PROCEEDINGS OF THE
INTERNATIONAL CONGRESS OF
MATHEMATICIANS
1958



The publication has been aided
by a grant to the
International Congress of Mathematicians
by tNESCO



PROCEEDINGS OF THE
INTERNATIONAL CONGRESS OF
MATHEMATICIANS

14-21 AUGUST 1958

EDITED BY

J. A. TODD, F.R.S.

LECTURER IN MATHEMATICS IN THE
UNIVERSITY OF CAMBRIDGE

CAMBRIDGE
AT THE UNIVERSITY PRESS
1960



PUBLISHED BY
THE SYNDICS OF THE CAMBRIDGE UNIVERSITY PRESS

Bentley House, 200 Euston Road, London, N.W. 1
American Branch: 32 East 57th Street, New York 22, N.Y.

©

CAMBRIDGE UNIVERSITY PRESS
1960

Printed in Great Britain at the University Press, Cambridge
(Brooke Crutchley, University Printer)



CONTENTS

Preface page vii

Officers of the Congress and Members of Committees and

Sub-committees ix
List of Donors xii
Scientific Programme xiv
Seci'etary’s Report xliii
Report of the Inaugural Session xlviii
Report of the Closing Session Iv
The Work of the Fields Medallists lvii
One-hour Addresses 1
Half-hour Addresses 279

Index 573






PREFACE

This volume contains the official record of the International
Congress of Mathematicians held in Edinburgh from 14 to
21 August 1958, and the text of the addresses given by in-
vitation of the Programme Committee. In accordance with
a decision already announced, the short communications
made by members at the Congress are not included in the
Proceedings, but the names of the communicators and the
titles of their papers will be found in the section giving the
scientific programme. Summaries of these communications,
if received in time, were printed in the volume of abstracts

issued to members during the Congress.
J.AT.

CAMBRIDGE
December 1958
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PREPARATIONS

The invitation to the International Congress of Mathematicians to
meet in Edinburgh in 1958 was sponsored by the City of Edinburgh, the
University of Edinburgh, the Royal Society and the Royal Society of
Edinburgh; it was conveyed to the Amsterdam Congress in September
1954 by Professor W. V. D. Hodge, and was unanimously accepted.

After informal discussions on the procedure to be adopted, the first
(and only) meeting of the Congress Committee was held in Edinburgh
on 29 April 1955; this Committee contained representatives of the four
sponsoring bodies and of the London Mathematical Society, the
Edinburgh Mathematical Society and the British National Committee
for Mathematics. It was announced at this meeting that H.R.H. the
Duke of Edinburgh had graciously consented to become Patron of the
Congress. :

The Congress Committee appointed the principal officers of the
Congress and set up an Executive Committee to supervise the detailed
arrangements, keeping only certain formal and ceremonial matters in
its own hands.

The first meeting of the Executive Committee was held on 5 October
1955. It was decided to set up a series of sub-committees to be respon-
sible for the detailed work of organization; membership lists of these
are given earlier in the present volume. Most of the work of preparation
was done by these sub-committees, in particular by their chairmen and
secretaries, and by the other officers of the Congress. In fact, only two
further meetings of the Executive Committee were held, on 3 October
1956 and on 6 January 1958, and the remaining work of the Congress
Committee was handled by correspondence.

It would take up too much space to describe in detail the work of the
various sub-committees, whose functions are clearly indicated by their
titles. Suffice it to say that a great deal of hard work was done by a great
many people, both mathematicians and others, associated with these
sub-committees, and that the Congress owes them an immense debt
of gratitude. Mathematicians from all parts of the country contributed
to their labours; for instance, much of the work on the scientific pro-
gramme was done in Manchester, and travel grants for invited speakers
were mainly dealt with in Liverpool.
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FINANCE

The City Chamberlain of the City of Edinburgh (Mr A. L. Imrie) acted
as Treasurer of the Congress, and the organisers owe a great debt to him,
and to Dr C. H. Stout and Mr D. R. Ritchie of his staff, for the assistance
which they gave.

There were four sources of revenue: (1) donations, both in the form
of direct grants and by placing facilities at our disposal without charge,
from a number of bodies, especially those represented on the Congress
Committee; (2) donations from industrial and other organizations, and
from private individuals (see List of Donors on p. xii); (3) a subvention
from the International Mathematical Union for (a) organizational
expenses, (b) travel grants, (c) publication of Proceedings; (4) member-
ship fees of £5 for full members and £2 for associate members.

THE CONGRESS

The Congress itself may be said to have begun with the opening of
registration at 2 p.m. on 13 August 1958, and an informal social
gathering took place in the headquarters the same evening. The Congress
headquarters were situated in the Edinburgh University Union,
occupying a central position relative to the rooms where most of the
lectures took place.

The inaugural session took place in the McEwan Hall at 10 a.m. on
Thursday, 14 August 1958, and the closing session in the same hall at
2.30 p.m. on Thursday, 21 August. Detailed accounts of these sessions
will be found at the end of this Report.

The Congress was attended by 1658 full members and 757 associate
members; this is the largest total number for any International Congress
of Mathematicians, though the number of full members is slightly less
than at Harvard (1700) in 1950.

Universities and scientific organizations throughout the world were
invited to appoint official delegates to the Congress. Similar invitations
were sent to industrial organizations who had made substantial con-
tributions to the funds of the Congress. The number of delegates
appointed was 582, representing 308 organizations.

SCIENTIFIC PROGRAMME

The scientific programme of the Congress consisted of invited lectures,
lasting either for an hour or for half an hour, and of offered communica-
tions, lasting for fifteen minutes each. The numbers of these delivered
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were as follows: 19 one-hour lectures, 37 half-hour lectures, and 604
fifteen-minute communications. The half-hour lectures and fifteen-
minute communications were allocated to sections according to subject;
there were originally eight sections, but they were later subdivided, the
final list being:

I. Logic and Foundations VB. Differential Geometry

ITA. Algebra VI. Probability and Statistics
IIB. Theory of Numbers VIIA. Applied Mathematics
IITA. Classical Analysis VIIB. Mathematical Physics
IIIB. Functional Analysis VIIC. Numerical Analysis

IV. Topology VIII. History and Education

VA. Algebraic Geometry
Even with this degree of subdivision there were often several sessions
in progress in a single section at the same time.

In Section VIII a number of special sessions were arranged by the
International Commission on Mathematical Instruction. These were
devoted to reports and discussions on three prepared topics, namely:

(i) Mathematical instruction up to the age of fifteen years.

(ii) The scientific bases of mathematics in secondary education.

(iii) Comparative study of methods of initiation into geometry.

Most of the sessions were held in rooms in the University of Edin-
burgh; some of the invited lectures, however, took place in George
Heriot’s School, in the Heriot-Watt College, or in Moray House. Mathe-
maticians from all parts of the world acted as chairmen of the sessions.

SOCIAL EVENTS AND ENTERTAINMENTS

The informal social gathering on the evening of Wednesday, 13 August,
has already been mentioned. On the afternoon of Thursday, 14 August,
the Lord Provost, Magistrates and Council of the City of Edinburgh
held a garden party for members of the Congress in the grounds of
Lauriston Castle. On the evening of Saturday, 16 August, an informal
dance took place in the McEwan Hall ; a team from the Scottish Country
Dance Society was present to give demonstrations. Instead of a ban-
quet, as at previous Congresses, a Congress Reception was given; this
was held in the Royal Scottish Museum on the evening of Wednesday,
20 August.

Ontheevening of Friday, 15 August, members of the Congress wereable
to choose from three entertainments: (i) a chamber music recital in
the Freemasons’ Hall; (ii) an evening of Scottish song and dance in the
Music Hall; (iii) a programme of Scottish films at the Gateway Theatre.
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EXCURSIONS

The main Congress excursions were held on Sunday, 17 August. The most
popular was the steamer cruise from Glasgow down the Clyde and
round the island of Bute, ending at Gourock; this was a full-day excur-
sion. The alternative was an afternoon excursion by coach to Loch
Lubnaig and Loch Earn.

On the afternoon of Tuesday, 19 August, a wide variety of excursions
was available to members of the Congress; scenic, historic, artistic and
technological interests were all catered for. Sight-seeing bus tours of
the City of Edinburgh were provided on two evenings during the
Congress.

Special excursions were provided for associate members on three
mornings; most of these were to various firms, factories and workshops,
but there were also trips down the Royal Mile and to the Royal Botanic
Garden, and visits to Hopetoun House and Lennoxlove. In addition,
all associate members were invited by the Royal Zoological Society
of Scotland and the Royal Society of Edinburgh to visit the Royal
Scotitish Zoological Gardens on the morning of Friday, 15 August.

EXHIBITIONS

An exhibition of current mathematical books was on view during the
Congress on the premises of Messrs James Thin, South Bridge, Edin-
burgh; the books were selected by an international sub-committee
under the chairmanship of Professor T. A. A. Broadbent.

An exhibition of school text-books was arranged by the International
Commission on Mathematical Instruction, and was shown at Moray
House during the Congress.

The Monotype Corporation arranged an exhibition of mathematical
typography at the Heriot-Watt College.

Other exhibitions of mathematical books were on view in the
Scottish National Library and the Edinburgh University Library.

ACKNOWLEDGEMENTS

A separate list of industrial firms who gave financial assistance to the
Congress is printed earlier in this volume, and some other donations
have been mentioned in §2 of this Report.

Besides those services by individuals and organizations that have
been indicated, explicitly or implicitly, earlier in this Report, there are
others that should not be passed over unnoticed. Some of these are
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mentioned below; doubtless many more have been inadvertently
omitted. To all these the warmest thanks of the organizers of the
Congress are due for their willing help and co-operation.

In addition to the general entertainments described in §5, official
delegates to the Congress were hospitably entertained at various
functions by H.M. Government, by the City of Edinburgh and the
University of Edinburgh, and by the Company of Merchants of the
City of Edinburgh.

Secretarial assistance was provided to many officers of the Congress
by the institutions to which they belonged; special mention may be
made of the Universities of Edinburgh, Glasgow, Cambridge, Man-
chester and Liverpool, and of the Royal Naval College at Greenwich.

Folders in which members could carry Congress papers were presented
jointly by B.0.A.C. and B.E.A. '

Messrs Oliver and Boyd presented each member of the Congress with
a recently published illustrated booklet entitled Presenting Edinburgh.

The Edinburgh Festival Society Ltd. performed the onerous task of
arranging the accommodation of Congress members in hotels, boarding
houses, private lodgings and University hostels.

Messrs T. and A. Constable Ltd. printed the booklets supplied to
Congress members on their registration.

The Congress badge was designed by Mr Walter Pritchard and manu-
factured by Messrs H. W. Miller.

The Scottish Tourist Board, British Railways, Scottish Omnibuses
Ltd. and the Edinburgh City Transport Department took part in
arrangements for excursions and other transport for Congress members.

Sir Henry Lunn Ltd. were official travel agents for the Congress.

The Post Office and the Commercial Bank of Scotland made special
facilities available for Congress members.

The co-operation of the Edinburgh City Police, the Automobile
Association, the Royal Automobile Club and the Royal Scottish Auto-
mobile Club in arranging sign-posting and in controlling the movement
of traffic near the Congress headquarters must also be acknowledged.

Students from Edinburgh and other universities acted as stewards at
headquarters, in the lecture rooms and elsewhere; they were supervised
by Dr M. F. Atiyah and Dr J. C. Polkinghorne.

I.B.M. United Kingdom Ltd. provided office equipment on loan for
use in the Congress office.

Finally, the devoted work of Mrs Fenton and Miss Watson, who
assisted in the Congress office, should be acknowledged.
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REPORT OF THE
INAUGURAL SESSION

The inaugural session of the Edinburgh Congress took place in the
McEwan Hall on the morning of Thursday, 14 August 1958. The Right
Honourable Tan Johnson-Gilbert, Lord Provost of the City of Edin-
burgh, and Chairman of the Congress Committee, presided over the
meeting.

The Lord Provost opened the proceedings by welcoming the Congress
on behalf of the City of Edinburgh. His address was followed by other
speeches of welcome : these were given by Sir Edward V. Appleton, Vice-
Chancellor and Principal of the University of Edinburgh, and Vice-
Chairman of the Congress Committee, on behalf of the University; by
Sir David Brunt on behalf of the Royal Society; and by Professor
N. Feather on behalf of the Royal Society of Edinburgh.

Professor J. F. Koksma, Secretary of the Amsterdam Congress of
1954, then spoke as follows:

My Lord Provost, Ladies and Gentlemen: Professor Schouten, President
of the Amsterdam Congress of 1954, being prevented by reasons of health
from coming to Edinburgh, to his and our deep regret, has asked me to
transmit a message to you, a message which contains a proposal. I think the
best thing I can do is to read you the letter he wrote to me on the 5th of
August. I should only like to add the remark that Professor Schouten does
not mention any motive for his proposal, presumably for the trivial reason
that in the eyes of all of us such a mention would be superfluous. After having
heard his letter you will all, T am sure, agree with Professor Schouten’s views.

Epe, August 5, 1958
Dear Colleague,

It is the custom that the President of the last Congress proposes the name
of the person to be elected by the Congress as its President.

As I cannot attend the Congress, I beg you to bring my best wishes for
the Edinburgh Congress, and to propose Professor W. V. D. Hodge as
President.

Yours sincerely,

J. A. SCHOUTEN

The proposal that Professor W. V. D. Hodge be elected President of
the Congress was then put to the meeting, and carried by acclamation.
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Professor Hodge then read to the meeting the following message from
H.R.H. The Prince Philip, Duke of Edinburgh, Patron of the Congress:

Buckingham Palace

When preparations for this International Mathematical Congress began,
more than three years ago, I was invited to accept the office of Patron. I
gladly accepted this invitation recognizing, as I do, the quite essential part
that mathematics has to play in the modern world. This is the age of applied
science and many practical details of our lives, our transport, our communica-
tions, our engineering, our agriculture as well as our explorations of nearer
and farther space, are governed more and more by technology which itself
rests on a mathematical basis.

It seems to me most fitting that a Mathematical Congress should meet in
Edinburgh, for this is the birthplace of John Napier’s logarithms, that
indispensable tool of the technical man all the world over.

Friendship between nations grows from personal friendship between in-
dividuals. Therefore a congress such as this has a wider significance and can
do much to deepen and enrich international amity.

I wish this Edinburgh Congress all success in its labours. I trust that many
new friendships will be made as well as old ones renewed and that, when you
leave Edinburgh, you will take with you happy memories of this ancient,
famous and beautiful city. PrILI

August 1958

Professor Hodge then proposed that the following reply be sent to
His Royal Highness:
H.R.H. The Duke of Edinburgh,

Balmoral Castle

The mathematicians assembled in Edinburgh for the International
Congress of Mathematicians thank Your Royal Highness most warmly for
the gracious message which you have sent as Patron. They are proud to have
as Patron one whose great interest in all branches of science is known through-
out the world, and they send respectful greetings to Your Royal Highness.

W. V. D. HopGe

President
This proposal was carried unanimously.
Professor Hodge then gave his Presidential Address to the Congress.

The address was as follows:

PRESIDENTIAL ADDRESS

I am most grateful to Professor Koksma for the kind words he has used
about me, and I am deeply honoured by the manner in which you have
accepted me as your President.

/] TP
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When the idea of holding this Congress in Edinburgh was first mooted,
it was the hope of all British mathematicians that we should have as our
President Sir Edmund Whittaker, that great figure in the life of the City and
University of Edinburgh, so much respected and loved in the mathematical
world. But in March 1956 he passed away. I count it not the least of my
claims to be President of this Congress that I was one of those fortunate
enough to receive their first introduction to higher mathematics in Sir
Edmund’s classes.

The preparations for this Congress have been onerous, and I would first
like to pay tribute to all who have helped to make it possible for us to bring
our plans to maturity. It has been a most moving and pleasant experience
to find that so many were willing to contribute both their time and their
money to the enterprise. Our four hosts, the City of Edinburgh, the Univer-
sity of Edinburgh, the Royal Society, and the Royal Society of Edinburgh,
have proved far from merely formal sponsors. Each in its own way has
contributed practical help to an extent which cannot easily be measured,
and the goodwill which they have shown to us throughout has been quite
indispensable. Next, I should like to pay my tribute to all those individuals,
mathematicians and others, throughout the country, who have laboured
long for the success of the Congress. If I do not name them individually it is
simply because the list is too long. I should also like to thank the various
institutions to which these people are attached, who have so generously
allowed them to use their facilities for the work of the Congress. And,
finally, we are most grateful to the International Mathematical Union and
the many learned societies, industrial organizations, and individuals who
have contributed most generously to the cost of this enterprise.

At the Harvard Congress of 1950 Professor Veblen referred to the diffi-
culties encountered by the organizers of International Congresses, caused by
the ever increasing number of people professionally engaged in the study of
mathematics, and at Amsterdam in 1954 Professor Schouten spoke of the
same problem. As you can well imagine, the organizers of the present Con-
gress have had to face this problem once again. I should like to take up a
little of your time by giving my own personal reflexions on this matter.

. The International Congresses of Mathematicians, which are held every
four years, serve a number of purposes. The most important is to get together
the leaders in all branches of mathematics so that they may discuss their
common problems and exchange ideas on them. In saying this, I wish to
emphasize the phrase ‘all branches of mathematics’. In recent years there
has been a steady growth in the number of symposia held, many with the
support of the International Mathematical Union. These symposia Have done
excellent work in advancing research in special fields. But this is not enough.
It is essential for the well-being of mathematics that there should be periodic
gatherings attended by representatives of all branches of the subject, and
this for several reasons: in my personal opinion, the most important reason
is that gatherings such as this serve as an invaluable safeguard against the
dangers of excessive specialization.

The problem of specialization is a difficult one. Mathematics is now so
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vast that few can hope to cover the whole range, and much of our progress
has been due to the efforts of men and women who have devoted their lives
to work in a narrow field of research. Most of us must continue to work in
specialized fields, and with good fortune we can make our contribution to
mathematics as a whole in this way. But there are dangers in this. There is
always the risk that we may come to regard our own special problems as
all-important; and to regard mathematics simply as a system of conclusions
drawn from definitions and postulates that must be consistent, but otherwise
may be created at the free will of the mathematician. As Professor Courant
has justly remarked: ‘If this description were accurate, mathematics could
not attract any intelligent person. It would be a game with definitions, rules,
and syllogisms without motive or goal....Only under the discipline of
responsibility to the organic whole, only guided by intrinsic necessity, can
the free mind achieve results of scientific value.’

I believe that mathematicians are now much less likely to fall into this
danger than they were some time ago. But over-specialization also produces
a practical difficulty. As we all know from our own experience, in order to
make progress in our own field we must know what is going on in other fields,
and what new techniques are being developed elsewhere in mathematics.
The problem we are faced with is simply that of maintaining contact with
all the main developments going on in mathematics while working inten-
sively in our own specialized field. Some solution of this problem is essential,
and International Congresses can go a long way towards giving the required
answer. These Congresses provide an opportunity for periodic stocktaking,
and the opportunities they provide for surveying the whole field of mathe-
matics are a way of counteracting the evils of excessive specialization, and
of determining the ‘intrinsic necessity’ to which Professor Courant refers:
they may thus vitally influence the whole course of mathematics in the
succeeding years.

The organizers of this Congress have planned our meetings so as to pass
under review all the main developments in mathematics and to try to get
things into perspective. In the main, we have followed the traditional divi-
sions into sections, but we have, surely not before time, given topology a
section to itself, and we have somewhat changed the emphasis in the sections
dealing with applied mathematics. But the one-hour speakers are not
assigned to sections. They have been picked as a team so that a continuous
spectrum will be presented and they have been asked to make their lectures
broad surveys of recent developments. In this way it is our hope that their
contributions will present a general survey of all that is important in modern
mathematics, and that when our Proceedings are published, they will form
a focus from which many of the developments of mathematics in the next
few years may begin.

Over one week, it is not possible to cover the whole range of mathematics,
and at the same time to deal adequately with the wide applications of
mathematics to other fields of intellectual endeavour. No mathematician
can be indifferent to the ever growing number of applications of mathematics
to the various sciences—physical, biological, and social—and in industry

d-2
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the present generation has witnessed with pride the revolution brought about
by the introduction of statistical methods, and by the spectacular develop-
ment since the war of the science of computing. We should like to include
in the business of this Congress a thorough study of all the applications of
mathematics to Science and Technology. But factors of time and space make
this a practical impossibility, and our business is primarily concerned with
that abstract science of mathematics whose laws govern so much of our
knowledge. Hence most of our work will be concerned with pure mathe-
matics. But not all. In our sections dealing with applied mathematics we
have endeavoured to overcome, to some degree, the limitations of time-table,
by inviting some distinguished exponents of other sciences to talk to us about
their mathematical problems: we are at least establishing contact with them
on ground which gives hope of fruitful cooperation.

In one instance, we have gone further. The youngest child of mathematics,
the science of computing, perhaps because of its youth, has presented the
mother science with many fascinating new problems, and we have consider-
ably enlarged the amount of space given to this subject. Practical con-
siderations have, however, forced us to confine ourselves to the mathematical
side of this science, leaving the engineering side for other Congresses.

You will see that we have again included a section dealing with history
and education in mathematics. Mathematics has a great history, and mathe-
maticians should know something of it. The problems of mathematical
education are many, and the International Commission on Mathematical
Instruction has devoted much time to some of these problems. The meetings
of the Commission form part of the work of the section on Education. The
work of the Commission will be concerned with three problems of importance
in the field of mathematical education which have been selected for special
study during the last few years; but, at the same time, there are other
problems in mathematical education, particularly on the higher levels,
which concern us all. It is part of our duty to see that our pupils who go on
to walks of life outside the academic field understand that mathematics is
an integral part of world culture; not only a pillar of the technological
civilization of today, but an essential item in the intellectual equipment of
the good citizen. To achieve this state, it is first necessary that the training
we give our young men and women should be aimed at developing this
understanding of principles and encouraging their interest, instead of
crushing it beneath a mass of technicalities; and secondly, that we should
be prepared to take the trouble to give accounts of our work to the mathe-
matically educated layman.

Another respect in which our Congresses differ from symposia lies in the
fact that membership of a Congress is open to all mathematicians, while
that of a symposium is by invitation, and is therefore confined to those who
have been or are making a name for themselves in their particular field.
Hence Congresses offer almost the only opportunity for many young mathe-
maticians to meet and listen to the leaders in their subject. We welcome the
large number of young people who are attending a Congress for the first time.
Many will be here just to listen, but they will be able to meet and discuss
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problems with more mature mathematicians. Others, and the number of
them is very large, are presenting papers and it is to be expected that,
amongst the 650 papers offered, a number will attract attention from the
more senior of us, and may prove a foretaste of great things to come. On this
occasion we do not propose to publish these short papers; it is better that
they should follow the normal channels of publication, but, in the expectation
that many of the papers read at this Congress will excite considerable
interest, we have made arrangements for a number of small discussion rooms
to be available where groups can get together informally and discuss their
ideas more fully.

Believing, as I do, that we have provided for those essential needs of
mathematicians which only an International Congress can satisfy, I wish you
all a profitable and enjoyable week in Edinburgh.

Professor H. Hopf, chairman of the Fields Medals Committee, then
read the report of the Committee, which was as follows:

My Lord Provost! Ladies and Gentlemen! As on the occasion of the last
three International Congresses of Mathematicians, so at this Congress two
Fields Medals are to be awarded. It is already a tradition that the recipients
of the medals are young mathematicians. This is not expressly prescribed in
the memorandum of the donor, the late Professor Fields. It is only said that
the awards should be made ‘in recognition of work already done, and as an
encouragement for further achievement on the part of the recipients’—and this
has been interpreted to imply that the recipients should be young. How-
ever, the other day, a friend of mine made the remark that when one looks
at the present situation in mathematics and the developments in recent years,
one feels that it is the old rather than the young who need encouragement.
But even the point of this bon mot persuades us again to applaud and reward
youth. Thus the Committee on the Fields Medals 1958 agreed, from the
beginning, to keep to the tradition of awarding the medals to mathematicians
of the younger generation.

This Committee on the Fields Medals, which was set up by the Organizing
Committee of the International Congress of Mathematicians, Edinburgh,
consists of eight members, namely: Chandrasekharan, Bombay; Friedrichs,
New York; Hall, Cambridge (England); Hopf, Ziirich ; Kolmogoroff, Moscow ;
Schwartz, Paris; Siegel, Gottingen; and Zariski, Cambridge (U.S.A.). Each
of us first wrote down his own list of nominees. The combined list contained
thirty-eight names. Let me address these words to the thirty-six who will
not be named here: ‘The Committee on the Fields Medals wishes to express
its sincere appreciation and admiration for the work you have done. The high
quality and the great variety of your achievements augur well for the future
of mathematics. These very attributes have created considerable trouble for
our Committee; again and again have we regretted that more than two
medals could not be presented.’

The great variety within mathematics is due not only to the multiplicity
of the branches of mathematics, but also to the diversity of the general tasks
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that face a mathematician in any branch. A task which is particularly funda-
mental, is: o solve old problems; and another, no less fundamental, is: o open
the way to new developments. Our Committee is glad to have found two
young mathematicians who have done unusually good work, one in each of
these directions. As Chairman of the Committee on the Fields Medals 1958,
I have the honour and pleasure to announce that the Committee has decided
to award the Medals to

Kraus FriepricH Rorta, of the University of London, for solving
a famous problem of number theory, namely, the determination of
the exact exponent in the Thue—Siegel inequality;

and to

RENE THOM, of the University of Strasbourg, for creating the theory
of ‘Cobordisme’ which has, within the few years of its existence, led
to the most penetrating insight into the topology of differentiable
manifolds.

Detailed reports on the work of the laureates will be given in a special
session; Professor Davenport will speak on Dr Roth’s work, and I on
Professor Thom’s.

May I now ask Dr Roth and Professor Thom to come forward to receive the
Medals from the hands of the Lord Provost of Edinburgh?

After reading the report, Professor Hopf introduced Dr K. F. Roth
and Professor R. Thom to the Lord Provost, who presented the medals
to the two prize-winners.

The Lord Provost then declared the Inaugural Session closed, and
the proceedings terminated with the playing of the National Anthem
of the United Kingdom.
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REPORT OF THE CLOSING SESSION

The closing session of the Edinburgh Congress took place in the
McEwan Hall on the afternoon of Thursday, 21 August 1958. Professor
W. V. D. Hodge, President of the Congress, was in the chair.

Professor Hodge made the following statement about the 1962
Congress and the procedure to be followed in deciding where the 1966
Congress should be held:

PRESIDENT’S CLOSING REMARKS

Before passing to the business of this meeting, may I, on behalf of all mem-
bers of the Congress, express our sincere sympathy with the delegation from
the Netherlands in the tragic accident which occurred to one of its members
on Tuesday. It isthe ferventhope of all of us that Professor van Wijngaarden
will make a good recovery from his injuries.

As those who were present at the International Congress in Amsterdam
will remember, a committee consisting of representatives of the International
Mathematical Union and of the organizers of the 1958 Congress was appointed
to consider the location of the Congress of 1962. This committee consisted
of Professors Hopf, Chandrasekharan and MacLane representing the Union,
and Dr Smithies and myself representing this Congress.

The committee has discussed with the representatives of a number of
countries the possibilities of holding the next Congress in a number of places.
I am authorized by the committee to say that while for reasons of a technical
nature it is not possible to make any announcement today of the name of the
host country for 1962, the prospects of holding a Congress in that year amount
to a certainty. In order to remove any element of mystery from this state-
ment, I will explain that one country represented here is very anxious to be
our host but is unable to issue a formal invitation until certain consultations
are completed at home; while another country has generously expressed its
willingness to await the conclusion of these consultations and has promised to
issue an invitation if, but only if, the first country finds itself unable to do so.

The necessary consultations will be completed in a few months. The joint
committee, therefore, undertakes to make an announcement by 1 January
1959. This announcement will be sent to the Adhering Organizations of the
International Mathematical Union and subsequently published in Inter-
national Mathematical News. If any country which is not a member of the
International Mathematical Union wishes to be informed directly, will its
representatives please send to Professor Eckmann, Secretary of the Union,
the name and address of the organization which should be informed.

Another matter concerning future Congresses must now be decided. I
should like to propose that a committee of five, three to be appointed by the
Executive Committee of the Union and two by the organizers of the 1962
Congress, be appointed to consider the location of the Congress of 1966.
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The proposals made by Professor Hodge were unanimously approved.

Professor H. Hopf made a brief report on the work done at the
Assembly of the International Mathematical Union, which had met at
St Andrews from 11 to 13 August 1958.

Dr F. Smithies, Secretary of the Congress, made some formal
announcements; he also reminded members of the decision taken earlier
not to include the texts or abstracts of fifteen-minute communications
in the published Proceedings of the Congress.

Professor B. Jessen then addressed the Congress as follows:

The opportunity has been given to me of saying some words at this
closing session of our congress. I shall try to express the feelings of gratitude
to our hosts that I am sure are shared by all members of the congress.

‘We must all be happy that our British colleagues, when inviting the congress
tomeetin Britain, chose Edinburgh as the meeting place, thusmakingit possible
for us to enjoy for a while the special atmosphere of this ancient and beautiful
city and to become acquainted also with other parts of Scotland. We have
reason to be most grateful to the city of Edinburgh, to its famous university,
and to its people for the hearty hospitality with which they have received us.

I believe that only those who have tried it quite know what it means to
organize a congress of the size of our international mathematical congresses. It
must be an enormous amount of work that the organizing committee and its
helpers over a long period of time have put into the planning of the congress.
I must express the admiration that I am sure we all feel for the way in which
everything has been arranged. You certainly have done an excellent job. I
wish that we could thank you all individually, including all the young people
who have been around to help us with the many practical problems that
invariably arise. But you have been very shy about it, and have not even
printed the names of the organising committee in the membership list.

It is certainly not possible at the present stage to sum up the results of this
congress. Through the choice of the invited speakers and through the large
number of communications of other members the congress has presented a
picture of mathematics today with all its trends. But the international con-
gresses have another purpose, which I believe is just as important, that of
promoting the fellowship between mathematicians of all countries. This
fellowship has its roots in our common love for our science, to whose growth
we all try to contribute. It is the responsibility of each generation to take
care that this fellowship is maintained and strengthened, and extended to
the new generation. It increases our joy in our work and, like the similar
fellowship among scientists of other fields, sets an example for international
collaboration. I am sure that, through the way in which this congress has
been prepared, it has also admirably served its purpose in this respect.

The song of Auld Lang Syne has as its theme friendship and kindness. Our
British colleagues and friends have at this congress given us both in full
measure. Thank you.

Professor Hodge then declared the Edinburgh Congress closed.
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THE WORK OF THE FIELDS MEDALLISTS

THE WORK OF K. F. ROTH
By H. DAVENPORT

On the three previous occasions on which Fields Medals have been
presented, the addresses on the achievements of the recipients have been
given either by the Chairman or by a member of the awarding Committee.
On this occasion, Professor Siegel was to have spoken about the work of
Dr Roth, but as he is unfortunately unable to be present the duty has
devolved on me. It is a pleasant duty, in that it requires me to pay
tribute to the work of a colleague and friend.

Dr Roth’s greatest achievement is by now well known to mathe-
maticians generally; it is his solution, in 1955, of the principal problem
concerning approximation to algebraic numbers by rational numbers.

If a is any irrational number, whether algebraic or not, there are
infinitely many rational numbers p/q such that

S —a

P
< =5
’q ¢

for example the convergents to the continued fraction for «. It is there-
fore natural to attempt to characterize irrational numbers in terms of
the exponents y for which there are infinitely many approximations
satisfying

ozl < pr
For convenience, I denote by & = zi(e) the upper bound of such ex-
ponents . Obviously z(x) = 2.

The problem is: what can be said about the value of fi(«) when o is
algebraic? In 1844 Liouville showed, in a very simple manner, that
Z(e) < m if o is an algebraic number of degree n. In fact, if « is a root
of the irreducible equation f(z) = 0, where f(x) has integral coefficients
(not all 0), then on the one hand
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and on the other hand it is easily seen that

A)- =3

where ¢ depends only on «. Comparison of these inequalities leads to
the result. If n = 2 we get (x) = 2; thus quadratic irrationals are about
as badly approximable as any irrational number can be.

There are simple considerations which suggest that Liouville’s result
is far from being best possible. But it was not until 1908 that this was
proved; in that year the Norwegian mathematician Axel Thue showed
that z(x) < 3n+1. In 1921 Siegel made further very substantial pro-
gress, and obtained () < 2./n approximately, the precise result being
a little better than this. In 1947 Dyson improved Siegel’s inequality to
i) < 4/(2n).

In all this work, extending over a period of 40 years, the basic idea was
the use of polynomials in two variables. Suppose f(z,, z,) is a polynomial
with integral coefficients, of degree r; in z; and r, in x,, and suppose
P1/9; and p,/q, are two rational approximations to . Then
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provided of course that f(&, &) 40

91 92
Suppose further that f(e,x) =0 and that the Taylor expansion of
S(zy, 2,) in powers of x; — o and x, — o has all its ‘early’ coefficients zero,
a condition which can be made precise in various ways. Then one can
obtain an upper bound for
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in terms of Zil—oc and j_a_z_a
91 92 ’

and the principle is to combine this with the previous lower bound in
such a way as to establish that p,/q, and p,/q, cannot both be very good
approximations to «. Finally, p,/q, and p,/q, are chosen in a suitable way
from the infinite sequence of approximations.

The proof of the existence of a polynomial f(x,, x,) with all the desired
properties is a difficult matter, and the condition that

P1 Pz)
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is particularly troublesome. No explicit construction for such a poly-
nomial has yet been found. During the course of their work, the four
mathematicians I have mentioned developed methods of great subtlety
and interest, and other important ideas which are relevant to the problem
were contributed by Gelfond, Mahler and Schneider.

In 1955 Roth finally solved the problem: he proved that fi(a) = 2 for
any algebraic number o. The achievement is one that speaks for itself;
it closes a chapter, and a new chapter will now be opened. Roth’s
theorem settles a question which is both of a fundamental nature and
of extreme difficulty. It will stand as a landmark in mathematics for
as long as mathematics is cultivated.

It is not my intention to describe or analyse Dr Roth’s proof, par-
ticularly as he will be speaking about it himself. My own impression of
his proof is that it is a structure, inevitably of some complexity, every
part of which fits into its proper place and carries its proper share of the
total load. As you have probably anticipated from my description of
previous work, it uses polynomials in an arbitrarily large number of
variables, instead of in two variables. It had indeed long been realized
that this would be necessary, but the difficulties in the way had appeared
to be quite insuperable.

I turn now to another achievement of Dr Roth, which seems to me to
be also of the first magnitude, though the problem to which it relates is
perhaps of less universal interest. Let

Ny, Ng, Mg, .

be a sequence of natural numbers, and suppose that no three of the
numbers are in arithmetic progression; in other words,

n;+n; £ 2ny

unless ¢ =4 =k. It was conjectured by Erdés and Turdn in 1935
(though the conjecture is believed to be older) that such a sequence must
have zero density, that is, the number N(z) of terms not exceeding x

must satisfy N
xr

x

-0 as x— oo.

This problem was the subject of several interesting and ingenious papers,
but it resisted all attempts at solution for a long time. The conjecture
was proved by Dr Roth in 1952, and his proof is one of great interest and
originality. He first considers a set of numbers 7, n,, ..., n, < z with the
property in question, for which r is a maximum, and proves that such
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a set, if dense, would have to have considerable regularity of distribu-
tion. This regularity is of two kinds: regularity of distribution in position
and regularity of distribution among the residue-classes to any modulus.
Then he applies the analytic method developed by Hardy and Littlewood
for problems of an additive character, and the features of regularity
prove to be just sufficient to give the estimates necessary for the method
to succeed. The final conclusion is that N(x) < cx/(loglogz), where ¢ is
an absolute constant. I can recall no other instance, of comparable
importance, in which the Hardy-Littlewood method has been used to
elucidate the additive properties of an unknown sequence, instead of
a special sequence such as the kth powers or the primes.

There are other achievements of Dr Roth which stand out by their
originality and novelty, and it is with reluctance that I pass over them.
Those I have outlined already will, I am sure, satisfy you that the
recognition which has come to him is well merited.

The Duchess, in Alice tn Wonderland, said that there is a moral in
everything if only you can find it. It is not difficult to find a moral in
Dr Roth’s work. It is that the great unsolved problems of mathematics
may still yield to direct attack, however difficult and forbidding they
appear to be, and however much effort has already been spent on them.

THE WORK OF R. THOM

By H. HOPF

René Thom wurde 1923 in Montbéliard geboren. Er absolvierte von
1943 bis 1946 die Ecole Normale Supérieure in Paris und ging danach an
die Universitit Strasbourg, an der er heute ‘Professeur sans Chaire’ ist.
In Strasbourg entstand seine Thése ‘Espaces fibrés en sphéres et carrés
de Steenrod’ (Ann. Sci. Ecole norm. sup. (3), 69), mit der er 1951 an der
Universitit Paris zum Doktor promovierte. Im Jahre 1954 erschien
die durch die Thése schon vorbereitete Abhandlung ‘ Quelques propriétés
globales des variétés différentiables’ (Comm. Math. Helvet. 28), in der
die Theorie des Cobordismus begriindet wird. Heute, also nach vier
Jahren, darf man sagen, daf seit langer Zeit nur wenige Ereignisse die
Topologie, und durch die Topologie weitere Zweige der Mathematik,
so stark beeinflut haben wie das Erscheinen dieser Arbeit. Ich will
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versuchen, die Grundidee und die Grundziige der Theorie des Cobor-
dismus hier kurz zu beschreiben.

Man betrachtet k-dimensionale kompakte unberandete orientierte
Mannigfaltigkeiten 4, B, ...; man setzt nicht voraus, daB sie zusammen-
hingend sind (eine 1-dimensionale A ist also die Vereinigung endlich
vieler zueinander fremder geschlossenen Linien, eine 2-dimensionale 4
die Vereinigung endlich vieler fremder geschlossener Flichen usw.). Mit
A+ B wird die Vereinigung zueinander fremder Exemplare von 4
und B, mit — 4 die zu 4 hombomorphe, aber entgegengesetzt orientierte
Mannigfaltigkeit, mit 4 — B die Summe 4 + (— B) bezeichnet. A4 .B ist,
fiir Mannigfaltkgkeiten beliebiger Dimensionen, das cartesische Pro-
dukt. Daneben betrachtet man, fiir jedes &, (k£+ 1)-dimensionale kom-
pakte berandete orientierte Mannigfaltigkeiten U, V, ..., deren Rénder
k-dimensionale Mannigfaltigkeiten sind. Wenn zu der k-dimensionalen
A4 eine (k+ 1)-dimensionale U existiert, deren Rand ein Exemplar von
A ist, so sagt man: ‘4 ist berandend’, und man schreibt: 4 ~ 0; wenn
A — B berandend ist, so sagt man: ‘4 und B sind cobordant’, und man
schreibt: 4 ~ B. Die Relation ~ definiert die ‘Cobordismusklassen’
der Mannigfaltigkeiten 4, B, .... Diese Klasseneinteilung ist vertriglich
mit der Addition; die Klassen jeder Dimension & bilden beziiglich der
Addition eine Abelsche Gruppe Q¥; ihr 0-Element ist die Klasse der
berandenden 4. Die Klasseneinteilung ist auch vertriaglich mit der
cartesischen Multiplikation; so werden die Gruppen Q*mitk = 0,1, 2, ...

zu einem Ring Q=00+ Qlf...+ Qb ...

verschmolzen. Das ist die ‘Thomsche Algebra’.

Man wird sich hier fragen: ‘Ist das nicht alles ganz trivial? Kann
denn eine so primitive Definition die Grundlage von neuen und interes-
santen Einsichten bilden?’ Aber dieselbe Frage hat man sich auch
gestellt, als Hurewicz 1935 die Homotopiegruppen definiert hatte; und
als man dann die Konsequenzen dieser primitiven Definition sah, da
gestand mancher Mathematiker: ‘Das hitte ich nicht entdecken kénnen
—das wire mir zu einfach gewesen.” Es bedurfte in der Tat eines
genialen Mathematikers wie Hurewicz, sich durch das anscheinend zu
Einfache nicht abschrecken zu lassen, sondern zu sehen, wie tief diese
einfachen Begriffe in das Wesen der Probleme eindringen. Ich bin der
Ansicht, dal Hurewicz einer der grofften Geometer unserer Zeit gewesen
ist—sein frither Tod wird auch wéhrend dieses Kongresses schmerzlich
fithlbar sein—und ich persénlich habe kaum ein hdheres Lob an einen
Mathematiker zu vergeben, als ihn in die Nihe von Hurewicz zu stellen.



Ixii WORK OF THE FIELDS MEDALLISTS

Nun, Thoms Entdeckung des Cobordismus und der Algebra  erinnert
mich immer wieder—bei aller inhaltlichen Verschiedenheit—an die
Entdeckung der Homotopiegruppen durch Hurewicz.

Eine der gar nicht trivialen Einsichten, die Thom offenbar von Anfang
an hatte, war die, daB8 der Begriff des Cobordismus besonders gut der
Untersuchung der differenzierbaren Mannigfaltigkeiten angepaBt ist.
Auf diese werden wir uns jetzt beschrinken. Eine differenzierbare
Mannigfaltigkeit 148t sich immer mit einer Riemannschen Metrik
versehen, also mit einer Metrik, die im unendlich-Kleinen euklidisch
ist; so kommen die orthogonalen Gruppen ins Spiel. Thom verbindet
mit den orthogonalen Gruppen SO(n) gewisse topologische Komplexe
M(80(n)); unter Benutzung tiefgehender und erst in den letzten Jahren
entwickelter Hilfsmittel (Eilenberg, MacLane, Cartan, Serre) zeigt er,
daB die Gruppen QF mit gewissen Homotopiegruppen der Réume
M (SO(n))isomorph sind, und es gelingt ihm, fiir viele Fille diese Gruppen
zu berechnen oder wenigstens recht prizise Aussagen iiber sie zu machen.
Die Hauptergebnisse sind die folgenden: Es ist

W=7 Q=02=0=0, N=2Z, Q=2Z, WB=Q"=0,

wobei Z die unendlich zyklische, Z, die Gruppe der Ordnung 2 bezeichnet.
Fiir alle k, die = 0 mod 4 sind, ist Q¥ endlich. Fiir k = 4m ist QF direkte
Summe von 7(m) Gruppen Z, wobei 7(m) die Anzahl der Partitionen
(Zerlegungen in positive Summanden) von m ist, und einer endlichen
Gruppe. Die erwihnten endlichen Gruppen sind schwer zu bestimmen;
befreit man sich aber von ihnen dadurch, daf3 man Qdurch die ‘schwache’
Thomsche Algebra Q' ersetzt, die aus Q entsteht, indem man rationale
Zahlen als Koeffizienten der Elemente von Q zuldfit (soda8 also Q' das
Tensorprodukt von Q und dem Korper der rationalen Zahlen ist), dann
1486 sich nicht nur die additive, sondern sogar die multiplikative Struk-
tur der Algebra genau angeben: Q' ist die Algebra der Polynome mit
rationalen Koeffizienten in Variablen PO, P2 ...,P2%m ... wobei P2m
durch den komplexen projektiven Raum von 2m komplexen (also 4m
reellen) Dimensionen reprisentiert wird. Hieraus folgt: jede Mannig-
faltigkeit M besitzt ein ganzzahliges Vielfaches nM, das mit einer wohlbe-
stimmten ganzzahligen linearen Verbindung von cartesischen Produkten
komplexer projektiver Rdume gerader Dimensionen cobordant ist.
Alles dies dient natiirlich in erster Linie dazu, diejenigen Eigenschaften
von Mannigfaltigkeiten zu untersuchen, welche Invarianten der Co-
bordismusklassen sind. Es sind dies in erster Linie diejenigen Eigen-
schaften, die mit den schwer zu untersuchenden ‘Pontrjaginschen
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Zahlen’ der Mannigfaltigkeiten zusammenhéngen. Ein soeben erwidhnter
Satz zeigt, dal es darauf ankommt, einerseits die betrachtete Mannig-
faltigkeit in der Algebra Q darzustellen, und andererseits die Pontr-
jaginschen Zahlen der Raume P™ zu ermitteln; die Rolle, welche diese
aus der klassischen algebraischen Geometrie stammenden Réume hier
fir die Topologie beliebiger (differenzierbarer) Mannigfaltigkeiten
spielen, ist hochst bemerkenswert.

In diesen Rahmen gehort die bisher wichtigste Auswirkung der Theorie
des Cobordismus; sie bildet einen der Pfeiler, auf denen F. Hirzebruch’s
Theorie des Riemann—Roch’schen Satzes ruht—eine Theorie, die man
ihrerseits zu den bedeutendsten mathematischen Fortschritten der
letzten Jahre zihlen darf (F. Hirzebruch, Neue topologische Methoden in
der algebraischen Geometrie, Springer-Verlag, 1956).

Eine andersartige Anwendung der Cobordismus-Theorie hat J. Milnor
gemacht: er hat die aufsehenerregende Tatsache bewiesen, daBl die
Sphére S7” mehrere verschiedene differenzierbare Strukturen tragen kann,
womit zum ersten Mal gezeigt worden ist, daBl es zwei differenzierbare
Mannigfaltigkeiten gibt, die sich zwar eineindeutig und stetig, aber nicht
eineindeutig und differenzierbar aufeinander abbilden lassen; an der
Spitze von Milnors Beweis steht der Satz von Thom, daff Q7 = 0, daB
also jede 7-dimensionale (geschlossene orientierbare) Mannigfaltigkeit
‘berandend’ ist (Ann. Math. (2), 64, 1956).

Ich kann hier nicht mehr auf andere unter den vielen interessanten
Resultaten von Thom eingehen, weder aus den oben erwidhnten, noch
aus den Arbeiten, die ich nicht erwéhnt habe. Aber eine Bemerkung
prinzipieller Art will ich noch machen:

Die Topologie befindet sich, wie viele andere Zweige der Mathematik,
heute in einem Stadium kriftiger und konsequenter Algebraisierung;
dieser ProzeB hat auBerordentlich klirende, vereinfachende und verein-
heitlichende Erfolge gezeitigt und zu unerwarteten neuen Resultaten
gefiihrt; dabei ist es nicht etwa so, dal die Algebra nur die Hilfsmittel
zur Behandlung topologischer Probleme liefert, es zeigt sich vielmehr,
daB die meisten Probleme selbst eine Seite von ausgesprochen alge-
braischem Charakter besitzen. Die groBlen Erfolge dieser Entwicklung
bringen aber, wie mir scheint, auch eine gewisse Gefahr mit sich, nimlich
die Gefahr einer Stérung des mathematischen Gleichgewichtes, indem
eine Tendenz entsteht, den geometrischen Inhalt der topologischen
Probleme und Situationen ganz zu vernachléssigen; diese Vernach-
lissigung aber wiirde eine Verarmung der Mathematik bedeuten.
Gerade im Hinblick auf diese Gefahr finde ich, dafl Thoms Leistungen
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etwas auBlerordentlich Ermutigendes und Erfreuliches an sich haben:
auch Thom beherrscht und benutzt natiirlich die modernen alge-
braischen Methoden und sieht die algebraischen Seiten seiner Probleme,
aber seine grundlegenden Ideen, von deren grofartiger Einfachheit ich
vorhin gesprochen habe, sind von durchaus geometrisch-anschaulicher
Natur. Diese Ideen haben die Mathematik wesentlich bereichert, und
alles deutet darauf hin, daBl die Wirkung Thomscher Ideen—m&gen sie
nun in den schon bekannten oder in noch ungeschriebenen Arbeiten
zum Ausdruck kommen—noch lange nicht erschopft ist.
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MODERN DEVELOPMENT OF
SURFACE THEORY

By A. D. ALEXANDROV

I will try to give in my lecture an outline of a general theory of surfaces
as it has been developed during the past decade by a group of Russian
geometers, U. F. Borisov, V. A. Zalgaller, A. V. Pogorelov, U. G. Reshet-
nak, I. J. Backelman, V. V. Streltsov and myself. This theory arose as
a natural generalization of the theory of convex surfaces, the systematic
presentation of which was given in my book The Intrinsic Geometry
of Convex Surfaces, published just 10 years ago. Now this general theory
has grown into an extensive branch of geometry with its own concepts,
problems, methods and numerous results.

It would be hopeless to try to give here more than a general idea of the
theory, so that all details and many results even of a fundamental
character must be omitted. In constructing the foundations of the theory
my aim was to define and to study the most general surfaces which allow
of concepts and results analogous to those of classic Gaussian theory of
surfaces. There are, first of all, two basic concepts of Gaussian theory;
that of the intrinsic metric of a surface and that of its curvature. We
accept an integral point of view according to which the metric is deter-
mined not by means of a line-element but by means of the distances
between points measured in the surface, and the curvature is considered
as a set-function, so that we mean integral curvature of a domam on the
surface instead of the curvature at a point.

Let a surface S possess the property that any two of its points z, y can
be joined by a curve zy which lies in S and has a finite length s(zy). We
define the intrinsic distance as

pula,y) = infs(&). (1)
xy (S

It is evident that it satisfies the usual conditions imposed upon the
general concept of a metric:

(1) p(x,y) = 0 if and only if 2 = y;
(2) plz,y)+p(y,2) = plz, ).

Thus the surface becomes a metric space with the metric p,.

I-2
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There are two points of view; one may consider a surface as a figure
in the space, being interested in its special shape; or the surface may be
considered as a metric space with the intrinsic metric p. In this case we
speak of the intrinsic geometry of the surface, while in the first case we
speak of its external geometry.

Corresponding to these two points of view there are two concepts of
the curvature of a surface. The external curvature is measured by means
of the area of the spherical image and the intrinsic curvature is measured
by means of the excesses of geodesic triangles, the excess of a triangle 7'
with the angles «, £, ¥ being, by definition,

0T)=a+pf+y—m.

As we are going to consider surfaces with a definite, i.e. finite, curvature
we speak of surfaces with bounded curvature. Thus the objects of the
purely intrinsic theory are two-dimensional metric manifolds with
bounded intrinsic curvature (M.B.C.) and the objects of the external
theory are surfaces with bounded curvature (S.B.C.).

The intrinsic and the external theories are not independent; there
exists a.close connection between them and, first of all, the well-known
theorem by Gauss which asserts the equality of the intrinsic and the
external curvatures for, at least, sufficiently regular surfaces. Thus we
have sketched a certain programme; to give the strict definitions of
manifolds of bounded curvature and of surfaces of bounded external
curvature, to study their properties and to establish the connection
between the intrinsic and the external properties of these surfaces.

A somewhat different, and in some respects even more general,
approach to the theory of surfaces may be based upon the concept of
parallel translation, which is closely connected with the concept of
curvature because of the well-known Gauss—Bonnet theorem. The
parallel translation of a vector along a curve on a surface can be defined
both in intrinsic and external terms by means of the Levi-Civita con-
struction. If we follow this trend of ideas the objects of the theory are
the metric manifolds and the surfaces where parallel translation of
vectors is defined for a sufficiently ample set of curves. Such surfaces
were studied recently by Borisov, and I will give an account of his results
in the last part of my lecture.

1. The definition of M.B.C.

1.1. The intrinsic metric. The length of a curve is defined in any
metric space in the usual manner; it is the supremum of the sums of the
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distances between successive points of the curve. If any two points of a
set § in a metric space can be joined by a curve which lies in S and has
finite length, we call the set metrically connected. Now we say that the
metric of a space is intrinsic in itself, or, simply, intrinsic, provided that
the space is metrically connected and the distance between any two points
is equal to the infimum of the lengths of curves joining these points.

The introduction of this concept is justified by the following theorem.
Let S be a metrically connected set in a metric space R. Then if we
define the distance ps(@,y) = inf s(@y),

Ty 8
the metric thus introduced in S proves to be intrinsic in the above sense.
Accordingly we speak of the intrinsic metric induced in § by the metric
of the surrounding space R. The definition of the metric of a surface given
aboveis a particular instance of this general definition. Thus, our theorem
being applied, we see that this metric is intrinsic in itself.

An M.B.C. must be a surface considered from the intrinsic point of
view. Therefore it is natural that our first postulate in the definition of
an M.B.C. should be the following one. An M.B.C. is a two-dimensional
metric manifold with a metric intrinsic in itself.

1.2. The angle. Inorder to formulate the condition of the boundedness
of the curvature by means of the excesses of triangles we have to define
a triangle and an angle. (These definitions will be valid for any metric
space.) We define, first, the shortest line or segment 2y as a curve
joining the points z, ¥ and having the length equal to the distance p(x,y)
between them. Then it is evident what is understood by a triangle or
a polygon. We note that in any manifold and even in any locally compact
space with an intrinsic metric each point has a neighbourhood any two
points of which can be joined by a segment.

The definition of an angle is given as follows. Let L, M be two curves
with the common initial point O. Take the variable points X e L, Y e M
(X,Y % 0) and construct the plane triangle O'X’'Y’ with sides equal
to the distances OX, 0Y, X Y. Let y(XY) be the angle of this triangle
at the vertex O’. We define the upper angle between the curves L and M as

a(LM) = lim y(X7Y).
X, ¥—>0
This angle always exists.

Further, we say that there exists a definite angle between the curves
L, M provided that the limit of the angle y(X Y) exists, and in this case

we define the angle oo(LM) = lim y(XY).
X, Y—>0
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Making use of the upper angle, which always exists, we define the
excess of a triangle 7" as ST) = &+ B+7—m,

a, B, 7 being the upper angles between the sides of 7.

1.3. The condition of the boundedness of the curvature. Now we
are ready to formulate the second and last postulate which defines an
M.B.C. Each point has a neighbourhood U such that the sum of the
excesses of pairwise non-overlapping triangles lying in U is uniformly
bounded above: =6(T) < N.

N does not depend upon the set of the triangles and depends upon the
neighbourhood U only.

Thus, briefly speaking, an M.B.C. is a 2-manifold with an intrinsic
metric and with uniformly bounded sums of the excesses of non-over-
lapping triangles, at least in certain neighbourhoods which cover the
manifold. Sometimes we speak of a metric of bounded curvature, which
is preferable in the case where we have to consider not only one but many
metrics given in the same manifold, i.e. when the manifolds are topo-
logically mapped on to one and the same manifold.

1.4. Curvature. The definition of curvature is quite natural and runs
as follows. We define the positive and the negative parts of the curvature
of an open set G' as the upper and the lower bounds of the sums of the
excesses of the pairwise non-overlapping triangles lying in ¢

wt(G) =supZd(T), o (GF)=infXT).
The curvature itself is defined as
(@) = 07(G) + 0 (G),

and the absolute curvature
Q@) =wt—w—.

After that one can prolong these set-functions on to the ring of Borel
sets by following the routine of measure theory. Then the fundamental
fact is that these set-functions prove to be totally additive.

Our conditions concerning the excesses of triangles seem to be, in a
certain respect, the minimum one has to suppose in order to have the
possibility of defining the curvature as a totally additive set-function.

Zalgaller has given an abstract construction of a measure (non-
negative totally additive set-function) which covers the definition of
Lebesgue’s measure, the above definition of the curvature and of many
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other set-functions which occur in geometry provided the definition
starts from certain magnitudes ascribed to such elementary sets as the
area of rectangles in the case of Lebesgue’s measure or the excesses of
triangles in the case of curvature.

1.5. Some other concepts. We define, further, such concepts as the
area of a domain, the direction of a curve at a point, and the integral
geodesic curvature (the bend) of a curve. For example, two curves are
said to have the same definite direction at their common initial point
provided the upper angle between them is equal to zero. The angle
between two curves depends upon their directions only, i.e. it is the
same for all pairs of curves with the same directions. The set of direc-
tions at a given point is isometric, with respect to its angular metric, to
the set of generators of a cone.

2. The study of M.B.C. by means of approximation

2.1. With the exception of direct methods the first and most fruitful
method in the theory of M.B.C. is that of approximation of general
M.B.C. by means of polyhedra. First of all we have the following funda-
mental theorem: Let an intrinsic metric p given in a manifold M be the
limit of a uniformly convergent sequence of metrics p,, with uniformly
bounded positive parts of curvatures. Then p is a metric of bounded
curvature also, and the curvatures of the metrics p,, weakly converge to
the curvature w of p in the sense that for any continuous function f(x)
different from zero on a compact set only,

[r@yonamn > [eoam.
In particular, the limit of Riemannian metrics with uniformly bounded

positive parts of curvature, i.e. KdS, is a metric of bounded cur-
K>0
vature.

2.2. The simplest M.B.C. are manifolds with polyhedral metrics, or, in
short, polyhedra. A polyhedron is such a manifold with an intrinsic
metrie, each point of which has a neighbourhood isometric to a cone.
This descriptive definition, is equivalent to a constructive one: a poly-
hedron is a manifold with intrinsic metric constructed of plane triangles,
or in other words it allows of a subdivision into triangles isometric to
plane ones. The curvature of a polyhedron is concentrated in its vertices,
“i.e. in such points the neighbourhoods of which do not reduce to pieces
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of the plane. The whole angle ¢ around such a point is different from 27
and is connected with the curvature » of the point by the equation

0 = 2mr—6.

The curvature of a polyhedron is the sum of the curvatures at the
vertices and its positive part is the sum extended over the vertices with
the whole angle 6 < 27. The convergence theorem above implies that
the limit of polyhedral metrics with uniformly bounded positive parts
of curvatures is a metric of bounded curvature.

The converse theorem exists in the following form: Any metric of
bounded curvature is a limit of a sequence of polyhedral metrics with
uniformly bounded absolute curvatures. Or in a more exact form, let
P be a compact polygon in an M.B.C., R, and let p be the intrinsic metric
induced in P by the metric of R. There exists a sequence of polyhedra P,
with uniformly bounded absolute curvatures, and of mappings of these
on to P, such that the metrics determined in P by these mappings uni-
formly converge to p. And the positive and the negative parts of their
curvatures weakly converge to the corresponding parts of the curvature
of the metric p. We say that the convergence is regular.

2.3. If we combine this result with the previous convergence theorem,
we get a new definition of an M.B.C. as a manifold which is, at least
locally, the limit of polyhedra with uniformly bounded positive parts of
curvatures. Polyhedra being, obviously, the limits of Riemannian
manifolds, an M.B.C. proves to be the limit of Riemannian manifolds
with uniformly bounded positive parts of their integral curvatures. In
other words, the class of M.B.C. is the closure of the class of Riemannian
or of polyhedral manifolds in the sense of uniform convergence of
metrics under the condition of the uniform boundedness of positive
parts of curvatures, or, what proves to be the same, the boundedness of
absolute integral curvatures.

2.4, The above theorems provide the foundations of a method of
studying M.B.C. by means of approximation by polyhedra. This method
is applied to the study of some fundamental properties of M.B.C. For
instance, we define the area of a polygon P in an M.B.C. as the limit of
the areas of polyhedra regularly convergent to P.

In order to ensure a standard application of this method we have to
supply ourselves with a number of general theorems concerning the
convergence of various magnitudes associated with an M.B.C. and
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figures in it, such as polygons, curves, angles, area, integral geodesic
curvature, etc. In fact, we have such theorems at our disposal.

Suppose, now, we are given a problem concerning M.B.C. Then we
formulate it for polyhedra, and attempt to solve it for them. Polyhedra
being the objects of elementary geometry, the problem reduces to one
of a rather intuitive character. And if we succeed in solving the problem
for polyhedra it only remains for us to apply suitable convergence
theorems in order to obtain the general result. Most of the concrete
results in the theory of M.B.C. have been obtained in this way.

3. Analytic characterization of M.B.C.

3.1. Probably the most important result obtained by means of this
method is the following theorem by Reshetnak (1953). The metric of
each M.B.C. may be determined by means of a line-element of the form

ds® = A(d2? +dy?), (1)

where log A is the difference of two subharmonic functions, and con-
versely, any metric determined by such a line-element, with the same
condition for A, is a metric of bounded curvature.

More exactly the first part of the theorem may be expressed as follows:
Let P be a polygon in an M.B.C., R, homeomorphic to a circle. Then, by
means of a map of P on to a domain D of the xy-plane, one can introduce
in P co-ordinates z, y in such a way that the length of any curve in P
which is the image of a broken line L in D is equal to

s = f J{A(da? + dy?)}. ' (2)
L

And if we put z = z+ 1y, A(x,y) = A(z) is representable by means of the
following formula

logA(z) = —%fplog |z2—&| w(@Ey) + h(z), (3)

where w(E,) is the curvature of the set in P corresponding to K, < D; the
integral is understood in the Lebesgue—Radon sense, and A(z) is a suitably
chosen harmonic function in D. Since w = vt +w0~, o+ > 0, v~ < 0, the
well-known integral representation of subharmonic functions implies
that log A is the difference of two such functions.

This theorem generalizes the well-known fact that the line-element of
a regular surface may always be represented in the conformal form (1)
and A is connected with Gaussian curvature by the formula

AlogA = —2KA. (4)
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If we consider this formula as a Poisson equation for log A we just get
the solution in the form (3) with w(dE,) = KAdEdy.

3.2. Reshetnak’s theorem adds to the two above definitions of an M.B.C.
(i.e. the initial axiomatic one and the constructive one) a third one, the
analytic definition. It opens the way for applications of analytic methods
to the study of M.B.C. But so far nobody has followed this way to any
considerable extent. Almost all results in the theory so far have been
obtained by means of geometric methods.

4. Geometrical methods and some results of the theory of M.B.C.

4.1. There are two geometric methods in the theory of M.B.C., that of
approximation by polyhedra and the other one which I call the method
of cutting and gluing. It is based upon ‘the theorem of gluing’. As a
polyhedron is constructed or glued up of triangles, so, more generally,
an M.B.C. may be constructed of pieces of given M.B.C., for example, of
polygons cut out of any M.B.C., by means of gluing them together along
segments of their boundaries. The possibility of such a construction
under certain conditions imposed upon the boundaries of the glued
pieces is ensured by a theorem which I call the ‘theorem of gluing’.

In the simplest case when the glued pieces are polygons the theorem
reduces to the following statement: Suppose we are given a complex of
polygons cut out of some M.B.C.; suppose the complex is a manifold R
with a boundary (possibly void) and that the identified segments of the
sides of the polygons have equal lengths. Then if we define for any two
points x, y € R the distance as the greatest lower bound of the lengths of
curves joining z,y (the lengths being defined by metrics which are
already given in each polygon) then R turns out to be an M.B.C.

In the case of more general domains than polygons an additional
condition is necessary. It concerns the integral geodesic curvatures of
the boundaries, for these curvatures as segment functions should be of
bounded variation. For instance the conditions are fulfilled provided
we have pieces of regular surfaces bounded by curves with piecewise
continuous geodesic curvature.

4.2, The method of cutting and gluing is as old as geometry itself. The
ancient proofs of Pythagoras’s theorem as well as many other ancient
proofs in elementary geometry consist just in cutting certain figures into
suitable pieces and rearranging, or, let me say, gluing those pieces
together so as to make the statement obvious. We apply just the same
idea to our far more general and abstract figures.
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4.3. In order to show that we do not only have general definitions let
me mention a few results which were obtained by means of our methods
and which were new for regular surfaces as well. I formulate these results
in ordinary terms of differential geometry in order to avoid further
definitions of certain concepts of the general theory.

(1) Consider surfaces S in a space of constant curvature K,,. Let them
be homeomorphic to a circle and have prescribed the perimeter p and
the positive part of their relative curvature, i.e.

f Kds,
K>K,

8 being the area and K the Gaussian curvature. We put the question:
what is the upper bound for the area of such surfaces? The answer is
that it is the area of the circular cone with the same prescribed data
(provided such a cone does exist, which is ensured by a simple condition).

(2) Consider the same surfaces in the same space and suppose they
have non-positiverelative curvature,i.e. K < K, so that for any domain,
w < Ky 8. We ask, once again, about the maximum of the area. The
answer is that the maximum is attained by the surfaces isometric to a
circle with the same perimeter. It is worth mentioning that Reshetnak
succeeded in proving that such an isometric inequality for any small
circle on a surface is not only necessary but also sufficient for the Gaussian
curvature of the surface to be < K,,.

(3) Consider now a curve L on a surface S homeomorphic to a circle.
Let w* be the positive part of the curvature of S, and s and 7 the length
and the integral of the absolute value of the geodesic curvature of the
line L. The following results hold.

(3a) Let wt+7 < 7 and the distance between the ends of L be r.
Then . ’

S Gos Hot+71)’
and the estimation is sharp. The equality is attained in the case of an
isosceles triangle, r being its base and s the sum of two other sides.

(3b) Under the condition wt+7 < 27, the curve L either has no mul-
tiple points and it is necessarily so provided wt+7 < 7, or may be
divided into two branches without such points. In the latter case it
consists of a loop (i.e. a curve without multiple points and with coincident
ends) and of one or two branches each of which has neither multiple
points nor common points with the domain bounded by the loop.

(3¢) Under the same condition wt+7 < 27 the length of the curve

. does not exceed a certain constant which depends on w*+ 7 and the size
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(the diameter, or the perimeter) of the surface. In particular, p being
the perimeter of the surface,

»

§ ——3——, if ot+r<7,
1+cos$(wt+7) wrkTs T

p

§ —+——, if m<owt+7< 27,
= sin H(wt +7) + m

and
These estimations are sharp.

The above theorems are cited as examples of numerous concrete
results that are obtained in our theory. I could give many other ex-
amples, some similar to the above and some of quite different type, but
there is not time.

5. The surfaces which are M.B.C.

5.1. The question arises as to what are the surfaces,in ordinary Euclidean
space B3, which, from the intrinsic point of view, are M.B.C., and
whether or not it is possible to embed any M.B.C., at least locally, in Z3.
According to the beautiful Nash—Kuiper theorem, any Riemannian
manifold allows of such an embedding, and even in the large provided
it is orientable and compact. Any M.B.C. can be approximated by
Riemannian manifolds, and this makes it obvious enough that one can
extend the Nash—Kuiper result to an M.B.C. But the Nash—Kuiper
embedding is too arbitrary, and it does not ensure that deep connection
between the external and the intrinsic properties of the surface which is
characteristic for more regular embeddings of Riemannian manifolds.
The most fundamental of these connections being Gauss’s theorem, we
define a Gaussian embedding as one which preserves the validity of
Gauss’s theorem in at least a suitably generalized form. Thus our problem
congsists in finding Gaussian embeddings.

5.2. Butin order to approach the solution of the problem it is necessary,
at first, to determine and to study the classes of surfaces among which
the realization of a given M.B.C. may be sought. Hence, our first problem
is to determine and to study sufficiently general surfaces which are
M.B.C. from the viewpoint of their intrinsic metric and which allow of
a generalization of Gauss’s theorem. After that the second problem is to
prove, if possible, that an M.B.C., possibly subject to certain additional
conditions, can be realized in K3 as a surface of the given class. The third
problem consists of a deeper study of the dependence of the external
properties of the surface upon the intrinsic ones. In particular there is
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the question concerning the dependence of the degree of regularity of
the surface upon that of its intrinsic metric. The special importance of
the last problem for the general theory consistsin the fact that its positive
solution makes one sure that the solutions of problems of embedding
and bending of surfaces obtained in the scope of general theory give the
solution of corresponding problems in terms of differential geometry
provided the surfaces have sufficiently regular intrinsic metric.

5.3. The surfaces R.D.C. (representable by differences of convex
functions). Asfar as our first problem is concerned, the following results
have been obtained. I studied the surfaces which, at least locally, allow
of a representation by an explicit equation of the form z = f(x, y), where
z, y, z are Cartesian co-ordinates and f is the difference of two convex
functions. In short these are R.D.C. surfaces. Any polyhedron which
allows of a local representation by the equation z = f(z, y), any convex
surface, and any surface with first derivatives subject to the Lipschitz
condition are R.D.C. surfaces. It is not difficult to verify that an R.D.C.
surface can be approximated by regular surfaces with uniformly bounded
absolute curvatures. Therefore, our convergence theorem for M.B.C.
being applied, we see that these surfaces are M.B.C.

To establish the connection between the intrinsic and the external
properties of these surfaces was not so easy. A generalized Gauss’s
theorem exists, but the exact definitions of the spherical image and of
the external curvature require some consideration because of the
absence of either tangent or supporting plane at an arbitrary point.
I will not give such details here.

The connection between the intrinsic and the external geometry is
not exhausted by Gauss’s theorem. For instance, we have an intrinsic
concept of an angle and of a direction of a curve. For R.D.C. surfaces
they prove to be equivalent to the corresponding external concepts.
The existence of an intrinsic direction of a curve at its initial point O
proves to be equivalent to the existence of the ordinary tangent line, and
the angle between two curves proves to be equal to the angle between
their tangents measured on the tangent cone of the surface at the
point O.

5.4. Surfaces with generalized second derivatives. Backelman
has studied the surfaces which allow of a parametric representation
x(u, v), y(u, v), 2(», v) with continuous first derivatives and with general-
ized second derivatives summable by squares. He succeeded in ex-
tending to such surfaces all basic results of ordinary differential geometry
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provided the second derivatives which occur in its formulae are under-
stood as generalized ones.

5.5. Smooth S.B.C. Backelman’s surfaces are not, in general, R.D.C.
Still they are included in a class of surfaces studied by Pogorelov. These
are smooth surfaces with bounded external curvature. The exact
definition is the following. The surface S is supposed to have at each point
a tangent plane which continuously depends upon the point. Therefore
the spherical image is defined. Let now F,, ..., F, be closed sets on &S,
pairwise without common points, and let o(F;) be the areas of their
spherical images. The condition of the boundedness of the external
curvature requires that Xo(F;) be uniformly bounded for all such
systems of closed sets Fj.

First Pogorelov proves that his surfaces are M.B.C. Now as far as
Gauss’s theorem is concerned, there is no difficulty in defining absolute
external curvature as sup Zo(F;). But it proved to be far more difficult
to define curvature with suitable sign and to prove Gauss’s theorem for it.
Pogorelov’s considerations are rather subtle. First he divides the points
of the surface into two classes: the ordinary points and the non-ordinary
ones, the first being characterized by the following property. An ordinary
point 4 has such a neighbourhood U that no point X € U has the same
spherical image as 4. It is proved that the non-ordinary points are in
a certain sense negligible.

The ordinary points are classified according to their indices, i.e.
according to the number and the sense of the circuits of the spherical
image of a closed simple curve surrounding the point. The sign of the
index is ascribed to the point, and the positive part of the curvature is
defined as the area of the spherical image of the set of all positive points,
provided the multiplicity of the spherical image is taken into con-
sideration. The negative part of the curvature is defined similarly. Then
Pogorelov proves that these set-functions are equal to the corresponding
intrinsic magnitudes.

Some additional results are worth mentioning. The surfaces with
everywhere positive curvature are convex, and the surfaces whose
positive and negative curvature both vanish are developable. If a
surface has a locally one-to-one spherical image then it is convex,
provided the spherical map preserves orientation, otherwise it is of
negative curvature.

5.6. Backelman has noted lately that Pogorelov’s proof of the theorem
that his surfaces are M.B.C. does not make use of the smoothness of the
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surfaces and therefore allows of an immediate generalization to the
surfaces with the following property.

Consider a surface 8, and divide it into small pieces ;. Consider the
spherical image of those points of an §; at which S; has a supporting
plane, with the exception of the points which lie upon the boundary of §,.
Let o+(8;) be the area of this spherical image. The condition imposed
upon the surface is: the sums Xo*(S;) are required to be uniformly
bounded for all subdivisions of § into pieces S;. It is obvious that in this
construction we just catch the positive part of the external curvature of
the surface. Hence the surfaces subject to the above condition may be
characterized as the surfaces of bounded positive external curvature,
quite analogously to our definition of M.B.C. where the condition of
boundedness is imposed just upon the positive part of the curvature.

The simple repetition of Pogorelov’s proof for smooth surfaces—for
Pogorelov just makes use of the above construction—leads to the result:
a surface with bounded positive part of the external curvature is an
M.B.C. But up to now this is essentially all that is known about such
surfaces. In particular we have neither a proof of Gauss’s theorem nor
even the definition of curvature for such surfaces. Their study is our
next problem.

I believe that these surfaces form that general class of surfaces among
which we have to expect the local realization of abstract M.B.C. They
include all the above classes of surfaces, such as, for instance, the R.D.C.
surfaces.

6. Embedding problems

6.1. Asfar as the embedding problems are concerned we have no general
results except those for convex surfaces. First of all there is my old
theorem on the embedding of manifolds into a space R%, of constant
curvature K,. In the case of a compact manifold it reads asfollows. Let M
be an M.B.C. homeomorphic to a sphere and let its curvature w for any
domain G be subject to the condition w(G) > K,S(#), S being the area.
Then there exists in B%, a convex surface isometric to M. According to
Pogorelov’s theorem this surface is unique up to a motion or reflection.

6.2. The problem of the regularity of the embedding provided the
metric of M is representable by means of a line-element ds? has been
solved to the following extent. Suppose the coefficients of the line-
element have first derivatives subject to the Lipschitz condition. Then
the surface § is smooth and realizes not only the metric but the line-
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element ds? itself. That is (in the case of Euclidean space) there exists
a parametrization u, v of M such that the vector-function x(u, v) repre-
senting the surface § satisfies the equation dx* = ds%. In other words,
the embedding solves not only the generalized problem but also the
classical problem itself.

The same property of regularity takes place in the small, i.e. for a
convex surface realizing any domain in an M.B.C., provided the cur-
vature is subject to the inequalities:

> %—; > Ky,+¢ (e =const > 0).
6.3. Pogorelov established stronger regularity of a convex surface with
prescribed line-element, provided the latter is at least five times differ-
entiable. Pogorelov’s theorem reads as follows: If the line-element of
a convex surface S in R%, is k+ 1 times (k > 4) differentiable (analytic)
and has curvature K > K, everywhere, then § is k times differentiable
(analytic). The result is valid for any convex surface in a space.

6.4. Notwithstanding their strength, these results seem to me far from
being sufficient. If a line-element is k£ + 1 times differentiable the surface
proves to be k times differentiable (or we have somewhat stronger results
if a Lipschitz condition is implied). But in my theorem above k£ = 1 and
in Pogorelov’s theorem %k > 4. Meanwhile, the ordinary formulae of
differential geometry imply second derivatives, or third ones if we
write the Peterson-Codazzi equations not in an integral but in their
ordinary form. Therefore the most interesting and important problem
consists in finding the minimal conditions which ensure two times or
three times differentiability of the surface. This problem, however, still
remains unsolved.

6.5. Iwould like to mention that Pogorelov succeeded recently in prov-
ing theorems on the embedding of a manifold into a three-dimensional
Riemannian space (the curvature of themanifold being sufficiently great).
The theorem of regularity and that of the uniqueness of theembedding are
also established. A short exposition was published in Vestnik of Lenin-
grad University, 1957, N7, and the full details are given in a booklet
published later by Kharkov University Press.

7. The surfaces with parallel translation of vectors

7.1. As was mentioned at the beginning of my lecture there is a different
approach to the theory of general surfaces based upon the concept of
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parallel translation of a vector. This idea has been recently realized by
Borisov.

The definition of parallel translation was given by Levi-Civita.
Consider a smooth surface S and a line L < § joining the points 4, B.
Take a vector a tangent to S at the point 4. Take, now, successive points
4 =Xy,X,,...,X, = Be L. If we project the vector a onto the tangent
plane P, at the point X, we get a vector a, at X; then project this vector
onto the tangent plane P, at the point X, and so on. At the end we get
a vector a, at the point B. Suppose that the vector a,, tends to a certain
limit b provided the points X, are taken to be more and more dense
upon the line L. Then we say that b is the result of parallel translation
of a along the curve L.

This is the external definition of parallel translation by means of
projections. A somewhat different definition may be given when, instead
of projecting a vector from one tangent plane P, onto another one P, ,,,
we revolve the first plane P, around the line of intersection of P, and P,
and transfer in this way a vector given in P, into the plane P, ;. This
operation being applied, we have parallel translation by the development
of tangent planes.

Both definitions are equivalent for regular curves on regular surfaces,
but, in general, they are not. Borisov has proved the following simple
theorem which seems to be the more interesting because of the simplicity
of its result. The lengths of vectors a, converge to a certain limit, pro-
vided we use the projection, if and only if the curve has the following
property. The sum of the squares of the angles between the normals to
the surface at the successive points X, ..., X, tends to zero when the
points are distributed more and more densely on the curve. If the curve
has such a property the parallel translation along it is unique for any
vector, i.e. not only the lengths of the vectors a,,, but the vectors them-
selves with their directions have a definite limit. Under the same con-
dition for the curve the parallel translation by developing of tangent
planes is unique also, and gives the same result. But the converse state-
ment is not true, which shows, in particular, that the two definitions of
parallel translations are not equivalent.

In the following we understand by a parallel translation the operation
defined by means of projections.

7.2. Borisov proves, further, that the uniform convergence of the
parallel translation on a compact set of rectifiable curves (on a given
surface) is equivalent to the condition that 62/p — 0 uniformly as p — 0,

2 . TP
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p being the distance between any two points and & the angle between the
normals at them.

Borisov studies the surfaces subject to this condition. First of all he
proves that the parallel translation has an intrinsic meaning. Its in-
trinsic definition may be given for Borisov’s surfaces as follows. A vector
a is translated along a geodesic, i.e. the shortest line, if the angle between
the vector and the line remains unchanged. The translation along a
curve is defined by means of parallel translation along inscribed geodesic
broken lines with the natural passage to the limit. Borisov proves that
this intrinsic parallel translation is defined for any rectifiable curve and
is equivalent to the external parallel translation as it has been defined
above.

It is necessary to note that this is not so very simple, for we must have,
at first, an intrinsic co-ordinate-free, purely metric definition of a vector
in the surface and of the angle between the vector and the shortest line.
These definitions are based upon a concept of angle which is somewhat
more general than that used in the theory of M.B.C. Two curves are
said to have the same direction at a point O if the angle between them is
equal to zero. The concept of a direction being thus introduced, we have
immediately the concept of a vector.

We shall not mention Borisov’s other results with the exception of the
Gauss—Bonnet theorem. Borisov proves that for any domain @ with
rectifiable boundary L homeomorphic to a circle and having spherical
image within a hemisphere the Gauss-Bonnet formula holds. The
rotation of a vector under parallel translation along L is equal to the
area of the spherical image of G’ defined as a certain curvilinear integral
along the spherical image of L. This result seems to me the more inter-
esting in that Borisov’s surfaces are not, generally speaking, manifolds
of bounded curvature, so that their curvature is not a totally additive
set-function.



19

ON SOME MATHEMATICAL PROBLEMS
OF QUANTUM FIELD THEORY

By N. N. BOGOLYUBOV AND V. S. VLADIMIROV

In this talk, which has been prepared by Vladimirov and myself, I shall
be concerned with some mathematical problems, which arose in con-
nection with the quantum field theory.

In our opinion, modern quantum field theory is of great interest for
mathematics as a source of new mathematical ideas. Already the usual,
non-relativistic, quantum mechanics has essentially influenced the
development of a new branch of mathematics—the theory of generalized
functions or distributions. Itissufficient to mention that the well-known
delta-functions were first introduced by Dirac in his quantum mechanical
investigations, and that he actually made use of the notion of the im-
proper, or weak, transition to the limit as the way of defining such
functions.

In dealing with these functions, physicists did not focus appropriate
attention on the question of rigorous mathematical foundation of their
arguments. Because of such a lack of mathematical ‘rules of behaviour’
mathematicians were for a long time very sceptical as to the possibility
of introducing the concept of delta functions, and of analogous non-
conventional functions, into their world.

Now, however, after the work of Sobolev¥ and Schwartz[! the
theory of generalized functions has become a fully recognized mathe-
matical theory. Its applications to other branches of mathematics
are still expanding. Quantum field theory deals with generalized
functions which in Schwartz’s terminology are called tempered dis-
tributions.

Let us explain here briefly what these generalized functions are.
A theoretical physicist would say something like this—the singular or
generalized functions are defined merely by prescribing the rules for
integrating them with sufficiently regular functions. Unlike ordinary
conventional functions they are not characterized by giving their values
for different values of their arguments.

Let us now formalize this intuitive way of presentation and formulate
one of many possible rigorous definitions. Consider Schwartz’s space S
of infinitely differentiable functions F(z); z = («, ..., %,), such that F(x)
and any of its partial derivatives decrease at infinity more rapidly than

2-2
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any power of 1/|x|. Consider linear functionals L(F) in this space and
introduce a convention of representing them in the form

L(F) = fK(x) F(x)dz.

Then the K(x) are called generalized functions. The generalized functions
introduced in such a way possess many very convenient properties.
For example, they can be infinitely differentiated; they always have
Fourier transforms and so on. But all this good behaviour disappears
when we try to perform non-linear operations on them.

Even such an apparently elementary operation as the multiplication
of two generalized functions is, in general, meaningless. We wish to
stress that this fact is very closely connected with the appearance of the
so-called ‘divergences’ in quantum field theory. Let us make only a
few remarks on this subject. The main problem of the theory is to deter-
mine the scattering matrix S, the elements of which may be used to
calculate the probabilities of different processes occurring in particle
collisions. For the determination of the S-matrix its elements are usually
expanded into the perturbation theory series in a small parameter
characterizing the interaction strength.

In the case of electrodynamics this parameter can actually be con-
sidered as small (it is equal to 1/137) and therefore perturbation theory
was first applied in detail to the problems of quantum electrodynamics.
Asis well known, in quantum field theory the nth term of the expansion
of the S-matrix may be represented as an integral of the so-called time-

ordered product T{L () ... L (x,)}.

Here x = (29,21, 2%, 28), 20 is the time, #(x) is the operator representing
the interaction Lagrangian.

A purely formal ‘definition’ of the time-ordered product is the fol-
lowing: it is the product of the operators ordered with the time increasing
from right to left. The explicit form for any matrix element of such an
expression leads to products of the type

90z, —x;), (1)
where 2©)(x) are generalized functions defined by integral representations
of the form 20() = 2 ( gl ) f iz ap @

ox) | p2—m2 "

Here # (0/ox) is a certain polynomial, the integrals are taken over the
whole 4-space of the momentum variables p = (p°, p, p2, p?), and

pP=(p%%*— X (p%)?% px=p%2°— 3 pa=
1<a<3 1<a<3
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By formally evaluating the expressions involving the products (1) by
means of Fourier transforms, we are led to the well-known divergences
due to the insufficiently rapid decrease of the integrands with increase
of p.

In quantum field theory a special subtraction formalism has been
developed by means of which the divergences from every expansion
term of the S-matrix can be removed. In fundamental papers by Dyson#
and Salam!® a rather general form was given to this technique, which
however still had the form of a recipe, as in the corresponding considera-
tions one had to deal with meaningless divergent expressions. An inter-
esting property of the products of type (1) was noticed by Parasiuk!®.

In trying to attach some meaning to them, Parasiuk has considered
the approximating sequences of regular functions 2{)(x), which tend
to 29(x) as M — oo in the improper sense. It turned out that the

product N2, ;)

does not have, in general, even an improper limit; such a limit exists,
however, in a more restricted sense. In fact, if one introduces a more
restrictive definition of the local improper limit in the space of points
(g, ...,%,) excluding the possibility of any pair of arguments x;, x;
coinciding, then this limit exists. More exactly, this limit exists on the
subspace of those trial functions which, together with their partial
derivatives, vanish for coinciding arguments. Thus the problem of com-
pleting the definition of the product (1) is reduced to that of extending
the linear continuous functional defined at first only on the above-
mentioned subspace to the whole space of trial functions.

This problem is not as arbitrary as it might seem at first sight. This is
due to the fact that the extension must be done in such a way as not to
violate the basic physical requirements for the S-matrix, i.e. the most
general conditions such as covariance, unitarity and causality. These
physical conditions have been formulated mathematically, in ¥, in the
form of relations to be satisfied by the terms of the S-matrix expansion.

The problem of extending the notion of product, taking account of
the above conditions, has been solved in a paper written together with
Parasiuk!™. The resulting algorithm turned out, in fact, to be essentially
equivalent to the Dyson—Salam subtraction procedure. It should be
emphasized that the problem of removing the divergences was solved
only in the framework of perturbation theory. The convergence of the
perturbation theory series itself is not yet proved. Moreover, some
rather convincing arguments for its divergence have been put forward.
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Leaving aside these more delicate questions, we will turn our attention
to more outstanding features. It was convenient to speak about the
small parameter in quantum electrodynamics, when investigating the
interaction of electrons with photons. However, for strong interactions,
e.g. nucleon-meson interaction, the corresponding parameter character-
izing the interaction strength equals approximately 15. Therefore, it is
quite hopeless to obtain even an asymptotic approximation by means of
only a few terms of the perturbation theory series. As for the problem of
the regularization of exact equations in quantum field theory, it is still
rather far from its solution. In particular, it becomes necessary to define
the multiplication of generalized functions of more general type than (2).
This circumstance determines the great interest of any attempts to go
beyond the framework of perturbation theory.

Recently a new trend characterized by an interesting and profound
approach has appeared. Independently of any special variety of meson
theory, these investigations start only from the most fundamental
hypotheses of present-day quantum field theory such as covariance,
unitarity and causality of the scattering matrix, and the properties of
the energy spectrum. As a result of these investigations various so-called
dispersion relationst have been obtained between quantities which can
be determined from the scattering experiments.

Dispersion relations, therefore, can be experimentally verified. There
are no indications yet that they contradict experimental facts. But the
experimental investigations become more and more exact. Let usimagine
the situation which would arise if it were shown that some dispersion
relations are not fulfilled. This would mean that the most fundamental
hypotheses of present-day theory need a radical reconsideration, since
only they are taken into account in the derivation of the dispersion
" relations. In this connection it is quite understandable that great
attention is being paid to the question of a rigorous proof of the disper-
sion relations. One must be sure that the violation of dispersion relations
implies, in fact, the incorrectness of the basic axioms of the present-day
theory.

Moreover, it became clear recently that the dispersion relations are a
rather effective means for obtaining information on the interactions of
elementary particles. They may also be used to obtain approximate
equations for the determination of the probabilities of different collision
processes which occur at not too high energies.

The dispersion relations are exact integral relations between the real

1 Cf. 18], where further references are contained.
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and imaginary parts of matrix elements of the scattering matrix. The
principal means for obtaining dispersion relations is Cauchy’s theorem,
for the application of which it is necessary to know the analyticity
properties of the matrix elements in their complex arguments. Since the
matrix elements are generalized functions, the problem of analytical
extension of generalized functions arises.

In order to explain this, let us simplify somewhat the real situation.
Suppose that two generalized functions f,(f) and f,(¢) of one variable ¢
are given, and that in virtue of the causality conditions f,(f) vanishes for
t < 0 (retarded function) and f,(¢) vanishes for ¢ > 0 (advanced function).
Then it is clear that their Fourier transforms f,(£) and f,(F) admit
analytic extension into the upper or lower half-planes, respectively. Now
we make use of the so-called energy-spectrum condition, mathematically
expressed as the coincidence of the functions fj(#) (j = r, @) in the energy
range |E| < u. From this condition follows the existence of a single
analytic function f(z) holomorphic throughout the plane of the complex
variable z, except for the cut

—oo <Rezg—u, p<Rez< oo, Imz=0.

Since f;(t) are generalized functions, the function f(z) so constructed is
bounded polynomially (cf. ) in the domain where

[Imz| > 6 > 0.

Denoting by n the degree of the majorant polynomial and applying
Cauchy’s theorem with an approximate contour of integration one may
obtain the integral representation for the function f{(z),

@By r (% ) -LEY]
f&="55 (f_m+];)(Eu_@(Eu_E&deE

+ 5 O e~ B,
k=0":

where |E)| < u. Passing to the real axis we may easily obtain the
required dispersion relation.

Of course, the real situation is much more complicated, because the
matrix elements depend upon many variables. So, for instance, for
functions #,(x) and % (x) dependent upon one four-vector

x = (29, 21, 2%, 23)
and vanishing outside the advanced (x 2 0) and retarded (xz < 0) light-

cones respectively we come across the following difficulty. In order to
carry out the above scheme for obtaining dispersion relations applicable
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to this case, it is necessary to establish the analyticity properties of
the functions

Z(E,e) = fexp [{(Bad— {E%— u2} ex)] F;(x)dz, |e| =1, (j =r,a)

in the complex domain of the energy variable E. ®)

It can be seen, however, from the given formula that these functions
may be analytically extended into the corresponding half-planes only
under the non-physical condition x2? < 0.f Moreover, the expressions
(3) themselves are defined only on two intervals of the real axis

—o<B<—-—p p<B<oo.

For the analytical extension of these functions we must resort to
complicated artificial methods. A welcome circumstance is the so-called
energy-spectrum condition according to which the functions %;(p)
coincide in a certain domain of the momentum variables.

A general purely mathematical problem which arises here belongs to
the following type. In the space of n four-vectors (xy, ..., %,) generalized
functions &;(;, ..., ,) are given which vanish outside the corresponding
combinations of the retarded and advanced light-cones. Let, further,
their Fourier transforms %(p,, ..., p,) coincide in a certain domain ¥,
of the momentum variables (py, ..., p,).- The question is whether there
exists in the space of 4n complex variables

2= (29, ’zn) = (P1+":Q1, "'>pn+iQn)

a function % (z) holomorphic in a certain domain ¢ and coinciding for
real z from the domain %, with the functions %;(p,, ...,p,). Since the
actual form of the functions #;is unknown, the intersection of all such
domains is of interest (if, of course, it is not empty).

We understand by analytical extension of the generalized function
f(p) from the real domain %, into the complex domain % a holomorphic
function f(p + 4¢) in the domain % which possesses the properties:

(1) for every fixed ¢ the function f(p+1q) is a generalized function
with respect to p, for those p for which p +1iq € ¥;

(2) f(p+1iq) is convergent in the improper sense in the domain %, to
f(p) if ¢ - 0. This means that for any trial function ¢(p) the support of
which is confined to %, the limit

ff<p+iq> $(p)dp > ff(p)szs(p) ap

1 In connection with this let us note the investigations by Schwartz!19! and Lions[1],
where the association between the support of the generalized function and the analy-
ticity properties of its Laplace transformation has been studied.
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for ¢ — 0 exists. Thus, we see that the questions under consideration are
concentrated on two intensively developing branches of mathematics—
the theory of generalized functions and that of functions of several
complex variables.

Let us give some definite results, which apart from their own interest
may play the role of lemmas in the consideration of more complicated
cases. We point out first an important theorem of the so-called ‘edge of
the wedge theorem’ type.

Theorem 1. Let %, (x) and %, () be two generalized functions which
vanish outside the advanced and retarded light-cones respectively. Let
their Fourier transforms £;(p) (j =r,a) coincide in the domain %,.
Then there exists a function % (z) of four complex variables

z = (20,21,22%,23)

holomorphic in a domain ¢, the real section of which is ¢,,. This function
is such that for all real z = p in %,
F(p) = Z,(p) = Fu(p)-

The theorem stated above follows directly from the theorem proved
in 1956 by one of the authors of this report (¥, Mathematical Appendix).
This theorem states:

Let the functions F(x) (j = r, a) possess the retarded and advanced
properties respectively and let their Fourier transforms coincide in a
sphere of radius 7 with centre at the origin. Then there exists a simultan-
eous analytical extension #(z) of the functions 4;(p) into the domain

|zo| < 0-187, |z| < 0-187. (4)

Furthermore, for sufficiently large indices » and ¢ one may construct
the ‘universal’ functions H(z, p) with the properties:

(@) Hy(z,p) as a function of p belongs to the class C(r,q; 4) (cf. )
while as a function of z it is holomorphic in the domain (4).

(d) In the domain (4) £ (z) admits the integral representation

F@) = 3 | F(p) Bz p)dp. (5)

j=r,a
We outline briefly a scheme for proving the last theorem. Introducing
the cut-off factor —ex2 — ex? into the exponent we define the ‘smoothed’
Fourier transforms £;(z,€) which are entire analytic functions of 2z
and construct the function

Z(2,€)—T(2,¢) (Imz, > 0),
F(2,€) =
{ﬁa(z, €)—T(z,€) (Imz, < 0),
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1 (B Z,(t,2,6)— Lolt, Z,€)
e = 2_7”f -R t—2 de.

This function is holomorphic inside the circle of radius R.

Further, a set of z is defined for which 7'(z, €) tends uniformly to zero
if e > + 0. Making use of these facts and applying Cauchy’s theorem we
determine the domain of uniform convergence of the function Z#(z,e¢)
for € - + 0 to the analytical function £ (z). At the same time formula (5)
is obtained.

Later Theorem 1 was proved anew by Bremermann, Oehme and
Taylor'? using other methods where the analogous theorem was called
the ‘edge of the wedge theorem’; a third proof was given by Jost and
LehmannD3l, It should be emphasized that there are at least three
methods of proving the theorems such as Theorem 1 and its various
generalizations and modifications.

(1) The method of the theory of generalized functions using different
ways of parametrization. The basic ideas of this method in its simplest
form have been illustrated by the scheme of the proof of Theorem 1 given
above. This method was further developed and improved in our
papers1415,16],

(2) The method of Bremermann, Oehme and Taylor {2 in which the
basis for the proofs is the theory of functions of several complex variables:
the expansion in series and construction of the envelope of holomorphy
of domains. By an envelope of holomorphy of the domain % (cf., for
instance, Bochner and Martin7, chap. 1v) we understand the inter-
section of the domains of holomorphy of all functions which are holo-
morphic in 4. If the envelope of holomorphy of the domain coincides
with the domain itself, then we shall call this domain a domain of
holomorphy.

(3) The method of Jost and Lehmann®, which was later developed
and improved by Dyson!®, the basis of which is the construction of an
integral representation for generalized functions the Fourier transforms
of which vanish outside the light-cone, whereas the functions themselves
vanish in a given region of the type

where

a—y(p?+0%) < p° < \/(P*+¢?) —a. (6)

Let us review Dyson’s considerations. Let the function f(z) vanish
outside the light-cone. Then the function f(p) admits a representation

f(p) = #(0°, 9", 2% 9 0,0) = Z(p), (7)



PROBLEMS OF QUANTUM FIELD THEORY 27

where £ (p) is a function of six variables p = (p% pl, ..., p®) satisfying
the six-dimensional wave equation

Dsﬁ(p) = 0.

Tjsing the representation of a solution of the wave equation and taking
into account (7) we obtain the representation for the function f(p),

i = [a=] #0). o0-p)], 0

where the integration is made over an arbitrary space-like surface in
the six-dimensional space, and where 9(p) is the odd invariant function
in the six-dimensional space

D(p) = 5 560" &' (2?).

To satisfy the condition that f(p) vanishes in the region (6) a corre-
sponding space-like surface is chosen in representation (8) (from the
so-called admissible hyperboloids in the six-dimensional space). This
leads to the final representation

J(p) = f dyu f A2 &0 — ) BT(p — ) — k2] P, ), (9)

where the function ¥ (u, k%) vanishes everywhere except for those (u, k)
which lie in a domain defined uniquely by the parameters a, b and c.
We shall not write out the particular form of this domain. One can
find the details in the original paper by Dyson[8l.

Representation (9) is unique. The inverse statement also holds: any
function represented in the form (9) vanishes in the region (6), whereas
its Fourier-transform vanishes outside the light-cone.

Let us give some examples of the particular evaluation of the domains
% under different assumptions about the domains %,

(1) Let %, be a slab |p°| < m. Then ¥ is a set of points z = p+ig
satisfying the inequality®

la] < [Tm {(po +igo)2 — m?}H]. (10)

This result has been obtained also in the paper™?. It was proved that

the domain (10) does not admit further analytical extension, i.e. it is a

domain of holomorphy. The proof is based on the construction of the
envelope of holomorphy of the domains of the special form:

[p+ig:p°+ig® € B, |q| < ¥ (Do 20); [P| < 0], (11)

the so-called semitubes. In Bremermann’s paper™® it was proved that
the envelope of holomorphy of the semitube (11) is a domain of the same
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form where the function ¥~ is to be replaced by its smallest super-
harmonic majorant.
(2) Let ¢, be the exterior of the hyperboloid

(p°)? <p*+m (mZ0).

Then % is the whole space with the exception of the points at infinity and
the analytical hypersurface

(2= (22— @ =p (max(0,m) <p < ).

Therefore, further analytical extension of the domain obtained is
impossible (cf. Behnke and Thullen!®). Moreover, the function £(z)
admits the representation

F(2) = ZP4(2) $i{(2°)* — (21)* — (2*)* — (2*)%%, (12)
where the sum has a finite number of terms. In the representation (12)
Z,(2) are polynomials, while the functions ¢,(w) are bounded poly-
nomially. For m > 0, this result may also be obtained using the Jost—
Lehmann—Dyson method if we put in (6) @ = 0, b% = ¢% = m.
(3) If %, is the domain

—(y1P2+ 02t < PO < e+ (v, P2+ 82 (7, 0),

then the domain % is a set of points p +¢g satisfying the conditions:
either ¢ > 0O or ¢2 < 0

—{r1ex(|P| =] +o2E+g] < p° < ¢+ {veea(|P| — g]) + 632 —|q],
where e,(£§) = £2 if £ > 0 and e,(§) = 0 if £ < 0. In this example the
domain ¥ is, in fact, wider but is defined by more complicated conditions
(cf. for example, papers 14 and 16]),

These results enable one to prove the following theorem which is the
basic one for proving the dispersion relations for elastic particle
scattering.

Theorem 2. Let four generalized functions

%i(xb Ty, X3, %) (1,5 =1, 0),
of four 4-vectors be given, invariant with respect to the transformations

of the inhomogeneous orthochronous Lorentz group. Suppose that these
generalized functions satisfy the following conditions:

F,=0, if 2,523 or z, 5w,
Fr=0, if 2, S2; or z, 2,
Fo=0, if ,2x; or z, <y

F =
Foa =0, if x1>x3 or x, X %,
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Suppose, further, that their Fourier transforms

3%1‘3‘(?1’1’2,1’3’174)
defined, evidently, on a manifold

. P1+DPe+Ps+py =0 (13)
satisfy the conditions:
Fj=Fopy A P} < (M+p)? and pi<y®  (j=ra);
P =Fio i pi < (M+p)? and pi <y® (i=r,0);

Fisj=0, i (pr+p)* < (A+p) or  p+pi<0 (G,j=r,0).
We suppose that v>1, M+pu>=yu.
Let V and 7, be any fixed numbers satisfying the inequalities
V<ro<p? 702 —p2M+p)
Then there exist a sufficiently small positive number p and a generalized
funection
P21, 25, -5 %5 £)
of the real variable £ with the properties:
(1) P(zy, ...,2; &) is analytic with respect to (2y,...,2;) in the domain
|2g— A2 < p, |zo— M| <p, |ea—7|<p, |7—7|< p,} 19)
|z5+4A2| < p/é,
where the real parameters 7 and A? independently vary in the intervals
V<r< 0< A2 2(1——’“2—_—3’—)—7 (15)
STST OSAP<y\l-g i) T
(2) P2y -eer2558) = 0if & < (M +p)2.
(3) Forreal (py, ..., p,) from the manifold (13) for which the quantities
z=pF 1=1,...,4), 2z =(p+p)% &= (P1+Ds)?
satisfy the inequalities (14) and pY+p3 > 0 we have a representation
of the form
. Fii(D1s - Pa) = 0L D3, 3, D, (P1+ D)% (P1+D23)%]

The upper limit for A2 in (15) may be increased. To do this we have
to turn our attention to the numerical solution of a system of three
algebraic equations with three unknowns (cf. the details in['®!). So, for
instance, for meson-nucleon scattering (y = 3, 7o = u?, A = Tu) for-
mula (15) yields A% < 2, (16)
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while the numerical calculation gives
A? < 2:56p2.

The estimate (16) has been obtained also in the paper by Bremermann,
Oehme and Taylor using the above-mentioned semitube method. In
this paper attention is drawn to the fact that the interval (16) may be
extended by means of further analytical extension.

Recently Lehmann obtained the result!

824 +p ,

2 _ 2
A <32,//{—-,u’“ 3u2,

using the method of the Jost—Lehmann~Dyson integral representations.
This result was also given in a footnote in 112

The examples given by Bremermann ef al.l'? show that an arbitrary
increase of the upper limit for A2 in Theorem 2 is impossible. Thus, for
instance, a theorem of the type of Theorem 2 for nucleon-nucleon
scattering may be proved only for the non-physical mass ratio

p> (2=1)4, (17)

if one takes into consideration only the causality conditions and spec-
trum. However, there exist also the symmetry conditions of the Green
functions. It is an open question whether these conditions make further
extension possible or not. At any rate, for the nucleon vertex function
the example given by Jost®? shows that even the use of the symmetry
conditions does not provide any dispersion relations if

2
B< (ﬁ - 1) M
which is actually satisfied for real magss ratios.

In conclusion, let us dwell upon the papers devoted to the study of the
analyticity properties of the vacuum expectation values of scalar fields.
In Killén and Wightman’s paper!?¥ were established those analyticity
properties of the vacuum expectation values of three scalar fields

FAB(x—x' 0" —x") = (0| (x) B(x") € (x")| 0),

which are due to local commutativity, the spectrum properties and
Lorentz invariance. It was found that all six different vacuum expecta-
tion values which may be obtained by the commutation of three operators
o (x), #(x') and €(x") are the boundary values of the same analytical
function of three complex variables the domain of holomorphy of which
appears to be limited by seven analytical hypersurfaces. It was proved
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that further analytical extension of the domain obtained is impossible
if only the above-mentioned properties are used. The methods employed
in the theory of functions of several complex variables, particularly the
analytical extensions, are widely used in the proofs of this paper. More-
over, the Bargmann—Hall-Wightman theorem!¥ is essentially used.
It states:

Let f, a function of n complex four-vectors z,, ...,%,, be analytic in

the tube )
- <Rez; <0, Imz}>|Imz;| (j=1,...,n) (18)

and invariant with respect to the homogeneous orthochronous Lorentz
group. Then fis a function of only the scalar products z;2, (4, k = 1, ..., n).

~This function is analytic on the complex manifold of the corresponding
scalar products, when (24, ..., 2,) vary over the domain (18).

It is interesting to note that, though domain (18) does not contain any
real point, Lorentz invariance implies analyticity in a certain region of
the real points. In fact, as Jost has shown!®, this region consists of
points (zy, ..., z,) possessing the following property: any convex domain
of the form

£= %Akxlc (Ak >0, %Ak= 1)
k=1 k=1

consists entirely of space-like vectors. The example constructed by
Jost in!25 shows that this domain cannot be extended without additional
assumptions.

The results given play an essential role in establishing the connection
between the analyticity properties of the vacuum expectation values
and the principal hypotheses of the theory (cf. Wightman 26, Dyson[27
and the papers mentioned above by Killén and Wightman 2%, Hall and
Wightman?4 and Jost[25).
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SUR LES FONCTIONS DE PLUSIEURS
VARIABLES COMPLEXES:
LES ESPACES ANALYTIQUES

Par HENRI CARTAN

Je voudrais résumer ici quelques résultats obtenus depuis trois ou quatre
ans dans la théorie des espaces analytiques.

1. Notions préliminaires

Les fonctions analytiques de plusieurs variables complexes n’ont été
étudiées, pendant longtemps, que dans les ouverts des espacesnumériques
Cn (G» désigne 1’espace dont les points ont pour coordonnées n nombres
complexes). A une époque relativement récente on a abordé 1’étude
systématique des variétés analytiques (complexes); la notion de variété
analytique est aujourd’hui familiére & tous les mathématiciens. En gros,
une variété analytique de dimension (complexe) n est un espace topo-
logique séparé, au voisinage de chaque point duquel on s’est donné un
ou plusieurs systémes de ‘coordonnées locales’ (complexes), en nombre
égal & n, le passage d’un systéme de coordonnées locales & un autre
g’effectuant par des transformations holomorphes. Pour tout ouvert
U d’une variété analytique X, on a la notion de fonction holomorphe dans
U (f est holomorphe dans U si, au voisinage de chaque point de U,
f peut s’exprimer comme fonction holomorphe des coordonnées locales);
les fonctions holomorphes dans U forment un anneau s#(U). Notons
que la notion de fonetion holomorphe a un caractére local: pour qu’une
f continue dans U soit holomorphe dans U, il faut et il suffit que la
restriction f; de f & chacun des ouverts U; d’un recouvrement ouvert de
U soit holomorphe dans U,. Ceci conduit & considérer, en chaque point
xz € X, Panneau £, des ‘germes’ de fonctions holomorphes au point x
(anneau qui est la limite inductive des anneaux 3£ (U)relatifs aux ouverts
U contenant z). La connaissance, pour chaque point z € X, de I’anneau
#,, détermine entiérement la structure de variété analytique de X.
D’une fagon précise, supposons donné, pour chaque point 2 d’un espace
topologique séparé X, un sous-anneau £, de ’anneau des germes de
fonctions continues (& valeurs complexes) au point x (nous dirons alors
que X est un espace annelé); pour qu’il existe sur X une structure de
variété analytique de dimension n telle que, pour chaque z, 5%, soit

3 TP
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précisément ’anneau des germes de fonctions holomorphes au point z,
il faut et il suffit que X puisse étre recouvert par des ouverts U, jouissant
de la propriété suivante: il existe un homéomorphisme ¢, de U; sur un
ouvert 4; de G*, de maniére que, pour chaque point z € U, ’homéo-
morphisme ¢, transporte I'anneau 5, sur l’anneau des germes de
fonctions holomorphes au point ¢,(z) de I’espace C*. Cette condition
exprime, en somme, que ¢; définit un isomorphisme de U;, comme espace
annelé, sur 'ouvert 4; muni de sa structure naturelle d’espace annelé.
Ainsi les ouverts de C®, munis de leur structure naturelle d’espace
annelé, constituent des modéles locaux pour les variétés analytiques de
dimension ».

Mais la notion de variété analytique n’est pas suffisamment générale.
Prenons un exemple: une variété algébrique, plongée sans singularité
dans un espace projectif complexe, peut bien étre considérée comme une
variété analytique; mais une variété algébrique plongée avec singularités
dans un espace projectif ne peut pas rentrer dans le cadre trop étroit des
variétés analytiques. Cet exemple suggére la nécessité d’élargir la
notion de variété analytique, et explique pourquoila notion plus générale
d’‘espaceanalytique’arécemment acquisdroit de cité en Mathématiques.
Les espaces analytiques sont, en quelque sorte, des variétés analytiques
pouvant admettre certaines singularités internes. Etant donné 1'im-
portance qu’a prise récemment la notion d’espace analytique, nous
allons entrer dans quelques détails.

2. Sous-ensembles analytiques

On va utiliser une catégorie de ‘modéles’ plus étendue que la caté-
gorie des ouverts de C*. Avant de la définir avec précision, il nous faut
rappeler une définition et quelques. résultats classiques. Soit 4 un
ouvert de C*; on dit qu’une partie M de 4 est un sous-ensemble analytique
de 4 si M est fermé dans 4 et si, pour chaque point x € M, il existe un
ouvert U contenant x et contenu dans 4, et un systéme fini de fonctions
f; holomorphes dans U, de telle maniére que M n U soit exactement
P’ensemble des points de U ol s’annulent simultanément les fonetions f;;
en bref, un sous-ensemble analytique de 4 est un sous-ensemble fermé
qui, au voisinage de chacun de ses points, peut se définir par des équa-
tions holomorphes. La structure locale des ensembles analytiques est
bien connue depuis Weierstrass;} si « est un point d’un ensemble analy-
tique M, M est, au voisinage de x, réunion d’un nombre fini d’ensembles
analytiques M; dont chacun est ‘irréductible’ au point z, et les M sont

1 Voir par exemple [%7), et [, Exposé 14.
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entiérement déterminés au point de vue local: si 'on a deux décom-
positions de M en composantes irréductibles au point z, ces deux décom-
positions coincident, & I’ordre prés, dans un voisinage assez petit de x.
De plus, on peut donner une description locale d’un ensemble analytique
M irréductible au point x: il est possible de choisir, au voisinage de x,
des coordonnées locales z;,...,x, dans l’espace ambiant, nulles au
point z, et un entier p < n, de maniére que soient vérifiées les conditions
suivantes. L’application f de M dans C? définie par

(@ oees ) = (@4, 0005 2p)

est ce qu’on appelle un ‘revétement ramifié’ de degré £ au voisinage de x:
cela veut dire que f applique tout voisinage assez petit de x dans M sur
un voisinage de 0 dans C?, et que ’image réciproque d’un point de C?
assez voisin de 0 se compose ‘en général’ de k points distincts de M
(voisins de x), et posséde en tout cas au plus & points; ’entier p s’appelle
la dimension (complexe) de M au point z (et en fait, la dimension topo-
logique de M, au voisinage de z, est égale & 2p). D’une fagon plus précise,
il est possible d’exclure de C?, au voisinage de 0, un sous-ensemble
analytique R dont toutes les composantes irréductibles en 0 sont de
dimension < p, de maniére que la restriction de f & M — f~1(R) fasse de
M —f~Y(R) un revétement (véritable) & k feuillets de C? — R, du moins
dans des voisinages assez petits de x € M et de 0 € CP. Les coordonnées
de chacun des & points de M — f—1(R) que f transforme en un point donné
(4, ..., 2,) sont des fonctions holomorphes de x,,...,x,. On voit que
M —f-1(R) est, au voisinage de chacun de ses points, une sous-variété
analytique (sans singularités) de dimension p dans l’espace ambiant
Cr; de plus cette variété est connexe: d’une fagon précise, il existe un
systéme fondamental de voisinages ouverts de #, dans I’espace ambiant,
qui coupent M —f~!(R) suivant un ensemble connexe.

Soit M un sous-ensemble analytique au voisinage d’un point z € C*;
nous avons dit que M est réunion, au voisinage de , de ses composantes
irréductibles au point x. On dit que M est de dimension < p au point
x si toutes les composantes irréductibles de M au point x ont une
dimension <p; et 'on dit que M est purement p-dimensionnel au point
z si toutes les composantes de M au point = ont la dimension p.

Soit & nouveau M un sous-ensemble analytique d’un ouvert 4 = C»,
On dit que M est de dimension < p si M est de dimension < p en chacun
de ses points; et que M est purement p-dimensionnel si M est purement
p-dimensionnel en chacun de ses points. Un point « € M est dit régulier
si M est, au voisinage de ce point, une sous-variété de I’espace ambiant;

3-2
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P’ensemble des points réguliers de M est ouvert dans M et dense dans M,
et I’ensemble des points non-réguliers, ou singuliers, de M, est un sous-
ensemble analytique.t Si M est purement p-dimensionnel, I’ensemble des
points réguliers de M est une sous-variété de dimension p en chacun de
ses points, et I’ensemble des points singuliers de M est un sous-ensemble
analytique de dimension <p—1.

Tout cela est bien classique. Mais un résultat récent de Lelong!®,
dont de Rham®3! vient de donner une autre démonstration, concerne
Pintégration des formes différentielles sur les sous-ensembles analytiques
et fournit une information précieuse sur la nature des singularités d’un
tel ensemble. Soit M un sous-ensemble analytique purement p-dimen-
sionnel d’un ouvert A = G?; soit M’ 'ouvert de M formé des points
réguliers de M ; il est bien connu que, au voisinage de chaque point de
M—M', M' est de volume (2p)-dimensionnel fini, et par suite toute
forme différentielle w de degré 2p, définie dans 4 et & support compact,
posséde une intégrale f w étendue & M’'. Ainsi M définit un courant de
dimension 2p dans 'ouvert 4. Lelong et de Rham montrent que ce
courant est fermé; cela revient & dire que, pour toute forme différentielle
w de degré 2p — 1, & support compact, 'intégrale f dw étendue & M’ est
nulle (ce résultat vaut si la forme w est de classe C'). Ce théoréme
exprime, en somme, que ’ensemble M — M’ des points singuliers de M
est négligeable comme courant de dimension (réelle) 2p —1; on savait
seulement que sa dimension comme espace topologique est < 2p—2.

3. Espaces analytiques

Etant maintenant un peu familiarisés avec les sous-ensembles analy-
tiques, nous pouvonsaborderla définition générale d unespaceanalytique.f
Soit M un sous-ensemble analytique d’un ouvert 4 = G*; M posséde

‘une structure annelée naturelle: on attache & chaque point xe M
Panneau 5, des germes de fonctions induits sur M par les germes de
fonctions holomorphes de I’espace ambiant C". Les espaces annelés
ainsi attachés aux divers sous-ensembles analytiques (pour tous les
ouverts 4 < C», et pour toutes les valeurs de n) sont nos ‘modéles’.
Par définition, un ‘espace analytique’ est un espace annelé X, dont la
topologie est séparée, et qui satisfait & la condition suivante: chaque

1 Voir 8], Exposé 9.

I Il y a essentiellement deux définitions possibles d’un espace analytique: celle dite
de Behnke—Stein (vpi.r 141), et celle dite de Cartan—Serre (voir 7], Exposé 13; 8], Exposé 6;
ot [351), L’équivalence des deux définitions n’a été démontrée que tout récemment par

Grauert et Remmert (C.R. Acad. Sci., Paris, 245, 918-921 (1957)). Nous donnons ici
la définition ‘de Cartan—Serre’.
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point de X posséde un voisinage ouvert U qui est isomorphe (comme
espace annelé) 4 ’'un des modéles qu’on vient de définir. Etant donnés
deux espaces analytiques X et X', une application ¢: X — X' sera dite
analytique (ou holomorphe) si c¢’est un ‘morphisme d’espaces annelés’,
ce qui signifie ceci: ¢ est une application continue telle que, pour tout
point z € X et tout germe f € 5y, le germe composé fo ¢ appartienne
4 4, En particulier, les fonctions holomorphes (scalaires) sur X ne
sont autres que les fonctions continues qui, en chaque point z € X,
appartiennent & 'anneau 5£,. L’anneau 5%, est ainsi ’anneau des germes
de fonctions holomorphes au point z.

On voit que les espaces analytiques forment une ‘catégorie’ avec
morphismes, au sens technique de ce terme; et les variétés analytiques
forment une sous-catégorie de la catégorie des espaces analytiques
(c’est d’ailleurs une sous-catégorie ‘pleine’, dansle jargon desspécialistes;
autrement dit, les applications analytiques d’une variété analytique
X dans une autre X' sont les mémes, que 1’on considére X et X’ comme
des variétés analytiques ou comme des espaces analytiques).

On a une notion évidente de sous-espace amnalytique d’un espace
analytique X; c’est un sous-ensemble fermé Y de X, tel que Y puisse
étre défini, au voisinage de chacun de ses points y, en annulant un
nombre fini de fonctions de I'anneau 5, de I’espace ambiant X. On
munit Y d’une structure annelée en associant & chaque point ye Y
Panneau des germes induits sur Y par les éléments de 5; et on voit
facilement que cet espace annelé Y est un espace analytique.

Toutes les notions qui ont été définies sur les modéles et qui ont un
caractére local, invariant par isomorphisme, se transportent aux espaces
analytiques. Par exemple, un espace analytique X peut, en un de ses
points z, &tre ¢rréductible ou non; en tout cas, x posséde un voisinage dans
lequel X est réunion d’un nombre fini de sous-espaces analytiques
irréductibles au point . On a la notion d’espace purement n-dimen-
sionnel, et celle d’espace de dimension < n. Un espace analytique X,
purement n-dimensionnel, est de dimension topologique 2n; si X est de
dimension < 7, il est de dimension topologique < 2n. Un point z € X
est uniformisable ’il posséde un voisinage ouvert isomorphe & une
variété analytique; ’ensemble des points uniformisables est un ouvert
partout dense, et son complémentaire est un sous-espace analytique.
Si X est purement 1-dimensionnel, tous les points de X sont uniformi-
sables. Tous ces faits sont bien connus.

On a aussi la notion globale d’irréductibilité: X est globalement
irréductible si X n’est pas la réunion de deux sous-espaces analytiques
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X' et X" tous deux distincts de X. Si X n’est pas irréductible, on appelle
composante irréductible de X (au sens global) tout sous-espace analytique
Y tel que X soit réunion de Y et d’un sous-espace analytique ¥’ & X.
On démontre que X est la réunion de ses composantes irréductibles, et
que celles-ci forment une famille localement finie (i.e. chaque point de x
posséde un voisinage qui ne rencontre qu’un nombre fini de composantes
irréductibles). Les composantes irréductibles de X ne sont pas autre
chose que les adhérences des composantes connexes de I’ensemble des
points uniformisables de X. Tout espace irréductible est purement
dimensionnel.

On a une catégorie intermédiaire entre celle des variétés analytiques
et celle des espaces analytiques: c’est celle des espaces analytiques
normaux. Ce sont les espaces annelés dont les modéles sont les sous-
ensembles analytiques normaux des ouverts d’un espace G*. Pour qu'un
espace analytique X soit normal, il faut et il suffit que, pour chaque
point x € X, I'anneau ¢, soit intégre et intégralement clos; en par-
ticulier, X est irréductible en chaque point x (car ceci équivaut & dire
que l'anneau £, est intégre). Toute variété analytique est un espace
normal. Si X est un espace analytique quelconque, I’ensemble des x € X
tels que %, soit intégre et intégralement clos est un ouvert partout
dense, et son complémentaire est un sous-espace analytique (Oka).t De
plus, on peut attacher canoniquement & 1’espace X un espace analytique
normal X (dit ‘normalisé’ de X), dont les points sont en correspondance
biunivoque avec les composantes irréductibles de X en chacun de ses
points, de telle maniére que ’application naturelle X — X soit holo-
morphe et ‘propre’ (i.e. 'image réciproque de tout compact de X est un
compact de X). L’espace normalisé X jouit de la propriété universelle
suivante: toute application holomorphe surjective ¥ — X, ot Y est
un espace analytique normal, se factorise d’une seule maniére en
Y - X — X, o I'application ¥ - X est holomorphe.

Signalons deux propriétés importantes des espaces analytiques
normaux: les composantes irréductibles (au sens global) d’un espace
normal ne sont autres que ses composantes connexes; les points non-
uniformisables d’un espace normal de dimension n forment un sous-
espace analytique de dimension <n—2.}

4. Etude géométrique d’une application analytique X -~ Y
Soit f une application analytique d’un espace analytique X dans un
espace analytique Y. Il est évident que I'image réciproque f—(Y’) d’un
1 Voir (28], et 18], Exposé 10. 1 Voir 8], Exposé 11, théoréme 2.
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sous-espace analytique Y’ de Y est un sous-espace analytique de X.
En revanche, on sait bien que 'image directe d’un sous-espace analytique
de X n’est pas, en général, un sous-espace analytique de Y. Déja f(X)
n’est pas nécessairement fermé dans Y; et il n’est méme pas vrai, en
général, que chaque point de f(X) posséde dans Y un voisinage ouvert U
tel que f(X)n U soit un sous-ensemble analytique de U. Un contre-
exemple classique est le suivant: X est ’espace G2 (coordonnées z;, z,),
Y est ’espace C2 (coordonnées y,, ¥,), et f est I’application

(21, ) = (21, 21 2);

P'image f(X) se compose de tous les points de Y, sauf ceux pour lesquels
Yy, =0, ¥, + 0; quel que soit I'ouvert U contenant 'origine, U n f(X)
n’est pas fermé dans U.

Une analyse subtile du comportement d’une application holomorphe
f: X > Y a conduit Stein et Remmert & d’importants résultats,t dont
je voudrais mentionner quelques-uns. Considérons, pour chaque point
x € X, la ‘“fibre’ f~1(f(x)), qui est un sous-espace analytique contenant z;
soit d(z) la plus grande des dimensions de ses composantes irréductibles
au point x; pour chaque entier k, soit X, I’ensemble des points de X ol
dz) 2k OnaX=X,2X,>..>X,>.., et 'on montre que les
X, sont des sous-espaces analytiques; de plus, chaque fibre de ’applica-
tion X; — Y induite par f est de dimension > & en chacun de ses points.
Si X est de dimension finie, on définit une suite de sous-ensembles

analytiques
p=X(-1)=cX(0)<..<X(r)<=...,

aveec X(r) = X pour r grand. Les X(r) se définissent par récurrence
descendante sur r: & chaque composante irréductible 4 de X(r+1), on
associe le sous-espace 4, (avec k = dim(4) —r), et X(r) est réunion des 4,
On démontre alors ceci: tout point x € X(r) — X (r — 1) posséde dans X (r)
unvoisinagedont I'image par f est un sous-ensemble analytique purement
r-dimensionnel au point f(z). A partir de 14, on démontre le résultat
fondamental de Remmert: si Papplication analytique f: X — Y est propre
(c’est-a-dire, répétons-le, si I'image réciproque de tout compact de Y est
un compact de X), alors I'image f(X) est un sous-espace analytique de Y,
et la dimension de f(X) est égale au plus petit des entiers r tels que X (r) = X;
de plus, si X est (globalement) irréductible, il en est de méme de f(X).
Dans les démonstrations des résultats précédents, I'on fait un usage
essentiel d'un théoréme de Remmert et Stein,] qui sert dans maintes

t Voir (201, 1321, 1383, 1 Voir 38, ainsi que 81, Exposés 13 et 14 de Stein.



40 HENRI CARTAN

circonstances, et se formule ainsi: soit Z un sous-ensemble analytique, de
dimension < n, d’un espace analytique Y; et soit A un sous-ensemble
analytique purement n-dimensionnel de Uouvert Y —Z; alors Uadhérence
de A dans Y est un sous-ensemble analytique purement n-dimensionnel
de Y.
Le théoréme de Remmert s’applique notamment lorsque X est un
espace analytique compact, car f est alors automatiquement propre:
I'image f(X) est alors toujours un sous-ensemble analytique de Y. En
particulier, supposons que Y soit 1’espace projectif (complexe) P,; pour
toute application analytique f: X — P,,I'image f(X) est un sous-ensemble
algébrique de P,, d’aprés le célébre théoréme de Chow (lequel est d’ailleurs
une conséquence immédiate du théoréme de Remmert—Stein, comme je
Pavais signalé dans la conférence que j’ai faite au Congrés de Harvard
en 1950). A titre d’application,T considérons k fonctions méromorphes
f; sur un espace analytique compact X ; elles définissent une application
analytique f: X — (P,)*. A vrai dire, ceci n’est pas tout & fait correct,
3 cause des points d’indétermination des f;; mais on voit facilement
qu’on peut ‘modifier’ ’espace X de fagon que ’application f soit partout
définie: d’une fagon précise, il existe un espace analytique compact X’
et une application analytique 7: X' - X qui définit un isomorphisme
des corps de fonctions méromorphes K(X) et K(X'), et qui jouit de la
propriété que les f;om = g; n’ont pas points d’indétermination sur X'.
Les g; définissent donc une application analytique g: X’ — (P,)*, dont
I'image est un sous-espace algébrique. Si les f; sont analytiquement
dépendantes (c’est-a-dire si les différentielles df; sont linéairement
dépendantes), il en est de méme des g,, donc le rang de I’application g est
< k, et 'image g(X') est distincte de (P,)*; il existe done un polynéme
non identiquement nul qui s’annule sur I'image de g, autrement dit les
[; sont algébriquement dépendantes (théoréme de Thimm, démontré ainsi
par Remmert). Dela méme maniére, on montre que si » désigne la dimen-
sion de Iespace analytique compact X, le corps K(X) des fonctions
méromorphes est une extension algébrique simple d’un corps de fractions
rationnelles & k variables, avec k£ < » (théoréme annoncé tout d’abord
par Chow).

5. Quotients d’espaces analytiques

Les questions précédentes sont en rapport étroit avec le probléme,
étudié par Stein!3¥, des espaces quotients d’espaces analytiques. Soit
X un espace analytique, que nous supposerons normal; soit B une relation

+ Voir (801,
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d’équivalence propre sur X (ceci signifie que R satisfait & I'une des trois
conditions suivantes, équivalentes:

(i) le R-saturé de tout compact de X est compact;

(ii) I'espace quotient X /R est localement compact et ’application
p: X - X|R est propre; .

(iii) R désignant le graphe de la relation d’équivalence, ’application
de projection R — X est propre).

Sur l’espace quotient X /R on a une structure annelée évidente: &
tout ouvert U < X /R on associe ’anneau 5 (U) des fonctions continues
fsur U, telles que p of soit holomorphe dans p~%(U); cet anneau s’iden-
tifie & celui des fonctions holomorphes dans p~1(U) et constantes sur
les classes d’équivalence. Le probléme se pose de savoir si X /R, muni
de cette structure annelée, est un espace analytique normal. Il faut,
bien entendu, faire des hypothéses convenables sur la relation R. Nous
ferons désormais I’hypothése suivante: '

(H) chaque point z € X /R posséde un voisinage ouvert U tel que, pour
tout couple de fibres distinctes de p~1(U), il existe une application holo-
morphe de p~(U) dans un espace analytique, constante sur les fibres,
et prenant des valeurs distinctes sur les deux fibres en question. (Par
exemple, il en est bien ainsi lorsque les fonctions de ’anneau #(U)
séparent les points de U.)

Avecl’hypothése (H), iln’est pas encore certain que X /R soit un espace
analytique normal, mais c’est presque vrai. D’une fagon précise, I’applica-

tion propre p: X - X /R admet une factorisation X —f> Y 5 X/R, o0 Y
est un espace analytique normal, f une surjection holomorphe (et propre),
et g un morphisme d’espaces annelés jouissant de la propriété suivante:
les fibres de g sont des ensembles finis, et il existe un sous-ensemble
fermé ‘mince’ A de X /R tel que g~1(z) soit réduit & un seul point lorsque
z ¢ A (on dit qu’une partie fermée A de X /R est ‘mince’ si tout point de
A posséde un voisinage ouvert U tel qu’il existe une fonction de s#(U)
nulle sur 4 n U et non identiquement nulle). De plus, une telle factorisa-
tion est unigque ‘4 un isomorphisme prés’, et g induit un isomorphisme
des espaces annelés ¥ —g—1(4) et (X/R)—A4.

L’espace Y est ainsi déterminé & un isomorphisme prés par la relation
d’équivalence R (supposée satisfaire & (H)); on peut I’appeler le quotient
analytiqgue de X relativement & R.

Le théoréme précédent, qui résulte des travaux de Stein, posséde
d’intéressantes applications, comme on le verra tout & 1’heure.
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6. Classification des espaces analytiques

Proposons-nous d’abord de voir comment un espace analytique X se
comporte vis-a-vis des fonctions holomorphes. Soit s#(X) 'anneau des
fonctions holomorphes dans X (tout entier); cet anneau peut se réduire
aux constantes, par exemple si X est compact et connexe. Considérons,
pour un espace analytique X, les propriétés suivantes:

(@) Les éléments de #(X) séparent les points de X (autrement dit,
pour tout couple de points distincts z, ', il existe une f holomorphe dans
X et telle que f(x) =+ f(z")).

(b) Pour chaque point z € X, il existe un systéme fini de f; € #(X) qui
est ‘séparant’ au point x (on entend par 13 que, pour I’application
f: X > Cr définie par les n fonctions f;, « est un point isolé de la fibre
S @)D

(¢) Tout sous-ensemble analytique compact de X est fini.

11 est facile de voir que (@) entraine (b). D’autre part, il est presque
immédiat que (b) entraine (c).

Grauert!'¥ a démontré le résultat surprenant que voici: si X est
irréductible, la condition (b) entraine que X est réunion dénombrable de
compacts (on sait que Calabi et Rosenlicht!d! avaient donné I’exemple
d’une variété analytique, connexe, qui n’est pas réunion dénombrable
de compacts). Grauert a aussi montré que si X, irréductible et de dimen-
sion n, satisfait & (b), il existe un systéme de n fonctions f; € #(X) qui
est ‘séparant’ en tout point x € X.

A coté des propriétés (a), (b), (c), il est une propriété d’une nature
différente: on dit que X est holomorphiquement convexe si, pour tout
compact K < X, I’ensemble R des z € X tels que l’on ait

|f(x)| < sup|f| pour toute fe H#(X)
K

est compact. Il revient au méme de dire que, pour tout sous-ensemble
infini et discret de X, il existe une f € #(X) qui n’est pas bornée sur cet
ensemble. Il est trivial que tout espace analytique compact est holo-
morphiquement convexe; en revanche, un espace compact ne satisfait
a (a), (b) ou (c) que §’il est fini.

Rappelons le théoréme connu: pour qu’un domaine étalé sans rami-
fication dans G® soit un domaine d’holomorphie, il faut et il suffit qu’il
soit holomorphiquement convexe (Okal26! pour le cas général des
domaines & une infinité de feuillets).

Pour un espace X holomorphiquement convexe, les conditions (b) et
(c) sont équivalentes, comme on le voit facilement. De plus Grauert a
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prouvé (ce qui est beaucoup plus difficile) que (b) et (@) sont équivalentes
pour un X holomorphiquement convexel'4. Une wvariété analytique X
qui est holomorphiquement convexe et satisfait & I'une des conditions
équivalentes (@), (b), (c) est une wariété de Stein, et réciproquement.
Dans le cas général, un espace analytique X qui est holomorphiquement
convexe et satisfait & (a), (b), (c) est appelé par Grauert un espace
holomorphiquement complet. 11 est immédiat que tout sous-espace
analytique d’un espace holomorphiquement complet est holomorphique-
ment complet. C’est pour les espaces holomorphiquement complets
que les théorémes fondamentaux de la théorie des faisceaux analytiques
~ cohérents, établis antérieurement pour les variétés de Stein, sont
valables; mais ceci est un autre sujet, qui nous entrainerait trop loin.

Soit X un espace holomorphiquement convexe, que nous supposerons
normal; nous ne faisons sur X aucune des hypothéses (@), (b), ou (c).
Considérons, dans X, la relation d’équivalence R que voici: z et 2’ sont
R-équivalents si g(z) = g(x’) pour toute g € (X). Il est clair que la
condition (H)duno. 5 est remplie; on peut donc appliquer ici le théoréme
de ce numéro. Soit alors Y le ‘quotient analytique’ de X relativement
3 la relation R; on voit tout de suite que la surjection holomorphe
f: X — Y définit un isomorphisme des anneaux de fonctions holomorphes
H(X) et S#(Y); puisque ’application f est propre,l’espace Y est, comme
X, holomorphiquement convexe. De plus il est évident que Y satisfait
a la condition (b), donc Y est holomorphiquement complet, et en
particulier Y satisfait & (a); il en résulte que I’application ¥ — X /R est
un isomorphisme d’espaces annelés. Ainsi I’espace quotient X [R, muni de
sa structure ammnelée, est un espace normal, holomorphiquement complet.
On le notera X *; il est naturellement attaché & X (Remmert3!le nomme
le ‘noyau’ de X). On en déduit notamment: tout espace analytique
irréductible et holomorphiquement convexe est réunion dénombrable de
compacts (cf.?): si X est normal, cela tient au fait que X* est réunion
dénombrable de compacts d’aprés Grauert, et que ’application X — X*
est propre; si X n’est pas normal, on considére le normalisé X.

On peut considérer d’autres classes d’espaces analytiques. Nous
dirons que X est projectivement complet (‘analytiquement complet’ dans
la terminologie de Grauert et Remmert) si X est holomorphiquement
convexe et si, pour tout z € X, il existe une application holomorphe de X
dans un espace projectif P, qui est ‘séparante’ au point . On peut
démontrer que tout espace analytique normal X, holomorphiquement
convexe, posséde un plus grand quotient qui est projectivement complet:
c’est un espace normal Y, projectivement complet, muni d’une surjec-
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tion holomorphe et propre f: X - Y, qui jouit de la propriété universelle
suivante: toute application holomorphe de X dans un espace projective-
ment complet Z se factorise (nécessairement d’une seule maniére) en

X -]; Y i Z, ou g est holomorphe.

Nous dirons qu'un espace analytique X est algébriquement complet
8’1l est holomorphiquement convexe et si, pour tout x € X, il existe une
application holomorphe de X dans un espace algébrique (non nécessaire-
ment projectif) qui est séparante au point x. Tout espace analytique
normal X, holomorphiquement convexe, posséde un plus grand quotient
algébriquement complet, qui jouit d’une propriété universelle vis-a-vis
des applications holomorphes de X dans les espaces algébriquement
complets.

De 14 résulte en particulier ceci: tout espace analytique normal et
compact X posséde un plus grand quotient qui soit une variété algébrique
projective (normale); tout espace analytique normal et compact posséde
un plus grand quotient qui soit une variété algébrique (non nécessaire-
ment projective).

Les résultats précédents, dont la démonstration sera publiée ailleurs,
constituent une généralisation d’une situation bien connue: tout tore
complexe posséde un plus grand quotient qui est une variété abélienne
(c’est-a-dire un tore complexe satisfaisant aux conditions de Riemann).

7. Problémes de plongement

Il s’agit de ‘réaliser’ certains espaces analytiques comme sous-
espaces d’espaces particuliérement simples, tels que les espaces numéri-
ques Cr et les espaces projectifs P,. Dans chaque cas, le sens du mot
‘réaliser’ a besoin d’étre précisé.

Si 'on veut réaliser un espace analytique X dans un espace C?, le
moins que 1’on puisse exiger est de trouver une application holomorphe
et injective f: X — C™. Or ceci n’est possible que si les fonctions holo-
morphes sur X séparent les points de X (condition (@) du no. 6). Rem-
mert3l a montré que cette condition nécessaire (a) est aussi suffisante,
du moins sil’on suppose que X est réunion dénombrable de compacts
(ce qui est automatiquement le cas lorsque X est irréductible). D’une
fagon précise, si X est purement k-dimensionnel, satisfait & (a) et est
réunion dénombrable de compacts, il existe une application holomorphe
et injective de X dans G2++1,

On peut étre plus exigeant, en demandant une application f: X — C»
qui soit non seulement holomorphe et injective, mais propre. Ceciimpose
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a X de satisfaire & (@) et d’étre holomorphiquement convexe; autrement
dit, X doit étre holomorphiquement complet. Remmert®! montre que,
réciproquement, tout X holomorphiquement complet qui est réunion
dénombrable de compacts peut étre plongé dans un C* par une applica-
tion f holomorphe, injective et propre; alors 'image f(X) est un sous-
espace analytique ¥ de G*; mais il faut prendre garde que cette ‘réalisa-
tion” ¥ de X ne respecte pas nécessairement les structures annelées.
Cependant, lorsque X est une véritable variété analytique (variété de
Stein), on peut réaliser X comme sous-variété analytique d’un espace
C» (avec un n qui ne dépend que de la dimension de X).

Je voudrais maintenant dire quelques mots des plongements dans
Pespace projectif (I’image étant alors un sous-ensemble algébrique).
On a établi ces derniéres années une série de théorémes qui garantissent
Pexistence de tels plongements. Sans entrer dans le détail (ce qui
nécessiterait toute une conférence), rappelons seulement le théoréme
fondamental de Kodaira!29: une variété analytique compacte surlaquelle
existe une forme de Kihler & périodes rationnelles est isomorphe & une
variété algébrique plongée sans singularités dans un espace projectif.

Soit X une variété analytique dans laquelle un groupe discret d’auto-
morphismes G opére proprement (ce qui signifie que, pour tout compact
K < X,less e G telsquesK rencontre K sont en nombre fini). Considérons
Pespace quotient X/G' muni de sa structure annelée (cf. no. 5); on mon-
tre% que c’est un espace analytique normal (mais ce n’est pas, en
général, une variété analytique, & cause de l’existence de points fixes
pour les transformations de G); plus généralement, si X est un espace
analytique normal et si G est un groupe discret opérant proprement dans
X, X/G est un espace analytique normal. Cela étant, si X /G est compact,
il est naturel de se demander si X /G peut étre réalisé comme sous-espace
analytique (donc algébrique) d’un espace projectif. Effectivement, il
en est toujours ainsi lorsque X est un domaine borné d’un espace numéri-
que C7; le plongement projectif de X /G peut alors étre obtenu au moyen
d’un systéme fini de formes automorphes (séries de Poincaré) d’un méme
poids;¥ la variété algébrique, image du plongement, est ‘ projectivement
normale’.

Mais les cas les plus intéressants, dans la théorie des fonctions auto-
morphes, sont ceux ou 'espace X |G n’est pas compact; alors il ne peut &tre
question de réaliser X/G' comme variété algébrique dans un espace
projectif. On peut néanmoins se proposer de chercher une application
analytique f: X/G — P, qui soit injective et définisse un isomorphisme

t Voir 110 gt 121,
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de ’espace analytique X/G' sur un ‘ouvert de Zariski’ d’une variété
algébrique projective V (c’est-a-dire sur le complémentaire, dans V,
d’un sous-ensemble algébrique W). On sait maintenant que ceci est
possible dans la théorie des fonctions modulaires de Siegel®%37, D’une
fagon précise, soit X ’espace de Siegel, formé des (n, n)-matrices symé-
triques complexes z = x4 ¢y telles que y soit définie-positive; le groupe
symplectique réel Sp(n, R), formé des (2n, 2n)-matrices réelles

‘@ b
=0 g
ot a, b, ¢, d sont des (n, n)-matrices telles que ‘MJM = J, avec

. 1n)
7=(5, %)

opéredans X parz — (az+b) (cz+d)~; dans ce groupe de transformations
de X, on considére le sous-groupe discret G défini par les matrices &
coefficients entiers. Le quotient X/G =V, est un espace analytique
normal, non compact. Satake34 a montré comment on peut compactifier
V,, en définissant une topologie convenable sur la réunion de V,,,V,_4, ...,
Wi, V,, et il a de plus défini une structure annelée sur ce compactifié V¥,
structure qui induit, bien entendu, les structures d’espace analytique des
sous-espaces V,, (ouvert dans V%), V,_,, ete. Puis Baily™® a prouvé que
Pespace annelé V¥ est effectivement un espace analytique normal, ainsi
que l'avait conjecturé Satake, et a de plus montré que Vi peut se
réaliser comme variété algébrique dans un espace projectif,

Vi a="V3 '—Vn

g’identifiant & une sous-variété algébrique de V*. Le plongement
projectif peut &tre obtenu par des formes automorphes d’un méme poids
convenable (il s’agit de formes automorphes pour les puissances du facteur
d’automorphie det (cz+d)?). L’existence d’un tel plongement permet
de prouver que toute fonction méromorphe dans X et invariante par @
s’exprime comme quotient de deux formes automorphes de méme poids
(du moins si # > 2). On peut compléter ces résultats, et montrer que
T’algébre graduée des formes automorphes des divers poids est engendrée
par un nombre fini d’éléments (comme algébre sur le corps complexe).t
D’autre part, tous ces résultats s’étendent au cas de n’importe quel
sous-groupe du groupe symplectique qui est ‘commensurable’ au groupe
modulaire; les variétés algébriques projectives qui sont ainsi attachées
3 ces groupes sont des ‘revétements ramifiés’ les unes des autres.
1 Voir 121, Exposé 17.
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8. Application a la théorie des variétés analytiques réelles

11 est superflu de rappeler la définition d’une variété analytique réelle
(abstraite); les modéles sont ici les ouverts de 1’espace numérique réel
R™, et les changements de coordonnées locales sont analytiques-réels.
Nous ne considérerons que les variétés analytiques-réelles qui peuvent
étre recouvertes au moyen d’une famille dénombrable de compacts, ce
qui revient & supposer ’existence d’une base dénombrable d’ouverts pour
la topologie.

Soit ¥ une variété analytique-réelle de dimension n; les résultats de
Whitney ! permettent d’affirmer 1’existence d’une application injective
et propre f: V — R2*+1, indéfiniment différentiable et de rang n en tout
point, dont I'image est une sous-variété de R?**+! qu’on peut méme
supposer analytique. La question était restée ouverte de savoir si 'on
peut exiger en outre que le plongement f soit analytique; en d’autres
termes, toute variété analytique-réelle (abstraite) peut-elle étre réalisée,
au sens de la structure analytique, comme sous-variété analytique d’un
espace numérique réel? Il y a un an & peine, une réponse positive a été
donnée par Morrey?¥ dans le cas ot V est compacte; auparavant,
Malgrange!®3 avait donné une réponse affirmative pour toute variété
analytique V, compacte ou non, mais sous la restriction de 1’existence
d’un ds? analytique sur V (la méthode de Malgrange reposait sur la
théorie des équations elliptiques). Grauert!® vient de prouver enfin
que toute variété analytique-réelle (sans aucune autre restriction que
T’hypothése d’une base dénombrable d’ouverts) peut se réaliser comme
sous-variété analytique d’un espace numérique; ce résultat est obtenu
par des méthodes analytiques-complexes, et c’est & ce titre qu’il en est
question ici. Voici quelques détails au sujet de cet important théoréme.

On sait que toute variété analytique-réelle ¥ peut étre plongée
comme sous-espace fermé d’une variété analytique complexe X, de
maniére que X soit une ‘complexification’ de V: ceci signifie que chaque
point z € V posséde un voisinage ouvert U (dans X) dans lequel on a un
systéme de coordonnées locales complexes tel que les points de VA U
soient précisément les points & coordonées réelles, celles-ci servant de
coordonnées locales pour V. Si# est la dimension réelle de ¥, n est done
la dimension complexe de X. Grauert montre qu’ainsi plongée dans X,
V posséde un systéme fondamental de voisinages ouverts qui sont des
variétés de Stein; il est impossible de donner ici une idée de la démon-
stration, fort délicate, et qui met en ceuvre la théorie des faisceaux
analytiques cohérents et celle des fonctions plurisousharmoniques



48 HENRI CARTAN

(introduites par Lelong il y a plus de dix ans). A ce propos, il est bon de
noter qu’une condition nécessaire et suffisante pour qu’une variété
analytique-complexe X, connexe et holomorphiquement convexe, soit
une variété de Stein, est qu’il existe sur X une fonction ‘strictement
plurisousharmonique’.

Revenons a la variété analytique-réelle V, plongée dans une variété
de Stein X qui en est une complexification. Appliquons & X le théoréme
de plongement de Remmert (no. 7); ceci donne un plongement analy-
tique-réel de V dans un espace numérique réel. On pourrait aussi, sans
utiliser le théoréme de Remmert, procéder comme suit: le fait que V
posséde un systéme fondamental de voisinages ouverts qui sont des
variétés de Stein entraine que les théorémes fondamentaux de la théorie
des faisceaux analytiques cohérents sont applicables & la variété
analytique-réelle V1'U; on sait alors que ’anneau des fonctions analy-
tiques-réelles, sur V, est assez riche pour fournir une application analy-
tique de ¥ dans un espace R¥, dont le rang soit égal en tout point de V
4 la dimension de V; d’ou 'existence d’un ds? analytique sur V, et 'on
peut appliquer le théoréme de Malgrange.

L’existence d’'un plongement analytique propre de ¥ dans un R¥
permet d’appliquer & ¥V le théoréme d’approximation de Whitney 0l:
toute fonction p fois contintiment différentiable sur V peut étre arbitraire-
ment approchée par des fonctions analytiques sur V, ’approximation
s’entendant au sens de la convergence uniforme de la fonction et de
chacune de ses dérivées d’ordre < p; et 'on peut méme exiger une
convergence de plus en plus rapide & linfini. De la résulte évidem-
ment que si une variété analytique-réelle est réalisable différentiable-
ment dans un espace R¥, elle est aussi réalisable analytiquement dans
le méme R*. Toute variété analytique-réelle ¥V de dimension n peut
donc étre analytiquement réalisée dans R2n+1,

D’autre part, le fait que la théorie des faisceaux analytiques cohérents
s’applique & toute variété analytique-réelle ¥ a des conséquences
agréables, telles que celles-ci: toute sous-variété analytique W de V
peut étre définie globalement par des équations analytiques f; = 0, en
nombre fini (les f; étant analytiques dans V tout entiére); de plus, toute
fonction analytique sur W est induite par une fonction analytique dans
V; la cohomologie réelle de V peut se calculer au moyen des formes
différentielles analytiques, etc....0'!

Notons que tous ces résultats nécessitent 1’'usage des méthodes
analytiques-complexes, qui semblent ainsi commander toute étude
approfondie de ’analytique-réel. Ceci est confirmé par le fait que la seule
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notion de sous-ensemble analytique-réel (d’une variété analytique-réelle
V) qui ne conduise pas & des propriétés pathologiques doit se référer a
I’espace complexe ambiant: il faut considérer les sous-ensembles fermés
E de V tels qu’il existe une complexification X de V et un sous-ensemble
analytique-complexe £’ de X, de maniére que £ = E'n V. On démon-
trel'!! que ce sont aussi les sous-ensembles de V qui peuvent étre définis
globalement par un nombre fini d’équations analytiques. La notion de
sous-ensemble analytique-réel a ainsi un caractére essentiellement
global, contrairement & ce qui avait lieu pour les sous-ensembles analy-
tiques-complexes.

Bruhat et Whitney!® viennent d’étudier ces sous-ensembles analyti-
ques-réels d’une variété analytique-réelle V. Ils prouvent notamment que
si B est un sous-ensemble analytique de V, il existe une famille locale-
ment finie de sous-ensembles analytiques irréductibles (globalement)
E; telle que E; ¢ E; pour 4 + j, et que E soit la réunion des E;; cette
famille est uniquement déterminée & ’ordre prés. De plus, si E est
irréductible et de dimension p, tout sous-ensemble analytique de X,
distinet de E, a toutes ses composantes irréductibles de dimension
< p—1 (c’est 14 un résultat qui semble naturel; néanmoins il serait faux
si 'on avait adopté, pour la notion de sous-ensemble analytique, la
définition de caractére local & laquelle on songe naturellement).

9. Espaces fibrés analytiques}

Nous nous bornerons, pour simplifier I’exposition, au cas des fibrés
principauzx. Considérons d’abord le cas analytique-complexe: on a un
espace analytique X, un groupe de Lie complexe @, et I’on considére
les fibrés analytiques principaux (localement triviaux au sens analytique-
complexe) ayant pour base X et pour groupe structural G'; deux tels
fibrés P et P’ sont isomorphes §’il existe un isomorphisme de 1’espace
analytique P sur I’espace analytique P’, qui soit compatible avec les
opérations du groupe G et qui induise 1’application identique de la base
X. On sait que les classes de fibrés isomorphes sont en correspondance
biunivoque avec I’ensemble de cohomologie H(X,G%), G* désignant
le faisceau des germes d’applications holomorphes de X dans G. On
pourrait aussi considérer les classes de fibrés topologiques principaux,
qui sont en correspondance biunivoque avec les éléments de (X, G°),
Ge¢ désignant le faisceau des germes d’applications continues de X dans
G. On a une application naturelle

*  HY(X,G%) -~ HY(X, G
t Voir les travaux de Grauert!% 16, 17, ginsi que I'exposition qui en est faite dans 11,

4 TP
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définie par I'injection G®—> G¢; elle n’est, en général, ni injective ni
surjective. Cependant Grauert a démontré que si X est un espace holo-
morphiguement complet (cf. no. 6), ’application * est bijective; autrement
dit, si deux fibrés analytiques principaux de base X et de groupe struc-
tural G' sont topologiquement isomorphes, ils sont analytiquement
isomorphes; et tout fibré topologique principal, de base X et de groupe
G, peut étre muni d’une structure de fibré analytique principal, com-
patible avec sa structure de fibré topologique. Ce résultat important est
établi par des méthodes fort difficiles, et qu’il ne semble pas possible de
simplifier substantiellement dans I’état actuel des Mathématiques. Les
démonstrations font d’ailleurs intervenir simultanément d’autres pro-
blémes. En voici quelques-uns, que nous formulons seulement dans un
cas particulier pour simplifier 'exposé: toute application continue X — ¢
est-elle homotope & une application holomorphe? Si deux applications
holomorphes X —> G sont homotopes dans l’espace des applications
continues, le sont-elles dans I’espace des applications holomorphes?
Si une application holomorphe Y — @ (o Y désigne un sous-espace
analytique de X)) est prolongeable en une application continue X - @,
est-elle prolongeable en une application holomorphe X — G'? Toutes
ces questions regoivent une réponse affirmative lorsque I’espace X est
holomorphiquement complet. Sil’on ne fait pas cette hypothése, on a
des réponses partielles lorsque le groupe G est résoluble (Frenkel131),

D’une maniére générale, lorsque X n’est pas holomorphiquement
complet, la classification des fibrés analytiques de base X est un probléme
fort intéressant mais sur lequel on ne sait encore que peu de choses. La
classification des fibrés vectoriels a été faite par Grothendieck® dans
le cas ou1 X est la droite projective complexe, et par Atiyah! lorsque X
est une courbe algébrique de genre 1.

Je voudrais encore dire quelques mots des fibrés analytiques-réels.
On peut vérifier que les méthodes de Grauert sont susceptibles, moyen-
nant des modifications adéquates, d’étre appliquées aux fibrés analy-
tiques-réels, compte tenu du fait que la théorie des faisceaux analytiques
cohérents s’applique maintenant aux variétés analytiques-réelles sans
aucune restriction (grice au théoréme de plongement de Grauert). On
peut alors montrer que tous les résultats énoncés plus haut pour le cas
ol X est un espace analytique holomorphiquement complet et G' un
groupe de Lie complexe, 