S5 n ( n ' 2 > ) ) , -°(^ 2 > - )* (M) 

^D1+D2\Q(u,v)=n(moäD) V\a\1J / \ Ux ] 



318 YU. V. LINNIK 

r«e Dx, D2 HMeioT TO me 3HaHeHHe, HTO H B jieMMe 1; x Ha«o 3aMeHHTB 
Ha n. 

9 ï a *<|)opMyjia «Hcnepcnn' «ocTaBjineT xopoinne acHMnTOTHHecKne 
f opMyjiH «JIH 'noHTH Bcex' D > ^n; «JIH D < ^Jn («ame «JIH D ^ n%~«o) 
HH«HBH«yajiBHHe $opMyjin: 

S l = 7 ^ r n ( n , D ) + 0 ( n ^ ) (5,2) 

HMeiOT MeCTO B CHJiy CBOËCTB cyMM KjiocTepMaHa. 

6. ^OKasaTejiBCTBO <f>opMyji (4, 6) H (5, 1) 6a3npyeTCH Ha MyjiBTH-
njiHKaTHBHHX CBofiCTBax Bxo«Hiipix B HHX $yHKu;HH[ H TeopHH TepHap-
HHX KBa«paTHHHHX $opM. HaraeM c (4, 6). 

IlycTB (QFR)—MHOîKecTBO CBO6O«HHX OT KBa«paTOB HHCeJI. IlyCTB 
n{ € (QFR) (i = 1,2); (nx,n2) = S. Tor«a HMeeM, OHCBH«HO: 

r(nx)r(n2) = (r(S))2r (*¥•)• 
3TO npHBO«HT K cjie«yiomeMy BHpameHHio: nycTB vx, v2, #<|>HKCHpoBaHH; 
DVi + l < n (i = 1,2); o6pa3yeM 

W f W ^ r ^ 1 ^ 1 ) . (6,1) 
s<n (D) \ 0 0 J 

OÔJiacTB (D) onpe«ejieHa ycjiOBHHMH: 0 < Dv^l < n; Di^ + Z e (QFB); 
SlDVi + l; s\Dv{ + l; (D,l) = 1. CyMMnpoBamie no s, c ji(s), BBO«HTCH 

«JIH TOrO, HTOÖH C«eJiaTB (DVi + Vjjd B3aHMHO npOCTHMH. 
^JieHH CyMMH (6, 1) C $HKCHpOBaHHHMH 8, s, vx, v2, KaK JierKO 

BH«eTB, paBHH racjiy penieHHÔ ypaBHeHHH 

(Dvxv2-l(vx + v2))
2-4vxv2ô

2vw = (l(vx-v2))
2, (6,2) 

T.e. HHCJiy npe«CTaBJieHHö KBa«paTa (l(vx — v2))
2 Heonpe«ejieHHOö 

TepHapHOö KBa«paTHHHOö $opMOü u2 — vw npn HeKOTOpHX npOCTHX 
reoMeTpHnecKHX H KOHrpyaHipiajiBHHX ycjiOBHHX Ha 

u,v,w (Hanp. v = 0 (mod4^1v252)). 

ECJIH S, S, VX, V2, cpaBHHTejiBHO MajiH (nopn«Ka 0(nai)), a D, v, w «ocTa-
TOHHO BejiHKH (D > nx~^), npe«CTaBJieHHe KBa«paTa TepHapHoö 
KBa«paTHHHOË $OpMOË 8TOrO THna MOîKeT ÔHTB TpaKTOBaHO MeTO«aMH 
aBTopafH A. B. MajiHineBa (CM. Hanp. [8'9]) BnojiHe y«OBJieTBopHTejiBHO. 

J{jm «aHHoä $opMH u2 — vw «ante HeT HyîK«H B 8THX MeTO«ax, T.K. 
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ypaBHeHHe u2 — vw = (l(vx — v2))
2 MomeT 6HTB CBe«eHO K no«cneTy 

.ViaTpHIJ 

A = œ ß 
y 8 

c det (A) = ± l(vx — v2) 

[ipH HeKOTopnx reoMeTpHnecKHX H KOHrpyaHi^najiBHHx ycjiOBHHx Ha 
*> A 7? à* 9TO, B OCHOBHOM, npoöjieMa Teopnn KBaTepHapHHx $opM, 
DneHB cxo«Han c 3a«aneË, pasoopaHHOË B [10], CTp. 25-29. (ECTB TaKHte 
DTapan paôoTa Y. KaHTopaE1], OTHoenmancH K HO«O6HHM BonpocaM.) 
3aMeTHM, HTO 8 H S MOîKHO c^HTaTB nopn«Ka 0(x£i) (£,x > 0 HyîKHoro 
tiopn«Ka MaJiocTH), T.K. «JIH ôOJIBHIHX SUS ^Jienn cyMM (6, 1) MoryT 
5HTB OÎ eHeHH TpHBHaJIBHO H OKa3HBaH)TCH CpaBHHTeJIBHO MaJIHMH. 
IIpoH3Be«eHHe vxv2 Tome «OJIîKHO 6HTB nopn«Ka 0(a&); BTO 03HanaeT, 
ITO D «OJIîKHO 6HTB 60JIBIHHM (D > xx~^). EcTecTBeHHO, HTO yepe«-
HeHne no SojiBinoMy HHTepBajiy 3HaieHHH D Jierne, neM no ysKOMy. 
HaM HyîKHH, 0«HaKO, D ^'*Jx\ MH OÔTbHCHHM HX TpaKTOBKy HHHîe. 

Pe3yjiBTaTH o HHCJie npe«CTaBJiemoi OHCHB rpoM03«KH H MH onycKaeM 
HX TpaKTOBKy. HTOÔH npHJIOîKHTB HX K BHBO«y $OpMyJIH (4, 6), MH 
aacTaBJineM cnepBa n npoôeraTB no CBO6O«HHM OT KBa«paTOB racjiaM H 

3aMeHneM A(x,D) Ha cooTBeTCTByionpie A'(x,D). 3aTeM OTKpHBaeM 
CKOSKH B (4,6) H cyMMHpyeM no D, npnjiaran K npoH3Be«eHHio r(nx) r(n2) 
yKa3aHHHe BHine pe3yjiBTaTH. 'JlnHetaoe BHpameHne', co«epmarp;ee 
T(DVX + 1) A'(x, D), nome cyMMnpyeTCH no D, H MH nojiynaeM (4, 6) «JIH 

n e (QFR). 06m;HH cjiynaö 3aTeM noJiynaeTCH JierKO. 
IIocKOJiBKy HaM HyîKHH '<|>opMyjiH «Hcnepcnn' «JIH ^x < D < x1-"!, 

MH MOîKeM noJiy^HTB ^opMyjiH aToro THna, 6epn D=pD'; p X xß 
BHÔnpaioTCH 60JIBIHHMH npocTHMH HHCJiaMH. TIporpeccHH 

n = I (mod D'p) 

MoryT 6HTB pa3JiomeHH 3aTeM Ha nporpeccnn 

n = l(modD'p); n = £(modp); g = 1, ...,p — l. 

HsMeHHH «ajiee p X %$, MH MOîKCM nojiy^HTB TpeôyeMHe yepe«HHiom;He 
$opMyjiH «JIH n == Z(modD'); D' > AJX. TeM me MCTO«OM MH MomeM 
noJiyHHTB acHMHTOTHnecKyK) $opMyjiy «JIH CyMMH 

S T2(ax2 + bx + c) 

c ocTaTOHHHMHJieHOMO(x1_ao). 'OopMyjia«Hcnepcnn' (5,1) npoBepneTCH 
aHaJiorHHHo. IIpocTeiiiHHH cjiynan: Q(u, v) = u2 + v2. J^jm 

U(m) = S 1 ; n< e (QFR) ; (nx, n2) = 8, 
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Oônjan $opMa Q(u, v) TpeôyeT ôojiee CJIOîKHHX $opMyji H npHBJieneHHH 
TeopHH KOMno3HD;HH KJiaccoB. .IJeEeTByH KaK B cjiynae T(n), nojiynaeM 
ypaBHeHHe 

(n(vx-v2))
2 = (D.2vxv2-n(vx + v2))

2-82vxv2Qx(v,w). (6,3) 

TaKHM o6pa30M, cooTBeTCTByiomaH TepHapHan fopMa 6y«eT 

u2 — aQx(v,w); 

OHa «oJiîKHa npe«CTaßjiHTB öOJIBIHOö KBa«paT (n(vx — v2))
2; a = 82vxv2, 

Q(v,w)—npHMHTHBHan ÔHHapHan KBa«paTHHHaH $opMa «HCKPHMH-

HaHTa d. IIpe«CTaBJieHHH nos^HHeHH HeKOTopHM reoMeTpHiecKHM H 
KOHrpyampiajiBHHM ycjiOBHHM. AcHMnTOTH êcKHe $opMyjiH MOîKHO 

nojiy^HTB, HcnojiB3yn MCTO«H, ynoMHHyTHe BHine t8»10»11^ ocTaTOHHBie 
HJieHH xopoHine. 

IIpe«CTaBJieHHe öOJIBIHHX KBa«paTOB H «ame nnceji, HMeionpix 
oojiBHine KBa«paTHHe «ejiHTejin, TepHapHHMH KBa«paTHHHHMH $op-
MaMH B OCHOBHOM, HpOÔJieMa TeopHH KBaTepHapHHX KBa«paTHHHHX 
$OpM. 

7. Bo3BpaTHMCH TenepB K TeopeMe 3 ($opMyjia (3, 6)), *ITO6H HOHCHHTB 

ee CBH3B c '<|>opMyjioii «Hcnepcnn' (5, 1). 3aMeraM, HTO B (3 3), 

m̂ = S Xi(*i) XÀh) • • • Xz-i(<W-
8x8i...8q-x\m 

BepeM g = 1 (TOJIBKO «JIH npocTOTH). HMeeM 

T(n)= S Xi(Si)-Xa-i($a-i) S 1- (7,1) 

IlycTB 8X < 82 < ... < 8Q_X. ECJIH 8xS2...8q_x < n^-2^-1^ HMeeM 
xoponine acHMnTOTH îecKHe BHpameHHH «JIH 2 1 H 'üOHTH 

^ 2 . . . âq-xln—Q(u,v) 
Bcex' 8x82...8q_x no JieMMe 2. 

ECJIH 8X82...8q_x > wte-»/te-D-Hro, 8X82... 8q_x \m (m < n), MH MOîKCM 

OTo6pa3HTB npoH3Be«eHHe X\!<ßi) • • • Xg-i(^-i) H a npoH3Be«eHHe 

XiXq-i(Si) XzXa-itfz) • • • Xq-2Xa-i(Sq-2) Xq-i ( j j ^ j _ J ' 

flajiee, 8X82...8ff_2 — - ^ — = ™ ^ n(a-*m-i)-v^ 
ò1ò2...òq_x òq_x 

T.K. 8q_x ^ nll(q-1)+^q-2). TaKHM o6pa30M, jieMMa 2 6y«eT «ocTaToraoii, 
HTOÖH BHHHCJIHTB aCHMnTOTHKy (3 , 4) . 
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S O M E F U N D A M E N T A L T H E O R E M S O N 

A B E L I A N F U N C T I O N F I E L D S 

By PETER R O Q U E T T E 

1. Introduction 

1.1. The 'fundamental theorems* I have in mind are those which are 
centred around the celebrated finiteness theorem of Mordell and Weil. 
Let us first recall what this finiteness theorem says: 

Let A be an abelian variety which is defined over a number field k. 
Let Ak be the group of all points of A which are rational in 1c. Then the 
finiteness theorem of Mordell and Weil[1] can be stated as follows: Ak, 
as a commutative group, is finitely generated. 

That means, there are finitely many points ax,...,am in Ak such that 
each point a in Ak can be written in the form 

m 

a = J^n^t 

with rational integers %. 
There is a generalization of this theorem which is due to Néron[2]. 

Namely, Néron has proved that the finiteness theorem does not only 
hold for a number field as ground field, but also for a much wider class 
of fields: In the above theorem, h may be an arbitrary finitely generated field. 

In the following, when referring to the finiteness theorem, we shall 
always mean this generalization by Néron rather than the original 
theorem. 

1.2. The purpose of this note is, first, to give another formulation and 
at the same time a further generalization of the finiteness theorem which, 
as it seems, is just the 'proper' one from the arithmetical point of view 
(see the class theorem in § 2.4.) Secondly, we shall speak about some new 
principles and results by means of which the finiteness theorem (and its 
generalization) can be proved. Since it is impossible in this short note 
to deal with the whole proof, we shall therefore restrict ourselves to 
those results which lead to the so-called 'weak' finiteness theorem (or 
its generalization, the 'weak' class theorem). This 'weak' theorem says 
that for an integer n > 1 the factor group Ak\nAk is finite; it is the first 
step towards the proof that Ak itself is finitely generated. It seems to 
be interesting that this 'weak' theorem is a consequence of theorems 
of a eohomologieal nature (see § 3). 
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2. The class theorem. 

2.1. First we shall give a reformulation of the finiteness theorem, 
presenting it as a statement about divisor classes instead of points of an 
abelian variety. In doing this we restrict ourselves to the special case 
where the abelian variety in question is the jacobian variety of an alge­
braic curve (this is no essential restriction). 

So let T be a projective curve, defined over a finitely generated field k; 
assume that V is normal. Let K = k(T) be the function field of V over k; 
this is a finitely generated field extension of k of degree of transcendency 
1 over k. By the very definition of the jacobian variety A of T[3], the group 
Ak is naturally isomorphic to the group G0 of T-divisor classes of degree 
0 of K. This group CQ can be described as follows: 

We consider the set M = MT of T-prime divisors of K, i.e. of those 
prime divisors of K which are trivial on k. We form the corresponding 
divisor group D, defined as the free commutative group whose generators 
are the elements of M. We assign to each element u =f= 0 of K its divisor 
(u) which counts the zeros and poles of u with their respective multi­
plicity. Thus we get a homomorphism 

diKx^D 

of the multiplicative group Kx of K into the divisor group D. This 
map d, fundamental in arithmetic, is called the divisor map of K with 
respect to the set M of prime divisors. 

The cokernel of d, i.e. the factor group of I? modulo the image d(Kx), 
is called the divisor class group of K with respect to M. We shall denote 
it by G or more precisely by CM whenever we want to indicate the prime 
divisor set M which we are referring to. 

It is well known that the image d(Kx) is contained in the subgroup D0 

of those divisors which are of degree 0; this fact can also be described by 
saying that a function u =f= 0 in K has as many zeros as it has poles. It 
follows that the degree of a divisor does not actually depend on the 
divisor itself but only on its class in the group C. In particular, the 
divisor classes of degree 0 form a certain subgroup of G which we shall 
denote by G0 or, more precisely, by C0tM. 

It is this group C0 which, as already said above, is naturally isomorphic 
to the group Ak of rational points of the jacobian variety A of T. Hence 
it follows by the finiteness theorem that GQ is finitely generated. But to 
say that CQ is finitely generated is the same as to say that G itself is 
finitely generated, for the factor group C/CQ is isomorphic to the additive 
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group of rational integers. Hence we get the following statement as 
another formulation of the finiteness theorem : 

Let K be a finitely generated field and T be a projective normal curve 
which is a model of K (over some subfield k oiK); denote by M the set 
of F-prime divisors of K. 

Then the corresponding divisor class group CM of K is finitely generated. 

2.2* The generalization of this statement which I have in mind says 
that the same is true for an arbitrary model of K (not only for a projective 
normal curve). Here, the notion of a model of K may be taken either in 
the usual sense in algebraic geometry (over some subfield k of K as 
constant field) or in the more general 'arithmetic' sense given to it by 
NagataC4] (over some Dedekind domain contained in K). For reasons of 
brevity, we shall not explain in detail the definition of a model; we only 
give the definition of what we call a 'prime divisor model' of K which 
will suffice for our purpose. 

So let K b& a finitely generated field and M a set of prime divisors 
( = valuations) of K. We denote by R the intersection of all the valuation 
rings belonging to M. We say that M is an 'affine' prime divisor model 
of K, if the following two conditions are satisfied: 

(i) each valuation ring belonging to M is a quotient ring of R; 
(ii) R is finitely generated either over the rational integers or over 

some subfield k of K. 
Now we define a prime divisor model of K as a set M of prime divisors 

of K which contains an affine prime divisor model M0 such that M — MQ 

is finite. 
If a prime divisor model M"of K is given, there is a natural divisor 

map d = dM oîKx into the corresponding divisor group, and the cokernel 
of d is called, exactly as above, th§ divisor class group of K with respect 
toM. 

Now we can state our theorem as follows: 
Glass theorem. Let M be a prime divisor model of a finitely generated 

field K. Then the corresponding divisor class group GM of K is finitely 
generated. 

2.3. It is not very difficult to deduce this class theorem from the 
finiteness theorem of Mordell-Weil-Néron[5]. The reason why I stated 
it is that in this form its arithmetic significance becomes clear: it gives 
us a certain insight into the structure of the divisor class groups of 
finitely generated fields. Note that K may very well be an algebraic 
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number field; in this case a prime divisor model of K is just a set of prime 
divisors which contains all but a finite number of prime divisors of K. 
Hence, in this case, the class theorem reduces to the well-known classical 
result that the class number is finite[6]. 

Hence our class theorem may be regarded as the direct generalization of 
the classical result that the class number in an algebraic number field is finite. 

2.4. As a side remark we would like to mention that there is another 
theorem, dual to the class theorem, which concerns the unit group EM 

with respect to a prime divisor model M of K. The unit group is defined 
dually to the class group as the kernel of the divisor map. 

Let us call a prime divisor model M of K an 'absolute' model, if it 
contains an affine model M0 whose corresponding integral domain R0 is 
'absolutely' finitely generated, i.e. finitely generated over the rational 
integers (see condition (ii) above). Then the unit theorem reads as 
follows: 

Unit theorem. Let M be an absolute prime divisor model of a finitely 
generated field K. Then the corresponding unit group EM of K is finitely 
generated. 

If K is a number field, then this theorem coincides with the classical 
unit theorem of Dirichlet. The general unit theorem can be easily 
deduced from this classical statementC5], contrary to the situation for 
the class theorem. 

3. The weak class theorem 

3.1. Let i f be a prime divisor model of a finitely generated field K. 
Then the weak class theorem states that for any integer n > 1, prime to 
the characteristic of K, the factor group GMjnCM is finite. Of course 
this is an immediate consequence of the class theorem; however, as 
already said in the introduction, the first step towards the proof of the 
class theorem is the weak class theorem. 

In this § 3 we shall outline a proof of the weak class theorem. 
Let r be the arithmetic dimension of the field K. This is defined as the 

degree of transcendency of K if the characteristic of K is + 0, and 
1 + degree of transcendency of K if the characteristic of K is 0. If r = 0 
then K is finite and the weak class theorem is trivial. If r = 1 then K is 
either a number field or a function field in one variable over a finite 
constant field. In this case the weak class theorem is true by the classical 
theorem on the finiteness of the class number[6]. Hence we may assume 
r > 1 and use induction on r. 
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Let k be a subfield of K, algebraically closed in K, such that K is 
separable and of degree of transcendency 1 over k. The key for the 
induction argument is the following resultC5]. 

Proposition 1. / / the weak class theorem holds for all models of k, and 
also for all models of K over k, then it holds for all models of K. 

Hence,using the induction assumption, we see that it suffices to prove 
the weak class theorem for a model r of K over k. It is no essential 
restriction to assume that Y is projective and normal; let A be the 
jacobian variety of Y. As shown in §2.3, the finiteness of CTjnCv is 
equivalent to the finiteness of Ak\nAk. Hence we are back at the proof 
of the weak finiteness theorem. However, in our present situation we 
have the induction assumption that the weak class theorem is already 
proved for the ground field k. This will turn out to be important in the 
following proof of the weak finiteness theorem. 

Let F be the function field of the jacobian variety A over k. Then 
A defines a prime divisor model of F over k; let us denote by GA the 
corresponding divisor class group of F and by G0A the subgroup of 
those divisor classes in GA which are algebraically equivalent to zero. 
It is well known that the group Ak is isomorphic to the group C0 A, such 
an isomorphism is given by 

x -> class oîdx — d for x € Ak, 

where 6 denotes a theta divisor of A, normed so as to be rational in k. 
Hence we have to show that G0jAlnC0tA is finite. This will be done, for 

an arbitrary abelian variety, in the following theorems. 

3.2. According to what we have said above, we consider the following 
situation: 

k is a finitely generated field for which the weak class theorem is true; 
A is an abelian variety defined over k; 
F = k(A) is the function field of A over k; 
C0 = C0fA is the group of divisor classes of F with respect to A which 

are algebraically equivalent to 0; 
n is a given integer > 1, prime to the characteristic of k. 
In this situation we have to prove 

C0lnC0 is finite. 

To prove this, it is no essential restriction to assume that all the nth 
division points of A are rational in k. Let us assume this, and let us denote 
by Gn the automorphism group of F consisting of the translations by the 
nth division points of A. 
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3.3. The group Gn acts in a natural way on the divisor group D = DA 

of F with respect to J., in such a way that the divisor map d = dA is a 
G^-homomorphism. Hence Gn acts also on the cokernel of d, which is 
the divisor class group G = CA, and on the kernel of d, which is the 
multiplicative group kx of the ground field. 

Now, general cohomology theory tells us that there is a natural map 
of the cohomology groups of Gn in the cokernel G into the cohomology 
groups of Gn in the kernel kx, increasing the dimension by two: 

This map has proved to be of fundamental importance in various 
problems of arithmetic, in particular in class field theory. We shall 
consider it in the dimension i = 0. 

The zero cohomology group H°(Gn, G) is essentially the group of those 
divisor classes which are fixed under Gn. This group contains in particular 
the group CQ, since CQ is elementwise fixed under all translations. Hence, 
by restriction to CQ we get a map 

hn:G0^H*(Gn,kx), 

which we call the Hasse map (with respect to n). It is this map which we 
are referring to in the following theorems. Note that H2(Gn, k

x) is pre­
cisely the group of abelian algebras over k with group Gn in the sense 
of HasseC7J. 

3.4. The first theorem we would like to mention is the following: 
Theorem 1. The kernel of hn is equal to nC0. 
Thus hn defines an isomorphism of the factor group C0lnCQ into 

H*(Gn,kx). 

3.5. The next theorem is about the image of hn. Let us choose an 
absolute prime divisor model M of the field k in the sense of § 2.4. We 
say that a prime p of M is regular with respect to A (or with respect 
to F) if the reduction mod# of J. is non-degenerate and an abelian variety 
over the residue field k modp. If this is so then p extends uniquely in a 
natural way to Fm. 

It is known that all but a finite number of primes p of M are regular 
with respect to A. After removing the irregular primes we may therefore 
assume that all primes of M are regular with respect to A. We then call 
M a regular model of k with respect to A. 
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Theorem 2. If M is regular with respect to A then the image of hn splits 
M-divisor ially, i.e. it is contained in the kernel of the natural map 

H*(Gn,kx)->H*(Gn,DM) 

which is induced by the divisor map dM: kx -> DM. 

3.6. The next theorem is about the kernel of the map mentioned in 
theorem 2. Before stating it let us remember that the factor group 
GMjnCM is finite, according to our assumption that the weak class 
theorem is true for the ground field k. Furthermore, we know that the 
factor group FMjnEM is also finite; see § 2.4. 

Theorem 3. As a consequence of the fact that the groups GMjnCM and 
BM\nEM are finite, it follows that the kernel of the natural map 

H*{Gn,k*)^H\Gn,DM) 
is finite too. 

For the proof of the theorems 1, 2 and 3 see [9]. 
Now, taking the theorems 1, 2 and 3 together we see that hn defines 

an isomorphism of the group C0lnC0 into a finite group; hence C0lnCQ 

is finite too. This proves the weak finiteness theorem. 

3.7. Remark. In order to deduce from the weak finiteness theorem the 
finiteness theorem itself one has to apply the classical method of infinite 
descent together, with the theory of heights of points of abelian varieties. 
For details of a simple proof see my forthcoming paper in the Journal 
f. d. reine u. angewandte Mathematik. 
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FONCTIONS AUTOMORPHES ET 
CORRESPONDANCES MODULAIRES 

Par G ORO SHIMURA 

l i e s t bien connu que le groupe modulaire de Siegel est le groupe de 
transformations pour les périodes des fonctions abéliennes, mais on 
sait peu de chose des relations entre les fonctions modulaires et les 
abéliennes, sauf au cas de dimension 1. L'objet de cette conférence est 
d'énoncer quelques idées et résultats à ce sujet. Nous démontrerons 
d'abord que les 'modules' des variétés abéliennes polarisées, regardés 
comme fonctions des périodes, engendrent les fonctions modulaires de 
Siegel, et que les fonctions modulaires par rapport aux groupes de con­
gruence s'obtiennent à partir des points t sur les variétés abéliennes tels 
que qt = 0 pour un entier q. On peut appliquer le même procédé à 
d'autres types de fonction automorphe, par exemple, aux fonctions de 
Hilbert. Ce sont non seulement la généralisation de la fonction j(r) ou 
des ep-Teilwerte', mais les outils dont on se sert pour attaquer les pro­
blèmes arithmétiques des fonctions automorphes. On voit en effet que les 
opérateurs Tn, introduits par Hecke pour les formes modulaires elliptiques 
et généralisés par ses disciples pour divers formes automorphes, ne sont 
autres que les représentations de certaines correspondances algébriques, 
appelées correspondances modulaires, définies au moyen d'isogénies de 
variétées abéliennes. En se basant sur cette idée, on acquiert des 
formules de congruence pour les correspondances modulaires dans le 
cas d'une certaine classe de fonctions automorphes de dimension 1, 
que l'on rencontrera à la fin de cet exposé. 

Pour commencer, on va rappeler les notions de variété abélienne 
polarisée et de ses modules (Weil[7], Matsusaka[3], Shimura[6]). Soient 
A une variété abélienne et X un diviseur sur A. On désignera par fé'(X) 
l'ensemble de tous les diviseurs X' sur A pour lesquels il existe deux 
entiers positifs m, m1 tels que mX soit algébriquement équivalent à 
m'X'. fé"(X) s'appellera une polarisation de A si ^(X) contient un 
diviseur ample. On entendra par une variété abélienne polarisée une 
variété abélienne A sur laquelle est donnée une polarisation fé7, désignée 
par (A,të). (A,^) est dit isomorphe à une autre variété abélienne 
polarisée (A', fé7') s'il existe un isomorphisme de A sur A' qui envoie fé7 

sur fé". On dira que (A, fé7) est défini sur un corps k si A est défini sur k et 
si fé7 contient un diviseur X rationnel sur k. Ainsi, soit o* un isomorphisme 
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de k sur un corps k'\ on désignera par fé"0- la polarisation fé^X0") de A". 
On peut démontrer qu'il existe un sous-corps K de k jouissant de la 
propriété suivante: pour qu'un isomorphisme o* de k soit l'identité 
sur K, il faut et il suffit que (A, <£) soit isomorphe à (A°, fé70"). Si la carac­
téristique est 0, K est déterminé par cette condition, et s'appellera le 
corps de modules de (A,<ë). On l'obtient au moyen de points de Chow 
ainsi qu'il suit. Soient X un diviseur ample dans fé7 et J.' l'image d'un 
plongement projectif de A donné par X; soient J.* la transformée de 
A' par une transformation projective générique sur k et z le point de 
Chow de J.*. Le lieu #" de z sur & ne dépend que de A et deX; onappellera 
J^ la famille projective de (A,X). (A,^) est isomorphe à (J/,fé(X')) si 
et seulement si les familles projectives de (A, X) et de (Ä', X') coïncident, 
où l'on suppose que les dimensions des systèmes linéaires définis par X 
et X' soient les mêmes. Il en résulte que le corps de modules de (A, X) 
est engendré sur Ot P a r Ie point de Chow de 3F', qui peut être donc 
considéré comme un 'module' de (A,fé). On peut définir de même les 
'modules' au cas de caractéristique #= 0; mais on n'en s'occupera pas 
dans cet exposé. 

On va maintenant étudier les fonctions modulaires et para-modulaires. 
Soient Sl9..., Sn n entiers positifs tels que 

#i=l> * i |*m ( K * < n - Ï ) ; 

soient S la matrice diagonale ayant pour éléments les 8i9 et 

* - G " . ' ) • M 1 « " % 

où ln est la matrice unité de degré n. On désignera par T'(ô) le groupe 
composé des matrices T de degré 2n à coefficients entiers telles qu'on 
ait lTET = E. On voit que le groupe 

T(Ô) = {F-^T^F | T € T'(â)} 

est un sous-groupe du groupe symplectique. T(ln) = r '(l^) est le groupe 
modulaire de Siegel. Les éléments de T(8) opèrent d'une manière 
ordinaire sur l'espace de Siegel Sn. Soit Dd(z) un lattice de l'espace 
numérique complexe O engendré par les colonnes de la matrice (z â) 
sur Z. Si z est un point de Sn, le tore complexe CnjD8(z) a une structure 
de variété abélienne; la matrice alternée E donne une forme de Riemann 
sur Cn\D8(z), pour ainsi dire, la matrice (z 8) détermine une structure de 

f On désignera par Z, O, R ©t G l'anneau des entiers rationnels, les corps des nombres 
rationnels, réels et complexes. 
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variété abélienne polarisée, qui est réalisée comme une variété projective 
As(z) par les fonctions thêta correspondant à la matrice mE pour un 
entier m ^ 3. Fixons désormais un tel entier m, et désignons par ^8(z) 
la famille projective de Aô(z) pour chaque z. Tandis que A8(z) dépend 
du choix d'une base des fonctions thêta, ^8(z) ne dépend que de z (et 
de m). On vérifie facilement que les &>b (z) pour zeSn sont toutes de 
même dimension. Il existe, de plus, un sous-ensemble analytique Y de 
Sn de co-dimension 1 et des fonctions méromorphes <^±(z), ...,<f)x(z) sur 
Sn jouissant des propriétés suivantes: 

(m 1) les êF8(z) pour z e Sn — Y sont de même degré; 
(m2) pour chaque zeSn— Y, (1,^(2), ...,<j)x(z)) donne le point de 

Chow de la variété ^8(z). 
Soient T un élément du groupe Y'(S) et U = F^T^F. La relation 

lTET = E entraîne que deux variétés A8(z) et A8(U(z)), polarisées par 
les sections hyperplanes, sont isomorphes; d'où résulte ^8(z) = êF8(JJ(z)). 
Réciproquement, on peut démontrer que si l'on a lF8(z) = 3F8(z'), il 
existe un élément U de Y(à) tel que z' = U(z). On déduit de ceci, en vertu 
du théorème de plongement projectif de l'espace quotient SJT(S) 
(Baily[1], Satake et Cartan[4]), le théorème suivant: 

Théorème 1. Si n > 1, le corps C(^) est le corps des fonctions méro­
morphes sur 8n invariantes par T(S). 

En d'autres termes, les fonctions automorphes par rapport à T(ô) 
sont engendrées par les modules des variétés abéliennes polarisées 'de 
la famille £'; en effet, d'après ce qu'on a vu plus haut, pour chaque 
point z' de Sn, le corps Q(ç^(z')) est le corps de modules de la variété 
Aà(z'). 

Désignons par L(ô) le corps C(^); le corps L(ln) est le corps des 
fonctions modulaires de Siegel, même si n = 1. 

Considérons maintenant les points t sur A8(z) tels qu'on ait qt = 0 pour 
un entier q; ils engendreront les fonctions automorphes par rapport aux 
groupes de congruence. Pour avoir ce résultat il faut rappeler la notion 
de variété de Kummer introduite par WeilC7]. Soit G le groupe des auto-
morphismes d'une variété abélienne polarisée (A,^); on sait que G est 
d'ordre fini. On entendra par une variété de Kummer de (A,^) une 
variété quotient TF de J. par rapport à G. Bien entendu, W n'est pas 
uniquement déterminé; mais on peut construire, en vertu des résultats 
de Weil[8], une variété de Kummer W dans un espace projectif ainsi 
qu'une application naturelle h de A sur W satisfaisant aux conditions 
suivantes: 

(Wl) TT est défini sur le corps K de modules de (A, fé). 
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( W 2) h est défini sur tout corps de définition pour (A, fé) contenant K. 
(TF 3) Si o* est un isomorphisme d'un corps de définition pour (A, fé7) 

contenant K, et si À est un isomorphisme de (A, fé) sur (A*,^*), on a 
A = A°*oÀ. 

On construit pour A8(z) un couple (Tf,A) jouissant des propriétés 
(Wl-W3). Soit d(u) l'isomorphisme de GnjD8(z) sur A8(z) où ueCn. 
Soit b un vecteur de K2n (une matrice à 2n lignes et une colonne). On 
peut considérer, en gros, le point h(8(o)8(z)b)) comme une fonction de z. 
Il est difficile d'éclaircir la situation pour tout point de Sn, puisqu'on 
ignore comment fabriquer (W, h) comme fonction de z. De toute façon, 
nous pouvons obtenir des fonctions méromorphes ga(z, b) sur Sn dont les 
valeurs en z donnent les coordonnées du point h(6(o)8(z) b)) pour 'presque 
tout' point z de Sn. Ces fonctions satisfont à l'équation 

(£) i-a{U{z), Tb)mU(z), Tb) = U», mfi(z, b), 
où U est un élément de T(8) et T = F-^U^F. C'est une conséquence 
de la propriété (TF3). Soit q un entier positif; on désignera par Y'(8,q) 
le sous-groupe formé des éléments T de Y'(8) tels que T = ± \2n (mod g), 
et par Y(8,q) le sous-groupe {F-^T^F \ T e Y'(S,q)} de Y(8). Soient 
ai (1 < i < q2n) les vecteurs de R271 tels que les coordonnées de qai soient 
des entiers non-négatifs < q. D'après la relation (g), on voit qu'un 
élément U de Y(8) laisse invariantes les fonctions £a(z, a^fé^z, at) si et 
seulement si U est contenu dans Y(S,q). Il s'ensuit de là le théorème 
suivant. 

Théorème 2. Sin > \,le corps engendré sur G par les <^>i et les 

est le corps des fonctions méromorphes sur Sn invariantes par Y(8, q). 
Dans le cas n = 1, les fonctions qu'on vient de construire engendrent 

les fonctions modulaires elliptiques de 'Stufe' q. 
Les systèmes {A8(z) \ z e S„} sont les plus grands systèmes de variétés 

abéliennes polarisées; et chaque membre générique de ces systèmes 
n'a pas de multiplication complexe, c.-à-d. son anneau des endomor­
phismes est isomorphe à Z. En considérant les variétés abéliennes dont 
les anneaux d'endomorphismes contiennent un certain anneau donné, 
on obtient un système de variétés abéliennes polarisées, auquel notre 
méthode est applicable également. Il vaudrait mieux, dans ce cas, 
généraliser quelque peu la notion de corps de modules ainsi qu'il suit. 
On se bornera au cas de caractéristique 0. Soit x un anneau; on entendra 
par une variété abélienne polarisée de type x, une variété abélienne 
polarisée (A,^) pour laquelle est donné un isomorphisme TJ de x dans 
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l'anneau des endomorphismes de A; on la désignera par (A,fé7,TJ). Un 
isomorphisme À de (.4, fé7) sur (A,(ë') s'appellera un isomorphisme de 
(A, fé7, ri) sur (A', fé", rf) si l'on a Xrj(r) = ^'(r) À pour tout r ex. Soit & un 
corps de définition pour (A, fé7) par rapport auquel tout élément de rj(x) est 
défini; et soit o* un isomorphisme de k sur un corps k*. On obtient alors une 
variété abélienne polarisée (A*, fé0", rf) de type r, en posant rf(r) = 77(r)0". 
On peut démontrer qu'il existe un sous-corps K' de k pour lequel cr est 
l'identité sur K' si et seulement si (A, fé7,9/) est isomorphe à (A*, cëa, TJ0"). 

On appellera K' le corps de modules de (J.,^,?/); le corps de modules 
de (A, fé) est un sous-corps de Kf\ ils coïncident si x = Z; la réciproque 
n'est pas nécessairement vrai. 

Considérons par exemple le cas de fonctions de Hilbert. Soit t un 
corps totalement réel de degré n > 1 sur O, et soit r l'anneau des entiers 
de ï. On désignera par a(1),..., a(n) les conjugués de a e ï. Soit a un idéal 
de x ; désignons par Y(a) le groupe des transformations r -> (ar + &)/(cr + d) 
où a, 6, c, d sont quatre éléments tels que a e ï, 6 € a, c e a-1, d e x et que 
ad — bc= 1. T(a) opère sur l'espace produit Hn de n demi-plans complexes 
Im(r) > 0. Soit (r) = (rly ...,rw) un point de Hn; soit D(r,a) le lattice 
de G^ composé des vecteurs {aP-^ + U1*, ...,a(7l)rw + 6(7l)) où a e t , be a. 
Le tore C7l/D(r, a) a une structure de variété abélienne, sur laquelle 
toute forme de Riemann correspond à un nombre y de ï tel que 
y® < 0 pour tout i; chaque élément a de r définit un endomorphisme 
de GnID(r, a) donné par la matrice diagonale ayant pour éléments les a®. 
On obtient ainsi les systèmes de variétés abéliennes polarisées A(r, a, y) 
de type t. Nous pouvons démontrer qu'il existe des fonctions méro­
morphes ^v(r) sur Hn telles que Q(^V(T')) soit le corps de modules de 
A(T',a,y) pour presque tout point r ' de Hn. De plus, ces fonctions 
engendrent sur G toutes les fonctions méromorphes sur Hn invariantes 
par T(a). Si l'on ne tient pas compte des endomorphismes, on se procure 
un certain sous-corps de ce corps de fonctions comme ' corps de modules 
absolus'; pour qu'ils soient les mêmes, il faut et il suffit qu'on ait 
(yaY =t= ya pour tout automorphisme cr =)= 1 de ï. 

On se propose maintenant d'étudier les corps de définition pour les 
corps de fonctions automorphes. Supposons qu'on ait défini un système 
{A(s)} de variétés abéliennes polarisées de type 0, où 0 est un anneau, 
dont les membres dépendent d'une manière convenable de points s sur 
un sous-ensemble S ouvert connexe de Cm; on obtient alors des fonctions 
méromorphes Xv s u r & telles que Q(xv{

s')) s o ^ Ie corps de modules de 
A (s') pour presque tout s'e S. Soit k un sous-corps dênombrable de G. Le 
système est dit complet par rapport à k s'il satisfait à la condition suivante : 
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Soit s0 un point de S tel que tout A(s) soit une spécialisation de A(sQ) 
sur k. Si B est une spécialisation générique de A(s0) sur k, il existe un 
point sx tel que deux variétés abéliennes polarisées A(s1) et B de type o, 
soient isomorphes. 

Notre critérium de corps de définition s'énonce: 
Théorème 3. Si le système {A (s)} est complet par rapport à un corps 

dênombrable k, le corps k(xv) est une extension régulière de k et Von a 
àimkk(xv) = dimQC(xv)-

On vérifie facilement que les systèmes {A8(z)} et {A(r, a, y)} sont tous 
complets par rapport à O-

Ce théorème est applicable même au cas de domaine fondamentale 
compact, où l'on ne peut pas se servir de série de Fourier. On sait à 
titre d'exemple une classe de fonctions automorphes de dimension 1 
définie pour la première fois par Poincaré, qui sont en rapport avec 
une forme quadratique ternaire indéfinie, et qu'on trouve dans le livre 
de Fricke et Klein. Les recherches sont 'peu développées', comme 
Eichler a dit, dans l'arithmétique de ces fonctions. On va maintenant 
s'occuper de cette classe. Soit 21 une algèbre de quaternions sur O dont 
la norme est une forme quadratique indéfinie, et soit o un ordre maximal 
de %. Comme 91 contient un corps quadratique réel £, 91 a une repré­
sentation de degré 2 à coefficients dans £, que l'on désignera par M. 
Soit y un unité de o tel que det M (y) = 1; y donne une transformation 

r_> du demi-plan complexe H, où M (y) = l I. Désignons 

par Y(o) le groupe des transformations ainsi obtenues; si 2ï n'a pas de 
diviseur de zéro, le domaine fondamental est compact. Soient r un 

point de H et D(T) le lattice de C2 composé des vecteurs M (a) I J pour 

a € o. On obtient sur le tore C2/D(r) une forme de Riemann correspon­
dant à un élément w de 9ï tel que w2 soit un nombre négatif de Q. La 
matrice M (a) pour aeo donne un endomorphisme de C2/D(r). On 
peut ainsi définir un système {A(r)} de variétés abéliennes polarisées 
de type o. Le corps de modules de A(r) est donné par les valeurs de 
certaines fonctions méromorphes g^r) sur H, qui engendrent toutes les 
fonctions automorphes par rapport à Y(o). On vérifie que {A(T)} est 
complet par rapport à Q, de sorte que le corps Q(fl̂ ) est une extension 
régulière de Q de dimension 1. Par suite il existe une courbe algébrique 
définie sur le corps rationnel donnant un modèle du corps des fonctions 
automorphes par rapport à T(o). 

Commençons la théorie des correspondances modulaires par l'étude 



336 GORO SHIMURA 

du groupe Y(o,q) composé des transformations obtenues à partir des 
unités y e o tels que y = ± 1 mod g, où q est un entier positif. Dans ce 
but, on modifie, eu égard aux endomorphismes, la définition de variété 
de Kummer et les propriétés (W 1-W 3). Soient W une variété de Kummer 
de A(T) et h une application de A(T) sur W ayant les propriétés modifiées. 
Les coordonnées du point h(t), où t est un point sur A(r) tel que qt = 0, 
regardées comme fonctions de r, donnent des fonctions méromorphes fa 
sur H, qui engendrent, avec les giy toutes les fonctions automorphes par 
rapport à Y(o, q). Prenons un point r0 sur H tel que tout A(r) soit une 
spécialisation de A(T0) sur Q, et posons Kq = Q(gi(T0),fa(T0)). Kq est 
une extension galoisienne de Kx dont le groupe de Galois est isomorphe 
au groupe G des éléments réguliers de l'anneau o/qo. Çq étant une racine 
primitive g-ième d'unité, Q(Ça) est algébriquement fermé dans Kq, 
Ki(Çq) correspond à un sous-groupe des éléments a tels que det M (a) = 1 
mod q. Un élément a donne un automorphisme Çq-> Ç™ sur Q(Çq), où 
m = det M (a). Si q est premier avec le discriminant de l'algèbre 9Ï 
(ce que l'on suppose dans ce qui suit), Kq contient un sous-corps Kq tel 
que Kq = K'q(Çq) et Kq n Q(Çq) = O; il existe donc une courbe algébrique 
Cq définie sur Q, dont le corps des fonctions est le corps des fonctions 
automorphes par rapport à Y(o,q). Soit p un nombre premier. Les 
points u sur A(T0) tels que pu = 0 forment un groupe g d'ordre p* in­
variant par o. Il existe exactement p + 1 sous-groupes de g d'ordre p2, 
invariants par o, qu'on notera par g l 9 . . . , Qp+1. Chaque g„ correspond à un 
idéal oocv de norme p de telle façon qu'il existe un homomorphisme À„ 
de A(TQ) sur A(TV) dont le noyau est g,,, où 

On définit un isomorphisme crv de Kq par ^(TO)0*" = gi(rv) et h(tYv = hv(Xvt) 
pour qt = 0, où hv est l'application naturelle de A(TV) sur sa variété de 
Kummer. Soit x un point générique de Gq et soit Xp le lieu de x x.afi 
par rapport à O; Xp s'appellera la correspondance modulaire de degré p 
sur Cq. Soit P un diviseur premier dep dans une clôture algébrique de Kq, 
on indiquera par la barre la réduction modulo P . La réduction modulo P 
donne un homomorphisme de g sur le groupe g des éléments û sur A(T0) 
tels quepü = 0. Comme g est d'ordre^2 , le noyau de cet homomorphisme 
est un des g„, mettons QV On voit alors que le noyau de À„ est g ou {0} 
selon que v > 1 ou v = 1. Désignons par {iy l'homomorphisme de A(TV) 
sur A(T0) tel que jivXv = p; le noyau des ~jiv est d'ordre 1 ou p2 selon que 
v > 1 ou v = 1. On en déduit que -4(rx) est isomorphe à A(T0)

P et que 
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A(rö) est isomorphe à A(TV)P pour v > 1; les homomorphismes Xx et ~fiv 

pour v > 1 sont équivalents aux homomorphismes de p-ième puissance. 
Nous pouvons démontrer, d'après ces relations, deux formules de 
congruence pour la correspondance modulaire 

xp = n + WoYp, WOYP = Z,OïI,OZ 

sur Gq pour presque tous p, où II est la correspondance x -> %P sur Gq, Yp 

est la correspondance birationnelle de Gq donné par h(t) -> h(pt), Z est 
une certaine correspondance birationnelle de Cq et ' désigne l'anti-
automorphisme de Rosati. Ces formules sont des généralisations de 
celles qui ont été obtenues pour les fonctions modulaires elliptiques 
(Eichler[2], Shimura[53), puisque nos fonctions automorphes coïncident 
avec les fonctions modulaires elliptiques de 'Stufe' q, si o est l'ensemble 
des matrices de degré 2 à coefficients entiers. La représentation de Xp 

par les formes différentielles de première espèce, n'est autre que l'opéra­
teur Tp de Hecke, pour les formes paraboliques de poids 1. Par suite 
la fonction £ de la courbe Gq s'exprime sous la forme 

C(s)qr) = r(S)^)C(s-l)<Ê>(5)-1 

où Ç(s) est la fonction £ de Riemann, r(s) est une fonction rationnelle 
de p~s et ®(s) désigne un produit d'Euler du type introduit par Hecke. 
D'après un résultat de Weil, on constate que les valeurs absolues des 
racines caractéristiques de l'opérateur Tp pour les formes paraboliques 
de poids 1 ne dépassent pas 2 Jp pour presque tous les nombres pre­
miers p. 

On signale que les formules de congruence sont démontrées pour les 
correspondances elles-mêmes non seulement pour les classes de corre­
spondances. Ce fait nous semble bien significatif pour les formes auto­
morphes de poids > 1. 

On peut définir, de la même manière que ci-dessus, les correspondances 
modulaires pour les fonctions automorphes de plusieurs variables au 
moyen des isogénies de variétés abéliennes; on obtiendra alors les 
formules de congruence pour ces correspondances. Et il est à souhaiter 
en déduire quelque chose d'intéressant; le conférencier regrette qu'il 
n'a rien à dire sur ce que signifient ces formules. 
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B. H. APHOJIBJJ 

HEKOTOPHE BOHPOCBI nPHEJÏHSKEHIia H 
HPEßCTABJIEHHJI ^yHKnjHflit 

1. IIocTaHOBKa 3afl;ara 

IlycTB / H g—$yHK]^HH ftByx nepeMemmx. Tor#a 

F(x,y,z)=f[x,g(y,z)] 

$yHKD;HH Tpex nepeMeHHHx x, y H Z. 9TO npnMep cynepno3uiçuu, 
COCTaBJieHHOÖ H3 $yHKÎ HH / H g. 

Booôme, cynepno3uicueü, cocmaejiennoü us dannux (ßynityuü, UJIU 
cynepno3uifueu dannux cßynKicuü, na3ueaemcH (pynityua, nojiynawtya&csi 
npu nodcmanoene odnux us nux e dpysue eMecmo apeyMenmoe. 

IIoHHTHe eynepno3HipiH —oßHO H3 OCHOBHHX B aHajiH3e. HanpnMep, 
ajieMeHTapHHe ^yHKijHH—a-ro, no onpeftejiemno, cynepno3Hn;HH 
$yHKn;HH a(x, y) = x + y, b(x, y) = xy, c(x, y) = xy

 H H3BCCTHHX $yHKu;Hä 
o^Horo nepeMeHHoro Ino;, mix H ap. 

OneBH^HO, cynepno3Hu;HH, cocTaBJieHHan H3 <|>yHKipiiî jspyx nepe­
MeHHHx, MOîKeT 6HTB $yHKu;Heä Jiioôoro nncjia nepeMeHHHx. 3#ecB 
paccMaTpHBaeTCH o6p a rano Bonpoc: Kanne (^VHKIJHH MHornx nepe­
MeHHHx HBJIHïOTCH cynepno3Hu;HHMH $yHKn;HË MeHbniero nncjia 
nepeMeHHHx. 

IIocTaHOBKa Bonpoca npHHa^JienîHT J\. THJiBÔepTy. KopHH ypaB-
HeHHÖ 5-0Ö H 6-0Ô CTeneHH, KaK (jiyHKIJHH K09$$HU;HeHT0B, 0Ka3HBa-
IOTCH cynepno3Hi^HHMH $yHKi^Hö #Byx nepeMeHHHx. $ J I H ypaBHeHHH 
7-oô CTeneHH He y^aßajiocB nojiyiHTB TaKoe npeACTaBJiemie: ;n;eJio 
CBOAHTCH K $yHKii;HHM Tpex nepeMeHHHx. 9TO noôy^HJio TajiBÔepTa 
nocTaBHTB cjie^yiomyio 3a#aHy[1] (13 npoöjieMa H3 'MaTeMaranecKHX 
npoÖJieM'): 

Bcanaa JIU anammunecnasi 0ynni^un mpex nepeMennux mjinemcsi 
cynepno3ui}ueü, cocmaejiennoü us nenpepuenux cßynKijuü deyx nepe­
Mennux? HejiaemcH JIU nopem x(a, b, c) ypaenenua 

x1 + axz + bx2 + ex + 1 = 0 

cynepno3uijueü nenpepuenux (ßynKi\uü deyx nepeMennux? 
Cjie,n;yeT oôpaTHTB BHHMaHHe Ha Kjiaccn <|>yHKipiü, H3 KOTopnx 

cocTaBJiHiOTCH cynepno3Hipnï. JlerKO BHji;eTB[2], HTO cynepno3Hu;HH 

t Bead in English translation by Professor J. L. B. Cooper. 
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pa3puenux fyyHKJipË. jsßjx nepeMeHHHx MomeT 6HTB npn aoraKHOM HX 
noflöope JIJ060Ü (JyHKipieE 3-x nepeMeHHHx. 

C ApyrOH CTOpOHH, HMeeT MeCTO 
TeopeMa 1 (J\. THjiBOepTa). Cyucecmeywm anajiumuuecKue cßynKicuu 

mpex nepeMennux, ne MJisnovuiuecst cynepno3ui%uaMU ôecnoneno ducß-
(fiepeniçupyeMux cßynKiquü deyx nepeMennux. 

BTO MOHœT ÖHTB OÖBHCHCHO TaK: HHCJIO He3aBHCHMHX K08$$HH;HeHT0B 
pa^a TaöJiopa #0 nopa^Ka n y ^yHKipni Tpex nepeMeHHHx nopn^Ka nz, 
a y (^yHKipra ftByx nepeMeHHHx nopn^Ka n2. üoaTOMy, ecjin ^ymopra 
Tpex nepeMeHHHx ecTB cynepno3Hipra Jiio6oro 0uncupoeanno3o euda 
(HanpnMep, f[x,g(y,z)]) 6ecK0HenH0 ßH<f><|>epeHn;HpyeMHx ĉ yHKijHÄ 
#Byx nepeMeHHHx, TO Measly Koa<fH|>Hü;HeHTaMH eë pnjja Taöjiopa 
fliOCTaTOHHO BHCOKOrO nOpHfliKa ftOJDKHO BHnOJIHHTBCfl HeKOe C00TH0-
HieHne, OTBeHaiomee BH^y eynepno3Hipni (#JIH yKa3aHHOro BHnie 
npocTeöniero BH.ua ftOCTaTorao B3HTB Koa<J)<|>Hip[eHTH npn HJieHax p;o 
4-ro nopflßKa). Pa3JiH*iHHX BHJJOB eynepnosHipiö ĉ ceTHoe MHOJKCCTBO; 

cymecTByeT aHajiHTHnecKaH (^VHKIJHH Tpex nepeMeHHHx, H36eraioin;afl 
Bee Tanne cooTHOineHHH. OHa He MOJKCT 6HTB cynepno3HipieH anajiumu-
necnux $yHKn;HH jspyx nepeMeHHHx HHKaKoro BHßa. 

BTHM OÖBHCHHCTCH HOCTaHOBKa BOnpOCa 0 B03M0HÎH0CTH pa3JI0HîeHHH 
B cynepno3Hn;HH nenpepuenux c^yHKipïË. THJiBÔepT OMH^an, HTO H 
3AecB TaKoe pa3Jio?KeHHe He Bcer^a BO3MOJKHO. 

^ J I H cynepno3Hipiô npocTeöninx BH/JOB 9TO #eHCTBHTejiBHO TaKC2'3»4]. 

2 . Cynepno3Hn;HH raajpHx tyyiiKnirìi 

BHTyniKHH[5»4] noKa3aji, HTO ecjin pa3JiojKeHne J11060Ö rjiaßKOö 
(HMeionjeö p npoH3BO,n;HHx) <|>yHKipra Tpex nepeMeHHHx B cynçpno3H-
H;HK) $yHKii;Hô ^Byx nepeMeHHHx H BO3MOJKHO, TO JIHHIB C nomuKemieM 
rJia^KOCTH B nojiTopa pa3a. 

PaccMOTpHM KJiacc 3ap;aHHHX Ha CAHHHHHOM w-MepHOM Ky6e En 

$yHKn;HH, HMeionpix Bee sacrane npoH3BO^HHe jsfì nopn^Ka^p BKJIIOHH-

TejiBHO, H nycTB Bee p-ue nponsBOftHHe yflOBjieTBopmoT ycjiOBHio 
TeJiB^epa CTeneHH 0 < a < l.f 

Onpedejienue. Kjiacc Bcex TaKHx $VHKIJHö: o6o3HanaeTCH F%>a;
 n 

Ha3HBaeTCH pa3Mepnocmb7o, p + a,—ejiadnocmbio, a (p + oc)/n—nanecm-
eoM $yHKo;HH KJiacca. 

3aMeTHM, HTO, HanpnMep, i\Jia#KOCTB 2 HMCIOT <f>yHKipra, y KOTopnx 

t OyHKî HH /(% ... xn) yji;oBJieTBopHeT ycjiOBHio TëjiB^epa CTeneHH a c KOH-
cTaHTOü M, ecjin \f(x)—f(y)\ < M\\x—y\\a. 

http://BH.ua
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nepBHe npoH3BOAHHe y^OBJieTBopnioT ycjiOBHio Jlnnnrai ja (ycjiOBHio 

TëJiB^epa e a = 1). 

TeopeMa 2 (BnTyniKHHa). Cyuçecmeyem (ßynnitua macca F%9a, ne 

npedcmaeuMast e eude cynepno3ui$uu cßynni^uü Jiymueeo naneemea 

zjiadnocmu ^ 1, m.e. cßynKijuü KJiaccoeF™j e (q+ß)lm > (p + oc)ln,q^ 1. 

HanpnMep, (^VHKIJHH Tpex nepeMeHHHx rjiaftKOcra 3 MOîKHO Haße-

HTBCH pa3«JI05KHTB B CynepH03HI^HH) $yHKI];HH RBJX HepeMCHHHX JIHIHB 

rjiaftKocra He 6ojiee 2. 

IIojiyqeHHHe OHCHB CJIOìKHHM o6pa30M e noMOiip>io TeopHH MHoro-

MepHHx Bapnaipiìì [43, co3^aHHOË BnTyniKHHHM Ha 6a3e HCCJie#OBaHHft 

KpoHpoflia, A^ejiBCOHa-BejiBCKoro, JlaH^nea H ßp. [ 6 ] , 3TH pe3yjiBTaTH 

6 H J I H 3aTeM cBH3aHH KojiMoropoBHM[7] e H^eaMH TeopHH n e p e ^ a ™ 

HH(|)OpMaî HH IIIeHHOHa. B03HHKHIHe HpH 3TOM C006pa5KeHHfl HMdOT 

caMOCTOHTejiBHoe 3Ha^eHHe, BHxoßfliipie j^ajieKO 3a npe#ejiH npoÔJieMH 

THJiBÓepTa, KOTopan cTHMyjinpoBajia HX pa3BHTne (CM. TaKHîe ßOKJiaß 

KojiMoropoBa 'JlnHeoHaa pa3MepH0CTB TonoJiornnecKHx BeKTopHHx 

npocTpaHCTß'). 

3 . e-8HTpOHHH KJiaCCOB $yHKB(Hft 

M T O S H yKa3aTB TO*my OTpe3Ka (0, 1) e TOHHOCTBIO 0,001 Tpe6yeTCH 

3 ^ecHTHHHHx 3HaKa. YKa3aHHe TOHKH OTpe3Ka e TOHHOCTBIO e Tpe6yeT 

HHCJia ji;ecflTHHHHX 3HaKOB nopflftKa lg 1/e, a TOHKH w-MepHoro Ky6a — 

nopn^Ka nig 1/e 3HaK0B. HMeeT TaKHîe CMHCJI roBopnTB o 'nncjie 3HaK0B, 

HeoôxoAHMHx ftjifl 3afl;aHHH e TOHHOCTBIO e c^yHKipio fzF\ iyje F 

KaKOH-JIHÔO KJiaCC $yHKIHHË. 9 T O HHCJIO Ôy^eT 'MHHHMaJIBHHM OÔBeMOM 

TaÖJIHI^H ^yHKHjHH'. JÏ3BeCTHO, HaCKOJIBKO B03pacTaeT o6i>eM Ta6jIHH;H 

c pocTOM HHCJia nepeMeHHHx H KaK OH yMeHBHiaeTCH n p n yBejnraeHHH 

rjia^KOCTH ^yHKi^HH (HHTepnojiHUiHH BHCOKoro nopn^Kal) . OKa3HBaeT-

CH, MHHHMaJiBHHft OSBCM Taöjraipa: $yHKo;HH KJiacca FPf a(C) n p n TOHHOCTH 

e HMeeT Kor^a e - > 0 nopn^OK pocTa ( l /e ) w ^+ a ) . 3^ecB F%ta(C) ecTB 

KJiacc $yHKu;Hô feFPt<x, y KOTopnx | / | H a6coJiioTHHe BCJIHHHHH 

nacTHHx npoH3BOfl;HHx nopa^Ka < p He npeBoexo^HT G H KOTopne 

yftOBjieTBopmoT ycjiOBHio TeJiB^epa c KOHCTaHTOö G. B TeopHH 

nepe^aHH HH$opMan;HH npnHHTO cwraTB He jnecHTHHHHe, a ßBoniHHe 

3HaKH. IIoaTOMy B npHBO^HMHX HHÎKe TOHHHX $opMyjrapoBKax 

nOHBJIfllOTCfl ^BOHHHHe JIOrapH<|)MH. 

IlycTB X — BHOJiHe orpaHH^eHHoe MHOHìCCTBO B MeTpniecKOM npocT-

paHCTBe R. I lo onpe^ejieHHio, n p n JIIOöOM e > 0 cynjecTByeT KOHeraoe 

MHOJKecTBO ToneK R TaKHX, HTO niapH p a ^ n y c a e c ijeHTpaMH B 3THX 

TOHKax KpHBaiOT X (e-ceTB B R RJIH. X). 
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Onpedejienue. IlycTB 
Nf(X) — MunuMajibHoe HUCJIO monen e e-cemu e R djisi X. 
Ne(X)—MunuMaJibnoe HUCJIO Mnowcecme duaMempa 2enonpueaiow<uxX. 
Me(X)—MancuMOJibnoe HUCJIO e-pa3Jiunnux cuenajioe e X, m.e. Mancu-

MasbHoe HUCJIO monen X, manux, nmo wapu paduyca e c ifenmpaMu 
e dmux monnax ne nepecenaiomcst nonapno. 
Toeda 

Hf(X) = log2N?(X), He(X) = \og2Ne(X), Ce(X) = log2 Me(X) 

na3ueajomcsi coomeemcmeenno e-dnmponueu X omnocumejibno R, e-dnm-
ponueü X u e-ëMnocmbio X. 

JlerKO p;oKa3aTB, HTO 

Hg(X) < Ce(X) < He(X) < Hf(X). 

ECJIH Ha3HBaTB maójiui^eu c monnocmbjo e «JjyHKipra ftamioro KJiacca 
JIH)6OH Ha6op 0 H 1, no KOTopoMy aTa <J>yHKipra onpe^ejineTCfl B Kam^ofi 
TOHKe C TOHHOCTBIO 6, TO HHCJIO pa3JIHHHHX TaÖJIHD; H3 71 3HaK0B 6yn;eT 2n. 
IIoaTOMy ecTecTBeHeH pe3yjiBTaT BnTyniKHHa ^OKa3aBniero, HTO He(X) 
B cjiynae, Kor^a X—KOMnaKT npocTpaHCTBa Of ecTB MHHHMaJiBHHö 
oÔBeM Ta6jinn;H $yHKn;HH KJiacca X c TOHHOCTBIO e[10]. 

Rjm pflßa BaîKHeôniHx KJiaceoB ycTaHOBJieHH OIJCHKH I7e
[8'9'11]. 

(A) flJIH KJiacca ^yHKijHu n KOMHJICKCHHX nepeMeHHHx, aHajin-
n 

THHecKHx B oSjiacTH G = n Gi(Gi—oÖJiacTB KOMnjieKCHOH HJIOCKOCTH), 
1=1 

paBHOMepHO orpaHHneHHHx KaKoä-Jinoo KOHCTaHTOö C H paccMaTpn-
n 

BaeMHx Ha Z = n ^ {Kt c Qi—KOHTHHyyMH) 
i = l 

f - f o O ( i T , ö ) ( l o g l / e ) ^ = 1 ; 

3AecB C(G,K) — BHHHCJineMaH onpeaejieHHHM B [9] peryjrapHHM 
o6pa30M reoMeTpH^ecKan xapaKTepncTHKa G n K. 

(B) B[8'113 ji;oKa3aHa 
TeopeMa 3 (BnTyniKHHa H KojiMoropoBa). 

ede 0<k^K<oone 3aeuesmjf\ie om e noncmanmu 

t HenpepHBHHx <j>yHKHHH Ha KOMnaKTe c MeTpHKOH 

p(J,g)=max\f-g\. 

nl(p+<x) 
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HcnojiB3ya aTy $opMyjiy, «jierKO ;n;0Ka3aTB npn q ^ 1, HTO cynep-
no3Hu;HH HeKOToporo $HKCHpoBaHHoro BHji;a H3 $yHKu;Hö KanecTBa 
(q+j3)lm, saHHoro KOMnaKTHoro ceMeöcTBa F^JG^ He MOJKCT jjaTB Bcex 
$yHKi];Hö KOMnaKTHoro ceMeöcTBa FPt0L(G), ecjin KanecTBO nocjieflHHX 
xyjKe ((p + oc)ln < (q+ß)jm). 

TpyÖO rOBOpH, fteJIO B TOM, HTO MHHHMaJIBHHÖ OÖBeM TaÖJIHIjH 
$yHKo;HH KJiacca FPf(X(C) nopnßKa (l/e)w/(p+a), a OôBCM TaÔJinij Bcex 
BxoßHmHX B cynepno3Hipiio KOHKpeTHoro BH,n;a $yHKijHË KJiacca 
Fq

nj(G1) nopa^Ka (l/e)m/(2+#. ECJIH pa3Jio?KeHHe Bcex <f>yHKipoi KJiacca 
Fpsa{G) B TaKyio cynepno3Hipiio (^ymopiö KJiacca F^ß(C^ BO3MOîKHO, 
TO ftoeTaTOHHO nojiHaH Taôjinija Bcex Bxoflfliipix B eynepno3Hn;Hio 
$yHKipiä 3aMeHHeT TaÖJinny c TOHHOCTBIO e ^yHKipra-cynepnosHipra; 
noaTOMy (l /e)^+ a> < if(l/e)m/(2+#, r^e 0 < K < oo He 3aBHCHT OT e. 
3HanHT nl(p + a) < m/(g+/?): ecjin pa3JiOH?eHHe H BO3MOîKHO, TO B 

$yHKu;HH He Jiyqinero KanecTBa, *ieM pa3JiaraeMHe. IIpHMeHHfl H3BecT-
H H ë MeTOA fHaKonjieHHH raßOCTeö' CTpoHM TenepB t^ymaprao KJiacca 
FPta{C), He npeßCTaBHMyio Booônje nunanoü cynepno3Hip:eü ^yHKijHii 
KjiaccoB Ffj(G1) npn BCCBO3MOîKHHX C1 H (q+ß)/m > (p + a)jn. 9TO H 

ecTB TeopeMa BnTyniKHHa. 

4 . Cynepno3iiu,nn iienpepLiBiiLix (|)yiiKn,nii 

O^HaKO B $opMyjiHpoBKe THJiBÔepTa peiB nijia He o rjia#KHx, a o 
HenpepHBHHx (JVHKHìHHX. B aToìì oöJiacTH pe3yjiBTaTH OKasajiHCB 
npoTHBonoJioîKHHMH ero rnnoTe3e. 

B 1956r. KoJiMoropoB noKa3aji[12], HTO jnoôanHenpepHBHan «^ymapra, 
3a#aHHan Ha n ^ 3-x MepHOM Ky6e En npeßCTaBHMa B BHße 

n 
f(xl9 ..., Xn) = 2 "ffon* 9l(xV • • • > xn-l)> 9l\xl> • • • > xn-l)i> 

r=l 

rfle $yHKn;HH n—l nepeMeHHoro g H ^ H K I ^ H H 3-X nepeMeHHHx h 
#eôcTBHTejiBHH H HenpepHBHH. 

IIpHMeHflfl 3TO pa3JiomeHHe MHoro pa3, BH^HM, HTO JiK)6aH HenpepHB-
Han (^VHKIJHH n ^ 4-x nepeMeHHHx ecTB cynepno3HijHH HenpepHBHHx 
$yHKii;HË 3-x nepeMeHHHx. 

^OKa3aTejiBCTBO BecBMa CJIOîKHO. OCHOBHHM annapaTOM, HCHOJIB-

3yeMHM npn 3TOM, HBJIHCTCH ßepeBO KOMHOHCHT MHOJKCCTB ypoBHH 
$yHKIi;HH, BBe^eHHoe KpOHpOAOM[6]. 

MnoofcecmeoM ypoena c ^VHKIJHH / (x) Ha3HBaeTCH coBOKynHOCTB 
Bcex Tex ToneK x oôjiacra onpep;ejieHHH, #JIH KOTopnx/(x) = c. 

EoMnonenmou MHomecTBa ypoBHH Ha3HBaeTCH Kam^nö CBH3HHô 
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KycoK MHOîKecTBa ypoBHH. Ha nepT. 1 MHOHtecTBa ypoBHeö 0 < c «$ | 
COCTOHT H3 OftHOË KOMHOHeHTH, IipH J < C ^ f H3 flByX KOMHOHeHT, 
npH § < C ^ 1—-H3 OßHOH. 

OyHKüjHH ecTB OTo6pa>KeHHe oOJiacra onpeftejiemra Ha oôJiacTB 
3HaHeHHH. 9TO OToSpameHHe MOJKCT 6HTB npe^CTaBJieHO KaK npoH3-
BefliCHne AByx: 

(1) OTo6pa>KeHHe oÔJiacTH onpeßejieHHfl Ha MHOJKCCTBO KOMHOHCHT 

MHOHîeCTB ypOBHH —KaJKftOH TOHKe CTaBHTCH B COOTBCTCTBHe Ta 
KOMnoHeHTa, KOTopoô OHa npHHa^JienîHT. 

*Iepm. 1. MHomecTBa ypoBHeft 0, J , | H 
1 0603HaHeHLI TeMH 5Ke I^H$paMH, HTO 
ypOBHH. | ' H f ' - f t B e KOMnOHeHTH MHO-
JKecTBa ypoBHH f. 

Hepm. 2. flepeBO KOMnoHeHT MHO-
îKecTB ypoBHH $yHKi^HH qepT. 1. K O M -
noHeHTH o6o3HaneHH Tan me, Kan Ha 
nepT. 1. 

(2) OTo6paîKeHHe MHomecTBa KOMnoHeHT Ha MHOJKCCTBO 3HaneHHÖ: 
KajKßoö KOMnoHeHTe CTaBHTCH B COOTBCTCTBHC 3HaneHHe, npnHHMaeMoe 
Ha Heii (^ymupieii. 

IlycTB oßjiacTB onpe,n;ejieHHH —KOMnaKT F. 
ECJIH (^yHKipra HenpepHBHa, TO B MHomecTBe KOMnoHeHT BBO^HTCH 

'ecTecTBeHHan TonojiorHn'. IlycTB A—KOMnoHeHTa, U—jno6oe 
OTKpHToe MHOJKecTBO F co,n;ep?Kam;ee A. Tor^a coBOKynHOCTB Bcex 
Tex KOMnoHeHT MHOHîecTB ypoBHH, KOTopne nepeceKaiOTCH c U, 
OÖBHBJIHeTCH OKpeCTHOCTBH) UA KOMHOHeHTH A. 

TenepB nepBoe OTOÖpameHne OKa3HBaeTcn HenpepHBHHM MOHOTOH-

HHMf, a BTopoe — HenpepHBHHM c HyjiBMepHHMH npoo6pa3aMH. 
Orcio^a BHTeKaeT, HTO npocTpaHCTBO KOMHOHCHT ecTB jiOKajiBHO 

f T.e . npoo6paa n a n d o u TOHKH CBHseH. 
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CBH3HHÄ 0,OiHOCBfl3HHH KOHTHHyyM, T.e. ßepeBO l1**1®. OHO H 
Ha3BaeTcn ;n;epeBOM {j)yHKii;HH. 

CBH3B ero c ^yHKijHefi oneHB npocTan. HanpnMep, fyHKipra HepT. 1 
HMeeT ji;epeBO, roMeoMop<f>Hoe porarae nepT. 2. HHCJIO KycKOB, Ha 
KOTopne TOHKa ßepeBa $yHKD;HH pa3ÔHBaeT ero, paBHo nncjiy nacTen, 
Ha KOTopne cooTBeTCTByiomaa KOMnoHeHTa MHOHîecTBa ypoBHH A^JIHT 

oÔJiacTB onpe,o;ejieHHfl. 
H3 MHoroHHCJieHHHX 3aMenaTejiBHHx CBOöCTB #epeBa B

 [12] ncnojiB-
3yeTcn TO, HTO Ha njiocKOCTH cymecTByeT yHHBepcajiBHoe #epeB0 (OHO 
co^epîKHT roMeoMop<|)HHe jiioôoMy #epeBy no^MHomecTBa). O syôna-
TOCTH $yHKDiHH, BxoßHiipix B yKa3aHHyio BHine cynepno3Hia;HH) H B 
ßajiBHeöiHHe CBH êTejiBCTByeT TO, HTO HX ßepeBBfl yHHBepcajiBHH HJIH 
nOHTH yHHBepcajiBHH. 

THJiBÔepTOBa npoöjieMa ÖHJia c^opMyjinpoßaHa JüJIH $yHKn;HH mpex 
nepeMeHHHx, H TeopeMa KojiMoropoBa He ,o;aBajia TVT OTBeTa. OftHaKo 
BHHCHHJiocB [15], HTO ycjiOHîHHH jjajiee ero KOHCTpyKipiH H pacnojiaran 
;n;epeBO B TpexMepHOM npocTpaHCTBe TaK, HTOöH JiioSan <J>yHKn;Hfl Ha 
HeM npe^CTaBJiflJiacB B BHße cyMMH ^yHKijHË KoopjpiHaT, MOîKHO 

npe,o;cTaBHTB jiioöyio HenpepHBHyio ^ymopno, 3a,o;aHHyio Ha TpexMepHOM 
Ky6e, B BH^e 3 3 

j(xl>x2>xz) = Au ZJ foij\.Yio\Xli X2/> ^3J» 
i=lj=l 

TRe h H (j)—ßeftCTBHTejiBHHe H HenpepHBHHe (^VHKIJHH ̂ Byx nepeMeHHHx. 
TeM caMHM ji;0Ka3aHa (BonpeKH rnnoTe3e TnjiBOepTa) BO3MOJKHOCTB 

npe,n;cTaBHTB Jiioöyio HenpepHBHyio <|>yHKD;Hio n ^ 3-x nepeMeHHHx B 
BHße cynepno3Hu;HH HenpepHBHHx ^yHKipio ABVX nepeMeHHHx. 

HaKOHen;, BCKope nocjie aToro KojiMoropoBy yn;ajiocB noKa3aTB, HTO 
cnpaBe,PiJiHBa 

TeopeMa 4. Jlrooaa cßynnvcua, nenpepuenaa na n-MepnoM nyóe, 
npedcmaeuMa e eude 

f(xx, ...,xn) = S Xi\ 2 fa{Xj) \> 

ede 0ynni^uu x u 4> — deücmeumejibnue u nenpepuenue cßynnifuu odnozo 
nepeMennozo. 

TaKHM o6pa30M, Bee HenpepHBHHe $yHKD;HH OKa3ajincB cynep-
no3Hu;HflMH HenpepHBHHx $yHKo;Hö ojpioro nepeMeHHoro H oftHOö 
ê HHCTBeHHOE ŷHKDjHH ftByX nepeMeHHHX CJIOHîeHHfl. 

MeToa 3TOË paöoTH ajieMeHTapHee ll2] H [15], H He ncnojiB3yeT 
noHHTHH imepeBa. ,HoKa3aTejiBCTBO TeopeMH 4 MomeT 6HTB jierKO 
noHHTO no 3aMeTKe l163. 
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OyHKUjHH <j>y—CTaHflaprane, He 3aBHcamne OT f(xv...,xn). ïïOCT-

poeHHH[16] MOîKHO paccMaTpHBaTB noaTOMy KaK noMemenae c HOMOHJBIO 

CTaH^apTHHX ^yHKDjHË 
n 

fafa, ...,xn) = S tufa) (* = 1» . . . ,2n+l) 

cneiiiHaJiBHoro roMeoMop<|>a F n-MepHoro Ky6a En B 2?i+l-MepHoe 

npocTpaHCTBO. OyHKo;Hfl f(x1} ...,xn) HH,n;yii;HpyeT Ha F HenpepHBHyio 

(JiyHKipiio f((j>x, ..•?^2w+i)- F oÖJiajjaeT TeM 3aMenaTejiBHHM CBOöCTBOM, 

<ITO Jiiooaa HenpepHBHan $yimijiH.H.f(<fi1,..., ^2w+i) H a F npeßCTaBJiaeTca 

B BHJüe CyMMH $yHKU;HH Xi($i) KOOpAHHaT TOHKH F. 

5. S a h a r a 

nojiyHeHHHe pe3yjiBTaTH MOîKHO CBCCTH B cjie^yiomyio Ta6jiHny: 

x< Mcnojib3yeMHe 
^ v OyHKI^HH 

^ \ 
IlpeflCTaBJifleMHe^v 

(DyHKIJHH >v 

cr 

P + OL 

i 
*%. 

Fl 

An 

cm 

+ 

+ 

+ 

+ 

£+/?-» oo 

^ß 

-
N 

N q+ß>(p + ct)mln,q>l 
N 

q < 1, HJiH >. 

q+ß<(p + a)mln ? N. 

? 

? 

FZ 

-

-

-

Am 

-

-

-

3fl;ecB Cn—KJiacc Bcex HenpepHBHHx ^ymopr ì ì Ha ^-MepHOM Ky6e, 

F% — Bcex SecKOHeHHO-AH(|)<|)epeHHiHpyeMHx, An—aHajiHTH^ecKHx ; + 

03Ha^aeT, HTO Bce <|>yHKi];HH KJiacca cjieBa aBJiaiOTca cynepno3HD;HHMH 

$yHKi];HË KJiacca HaBepxy (m < n). Oïcio^a ecTecTBeHHO B03HHKaeT 

3 ad ana 1. Pa3jiaeaemca JIU ecsinasi $ynni%ua njiacca FPt<x e cynepno3U-

i}uio cßynni}uü njiacca F™ß npu (q+ß)lin = (p + a)ln? npu 

(q+ß)jm > (p + a)ln — e (e > 0) (m < n)? 
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PaâJiaeaemcsi jiu nawcdasi 0ynnt^uH njiacca F%, An e cynepno3ut$uw 
$ynnu<uü F£J JF»? 

H3yneHHe OTßejiBHHX BHAOB cynepno3Hipiö: noKa3HBaeT BecBMa 
CBoeo6pa3HHe CBOËCTBa KJiaccoB ^yHKipiö:, npe,o;eTaBHMHX B BHße 
cynepno3Hi];HH ßamioro BHjja fl7]. OTCio^a 

3 ad ana 2. Haümu npocmeümyio cynepno3ui}wo 0ynnv^uü m < n 
nepeMennux, e eude nomopoü Mowcem 6umb npedcmaejiena: (a) dannasi 
0ynni%usi n nepeMennux; (6) dannuü njiacc nenpepuenux 0ynni^uü n 
nepeMennux; (e) ece nenpepuenue 0ynni^uu n nepeMennux. Hccjiedoeamb 
anajioeuHHue eonpocu djin annponcuMai^uu c npou3eojibnoü monnocmbw. 
0 6ojiee npaKTH^ecKOM no#xo#e K sa^a^aM TaKoro po#a CM. [18]. 

OijeHKa He, ^aBaeMaa TeopeMoö 3, rpyôaa, TaK KaK KOHCTaHTH h H 
K ocTaioTca HeonpeßejieHHHMH. HeacHo, KaK OHH 3aBHcaT OT G, n, 
p H a; HeH3BecTHa acHMnTOTHKa He, T.e. npn KaKOö $yHKii;HH ç5(e) 
(npe,n;nojioîKHTejiBHO—KOöCTanre) 

r ^e — i 

f-̂  çi(e)(l/e)^+«) ~ l-
TpyßHOCTB arax BonpocoB CTaHOBHTca HCHOä, ecjin saMeTHTB, HTO B 

ropa3,o;o öojiee npocTOM cjiynae CBKJIHAOBOH MCTPHKH HM cooTBeTCTByioT 
3ap;aHH o njiOTHeüHieö yKJia^Ke niapoß H aKOHOMHenineM HOKPHTHH 

npocTpaHCTBa niapaMH. 
3adana 3. VjiyHviumb oi^ennu He, daeaeMue meopeMou 3. Ycma-

noeumb acuMnmomuny He(F^t0C(C)) npu e -> 0. 
TaK KaK e-aHTpoHHa He(F) xapaKTepH3yeT MHHHMajiBHHH OöBCM 

TaÖJiHHjH $yHKipra KJiacca F e TOHHOCTBH) e, 3HaHHe noBe^eHHa He 

cymecTBeHHO #JIH ODJCHKH pasjnraiHX MCTO^OB npHOjrameHHoro 3a,o;aHHH 
$yHKn;HH, HX BBejjeHHH B ManiHHH H coxpaHeHna B naMHTH ManiHH 
[17,20]# O^naKO, 3AecB 6y#eT BanmHM 3HaHne He npn Majinx, HO 
KOHeranx e. 

3 ad ana 4. /Jamb djin, pa3jimnux njiaccoe (F^t0C(C) u m. n.) monnue 
ojqennu He npu nonennux e. Hccjiedoeamb cnocoóu maóyjiupoeanua, 
npu nomopux oöteM maöjiuv^u npuöjiuMcaemca n MunuMajibnoMy. 
Oi^enumb eo3pacmanue mpydnocmu nojtb3oeanusi maojiuifeü npu yMem-
menuu eë oöteMa. 
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S P A C E S O F R I E M A N N S U R F A C E S f 

By LIPMAN BERS 

This address is a progress report on recent work, partly not yet published, 
on the classical problem of moduli. Much of this work consists in clari­
fying and verifying assertions of Teichmüller[23_28] whose bold ideas, 
though sometimes stated awkwardly and without complete proofs, 
influenced all recent investigators, as well as the work of Kodaira and 
Spencer on the higher dimensional case. Following Teichmüller we 
consider not the space of closed Riemann surfaces of a given genus g but 
rather an appropriate covering space and certain related spaces. For the 
sake of brevity the simple and somewhat exceptional cases g = 0 and 
g = 1 will be omitted. 

Our main technical tools are uniformization theory and the theory of 
partial differential equations. The problem of moduli has also an alge-
braico-geometrical aspect, but the topological and analytical methods 
used here are, of course, restricted to the classical case. On the other hand, 
they are, in principle, applicable also to open surfaces. 

1 . Quasiconformal mappings 

Let w — w(x) = u(x, y) + iv(x, y) be a homeomorphism of a domain 3t 
in the z-plane onto a domain in the w-plane, and let k be a number such 
that 0 < 1c < 1; we set K = (l + Jc)l(l — Jc). There exist three distinct 
ways of defining k-quasiconformality of the mapping w. 

Definition A (Morrey[17], Caecioppoli[8], Bers and Mrenberg[6]). The 
derivatives wx, wy exist as generalized L% derivatives and almost every­
where I , • I ^ 7 I • I / 1 \ 

\wx + %wv\ < k\wx-iwy\. (1) 
For a Gx mapping w with positive Jacobian this is the original definition 

used by Grötzsch[10~12:i, Ahlfors[1] and Teichmüller[23]. We recall tha t 
wx is called a generalized L2 derivative of w if w and wx are measurable 
and locally square integrable in S and jwx<fidxdy = — jw$xdxdy for 
every (7«, function ç5 with compact support in Si. 

Definition B (Ahlfors[2], Pfluger[19], Mori[16]). For every topological 

r e c t a n g l e ^ c ^ moAw{m) < Kmoà®. (2) 

f Work performed with the sponsorship of the Office of Ordnance Research, U.S. 
Army, Contract No. DA-30-069-2153. 
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We recall that a topological rectangle 0t is a conformai image of a 
closed rectangle 0 ^ £ < l , 0 ^ ? / ^ r a , and m o d ^ = m. 

Definition G (Lavrent'ev[15], Pesin[18], JenkinsC13]). At almost all 
points z of Of 

lim sup { max \w(z) — w(Q\j min \w(z)~w(Q\} ^ K. 
r->0 |0-CI-r l*-ÊI-r 

That quasiconformality is a natural concept is shown by the 
Equivalence Theorem. Each of the three definitions A, B, G implies 

the other two. 
The implication A->B was proved by Grötzsch for C1 mappings ; his 

proof extends to the general case in view of the results of Morrey. Mori's 
work contains implicitly the statements B->A, B->C, cf. BersC4]. 
Pesin and Jenkins showed that G-> A. (Cf. also Volkoviskiï[29], 
Yujobo™.) 

A &-quasiconformal mapping remains so if followed or preceded by a 
conformai mapping. Hence we may define a homeomorphism / of a 
Riemann surface S onto another such surface S' to be quasiconformal 
if it is so in a neighborhood of every point on S, in terms of local para­
meters. 

2. Beltrami equations 

It follows from Definition A that every ß-quasiconformal mapping of 
a plane domain satisfies a Beltrami equation 

wx + iwy = p(z) (wx-iwy) (\(i\ < k < 1), (3) 

where fi is a complex-valued measurable function. Conversely, every 
homeomorphic solution (with generalized L2 derivatives) of (3) is k-
quasiconformal. We recall the geometric meaning of (3): the mapping 
z -> w(z) is conformai with respect to the metric ds = \dz+/idz\. 

Let M denote the set of all bounded measurable functions ji(z), \z\ < 1, 
with \\/i\\ = true max|/£(z)| < 1. We topologize M by requiring /ij->/i 
to mean that |/^|| ^ k0 < 1 and /̂ .(z) -> fi(z) a.e. For p, e M let w* denote 
a solution of (3) which maps \z\ < 1 topologically onto itself leaving the 
points 1, i, — 1 fixed. 

Proposition I (Morrey, cf. Bers and Nirenberg[6], Boyarskiï[7]). For 
fieM,w^ exists and is unique and every other solution of (3) is an analytic 
function of w^. Also w^ and (w^)~x satisfy uniform Holder conditions 
depending only on \{i\. 

Proposition II. Let fie M depend on several real parameters tv ...,tr and 
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be a function of class Gv (v = 0,1,2,..., oo) of these parameters. For every z, 
\z\ < 1, w^(z) is of class Cv as a function oftx, ...,tr. 

Proposition III. Let fie M depend holomorphically on several complex 
parameters sv ...,sr. For a sufficiently small e > 0 there exists a homeo­
morphic solution w(z) of (3) defined for \z\ < e, such that w(z) is a holo­
morphic function of sv ...,sr. 

The proofs of I I and III will appear elsewhere. 

3. Teichmüller spaces 

In what follows conformally equivalent Riemann surfaces are con­
sidered identical. Two Riemann surfaces S and S0 will be called similar 
if there exists a quasiconformal homeomorphism f of S onto SQ. In this 
case the homotopy class Fs,s0 of/is called allowable and the pair (S, FSSo) 
is called a marked Riemann surface. The totality of these forms the 
Teichmüller spaceT(S0). Every allowable class "F8lfS defines in an obvious 
way a one-to-one mapping (allowable mapping) of T(S1) onto T($0). 
We are interested only in properties invariant under allowable mappings; 
hence we may identify T(SX) with T($0) and call it the Teichmüller space 
T determined by a class of similar Riemann surfaces. 

A differential of type (p,q) on 8Q is, locally, of the form X(z)dzvdzß, 
where z is a local parameter and À(z) a measurable function. Let 
m = /Jbdzjdz be a differential of type ( — 1,1) (Beltrami differential). 
Then \/i\ is a scalar; if ||m| = true max \/i\ < 1, m is called a proper 
Beltrami differential. It defines on 80 a Riemannian metric 

ds = \dz+/idz\ 

and it follows from I that this metric defines on 80 a new conformai 
structure. S0 with this conformai structure and with the allowable 
class containing the identity is a marked Riemann surface which we 
denote by 8%. Every element of T(S0) is of the form Sf, but Sffi = Stf* 
(equality in the sense of marked Riemann surfaces) does not imply that 
m1 = m2. 

The Teichmüller distance between two elements of T(SQ), say Sx 

and S2, is defined as inf ||m|| for all m such that Sx = Sf. I t defines a 
topology on T(S0). 

Now let SQ be neither the sphere, nor the plane, nor the cylinder, nor 
a closed surface of genus 1. Then we have the representation SQ = UjG0, 
where U is the unit disc and G0 a Fuchsian group (by which we mean 
here a discrete fixed-point-free group of non-Euclidean motions). GQ is 
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determined by SQ uniquely, except that it may be replaced by AGQA"1, 

where J. is a non-Euclidean motion. 
Let M#o denote the set of those fi e M which satisfy the functional 

equation ^A(z))T^)lA\z) = p(z) (for A e G0). (4) 

Every Beltrami differential on S0 can be written as m — fi(z) dzjdz, 
\z\ < 1, [i € MGo. For /i € MGQ one verifies (using I) that 

wv(A(z)) = A^(w^(z)) for A e GQ, (5) 

where A** is a non-Euclidean motion. The mapping A -> A^ is an iso­
morphism of G0 onto a Fuchsian group 6?™ = w^G0(w^)~1. We have that 
Sff = UIGQ. Thus the study of Teichmüller spaces can be made dependent 
on the theory of Beltrami equations. 

4 . The spaces T a , T ^ , Tp 

Let SQ be a closed Riemann surface of genus g. Every closed surface 
S of genus g is similar to SQ and every sense-preserving homeomorphism 
of S onto SQ belongs to an allowable class. The proof of this is not difficult 
in view of our definition of quasiconformality. The Teichmüller space of 
SQ will be denoted by Tg. 

Analogous statements are true if SQ and S are each obtained by 
removing n distinct points from a closed Riemann surface of genus g. 
The corresponding Teichmüller space will be denoted by Tgn. 

We shall also consider (for g > 1) the space Tp the elements of which 
are marked closed Riemann surfaces of genus g on each of which one has 
distinguished an ordered w-tuple of (not necessarily distinct) points. 

There is a natural mapping w of T ^ onto T^ and the inverse image of 
a point of T^ under w is in a one-to-one correspondence with the w-fold 
product of a Riemann surface by itself. This remark yields a natural 
way of introducing a topological or differentiable structure in Tp once 

A 

we have such a structure in T r We denote by Tp the set of points of 
Tp corresponding to the choice of n distinct points on a surface. There 
is a natural mapping IT of T ^ n onto Tp which permits one to define a 
topological or differentiable structure in Tgt7l using the corresponding 
structure of Tp. (n depends upon an arbitrary ordering of the 're­
moved' points on one element of T ^ . ) 

5. Embedding of T^ into E6g_Q 

In what follows, we consider a fixed g and assume, for the sake of 
brevity, that g > 1. We set r = 3# — 3. 
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Let SQ = UjG0 be a closed surface of genus g. It is known that G0 

consists of the identity and of non-Euclidean translations. Thus every 
element A =f= 1 of G0 has exactly two fixed points on the unit circle and 
one can show that two distinct elements have four distinct fixed points. 
Also, one can choose 2g generators ApBpj = 1,2,...,g of GQ satisfying 
the relation UA^Bf^A))-1 (^S)"1 = l (standard set of generators). We call 
a standard set normalized if the repelling and attracting fixed points of 
Bg are 1 and ( — 1), respectively, and one of the fixed points of Ag is i. 
We assume that a definite normalized standard generating set of GQ has 
been chosen once and for all. (This can always be done, replacing if need 
beGoby^öo^l-1.) 

Now set, for some fi e M# , 

A, = wfiAyivP)'1, Bj = wŒ0^)-1. (6) 

Then {Ap Bj} is a normalized standard set of generators for Gm and hence 
determines Sm. Moreover, {Ap B^ depends only on Sm and not on m 
(for homotopic mappings induce homomorphisms of fundamental 
groups which differ only by inner automorphisms, and there are canonical 
mappings of G onto the fundamental group of U/G). Finally, for a 
standard normalized set, Ag and Bg can be computed from AX,BX,..., 
Bg_x by using the relation 

f U ^ J - 1 ^ ! = l. (7) 

Each Ai and Bp j = I, ...,g—l can be represented by 3 real numbers. 
Thus we can represent every element of T(S0) = Tg by a point in the 
Euclidean space E6f7_6. From now on we identify an element of Tg with 
its representative point. Now T^ appears as a subset of E6^_6, and hence 
is topologized and even metrized (cf. Siegel[22], Bers[5]). 

6. Differentiable structure of Tg 

Lemma 1. Let S0 be a marked closed Biemann surface of genus g, 
m = (mx,..., w^) a o'-tuple of Beltrami differentials on S0, Ç = (£1? ...,£<r) 
a point o/E^ of small modulus \%\. The mapping Ç -> S*m = Sjpmi+ — +£0™« 
of a neighborhood of 0 in E .̂ into E6^_6 is C«,. 

This follows at once from II. In a forthcoming paper Ahlfors and 
Bers prove that the mapping considered is even real analytic. 

A regular quadratic differential O on SQ is locally of the form o)(z) dz2, 
ct)(z) holomorphic. These £}'s form a complex vector space Qs0 of 

23 TP 



354 LIPMAN BERS 

dimension 3g —3 = r (Riemann-Roch). We note that for any Beltrami 
differential m = /i dz / dz the scalar product 

(0 ,m)= (o(z)fi(z)dxdy 
JjSo 

is well defined. 
A Beltrami differential m on SQ will be called locally trivial if for real 

e _ > ° \S0-SF\=o(e). (8) 

To appreciate this requirement, note that by II we always have 

\80-Sr\=0(e). 

The following result goes back to Teichmüller. 
Main Lemma. The Beltrami differential m on SQ (closed Biemann 

surface of genus g) is locally trivial if and only if (Q,,m) = Ofor all O € Qs . 
Necessity proof (à la Ahlfors). Using II we compute that, for every A 

in G0, À = (dAe^lde)e==Q equals h(A(z))-A'(z)h(z), where 

h(z) = (dweP(z)lde)e^Q and A; = /i. 

Equation (8) implies that À = 0, i.e. that h(z)\dz is a differential of type 
( — 1,0) on SQ and 

(Q,,m) = (û/idxdy = cûh^dxdy = 0 
J J So J J So 

since o)-z = 0. 
Sufficiency proof (à la Weil). Let Q1,..., OT be a complex basis of Q#0, 

L some Cœ density on S0 (i.e. a differential of type (1,1), L — iXdzdz 
with À ^ 0) and set 

mj = QjIL, j=l,...,T, m^-iÛ^JL, j = r + 1 , ...,2r. 

Assume that (O^,m0) = 0 for all j and consider the mapping of E 2 T + 1 

1111)0 E2T! (£<» gl, ...,&,) -* Älo-0+^-x+...+^^r. 

This mapping has rank < 2r at the origin. Hence there is a (2r + l)-tuple 
(£0, . . . ,£2 T) + (0, ...,0) for which g0m0+...-J-£2Tm2r is locally trivial. 
But then E,x = ... = £2r = 0, by the result proved above, so that £0 =j= 0 
and mQ is locally trivial. 

A real (complex) Beltrami basis on SQ is a basis of the real (complex) 
factor-space of all Beltrami differentials modulo the locally trivial ones. 
The preceding argument contains the proof of 

Lemma 2. Let m = (mx, ...,m2T) be a real Beltrami basis on S0. The 
mapping \ = (£i,..., £2T) -> Sl'm has rank 2r at the origin. 
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Corollary. Tg is an open subset of E6f7__6. 
Indeed, S0 is not distinguished from any other element of Tg. 
We have now defined a C^ structure in Tg and hence also in Tp and 

m rgt%. 

7. Extremal quasiconformai mappings 

A Teichmüller differential on a closed Riemann surface S0 of genus g 
is either 0 or a Beltrami differential of the form K Q / | 0 | where O is a 
regular quadratic differential and K a number, 0 ^ K < 1. These differ­
entials have an extremal property proved correctly in Teichmüller's 
1940 paper (cf. also Ahlfors^, Bers^). 

Theorem A. Ifm0 is a Teichmüller differential and m any other Beltrami 
differential on S0 (a closed surface of genus g > 1), and if Sff = Sffo, then 
either m = m0or \\m\\ > \\mQ\\. 

We can now state the Teichmüller theorem for closed surfaces. 
Theorem B. Let S0 be a marked closed Biemann surface of genus g > 1. 

Every element Sx of Tg = T(S0) admits the unique representation Sx = Sff 
where m is a Teichmüller differential. 

The theorem means that every homeomorphism of S0 onto Sx can be 
deformed into a unique extremal one, which deviates least from eon-
formality and which can be represented, locally, except near finitely 
many points, as a conformai mapping followed by a uniform stretching 
and then by another conformai mapping. 

Now let S0 be a surface obtained from a closed Riemann surface S0 

of genus g by removing n distinct points px,. ..,pn. A Teichmüller differ­
ential on SQ is either 0 or a Beltrami differential of the form /cO/|0|, 
where 0 < K < 1 and O is a quadratic differential which is holomorphic 
on S except perhaps at the points p^ at which it may have simple poles. 

Theorem C. Let S0 be an element of T^n . Every other element Sx of Tffin 

admits the unique representation Sx = S™, where m is a Teichmüller 
differential on S0. 

This Teichmüller theorem can be derived from B (see Ahlfors[2] for 
details). Theorem A was proved by Teichmüller in [25], another proof is 
due to AWfors[2]. We sketch below the proof in Bers[5]. I t differs from 
Teichmüller's own only technically. 

Let ß = (Q1,..., O60_-6) be a real basis of QSQ. For x € E6^_6, |x| < 1, 
set y(x) = £{fi*-ß/i*-ßi if x =j= 0, y(0) = SQ. The mapping x-»y(x) of 
|x| < 1 into T^ c E6(7_6 is continuous (by II) and one-to-one (by A), 
hence open and topological (by the theorem on the invariance of domain). 
We prove that it is onto. For Sx e Tg there is a /i e MGo with Sx = Sff. 

23-2 
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For 0 ^ £ < 1 we have that t/i e MGQ. Let 6 be the set of those t for which 
SQ™ = y(x) for some x. Then 8 is open, by the previous result, and con­
tains t = 0. We must show that 8 is closed (so that t = 1 belongs to it). 
But by A we have that if SQ™ = y(x), then 

|x| < \\tm\\ =t\\m\\ < ||m|| < 1. 

The closure of 8 follows by the local compactness of E6(7_6 and the 
continuity of y. 

The argument just given also establishes the following results: 
Theorem D. Tg is a (6g - 6) cell; T f t n is a (6g - 6 + 2n) cell. 
Theorem E. The Teichmüller metrics in Tg and in Tg§n yield the same 

topology as the embedding of Tg into E6£r_6. 
The statement that T^ is a (6g — 6) cell is already contained in the work 

of Fricke[9]. Fricke's proof is quite different and very difficult to follow. 

8. Complex-analytic structure of Tg 

The existence of a 'natural ' complex analytic structure in T^ has been 
asserted by TeichmüllerC28]; the first proof was given by Ahlfors[3] after 
Rauch[21] showed how to introduce complex-analytic co-ordinates in the 
neighborhood of any point of Tg which is not a hypereUiptic surface. 
Other proofs are due to Kodaira-Spencer[14] and to Weil[30]. The proof 
sketched below gives explicitly a set of co-ordinates near every point 
of Tff. 

Let S0 be an element of T^, that is a marked closed Riemann surface 
of genus g, and m = (mx, ...,m3g_z) a complex Beltrami basis. By 
Lemmas 1 and 2 the mapping a = (ax, ...,a3ff_3) -> $g'm is a C«, homeo-
morphism of a neighborhood of the origin of the complex number space 
C3f7_3 onto a neighborhood of S0. We call the aj the co-ordinates associated 
with m. 

Theorem F. The co-ordinates associated with complex Beltrami bases 
are complex-analytic co-ordinates in Tg. 

It will suffice to prove two statements. 
(i) If m and n are two complex Beltrami bases on S0 and the relation 

a = a(b) is defined by the equation Äg*m = £{j'n, then dajdb^ = 0 at 
a = b = 0. 

(n) If m is a complex Beltrami basis on S0, and Sx = #g'm with |c| 
sufficiently small, then there exists a complex Beltrami basis n on Sx 

such that if a(b) is defined by the equation Ä|)
c+a),m = S\'n, then 

da, da* 
37 % = dii and . T = 0 at b = 0. 
cbj %d dbj 
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Proof of (i). From our definitions and Lemma 1 we conclude that for 
any two Beltrami differentials s and t on S0 

\Sso^-Ss
0\=0(\\t\\) for s fixed, (9) 

|#Ss+d-£f| =o(e) if tm locaUy trivial. (10) 

Now we have n = Qm + r, where Q is a constant matrix and 

r = \rV '">r3g-B)> 

r^ being locally trivial. It is plainly sufficient to consider the case Q = I, 
i.e. n = m + r. Using Lemma 1 and (10), we have that for small |a| 
and |b | : 

| a - b | = 0 ( | 5 j - » - 5 i - | ) = 0(|£5-->-'-£8-*|) = o(|b.r|) = o(|b|), 

so that dajdbj = 0. 
Proof of (ii). If s and t are Beltrami differentials on SQ, 

is a Beltrami differential on 8% and a direct computation based on (9) 

shows that |£g+'-(£g)^)| = 0(||*||2) for fixed s. (12) 

Now set s = c-m and n = As(m). Then 

|a| = 0(|Äg+a'm-Äg|) = 0(|(Äg)a'n-Äg|)-i-0(|a|2). 

This shows that n is a complex Beltrami basis on $g = Sx. Next, if 
Äg+am = S\'n, we have, for small a and b : 

| a - b | = 0(|/Sfn-/Si'n |) = 0(|£a-n-£g+a'm|) 

= 0(|(Sg)A^-1»)-^+a-m|)=: 0(||a-m||2) = 0(|a|2), 

whence dajdbj = 8^ and dajdbj = 0. 
The space T^ also has a 'natural' Hermitian metric der defined (by 

Weil) as follows. For S0 e Tg, let L denote the Poincaré density on SQ 

(if SQ = U/GQ, then L = dxdyfy2). Let {O }̂ be a complex basis of QSo 

such that (ÇipÙkfL) = Sjk, and set m^ = O^/i, m = (mx, ...,mT). Let 
a$ be the co-ordinates associated with the complex Beltrami basis m 
on S0; then do"2 = 2 \da^\2 at the point SQ e T r Weil proved, by a com­
putation, that the metric da2 is Kählerian. 

9. Complex analytic structure of Tp and Tg>n 

The results of this and the following section confirm and extend some of 
Teichmüller's assertion in[28]. They also show that the complex-analytic 
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structure defined above is natural and coincides with that of Rauch-
Ahlfors. 

Let SQ be a marked closed Riemann surface of genus g > I, px,.-.,pn 

points on SQ, not necessarily distinct, Çv ..'.,£n local uniformizers on SQ 

with Çj = 0 at pp m = (mx, ...,mT) a complex Beltrami basis on SQ, 
a = (ax, ...,aT) a complex vector of small modulus. By a permanent 
uniformizer near pi we mean a continuous function z^ = wj(ax,...,ar, Q 
which vanishes for ^ = 0, is holomorphic in a for fixed Çp and is, for 
fixed a, a homeomorphic solution of the Beltrami equation in ^ with 
/i = E a ^ (where m^ = ^(Qdyd^). Clearly, (%, ...,aT, zx, ...,zn) are a 
set of complex co-ordinates, called distinguished co-ordinates of a neigh­
borhood of (SQ,px, ...,pn) in T^w). The existence of permanent uni­
formizers follows from Proposition III. 

Theorem G. The distinguished co-ordinates give Tp a complex-analytic 
structure. 

Assume now that the points px, ...,pn are distinct. By a complex 
Beltrami basis m = (mx, ...,mT+n) on (S0,px, ...,pn) (also called an 
extended Beltrami basis) we mean a basis of the (complex) factor-space 
of all Beltrami differentials n on S0 modulo those n for which (Q, n) = 0 
whenever the quadratic differential Q is regular on S0 except perhaps 
for simple poles at the pp For a = (ax, ...,aT+n) small, (S%'m,px, -*-,pn) 
is a point of Tg>n. We call the a^ co-ordinates associated with m. 

Theorem H. The co-ordinates associated with extended Beltrami bases 
are complex-analytic co-ordinates in T^w. 

Theorem I. The natural mappings w (of Tp onto Tg) and n (of Tgt7l 

into Tp) are holomorphic. m makes Tp into a complex fibre-space (the 
fibres being n-fold products of a marked closed Biemann surface by itself). 
n makes Tgn into the universal covering space ofTp. 

The rather simple proofs of Theorems G, H, I are omitted due to lack 
of space. 

10. Meromorphic functions on T ,̂ Tgtl and T£> 

Let us choose a canonical dissection on S0. This gives us on every 
marked Riemann surface S similar to S0 a set of generators AX,BX,..., 
Ag, Bg for the fundamental group n(S) (which are determined but for 
an inner automorphism and satisfy (7)) and hence also a one-dimensional 
homology basis. If ci is an Abelian differential on S, let (Ap <j>), (Bp <j>) 
denote the A$ and Bj periods of ç^ respectively. Also, let (ùi denote the 
Abelian differential of the first kind on S with (Ai9 ^ ) = S^, and set 
Pq = (Bi} (j)j). Then the p4i are functions on T r 
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We note that S may be considered as a complex analytic sub-
manifold of T^}. The ratios/^ = (ojo)j are functions on Tgl and on T^ . 
Finally, let (Oy (i =(=j) denote the Abelian differential of the third kind 
on S which has simple poles with residues 1 at the zeros of ìùì and with 
residues ( — 1) at the zeros of (Op The ratios fiik = w /̂w& are functions 
on Tgtl and on T*>. 

Theorem J. The p^ are meromorphic on T r The f^ and fijk are mero-
morphic on Tgl and on Tp. 

We omit the proof which is based on Proposition II. 
Let * denote the function field generated by the/^, fijk, and * 0 e * 

the field generated by the/^. It is known that every meromorphic func­
tion/on S belongs to * (and even to 4>0, if S is not hyperelliptic). Hence 
/ is a restriction of a meromorphic function defined on the whole 
space T£>. 

11. Applications 
The following two results can be proved in a few lines using the fact 

that Tg is connected. 
(a) Let ApBpj = 1,..., g, be non-Euclidean motions generating, with 

the single relation (7), a fixed-point-free Fuchsian group with compact 
fundamental region. Represent Ap B^ by (2 x 2) matrices ap ßp Then 
Iloc:jß:ja]'1ß]~1 = +1 (identity matrix) and not (—/). This answers a 
question of Siegel[22]. 

(6) Every canonical dissection of a closed Riemann surface S = UjG 
can be deformed into a dissection which maps into a convex non-
Euclidean polygon in U. This was stated, with a different and com­
plicated proof, by Fricke[9]. 

12. Open questions 

Here are some open questions. 
(1) The space of (unmarked) Riemann surfaces is the factor-space 

TglTg, Tg being the so-called mapping class group. Give a precise 
description of this space. 

(2) Does there exist a complex-analytic co-ordinate patch cover­
ing T^? (In other words is T^ a subset of Cg^g?) 

(3) How can the theory sketched above be extended to open surfaces 
(other than those obtained from a closed surface by removing points or 
disks) ? Our definition of Teichmüller spaces tries to anticipate such an 
extension. 
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(4) In particular, if S0 and S are two similar marked open Riemann 
surfaces, what is the nature of the extremal quasi-conformal mapping 
of S onto SQ, and is this mapping unique ? 
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DIE R I E M A N N S C H E N FLACHEN 
DER F U N K T I O N E N T H E O R I E 

MEHRERER V E R Ä N D E R L I C H E N 

Von HANS GRAUERT 

Seit Riemann betrachtet man mehrdeutige holomorphe Funktionen 
w = f(z) als eindeutige holomorphe Funktionen auf Riemannsehen 
Flächen B über der abgeschlossenen komplexen z~Ebene. Algebroide 
Verzweigungspunkte—das sind Punkte, in denen w = f(z) einer pseudo-

k 

algebraischen Gleichung wk + 2 Av(z) wk~v = 0 genügt—werden dabei 
in die Betrachtung einbezogen. 

In der Funktionentheorie mehrerer Veränderlichen ist man ebenfalls 
bestrebt, mehrdeutige Funktionen eindeutig zu machen. Dazu können 
—analog zur klassichen Funktionentheorie—verzweigte Gebilde über 
dem Raum Cn von n komplexen Veränderliehen benutzt werden. Als 
' Riemannsche Fläche ' der zweideutigen Funktion w = *J(zx z2) bietet sich 
z. B. die analytische Teilmenge F = {(w,zx,z2):w

2 = zxz2} im Raum 
Gz der komplexen Zahlentripel (w, zx, z2) an, die durch die Projektion 
O: (w,zx,z2) -> (zx,z2) über dem Raum C2 der komplexen Zahlenpaare 
'ausgebreitet' liegt. Während aber jeder Punkt einer Riemannsehen 
Fläche der Funktionentheorie einer Veränderlichen uniformisier-
bar ist, läßt sich zu dem Punkt 0 = (0,0,0) e F nicht einmal eine 
Umgebung U(0) c F finden, die man topologisch auf ein Gebiet des (72 

abbilden kann (vgl. [2]): es gibt keine Umgebung von 0, die Träger 
eines komplexen Koordinatensystems ist. Die heute viel diskutierten 
komplexen Mannigfaltigkeiten sind darum noch nicht als die wirklichen 
Verallgemeinerungen der Riemannsehen Flächen auf den Fall mehrerer 
komplexer Veränderliehen anzusehen. 

Durch die Ausbreitung der Riemannsehen Flächen über der z-Ebene 
wird für jeden ihrer Punkte P der Begriff der lokalen Ortsuniformisieren-
den definiert. Eine lokale Ortsuniformisierende in P kann als ein 
lokales komplexes Koordinatensystem in einer Umgebung U(P) ange­
sehen werden. Eine in (einer Umgebung von) P definierte komplex-
wertige Funktion heißt holomorph, wenn sie als abhängend von der 
komplexen Koordinate in U betrachtet eine holomorphe Funktion ist. 
Hermann Weyl[32] hat von diesen Gedankengängen ausgehend den 
Aufbau der Riemannsehen Fläche abstrakt vollzogen. Nach seiner 
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Definition ist eine Riemannsche Fläche ein Hausdorffscher Raum R, 
der durch einen Atlas lokaler komplexer Koordinatensysteme überdeckt 
ist. In den Durchschnitten der Träger je zweier lokaler Koordinaten­
systeme bestehen holomorphe Koordinatentransformationen. Da durch 
den Atlas der Begriff der holomorphen Funktion in Teilbereichen von R 
eindeutig festgelegt wird, sind auch alle Keime von holomorphen 
Funktionen wohldefiniert. Die Gesamtheit der holomorphen Funktions­
keime auf R ist nach moderner Terminologie eine Garbe D von Ringen 
und eine Untergarbe der Garbe (£ der Keime von stetigen Funktionen 
auf R. £) wird durch die komplexen Koordinatensysteme von R gegeben, 
durch die Garbe £) werden die holomorphen Funktionen in Teilbereichen 
von R und mithin die lokalen komplexen Koordinatensysteme von R 
bestimmt. Es ist also sinnvoll D die Strukturgarbe der Riemannsehen 
Fläche R zu nennen. 

Nach Cartan heißt ein topologischer Raum X ein (komplex) geringter 
Raum, wenn X mit einer Strukturgarbe @ versehen ist, so daß folgendes 
gut: 

(1) © ist eine Untergarbe von (£, der Garbe der Keime von stetigen 
komplexwertigen Funktionen. 

(2) © ist eine Garbe von Ringen, d. h. jeder Halm von @ ist ein Ring. 
(3) Die konstanten Funktionskeime sind in (3 enthalten. 
Die Schnittflächen in (3 können als spezielle komplexwertige Funk­

tionen angesehen werden. Man nennt sie morphe Funktionen. Offenbar 
sind zwei geringte Räume Xx und X2 als gleich strukturiert (iso­
morph) anzusehen, wenn es eine topologische Abbildung ci: XX->X2 

gibt, derart, daß die folgende Aussage richtig ist: 
Ist U2 c X2 eine beliebige offene Teilmenge, f2 eine in U2 komplex­

wertige Funktion, so ist f2 genau dann morph, wenn fx = f2 o <fi in 
Ux = ^>~X(U2) morph ist. 

Jede offene Teilmenge U eines geringten Raumes X, wird durch 
Beschränkung der Strukturgarbe auf U ebenfalls zu einem geringten 
Raum. Eine Riemannsche Fläche ist ein geringter Raum, auf dem 
jeder Punkt eine Umgebung U besitzt, die zu einem Gebiet der z-Ebene 
isomorph ist. 

1. Komplexe Räume 

1.1. Es ist zweckmäßig die Argumentbereiche der Funktionen mehrerer 
Veränderliehen ebenfalls auf einem abstrakten Wege einzuführen. Das 
führt zu den komplexen Räumen, die als die richtigen Verallgemeine­
rungen der Riemannsehen Flächen einer komplexen Veränderlichen 
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angesehen werden können. Der Begriff des komplexen Raumes wurde 
von mehreren Autoren auf verschiedene (nicht äquivalente) Weise 
definiert. In allen Fällen ist jedoch ein komplexer Raum ein geringter 
Hausdorffscher Raum, der lokal zu gewissen geringten Repräsentanten­
räumen isomorph ist.f 

1.2. Da mehrdeutige holomorphe Funktionen f(zx,...,zn) in alge-
broiden Punkten über analytische Resultantenmengen verzweigt sind, 
wählten Behnke und Stein als lokale Repräsentanten analytische 
Überlagerungen von Gebieten G cz Cn. Eine analytische Überlagerung 
ty ist eine endlichblättrige unbegrenzte PseudoÜberlagerung im Sinne 
von Steenrod, deren Verzweigungspunkte über einer analytischen 
Menge A c G, A 4= G liegen.J Genauer gesagt ist ?) ein Tripel ( Y, O, G), 
das folgenden Axiomen genügt: 

( 1 ) F ist ein Hausdorffscher Raum, G <= Cn ein (zusammenhängendes) 
Teilgebiet, <I>: Y -> G eine stetige, eigentliche Abbildung.§ Die Urbild­
menge jedes Punktes zQ € G ist diskret. 

(2) Es gibt eine in G analytische Menge A 4= G, so daß Â = 0_1(^4) 
in Y nirgends dicht hegt, Â den Raum F nirgends zerlegt|| und O die 
offene Teilmenge 1t = Y — Â lokal-topologisch auf G — A abbildet. 

Die Punkte y0 e Y, in denen <E> lokal-topologisch ist, heißen schlichte 
Punkte von Y, die übrigen Punkte werden Verzweigungspunkte genannt. 
Der Begriff der holomorphen Funktion in offenen Teilmengen 5 c 7 
kann wie folgt definiert werden: 

Eine komplexwertige Funktion / in B heißt holomorph, wenn 
(1) /stetig ist, 
(2) / in jedem schlichten Punkt y0e Y in bezug auf die in einer 

Umgebung U(y0) definierten Koordinaten îy = zvo$> holomorph ist. 
Diese Definition ist sinnvoll, obgleich / in den Verzweigungspunkten 

nur stetig zu sein braucht. Nach Riemann ist nämlich—in Gebieten 
G <z Gn—jede stetige, außerhalb einer nirgendsdichten analytischen 
Menge holomorphe Funktion in ihrem ganzen Definitionsbereich holo­
morph. 

f Natürlich wurde die Definition der komplexen Räume nicht immer in der Ter­
minologie des geringten Raumes gegeben. 

% Die hiergegebene Definition der analytischen Überlagerung ist eine Vereinfachung 
der Definition in fal. Sie wurde in dieser Form zum ersten Male in I9J angegeben. 
Eine analytische Menge A C O ist eine abgeschlossene Teilmenge von O, für die es zu 
jedem Punkt z0 € A eine Umgebung U(z0) und endlich viele in U holomorphe Funktionen 
/1» •••>/& g i b t» s o d a ß UnA = {ze U:fv(z) = 0, v = 1, ..., &} ist. 

§ Eine stetige Abbildung heißt eigentlich, wenn das Urbild jeder kompakten Menge 
kompakt ist. 

|J A zerlegt Y nirgends, wenn für jede offene zusammenhängende Menge QC Y die 
Menge Q — A ebenfalls zusammenhängt. 
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Offenbar bilden die holomorphen Funktionskeime in Y eine Unter­
garbe® von®. ©ist eine Garbe von Ringen, die die konstanten Funktions­
keime enthält. Y ist also ein geringter Raum. 

1.3. Cartan und Serre [5'30] benutzen als lokale Repräsentantenräume 
zur Definition der komplexen Räume analytische Teilmengen A von 
Teilgebieten G des komplexen Zahlenraumes Cn. In Teilbereichen B c: A 
läßt sich der Begriff der holomorphen Funktion auf einfache Weise 
definieren: Eine in B komplexwertige Funktion/heißt holomorph, wenn 
es zu jedem Punkt z0eB eine offene Menge U <=• G mit z0eU gibt, so 
daß /1 U n B die Beschränkung einer in U holomorphen Funktion ist. 
Natürlich ist jede in B holomorphe Funktion auch stetig. Die holo­
morphen Funktionskeime machen A wieder zu einem geringten Haus-
dorffschen Raum. 

Weitere Definitionen des komplexen Raumes wurden von Bochner 
und MartinC3] und von Chow gegeben. Es kann hier leider nicht näher 
darauf eingegangen werden. In einem geringten Raum X, der ein kom­
plexer Raum ist, werden die morphen Funktionen natürlich holomorphe 
Funktionen genannt. 

1.4. Die komplexen Räume der Definition von Behnke und Stein 
(a-Räume) als auch die komplexen Räume im Cartan-Serreschen Sinne 
(ß-Räume) treten in der komplexen Analysis in natürlicher Weise auf. 
Die analytischen Gebilde der holomorphen Funktionen mehrerer 
Veränderüchen sind spezielle a-Räume. Ferner gewinnt man a-Räume 
als Quotientenräume bei analytischen Zerlegungen von komplexen 
MannigfaltigkeitenC31]. Die /?-Räume haben dagegen ihr Vorbild in der 
algebraischen Geometrie, in welcher der (projektiv) algebraische Raum 
als algebraische Teilmenge des w-dimensionalen komplex-projektiven 
Raumes Pn definiert wird. Analog zum algebraischen Fall ist jede 
analytische Teilmenge eines ^-Raumes wieder ein /?-Raum (die gleiche 
Aussage gilt für die a-Räume nicht !). Von Cartan[6] wurde auf /?-Räumen 
die Theorie der kohärenten analytischen Garben entwickelt.! Es 
wurden von ihm sehr tiefliegende Resultate hergeleitet. Wül man die 
gleichen Ergebnisse für a-Räume erzielen, so stößt man auf Schwierig­
keiten, die eine direkte Durchführung der Cartanschen Theorie für den 
Fall dieser Räume als nicht zweckmäßig erscheinen lassen. 

Der Begriff des /^-Raumes ist sehr allgemein gehalten. Ist X ein 

f Die Theorie ist in den Cartanschen Seminarberichten 1951-52 explizit für kom­
plexe Mannigfaltigkeiten durchgeführt. Die Beweise lassen sich jedoch auf den Fall 
komplexer Räume übertragen. 
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behebiger /?-Raum, x e X ein behebiger Punkt, so braucht der Ring &x 

der Keime von holomorphen Funktionen in x z. B. kein Integritätsring 
zu sein, wie das Beispiel des eindimensionalen komplexen Raumes 
-X" = {(zx, z2) : zxz2 = 0} cz C2 lehrt. Ein eindimensionaler /?-Raum ist also 
nicht notwendig eine Riemannsche Fläche (was für die eindimensionalen 
a-Räume natürlich gilt). 

Aus diesem Grunde hat Cartan anfangs nur normale ß-Räume definiert. 
Ein /?-Raum X heißt normal, wenn jeder Halm £)x seiner Struktur­
garbe Ö ein normaler Ring, d. h. in seinem Quotientenring ganz abge­
schlossen ist. In cu] wurde gezeigt: 

Satz. Die Klasse der a-Räume stimmt mit der Klasse der normalen 
ß-Räume überein. 

Zum Beweise dieses Satzes sei nur angemerkt, daß man mit verhält­
nismäßig elementaren Mitteln zeigen kann, daß jeder normale /?-Raum 
ein a-Raum ist. Die andere Richtung der Aussage verlangt schwierige 
Hilfsmittel der Garbentheorie, u. a. auch einen tiefliegenden Satz von 
K. Oka über die Normalisierung analytischer Mengen (vgl.[24] und [5]). 
Es muß gezeigt werden, daß man den Träger Y jeder analytischen 
Überlagerung ty = (Y, <ï>, G) lokal als analytische Menge in einem Teil­
gebiet eines komplexen Zahlenraumes realisieren kann. Zu dem Zwecke 
müssen auf Y holomorphe Funktionen konstruiert werden.*)* 

1.5. Da die a-Räume spezielle /?-Räume sind und eine Theorie möglichst 
allgemein durchgeführt werden sollte, verstehen wir im folgenden unter 
einem komplexenRaum stets einen /?-Raum. Ein Punkt meines ̂ -Raumes 
heißt ein regulärer Punkt, wenn es eine Umgebung U(x) gibt, die iso­
morph zu einem Gebiet G c Gn ist. Da sich in einer solchen Umgebung 
sinnvoll komplexe Koordinaten einführen lassen, ist die Klasse der 
komplexen Räume, die nur aus regulären Punkten bestehen, mit der 
Klasse der komplexen Mannigfaltigkeiten identisch. Natürlich gibt es 
sogar normale komplexe Räume X mit nicht-regulären Punkten. Der 
Raum X = {(w, zx, z2) : w

2 = zxz2) ist dafür ein Beispiel. 

2. Holomorph-vollständige Räume 

2.1. Die Riemannsehen Flächen der klassischen Funktionentheorie 
zerfallen in zwei Teilklassen, deren Untersuchung verschiedener 
Methoden bedarf. Die kompakten Riemannsehen Flächen sind iso­
morph zu (1-dimensionalen) singularitätenfreien algebraischen Teil-

f Herr Kawai hat mir brieflich mitgeteilt, daß ihm neuerdings diese Konstruktion 
mit Hilfe eines Integrals ohne Anwendung von Garbentheorie ebenfalls gelungen ist. 
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mengen eines n-dimensionalen komplex-projektiven Raumes Pn. Sie 
können deshalb auf algebraische Weise behandelt werden. Die nicht­
kompakten Riemannsehen Flächen müssen mit transzendenten Mitteln 
untersucht werden. 

In der komplexen Analysis mehrerer Veränderlichen zeigt sich, daß 
die Theorie der holomorphen Funktionen auf nicht-kompakten kom­
plexen Räumen i. a. in keiner Analogie zur Funktionentheorie auf 
nicht-kompakten Riemannsehen Flächen steht. So gelten z. B. schon 
für beliebige Gebiete G <z Cn keine Analoga der Sätze von Mittag-
Leffler und Weierstraß: zu einer sinnvoll vorgegebenen Verteilung von 
Hauptteilen meromorpher Funktionen gibt es i. a. keine meromorphe 
Funktion, zu sinnvoll vorgegebenen Nullstellenflächen läßt sich nicht 
immer eine holomorphe Funktion finden. Dagegen sind für die 
Holomorphiegebiete ähnliche Aussagen wie für die nicht-kompakten 
Riemannsehen Flächen gültig. Als Grund, daß diese Aussagen nicht 
in behebigen nicht-kompakten komplexen Räumen gelten, stellt sich 
heraus, daß in X gewöhnlich nicht genügend viele holomorphe Funk­
tionen existieren. 

Stein hat deshalb vorgeschlagen, das funktionentheoretische Studium 
auf die holomorph-vollständigen Mannigfaltigkeiten zu beschränken, f 
Hier seien gleich allgemeiner holomorph-vollständige Räume untersucht: 

Definition. Ein komplexer Raum X heißt holomorph-vollständig, wenn 
er noch zusätzlich zwei Eigenschaften hat : 

(1) Er ist K-vollständig, d. h. zu jedem Punkt x0 e X gibt es endlich 
viele in X holomorphe Funktionen fx, ...,/&, so daß die analytische 
Menge A = {x e X :fv(x) = fv(xQ), v = 1,..., k} den Punkt x0 als isolierten 
Punkt enthält. 

(2) X ist holomorph-konvex: zu jeder sich in X nicht häufenden unend­
lichen Punktfolge xv gibt es eine in X holomorphe Funktion /, derart, 
daß die komplexen Zahlen f(xv) eine unbeschränkte Folge bilden. 

Da auf jedem kompakten komplexen Raum jede holomorphe Funktion 
konstant ist, kann kein K-vollständiger und somit auch kein holomorph­
vollständiger Raum kompakt sein. Ein Gebiet G <= Cn ist genau dann 
ein holomorph-vollständiger Raum, wenn G ein Holomorphiegebiet ist. 

2.2. Für holomorph-vollständige Räume gelten die Cartanschen 
Hauptresultate der Theorie kohärenter analytischer Garben ([6], théorèmes 

f Nach H. Cartan heißen holomorph-vollständige Mannigfaltigkeiten 'variétés de 
Stein', d. h. Steinsche Mannigfaltigkeiten. Vgl. [6]. Bei den hier angegebenen Axiomen 
handelt es sich um eine Vereinfachung der Axiome aus t6]. Die (nicht triviale) Äqui­
valenz des neuen Axiomensystems mit den ursprünglichen Axiomen wurde in [14] 

gezeigt. 
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A und B). In den sehr weitgehenden Cartanschen Sätzen, sind wesent­
liche zuerst von Oka gewonnene Aussagen enthalten; z. B. folgen aus 
ihnen Analoga der Sätze von Mittag-Leffler und Weierstraß (als Lösung 
der sog. Cousinschen Probleme). Die Theorie der komplex-analytischen 
Faserbündel wird über holomorph-vollständigen Räumen besonders 
einfach. In [15] wurde gezeigt: 

Satz I. Sind $ix, 9t2 zwei topologisch äquivalente komplex-analytische 
Faserbündel über einem holomorph-vollständigen Raum 33, so sind 9^ 
und 9î2 sogar komplex-analytisch äquivalent. 

Satz II. Zu jedem topologischen komplexen Faserbündel über einem 
holomorph-vollständigen Raum $8 gibt es ein äquivalents komplex-analy­
tisches Bündel. 

Wie die Ergebnisse der Garbentheorie kann man die Sätze I und II 
als methodisches Hilfsmittel für die komplexe Analysis auf holomorph-
vollständigen Räumen verwenden. 

2.3. Ein Gebiet G <= Cn wird meistens durch seinen Rand gegeben. 
Will man nachweisen, daß G ein Holomorphiegebiet ist, so muß man 
Eigenschaften des Randes dG von G kennen, durch die sich die Holo-
morphiegebiete charakterisieren lassen. Besonders geeignet sind lokale 
Randeigenschaften. 

Wie schon Levi[19] und Krzoska vermutet haben, ist eine solche 
Eigenschaft in der Pseudokonvexität von dG gefunden. Die Pseudo-
konvexität, die sich für Gebiete mit behebigen Rand definieren läßt, kann 
bei Gebieten mit zweimal stetig differenzierbarem Rand durch Differenti­
alungleichungen angegeben werden (analog zur elementaren Konvexität, 
die man als Krümmungseigenschaft des Randes auffassen kann). 

Definition. Ein Gebiet G <= Gn mit wenigstens zweimal stetig differen­
zierbarem Rande heiße pseudokonvex, wenn es zu jedem Punkt z0 e dG 
eine Umgebung U(z0) und eine reell-wertige in TJ zweimal stetig differen­
zierbare Funktion <ß gibt, so daß d<ß 4= 0, Gr\U = {zeU:(f)(z) < 0} und 
die Form L((j>) = 2[(32^)/(3^8^)]a„ä/t auf U ndG bedingt positiv semi-
definit ist (d. h. positiv semidefinit für alle komplexen Vektoren (ax, ...,an), 
die der Bedingungsgleichung 2[(30)/(3z„)]a„ = 0 genügen). Läßt sich 
stets eine Funktion (ß finden, so daß L(<ß) auf UndG bedingt positiv 
définit ist, so heißt G streng pseudokonvex. 

Levi (1911) und Krzoska haben gezeigt, daß jedes Holomorphiegebiet 
pseudokonvex ist. Die Umkehrung dieser Aussage blieb über vierzig 
Jahre lang ein offenes Problem (das sog. Levische Problem). Schließlich 
zeigte Oka in den Arbeiten[23»253: 
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(*) Jedes unverzweigte pseudokonvexe Gebiet G über dem Cn ist holo­
morph-konvex und ein Holomorphiegebiet.^ 

Das Levische Problem ist bis heute noch nicht gelöst für verzweigte 
und unendliche Gebiete. Doch hat auch hier Oka ein abschließendes 
Ergebnis angekündigt. 

2.4. Der Okasche Beweis von (*) benutzt die Tatsache, daß man jedes 
pseudokonvexe Gebiet G durch eine aufsteigende Folge GV^G, 
v = 1,2,... von streng pseudokonvexen Teilgebieten ausschöpfen kann. 
Nachdem bewiesen ist, daß alle Gv Holomorphiegebiete sind, folgt aus 
einem Satz von Behnke und Stein[11 über die Limiten konvergenter 
Folgen von Holomorphiegebieten, daß auch G = hm Gv ein Holo­
morphiegebiet ist. 

Die Begriffe des differenzierbaren Randes,% der Pseudokonvexität 
und der strengen Pseudokonvexität lassen sich ebenfalls für relativ­
kompakte Teilgebiete G komplexer Räume X definieren. Mit Hilfe von 
Garbentheorie ergibt sich[16] als Verallgemeinerung des Okaschen 
Resultates für streng pseudokonvexe Gebiete G <= Cn: 

Satz 1. Jedes streng pseudokonvexe Teilgebiet Ö C l ist holomorph­
konvex. Enthält G außerdem keine kompakten analytischen Teilmengen A 
mit aim A > 0, so ist G ein holomorph-vollständiger Raum. 

Natürlich ist kein Gebiet, das kompakte analytische Teilmengen A, 
dim A > 0, enthält, holomorph-vollständig. Wie einfache Beispiele 
lehren, gibt es pseudokonvexe relativkompakte Teilgebiete von kom­
plexen Mannigfaltigkeiten, die nicht holomorph-konvex sind. Es ist 
ein offenes Problem, welche Eigenschaften für die Holomorphiekon-
vexität notwendig und hinreichend sind. 

Man wird bestrebt sein, die holomorph-vollständigen Räume durch 
leicht nachzuweisende Eigenschaften zu charakterisieren. Für Gebiete 
G c Cn zeigt man auf elementarem Wege[18]: G ist genau dann pseudo­
konvex, wenn in G die Funktion — In 8(z) plurisubharmonisch ist. Dabei 
bezeichnet S(z) den euklidischen Randabstand der Punkte zeG. Der 
Begriff der plurisubharmonischen Funktion kann sehr allgemein 
definiert werden. Gewöhnlich ist eine plurisubharmonische Funktion 

f Für den Fall schlichter Gebiete G c Cn wurde dieser Satz 1954 unabhängig vonein­
ander von H. Bremermann [4 ] und F . Norguet[223 auch gewonnen. 

J Da komplexe Räume X nicht-uniformisierbare Punkte enthalten können, muß die 
Differenzierbarkeit auf besondere Weise definiert werden. Weil aber jeder komplexe 
Raum lokal zu einer analytischen Menge Ac G isomorph ist, braucht der Begriff der 
differenzierbaren Funktion nur für solche analytischen Mengen festgesetzt zu werden. 
Man kann sagen, eine Funktion auf A ist &-mal stetig differenzierbar, wenn sie (lokal) 
die Beschränkung einer in G &-mal stetig differenzierbaren Funktion ist. 

24 TP 
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nur halbstetig nach oben. Ihre Werte sind die reellen Zahlen und — oo. 
Für zweimal stetig differenzierbare reell-wertige Funktionen p läßt sich 
die Definition jedoch folgendermaßen angeben: 

p ist plurisubharmonisch genau dann, wenn die Levische Form L(p) 
überall (ohne Bedingung) positiv semidefinit ist. Ist L(p) überall positiv 
définit, so heißt p streng plurisubharmonisch. 

Die Begriffe der plurisubharmonischen und der streng plurisub-
harmonischen Funktion lassen sich in nahe hegender Weise auf kom­
plexen Räumen definieren (vgl.[10]). Mit Hilfe der in einem holomorph­
vollständigen Raum X holomorphen Funktionen läßt sich leicht eine 
in X streng plurisubharmonische Funktion p(x) konstruieren, so daß 
jeder Teilbereich T(d) = {x e X,p(x) < d] mit d > 0 relativ-kompakt in 
X hegt. Ist umgekehrt p(x) eine streng plurisubharmonische Funktion 
in einem komplexen Raum X, derart, daß jedes T(d) relativ-kompakte 
Teilmenge von X ist, so sind alle T(d) streng pseudokonvex. Aus Satz 1 
und einem Analogon zum Limessatz für Holomorphiegebiete folgt sodann 

Satz 2. Ein komplexer Raum X ist ein holomorph-vollständiger Raum 
dann und nur dann, wenn es in ihm eine streng plurisubharmonische Funk­
tion p(x) gibt, so daß alle offenen Mengen T(d) = {x e X, p(x) < d}^X 
liegen. 

2.5. Die Sätze 1 und 2 gestatten mehrere Anwendungen. Aus Satz 2 
folgt unmittelbar die Lösung eines Problems von Whitney über die 
Einbettung reell-analytischer Mannigfaltigkeiten in euklidischen Räu­
men. Whitney hat in Arbeiten [33'34], die in den Jahren 1936 und 1944 in 
den Annals of Mathematics erschienen, folgenden Satz gezeigt: 

Es sei 9i eine n-dimensionale reell-analytische Mannigfaltigkeit mit 
abzählbarer Topologie. Dann gibt es eine beliebig oft stetig differenzierbare, 
(lokal) eigentliche, reguläre^ eineindeutige Abbildung (j>: 9î->i22w von 81 
auf eine reell-analytische Untermannigfaltigkeit <f>($i) = F c= R^ 

Als Problem blieb offen, ob man çJ stets als reell-analytische Abbildung 
wählen kann (womit 91 als reell-analytische Untermannigfaltigkeit des 
R2n realisiert wäre). Wie MorreyC21] im Januar dieses Jahres (1958) 
gezeigt hat, ist diese Frage für den Fall kompakter Mannigfaltigkeiten 
fft bejahend zu beantworten. Durch Satz 2 wird nun das Problem im 
positiven Sinne aUgemein gelöst: 

Jede reell-analytische Mannigfaltigkeit 9i mit abzählbarer Topologie 

f 'Regulär' heißt, daß die Funktionalmatrix von <j> überall in SR den Rang n hat. 
F ist also eine singularitätenfreie Fläche im M2n. Whitney hat den angegebenen 
Satz m. m. gleich für &-mal stetig differenzierbare Mannigfaltigkeiten hergeleitet, 
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läßt sich nämlich komplexifizieren: 91 ist reell-analytische Untermannig­
faltigkeit einer komplex n-dimensionalen komplexen Mannigfaltigkeit 
50t (mit n = dimr9t). Mit Hilfe einer 'Teilung der Eins' kann man 
leicht zeigen: 

Bei geeigneter Wahl von 501 gibt es eine in 50Ì streng plurisubharmoni­
sche Funktion £>, so daß für alle T(d) = {xeM :p(x) < d} gilt T(d) C M. 

Nach Satz 2 ist M dann eine Steinsche Mannigfaltigkeit, nach 
einem Einbettungssatz von RemmertC27] gibt es zu jeder Steinschen 
Mannigfaltigkeit 501 eine holomorphe, eigentliche, reguläre, einein­
deutige Abbildung $: 501 -> Ck (k genügend groß). <f>' = $ \ R ist dann 
eine reguläre, eineindeutige, eigentliche, reell-analytische Abbildung 
9$ -> Ck « R2k. Die gewünschte reell-analytische Abbildung $: 3d -> R2n 

erhält man sodann mit Hilfe eines Approximationssatzes von Whit-
ney^f . 

Kodaira[17] hat 1953 in der Theorie der Kählermannigfaltigkeiten 
folgenden grundlegenden Satz bewiesen: 

(**) Eine kompakte komplexe Mannigfaltigkeit 501 ist genau dann eine 
projektiv algebraische Mannigfaltigkeit, wenn sie eine Hodge^sche Metrik 
( = Kählersche Metrik mit ganzzahligen Perioden) tragen kann. 

Dieses Resultat verallgemeinert den Satz über die Periodenrelationen 
2%-fach periodischer Funktionen im Cn und kann in der Theorie der 
algebraischen Mannigfaltigkeiten als ein Analogon des Okaschen Funda­
mentalsatzes (*) angesehen werden. Es ist deshalb nicht verwunderlich, 
daß man Satz 1 zum Beweise von (**) verwenden kann. Darüber hinaus 
folgt aus Satz 1 sogar die Aussage von (**) für den Fall, daß X ein kom­
plexer Raum mit normalen nicht-uniformisierbaren Punkten ist. Als 
Nebenergebnis dürfte folgende Aussage interessieren: 

Ein komplex-analytisches Geradenbündel F über einem kompakten 
komplexen Raum X ist genau dann negativ (im Sinne von Kodaira), wenn 
F durch eine eigentliche birationale Transformation aus einer affin­
algebraischen Mannigfaltigkeit ensteht. 

Weitere Anwendungen unserer Sätze 1 und 2 sind möglich, um Sätze 
von Enriques, die bislang nur für den Fall algebraischer Räume bekannt 
waren, auch für behebige komplexe Räume herzuleiten. Die Enriques'-
schen Sätze—auf die hier nicht näher eingegangen werden kann— 
handeln über birationale Transformationen, bei denen kompakte 
analytische Flächen durch Punkte ersetzt werden. 

f Ein analoges Resultat läßt sich mit Hilfe von Satz 2 auch für reell-analytische 
Bäume, d. s. reell-analytische Mannigfaltigkeiten mit algebroiden Singularitäten, 
gewinnen. 

24-2 
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3. Kompakte und allgemeinere komplexe Räume 

3.1 . Zur Untersuchung kompakter komplexer Räume X wird man wie 
in der klassischen Funktionentheorie zu algebraischen Methoden greifen 
wollen. Jedoch zeigt sich, daß auf allgemeinen kompakten komplexen 
Räumen X—außer den konstanten—keine meromorphen Funktionen 
existieren, also eine Realisierung von X als algebraischer Unterraum 
des Pk nicht möghch ist. 

Weil hat den Begriff des abstrakten algebraischen Raumes in die 
Literatur eingeführt. Diese Räume—komplex-analytisch betrachtetf— 
können, sofern sie vollständig sind, als spezielle kompakte komplexe 
Räume X gedeutet werden. Der Körper K(X) der meromorphen Funk­
tionen auf X hat stets den Transzendenzgrad n = dimX über dem 
Körper der komplexen Zahlen. Obgleich also viele nicht-konstante mero-
morphe Funktionen auf X existieren, gibt es schon zweidimensionale 
normale vollständige algebraische Räume X (mit wenigstens zwei 
nicht-uniformisierbaren Punkten), die sich nicht als algebraische 
Unterräume eines Pk reahsieren lassen. Nagata hat sogar ^-dimensionale 
kompakte algebraische Mannigfaltigkeiten (n ^ 3) dieser Art angegeben. 
Algebraische Räume und Mannigfaltigkeiten, die sich in einem komplex-
projektiven Raum einbetten lassen, heißen projektiv algebraisch. Wie 
Chow und KodairaE8] gezeigt haben, ist jede zweidimensionale komplexe 
Mannigfaltigkeit mit zwei unabhängigen meromorphen Funktionen in 
diesem Sinne projektiv algebraisch. 

Zur Untersuchung abstrakter wie auch projektiv-algebraischer Räume 
eignet sich besonders die Theorie kohärenter algebraischer Garben, die 
zuerst in einer Arbeit von Serre[28] definiert wurden. Grothendieck hat 
mit Hilfe dieser Theorie die Formel von Riemann-Roch-Hirzebruch für 
projektiv algebraische Mannigfaltigkeiten in einer verallgemeinerten 
Form auf algebraischer Weise hergeleitet. 

3.2. Vollständige pro j ektiv algebraische Mannigfaltigkeiten sind spezielle 
kompakte Kählersche Mannigfaltigkeiten. Für die Klasse der Kähler-
schen Mannigfaltigkeiten wurden von Kodaira und Spencer potential­
theoretische Methoden entwickelt. Es wurden Ergebnisse erzielt, die 
für projektiv algebraische Mannigfaltigkeiten auf algebraischen Wege 
teils nicht bewiesen werden können, teüs noch nicht bewiesen werden 
konnten. 

f Die algebraischen Räume der abstrakten algebraischen Geometrie tragen natürlich 
nur die Zariskitopologie. 
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Leider ist es bis heute noch nicht gelungen, die Differentialgeometrie 
und die Potentialtheorie auch bei der Untersuchung von komplexen 
Räumen mit nicht-uniformisierbaren Punkten auszunutzen. Da diese 
Räume keine Tangentialbündel besitzen, entstehen wesenthche Schwie­
rigkeiten. Dagegen besteht Hoffnung mit Potentialtheorie gewonnene 
Sätze durch garbentheoretische Methoden herzuleiten. Die neuen 
Beweise lassen sich dann i. a. auf den Fall komplexer Räume über­
tragen. Im § 2 der vorl. Arbeit wurde ein solcher garbentheoretischer 
Beweis für einen Kodairaschen Satz angegeben. Es wurde gezeigt, daß 
jede Hodge'sche Mannigfaltigkeit projektiv algebraisch ist. 

3.3. Die holomorph-vollständigen und die algebraischen Räume geben 
zu interessanten funktionentheoretischen Untersuchungen Anlaß, da 
auf ihnen eine hinreichende Zahl holomorpher bzw. meromorpher 
Funktionen existiert. Ist X ein holomorph-vollständiger, Y ein alge­
braischer Raum, so ist das kartesische Produkt X x Y weder ein holo­
morph-vollständiger noch ein algebraischer Raum. Der komplexe Raum 
Xx Y dürfte jedoch das gleiche funktionentheoretische Interesse ver­
dienen wie die Räume X und Y. Aus diesem Grunde wurde in [12] eine 
Klasse komplexer Räume definiert, die die holomorph-vollständigen 
Räume und die (projektiv) algebraischen Räume umfaßt: 

Definition. Ein komplexer RaumX heißt analytisch-vollständig, wenn er : 
(1) holomorph-konvex ist, 
(2) es zu jedem Punkt xQeX eine holomorphe Abbildung (j> von X in 

einen komplex projektiven Raum Pk gibt, derart, daß x0 isolierter Punkt 
der Menge A = {x e X: <p(x) = <fi(x0)} ist. 

Wie Remmert[27] gezeigt hat, gibt es zu jedem analytisch-vollstän­
digen Raum X eine holomorphe Reduktion, d. h. einen holomorph­
vollständigen Raum Y und eine eigenthche holomorphe Abbildung 
p: X -> Y. Die Fasernp~x(yQ), y0 € Y, sind projektiv algebraische Räume 
(zum Beweis vgl. C12]). Jeder analytisch vollständige Raum X kann 
daher als ein verallgemeinerter analytischer Faserraum mit projektiv 
algebraischen Fasern über einem holomorph-vollständigen Raum Y 
aufgefaßt werden. 

Bei der Untersuchung analytisch-vollständiger Räume kommt der 
Abbildung/?: X -> Y und den direkten Bildern />„(©) kohärenter analy­
tischer Garben © in X besondere Bedeutung zu. Es zeigt sich, daß alle 
Bilder /?„(©) kohärente analytische Garben in Y sindf. Mit Hilfe 

f Vgl. Il2]. In II31 wurden die direkten Bilder der kohärenten analytischen Garben 
bei Produktabbildungen von kartesischen Produkten Y x P* -> Y untersucht ( Y ein 
komplexer Raum). Es wurde gezeigt, daß alle direkten Bilder kohärent sind. 
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dieser Methoden läßt sich der Riemann-Rochsche Satz auf analytisch 
vollständige Räume verallgemeinern (vgl.[12]). 

3.4. Die Erforschung allgemeiner komplexer Räume steckt noch sehr 
in ihren Anfängen. So sind Fragen wie: 'Wodurch wird ein komplexer 
Raum holomorph-vollständig, algebraisch oder eine komplexe Mannig­
faltigkeit Kählersch?', noch ungeklärt. Zur Lösung dieser Probleme 
fehlen allgemeine Aussagen und Existenzsätze, die für behebige kom­
plexe Räume gültig sind. Bislang sind nur wenige solcher Sätze bekannt 
geworden. Abschließend seien sie hier zusammengestellt: 

(1) Es sei X ein kompakter komplexer Raum, S eine kohärente 
analytische Garbe über X. Dann sind die Ôechschen Kohomologie-
gruppen HV(X,S), v = 0,1,2,... endlichdimensionale komplexe Vektor­
räume (Cartan[5], Cartan und Serre[7]). 

(2) Es sei X eine komplexe Mannigfaltigkeit. Dann gilt für X der 
Serresche Dualitätssatz in Bezug auf Kohomologiegruppen mit Ko­
effizienten in einer freien analytischen Garbe © (Serre[29]). 

(3) Es sei X eine %-dimensionale komplexe Mannigfaltigkeit, © eine 
kohärente analytische Garbe über X. Dann ist HV(X, @) = 0, v > n 
(Malgrange™). 

(4) Es sei X ein kompakter komplexer Raum. Dann ist der Körper 
der auf X meromorphen Funktionen isomorph zu einem algebraischen 
Funktionenkörper über C vom Transzendenzgrad k, k < dimX (Rem­
mert™). 
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F U N C T I O N S OF B O U N D E D CHARACTERISTIC 
A N D L I N D E L Ö F I A N MAPS 

By MAURICE HEINS 

1. Introduction 

The study of the boundary behavior of analytic functions in a modern 
sense begins with the fundamental and justly celebrated memoir of 
FatouE2]. An essential feature of that paper is the exploitation to the 
fullest of the then novel ideas of Lebesgue. The half century which has 
elapsed since Fatou's memoir has witnessed the flowering of a large and 
important chapter of analysis whose concern is the boundary behavior 
of analytic functions. Our attention will be centered on questions whose 
parentage may be traced back to the results of Fatou. 

Let us recall that the original theorem of Fatou states that a bounded 
analytic function/in the open unit disk possesses a radial limit p.p. and 
that the theorem of F. and M. Riesz[13] states that the radial limit func­
tion of/ vanishes only on a set of measure zero, if/ =£ 0. The functions 
of bounded Nevanlinna characteristic in the open unit disk are precisely 
the non-constant meromorphic functions which admit representation 
as quotients of bounded analytic functions. Thanks to the original 
Fatou theorem and the theorem of F. and M. Riesz, the conclusion of 
the Fatou theorem persists for functions of bounded characteristic. 

When we turn to the study of asymptotic values, we find that a marked 
contrast appears. For a bounded non-constant analytic function in the 
open unit disk, each asymptotic path tends to a point of the unit cir­
cumference and the associated asymptotic value is the Fatou radial 
limit at this point. On the other hand, while it is still true for a function 
of bounded characteristic that each asymptotic path tends to a point 
of the unit circumference, there exist, as examples of LohwaterC9] and 
Lehto[8] show, functions of bounded characteristic having more than 
one asymptotic value associated with a given boundary point. A recently 
announced theorem of GehringE4] asserts that an analytic (pole-free) 
function of bounded characteristic in the open unit disk admits at most 
two distinct finite asymptotic values associated with a given boundary 
point. We shall see later that the situation changes radically for un­
restricted functions of bounded characteristic. In fact, there exists a 
quotient of two Blaschke products whose zeros cluster solely at z = 1 
which has the property that the set of asymptotic values associated with 
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z = 1 has the power of the continuum.f In the construction which we 
give of such a function, a decisive role is played by Valiron's example[15] 

of a meromorphic function of finite order whose set of asymptotic values 
has the power of the continuum. 

However, the realm of pathology is small. In fact, for an arbitrary 
non-constant meromorphic function/ in {\z\ < 1}, the set of points of 
{|z| = 1} with which more than one asymptotic spot[5] is associated is 
countable. Examples of functions of bounded characteristic where such 
sets are infinite are readily constructed. We understand that a point TJ 
of {|z| = 1} is associated with an asymptotic spot cr of / provided that 
{̂ } = Ç]cr(ù)), a) € domain of cr. 

The notion of a function of bounded characteristic may be generalized to 
conformai maps of Riemann surfaces [6>12]. The Nevanlinna characteristic 
function maybe adapted to conformai maps of Riemann surfaces in such 
a manner that the first fundamental theorem and the basic theorems of 
the Nevanlinna theory associated with it persist in the general theory 
of conformai maps of Riemann surfaces. The notion of a map of bounded 
characteristic becomes an important element of the extended theory. 

In the present paper we shall confine our attention to Lindelöfian 
conformai maps ( = maps of bounded characteristic) whose domain is 
the open unit disk (meromorphic functions of bounded characteristic 
are included) and shall apply the methods developed in our papers C5] 

and [6] tö problems concerning the boundary behavior of such maps and 
the relation between their boundary behavior and their 'covering 
properties'4 By confining our attention to Lindelöfian maps with 
domain the open unit disk we put at our disposal an extensive apparatus 
from real function theory. This fact permits us to expect more precise 
results than one could for arbitrary Lindelöfian maps. 

2. Non-negative harmonic functions 

Parreau[11] has introduced the notions of a quasi-bounded non-negative 
harmonic function and of a singular non-negative harmonic function. 

f The author is indebted to Professor F . W. Gehring for pointing out the fact tha t he 
carried out a construction along the lines of the second paragraph of § 10 of the present 
paper (F. W. Gehring, The asymptotic values for analytic functions with bounded 
characteristic, Oxford Quart. J. Math. 1958). His construction shows the existence of 
a function / of bounded characteristic in {\z\ < 1} having the property tha t the set of 
asymptotic values of/ associated with paths terminating at z = 1 has the power of the 
continuum. However, he does not establish the more refined result to which the present 
footnote refers. 

J For the case of meromorphic functions of bounded characteristic, cf. Lehto [7»83. 
I am indebted to Professor Pfluger for raising the question of extending the Fatou 
theorem to Lindelöfian maps with domain the open unit disk. 
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These may be defined as follows. A non-negative harmonic function u 
on a Riemann surface F is termed quasi-bounded provided that it is the 
limit of a monotone non-decreasing sequence of bounded non-negative 
harmonic functions on F; u is termed singular provided that the only 
non-negative bounded harmonic function on F which is dominated by 
u is zero.f A non-negative harmonic function on F admits a unique 
representation as a sum of a quasi-bounded non-negative harmonic 
function on F and a singular non-negative harmonic function on F. 
A positive harmonic function u on F is termed minimal (Martin[10]) 
provided that the positive harmonic functions on F dominated by u are 
proportional to u. If a minimal positive harmonic function is not 
bounded, it is singular. 

fi-maps. Let D denote a non-empty open subset of a Riemann surface 
F which has the property that each point of fr O is a point of a con­
tinuum contained in fr O. Given a non-negative harmonic function u 
on O which vanishes continuously on fr Q., by /IQ(U) is meant the least 
harmonic majorant of the subharmonic function on F which agrees 
with u on CI and vanishes elsewhere on F, provided that the subharmonic 
functionin question admits a harmonic majorant; otherwise /iQ(u) = +00. 
Let Qa denote the set of u for which /IQ(U) < + 00. The restriction of 
fin to Qa is a univalent homogeneous additive map of Qa into the set of 
non-negative harmonic functions on F. Further u (eQo) is quasi-
bounded (singular) on O if and only if /ia (u) is quasi-bounded (singular) 
on F. If O is a region, then u (€ Qa) is minimal on D if and only if 
[içi(u) is minimal on F. By a /£-map we shall understand the restriction 
of /IQ to Qa for some admitted Q. 

3 . T h e Lindelöf pr inc ip le 

Let 0 denote a conformai map (not necessarily univalent) of a Riemann 
surface F into a Riemann surface G. Let n(p; <fi) denote the multiplicity 
of <ß&tp € F. Let v^(q) denote the valence of (j) at q e G,i.e.H^p)=Qn(p; ç5). 

Suppose now that F and G are hyperbolic and that ®F and &G are 
their respective Green's functions. Let 

S(p, q) = S ^ ^ n f o ci) &F(p, r). 

The exact form of the Lindelöf principle asserts that for each qeG, 

®G^(P),q) = S(p,q) + ua(p) (peF), (3.1) 

where uq is a non-negative harmonic function on F. Obviously uq is 

f These concepts are also pertinent to non-negative harmonic functions whose 
domains are non-empty open subsets of a Riemann surface. 
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unique. We note that uq is the greatest harmonic minorant (abbreviated 
henceforth by 'G.H.M.') of the superharmonic function £> -> &a(^>(p), q). 
Let vq denote the quasi-bounded component of uq and let wq denote the 
singular component of uq. We have the alternatives: vq = 0 for all q e G, 
or vq > 0 for all q e G. In the first case we say that ci is a map of type-Bl 
of F into G, the designation 'Bl ' being employed because of the close 
relation of such maps with Blaschke products. If uq = 0 for all q e G, 
we say that ci is a map of type-Blx of F into G. We observe that regardless 
of whether ci is of type-Bl or not, wq = 0 save for an Fff of capacity 
zero[5]. 

Suppose that F and G are now unrestricted. We say that ci is of type-Bl 
(Blt) at q e G provided that there exists a simply connected Jordan 
region ù, qe Q, c: G, such that çi-1(£2) 4= 0 and the restriction of ci to 
each component o) of ^_1(0) is a map of type-Bl (Bl^ of a> into O. 

4. Lindelöfian maps 

A conformai map (p of a hyperbolic Riemann surface J7 into a hyper­
bolic Riemann surface G satisfies 

S(p,q) <+co tf(p)*q). (4.1) 

Interest therefore attaches to the study of conformai maps ci: F ->G, 
where F is hyperbolic but G is unrestricted, which satisfy (4.1). (It is 
to be noted that in the definition of S(p, q) we need not assume that G is 
hyperbolic.) Because of the genesis of this condition we term such maps 
Lindelöfian. In terms of the extension of the Nevanlinna theory to 
conformai maps of Riemann surfaces the Lindelöfian maps are precisely 
the conformai maps of bounded characteristic. 

5. Given distinct points a,b eG, there exists a function u on G which is 
harmonic save at a and b, which has a normalized positive logarithmic 
singularity at a and a normalized negative logarithmic singularity at b, 
and which is bounded in the complement of some relatively compact 
neighborhood of {a, b}. (If G is parabolic, then u is determined up to an 
additive constant.) Given a Lindelöfian map <fi: F->G, it may be 
concluded[6] from the extended form of Nevanlinna's first fundamental 
theorem that uocj) admits a representation of the form 

uo<f>(p) = S(p,a)-S(p,b) + H(p), (5.1) 

where H is the difference of two non-negative harmonic functions on F. 
We shall see that this representation is the basis of the boundary 
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behavior theorems of the present paper. It is to be observed that H 
admits a unique representation of the form P — N, where P and N are non-
negative harmonic functions on F satisfying G.H.M. min {P,iV} = 0. 
There is an intimate connection between the harmonic function P and 
the way in which ci covers a neighborhood of a. 

In fact, let O0 = {u > 0}, let (oQ = çi_1(O0), and let çiWo denote the 
restriction of ci to o)Q. If co0 4= 0, then, thanks to (5-1) and simple facts 
concerning greatest harmonic minorants of superharmonic functions, 
we are led to /n TT -MT JL \ • T> /* o\ 

Äo(G.H.M. u o & J = P. (5.2) 
If o)0 = 0, by convention we take the left-hand side of (5.2) to be zero; 

it is readily verified that in this case we also have P = 0. It is now easy 
to conclude that, if ß is an arbitrary Jordan region of G which contains a, 
a) = çi-^O), and ® a is the Green's function of D, then 

^{G.H.M.®Q(çiw,a)}-P = 0(1). (5.3) 

Here ^ refers to the restriction of ci to a) and the obvious convention 
prevails when o) = 0. From (5.3) we conclude that the singular component 
of the first member of the left side of (5.3) is independent of £1 and is simply 
the singular component of P. We denote it by Wa. 

A situation in which (5.2) may be exploited advantageously is the 
following. Suppose that O0 is connected and that the restriction of u 
to Q0 is the Green's function of Q0 with pole at a. (This is certainly the 
case if G is parabolic.) Suppose further that o)0 4= 0. Then P is singular if 
and only if the restriction of ci to each component of o)Q is a map of type-
Bl of that component into O0. If P is singular, then by (5.2) G.H.M. 
u o^Wo is singular, and ^ is readily seen to have the stated property. 
The converse is also readily established on noting that a /*-map 
carries a singular non-negative harmonic function into a singular non-
negative harmonic function. 

To give a specific application of this result, we consider a function/of 
bounded characteristic in {\z\ < 1} whose Fatou radial limits are p.p. 
of modulus one. If / is bounded, a known theorem of Frostman[3] asserts 
that for all a, |a| < 1, save for an Fa of zero capacity, 

is a Blaschke product up to a constant factor of modulus one.f What 
we shall now see is that, if neither / nor l//is bounded, then (5.4) is a 

f The property of wq cited in § 3 constitutes a generalization of Frostman's theorem. 
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quotient of two Blaschke products up to a constant factor of modulus one, 
for alia, |a| < 1, save for an F^ of zero capacity. We remark that the case 
where l//is bounded is readily reduced to the case where/is bounded. 

To establish our assertion we note that with 

a = 0, b = oo, u(z) = —log \z\, 

P and N are both singular by virtue of the hypotheses on / . Hence the 
restriction of / to a component of / -1{M < *} (or /""KM > 1}) *s °^ 
type-Bl relative to {|̂ | < 1} (or {|̂ | > 1} respectively). It now follows 
from the property of wq cited in § 3 and (5.2) that save for an exceptional 
set of oc of the described type, the P and N associated with 

log 
1 - 5 / 
/ - * 

vanish. The assertion is readily established. 
This result admits generalizations to conformai maps of Riemann 

surfaces. We shall not pursue this question further here. 

6. The Fatou theorem 

We shall now see that the Fatou theorem persists for Lindelöfian 
maps <fi: F -> G, F = {\z\ < ï}, in the sense that for almost all £ on the 
unit circumference, either ci tends to a point of G as z tends to £ sectorially, 
or else ci tends to the ideal boundary of G as z tends to £ sectorially. 

We consider u o <p of § 5 having fixed distinct points a,b eG. There 
exists a meromorphic function / i n {| z | < 1} satisfying 

log\f\=uo<f>. (6.1) 

By (5.1)/is of bounded characteristic, so that the Fatou theorem holds 
for/. Suppose that / has a sectorial limit at TJ, \ TJ | = 1. Suppose that for 
some S, 0 < S < \TT, it is not the case that as z tends to 7] in 

^ = { | a r g ( l - ^ ) | < £ } , 

<f)(z) tends to a point of G or to the ideal boundary. There would then 
exist a point qeG,a, relatively compact open disk A of G containing q, 
and sequences (z'n) and (z"n) whose members he in Ss and which satisfy 
not only _. , .. „ 

h.mzn = iimzn = 7], 

but also çHOeA, ç i ( 4 ) € 0 - A (aU n), 

and lim $(z'n) = q. 
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Let g denote a meromorphic function in A for which log |gr| is the 
restriction of u to A. On considering / on the segments z'nz

,r
n we are led 

to conclude that g is constant. This is of course impossible. The extended 
Fatou theorem follows. 

7. Criteria for sectorial and quasi-sectorial limits 

We now turn to the examination of sufficient conditions for a point 
G to be a sectorial (or a quasi-sectorialf ) limit of <fi. 

(a) Suppose that (j) has a logarithmic ramification over a eG. Then a is 
a sectorial limit of <fi. 

More formally, we suppose that the following conditions are fulfilled: 
(1) for each simply connected Jordan region Q, of G which contains a, 
^~1(D) 4= 0, (2) there exists a function cr whose domain consists of the 
set of such O and which satisfies 

(i) or(O) is a component of çi_1(n), 
(ii) Ox c Q2 implies cr^-J <= <r(Q2)> 

(iii) for Q, sufficiently small, (ß^Q), the restriction of ci to cr(£l), is a 
universal covering of Q — {a}. 

Thanks to these conditions, it follows that, for Ù small, ©^(Cì^Q), a) 
is a minimal positive harmonic function on o"(Q). From (5.3) it may be 
concluded that 

/V(Q)[@W?W «)] < + oo. (7.1) 

For Q. sufficiently small, the left side of (7.1) is a minimal positive har­
monic function in {j z | < 1} independent of £1, say 

c« [J=i] <°>°.M-i>. 
It follows from the Julia-Carathéodory theorem that for given S, 
0 < S < \TT, and for each Q, the points of the sector Ss which are suffici­
ently close to 7] he in cr(O). We infer that a is the sectorial limit of ci at TJ. 

The example 

f(z) = exp Jexp \rz^j\ (N < X)> 

shows that there exists an analytic function in {\z\ < 1} which possesses 
a sectorial limit save at 1 and has infinitely many logarithmic rami­
fications over 0 and yet does not possess the sectorial limit 0. This shows 
that the Lindelöfian character of ci is pertinent to the question considered. 

f This notion will be denned below in the present section. 
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Quasi-sectorial limit. We shall say that $ has the quasi-sectorial limit 
a ( e G) at TJ provided that 

lim4>[r](l-rei0)] = a (\6\ < In), (7.2) 

save for a set of 6 of zero capacity. We have: 

(b)V IT a ( 2 )>c8t[ |±£] , 

where c is a positive constant, then ci possesses the quasi-sectorial limit aatrj. 
In fact, it follows from (5.1) that 

«0(3» > c^^-{S{z,b) + N{z)). 

Now N does not dominate a positive multiple of ?H[(T] + Z)I(TJ — Z)] in 
{\z\ < 1}. It follows from the theorem of Ahlfors and Heins[1] that 

]miu[(^(T] — T]reie)] = +oo, |0| < \TT, 
r->0 

save for a set of 6 of zero capacity. Hence (j) has the quasi-sectorial limit 
a at T). 

Examples of this phenomenon are readily constructed. We cite the 
example given by LehtoC8] 

/(Z) = exp{i±|J6(Z) (H<1) , (7.3) 

where 6 is a convergent Blaschke product whose zeros are real and 
cluster solely at z = 1. 

It is to be observed that the existence of a quasi-sectorial limit of a 
Lindelöfian map which is not actually a sectorial limit imposes very 
severe restrictions. In fact, if (7.2) holds even p.p. for \6\ < \n, but a is 
not the sectorial limit of ci at TJ, then G is conformally equivalent to the 
extended plane, and for each b ( 4= a) e G, for some sector 

Sd = {T,(l-reM)\\d\ < £ < | 7 r } , 

^_1({6}) n Ss clusters at TJ. 

8. What information can be drawn from the non-vanishing of Waì We 
shall see: 

(i) / / G is compact, Wa > 0, and v^(b) < +oo for some b(e G) 4= a, 
then a is a radial limit of (j). 



3 8 4 M A U R I C E H E I N S 

(ii) / / G is not compact and Wa > 0, then a is a radial limit of çi.f 
A special instance of (i) is to be found in Lehto[8]. We shall revert to 

this result of Lehto below. 
Apart from the use of auxiliary harmonic functions on G with assigned 

singularities and boundary behavior, and the study of the composition 
of such functions with (j), the proof rests principally on the important 
extension due to Saks[14] of the de la Vallée Poussin decomposition 
theorem to the case of an unrestricted function of bounded variation of 
one real variable. 

Assertion (i) may be established as follows. We start with the repre­
sentation (5.1) and note that our hypothesis on 6 renders S(z,b) in­
nocuous near the unit circumference. Let 

^ j r * ^ ] ^ 
be a Poisson-Stieltjes representation for H(z), where ju, is a function of 
bounded variation on each finite interval and satisfies 

/t(0) = i M 0 + )+/ t (0-)] , /i(d + 27T) = /i(6) + [fi(27r)-/i(0)]. • 

We assert that fi'(d) = 4-00 for some 6. If this were not the case, then by 
the de la Vallée Poussin-Saks decomposition theorem, we would be led 
to conclude that H is of the form Q — TJ, where Q is a quasi-bounded non-
negative harmonic function and TJ is a non-negative harmonic function 
in {\z\ < 1}. But Wa ^ P < Q so that Wa = 0. This is impossible. Hence 
for some TJ, \TJ\ = 1, iimH(rT)) = +00. We conclude that limçi(n/) = a. 

r->l r->l 

Part (ii) is similarly treated; the non-compactness of G serves as a 
substitute for the finite valence hypothesis. The only change that is 
called for is to replace u by a harmonic function onff-{a} which has 
a normalized positive logarithmic singularity at a and is bounded above 
outside of each neighborhood of a, and to note that (5.1) persists save 
for the absence of — S(p, b). 

The theorem of Lehto to which reference has been made asserts that 
a meromorphic function of bounded characteristic in {\z\ < 1}, whose 
image is dense in the extended plane, omits at most one value outside 
of the closure of the set of its radial limits. An examination of the proof 
given by Lehto shows that it suffices, as far as Lehto's theorem is 

f Can * radial ' be replaced by ' sectorial' ? The fact tha t we are concerned with Poisson-
Stieltjes integrals a t points where the generating function has an infinite derivative 
renders the ' radial ' easy; however, the argument used for the existence of a sectorial 
limit of a Poisson-Stieltjes integral a t a point where the generating function has a 
finite derivative does not appear to be available in the infinite case. 
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concerned, to appeal to the original de la Vallée Poussin decomposition 
for continuous functions of bounded variation rather than to the general 
decomposition theorem. 

The result of Lehto may be extended to Lindelöfian maps with domain 
{\z\ < 1} and may be given $ slightly more refined formulation. Let R 
denote the closure of the set of radial Kmits(€Ö) of ci. By(5.2)ifge G — R, 
then either q belongs to the complement of the closure of the image 
of (j) or else ci is of type-Bl at q. Let B denote the set of points in G — R 
at which (j) is of type-Bl. 

/ / G is not compact, then $ is of type-Bl± at each point of B. This is a 
consequence of (ii) of the present section. Thus, in particular, on each 
component of B, v^ is constant (finite or not). 

If G is compact, two possibilities may occur. The first m that v$ is 
identically infinite on G. There are examples of such ^ which are not of 
type-Blx at several points of B (e.g./(z)//( — z) for/of (7.3); thisfunction 
is not of type-Bli at 0 and oo which are both points of B). The second is 
that for some point q0 e G, we have ^(g0) <• + oo. Thanks to (i) of the 
present section, it follows that if qQeG — B, then <p is of type-Blx at each 
point of B; if q0e B, then $ is of type-Blx at each point of B — {q0} and in 
this case if <f> is not of type-Bl± at q0, v^ is infinite at each point ofG — {q0). 
For this latter phenomenon cf. (7.3). 

9. From this point on we shall be concerned with applying the methods 
described in this paper to problems concerning functions of bounded 
characteristic. 

We first consider a refinement of the theorem of Gehring which we 
quoted earlier. We note that an asymptotic spot[5i of a function of bounded 
characteristic in {\z\ < 1} has the property that precisely one point of 
{\z\ = 1} adheres to all cr(o)), co e domain of or. Let A(TJ) denote the 
number of distinct asymptotic spots cr off over finite points which have 
the property that {TJ} = D or(a>); let B(TJ) similarly denote the number of 
distinct asymptotic spots cr of / over oo which have the property that 
{TJ} = PI cr(o)). The following theorem holds: 

For an analytic function f of bounded characteristic in {\z\ < 1}, 
A(TJ) < 2 and B(TJ) < 3, \TJ\ = 1. There exists an f for which A(l) = 2 and 
J5(l) = 3. 

We note that, if A(TJ) ^ 3, then thanks to the classical results of 
Lindelöf which are employed in the proof of the Denjoy-Carleman-
Ahlfors theorem and to (5.2), u(z) being taken as log \z\, we would infer 

25 TP 
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the existence of two distinct asymptotic spots cr1 and cr2 over oo satis­
fying {TJ} = fi crk(o)), k = 1,2, and such that for some a) in their common 
domain not only is it the case that o"x(w) n cr2(o)) == 0, but also 

where ck> 0, ß = 1,2. This is impossible since /e-maps carry two admitted 
positive harmonic functions with disjoint domains into two positive 
harmonic functions the minimum of which has a vanishing greatest 
harmonic minorant. Hence A(TJ) < 2. The proof that B(TJ) < 3 is similar; 
it differs only in preliminary details. 

To construct an/with -4(1) = 2, B(l) = 3, we may proceed as follows. 

Let F(z) = t^siatdt, gz > — 1. Now the positive and negative real 
Jo 

axes are asymptotic paths of F and the corresponding asymptotic values 
are finite and distinct; the positive imaginary axis is an asymptotic 
path of F and the associated asymptotic value is oo. The function 

g{z) = F ( ^ (\Z\<1) 

is of bounded characteristic. 
Next we observe that there exists a function of bounded characteristic 

in {\z\ < 1}, say h, which has the following two properties: (1) B(l) = 2, 
(2) h tends to zero as z -> 1 in A = {|z —2-1| < 2-1}. Such a function h 
may be constructed as follows. We observe that a positive harmonic 
function p in {\z\ < 1} which does not dominate c8i[(l + z)/(l —z)] for 
any positive constant c may be approximated uniformly on the inter­
section of A with the open unit disk by a function of the form — log \b\, 
where 6 is a Blaschke product whose zeros cluster solely at z = 1. If we 
choose p tending to infinity as z -> 1 (in the open unit disk), let w denote 
an analytic function satisfying log \w\ = \p, and let b be as above with 
p 4-log |6| = 0(1) on the intersection of A with the open unit disk, then 
wb is an admissible h. 

It suffices now to take / = g+wb. 

10. The striking contrast between the analytic and meromorphic cases, 
in so far as asymptotic values of functions of bounded characteristic are 
concerned, is brought out by the following example of a function f of 
bounded characteristic in {\z\ < 1} which is the quotient of two Blaschke 
products whose zeros cluster solely at 1, and which has the property that the 
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set of asymptotic values of f associated with z = 1 has the power of the 
continuum. 

The construction is based on Vahron's exampleC15] of an even mero­
morphic function g in the finite plane, which satisfies T(r; g) = 0(r), and 
has the property that there is a non-countable subset (£ of [0, n] such 
that, for 6 e @, lim g(reie) exists and is finite, and 6 -> Mm g(reie) is uni-

r~»»oo 

valent on @. Let a,ß e @, where a < ß < n and a condensation point 
of (£ lies in (à, ß), and let h denote the restriction of g to {a < arg z < /?}. 
Thanks to the fact that T(r; g) = 0(r), A is a Lindelöfian meromorphic 
function. 

There exists a finite point w distinct from iim g(reict) and limg(re^) 
which is a condensation point of 

{iimg(rei6)\a < d < ß, d e $}. 

It follows that there exists an open circular disk A centered at w such that 
one of the components £1 of A-^A) has the following properties: (1) every 
finite frontier point of £1 Mes in {a < arg z < ß) and fr £l is regular analytic 
at each such point, (2) the set of asymptotic values in A of h restricted 
to £i is not countable (and consequently has the power of the continuum 
since it is an analytic set). Let p denote the radius of A. 

Let T denote the component of fr O (relative to the finite plane) which 
separates 0 from O, and let Q* denote the component of the complement 
of T with respect to the finite plane which contains £1. Then Ü* is simply 
connected and its frontier (relative to the extended plane) is a closed 
Jordan curve. Let $ denote a univalent conformai map of {|z| < 1} 
onto O* which 'carries' 1 into oo. We introduce 

fi = P~1\go(p-w] 

and note that /! is of bounded characteristic and further has the property 
that it possesses a limit of modulus one at each point of {|z| = 1} other 
than 1. Further, the set of distinct asymptotic values of f± associated 
with z = 1 has the power of the continuum. It follows from § 5 that there 
exist complex numbers oc, e, \a\ < 1, |e| = 1 such that 

is a quotient of Blaschke products. Clearly / satisfies all the imposed 
requirements. 

25-2 
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PROBLÈMES MIXTES ABSTRAITS 

Par J. L. LIONS 

1. Position du problème 

Soit ip un espace de Hilbert complexe; ||/||, (f,g) désignent norme et 
produit scalaire dans cet espace. On donne dans ^ une famille d'opéra­
teurs A(t) non bornés (des systèmes différentiels dans les applications), 
fermés de domaine DAit) dense dans §, t (le temps) e [0,/i], [i fini pour 
fixer les idées. 

Problème 1.1. Trouver une fonction u(t) une fois continûment differen­
tiable de [0,/ï] dans §, avec 

u(t)eDA(t) (te[0,/i]), (1.1) 

A(t) u(t) + u'(t) = f(t) (t > 0, u'(t) = (d/dt) u(t)) (1.2) 

(/ est une fonction continue donnée de [0, [i\ dans $), 

u(0) = 0. (1.3) 

Pour les problèmes mixtes dans des ouverts non cylindriques, on peut 
considérer des sommes mesurables hilbertiennes (cf. no. 2); cf. d'autres 
méthodes dans ta, 3,133 

L'étude des solutions des équations du type (1.2) a été inaugurée, 
semble-t-il dans [1], avec des A(t) indépendants de t et des objectifs 
différents. C'est désormais une remarque classique[19»19a] qu'il est im­
portant de remplacer le problème 1.1—on dira le problème usuel—par un 
problème faible associé, ce qui peut être fait comme suit: soit h(t) une 
fonction donnée avec les propriétés: h(t) est une fois continûment 
differentiable de [0, /ï] dans §, 

Mil) = 0, (1.4) 

h(t)eDAm, A*(t) = adjoint de A(t). (1.5) 

Si u est solution du problème 1.1, on a 

hu(t),A*(t)h(t)-h'(t))dt= \\f(t),h(t))dt (1.6) 
Jo Jo 

d'où le 
Problème 1.2 (Problème faible associé). On cherche une fonction u dans 

l'espace L2(0,j&; §) des fonctions de carré sommable sur [0,/i] à valeurs 
dans Jp, vérifiant (1.6) pour tout h avec (1.4) et (1.5). 
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Un cas important est celui où les A(t) ont une partie hermitienne 
positive; à A(t) est alors attaché un domaine de Friedrichs V(t) et on doit 
chercher u à valeurs dans V(t). On est ainsi conduit à la formulation 
du no. suivant: 

2. Équation fonctionnelle générale 

Les données fondamentales sont deux espaces de Hilbert Ei9 i = 1,2; 
avec Ei c L2(0,/i; §) (le signe c: signifiant inclusion algébrique et 
topologique), et une forme sesquilinéaire Y(%, u2) continue sur Ex x E2. 
On suppose Ei stable par multipHcation par exp(À£), ÀeC, et que 
Y(exp ( — Xt) %, exp (Xt) u2) = Y(%, u2) (cette dernière hypothèse n'est 
nullement indispensable mais simplifie les énoncés ci-après). 

Problème 2.1. Trouver ueEx solution de 

W(u,h)-^(u(t),h'(t))dt = L(h) (2.1) 

pour tout h vérifiant 

heE2, h'eL*(0,p,;§), A(/*) = 0, (2.2) 

h' étant pris au sens des distributions sur [0, fi\ à valeurs dans § (cf.[16,17]), 
h->L(h) étant une forme semi-linéaire sur l'espace des fonctions h 
vérifiant (2.2). 

On peut considérer des problèmes analogues avec plusieurs variables 
de temps[12]. 

Exemple 2.1. Et = L2(0,/i; fg), E% = espace des u2(t) e Ex avec 
u2(t) e Dj*® presque partout (p.p.), A*(t) u2(t) e Et, muni de sa structure 
hilbertienne naturelle: 

Y(uv u2) = P* (ux(t), A*(t) u2(t)) dt. 

Le problème 2.1 coincide alors avec le problème 1.2. 
Exemple 2.2. Soient &$) deux familles mesurables hilbertiennes, 

/•© 
®i(t) c - $ ; on prendra Ex = ^(t)dt; ceci est utile pour les problèmes 

mixtes dans des ouverts non cylindriques. 
On va donner un critère d'existence d'une solution du problème 2.1. 

On a besoin pour cela des notions suivantes: 
Définition 2.1. Des opérateurs B(t) dans § forment une famille 

admissible d'auto-adjoints si 
(i) pour chaque t e [0,/ê], B(t) est auto-adjoint, borné ou non; 
(ü) (B(t)f,f) >ß\f\\ß>0,feDj&, 
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(iii) (B~x(t)f, g) est une fonction une fois continûment differentiable 
de [0, /i] dans $,f,ge §, et 

\((dldt)B-\t))B(t)f,B(t)f)\^7m 7>0,feDB(ù. 

Remarque 2.1. Si B(t) est continu, B(t)f étant une fois continûment 
differentiable de [0, /i\ dans ip pour tou t /€ ip, (iii) disparaît. 

La notion suivante est inspirée de Leray[8]. 
Définition 2.2. La forme Y(uvu2) est dite conditionnellement Ex-

elliptique s'il existe une famille admissible d'auto-adjoints B(t) telle que, 
pour À convenable, 

ReY(ç5,IW) + À j V ( W ^ (a>0), (2.3) 

pour çS vérifiant ^ € ^ ° # ) € Ì ) ^ ^ B(t)<£eE2. (2.4) 

Il est utile d'introduire Bb(t) racine carré positive de B(t), et 

W(t) = DBi(ù; 

on dira que feL2(0,/t; W{t)) 

si / e i 2 ( 0 l / t ; § ) , f(t)eW(t)p.p., &(t)f(t) eL*(0,,i; £); 

on munit L2(0, /i; W(t)) de sa structure hilbertienne naturelle. 
Théorème 2.1. Si la forme Y est conditionnellement E ̂ elliptique, et si 

L(h) = (f(t), h(t)) dt, où fest donnée dans L2(0, /i; W(t)), il existe ueEx 
Jo 

vérifiant (2.1) pour tout h vérifiant (2.2) et 

B~\t)heEx. (2.5) 

On utilisera dans la démonstration le 
Lemme 2.1[9]. Soit F un espace Hilbertien, <B un sous-espace, muni d'une 

structure préhilbertienne plus fine que celle induite par F. On donne une 
forme sesquilinéaire ©(/, <[>), avec 

(1) / -> ©(/, <j>) est continue sur F, pour tout çS € ®; 
(2) |0(çJ,0)| > dMi(*>O,0 e O). 

Dans ces conditions, si <j> -> L((j)) est une forme semi-linéaire continue sur 
<D, il existe u dans F vérifiant 

®(u,<f>) = L(<f>), pour tout fce®. (2.6) 

On change ensuite u en exp(À£) u dans (2.1); utilisant (2.4), on peut 
donc se ramener au cas où 

ReY(<£,B(t)<f>) > allçSIÎ  + c J ^ ^ ) ^ ) ^ ^ ) ^ (2.7) 
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c > \y. On applique alors le lemme avec F = E1nL2(0,/i; W(t))\ 
$ = espace des <j> e F tels que <j>(t) e DM)p.p. et B(t) (j> = h vérifie (2.2). 
On munit O de la topologie induite par F. On prend 

®(u,$) = W(u,B(t)^)^r(u(t),(B(t)<f>(t)Y)dt 

et L(<f>) = f * (/(*), -5(0 # ) ) Ä = T (#(*)/(*), #(*) # ) ) ctt. 
Jo Jo 

On vérifie que l'on est dans les conditions d'application du lemme, 
d'où l'on déduit le théorème. 

Notons qu'on obtient u dans F. 
Remarque 2.2. Plus généralement le théorème 2.1 vaut si L(h) est telle 

que ^ -> L(B(t) (j>) soit continue sur l'espace des ^ = -B-1(£) h, h vérifiant 
(2.2) et (2.5), mimi de la topologie induite par F. 

Remarque 2.3. On dit que l'on inverse le sens du temps dans le problème 
2.1 si l'on remplace la condition 'h(fi) = 0' par (h(Q) = 0'; désignons 
par 'Problème 2.2' le problème correspondant. On dit que le problème 
est réversible s'il existe une solution (au moins) pour chacun des pro­
blèmes 2.1 et 2.2. 

Théorème 2.2. On suppose qu'il existe une famille admissible d'auto-
adjoints B(t) avec ^ ^ W{f)) c ^ {M) 

et |Re Y(0, B(t) ç5)| < OLX \<j>fEi pour tout <j> avec (2.4); (2.9) 

alors le problème est réversible. 

3. Applications (I): problèmes de Cauchy 
Sur un ouvert Q de Rn, 3) est l'espace des fonctions indéfiniment 

différentiables à support compact (avec la topologie de Schwartz), 
®' est le dual (distributions sur O). On donne trois espaces de Hilbert 
de m-uples de distributions: 

chaque espace étant dense dans le suivant. 
On donne un système différentiel ^(t) = \\^i:j(t)\\ (i,j~l,...,m), 

s#ij(t) étant un opérateur différentiel en x, à coefficients fonctions une 
fois continûment différentiables de t e [0, fi\ à valeurs dans l'espace des 
fonctions indéfiniment différentiables en x (naturellement on peut 
raffiner). On suppose que ^ e j 8 f ( f t . %)> ( w ) 
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la fonction jtf(t)u étant une fois continûment differentiable dans [0,/^] 
à valeurs dans $, pour tout ue§è. On suppose qu'il existe des opérateurs 
&(t) avec 

#(*) € J2?($; ^')9<ß(t)u9u) > ß\uf (ß>Q,ue $), (3.2) 

étant un isomorphisme de ® sur $', (3.3) 

Ee(sf(f)u,0S(t)u) + A(ß(t)u,u)>a \\u\\% (u e f ) (3.4) 

pour À convenable, avec en outre les conditions de régularité suivantes: 
pour u€$$9 t-> £§(t)u est une fois continûment differentiable de [0,/ï] 
dans ip'; pour v e ®, &(t)v est continue dans g'; pour w e %', â§~x(t)w 
est continue dans Sì. 

Théorème 3.1. Sous les hypothèses (3.1), ...,(3.4), étant donné f dans 
L2(0,/i; $), il existe u dans L2(0,/i; ®), unique, dépendant continûment de 
f'aVeC ^(t)u(t) + u'(t)=f(t), (3.5) 

u(0) = 0. (3-6) 

Ce résultat est une généralisation simple de[183 (cf. aussi[15]). L'unicité 
se démontre directement. Pour l'existence, on se ramène comme 
suit au théorème 2.1. Si J est l'isomorphisme canonique de ip' sur !Q 
on pose B^ = Ja^ € ^ ^ ^ ( 3 7 ) 

et les B(t) forment une famille admissible d'auto-adjoints. On prend 
maintenant E± = L2(0,/i; $), E2 = espace des feL2(0,/i; §) avec 

J^feL^O,^;^') et Y(uvu2)= | (s/(t) ux(t), J~xu2(t)) dt, le crochet 

désignant la duaHté entre $ et $ ' . On vérifie que l'on est dans les con­
ditions d'application du théorème 2.1. 

Exemple 3.1. Grâce à [14], les opérateurs ^-paraboliques au sens de 
Petrowsky entrent dans ce cadre. 

Voici maintenant un cas où l'on applique le théorème 2.2. On suppose 

cette fois que j/pjeJSffó; $) (3.8) 

et on suppose qu'il existe des opérateurs â§(t) et *ë(t) avec 

ât(t) e &(&&), me&idlW), (3-9) 

u,ü}>ß\\u\\*, <*?(*)»,»> >yi M ! ( « e f r t f e & ß y ^ O ) , 
; (3.10) 

\R,e(jtf(t)u,@(t)u)\ <a\\u\\*, (oc > 0, ue $, &(t)ue (®)m), (3.11) 

\B,e<V(t)s/(t)u,ü}\ < «xD«!!» ( « i > 0 , « € $ ) (3.12) 
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et les hypothèses de régularité suivantes: pour fe$ (resp. ge%), 
&(t)f (resp. të(t)g) est une fois continûment differentiable à valeurs 
dans ip' (resp. %'). 

Théorème 3.2. Sous les hypothèses (3.8),..., (3.12), étant donnée f dans 
L2(0,/i; §), il existe u dans L2(0,/i; ip) unique, avec 

j*(t) u(t) + u'(t) = f(t), (3.13) 

^(0) = 0. (3.14) 

Même chose en remplaçant (3.14) par u(/i) = 0. 
Les opérateurs S3(t) assurent l'existence, les ^(t) l'unicité. 
Exemple 3.2. Grâce à [8] les opérateurs hyperboliques au sens de 

Petrowsky entrent dans ce cadre. Voir aussi[6]. Variantes dans [18]. 

4. Applications (II): problèmes mixtes 

Soient V et H deux espaces de Hilbert, V <= H, V dense dans H ; on 
donne une famille de formes sesquuinéaires a(t; u,v) continues sur V. 
On suppose 

a(t;u,v) = a(t;v,u), a(t;v,v) + X\\v\\%; ^ a|H|fr (oc> 0, v eV), (4.1) 

a(t; u,v) étant une fois continûment differentiable dans [0,/i] pour tout 
u, v e V. 

Soit t fixé. On désigne par N(t) le sous-espace de V formé des u e V 
tels que la forme semilinéaire v -> a(t; u, v) soit continue sur V muni de 
la topologie induite par H. Alors 

a(t;u,v) = (jtf(t)u,v)H, (4.2) 

ce qui définit un opérateur stf(t) non borné dans H, de domaine N(t); 
cet opérateur est auto-adjoint. 

On considère maintenant le problème suivant: trouver une fonction 
U(t) deux fois continûment differentiable dans [0,/i] à valeurs dans H 
telle que U(t) e N(t) pour tout t et 

sf{t) U(t) + U"(t) = F(t) (4.3) 

où .F(£) est continue dans [0,/i\ à valeurs dans H, avec 

U(0) = ET(0) .= 0 (4.4) 

(pour une situation plus générale, cf.[10»20]). 

On va écrire (4.4) sous forme de système; soit |) = HxH avec la 

structure hilbertienne produit; f={f1,f2} désigne un élément de ip. 

On pose m = Ui(t)> u>{t) = uS)} u(t) = {Ul(t),u2(t)}-
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On définit dans ^l'opérateur A(t) par 

A(t)u = {-u2, s/(t)%} (ux e N(t), u2 e H). (4.5) 

Le problème (4.4), (4.3) devient: on cherche une fonction u(t) une fois 
continûment differentiable de [0,/*] dans ip, telle que u(t) e DA{Ù, avec 

A(t) u(t) -f u'(t) = f(t) = {0, F(t)}, (4.6) 

^(0) = 0. (4.7) 

Notons maintenant que si u, v e DA(i), on a 

(A(t) u,v) = - (u2, vx)H + a(t; uv v2) = E(t; u, v). (4.8) 

Dans ces conditions une formulation faible du problème est : on cherche 
u e L2(0, fi; V x H), vérifiant 

(\s(t; u(t),h(t))-(u(t),h'(t))]dt = [\f(t),h(t))dt, (4.9) 
Jo Jo 

pour tout h e L2(0,/i; H x V), avec h' e L2(0,/i; $g), h(/i) = 0. 
Théorème 4.1. Sous les hypothèses (4.1), il existe une solution unique u 

de (4.9); u dépend continûment def. 
L'unicité se démontre par adaptation d'une idée def7]. 
Pour l'existence, on prend :Et = L2(0,/i; VxH),E2 = L2(0,ju,;Hx V), 

et 
Y(uv u2) = E(t; ux(t), u2(t)) dt. 

On va construire une famille B(t) telle que T{ul9u2) devienne con­
ditionnellement ^/-elliptique. Pour cela on choisit un nombre 6 réel 
t e l q u e a(t;v,v) + e\\v\\2

II^a\\v\\2
v (veV); (4.10) 

on pose alors 
B(t)u = {(j/(*) + 0)%,%} (ut eN(t), u2 e H). (4.11) 

On vérifie que ^ 
|ReY(0,J3(*)ç5)| < cl (B(t)<f>(t),$(t))dt 

pour toute fonction ci vérifiant (2.4). Ceci démontre le théorème, car 
(B(t)u,u) définit une norme équivalente à la norme de VxH. Ceci 
démontre également que le problème (4.9) est réversible. 

Remarque 4.1. Dans le cas où stf(t) = si est indépendant de t, —A est 
générateur infinitésimal d'un groupe dans VxH (cf. C22]; cf. aussi pour 
c e n O [ l a ] e t [ 2 1 ] ) . 
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5. Solutions usuelles et solutions distributions à valeurs 
vectorielles 

On a cherché dans ce qui précède seulement les solutions de carré 
sommable à valeurs dans ip (ou des sous-espaces de ip). On peut égale­
ment chercher les solutions usuelles des problèmes des nos. 3 et 4—et 
d'un autre coté, les solutions distributions à valeurs vectorielles. 

Solutions usuelles. Renvoyons à w»8»1^ pour les problèmes de Cauchy, 
à [10] ett201 pour les problèmes mixtes. 

Solutions distributions à valeurs vectorielles. Il faut que, dans un sens 
convenable, les opérateurs A(t) dépendent de t de façon indéfiniment 
differentiable. On cherche alors une distribution u, à valeurs dans le 
domaine de A(t) (ce qui naturellement demande à être précisé lorsque 
ce domaine dépend de t), à support limité à gauche en t, solution de 

A(t)u + u' = T, 

où T est une distribution à valeurs dans fg, à support limité à gauche. 
Pour inverser le sens du temps, remplacer 'gauche' par 'droite'. Une 
théorie générale de ces problèmes reste à faire. Dans le cas des problèmes 
mixtes (no. 4), en supposant a(t; u, v) indéfiniment differentiable en t, 
ces problèmes sont résolus dans V-°>2°1 (cf. aussi [12]), par des méthodes 
différentes; la méthode [20] a l'avantage de donner simultanément les 
propriétés de régularité en t et les solutions distributions vectorielles 
(en donnant en outre des renseignements sur la croissance à l'infini). Les 
méthodes de t1»»12»2^ valent pour les problèmes du no. 3. 

Remarque 5.1. On peut essayer de considérer des problèmes non 
linéaires dans un cadre fonctionnel général. Cf. ri13 pour quelques 
résultats dans ce sens. 

Remarque 5.2. Pour certaines classes d'opérateurs A(t) on trouvera 
ime étude de A(t)u + u' = / , ^(0) = 0 dans C4] (les résultats de ces 
auteurs se généralisant aux problèmes posés en distributions à valeurs 
vectorielles) par des méthodes différentes. 
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ft. E. MEHLIHOB 

0 CXOßMMOCTM TPHrOHOMETPMHECKHX PJIßOB 

TeopHH TpnroHOMeTpHHecKHX pnftOB npepiCTaBJiaeT OflHy H3 OCHOBHHX 

nacTen aHajiH3a. BTa Teopnn CTajia onein> HHTCHCHBHO pa3BHBaTBCH B 
Hanajie 20-ro CTOJICTHH, Kor,o;a Jleöer #aji HOBoe onpe^ejieHne HHTer­
paJia, 3HanHTeJiLH0 o6o6maiom;ee nmerpaji PnMaHa. 

PaCCMOTpHM npOH3BOJIBHHH TpHrOHOMeTpHieCKHË pHft 

a °° 
17+ S (anG08nx + bn$mnx). (1) 

9TOT paß Ha3HBaeTCH paflOM OypBe, ecjin ero K03$$Hi];HeHTH an H bn 

onpe^ejiHioTCH no HSBecTHHM <J>opMyjiaM OypBe. ECJIH HHTerpaJiti, 
Bxo^Hmne B <J>opMyjiH OypBe ôepyTca B CMHCJie JIe6era, TO pas (1) 
Ha3HBaeTCH pa^OM Oypte-JIeoera. 

Cjie^iyeT OTMCTHTB, HTO pasßejiemie TpnroHOMeTpHHecKHx pa^OB Ha 
pn,q;H <I>ypBe H pflflu He OypBe He HBJIHCTCH Bnojme onpeflejieHHHM. 
B caMOM ßejie, noejie onpe^ejieHHfl HHTerpaJia Jleôera HOHBHJIOCB 

MHoro pa3JiHiHHx onpep;ejieHHö HHTerpaJia, KOTopue 0Ka3ajincB 
Heo6xo,p;HMHMH ffjifl pa3JiHHHHx BonpocoB aHaJiH3a. K 3THM onpeße-
jieHHHM OTHOCHTCH xopoHio H3BecTHHe onpe^ejiemiH, npHHajjjiejKaiipie 
flaHHîya (Denjoy), H ^pyrne onpeaejiemra HHTerpaJia. 

Ilocjie BBê eHHH Kanî^oro H3 BTHX onpe^ejieHHH HeKOToptie Tpn-
roHOMeTpn^ecKHe pH#;H 0Ka3tiBaJiHCB pa^aMH OypBe B CMHCJie BToro 
HOBoro onpeAeJieHHH HHTerpaJia. 

HeKOTopne H3 onpe^eJieHHË HHTerpaJia 6HJIH cneijHajiBHO BBe^eHH 
RjiH. Toro, HTOöH npeBpaTHTB B pHjpa OypBe TpnroHOMeTpHHecKHe 
pn^H, KOTopue no TeM HJIH ßpyrHM npnHHHaM 6HJIO ecTecTBeHHO 
paccMaTpHBaTB KaK pa^H OypBe. IïpHBeAeM ^Ba npHMepa. 

upeflnOJIOÎKHM, HTO TpHrOHOMeTpHHeCKHË pflfl (1) CXOflHTCfl BCIO ŷ K 
KOHê HOË $yHKIp[H f(x). Y me ftaBHO 6HJIO H3BeCTHO, HTO B ftaHHOM 
cjiyiae cyMMa pn#a, T.e. f(x), He o6fl3aTejiBHO ,p;oji?KHa 6HTB HHTer-
pnpyeMOö no Jleöery. Tor,p;a BO3HHK Bonpoc, KaKHM o6pa30M MOJKHO 

O6O6IU;HTB onpe^ejieHne HHTerpaJia, HTOôH B 9TOM cjiynae TpnroHOMeT-

pHHecKHft pH,o; OKa3ajiCH pap;0M OypBe OT CBoeô cyMMH. Tanoe onpe-
^ejieHHe HHTerpaJia 6HJIO ,o;aHO flamKya B 1922r.[1] 
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IIpHBeßeM em;e ojpm npnMep. TpnroHOMeTpHHecKHM paftOM, conpa-
îKeHHHM c pa^OM (1) Ha3HBaeTca pa# BHfl;a 

00 

S ( — bnG08nx + ansmnx). (2) 

KaK H3BecTH0, paß (2) ecTB MHHMaa nacTB Toro CTeneHHoro pa,p;a, y 
KOToporo ^eËCTBHTejiBHaa nacTB coBna^aeT c pa;o;oM (1). 

Cyn^ecTByioT pa^H OypBe-JIe6era BH^a (1), ßjra KOTopnx conpa-
HîeHHHA paß (2) He aBjiaeTca pa^oM OypBe-JIe6era. Torfla BO3HHK 

cjieftyronpiH Bonpoc: 

.IJJIH Kanoro onpejüeJieHHH HHTerpaJia Jiioôofi TpHroHOMeTpnqecKHìi 
paß, conpaîKeHHHH c pa,n;oM OypBe-JIe6era, aBjiaeTca pa,n;0M Oypte B 
CMHCJie aToro HOBoro onpe^ejieHHa. KaK OKa3ajiocB, TaKHM HHTer-
pajiOM aBjiaeTca TaK Ha3HBaeMHH J.-HHTerpaji, paccMOTpemiHö 
BnepBHe THHMapineM (Titchmarsh)[2]

 H ßeTaJiBHo H3yHeHHHH VJIBH-

HOBHM[3]. OfliHaKO ocTaeTCH He penieHHHM cjie#yioin;HH Bonpoc. 
IlycTB paß (1) ecTB paß OypBe B CMHCJie J.-HHTerpajia. By^eT JIH 

conpaHteHHHô paß (2) TaKme pa,n;0M OypBe B CMHCJie J.-HHTerpaJia. 
MOîKHO nocTaBHTB ôojiee oônpra Bonpoc, COCTOHID;Hîî B cjie^yioroieM. 

HafiTH TaKoe onpe^ejieHne HHTerpaJia, HTOôH o6a TpnroHOMeTpHnecKHX 
pajja (1) H (2) HJIH oßHOBpeMemio 6HJIH pa^aMH Oypbe B CMHCJie 3Toro 
onpejjejieHHH, HJIH Hte oflHOBpeMemio He 6HJIH TaKHMH pajj;aMH Oypte . 

BTOT Bonpoc 6HJI nocTaBJieH A. KojiMoropoBHM, HO #JIH HHTerpajiOB 

ôojiee O6ID;HX, neM HHTerpaji JleSera OTBeTa Ha Hero ßo CHX nop He 
öBIJIO maHO. 

B ji;aJiBHeËnieM MH oyjjeM paccMaTpHBaTB pa^H OypBe-JIe6era, a 
TaKHîe npoH3BOJiBHHe TpnroHOMeTpHHecKHe pa^H, He ocTaHaBJiHBaacB 
cnenjHaJiBHO Ha pa,p;ax OypBe, KOTopne aBJiaioTca o6o6m;eHHHMH 
pa,a;oB OypBe-JIe6era. 

JlHTepaTypa, OTHOcamaaea K Bonpocy o CXO^HMOCTH TpnroHOMeTpH-
necKHX pajüOB, o^eHB oônrapHa, H B KOPOTKOM ^OKJia^e HeB03M05KHO 
H3JI05KHTB Bee, jjaîKe Hanôojiee cymecTBeHHHe pe3yjiBTaTH H3 aToft 
oÔJiacTH. IIoBTOMy MHe npn^eTca orpamiHHTBCH paccMOTpeHneM 
TOJIBKO HeKOTopHx BonpocoB, npnqeM BHÔop 3THX BonpocoB oyßeT B 
3HaHHTejiBH0H Mepe oöycjiQBJieH JIHHHHMH HHTepecaMH ftOKJia^HKa. 
,3[oKJia^HK B nepByio onepe^B paccMOTpHT Te pe3yjiBTaTH H3 Teopnn 
TpHroHOMeTpniecKHX pHßOB, KOTopne Henoepe,o;cTBeHHO npnMHKaioT 
K ero pa6oTaM. 

PaccMOTpHM cnepBa pacxo^aiipiecH TpnroHOMeTpHHecKne pa,a;H. 
B 191 l r . JIy3HHC4] ,a;aji npnMep TpnroHOMeTpHHecKoro pa,n;a c KOB$-
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(JlHipieHTaMH, CTpeMHIipiMHCH K HyJIK), KOTOpHH paCXOßHTCH HOHTH 
BGiojsj. B 1912r. IIlTeHHxay3 (Steinhaus)[5] ycHJiHJi BTOT pe3yjiBTaT, 
nocTpoHB npnMep TpnroHOMeTpHHecKoro pa,n;a c Koa^nipieHTaMH, 
CTpeMamHMHca K Hyjiio, KOTopnö paexoßHTca B KaîKftoa TOHKC B 1926r. 
KojiMoropoBC6j ein;e Sojiee ycHJiHJi 3TOT pe3yjiBTaT; a HMCHHO, A. 
KojiMoropoB ;n;aji npnMep pa^a OypBe-JIe6era, KOTopnô pacxo^HTca B 
KaîKftOH TOHKC 

B npHMepe A. KoJiMoropoBa eonpamemiHH pa# K pacxoftanjeMyca 
pa#y OypBe-JIe6era He aBjiaeTca pa#OM OypBe-Jleôera. Xap^n 
(Hardy), Poro3HHCKHH (Rogosinski) [7]H CyHyoTH (Sunouchi) [8]HecKOJiBKO 
BH,oiOH3MeHHJiH npnMep A. KoJiMoropoBa H nocTpoHJiH npnMep pa;n;a 
Oypte-JIe6era, ^Jia KOToporo conpamemniH paß TaKîKe aBjiaeTca 
pa^oM OypBe-JIeöera, npnqeM 06a pajja paexo;n;aTca no^TH Bcio^y. 
OßHaKO B npHMepe Xapjpi, Poro3HHCKoro H CyHyoTH pa#H pacxojjaTca 
TOJIBKO no^TH Bcio^y. OcTaeTca OTKPHTHM Bonpoc, MOîKHO JIH onpe-
ji;ejiHTB ßBa conpaîKeHHHX pajja OypBe-JIe6era, Kam^Hô H3 KOTopnx 
pacxo^HTca BO Bcex TO^Kax. 

MOîKHO TamKe nocTaBHTB Bonpoc 06 onpejj;ejieHHH pa;o;a OypBe-
JleSera, KOTopnö CXO^HTCH B TOHKax oftHoro MHOîKecTBa H pacxo^HTca 
B TOHKaX flOnOJIHHTeJIBHOrO MHOîKeCTBa. 

B CBa3H c 3THM BonpocoM IJejiJiep (Zeller)I9] #OKa3aji cjie#yiom;yio 
TeopeMy. J$jm Jiioôoro MHomecTBa E rana i^., Jiensanjero Ha [0,2n] 
MOîKHO onpe^eJiHTB pa# OypBe-JIeöera, KOTopnìi CXO^HTCH B KaîKfloii 
TOHKe MHomecTBa E H pacxo^HTca B KaîKfloo TOHKe ßonojiHeHHa CE K 
MHOîKeCTBy E. 

n p n 3TOM, B npHMepe IJejiJiepa B KaîK^oo TOHKC MHOHtecTBa E p a s 
OypBe HeorpaHHHeHHO pacxo^HTca, T.e. nocJieflOBaTejiBHOCTB nacranx 
cyMM 3Toro pa^a He orpamraeHa. 

H3BeCTHO, HTO MHOîKeCTBO TOHeK HeOrpaHHHeHHOH paCXÔ HMOCTH 
TpnroHOMeTpHHecKoro paji;a ecTB MHomecTBO Tnna Os. B TaKOM cjiy^ae, 
pe3yjiBTaT IJejuiepa B H3BCCTHOM CMHCJie aBjiaeTca oKOH^aTejiBHHM, 
TaK KaK B ero npHMepe CE MOîKCT 6HTB HPOH3BOJIBHHM MHOîKecTBOM 
Tnna G8. 

Pe3yjiBTaT IJejuiepa aBjiaeTca o6o6m;eHHeM pe3yjiBTaTa CTe*iKHHa[10] 

KOTOPHH ^0Ka3aji aHaJiorHHHyio TeopeMy, He npe^nojiaraa, o#HaKo, 
^TO TpHroHOMeTpHiecKHö pa# ecTB pa# OypBe-JIe6era. 

PaccMOTpHM TenepB pa#H OypBe OT HenpepHBHHx $ymaqnfi. 
H3BecTHO, HTO TaKHe pa,o;H MoryT pacxo^HTca Ha MHomecTBax MOHJHOCTH 

KOHTHHyyMa Mepn HyjiB. OßHano HeH3BecTHO, MoryT JIH TaKHe pajpa: 
pacxo^HTBca Ha MHomecTBax nojioîKHTejiBHoft Mepn. TOHHO TaKîKe, 
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Hen3BecTH0, cynjecTByiOT JIH P ^ A B I OypBe OT «^yHKiprìi c cyMMHpyeMHM 

KBa^paTOM, KOTopne pacxoftHTcaHaMHomecTBax nojioîKHTejiBHoo Mepn. 

B cjiynae HenpepHBHOö ^yHKipra MOîKHO CTaBHTB Bonpoc 06 yjiyn-

ineHHH CXO,O;HMOCTH ee p a ^ a OypBe nyTeM H3MeHeHHa BTOö <|>yHKi];HH 

Ha MHOHîecTBe Majiofi Mepn. 

B 3T0M HanpaBJieHHH nojiyneH cjiejjyionptii pe3yjiBTaT: 

Jlioöyio HenpepHBHyio <J>yHKn;Hio MOîKHO H3MCHHTB Ha MHOîKecTBe 

CKOJiB yroßHO Majion Mepn TaKHM o6pa30M, HTO ^J IH no j iy iemioö 

HOBOô $yHKi^HH p a # OypBe 6y^eT CXO#HTBCH paBHOMepHO Ha Bceö OCH 

X (MeHBIHOB)[113. 

npeßHj jymaa TeopeMa ÔHJia nojiyieHa ^OKJia^HKOM n p n pememiH 

Bonpoca 06 H3o6panîeHHH H3MepnMHX $yHKu;HH CXO#HIH;HMHCH Tpnro-

HOMeTpHHeCKHMH pa^aMH. BTOT BOnpQC ÔHJI nOCTaBJieH H . JIy3HHHM 

em;e B 1915r . OKa3ajiocB, HTO Ha BTOT Bonpoc nojiynaeTca nojiomn-

TeJiBHHö OTBeT, ecjin npejjnojioîKHTB, HTO H3o6pamaeMaa $yHKii;Ha 

KOHe^Ha noHTH BCio;a;y; a HMCHHO, cnpaBe^JiHBa cJiejjyiomaH TeopeMa: 

Jlioôyio H3MepHMyK) <|>yHKH;Hio f(x), KOHe^Hyio n o n r a Bciofty Ha 

cerMenre [0,2n], MOîKHO npe^CTaBHTB TpnroHOMeTpHHecKHM pa,o;oM, 

exo^aiipiMCH K Hen noHTH Bcio^y Ha BTOM cerMeHTe ( $ . MeHBniOB)[12]. 

9 ï y TeopeMy MOîKHO O6O6HI;HTB, ecjin paccMOTpeTB Bonpoc 06 onpe-

jï;ejieHHH TpnroHOMeTpH^ecKoro p a ^ a no ero BepxHen H HHHaieö cyMMe. 

OyHKi^HK) f±(x) M H 6yo;eM Ha3HBaTB eepxneu Cî/MMOU UJIU eepxnuM 

npedejiOM TpnroHOMeTpHHecKoro p a ^ a (1), ecjin fx(x) ecTB BepxHHH 

npe^eji ^acTHHX cyMM BToro pa,na. AHajiorHHHO onpe^ejiaeTca HUMCHHSI 

cyMMa HJIH HUMCHuu npedeji TpnroHOMeTpHHecKoro p a # a . 

MOîKHO ;a;oKa3aTB cjiepyronuyio TeopeMy. 

IlycTB fx(x) H f2(x) — H3MepHMHe $yHKii;HH, KOHe^HHe H yßOBJieT-

Bopaionpie HepaBeHCTBy - , N ^ . , x / r t , 

noHTH BdOAy Ha cerMeHTe [0,2rf\. T o r ß a cynjecTByeT TpnroHOMeTpH-

necKHö p a ß (1) c Koac^HipieHTaMH, CTpeManpiMHCH K Hyjno, ftjia 

KOTOpOrO fx(x) H f2(x) HBJiaiOTCa COOTBeTCTBeHHO BepXHeH H HHÎKHeO 

cyMMOâ no^TH Bcioj^y Ha [0,2it\ (MCHBHIOB)1 1 3 1 . 

3 ï a TeopeMa ocTaeTca cnpaBe,o;jiHBOH, ecjin npegnoJioîKHTB, HTO Ha 

MHOîKeCTBe HOJIOÎKHTeJIBHOH MepH fx(x) = +00 , f2(x) = — 00, a nOHTH 

BCiojsy B ocTaJiBHHX TOHKax BHnoJiHHioTca npeîKHne ycjiOBHH. 

OopMyjinpoBaHHaa TeopeMa He HBJiaeTca OKOHHaTejiBHoft; a HMCHHO: 

ocTaeTca OTKPHTHM Bonpoc, 6y^;eT JIH cnpaßeßJiHBa npe,o;Hflyn];aa 

TeopeMa, ecjin npe;o;nojioîKHTB, HTO Ha MHOîKecTBe nojioîKHTejiBHOH 

Mepn fx(x) = +co H f2(x)>-co HJIH fx(x) < +00, /2(#) = - o o . 
26 TP 
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B nacTHOCTH, ocTaeTca OTKPHTHM Bonpoc, cynjecTByeT JIH TpnroHO-

MeTpHnecKHH p a ß , cxo^anpiäcH K + 0 0 Ha MHOîKecTBe nojioaaiTejiBHOö 

Mepn. 9TOT Bonpoc 6 H J I nocTaBJieH H . JlysnHHM CBHine copoKa JieT 

TOMy Ha3ajj;, HO #0 CHX nop ocTaeTca He penieHHHM. 

BojiBiHOH HHTepec npejijCTaBjiaeT TaKîKe TeopeMa 06 o^HOBpeMemioo 

CXOßHMOCTH C TOHHOCTBK) flO MHOÎKeCTBa MepH HyJIB ßaHHOrO TpHrOHO-

MeTpH^ecKoro p a ^ a (1) H conpaîKeHHoro eMy pap;a (2). 9 ï a TeopeMa 

ÖHJia ,niOKa3aHa IIjiecHepoMt143 H , He3aBHCHMO, 3nrMyH;o;oM (Zygmund) H 

MapujHHKeBHHeM (Marcinkiewicz) t l 5 ] . 

ToHHaa $opMyjinpoBKa TeopeMH TaKOBa: 

ECJIH TpHroHOMeTpmeeKHH p a ß (1) CXO^HTCH Ha HeKOTopoM MHOHîe-

CTBe nojioîKHTejiBHOft Mepn, TO conpameHHHH eMy p a ß (2) CXO^HTCH 

nOHTH BCTOJIJ Ha 3TOM MHOÎKeCTBe. 

3HrMyH,oi H MapiijHHKeBHH nojiy^HJin ßame 6ojiee oonpiìi pe3yjiBTaT, 

pacnpocTpaHHB npe#H#yinyio TeopeMy Ha MCTO^H cyMMnpoBaHHa 

Hesapo (Cesàro) nopa^Ka a>— 1. KpoMe Toro, OHH ycTaHOBHJin 

B3aHM00TH0uieHHe Meamy BepxHHMH H HHîKHHMH cyMMaMH ßamioro 

TpnroHOMeTpHHecKoro pa,o;a (1) H conpamemioro eMy p a ^ a (2). 

BTOT pe3yjiBTaT OHH nojiynnjin KaK ejie;a;cTBHe H3 TeopeMH 0 BepxHHX 

H HHîKHHX npe^ejiax He3apoBCKHX cyMM p;jia ßßyx conpaateHHHx 

TpnroHOMeTpHHecKHx pajijOB (1) H (2). ^ j i a cj iynaa BepxHeö H HHameii 

cyMMH Toraaa ^opMyjinpoBKa TeopeMH TaKOBa: 

IlyCTB S(x) H S(X) 6JJSJT COOTBeTCTBeHHO BepXHeÖ H HHÎKHeO CyMMaMH 

pa,o;a (1), a S(x) H S(X) nycTB 6JJJJT aHajiornHHHMH cyMMaMH pa,o;a (2). 

T o r ^ a , ecjin S(x) H S(X) KOHCHHH Ha HeKOTopoM MHoasecTBe E nojioîKH-

TeJIBHOH MepH, TO HOHTH BCIO^y Ha E S(x) H s(x) TaKîKe KOHeHHH H 

y,0;OBJieTBOpHK)T yCJIOBHK) 

S(x) -s(x) = S(x) -s(x). 

B CBa3H C BOnpOCOM 0 CXOftHMOCTH TpHrOHOMeTpHHeCKHX pHftOB 

B03HHKaeT em;e cjieftyionjaa s a^a^a . 3 a î K e B T 0 M cjiynae, Korjua 

TpnroHOMeTpHHecKHË p a ß pacxojprrca n o i r a BCio^y, y Hero MOîKCT 

cymecTBOBaTB nocjie^OBaTejiBHOCTB nacTHHx cyMM Snjc(x) c B03pac-

TaiomHMH HOMepaMH nvn2, ...,nk,... KOTopaa CXO^HTCH Ha MHomecTBe 

nOJIOîKHTeJIBHOfi Mepn. 

B03BMOM KaKoa-HHÖyojB TpnroHOMeTpHHecKHö p a ß (I) H npe^nojio-

ÎKHM, HTO jt/ BT\ T a / \ /A\ 
$(x,E) = ]imSnk(x) (4) 

&->oo 

noHTH Bcio^y Ha MHoaœcTBe E nojioaoiTejiBHOö Mepn, jieîKanjeM Ha 

cerMeHTe [0,27r], r,o;e % < n2 < . . . <nk< . . . . M H CKameM Tor^a, HTO 
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<fi(x,E) ecTB npedejibnaa (ßyuKicua p a ^ a (1) Ha MHOìKecTBe E. I l p n 

3T0M MH He HCKJIK)HaeM B03M0ÎKH0CTH TOrO, HTO (j)(x,E) = +00 HJIH —00 

Ha MHomecTBe noJioîKHTeJiBHOô Mepn. 

PaccMOTpHM TenepB HeKOTopoe MHomecTBO M = {<f>(x,E)} H3MepHMHx 

(^yHKn,HË <j)(x,E), Karajan H3 KOTopnx onpe^eneHa noHTH Beio^y Ha 

cooTBeTCTByron^eM MHOìKecTBe E, npnneM 

m e s ^ ? > 0 , ,E?c:[0,27r] (5) 

p;jia Jiioöoii $yHKi];HH H3 MHomecTBa M. I l p n BTOM MHoatecTBa E 

MoryT 6 H T B pa3JnraiHMH ,n;jia pa3JiHHHHX (^yHKipiH <f>(x,E). 

Bo3HHKaeT ejieftyioiipiH Bonpoc. Ha i r r a HeoôxojpiMoe H ßocTaToraoe 

ycJiOBHe ,o;jia Toro, I T O 6 H M 6HJIO MHOîKecTBOM ecex npe#ejiBHHx 

$yHKii;HË HeKOToporo TpnroHOMeTpHHecKoro p a ^ a (1). 

PaccMOTpHM cnepBa ôojiee npocTyio sa^any . Bo3BMeM KaKoe-Hnôy^B 

onpe^ejieHHoe MHomecTBO EQ nojioîKHTejiBHOfi Mepn, j iemamee Ha 

cerMeHTe [0,2n], H paccMOTpHM HeKOTopoe MHOîKCCTBO M0 = {f(x)} 

H3MepHMHX $yHKii;HH f(x), Kaamaa H3 KOTopnx onpe^eJieHa no^TH 

BCK>3y Ha MHoaœcTBe EQ. CnpaniHBaeTca, KaKOBO Heo6xo,o;HMoe H 

^ocTaTOHHoe ycJiOBHe .ojjia Toro, HTOôH MHOîKecTBO MQ 6HJIO MHOHîecT-

BOM Bcex npe^ejiBHHx $yHKii;Hô HeKOToporo TpnroHOMeTpHHecKoro 

pa,o;a Ha ^amioM MHOìKecTBe E0. 

H T O 6 H OTBeTHTB Ha 3T0T Bonpoc, BBe,o;eM ejieftyiomiie onpep;ejieHHa. 

Onpedejienue 1. M H CKaîKeM, HTO ^yHKijHH i/r(x), onpe^ejieHHaa no^TH 

BCio^y Ha EQ, ecTB npedejibmiü ajieMeum MHoaœcTBa MQ B CMHCJie 

CXO^HMOCTH noHTH BCio#y Ha EQ, ecjin cymecTByeT noejieftOBaTejiBHOCTB 

^yHKUiHii fn(x), n = 1 ,2 , . . . , npHHafljieîKam[Hx MHOaœcTBy M0, KOTopaa 

cxoflHTca K ijr(x) noHTH BCiojsy Ha E0. 

Onpedejienue 2. M H ôy^eM Ha3HBaTB MHOìKCCTBO M0 saMKHymuM B 

CMHCJie CXOftHMOCTH nOHTH BCIOfty Ha E0, eCJIH OHO COftepîKHT BCe CBOH 

npejiiejiBHHe BJICMCHTH B CMHCJie CXO^HMOCTH HOHTH Bcio^y Ha EQ. 

CnpaBepiJiHBa ejießyiomaH TeopeMa. 

IlycTB MHoaçecTBO MQ = {f(x)} onpe^ejiaeTea TaK a œ , KaK H paHBnie. 

Ran Toro, HTO6H M0 6HJIO MHOîKCCTBOM Bcex npe#ejiBHHx fyyimjjjaû 

HeKOToporo TpnroHOMeTpH^ecKoro p a # a Ha #aHHOM MHomecTBe EQ, 

HeOÖXOßHMO H ßOCTaTOHHO, H T 0 6 H M0 6 H J I 0 3aMKHyTHM B CMHCJie 

CXOflHMOCTH nOHTH BCIOfly Ha E0 (MeHLHIOB)[16]. 

IIpH 9T0M, eCJIH MQ 3aMKHyT0 B CMHCJie CXOAHMOCTH nOHTH BCIOfly 

Ha E0, TO TpnroHOMeTpHHecKHo p a # , o KOTopoM VLRUT penB B npeß-

26-2 
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HftymeË TeopeMe, MOîKHO onpe^ejiHTB TaK, ^TOôH ero Koac^HipieHTH 
an H bn CTpeMHJiHCB K HyjiH) npn n-+co. 

MOîKHO TaKîKe HaËra HeoSxojpiMoe H jjocTaTOHHoe ycJiOBHe ßjia Toro, 
HTO6H MHoatecTBO M = {<j)(x, E)} 6HJIO MHOHîecTBOM ecex npejiiejiBHHx 
<|>yHKn;Hö HeKOToporo TpnroHOMeTpHiecKoro pa^a. 3,o;ecB yate MHO-
atecTBa E, cooTBeTCTByioniHe pa3JiHHHHM $yHKB,HaM <fi(x,E), MoryT 
ÔHTB pa3JIHHHHMH. BTO yCJIOBHe COCTOHT B TOM, *ITO MHOîKeCTBO M 
ftOJIÎKHO ÔHTB 3aMKHyTHM B HeKOTOpOM HOBOM CMHCJIC 

HTOôH $opMyjiHpoBaTB 3TO ycJiOBHe BBê eM HCCKOJIBKO onpejjejieHHH. 

Onpedejieuue 3. Bo3BMeM nocjie^OBaTejiBHOCTB (^yHKipni 
<t>n(x,En) ( 7 i = l , 2 , . . . ) , (6) 

Kaa^aa H3 KOTopnx onpefl;ejieHa noHTH Bcio^y Ha cooTBeTCTByiomeM 
MHOîKeCTBe En. 

IIOJIOîKHM E = limJE?n 

w->oo 

H npe^nojioîKHM, ITO MHOîKecTBO E H HeKOTopoe ßpyroe MHOîKecTBO E' 
y^OBJieTBOpaiOT yCJIOBHHM 

mes.E > 0, mes.0' > 0, mes (E'-E) = 0. (7) 

(B nacTHOCTH, TpeTBe ycJiOBHe (7) BHnojraaeTca, ecjin E' c: E.) 
M H cKaîKeM, HTO $yHKipiH <fi(x,E'), onpe^ejieHHaa no^TH Bcio#y Ha 

MHOìKecTBe E', ecTB npe,oiejiBHHH 3JieMeHT B ninpoKOM CMHCJie nocjie-
AOBaTeJIBHOCTH (6), eCJIH 

]im<f>n(x,En) = $(x,W) 
n—<x> 

noHTH BCio^y Ha E'. 
JlerKO BH,o;eTB, HTO npe^ejiBHHô 9JieMeHT B innpoKOM CMHCJie no-

cjiê OBaTejiBHOCTH <|>yHKijHö onpe^eJiaeTca He OAH03HaHHO. 

Onpedejienue 4. BO3BMCM KaKoe-HHÔy^B MHOîKCCTBO M = {<j>(x,E)} 
$yHKu;HH (j)(x,E), KaîK^aa H3 KOTopnx onpejjejieHa noHTH Bcio^y Ha 
eooTBeTCTByiomeM MHOìKecTBe E, mes E > 0. M H oyjjeM Ha3HBaTB 
$yHKu;HK) f(x,W), onpeflejiemiyio noHTH BCio^y Ha MHOìKecTBe E' 
nojioîKHTejiBHOô Mepn, npedejibHUM djieMenmoM e wuponoM cMucjie 
MHOHîecTBa M, ecjin cynjecTByeT nocjie^OBaTejiBHOCTB $yHKn;Hö 
<fin(x,En), npHHaflJiemaiipix MHOîKecTBy Jf, JJJIH KOTopoô f(x, E') ecTB 
npe,o;ejiBHHË 9JieMeHT B ninpoKOM CMHCJIC 

Onpedejieuue 5. IlycTB MHOîKecTBO M y#OBJieTBopaeT TeM me ycjiOBHHM, 
KaK H paHBine. M H CKaateM, HTO M 3aMKHyTO B y3KOM CMHCJIC, ecjin 



CONVERGENCE OF TRIGONOMETRIC SERIES 405 

OHO cojjepîKHT Bee CBOH npe#ejiBHHe ajieMeHTH B ninpoKOM CMHCJie. 

MOîKHO ;a;oKa3aTB cjie^yiomyio TeopeMy. 

IlycTB M = y>(x,E)} ecTB MHOîKecTBO H3MepHMHX ^ y m o p i ü , KaîKftaa 

H3 KOTopnx onpefliejieHa HOHTH Bcio^y Ha cooTBeTCTByiomeM MHOìKecTBe 

E nojioîKHTejiBHOH Mepn, E c [0, 2TT\. 

JS^JIH. Toro, HTOöH M ÔHJIO MHOîKecTBOM Bcex npe^ejiBHHX $yHKD;Hft 

HeKOToporo TpnroHOMeTpHHecKoro pajja, HeoöxoßHMO H ßOCTaTO^HO, 

H T 0 6 H M 6HJIO 3aMKHyTHM B y3KOM CMHCJie (MeHBIHOB)[17]. 

IIpH 3T0M, eCJIH M 3aMKHyTO B y3KOM CMHCJie, TO COOTBeTCTByiOmHË 

TpnroHOMeTpH^ecKHË p a ß MOîKHO onpepejiHTB TaK, HTOöH ero K O 3 $ -

^HHiHeHTH CTpeMHJIHCB K HyjIIO C B03paCTaHHeM HOMepa. 

H3 Moero ^OKJia^a cjiejuyeT, HTO B Teopnn TpnroHOMeTpH^ecKHX pa#OB 

i^ejiHö pa,o; BonpocoB, OTHOCHIIPIXCH K CXO^HMOCTH BTHX pa^OB, ocTaeTca 

He peineHHHM. üo-BHßHMOMy, penieHne oojiBinen nacTH BTHX BonpocoB 

npe^CTaBjiaeT cepBe3HHe TpyjpiocTH. He HCKJuoneHa BO3MOîKHOCTB, 

HTO penieHHe HeKOTOpHX H3 BTHX BOnpOCOB CBH3aH0 C apH$MeTHHeCKHMH 

CBOHCTBaMH TpHrOHOMeTpHHeCKHX pHßOB. Bo BCaKOM CJiy^iae, TaKOBO 

nojiomeHHe ßejia B Bonpoce 0 e^HHCTBemiocTH pa3JioîKeHHa B Tpnro-

HOMeTpHHecKHH pap;. 3 a He,o;ocTaTKOM BpeMeHH a He Mor 3aTpoHyTB 

BToro Bonpoca B HacToameM ;o;oKJia;n;e. B Teopnn e^HHCTBemiocTH 

pa3JioîKeHHa B TpnroHOMeTpHnecKHH p a ß paccMaTpHBaiOTca TaK 

Ha3HBaeMHe ?7-H Jf-MHoa?ecTBa. MHOîKCCTBO E Ha3HBaeTca f7-MHomecT-

BOM, ecjin y Jiioöoro TpHroHOMeTpn^ecKoro pa,n;a, cxo#am;eroea K 

HyjiK) BHe 8Toro MHomecTBa, Bee K O B ^ H I ^ H C H T H paBHH Hyjiio. B 

npoTHBHOM cjiy^ae MHOîKecTBO E Ha3HBaeTca Jf-MHOH?ecTBOM. 

H3 pa6oT p a # a aBTopoB cJie#yeT, HTO CBOôCTBO MHOîKecTBa Mepn 

HyjIB ÖHTB U HJIH M B 3HaHHTeJIBH0Ö Mepe 3aBHCHT OT apn$MeTHHecKOË 

npnpo^H BTHX MHoaîecTB. 9 T O cjiejjyeT H3 paöoT Bapn [ 1 8 ] , 3HrMyH,n;a 

(Zygmund) H CajieMa (Salem) [19] , IïïanHpo-nHTeu,Koro [20] H a p y r n x 

aBTopoB. 
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H I L B E R T A L G E B R A S 

By S. M I N A K S H I S U N D A R A M 

1. Since the publication of the papers 'On Rings of Operators' by 
F. J. Murray and J. von Neumann, there has been an increasing interest 
among mathematicians in the structure of topological algebras. Today 
I wish to discuss some properties of a class of algebras called Hilbert 
algebras. 

Hilbert algebras are defined by means of the following axioms: 

A: A is a * algebra over the field of complex numbers in addition to 
being an inner product space: that is to say 

A±: A is a linear vector space over the field G of complex numbers. 
A2: A is a ring where multiplication is associative and distributive 

with addition, but not necessarily commutative. 
A3: There exists an involution operation denoted by *, which asso­

ciates to each element a € A, a unique element a* € A such that: 

(a) (a*)* = a, 
(ß) (Àa)* = J.a*, À € G, J. complex conjugate of À, 
(y) {a + &)* = a* + 6*, 
(â) (a&)*==6*a*, 
(e) xx* 4= 0 unless x = 0. 

A4: A is an inner product space : that is, to each pair of elements a, b 
in A we can associate a scalar denoted by (a, b) which is linear 
in a and conjugate linear in b, satisfying the following conditions: 

(a) (Xa+fib, c) = X(a, b) + /i(a, e), À, fi e G, 
(ß) (a,6) = (M), 
(y) (a, a) ^ 0 for all a in A and is zero if and only if a = 0, 
(â) (ab,c) = (a,cb*) = (b,a*c), 
(e) (a,6) = (6*,a*). 

We shall consistently use the following notations: 
|| #|| = *J(x, x), the positive value of the square root being taken. 
Greek letters will denote complex numbers and Roman letters (small 

type) will denote elements of the algebra A or its completion. 
Now A may or may not be complete under the Hilbert norm topology. 

If A is already complete it is natural to assume that multiplication is 
continuous with respect to both the variables; in which case we have 
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Ambrose's H*-algebra whose structure is well known [cf. Loomis, An 
Introduction to Abstract Harmonic Analysis]. 

If A is not complete, we denote by A the completed Hilbert space. 
Then, following classical procedure, the mappings x -> ax and x -> xa can 
be defined for all x in A and a in A so that they are continuous for fixed 
a e A, throughout A. But we cannot say anything about the existence 
of xy or yx when both x and y are in A but outside A. So we add the 
following axiom B to axiom A. 

B. If A is not complete, the operators x -> ax and x -> xa are so 
extended to A that they are closed linear operators in A, and these 
operators are bounded if and only if a e A. 

Axiom B implies that the product xy certainly exists if at least one 
of the two elements x, y belongs to A. As an immediate consequence of 
these axioms one readily proves that the * operation is a bounded opera­
tion which can be extended all over A, so that to each element x e A 
there corresponds x* so that ||#|| = ||#*|| and axiom A3 is fulfilled. Further 
the linear operators x -> ax, x -> xa, x -> a*x, x -> xa*, for a € A have the 
same bounds and their common bound, called the uniform norm of a, 
is denoted by |||a|||. .. .. 

|||a||| = Lu.b.W. 

With respect to the uniform norm, A will be in general an incomplete 
Banach space, unless A contains the unit of multiplication. 

There is still another axiom which is of interest, though not essential 
for our discussion, namely: 

C. Whenever a and b are two elements in A, if there exists a third 
element c and a Cauchy sequence bn, such that 

bn->b 

and (abn, x) -> (c, x) for every x, 

then and only then ab exists and c = ab. 
This axiom assures us that the adjoint of the linear operator x -> ax 

is x -> xa* for any a e A. I t is obvious that axiom C is of significance only 
when a e A and is outside A. 

2. The set A together with its completion A satisfying axioms A and B 
is called a Hilbert algebra. Our purpose is to discuss the structure of 
this algebra. We introduce a few definitions and notations which we need. 

(a) An element x e A is called self-adjoint if x = x*. 
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(b) An element x is said to be positive if x = x* and (xy, y) ^ 0 for 
every y e A. 

(c) An element e is called an idempotent if e2 exists and e2 = e. If e 
is also self-adjoint we call e a self-adjoint idempotent. 

One easily verifies that a self-adjoint idempotent is invariably an 
element in A. 

(d) If 8 is a subset of Ä, we denote by [S] its linear closure. 
(e) A closed linear manifold ^<= A is called a rigrôi icüeaZ manifold, if 

whenever xzJK, [xA] <^ Jiï. A similar definition holds for left ideal 
manifolds and (two sided) ideal manifolds. The right ideal manifold [aA] 
is called & principal right ideal manifold and a the generating element of it. 

One easily verifies that [eA] = [eA] = eA. 
(f) The Hilbert algebra {A, A} is called simple if A does not contain 

any (two-sided) ideal manifolds other than the trivial ones. The algebra 
is said to be abelian if multiplication is commutative. 

(g) There are two extensions of the algebra A to the algebra of linear 
operators in A viz. those linear operators L which satisfy the condition 

L(xy) = L(x)y, 

the mapping x->ax being denoted by La(x), and those operators E 
which satisfy the condition 

B(xy) = xB(y), 

the mapping x-^xa being denoted by Ra(x). The totality of operators 
of the type L will be denoted by J§?(A) and those of the type B will be 
denoted by &(A). 

One verifies that the commutant of j£? is âl and of âê is =£?. 
That in the algebra A there are sufficiently many self-adjoint idem-

potents can be proved, in the usual way, by taking positive elements a 
in A, polynomials p(a), and their limits, in the Hilbert norm. 

3. If the algebra A is abelian then A will be isometrically isomorphic 
to square integrable functions on a locally compact Hausdorff space S 
with a measure v, multiplication being defined as the ordinary multi­
plication of two functions in 8. A will be isomorphic to bounded functions 
vanishing at oo. This can be proved either using Gelfand's isomorphism 
theorem for commutative Banach algebras [cf. Dixmier, Les algèbres 
d'opérateurs dans Vespace hilbertien, 1957] or by observing that the 
self-adjoint idempotents in A form a measure algebra and using Stone's 
theorem [Halmos, Measure Theory], If A contains the unit of multi­
plication, 8 will be compact. 
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4. If the algebra A is simple, that is to say there are no (two sided) 
ideal manifolds in A other than {0} and A, then (and only then) JS?( A) and 
M(A) will be factors. The self-adjoint idempotents in A will satisfy the 
axioms of continuous geometry of von Neumann, in the sense that there 
exists an equivalence relation among them and the classes of equivalent 
idempotents form a well-ordered set with a dimension number attached 
to the self-adjoint idempotent e, viz. d(e) = ||e||2. There are only four 
possible cases, viz. the four types of factors of von Neumann In (n a 
finite positive integer), IIV 1^, 11^. If A contains a unit and is simple, 
the types In, IIX will occur, and the types /«, and II«, will occur when A 
does not contain a unit. In and 1^ are called discrete while IIX and IIœ 

are continuous types. In and 1^ will occur if the simple algebra A con­
tains minimal idempotents, and IIX and IIœ otherwise. 

It is verified easily that In is isomorphic to the algebra of matrices of 
order n with complex numbers as their elements, and J«, to the totality 
of bounded linear operators in a Hilbert space. The structure of 11^ 
can be determined if we know the structure of IIV 

The structure of a simple algebra of type JJj- seems to be difficult 
and intriguing. Von Neumann has constructed two types of examples 
of an algebra of type IIV If A is a simple algebra of type IIt then A 
contains a unit, whose norm we shall assume to be 1, and there are 
no minimal self-adjoint idempotents. It is likely that the structure of A 
can be determined in terms of its maximal abelian subalgebras. It is 
quite likely the maximal abelian subalgebras of a simple algebra are 
unitarily equivalent. In the case of In the diagonal matrices form a 
maximal abelian subalgebra and it is well known that all maximal 
abelian subalgebras are unitarily equivalent to the subalgebra of diagonal 
matrices. In the case of an algebra A of type IIl9 let B be a maximal 
abelian subalgebra and B its Hilbert completion: If we observe that the 
dimension numbers of the self-adjoint idempotents in B take all values 
between 0 and 1, then one can easily show that all maximal subalgebras 
are unitarily equivalent. 

5. If the algebra A is neither simple nor abelian then one has to study 
the structure of A in relation to its centre. Let C denote the centre of 
A and let Z be its Hubert completion. A self-adjoint idempotent e in the 
centre is said to be minimal if it cannot be expressed as sum of two 
idempotents in the centre. If e is minimal eA is a simple algebra with eA 
as its Hilbert completion. C being abelian, there exists a locally compact 
(or compact) Hausdorff space 8 and a measure v so that Z is isomorphic 
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to L2 functions on 8. The atomic elements in 8 will correspond to 
minimal idempotents in C, so that A can be expressed as a direct sum 
of two algebras Ax and A2, that is 

A = AJ + A2, 

A = AX + A2, [A1] = A1,[A2] = A2, 

At and A2 being orthogonal manifolds, where Ax is a direct sum of simple 
algebras and A2 contains no minimal ideal manifolds. Further decom­
position of A2 is possible along the lines of von Neumann's reduction 
theory, but we shall not discuss it here. 
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SPECTRAL SETS A N D NORMAL 

DILATIONS OF OPERATORS! 

By BÉLA SZ . -NAGY 

1. Spectral sets 
In all that follows 'operator' will mean a linear operator on Hilbert 

space, everywhere defined and bounded. The notion of spectral set is 
due to von Neumannt5] : a set 8 of points in the plane of complex numbers 
is a spectral set of the operator T if, for any rational function r(z) which 
is bounded on 8, the operator r(T) exists and the inequality 

\\r(T)\\< snp|r(z)| (1) 

holds; the condition of the existence of r(T) is equivalent to the condition 
that the spectrum of T be contained in the closure of 8. 

It follows from classical spectral theory that, for a normal operator T, 
the spectrum itself is a spectral set. For non-normal T, the spectrum is 
in general not large enough to be a spectral set. The introduction of the 
concept of spectral sets is motivated just by the fact that one can build 
up, for functions on a spectral set 8 of a not necessarily normal operator 
T, a functional calculus which is analogous in some respects to the 
functional calculus for normal operators. The map r(z) -> r(T) from 
functions to operators extends namely, by continuity implied by (1), 
to all 8-analytic functions, i.e. to those functions u(z) defined on 8, which 
are uniform limits, on 8, of bounded sequences of rational functions. 
These functions form an algebra, closed with respect to uniform con­
vergence, and the map u(z) -> u(T) is an algebra homomorphism for 
which also the metric relation (1) is valid. (It is just this metric rela­
tion that distinguishes this functional calculus essentially from the 
functional calculus of Riesz-Dunford, based on contour integration in 
the resolvent set.) 

Some more properties follow easily: if 8' is the set of values of the 
^-analytic function z' = u(z) taken on 8, then 8' is a spectral set of the 
operator Tr = u(T), and for any ^'-analytic function v(z') the function 
vou(z) = v(u(z)) is S-analytic, and we have vou(T) = v(Tr). 

The usefulness of the theory depends on whether one can find spectral 
sets for a given operator. It is obvious that any set containing a spectral 

•f Read by Professor P. R. Halmos. 
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set as a subset is itself a spectral set, but the meet of two spectral sets 
need not be again a spectral set. Fundamental is the following theorem 
of von Neumann[5] on contraction operators T, i.e. for which \\T\\ < 1: 

Theorem 1. The unit disc 8Q = {z: \z\ < 1} is a spectral set for any 
contraction operator T. 

Using linear maps of 80 one gets as easy consequences criteria that the 
set{z: \z — a\ < r},or{z: \z — a\ > r}, orRez > 0 be a spectral set of a given 
operator T. These are, respectively, flî7 —a7|| < r, \\(T — al)-1]] < r~\ 
and Re T = | (JP + T*) ^ 0. I t would be very desirable to obtain further 
simple criteria for spectral sets. 

The original proof of von Neumann of Theorem 1 uses a theorem of 
Schur on analytic functions; a proof given by Heinz[4] uses the Poisson 
integral formula; another proof, given by Sz.-Nagy[12] reduces the pro­
blem to the more simple case of unitary operators (see § 4). 

The definition of spectral sets works also for Banach space operators. 
But Foia§[1] has proved that Theorem 1 is valid only for Hilbert space. 

For any spectral set 8 of the operator T, which is bounded, closed, 
and whose boundary F is a Jordan curve (briefly: a bounded Jordan set), 
the class of ^-analytic functions coincides, by a theorem of Walsh, with 
the class 0(8) of functions which are continuous on 8, and holomorphic 
in the interior of 8. In this case, a more refined functional calculus has 
been built up by Foia§[2J. Essentially by taking the real parts of holo­
morphic functions and the corresponding operators, he extends the 
map u(z) -> u(T) to the class sé(T) of (real or complex valued) functions 
which are continuous on 8, and harmonic in the interior of S. Thus 
extended, the map does not remain multiplicative, but it has the mono-
tonic property: u(z) < v(z) implies u(T) < v(T); the metric property (1) 
is also true. Since any continuous function on F can be continued 
uniquely to a function in ^(T), so we have in reality a map of the con­
tinuous functions on F, to operators. Passing to limits by monotone 
sequences, this map can be extended to broader classes of functions 
on F, in particular to the characteristic functions co(ß, z) of Borei subsets 
of F. The corresponding operators o)(ß; T) ^ 0 form the so-called har­
monic spectral measure of T with respect to 8. The properties, and the 
use in functional calculus, of this 'measure' are studied in detail in 
Foia§'s paper[2]. 

2. Positive definite functions 
There is still another possibility of building up a functional calculus for 

general operators, with metric properties such as (1), namely by deducing 
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it directly from the functional calculus for normal operators. This will 
be treated in the following sections. 

The fundamental concepts here are those of dilations and projections of 
operators. If T is an operator on Hilbert space H, and T is an operator 
on Hilbert space H containing H as a (not necessarily proper) subspace, 
we say that T is a dilation of T or, equivalently, that T is a projection 
of T, in signs m ^ , m ^ 

& T = pr# T or simply T = pr T, 
if we have, for any h € H, Th = PTA, 

where P denotes the operator of orthogonal projection onto the sub-
spaee H of H. (These terms are due to HalmosC3] and Sz.-Nagy[ul, 
respectively ; Halmos says ' compression ' instead of ' pro j ection '. ) 

An important pertaining theorem deals with operator-valued functions 
T(s) on a group G, which are positive definite in the sense that, for any 
Jî-vector-valued function h(s) such that h(s) =j= 0 only for a finite set 
of elements s e G, we have 

2 S (T(1r*s)h(s),h(t))>0. (2) 
s€<? teG 

Particular positive definite operator-valued functions on G are those for 
which T(t~xs) = T*(t) T(s); in case T(e) = I (e denoting the unit element 
of G) these operators T(s) are thus unitary and form a representation of 
the group G (i.e. we have T(s)T(t) = T(st)). The theorem in question 
reads as follows: 

Theorem 2. For any positive definite H-operator-valued function T on 
the group G, with T(e) = I, there exists a representation of G by unitary 
operators XJ(s) on some Hilbert space H ( ̂  H), such that 

(a) 2 » = prU(s) (seG), 

(b) the elements of the form U(s) h (s e G, h e H) span H. The 'structure' 
{H, U(s), H] is then determined up to isomorphism. If G is a topological 
group, and T(s) is a weakly continuous function on G, then U(s) is weakly 
(and so also strongly) continuous too. 

This is a straightforward generalization of a theorem of Gelfand and 
Raikov on complex scalar-valued positive definite functions on groups, 
and was proved first by Neumark[7]. Later Sz.-Nagy found independently 
essentially the same proofE13], and generalized it[14] to semi-groups G 
with unit element c and with an involution s->s*\ 

(st)* = t*s*9 s** = s, e* = c. 
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The role played in a group by s_1 is played here by s*; the operator-
valued function D(s) is a representation of G if it satisfies the conditions 

D(e) = I, D(st) = D(s)D(t), D(s*) = [D(s)]*; 

for a commutative semi-group G all D(s) are therefore normal operators. 
Let JBA be a self-ad joint operator on Hilbert space H, which is a non-

decreasing, right-continuous function of the real parameter À, with 
Km Bx = 0, Km Bx = / ; call B Aan operator distribution j-unction (o.d.f.). 

A-> — oo À—> + oo 

Particular o.d.f.'s are the spectral families (called also 'resolutions of the 
identity ') : this is the case if the operators Bx are (orthogonal) projections. 

Now each o.d.f. Bx gives rise, by the formula 

(T{s)f,g)=^_j^d(Bxf,g) ( — 00 < s < oo), 

to an operator T(s), which is a weakly continuous positive definite 
function on the additive group of reals. By Theorem 2, T(s) is the pro­
jection of a weakly continuous unitary representation XJ(s) of this group. 
By Stone's theorem, we have 

U(s) = f°° eisXdEx, 

and conclude that Bx is the projection of the spectral family EA. This 
proves the following very useful theorem of Neumark [6>7]: 

Theorem 3. Any operator distribution function Bx on Hilbert space H 
is the projection of some spectral family EA on a suitable Hilbert space 
H ( 2 # ) . 

An alternative proof may be obtained from Sz.-Nagy's generalization 
of Theorem 2 to semi-groups G with involution; it is namely easy to 
see that (putting B_^ = 0, B+O0 = / ) Bx is a positive definite function 
on the extended system of reals À ( —oo ̂  À ^ oo), made to be a semi­
group with involution by defining 

Ào/£ = min{À,/4> A* = À (e = +oo). 

Further applications of Theorem 2 and of its generalization to semi­
groups are given in [14]: one obtains in this way a generalized form of 
Neumark's theorem to additive operator-valued set functions[8]; a 
characterization of 'subnormal' operators due to Halmos[3] (an operator 
is subnormal if it has a normal extension on some larger Hilbert space); 
a theorem on the operator moment problem; and theorems on unitary 
dilations of contraction operators. The last-mentioned theorems are 
important for our present subject, so we shall treat them in more detail. 
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3. Unitary dilations of contraction operators 

The starting-point here is the observation that, for any contraction 
operator T on Hilbert space H, the operator T(n) defined by Tn for 
n = 0,1,2,..., and by (T*)~n for n = — 1, — 2,..., is a positive definite 
function on the additive group of integers n, i.e. 

XZ(T(n-m)hn,hJ>0 
n m 

(hn — 0 for almost all n). This sum is namely equal to 

lim i-f"'(K(r,ftMft,m)d4>, 
r->l-0 ^TTJO 

where h(<fi) = yEle-in^>hn, and 
n 

K(r, <f>) = S r N e ^ T(n) = 2 Re (fJ + J «T'A 

= Re(J + zT) ( I -z ï 7 ) - 1 ^ 0 (z = re**, 0 < r < 1); 

the positivity of K(r, <fi) follows by the relation 

{K(r,ftf,f) = -B»{(I + zT)g,(I-zT)g) = lgl*-t*lTgl*>0, 

for arbitrary / e H and g = (I — zT)~xf. 
Thus, applying Theorem 2, we get the result (Sz.-Nagy[12'13]): 
Theorem 4. For any contraction operator T on Hilbert space H there 

exists a unitary operator U on some Hilbert space H ( ̂  H) such that 

yw = prUw (?i = 0,l,2,.. .), (3) 

and H is spanned by the elements JJnh (n = 0, ±1, ±2, ...; heH). The 
'structure9 {H, XJ,H} is then determined up to isomorphism. 

If T, Tr are two contraction operators such that T is permutable with 
T' and with T'*, thus also T* with T' (we say that T and T' are doubly 
permutable), then T(n,m) = T(n)Tf(m) = Tf(m)T(n) is a positive 
definite function on the additive group of vectors (n, m) with integer 
components. This follows as above, making use now of double Fourier 
series, and observing that the positive operator functions K(r,<ß), 
K'(r', (j)'), attached to T and Tf, respectively, are permutable, and their 
product is therefore also positive. Theorem 2 then implies that 

T(n,m) = prUHJ'™ (n,m = 0, ± 1, ±2, ...), 

and in particular 
rpnrp'm = p r UHJ ' m (n, m = 0, 1, 2, . . . ) , (4) 
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with permutable unitary U, IT. A similar result holds for any finite or 
infinite set of doubly permutable contraction operators. 

The problem whether simple permutability of T, T' suffices in order 
that the representation (4) be possible with permutable U, TJ', is not yet 
fully settled. The problem is equivalent to that of finding an operator-
valued function X(n, m) which is positive definite on the group of the 
vectors (n, m), and reduces to TnT'm for n, m ^ 0. A necessary condition 
for positive definiteness is that X( — n, —m) = X*(n, m), so one can dis­
pose only of the values of X(n, —m) for n,m ^ 1. Brehmer, in his 
Potsdam thesis, showed that the definition X(n, -m) = (T'*)mTn 

meets the requirements under certain additional conditions, such as 
the condition ||jP||2+||r'||2 < 1, or that T be an arbitrary contraction 
operator, while T' be an isometric operator. He obtained analogous 
results for any finite or countable set of permutable contraction operators. 

Theorem 4 has a continuous counterpart (Sz.-Nagy[12»13]): 
Theorem 5. For any weakly continuous one-parameter semi-group T(s) 

(s ^ 0) of contraction operators on Hilbert space H there exists a weakly 
(thus also strongly) continuous one parameter group TJ(s) ( — oo < s < oo) 
of unitary operators on a Hilbert space H ( ̂  H) such that 

T(s) = prU(s) (s^O), 

and H is spanned by the elements TJ(s)h ( — 00 < s < oo, heH); the 
'structure' {H, U(s),H} is then defined up to isomorphism. 

This follows from Theorem 2 if we remark that the operator-valued 
function T(s), when continued to negative values of s by putting 
T(s) = T*( — s), is a (weakly continuous) positive definite function on the 
additive group of reals, i.e. 

2S(?X-O^>Ä m )^0 
n m 

for any finite set of real numbers sn and vectors hn e H. For commen­
surable sn this inequality follows from what has just been said for the 
powers of a single contraction operator, and this implies the general 
case by continuity. 

The fact that any contraction operator has a unitary dilation was 
proved in 1950 by Halmos[33 by a simple matrix construction. (For 
isometric instead of unitary dilations this was proved already by Julia 
in his Comptes Bendus Notes 1944.) However, the unitary operator 
constructed by Halmos does not satisfy the relation simultaneously for 
all n. After Sz.-Nagy published Theorem 4 in 1953, Schäffer[9] succeeded 

27 TP 
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in generalizing Halmos's matrix construction so as to yield a unitary U 
satisfying (3) for all n. However, this construction seems inadequate to 
be applied to the problem of two or more permutable T's or to one 
parameter semi-groups. As a matter of fact, the U's attached by his 
construction to different T's on H, are all defined on the same space H, 
but are not necessarily permutable even if the T's are doubly permutable. 

Call the operator U attached to the contraction operator T in the sense 
of Theorem 4, and the semi-group V(s) attached to T(s) in the sense of 
Theorem 5, the strong unitary dilations of T and of T(s), respectively. 

There are some—rather loose—spectral relations between a con­
traction operator T and its strong unitary dilation U: 

(i) If T itself is unitary, then U = T. 
(ii) If T is not unitary, then the spectrum of U covers the whole unit 

circle P 3 , Th. 2; or ™, cor. 2.2.). 
(iii) T and U have the same eigenvalues on the unit circle, and the 

corresponding eigenvectors are the same for both ([16], Th. 1). 
(iv) The strong unitary dilations of proper contraction operators 

(i.e. with \\T\\ < 1) are all unitarily equivalent to the orthogonal sum of 
fa replicas of the unitary operator Uf(<j)) = e^f((f>) on L2(0,2n), where fa 
denotes the dimension number of the Hilbert space H. (This has been 
proved by Schreiber[10] with the restriction fa < J$0, and by Sz.-Nagy[15] 

in the general case.) 
Using the Hille-Yosida theorem in a form specialized to Hilbert 

space one can characterize the one-parameter semi-groups T(s) of 
Theorem 5 by the fact that their infinitesimal generator A satisfies the 
condition: T = (A -hi) I (A —I) is a contraction operator not having the 
eigenvalue 1 (see t1®^1®). Call T the infinitesimal cogenerator of the semi­
group T(s). Any contraction operator not having the eigenvalue 1 is 
the infinitesimal cogenerator of exactly one such semi-group. There is 
a continuous analogue of (iv) : 

(v) The strong unitary dilations V(s) of those one-parameter semi­
groups T(s) whose infinitesimal cogenerator T is a proper contraction 
operator, are all unitarily equivalent to the orthogonal sum of fa 
replicas of the one parameter unitary semi-group U(s)f(x) = eisxf(x) 
on L2( — oo, oo); fa is the dimension number of the space H (Sz.-Nagy[15]). 

4. Functional calculus for general operators 

If U is the strong unitary dilation of the contraction operator T, then 
we have obviously / / m /TT* , - v 

J ^(î7) = prw(U) (5) 
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for any function u(z) = cQ + c1z + c2z
z +..., holomorphic on a domain 

containing the unit disc 80 in its interior. Thus we have 

\\u(T)\\^\\u(V)\\ ^suV \u(z)\, (6) 

the second inequaHty being a consequence of the spectral representation 
of the functions of unitary operators, i.e. of the formula 

^(U) = j o u(efi>)dEâ9 (1) 

where Ee denotes the spectral family of U. 
Applying this result in particular to rational functions having all 

their singularities outside 80, we get a proof of Theorem 1 in § 1. 
Moreover, these formulae enable us to derive a functional calculus for 

T from that of U; namely we can define u(T) by (5) and (7) for any 
function u(z) for which u(eie) is defined almost everywhere with respect 
to the spectral measure generated by "E0, is bounded, and measurable 
with respect to E#. However, in order to preserve also the multiplicative 
property of the map u(z) ->• u(T), some restriction of the generality is 
necessary: one possibility is to consider only those functions u(z) which 
are bounded and holomorphic in the interior of 80 and whose radial 
limits u(eie) = lim u(reid) exist almost everywhere with respect to E#. 

r - > l -

By virtue of (iii), § 3, these conditions are fulfilled in particular for the 
functions, holomorphic and bounded in the interior of SQ, whose radial 
limits exist at every point of the unit circle with the possible exception 
of a finite or denumerable set of points, no one of which is an eigenvalue 
of T. Denote the class of these functions by (PT(80). 

The resulting functional calculus is studied in detail by Sz.-Nagy and 
Foia§ in[16]. In particular, the metric relation (6) holds true for the class 
@T(8Q), with sup \u(z)\ on the right-hand side. 

1*1 <i 
As an application they consider a contraction operator for which 1 is 

not an eigenvalue, and the functions 

m u8(z) = exp I* —-^ I (s J* 0), 

which belong to (PT(80); the operators Ts = us(T) then form exactly the 
one-parameter semi-group of contraction operators whose infinitesimal 
cogenerator is equal to the given operator T. This result opens a new 
way to the study of such semi-groups. For example, assertion (v) in § 3, 
on semi-groups, appears as a consequence of assertion (iv) on a single 

27-2 
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operator. The infinitesimal cogenerator of the strong unitary dilation 
U(s) of T(s) is equal to the strong unitary dilation U of the infinitesimal 
cogenerator T of T(s). 

Independently, Schreiber[11] has proposed essentially the same 
functional calculus. As definition he uses the formula 

r2ir 

^(T) = j o u(e™)dBe, 

which results from (5) and (7) by putting Be = pr E0; Be is an operator 
distribution function, uniquely determined by the equations 

Tn= \ "énedBe (n = 0,1,2,...). 

If T is normal, Bd can be calculated from the spectral family of T; in 
this case—and only in this case—T is permutable with all Be's. 

Sz.-Nagy and Foia§[16] carry over their results also to the more general 
case when the role of a contraction operator and the unit disc 80 is given 
to an arbitrary operator T on H, and to an arbitrary bounded Jordan 
set S which is a spectral set of T (cf. § 1). Let z-^zQ = s(z) be a conformai 
mapping of the interior of S on the interior of S0, continued to the 
boundaries so as to be a homeomorphic mapping of S on S0. Let 

- i 
zQ->z = s (ZQ) be its inverse. Then s(z) is an ^-analytic function, 
T0 = s(T) exists in the sense of § 1, and T0 has the spectral set 80 = s(8). 
Thus T0 is a contraction operator (put r(z) = z in (1)). Let now U0 be 

- i 
the strong unitary dilation of T0 on the Hilbert space H. Then N = s (U0) 

- i 
is a normal operator on H whose spectrum is the image, by the map s, 
of the spectrum of U0, and thus lies on the boundary of the set 8. We 
have in particular 

- i - i - i - i 

Tn = (s(T0))
n = sn(T0) = prsw(U0) = [pr*(U0)]n = prN" 

(n = 0,1,2,...), and the elements Nnh and N*nh (n = 0,1,2,...; h e H) 
span H. This proves the following generalization of Theorem 4 (unique­
ness may be proved directly, or by recursion to the uniqueness as 
asserted in Theorem 4): 

Theorem 6. If the bounded Jordan set 8 is a spectral set of the operator T 
on Hilbert space H, then there exists a normal operator N on a Hilbert 
space H ( ̂  H) such that 

(a) the spectrum of N lies on the boundary of 8, 
(b) Tn = $TNn (n = 0,1,2,...), 
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(c) H is spanned by the elements Nnh and N*nh (n = 0,1,2,... ; h e H). 
The 'structure' {H,N,JJT} is determined by these requirements up to iso­
morphism. 

To get interesting applications one should remember, for example, 
that any bounded Jordan set, containing the unit disk SQ as a subset, 
is a spectral set of every contraction operator. 

On the basis of Theorem 6 it is then possible to build up a functional 
calculus for T with respect to 8 by deriving it from the functional calculus 
for the normal operator N, in a similar way as it was done above for 
contraction operators. An alternative way is to deduce this functional 
calculus from that already existing for contraction operators, namely 
by putting by definition _x 

u(T) = uos(T0) 
- i 

whenever uose 0Tçj(SQ). 
The harmonic spectral measure of T with respect to 8 (cf. § 1) is 

nothing else than the spectral measure of the normal operator N. Many 
other results of the paper[2] appear thus in a more general setting. 
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A N APPLICATION OF THE MORSE THEORY 
TO THE TOPOLOGY OF LIE GROUPS 

By R A O U L B O T T f 

1. Introduction 

In m Hans Samelson and I applied the Morse theory to the homology 
of symmetric spaces. Today I would like to report very briefly on a 
direct application of this theory to the stable homotopy of the classical 
groups[1], and to point out some unsolved questions. 

2. The Freudenthal theorem for symmetric spaces 

Our primary interest is in the classical compact groups; nevertheless, 
it is essential for our method to consider the larger family of compact 
symmetric spaces. 

A compact homogeneous Riemannian manifold M is called symmetric 
if it admits an 'inverse operation', i.e. if M admits an isometry, keeping 
a point P e M fixed, and whose differential at P is — 1. 

These geometric generalizations of the compact groups seem to be the 
class of spaces to which the Morse theory is most applicable. The reason 
is that, on such a space, conjugate points have global implications: 

2.1. If P and Q are conjugate of degree k along the geodesic s, then s is 
contained in a k-manifold of geodesies joining P toQ. 

In general this proposition is only infinitesimally true. 
The principal step towards the solution of our problem is the following 

Freudenthal-type theorem. Let i f be a compact symmetric space and 
let u = (P, Q) be a pair of points on M. Let QUM denote the piecewise 
regular paths from P to Q on M, topologized as in[4], and set 8UM equal 
to the set of geodesic segments in £lu M. The set of geodesies of minimal 
length in SUM is denoted by Mu. I like to think of the step from M to 
Mu as an antisuspension; for instance, if M is the w-sphere Sn, and u is 
a pair of antipodes, then Mu = 8n__i. 

Each s e 8UM has an index, Ms), equal to the number of conjugate 
points of P in the interior of s. We write \u\ for the least positive number 
occurring among the integers A(s); s eSuM. Finally, the composition 
nk(M

u) -> 7Tk(QuM) -> 7Tk+1(M) will be denoted by %. 

| The author holds an A. P. Sloan fellowship. 
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Theorem I. Let M be a compact symmetric space, and let u~ (P,Q)be 
a pair of points on M. Then: 

2.2. u+ : 7Tk(M
u) -> nk+1(M) is bijectivefor 0 < k < \u\ - 1 . 

2.3. Mu is again a symmetric space. 
By virtue of (2.3), the process of antisuspending can be iterated, and 

we will call a sequence of symmetric spaces 

a ^-sequence if each Mi is some component of M%+1 for some choice of u 
on Mi+1. For instance, 

is an unending ^-sequence for which Theorem I yields the usual Freuden­
thal suspension theorem. The following are two new examples of 
^-sequences: 

(A) Un-> UJUnxUn-> U2n-> ..., 

(B) S0n -> 0J0n xOn^ UJ02n -> 8p2JU2n ^ 8p2n 

-> SpJ8p2n x Sp2n -> U8JSpin -> SOuJU8n -> S01Qn ->.. . . 

Here we have used the usual notation for the classical groups and 
certain of their homogenous spaces. Thus 0n denotes the group of 
nxn orthogonal matrices, Un the unitary ones, and Spn the symplectic 
ones. 

By a more or less explicit computation it can be shown that: 
Theorem II. At each step of the sequences (A) and (B), the integer \u\ 

tends to + oo with n. 
On the other hand, it is well known that nk of each of the spaces occur­

ring in (A) or (B) becomes independent of n for n > k. Hence Theorem I 
together with Theorem II yields recursion relations for these stable 
values of 7rk. In particular one has the following corollary: 

Corollary. The stable homotopy of the classical groups satisfies the relation 

2.4. nk(U) = nk+2(U) ] 

f̂c(O) = nk+i(Sp) 

nk(Sp) = nk+i(0) 

(fc = 0,1,2,...). 

Here we have suppressed the index n to denote stable homotopy. 
The explicit computation of these groups is now a simple matter. 

One obtains 0, Z; for the period of 7T*(U) and Z2, Z2, 0, Z, 0, 0, 0, Z, 
for the period of n%(0). 
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Just a word about the proof. One obtains (2.2) analogously to the 
usual Freudenthal theorem. By means of the Morse theory one con­
structs a C.W. model for QUM which consists of Mu with cells of dimen­
sion greater than or equal to \u\ attached. This is done in two steps. 
First, a model is found for the subsets of QUM, consisting of the loops 
of length less than a given number a. This model is a smooth manifold 
with boundary. On these models a function closely related to the length 
function takes on its absolute minimum on a homeomorphic image of 
Mu. Next, by using (2.1), the effect of the other critical points can be 
estimated. Now the desired C.W. model for Q,UM is obtained by 
applying the Morse theory on manifolds. 

The second part of Theorem I is obtained by a quite elementary 
argument concerning the midpoint of a minimal geodesic on a sym­
metric space. Theorem II is a routine computation in view of the funda­
mental conjugacy theorems of Cartan. By virtue of these, it is sufficient 
to study the geodesies joining P to Q on a maximal flat torus of M, 
and these are surveyed rather easily. 

The result (2.4) was announced in[1], where a somewhat different proof 
was sketched. The present point of view seems more concise, and is the 
one which is adopted in a forthcoming paper. 

3. Remarks and problems 

3.1. In a sense Theorem I states that a first approximation to QUM 
is given by Mu. By looking at the longer geodesies in 8UM, one can 
obtain better approximations. In general the second approximation is 
obtained by attaching a vector-bundle, £, to Mu. In the case of a sphere 
the attaching map of g to Mu becomes trivial after a single suspension, 
and it is rather natural to ask for the proper generalization of this fact. 

3.2. In [3], the additive structure of H*(£lu M ; Z2) is completely 
determined when M is a compact symmetric space. In fact we construct 
a gradation preserving isomorphism of (SUM)* onto H*(ÇluM\ Z2), 
where (8UM)* denotes the Z2 module generated by the points of SUM 
(u = (P, Q) a general pair of points in M !) and graded by the index. On 
the other hand we have no general description of H*(Ow M ; Zp) for p 
an odd prime. It also seems likely that CluM has no odd torsion. 

The structure of H*(QLUM', Z) as a Hopf-algebra is described in [2] 

when M is a group. A corresponding description in general is at present 
not even known mod 2. 
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ON SOME PROBLEMS CONNECTED WITH 
THE TOPOLOGY OF MANIFOLDS 

By A. KOSlf tSKI 

1. When a topologist has a topological property which applies to a 
space as a whole the first thing he does is to localize it, i.e. to consider 
the space in which every point has arbitrarily small neighbourhoods with 
the property P. In that way one obtains spaces which are more and more 
regular, therefore more adapted to an application of some special 
method. 

In 1934 Borsuk applied another method to get a narrower class of 
spaces starting with a general notion. This method can be roughly 
described as follows. Instead of supposing that every point has a neigh­
bourhood with the property P we shall suppose now that every point has 
an arbitrarily small neighbourhood such that its complement has P. If 
that is true for every point of a space M we shall say that M has the 
property P generally and this method will be described as the generaliza­
tion of the property P. Of course this is only the general scheme and some 
modifications imposed by the nature of P may be necessary. 

I t turned out that generalized notions are rather strong ones, i.e. the 
classes of spaces defined by them are narrow. 

By the generalization of the property 'to be acyclic in all dimensions 
and with any group of coefficients' Borsuk obtained a class of spaces 
(so-called if-spheroidal spaces) which resemble Euclidean spheres, and 
the spaces obtained by generalization of the notion of an absolute 
retract (spheroidal spaces) were hoped for some time to be spheres[3]. 
Actually it is not so: it may be shown that the suspension of any one of 
the Poincaré spheres is spheroidal although it fails to be a manifold. 
Nevertheless, the üf-spheroidal spaces of dimension < 2 are spheres; 
and the question as to whether a 3-dimensional spheroidal manifold is a 
sphere remains open, and it may be easily proved that it is equivalent 
to the Poincaré hypothesis. 

Borsuk's iî-spheroidal spaces were obtained by generalization of the 
notion of a space acyclic in all dimensions and with respect to any group 
of coefficients. It may be supposed that some interesting spaces could 
be obtained by the generalization of acyclicity in some dimensions or 
with respect to a special group of coefficients only. 
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The first case to be considered is that of HQ(X) = 0, i.e. X is connected. 
If we consider compact connected and locally connected spaces which 
possess this property generally (in the sense that for every peX, X—p 
is connected), then we find the well-known notion of a cyclic element 
introduced by Whyburn. Generalizing it again, i.e. considering spaces 
such that the complement of every point is not disconnected by. any 
point, we get simply spaces which are not disconnected by any pair of 
points. Repeating this process we get spaces which are not disconnected 
by any finite set of points. We wül call them strongly cyclic elements 
(s.c.e.) and true s.c.e. if they contain more than one point. 

Most interesting results connected with Whyburn's cyclic elements 
he in the possibility of decomposition of a locally connected (I.e.) con­
tinuum into cyclic elements. There is no such decomposition into s.c.e. 
in the general case, but it exists if we suppose the space to be 1-l.c. 

It turned out that it is possible to form a very satisfactory theory of de­
composition of 1-l.c. continua into s.c.e. This decomposition resembles 
that into cyclic elements. For instance, true s.c.e. are countable and in­
tersect in finite sets of points which are local separating points. Further­
more, they are 1-l.c. continua containing only a finite number of local 
separating points, they are not disconnected by any 0-dimensional sub­
set, and through every finite subset of a true s.c.e. passes a simple closed 
curve. I t may also be proved that true s.c.e. contain for every two points 
a curve 0™ b (that is the sum of n arcs Li with extremities a, b and such 
that Lic\L^ = aub for i =)= j), and that they are maximal with respect 
to this property. 

This is what we know about the generalization of connectedness. 
Little is known about the next case, that of HX(X) = 0. If we consider 
homology with rational coefficients, this reduces (in case of I.e. spaces) 
to the study of the generalization of the unicoherence property. It is 
easy to see that a 2-dimensional polyhedron which is generally uni-
coherent is unicoherent and 'closed', that is each of its 2-simplexes 
appears in a 2-cycle with a non-zero coefficient. But this is not the 
sufficient condition to be generally unicoherent. 

It can perhaps be expected that spaces obtained by generalization of 
vanishing of higher homology groups may serve to obtain a decomposi­
tion analogous to that into cyclic elements. 

The principal tool in handling the generalized homological notions is 
the Mayer-Vietoris exact sequence. Since no analogue exists in homo­
topy theory, little is known about the generalization of homotopical 
notions. It may be hoped, however, that by an application of some 
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recent results, e.g. the triad homotopy groups of Blakers and Massey, 
one could get some information about them. 

2. It is clear that a manifold has 'generally' the same homotopy type. 
However, if one looks for a topological characterization of, say, 2-mani-
folds by a direct generalization of some homological or homotopical 
notions, some difficulties arise. For instance the property HX(X) = in­
finite cyclic is enjoyed generally by the square (because we can suitably 
choose neighbourhoods), and also by the space obtained from a torus 
by pinching a meridian to a point, and also by the projective 2-space. 
These difficulties led to the following construction: 

Let X be a compact space and F a closed subspace. We shall consider 
the following ' general ' property Pk of X — F : 

(Pk) every point peX — F has arbitrarily small neighbourhoods TJ 
such that Hk(F) -> Hk(X - U) is onto. 

(Cech homology with coefficients so chosen as to assure the exactness 
of the Mayer-Vietoris sequence.) 

It can be shown that, if X — F satisfies Pk for k = n, n— 1 where 
n = àim(X — F), then in X — F there holds the theorem about the in­
variance of domain, the sets that disconnect X — F are characterized 
by non-trivial (n— l)-homology group, and the ?i-dimensional subsets, 
and only these, contain subsets open in X — F. These are strong properties 
and if n < 3 then X — F must be locally Euclidean. 

Now, we may localize the property Pk by supposing, for instance, 
that every point of a space X has arbitrarily small neighbourhoods TJ 
such that the pair (?7,fr(î7)) satisfies Pk. Spaces so obtained, with 
suitably chosen k, will behave like manifolds and in dimensions < 3 
will actually be manifolds. One kind of such spaces was considered in[4], 
they were called r-spaces and their definition is as follows: a compact, 
connected, finite dimensional space is called an r-space if any point has 
arbitrarily small neighbourhoods TJ with the property (B): 

(R) for every qe TJ, fr ( TJ) is a deformation retract oîU — q. 
Therefore the pair (?7,fr (U)) satisfies Pk for all k and it follows that 

r-spaces have all properties mentioned above, they are manifolds if 
they are of dimension < 3 and if they are polyhedra of dimension 3. 
If they are polyhedra then they are homology manifolds; even more: the 
boundary complex of everypoint is of the homotopy type of the 7i-sphere. 

It is not known whether r-spaces are manifolds. It is probable that 
the space B of a certain decomposition of S3 constructed by Bing is an 
r-space although it is not a manifold (see[1]). On the other hand, it may 
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be proved that the 5-dimensional space obtained from the Poincaré 
space by repeating the suspension twice is an r-space although probably 
it is not a manifold. 

3 . Up to this moment the property (B) served to obtain very strong 
regularity conditions. However, specializing this notion a little one may 
obtain some notions which permit consideration of a more general class 
of spaces than that of manifolds. For this purpose we shall introduce 
the notion of a relative r-point. We shall say that p is a relative r-point 
of X rei. to a subset A of X, if p has arbitrarily small neighbourhoods 
satisfying (B), but only for q belonging to A. The r-points of X rei. to 
X will be called absolute r-points. For instance, interior points of a 
square are absolute r-points while the boundary points, though not 
absolute r-points, are r-points of the square relative to its boundary. 
With the aid of this notion we can obtain an invariant characterization 
of 2-manifolds with boundary, 2-dimensional pseudo-manifolds and 
also of 2-dimensional polyhedra[5]. 

Let us consider this last characterization in some detail. For every 
w-dimensional compact space K we introduce a sequence of subspaces 
as follows: 

K1 will be the set of those absolute r-pointsp of K in which dimp K = n; 
K2 will be the set of r-points of Krei. K—Kx\ 

Kt, i > 2, will be the set of r-points of K rei. K — U K*. 

Now let us introduce the following inductive definition : a 0-dimensional 
space will be called an r-polyhedron if it is finite. An ^-dimensional 
compact space, n > 0, will be called an 7i-dimensional r-polyhedron if it 
is an ANR and if the above sets Ki satisfy the conditions: 

(a) K=UKi; 

(b) K — U Kj is an r-polyhedron of dimension < n — i. 

The main theorem about r-polyhedra is that an r-polyhedron of 
dimension < 3 can be triangulated. 

Let us observe incidentally that the above characterization of 
2-dimensional polyhedra allows us to prove the following theorem: if 
A xB is a polyhedron and dim A < 3 then A is a polytope[6]. I t was 
formerly supposed that the restriction dim J. < 3 is due only to the lack 
of topological characterization of polyhedra of dimension > 2. But the 
above-mentioned space B of Bing has the property that Bx81h topo-
logically equivalent to 8Z x Sx,

m. 
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4. Now let us go back to the theorem on the invariance of domain and 
of cuttings. It may be formulated as follows: 

Let M c X and let/: M -> X. If 
(a) M is the Euclidean w-spaee, 
(b) / i s a homeomorphism, 

then/(if ) is open (disconnects X) if and only if M is (does). 
It is quite natural to ask what are the possible generalizations of the 

condition (a). Our results above concerning r-spaces may be considered 
as partial answers to that problem. But it may also be asked about the 
possible generalization of the condition (6), that is what class of mappings 
broader than that of homeomorphisms preserve open sets, disconnecting 
sets, etc. There are some results in that direction too. Sitnikov con­
sidered mappings f:G-+ Sn where G is an open subset of 8n with the 
property that, for every y ef(G), *[/-%)] -> 0 if p [ / -%) , fr (0)] -> 0, and 
proved[8] that in this case f(G) is open and has the same homology 
properties as G. I t would be interesting to prove Sitnikov's theorems 
in a more direct manner, avoiding the use of triangulations. Many 
other results could follow. 

It is not known whether A and/(A) are homeomorphic if/is a Sitnikov 
mapping. It would be interesting to know other kinds of mappings 
characterized by simple geometric properties which preserve open sets 
although the image is not necessarily homeomorphic to the space. 

Concerning the invariance of cuttings it is natural to expect that 
mappings that preserve in some way the boundary of M will preserve 
the cutting properties. It may be proved for instance that if A, B are 
compact subsets of 8n, f: (A, fr (A)) -> (B, fr (B)) and/(int (A)) = int (B), 
and if/ maps homeomorphically fr(A) onto fr(jB) then / induces an 
isomorphism of the homology sequence of (A,fr(A)) onto that of 
(J5,fr(jB)). (Some other results in this direction are gathered in [7].) 
In that case A and B are not necessarily homeomorphic. 

It seems probable that the above theorem holds with homological 
conditions only, that is f(mt(A)) = int(jB) and f\îv(A) induces an 
isomorphism of the homology groups of fr (̂ 4) onto those of fr (B). 

Some information about mappings which preserve the cutting pro­
perties may also be obtained using Borsuk's characterization of sets 
which disconnect En by the existence of essential mappings onto 8n~x. 
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THE THEORY OF THREE-DIMENSIONAL 
MANIFOLDS SINCE 1950f 

By G. D. P A P A K Y R I A K O P O U L O S 

The spaces of the branch under consideration are 3-dimensional mani­
folds, and its problems will be understood by the sequel. The restriction 
to the dimension 3 is needed, for the time being, because of the difficulty 
of the problems. As an indication of this difficulty it may serve that, 
though some of the theorems explained below were well-known problems 
and conjectures, formulated some decades ago, nevertheless it was 
only during the past eight years that their proof was attained. During 
this last period new techniques have been developed. It is hoped that 
the branch will continue to grow and for dimensions > 3. 

An n-manifold (^-dimensional manifold, n < 3) is a connected separ­
able metric space, each of whose points has a closed neighborhood 
homeomorphic to a closed n-cell. So we consider both manifolds with 
boundary and manifolds without boundary. (Our definition is a bit 
different from that of Bing (W p. 145, M; p. 456) and Moise (™, V, p. 96).) 
A closed ^-manifold is a compact Ti-manifold without boundary. 

We say that a topological space is triangulable if it admits a simplieial 
subdivision, in thesense of Seifert-Threlfall ([18], p. 42). Ahomeomorphism 
/ of a simplieial complex K± into another K2 is called semi-linear if there 
are simplieial subdivisions K[ and K2 of them, such that each simplex 
of K[ is mapped by / linearly onto some simplex of K2. The image f(K[) 
is called a polyhedron in K2. 

In 1950 appeared the paper of Graeub, where a number of theorems 
about semi-linear homeomorphisms are proved and the following 
theorem, refining Alexander's theorem, is proved too ([7], p. 224, Satz 1). 
Another proof of the following theorem was given by Moise ([13], II, 
p. 172, Theorem 1). 

(1) If S2 is a polyhedral 2-sphere in euclidean 3-space Ez, then there 
exists a semi-linear homeomorphism of Es onto itself, throwing S2 onto the 
boundary of a rectilinear ^-simplex of EB. 

In 1951 appeared the first of the series of Moise's papers. The main 
result in this paper is the following separation theorem ([13], I, p. 506, 
Theorem 1). 

(2) Let Bbea set in Ez, which is homeomorphic to the cartesian product of 
f Read by Professor J. H. C. Whitehead. 

28 TP 
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a closed 2-manifold N and a closed interval. Then there exists a polyhedral 
2-manifold P homeomorphic to N, such that B — P is the union of two dis­
joint open subsets of B, each of which contains one of the two components 
of the boundary of B. 

The above follows from a certain theorem (C13], I, p. 506, Theorem 0), 
which is the key theorem in Moise's work, and whose proof is rather 
geometric. In this proof is made use of a certain upper semi-continuous 
collection in B, and at several crucial places use is made of Vietoris's 
homology theory, especially Pontrjagin's duality theorem. 

Two simplieial complexes Kx and K2 are called combinatorially 
equivalent if there are simplieial subdivisions K[ and K2 of them, and a 
one-to-one correspondence between the simplexes of K[ and those of K2 

preserving incidence relations. If the closed star of every vertex of a 
simplieial complex K is the image of a rectilinear 3-simplex of Es under 
a semi-linear homeomorphism, we then say that K is a combinatorial 
3-manifold. 

In 1952 appeared the fifth paper of Moise, which is his main one. 
There, using Alexander's theorem (1), Pontrjagin's duality, and a rather 
geometric lemma ' On the fitting together of homeomorphisms ' ([13], V, 
p. 101), he proves the following ([13], V, p. 97, Theorem 1). 

(3) Every triangulated 3-manifold is a combinatorial Z-manifold. 
Then using (2), Alexander's theorem (1), and the lemma6 On the fitting 

together of homeomorphisms ' he proves the following approximation 
theorem ([13], V, p. 97, Theorem 2). 

(4) Let M and M' be triangulated 3-manifolds without boundary, let 
TJ be an open subset of M, let f be a homeomorphism throwing TJ into M', 
and let <pbe a continuous positive function defined on TJ. Then there exists 
a homeomorphism f throwing TJ into M', such that f is semi-linear over 
every finite polyhedron in TJ, and for eachp e TJ the distance 

p{f(p),r(p))<i>{p)-
From (4) follows easily the triangulability (5) and Hauptvermutung (6) 

for 3-manifolds without boundary ([13], V, p. 96, Theorems 3 and 4). 
(5) Every 3-manifold is triangulable. 
(6) If the simplieial complexes Mx and M2 are homeomorphic 3-manifolds, 

then they are combinatorially equivalent. 
Finally from (4) follows easily the following ([13], V, p. 97, 

Theorem 7). 
(7) The separation theorem (2) holds if we replace Ed by any triangulated 

3-manifold M. 
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Let Q be a set in a triangulated 3-manifold M. We say that Q is tamely 
imbedded in M if there is a homeomorphism of M onto itself that throws 
Q onto a polyhedron, otherwise we say that Q is wildly imbedded in M. 
We say that Q is locally tamely imbedded in i f if for each point p of Q 
there is an open neighborhood TJ of p in Jf and a homeomorphism / p of 
TJ onto a polyhedron in M, such that jfp(?7 n ÜT) is a polyhedron. 

In 1954 appeared the paper of Bing on the taming of locally tame 
setsC2]. This paper is based on Moise's fifth paper. In Bing's paper was 
proved for the first time the triangulability (5) and the Hauptvermutung 
(6) for any 3-manifold with boundary ([2], p. 151, Theorem 5, and p. 150, 
Corollary 1). Actually the triangulability is proved in the following form. 

(8) Given any triangulation of the boundary of M, there exists a sub­
division of it which can be extended to a triangulation of M. 

Bing's paper contains also the following ([2], p. 154, Theorem 8, and 
p. 157, Theorem 9). 

(9) If Q is a locally tame closed subset of a triangulated 3-manifold, 
then M has a triangulation under which Q is a polyhedron. 

(10) Each locally tame closed subset Q of a triangulated 3-manifold M 
is tame. 

The proof of (10) is based on that of (9). As far as the proof of (9) is 
concerned, Bing proceeds thus: he first proves (9) in the special cases 
where Q is a 2-manifold and an arc and then, using these results, (8) 
and (4), he proves (9). 

The theorems (9) and (10) have been preceded by some theorems of 
Moise, of the same kind but special ones ([13], II, p. 172, Theorem 2; 
V, p. 97, Theorem 5; VII, p. 403, Theorems 1 and 2). 

In 1954 appeared also the eighth paper of Moise, which contains some 
results similar to those of Bing, mentioned above ([13], VIII, p. 159, 
Theorems (9.1) and (9.2)). 

A surface, i.e. 2-manifold, iV in a triangulated 3-manifold M is called 
locally polyhedral at a point p if there is an open set TJ in N containing p, 
such that TJ is a finite polyhedron. 

In 1957 appeared the paper of Bing, where the following approximation 
theorem for surfaces is proved ([33, p. 478, Theorem 7). 

(11) Let N be a 2-manifold, in a triangulated 3-manifold M, and let (j) 
be a non-negative continuous function on N. Then there exists a 2-manifold 
Nf, and a homeomorphism f of N onto N', such that N' is locally polyhedral 
<*tf{p) if $(P) > 0, and p(pj(p)) ^ <f>(p), for any peN. 

This theorem plays a fundamental role in Bing's work, and its proof 
is geometric. He proves it first for the case where N = 82 and M = Es, 

28-2 
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and then he generalizes his method to any N and M. At a crucial place 
in his argument he makes use of a well-known theorem of Moore, con­
cerning upper semi-continuous decompositions of E2. 

This is a suitable place to mention that the theorem of Moore does not 
generalize to Es, as Bing showed with a counter example (C5], p. 484). 

Using (11) Bing has proved, in a paper to appear soon[4], the following 
approximation theorem for polyhedra. 

(12) Let M be a triangulated 3-manifold, let P be a closed set in M, 
which is the homeomorphic image of a simplieial k-complex (k < 3), and 
let (j) be a positive continuous function defined on P. Then there exists a 
homeomorphism f of P onto a polyhedron P' in M, such that 

p(P>f(p)) < <f>(p) for any peP. 

Using (12) for k — 2, Bing proves the triangulability (5) for any 
3-manifold. Moreover, using (12) for k — 2, and Alexander's theorem (1), 
he proves the following theorem, from which follows the Hauptver­
mutung (6) for any 3-manifold. 

(13) Let M be a 3-manifold triangulated in two ways, and let tp be a 
continuous positive function defined on M. Then there exists a semi-linear 
homeomorphism f of M under the first triangulation onto M under the 
second one, such that p(p, f(p)) < ^>(p) for any p e M. 

Theorem (7) follows immediately from (11). Moreover, in (7) the 
imbedding of the closed 2-manifold N in M is locally tame, and therefore 
tame by (10), while in (11) the imbedding of the arbitrary 2-manifold 
N in M is not necessarily tame, it may be wild. We also emphasize that 
in (12) the imbedding of P in M may be wild. However, we mentioned 
all these theorems so that the reader may see how things have been 
developed gradually. 

In a 1957 paper of Munkres[14], it is proved that 'locally triangulable 
spaces are triangulable, for dimensions < 3' . The spaces under con­
sideration are more general than manifolds. His method makes use of 
some results of Bing and Moise. 

Sanderson, in his thesis[17], approximated isotopie deformations of 
Es by semi-linear ones. His method makes use of Moise's work. 

Several theorems have been proved concerning 'the taming of closed 
sets', especially of curves and surfaces, in 3-manifolds. These things are 
delicate, they require special definitions, and we refer the reader to 
Harrold, Griffith and Posey[10], GriffithE8], and especially to the detailed 
exposition of Harrold[9]. 

By a polygonal knot in a triangulated 3-manifold M we mean a simple 
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closed polygonal curve in M. The knot is called unknotted in M if it is 
the boundary of a polyhedral disk (without singularities, i.e. self-
intersections) in M. 

In 1957 appeared my paper where the following, known as Dehn's 
lemma, is proved ([15], p. 1). 

(14) Let M bea triangulated 3-manifold, and in M let Dbea disk with 
singularities, having as boundary the polygonal knot C, and such that no 
point of C is singular. Then G is unknotted in M. 

In the same paper of mine the following sphere theorem is proved, but 
under certain 'additional hypotheses' ([15], p. 1). 

(15) Let M be an orientable triangulated 3-manifold, such that n2(M) 4= 0. 
Then there exists a polyhedral 2-sphere (without singularities) S2 in M, 
such that S2 is non-contractible in M. 

The proofs of (14) and the 'qualified' (15), explained in my paper, are 
parallel to one another. We make use of covering spaces, and at a crucial 
place we use a theorem due to Seifert ([18],p. 223, Satz IV). We also use a 
geometric operation introduced by Dehn, the 'Umschaltung'. The 
methods are geometric and algebraic ([16], nos. 8, 9 and 19). The sphere 
theorem does not hold for non-orientable 3-manifolds, as the example 
S1 x P 2 shows, where P2 is the real projective plane. 

A consequence of Dehn's lemma (14) is the following ([15], p. 19, 
Theorem (28.1)). 

(16) A polygonal knot C in Sz is unknotted if and only if n^S* — C) is 
free cyclic. 

From the sphere theorem (15) follows the theorem below, which provides 
us with a solution of a problem of Whitehead ([151, p. 18, Theorem (26.1)). 

(17) A non-empty proper open connected subset TJ of S3 is aspherical 
if, and only if, any 2-sphere in TJ bounds a 3-cell belonging to TJ. 

An immediate consequence of (17) is the following theorem, which 
solves a problem of Eilenberg ([15], p. 19, Theorem (26.2)). 

(18) If F is a non-empty proper closed subset of 8Z, then each component 
of 8s —F is aspherical. 

From (18) follows immediately the asphericity of knots, i.e. that the 
complement of any polygonal knot in 8* is aspherical. This was proved 
in a 1956 paper of Aumann[1], in the special case where the knot is 
'alternating'. 

Using the sphere theorem (15), and a theorem due to Smith, we 
proved the following ([15], p. 22, Corollary (31.7)). 

(19) IfTJis an open connected subset of an orientable 3-manifold M, 
such that ff±(M) is a free group, then n-^TJ) has no element of finite order. 
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In the special case where M = 8Z, (19) provides us with a solution of 
a conjecture due to Hopf. 

Shortly after the appearance of my paper appeared a paper of 
Homma[11], where he proved Dehn's lemma for the special case M = /S3, 
by a method different from mine. 

In a forthcoming paper of Whitehead and Shapiro[20] a simplified 
proof of Dehn's lemma is given. There is proved also an extension of the 
lemma, for Dehn disks with more than one boundary curve ([15], p. 24, 
Problem 2; ™, p. 174, Theorem (1.1)). 

As we have mentioned above, this author proved the sphere theorem 
(15) under certain 'additional hypotheses', i.e. he proved a 'qualified' 
sphere theorem. Whitehead, modifying this author's proof, succeeded 
in proving the sphere theorem in full generality (E19], p. 161, Theorem 
(1.1) ;C16], no. 9). In the same paper Whitehead, using the sphere theorem, 
proves the following (&«, p. 165, Theorem (3.6)). 

(20) Let M be a compact triangulated 3-manifold. Then there exists a 
finite number of elements av ...,ar (r > 0) of n2(M), which are represented 
by disjoint non-contractible polyhedral 2-spheres (without singularities) in 
M, such that av ...,ar are Tt^M)-generators of n2(M), i.e. n2(M) has to be 
considered as a group with operators the elements of TT-^M), in the well-
known way. 

One of the main problems in 3-manifolds is the classification problem 
of closed 3-manifolds, i.e. to define an infinite sequence of closed 3-mani­
folds Mx, M2, Ms,..., such that any two of these are not homeomorphic, 
but any closed 3-manifold is homeomorphic with one of them ([16], 
§§ 1 and 5). 

Let M', M" be two oriented triangulated closed 3-manifolds, and let 
W, E" be the interiors of two polyhedral 3-cells in M', M" respectively. 
Matching the boundaries of M'—E' and M" — E", in the proper way, we 
obtain a new oriented closed 3-manifold M, called the composition of 
Mr and M'\ and denoted by M = M'%M". Homotopy sphere means 
a simply connected closed 3-manifold. The oriented closed 3-manifolds 
Mt and M2 are called congruent if there exist oriented homotopy spheres 
8t and S2, and appropriate triangulations, such that M^S-y and 
M2%82 are isomorphic (i.e. there is an orientation preserving homeo­
morphism). An oriented closed 3-manifold M, which is not a homotopy 
sphere, is called decomposable if M is congruent to M'%M", where 
neither M' nor M" is a homotopy sphere. M is called indecomposable 
if it is not decomposable. 

Using the sphere theorem (15), Milnor proved the following theorems[12]. 
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(21) Every oriented closed 3-manifold, which is not a homotopy sphere, 
Is isomorphic to a composition of indecomposable 3-manifolds, which are 
unique up to order and congruence. 

(22) Every indecomposable 3-manifold is either congruent to an oriented 
S1 x S2, or is aspherical, or has a non-trivial finite fundamental group. 

From (22), the problem naturally arising is: what are the oriented 
closed 3-manifolds, which are either aspherical, or whose fundamental 
group is non-trivial and finite? From (21) the problem arising is: what 
are the homotopy spheres? The answer to the last question is given by 
the following well-known Poincaré conjecture. 

(23) Any homotopy sphere is a 3-sphere. 
This conjecture is still an open question; however, the following has 

been proved by Bing ([6], Theorem 1). 
(24) A closed 3-manifold is a 3-sphere if each loop in M lies in a homeo­

morphic image of a 3-cell in M. 
The theorems (21) and (22) have been preceded by the following 

theorem of mine ([1®, p. 23, Theorem (32.1)). 
(25) If the Poincaré conjecture is true, then any orientable closed 

3-manifold, whose fundamental group is a free group on h ( > 0) free 
generators, is the composition of h copies of 8l x S2. 

These are some of the many theorems on 3-manifolds proved during 
the past eight years. 
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DIFFERENTIAL GEOMETRY A N D 
INTEGRAL GEOMETRY 

By S H I I N G - S H E N GHERN 

Integral geometry, started by the English geometer M. W. Crofton, has 
received recently important developments through the works of 
W. Blaschke, L. A. Santalò, and others. Generally speaking, its principal 
aim is to study the relations between the measures which can be attached 
to a given variety. I t is my purpose in the present paper to discuss the 
services it can render to some problems in differential geometry. 

1. Measure of the spherical image of a closed submanifold in 
Euclidean space 

A submanifold of dimension TI in a Euclidean space En+N of dimen­
sion n + N is given by an abstract differentiable manifold Mn of 
dimension n and a differentiable map x: Mn -> En+N, whose Jacobian 
matrix has everywhere the rank n. We say that Mn is imbedded, if 
the map x is one-one, i.e. if x(Mn) does not intersect itself. All the unit 
normal vectors of x(Mn) form a bundle of spheres of dimension N— 1 
over Mn and constitute a manifold Bv of dimension n + N— 1. If 0 
is a fixed point of En+N and S0 the unit hypersphere with origin 0, 
there is a mapping T: Bv-+ S0 which maps a unit normal vector of 
Mn into the end-point of the unit vector through 0 and parallel to it. 
T is a generalization of the normal mapping of Gauss in the theory of 
surfaces. 

Suppose from now on that Mn is compact. Then Bv is also compact, 
and we define as the total curvature of x(Mn) the volume of the image 
T(BV) divided by the volume of S0 itself, each point of T(BV) counted a 
number of times equal to the number of points mapped into it. This total 
curvature we will denote by Tx(M

n). I t is in a sense a measure of the 
curvedness of the submanifold. For a closed space curve, for instance, 
its total curvature is, up to a constant factor, the integral of the absolute 
value of the curvature. 

Concerning the total curvature Lashof and I[3»4] proved the following 
theorems: 

(1) The total curvature Tx(M
n) is greater than or equal to the sum of 

the Betti numbers of Mn relative to an arbitrary coefficient field. As a 
corollary it follows that Tx(M

n) ^ 2, a result which can be derived 
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directly by an elementary argument on the maxima and minima of the 
co-ordinate functions on Mn. 

(2) If TX(Mn) < 3, Mn is homeomorphic to a sphere. (This result was 
proved also by Milnor[8].) 

(3) x(Mn) is a convex hypersurface imbedded in a subspace of dimen­
sion n + 1 , if and only if Tx(M

n) = 2. 
A basic reason for these theorems is the existence of the large number 

of co-ordinate functions on Mn. Morse's critical point theory then 
furnishes one of the essential tools in the proofs. 

For a differentiable manifold abstractly given, one is led to study the 
immersions for which Tx(M

n) is as small as possible. Two questions 
naturally arise: (a) What is the minimum value of Tx(M

n), expressed 
in terms oîMn itself only, for all possible immersions x ? (b) To character­
ize the immersions x for which the total curvature attains this minimum 
value. Theorem 3 answers these questions for the case when Mn is 
homeomorphic to a sphere. 

For general compact manifolds very little is known about the two 
questions. Theorem 1 implies that T(Mn) = mmTx(M

n) is greater than or 
X 

equal to the sum of the Betti numbers mod 2 of Mn. There are sufficient 
indications to support the conjecture that T(Mn) is equal to the mini­
mum number of cells by which Mn can be subdivided into a cell complex, 
but the truth of this remains undecided. 

As for Question (b), a conjecture of N. H. Kuiper says that if Mn is 
immersed in EnJrN with the minimum total curvature T(Mn), then 
N ^ \n(n+l). Some necessary conditions are known when Mn is a 
hypersurface (N = 1), and has minimum total curvature. 

A simple case is when Mn is a closed space curve (n = 1, N = 2). 
Then Theorem 2 can be sharpened to the following form (FaryC5] and 
Milnort8]): A closed space curve with total curvature < 4 is unknotted. 
The theorem thus gives a simple necessary condition for a knot in space. 

Another application is the following consequence of the above 
Theorem 3: a closed surface immersed in ordinary Euclidean space with 
Gaussian curvature K ^ 0 is an imbedded convex surface. Under the 
stronger assumption that K > 0 the conclusion follows from a well-
known argument of Hadamard. I t may be of interest to remark that a 
similar statement is not valid in higher dimensions; there are examples 
of non-convex closed hypersurfaces in a Euclidean space of four or 
higher dimensions whose Gauss-Kronecker curvature is everywhere 
non-negative. 
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2. Measure of the image of a complex analytic mapping 

Entirely analogous to the theory of submanifolds in Euclidean space 
s that of complex analytic submanifolds in a complex projective space. 
Let Mn be a complex manifold of (complex) dimension n and 
Z: Mn -> Pn+N be a complex analytic mapping of Mn into the complex 
projective space Pn+N of dimension n + N. The study of such mappings 
includes as particular cases various classical theories. In fact, if Mn is 
Bompact, Z(Mn) is an algebraic variety. If Mn is the complex Euclidean 
line Ex (or the Gaussian plane, as it is commonly called), the complex 
analytic mapping Z:E1-^> P1+N defines a meromorphic curve in the sense 
of H. Weyl, J. Weyl and Ahlfors. In particular, the notion of the complex 
analytic mapping Z: Ex-> Px is identical with that of a meromorphic 
function defined in the Gaussian plane. 

Starting with the classical theorem of Picard, a main problem in such 
investigations is the determination of the maximum size of the set of 
linear spaces of dimension N, which will be disjoint with the image Z(Mn). 
For meromorphic curves a satisfactory solution is provided by the 
following theorem of E. Borei: Suppose that the meromorphic curve is 
non-degenerate (i.e. that it does not lie in a hyperplane of P1+N). Given 
N + 3 hyperplanes in general position, the image Z(E^) meets one of them. 
Obviously this theorem contains as a particular case the theorem of Picard 
that an entire function in the Gaussian plane omits at most one value. 

That the theory is mainly geometrical can be justified by the following 
generalization of Borel's theorem, which follows easily from results of 
Ahlfors: Let Z\ EX-^P1+N be a non-degenerate meromorphic curve. 

Given I ) +1 linear spaces of dimension N — k in general position, 

0 ^ k < N, one of them must meet an osculating linear space of dimen­
sion k of the curve. 

In the establishment of these and related results, integral geometry 
plays a role on at least two occasions. Although the theorems relate only 
to the incidence of the curve with the linear subspaces, it is necessary to 
use the elliptic Hermitian metric in Pn+N. Then, for compact Mn, Z(Mn) 
has a finite volume and this volume is, up to a numerical factor, equal 
to the order of the algebraic variety. This identification of volume and 
order, of sufficient interest in the compact case, will be of paramount 
importance in the case when Mn is non-compact. For then the notion of 
order does not exist, while the volume does. As it turns out, the volume 
does fulfil many of the functions of the order. 
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Since a non-compact manifold will be exhausted by a sequence of 
expanding polyhedra with boundaries, we are led to the study of a 
complex analytic mapping Z\ Mn -> Pn+N, where Mn is compact and is 
with or without boundary. The first problem is the following: Given a 
generic linear space L of complementary dimension N, to determine the 
difference between the number of points of intersection of L and Z(Mn), 
each counted with its proper multiplicity, and the volume of Z(Mn). 
This problem was solved by Levine[7], who expressed the difference as 
an integral over the boundary dMn of Mn. His result can be stated as 
follows: 

Let Z = (zQ,zx, •••,zn+N) # 0 be a homogeneous co-ordinate vector of 
Pn+N, so that Z and XZ = (Az0,Azv ...,Azn+N), where À is a non-zero 
complex number, define the same point. For Z and W = (w0, wv..., wn+N) 
we introduce the Hermitian scalar product 

n+N 
(Z,W) = (W,Z)=%zkwk. (1) 

fc=0 

The linear space L of dimension N can be defined by the equations 

Z i S ( Z , ^ ) = 0 ( l < f <n) , (2) 

where we suppose (Ai9 Aj) = 8ip 1 < i, j < n. Then, for £ eMn, the function 

« ( £ , L ) = j j | < l (\Z\=+(Z1Z%\\L\\=+(l1i1 + ... + lJJ), (3) 

where Z = Z(Q is a homogeneous co-ordinate vector of the image point 
of £, is a well-defined real-valued function in Mn, and vanishes, if and 
only if Z(Q e L. Similarly, we define the exterior differential forms 

<D = -d'<riog]|i;|] 

W = -d'd"log\Z\ 
(4) 

and A = s^-.(d'-d*)log«A 2 V A Y ^ 1 - * . (5) 

Then we have the formula 

v{Mn)-n{Mn,L) = -[ A, (6) 

where n(Mn, L) is the number of points common to L and Z(Mn), counted 
with their multiplicities, and v(Mn) is the volume of Z(Mn), suitably 
normahzed. It follows in particular that, if Mn is without boundary and 
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if Z(Mn) is non-degenerate, so that v(Mn) 4= 0, then Z(Mn) meets every 
linear space of dimension N in Pn+N. 

Perhaps the first example of a non-compact complex manifold is 
the complex Euclidean space En of dimension n. Let Çl9 ...,£TO be the 
co-ordinates in En. We will exhaust En by the domains M(r): 

as r -> oo. This seems to be the most natural exhaustion, because if we 
compactify En by adding a hyperplane n at infinity, the complement of 
M(r) in En will form a tubular neighborhood about n. 

Consider first the classical case of a meromorphic function Z:E1-> Pt. 
Let v(r) be the volume of the image of M(r). For a generic point L ePt 

let n(r,L) be the number of times L is covered by Z(M(r)). Then (6) 
can be written 

1 C2n 3 lo£ u 
v(r)-n(r,L) = -±jor°-^pdd fa-ré»). (8) 

This induces us to put 

%J TQ J TO 

By integrating (8) with respect to r, we get 

T(r)-N(r,L) = ~ [*\ogudJB 
27T J o 

(10) 

This is the so-called first main theorem in the theory of meromorphic 
functions. Our introduction of the order function T(r) is exactly the 
way it was introduced by Shimizu-Ahlfors. 

Since the first main theorem involves a generic point L of Pv it is 
natural to integrate it over Pv If we perform the integration with the 
invariant density dL, we shall get a formula of the Crofton type 

T(r) = [ N(r,L)dL, (11) 
JL€Pt 

which implies that the average of the right-hand side of (10) is zero. 
On the other hand, we derive from the first main theorem the fundamental 
inequality T(r)-N(r,L) > const. (12) 

If we integrate this inequality over a non-invariant density, it is easy 
to get the theorem that the complement of the image set Z(E1) in Pt has 
measure zero. An idea initiated by F. Nevanlinna and simplified by 
Ahlfors[1] consists in the use of a density with singularities. It is the 
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integration of (12) relative to such a density that leads to a proof of the 
Picard-Borei theorem. 

In the case of complex analytic mappings Z: E2 -» P2 there are known 
examples which show that the complement of the image Z(E2) may 
contain open subsets of P2. We shall give a brief discussion of the proper 
restrictions on the mapping Z in order that general statements can be 
made. In fact, the first main theorem on complex analytic functions 
has the following generalization: 

Let v(r) be the volume of the image of M(r) and, for a generic point 
L € P2, let n(r, L) be the number of times L is covered by Z(M(r)). Let 

m-ffi. *<,.»-£&£* hx». (U) 
Then we have the inequality 

T(r)-N(r,L)> const-S(r,L), (14) 

2 frdt Ç. 
where 8(r, L) = - -^ T (vlt + v22) log u d V > 0, 

vkk = ^log(\Z\.\\L\\) (4=1,2) , 
(15) 

the integration being over the volume element dV of the unit hypersphere 
in En. I t is clear from this inequality that in order to have a statement 
on the image set Z(En) we must have T(r) -> oo as r -» oo. The latter is 
automatic in the 1-dimensional case, but is an additional assumption 
in the 2-dimensional case. In fact, the well-known examples of Fatou-
Bieberbach do not have this property. If, moreover, 

8(r,L) = o(T(r)), (16) 

then we have the theorem that Z(E2) omits at most a set of measure zero. 
The assumption (16) is unsatisfactory in the sense that it involves 

the generic point L e P2. The expression for S(r, L) suggests that a 
'mixed order function' should be introduced. In fact, let O and O0 be 
the associated two-forms of P2 and E2 respectively. Then 

f Z*(0) à Q o - ^ ( r ) , (17) 
J Mir) 

where Z*(Q) is the inverse image of D under the mapping Z, is a mixed 
volume of the domain M(r). Put 
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t is conceivable that condition (16) can be replaced by a condition on the 
elative growth of T(r) and 8(r). 

It seems to me that these problems on complex analytic mappings 
Leserve much further study. 

». Integral formulae and rigidity theorems 

I believe my discussion of relations between differential and integral 
eometry will leave a big gap, if I do not touch on the role that integral 
ormulae play in the proofs of rigidity or uniqueness theorems. Perhaps 
he most well-known example of such considerations is Herglotz's proof 
f the uniqueness of Weyl's problem. In spite of these important 
pplications it should be of independent interest to derive integral 
ormulae for compact immersed submanifolds for their own sake. A little 
analytic manipulation shows that there are few such formulae, unless 
he latter are allowed to involve other geometrical elements in the space, 
uch as fixed points, fixed linear subspaces, fixed directions, etc. The 
eason is simple: For an immersed submanifold x: Mn->En+N, the 
o-ordinate vector x(p), p e Mn, depends on the choice of the origin. 

The simplest case is that of a strictly convex hypersurface x: 
Mn ->• En+1. Naturally we orient it so that the Gauss-Kronecker curva-
tire is everywhere > 0. Since the normal mapping of the hypersurface 
J = x(Mn) into the unit hypersphere 80 about the origin is one-one and 
Las a non-zero Jacobian everywhere, the hypersurface can be defined 
>y x: S0 -> E <=: En+1, where x maps a point £ of S0 into the point of 2 
Laving £ as the unit normal vector. 

To get rigidity theorems suppose x'\ $ 0 - > 2 ' is a second strictly 
ionvex hypersurface. It is then possible to write down a number of 
flobally defined exterior differential forms on 80. For our purpose we 
hall restrict ourselves to the following: 

Ars = (x,i,dg, ...,dg, dx, ...,dx,dx', ...,dx'), ) 
\ (19) 

Af
rs = (#',g,d£, ...,d£, dx, ...,dx,dx', ...,dx').) 

3ach of these expressions is a determinant of order n +1, whose rows are 
he components of the respective vectors or vector-valued differential 
òrms, with the convention that in the expansion of the determinant 
he multiplication of differential forms is in the sense of exterior multi-
)lication. The subscript r refers to the number of entries dx and the sub-
cript s that of the entries dx'. Since Ars and A'rs are globally defined on 
?0, their integrals over S0 are zero. 
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The integral formulae so obtained can be expressed in a more geo­
metrical form as follows: Let III = dg* be the fundamental form of 8Q, 
and let 

I I = -dxd£, I I ' = -dx'dÇ, (2.0) 

be the second fundamental forms of 2, 2'respectively. Let A(y, y') be the 
determinant of the ordinary quadratic differential form yll + y'H' + I I I 
relative to a local co-ordinate system, so that A(y, y')\A(Q, 0) is indepen­
dent of the choice of the local co-ordinate system. Let 

A(0,0) o<r+s<nrls\(n-r-s)\yy r™ K^] 

where Prs are mixed invariants of 2 , 2 ' . In particular, Pl0, Pol are, up 
to numerical factors, the Ith elementary symmetric functions of the 
principal radii of curvature of 2 , 2 ' respectively. Then our integral 
formulae can be written 

f (pPrs-Pr+1,s)dV = 0, f (p'Prs-Pr>s+1)dV = 0, 
J SQ J So 

(22) 

where dV is the volume element of SQ &ndp, p' are the support functions 
of 2, 2 ' respectively. An important consequence of (22) consists of the 
formulae 

jpPoldV = jp'P^dV, jpP^dV = jp'Pl0dV {l>\), (23) 

which give 

2Jp(PQl-Pl_1>1)dV = j{p'(P1^1-Pl0)-p(Pl_1>1-Pm)}dV. (24) 

It is important to observe that the right-hand side of (24) is anti­
symmetric in the hypersurfaces 2, 2 ' . 

Formula (24) reduces to a purely algebraic problem the proof of the 
following uniqueness theorem of Minkowski, A. D. Alexandroff[2], and 
Fenchel and Jessen[6]: If two closed strictly convex hypersurfaces are 
such that at points with parallel normals, the Zth (for fixed I ^ 2) elemen­
tary symmetric functions of the principal radii of curvature have the 
same value, then they differ from each other by a translation. 

The theorem is also true for I = 1, but it will have a different (and 
simpler) proof. 

The algebraic lemma needed has been communicated to me by 
L. Gârding, as a consequence of his work on hyperbolic polynomials. 
It can be stated as follows: 
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Let (Àik) he an nxn symmetric matrix, and let 

det($ik + y\ik) = S Pr(A)ïT. (25) 
0<r<n 

Let fJ.(A(1), ..., A(r)) be the completely polarized form of Pr(À), so that 
Pr(X, ..., A) = Pr(À). Then, for r ^ 2 and for positive definite matrices 

r 
(A$), •••> (A^), the following inequality is valid: 

Pr(A«,...,AW)^Pr(A«)1/r...Pr(A«)^. (26) 

EquaHty holds, if and only if the r matrices are pairwise proportional. 
The uniqueness theorem then follows immediately from the lemma 

and the integral formula (24). For the hypothesis says that PQl = Pm. 
From (26) it follows that Pi-ltl — P® ^ 0. By (24) this is possible only 
when Pi-lfl — P0i= 0. Again by the lemma it follows that the second 
fundamental forms of the hypersurfaces are equal. 

So far as I am aware, it is not known whether a similar uniqueness 
theorem is valid, if the Ith elementary symmetric function of the prin­
cipal curvatures is prescribed as a function of the normal vector. Alex-
androff proved that a closed convex surface in ordinary Euclidean 
space is defined up to a translation, if its mean curvature is a given 
function of the normal. His proof made use of a maximum principle. 
It would be interesting if this theorem can be proved by using integral 
formulae. 
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THE POLARIZATION OF ALGEBRAIC 
VARIETIES, A N D SOME OF ITS APPLICATIONS 

By T. M A T S U S A K A 

Let Vm be a complete non-singular variety.f There are three kinds of 
equivalence relations of F-divisors, linear, algebraic and numerical 
equivalence, which we assume are well known. Let Gx, Ga, Gn be respec­
tively the set of F-divisors which are linearly, algebraically and numeric­
ally equivalent to 0. These form subgroups of the group G of F-divisors. 
We say that a divisor X on F is linearly effective, if the complete linear 
system 2(X) determined by X gives a projective embedding of F. Let 
3£be a non-empty set of positive F-divisors such that if Xis in X, a positive 
F-divisor Y is in X if and only if mX = s Y modGn for a pair (m, s) of 
positive integers. It is clear that 3£ is determined uniquely by one of the 
divisors contained in it. When 3£ contains at least one linearly effective 
divisor, then we call the pair ( V, dt) a polarized variety, polarized by the 
set $. A polarized variety ( F, 3£) is an algebraic variety plus an additional 
structure determined by $. When F is a curve, we can put on F one and 
only one structure of polarization. The same is true in general if G\Gn £ Z 
and if F admits a projective embedding. The notion of polarization was 
first introduced by Weil (cf. Weil[9]) and studied by the present writer 
(cf. Matsusaka^). 

1. The group of automorphisms 

Let F, V be two complete non-singular varieties with sets of structures 
E, E'. An everywhere biregular birational transformation / of F onto 
V is said to be an isomorphism of ( F, E) and ( F', W) if f(E) = W. When 
F = F', E = E', we say tha t / i s an automorphism. 

It is well known that when F is a curve, the set of automorphisms of 
it forms an algebraic group and, in particular, when the genus is greater 
than 1, it is actually a finite group. I t is also well known that when F is 
an Abelian variety of dimension 1, the set of automorphisms of it forms 
a finite group. But when dim F > 1, the situation is different. In fact, 
there is a non-singular algebraic surface in a projective space such that 
its group of automorphisms is an infinite group but is not an algebraic 
group. These facts depend on the fact that a curve carries its uniquely 

f We follow the same terminology and conventions as in WeilC6»7]. 



POLARIZATION OF ALGEBRAIC VARIETIES 451 

determined polarization, but when dim F ^ 2, the same is no longer 
true in general. In fact we have the following theorem (cf. Matsusaka[2]) : 

Let (V, dt) be a polarized variety, and let @5 be the set of automorphisms 
of it, then ® is an algebraic group and the connected component ©0 of the 
neutral element of © is an extension of a subgroup of the Picard variety of 
V by a linear group. 

Also we can show that when ©' is the set of all automorphisms of V, 
then ©0 is the largest connected algebraic group m ©'. As an immediate 
corollary of the above theorem, we see that the set of automorphisms of a 
polarized Abelian variety is a finite group (cf. Weil[9]; Matsusaka[2]). 

It is seen that ©0 is a normal subgroup of ©' and, as far as those 
examples which the author knows are concerned, ©'/®o *s a finitely 
generated group. 

«». 
2. Equivalent projective embeddings; Moduli 

Let ( F, dt) be a polarized variety and let X, X' be two linearly effective 
divisors in dt. Then X and X' determine uniquely projective embeddings 
/ , / ' of F up to projective transformations (here we consider only those 
projective embeddings which come from the linearly independent base 
of Q(X), S(X')). We say that / a n d / ' are equivalent embeddings in the 
broad sense. Moreover, when X = X' mod Ga, we say that they are 
equivalent in the strict sense. 

Let © be a subset of dt; then by $(F,@) we understand the set of 
projective varieties/(F), where/is a projective embedding determined 
by a linearly effective divisor contained in @. dt can be written as 
U 3I(X) where %(X) is the coset of Ga containing X, and except for a 
finite set, say %(X^),..., %(XS), every component %(X) is an irreducible 
algebraic family consisting of linearly effective divisors such that all 
divisors in it determine complete linear systems of the same dimension. 
From this we can deduce that *ß( F, 2Ï(X)), for such 2Ï(X), has a structure 
of an open algebraic variety in a projective space, having the smallest field 
of definition (this can be done conveniently in terms of Chow-forms). 
Put X* = X- (Xv ...,XS). Then $(F, X*) = U $(V, 8t(X)) and there is 

a smallest field K such that 
(i) one of the S$(V, %(X)) in the expression for ^?(F,36*) is defined 

over K, 
(ii) every other $ (F , %(X)) in the expression for $ (F , X*) is defined over 

a separably generated extension of K, provided that the order of GnjGa is 
prime to the characteristic. We define this field K as the field of moduli 

29-2 
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of ( F, dt). In the case of characteristic 0, K is the smallest field such that 
(Fa,3£a) is isomorphic to (V,dt), where a is any automorphism of the 
universal domain over K, as Shimura remarked. 

In the case when F is an Abelian variety of dimension 1, the field of 
moduli K is generated over the prime field by the corresponding values 
of modular functions. The corresponding fact seems to be true in general 
when F is an Abelian variety and dt contains a divisor determined by 
the unimodular principal matrix of the Riemann matrix defining F. 
For discussions of (ii), cf. Matsusaka[2]. 

3. Torelli's theorem 

It is known that even if two curves V and I" have isomorphic Jacobian 
varieties, they may not be birationally equivalent to each other. Let 
J and J' be Jacobian varieties of Y and V, and let 6 and 6' be canonical 
divisors on J and J' with respect to T and I". 6 and 6' determine on J 
and J' polarizations (cf. Weil[8]), which we call canonical polarizations 
with respect to T and P . Torelli's theorem asserts that T and P are 
birationally equivalent to each other if and only if the canonically polarized 
J and J' are isomorphic. This theorem was first proved by Torelli (cf. 
Torelli[5]), and recently proofs were given by Weil, Andreotti and myself 
which are valid over fields of any characteristic (cf. Weil[10]; Andreotti[1]; 
MatsusakaE3]). 

4. A characterization of canonically polarized Jacobian varieties 

Let (A, dt) be a polarized Abelian variety. When A is of dimension 2, 
(A, dt) is a canonically polarized Jacobian variety if X contains an irre­
ducible divisor X such that deg(X.XU) = 2 (cf. Weil™). The same fact 
seems to be true for 3-dimensional Abelian varieties. On the other hand, 
the above theorem is a special case of the following numerical criterion: 

Let (A,X) be a polarized Abelian variety of dimension n; then it is a 
canonically polarized Jacobian variety if and only if dt contains an irre­
ducible divisor X such that 

(i) (X^.-.X^J 

is numerically equivalent to (n—l)\ C, where C is a positive 1-cycle on A, 
and that .... , / v . v . . 

(ii) deg(XUi...Xm) = n\; 
moreover, when this is so, C is irreducible, A is the Jacobian variety of C, 
G is canonically embedded in A, and X is a canonical divisor on A with 
respect to G (cf. Matsusaka[4]). 
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This theorem was extended to the case when X is reducible by 
W. Hoyt in his Chicago thesis, and he also studied a structure of a 
polarized Abelian variety which is a specialization of a canonically 
polarized Jacobian variety. 

R E F E R E N C E S 

[1] Andreotti, A. On a theorem of Torelli. Amer. J. Math. 80, 801-828 (1958). 
[2] Matsusaka, T. Polarized varieties, fields of moduli and generalized Kummer 

varieties of polarized Abelian varieties. Amer. J. Math. 80, 45-82 (1958). 
[3] Matsusaka, T. Torelli's theorem. (To appear.) 
[4] Matsusaka, T. A characterization of a canonically polarized Jacobian 

variety. (To appear.) 
[5] Torelli, R. Sulle varietà di Jacobi. E.G. Ace. Naz. Lincei, (5), 22, 98-103, 

437-441 (1913). 
[6] Weil, A. Foundations of Algebraic Geometry. American Mathematical 

Society Colloquium Publications, vol. 29. 
[7] Weil, A. Variétés Abéliennes et Courbes Algébriques. Actualités Scientifiques 

et Industrielles, no. 1064 (1948). 
[8] Weil, A. Projective embeddings of Abelian varieties. Algebraic Geometry 

and Topology. (A symposium in honor of S. Lefschetz.) Princeton 
Mathematical series. 

[9] Weil, A. On the theory of complex multiplication. Proc. Int. Symp. 
Algebraic Number Theory (1955). 

[10] Weil, A. Zum Beweis des Torellischen Satzes. Nachr. Akad. Wiss. Göttingen 
(Mathematisch-Physikalische Klasse), Nr. 2 (1957). 



454 

BERNOULLI NUMBERS, HOMOTOPY GROUPS, 
A N D A THEOREM OF ROHLIN 

By JOHN W. MILNOR AND MICHEL A. KERVAIRE 

A homomorphism J: 7Tk_1(SOw) -> nm+k_1(S
m) from the homotopy 

groups of rotation groups to the homotopy groups of spheres has been 
defined by H. Hopf and G. W. Whitehead[16]. This homomorphism plays 
an important role in the study of differentiable manifolds. We will study 
its relation to one particular problem: the question of possible Pontrjagin 
numbers of an 'almost parallelizable' manifold. 

Definition. A connected differentiable manifold Mk with base point 
XQ is almost parallelizable if Mk — xQ is parallelizable. If Mk is imbedded 
in a high-dimensional Euclidean space Bm+k (m ^ k+1) then this is 
equivalent to the condition that the normal bundle v, restricted to 
Mk — x0, be trivial (compare the argument given by Whitehead[17], or 
Kervaire P , §8)). 

The following theorem was proved by Rohlin in 1952 (see Rohlin111'12], 
Kervaire[6]). 

Theorem (Rohlin). Let Jf4 be a compact oriented differentiable ̂ -mani­
fold with Stiefel-Whitney class w2 equal to zero. Then the Pontrjagin 
number p-^M4] is divisible by 48. 

Rohlin's proof may be sketched as follows. It may be assumed that 
M4 is a connected manifold imbedded in Bm+é, m ^ 5. 

Step 1. It is shown that Jf4 is almost parallelizable. 
Let / b e a cross-section of the normal SOm-bundle v restricted to 

Jf4 — xQ. The obstruction to extending/is an element 

o(v,f) e H*{M*; 773(SOm)) « ns(SOm). 

Step 2. I t is shown that Jo(v, f) = 0. 
Since J carries the infinite cyclic group 7r3(SOm) onto the cyclic group 

7Tm+B(Sm) of order 24, this implies that o(v,f) is divisible by 24. Now 
identify the group 7Tz(SOm) with the integers. 

Step 3. It is shown that the Pontrjagin elass^ï^is equal to +2o(y,/). 
Since by Whitney duality px(v) = —p1 (tangent bundle), it follows 

that px[M4] is divisible by 48. 
The first step in this argument does not generalize to higher dimen­

sions. However Step 2, the assertion that Jo(v,f) = 0, generalizes 
immediately. In fact we have: 
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Lemma 1. Let a e 7T&_i(SOm); then Ja = 0 if and only if there exists 
an almost parallelizable manifold Mk c Rm+k an^ a cross-section f of the 
induced normal SOm-bundle v over Mk — xQ such that a = o(v, / ) . 

Step 3 can be replaced by the following. Identify the group 7r4^_i(SOm), 
m > en, with the integers (compare Rott[2]). Define an to be equal to 2 
for n odd and 1 for n even. 

Lemma 2. Let E, be a stable SOm-bundle over a complex K (dim if < m), 
and let f be a cross-section of £ restricted to the skeleton X(4ri_1). Then the 
obstruction class o(£,/) e H*n(K; 7T4n_i(SOm)) is related to the Pontrjagin 
class pn(£) by the identity pn{£) = ± an. (2n-1)! o(£, / ) . 

Combining Lemmas 1 and 2, we obtain the following theorems. 
Define j n as the order of the finite cyclic group JTT^^SO^ in the 

stable range m > 4m. 
Theorem 1. The Pontrjagin number pn[M*n] of an almost parallelizable 

4tn-manifold is divisible by jnan(2n—l)\. 
(For n = 1, this gives Rohlin's assertion, since j x = 24, ax = 2.) 
Proof. This follows since o(v, f) must be divisible by j n . 
Conversely: 
Theorem 2. There exists an almost parallelizable manifold MQ71 with 

, . , pn[M^]=jnan.(2n-l)\. 
I h e prool is clear. 

Proof of Lemma 1. Given an imbedding i: Vk~x -> Rm+k~1 of a compact 
differentiable manifold Vk~1 into Euclidean space, and given a cross-
section f of the normal SOm-bundle over Vk~x, a well-known procedure 
due to Thom associates with i a n d / a sphere mapping <j)\ SmJtk~x -> Sm 

(compare Kervaire[5], p . 223). 
The map çS is homotopic to zero if and only if there exists a bounded 

manifold Qk with boundary Vk~x imbedded in Rm+k on one side of 
Rm+k-i s u c h that-

(i) the restriction to Vk~x of the imbedding of Qk is the given im­
bedding of Yk~x in Rm+k~1; 

(ii) Qk meets Rm+k~1 orthogonally so that the restriction to Vk"1 of 
the normal bundle of Qk is just the normal bundle of V1*'1 in Rm+k~1; and 

(iii) the cross-section / can be extended throughout Qk as a cross-
sect ion/ ' of the normal SOm-bundle. 

These facts follow from Thom ™, ch. I, § 2 and Lemmas IV, 5, IV.5' . 
To obtain Lemma 1 above, take F*-"1 = S1*-1 and take t(Ä*_1) to be 

the unit sphere in Rk <= Rm+k~1. Since the normal w-plane at each point 
of i^*"1) in RM+K-1 admits a natural basis (consisting of the radius vector 
followed by the vectors of a basis for Rm+k-1jRk), the cross-section / 



456 JOHN W. MILNOR AND MICHEL A. KERVAIRE 

provides a mapping a: S7*-1 -> SO m . Let a e 7rÄ._1(SOm) be its homotopy 
class. I t is easily seen (compare Kervaire[7], §1.8) that the map 
<fi: /S^+fc-1 -> Sm associated with i and/represents Ja up to sign. 

If Ja = 0 then there exists a bounded manifold Qk <= Rm+k satisfying 
conditions (i), (ii) and (iii). Let Mk <= Rm+k denote the unbounded 
manifold obtained from Qk by adjoining a ^-dimensional hemisphere, 
which lies on the other side of Rm+k~1 and has the same boundary i(#fc_1). 
Since the normal bundle v restricted to Qk has a cross-section / ' , it 
follows that Mk is almost parallelizable. Clearly the obstruction class 
o(v,f) is equal to a. 

Conversely, let Mk be a manifold imbedded in Rm+k and let / be a 
cross-section of the normal bundle v restricted to Mk — x0. After modifying 
this imbedding by a diffeomorphism of Rm+k we may assume that some 
neighborhood of x0 in Mk is a hemisphere lying on one side of the hyper-
plane R171^-1, and that the rest of Mk lies on the other side. Removing 
this neighborhood we obtain a bounded manifold Qk <= Rm+k j u g ^ a g 

above, having the unit sphere Sk~x a Rk a _ß™+fc-i a s boundary. The 
cross-section / restricted to Sk~1 gives rise to a map a: Sk~x -> S O m 

which represents the homotopy class o(v, / ) . The argument above shows 
that Jo(v,f) = 0; which completes the proof of Lemma 1. 

Remark. Lemma 1 could also be proved using the interpretation of J 
given in Milnor[9]. 

Proof of Lemma 2. (Compare Kervaire[8].) The SOm-bundle £ induces 
a Um-bundle £' and hence a \JmllJ2n_1-bundle £". Similarly, the partial 
cross-section / induces partial cross-sections / ' and / " . By definition 
the obstruction class o(£", / " ) is equal to the Chern class c2n(£') and hence 
to the Pontrjagin class ±pn(£,). Therefore pjjj,) equals ± q* h% o(£,/), where 

h'- 7r4n-i(SOm) -> 7T4rl_1(Um) and q: n^^VJ -> n4n^1{\JJ\S2nr.1) 

are the natural homomorphisms and h%, q* are the homomorphisms in 
the cohomology of K induced by the coefficient homomorphisms h, q. 

Using the following computations of Bott[2]: 

^ - i ( U m ) « Z , T T ^ U J S O J « Z w 7T4n_2(SOJ = 0, 

it follows that h carries a generator into an times a generator. Similarly, 
using the fact that 

^ - 2 ( U 2 ? l _ i ) « Z (2W_DI (see M) and n^n_2(Vm) = 0, 

it follows that q carries a generator into (2n—1)\ times a generator. 
Therefore pn(£) = ±an(2n-l)\o(^,f). This completes the proof of 
Lemma 2. 
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Hirzebruch's index theorem[4] states that the index I(M*n) of any 
4^-manifold is equal to 

22n(22n~1 - 1 ) Bnpn[M*n]/(2n) ! -I- (terms involving lower 

Pontrjagin classes). 

Here Bn denotes the nth. Bernoulli number. For an almost parallelizable 
manifold the lower Pontrjagin classes are zero. Therefore 

Corollary. The index I(M%n) is equal to 22n-1(22n-1-l)BJnaJn; and 
the index of any almost parallelizable én-manifold is a multiple of this 
number. 

The fact that I(M$n) is an integer can be used to estimate the number 
j n (compare MilnorC9]). However, a sharper estimate, which includes 
the prime 2, can be obtained as follows, using a new generalization of 
Rohlin's theorem. 

Borei and Hirzebruch (C1], §§ 23.1 and 25.4) define a rational number 

Â[M^] = -Bnpn[M*«>]l2(2n)l +(terms involving pv.^,pn^); 

and prove that the denominator of Â[M4îl] is a power of 2. 
Theorem 3. / / the Stiefel-Whitney class w2 of M4tl is zero then Â[M*n] is 

actually an integer.^ 
The proof will be given in a subsequent paper by Borei and Hirze­

bruch. It is based on the methods of[1], together with the assertion that 
the Todd genus of a generalized almost complex manifold is an integer 
(Milnor™). 

Applying this theorem to the manifold MQ71 of Theorem 2 it follows 
that Bnjnajén is an integer. Therefore: 

Theorem 4. The order j n of the stable group Jn^^SO^ is a multiple 
of the denominator of the rational number Bnan\kn. 

As examples, for n = 1,2,3, the number Bnan\kn is equal to 1/12, 
1/240, and 1/252 respectively. Since 7Tm+1(S

m) is cyclic of order 240, it 
follows that j2 = 240. Since rrm+11(S

m) is cyclic of order 504, it follows 
that j3 is either 252 or 504. I t may be conjectured th.&tjn is always equal 
to the denominator of BJ&n. 

The theorems of von Staudt[13»14] can be used to compute such 
denominators (compare Milnor[9]). 

Lemma 3. The denominator of Bj2n can be described as follows. 
A prime power pi+1 divides this denominator if and only if 

2n s 0 modpi(p— 1). 

f See note at the end of the paper. 
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Combining Lemma 3 with Theorem 4, we see that the stable homotopy 
groups of spheres contain elements of arbitrary finite order. In fact: 

Corollary. If 2n is a multiple of the Euler O function O(r), then the stable 
group 7Tm+/kn_1(S

m) contains an element of order r. 
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O N T H E F O U R T E E N T H P R O B L E M O F H I L B E R T 

By MASAYOSHI NAGATA 

The purpose of the present paper is to show that the answer to the 
14th problem of HilbertC1] is negative, even in the following restricted 
case, which may be called the original 14th problem of Hilbert : 

Let ffbea subgroup of the full linear group of the polynomial ring 
in indeterminates x1,...,xn over a field h, and let o be the set of elements 
of k[xl9..., xn] which are invariant under 0. Is o finitely generated ? 

Our construction of a counter-example is independent of the character­
istic of h, and 1c can be the field of complex numbers. 

1. The construction of a counter-example 

Let {atj} (i = 1,2,3; j = 1,2,..., 16) be algebraically independent 
elements over the prime field n of arbitrary characteristic, and let h be 
a field containing the a^. Let V be the vector space of dimension 16 
over h and let F* be the set of vectors in V which are orthogonal to the 
vectors (au,ai2, ...,am) (i = 1,2,3). (F* is a subspace of dimen­
sion 13.) 

Let xv...,xle9 tv...,t16 be algebraically independent elements over 
h and let 0 be the set of linear transformations cr such that (i) er(^) = ti 

for any i and (ii) cr(â ) = xi + biti with (bx,..., 616) € V*. Then: 
The set o of elements of k[xx,...,x16, t%,..., t1Q] which are invariant 

under 0 is not finitely generated. 

2. A lemma on plane curves 

In order to prove the example, we need the following lemma on plane 
curves: 

Fundamental lemma. Let Pv..., P16 be independent generic points of the 
projective plane S over the prime field n. For any curve G of degree d, the 
sum of the multiplicities of PionO is less than éd. 

Proof. Assume that there exists a curve C of degree d such that 
Sm^ ^ éd, where mi is the multiplicity of Pi on G. Since the Pt are 
independent generic points, the i^ can be specialized to any permutation 
of the Pi and therefore we see that there exists a curve of degree d' such 
that the multiplicity of the Pi is equal to m for every i and d' < 4m. 
Therefore it is sufficient to prove the following lemma (which is equi­
valent to the fundamental lemma) : 
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Lemma. For any natural number m, there is no curve of degree Am which 
goes through every Pi with multiplicity at least m. 

Proof. Let C4, Cs and (73 be independent generic curves of degree 4, 3 
and 3 respectively in S. Let Qx, ...,Q8 be 8 points among C3.C'Z. Then 
the Qi are independent generic points of S over TT((74). Let Q\, ...,Q* 
be independent generic points of C4 over n(Gé), let C* and C*' be general 
curves going through the Qf and let B\,..., jßf be such that 

of.o4 = s<3*+s}2?5, of.c4 = SQ?+sf IP$. 

We consider a speciahzation 

(Ql5 • • • 5 $8> ^3> ^3> Q ) "*" (öl> • • • > 6 8> C*> ^3 ? Q ) 

over Tr. We take i?1? ...,iî8 so that (1) SfE^ s C3.Cé, 2 | ^ . c <74.C?i, and 
(2) the i?^ are speciahzed to the i2f by the speciahzation considered 
above. 

Assume that for some m there exists a curve of degree 4m which goes 
through every i^ with multiplicity at least m. Then we see that there 
exists a curve E of degree 4m which goes through the Qi and the B^ with 
multiplicity at least m. We shall show that E must contain 03 as a com­
ponent. Assume the contrary. Then CZ.E contains T,mQi +

 yLfmBj. 
Since degCg.i? = 12m, we see that GS.E = SmÇ^ + SfmJS ,̂ which gives 
a contradiction because Ql9...9QS9 Bl9 ...,Bé are independent generic 
points of Cg, and C3 is of positive genus. Thus E must contain C3 as a 
component. Similarly, E must contain (73 as a component. Then 
U' = E — C3 — C3 is a curve of degree 4(m — 1 ) — 2 which goes through the 
Bj with multiplicity at least m — 1 and goes through the Qi with multi­
plicity at least m — 2. Specializing the Qi and Bj to the Qf and jß*., we 
see that there exists a curve U* of degree U — 2 (t = m— 1) which goes 
through the Q* with multiplicity at least t — 1 and the B% with multi­
plicity at least t. Assume that JE7* does not contain C4 as a component. 
Since C^.E* contains H(t-1)Qf+ IltBf and since deg04.jE7* = 16«-8, 
we see that <74.E* = S(*-1) Qf + 2Ü?*. 

Since C4. (OS + Of) = 22Q* + 21?*., 

we have Cé.(tC* + tC¥-E*) = H(t+1)Q%. 

Since the Q* are independent generic points of (74 and since C4 is of 
positive genus, we have a contradiction. Thus E* must contain (74 as 
a component. Then E* — Cé is in the same situation with t—1 instead 
of t. Therefore, by induction, we have a contradiction (observe that if 
t = 1, then degU* = 2 < deg<74 and E* cannot contain 04). Thus the 
lemma is proved. 
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3. The proof of the example 

Setu = tx ...£16,^ = u\ti9wi = v^y^ = 2 a ^ (i = 1,..., 16;j = 1,2,3). 
Then yl9y2,yz, tv..., t16 are invariant under G. Since 

k[wl9..., wlß] = k[yv y2, y3, w4,..., w1Q], 
we nave 

fcfóì,...,x1Q, tl9...,r16) = k(yl9y2,y3, #4,...,x16, tl9...,t16), 

and G is the set of linear transformations o* of 
ku/iy y%i y 39 #4? • • • ? # ie > H, • • • ? HQ\ 

such that <r(2̂ ) = yi9 a(tj) = fy and cr(#z) = xl + bltl with arbitrary ele­
ments 64,..., 616 of &. Therefore we see that the invariant subfield of G 
is k(yx,y2,y3, t1}...,tu). Thus 

(1) o = k[xv ...,x16, tx, ...,£16] n k(yl9y29yd9 tl9 ...,£16). 
Since yl9 y29 yd are algebraically independent over k9 we can regard 

$ = 1c[yl9 y29 y3] as a homogeneous co-ordinate ring of the projective 
plane S. Let Pi be the point on S with co-ordinates (ali9 a2i9 a3i). Then 
the Pi are independent generic points of S over the prime field n. Let 
pi be the homogeneous prime ideal of Pi and set (x(nl9 ..., w16) = fi* #f*> 
ŵ  = max (0, %) (for arbitrary integers nt). We shall show that 

(2) o is the set of elements of the form 2a(%,..., n16) tï
ni... Êĵ ie with 

a(nl9 ...,%6) € a(nl9 ...,%6) (finite sum). 
Proof. Since k[wx,..., w16] = k[yvy2,y3, w4,..., w1Q], we have 

# L # 1 J • • • » #16' 1̂? • • • J 1̂6» 1/^1? • • • > l /^ieJ 

= k[yi> y2, y3) x&,..., x1Q, tl9..., c16, ljtl9..., l /^igj. 

The intersection of this last ring with k(yt,y2,yz, tl9 ...,£16) is equal to 
kb/vy&ysitv-'hv Ifiv-'llhel- Si n c e this last ring contains o (by 
virtue of (1) above), it follows that for any element c of o there exists 
an integer s such that cus is in k[yl9 y2, y3, tl9..., t16]. Therefore 

(i) Any element of o can be expressed in the form 

Sa(w1,...,n le)«fni...^nii 

(finite sum, n^ may be negative) with a(nv ...,n1Q) e ip. 
Let t)€ be the valuation ring k\xx, ...,#16, tl9 ...5£i6](y and let vi be the 

normalized valuation defined by fy. o is contained in every fy. It is 
obvious that 

(ii) / / an element f of § has value not less than m ( > 0) under vi9 then 
f is divisible by tf in k[xl9...,x16, tl9..., t16\. 

pt is generated by zi = a3iy1-aliyz and z\ = aziy2-a2iyz. Obviously, 
v^Zi) = vfoi) = 1. Furthermore, yi9 zj^ and «J/fy are algebraically 



462 MASAYOSHI NAGATA 

independent modulo the maximal ideal tn^ of fy over k. Therefore 2J2J is 
transcendental over k(y3 modulo m$). Hence 

$[*il*ihi (^ = Ht* n #fa/zj]) 

is a valuation ring dominated by fy. Therefore we have 
(iii) An element f of $Q has value not less than m ( ^ 0) under vi if and only 

Since ys,Zilti9Zilti9tl9 ...9ti__1,ti+l9 ...,tw modulo mt are algebraically 
independent over k9 we see that 

(iv) If a finite number of a(nl9..., nu) are elements of <p, then 

^(2a(%,...,n16) tïni... ££̂ 16) = min(v(a(nv ...,n16) t^ni... *£*«)). 

Now, (ii) and (iii) show that if a(nx, ...,%6) are in a(nl9 ...9n1%)9 then 
Tia(nl9 ...9n16)tï

ni...tïQ
nM (finite sum) is in 0 (by virtue of (1)). Con­

versely, (i) and (iv) show that if c is an element of 0 then e is of the form 
stated in (2). Thus (2) is proved completely. 

Now we shall prove that 0 is not finitely generated. Assume the con­
trary. Then there are a finite number of homogeneous forms h(nl9..., n16) 
(in §) such that h(nl9 ...,%6) e a(nl9 ...,%6) a n ^ ° *s generated by the 
h(nl9 ...9n16)tî

ni...tÏQni* (each % ^ 0 and Hni>0) over ^[tl9...9tle1. 
Let r be the minimum of degA(%, . . . ,%6) /S^. By the fundamental 
lemma, we have r > \. Let / b e a n y rational number such that r > r' > J. 
Let m be a sufficiently large natural number such that 16r'm is an in­
teger. Since r' > £, there exists a curve of degree 16r'm which goes 
through every Pt with multiplicity at least m, i.e. there is a homogeneous 
form h of degree 16mr' which is in a(m9..., m). Then htj~m... t^71 is in 0 
and therefore ht^m...t^1 can be expressed in a polynomial in the 
h(nx, ...,n16)tï

ni ...tÏQnie and therefore degA/16m = r' cannot be less 
than r, which is a contradiction. Therefore 0 is not finitely generated. 

Bemark. k[xl9..., x16, tl9 ..., t1Q] n k(yx, y2, ys, u) is not finitely generated, 
which gives another counter-example to the 14th problem of Hilbert. 

R E F E R E N C E S 

[1] Hilbert, D. Mathematische Probleme. Archiv Math. Phys. (3), 1, 44-63, 
213-237 (1901). 

[2] Zariski, O. Interprétations algébrico-géometriques du quatorzième pro­
blème de Hubert. Bull. Sci. Math. (2) 78, 155-168 (1954). 

[3] Nagata, M. A treatise on the 14th problem of Hilbert. Mem. Coll. Sci. 
Univ. Kyoto, A, 30,. 57-70 (1956-57). Addition and correction to it, 
pp. 197-200. 

[4] Rees, D. On a problem of Zariski. Illinois J. Math. 2, 145-149 (1958). 



463 

GEOMETRIC ASPECTS OF FORMAL 
D I F F E R E N T I A L OPERATIONS ON 

TENSOR FIELDS 

By ALBERT N I J E N H U I S 

1. The concept of differential concomitant of tensor fields 

We consider a manifold X of class 000, equipped with the set of all 
possible co-ordinate systems compatible with this structure. The symbol 
à shall denote this set; so that to each oteA there belongs an open set 
Ua in X and co-ordinate functions x\, ...,x% on Ua9 satisfying the usual 
conditions. 

In each of the Ua, a (700 tensor field S has components with respect to 
[x\, ...,a?J), which we denote, symbolically, by $(a). Thus $(a) stands for 
% certain set of real-valued O00 functions defined on Ua. The symbol 
gr$(a) denotes the set of partial derivatives of the functions $(a) with 
respect to (x\,...,#£) of orders from zero up to and including r. 

Let the symbol G denote a finite set of functions of several variables. 
A tensor field T on X is said to be a differential concomitant of tensor 
fields Sx,...,Sk of orders at most r^ ...,rk if there is a G such that, for 
each a e A, we have y ( a ) = ^ ^ . ^ t e ) ) . (i) 

In a similar fashion one can define differential concomitants involving 
a connection or other geometric objects. 

In order that a G give rise to differential concomitants it has to satisfy 
a great many conditions, not only with regard to its domain of definition, 
but also a number of functional relations. The formula (1) can hold only 
[f G commutes with co-ordinate transformations. Denote by A^ the 
transformations of the component functions >S(a), as fol lows:^ = A$j$(a); 
then we must have 

ifäQpiSP,..., frS?) = GpiifâSP,.... fr*A$Äi?>). (2) 

In what follows we give an intrinsic approach to differential concomi­
tants, and discuss some known special cases. 

2. Natural bundles 

Our concept of natural bundle is a generalization of that of tensor 
bundle, bündle of connections, bundle of jets of tensor fields (in the sense 
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of EhresmannC3]), bundle of geometric objects (in the sense of Haantjes-
Laman[9]), and can easily be further extended to include also the approach 
of Kuiper and Yano[13]. I t should be pointed out here that the set {cPS^} 
represents a cross-section in a bundle of rth order jets of tensor fields. 

A fiber bundle[21] over X, with bundle space B, projection n, and 
fiber F, is called a natural bundle if 

(1) the bundle space B and the fiber F are manifolds, and n is differ­
entiable; 

(2) with every diffeomorphism (differentiable homeomorphism with 
differentiable inverse) / : U -> X of an open set U of X into X there is 
associated a differentiable mapping/#: 7r_1(?7) -> B such that 

(a) fB sends fibers into fibers by admissible maps[21]; \îf(x) = y, then 
/ Ä = Ey, or equivalenti^: nofB =fon on n-^U); 

(b) if V is an open subset of TJ, then the 'lifting' of the restriction 
/1 V is the restriction to 7r*( V) of the lifting fB:(f\ V)B = fB \ 7T^( V) ; 

(c) if lx denotes the identity map on X, then its lifting is the identity 
m a p o n £ : (1X)B = 1B; 

(d) if / and g are diffeomorphisms, and fog is meaningful, then 
{fog)B=fBogB, 

(3) all admissible maps of any fiber Fx into itself can be obtained as 
the restriction to Fx of liftings fB of diffeomorphisms /wi th f(x) = x. 

A natural bundle is linear if 
(4) the fibers are vector spaces. 
A natural bundle is of order at most r if 
(5) fB | Fx is the identity map whenever/ is such that every differen­

tiable path c: B->X with e(0) = x has contact of order r a>t x with its 
transform foe. 

Tensor bundles are linear, and of order 1. The most important special 
case is the tangent bundle ^(X), whose fiber over x is denoted by ^X(X). 
Conversely, every linear bundle of order 1 is a Whitney sum of tensor 
bundles; i.e. its fibers are the direct sums of tensor spaces associated 
with the tangent space. The bundle of connections is of order 2. 

If a natural bundle B is of order s, its rth prolongation, the bundle 3rJB 
of rth order jets of sections in B, is a natural bundle of order r + s. The 
bundle dB of first-order jets has a simple geometric interpretation. The 
tangent space &~b(B) has the vector subspace S~b(FM). A vector sub-
space Hh of <&l(B) is called horizontal if ^l(B) is the direct sum of 
&~h(Fn(b)) and Hb. The bundle space of dB can then be identified with the 
collection of all horizontal planes Hb for all 6 eB. The projection map is 
determined by Hh -^ n(b). Every section S: X -> B in B is a differentiable 
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mapping, and induces a mapping S# on the tangent bundle 3~(X) to 
^"(B). Thus the section S in B leads to a section dS in dB, by 

dS(z) = St(fx{X)), 

since, indeed, S^(^X(X)) is a horizontal space in &~s{x)(B). 
For the higher bundles dsB, s > 1, the situation is largely similar, but 

more involved. It should be noted, for instance, that d*B is a proper 
sub-bundle of d(dB). 

Thus, prolongations of natural bundles are natural bundles. Also, 
Whitney sums of natural bundles are natural bundles. Finally, a sub-
bundle B' of a natural bundle B (same base space; B' a submanifold of 
B the given bundle space) is again natural, provided all image sets 
fßi^'H U)nBf) belong to B'. 

3. Natural mappings 

If B and Br are two natural bundles over X, a mapping G: B -> B' 
is called natural if the following conditions are satisfied: 

(1) G sends the fiber Fx of £ into the fiber Fx ofB': or TT'OG = TT; 

(2) if/: TJ ->X is a diffeomorphism (TJ open in X), then for all points 
ofTr-W), GofB=fB,oG. 

A great many operations in tensor analysis are natural mappings. In 
fact, in many cases the statement that an operation is an 'invariant ' one, 
means exactly that one deals with a natural mapping. For example, the 
contraction of tensors over one covariant and one contravariant index 
corresponds to a natural mapping of the bundle &~%(X) of tensors, p times 
contravariant, q times covariant, into ^^zt(X). The forming of the 
tensor product of tensors corresponds to a natural mapping of the 
Whitney sum of two tensor bundles into a third one: 

More significant here is the case where the bundle B is a natural sub-
bundle of a Whitney sum of prolongations of orders rl9..., rk of tensor 
bundles Bl9 ...,2?&; and where B' is a tensor bundle. Then G is a tensor 
concomitant mapping. 

When B is all of driB1 ©... © frkB^ we have the situation of differential 
concomitants as mentioned in the beginning. Whenever JB contains a 
full driBi as a Whitney summand, it is meaningful to ask if a natural 
mapping is linear in this summand, because drŒi is a linear bundle if 
Bi is one. 

30 TP 
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Connections enter into consideration by studying mappings in which 
the (natural) bundle T(X) of affine connections is involved. For example, 
the forming of the covariant derivative of vector fields corresponds to 
a natural mapping d^(X)®Y(X)-^^\(X). The Christoffel symbols 

K i 

arise from a natural mapping d6^2(X) -> T(X), if ^(X) denotes 

the natural bundle of symmetric covariant tensors of degree two, with 
non-zero determinant. The Riemann-Christoffel tensor arises from 
natural mappings 

dT(X)->$l(X) and dW2(X)->^l(X). 

4 . E x a m p l e s and applications of differential concomitants 

Among the natural mappings there are a number of ' t r ivial ' ones, 
such as 3r+1jB -> drB9 and the usual algebraic operations: mappings of 
zero-order prolongations of tensor bundles. 

The number of known non-trivial tensor concomitant mappings is 
strictly limited. Well known are the Lie bracket [u9 v] of vector fields, 
which corresponds to d&~(X)®d&"(X) ->^"(X); the exterior derivative 
do) of a differential form a), which corresponds to d^lp](X) -> ^ + 1 ] (X) 
(square brackets indicate skew-symmetry); the Lie derivative [u,S] of 
the tensor field S with respect to a vector field u9 corresponding to 

d^(X)@d<r$(X)-+Srp(X); 

and the Riemann-Christoffel map d26^2(X) -> &~\(X). Of these examples 
only the last one is not linear. 

Less well-known linear ones are: 

(a) The Schouten invariants [P,Q] of 1940[18]; where P and Q are 

both contravariant tensors, of degrees p and q respectively; and both 

are either symmetric or skew-symmetric (round brackets indicate 

symmetry): d^^(X)®d^^(X) - > « f ^ - D f ! ) ^ 

d^^X)®dSriQ\X)^^iP+a-iì(X).J 

The former is related to the Poisson bracket of functions on the co­
tangent bundle[16]; the latter is determined by the fact that if 

P = uxA . . . Au p and Q = V1A...AVQ9 

then 

[P,Q] = S Jl(-l)Mlui,VJ'\AU1A...ûi...AUpAV1A...VJ...AVr (4) 
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Both generalize the Lie bracket of vector fields when p = q = 1 ; and if 
only p = 1, we have Lie derivatives. 

(b) A Schouten invariant of 1954 (™ see p. 117, Exercise II. 11.1). 
If % denotes densities of degree + 1 , then this one is of the type 

^(X)@%l(X)->%1(X). 

It is related to Lagrangians, and has not yet been studied very far. 
(c) An operation on so-called vector forms, tensors of the type ^lp](X), 

p^O. It is of the formal nature d^lp](X)ed^lqì(X)->^lP+aì(X); 
see [16]. I t is in intimate relation with the theory of derivations on the 
ring of differential forms on a manifold[5]. Best known and oldest[15] is 
the case when p = q = 1, so we have d^\(X)@d^\(X) -> ̂ ( X ) . If 
h and k are sections in $~\(X), thus representing fields of linear trans­
formations in the tangent bundle; and if u and v are arbitrary tangent 
vector fields, then the differential concomitant [h9 k] is determined by 

[h9 k] (u9 v) = [hu9 kv\ + [ku9 hv] — h[u9 kv] — h[ku9 v] 

— k[u, hv] — k[hu, v] + hk[u, v] + kh[u, v\. (5) 

It is clear that if h = k = J is an almost-complex structure in the sense 
of Ehresmann[23, then \\J, J ] is the torsion tensor of Eekmann-Frö-
l icher^ . This latter one is of the type df(X) -> ̂ 72](X), if f(X) is the 
bundle of tensors J e ^ î (X) with J J = — 1 ; but in the way it was origin­
ally defined this mapping was not quadratic. A result by Newlander 
and Nirenberg[14] implies that a C00 almost-complex structure is complex-
analytic if and only if [J, J] = 0. A study of Tonolo on integrability of 
planes spanned by principal axes of tensor fields of type ^ ( X ) in a 
Riemannian space has culminated in a theorem by Haantjes[10] on 
integrability of planes spanned by eigenvectors of tensor fields h of typé 
e^(X), in which [h9h] plays an essential part (see [5] for further refer­
ences). 

The most important applications of operation (c) have, so far, been 
to complex manifolds. If L is a vector form whose values lie in 
the summand 3~'(X) of the complexified tangent bundle, spanned by 
9/3zx, ...,9/9zn (zx,...,zn complex co-ordinates), then i[J, L] = 2Sè" L, 
where 3)"L denotes the exterior derivative in the theory of complex 
vector bundles[8]. A Jacobi-type identity for the operation (c) leads 
not only to cohomology groups HV(X, ®Q)9 where ®Q is the sheaf of germs 
of holomorphic vector g-forms; but also to mappings[6]: 

H*(X, 08) + H*'{X, ©„) -> H**(X, 09+g,). (6) 
30-2 
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A family JJ, .0 < £ < 1, of complex structures satisfies [Jt,Jt] = 0, 
whence [Jt9 dJJdt] = 0; and dJt\dt determines an element oîR\X, 0O(^)). 
If X is compact, and if for all t the group HX(X, ®0(Jt)) vanishes, then the 
structures JJ, 0 < £ < 1 are all equivalent[7]. If the group vanishes for 
t = 0, then by a theorem of Kodaira and Spencer[11] it also vanishes for 
t near zero, so that under small deformations the complex structure is 
sent into equivalent ones. A recent result of Kodaira, Nirenberg and 
Spencer[12] shows that if H2(X, ®0(J)) = 0, then to every element a of 
HX(X, ®Q(J)) there belongs a family Jt of complex structures with J = JQ 

whose (dJtjdt)t=s0 determines the element a. The parameter t can be taken 
as a complex variable, with Jt holomorphic in t. 

5. Final remarks 

5.1. Instead of considering the diffeomorphisms / : TJ -> X (TJ open 
in X), one can consider an arbitrary transitive pseudo-group of mappings 
/ in a topological space. Kuiper and Yano[13] considered pseudo-groups 
of diffeomorphisms in manifolds. 

5.2. It seems to be somewhat easier to find tensor concomitant map­
pings B -> B' if B is a proper natural sub-bundle of a Whitney sum 
driB1 ©... © drkBk of prolongations of tensor bundles. An early example is 
given by Schouten™, of the form B c: d^l(X)®d^\(X). The com­
ponents of the tensors u and h must be related by h-^u^ = h'ß

xuw. There 
are numerous tensor concomitant mappings in the theory of almost-
complex manifolds. Many are linear in all entries except the one for J, 
the almost-complex structure tensor. A remarkable example is Walker's 
torsional derivative[22]. Several other examples are found in [8]. 

5.3. The theory of the special concomitants [u,v], [u,S], do), and (a), 
(c) above can be vastly generalized to a purely algebraic theory associ­
ated with commutative algebras with unit. A brief sketch of such a 
purely formal and abstract approach has been announced[17]. The theory 
is non-void only for algebras with a non-trivial Lie algebra of derivations. 
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RELATIONS D'ÉQUIVALENCE EN 
GÉOMÉTRIE ALGÉBRIQUE 

Par PIERRE SAMUEL 

1. Relations d'équivalence adéquates 

Soit V une variété algébrique que, pour simplifier, nous supposerons 
projective et non-singulière. Etant donnés deux cycles X, Y sur V, le 
produit d'intersection X.Y n'est pas toujours défini, ce qui a pour 
conséquence que les cycles ne forment pas un anneau. Pour remédier 
à cet état de choses, il est utile de remplacer les cycles eux-mêmes par 
des classes de cycles modulo une relation d'équivalence convenable. 
D'autre part le groupe des cycles sur V a une structure assez compliquée; 
il est commode d'y définir des sous-groupes et des groupes quotients plus 
faciles à étudier, et ceux-ci permettent de définir d'intéressants in­
variants de V (l'irrégularité, les nombres p et cr, etc.). Enfin l'équi­
valence linéaire des diviseurs a, comme chacun sait, une importance 
considérable. 

Pour être maniable et intéressante, une relation d'équivalence entre 
cycles doit vérifier un certain nombre de propriétés. Nous dirons qu'une 
relation d'équivalence, notée ~ , est adéquate si elle est définie entre 
cycles de toute variété projective non-singulière, et si elle vérifie les 
conditions suivantes: 

(RAj) Elle est compatible avec Vaddition des cycles. Autrement dit la 
restriction de ~ au groupe %^d)(V) des cycles de codimension d sur V 
coïncide avec la relation de congruence modulo un sous-groupe bien 
déterminé %f(V). 

(RAn) Etant donnés un cycle X sur V et des sous-variétés Wj de V en 
nombre fini, il existe un cycle X' ~ X tel que X. W^ soit défini quel que soitj. 

(RAJJJ) Etant donnés deux variétés (pro j actives non singulières comme 
toujours) V et W, un cycle X ~ 0 sur V, et un cycle Z sur V xW tel que 
Z(X) = prw((X xW).Z) soit défini, alors Z(X) est ~ 0 sur W. 

Bemarque. De nombreuses relations d'équivalence adéquates véri­
fient aussi: 

(RAjy) Si un cycle X est ~ 0 sur V, et si ( V, X') est une spécialisation 
de ( V, X) sur un corps k ( V étant supposée irréductible et non-singulière), 
alors X' est ~ 0 sur V. 

Dans les sept propositions faciles qui suivent, ~ désigne une relation 
d'équivalence adéquate, VetW des variétés projectives non-singulières. 
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Proposition 1. Soient V, W deux variétés, X un cycle sur V. Si X ~ 0, 
onaXxW ~0 sur V xW. 

Notons en effet G le graphe de prF dans Vx(Vx W), c'est-à-dire 
l'ensemble des points (x, (x9 y)). On a G(X) = X x W, d'où notre assertion 
par (RA in). 

Proposition 2. Soient X, Y deux cycles sur V tels que X. Y soit défini. 
SiX ~ Q sur V9 alors X. Y ~ 0 sur V. 

Soient en effet D i a diagonale de V x V et Z le cycle (V x Y).D sur 
VxV (cycle qui est toujours défini). Comme (Xx Y).D est défini, il 
en est de même, par associativité, de (XxV).(VxY).D = (XxV).Z. 
Donc Z(X) est défini, et évidemment égal à X. Y. D'où notre assertion 
par (RAm). 

Proposition 3. Soit X un cycle sur V xW. Si X ~ 0, alors prF (X) ~ 0 
sur V. 

Soit en effet H le graphe de prF dans ( V x W) x V (ensemble des points 
((x9 y)9 x)). On a prF (X) = H(X)9 d'où notre assertion. 

Bemarque. On voit aussitôt que les prop. 1, 2, 3 entraînent (RAm). 
Proposition 4. Soient X un cycle sur V et W une sous-variété non-

singuliére de V telle que X. W soit défini. Si X ~ 0 sur V, alors X. W ~ 0 
sur W. 

En effet, en notant / le graphe, dans V x W, de l'application identique 
de W dans V, on a W.X = -prw((XxW).I). D'où notre assertion 
par (RAni). 

Proposition 5. Soient W une sous-variété non-singuliére de V, et Y un 
cycle sur W. Si on a Y ^ 0 sur W, alors Y <» 0 sur V. 

En effet, avec les notations précédentes, on a Y = prF((V x Y).I). 
Bemarque. La réciproque est fausse. 
Proposition 6. Les classes de cycles sur V pour la relation ~ forment un 

anneau commutati/ pour Vaddition et la multiplication déduite du produit 
d'intersection. Cet anneau est gradué par la codimension. La classe de V 
est élément unité. 

En effet, d'après (RAX), les classes de cycles forment un groupe gradué 
@(F). Etant données deux classes £et?/, (RAn) montre qu'il existe des 
représentants X de £ et Y de TJ tels que X. Y soit défini. Si X' et Yf sont 
d'autres représentants de g et TJ tels que X'. Y1 soit défini, on choisit 
(RAn) un représentant Y" de 7/ tel que X. Y11 et X'. Y" soient définis; 
COmme j^f -yr -yri yn -xrt t yr y//\ 

et X.Y-X'.Y" = X.{Y-Y") + {X-X').Y'', 

on a X'. Y' ~ X'. Y" ~ X. Y (prop. 2); ceci montre que la classe de 
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X. Y ne dépend que de £ et TJ . On la note gy. Ceci définit une multi­
plication sur @(F). Le fait que (S(F) est un anneau gradué par la co-
dimension et admettant la classe de V pour élément unité est alors 
conséquence immédiate des propriétés classiques des intersections. 

Bemarque. Si on se donne aussi une relation d'équivalence adéquate 
== moins fine que ~ , les classes modulo ~ des cycles = 0 sur V forment 
un idéal homogène de l'anneau @(F) (prop. 2 appliquée à = ). 

Nous noterons désormais (£(F) l'anneau des classes de cycles sur V 
pour la relation d'équivalence ~ . 

Proposition 7. Soit Z un cycle sur V xW. Alors X -> Z(X) définit un 
homomorphisme du groupe additif de (&(V) dans celui de (S(TF); cet homo­
morphisme ne dépend que de la classe de Z dans @(F x W). Lorsque Z est 
le graphe d'un morphisme f de W dans V, c'est un homomorphisme pour 
les structures d'anneaux. 

Il résulte en effet du lemme 2, no. 1, de[6], et de (RAn) que, dans toute 
classe £ € (£(F), il existe un cycle X tel que (X xW).Z, donc Z(X), soit 
défini. La classe de Z(X) ne dépend que de £ (par (RA in)), d'où une 
application de @(F) dans (&(W), qui est évidemment un homomorphisme 
additif. Si Z' est un cycle sur F x TF tel que Z' ~ Z, on choisit (ce qui est 
loisible) un représentant X de ^ tel que (X x W). Z et (X x W). Z' soient 
définis ; on a alors (X x W). Z ~ (X x W). Z' (prop. 2), d'où Z(X) ~ Z'(X) 
(prop. 3); ceci démontre notre seconde assertion. 

Supposons enfin que Z soit le graphe d'un morphisme f de W dans V; 
on a alors Z(X) = f~x(X) lorsque ce cycle est défini. Nous avons à 
démontrer que, étant données deux classes g, 7/e(B(V), il existe des 
représentants X, Y de ces classes tels que f~\X. Y) = f~1(X).f~1(Y) 
(les deux membres étant définis). Comme plus haut prenons X e g tel 
que (XxW).Z soit défini. Il s'agit alors de trouver Y e rj tel que Y.X9 

( Y x W). Z et ( Y x W). (X x W). Z soient définis; il suffit pour cela que 
( Y x W). ((X x W). Z) soit défini, et ceci est réalisable comme plus haut 
(en remplaçant Z par (XxW).Z). Ceci étant, l'hypothèse montre que 
la restriction de pr^ à Z est un isomorphisme de Z sur W; donc Z est 
une variété non-singulière. On a donc 

(XxW).Z.(YxW) = ((XxW).Z).z((YxW).Z) 

(le . z désignant le produit d'intersection sur Z) = (X.Yx W).Z. En 
appliquant l'isomorphisme pr^ de Z sur W9 on obtient 

Z(X).Z(Y) = Z(X.Y)9 

c'est-à-dire/"1^. Y) = / - 1 (Z) . / - 1 (7) . C.Q.F.D. 
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Bemarque. La dernière assertion ne subsiste pas lorsque Z est seule­
ment le graphe d'une application rationnelle f de W dans V (exemple 
simple: W est un plan, V une transformée quadratique de W). 

Avec les notations de la prop. 7, l'homomorphisme additif de (£(V) 
dans @( W) sera noté Z% ; si Z est le graphe d'un morphisme/de W dans V, 
nous écrirons / * au lieu de Z%. Il est facile de voir que V -> @(F) est 
un fondeur contravariant pour la catégorie des variétés projectives 
non-singulières et des morphismes de variétés. 

Bemarque. Si W est une sous-variété non singulière de V, l'injection 
i:W -> V définit un homomorphisme i* de l'anneau ©(F) dans l'anneau 
®(TF). Ainsi fë(W) est un module sur @(F). 

2. Exemples de relations d'équivalence adéquates 

2.1. Equivalence rationnelle. Rappelons[6] qu'un cycle X sur une 
variété projective non-singulière F est dit rationnellement équivalent à 0 
s'il existe une variété unirationnelle (resp. une droite projective, un 
espace projectif, un produit de droites projectives) T, un cycle Z de 
T x F et deux points a, b de T tels que Z(a) et Z(b) soient définis et que 
X = Z(b) — Z(a). La relation eX — Y est rationnellement équivalent à 0 ' 
entre cycles X, F de F est une relation d'équivalence adéquate (ibid.)."\ 
Notons la propriété extrémale suivante: 

Proposition 8. L'équivalence rationnelle est la plus fine des relations 
d'équivalence adéquates. 

Soit en effet ~ une relation d'équivalence adéquate. Il suffit, d'après 
(RAm), de montrer qu'on a (a) ~ (b) pour deux points quelconques a, b 
de la droite projective Pv Or, étant donné a e Pv il existe d'après (RAn) 
un cycle Y = 2%(^) sur P± tel que Y ~ (a) et que (a). Y soit défini; 

i 

ceci veut dire 6̂  =# a pour tout i. Etant donné b =1= a, il existe une applica­
tion rationnelle (donc un morphisme) de P± sur Px telle que f(a) = a, 
f(b,.) = b pour tout i (par exemple, en prenant a à l'infini, le polynôme 
x -> b + u (x - bt)). Donc, d'après (RAm), on a (a) ~ n(b) (où n = S n^. 

i . i 

Comme il existe un morphisme g de Pt dans P± tel que g(a) = bet g(b) = b, 
on a (b) ~ n(b); d'où (a) ~ (b) par transitivité. C.Q.F.D. 

Bemarque. La propriété (RAIV) de spécialisation est vraie pour 
l'équivalence rationnelle ([6], th. 4). 

f Des lacunes dans la démonstration de (RAn) ont été comblées par C. Chevalley. 
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2.2. Equivalence algébrique. Rappelons[8] qu'un cycle X sur une 
variété projective non singulière F est dit algébriquement équivalent à 0 
s'il existe une variété (resp. une courbe, une variété abélienne) T, un 
cycle Z de T x F et deux points a, b de T tels que Z(a) etZ(b) soient définis 
et que X = Z(b) — Z(a). Il résulte de [8] et des raisonnements faits dans [6] 

que la relation 'X— Y est algébriquement équivalent à 0' est une 
relation d'équivalence adéquate (pour (RAn) on constate que l'équi­
valence algébrique est moins fine que l'équivalence rationnelle). La 
propriété (RAIV) est évidemment vraie. 

2.3. Equivalence numérique. Etant donné un cycle Z de dimension 
0, nous noterons deg (Z) son degré. On dit que deux cycles X, X' (sur 
une variété projective non singulière F) sont numériquement équi­
valents s'ils ont même dimension et si, pour tout cycle Y de dimension 
complémentaire tel que X.YetX'.Y soient définis, on a 

deg(X.Y) = deg(X'.Y). 

Comme, d'après le principe de conservation du nombre, on peut rem­
placer Y par un cycle algébriquement équivalent, cette relation est bien 
une relation d'équivalence vérifiant (RAX). Le principe de conservation 
du nombre montre aussi qu'elle est moins fine que l'équivalence algé­
brique, donc qu'elle vérifie (RAn). Au Heu de vérifier (RAm) nous 
vérifierons que les conclusions des prop. 1, 2, 3 sont vraies: pour les 
prop. 1 et 3 ceci résulte de la formule de projection et du fait qu'un 
cycle de dimension 0 sur un produit a même degré que ses projections; 
pour la prop. 2 on applique la formula d'associativité. La propriété 
(RAIV) est vraie. 

2.4. Equivalence du carré et du TI-cube. Soit n un entier > 1. On 
dit qu'un cycle X sur une variété projective non-singulière F est n-cubique 
s'il existe n variétés de paramètres Ti} 2n points a^ (j = 1,2, a{j e T{) 
et un cycle Z sur TxxT2x ...xTnxV tels que les 2n cycles 

Z(ahj{1),...,an>jin)) = p r F ((au ( 1 ) x ... x an>jin) xV).Z) 

soient définis et que l'on ait 

X= S ^ ^ ^ . . . . a ^ ^ t - i y o M - ^ w . (1) 
*€<1,2)« 

Nous allons voir que, pour tout n, la relation eX— Y est n-cubique' est 
une relation d'équivalence adéquate; nous l'appellerons l'équivalence 
n-cubique. Comme tout cycle n-cubique est différence de deux cycles 
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(n— l)-cubiques, l'équivalence n-cubique est plus fine que l'équivalence 
(n— l)-cubique. Pour n = 1 on obtient l'équivalence algébrique; pour 
n = 2 nous parlerons de cycles carrés et d'équivalence carrée. Pour 
vérifier qu'il s'agit bien d'équivalence adéquates, nous nous bornerons, 
pour alléger les formules, au cas n = 2 (le cas général est analogue). 

(RAX). Soient X et X± des cycles carrés de même dimension sur F; 
il nous suffit de montrer que X + X± est carré. Notons T, T'9 Tl9 T'± des 
variétés de paramètres, a et 6 (resp. a' et V, % et bl9 a[ et b'x) des points 
de T (resp. T, Tl9 T[) tels que 

X = Z(a9 a') - Z(a9 b') - Z(b9 a') + Z(b, b'), 

Xx = Zx(al9 a[) - Zx(al9 b[) - Zx(bx, a[) + Z±(bl9 b[), 

où Z est un cycle sur VxTxT', et Zx un cycle sur 2\xT[x F. Con­
sidérons, sur Tx x T[ x F x T x T', le cycle 

Y = (Z1xTxT') + (T1xT'1xZ). 
On vérifie qu'on a 
Y(ax,a[,a,a')- Y(avb[,a,b')- Y(bva[,b,a') + Y(bvb[,b,b') = X+Xi; 

donc X+X% est un cycle carré. 
(RAn). Il nous suffira de montrer que tout cycle rationnellement 

équivalent à 0 est carré. Soit donc X un cycle sur F tel que 

X = Z(b)-Z(a), 

Z étant un cycle sur F x P! et a et 6 deux points de P± que nous supposer­
ons à distance finie. Soit T le graphe, dans Px x (Px x Px), de l'application 
(x, y)^(x- a) y\(b - a) de Px x Px dans Px. Posons 

Y = ZoT = Wvx{PixPi)((Zx(P1xP1)).(VxT)). 

Si Z(T(x9y)) est défini, il est égal à Y(x,y) (x,yeP^: en effet 

(Zx(P1xP1)).(VxT).(VxP1x(x,y)) 

est alors défini, donc égal à 

(Zx(P1xP1)).(VxT(x,y)x(x,y)) = (Z.(VxT(x9y)))x(x9y). 

Comme T(a9 a) = T(a9 b) = 0, T(b9 a) = a, T(b9 b) = b, 
on a 

Y (a, a) - Y (a, b) - Y(b9 a) + 7(6,6) = Z(0) - Z(0) - Z(a) + Z(b) = X ; 

ceci montre que X est carré. C.Q.F.D. 
(RA in). Comme ci-dessus vérifions que les conclusions des prop. 1, 2, 3 

sont vraies. 
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(1) Si X = Z(a,a')-Z(a,b')-Z(b,a') + Z(b,b') est un cycle carré sur 
F (Z étant un cycle sur T x T' x V), on a évidemment, en posant 

Y = ZxW, XxW= Y (a, a') - Y (a, V) - 7(6, a') + 7(6, &'); 

donc X x W est carré. 
(2) Si X est carré comme dans (1), et si X' est un cycle sur F tel que 

X.X' soit défini, nous choisissons un cycle X" rationnellement équi­
valent à X' tel que Z(a,a').X", Z(a,b').X", Z(b,a').X", Z(b,b').Xn 

soient définis. Alors 7 = (T xT' x X"). Z est défini, et on a 

Y(a,a') = Z(a,a').X" 

et trois autres formules analogues. D'où 

Y (a, a') - Y (a, b') - Y(b, a') + 7(6, b') = X. X", 

ce qui montre que X. X" est carré. Comme X. X' lui est rationnellement 
équivalent, il est aussi carré d'après ce qui a été vu dans la vérification 
de (RAn). 

(3) Soit X un cycle carré sur V xW; posons X = Z(a, a') — ..., Z étant 
un cycle sur T x T' x V x W. En posant 

7 = WTXT'XV(%)> o n a Y(a, a') = p r r (Z(a, a')) 

d'après la formule de projection. Donc prF (X) est carré. 
Bemarques. (1) Comme dans le cas de l'équivalence algébrique183 on 

peut se limiter au cas où les variétés de paramètres Tt sont des courbes 
(resp. des variétés abéliennes). Comme, sur î \ x ... xTn, il existe une 
courbe T joignant les deux points (axl,..., anl) = a et (a1>2,..., an 2) = 6, 
on peut se limiter au cas où toutes les 2J sont égales à une même courbe T, 
les points aitl (resp. ai2) étant tous égaux. De même avec des variétés 
abéliennes. 

(2) Comme pour l'équivalence rationnelle ([6], th. 2) on peut supposer 
que le cycle Z de la formule (1) est positif. 

(3) En prenant des droites (resp. des variétés unirationnelles) pour 
les Tiy on obtient une équivalence n-cubique 'rationnelle', qui est 
adéquate, et plus fine que l'équivalence rationnelle. Mais le prop. 8 
(ou le raisonnement fait ci-dessus pour (RAn)) montre qu'elle est 
identique à l'équivalence rationnelle. 

Proposition 9. Le produit cartésien et la produit d'intersection de deux 
(resp. n) cycles algébriquement équivalents à 0 est un cycle carré (resp. 
n-cubique). 

Soient en effet X, X' des cycles sur F, F', T et T' des variétés de 
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paramètres, Z et Z' des cycles sur T x F et Tf x V, a9 6 des points de 
T9 a'9 b' des points de T'tels que 

X = Z(b)-~Z(a) et Xf = Z'(b,)-Z,(af). 

Posons Y = Z x Z'. On a 

Y(a9 a') = prFxF, (((a) x F x (a') x F ) . (Z x Z')) 

= prFxF, ((a) x Z(a) x (a') x Z'(a')) = Z(a) x Z'(a'). 

De ceci et de trois autres formules analogues il résulte qu'on a 

XxXf = Y(a9 a') - Y(a9 b') - Y(a'9 b) + 7(6,6'); 

d'où l'assertion relative au produit cartésien. Pour le produit d'inter­
section, on utilise le procédé du produit et de la diagonale et on applique 
(RA ln). 

2.5. Equivalence abélienne. Soient F une variété projective non-
singulière, @J(d)(F) = ® le groupe des cycles de codimension d sur F, 
et A une variété abélienne. Nous dirons qu'un homomorphisme h de 
® dans A est rationnel s'il existe un corps k de définition de F et J. tel 
que 

(HRj). Si X e & est rationnel sur k' => k, h(X) est un point rationnel 
sur k'; 

(HRJJ) . Si X, Xr € © sont deux cycles tels que X' soit une spécialisation 
de X sur un corps k' => k9 alors (X'9 h(X')) est une spécialisation de 
(X,h(X))surkf. 
Il revient au même de dire que la restriction de A à chaque système 
algébrique de cycles est une application rationnelle. Nous dirons qu'un 
cycle X € @ est abélien si on a h(X) = 0 pour toute variété abélienne A 
et tout homomorphisme rationnel A de © dans A. La relation ' X — X' est 
abélien' est une relation d'équivalence adéquate. En effet (RAj) est 
évident, et (RAn) résulte du fait que, puisque toute application ration­
nelle d'une droite dans une variété abélienne est constante, tout cycle 
rationnellement équivalent à 0 est abélien. Reste à vérifier (RAm). 

Considérons pour cela un cycle abélien X € &id)(V), un cycle Z sur 
F x TF tel que Z(X) soit défini, et un homomorphisme rationnel h de 
%m(W) dans une variété abélienne A (d' = dimZ(X)). Pour tout 
X' e ©(<f)(F), choisissons un cycle X[ rationnellement équivalent à X' 
tel que Z(X[) soit défini, et posons u(X') = h(Z(X[)); on voit facilement 
que u(X') ne dépend pas du choix de X^ et que u est un homomorphisme 
de ©(^(F) dans A. Prenons pour k un corps infini de définition de F, W, 
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Z et h. Si X' est rationnel sur k' ^> k, la méthode des cônes ([6], lemme 3) 
montre qu'on peut prendre X'x rationnel sur k!\ donc u(X') = h(Z(X,

1)) 
est rationnel sur k', et (HRj) est vérifié par u. Soit enfin © un système 
algébrique irréductible contenu dans &d)(V); si Z(Xg) n'est pas défini 
pour un élément générique Xg de © sur ¥ 9 il existe Xg rationnellement 
équivalent à Xg tel que Z(Xg) soit défini, et la méthode des cônes montre 
qu'on peut supposer que Xg est une spécialisation de Xg sur k'\ soit ©' le 
lieu de Xg sur k'; alors © peut être considéré comme plongé dans ©'; 
d'autre part Xg -> Z(Xg) définit une application rationnelle / d e ©' dans 
le heu de Z(X'g) sur &', et, sur le domaine de définition/, onaw = Ao/; 
ainsi la restriction de u à ©' est une application rationnelle dans ^4, donc 
aussi la restriction de u à ©. Ceci démontre que % est un homomorphisme 
rationnel de ©(d)(F) dans J.. Comme X est abélien, on a %(X) = 0, d'où 
h(Z(X)) = 0; ceci montre que Z(X) est abélien et démontre (RAm). 
La relation 'X — X' est abélien' s'appelle l'équivalence abélienne. 

Bemarques. (1) Il est évident que l'équivalence abélienne vérifie 
(RAIV). 

(2) Etant donnés une variété F et un entier d, on peut se demander 
s'il existe une variété abélienne A et un homomorphisme rationnel h 
de &d)(V) dans A qui soient universels pour les homomorphism.es 
rationnels de ©(d)(F). La réponse est affirmative en dimension 0 (variété 
d'Albariese) et en codimension 1 (variété de Picard). 

(3) Voici un exemple d'homomorphisme rationnel. Soit W une sous-
variété de F; pour tout cycle X sur F de dimension complémentaire 
à ceUe de W et tel que X. W soit défini, on pose h(X) = S(f(X. W)), 
/étant l'application canonique de F (ou de W) dans sa variété d'Albanese; 
lorsque X. W n'est pas défini, on définit h(X) par équivalence rationnelle. 

Proposition 10. L'équivalence abélienne est plus fine que l'équivalence 
algébrique. 

Il suffit de démontrer que, si X est un cycle non algébriquement 
équivalent à 0 sur F, il existe un homomorphisme rationnel A de ©(F) 
dans une variété abélienne A tel que h(X) 4= 0. Pour cela notons ®a le 
groupe des cycles algébriquement équivalents à 0 sur F de dimension 
dim (X) et démontrons le lemme suivant: 

Lemme. Soit h un homomorphisme de ®a dans une variété abélienne 
A 4= (0) vérifiant (HRj) et (HRn). Alors h se prolonge en un homomorphisme 
rationnel h' de © dans A tel que h'(X) =f= 0. 

En effet on peut supposer que le corps k intervenant dans (HRj) et 
(HRn) est algébriquement clos et que X est rationnel sur k. Notons 
(©)Ä le groupe des cycles rationnels sur k. Comme le groupe (A)k des 

http://homomorphism.es
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points de A qui sont rationnels sur k est divisible, la restriction hx de h 
à (@)fcA©a se prolonge en un homomorphisme h[ de (&)k dans Ak9 et 
on peut supposer que h[(X) est 4= 0 puisque (A)k contient des points 
d'ordre infini et des points d'ordre fini de tous ordres. Comme, d'après 
la théorie de Chow-van der Waerden tout système irréductible maximal 
de cycles positifs sur F est défini sur k et contient donc des cycles ration­
nels sur k, toute classe de © modulo ©a contient des cycles rationnels 
sur k; autrement dit on a © = ©a + (©)&; comme les homomorphismes h 
et h[ coïncident sur ©a n ( ©)Ä, il en résulte qu'il existe un homomorphisme 
h' et un seul de © dans A qui prolonge h et h[. Reste à montrer qu'il 
vérifie (HR^ et (HRn). Si 7 est un cycle rationnel sur ¥ => k, on prend 
un représentant Y± rationnel sur k de la classe de 7 mod. ©a; alors 
h'(Y) = h(Y — 71) + Ai(71) est rationnel sur ¥ puisque ¥ contient k. 
D'autre part, si7->7' est une spécialisation sur ¥ => k, Y et Y' appartien­
nent à la même classe mod. ©a; prenons un représentant Yx rationnel sur 
k de cette classe; alors Y' — Yx est une spécialisation de 7 — 7! sur ¥, 
et (d'après (HRn) appliqué à h) se prolonge donc en h( Y — 7X) -> h( Y' — Yx) 
c'est-à-dire en h'(Y) -> h'(Y') puisque Ai(7^ est rationnel sur k donc sur 
¥. C.Q.F.D. 

Bemarque. Le lemme montre que, dans la définition des cycles 
abéliens, on aurait pu se restreindre aux homomorphismes de ©a dans 
les variétés abéliennes vérifiant (HRj) et (HRn). 

Proposition 11. L'équivalence du carré est plus fine que l'équivalence 
abélienne. 

En effet soient X = Z(a,a')-Z(a,b,)-Z(b,a,) + Z(b,b') un cycle 
carré sur F (Z étant un cycle sur T xT' x V), et h un homomorphisme 
rationnel de ©(F) dans une variété abélienne A. Pour (x, xr) € T x T', 
(x,x')->h(Z(x,xr)) est une application rationnelle de TxT' dans A. 
Il existe donc ([7], cor. du th. 7) deux applications rationnelles/: T ~> A 
etf':T'->A tells que h(Z(x,x')) =f(x)+f'(x'). D'où h(X) = 0 par un 
calcul immédiat. 

2.6. Pseudo-équivalence. Soit ~ une équivalence adéquate. La 
relation 'il existe un entier q 4= 0 tel que qX' ~ qX' s'appelle la pseudo­
équivalence associée à ~ ; dans les exemples on parlera plutôt de l'équi­
valence pseudo-rationnelle ou pseudo-abélienne, etc. On vérifie aussitôt 
que c'est là une relation d'équivalence adéquate. 

Bemarque. D'après le principe de conservation du nombre l'équi­
valence pseudo-algébrique est plus fine que l'équivalence numérique, et 
l'équivalence pseudo-numérique est identique à l'équivalence numérique. 
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2.7. Equivalence triviale. On appelle équivalence triviale celle où 
tous les cycles sont équivalents à 0. Elle est évidemment adéquate. 
C'est la moins fine de toutes. 

Proposition 12. L'ensemble des équivalences adéquates est réticulé. 
Soient en effet ©x et ©2 les groupes correspondant à deux équivalences 

adéquates données. Il suffit de montrer que les groupes ©x n ©2 et @x + ©2 

définissent des équivalences adéquates. La condition (RAZ) est évidente, 
ainsi que (RAn) pour ©1 + ©2 et (RA in) pour ©^©g . La prop. 8 
montre que (RAn) est vérifiée par ©x n ©2. Enfin, si X e ©x + ©2, 
écrivons X = X1 + X2 avec X± e ©x et X2 e @2; si Z est un cycle sur 
F x TF tel que Z(X) soit défini, prenons X[ rationnellement équivalent 
à Xx tel que Z(X,

1) soit défini; on a alors X = X,
1-\-(X2t-\-X1 — X'1) avec 

Z ^ © ! et X2 + X1-X[e®2 (prop. 8); comme Z(X) et Z(Xf
1) sont 

définis, il en est de même de Z(X2 + X1 — X[); donc Z(X) appartient au 
groupe correspondant à ©x+ ©2. C.Q.F.D. 

Cas de la codimension 1. 
En codimension 1 l'équivalence abélienne coïncide avec l'équivalence 

rationnelle (appelée alors 'équivalence linéaire'), donc avec les équi­
valences du carré et du n-cube[8]. Si on note ©?(resp. ©a, %n, ©) le groupe 
des cycles de codimension 1 sur F qui sont linéairement (resp. algé­
briquement, numériquement, trivialement) équivalents à 0, ©a/©? est une 
variété abélienne (variété de Picard[2]), ©/©a est un groupe abélien de 
type fini (Néron-SeveriC4]), et &J&a est son sous-groupe de torsion[3]. 
Ce dernier résultat veut dire que, en codimension 1, l'équivalence 
numérique coïncide avec l'équivalence pseudo-algébrique. Les énoncés 
analogues en codimension quelconque constituent d'intéressantes 
conjectures. 

S. Etude de certaines transformées monoïdales 

Nous nous proposons de comparer ici les anneaux des classes de cycles 
sur une variété F et sur certaines transformées monoïdales ([9], no. 11) 
de F. On suppose F projective et non-singulière, de dimension n. 
Soient W une sous-variété non-singulière de dimension n — 2 de F, et 
F ' la transformée de F par la transformation monoïdale de centre W; 
rappelonsC9] que l'application canonique h de F' sur F est un morphisme 
birationnel, que V est projective non-singulière, que A-1 est régulière 
en tout point de V—W, que l'image réciproque (au sens ensembliste) 
W de W par h est une variété de dimension n— 1, et que la restriction 
de h à W définit une fibration de W sur W par des droites projectives; 
les points de W au-dessus d'un point donné y de W correspondent 
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biunivoquement aux variétés linéaires de dimension n — 1 contenant 
la variété linéaire tangente à W en y et contenues dans la variété linéaire 
tangente à F en y. 

Etant donnée une sous-variété TJ de W, nous noterons j(U) la sous-
variété de W image réciproque (au sense ensembliste) de TJ par h; elle 
est fibrée sur U par des droites projectives; on a 

codimF, ( j( U)) = codim^ ( U) + 1 . (2) 

Nous étendons j par linéarité aux cycles sur W, puis aux classes de 
cycles. 

Soit X un cycle sur F dont aucune composante n'est contenue dans 
W; comme toutes les composantes de Supp (X) n W sont de dimension 
dim (X) — 1 ou dim (X) — 2, l'ensemble A_1(Supp (X)) a toutes ses com­
posantes de même dimension que X (puisque W1 est non-singulière); 
donc le cycle h~x(X) est défini. Notons i(X) le cycle sur Y' correspondant 
à X par l'isomorphisme de Y' — W sur V—W, et X± la composante de 
dimension dim(X) —1 (c'est-à-dire d'excès 1) du cycle intersection 
excédentaire W~r~X (on a Xx = 0 si W.X est défini); nous utiliserons 
les notations i(X) et X± dans la suite. On a les relations 

A-i(X) = * (* )+ j (* i ) , (3) 

Mh-^X)) = X. (4) 

D'autre part, pour tout cycle X1 sur V, h(X') est défini. De plus, si 
X'. W est défini (c'est-à-dire si aucune composante de X' n'est contenue 
dans W), aucune composante du cycle h(X') n'est contenue dans W, 
et hr^^X1)) est défini; on voit facilement qu'il existe un cycle Xx sur 
W tel que x , _ h{h-i{r)) = j ^ ( 5 ) 

Nous désignerons désormais par ~ une relation d'équivalence 
adéquate, et par (S(F) l'anneau des classes de cycles sur F modulo ~ . 

Lemme 1. Notons a! la classe de W dans (£( F'). Pour tout rj ed(W),ona 

A*(j(?/).a,) = - ^ . 

Par linéarité nous sommes ramenés au cas où TJ est la classe d'une sous-
variété 7 de TF. Dans l'espace projectif PN de V, soit C un cône suffisam­
ment général de base 7 , de dimension d im(7 ) + iV — n + 1 , et coupant 
transversalement W en 7 ; alors C. F est défini; en posant C.V = L, 
on a dim(.L) = d i m ( 7 ) + l, et toutes les composantes de i n TF sont 
propres sur F, à l'exception de 7 qui est d'excès 1 et de multiplicité 1 ; 
donc, avec les notations de (3), on a h~x(L) = i(L)+j(Y). Soit M un 

31 TP 
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cycle sur F, intersectant proprement TF, et tel que M ~ L; on a 
h-^M) = i(M). Comme L ~ M, il vient h~\L) ~ Ä-i(Jf ), d'où 

j(Y)~i(M)-i(L). 

Les cycles i(Jf).TF' et i(L).W sont définis et de dimension dim(7); 
comme A(Supp (i(M). TF')) = M n TF est de dimension dim(7) — l, on 
a h(i(M ) . W) = 0. D'autre part A(Supp (i(L). TF)) = LnW admet 7 
pour unique composante de dimension maximum; donc h(i(L). W') est 
un multiple de 7; or, étant donné un corps de définition k de tout ce qui 
précède, il y a, au dessus d'un point générique y de 7 sur k, un point et 
un seul de i(L) n TF', et ce point est rationnel sur k(y) puisqu'il corre­
spond à la variété linéaire engendré par les variétés linéaires tangentes 
à TF et à L en y, comme, de plus, i(L) et W sont transversales, il 
en résulte qu'on a h(i(L).W) = Y. D'où aussitôt notre assertion. 
C.Q.F.D. 

Ceci étant nous allons pouvoir étudier la structure de (S(F'). Pour 
être plus complets, nous allons aussi considérer une relation d'équival­
ence adéquate = , moins fine que ~ ; nous noterons ©r et ©a les groupes 
correspondant à ~ et ==, et (&a le quotient ©a/©r (pour obtenir l'anneau 
(£, il suffira de prendre pour == l'équivalence triviale). Considérons les 
homomorphismes : 

®a(VY->®a(V')->®a(V). (6) 
h* fc* 

D'après (3) on a h* o A* = 1, donc @a(F) s'identifie à un facteur direct 
de @a(F'). Notons 9Î son supplémentaire, c'est-à-dire le noyau de A*. 
L'homomorphisme j applique @a(TF) dans 9î. Nous allons montrer que 
cette application est une bijection: 

(a) Suractivité. Prenons g' e 9Î, et un représentant X' de g tel que 
Z ' . TF' soit défini. Comme h(X') - 0, on a h-!(h(X')) - 0, d'où l'exist­
ence d'un cycle Xt sur TF tel que X' ~ j(X1) (cf. (4)). On a alors j(Xx) s 0, 
d'où, par application du lemme à = , Xx = 0 sur TF. Ceci démontre la 
surjectivité. 

(b) Injectivité. Soit 7 un cycle sur TFtelquej(7) ~ Qsur V'. Le lemme 
montre qu'on a 7 ~ 0 sur TF. D'où l'injectivité. 

Nous avons donc démontré le résultat suivant: 
Proposition 13. Avec les notations précédentes, le groupe additif (£a(F'), 

gradué par la codimension, est canoniquement isomorphe au produit 
®«(^) x ®a(^)> °ù ®«(^)a sa graduation naturelle et @a(TF) la graduation 
obtenue en augmentant les codimensions d'une unité. 

Exemple. Prenons F = P3 et pour TF une courbe non singulière de P3 
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de genre + 0; = sera l'équivalence algébrique et ~ l'équivalence ration­
nelle. En dimension 1, on a (&a(V) = (0), tandis que @a(F') est isomorphe 
à la jacobienne de TF. Ceci montre que (£a n'est pas un invariant bira-
tionnel absolu en codimension > 1 (en codimension 1, ©a est la variété 
de Picard et est un invariant birationnel absolu). 

Nous prendrons désormais pour = l'équivalence triviale (et écrirons 
donc @ au lieu de @a). Nous allons donner quelques renseignements sur 
la structure multiplicative de @(F'): 

(1) Nous avons déjà vu que A* identifie @(F) à un sous-anneau 
unitaire de @( F'). 

(2) Considérons deux classes de cycles, £ sur F et TJ sur TF, et calculons 
h*Œ)J(v)- Pour cela prenons des représentants X de g et Y de TJ tels 
que X. Y soit défini; alors h~x(X) .j( Y) est défini et a même support que 
j(X. Y). Or, si G est une composante de X. Y en laquelle les cycles X et 
Y sont transversaux, il en est de même de h~x(X) et de j(Y) en j(C). La 
formule A_1(X). j( Y) = j(X. Y) est donc vraie si X et Y sont trans­
versaux en toutes leurs composantes. On a donc 

h*(è)j(v)=Mv) (?) 
chaque fois que £ est la classe d'une section plane de F (dans n'importe 
quel plongement projectif de cette variété); or, comme F est non-
singulière, tout diviseur sur F est différence de deux sections hyperplanes 
(dans deux plongements différents); donc (6) est vraie lorsque £ est de 
codimension 1, et par conséquent lorsqu'il est somme de produits de 
classes de codimension 1. Il semble probable que (6) soit vraie en 
général. 

(3) Pour calculer j(Vi)j(V2) (Vi>V2e ®(JF))> n°us aurons besoin de 
connaître la classe a'2 (où a' désigne la classe de TF'); pour TJ e (£(TF), 
nous poserons c(ij) = oc'jty) (rappelons que le lemme nous a montré 
que h(c(rj)) = -TJ). Notons que a'2 = c(l). La 'formule d'induction' 
X'.y,Z = (X'.v, W).W,Z (où X' est un cycle F' et Z un cycle sur IF') 
montre qu'on a c(rj) = a!j(ri) = (u'^-w'îi7!) ^'où 

o(v) = c(l).w,j(V) (Ve®(W)). (8) 

Il résulte du lemme que c(l) est l'opposé de la classe d'une section 
rationnelle du fibre TF'. 

Ceci étant la formula d'induction montre encore qu'on a 

JiViiKVï) = c(Vi)-w3(V2) = c(l)-w'J(Vi)-w<J(V2) = c(l)-w'û(ViVz)' 
D'où, pour 7jx et r\2 € @(TF), on a 

31-2 
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Bemarque. Des résultats plus précis et plus généraux sur les trans­
formées monoïdales ont été obtenus indépendamment par M. A. Grothen­
dieck. 

4. Problèmes et résultats sur les cycles de dimension 0. 

Il semble raisonnable de commencer l'étude des rapports entre les 
diverses relations d'équivalence définies en ^2 par le cas des cycles de 
dimension 0: en effet nous disposons, d'une part, grâce aux travaux de 
F. Severi, d'un riche matériel expérimental concernant les groupes de 
points sur une surface; on peut d'autre part espérer démontrer un jour 
des 'critères d'équivalence' permettant une réduction à la dimension 0. 

Pas besoin d'insister sur l'équivalence algébrique ni sur l'équivalence 
abélienne; rappelons que le groupe de cette dernière est le 'noyau 
d'Albanese'. 

4.1. Equivalence rationnelle. On peut se demander si l'ensemble 
des points d'une variété F qui sont rationnellement équivalents à un 
point donné P0 de F est fermé (pour la topologie de Zariski). Il est facile 
de voir qu'il est stable par spécialisation (puisque l'équivalence ration­
nelle vérifie (RAIV)). Problème voisin: l'ensemble des points de F qu'on 
peut relier à P0 par une suite finie et connexe de courbes rationnelles 
(tracées sur F) est-il fermé? coïncide-t-il avec l'ensemble des points 
rationnellement équivalent à P0î Une variété dont deux points quel­
conques sont connectables par une courbe rationnelle est-elle uni-
rationnelle? Une surface dont tous les points sont rationnellement 
équivalents est évidemment régulière; vérifie-t'elle pg = 0?; est-elle 
rationnelle? 

Le seul résultat que connaisse l'auteur et qui puisse avoir une certaine 
utilité dans ce genre de questions est le suivant: 

Proposition 14, Notons ~ l'équivalence rationnelle. Si X et X' sont 
deux cycles positifs sur F, rationnels sur un corps k de définition de F et 
tels que X ~ X'9 alors il existe un cycle positif L sur V rationnel sur k9 un 
entier q ^ l9un cycle Z positif sur P±xV et rationnel sur k9 et deux points 
a9 b de Px rationnels sur k tels que 

Z(a) = qX+L, Z(b) = qX' + L. (10) 

En effet il existe un cycle positif 7 sur Px x V et deux points a, b 
rationnels sur k de Px (par exemple 0 et oo) tels que X — X' = 7(6) — 7(a). 
Par spécialisation de 7 sur k, on peut supposer 7 algébrique sur k; 
soient Yl9 ...,I^ ses conjugués (éventuellement répétés); posons 

Zx = Y1+...+Yq. 
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On a Z1(b)-Z1(a) = q(Xf-X). 

Or, en écrivant X = X0+Xv X' = X0+X'l9 où X± et X[ sont des cycles 
positifs sans composante commune, la relation 

Z1(b)-Z1(a) = qX'1-qX1 

montre qu'il existe un cycle positif Lx tel que qX1 + L1 = Zx(a) et 
qX'i+L-L = Zx(b). Alors le cycle Z = Z1 + (P1x LJ est rationnel sur k, et 
L = Lx + qXQ vérifie (10). C.Q.F.D. 

4.2. Equivalence du carré. Nous avons vu que l'équivalence du 
carré est plus fine que l'équivalence abélienne. On peut se demander si 
elles coïncident. En dimension 0 on a deux résultats partiels: 

Proposition 15. Sur une variété abélienne F, tout cycle X de dimension 0 
et de degré 0 qui est abéliennement équivalent à 0 (c'est-à-dire tel que 
S(X) = 0, avec les notations de[7]), est un cycle carré. 

Posons X = 2%(a^) avec xi e F; on a S ^ ^ = 0 par hypothèse. 
Notons que, pour a, a' 9 b9 b' e F, le cycle 

(a + a ' ) _ ( a + è')_(& + a ' ) + (6 + 6 ') 

est carré. Procédons par récurrence sur n = S |%|, qui est pair puisque 
Si% = 0. Notre assertion est triviale pour n = 0 et n = 2. Pour n ^ 4, 
mettons en évidence, dans X, deux termes munis du signe + et un 
terme muni du signe —, et écrivons X = (x) + (y) — (z)+Xr. Le cycle 
X± = (x) + (y) — (z) — (x + y — z) est carré (prendre, ci-dessus, a = x, 
a' = 0, b' = z — x, b = x + y — z). D'autre part X — Xx = (x + y — z) + X' 
est abéliennement équivalent à 0, donc carré d'après l'hypothèse de 
récurrence. C.Q.F.D. 

L'auteur ignore si la prop. 15 se généralise aux équivalence w-cubiques. 
Proposition 16. Si V et V sont deux variétés telles que l'équivalence du 

carré coincide en dimension 0 avec l'équivalence abélienne, il en est de 
même de V x V. 

Fixons en effet des points a de F et a' de F'. Notons ~ l'équivalence 
du carré. Pour xe F et x' € F', on a 

(x, x') ~ (a, x') + (x, ar) — (a, a'). 

Donc, pour tout cycle X de dimension 0 sur F x F', il existe des cycles 
7 sur F et 7 ' sur F', tous deux de dimension 0, tels que 

X ~ ( a ) x 7 ' + 7 x ( a ' ) . 

Si Jf est de degré 0, on peut prendre 7 et 7 ' de degré 0, et on a alors 
prF(X) ~ 7 et prF,(X) ~ 7 ' . Si X est abéliennement équivalent à 0, 
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il en est donc de même de 7 et 7' , qui, par conséquent, sont des cycles 
carrés en vertu de l'hypothèse. Ainsi X est un cycle carré. C.Q.F.D. 

Bemarques. (1) Notons &f\V) le groupe des classes de cycles de 
dimension 0 sur F modulo l'équivalence carrée. Le raisonnement de 
la prop. 16 montre que (£(

C°>(F x F') est isomorphe à &?\V) x @<?>(F'). 
(2) Soient A une variété abélienne, et F sa variété de Kummer (quotient 

de F par la relation d'équivalence x + y = 0). Notons A l'application 
canonique de A sur F. Etant donnés deux points quelconques a, b de F, 
soient x9 y des points de A tels que a = h(x) et b = h(y). Il existe un point 
z de A tel que 2z = x + y. lue cycle Z == (x) + ( — y) — (z) + ( — z) sur J. est 
carré (prop. 15). Comme h(x) = a, h( — y) = h(y) = b et h(z) = A( — z)9 

on a h(X) = (a) — (b)9 ce qui montre que (a) — (b) est un cycle carré. 
Ainsi, sur une variété de Kummer, l'équivalence du carré coincide avec 
l'équivalence algébrique en dimension 0. A fortiori ces deux équivalences 
coïncident avec l'équivalence abélienne; en particulier une variété de 
Kummer est régulière (ce qui est d'ailleurs facile à voir directement). 

(N.B. Il est facile de voir que, en dimension 0, le groupe @(0)(F) est 
un invariant birationel absolu; il a donc un sens pour les variétés 
birationnellement équivalentes à des variétés non-singulières, en par­
ticulier pour les surfaces.) 

On peut se demander si l'équivalence du carré coïncide avec l'équi­
valence rationnelle. Pour qu'il en soit ainsi il suffit (d'après (RAm)) 
que, quels que soient les variétés (resp. courbes, variétés abéliennes) 
T, T' et les points a, b de T et a'9 b' de T'9 le cycle 

. (a,al)-(a,b')-(b,a,) + (b,br) 
soit rationnellement équivalent à 0; il suffit même que, pour toute 
courbe G et tous points a, b de G, le cycle (a, a) — (a, b) — (b, a) — (b, b) sur 
G x C soit rationnellement équivalent à 0. Le premier cas non trivial est 
celui où C est une courbe elliptique; la conjecture équivaut alors à la 
suivante; sur la variété abélienne C xG, les cycles (x) + ( — x) et 2(0) sont 
rationnellement équivalents pour tout point x de C xC; ceci veut dire 
que, sur la surface de Kummer TF de G x G, tous les points sont ration­
nellement équivalents; comme TF contient une infinité dênombrable 
de courbes rationnelles (à savoir les images des sous-variétés abéliennes 
de C x G), cette conjecture est conséquence de celle qui dit que les points 
rationnellement équivalents à un point donné forment un ensemble 
fermé. 

4.3. Sous-variétés représentatives. Soit ~ une relation d'équi­
valence adéquate. Une sous-variété TF d'une variété F est dite repré-
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sentative (pour ~ ) si tout point de F est équivalent (pour ~ ) à un cycle 
de dimension 0 porté par TF. Ceci veut dire que l'homomorphisme 
canonique (S(0)(TF) -> ©(0)(F) est surjectif. L'existence de sous-variétés 
représentatives de F permet donc d'avoir des renseignements sur ©(0)(F). 

Etant donnée une variété F, l'existence de courbes sur F représenta­
tives pour l'équivalence rationnelle semble un problème ouvert en dehors 
des cas triviaux. On peut aussi conjecturer que, pour qu'une variété F 
admette une courbe représentative (pour l'équivalence rationnelle), il 
faut et il suffit que le noyau d'Albanese de F coïncide avec le groupe de 
l'équivalence rationnelle; la condition est suffisante puisque toute 
variété abélienne admet une courbe génératrice (cf. Matsusaka). 
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ON GALOIS GEOMETRIES 

By BENIAMINO SEGRE 

1. Introduction 

Finite spaces, i.e. finite sets of point-elements on which some geo­
metric structure is superimposed, are of importance in many branches of 
applied mathematics, e.g. statistics (Bose[6], Seiden157-1). Quite recently, 
they have been used in various efforts to build up a geometry which 
would be better adapted to the quantistic theories (Järnefelt[23»24], 
Järnefelt and Kustaanheimo[25], Kustaanheimo[27_32]). 

The present exposition will dwell chiefly on the geometric aspects in 
the study of the simplest and more important among finite spaces, the 
so-called Galois spaces, SrtQ9 i.e. the linear spaces—of any dimension r— 
over a GF(q). These spaces can be characterized as those finite graphic 
(or projective) spaces where Fano's postulate (existence of at least three 
distinct points on every line) and Desargues' theorem (on homological 
triangles) hold, the latter condition being a consequence of the former 
if r ^ 3. In every graphic space satisfying these conditions Pappus's 
theorem also holds, which is tantamount to the Maclagan-Wedderburn 
theorem affirming the commutativity of every finite field. Attempts at 
proving this theorem geometrically—by directly showing the validity of 
Pappus's or equivalent theorems in those spaces—have also been made 
(cf., for example, Locher[34]), but up to now without success (cf. Artin[1], 
p. 75). Quite recently I have added a fresh attempt [Segre[54]], with a view 
to a geometric proof of the Maclagan-Wedderburn theorem through a 
study of certain properties of non-linear non-commutative geometry, 
concerning reguli in projective spaces over a skew field and their plane 
sections. 

Many of the ideas and results of algebraic geometry can be adapted 
to Galois spaces without difficulty, paying attention to the fact that the 
ground field GF(q) of a Sr>q has non-zero characteristic p (where q = ph

9 

for some positive integer h), and that the field is not algebraically closed. 
Additional questions and properties arise from the finiteness of the field, 
and some of them are dealt with in § 2. 

In § 3 we briefly indicate how certain algebraic sub varieties ofSrq can 
be characterized by means of very simple properties of a numerical and 
graphical character. 

Finally, §§ 4 and 5 concern the study of k-sets, i.e. sets of k points of 
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SrfQ9 for r = 2 and r ^ 3 respectively; and it has to be noticed that each 
of them can always be considered, in different ways, as the set of points 
of an algebraic variety. The theory has been recently developed for 
certain &-sets of special interest, called k-arcs and k-caps; but very much 
remains to be done in this direction. 

Our exposition—while rather sketchy—will implicitly suggest a 
number of further questions which, however, we shall pass over for 
lack of time. 

2. Some properties of algebraic varieties 

Projective geometry and non-Euelidean geometry of STtQ have many 
interesting group-theoretic aspects, which were substantially known 
a long time ago (Jordan[26], Dickson[10]). However, only recently have 
appropriate geometric terminology and reasoning been employed in 
order to clarify them, particularly for the smallest values of r and q. 
Thus the geometry of STtS has been investigated in detail for r ^ 4 
(Edge111»13]), and used for studying the group of the 27 fines of the general 
cubic surface and its separation into 25 conjugate classes (Edge[16]), as 
well as other group properties in S5Z (Edge[18]). Also the geometry of 
S2>q has been described, especially for g = 5,7,11 (Edge[14'17]), and 
suggestive geometric arguments have been devised for establishing the 
known isomorphism between the linear fractional group LF(4:9 2) and the 
alternating group A8 (Edge[12]), and between LF(29 9) and AQ (Edge[15]). 

The number of linear subspaces of SrtQ of a given dimension can be 
easily obtained (Segre[46], n. 159); thus, for instance, the number of 
points of SrfQ is 1 +q + q2+ ... +qr. Similar questions may be asked for 
any algebraic variety of STtQ; but the answer is then usually far less 
simple and not precisely known. Estimates for the number of points 
lying on certain algebraic varieties have been obtained, and in special 
cases reasonably simple exact expressions of this number were given, 
by means of deep and often rather intricate algebraic and analytic 
arguments (Chatelet™, Vandiverf64»6^, Hua and VandiverC19-22^ Weil™, 
Lang and WeilC33], Carlitz[8]). Here we confine ourselves to quoting the 
result (Hua and Vandiver^) N = (q-l)[(q-l)r-1 + (-l)rilq con­
cerning the number N of solutions x e GF(q), with xxx2... xr + 0, of the 
equation c1x^1 + c2x^2+... +crx^r = 0, where the c's are given non-zero 
elements of GF(q), the n's are integers satisfying 0 < % < q— 1 such 
that the numbers (ni9 q—1) are relatively prime in pairs, and r > 2. 

Some of the questions of the type indicated above can be conveniently 
treated by means of purely combinatorial and geometric methods. For 
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instance, a well-known algebraic result (Dickson[10]) can be stated by 
saying that every irreducible conic of S%q contains precisely q+1 points, 
and this has also been freshly proved by showing directly that in S2>q 

there are as many irreducible conies as there are conies containing 
exactly q+1 points, both numbers of conies being equal to q5 — q2 

(Segre[53]). Thus the whole theory of quadratic forms over GF(q) can be 
geometrized (Primrose[39]), and partially new results can be obtained 
as follows (Segre[55]). 

If r = 2s is even (s ̂  1), the non-singular quadrics of Sr>q are two by 
two homographie, and every one of them contains a positive number of 
linear subspaces SntQ of Srq, of each dimension n = 0, 1, ...,s — 1, this 
number being 

° n s n 

IKS-*-!) n (<f+i)/iH<r-i+1-i)-
i=0 i=s—n i=0 

If r = 2s— 1 is odd, the non-singular quadrics of Sftq fall into two dif­
ferent types, the hyperbolic and the elliptic, those of the same type being 
two by two homographie. Every hyperbolic quadric contains a positive 
number of Snq, of each dimension n = 0, 1,..., s — 1, this number being 

fidr*-!) n1 te*+i)/n(<r-*+1-i) 
i=0 i=s—n—1 i=Q 

(as usual, the spaces of maximum dimension «s— 1 then constitute two 
different systems, and those of lower dimension a single one). Every 
elliptic quadric contains no Ss_1>q and a positive number ofSnq, of each 
dimension n = 0 ,1, . . . , s — 2, this number being 

n s n 

n(<r*-1-i) n (<r+i)/n(<r-i+1-i). 
<i=0 i=8—n i=0 

It has to be noticed that a non-singular quadric / of # n g defines a 
polarity, which is a null system if, and only if, p = 2 (i.e., if q is even). 
In this case, the polarity is non-singular if r is odd, while it has one, and 
only one, singular point 0 if r is even ; the point 0 is called the kernel off, 
does not lie on / and is the point of concurrence of all the tangent primes 
off. This is but an example of the discrepancies which may appear in 
algebraic geometry between the case where the characteristic of the 
ground field has the value p = 2 and the case p + 2; further examples 
have been investigated (Boughon, Nathan and SamuelC7], SegreC50]), and 
deep reasons for the occurrence of such discrepancies have been given 
(Segreti). 

Other special algebraic varieties of a Galois space have been studied, 
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as for instance the rational normal curves ofSrq (Segret49]), and the cubic 
surfaces of S3>q, with odd q. I t has been shown (Rosati[42]) that the 
equation of the 27 lines and the equation of the 45 tritangent planes of 
such a surface are always reducible, and the various kinds of reducibility 
have been classified; moreover, the exact number of points lying on the 
surface has been obtained in several cases (Rosati[41]). Another inter­
esting result is the coincidence between the locus of the kernels of the 
conies lying on the Veronesean representing the quadrics of Sr>q9 with 
even q, and the Grassmannian of the lines of # r g (Taluni). 

An upper bound for the number of the points of an algebraic curve 
will be given later (§ 4). 

3. Characterization of certain algebraic varieties 

While every irreducible conic of S2>q consists of a set of q +1 points of 
S2}Q (§2) no three of which are collinear, it has been proved that the 
converse is true if, and only if, q is odd (Segre [47»48]) or ifq = 2,4 (Segre[51]). 
Another similar result is that, if q is odd, any set of q+1 points of $3 q 

no four of which are in a plane consists of the points of a twisted cubic 
curve (Segre[49]). These very simple but rather unexpected results have 
been the starting-point of further investigations, some of which we shall 
now summarize. 

In Srq, where q is odd and r > 3, let us consider any set of k points 
such that every line of $ n a containing three distinct points of the set 
consists entirely of points of the set. It has been proved (Tallini[58>59]) 
that, if l+q+...+qr-1 < k < l+q+ ...+<f, then the set can only be 
the set of all the points of one of the following algebraic varieties : (i) the 
variety consisting of a prime and a SttQ of Sr>q (t = — 1,0,1, ...,r— 1); 
(ii) a non-singular quadric in a space of even dimension, or a quadric 
cone projecting such a quadric from its vertex; (iii) a non-singular hyper­
bolic quadric in a space of odd dimension, or a quadric cone projecting 
such a quadric from its vertex. Also the case of q even has been treated 
(I.e.). Moreover, similar characterizations have been obtained for non-
singular elliptic quadrics in spaces of odd dimension and their pro­
jecting cones (Tallini[60]), as well as for certain cubic surfaces of S3fQ 

with odd q (Tailing). 
Finally, the Veronese surface of S5>q can be characterized as follows 

(TalliniC62]). In a SrtQ, where r ^ 5 and q is odd, consider any set of 
k ^ q2 + q +1 planes two by two incident, such that no three of these 
have a common point; then r = 5, k = q2 + q + l, and the set consists 
precisely of the tangent planes of a Veronese surface. 
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In the sequel we shall give some results improving those stated at the 
beginning of the present §3. By using them suitably, similar improve­
ments of the remaining results of this § 3 could be easily deduced. 

4. On planar &-sets 

With every k-set of S2q we can associate, for any n = 1,2,..., an 
integer Nn given by the maximum number of points of the k-set which 
lie on some algebraic curve of order n. The consideration of Nn is signi­
ficant only for the smallest values of n, precisely when \n(n + 3) < k, and 
then we have \n(n + %) < Nn < k. Not much is known about these 
characters Nn\ for instance, it has been proved (Segre[52]) that, if Nx = 2 
and N2 ^ ^q + 2, then N2 = k, i.e. the k-set lies entirely on a conic, with only 
one possible exception for even q, when it can happen that N2 = k— 1, the 
k-set consisting then of k — 1 points of a conic and of the latter's kernel. 

It may be noticed that the character N± can be defined—more gener­
ally—for ß-sets belonging to any projective plane of order q, namely to 
a graphic finite plane, Uq say, each line of which contains q+1 points. 
Of very particular importance are the i-sets of Uq having Nx = 2 (i.e. 
containing no triplet of collinear points), which are called simply k-arcs. 
It can be shown (Qvist[40]) that, for no &-arc of Uq may k be greater than 
q+1 or q + 2 according as q is odd or even, these maximum values of k 
being in fact reached by some &-arcs, called ovals (Segre [47>48]). 

The consideration and study of ovals are important also on planes 
n a which are non-Desarguesian, i.e. non-Galoisian (Ostrom[37]), as can 
be anticipated from the fact that, when q is odd, every oval of S2)Q is 
simply a conic (§ 3). When q = 2h is even, we obtain an oval in a Galois 
plane S2q by adding the kernel to the q+1 points of a conic of S2)Q (§ 2) ; 
this is then the only way of obtaining an oval ifh= 1,2,3 (i.e. q = 2,4,8), 
but there are always ovals not obtainable in this manner if h > 3, with a 
single possible exception for h = 6 (Segre[51]). A complete classification 
of ovals in a plane S2q, with q even, remains however to be done. 

The results stated above concerning the maximum value of k, for 
&-arcs of IIa, can be extended as follows (Barlotti[4]) : if, for a k-set of Uq, 
the character N± = n is such that 2 < n < q, then k ^ (n— l)q + n or 
k ^ (n— l)q + n — 2 according as q is or is not divisible by n. 

It may be noticed that, if a k-set of S2q lies on an algebraic curve of 
order n < q free from rectilinear components, then the k-set has Nt < n. 
The last result can in this case be refined, by proving (Segre[55]) that: 

The number k of points of S2tq lying on an algebraic curve of order 
n < q of S2fQ satisfies the limitation k < nq+1, where the equality sign 
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occurs if, and only if, the curve consists of n distinct lines of a pencil. 
Moreover, if the curve does not break up into n lines, then 

k^(q+l)(n-l)-[M+l, 

where the equality sign, may occur only if n is even or if the curve has some 
rectilinear component. 

We shall now confine ourselves to the study of the i-arcs of Uq or, 
in particular, of S2q. Such a ß-arc, K, is said to be incomplete or complete 
according as there is or there is not a (k+ l)-arc containing it (for in­
stance, every oval is manifestly complete); moreover, a line of the plane 
is said to be external to K or a tangent, or a secant of K according as it 
has 0, or 1, or 2 distinct points in common with K. Clearly, every point 
of K lies on k — 1 secant lines and so on 

t = q-Jc + 2 

distinct tangents (each of which is said to touch K at the point). To any 
point of the plane not lying on K we can attach an integer i, called the 
index of the point and satisfying the limitations 

0 < i ^ [ p ] , 

given by the number of distinct secants of K containing it. Denoting 
by ci the number ( ^ 0) of points of the plane not lying on K and 
having index i, K is obviously complete if, and only if, c0 = 0; more 
generally, if c0 = cx = ... = ca_1 = 0, but ca =j= 0, K is said to be complete 
of index a. 

The projective characters cx, as well as other integers attached in a 
similar way to K, are connected by a system of Diophantine equations; 
and a simple discussion of this system gives necessary conditions in 
order that K be complete, possibly of a given index (Segre[55], SceC44'45]). 
The question of obtaining sufficient conditions is much more,difficult, 
and has been studied only on Galois planes and in special cases. 

For instance, it has been shown (Segre[49], TaUini[61]) that no g-arc 
of S2tQ can be complete; on the contrary (Lombardo-Radice[35]), if 
q = 3 (mod 4), there certainly exist some complete f((? + 5)-arcsin a n y 
S2tQ. Moreover (Segre[55]), while the necessary arithmetical conditions 
for completeness are, e.g. satisfied for q = 13, k = 7, there exists no 
complete 7-arc in S213; finally (Segre [51»55]), for the first non-trivial 
values of q : n 0 rt 

* q = 7, q = 8, q = 9, 

the exact values of k, such that there exists some complete i-arc in 

#2,* are £ = 6,8, k = 6,10, £ = 6,7,8,10 
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respectively. The known complete &-arcs which are not ovals have been 
obtained by different methods (see also Scafati[43]), one of which (Lunelli 
and Sce[36])has required the use of an electronic calculating machine; and 
many of those &-ares are endowed with remarkable groupai properties. 

Other results on completeness have been deduced from the following 
theorem (Segre[55]), established in its turn by meaiis of certain consider­
ations of algebraic geometry having a much wider applicability. 

Theorem. If K denotes any k-arc of S2>q for which (putting as above 
t = q — k + 2) t > 0, then it is possible to associate with K an algebraic 
envelope of lines of S2tQ, T say, containing no pencil of lines with the centre 
on K as a component, and such that-. 

ifqis even, T has class t, and the t lines of Y issuing from any point of K 
coincide with the t distinct tangents of K at the same point', 

if q is odd, T has class 2t, without being an envelope of class t counted 
twice, and the 2t lines of V issuing from any point of K coincide with the 
t distinct tangents of K at the same point, each counted twice. 

In the first of the two cases considered in the theorem, the envelope 
T has therefore class t and contains as elements each of the 

kt = t(q-t + 2) 

tangents of K. From the dual of a previous result we see that, if q is 
sufficiently large with respect to t, the envelope T must contain some 
pencil of Unes as a component; the centre of such a pencil does not lie 
on K and, by aggregating it to K, we obtain a (k+ l)-arc containing K, 
so that K is certainly incomplete. The argument now sketched, suitably 
completed, shows for instance that: 

If q is even and t = 1,2,3,4, there exists no complete (q — t + 2)-arc in 
S2q, save for just one exception, given by the complete 6-arcs of S28. 

The argument can be further developed, and also suitably modified 
so as to adapt to the second case of the theorem (q odd) ; thus new results 
can be established, whose qualitative content is expressed by the 
following theorem. 

If a denotes any non-negative constant and k ^ q — a, where q is sufficiently 
large with respect to a, then every k-arc of S2q is contained in one and only 
one oval (i.e. a conic, if q is odd), and is therefore incomplete if it is not 
an oval. 

5. On spatial &-sets 

The notion of &-arc can be extended to higher spaces, by considering 
in STtQ sets of k points any s +1 distinct of which are linearly independent 
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(2 ^ s ^ r); such a set will be denoted by k?rq, and the maximum of k 
for given r, q, s will be indicated by ms

r%q. Of particular importance are 
the cases when s = r or s = 2 < r: then the k-set will be called a k-arc 
or a k-cap of Srq respectively. 

If c is an integer satisfying 1 < c < r — 2, c < k, then the projection 
of any k — c points of a &-arc of STtq, from the Sc_lq joining the remaining 
c points, onto a $ r_ c g skew to Sc_lfq, is clearly a (k — c)-arc of Sr_c>q. 
By applying the last theorem of § 4 and this remark, we obtain (Segre[55]) 
that: 

If q is odd and sufficiently large with respect to r, then mr
rq = q+1, the 

k-arcs with maximum k ( = q+1) being the rational normal curves of Srq. 
If, moreover, q is sufficiently large with respect to q — k, then every k-arc of 
Sr>q is contained in a rational normal curve of Srq. 

The characters m of the &-caps have a special significance in statistics. 
For them, the following results have been proved: 

m | a = g 2 +l 

q2+l ^ml>q^q2 + q + 2 

m2
t2 = 2r 

m| 4 = 17 

i=0 

if q is odd, Ì 

if q is even, V (Bose[6]). 

for any r ^ 2,J 

(Seiden^, Barlotti^) 

if q is odd and r ^ 4 (Barlotti[5]) 

m\q > 2q2 + 2(q +1) [lq\ - 6g - 2 (Segre™). 

Moreover, it has been established (Barlotti[2]) that: 
/ / q is odd, the k-caps of S3q having maximum k ( — q2 +1) coincide 

with the sets of points of an elliptic quadric of S3q. 
If g > 17, this property is a particular case of the following (given by 

Segre[55], and also including another result by Barlotti[3]): 
If $ is °dd and k ^ q2 — q+19, every k-cap of S3tq lies in an elliptic 

quadric of S3q. 
Stronger improvements can be derived from the last theorems of § 4. 

Thus, for instance (SegreE55]), 
If a denotes any positive constant, and q is odd and sufficiently large with 

respect to a, then any k-cap of S3q for which k > q2 — aq is contained in an 
elliptic quadric of S3>q; moreover, under the same conditions for q and if 
r ^ 4, for every k-cap of STtQ we have k < qr~x — axf~2. 

Also the case when q is even has been studied further, even if not so 
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extensively as the case when q is odd. First of all, one of the results by 
Bose previously quoted has been completed by proving (Barlotti[2]) 
that, ifq>2is even, then m\q = q2 +1. Moreover, it has been shown that, 
for even q (e.g. for q = 8), there exist (q2 + l)-caps of S3q which are not 
quadrics; however, any such (q2+l)-cap defines a null polarity, exactly 
in the same way as in the case of a quadric (cf. Segre[56]). 

We conclude by remarking that the sets k?rq, considered above, are 
in their turn generalized by the &-sets of SrtQ such that, if they contain 
any (s+1)-subset of linearly dependent points, then the space joining 
such a subset wholly consists of points of the k-set. Every k-set of this 
type defines a non-negative index 8, and can therefore be indicated by 
ks

r>
8

q, 8 being the maximum dimension of the subspaces of SrtQ lying 
entirely in the k-set (clearly, the kpqs thus coincide with the ks

rq's). 
Up to now, only the &2;f s (or &-caps of index 8) have been studied 
(TalliniC59]); and we have already given some of the results concerning 
them. 
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S O M E G E O M E T R I C A L A S P E C T S OF 

C O S E T S P A C E S O F L I E G R O U P S 

By H S I E N - G H U N G WANG 

1. Introduction 

Let M be a differentiable manifold with a geometrical structure J. 
This J, for example, can be a Riemannian metric, a projective connection, 
a complex structure or a ö-structure in the sense of Chern. The manifold 
M will be called J-homogeneous if there exists a group G of automor­
phisms of {M, J} transitive on M. For a given J, it is of interest to 
classify all the J-homogeneous spaces. Suppose M to be /-homo­
geneous. Let us choose a point x of M, and denote by Gx the isotropic 
subgroup of G at #. In the natural manner, we can identify M with the 
space G[GX of left cosets. The classification problem usually consists of 
three parts: (I) to determine whether the group of all automorphisms 
of {M, J} is a Lie group; (II) if G is a Lie group, to express the structure 
J and its local invariants in terms of some tensors over a certain vector 
space related to the Lie algebras of G and Gx; (III) to classify all the pairs 
(G, Gx) such that the tensor corresponding to J really exists. 

Problem I has been discussed by various authors, and the answer 
is affirmative when {M, J} is a Riemannian space (Myers-Steenrod), a 
bounded domain (H. Cartan), a compact complex manifold (Boehner-
Montgomery) or a manifold with a Cartan connection (S. Kobayashi). 
We note that the last case includes all the geometrical structures which 
determine a unique Cartan connection. As for Problem II, E. Cartan 
gave a general and effective method ([6], pp. 293-299) which can be 
applied to nearly all the known J's. We shall illustrate this in the next 
section. Problem III is a purely algebraic one, and in general can be 
very complicated. Nevertheless, if we assume M to be compact and 
simply-connected, then Gx is connected and by a theorem of Mont­
gomery[12], we can choose G to be compact and even semi-simple. On 
account of our thorough knowledge of compact Lie groups (connected) 
and their representations, the classification can be actually carried out 
in most cases. 

2. Two examples 

In this section, we shall give two examples concerning Problem II. 
The first is more or less trivial, while the second illustrates the method of 
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Cartan in modern terms. Throughout this section, M denotes a differen­
tiable manifold with a geometrical structure J, G a, transitive Lie group 
of automorphisms of {M, J), Gx the isotropic subgroup of G at a point 
x of M, and p: G-+M the projection defined by p(g) = g(x), g eG. 

2.1. J is a tensor field over M. Let Vx denote the tangent space of M 
at x. Then the value Jx of J at x is a tensor over Vx. Any k of Gx induces 
an automorphism Jc: Vx -> Vx which can be extended in a unique way to 
an automorphism of the tensor algebra over Vx. Since J is invariant 
under G, Jx is invariant under all k for keGx. Conversely, G being 
transitive, any tensor over Vx invariant under all ìc (k e Gx) can be 
extended to a ö-invariant tensor field over M. Thus we have a one-to-one 
correspondence between G -invariant tensor fields over M and tensors over 
Vx which are left unaltered by all k with k e Gx. The latter has a simple 
interpretation in terms of G and Gx. In fact, let G, G^ be the Lie algebras 
of G, Gx respectively, and E the quotient vector space G (modGJ. 
We shall always identify the Lie algebra of a Lie group with the tangent 
space of the group at the identity. The projection p: G-> M induces an 
onto linear map p: G -> Vx with G^ 
as its kernel, and so gives an iso- E P y 

morphism p : E -> Vx. For k e Gx, Ad k 
carries G into G and G^ into G ,̂, AdEk k keG„ 
and thus induces an automorphism 
AdEk: E ->E. We see immediately 
that the diagram is commutative. 
In other words, if we identify E with Vx by p, then AdEk coincides 
with k. We have then 

'There is a one-to-one correspondence between G-invariant tensor fields 
over M = G\GX and the AdEGx invariant tensors over E.' 

2.2. J is a linear connection. Consider the bundle 3% of frames over M. 
This is a differentiable principal bundle with group H = GL(n,R), 
n = dimif. For any beâïï,we define %: H -> £$ by %(cr) = ber, or € H. 
This map carries H homeomorphically onto the fibre containing b. 
A linear connection on M can be regarded as an H-valued (H = Lie 
algebra of H) Pfaffian form co over éS such that: (i) for each b, T/foj is the 
left Maurer-Cartan form of H, and (ii) for each cr of H and each tangent 
vector b of 0S9 o)(hcr) = Ad (o-1)^). 

Now let G be a transitive Lie group of automorphisms of {M,J}, 
where J is a linear connection with connection form co. In the natural 
manner, G acts differentiably on SS. As transformations of £$, elements 

E > 

E > 



g> geG, 
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of G and elements of H commute, and moreover g*o = a), g eG. Choose 
a point b0 of 3§ whose projection on M is x, and define n: G -> S by 
(̂öO = -fl̂ o)» 9 € Ö. The form TET = 7r*w is then an H-valued Pfaffian form 

over G. From the commutativity of the 
diagram, where Lg denotes the left trans­
lation associated with g, it follows that 
L*m = w, i.e. w is left invariant. We shall 
see that m satisfies two other conditions. 
For k e Gx, k(bQ) and b0 belong to the same 
fibre, and so there exists a unique cr e H such that k(b0) = b0or. Thus we 
get a map (j>: GX->H defined by k(b0) = bQ<p(k), k e Gx. Since H and G 
commute elementwise, çS is a homomorphism. In fact, up to a natural 
identification, (j> coincides with the representation Ad^ of Gx. For sim­
plicity, let us use the same letter ^ to denote the Lie algebra homo­
morphism: Gœ->H induced by the group homomorphism <f>: GX->H. 
From the commutativity of the diagrams 

^B 

V(k) keG^ 

(Bk denoting the right translation associated with k) and the properties 
(i), (ii) of the connection form o> mentioned above, we verify easily that 

&d(j)(k)w = R%w = (Ad*)*tu, çKk) = w(k) (k e Gx, k€ Gx). (A) 

Summing up, we know that w = 7r*o) is an H-valued Pfaffian form over 
G which is invariant under left translations and satisfies conditions (A). 
Conversely, given such a Pfaffian form over G, we can construct a 
(?-invariant linear connection over M in the natural manner. Since m is 
left invariant, it can be interpreted simply as a linear map: G->H, 
and thus 

Theorem. There is a one-to-one correspondence between G-invariant 
linear connections over M and the linear maps <D : G -> H such that 

(a) <D coincides with $ when restricted to Qx, and 
(b) (Ad 4>(k)) O(g) = 0((Ad k) (g)), k e Gx, g e G. 

Here ci: Gx -> H. can be regarded as the homomorphism obtained from the 
representation Ad ĵ of Gx on E. 

The curvature and torsion forms as well as the holonomy algebra 
of the connection can be explicitly written out in terms of 0[15]. 
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3. Compact complex homogeneous manifolds 

Now let us take up the complex homogeneous manifolds and discuss 
them in detail. Suppose G to be a complex Lie group and L a complex 
subgroup of G (i.e. the underlying space of L is closed and is a complex 
submanifold of G). Then the coset space G\L has a natural complex 
structure which is left invariant by the action of G. This complex mani­
fold will be called the complex coset space G\L. Obviously, it is homo­
geneous. 

Suppose i f to be a compact complex homogeneous manifold, A the 
group of all analytic*)* homeomorphisms of M, and L the isotropic sub­
group of J. at a point x ofM. Bochner and Montgomery[1] proved that A 
has a complex structure with respect to which (a) G becomes a complex 
Lie group and (6) the transformation map A x M -> i f defined by 
(g, y) -> g(y) is analytic, where g e A, y e M. I t follows that the isotropic 
subgroup L is a complex subgroup of A, and M is analytically homeo­
morphic with the complex coset space A\L. Thus the class of compact 
complex homogeneous manifolds coincides with the class of compact 
complex coset spaces. The classification of the latter is largely an 
algebraic problem. When the subgroup L has infinitely many connected 
components, the algebraic problem becomes extremely complicated. 
To avoid this, we assume M to be simply-connected and hence L must 
be connected. 

For simplicity, let us call G-spaces the compact and simply-connected 
complex homogeneous spaces. 

Now let i f be a C-space and A the group of all analytic homeomor­
phisms of if. By a theorem of Montgomery[12], the maximal compact 
subgroup K of A is transitive on M. Since M is simply-connected, the 
semi-simple part of K, and hence a maximal semi-simple subgroup 
G of A, must be transitive on if. We note that A and G are complex Lie 
groups while K is not. Hence M can be written as a complex coset space 
GjL of a semi-simple complex Lie group. 

Let G be the Lie algebra (over the field of complex numbers) of G, and 
H a Cartan subalgebra. Since G is semi-simple, we know that the sub­
group H generated by H in G is analytically isomorphic with the direct 
product of I multiplicative groups C* of non-zero complex numbers, 
where I is the rank of G. An element heH. will be called rational if the 
characteristic roots of Ad h are all rational numbers. This condition is 
equivalent to saying that exp (mih) is the identity for some positive 

t By analytic, we shall always mean complex analytic. 
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integer m. A base of H is called rational if it consists of only rational 
elements. Let hl9...,hx be a rational base of H, and oc, ß be two roots. 
From Weyl's results, we know that a, ß take rational values on the A's. 
We shall say that a > ß if there exists an integer s < I such that 
a(hj) = ß(hj) for j = 1,2, ...,s and a(hs+1) > ß(hs+1). A root is called 
positive if it is bigger than the 0 root. 

The following lemma is basic for our further discussions: 
Basic Lemma. Let G be a complex semi-simple Lie group, L a connected 

complex subgroup of G, and G, L the Lie algebras of G, L respectively. 
The complex coset space G\L is compact if and only if there exists a Cartan 
subalgebra H of G, a linear subspace H2 of H, and a base 

%,...,ku, hb+1,hb+2, ..^riq, eai,...,eam,e_ai,...,e_a§ (s < m) 

of h such that (i) 6 = 2u, hj e H, fy e H, the h's are rational while no complex 
linear combination of the ¥s is rational, (ii) the e's are root vectors, and 
al9..., am exhaust all the positive roots with respect to a certain rational base 
of H, and (iii) {±ocx,..., ± a j is the totality of roots which annihilate the 
subspace H1. 

I t can be easily verified that the condition (i) is equivalent to the con­
dition (i'): The factor group Hj(LnH) is compact, where H denotes the 
subgroup generated by Hin G. 

Let us write a (7-space M in the form G\L with G complex semi-
simple. Then L has the properties as in the Lemma. We see immediately 
that L + H is the normalizer of L, and the quotient (L + H)/L is abelian. 
Hence the subgroup Lx generated by L + H in G is a connected complex 
subgroup of G, and the quotient LX\L is a complex toral group of 2u real 
dimensions. Therefore G\L is a complex analytic principal bundle over 
G\LX with the complex torus LX\L as the group. Since Lx is connected 
and contains a Cartan subgroup of G, the compact complex coset space 
G\LX must be simply-connected and has positive Euler characteristic. 
Thus we have proved 

Theorem 1. Each C-space M is an analytic principal bundle, with a 
complex torus as the group, over a C-space Mx having positive Euler 
characteristic. 

As we shall see later, this analytic principal bundle structure over M 
is unique (i.e. independent of the choice of G). In fact, the structure 
group must be the identity component of the centre of the group of all 
analytic homeomorphisms of if. 

Now suppose that a (7-space M is Kählerian. From Theorem 1, i f is 
a complex torus bundle over a C-space Mx with positive Euler character-
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istic. Since i f is Kählerian, the fibre T2u is non-homologous to zero in M. 
On account of the simply-connectedness of M, T2u must be a point, and 
M = MV Hence 

Theorem 2[11]. / / a C-space is Kählerian, then it has positive Euler 
characteristic. 

This theorem has the following converse: 
Theorem 3 t7»4»13]. If a C-space M has positive Euler characteristic, then 

it is algebraic. 
This can be proved by using the fact that if G\L is a C-space of positive 

Euler characteristic with G complex semi-simple, then L is its own 
normalizes 

Goto proved, furthermore, that i f is a rational variety. 

4. Underlying topological manifold of a C-space 

We shall introduce a class of real manifolds and show that it coincides 
with the class of the underlying manifolds of C-spaces. In fact, let K be 
a compact semi-simple Lie group, and X a connected subgroup whose 
semi-simple part coincides with the semi-simple part of the centralizer 
of a toral subgroup of K. If dim KjX is even, we shall call KjX a Q-space. 
We note that rank (K)-rank (X) is always even and is a topological 
invariant of the space K/X. 

Now let i f = G\L be a C-space with G complex semi-simple, K a 
maximal compact subgroup of G, and X = LnK. By Montgomery's 
theorem[12], i f is homeomorphic with Kj(Kc\L). Using the Basic 
Lemma, we can easily verify that Kj(K n L) is a Q-space. 

Now we shall establish the converse in a strong form. First let us write 
down the following lemma, whose proof is quite direct: 

Lemma. Let C*2w be the complex Lie group which is analytically iso­
morphic with the direct product of 2u multiplicative groups of non-zero 
complex numbers. Given any complex torus T2u of 2u real dimensions (note 
that for a fixed u, there are infinitely many essentially different such tori), 
there exists a complex subgroup J f of C*2w such that C*2u\J is analytically 
isomorphic with T2u. 

Let if' = KjX be a Q-space. Here K is a compact semi-simple Lie 
group, X is a connected subgroup whose semi-simple part TJ coincides 
with the semi-simple part of the centralizer Z of a toral subgroup Tx in K. 
Moreover, dim KjX is even. I t is our purpose to construct various homo­
geneous complex structures over if'. In what follows, real and complex 
Lie algebras will appear simultaneously. To distinguish them, we shall 

f J is analytically isomorphic with the w-dimensional complex vector space. 
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put an upper index '°5 in all the real Lie algebras. Denote by K°, X°, 
Tf, U° the Lie algebras (over reals) of K, X, Tl9 U respectively, and by 
G = K°® C the complex form of K°. Let G be the complex semi-simple 
Lie group corresponding to G and containing K as its maximal compact 
subgroup. Choose a Cartan subalgebra H of G such that TJ c H and 
that K° is spanned (over reals) by 

*(e« + 0 > ea-e_a, i[ea,e_a], 

where ea runs over all the normalized root vectorsE163 of G with respect 
to H. Since Tl9 TJ, X are compact and TJ c H, it can be proved[14] that 
H has a rational base 

hx,...,hb, hb+1,..., faa, ha+1,...,hi 

with the following properties: 
(A) U° is spanned over the reals by 

{iha+1, ...,i\,eß~e_ß, i(eß + e_ß) :ß(Hx) = 0}, Hx = Tx®C; 

(B) TJ = Rih± + Bih2 +...+ Rihb + Rihb+1 +...+ Rihj, R = field of real 
numbers; 

(C) X° = U° + Rihb+1 +... +Riha. 
Let us order the roots by means of this rational base hl9h29 ...,hv 

Denote by ax, ...,as the totality of positive roots which annihilate Hx 

and by as+1, as+2, ...,ocm the remaining positive roots of G. On account 
of (A) and (B), we know that ô  > ak for j > s,k ^ s, and so the complex 
linear subspace 

P^ChM+... + Chl + Ceai+... + CeUm + Ce_ai + ... + Ce_as 

forms a complex subalgebra of G where C denotes the field of complex 
numbers. Let H0 = Chx+... + CAÖ. Since the A's are rational H0 gen­
erates in G a complex subgroup H0 which is analytically isomorphic with 
the direct product of b multiplicative groups of non-zero complex num­
bers. By definition of Q-spaces, dimK/X is even, so rank (Jf)-rank (X) 
is even and thus we can write b = 2u. From the lemma at the beginning 
of this section, given any complex torus T2u, we can find a complex 
subgroup J of HQ such that HJJ is analytically isomorphic with T2u. 
Denoting the Lie algebra of J by J, we see immediately that the complex 
subalgebra L = P + J of G satisfies the conditions (ii) and (iii) in the 
Basic Lemma. Let L be the subgroup generated by L in G. Then 
Hj(H n i ) « H0IJ is compact. This tells us that L is closed in G, and then, 
by the Basic Lemma, GjL is compact. Since G\L has finite fundamental 
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group (because L is connected and G semi-simple), K acts transitively 
on G\L with isotropic subgroup LnK which coincides with X. Hence 
the underlying topological manifold of GjL is our given Q-space if'. 

Let Lx be the subgroup generated by H + L in G. I t is closed and the 
quotient group LJL is analytically isomorphic with HQ/J which is the pre­
assigned T2u. I t follows that G\L is an analytic T2u bundle over G\LX 

which is evidently a C-space with positive Euler characteristic. Sum­
ming up the results, we have 

Theorem 4. The underlying topological manifold of a C-space is a Q-space. 
Conversely, given a simply-connected Q-space KjX and any complex torus 
T2u with 2u = rank(X)-rank(X),f the real manifold KjX has a complex 
structure to make it a C-space M, and moreover, this C-space M is an 
analytic principal bundle over a Kählerian C-space with the pre-assigned 
T2u as the fibre. 

5. Group of all analytic homeomorphisms of a C-space 

Let i f be a C-space and A the identity-component of the group of all 
analytic homeomorphisms of if. It can be proved thattl4] 

Theorem 5. The complex Lie group A is locally the direct product of a 
complex semi-simple Lie group and a complex vector group. 

Let Z2v denote the identity-component of the centre of A, where 2v 
denotes the real dimension. A base EX,E2, ...,EV of the complex Lie 
algebra of Z2v can be regarded as v complex analytic vector fields over if. 
Since Z2v is the centre of A, these vector fields El9 ...,EV must be linearly 
independent everywhere. It follows that if M is Kählerian, it has posi­
tive Euler characteristic, and hence v = 0, i.e., A has a discrete centre. 

Now suppose that i f has an analytic principal fibre structure with base 
Mx and with a complex torus T2u as the group. Since T2u acts on M ana­
lytically, we can regard it as a subgroup of A. By the maximal modulus 
principle, every element of A merely permutes the fibres, and therefore 
T2u is a normal subgroup of A, whence T2u <= Z2v. If, moreover, the base 
Mx is Kählerian, then T2u = Z2v, for otherwise Z2v would give a nowhere-
zero analytic vector field on Ml9 which contradicts the fact that Mx has 
positive Euler characteristic. Combining this with Theorem 1, we have 

Corollary 1. The connected centre Z2v of the group A is a complex torus. 
The action of Z2v on M gives an analytic principal fibring of M with 
Kählerian base space, and this is the only analytic fibring of M with this 
property. 

f Note here that u is a topological invariant of Q, and is independent of the way of 
expressing Q a s a coset space. 
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Now we come to the homogeneous complex structures over a given 
real compact manifold Q. If Q has positive Euler characteristic, then 
there exist only a finite number of pairs (G,L), where G is complex 
semi-simple, and u s a connected complex subgroup of G such that Q is 
homeomorphic with G\L. Therefore, Q has at most a finite number 
of homogeneous complex structures. Borei and Hirzebruch[3] gave an 
effective method of determining all the homogeneous complex structures 
over such a Q. For real manifolds with zero Euler characteristic, we 
have from Theorem 4 and Corollary 2, the following 

Theorem 6. Let Q = KjX be a Q-space wth zero Euler characteristic, 
and 2u = rank(X)-rank(X). To each complex torus T2u there corresponds 
a homogeneous complex structure over Q. Two such complex structures are 
equivalent if and only if the corresponding complex tori are analytically 
homeomorphic. Therefore there are infinitely many inequivalent homo­
geneous complex structures over Q. 

6. Global analytic invariants of C-spaces 

Let i f = G\L be a C-space with complex G. Recently BottC5] studied 
the complex vector bundle over M associated with the principal bundle 
L->G-> if. Abundant results are obtained. In particular, a definite 
formula for the Dolbeault groups of i f is given. When i f is, moreover, 
Kählerian, Borei and Hirzebruch[3] computed its various characteristic 
classes. 

7. Homogeneous bounded domains 

Among the non-compact homogeneous complex manifolds, the homo­
geneous bounded domains are of particular interest. We know that a 
bounded domain D has an intrinsic Kählerian metric (Bergman metric), 
and the group of all analytic homeomorphisms is a Lie group, but never a 
complex Lie group. E. Cartan has determined all the symmetric bounded 
domains. Boreim and Koszul[10] proved independently that if a bounded 
domain admits a transitive, semi-simple Lie group G of automorphisms, 
then it must be symmetric. Recently, HanoC8] proved the same result 
under the much weaker condition that G is unimodular. 

R E F E R E N C E S 

[1] Bochner, S. and Montgomery, D. Groups of analytic manifolds. Ann. Math. 
(2), 48, 659-669 (1947). 

[2] Borei, A. Kählerian coset spaces of semi-simple Lie groups. Proc. Nat. 
Acad. Sci., Wash., 40, 1147-1151 (1954). 



COSET SPACES OF LIE GROUPS 509 

[3] Borei, A. and Hirzebruch, F . Characteristic classes and homogeneous spaces. 
Amer. J. Math. 80, 458-538 (1958). 

[4] Borei, A. and Weil, A. Représentations linéaires et espaces homogènes 
Kahlériens des groupes de Lie compacts. Séminaire Bourbahi, 1954 
(Exposé par J.-P. Serre). 

[5] Bott, R. Homogeneous vector bundles. Ann. Math. (2) 66, 203-248 (1957). 
[6] Cartan, E. Leçons sur la géométrie des espaces de Riemann, 2e éd. Paris, 

1946. 
[7] Goto, M. On algebraic homogeneous spaces. Amer. J. Math. 76, 811-818 

(1954). 
[8] Hano, J . On Kählerian homogeneous spaces of unünodular Lie groups. 

Amer. J. Math. 79, 885-900 (1957). 
[9] Hawley, N. S. Complex bundles with abelian groups. Pacific J. Math. 

6,65-82(1956). 
[10] Koszul, J . L. Sur la forme hermitienne canonique des espaces homogènes 

complexes. Canad. J. Math. 7, 562-576 (1955). 
[11] Lichnerowiez, A. Espaces homogènes Kahlériens. Coll. Géom. Diff., Stras­

bourg, 171-184 (1953). 
[12] Montgomery, D. Simply-connected homogeneous spaces. Proc. Amer. 

Math. Soc. 1, 467-469 (1950). 
[13] Tits, J . Sur certaines classes d'espaces homogènes de groupes de Lie. 

Mém. Acad. B. Belg. 29 (1955). 
[14] Wang, H. C. Closed manifolds with homogeneous complex structure. 

Amer. J. Math. 76, 1-32 (1954). 
[15] Wang, H. C. On invariant connections over a principal fibre bundle. 

Nagoya Math. J. 13, 1-20 (1958). 
[16] Weyl, H. Theorie der Darstellung kontinuierlicher halb-einfacher Gruppen 

durch lineare Transformationen. I I , I I I . Math. Z. 24, 328-395 (1925). 



510 

CONTINUOUS PARAMETER 
MARKOV CHAINSf 

By K A I - L A I C H U N G 

The name given in the title is an abbreviation of 'Markov processes with 
continuous time parameter, denumerable state space and stationary 
transition probabilities \ This theory is to the discrete parameter theory 
as functions of a real variable are to infinite sequences. New concepts 
and problems arise which have no counterpart in the latter theory. 
Owing to the sharply defined nature of the process, these problems are 
capable of precise and definitive solutions, and the methodology used 
well illustrates the general notions of stochastic processes. It is possible 
that the results obtained in this case will serve as a guide in the study 
of more general processes. The theory has contacts with that of martin­
gales and of semi-groups which have been encouraging and may become 
flourishing. For lack of space the developments from the standpoint of 
semi-groups or systems of differential equations cannot be discussed here. 

Terms and notation not explained below follow more or less standard 
usage such as in [11]. 

Let (Ü, $, P) be a probability triple where ($,P) is complete; 
T = [0, oo), T° = (0, oo), 33 the usual Borei field on T. Let {xt, t e T} be 
a Markov chain with the minimal state space I, the stationary transition 
matrix {(p^)} and an arbitrary fixed initial distribution. By the minimal 
state space we mean the smallest denumerable set (of real numbers) such 
that T?{xt((x)) € 1} = 1 for every t € T. The transition matrix is character­
ized by the following properties: for every i, j e I, s, t e T°: 

Pa(t)>o, Zft,(*) = i, ^ ( H ^ S f e W f t i W . (i) 
jel feel 

The last of these relations is the semi-group property. In order to have 
a separable and measurable Markov chain with the given I and {(##)} 
it is sufficient (and essentially necessary) that 

iimpu(t) = 1 (2) 

for every iel. In this case we define ̂ ( 0 ) = S{i. E a c h ^ . is then uni­
formly continuous in T. We shall confine ourselves to this case. We may 
suppose, by going to a standard modification, that the process is separable 

f This paper was prepared with the partial support of the Office of Scientific Research 
of the United States Air Force. 
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(relative to the class of closed sets) and measurable. The basic sample 
function properties, due largely to Doob[9] and Lévy[17], can then be 
deduced. We cannot detail these properties but, as a consequence of 
them, there is a specific version (or realization) which has desirable pro­
perties. To obtain this let us take I to be the set of positive integers and 
compactify it by adjoining one fictitious state oo, in the usual manner. 
Let us call a function/ on T lower right semi-continuous with respect to a 
denumerable set E dense in T if f(t) = lim f(s) for every t. Then there is 

R3sjt 
a version of the given Markov chain such that 

(i) x(-,- ) is measurable S3 x $ , or Borei measurable; 
(ii) each sample function x( •, a)) is lower right semi-continuous with 

respect to any B. 
Other properties which are valid for almost all sample functions may 

be further imposed; we need not elaborate them here. Clearly (i) implies 
measurability and (ii) implies well-separability, namely separability 
with respect to any denumerable set dense in T. We mention that , 
despite (ii), it is possible that for all a), the t-set $«,(&>) where x(t, co) = oo 
is everywhere dense in T (see [14]). 

I t has been known for some time that an important concept in the 
study of general Markov processes is the so-called strong Markov pro­
perty (see [3»12,22]) j t turns out that the version specified above has this 
property, which we now proceed to describe (in a slightly restricted form). 
Let $t be the Borei subfield of ^ generated by {xs, 0 ^ s < t} and aug­
mented by all sets of probability zero. A random variable a with domain 
of finiteness Aa is said to be optional (or 'stopping t ime ' or 'independent 
of the future ') if for every t we have 

{ùJ:OC(ù)) < t}e%t. 

The collection of sets A in g such that An {co: OL(O)) < t] € $t is a Borei 
field g a called the pre-cc field. The process {£f, t e T} on the reduced triple 
( A a , A a & P ( . | A a ) ) where 

£(t,ù)) = x(a(ù)) + t,ù)) 

is called the post-oc process and the augmented Bòrei field generated by 
this process the post-ct field %'a. Observe that if a is optional then so is 
a +1 for each t > 0. For the sake of brevity we shall suppose tha t Aa = O 
in the following. The following assertions, collectively referred to as 
the strong Markov property here, are true for every optional a. 

(a) For each t e T°, £f is finite (i.e. £t e I) with probability one. 
(6) The post-a process is a Markov chain in T° whose state space and 

transition matrix are restrictions of those of the given Markov chain. 
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(c) For each teT, the pre-(a + £) and post-(a-M) fields are con­
ditionally independent given £,t, wherever the latter is finite (hence in 
particular almost everywhere if t e T°, by (a)). Thus if A € %a+t and 
A' € 3£+* then on the set {co: ^(o) e 1} we have 

P{AA'|£} = P{Alfi}P{A'|S}. 

(d) The post-a process is well-separable and Borei measurable as it 
stands. 

Furthermore, let us consider for each given A e $a and s < t, the 
conditional probability 

P{x(t,(o)=j\A;cc = s} = r3.(s,t\A) (3) 

defined for almost all s according to the measure induced by a on S3. 
The following additional assertions are true. 

(e) For each j e I and almost all s according to the a-measure: the 
function r^(s, • | A) satisfies conditions analogous to (1) and is continuous 
in (s, oo) ; and we have 

P{£(£,o>) = x(a(o)) + t,(o) = j | A; a = s} = r^s,s +11 A). (4) 

(/) The pre-a and post-a fields are absolutely independent if and 
only if r^(s, t \ A) as a function of the pair (s, t) is a function of t — s, for 
each A and j . 

Let us observe, comparing (3) and (4), that the assertion (e) is a non-
trivial substitution property for the conditional probability. 

A preliminary view of the above assertions, together with a justifica­
tion of the name 'strong Markov property', may be obtained by con­
sidering the particular case a = constant. In this case the assertions 
(a)-(d) become the defining properties of {xt, t e I}, while (e) reduces to 
the continuity of each py. This simple observation implies the truth of 
(a)-(e) if a is denumerably-valued and shows that for a discrete para­
meter Markov chain the corresponding assertions hold almost trivially. 
Proofs of the above assertions except (d), in somewhat more precise 
terms, are given in [7]. Similar results which overlap these are given by 
YushkevicE223f; for another proof of (a), (b) and part of (c) see Austin[2]. 

The essence of the strong Markov property may be briefly stated as 
follows: The ordinary Markov property valid at a fixed time t remains 
valid at a variable time cc chosen according to the evolution of the 
process but without prevision of the future. The classical illustration 
is that of a gambler who chooses his turn of playing according to a 

f His assertion involving another random variable ^ a and measurable 5« follows 
easily from (e). 
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gambling system which he has devised without the aid of prescience. 
Similar concepts for a martingale have been developed by Doob[11]. 

Let us discuss some applications of the strong Markov property. I t 
should be remarked that while its invocation is a basic step in each of 
the following cases further work is needed to establish the results to 
be mentioned. 

(A) The simplest case of an optional random variable is the first 
entrance time into a given state. This satisfies (/) and its judicious use 
yields various ' decomposition formulas '. For example, let Hp^(t) denote 
the transition probability from i to j in time t 'under the taboo H9 

(namely, before entering any state in H), and jcfHPij(t) the analogous 
probability where H is replaced by the union of H and k; HFik the first 
entrance time distribution from i to h under the taboo H. The intuitive 
meaning of the following formula is clear: if 1c £H, we have 

HPifi) = KBPHQ) + j0BPkj(t -s)d JS^ìJM ; 

but its rigorous proof requires the strong Markov property, in par­
ticular (e). Specialization of H to one state leads to ratio limit theorems 

of the DoebHn type concerning p^(s)dsj\ pu(s)dsa,st 

Next, let us recall that the state i is called stable or instantaneous 
according as qi = —p'u(0), which always exists, is finite or infinite. Let 
i =}= j and consider in a recurrent class (see[8]) the successive returns to 
i via j (the intervention of j is necessary only if i is instantaneous). These 
return times partition the time axis T into independent blocks to which 
Doeblin's method of treating a functional of the Markov chain can be 
applied. In this way the classical limit theorems, like the laws of large 
numbers, the law of iterated logarithm and the central limit theorem, can 
be easily extended. For the discrete case see [4], where there are some 
errors in the proofs which can be corrected (see the last footnote 
in M). 

Finally, Kolmogorov's example[16], in which there is exactly one in­
stantaneous state, can be analysed probabilistically by use of certain 
entrances into this state and taboo probabilities. I t can be shown as a 
consequence that the construction of sample functions of this process 
given by Kendall and Reuter[15] with semi-group methods is indeed 
the unique one. Namely, the version specified above having Kolmo­
gorov's transition matrix must have the properties implied by the 
Kendall-Reuter construction. 

33 TP 

->oo; see [8] 
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(B) Let the process start at a stable state i and consider the first exit 
time from i (see [6]). This is optional and the condition in (/) is again 
satisfied. Denoting for A = Q the corresponding r^s^ + t) by r€i(t), 
which is continuous in t by (e), we have readily 

Pifi) = à^e-^ + qA^i^r^ds. 

This integral representation implies the existence of a continuous 
derivative Py(t) = q^r^t) —Pij(t)] and various complements including 
an interpretation of Kolmogorov's first (backward) system of differential 
equations. (The second (forward) system can be dually treated and 
falls under (A) above.) This gives a probabilistic proof of a result which 
was first established by analytic means by Austin[1]. A proof similar to 
the one sketched here was announced by Yushkevic but has not yet 
appeared. 

The independence of the pre-exit and post-exit fields implies the 
fundamental observation due to Lévy[17] that the lengths of the stable 
intervals are independently distributed; the separability of the post-exit 
process asserted in (d) then yields the negative exponential distributions 
for these lengths; see [5]. 

(C) Let the process start at an instantaneous state i and put 

Sua) = {t: x(t, co) = i}, pt(t> *>) = / * W " (°> *)L 
where pt is the Borel-Lebesgue measure on 93. Then for each s, the random 
variable a, defined by . x . r (. .. . . s J a8(o)) = inf{tifici,o)) > s} 
is optional. In words, as is the first time when the total amount of time 
spent in the state i exceeds s. This idea, which is a partial analogue of 
the exit time from a stable state discussed under (B ), is due to Levy[17» 18>19]. 
Levy makes use of the more general device of counting time only on a 
selected set of states, thereby annihilating the remaining states together 
with the time spent in them. This idea remains to be fully exploited. 
As a simple example, if i =)= j , then the total time spent in i before en­
tering j has the negative exponential distribution 1-

/•OC 

Jo *?«(*)* 

in our previous 'taboo' notation. 
(D) In this last application we touch upon a chapter of the theory 

of continuous parameter Markov chains which has yet to be written. I t 
is to be observed that the strong Markov property fails on the set where 
£o = oo. While the assertions (a)-(d) are always valid for t e T°, our 
information is inadequate as the critical time a is approached from the 
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right if the sample function values approach oo there. This failure may 
be formally attributed to the crude one-point compactification we have 
adopted, which does not distinguish between the various modes of 
approaching oo that ought to correspond to distinct adjoined fictitious 
states rather than the one and only oo. From this point of view the main 
task, called the 'boundary problem' by certain authors, is the proper 
compactification of the minimal state space I so as to restore the strong 
Markov property on the set where g0 £ I and to induce the appropriate 
boundary behavior (as in potential theory). Without loss of generality we 
may suppose that this set has probability one. For fixed j € I and t0 e T° 
let us consider the process {%, 0 < t ^ t0}, where 7j(t,ù)) = Pgt}(û\j(tQ — t). 
Since {£J is a Markov chain by (6) the new process {%} is easily seen to be 
a martingale. Applying the martingale convergence theorem we see that 
lim 7j(t,ù)) exists and is finite with probability one, and the limit has 
tlQ 

certain gratifying properties. The idea of considering this sort of martin­
gale is due to Doob[9], and the present application to the post-a process 
will undoubtedly play a role in the compactification problem. For other 
formulations of the boundary problem see Feller[13], Reuter[21], and Ray[20]. 

The preceding discussion is centered around the strong Markov 
property as a convenient rallying point. Lest the impression should 
have been made that there was nothing else to be done I should like to 
conclude my discussion by mentioning some other problems not directly 
connected with the above. 

A very natural circle of problems concerns the analytical properties 
(not to say characterization) of the elements of a transition matrix 
defined by (1) and (2). These may be regarded as problems in pure 
analysis. For example, it is still an open problem whether p'y(t) exists 
if t > 0 and both i and j are instantaneous, j* The solution of such a pro­
blem would be the more interesting if probabilistic significance is found. 
In this connection Jurkat[14] has observed that the differentiability 
results discussed under (B) hold even if the second condition in (1) is 
omitted, the condition (2) being assumed of course. The following even 
more primitive and probabilistically meaningful result is only a few weeks 
old: each p^ is either identically zero or never zero. The original proof 
of this result, due to Austin, makes ingenious use of the strong Markov 
property. It is almost ' unfortunate ' that a simplification has been found 
by myself which uses only the separability and measurability of an 
associated process. This is not the only example where a purely analytic 

f {Added in proof.) D. Ornstein has now proved that for every i and j , p'i3-(t) exists 
and is continuous for t > 0. 

33-2 
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and simple-sounding proposition has so far been proved only by properly 
probabilistic methods.f It follows from this result, as observed by Austin, 
that if all states communicate then each of the Kolmogorov systems 
holds as soon as one of its equations holds for one value of the argument. 

Another circle of problems is the approximation of the continuous 
parameter chain (£ = {xt, teT} by its discrete skeletons (£s = {xns, neN} 
where s > 0 and N is the sequence of non-negative integers. In what 
sense and how well do the skeletons ©s approximate (£ as s^Oi This 
does not appear to be as simple a matter as might be expected. To cite 
a specific example: let m^ denote the mean first entrance time (or return 
time if i = j) from i toj in &, and let mi3-(s) denote the analogous quantity 
in ds. The well-known theorem that Mm pu(t) exists (see [17]) implies that 

if i is stable then mu(s) = q^^ for every s. If i and j are distinct states 
in a positive (or strongly ergodic) class then it can be shown that 
lim smi:j(s) = mi3- by a rather devious method. But I do not know what 
s jo 

the situation is with moments of higher order. We may also mention 
the open problem of characterizing a discrete parameter Markov chain 
which can be imbedded in a continuous parameter one, namely which is 
a skeleton of the latter. 

Finally, let me mention an annoying kind of problem. Various models 
of Markov chains can be easily described by so-to-speak word-pictures 
but the rigorous verification that they are indeed Markovian is often 
laborious. The well-known construction by Doob[10] is an example. 
Other examples are given by Lévy[17] of which one (his example II. 10.5) 
may be roughly described as follows. Consider first the infinite descending 
escalator such that from the state i +1 one necessarily goes into the 
state i while the mean sojourn times in all the states form a convergent 
series, the process terminating at the state 1. This is a Markov chain in T° 
and one need only hitch it on to a new state at the beginning to obtain 
a Markov chain in T. In fact, the resulting process is the second example 
given by Kolmogorov[16], which like the first one mentioned under (A) 
above has been analysed in detail by Kendall and Reuter[15]. Now modify 
this scheme by allowing, upon leaving each step, the alternative of either 
entering the next lower step or starting all over again from the (infinite) 
top of the escalator. By proper choice of the probabilities of the alter­
natives it is possible to j ump to and return from infinity a nondenumerably 
infinite number of times. It seems ' intuitively obvious ' that the resulting 
process is still Markovian, but if so why does it elude a simple proof? 

f (Added in proof.) D. Ornstein has now found an analytical proof of this result. 
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B. B. THEftEHKO 

O HPEßEJILHBIX TEOPEMAX TEOPHH 
BEPOÄTHOCTEK 

i l cnacTJiHB nponecTt ftOKJiaß Ha HacToniijeM KOHrpecce H xoTe«n 6 H 
npeHî,n;e Beerò cep^erao noOJiaroßapHTB cjiymaTejieö 3a OKa3aHHoe MHe 
BHHMaHne, a oprKOMHTeT KOHrpecca — 3a npnrjianieHHe H npe,o;oeTaB-
JieHHyH) B03M0JKH0CTB BHCTynJieHHH. 

Cpejpi pa3HOo6pa3HHx H CHJIBHO pa3BeTBHBinnxcH 3a nocjie^HHe 
ro^H HanpaBJieHHÖ HCCJießOBaHHH TeopHH BeponTHOCTen KJiaccnnecKHe 
3a,n;aHH eyMMnpoBamra, a TaKîKe HX ecTecTBemïoe pa3BHTHe, npo,n;o«ji-
îKaioT 3aHHMaTB 3HanHTejiBHoe MecTO. B copoKOBHe roßia, nocjie 
SnecTHiipix paöoT JiHHßeöepra, II. JleBH, C. H. EepmHTeHHa, T. 
KpaMepa, A. H. Xmraraa, A. H. KoJiMoropoBa, B. cPejiJiepa, T. M. 
BaBJiH, B. flëSjiHHa H MHornx ftpyrnx ynëHHx, Ka3ajioeB, HTO Bce 
ocHOBHHe Bonpocti Teopnn cyMMHpoBaHHH jme pa3peineHH. O^HaKO 
nooie^yiomee pa3BHTne COôBITHH noKa3ajio, HTO R&me xoponio H3y-
HeHHHe npoÔJieMH cnocoÔHH npn HHHX K HHM no^xo^ax Bti3BaTB K 
îKH3HH HOBHe yBJieKaTejiBHBie nocTaHOBKH 3a,p;aH H rjiyôoKne ncejie-
AiOBaHHfl. B pe3yjiBTaTe HOHBHJIHCB HCCJiê OBaHHH EcceeHa, ^OHCKepa, 
K). B. JlHHHHKa, M. JIoeBa, K). B. ÏIpoxopoBa, A. H. KoJiMoropoBa, 
A. B. CKopoxoßa, C. X. CnpajK^HHOBa, P . JI. ^oôpyniHHa H pfl,o;a 
ftpyrnx, OTKPHBIHHX HOBMe nyTH B CTaptix, Ka3ajiocB 6 H ncxoîKeHHHX 
oôjiacTHx Teopnn BeponTHOCTen. Bojiee Toro B HeKOTopoM CMHCJie 
TeopHH CyMMHpoBaHHH BHOBB CTaHOBHTCH OftHOH H3 IjeHTpaJIBHHX 
JIHHHH pa3BHTHH TeopHH BepOHTHOCTeH. H 3,0;eCB CHOBa, KaK 3T0 
nocTOHHHO npoHCXO^HT B HCTopHH MaTeMaTHKH, HOBLie npoSjieMBi 
nOaCKa3aHH He CTOJIBKO eCTeCTBeHHHM BHyTpeHHHM pa3BHTHeM HayKH, 
CKOJiBKO npaKTHHecKoiî ÎKH3HBH) B caMHx pa3Hoo6pa3HBix eë npoHB-
«JieHHHX. 

B CBH3H CO CKa3aHHHM eCTeCTBeHHO BCnOMHHTB CJIOBa OftHOrO H3 
KpynHeËniHX reoMeTpoB nponiJioro BeKa—II. JI. HeôtmieBa: 'CôJIH-

îKeHHe Teopnn c npaKTHKOfi ,o;aëT caMBie ÖJiaroTBopHue pe3yjiBTaTH, H 
He oflHa TOJIBKO npaKTHKa OT 8Toro BHHrpMBaeT; caMH HayKH pa3BH-
BaioTCH HÖR BJiHHHHeM eë; OHa OTKpHBaeT HM HOBBie npe^MeTH ftJIH 
HCCJiê OBaHHH, HJIH HOBHe CTOpOHM B npeftMeTaX ßaBHO H3BeCTHBIX 
OHa npe,o;jiaraeT BonpocH cym,ecTBeHHO HOBHe #JIH HayKH H, TaKHM 
o6pa30M, Bti3HBaeT Ha H3HCKaHne eoBepnieHHO HOBHX MCTO^OB. ECJIH 



LIMIT THEOREMS OF PROBABILITY THEORY 519 

TeopHH MHOrO BHHrpHBaeT OT HOBBIX npHJIOJKeHHH CTapOH MeTOflH HJIH 
OT HOBHX pa3BHTHH eë, TO OHa eme öojiee npnoôpeTaeT OTKPHTHCM 

HOBHX MeTOA, H B 9T0M cjiynae HayKa Haxo^HT ce6e BepHoro pyKOBO-
ÄHTejiH B npaKTHKe.' 

Bonpocn, KOTopue BHflBHrajin B 18 BeKe ^eMorpa<|)HH, npaKTHKa 
CTpaxoBaHHH, oôpaôoTKa pe3yjiBTaT0B HaôjnofteHHfi, npHBejin fl. 
BepHyjiJiH, MyaBpa, JIanjiaca K nepBHM npe,a;ejiBHHM TeopeMaM ;Q;JIH 

cyMM cjiynaHHHX BCJIHHHH. IIo3,n;Hee, B 3HanHTejiBH0H CTeneHH samara 
Teopnn CTpejiBÔH, nocjiyjKHJiH IlyaccoHy nyTeBO^HOH HHTBIO npn 
o6o6in;eHHH 3aK0Ha 6OJIBHIHX HHCCJI H TeopeM MyaBpa-JIanjiaca, a 
TaKMe OTKpHTHH pacnpe,o;ejieHHH, Hocmnero TenepB ero HMH. Ü3BecTH0, 
HTO HCCJiejliOBaHHH KOHIH no TeopHH CyMMHpoBaHHH BH3BaHH pa3BHTHCM 
TeopHH OIHHÔOK Ha6JHOfljeHHH. Pa3BHTHe CTaTHCTHHeCKOH <$H3HKH, a 
no3,oiHee MaTeMaTH êcKHX MCTO^OB B SnojiorHH, BHßBHHyjio nepeji; 
Teopnen BepoHTHOCTen HOBtie HHTepecHHe BonpocH. 3HaHHTejiBHan 
HaCTB 9THX BOnpOCOB OTHOCHJiaCB K H3y^eHHK) nOBeAeHHH CyMM 60JIB-
Hioro HHCJia cjiynaHHHx Bejnram. MaTeMaTHnecKan CTaTHCTHKa c nepBHX 
^Hei: CBoero cymeeTBOBaHHH ne TOJIBKO mnpoKO HcnojiB30BaJia jme 
roTOBHe pe3yjiBTaTH TeopHH cyMMHpoBaHHH, HO H HOCTOHHHO HaTajiKH-
Bajia Ha HOBtie H3HCKaHHH. MHoro cBoeo6pa3HBix BonpocoB BHftBnraioT 
nepep; Teopneii cyMMHpoBaHHH 9K0H0MHnecKHe H TexmraeeKHe HayKH, 
a TaKîKe Henocpe^cTBeHHan npoH3BOftCTBeHHafl #eHTejiBHOCTB. 

06 ojjjHOM H3 TaKHx 3aKa30B npoH3BO,oiCTBeHHHKOB MHe xoTejiocB 6BI 
paccKa3aTB cennac HCCKOJIBKO nojjpoÔHee. He,o;aBHO KO MHe o6paTHJincB 
3a KOHcyjiBTan;HflMH cneipiajiHCTH no pacnëTy BJieKTpH^ecKHx ceTen 
npoMHiHJieHHHx npe,o;npHHTHH. Bonpoc HMH 6HJI nocTaBJieH TaK: 
HMeeTCH ôojiBHioe HHCJIO noTpeÔHTejien BJieKTpHnecKoro TOKa—CTaHKOB, 
CBapoHHHx annapaTOB HJIH HarpeBaTejiBHHX npnôopoB. KaîKflHft H3 
3THX npnôopoB BKJuonaeTCH B ceTB B cjiynaôHHe MOMCHTH BpeMeHH H B 

nponecce ncnojiB30BaHHH 3aTpanHBaeT He BnojiHe onpe,o;ejieHHyio, a 
MeHfliomyiocH cjiy^aöHHM o6pa30M MOIUHOCTB. ^ J I H npHMepa 3KCKa-
BaTop B KapBepe npn nepnamiH 3aTpa*mBaeT BHeprnio, KOJieÔJiiomyiocH 
B 3aBHCHM0CTH OT njioTHOCTH nopojçbi, ßajiee npn nepeHOce BHÖpamiOH 
nopo,o;H Tpe6yeTCH HHan MOIHHOCTB, KOTopan BHOBB MCHHCTCH npn 
BHCunaHHH H3 KOBHia H B03BpameHHH nycToro KOBina B ncxo^Hoe 
nojioîKeHHe. OneBHßHO, HTO oôman noTpeOJineMan MOIHHOCTB HBJIHCTCH 

cyMMOH noTpeSjineMHx MonpiocTeH KaîKjjHM H3 npnôopoB. M H TaKHM 
o6pa30M 0Ka3ajiHCB nepe,o; ejieAyiomeE s a h n e n : HMeeTCH nocjieAOBa-
TejiBHOCTB cjiynaHHHX nponeceoB 

kit), ut), .... Ut), 
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KaîKJpdH H3 KOTOpHX B HeKOTOpOM CMHCJie MaJI no CpaBHeHHH) C CyMMOH 

ocTajiBHHx. CnpaniHBaeTCH HTO MOîKHO cKa3aTB o cyMMapHOM nponecee 

£»(*) = 2 &(*), 

ecjin HHCJio cJiaraeMHX BeJiHKO? IIOHHTHO, HTO TaK nocTaBJieHHan 

s a t a n a eme Heonpe^eJieHHa, TpeSyiOTCH ßonojiHHTejiBHHe yTOHHeHnn. 

O^HaKO HCHO, HTO TexHHKa BHftBnraeT nepe,n; MaTeMaTHKon Heoöxoßn-

MOCTB pa3BHTHH Teopnn npe#eJiBHHX TeopeM ßJIH CyMM CJiyHaiïHHX 

nponeccoB. 

ÜHTepeCHO OTMeTHTB, HTO BCKOpe nOCJie CneiliHaJIHCTOB 3JieKTpHK0B c 

aHaJIOrHHHHM BOnpOCOM OÖpaTHJIHCB KO MHe HHHteHepH, 3aHHMaiOn]lHeCH 

pacneTOM ra30BHX ceTen. Ho Be,n;B TaKHe me Bonpocn B03HHKaioT 

TaKîKe B BOflOnpOBO.OiHHX, TenJI0<J>HKan,H0HHHX, KaHaJIH3ai],H0HHHX 

ceTHX H n p n pacneTe HOTOKOB ManiHH Ha aBTOCTpa^ax. COOCTBCHHO TOT 

me Bonpoc B03HHKaeT H BO MHornx $H3HHecKHX TeopHHx, B Teopnn 

MaccoBoro oöcjiymnBaHHH H B MaTeMaTHnecKon CTaTHCTHKe. 

MHe xoTejiocB 6 H yKa3aTB Ha eme OJJHO HHCTO MaTeMaTH^ecKoe 

HCnOJIB30BaHHe TeopHH CyMMHpOBaHHfl, HaHaJIO KOTOpOrO CBH3aH0 c 

HMeHeM 9 . BopejiH. fl HMeio B BH,o;y nocTpoeHne HOBOH rjiaBH Teopnn 

HHCeJI, CBH3aHHOH KaK B $opMyjiHpoBKax pe3yjIBTaTOB, TaK H B MeTO-

#ax HX noJiyneHHH e Teopnen BepoHTHOCTen. B nocjie^Hne rofljH TyT 

nojiyneHH MHoro^ncjiemiHe pe3yjiBTaTH. MHe HeT HCOOXO^HMOCTH Ha 

HHX ocTaHaBJiHBaTBCH no#po6Hee, T .K . 9T0My nocBHineH cnennajiBHHn 

flOKJiaji; n p o $ . A . PeHBH. E^HHCTBCHHO, HTO H no3BOJiK) ce6e 9TO 

ynoMHHyTB o CHCTeMara*iecKOM HcnojiB30BamiH 9TOH Teopnei: Beerò 

apceHajia pe3yjiBTaTOB Teopnn cyMMHpoBaHHH cjiynanHnx BCJIHHHH. 

M H BH,O;HM, HTO npeAejiBHHe TeopeMH Teopnn BepoHTHOCTen HrpaiOT 

B pa3BHTHH COBpeMCHHOH HayKH 3HaHHTeJIBHyK) pOJIB. ECTeCTBCHHO 

cnpocHTB ce6n neM 9TO BH3BaHO, KaKne oSmne npn^nHH npnBO^HT K 

TOMy, HTO K O,O;HHM H TeM îKe npoôjieMaM npHBO^HT n ecTecTBeHHne 

HayKH, n TexHnnecKHe npoöJieMH, H MaTeMaTHnecKan CTaTHCTHKa? MHe 

npefl;cTaBJiHeTCH, HTO B HSBCCTHOM CMHCJie npe^ejiBHHe TeopeMH oco-

6eHHO nojiHO OTpamaioT enenH<f>HiecKyK) ocoôeHHOCTB Tex HBJieHHn, KO-

Topne H3yHaeT Teopnn BepoHTHOCTen. 9 T H HBJICHHH oôycjiOBJieHH TeM, 

HTO OHH npoHCTeKaroT noß BJIHHHHCM 6ojn>nioro nncjia npnnnH, npnneM 

KaîK^an npn^HHa B OT^ejiBHOCTH OKa3HBaeT JIHEEIB HHHTOîKHoe BJiHHHne 

Ha TeneHHe HBjieHHH. Bojiee Toro HaM Hen3BecTHH, KaK npaBHJio, H 

caMH 9TH npnHHHH, no Kpairaen Mepe B ßocTaToraon Mepe. 3aKOHO-

MepHOCTH îKe, KOTopne B03HHKaioT, onpe,o;ejieHH TeM, HTO OHH HBJIHIOTCH 
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pe3yjiBTaT0M ßencTBHH orpoMHoro KOJinnecTBa npnHHH. COSCTBCHHO 
9Ta MHCJiB ÔHJia BHCKa3aHa eme jjaBHo BCJIHKHM JIajinacoM. 

H ocTaHOBjiiocB TenepB Ha o63ope Tex nccjie^OBaHHH, KOTopBie MHe 
npe^CTaBJiniOTCH HanôoJiee 3HaHHTeJiBHHMn H nonyTHO yKamy Ha 
HeKOTopne 3a,p;aHH, KOTopne eine ßajieKH OT 3aBepineHHH. 

CyMMnpoBaHHe He3aBHCHMHx cjiynanHHX BCJIHHHH, ecjin TOJIBKO 

cjiaraeMHe MajiBi B onpe^eJieHHOM CMHCJie, MOîKCT npnBOjpiTB, KaK 
H3BecTHO, TOJIBKO K öesrpaHHHHO ftejiHMHM paenpeßejieHHHM. OßHaKO 
$yHKii;HH pacnpe,oiejieHHH cyMM He scerba CXO,O;HTCH K npe^ejiBHOMy 
pacnpe^ejieHHH). MOîKHO JIH, TeM He MeHee, yTBepîK,o;aTB, HTO B KaKOM 
TO CMHCJie $yHKü;HH pacnpe^ejieHHH cyMM öecKOHê HO MajiHX He3aBH-
CHMHX cjiaraeMHX Bcerjüa côJinîKaiOTCH c 6e3rpaHHHHO ^CJIHMHMH 

pacnpe,o;ejieHHHMH? IIojiOîKHTejiBHHÔ OTBCT Ha 9TOT Bonpoc Hê aBHO 

6HJI nojiyneH KoJiMoropoBHM[1]. Bojiee Toro OKa3ajiocB, HTO ecjin 
cyMMnpyioTCH OAHHaKOBopacnpe,oiejieHHHe He3aBHCHMHe cjiaraeMHe, TO 

MOÎKHO HaÖTH H OU,eHKy ÔHCTpOTH CÔJIHÎKeHHfl. IlyCTB <f>n(x) 03HaHaeT 
n 

^yHKipiio pacnpeaejieHHH cyMMH sn=^i£>k. Tor^a MOîKHO yKa3aTB 

TaKoe 6e3rpaHHHHO ,a;ejiHMoe pacnpe^ejieHne ifrn(x), ITO 

C nOCTOHHHOe. 
B nacTHOM cjiynae cxeMH BepHyjijin n BHÔopa i]fn(x) H3 KJiacca 

cocTomnero H3 HopMajiBHHX H nyaccoHOBHX pacnpe^ejieHnn, ÏIpoxopoB 
oÔHapyîKHJi, HTO HMeeT MecTo 6ojiee TO^Hoe HepaBeHCTBo, a HMCHHO 

\4>»W-fJp)\<^ (2) 

Ü3 ycTHoro cooomemra IIpoxopoBa H3BecTHO, HTO ô HOMy H3 ero 
yneHHKOB y,o;ajiocB noKa3aTB, HTO B HepaBeHCTBe (2) $jn MOîKHO 3aMeHHTB 
Ha *Jn, ecjin TOJIBKO BHÔnpaTB ftn(x) H3 Beerò KJiacca 6e3rpaHHHHO 
jjejiHMHx pacnpep;eJieHHH. EcTecTBeHHO BHHCHHTB MOîKHO JIH COOT-

BeTCTByioni;HM no^ôopoM pacnpeßejieHHH i/rn(x) yjiynmnTB oneHKy (1)? 

IIOHHTHO, HTO TOJIBKO HTO paCCMOTpeHHaH SdLRdMdi HBJIHeTCH eCTCCT-
BeHHHM o6o6m;eHHeM KJiaccnHecKon samara oneHKH ôHCTPOTH CXO-

flHMOCTH $yHKii;HH pacnpeAejieHHfl HopMnpoBaHHHx cyMM K HopMajiB-
HOMy pacnpe,o;ejieHHio. HccjießOBaHnn II. JI. HeônineBa H A. M. 
JlnnyHOBa He^aBHo 6HJIH ;o;ajieKO npo^BHHyTH 9cceeHOM. Ilocjie ero 
H3BecTHOH paôoTH 1945r. B KOTopoË HM 6njia Han,o;eHa oneHKa 

V^sup \<j)n(x) - <j)(x)\ < Gpz (3) 
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(H^(2TT) < C <, 2,890) ßjra cjiynan ô HHaKOBO pacnpe^ejieHHHx cjiarae-
MHx, o6jia#aronpix TpeTBHM MOMCHTOM, BO3HHK Bonpoc 06 onpe^ejieHHH 
HanMeHBmen KOHCTaHTH G, yflOBJieTBopmoinen HepaBeHCTBy (3) npn 
JIIOôHX n. BTopon Bonpoc BO3HHK O pa3HCKaHHH HanMeHBmero k JJJIH 

KOToporo npn JIIOôHX F(X) y^oBJieTBopnjiocB 6 H HepaBeHCTBo 

lim *Jn sup |<fin(x) — (j)(x)| < hpz. (4) 
n->-oo x 

Ojpio BpeMH Ka3ajiocB, HTO no KpanHen Mepe B O^HOM H3 9THX cjiynaeB, 
a MOHîeT ÖHTB H B O6OHX HCKOMHe KOHCTaHTH OKaîKyTCH paBHHMH 
l/^/(27r). B He^aBHen paôoTe 9cceeHaC3] noKa3aHo, HTO 

* = (3 + V10)/(6V(2W)). 

3HaHeHne MHHHMyMa KOHCTaHTH C B HepaBeHCTBe (3), KaK MHe 
H3BecTHo, eme He Han^eHO. üoßoSHHe Bonpocn He pa3peineHH eine HH 
#JIH #pyrnx npe^ejiBHHX paenpe^ejiemiH, HH #JIH MHoroMepHoro 
CJiynan. 

HeT BO3MOîKHOCTH KOCHyTBCH jjaîKe MejiBKOM onncaHHH npeKpacHHX 
pe3yjiBTaTOB nocjiejniero BpeMeHH OTHOCHIUHXCH K acHMnTOTnnecKHM 
pa3JiomeHHHM, oneHKe BepoHTHOCTen OOJIBIUHX yKjiOHemiH n MHornM 
flipyrnM HanpaBJieHHHM nccjie^OBaHnn. H ocTaHOBJiio BHHMaHne TOJIBKO 

Ha nocjiejnrae ycnexn B $opMyjinpoBKe H p;0Ka3aTejiBCTBe JiOKajiBHHX 
npe^ejiBHHx TeopeM. M H orpamraHMcn npn 9TOM jinmB cjiynaeM 
n;ejiOHHCJieHHHX cjiaraeMHx. BBe^eM ooosHa^emra 

P{h=J} = Pkj> M£k = ak> D^k = b%, Sn = £1 + £2+... + £n, 

Pn(m) = P{Sn = m}, An = MSn, Bl = D8n. 

M H öyßeM roBopHTB, HTO HMeeT MecTO JiOKajiBHan npe^ejiBHan TeopeMa 
B ycHJieHHon $opMe, ecjin cooTHomeHne 

lim sup ^•"-'-^-»p^i-0 

BHnojiHHeTCH, KaK piJiH 3a,o;aHHOH nocjie^OBaTejiBHOCTH cjiyqaöHHx 
BejiH^HH, TaK H flJiH jnoôon ßpyroö, KOTopafl MomeT 6HTB nojiy^eHa H3 
Hee nyTeM H3MeHeHna KOHe^moro raejia HJICHOB. TaKyio $opMy jioKaJiB-
Hon TeopeMH npnmjiocB BBecTH B cnjiy Toro, HTO ôHJIH yKa3aHH 
npHMepn, Kor^a jioKajiBHan TeopeMa HMejia MecTO B 3aBHCHM0CTH OT 
Toro npnHHMajiocB BO BHHMaHne HJIH HeT O,O;HO ê HHCTBeHHoe cjiaraeMoe. 

IIpoxopoBC4:i p;0Ka3aji, HTO ecjin (1) \£,k\ < K, r^e K—nocTommoe, 
(2) pnQ ^ pni npn Bcex n, (3) Bn->oo npn n->oo, TO JiOKajiBHan npe-
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ßejiBHan TeopeMa B ycHJieHHOiî $opMe HMeeT MecTO Tor^a H TOJIBKO 

Torßa, Korßa O6IIJ;HH HanoojiBniHH «eJiHTejiB Texj, jsjm KOTopnx 

00 

7 1 = 1 

paBeH 1. 
Po3aHOB[5] noKa3aji, HTO ecjin BHnojiHeHO (3), TO #JIH npnMeHHMOCTH 

ycHJieHHoft ji.T. HeoöxoflHMO HTO6H npn JIIO6OM h ^ 2 

ft [ max P{£k = m(mod A)}] = 0. (5) 
fc=l 0<m<7& 

ECJIH BAOÔaBOK paBHOMepHO no h npn N -> oo 

&*2 2 (j-akfpkj->l, (6) 

TO (5) HBJineTCH H ftOCTaTOHHHM yCJIOBHeM. 
HaKOHeu;, ecjin K yKa3aHHHM jjpym npejniojioîKeHHHM ^oöaBHTB 

ycJiOBHe (2) TeopeMH üpoxoposa, TO JJJIH npnMeHHMOCTH JioKajiBHoii 
TeopeMH B yCHJieHHOH $OpMe HeOÖXOftHMO H ftOCTaTO^HO, 1TOÔBI ftJIH 
jiioôoro MHOîKecTBa nejiHX nnceji, ,O;JIH KOToporo 

fiP{&€^}>0, 

oôinnft HanôojiBmHH p;eJiHTejiB paBHHJicn 1. 
IIeTpoB[6] yKa3aji noMHMO HeKOTopnx HHHX ftOCTaTOHHHx ycjiOBHH 

TaKîKe oneHKH ÖHCTpoTH CXO^HMOCTH B cjiynae JioKajiBHoii TeopeMH. 
H He ocTaHaBJiHBaiocB Ha (^opMyjinpoBKe MHoroHHCJieHHHX 3a,n;aH, 

KOTopne 0CTaH)TCH HepemeHHHMH, OTHOCHIUHXCH K jioKajiBHHM Teo-
peMaM. 

Kjiacc npefliejiBHHX pacnpe^ejieHHii JJJIH cyMM 3aBHCHMHx Bejnrara 
^ojiîKeH, ecTecTBeHHO, BKJHOTOTB B ceôn Bce 6e3rpaHH*fflo ^ejiHMne 
pacnpeAejieHHH. IIOHHTHO, HTO caMa Banana o pa3HCKaHHH BO3MOîKHHX 

npefl;ejiBHHX pacnpe^ejieHHH JJJIH cyMM KaKHM TO o6pa30M 3aBHCHMBix 
cJiaraeMHX He HMeeT CMHCJia. ^ J I H Toro, HTO6H OHa npnoôpejia 
HHTepec, HeoóxoftHMO yKa3aTB Ha xapaKTep 3aBHCHMOCTH. B nocjie^Hee 
BpeMH satana onpe,o;ejieHHH KJiacca BO3MOîKHHX npe^ejiBHHx pacnpe-
^ejieHHH paccMaTpHBajiacB nonra HCKJUOHHTCJIBHO #JIH CJiaraeMHX, 
CBH3aHHHX B nem> MapKOBa. Ho R&me npn 9TOM orpaHHHemiH noKa 
eme paHO roBopHTB 06 OKOHTOTCJIBHHX pe3yjiBTaTax. IIoKa HMeeTcn 
ôojiBinoe ^HCJIO HHTepecHHx, HO cpaBHHTejiBHO nacTHBix pe3yjiBTaT0B. 
JJo CHX nop eine ne BHHCHCH HH oö^eM, HH xapaKTepmie ocoôëHHOCTH 
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KJiacca B03MOÎKHHX npe^ejiBHHx pacnpeftejieHHH R&me RJIH. oftHopoßHHx 

nenefi MapKOBa. IIo^oSHne Bonpocn JJJIH CJiaraeMHX, HBJinioniiHXCH 

HJieHaMH CTanjHOHapHO CBH3amiHx nocjie^OBaTejiBHOCTen, TOJIBKO 

HaHHHaiOT CTaBHTBCH. B TO ÎKe BpeMH BCe 9TH BonpocH npe,0;CTaBJIHIOT 

3HaHHTejiBHHH HHTepec KaK oôineTeopeTHHecKHH, TaK H npHKJiajpiOH, 

B HaCTHOCTH ftJIH MaTCMaTH^eCKOH CTaTHCTHKH. 

JS^JIH nocjie^OBaTejiBHOCTeô BCJIHHHH, CBH3aHHHX o^HopofliHOH nenBio 

MapKOBa HMeioTCH p a ô o r a <Dejuiepam, 3HHKHHa[8], HaraeBa t 9 ] . B 

nepBOË H3 Ha3BaHHHx paôoT paccMaTpHBajiHCB n e n n co CHCTHHM, a B 

OCTaJIBHHX C np0H3B0JIBHHM MHOîKeCTBOM COCTOHHHH. HaraeBHM 

j^OKa3aHa TaKan TeopeMa: ECJIH n p n HeKOTopoM k BeponraocTB nepexo^a 

H3 COCTOHHHH X B MHOHîeCTBO COCTOHHHH A yflOBJieTBOpHCT HepaBCHCTBy 

sup \PW(x,A)-PW(y,A)\ =8<1, 
x,y,A 

TO <|>yHKnHH pacnpe,PiejieHHH cyMM 

1 n 

&nk=l 

r^e An H Bn—nocTOHHHHe, a f(x) — BeinecTBeHHan, H3MepHMan no 

BBe^eHHOH Mepe <|>yHKnHH, MoryT CXOAHTBCH TOJIBKO K ycTOüraBHM 

pacnpe^ejieHHHM. 

IIpe^ejiBHHe paenpejjejieHHH ^J IH nocJiejjOBaTejiBHOCTH cepnö cjiy-

HaHHHX BeJIHHHH, CBH3aHHHX nenHOH 3aBHCHMOCTBK), nOJiyneHH JIHUIB 

B nacTHHX npe,o;nojioîKeHHHx. Hanôojiee 3aKOHneHHHH pe3yjiBTaT 

3jj;ecB npHHa,o;jieîKHT 3 ° 6 p y n m H y [ 1 0 ] - O H paccMOTpeji n e n n , npnHHMaio-

npie JIHIUB ^Ba COCTOHHHH H Hameji KaK Bce B03MOîKHHe npe^ejiBHHe 

pacnpe,p;eJieHHH, TaK H ycjiOBHH CXO;O;HMOCTH K HHM. IIOHHTHO, HTO 

ôojiee paHHHe pe3yjiBTaTH KynM9Ha Bomjin ecTecTBeHHHM o6pa30M B 

OKOHHaTejiBHyio TeopeMy JJoôpynniHa. PacnpocTpaHeHne 9THX TeopeM 

Ha cjiyqan nenen MapKOBa c npoH3BOJiBHHM KOHCHHHM ^EHCJIOM CO­

CTOHHHH paccMaTpHBajiocB B paôoTe A . A . HjiBHineHKO. E r o pe3yjiB-

TaTH, O^HaKO, ^aJieKH OT OKOHTOTeJIBHOCTH. 

OcoôeHHO öojiBmoe HHCJIO HccJie^oBaHHö B nocjie^Hne ro#H 6HJIO 

nocBHineHO BHHCHCHHIO ycjiOBHH, n p n BHnojiHeHHH KOTopnx <|>yHKnHH 

pacnpe^ejieHHH cyMM CBH3aHHHX BCJIHHHH CXOJJHTCH K HopMajiBHOMy 

pacnpejjejieHHio. CoBepmeHHO 3aK0H*ieHHHH BHA noj iyraj ia 9Ta s a t a n a 

ftJIH BeJIHHHH, CBH3aHHHX OßHOpOßHOE nenHOË 3aBHCHMOCTBH) H 

npHHHMaronnix KOHenHoe HHCJIO COCTOHHHH. CßH3Hoe H3JiomeHHe 

MOÎKHO HaËTH B HeÔOJIBIUOH MOHOrpa<|>HH CHpaîK3HHOBa[11]. 
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Cym;ecTBeHHHH e;o;BHr nojiy^eH TaKîKe B H3yneHHH HeojniopoßHHX 
Irenen MapKOBa. TenepB MOîKHO cwraTB, HTO HeKOTopne H3 npoöJieM, 
B03HHKmnx eme B Tpy^ax A. A. MapKOBa H G. H. EepHniTeöHa, 
nojiy^HJiH jiioCTaTOHHO OKOHHaTejiBHoe pemeHHe. M H He 6y,n;eM yKa3H-
BaTB HaycnexH OT^CJIBHHXynemix H B nepßyio OHepe^B K). B. JlnHmraa, 
H. A. CanoroBa, T.K. Hanöojiee 3aKOHneHHHe <|)opMyjiHpoBKH pe3yjiB-
TaTOB co^epmaTcn B He^aBHeö CTaTBe flo6pyniHHa[12]. MBI nprae^eM 
OTTy^a $opMyjiHpoBKy O#HOH TeopeMH. IlycTB Pf'^x, A) o6o3HanaeT 
BepoHTHOCTB nepexo#a H3 COCTOHHHH ê$;—I = x B cocTOHHne £^ = zeA. 

0603HaHHM 

atp = l - svi^\Pf)(x,A)-Pf)(y,A)\ (a,™ = mina£n)). 
x,y,A i 

ECJIH npn neKOTopnx c > 0 H G < oo 

c ^ D^> ^ G, 

a TaKHte cafoni ->• oo 

H nocjieflOBaTejibHOCTb pacnpeaeneHHii cyMM sn 

= sn-Msn 
•» = 2 ^ , 

CXOJJHTCH K coöcTBemiOMy npe^ejiBHOMy pacnpe^ejieHHio, TO 9TO 

pacnpe^eJieHHe öesrpamirao ^ejiHMO. ECJIH KpoMe Toro Bce BejiH^HHH 
orpaHH^eHH O#HOH KOHCTaHTOH, TO npe^ejiBHoe pacnpeftejiemie cyme-
CTByeT H HOpMaJIBHO. 

OopMyjiHpoBKa ,o;ocTaTOHHO OöIUHX jioKajiBHHx TeopeM #JIH Heojnio-
po^HHx nenen MapKOBa ÔHJia #aHa JIHHHHKOM[13] H CTaTyjiHBH*iycoMcl4]. 
ÜHTepecHHe TeopeMH OTHOCHTCJIBHO acHMnTOTHnecKHx pa3JioîKeHHH 
ÔHJIH ftaHH GTaTyJIHBHHyCOMfl5] H THXMaH1163. 

Cym;ecTBeHHHH TOJIIOK B pa3BHTHH npeßejiBHHX TeopeM JJJIK cyMM 
6HJI ,o;aH paöoTOH floHCKepa1173. COöCTBCHHO OCHOBHHC Hji;eH paöoTH 
^OHCKepa HBJIHIOTCH pa3BHTHeM o^Horo ßaBHero pe3yjiBTaTa A. H. 
KoJiMoropoBa. upe^CTaBJieHHe o TeopeMe ,IJ0HCKePa? nojiy^HBrneo 
HaHMeHOBaHHe TeopeMH HHBapnaHTHOCTH, MH ftajniM Ha 6a3e öojiee 
CHJiBHoro no3,oiHeHmero pe3yjiBTaTa IIpoxopoBaC181. IlycTB HMeeTcn 
nocJie^OBaTejiBHOCTB cepHö cjiynaimx BCJIHHHH £nl, £,n2, ..., £nkn, 
noAHHHeHHHX ycjiOBHHM SecKOHeHHOH MajiocTH: npn KaìK^OM e > 0 

max P{\ènk\ > e} -> 0 (n -> oo) 
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H npe,o;nojiOîKeHHHM 

Mnk = 0, blk = D£nk>0, ( S 6 î * = l ) . 

IIOJIOîKHM k 

Lo = 0, Lk = liLj n p n 1 ^ k < kn, tnk = D£nk 

H nocTpoHM jioMaHyio Çn(t) c BepmnHaMH B TOHKax (tnk,Çnk)- üycTB 

Pn 03HaHaeT cooTBeTCTByiomee 9TOH jiOMaHOH pacnpe,o;ejieHHe BeponT-

HOCTen H W—BHHepoBCKoe pacnpe,n;ejieHHe. ^ J I H CXO^HMOCTH Pn K 

W HeoöxoftHMO H ^ocTaTO^HO HTOôH n p n KaîK,n;oM r > 0 BHHOJIHHJIOCB 

ycJiOBHe JlHH^eöepra kn » 

l im S x2dFnk(x) = 0. 
n-^-co k—1 J\X\>T 

OTCK>,a;a BHTeKaeT, HTO P;JIH KaîKjjoro <|>yHKnHOHajia, KOTÒpnn non™ 

HenpepHBeH B paBHOMepHoft MeTpnKe, HMeeT MecTO CXO^HMOCTB 

p{v(ut))<x}-+p{vm))<x}-
Cjiynan, Korjja npejjejiBHoe pacnpe^ejieHHe OTJIHTOO OT BHiiepoBCKoro, 

6 H J I paccMOTpeH B paôoTax rHXMaH[19], CKopoxo,n;a[203, IIpoxopoBa f l8 ] , 

BHJiJiHHrcjieH[21] H KnMMa[223. ^ajiBHeHmne ooooinemra KacajiHCB 

pacnpocTpaHeHHH npHHnnna HHBapnaHTHocTH Ha cjiy^an 3aBHCHMHX 

CJiaraeMHX. B nepByio onepe^B paccMaTpHBajincB BCJIHHHHH, CBH3aH-

Hne nemiOH 3aBHCHMOCTBio. M H #OJIîKHH 3,n;ecB OTMCTHTB paöoTH 

rnxMaH [19], BHJiJiHHrcjien[21], GKopoxo^a1231. 

Pe3yjiBTaTH, o KOTopnx TOJIBKO HTO ÔHJia penB, KOHerao, HMCIOT 

caMoe HenocpeffCTBeHHoe OTHomeHHe K TOH npo6jieMe, KOTopan ÖBiJia 

oôpncoBaHa B Hanajie ftOKJia^a. TenepB O ^ H O ë H 3 caMHX BaîKHHx 

sa^a1?, CTOHmjHX nepea Teopnen cyMMHpoBaHHH HBJIHCTCH H3y^eHHe 

acHMnTOTHHecKHX pa3JioîKeHHH (B TOM HHCJie H #JIH pacnpeflejieHHH 

$yHKii;HOHajiOB), a TaKme ô H C T P O T H CXOJJHMOCTH K pacnpe^ejieHHio 

npe^ejiBHoro nponecca . IIoKa B 9TOM HanpaBjieHHH c^ejiaHO OHCHB 

Majio. IIoHtajiyH, caMHö CHJIBHHH pe3yjiBTaT 3^;ecB npnHa^JieîKHT 

IIpoxopoBy ([18], rji . 4) . 

B HacTomneM #OKJia#e HeT BO3MOîKHOCTH #ame B OôIUHX nepTax 

KOCHyTBcn pacnpocTpaHeHHio TeopHH cyMMHpoBaHHH Ha cjiynaoHHe 

oôteKTBi ôoJiee CJIOîKHOH n p n p o ^ H — r p y n n n , n o j i y r p y n n n H n p . 

B TO îKe BpeMH H y6eîK,o;eH B ôOJïBUIOM 3HaneHHH 9THX Hccjie^OBaHHH 

XOTH OH no TOH npHHHHe, HTO OHH CnOC06cTByH)T npOHHKHOBeHHH) 

ajire6paHHecKHx MCTO^OB B Teopnio BepoHTHOCTen. TaKoe me npoHHK-

HOBeHne MeTOflOB #pyrHX MaTeMaTHnecKHx ftHcnnnjiHH B TeopHH) 
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BepoHTHOCTen 6y,o;eT 3Ha^HTejiBH0 cnocoôcTBOBaTB eë pa3BHTHio n , B 

nacTHOCTH, 6y,o;eT eo;o;eôCTBOBaTB ocBo6on?;a;eHHio MHornx ^OKa3aTejiBCTB 

OT 3Ha^HTeJIBHHX aHaJIHTHHeCKHX TpyfljHOCTen. y MeHH HeT B03MOÎK-

HOCTH OCTaHOBHTBCH TaKîKe Ha pa3BHTHH npe^eJIBHHX TeopeM ßJIH 

cyMM B npeftiioJiOîKeHHH, HTO BHnojiHeHH HeKOTopne ßonojiHHTejiBHHe 

ycjiOBHH. BaîKHOCTB TaKHx pe3yjiBTaT0B ßjra npHjiomeHHH, B TOM 

HHCJie H #JIH MaTeMaTHHeCKOH CTaTHCTHKH, XOpOfflO H3BeCTHa. 
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PROBABILISTIC METHODS IN 
N U M B E R THEORY 

By A. RÉNYI 

1. Introduction 

Probability theory was created to describe random mass-phenomena. 
Since the appearance in 1933 of the fundamental book[1] of Kolmogoroff, 
however, probability theory has become an abstract, axiomatic theory, 
and as such is capable of other interpretations too. Thus methods 
and results of probability theory may be applied as tools in any other 
branch of mathematics. Many important applications of probabilistic 
methods have been made in number theory. There exist excellent 
previous surveys of these results (see t2»3»«); these surveys contain also 
many references to the literature. In the present paper I should like 
to give an account of some recent results, obtained since the appearance 
of the surveys mentioned. 

I do not aim at completeness, and shall mention mainly such results 
as have some connection with my own work, done partly in collabora­
tion with others, especially with Erdös, to whom I am indebted for 
kindly agreeing to include in the present paper some yet unpublished 
results of our collaboration. 

Erdôs and the author of the present paper are, following a suggestion 
of Doob, preparing a monograph on 'Probabilistic methods in number 
theory ' to appear in the series 'Ergebnisse der Mathematik ' published by 
the Springer Verlag. This monograph will contain a full bibliography of 
the subject. 

2. Additive number theoretical functions 
A real valued function/(w) defined for all natural numbers n = 1,2,... 

is called addice if £l * £l x , £t * /1X 

f(nm)=f(n)+f(m), (1) 
provided that (n,m) = 1, where (n,m) denotes the greatest common 
divisor of n and m. Typical additive functions are: the function V(n) 
denoting the number of all prime factors of n; the function U(n) denoting 
the number of different prime factors of n; the function logd(n) where 
d(n) denotes the number of divisors of n. If f(n) has besides (1) the 
property that/(# a) =f(p) if p is a prime and a = 2,3, ...,/(w) is called 
strongly additive. Iff(n) is such that (1) holds for all n and m,f(n) is called 

34 T P 
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absolutely additive. Clearly U(n) is strongly additive and V(n) abso­
lutely additive, but log d(n) has neither of these properties. 

The distribution of values of additive number theoretic functions has 
been investigated in detail. To express the results we may make use of 
the terminology of conditional probability spaces (see t5»6»7 .̂ Let Q be 
the set of all natural numbers, QN the set of the first N natural numbers. 
Let sé denote the set of all subsets of O and SS the set of all finite and non­
empty subsets of O; we denote by v(A) the number of elements of 
A es/. We denote by AB the intersection of the sets A and B, and put 
for Aes?,B€& , A m 

Then clearly [O, sé, SS, P] is a conditional probability space in the sense 
of [5] and [6]. All results concerning the distribution of values of 
additive number theoretical functions can be conveniently expressed in 
terms of this conditional probability space. 

The first fundamental result concerning additive number theoretical 
functions was the theorem of Erdós and Kae[8]. For the sake of brevity 
we shall formulate their result only for the function V(n). If S(n) is a 
proposition concerning the natural number n, we denote the set of those 
n for which this proposition is valid also by S(n). The theorem of Erdós 
and Kac contains as a special case the assertion that 

lim P(V(n)-loglogn < # </(log log w) | QN) = ®(x), (2) 

1 Cx 

where <b(x) = -r-—- e~^du (3) 

is the distribution function of the normal probability law. Thus the 
distribution of values of V(n) on QN tends for N -> + oo to the normal 
distribution. A similar statement holds for a broad class of additive 
number theoretical functions ; the most general results have been obtained 
by Kubilius (see [4]). The method of proof used by Erdós and Kac, as 
well as by Kubilius, was a combination of probabilistic methods (theorems 
on the limiting distribution of sums of independent random variables) 
with elementary number theoretical results (the sieve of Viggo Brun). 
LeVeque[9] and Kubilius[4] proved certain improvements of (2) too, 
by estimating the remainder term. LeVeque conjectured that the best 
result is 

P(V(n)-loglogn < *V(loglogrc) | QN) = fl^ + O ^ — j — ^ (4) 



PROBABILISTIC METHODS IN NUMBER THEORY 531 

uniformly for — oo < x < +00. Other proofs of (3) have been given by 
Delange t l0] and Halberstam[11] using the method of moments. 

Recently we succeeded with Turan[12] in proving the conjecture (4) 
of LeVeque. The method used in [12] was a combination of an analytical 
approach,! working with standard tools of analytical number theory 
(such as the zeta-function of Riemann and contour-integration) with the 
method of characteristic functions. This method can be applied for other 
functions than V(n) too, and to other related problems. 

3 . The probabilistic genera l iza t ion of t he l a rge sieve of Linnik 

Linnik[14] discovered in 1941 an ingenious new method, called by him 
' the large sieve'. I generalized this method in 1947, and used it in the 
proof of the following theorem (see [15]), being a step towards the un­
solved hypothesis of Goldbach: there exists a constant K such that every 
natural number n can be represented in the form n = p + P where p is 
a prime and V(P) ^ K. For another application of the large sieve seeC16]. 
Later on, in 1948-9, I realized that the large sieve is a special case of a 
general theorem of probability theory (see [i7,is,i9]j# This theorem, in 
a recently obtained improved form (see [m), can be stated as follows: 

Let £l9 ̂ 2> •••> £»> ••• be random variables each having a distribution of 
the discrete type. Let xnk (k = 1,2,...) denote the values taken on by 
£n with positive probability; let us denote by Ank the event £n = xnk 

and by P(Ank) the probability of this event. Let us denote by çJ(£%> êm) 
the mean square contingency of £,n and £m (n =(= m) as defined by Pearson 
(see [20]), i.e. put 

««., u -(ES ̂ ^ " f i y f ^ T - (5) 
\k I f(Ank) F\Aml) 1 

We call the sequence £,n weakly dependent with bound B if for any sequence 
xn of real numbers such that £ x\ < + 00 we have 

n | 2 £ ç H ê „ , Q * A | < 3 £ 4 - (6) 
n m n 
n=¥m 

Let M(TJ) and D2(T/) denote respectively the mean value and variance 
of the random variable T\, M(rj | £) the conditional mean value of rj with 
respect to a fixed value of £, and D\(TJ) the variance of the random 
variable M(TJ | £). Denote by 0^(^) the correlation ratio of TJ on E>, as 
defined by Pearson (see [20]), i.e. put 

< * * > - $ & <" 
f This approach has already been applied to the investigation of the distribution of 

values of additive number theoretical functions in 1934 in the papertl3] of Turân. 

34-2 
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Our theorem asserts that if TJ is an arbitrary random variable having 
finite second moment M(TJ2), and if {gj- is a sequence of weakly depen­
dent random variables with bound B, then 

Eötfo) <(!+*)• (8) 
n 

The application of this theorem to number theory makes it possible 
to prove that an arbitrary sufficiently dense sequence of integers < N 
is 'almost' uniformly distributed among 'almost' all residue classes 
with respect to 'almost5 all primes^) < Na, where a < \. For the exact 
meaning of the term 'almost' (occurring three times in the above 
sentence, and having a different meaning on each occasion) we refer 
to™ and™. 

4. Statistical properties of the digits in various representations 
of real numbers 

The history of the subject of this paragraph goes back to Gauss, whose 
conjecture on continued fractions was proved in 1928 by Kuzmin[21]. 
The starting-point of recent investigations is the classical result of 
Borei[22], according to which the limiting frequencies of all possible digits 
in the g-adic representation of a real number x are equal to one another 

[ and thus equal to -1 for almost all x. Some years ago I generalized this 

theorem by considering, instead of g-adic expansions, general Cantor's 
series[23]. Let qn ^ 2 (n = 1,2,...) be an arbitrary sequence of positive 
integers. Then every real number x (0 < x < 1) can be represented in 
the form » , x 

w=l<Zl#2--'&i 
(9) 

where the 'digit' en(x) may take on the values 0,1,2, ...,qn~ 1 
(n = 1,2,...). The digits en(x), considered as random variables on the 
probability space [Q,s/,P], where O is the interval (0,1), s/ the set of 
all measurable subsets of O and P the ordinary Lebesgue measure, are 
independent, and en(x) takes on each of the values 0,1, ...,?n— 1 with 
probability ljqn. Now it was shown in [23] that if Nn(k, x) denotes the 
frequency of the number k (k = 0,1,...) among the first n digits iii the 
representation (9) of #, then 

Um ^ T = ! (10) 

i - i ï y 
Q)>k 
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for almost all x, provided that 
n i 

lim S — = + oo. 
n->co j=l qj 

qj>k 

Equation (10) implies that, if the series 2 ( l / g J is divergent and qn-> + oo, 
then for any pair k, I of non-negative integers we have 

l i m ^ r ^ - l . (11) 

Thus in this case all digits k = 0 ,1 ,2 , . . . occur in the limit in a certain 
sense equally frequently among the digits in the representation (9) 
of almost every real number x. 

Recently we have obtained, with Erdós, the following results. Let 

U S p U t Mn(x) = m^Nn(k,x), (12) 
(k) 

i.e. let Mn(x) denote the frequency of the most frequent number among 
n 

the first n digits in (9). Then if, putting Qn = 2 l / f e we have 
fc=i 

lim 1——->+ oo, then for almost all x 
n-++o0logn 

l i m ^ ^ = l . (13) 

On the other hand, in case qJn-> + oo, and Qn->+oo we have for 
almost all x M ( \ 

Hm^p = + 0 0 (14) 

Borel's theorem has been generalized by Raikov[24] as follows: If 
g(x) is integrable in the interval (0,1) and periodic with period 1, then 
for almost all x (0 < x ^ 1) and for all integers q ^ 2 we have 

l i m i s W ^ ) = \\{t)dt. (15) 
n->oo^k=0 JO 

This theorem, as has been remarked by RieszC25], is a special case of 
the individual ergodic theorem. An analogous result for continued 
fractions has been obtained by Ryll-NardzewskiC26]. Let x denote a real 
number (0 < x < 1) and consider its continued fraction 

x= L _ _ , (16) 
ex{x) + 

eJx) H—r-: 
2V e3(a;) + ... 
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where the digits en{x) are positive integers. Pu t r0(x) = x and 

»•»(*)= 1—T~ ( n = l , 2 , . . . ) , (17) 

<Wl(a') + ^ W + 
Dtt+3' .(*) + ... 

i.e. rn(x) is the nth remainder of the continued fraction (16). Then if 
g(x) is L-integrable in [0,1] the theorem of Ryll-Nardzewski asserts 
that , for almost every x, 

The fundamental idea of Ryll-Nardzewski was the following: he intro­
duced the measure , r -,. 

where E is a measurable subset of (0,1). Now the transformation! 
Tx = (Ijx) of the interval (0,1) leaves the measure v(E) invariant; on 
the other hand rn(x) = Tnx (n = 1,2,...). Thus (18) follows also from 
the individual ergodic theorem. 

The g-achc expansion and the continued fraction expansion (16) are 
both special cases of a general class of representations of real numbers x 
(0 < x < 1) in the form (called the '/-expansion' oîx) 

x = f(ex(x) +f(ea(x) +f(es(x) +...))), (20) 

where the monotonie function f(x) has to satisfy certain conditions and 
the digits en(x) are non-negative integers, determined by the following 
algorithm: Let x = <j)(y) denote the inverse function of y =f(x), deter­
mine the sequence rn(x) by the recursion 

rQ(x) = x, rn+1(x) = (4>(rn{x)) (21) 

and put en+1(x) = [(j>(rn(x))l (22) 

(Here (z) denotes again the fractional part and [z] the integral part of z.) 
The g-adic expansion is obtained from (20) as a special case iff(x) = x\q 

forO < x < q and the continued fraction expansion if f(x) = Ijxfovx > 1. 
/-expansions with decreasing f(x) have been considered previously by 

Bissinger[27] and with increasing f(x) by Everett[28]. /-expansions (both 
with increasing and decreasing / ) have been considered under more 
general conditions by the author of the present paper in C29], where a 
general theorem on the distribution of digits of a general/-expansion is 

f Here and in what follows (z) denotes the fractional part of z. 
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given, which includes as special cases the theorems of Raikov and Ryll-
Nardzewski. The proof of the above-mentioned theorem is based on the 
ergodic theorem of Dunford and Miller. I mention only the following 
special case: Let ß > 1 be an arbitrary real number; then every real 
number x (0 < x ^ 1) can be represented in the form 

7 1 = 1 ßn 
(23) 

where the digits en(x) may take on the values 0,1, . . . , [/?] and are deter­
mined by the algorithm (20)-(22) with f(x) = xjß (0 < x < /?). There 
exists a measure Vß(E), defined on the interval (0,1), which is equivalent 
to the Lebesgue measure, and which is invariant with respect to the trans­
formation Tx = (ßx). Thus we have for any g(x) which is i-integrable 
on [0,1], for almost every x, 

I n-i n 
H m - ^g(rk(x))= g(x)dvß, 
n-+ooW>k=0 JO 

(24) 

where rk(x) is defined by (21). Clearly, if ß is an integer, vß is the ordinary 
Lebesgue measure and (24) reduces to the theorem of Raikov. I have 
not succeeded in determining explicitly the measure vß except for some 
special (algebraic) values of ß. E.g. if ß is the only positive root of the 
equation Rn _ Rn_x , T ^ ^ 1 ; ^ _ n ( 2 5 ) 

(26) then 

where 

ßn = ßn-i + 1 (n ^ i integral) 

vß(E) = hß(x)dx, 

(x) = 
À for 0 < x < 

ßn-
A 

[ßk for 
1 

where 

ßn-k 

A = 

< x < ßn-k-l 

ß 

(k= l , 2 , . . . , n - l ) , 
(27) 

(28) 
(ß-l)(n(ß-l) + lY 

It follows from (24) that, denoting by pQ and p± the limits of the relative 
frequencies of the digits 0 and 1 in the expansion (23) for almost all x 
(as (25) implies 1 < ß < 2 these are the only possible values of the digits 
e Ja;)), then ( n _ 1 j ^ _ 1 ) + 1 ^ ^ ß__\ 

p0 — m and Vx (29) 
n(ß-\) + \ rx ^ - i ) + r 

In particular, for n = 1, ß = 2 we obtain the well-known special case of 
Borel's theorem that in the dyadic representation of almost all numbers 
both digits 0 and 1 have the limiting frequency f. 
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Let us consider now the representation of the real number x (0 < x < 1) 
in the form of Engel's series 

£ = _ + _ + _ + + # (30) 

where the qn are integers, qn+1 ^ qn. The probabilistic theory of Engel's 
series has been considered by BoreiC30] and Lévy[31]. 

Borei has announced, without proof, that for almost all x 

lim^qn = e. (31) 
«,->oo 

A proof of (31) has been given by Levy, who also proved that if we define 
the probability P(E) of a measurable subset E of the intervallo, 1] to 
be equal to the Lebesgue measure of E, we have 

lim p (loë^n-n < y\ = < D ( ^ ( 3 2 ) 
%->oo \ V ^ / 

In a recent paper[32] by Erdós, Szüsz and the author, new and simple 
proofs of these theorems and of some other results have been given, 
based on the fact that the sequence qn, considered as a sequence of random 
variables in the above-mentioned probabilistic interpretation, forms a 
homogeneous Markov chain, with the transition probabilities 

P{<ln = ^cLn-i=3)=1^T) for k>j. (33) 

By using a theorem of the author on mixing sets[33] it can be shown 
(see [34]) that (32) can be replaced by the more general relation 

\ìmQ^qln<y) = ®(y), (34) 

which is valid whenever Q is a measure which is absolutely continuous 
with respect to the Lebesgue measure. 

In [32] similar results have been obtained for Sylvester's series 

x=i+k+-+i+- (35) 

(where the Qn are integers, Qn+1 ^ Qn(Qn — 1) +1), e.g. it has been shown 
that lim Q][2n = L(x) exists for almost all x, but we were unable to deter-

7l-»00 

mine the limit L(x) explicitly. In [35] similar results have been obtained 
for Cantor's products ^ . , 

-Äl'-d- (36) 



PROBABILISTIC METHODS IN NUMBER THEORY 537 

5. Problems of additive number theory 

In this section I should like to give an account of some yet un­
published results on the additive properties of random sequences of 
integers, obtained by Erdós and the author of the present paper. Some 
results in this direction have been announced without proof in [36]. 
Random sequences of integers v = (vx,v2, ...,vn,...) are defined as 
follows: Let An denote for each n (n = 1,2,...) the event that n belongs 
to the random sequence v, and let us suppose that P(An) = pn is given. 
Let us suppose further that the events An are independent. By these 
hypotheses a probability measure is determined on a cr-algebra sé of 
subsets of the space O consisting of all possible sequences of integers. 
sé is defined as the least cr-algebra which contains all subsets A of O 
defined by fixing for a finite number of integers whether it belongs to 
the sequence v or not. 

Now let ^r
2(^

r) denote the number of representations of the natural 
number N in the form N = vi + v$ (i < j), where v{ and v$ are elements of 
the random sequence v. Then ifr2(N) is a random variable. 

We have obtained, for example, the following result. If pn = cn~i 
then the sequence Sk

2) of integers N, for which fr2(N) = k, has for almost 
all sequences v the density dk = (Xke~x)fk\ (k = 0,1,...), with À = |c27r, 
i.e. the distribution {dk} is of Poisson's type. 

More generally, if ^rr(N) denotes the number of representations of the 
natural number N in the form N = vit + vit+... +vijt (ix < i2 < ... < ir), 
and pn = c/ftM1/r) (n = 1,2,...), then denoting by Sk

r) the sequence of 
integers N for which i/rr(N) = k, S$ has for almost all sequences v the 
density dk = (Afce-A)/&! (k = 0,1,...), where 

-hH)i (r = 2,3,...). 

We considered with Erdós also the distribution of differences of 
elements of a random sequence of integers. Other applications of 
probabilistic methods to problems of additive number theory are 
discussed in C36]. 

6. Some further applications in number theory 

In this section we mention, without going into details, some other 
lines of research. Linnik[37] (see also [4] for further literature) has 
obtained interesting results by applying the theory of Markov chains 
to the arithmetic of quaternions. His results are of great importance 
in the theory of representation of integers by means of ternary quadratic 
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forms. By the same method Linnik has proved[38] that the points (x, y, z) 
with integral co-ordinates which lie on the spherical surface 

x2+y* + z2 = m 

are in the limit for m -> + oo uniformly distributed on this surface (where 
m = 1 or 2 mod4 or m = 3 mod8). 

Probabilistic methods have also been applied in the theory of dio-
phantine approximation; see, for example, the paper[39] of Erdós and 
the author. 

I am convinced that in spite of the wide variety of problems to which 
results or methods of probability theory have already been applied with 
success, only a small part of the possibilities of such an approach has 
yet been exhausted, and there will be a rapid development in this 
direction in the years to come. This remark applies to chapters of 
mathematics other than number theory too. 
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RECENT TENDENCIES IN THE 

F O U N D A T I O N S OF STATISTICS 

By L E O N A R D J . S A V A G E f 

1. Introduction 

This is an expository talk directed mainly at any non-statisticians who 
may have wandered in. It is important to address the non-specialists at 
a congress like this, to help maintain the bonds between the diversifying 
branches of mathematics. In this particular talk, a restraint on techni­
calities will have the added advantage of helping experts and the speaker 
keep their feet on the ground. 

The foundations of statistics are controversial, changing, and subtle. 
Therefore, try though I shall to be fair and clear, you must keep your­
selves especially aware that you are hearing mainly the present views of 
a single person, imperfectly expressed. 

The foundations of statistics are a part of the foundations of science 
in its widest sense. Their study is not mathematics in principle, and by 
no means all the important contributions to them have been made by 
mathematicians. But the use of some mathematical techniques is 
inevitable in the study of a quantitative subject. Still more, mathe­
matical training and outlook have led, and will surely continue to lead, 
to important advances in the foundations of statistics. The relation is 
reciprocal in that mathematics is sometimes stimulated by the founda­
tions, as it is by the other theoretical aspects of statistics. 

The reference to recent tendencies in my title has a continuum of 
possible meanings, and in fact various parts of the talk will refer to 
tendencies of the present century, of the period since World War II, 
and of the last few years or even months. 

2. Meanings of * statistics * 
I begin by outlining some meanings that have been given to the word 

'statistics', not to enter into an argument that would be out of place 
here (and perhaps anywhere) as to what the word ought to mean, but to 
indicate the subject of this talk and to set the stage for it. 

Etymologically, 'statistics' refers to numerical data about the state. 

f This work was supported in part by the Office of Naval Research through a contract 
with the Department of Statistics of the University of Chicago, and in part by grants 
to the author by the John Simon Guggenheim Memorial Foundation and by the Ford 
Foundation. 
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Even today there are many professional statisticians to whom ' statistics ' 
means effectively demography in a more or less extensive sense—the 
compilation and interpretation of census data, economic statistics, or 
vital statistics (records of births, deaths, and illness). 

For many of us, however, the word has drifted far from its original 
meaning and come to refer to quantitative thinking about uncertainty 
as it affects scientific and other investigations. It is this meaning, sug­
gested by 'inductive' or 'statistical inference', that 'statistics' has for 
us here. This subject goes back historically to at least the early eight­
eenth century, when James Bernoulli, and a little later Thomas Bayes, 
made great contributions to it. I t was pushed forward in the nineteenth 
century by Laplace, Gauss, and others, and it has been subject to a 
fervor of activity since the early twenties of this century, when it 
received great impetus from the work of R. A. Fisher. 

In physics, 'statistics' usually pertains to probability without special 
reference to the problem of inference but with emphasis on large 
aggregates. 

3. Inductive inference and inductive behavior 

One of the most important trends of the past few decades is a shift in 
formulation of the central problem of statistics from the problem of 
what to say or believe in the face of uncertainty to the problem of what 
to do. I t would be hard and unrewarding to seek out the very beginning 
of this economic movement, as I shall call it because of its emphasis on 
the costs of wrong decision. It goes back at least as far as Gauss173, but 
Neyman brought it forward with particular explicitness in 1938[8], 
coining the expression 'inductive behavior' in contrast to 'inductive 
inference'. Wald took up the theme with energy and enthusiasm, 
exploring it in great detail and stimulating many others to do so during 
his own life and after his untimely death. 

That many important and interesting problems concerned with un­
certainty are economic in nature is clear and undisputed. Going much 
further, some of us believe that economic models are of great value 
throughout the whole of statistics. This is controversial, and it is main­
tained, especially by Barnard [1»3] and Fisher [5»6] that the methods and 
ideas appropriate to frankly economic problems are not appropriate to 
the problems of science, the problems of finding out the truth for the 
truth's sake. Fisher says in a particularly pungent way that science ought 
not to be confused with the sordid business of either the market place 
or the five-year planners' bureau[5]. 
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Admittedly a close relation between frankly economic problems and 
more academic ones is not obvious, or even thoroughly demonstrable, 
but some case can be made for it. To illustrate, in practical problems of 
point estimation, there are certain systematic reasons why the penalty 
for mis-estimation is often nearly proportional to the square of the error. 
These same reasons are, to say the least, suggestive even for problems 
of pure science—a precedent for this idea can be seen in Gauss[7]. More 
generally, it should be kept in mind that science does have goals and 
that mistakes made in approaching them do entail costs, however 
subtle and abstract. 

There seems to me nothing at the present time to substitute for the 
hope that an economic theory of decision in the face of uncertainty will 
be a valuable guide for the whole problem of inference. If there is an 
important kind of inference problem that cannot properly be discussed 
in economic terms, no one yet seems able to state these problems with 
enough precision so that they can be analyzed and solved. In brief, the 
economic outlook seems to me of great promise for the whole of statistics, 
though it is not necessarily the last word. We should continue to explore 
and use it with hope and discretion and with an eye open for new ideas. 

One thing that has been said about the putative distinction between 
scientific and economic problems is that the scientific inference to be 
drawn from given data is unique and universal, whereas the economic 
conclusions change with circumstances, such as values and oppor­
tunities[3]. I myself believe that the idea of a universal summary of 
data-—that is, the likelihood-ratio function or some effective sub­
stitute—is valid and important, but the idea of such a summary does not 
for me rest on any distinction between science and business. 

4. Objectivism and subjectivism 

It was for a long time generally believed that all uncertainties could 
be measured by probabilities, and a few of us today believe that this 
view, which has recently been very unpopular, must soon again come into 
its own. I t was part of the creed of the great renaissance of statistics in 
the second quarter of the century that only special uncertainties 
associated with gambling apparatus and the like were measurable by 
probabilities and that other uncertainties would have to be analyzed 
and dealt with in some other ways. This renunciation swept away the 
classical framework for inference, built on Bayes's theorem, and thereby 
created many new problems. There was especially the problem of 
finding new meanings to important-sounding questions that had been 
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rendered nonsensical by the renunciation. The situation was a fertile 
and stimulating one. Many new ideas directed at filling the gaps were 
introduced. Some of these ideas are apparently of lasting value, but 
some of them (such as confidence limits in their current formulation or 
tests of narrow hypotheses) may not be. In any event, the over-all 
program has not yet been even nearly successful, nor do I think it 
ever can be. 

Statisticians have always recognized that subjective judgments of 
fact (as well as of value) necessarily play a role in statistical practice. 
First, much personal, that is subjective, judgment is obviously required 
to decide what kind of an experiment is the promising one to perform, 
and on what scale. There are, therefore, subjective aspects to the 
essential statistical activity of designing experiments and other in­
vestigations. Again, it has long been recognized that the user of statistics, 
in analyzing data, must make a subjective choice among available 
operating characteristic curves and the like. To be sure, the minimax 
theory can be seen as an attempt almost to eliminate all judgments but 
those of value from both design and analysis, but few if any would 
contend that there has been more than the formal appearance of success 
here. 

A certain subjective theory of probability formulated by Ramsey[9] 

and later and more extensively by de Finetti[4] promises great advantages 
for statistics. Contrary to what the word 'subjective' seems to connote 
to many, the theory is not mysterious or particularly unoperational. I t 
gives, a few of us believe, a consistent, workable, and unifying analysis 
for all problems about the interpretation of the theory of probability, 
a much contested subject. I t unifies the treatment of uncertainties, 
measuring them all by probabilities and emphasizing that they depend 
not only on patterns of information but on the opinions of individual 
people. Experience seems to me to show that this theory provides a 
better framework for understanding both the objective and the subjec­
tive aspects of statistics than we have heretofore had. 

5. Does it matter ? 
As is often said, and with much truth, the explicit study of the founda­

tions of a subject is usually of relatively little practical importance, for 
common sense and experience over the course of time develop a science 
more securely than it could possibly be built up by direct application of 
abstract principles. None the less, I believe that present-day discussions 
about inference and behavior, about subjectivism and objectivism are 
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stimulating practical advances in statistics. The evidences of this are 
widely scattered, but I shall mention only two examples. 

First, it is becoming increasingly accepted that, once an experiment 
has been done, any analysis or other reaction to the experiment ought to 
depend on the likelihood-ratio function and on it alone, without any 
further regard to how the experiment was actually planned or per­
formed. I believe that this doctrine, which contradicts much that was 
recently most firmly established in statistical theory and practice, is 
basically correct and that it will soon greatly simplify and strengthen 
statistics. Let me not falsify history by intimating that appreciation of 
the likelihood-ratio function as much more than is ordinarily under­
stood by a 'sufficient statistic' originated in the economic outlook and 
subjectivism. Actually, it was, so far as I know, begun by Barnard[2] 

and Fisher[6], and quite apart from these ideas. None the less, the 
economic outlook and the subjectivistic theory of probability lend strong 
support to the likelihood-ratio doctrine and promise to hasten its 
acceptance and exploitation. 

Secondly, David Wallace has recently obtained a valuable new insight 
into the much vexed Behrens-Fisher problem by reconsidering it from 
the point of view of subjective probability. 

R E F E R E N C E S 

[1] Barnard, G. A. Sequential tests in industrial statistics. J. R. Statist. Soc. 
(SuppL), 8, 1-26 (1946). 

[2] Barnard, G. A. A review of ' Sequential Analysis ' by Abraham Wald. 
J. Amer. Statist. Ass. 42, 658-664 (1947). 

[3] Barnard, G. A. Simplified decision functions. Biometrika, 41, 241-251 
(1954). 

[4] de Finetti, Bruno. La prévision: ses lois logiques, ses sources subjectives. 
Ann. Inst. Poincaré, 7, 1-68 (1937). 

[5] Fisher, Sir Ronald A. Statistical methods and scientific induction. J. R. 
Statist. Soc. (B), 17, 69-78 (1955). 

[6] Fisher, Sir Ronald A. Statistical Methods and Scientific Inference. Oliver 
and Boyd, Edinburgh, 1956. 

[7] Gauss, Car] Friedrich. Abhandlungen zur Methode der kleinsten Quadrate 
von Carl Friedrich Gauss. Berlin, 1887. (Translation from Latin by 
A. Borsch and P. Simon.) 

[8] Neyman, Jerzy. L'estimation statistique, traitée comme un problème 
classique de probabilité. Pp. 25-57 of Actualités scientifiques et indus­
trielles, no. 739. Hermann et Cie., Paris, 1938. 

[9] Ramsey, Frank P. The Foundations of Mathematics and Other Logical 
Essays. Kegan Paul, London, 1931. 

[10] Savage, Leonard J . The Foundations of Statistics. John Wiley and Sons, 
New York, 1954. 



545 

DISCRETE VARIABLE METHODS 
IN N U M E R I C A L ANALYSIS 

By D. H. LEHMER 

The term Numerical Analysis is of comparatively recent origin and owes 
its origin to the rapid growth of electronic computing in the last dozen 
years. To be sure, Gauss's investigations into the method of least squares, 
for example, would be called numerical analysis today and his results 
are generally applicable to computation whether it be done by hand, or 
by analogue or digital equipment. However, the most significant machine 
development of the recent past and future has been not in the analogue 
but in the digital or discrete variable field, and this type of equipment 
brings with it opportunities and handicaps connected with its character­
istic discontinuous behavior. It is my purpose to point out and illustrate 
these opportunities and handicaps as we see them today. 

In the first place, most numerical analysis problems are set up in 
imitation of a physical situation based on continuity or infinitesimal 
analysis. To obtain numerical answers, finite difference methods are 
employed with attendant difficulties which were recognized by Leibnitz 
and Newton, not to mention Archimedes. It is not my purpose to ex­
patiate on the questions of what we now call truncation error, important 
as these questions are. Their consideration is made in the same system 
as that of the infinitesimal analysis on which it is based, namely the real 
number system. Digital computers do not operate with real numbers. 
Very frequently they attempt to imitate the rational operations of the 
real number system and, still more crudely, the various limit processes 
of analysis. The desire or need to imitate infinitesimal analysis has 
influenced the design of computers but, even from the beginning, it was 
understood that a digital computer must be capable of other modes of 
operation if it is to process its own program of calculation. Newer 
machines have acquired an even larger repertory of these logical com­
mands not only because they are needed for program processing but 
because they are genuinely useful for problem solvings, and in some 
cases, it must be admitted, because they are cheap to realize electronic­
ally. 

The number system of the digital computer is, after all, a finite one 
with limitations in time and space. Its effective use involves a subtle 
compromise between time and space and the requirements of the 

35 T P 
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problem. Thus, in ordinary coding, the associative law of multiplication: 
a(bc) = (ab) c (certainly one of the cornerstones of the real number 
system) does not hold because of round off. If it is absolutely essential 
that this law hold, special coding requiring more space and more time is 
needed. Even the sum of two numbers may not be given correctly by 
the machine's addition command because of overflow. The implication 

ax = b -> x = b\a 

is not always valid for the machine. This is not because a might be zero 
but because of the 'inexactitude' of the finite division operation of the 
machine. 

Small wonder that mathematicians prefer not to worry about these 
small departures from real analysis. We are not surprised either when, 
after ordering millions of these operations to be performed in a few 
minutes time, the mathematician is not happy at the look of the output. 
Nor is this difficulty to be met by more use of floating arithmetic, either 
programmed or built in, with even less precision in each computer word. 
While we may guard against overflow at the left, information may dis­
appear towards the right via 'underflow'. 

A good deal of interest has been shown recently in automatic error 
analysis in which the machine's output is an interval rather than a 
number. This may be satisfactory for some problems and some answers, 
but often the analysis of the error is too conservative and so the interval 
is too large to be of much use. There is often a good case for the use of 
double precision, i.e. two computer words for each number, and little 
or no error analysis. Certainly a good deal depends on one's overall 
knowledge of the problem, its stability and the bounds for its variables, a 
knowledge which may be acquired from immediately previous experience. 

There is, of course, a simple way to avoid most of these difficulties, 
namely to cease our imitation of the real number system and to deal 
only with genuine discrete variable problems. 

Many sorts of number theory problems are quite naturally explored 
by digital computers, and in most of these problems operations other 
than addition and multiplication play dominant roles. 

Less familiar problems of a discrete variable type are to be found in 
Combinatorial Analysis. Some of these rate low in theoretical interest 
but high in practicality as, for example, sorting and collating problems. 
Less utilitarian are problems involving set inclusion. Here it may be of 
interest to contrast again the infinite and finite attitudes. Many so-called 
well-defined sets of real numbers are so ill-defined that it is well-nigh 
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impossible to say whether a given number belongs to the set or not, nor 
does this fact interfere much with the theoretical discussion of such a set. 
As soon as we consider finite sets, we can say that the problem is trivial 
since it involves only a finite number of trials or we can ask what are the 
efficient ways of deciding whether a number belongs to the set or not. 
Of course the notion of efficiency here is taken with respect to the 
capabilities of a given machine to perform certain operations. The 
operation of multiplication, we can be sure, is not one of these. Lest we 
might think that all such problems are straightforward, we could 
consider the set of all the 455052512 prime numbers < 1010 and ask 
whether 2001791881 belongs to the set or not. Obviously there are many 
ways of handling this problem of set inclusion with widely varying 
efficiencies. 

Other combinatorial problems, useful in management and scheduling, 
include problems of optimal choice and optimal arrangement. Still more 
elaborate applications are being made in chemistry and crystallography. 
Subroutines that can be used to advantage here include the methodical 
or random selection of k words from a population of n words, and the 
methodical or random permutation of a set of n words. 

Related to these problems are the more prolix programs arising from 
problems in abstract algebra, group theory, and finite geometries. 

Finally, one may cite problems in symbolic logic, chess playing and 
theorem proving as extreme examples of abstraction in discrete variable 
techniques. 

It almost goes without saying that the usual library of subroutines 
and the various automatic algebraic coding routines are of little help 
in carrying out these problems. 

Instead of trying to avoid real variable calculations one can try to 
apply to them some of the discrete variable techniques that we have 
learned. In fact these methods may be actually forced upon us when we 
come to formulate in detail a problem which at first sight seems not to 
involve discrete variables at all. 

As an example of such a problem I should like to describe some of the 
features of a question raised ten years ago by Hardy and Littlewood on 
inequalities involving integrals. The question is the following one. 

Let the monotone sequence of real numbers 

1 ^ ax ^ a2 ^ ... ^ 0 

be the coefficients of the convergent cosine series 

/ * ( # ) = 1 + 0 ^ 0 0 8 0 + ^ 0 0 8 2 0 + . . . . 

35-2 
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Further, let cl9 c2, c3, ... 

be real numbers such that the sequence 

tal, N> tal, ... 
is a rearrangement of the sequence of a's and let 

/ ( 0 ) = 1+CÌCOS0 + C2COS20+.... 

The question is: Can we conclude that 

r i/*(0)i A? < r i/(<9)i «a?? (i) 
Jo Jo 

In other words, to make -

Jo 
\dd 

a minimum should one replace the coefficients of f(6) by their absolute 
values and arrange to have the large coefficients on the terms of low 
frequency? The answer to this question is no and was given recently by 
the IBM 701 computer at the University of California. To show that the 
answer is no, means, of course, to exhibit two examples of functions/for 
one of which the inequality ( 1 ) is true and for the other of which it is false. 
As a matter of fact (1) is true for almost every choice of / so that the 
difficulty reduces to finding an/for which (1) is false. 

Integrals of the absolute value of a function occur with great frequency 
in analysis as norms and upper bounds but almost never are these 
integrals computed. In the present case we must evaluate the two 
integrals in (1) with sufficient accuracy to make sure that the inequality 
fails. 

One unattractive way of doing this would be to locate fairly accurately 
the various roots of the function lying in (0, n) and to integrate piecewise 
between successive roots of odd multiplicity attributing the appropriate 
sign to the function as one goes. The integration would be termwise and 
consist of evaluating sin kd for 0 a root of/ or /*. 

A different method involving less computing would be to resort to 
mechanical quadrature to compute directly the integral of | / | (and |/*| ). 
In this case all the well-known methods, based on the fact that the 
function to be integrated is nearly a polynomial, fail because | / | has no 
derivative when/ = 0. Hence we are driven to use the crude trapezoidal 
or mid-point rectangular rule with very fine subdivision of the interval 
(0,7T). A simple table of cosines based on this subdivision will then 
suffice to carry out the computation of the integrals. A simple error 
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analysis shows that this discrete variable approach will suffice, when 
(0,77) is subdivided into 128 subintervals, to give about 6-decimal 
accuracy. 

So far we have replaced integration by summation. Next we replace 
/ by a cosine polynomial, since our discrete variable machine cannot 
really handle infinite series. In fact we can make the degree, n, of this 
polynomial one of the main parameters of the calculation. Starting with 
n = 2, since (1) is seen to hold for 

/(0) = 1 - ax cos 0, /*(0) = 1 + ax cos 0, 

we make a more or less exhaustive search for failures of (1) before going 
from n to n+1. 

We come now to the next part of the problem in which we must use 
discrete variables, namely the selection of coefficients ak and ck. This 
amounts to an exploration of the 71-dimensional cube 

- K c Ä < r (k=l(l)n), 

by means of a grid of lattice points. If h is the mesh size, the number of 
these points, (Zjh)71, is prohibitively large for only moderately small h. 
Of course many of these points are uninteresting. Thus if 

n n 

2 X = I > ä ^ I , 

then/(0) and/*(0) remain non-negative over (0, TJ) and the two integrals 
we are considering become equal to n so that (1) will automatically hold 
in these cases. Hence the region we are looking for is not near the 
origin. More generally, if -

Jj/*(0)|eft? = ir, (2) 

then/*(0) is non-negative and its companion integral 

I dd (3) 
Jo 

cannot then be less than n. Hence it pays to compute the integral of | /*| 
first and to abandon the set of a's and the associated 2nnl sets of c's in 
case (2) holds. Finally the integral (3) remains unchanged if we change 
the signs of all of its c's. Hence we may suppose ct > 0 and eliminate one 
half of our exploration. Our procedure should then be the following. 
Having disposed of a set of coefficients ak we generate a new one and 
compute the integral of |/*(0)|. If (2) does not hold we begin to change 
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the signs of the a's to obtain sets of c's computing (3) in each instance 
and checking the inequality (1). After all sign changes have been taken 
care of we begin to permute the a's and return to the sign-changing sub­
routine. When all ni permutations of the a's have been made, the set of 
a's is now disposed of and we have come full circle. As soon as all in­
teresting a's have been processed we reduce the mesh size by replacing 
h by \h and repeat the program unless the mesh is now too fine, in which 
case n is replaced by n + 1 . 

This resumé of our program introduces still more discrete variable 
procedures involved in the following operations: 

(a) Generating a new set of a's. 
(b) Changing signs in all 2n~1 ways. 
(c) Permuting the set of a's. 
A word or two about each of these operations may suffice to indicate 

possible procedures. 
The operation (a) may be performed recursively by setting Ak = 2mak 

treating the vector t A A A \ 
(At,A2, ...,An) 

as a positive integer to the base 2m of which the a's are the digits. Begin­

ning with the number (2m2*V..52m) 

we diminish the last digit by unity to get the next set of A's. When any 
digit becomes zero a unit is subtracted from the next left A and all 
succeeding digits are set equal to this reduced digit. In this simple way 
we canvass all instances of numbers with monotone decreasing digits. 

The operation (b) may be performed by means of a characteristic 
binary number Nofn—l bits, whose kth bit is 0 or 1 according as ck is 
equal to ak or — ak. By using intentional overflow and the instruction 
M + M replaces M, where initially M is a shifted copy of N, the machine 
instructs itself as to which c's are negative. Initially we set N at 00... 0, 
a number of n — 1 bits that produces no overflows and thus generates 
ava2, ...,an. Next a unit is added to N to give 00... 01 that produces 
an overflow on theverylast step to givea^a^ ..., — an. Finally we produce 
al9 — a2, ..., —an as the last set of c's. 

There are at least eight different ways of generating the operation (c), 
the permutation operation. There is enough other computing in the whole 
problem to make it unnecessary to choose a permutation subroutine 
on the basis of speed alone. Furthermore, it is clear that we shall be 
dealing with very modest values of n since the number of integrals to 
examine is some moderate fraction of (2jh)nn\. Finally the number of 
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different objects to be permuted is often less than n. Equalities among 
the a's, which are frequent, produce redundant information and thus 
waste time. Nevertheless it was considered tolerable, and preferable to 
a more complicated routine made to avoid duplication of effort. 

In the actual calculation the permutation subroutine used is based 
on the cyclic permutation method of Tompkins and Paige. Very briefly 
this is a method based on the vector 8 of n — 1 integers 

$ : (Sn-1> Sn-2> ' • •, S 2 , Sl)> 

in which s± is a binary digit, s2 is a ternary digit, etc., so that 

0 ^ sk < k-1. 

S may be regarded as a number with a different base assigned to each of 
its digit positions. Addition is defined in terms of these bases with the 
appropriate 'carry rule' at each position. The vector 

(0,0,. . . ,0) 

is made to represent the permutation 

ax, a2, ..., an. 

The recursive generation of the next permutation from a given one is 
done as follows. The last two marks of the given permutation are inter­
changed and a unit is added to sv If there is no carry so that s1 has changed 
from 0 to 1 we have our next permutation and its corresponding vector 8. 
If there is a carry to s2 only, we have an old permutation. The last three 
marks are then subjected to the cyclic permutation 

/3 2 1\ 
\2 1 3/ 

In general, if the addition of a unit forces a carry to sk^_1 only, then the 
last k marks are subjected to the cyclic permutation 

/ k k-l ... 2 
U - l k-2 . 

2 1\ 
1 k) 

to produce the next permutation. 
I t is thus easy to set up a general permutation subroutine for any value 

of n. However, in retrospect, there is not much that can be done with 
our whole problem for n < 6. In such cases it is reasonable to devote 
5! = 120 words of the storage to represent all the permutations on 5 
marks. Each such word contains 5 subwords that are extracted one at 
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a time to modify commands for depositing the numbers ak in the appro­
priate addresses to form the corresponding permutation. 

In conclusion there is one more feature of discrete variable methods 
that is often encountered, namely the ability to verify the results with­
out reference to the machine that found it. In our example the machine 
indicated that in the case of n = 4 and 

/(0) = l - £ c o s 0 + fcos20- |cos30 + f cos40, 

and /*(0) = 1 + f COS0 + I cos 20 + f cos 30 + 1 cos 40, 

an exception to (1) exists. That this is true can be verified independently 
by a completely rational argument involving no approximations what­
soever. 

In fact, by setting x = 2 cos 0, the functions / and / * become poly­
nomials in x. I t can then be shown that for x in the interval ( — 2,2) 
corresponding to (0,n) for 0, the function/ does not vanish and/*(0) 
has a pair of distinct real roots. I t follows that 

("\f*(6)\d0 > ['f*(6)dd = n= [f{d)dd = f |/(<?)|«ft? 
Jo Jo Jo Jo 

so that (1) is violated. 
It is hoped that these examples have served to indicate what roles 

the discrete variable may play in present-day Numerical Analysis. 
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By H. R U T I S H A U S E R 

A detailed report will be published as 
'Mitteilung Nr. 8 aus dem Institut für angewandte Mathematik der 

ETH', published by Birkhäuser VerlagrBasel, Switzerland in 1959. 
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ÜBER EINE EUKLID-BEARBEITUNG, DIE DEM 

ALBERTUS M A G N U S ZUGESCHRIEBEN WIRD 

Von J . E. H O F M A N N 

Im Frühjahr 1944 konnte ich dank der Liebenswürdigkeit des Her­
ausgebers der Werke des Albertus Magnus[1]f, Prälat Prof. B. Geyer, 
eine wenige Wochen später bei der damaligen Preußischen Akademie 
der Wissenschaften eingereichte Abhandlung[2] einsehen, die im Herbst 
1944 in Satz ging, jedoch wegen Zerstörung des Druckmaterials während 
der letzten Kriegshandlungen nicht zur Ausgabe gelangte. In dieser 
sehr interessanten Studie, die nunmehr in revidierter Form[3] unmittelbar 
vor der Veröffentlichung steht, berichtet Herr Geyer über eine schön 
geschriebene lateinische Handschrift des XIII. JahrhundertsC4], die 
sich in Wien befindet und gemäß einer Notiz des Rubricators[5] am 
oberen Rand des ersten Blattes als Werk eines Albertus anzusehen ist. 

Der Fundort macht es von vorne herein wahrscheinlich, daß es sich 
um einen Dominikaner handelt, und zwar um Alber tus Magnus. 
Tatsächlich findet sich in den beiden alten Katalogen, worin die den 
Zeitgenossen bekannten Schriften des großen Mannes aufgeführt werden, 
ein diesbezüglicher HinweisC6]. In seiner Abhandlung führt Herr Geyer 
Stellen aus der Paraphrase zur Aristotelischen Physik und aus der 
Schrift De sensu et sensato an, in denen Albertus die Absicht bekundet, 
eine Geometrie zu schreiben. Weitere Stellen—sie wurden mir freund­
licherweise durch Herrn Geyer übermittelt—zeigen volle Vertrautheit 
mit dem Inhalt der Euklidischen Elemente. Ich erwähne einen Hinweis 
auf Elemente I, 32 (Satz vom Außenwinkel und der Winkelsumme im 
Dreieck)[7], auf die Größenlehre in Buch V[8], auf die Definition der 
Einheit zu Beginn von Buch VII[9], auf die Lehre vom Kommensurablen 
und Inkommensurablen in Buch X[10], auf die Behandlung der fünf 
regelmäßigen Körper in Buch XIII[11] und auf das 'von Assicolaus' 
verfaßte Buch XV (es stammt von einem Schüler des Isidoros, vielleicht 
von Damaskios)[12]. 

Schließlich gibt es in späteren Schriften des Albertus auch direkte 
Hinweise auf die Geometrie. Erwähnt wird unter Bezugnahme auf 
Elemente III, 15-16 der Berührpunkt der Kreistangente[13], ohne genaue 
Stellenangabe (gemeint ist Elemente X, 117) die Inkommensurahüität 
der Quadratdiagonale hinsichtlich der Seite vermittels des Gegensatzes 

f Anmerkungen : S. 562 ff. 
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von gerade und ungerade[14] und schließlich unter Hinweis auf Elemente 
II, 14 eine Bemerkimg über die Verwandlung eines Rechtecks in ein 
flächengleiches Quadrat1-153. Sie findet sich sinngleich in der Wiener 
Handschrift als Zusatz unter Bezugnahme auf Aristoteles, De anima 

Aus dem Bisherigen geht eindeutig hervor, daß das Wiener Manu­
skript eine echte Schrift des Albertus enthält. Leider ist sie nicht 
vollständig; vielmehr reicht sie nur bis zu Buch IV der Elemente-, wo 
sich der Rest befindet, ist zur Zeit noch unbekannt. 

Ursprünglich war verabredet, daß der verdienstvolle Bonner Mathe­
matiker E. Bessel-Hagen, ein ausgezeichneter Kenner der Mathe­
matikgeschichte, die Herausgabe der Wiener Handschrift übernehmen 
sollte. Der unter so betrüblichen Umständen eingetretene Tod des 
hochgeschätzten Mannes hat veranlaßt, daß ich die Edition über­
nommen habe. Meine Frau hat die Handschrift entziffert. Was ich im 
folgenden über Eigenart, Charakter und Inhalt des Manuskriptes vor­
bringe, stützt sich größtenteils auf ihre sehr sorgfältigen Editions­
vorbereitungen. 

Es handelt sich um eine kommentierte Euklid-Ausgabe, im wesent­
lichen auf lateinischen Übersetzungen arabischer Fassungen beruhend. 
Albertus erweist sich wie in seinen sonstigen Schriften so auch hier als 
ein außerordentlich belesener Berichterstatter, der jeder Einzelfrage 
sorgfältig nachgeht, Gewährsleute nennt, gelegentlich auch eigene 
Zusätze beifügt und in Zweifelsfällen mit kritischen Bemerkungen 
nicht zurückhält. Die Wortlaute der einzelnen Euklidischen Definitionen, 
Postulate und Axiome und der nachfolgenden Sätze stimmen größten­
teils mit jenen der von Campanus überarbeiteten Übersetzung des 
Adelhard von Bath überein[17]; die Beweise sind fast durchwegs in 
abweichender Fassung ausgeführt, deren Vorlage noch nicht genau 
feststeht. Daß Albertus die Übersetzungen des Boëtius und des Adel­
hard gekannt hat, geht aus einer kritischen Bemerkung zu I, 5—der 
elefuga der wissenschaftlich nicht AnsprechbarenE18]—hervorE19]. Den 
Wortlaut von I, 6 gibt Albertus 'nach verschiedenen Codices ' in viererlei 
Fassungen wieder[20]. Ein Name fehlt—nämlich Campanus—und das 
wohl mit gutem Grund: dessen Bearbeitung der Adelhardschen Über­
setzung dürfte erst nach der des Albertus entstanden sein, die wohl 
in der Zeit zwischen 1262 und 1265 niedergeschrieben wurde—in Italien 
vielleicht, wo sich Albertus längere Zeit am Hofe Urbans IV. aufge­
halten haben dürfte, zusammen mit Thomas von Aquin, Wilhelm von 
Moerbeke und CampanusC21]. 
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Was uns die Geometrie des Albertus interessant macht, ist freilich 
nicht die Wiedergabe der Euklidischen Texte selbst, sondern die Fülle 
der zugehörigen Erläuterungen aus arabischen Quellen. Erwähnt wird 
Alfârâbî, auf den sich Albertus auch in philosophischen Fragen so 
häufig bezieht[22], und zwar im Vorwort, auf das ich unten näher 
eingehen werde[23], und bei Erwähnung der Definition des Punktes[24] 

und der EbeneC25] und bei Aufzählung der verschiedenen Arten von 
ViereckenE26]. Auf weitere arabische Kommentare bezieht sich Albertus 
an mehreren Stellen; diese Stellen finden sich fast wörtlich wieder im 
Euklid-Kommentar des Annairîzî, den wir bisher nur in der Übersetzung 
des Gerhard von Cremona kannten[27]. Es handelt sich um die Definition 
der geraden Linie[28], der EbeneC29] und des Winkels[30], ferner um den 
Begriff des Inventum (gemeint ist das griechische 7rd/Hcrju,a)C31]. Bei 
Besprechung von IV, 4 taucht schließlich auch der Name Anarizus auf. 
Es handelt sich um die von Annairîzî hinzugefügte Diskussion der 
gestaltlich verschiedenen Fälle bei der Konstruktion des Umkreises 
um ein Dreieck[32]. 

Fast alles weitere, was Albertus an mathematischen Erläuterungen 
vorbringt, gleicht der Gerhardschen Übersetzung des Annairîzî, jedoch 
nur dem Sinne nach; wörtliche Übereinstimmung ist selten vorhanden. 
Zumeist ist Gerhard etwas ausführlicher, gelegentlieh auch Albertus. 
Wir lesen von den zahlreichen Beiträgen des Heron (anfangs als Her-
mydes, später ausschließlich als Yrinus bezeichnet) zu den Definitionen, 
Axiomen und Postulaten Euklids[33] und von den interessanten Ergän­
zungen zum Satzgefüge und zur Beweistechnik, vor allem von Herons 
Versuch, die bei Euklid so häufig auftretende indirekte Schlußweise 
nach Möglichkeit zu vermeiden und die schleppenden geometrischen 
Beweise durch Verwendung algebraischer Elemente zu verkürzen. 
Manche neue Einzelheit wird dabei bekannt; des öftern sind Ergän­
zungen, die Gerhard nach Annairîzî schlechthin als Zusätze anderer 
bezeichnet, genauer präzisiert. 

Seltener sind die dem Simplikios (als Sambelichios bezeichnet) 
zugeschriebenen Beiträge; neu ist z. B. die Zuweisung einer Definition 
für die Ebene[34]. Daß Simplikios bei Albertus als Autor eines miß­
lungenen Beweisversuches für das Parallelenpostulat bezeichnet wird, 
ist wohl ein Irrtum; nach Annairîzî[35] ist Geminos der Urheber, Sim­
plikios der Berichterstatter, der das Unzutreffende des Vorgebrachten 
recht wohl erkennt[36]. 

Auch Geminos (als Aganyz bezeichnet) wird erwähnt, und zwar vor 
allem im Zusammenhang mit Fragen, die das Parallelenpostulat und 
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seine Folgerungen betreffen[37]. Auf Piaton wird im Zusammenhang 
mit der Definition des PunktesC38] und der GeradenC39] verwiesen, auf 
Archimedes (als Assamites bezeichnet) wegen der wohlbekannten 
Minimaldefinition der Geraden[40], auf Apollonios wegen der Winkel­
definition[41], auf Poseidonios (als Aposedonius bezeichnet) wegen einer 
Punktdefinitiont42] und auf Tâbit ben Qurrah (als Thabit Benchor at 
bezeichnet) wegen des so anschauliehen, gewöhnlich als 'Stuhl der 
Braut ' bezeichneten algebraischen Beweises für den Pythagoreischen 
LehrsatzC43]. Bei dieser Gelegenheit bemerkt Albertus—vermutlieh 
handelt es sich um eine eigene Zutat—, man könne leicht vermittels 
eingefügter Halbkreise konstruieren (Abb. 1 deutet das an), gibt jedoch 
leider keine Figur dazu. 

Fig. 1 

Nun steht freilich für Albertus nicht das Fachmathematische im 
Vordergrund, vielmehr einerseits das Philosophische, andererseits das 
Enzyklopädische; geht es ihm doch darum, den Zeitgenossen einen 
Überblick über alles wissenschaftlich Bedeutsame zu vermitteln, und 
das vorzugsweise unter philosophisch-theologischem Aspekt. Diese 
Tendenz zeigt sich besonders deutlich in der Einle i tung, die übrigens 
vom Autor nicht eigens als solche gekennzeichnet ist[44]. Zu Anfang 
handelt es sich um die Begriffsbestimmung der Mathematik, innerhalb 
deren nach den allgemeinen Lehren der Pythagoreer die quantitas discreta 
Gegenstand der Arithmetik (in bezug auf die ganzen Zahlen) bezie­
hungsweise der Musik (in bezug auf deren Verhältnisse) ist; die quan­
titas continua hingegen ist Gegenstand der Geometrie (in bezug auf 
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unbewegliche Figuren) beziehungsweise der Astrologie (in bezug auf 
Kreisbewegungen). Hier wird im Text auf Aristoteles verwiesen; die 
Wortlaute beziehen sich auf Metaphysica I, 1, 2, 6 und zeigen deutliehe 
Verwandtschaft mit entsprechenden Stellen in des Albertus zugehöriger 
Paraphrase. Als Erfinder der Geometrie werden, wie üblich, die Ägypter 
bezeichnet[45]; dann folgt die hübsche Erzählung von Aristipp dem 
Sokratiker, der bei einem Schiffbruch an unbekanntem Strand (es war 
der von Rhodos) aus geometrischen Figuren im Sand auf die Existenz 
freundlicher Menschen schloß[46]. 

Unter Bezugnahme auf den schon oben erwähnten Kommentar des 
Alfârâbî zu Euklidischen SätzenC23] werden Linie, Fläche und Körper 
als die Grundelemente des Kontinuums bezeichnet, von denen die 
Geometrie handelt. Anschließend spricht Albertus von der 'Erzeugung' 
der Geraden durch Bewegung (motus simplex secundum formam); im 
Gegensatz hierzu habe die Kreisbewegung zwei Formen (Konvexität 
und Konkavität) und sei daher nicht einfach. Einfach sei auch die 
punktweise Bewegung einer Geraden in sich selbst (Verlängern einer 
Strecke). Auf jede andere Weise entstehe ein Gebilde mit Länge und 
Breite usw. Anschließend ist auch von der Teilbarkeit der Grundelemente 
des Kontinuums die Rede, wobei die geometrischen Gebilde als regu­
läres, die Formen der Lebewesen als irreguläres und damit einer genauen 
Verhältnisbestimmung entzogen bezeichnet werden. 

Mit einem abschließenden SatzC47] beendet Albertus diese seine 
symbolisch-metaphysischen Erörterungen und wendet sich zur einge­
henden Diskussion der Euklidischen Definitionen in Buch I der Elemente. 
Als gewissenhafter Berichterstatter zählt er die ihm bekannt gewor­
denen Lehrmeinungen auf, wobei auch Stellen aus nicht eigens erwähn­
ten Autoren durchzufühlen sind[483 und der wohlerfahrene Verfasser 
auch seine eigene Meinung deutlieh zu Gehör bringtC49]. Gelegentlich 
freilich kommen auch mathematische Ungereimtheiten vor; so findet 
sich in einer Ergänzung zu Definition 17 (Kreisdurchmesser), woselbst 
bewiesen wird, daß der Durchmesser die Kreisfläche halbiert, eine sinn­
störende Diskrepanz zwischen Text und Figur[50]. 

Auch Worterklärungen treten auf, vor allem bei Übernahme ara­
bischer Fachbezeichnungen ; sie haben für die Abhängigkeit von bestimm­
ten Übersetzern große Bedeutung und seien daher eigens aufgezählt[51]. 
Zunächst erwähne ich elmuhaym = al-mu'ayyia (Raute beziehungsweise 
Rhomboid) und elymharifa = al-munharif (Trapez)[52], ferner meguar = 
al-mihwar (Achse)[53], muchephy = al-murabba% (Viereck)[54], elgyther = 
al-qutr (Durchmesser)C55] und schließlich dulcarnon = du'l-qarnain (zwei-
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gehörnt) als Fachausdruck für den Pythagoreischen Lehrsatz[56]. Inter-
ressant ist außerdem die Bemerkung zum Parallelenpostulat: Albertus 
weist auf die aus anderer Quelle wohlbekannten Ausführungen des 
Ptolemaios[57] hin und fügt hinzu, das Ganze befinde sich in dessen 
liber theorematum[58]. 

Nach Aufzählung von acht Axiomen[59], von denen sich nach Albertus 
in den ältesten Schriften nur die ersten drei vorfinden[60], folgen zusätz­
liche Axiome, von denen zwei auch bei Adelhard-Campanus auftreten, 
jedoch dort in etwas abweichender und weniger geschickter Fassung. 
Erst nach längeren vorbereitenden Begriffsbestimmungen[61] wendet 
sich Albertus zum eigentlichen Thema, dem Satzgefüge. 

Auch hier stimmt der Aufbau mit Adelhard-Campanus überein, die 
Kommentierung mit Annairîzî-Gerhard, jedoch zeigen sich wiederum 
im Wortlaut der Beweise und Erläuterungen erhebliche Abweichungen. 
Die Figuren sind nicht immer sorgfältig genug konstruiert und häufig 
zu speziell angelegt; das führt gelegentlich zu Mißverständnissen^23. 
Der Text der Vorlagen ist im allgemeinen sorgfältig kopiert; nur an 
einigen wenigen Stellen, die jedoch nicht unbedingt dem Schreiber zur 
Last fallen müssen, sind Zeilensprünge nachweisbar, die auch nicht 
durch Vergleich mit Annairîzî textlieh behoben werden können. Ein 
interessanter Fall liegt bei der Kommentierung von III, 13 vor (Gleich­
lange Kreissehnen stehen gleichweit vom Mittelpunkt ab ; Sehnen gleicher 
Entfernung vom Mittelpunkt sind gleichlang). Hier bemerkt Heron 
ergänzend, der Mittelpunkt Hege (zwischen' den beiden Sehnen (d. h. 
nicht in den kleineren Segmenten, die von den Sehnen mit dem Kreis 
erzeugt werden, und auf der einen Winkelhalbierenden des durch die 
Trägergeraden der beiden Sehnen erzeugten Winkels). Den Beweis für 
gleichlange parallele Sehnen gibt Albertus getreulich nach seiner Vor­
lage wieder[63]; den nachfolgenden für nicht parallele Sehnen schreibt 
er ebenfalls ab[64], nimmt jedoch an dem Umstand Anstoß, daß Heron 
zum Beweis den späteren Satz III, 20 (vom Umfangswinkel) heranzieht, 
streicht das Ganze durch und begründet sein Verfahren mit dem Zusatz: 
Et est non multum Valens haec. Dieses Vorgehen spricht sehr für die 
von Herrn Geyer[3] außerdem auch auf Grund des Schriftbildes und 
einer Reihe von Schreibeigentümlichkeiten vertretene Meinung, es 
handle sich bei der Wiener Handschrift um ein Autograph. 

Größere Abweichungen von Campanus im Wortlaut der Sätze finden 
sich im ersten Buch bei 4, 5, 24, 25, 26 und 40, im zweiten Buch bei 12 
und 13 und im dritten Buch bei 30. Jedesmal handelt es sich um ziem­
lich umfangreiche Sätze mit Nebensatzkonstruktionen. Auf Grund 
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dieser Tatsache wird es vielleicht möglieh sein, die wirklich benutzten 
Vorlagen zu ermitteln. 

Zu I, 16 (Im Dreieck ist ein Außenwinkel größer als jeder Gegen­
innenwinkel) macht Albertus nicht die allgemeine, sondern eine spezielle 
Figur, nämlich ein gleichseitiges Dreieck, und verwendet unerlaubter­
weise deren Eigenschaften auch beim Beweis. An diese Figur anknüp­
fend, behauptet er auf Grund eines unzulässigen Zirkelschlusses, der 
Außenwinkel sei sogar gleich der Summe der beiden Gegeninnenwinkel 
und die Winkelsumme im Dreieck betrage also zwei Rechte. Folglieh 
sei auf diesem Wege I, 32 (Satz vom Außenwinkel und von der Winkel­
summe im Dreieck) erwiesen, und das ohne Verwendung des Parallelen­
postulats, und es sei seltsam genug, daß weder Heron noch Geminos 
noch ein anderer auf diesen beachtlichen Sachverhalt gestoßen sei. 
Hier hat eine handgreifliche Figur zu einem unzureichenden Beweisver­
fahren verführt. 

An anderen Stellen finden sich sehr hervorzuhebende Bemerkungen. 
So ist es etwa im Fall von I, 24 (In Dreiecken mit zwei entsprechend 
gleichen Seiten Hegt dem größeren Zwischenwinkel die größere Gegen­
seite gegenüber). Hier ersetzt Albertus (vieHeicht im Anschluß an seine 
Vorlage) den indirekten Beweis EukHds durch einen direkten[65], der 
sich als vortreffliches Gegenstück neben den von Annairîzî gegebenen[66] 

steHt. Natürfieh weiß Albertus von der heftigen Kritik, die Euklids 
Beweis für I, 29 (Zwei paraUele Gerade werden von einer dritten in 
gleichen Wechselwinkeln geschnitten, usw.) schon in der Antike gefunden 
hat. Er führt einen obenE54] erwähnten Beweisversuch des ApoHonios 
und den in[36] und[37] berührten des Geminos vor und fügt einen eigenen 
hinzu, der sich auf seinen unrichtig bewiesenen Zusatz zu I, 16 stützt. 

Im weiteren Verlauf seiner Ausführungen weicht Albertus immer 
weniger von den Gedankengängen bei EukHd beziehungsweise Annairîzî 
ab. Hübsch ist die wahrscheinlich selbständige Umgestaltung, die er 
der Beweisfigur zu II, 8 gibt—jenem Satz, der in moderner Umschrift 
durch (2a + 6)2 = éa(a + b) + b2 wiedergegeben werden könnte (Fig. 2). 
Interessant ist auch die Vorüberlegung, die Albertus dem Beweis für 
III, 10 (Kreise schneiden sich nur in zwei Punkten) vorausschickt: aus 
der Vorstellung (secundum imaginationem) gehe hervor, daß sich zwei 
Kreise auf keinen FaU in einer ungeraden Anzahl von Punkten durch­
schneiden könnten. Hierin steckt eine Anwendung des Zwischen-
wertsa tzes , der schon seit den Zeiten der Sophisten (Zenon von Elea) 
so heftig angegriffen wurde—eine Diskussion, die in der Ergänzung des 
Albertus zum Kontingenzwinkelsatz III, 15 ihren interessanten Nie-
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derschlag findet. Für die fragHche SteHe[67] gibt es bei Annairîzî nichts 
Entsprechendes, wohl aber bei Adelhard-Campanus[68]. 

Ich habe hier einige Einzelheiten aus der Geometrie des Albertus 
gegeben, die mir vom Standpunkt der Wissenschaftsgeschichte aus 
aufschlußreich zu sein scheinen. Zusammenfassend möchte ich sagen, 
daß wir Albertus als einen auch auf fachmathematischem Gebiet sehr 
wohlunterrichteten Gelehrten anzusehen haben. Daß ihm gelegentHch 
Fehler unterlaufen, ist für den größeren Zusammenhang von geringer 
Bedeutung gegenüber der FüHe des gesicherten Wissens, das Albertus 

sowohl an mathematischen Einzelheiten wie an entwicklungsgeschicht­
lichen Zusammenhängen besitzt—ein Wissen freüich, das bedauerHcher-
weise nicht auf die nachfolgenden Forschergenerationen weitergewirkt 
hat. Leider ist das Manuskript nicht voUständig. Das geht—abgesehen 
von den oben erwähnten Selbstzitaten auf die späteren Teile—auch 
daraus hervor, daß das letzte der vorgeführten Probleme, nämHch IV, 16 
vom regelmäßigen Fünfzehneck, nur unvoUständig behandelt ist; es 
fehlt der dritte Teil und das Explizit, das sonst am Ende eines jeden 
größeren Abschnittes zu finden ist. 

Hier noch ein Wort zur Jordanus-Frage. Auf Grund der Albertus-
Geometrie muß in Zukunft darauf verzichtet werden, Jordanus Ne-
morarius mit dem zweiten Dominikaner-General Jordanus Saxo 
(f 1237) zu identifizieren, der bekanntHch Albertus 1223 für seinen 
Orden gewonnen hat[69]. Wäre der Mathematiker Jordanus der Domini­
kaner, dann müßte mit Sicherheit angenommen werden, daß Albertus 

36 TP 
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über die eigentümlichen Definitionen in De triangulism] etwas zu sagen 
hätte. Dem ist aber n ich t so; Albertus nennt weder den Namen Jor­
danus noch führt er auch nur eine dieser Definitionen an. Daraus ist 
zu schließen, daß Albertus von dem Mathematiker Jordanus nichts 
wußte und daß dieser auf keinen FaU der Dominikaner sein kann. Dies 
stimmt auch gut zusammen mit dem Charakter der Jordanischen 
Schriften, die nach Aufbau und Inhalt viel besser in die zweite Hälfte 
des 13. Jahrhunderts passen als in die erste. 

SchHeßHch noch zu Campanus! Daß auch sein Name bei Albertus 
fehlt, lehrt uns, daß die Revision der Adelhardschen EukHd-Übersetzung 
noch nicht abgeschlossen, wahrscheinHch noch gar nicht begonnen war. 
Diese Übersetzung jedoch, beschränkt auf das, was man damals für 
echt Euklidisch hielt, mit nur wenigen kommentierenden Bemerkungen 
behaftet, verdankt ihre Entstehung mit Sicherheit jener Bewegung, 
die sich auf jedem Gebiet bemühte, die echten griechischen Texte aus 
der Verkleidung überwuchernder Nebenbemerkungen herauszulösen. 
Mag das damals noch nicht in jenem Maße gelungen sein, wie es in späterer 
Zeit erreicht wurde—-fest steht doch, daß erst mit Campanus die eigent-
Hche Neubelebung der mathematischen Wissenschaften im lateinischen 
Mittelalter einsetzt, und daß sein Bemühen erfolgreich noch bis zu 
Clavius und weit darüber hinaus spürbar ist. Aber durch diesen 'best-
seUer ' ist auch vieles WertvoHe in den Hintergrund geschoben worden 
und schHeßHch in Vergessenheit geraten, und dazu gehört leider auch 
die Albertus-Geometrie, die unser heutiges Wissen über viele Einzel­
fragen der Antike und auch der mittelalterHchen Mathematik wesentHch 
bereichert. 

ANMERKUNGEN 
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[4] Wien, Dominikaner-Bibliothek, cod. 80/45, fol. 105v-145 r (s. XI I I ) . 
[5] Primus Euclidis cum commento Alberti. 
[6] Im Katalog des Heinrich von Herford: . . .[scripsit] expositiones Euclidis, per-

spectivae et Almagesti... ; im Stanser Katalog: Item exposuit Euclidem, perspectivam 
almagesti [sie/] et quosdam alios mathematicos. 

[7] I n der Physik-Paraphrase I , 2, trac. 3 ; in der 38-bändigen Gesamtausgabe von 
A. Borgnet, Paris 1890-99 (zukünftig zitiert als AB) I I I , S. 174. 

[8] Paraphrase zu De anima I , 2, tract. 1, cap. 5 (AB V, S. 200a-201b). 
[9] Paraphrase zur Metaphysik (AB VI, S. 62b). 
[10] Paraphrase zur Metaphysik (AB VI, S. 27a); außerdem Liber de indivisibilibus 

(AB I I I , S. 465 b , 466 a, 470 a, 471). Dieses Werk schließt sich an die Pseudo-Aristotelische 
Schrift De lineis insecabilibus an, die vielleicht von Theophrast, dem Nachfolger des 
Aristoteles in der Leitung der peripatetischen Schule, stammt. 
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[11] Paraphrase zur Metaphysik (AB VI, S. 84a). 
[12] Paraphrase zu De caelo et mundo I , 3, tract. 1, cap. 3 (AB IV, S. 243b). 
[13] Paraphrase zur Metaphysik (AB VI, S. 148a) : . . . cum tarnen, sicut in XV et XVI 

tertii Geometriae nostrae determinatum est, linea contingent non nisi secundum punctum 
contingat ipsum [ = circulum]. 

[14] Paraphrase zur Metaphysik (AB VI, 36a) : Hoc autem a nobis jam in geometricis 
est demonstratum. 

115] Paraphrase zur Metaphysik (AB VI, S. 142b). 
[16] Opera, ed. I . Bekker, S. 413a, 13-20. 
[17] Erstdruck Venedig 1482, besorgt von E. Katdolt. Dieser und die zahlreichen 

Nachdrucke stimmen mit den zahllosen mittelalterlichen Handschriften des Campanus 
größtenteils bis auf unwesentliche Textvarianten überein, enthalten jedoch einige kenn­
zeichnende Zusätze, wie etwa die Dreiteilung des Winkels durch Einschiebung am Ende 
des IV. Buches. Über die Beziehung zwischen Adelhard und Campanus vergleiche 
H . Weissenborn : ' Die Übersetzungen des Euklid aus dem Arabischen in das Lateinische 
durch Adelhard von Bath etc. ' , Z. Math. Physik, 25 (1880), hist.-lit. Abt., S. 143-166. 
Weiteres wertvolles Material über die Adelhardsche Übersetzung und ihre drei Fassungen 
bringt M. Clagett : ' The Medieval Latin Translations from the Arabic of the Elements 
of Euclid, with Special Emphasis on the Versions of Adelard of Ba th ' , Isis, 44 (1953), 
Nr. 135-136, S. 16-42. Darnach ist die Vorlage für Campanus die Version I I . An deren 
Satztexte (nicht an die Beweise) ha t sich auch Albertus angeschlossen. Die Textproben 
von B e w e i s e n , die Herr Clagett anführt (dortselbst Fußnote 31), geben keine Auskunft 
über die möglicherweise von Albertus verwendete Vorlage. 

[18] Ab eie, fügt Albertus hinzu, quod est miser, et fugare, quia fugit miserum desi-
diosum, qui in disciplinalibus non intendit. 

[19] Albertus nimmt Anstoß daran, daß Euklids Text aus zwei Sätzen besteht, die 
in umgekehrter Keihenfolge bewiesen werden: et similia faciunt commenta Boëtii et 
Adelardi. Diese Stelle lehrt, daß Albertus nicht die Pseudo-Boëtische Geometrie (ed. 
G. Friedlein, Leipzig, 1867, S. 372-428) gemeint haben kann, woselbst nur der Satz 
(in anderem Wortlaut als bei Albertus) erwähnt wird (ebenda S. 380), sondern die 
heute nur mehr in Bruchstücken erhaltene echt Boëtische. Zum Gegenstand: N. Bub-
now: Gerberti opera mathematica, Berlin, 1899. 

[20] Eine davon ist die der Pseudo-Boëtischen Geometrie: [19], S. 380. 
[21] Vergleiche Fr. Überweg und B. Geyer, Die Patristische und Scholastische Philosophie, 

11. Auflage, Berlin, 1928, S. 423. 
[22~] Vergleiche Überweg-Geyer [21], S. 409 in wörtlicher Wiedergabe des schon in 

Fr . Überweg-M. Baumgartner, 10. Auflage, Berlin, 1915, S. 468 Ausgeführten. 
[23] Hier gibt Albertus Gedanken aus einem in lateinischer Vorlage noch nicht 

bekannten Kommentar des Alfârâbî zu den Euklidischen Sätzen wieder. Vielleicht 
handelt es sich um den Text in der Münchner Staatsbibliothek, Cod. hebr. 36, Nr. 3 
(fol. 17b-21b), auf den ich durch Herrn A. P . Jusehkewitsch-Moskau hingewiesen 
wurde. 

[24] Alfarabius vero [diffinit] sie: Punctum est, quod non habet dimensionem quantitatis 
continuae habentis situm. 

[25] Superficies plana est, cuius spatium est aequale spatio lineae, quae ipsum com-
prehendit, aut spatio linearum ipsam comprehendentium. 

[26] iSed cum Alfarabius introducit Euclidem in libro divisionum.... Anscheinend 
gibt es also eine Einleitung Alfârâbîs zum Euklidischen Liber divisionum;, sie ist uns 
jedoch im Augenblick ebensowenig bekannt wie die zugehörige lateinische Übersetzung. 

[27] Ed. M. Curtze, Leipzig, 1899, 21909 (als Supplement zu Euklid, Opera omnia, 
ed. J.-L. Heiberg und H. Menge) nach Cod. 569 (DD.IV.19) der Krakauer Universitäts­
bibliothek. Ich zitiere die Erstausgabe Curtzes stets als AC mit nachfolgender Seiten-
und Zeilenzahl. Inzwischen sind weitere Handschriften aufgetaucht, jedoch noch nicht 
ausgewertet. Herr Clagett gibt in [17], Fußnote 28 an: Vat. Reg. lat. 1268 (s. X I I I 
oder XIV), ff. 144-205, einen Auszug in Oxford, Bodl. Digby 168 (s. XIV), 124 r-125 r 

und eine sehr erweiterte Fassung in Paris, Bibliothèque Nationale 7215. 
[28] Linea recta est, quae est posita super aequale, quod est inter omnia duo puneta 

cadentia super ipsam (AC, S. 5, 19-21). 
36-2 
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[29] Superficies plana est, quae est posita super dimensionem, quae est aequalis ei, 
quod est inter duas lineas rectas, quae sunt super ipsam (so auch AC, S. 9, 9-11 mit 
folgenden Abweichungen : plana add. ilia, super vert, in supra AC). Anschließend wird 
ähnlich wie in AC, S. 9, 12-13 festgestellt, daß die Ebene die 'kürzeste ' Fläche zwischen 
zwei Geraden ist, und daß hier von der Oberfläche eines Zylinders, einer Pyramide oder 
einer Kugel keine Rede sein könne (ähnlich: AC, S. 10, 26-8). 

[30] Angulus superficialis [est] inclinatio duarum linearum in una superficie sibi 
obviantium non secundum rectitudinem positarum (AC, S. 11, 4-6). Hier hebt Albertus 
den Unterschied gegenüber der 'aus dem Griechischen stammenden' Übersetzung 
hervor: Angulus planus est duarum linearum alternus contactus, quarum expansio est 
supra superficiem applicatioque non directa. Den nämlichen Wortlaut ha t auch Adelhard-
Campanus. Sollte auch hier eine Bezugnahme auf die echte Boëtische Geometrie [19] 
vorliegen? Die Pseudoboëtische [19], S. 374 hat einen etwas anderen Text, aber eben­
falls angulus planus. Um dieses Wort planus geht es hier vor allem. 

[31] Bei AC, S. 39, 11-27 findet sich ein viel ausführlicherer Text. Es handelt sich 
um die endgültige logische Bestimmung eines bereits beim Aufbau der Figur mitver­
wendeten Elementes, nicht um die Auffindung eines unbekannten Zusammenhanges. 

[32] Der Text aus AC, S. 142, 22-145, 24 wird gedankentreu, jedoch nicht wörtlich 
wiedergegeben. 

[33] Ed. J . L. Heiberg, Leipzig, 1912. 
[34] AC, S. 10, 6-8: Superficies plana est, in qua possibile est protrahi ab omni puncto 

ad omnem punctum lineam rectam. Dortselbst folgt dann eine lange Erörterung über 
die Stellung dieser und anderer Definitionen zur Euklidischen. Albertus sagt s tat t dessen 
ganz kurz—und das könnte recht wohl seine eigene, von keiner Vorlage beeinflußte 
Meinung sein: Sed cuilibet patet, hanc non esse diffinitionem, sed potius signum plani 
esse ab effectu plani sumptum. 

[35] AC, S. 66, 24-68, 6. 
[36] AC, S. 73, 5-31. Albertus hebt den Hauptpunkt , daß nämlich im Grunde nur 

eine Umstellung der Euklidischen Anordnung vorliegt und die unzulässige Annahme 
verwendet wird, man könne durch jeden Punkt zu jeder Geraden eine Parallele (in 
seiner Redeweise: Linie gleichen Abstandes) legen, selbständig und mit vorbildlicher 
Kürze vor. 

[37] Das alles ist in etwas anderer Formulierung auch in AC, S. 26, 11-28; 34, 31-35, 4 
und 66, 24-73, 31 enthalten. Vergleiche auch [35] und [36]. 

[38] Punctum est unitas habens situm, unitas autem contra punctum non habens situm. 
Die Stelle wird wohl aus Aristoteles, De anima, I I I , 6 [16], S. 430b, 20-1 stammen. 

[39] AC, S. 6, 25-7. 
[40] AC, S. 5, 22-3. 
[41] AC, S. 13, 12-14. 
[42] AC, S. 3, 23-5. 
[43] AC, S. 84, 27-86, 20. 
[44] Nähere Einzelheiten, Textproben und eine Handschriftenprobe finden sich in [3]. 
[45] Vergleiche Joh. Tropfke : Geschichte der Elementarmathematik 3IV, ed. K. Vogel, 

Berlin, 1939, S. 4, Fußnote 2. 
[46] Der Bericht s tammt aus Vitruv, De architectura VI, 1. Dieses Werk war dem 

lateinischen Mittelalter schon seit dem 9. Jahrhundert wieder bekannt (z. B. London, 
Brit. Mus., Cod. Hart. 2767). 

[47] Quia autem omnium horum principium est punctum, ab ipso dijfinitionum, quae 
principia quaedam demonstrationum sunt, sumamus exordium. 

[48] So erscheint bei Besprechung der Punktdefinition ein Hinweis auf die drei 
Erstreckungen des Raumes, die sich auf Aristoteles, Metaph. IV, 13 [16], S. 1020 a, 3-14 
bezieht und im Wortlaut mit der entsprechenden Stelle aus Hugo de S. Victor, Practica 
geometriae, ed. M. Curtze, Monatshefte Math. Physik, 8 (1897), S. 193-220, insbesondere 
195-6 sehr verwandt ist. Ahnlich drückt sich auch Heron in Definition 135, 3a aus: 
ed. J . L. Heiberg, Leipzig, 1912, S. 96ff. 

[49] So entscheidet sich Albertus in der Frage, ob dem Winkel die Größeneigenschaft 
zuzuweisen sei oder nicht, wie folgt : Der Winkel ist eine Quantität, aber das Winkelsein 
eine Qualität. 
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[50] Der Sachverhalt wird aus der Parallelstelle in AC, S. 20, 14-21, 30 klar; die 
Zusammenhänge zwischen Text und Abbildungen werden dadurch verständlich, daß 
man zwei der vorhandenen Teilfiguren gleichzeitig betrachtet und die fraglichen Stücke 
bald aus der einen, bald aus der anderen Teilfigur entnimmt. 

[51] Die Umschriften der arabischen Fachausdrücke und ihre Bedeutung verdanke 
ich der liebenswürdigen Auskunft von Herrn H . Giesecke vom Insti tut für Orient­
forschung an der Deutschen Akademie der Wissenschaften Berlin. 

[52] Beide erscheinen in Definition 22 des I . Buches, die von der Einteilung der 
Vierecke handelt, und werden in der Zweitliteratur häufig erwähnt, weil sie durch die 
Euklid-Ausgabe des Campanus [17] allgemeine Verbreitung fanden. 

[53] Diese Bezeichnung kommt bei der Definition der Geraden vor und findet sich 
auch in AC, S. 7, 19 im nämlichen Zusammenhang, jedoch fehlt dort die Wort­
erklärung, die Albertus gibt. 

[54] Das Wort erscheint zu Beginn der Diskussion um I, 29, die oben erwähnt wurde 
[36]. Es wird bei Albertus als sector übersetzt und als ein von Apollonios stammendes 
Fachwort bezeichnet, das beim schrägen Schnitt einer (geraden quadratischen) Pyra­
mide verwendet worden sei. Weder in AC noch bei Proklos Diadochos: In primum 
Euclidis elementorum librum commentarii, ed. G. Friedlein, Leipzig, 1873 findet sich eine 
Parallelstelle. 

[55] Das Wort erscheint in der in [15] erwähnten Ergänzung zu I I , 14. Albertus 
verwendet es nicht ganz glücklich: Et hoc, quod intendunt antiqui, dicentes, ex hoc in-
veniri posse latus tetragonicum, quod dicunt elgyther, cuiuslibet altera parte longioris. 
Hier zeigt sich der Einfluß der oben [17] erwähnten Adelhard-Version I I : bei Clagett [17], 
S. 33 rechts lesen wir nämlich: Nota quoque, quod hinc inveniri potest latus tetragonicum 
(quod dicunt elgydar, cuiuslibet parte altera longioris formae). 

[56] Albertus bemerkt hierzu : Haec figura ab antiquis accepit nomen proprium, quod 
arabice quidem dicitur dulcarnon, quod latine est cornuta. Quidam tarnen ignari virtutis 
vocabuli dixerunt dulcarnon dictam, quia inventa ea propter utilitatem sui geometrae 
dulciter canebant. Alii autem rudiores eos tunc dicebant dulces carnes comedisse et ideo sic 
vocatam. Sola autem prima ratio ab auctoritate habetur. Beim Beweis zu I I I , 34 (Sehnen­
satz) wendet er den Pythagoreischen Lehrsatz an, zitiert aber nicht, wie sonst, entweder 
wörtlich oder mit I , 46, sondern sagt kurz per bicornem. Das ist die wörtliche Über­
setzung von dulcarnon. Übrigens merkt Regiomontan in der Euklid-Handschrift nach 
Campanus, die sich in der Nürnberger Stadtbibliothek Cent. VI, 13 vorfindet und bis 
zu I I I , 8 von Regiomontan selbst geschrieben wurde, zu I, 46 mit roter Tinte an : Tunica 
Francisci. 

[57] So auch in AC, S. 65, 24-66, 10, woselbst zusätzlich auf die von Ptolemaios 
verwendeten Sätze I , 13, 15 und 18 hingewiesen wird. Dessen Ausführungen kennen 
wir aus Proklos [54], S. 365-9, deutsch von L. Schönberger, ed. M. Steck, Halle, 1945, 
S. 418-23. 

[58] Diese heute verschollene Schrift scheint den Muslimen noch vorgelegen zu sein. 
Vielleicht hat sie deren interessante Beiträge zur Parallelenfrage ausgelöst. 

[59] Das heutige 9. Axiom : Zwei Gerade umschließen keine Fläche—übrigens ein 
Einschiebsel der Theonischen Redaktion—erscheint bei Albertus ebenso wie in AC, 
S. 35, 5-6 und in Adelhard, Version I I , siehe Clagett [17], S. 31 rechts, als letztes Pos­
tulat. Der Grund für diese Verschiebung ist in der Definition der Postulate als Mittel­
dinge zwischen den Axiomen und den Sätzen zu suchen (so auch AC, S. 29, 12-13). 
Gleich AC, S. 35, 7-9 weiß Albertus, daß sich dieses sein letztes Postulat (das er übrigens 
später niemals also solches zitiert, sondern bestenfalls wörtlich anführt) stets in den 
Übersetzungen aus dem Griechischen vorfindet, nicht aber in den aus dem Arabischen 
kommenden. Anschließend gibt er den Beweis der 'moderni"* wieder, den auch AC, 
S. 35, 10-36, 9 hat . Proklos sagt von diesem Axiom, es sei nur der Geometrie eigen 
und daher überflüssig, weiß aber noch nichts von einem Beweis: [54], S. 196 = [57], 
S. 304. 

[60] Proklos [54], S. 196 = [57], S. 304 sagt, die Beschränkung auf nur drei Axiome 
stamme von Heron. Daraus folgt, dass die Aufzählung in den Heronischen Definitionen 
[48], Nr, 134, 2, S. 94, woselbst 9 Axiome aufgeführt sind, von Proklos n i c h t gemeint 
sein kann. Übrigens erscheint bei Heron das vorhin [59] erwähnte 9. Axiom gleichzeitig 
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auch als 6. Postulat: [48], Nr. 134, 1, S. 94. In den Adelhardschen Versionen ist das 
Axiom stets unter die Postulate gerechnet. 

[61] Das Entsprechende bei AC, S. 38, 14-42, 19 ist zumeist etwas ausführlicher 
gehalten. Allgemeines Vorbild ist Proklos [54], S. 198-213 = [57], S. 306-16, jedoch 
sicher nicht direkt, sondern in einer Zwischenbearbeitung, als die etwa Teile aus Heron 
in Frage kämen; vergleiche [48], Nr. 136, S. 108ff., 134ff. und Nr. 137, S. 156ff., jedoch 
ist schon von den Arabern das meiste der so vielgestaltigen Neuplatonischen Symbolik 
abgestreift und in erster Linie das nüchtern-Fachliche exzerpiert worden. Daß die 
Filiation indirekt ist, läßt sich auch aus vielen anderen Kleinigkeiten schließen, so z. B . 
aus der Diskussion zu I , 5 (Im gleichschenkligen Dreieck sind die Winkel an der Grund­
linie gleich). Hier fehlt sowohl bei Annairîzî wie bei Albertus der Hinweis auf Pappos, 
dessen einfaches und so überzeugendes Umwendeverfahren bei Proklos [54], S. 249-50 
= [57], S. 341 steht und um seiner Überzeugungskraft willen mit Sicherheit gebracht 
worden wäre, wenn es den Muslimen vorgelegen wäre. Eine Übersicht über die Begriffs­
bestimmungen findet sich auch in Adelhard, Version I I I (Oxford, Bodleian Digby 174, 
fol. 99 r-99 v ; siehe Clagett [17], S. 34), ferner in der Euklid-Übersetzung des Hermann 
von Carinthia (Paris, Bibl. Nat. , fl. 16646; siehe Clagett, S. 38 links) und des Gerhard 
von Cremona (Paris, Bibl. Nat. , fl. 7216; siehe Clagett, S. 38 rechts). 

[62] Über die Stellung des Albertus zur Zeichengenauigkeit lesen wir bei den Begriffs­
bestimmungen : Quia tarnen tota scientia finem habet theoreticum, ideo iheorica est et 
nominatur. Operatio huius, praxis, non est, ut fiat figura in materia sensibili, sed potius, 
ut describatur in lineis imaginalibus. Quod multi sciunt, qui in materia figuras facere 
nesciunt. Et e converso multi figuras proferunt in materia, qui eas in lineis demonstra-
bilibus nesciunt describere. Seiner ganzen Geisteshaltung nach zählt sich Albertus zu 
denen, die größeren Wert auf die theoretische Durchdringung als auf die technische 
Ausführung legen. 

[63] Ähnliche Fassung: AC, S. 125, 33-126, 17. 
[64] Ähnliche Fassung, ebenfalls mit Hinweis auf das unsystematische Vorgehen 

Herons, in AC, S. 126, 18-127, 28. 
[65] Ein weniger geschickt durchgeführter direkter Beweis steht bei Proklos [54], 

S. 342 = [57], S. 402/3. 
[66] AC, S. 61, 10-62, 2 entspricht Proklos [54], S. 339 = [57], S. 400. 
[67] Nota autem, quod sophistaeimpugnant istud theorema, dicentes, omnem quantitatem 

esse divisibilem in infinitum, ergo angulus contingentiae etiam dividi debet in infinitum. 
Et adhuc attendam, quod apud geometram nihil dicitur dividi nisi quod linea recta dividitur; 
et quod linea recta non dividitur, dicitur non habens quantitatem, et ideo [angulus con­
tingentiae] etiam minimus dicitur, quia quantitatem non habet. 

[68] Zunächst wird festgestellt, daß der Kontingenzwinkel nicht durch eine Gerade 
geteilt werden kann; und zur Begründung: Ex hac vero, quod non valet ista argumentatio: 
lHoc transit a minori ad maiorem per omnia media, ergo per aequale1, nec ista: 'Contingit 
reperire maius hoc et minus eodem, ergo contingit reperire acquale.'' Diese Stelle wird 
wörtlich zitiert in Chr. Clavius: Euclidis élementorum libri XV, Erstausgabe Rom 1574, 
jedoch erst von der 2. Ausgabe Rom 1589 ab, Erläuterung zur Kontingenzwinkelfrage 
als Zusatz zu Euklid, Elemente, I I I , 16. 

[69] Vergleiche Überweg-Geyer [21], S. 403. 
[70] Vergleiche M. Curtze : JordaniNemorarii Geometria vel de Triangulis libri quattuor, 

Mitteilungen des Coppernicus-Vereins 6, Thorn, 1887, S. 3. 
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SOME PRINCIPLES OF 
MATHEMATICAL E D U C A T I O N 

By GEORGE KUREPA 

In connection with some fundamental new diseoveriesf the problem of 
instruction in general, and that of mathematics in particular, will be 
examined from some new points of view. Nowadays one is aware of 
the possibility of asking and answering: what the process of teaching is, 
how the process of teaching is taking place, for one knows many factors 
involved in the process of teaching. The process of teaching should be 
considered experimentally, scientifically and by measurements. 

The first approximation of an instruction process consists in considering 
it as an input-output process, in which the input factors, as well as the 
outfactors, are measurable. Therefore, instruction exploring is becoming 
a very interesting field for mathematico-statistical considerations. 

I would like to stress a point, so as to avoid misunderstandings. The 
factors or variables involved in the education structure are more 
numerous than it would seem at first view. We must ask rather what 
further factors are to be considered than to state axiomatically that 
the whole instruction process would be based on one or two items. In 
particular, besides the factors: Teacher-Learner, the environment 
factors in very various senses (physical [e.g. small or big classrooms], 
biological [e.g. age of pupils], social [e.g. village, town], etc.) are of 
paramount importance. 

We are going to stress some points of view we consider of great 
importance. 

1. Functional point of view 

1.1. Set and function are of vital significance, not only in mathematics 
but in all sciences and elsewhere. Neither of these two notions has been 
consciously considered or taught previously. It is important to allow 
both set and function to be general and not to restrict them unneces­
sarily. One tends to use function and set in quite restricted and general 
ways respectively. In this connection it is instructive to mention that 
the notion of function was introduced several centuries earlier than the 
notion of set. 

f Cf. G. Kurepa, The role of mathematics and mathematicians at the present time 
(Proc. Int. Congress of Math. 1954, Amsterdam, vol. 3, 305-317, in particular §7). 
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1.2. If we do not wish to compromise the functional standpoint, it 
is necessary to allow both, function as well as set, to be general; in 
particular, variables need not be only numbers; variables might be: 
points, objects, functions (e.g. sequences), propositions, etc., in such 
a way that the notion of function (mapping, transformation, process) 
covers also geometrical, mechanical, physical, biological, trans­
formations. 

In particular, a function need not be uniform: it would be strange if 
the inverse of a function were no function; let us recall that complex 
functions are usually multiform. 

The classical restricted notion of function discredited the classical 
functional principle in instruction of mathematics. Modern considera­
tions and applications of mathematics, in particular of statistics, 
require, for example, that any finite set K of points in a co-ordinate 
plane should be considered as the graph of a function; a function in the 
restricted sense can also be associated with K in a different way, e.g. as 
the best-fitting function (curve) in the sense of the method of least 
squares. 

1.3. Definition of a function. Let S,S' be an ordered pair of collec­
tions (sets, classes, etc.); if one associates with every element of 8 one 
or more elements of 8r we are speaking of a function on 8 into 8f. If a 
function on 8 into S' is denoted by / then for each x e S one denotes by 
fx each element of 8' that is associated with x. S is called the domain of/ 
and may be denoted Df. The class of all the values fx, x running over 8, 
is called the range or the antidomain off and may be denoted fS as well 
as ~Df. By {fx} we denote the set of all the values fx of / in x; conse­
quently, fS = -Df = U {fx}. 

X 

It is very useful to consider binary relations B originating in 8: to 
every x e S one associates any object, point, set, class, denoted Bx. In 
particular, any function f on 8 into 8' is closely connected with the 
binary relation x -> {fx}. 

Sometimes it is more convenient to consider a relation x -> Bx and 
then to consider the corresponding function x ->fx, fx running over Bx. 

Instead of the relation x -> Bx one speaks of the Set-function x -> Bx 
(abbreviated: ^-function). 

1.4. Functional principle. Consider any mapping, any associating 
or function/in any collection 8 and study what is happening with values 
fx and / when x is running over 8 and when 8 is changing respectively. 
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In particular, for any S and any subcollection S' of S and any function 
/ o n 8, the induced function / | S' equal to / in S' should be considered 
(/ | S' is the induced subfunction off; fis an overfunction of/| 8'). 

2. Active interpénétration principle 

2.1. An example. We know that Arithmetic and Geometry arose neither 
at the same place nor at the same time; they were separated in space as 
well as in time. The link between them was found consciously only by the 
discovering of Analytic Geometry. Since then both of them, Arithmetic-
Algebra and Geometry, are progressing not only in parallel but also in 
conjunction and in mutual interpénétration. 

2.2. If we consider, moreover, the third fundamental mathematical 
discipline, mechanics or at least kinematics and its fundamental concept : 
movement and generalization of movement (mapping, function), we 
become aware how the conjunctive and simultaneous considerations of 
the basic triad: 

Figure, Number, Function 

represent a tremendous step in mathematical and human development. 
The notions figure (set), number, function originated separately and 
not at the same time, but they joined one another and are in uninter­
rupted mutual interpénétration. 

2.3. Practical consequence for mathematical education. The 
arithmetic with algebra and geometry are to be taught as closely 
together as possible. All three aspects of mathematics concerning 
(a) number and calculations, (6) figure, schemes, drawings, constructions, 
sets, ..., (c) movements, agitations, transformations, functions, are to 
be taught at all steps and all levels including the very beginning of 
teaching and even the prescholar period in kindergartens. 

In particular, it is inconceivable that in many countries the first 
geometrical considerations are taught as late as in third or even fourth 
grade or still later. On the contrary, we emphasize the necessity that 
all three mentioned items should be taught not only in parallel but also 
in conjunction. 

2.4. Considerations of everyday objects, collections, manipulations 
with them like: collecting, partitioning, transferring, etc., are items 
occurring everywhere and always. Education should start by combining 
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actions and perceptions of this kind with various other kinds of mani­
festations and connections like play, speech, descriptions, associations, 
etc. 

2.5. An active interpénétration of methods, domains, topics, is of 
great importance and usefulness. The more an item X (say a method, 
topic, individual, community) is linked with various other items, the 
more vital X is. Unilaterality, restricted exclusiveness on the one hand— 
j oint activity, hybridization, on the other hand are in play. Biology shows 
how the second items are useful and fruitful. Isolation is a necessary 
evil, a way only for special purposes for examination and researches 
but not for successful development. 

2.6. Practical consequence. Let us not restrict ourselves to a 
unique simple method: other methods are to be considered and applied 
too. In particular, let us not restrict ourselves to rigid Euclidean methods. 
The analytic method and synthetic method are both to be used: each is 
inadequate without the other. 

2.7. A vital example for active interpénétration consists in considering 
the following basic items (factors) : 

Action, Perception, Intelligence, Imagination. 

These factors are to work harmoniously in almost every individual or 
group in dependence upon the biological status (e.g. age of pupils), 
environment, etc. The more harmoniously they are in developmental 
respect interrelated and working together, the greater the success will be. 
In this respect the results of Piaget on genetical psychology and mathe­
matics should be stressed. 

2.8. Practical consequence for mathematical education. In the 
teaching process, the hands are to be active (writing, showing), the 
tongue, ears, brain, i.e. all organs are more or less in active interdepend­
ence and co-operation. Let us remember that for a long time, even in 
the instruction of geometry, and still more in arithmetic, the factors 
action and perception were either eliminated or at least neglected. 

3. Shifting principle 

3.1. As mankind is progressing, the piloting and optimal examples, 
situations, phenomena,... for grasping mathematical ideas are occurring 
more and more in biological, economical, social,... fields. In particular, 
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in everyday biological, social and other situations, the most fundamental 
mathematical concepts occur as in a germ: set, class or population, 
organization or structure, classification, ordination, relation, process, 
interdependence, sense of evolution, etc. For pupils, they are perceptible, 
manipulatable, understandable, because the pupils were and are working 
and living with them. When the idea of a notion is grasped, one proceeds 
to its representation, definition, generalization, exploration,... e.g. the 
basic concept of function in the sense of associating occurs everywhere 
and it is wrong to substitute for it such or such representation or tech­
nical tool; the idea of a function is not the same as a representation of 
the same function. 

Example of a function: to every pupil a? of a class G associate Gx 
meaning his parents, sisters, brothers and himself. We are dealing here 
with a function x -> Gx. 

3.2. From the practical and philosophical standpoint, it is very im­
portant to observe how to the fundamental notions occurring in biology 
like: classification, ordination, structure (organization), process, ... 
correspond analogous notions in mathematics using the fundamental 

-P ^' Particular—Some—Any (all) 

(Quantifiers interplay). 

3.3. In particular, a family, in the usual sense, is a certain organization 
consisting of a father, mother, children, ... ; and there is no isomorphism 
between any two of these (structures'; likewise for various other com­
munities of plants, animals, ....The polyvalence of structures is a natural 
item in biology; in mathematics it was found as late as the last century 
by invention of groups; in the field of education this is unfortunately 
not yet introduced. 

It is really astonishing that the idea of organization or structure has 
not been consciously introduced in mathematics earlier. 

3.4. In particular, to ecological considerations in biology should 
correspond similar ones in mathematics. Ecological principles in mathe­
matics and in education are of great importance. 

4. Ecological principles 
An individual might more reliably be explored, when it is considered 

jointly with other individuals than when it is considered alone: a family, 
group or collection property might contribute very much to a better 
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exploring of a single individual. The environments of various kinds of 
an item should be considered too and jointly with this item. 

Usually, a collection is more easily perceptible than an individual 
or particular case. In this respect there exists more or less normal or 
optimal size, situation, .... In education processes it is important to 
set up such more or less optimal situations in order to initiate and 
provoke so that the pupils (as individuals and as a collection) would 
perceive, discover, grasp the requested phenomenon. Afterwards 
follows the discussion, exploration, ... on varying what one wants. 

The ecological point of view in mathematics may be considered as a 
synthesis of the classical functional standpoint and modern statistical 
ideas and gestalt psychology. 

5. Impact of Logic. Quantors. Implication 

5.1. So far one used to exaggerate in respect to the rigour of proofs and 
one tried to prove evident things too. We want to give to pupils inter­
esting and non-obvious items, situations only obtainable by a certain 
number of justified steps. In such a way the pupils would appreciate 
the method of proving and deduction. 

5.2. One helps the pupil enormously if one accustoms him to speak in 
the conditional pattern: T« , ,, ^ 

and symbolically A=$B (A implies J5). In this way, the fundamental 
logical function: implication is involved automatically. 

5.3. Another quite recent acquisition in mathematics and logic consists 
in the awareness of interplay of logical quantors or quantifiers: some g[ 
and every (all, each) V. When we ask how much or how many, the answers 
should be not only: 1,2,3,..., but also: nothing, some, almost all, all, 
all up to e, with such and such probability or indétermination, etc. 
E.g. the convergence of a sequence al9 a2,... of numbers means that for 
some numbers a, nQ and for every e > 0 and every integer I the relation 
I > ?i0 implies \al — a\ < e. 

5.4. Set considerations are very suitable for automatic use of logical 
quantors: one more reason for using sets. 
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