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PREFACE 

This volume contains the official record of the International Congressi 
Mathematicians held in Stockholm_from 15 to 22August 1962% and the 
text of the addresses given by invitation of the Organizing Committee. 
Manuscripts were prepared for printing by Dr. V. STENSTBöM who also 
read the proofs. The short communications made by members at the Con
gress are not included in the Proceedings, but the names of the communi
cators and the titles of their papers will be found in the section giving the 
scientific programme. Summaries of these contributions, if received in time, 
were printed in Abstracts of Short Communications, issued to members 
during the Congress. 

Stockholm, June 1963. 
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SCIENTIFIC PROGRAMME 

O N E - H O U R ADDRESSES B Y INVITATION OF THE ORGANIZING 

COMMITTEE 

AHLFOES, L. V., Teichmüller spaces. 

BOBEL, A., Arithmetic properties of linear algebraic groups. 
CHUBCH, A., Logic, arithmetic, and automata. 
D Y N K I N , E . B. (Read by A. N. KOLMOGOBOV), MapKOBCKHe npoijeecH H 

aaflaHH aHajinaa. (Markov processes and problems in analysis.) 
ECKMANN, B. , Homotopy and cohomology theory. 
G E L ' F A N D , I . M. (Read by G. W. MACKEY) , AßTOMopcjtfme $VHKU;HH H Te-

opuH npeflCTaBJieHHô. (Automorphic functions and the theory of repre
sentations.) 

GBATJEBT, H., Die Bedeutung des Levischen Problems für die analytische 
und algebraische Geometric 

H E N R I C I , P . , Problems of stability and error propagation in the numerical 
integration of ordinary differential equations. 

K A H A N E , J . -P. , Transformées de Fourier des fonctions sommables. 
MTLNOB, J . , Topological manifolds and smooth manifolds. 
NEWMAN, M. H. A., Geometrical topology. 

N I B E N B E B G , L., Some aspects of linear and nonlinear partial differential 
equations. 

SAFABEVIö, I . R., IIOJIH ajireôpaEraecKHx HHceji. (Algebraic number fields.) 
SELBEBG, A., Discontinuous groups and harmonic analysis. 
S E B B E , J . -P. , Géométrie algébrique. 
T I T S , J . , Groupes simples et geometries associées. 

H A L F - H O U R ADDRESSES B Y INVITATION OF THE ORGANIZING 

COMMITTEE 

The Sections 
1. Logic, Foundations and History. 
2. Algebra and Theory of Numbers. 
3. Analysis. 
4. Topology and Differential Geometry. 
5. Algebraic Geometry. 
6. Probability and Statistics. 
7. Applied Mathematics, Mathematical Physics and Numerical Analysis. 
8. Education. 

S E C T I O N 1 

Los, J., Remarks on foundations of probability. Semantical interpretations 
of the probability of formulas. 

SCOTT, D., The problem of measure. (No manuscript received.) 
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S E C T I O N 2 

AUSLANDEB, M., Modules over unramified regular local rings. 
CASSELS, J . W. S., Arithmetic on an elliptic curve. 
DWOBK, B., A deformation theory for the zeta function of a hypersurface. 
K N E S E B , M., Einfach zusammenhängende algebraische Gruppen in der 

Arithmetik. 
KOSTBIKIN, A. L, AjireöpH JIH H KOHeHHHe rpynnH. (Lie algebras and fi

nite groups.) 
LTNNIK, J U . V., AflAHTHBHHe aa^ann H coöcTBeHHHe racjia MOflyjrapHHX 

onepaTopoB. (Additive problems and eigenvalues of the modular opera
tors.) 

NOVIKOV, P . S., AjiropHTMH^ecKne BonpocH ajireôpii. (Algorithmic problems 
of algebra.) (No manuscript received.) 

SUZUKI, M., A class of doubly transitive permutation groups. 
T A T E , J . , Duality theorems in Galois cohomology over number fields. 
THOMPSON, J . G., Two results about finite groups. 

S E C T I O N 3 

AGMON, S., Unique continuation and lower bounds for solutions of abstract 
differential equations. 

ANDBEOTTI , A., Complex pseudoconcave spaces and automorphic functions. 
BAILY, W. L. J B . , On the moduli of Abelian varieties with multiplications 

from an order in a totally real number field. 
CABLESON, L., Interpolations by bounded analytic functions and the corona 

problem. 
CHOQUET, G., Les cônes convexes faiblement complets dans l'analyse. 
COHEN, P . J . , Idempotent measures and homomorphisms of group algebras. 
E H B E N P B E I S , L., Conditionally convergent functional integrals and partial 

differential equations. 
H ö B M A N D E B , L., Existence, uniqueness and regularity of solutions of linear 

differential equations. 
J E N K I N S , J . A., On normalization in the general coefficient theorem. 
KOLMOGOBOV, A. N. , Pa3JiiFfflHe noflxoftH K oijeHKe TpyflHoara npHEJiiDK-

eHHoro aaaaHHH H BH^HCJIGHHH $VHK:Q;IIE. (Various approaches to estima
ting the difficulty of approximate representation and calculation of 
functions.) 

K U B A N I S H I , M., On deformations of compact complex structures. 
L E B A Y , J . , Prolongement de la transformation de Laplace. 
MALLIAVIN, P. , Ensembles de résolution spectrale. 
NACHBIN, L., Résultats récents et problèmes de nature algébrique en 

théorie de l 'approximation. 
NABASIMHAN, R., The Levi problem in the theory of functions of several 

complex variables. 
PJATECKH-SAPTBO, I . I . (Read by I . R. SAFABEVIö) , OßnacTH Tana BepxHeô 

nojiynjiocKOCTH B Teopira C^VHKIJHö; MHornx KOMnjieKCHHX nepeMeHHHX. 
(Regions generalizing the upper half plane in the theory of functions of 
several complex variables.) 

P u é , A., Unique continuation theorems for solutions of partial differential 
equations. 
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SILOV, G. E. (Read by B. MALGEANGE)., KoppeKTHtie samara «JIH jiimeô-
HHX VpaBHeHHÖ B HaCTHHX npOH3BOflHHX C HOCTOHHHHMH K09$$HI^HeH-
TaMH B BemecTBeHHOM nojiynpocTpaHCTBe. (Correctly posed problems for 
linear constant coefficient partial differential equations in the real half-
space.) 

STAMPACCHTA, G., Second order elliptic equations and boundary value 
problems. 

STEIN, E. M., Conjugate harmonic functions in several variables. 
SZöKEFALVI-NAGY, B., The "outer functions" and their role in functional 

calculus. 
WEBMEB, J., Maximal ideal spaces. 

S E C T I O N 4 

ADAMS, J. F., Applications of the Grothendieck-Atiyah-Hirzebruch functor 
K{X). 

ATIYAH, M. F., The Grothendieck ring in geometry and topology. 
BEBGEB, M., Les variétés riemanniennes dont la courbure satisfait certaines 

conditions. 
BING, R. H., Embedding surfaces in 3-manifolds. 
DOLD, A., Partitions of unity in the theory of fibration. 
FLOYD, E. E., Some connections between cobordism and transformation 

groups. 
GANEA, T., On some numerical homotopy invariants. 
KATETOV, M., Allgemeine Stetigkeitsstrukturen. 
KEBVAIBE, M. A., Differentiable structures on spheres and homotopy. 
POENABU, V., Produits cartésiens de variétés différentielles par un disque. 
SMALE, S., Dynamical systems and the topological conjugacy problem for 

diffeomorphisms. 
SMTBNOV, Ju., HeKOTopHe BonpocH paBHOMepHofi TonojioraH. (Some ques

tions of uniform topology.) 
STALLTNGS, J. R. J B . , Topological unknottedness of certain spheres. (No 

manuscript received.) 
WHITEHEAD, G. W., Some aspects of stable homotopy theory. 

S E C T I O N 5 

HTBONAKA, H., On resolution of singularities (characteristic zero). 
IGUSA, J., Structure theorems of modular varieties. 
MUMFOBD, D., Projective invariants of projective structures and applica

tions. 

S E C T I O N 6 

H U N T , G. A., Transformation of Markoff processes. 
I T ô , K., The Brownian motion and tensor fields on Riemannian manifold. 
SINAI , J A . G., BepoHTHOCTHHe H^en B aproßniecKOÄ TeopHH. (Probabi

listic ideas in ergodic theory.) 
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S E C T I O N 7 

GBAD, H., Mathematical problems in magneto-fluid dynamics and plasma 
physics. 

MOSEB, J . , New results on the stability of periodic motions. 
WIGHTMAN, A. S., Some results on the structure of relativistic quantum 

field theory. 

S H O R T C O M M U N I C A T I O N S 

G I V E N B Y SECTIONS WITH THE AUTHORS ABEANGED ALPHABETICALLY 

Section 1—Logic, Foundations and History 

AABOE, ASGEB H., Pre-Ptolemaic Greek astronomy. 
BEOVâE, JIBI , Finite and combinatorial automata. 
BOONE, WILLIAM W., Thue system with word problem of any preassigned 

recursively enumerable degree of unsolvability. 
DE B O U V è E E , K. L., On formal ambiguity. 
VAN DALEN, D., Some problems in intuitionistic affine geometry. 
DAVIS, MARTIN D., Quantification theory as a free variable calculus. 
DIAMOND, R O B E B T J. , Each and all. 

DIJKMAN, JAC. G., Intuitionism and probability theory. 
EISELE-HALPEEN, CABOLYN, Fermatian inference and Be Morgan's syllogism 

of transposed quantity in Peirce's logic of science. 
GANDY, ROBIN 0 . , Recursive functionals of types 3 and 4. 
GINSBUEG, SEYMOUB and R O S E , G E N E F. , Some recursively unsolvable 

problems in ALQOL-like languages. 
• GOODSTEIN, R E U B E N L., A recursive lattice. 

GEELL, H., and B U D ACH, L., Erweiterungstheorie von eindimensionalen 
Noetherschen Präschemata. 

HAEZHEIM, EGBEET, Some theorems on lexicographically ordered sets. 
HIJAB, W A S F I A., A logical characterization of rigid language games. 
KALMAE, L I S Z L ó , Some heuristical ideas about a qualitative theory of informa

tion. 
L E E , CHI-YUAN, A self-reproducing property of Turing machines. 
LEVY, AZEIEL, The interdependence of some consequences of the axiom of 

choice. 
MAL'CEV, A. I., 0 TeopHHx I-ô CTyneHH HeKOTopHx KjiaccoB rpynn H KOJieî . 

(Theories of the first order of some classes of groups and rings.) 
MOISIL, G. C , La logique à trois valeurs et ses applications. 
MÜLLEE, G. H., Charakterisierung einer Klasse von rekursiven Funktionen. 
NEBODE, ANIL, Inequalities in recursive equivalence types. 
OBEBSCHELP, ABNOLD, Klassen als "Urelemente" in der Mengenlehre. 
P O è T E , JEAN, An associativity lemma. 
ROBINSON, T. T., The V$L-property and constructive aspects of Harrop's 

theorems. 
RÖDDiNG, DIETEE, Darstellungen der (im Kalmdrschen Sinne) elementaren 

Funktionen. 
SACKS, GEEALD E., Recursively enumerable degrees. 
SALOMAA, AETO, A completeness criterion for sets of many-valued truth-

functions. 
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SCHBòTEE, K. W., Beweis der Church'sehen Hypothese betreffend den Begriff 
der Entscheidbarkeit. 

SHOENFIELD, JOSEPH R., A separation theorem in the predicate calculus. 
SKOLEM, THOBALF A., A theorem on recursively enumerable sets. 
SMULLYAN, RAYMOND M., Analytic natural deduction. 
STABLEB, E. RUSSELL, Mathematics and the "centra L problem of our 

time". 
STOJAKOVIó, MTEKO, Über die Entscheidbarkeit des Vierfarbenproblems. 
TAIMANOV, A. D. , XapaKTepncTHKa BJieMeHTapHHx KjiaccoB Mojjejiefi. (The 

characteristic of elementary classes of models.) 
TAMABI DOV, The associativity problem for finite monoids is unsolvable and 

equivalent to the word problem for finitely presented groups (WPG). 
TABSKI, ALFRED, Undecidability of the elementary theory of commutative semi

groups. 
TUBQUETTE, ATWELL R., Independent axioms for infinite-valued logic. 
VIOLA, TULLIO, Un théorème sur les treillis. 

Section 2—Algebra and Theory of Numbers. 

ABBOTT, JAMES C , The imbedding of an implication algebra in a Boolean 
algebra. 

A D JAN, S. I . , IIpaBHJio eoKpameHira B KOHeraoonpeaejieHHHx nojiyrpynnax. 
(The cancellation law in finitely defined semigroups.) 

AIGNEE, ALEXANDEE, Folgen der Art arn + b, welche nur teilbare Zahlen 
liefern. 

ALLING, NOEMAN L., Valuation theory applied to function rings. 
ALMEIDA COSTA, A., Sur les [i-demi-anneaux. 

ALMEEING, J. H. J., On a system of Diophantine equations, connected with a 
geometric problem. 

AMTE-MOéZ, A L I R., Singular values of sets of linear transformations. 
AMITSUB, SHJMSHON A., Rational identities and foundation of geometry. 
ANDBUSHKIW, JOSEPH W., A characterization of rings orderable in a non-

Archimedean way. 
APOSTOL, TOM M., Bohr's equivalence relation for Dirichlet series. 
BASS, HYMAN, Projective modules and vector bundles. 
B A U E , ARNOLD, Rationale Punkte auf Kurven dritter Ordnung. 
BECKEN, SIGBID, Eine gruppentheoretische Kennzeichnung von orthogonalen 

Gruppen. 
BEHRENS, EBNST-AUGUST, Die Halbgruppe der Ideale einer Algebra mit dis

tributivem Idealverband. 
BEENSTEIN, LEON, Zur Lösung der Diophantischen Gleichung 1 = 1/a^ +1/# 2 + 

...+l/Xn. 
BLOCK, R I C H A B D E., and ZASSENHAUS, H A N S , The Lie algebras with a non

degenerate trace form. 
BOHUN-CHUDYNTV, VOLODYMYB, On loops represented by two-sided triplets. 
BOHUN-CHUDYNTV, VOLODYMYB, On a transformator of multiplicative systems. 
BOSTOCK, F E E D A., A generalisation of the Divinsky radical. 
BEAUEB, RICHABD, On finite groups of even order. 
BBIGGS, WILLIAM E., Prime-like sequences generated by a sieve process. 
BEUCK, RICHARD H., On the completion of finite partial planes. 
B B U N , VIGGO, Euclidean algorithms and musical theory. 
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CABTEB, ROGEB W., Nilpotent self-normalizing subgroups of certain insoluble 
groups. 

CHALK, J. H. H., Small solutions of some congruences. 
CHAWLA, LAL MUHAMMAD, The perfect square congruence over integers. 
CHEEMA, MOHINDAB SINGH, Vector partitions. 

CHOWLA, PABOMITA, Relations between classnumbers of real and imaginary 
quadratic fields. 

CHOWLA, SAEVADAMAN, Elementary remarks on the zeta function of an al
gebraic variety. 

COHN, HABVEY, On modular invariants for some fundamental domains in two 
complex variables. 

COHN, R I C H A B D M., Linked ideals. 
COXETEB, H. S. M., The symmetry group of the regular complex polygon 

Pik}P2-
CRAWLEY, P E T E B , and J ó N S S O N , B J A E N I , Refinements for infinite direct 

decompositions of groups. 
DAVENPOBT, HABOLD, Homogeneous Diophantine equations. 
DAVID, MARCEL, Résolution de x2+y2=z2+m par réduction matricielle. 
DAYKIN, DAVID E., Representations of integers. 
DELANGE, HUBEBT, Sur une classe de fonctions arithmétiques. 
D I E N E B , KAEL-HEINZ, A theorem on free algebras. 
DLAB, VLASTIMCL, The axiomatization of dependence relations. 
EAGON, J O H N A., and NOETHCOTT, D. G., A generalization of the Koszul 

complex. 
E D G E , W I L L I A M L., An orthogonal group of order 213 • 3 5 • 52 • 7. 
ETHEBTNGTON, IVOE M. H., Totally symmetric entropie quasigroups. 
F A I T H , CARL, and U T U M I , Y U Z O , Quotient rings. 

FIEDLEB, MIROSLAV, On some 'properties of positive definite matrices. 
FEAENKEL, AVIEZEI S., A class of transcendental numbers. 
FBANK, EVELYN, Continued fraction expansions for binomial quadratic 

FBANKEL, EDWARD T., A chessboard analog to Moessner's theorem on powers 
of integers. 

FBEUDENTHAL, H., Real types and real representations of semi-simple Lie 
algebras. 

F B I E D , EBVTN, Isomorphism theorems for abstract algebras. 
FEONTEBA, BAETOLOMé, A necessary condition for the reducibility of finite 

FULTON, CUBTIS M., Vector space axioms for geometry. 
GAGNON, F E A N ç O I S - P I E E B E , Demi-corps et corpoïdes. 
GiLMOEE, P. C , and HOFFMAN, A. J., Characterizations of comparability and 

interval graphs. 
GLADYSZ, S., Konvexe Mengen in topohgischen Gruppen. 
GLODEN, ALBEBT, Une méthode pour construire des sytémes multigrades nor

maux. 

GODWIN, H E B B E B T J., Relations between cubic and quartic fields. 
GONSHOB, H A B E Y , Polyploidy algebras with multiple attelles. 
GOBDON, BASIL, Some Ramanujan-like continued fractions. 
GBOSSWALD, EMTL, On a theorem of Petersson and Meinardus. 
GuÉEiNDON, JEAN, Sur la topologie spectrale des anneaux commutatifs. 



XVI SCIENTIFIC P B OGB A MM E 

G U N D L A C H , K A B L - B E B N H A B D , Die Bestimmung der Funktionen zur Hil-

bertschen Modulgruppe des Zahlkörpers P(V5). 
G U T , M A X , Abschätzungen für die Klassenzahlen der quadratischen Körper. 
H A L L , M A R S H A L L , J R . Note on the Mathieu group M12. 
H A L P E R I N , I S R A E L , Elementary divisors in von Neumann rings. 
H A N A N I , H A I M , Tactical configurations. 

H E I N E R E N , H E R M A N N , Probleme in Gruppen mit Engelbedingung. 
H E L D , D I E T E R , Engeische Elemente in endlichen Gruppen. 
H E R R M A N N , O S K A R , Über die Verteilung von Gitterpunkten im hyperboli

schen Raum. 
H O N D A , K J N - Y A , On Abelian p-groups with special principal systems. 
H O W I E , J O H N M., Free products of semigroups with amalgamation. 
H U S S A I N , S. M., Evaluation of a more general form of the determinant of 

11th order. 
I S B E L L , J . R., Categories of algebras. 
I T O , N O B O B U , Some results on permutation groups of prime degree. 
I W A S A W A , K E N K I C H I , A class number formula for cyclotomic fields. 
I Z B I C K I , H E E B E B T , On edge-colourings of pseudo-regular graphs. 
J O H N S E N , E U G E N E C , Matrix rational completions satisfying the v,k,X in

cidence equation. 
J U B K A T , W O L F G A N G B . , An elementary proof of the prime number theorem 

with remainder term. 
K A L M A N , J O H N A. , A class of non-distributive rings. 
K A N O L D , H A N S - J O A C H I M , Über periodische zahlentheoretische Funktionen. 
K A N T Z , G E O E G , Zerlegung unendlicher Primstellen in relativ Galoisschen 

Körpern. 
K A P P E , W O L F G A N G , Gruppentheoretische Eigenschaften und charakteristische 

Untergruppen. 
K E G E L , O T T O H. , Locally finite groups with a partition. 
K E M P E E M A N , J . H . B . , Generalized distributions modulo 1. 
K I E H I L O V , A . A. , yHHTapHHe npeacTaBJieHira HHJiBnoTeHTHHx r p y n n JIH. 

(Unitary representations of nil-potent Lie groups.) 
K L E E , V I C T O E , The generation of affine hulls. 
K L E I S L I , H . , and M A B A N D A , J.-M., Satellites relative to infective structures. 
K L I N G E N , H E L M U T , Fourierentwicklung von Modulformen. 

K o v i . c s , L . , N E U B ü S E B , J . , a n d N E U M A N N , B . H. , Endliche EPmn-Gruppen. 
K B A S N E B , M A R C , Nombre des extensions de degré donné d'un corps p-adique. 
K R I S H N A N , V. S A N K R I T H I , Ordered semigroups. 

KupiscH, H E R B E R T , Symmetrische Algebren mit endlich vielen unzerlegbaren 
Darstellungen. 

K U Y K , W. , Fixed fields under automorphism groups of purely transcendental 
field extensions. 

L A F O N , J E A N P I E R R E , Remarque sur le lemme bilinéaire de Samuel. 
L A M B E K , J O A C H I M , Recent results on rings of quotients. 
V A N L E E U W E N , L. C. A . , Contribution to non-commutative ideal theory. 
L E H B E E - I L A M E D , Y E H I E L , On functions of matrices. 

L E H T T , R. , On the representation of projectivities over a skew field with dyadics. 
L E I C H T , J . B . , Remarks on the axiomatic theory of additive relations. 
L I N G E N B E B G , R O L F , Kennzeichnung der ternären orthogonalen Gruppen. 
LDPSCHUTZ, S E Y M O U E , On matrices associated with braids. 
L O O N S T B A , F . , Subgroups of direct products. 
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Loa, JEEZY, On homomorphisms of commutative semigroups. 
MCQUILLAN, DONALD L., Some structure theorems for SL (2, n). 
MAECZEWSKI, EDWARD, Remarques sur les algèbres homogènes. 
MENDELSOHN, NATHAN S., Non negative matrices. 
MILLER, D. D., Matrices over commutative rings. 
MOORE, CHARLES N., On the frequency of prime patterns. 
MORAN, SIEGFRIED, Unrestricted products. 
MORDELL, LOUIS JOEL, On Lerch's class number formulae for binary quad

ratic forms. 
MUWAFI, AMIN A., A quadratic Diophantine equation. 
NEWMAN, MICHAEL FREDERICK, Embedding theorems for finite p-groups. 
NEWMAN, MORRIS, Diagonal quadratic forms. 
NIVEN, IVAN, On the covering of lattice points in 3-space. 
OPPENHEIM, SIR ALEXANDER, The rational integral solution of the equation 
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OSBOBN, J. MARSHALL, Power-associative division algebras. 
PAPANGHELOU, FBEDOS, On the order topologies of an Abelian lattice-group. 
PAVLOVIC, S., Sur les nombres d'Euler généralisés. 
PENNING, CHEISTIAAN J., Rings with prescribed idempotents and tensor pro

ducts. 
PEEEMANS, W., Domaine and range homomorphisms. 
PICCAED, SOPHIE, Les groupes fondamentaux et les groupes quasi libres. 
PONTING, FBEDEBICK W., Partitions and condensation formulae for S-func

tions. 
POPKEN, J A N , Algebraic dependence of arithmetic functions. 
POSNEB, EDWARD C , and RUMSEY, HOWARD C , Polynomials which divide 

infinitely many trinomials. 
PEESTON, GOBDON BAMFOBD, The lattice of congruences on a completely 

Q-simple semigroup. 
PUMPLüN, DIETEE, Über die Teilbarkeit der Klassenzahl gewisser imaginär

quadratischer Zahlkörper durch Potenzen von 2. 
PUPPE, DIETEE, Korrespondenzen in abelschen Kategorien. 
Q U E E E é , J., r-systernes d'idéaux d'un demi-groupe. 
RADO, RICHARD, A theorem on vector spaces. 
REINER, IEVTNG, and HELLEE, ALEX, Indecomposable integral representations 

of finite groups. 
ROBINSON, RAPHAEL M., Intervals containing infinitely many sets of conjugate 

algebraic units. 
Roos, J A N - E B I K I., Derived functors of infinite products and projective ob

jects in Abelian categories. 
ROTKIEWICZ, ANDEZEJ, On Lucas numbers with two intrinsic prime divisors. 
R Y S E E , H. J., and FULKEESON, D. R., The a-width of a (Q,l)-matrix. 
SANDS, ARTHUE D., On the factorization of Abelian groups. 
SCHIEK, HELMUT, Das Adjunktionsproblem der Gruppentheorie. 
ScHiNZEL, ANDEZEJ M., On the arithmetic of polynomials and some related 

problems. 
SCHOENEBEBG, BEUNO, Eisensteinsche Reihen von Primzahlstufe. 
ScHWAEZ, STEFAN, Measures on compact semigroups. 
SCHWEBDTFEGEE, H A N S , A special class of Frobenius groups. 
SEDLäöEK, J., Rationale Punkte im E2 und E3. 
SELENIUS, CLAS-OLOF, Eine endgültige kettenbruchtheoretische Erklärung der 

2-622036 Proceedings 
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graphs. 
DOITCHINOV, D. B., Uniforme Einbettungen im Hilhert-Raum. 
EUOPOULOS, HERMES A., Connections of manifolds with almost tangent 

structure. 
EPSTEIN, DAVID B. A., Steenrod operations in Abelian categories. 
EWALD, GüNTER, Konvexe Funktionen in der Theorie konvexer Körper. 
FADELL, EDWARD, Whitney duality for locally flat topological manifolds. 
F I R Y , I., The theory of Abelian group extension and an axiomatic ofcohomo-

hgy theory. 
GOETZ, ABRAHAM, Special connections associated with a given linear connec

tion. 
GOLAB, STANISLAW, Algèbre des objets géométriques de Pencov. 
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GOLDBEEG, SAMUEL I., The conformai transformation group of a Rieman-
nian manifold. 

GEEEN, LEON W., Flows on solvmanifolds. 
HABBOLD, OBVILLE G. J B . , Locally peripherally Euclidean spaces are locally 

Euclidean, II. 
HEMMINGSEN, EEIK, Branch sets of light interior mappings. 
HSIUNG, CHUAN-CHTH, Vector fields and infinitesimal transformations on 

Riemannian manifolds with boundary. 
HUNTEB, R. P. and ANDEBSON L. W., On the H-equivalence in a semigroup. 
ILIC-DAJOVIó, M., Deux théorèmes sur les déformations infiniment petites 

cylindroides. 
JUSSILA, OLLI K., On a theorem of Floyd. 
KATSUBADA, Y O S H I E (Read by H. H O P F ) , Some properties for closed hyper-

surfaces in Riemann space. 
KAWAGUCHI, AKTTSUGU, On invariants of higher order spaces. 
KEISLEE, JAMES E., Inverse incidence limits. 
K E L D Y § , L. V., HenpepbiBHbie pasôneHHH EßKjumoBa npocTpaHCTBa. (Con

tinuous decompositions of Euclidean space.) 
KOSINSKI, ANTONI, On the structure of combinatorial manifolds. 
KUEEPA, DJUBO, On an inequality concerning cartesian multiplication. 
LAUDAL, OLAV ARNFINN, Cohomohgie locale. Applications. 
LEDEEEB, GEOEGE, A generalization of the notion of connectedness. 
LEICHTWEISS, K U R T , About curvature theory of manifolds in the Euclidean 

n-space. 
LrBEBMANN, PAULETTE, Connexions d'ordre supérieur. 
MCDOWELL, R. and DE GBOOT, J., Autohomeomorphism groups of ^-dimen

sional spaces. 
MANN, LAEBY N., and Su, J. C , Actions of elementary p-groups on mani

folds. 
MABDE§I6, SIBE, e-mappings onto polyhedra. 
MARKUS, LAWRENCE, AUSLANDES, L., and H A H N , F. , Minimal flows on nil-

manifolds. 
MENNICKE. J E N S , Einige Ergebnisse zur Flächentopologie. 
MICHAEL, EBNEST A., Trivial extensions. 
M O L N ì R , JóZSEF, Über Kreislagerungen. 
N I D E N ì K , ZBYNEK, Über die Enveloppe von konvexen Zylinderflächen. 
NITSCHE, JOHANNES C. C , The extension of minimal surfaces intersected in 

starshaped curves by parallel planes. < 
NOVAK, J., The topological convergence groups. 
NOVTKOV, S. P . (Read by W. B B O W D E E ) , TjiaAKne MHoroo6pa3HH oönjero 

roMOTOnimecKoro rana. (Smooth manifolds of common homotopy type.) 
PAPIó , PAVLE, Sur les images continues des compacts ordonnés. 
PASYNKOV, B. N. (Read by P . S. ALEKSANDEOV), 0 6 yHHBepeajibHbix 

npocTpaHCTBax. (On universal spaces.) 
P I E E , JEAN-PAUL, Sur les groupes topologiques compacts totalement discon

tinus. 
PTRANIAN, GEORGE, The boundary elements of manifolds. 
POGORELOV, A. V., 0 6 H30MeTpHiecK0M norpyjKeHira flBVMepHOrO pHMa-

HOBa MHoroo6pa3HH B TpexMepHoe pHMaHOBO npocTpaHCTBO. (On the iso
metric immersion of a two-dimensional Riemannian manifold into a three-
dimensional Riemannian space.) 
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PoNOMAEEV, V. I . (Read by P . S. ALEKSANDEOV), IIpoeKijHOHHbie cneKTpbi 
H TonojioriraecKHe npocTpaHCTBa. (Projective spectra and topological spaces.) 

POST, K A B E L , Star extension of plane convex sets. 
REINHART, BRUCE L., Periodic orbits of vector fields. 
RINGEL, GERHARD, Selbstkomplementäre Graphen. 
RIZZA, G. B., Finsler structures on almost complex manifolds. 
SABININ, L. V., 3epKajibHHe CHMMeTpnH oflHopojpmx npocTpaHCTB H rpynn 

JIH. (Mirror symmetries of homogeneous spaces and Lie groups.) 
SAEANTOPOULOS, SPYEIDON, La forme générale des équations des courbes de 

Bertrand. 
SCHEBK, PETEB, Osculating spaces. 
SELFEIDGE, J. L., On a problem in covering sequences. 
SHEPHABD, GEOFFEEY COLIN, Projection functions of a convex body. 
SNAJDEB, Z., Über eine natürliche Verallgemeinerung der Mongeschen Pro

jektionsmethode auf mehrdimensionale Räume. 
STEEB, BEIAN, The SameUon product in Fn. 
STONE, ARTHUR HAROLD, Classification of absolute Borei spaces. 
STRUBECKEB, KARL, Airysche Spannungsfunktion und isotrope Differential

geometrie. 
THOM, R E N é , Equivalence topologique des applications polynomiales. 
TUTTE, WILLIAM T., Enumeration of planar maps. 
VALETTE, GUY, Les drapeaux et leurs éléments de contact. 
VINCENSINI, PAUL, Surfaces harmoniques et représentation conforme. 
VBANCEANU, GHEOBGHE, Sur les espaces fermés à connexion affine. 
W A B D , AUGUSTUS J., The hyperspace of curves in a uniform space. 
WmTTAKEE, JAMES V., Group isomorphisms of some homeomorphism groups. 
WILLE, R. J., Rigid topological groups. 
WOLF, JOSEPH A., Homogeneity of multiply connected Riemannian manifolds. 
WONG, YUNG-CHOW, Existence of linear connections with respect to which a 

given tensor is parallel or recurrent. 
WBONA, WLODZIMIEEZ, On a generalization of Schur theorem. 
YANO, KENTABO, On a structure f satisfying / 3 + / = 0 . 
ZEEMAN, E B I K C , Topology of the brain. 

Section 5—Algebraic Geometry 
CEOWE, DONALD W., "Distance" in a plane over GF(2n). 
DEMBOWSKI, PETEE, Partial planes with parallelism. 
ETAYO, JOSé-JAVIEE, The concept of algebraic equivalence of divisors of a 

field. 
GODEAUX, LUCIEN, Surfaces algébriques régulières dépourvues de courbe cano
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GEEENBEBG, MARVIN J., Realizations of schemata over local rings. 
HERRMANN, MANFRED, Eine Multiplizitätsbestimmung mit Hilfe der Theorie 
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KABZEL, H. J., Affine und projektive Gruppenräume. 
KEEDWELL, ANTHONY D., A configurational proposition in the projective 
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MANIN, J . I . , 0 KJiaccH<|)HKan;ira $opMajibHHx aöejieBHx rpynn. (On the 

classification of formal Abelian groups.) 
MAYEB, ALAN L., A theorem of Riemann. 
OOET, FBANS, Multiple algebraic curves. 
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PEDOE, DANIEL, A fundamental theorem in projective geometry. 
POBTEOUS, IAN ROBEBTSON, Thorn polynomials in algebraic geometry. 
PETKANöIN, B., Begründung der komplexen zweidimensionalen Möbiusschen 

Geometrie. 
REINHARDT, KTEHL, Zur Reduktionstheorie algebraischer Mannigfaltigkeiten. 
SALZMANN, HELMUT, Flat topological planes. 

Section 6—Probability and Statistics 

BAETLETT, MAURICE STEVENSON, Statistical estimation of density functions. 
BHAEUCHA-REID, A. T., Equivalent Markov processes. 
BIRNBAUM, Z. W., Some simple distribution-free tests of fit. 
BODIOU, GEOBGES, Caractérisation du conditionnement quantique des lois de 
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B O L ' § E V , L. N., HeKOTopue npHJiomeHim HHPCOHOBCKHX npeo6pa30BaHHü. 
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BEAUMANN, PEDEO B. T., Eigenschaften der Normierungskonstanten von Gne-

denko und Groshev. 
BEAUMANN, PEDEO B. T., The multiplication of a finite number of not neces
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BEAUMANN, PEDEO B. T., Bemerkenswerte Sonderfälle der schwachen Kon

vergenz von Summen unabhängiger Zufallsgrössen. 
BEAYTON, ROBEET K., On the asymptotic behaviour of the number of trials 

necessary to complete a set with random selection. 
BEILLINGEB, DAVID ROSS, Tukey's general method of setting confidence limits 

(the Jack-knife) applied to the case of maximum likelihood estimates. 
COHEN, ALONZO CLIFFORD, J R . , Progressively censored samples. 
DANSKIN. , JOHN M., A game over spaces of probability distributions. 
DAVID, HERBEBT A., Designs for paired comparisons. 
EICKEB, FEIEDHELM, On consistent and asymptotically normal estimators for 

classes of linear regressions. 
FOGUEL, SHAUL R., Contractions in Hilbert spaces and Markov processes. 
FUESTENBEEG, H A E B Y , A Poisson formula for semi-simple Lie groups. 
GAEDE, KABL-WALTEE, Anwendung einer stochastischen Anordnung bei 

Wartezeitproblemen. 
GANI, JOSEPH MARK, On thé age-distribution of replaceable ranked elements. 
GOOD, IRVING J., A compromise between credibility and subjective probability. 
GURLAND, JOHN, Estimation and testing hypotheses for the negative binomial 
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HIORNS, ROBEBT W., Statistical estimation for linear compound models. 
HOEFFDING, WASSJLY, The strong law of large numbers for U statistics. 
IBBAGIMOV, I . A. (Presented by A. N. KOLMOGOEOV), 0 6 ycjiOBimx cjia6ofi 

3aBHCHM0CTH cTauMOHapHbix rayccoBCKHx npoijeecoB. (On conditions for 
weak dependence for stationary Gaus- sian processes.) 

IGLEHABT, DONALD L., Competition processes. 
K A M P é D E F é E I E T , JOSEPH, Sur la décomposition d'une fonction aléatoire 

normale. 
LAHA, R. G., On an analytical decomposition of the Poisson law. 
L E I P N I K , R. B., G B E E N , H. S., and MAXFTELD, J . E., Algebras of lattice paths 

and the Ising problem. 
LEWIS, TOBIAS, Quasicorrective errors. 
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LrNNiK, J u . V., 0 noßOÖHHx soHax B MaTeMara^ecKoft CTaTHCTHKe. (On 
similar regions in mathematical statistics.) 

LuKACS, EUGENE, A linear mapping of the space of distribution functions 
onto a set of bounded continuous functions. 

MASCHLEB, MICHAEL, Immune coalition-structures for n-person cooperative 
games. 

MULLEE, MEEVTN E., Sequential (item by item) selection for non-sequential 
sampling plans. 

NABEYA, S., On Pearson-Geary criteria in the analysis of variance. 
NABAYANA, T. V., A combinatorial lemma and its application to probability 

and statistics. 
OBEY, STEVEN, Potential kernels for recurrent Markov chains. 
PALASTI, ILONA, Threshold functions for subgraphs of given type of the 

bichromatic random graph. 
PATIL, GANAPATI P., Best unbiased estimation for generalized power series 

distribution. 
PONTBJAGIN, L. S., OffHa CTaracranecKaH 3afla*ia Teopira onraMajibHoro 

ynpaBjieHHH. (A statistical problem in the theory of optimal control.) 
PRéKOPA, A., On stochastic programming. 
P Y K E , RONALD, and HOBBY, CHABLES, Combinatorial methods in the theory 

of sums of random variables. 
R é N Y I , A L F B é D , On the theory of outstanding observations. 
R I D E B , P A U L R., Incomplete moments of the binomial distribution. 
ROBBINS, HEBBEBT, and CHOW, Y. S., A renewal theorem for non-identically 

distributed random variables. 
ROZANOV, J u . A. (Presented by A. N. KOLMOGOBOV), 0 6 3<£$eKTHBH0era 

MeTOjja HaHJiyqmHx KBa^paTOB AJIH 3aBHCHMHx BejraraH. (On the effec
tiveness of the least squares method for dependent variables.) 

ROZANOV, J U . A. (Presented by A. N. KOLMOGOBOV), K Bonpocy 06 BKBH-
BajieHTHoera BepoHTHOCTHBix Mep, OTBenaronpix rayccoBCKHM CTaniio-
HapHHM npoijeeeaM. (On the question of equivalence of probabilistic meas
ures corresponding to Gaussian stationary processes.) 

R U B I N , HERMAN, Convergence in probability and convergence with probability 
one of nets. 

SAVAGE, I. RICHAED, Partial orderings of probabilities of rank orders. 
SCHEFFEE, CAREL LOUIS, Bounds for the eigenvalues of Markov-matrices 

(continuous time). 
SCHNEIDEE, BEETHOLD, Die Verteilung von Schätzwerten bei nichtlinearer 

Regression. 
SiDDiQui, MOHAMMED M., Distribution of Student's t in samples from a 

rectangular universe. 
SNELL, J. LAURIE, Boundary theory for recurrent Markov chains. 
SOBEL, MILTON, On statistical search 'problems. 
STEPHENS, MICHAEL A., and WATSON, G E O F F E E Y S., Tests for spherical nor

mal and circular normal distributions. 
UBBANIK, KAZIMIEBZ, Applications of information theory in quantum me

chanics. 
VEANTö, VLADIMTB, On the use of duality in the theory of correlation. 
v. WALDENFELS, WILHELM, Der infinitesimale erzeugende Operator eines 

stationären Markowprozesses. 
WAUGH, W. A. O'NEILL, Growth rates for birth processes. 
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WELKS, S. S., Multivariate statistical outliers. 
ZABEMBA, STANISLAW K., Estimators of the cumulants of the variables generat

ing a linear process. 

Section 7—Applied Mathematics, Mathematical Physics and Numerical 
Analysis 

ABLOW, CLARENCE M., Initial motion of an elastic earth under blast hading. 
ACKROYD, RONALD T., Application of functional analysis to the high speed 

numerical solution, with error bounds, of the Boltzmann equation for neutron 
transport. 

ADAMS, ERNST W., A class of similar solutions for the velocity and the tempera
ture boundary layer in planar and axially symmetric channel flow. 

ALTEN, HEINZ-WILHELM, Schranken für die Nullstellen der Gegenbauerschen 
Polynome. 

ALTERMAN, ZIPORA, Propagation of a seismic pulse in a sphere. 
ANOSOV, D. V. (Presented by J A . G. S I N A I ) , Tpy6ocTb reo,n;e3HHecKHx 

nOTOKOB Ha KOMHaKTHHX pHMaHOBHX MH0r006pa3HHX OTpHUaTeJIbHOË 
KpHBH3HH. (The roughness of geodesic currents in compact Riemannian 
manifolds of negative curvature.) 

AUMANN, ROBEBT J., Markets with a continuum of traders. 
BAEEISS, ERWIN H., On the spectral analysis of the periodic transport operator. 
BARNES, JOHN L., Functional transforms in information theory. 
BASS, LUDVTK, The motion of test charges in rapidly oscillating electromagnetic 

fields. 
BOCHENEK, KRYSTYN, Some applications of asymptotic expansions theorems. 
BONDER, JULIAN, Sur la structure tensoriélle du système différentiel de la 

dynamique des gaz réels. 
BONFIGLIOLI, LUISA, Nomographic anaglyphique. 
BöRSCH-SUPAN, WOLFGANG, A-posteriori error bounds for polynomial roots. 
BRAMBLE, J. H., and PAYNE, L. E., Some inequalities for vector functions 

with applications in elasticity. 
BEEMEEMANN, H A N S J., Quantum-theoretical limitations of data processing. 
BEOWNELL, FEANK H., An exact computation model for the Lamb shift. 
BUSK, TH0GEE, Derivatives computed by ordinary interpolation methods. 
CATTANEO, CABLO, On Mach's principle. 
CESCO, R. P., On the general solution of the problem of three bodies. 
CHAMBEBS, LLEWELYN G., Propagation in dispersive media. 
CLENSHAW, CHARLES W., The application of a curve fitting program to the 

ship-fairing problem. 
COLEMAN, ALBEBT JOHN, Structure of the Fermion density matrix. 
COOKE, JOHN CAISTEE, Triple integral equations. 
DAVIS, A. M. J., Completeness of 2-D eigenoscillations of water in a semicir

cular bowl. 
DENNIS , STANLEY C. R., On the slow motion of a viscous fluid past cylindri

cal bodies. 
DESTOUCHES, JEAN-LOUIS, Some mathematical problems connected with the 

functional theory of particles. 
DOLEZAL, VICLAV, Regularity of Kirchhoff's networks. 
Dou, ALBEBTO, Elastic behaviour of a longitudinally welded cylinder. 
DOUGLAS, JIM, J B . , and GUNN, J. E., A general formulation of alternating 

direction methods. 
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DRESHER, MELVIN, A zero-sum two-person game in sampling from a finite 
population. 

DROBOT, STEFAN, On variational principles of classical fields. 
DuPARC, H. J. A., On equidistant error detecting codes. 
EBEBLEIN, WILLIAM F., The spin model of space-time. 
EEGUN, A. N., Self-superposable fluid motions. 
F A D D E E V , L. D., GrpoeHne pesojibBeHTbi onepaTopa BHeprnn CHCTGMH Tpex 

nacrai* H satana paceemran. (Construction of the resolvent of the energy 
operator for a three particle system and the scattering problem.) 

FEEEAEI, ITALO, Sur un théorème d'unicité pour les équations magnétodyna-
miques des fluides. 

FLEISHMAN, BEENABD A., Superposition of synchronous periodic regimes in 
relay control systems. 

FOBBAT, NICK H., Détermination approchée de la solution périodique d'une 
équation différentielle hétéronome non linéaire. 

F E E Y, TAMâS, Abschätzungs- und Entwicklungsmethoden der Eigenwertauf
gaben von Differentialgleichungssystemen. 

GAIEE, DIETEB, Über die Diskretisierung der Gerschgorinschen Integral
gleichung. 

GALMARINO, ALBEBTO R. (Presented by L. DOLANSKY), On the cardinality of 

solutions of four-person constant-sum games. 
GAUTSCRT, WALTEE, Construction of Gaussian quadrature formulas. 
GHAFFAEI, ABOLGHASSEM, On an extension of the stroboscopie method. 
GHOSH, N. L., Circulation lift and drag on aerofoils. 
GILBEBT, EDGAR N. (Presented by F . W. S I N D E N ) , Models of polycrystalline 

Gnxis , JOSEPH, and WEISS , GEOEGE, Viscous flow between non-parallel plane 
walls. 

GNANADOSS, ADATKALAM ALBEBT, Fechner quantum and equal temperament. 
GOLDENBEBG, HAEBY, Derivation of three-dimensional from two-dimensional 

solutions of transient heat conduction problems. 
GBEENSPAN, HARVEY P., The stability of a contracting shear layer. 
HANDELMAN, GEORGE H., and K E L L E R , J O S E P H B.,A singular perturbation 

method for eigenvalue problems. 
HASELGROVE, COLIN B., Non-linear ordinary differential equations with two-

point bondary conditions. 
HAYES, JAMES G., A curve-fitting problem with six independent variables. 
HELLIWELL, JOHN B., Gas-ionising shock and detonation waves in magneto-

gasdynamics. 
HERRIOT, JOHN G., Calculation of particular solutions of linear partial differ

ential equations by the method of integral operators. 
HOLT, MAURICE, Calculation of nozzle flows by the method of integral relations. 
HUAUX, A I M é F. P. E., Sur l'existence de solutions périodiques de certaines 

classes d'équations différentielles. 
ISAACSON, EUGENE, An aspherical membrane under internal pressure. 
ITOH, MAKOTO, The m-valued ô-algebra and its application to the theory of 

automata. 
JACOB, C , Sur quelques problèmes aux limites de la mécanique des milieux 

continus. 
JANKOVIó, ZLATKO, Some remarks on the tensor calculus. 
KABUSH, WILLIAM, and BELLMAN, RICHABD E., On the maximum transform. 
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KASTELEYN, P. W., Arrangements of dimers on lattice graphs. 
KELLEB, H. B., KELLEE, J. B., and REISS, E. L., Buckled states of circular 

plates. 
KLEIN, JOSEPH, Notion de tenseur force en mécanique classique et relativiste. 
KOOPMANS, TJALLING C , and WILLIAMSON, RICHARD, Utility and time: An 

axiomatic discussion. 
KEISTENSEN, POVL, On the mathematical formulation of quantum field theory. 
K U H N , HABOLD W., On the Pauli exclusion principle with 2-body interactions. 
KUSTA ANHEiMQ, P A U L E., Über die Spinorringalgebra. 
LAITONE, EDMUND V., Spherical surface harmonic analysis of numerical data. 
LAUWEBIEE, H. A., A note on Sommerfeld's problem of diffraction by a semi-

infinite screen. 
LAVEENT'EV, M. A., HeKOTopbie KpaeBbie sa^ann Teopnn noTeHipiajia. (Some 

boundary problems in potential theory.) 
LAVEENT'EV, M. M., 0 6 onepaTopHbix ypaBHeHHHx I-ro rana HHeKOTopux 

3a,n;aHax Teopnn noTeHipiajia. (On operator equations of the first kind and 
certain problems of potential theory.) 

LUNDQUIST, STIG, On a stability problem in reactor theory. 
MCCONNELL, JAMES, Rotations and angular momenta. 
MCCEEA, WILLIAM HUNTEB, A cosmologica! application of information theory. 
MAGIEOS, DEMETEIOS G., An actual solution of a problem of nonlinear 

mechanics. 
MARTIN, J. L., Point interactions and the Lee model. 
MICHEL, J. G. L., Numerical integration of ordinary differential equations 

through certain types of singularities. 
MORAWETZ, CATHLEEN S., Approach to steady state for the wave equation. 
MOREAU, JEAN J., Sur la naissance de la cavitation dans un fluide incompres-

NAKASHIMA, KATSUYA, On the computation of eigenvalues of general matrices. 
NIEMEYER, H. F., Über Eingenschwingungen elastischer Körper. 
ORLOFF, CONSTANTIN, La résolution des équations différentielles au moyen des 

spectres mathématiques. 
PECK, JOHN E. L., Polynomial approximation of observational data subject 

to constraint. 
PEREY, CLAY L., and ABLOW, C. M., Numerical solution of the Dirichlet pro

blem for the quasi-linear elliptic equation Au=buu. 
PHAM, MAU QUAN, Dynamique analytique relativiste du point. 
PILLOW, ALBEBT F., Forced convection of a viscous fluid at low Reynolds 

number past a circulation producing dipole in two-dimensions. 
REZA, F. M., Generating theorems for positive real functions. 
Ross, RODEEICK A., The fundamental solution of the thermoelastic wave 

equation. 
SALZEE, HEBBEBT E., Equally-weighted formulas for numerical differentia

tion. 
SABAFYAN, DIBAN, A unified and general method of numerical solution of 

ordinary differential equations. 
SCHECHTEE, SAMUEL, Numerical solution of discrete variational problems. 
SETH, BHOJ R A J , Turning point analysis of plastic deformation. 
SHEEMAN, SEYMOUE, The Ising model for ferromagnetism. 
SINDEN, FEANK W., A canonical form for quadratic programs. 
SOPKA, JOHN J., Some abstract aspects of numerical quadrature. 
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STANDISH, CHARLES J., Remarks on the sampling theorem. 
SYNGE, JOHN L., The HamiUonian method applied to water waves. 
TAMMI, OLLI, On analytic foundations of central projection. 
TAUB, ABRAHAM H., Consequences of variational principles in general relativity. 
TRAUB, J O E F E E D , On the informational efficiency of iteration functions. 
TUCKEE, ALBEET W., A linear-convex existence theorem. 
VARGA, RICHABD S., Higher order stable implicit methods for hyperbolic 

partial differential equations. 
WACHSPBESS, EUGENE L., Optimum parameters for alternating-direction- im

plicit iteration. 
WASEL, ALBEET D., On a variational theorem. 
WAZEWSKI, TADEUSZ, Équations au contingent et systèmes de commande. 
WENDEOFF, BUBTON, and LAX, PETEE, On the stability of difference schemes. 
W E E N E B , PETEB, An interface problem in the theory of acoustic wave fields. 
WIGHTMAN, A., Some results on relativistic quantum field theory. 
WILCOX, CALVIN H., Diffraction in inhomogeneous anisotropic media. 
WILKINSON, JAMES H., Error bounds, for unitary equivalence and similarity 

transformations. 
WILLIAMS, DAVID E., A solution of the aerofoil integral equation by the Hilbert-

Schmidt method and some related topics. 
WINOGEADZKI, JUDITH, Formalisme tensoriel et spinoriel incluant les parités. 
ZiN, GIOVANNI, General theory of the Öerenkov radiation. 
ZLAMAL, MELO§, Error estimates for positive definite boundary-value problems. 

Section 8—Education 

ACTON, FOEMAN S., The growing importance of mathematical models in medi
cal research. 

BEIDGEB, MAECUS, The use of desk calculating machines in schools. 
B U N T , LUCAS N. H., Statistics in schools; basic notions for testing a hypothesis. 
FAEAGó, L., Difficulties of the analytical operation of thinking in the learning 
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FEHB, HOWARD F., Instruction in geometry for the secondary school. 
HARKIN, D. C , Mathematics and language. 
HERRIOT, SARAH T., Impact of the new school mathematics study group curri
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HOOD, RODNEY T., Inverting the conies. 
ILIC-DAJOVIC, M., Sur la réalisation d'un enseignement moderne de géométrie. 
MASCHLER, MICHAEL, Mathematics curriculum for humanistic studies. 
MAY, K E N N E T H 0 . , Undergraduate research in the United States. 
N E S S , WILHELM, Über die harmonische Reihe. 
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SECRETARY'S REPORT 

PREPARATIONS 

At a session on 28 October 1958 the Swedish National Committee for Mathe
matics decided to accept the invitation, conveyed by the International 
Mathematical Union, to organize the next International Congress of Mathe-
maticiaM^^tocjLholmiil9ß2. This decision was endorsed by the Swedish 
Mathematical Society on 30 November 1958 and a joint invitation was is
sued to the mathematicians of the world, signed by the chairmen of the Na
tional Committee and the Society, Professors Â. Pleijel and G. Borg. 

Professors 0. Frostman and Â. Pleijel were entrusted with the initial 
preparations for the congress together with Professor H. Cramer, at that 
time Chancellor of the Universities of Sweden, and Professor L. Gârding, 
all of whom later constituted the Organizing Committee. 

The scientific programme was drawn up in close cooperation with the 
International Mathematical Union, which for this purpose nominated a 
Consultative Committee with Professor G. de Rham as chairman. The 
Swedish representatives in charge of the scientific programme were Profes
sors L. Gârding, L. Carleson and L. Hörmander. 

Thus a first meeting was held in Zurich in November 1960 followed by a 
meeting in "Dusseldorf in January 1961. As a result of these two meetings 
the "International Fields Committee", that elects the two prize winners, 
was constituted. Furthermore a list was made of speakers to be invited to 
deliver one-hour addresses on chosen topics in different fields of mathe
matics. Finally chairmen of international panels were appointed with the 
task of recommending half-hour speakers who would be able to present 
recent results within their respective fields. After receipt of the reports from 
the panels a final meeting was held in Zurich in November 1961; the choice 
of speakers to be invited to deliver half-hour lectures was then made. 

About 1 June 1961 invitations to hold one-hour lectures at the Congress 
were sent to 19 mathematicians. 

At the end of August 1961 a "First Communication" requesting those 
interested to notify the Secretariat of their wish to receive further informa
tion was distributed to all mathematicians listed in the World Directory 
of Mathematicians, 1958 edition, as well as to national committees, univer
sities, academies, societies, etc. A supplementary distribution was made when 
in September the new edition of the World Directory appeared. 

Already in 1960 the Organizing Committee had appointed a lawyer, Mr. 
R. Thorn, from the State Railway Board, to be the Secretary General of the 
Congress. From 1 September 1961 a permanent secretariat was set up at the 
Mittag-Leffler Institute in Djursholm. 

About 1 December 1961 invitations to give half-hour lectures were sent 
out to 69 mathematicians, a few additional invitations being issued later. 

At about the same time the "Second Communication" with Application 
Forms, Abstract Forms for short communications and other printed material 
was distributed. 

Invitations to appoint delegates were also sent to the institutions referred 
to above. 
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Finally the "Third Communication", with a list of speakers who had 
already accepted the invitation, as well as other details about the Congress, 
was distributed in May 1962 to all those who had returned their Application 
Form. 

FINANCE 

Before accepting the invitation from the International Mathematical 
Union to organize the 1962 Congress, the Swedish National Committee for 
Mathematics had obtained assurance of financial support from the Swedish 
Government and from the Union. Support was subsequently obtained from 
a number of public and private bodies as listed above. 

The membership fee was 160 Sw. Kronor for Ordinary, and 80 Sw. Kronor 
for Associate Members. For administrative reasons it was desirable to receive 
applications for membership as early as possible. Higher fees, 175 and 100 
Sw. Kronor respectively, were therefore applied for payments after 28 
February 1962. The fees were considerably higher than for the previous 
congresses, but in fact, quite normal in Sweden for a congress of this type 
and size. 

THE CONGRESS 

The Congress was preceded by the General Assembly of the International 
Mathematical Union on 11-13 August in Saltsjöbaden near Stockholm. 
The Secretariat of the Congress had already moved from Djursholm to the 
Royal Institute of Technology in Stockholm where the Congress Headquar
ters were set up and where most of the lectures were held. The Headquarters 
opened for registration at 10.00 on 14 August. Officially the Congress began 
with the Opening Ceremony which took place in the Konserthuset (Concert 
Hall) on Wednesday 15 August at 10.00 in the presence of His Majesty the 
King of Sweden, who had graciously consented to be patron of the Congress, 
and to present the Fields Medals. The closing session was held in the same 
hall on Wednesday, 22 August (special reports of these sessions are given 
below). 

Besides the lecture rooms in the Royal Institute of Technology, two 
large halls with technical equipment were used for one-hour and half-hour 
lectures. 

Of those attending the Congress, 2107 were ordinary members, and 984 
were associate members. 

These figures both separately and combined, exceed those for any of 
the previous congresses of mathematicians, as well as for any other scientific 
congress held in Sweden. 

SCIENTIFIC PROGRAMME 

The final scientific programme included 16 one-hour addresses of general 
interest; 2 of these were not given by the invited speakers in person. 

The invited half-hour lectures as well as the short (ten-minute) communi
cations offered by members were divided into the following sections: 

1. Logic, Foundations and History 
2. Algebra and Theory of Numbers 
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3. Analysis 
4. Topology and Differential Geometry 
5. Algebraic Geometry 
6. Probability and Statistics 
7. Applied Mathematics, Mathematical Physics and Numerical 

Analysis 
8. Education 

The number of half-hour lectures announced in the programme was 60; 
of these 55 were held by the invited speakers in person, 2 were read by depu
ties and 3 were cancelled. 

Mimeographed booklets containing outlines of one-hour and half-hour 
addresses as well as translations of Russian texts were distributed to ordinary 
members on arrival. At the same time printed abstracts of short communica
tions were also distributed. The number of such ten-minute communications 
given at the Congress was 745. The lectures were presided over by chairmen 
invited by the Organizing Committee. 

Within section 8 there were also three special meetings organized by the 
International Commission on Mathematical Instruction with reports fol
lowed by discusssion on the following topics: 

1. Which subjects in modern mathematics and which applications of mod
ern mathematics can find a place in programmes of secondary school 
instruction? 
(Reported by J. G. Kemeny.) 

2. Connections between arithmetic and algebra in the mathematical in
struction of children up to the age of 15. 
(Reported by S. Straszewicz.) 

3. Education of the teachers for the various levels of mathematical instruc
tion. 
(Reported by K. Piene.) 

In addition to the announced programme Professor S. L. Sobolev gave a 
special report on the use of electronic computers for the deciphering of the 
Maya language made at the University of Novosibirsk. 

SOCIAL PROGRAMME 

A social evening with buffet and dancing was held in the City Hall of 
Stockholm on Thursday, 16 August. 

On the evening of Friday, 17 August, another social gathering with a song 
recital by the Swedish tenor, Nicolai Gedda, and a programme of folk 
dancing was arranged at Skansen, the open-air museum in the Djurgârden 
in Stockholm. 

Sunday, 19 August, was devoted to various whole-day excursions. Some 
excursions were made by steamer to the outer and inner Archipelago of 
Stockholm, the destinations being Sandhamn, Utö* and Vaxholm respec
tively. There was also an excursion by motor coach to the Castle of Grips-
holm, situated west of Stockholm on the shore of Lake Malar, to the Uni
versity City of Uppsala and to Sigtuna, capital of Sweden in the 12th 
century. 

The evening programme for Tuesday, 21 August, included three alterna-
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tive entertainments. A performance of Swedish ballet took place in the 
Royal Opera House. Two performances of Pergolesi's opera "II maestro di 
musica" were given at the 18th Century Court Theatre of Drottningholm 
(an additional performance had been arranged on Monday, 20 August). 
Finally there was a concert of chamber music in the small auditorium of 
the Concert Hall. 

On four mornings associate members had the opportunity to participate 
in excursions, sightseeing trips, visits to museums, exhibitions, institutions 
and other places of interest. 

OTHER ARRANGEMENTS 

The Stockholm office of Thos. Cook & Son had been appointed to provide 
accomodation for members and to make the technical arrangements for 
the Sunday excursions as well as the morning excursions for associate 
members. For the completion of these tasks the office had set up special 
Accomodation and Travel Bureaux within the Headquarters buiïding. The 
Svenska Handelsbanken, the Post Office and the Telegraph Office had es
tablished temporary branch offices. 

The Organizing Committee provided members with a ticket entitling 
them to free travel on all local trams, buses and underground trains within 
Stockholm during the Congress. 

EXHIBITIONS 

Two exhibitions of books were located within the Headquarters building, 
a general one arranged by Almqvist & Wiksell Bokhandel AB in collabora
tion with publishers from many countries and a special one of school text 
books organized by the International Commission on Mathematical Instruc
tion. Exhibitions dealing with computers and other technical equipment 
of particular value for members interested in numerical methods and ap
plied mathematics, were arranged by the International Business Machines 
Svenska AB, the Facit Electronics AB and the Telefon AB L. M. Ericsson. 



OPENING SESSION 

The opening session of the Congress was held in the Concert Hall on Wednes
day, 15 August 1962, a t 10.00 in the presence of His Majesty the King of 
Sweden. 

An orchestra from the Royal Navy played a selection of Swedish music. 
Professor O. Frostman, Chairman of the Organizing Committee, welcomed 

the audience with the following words: 

Your Majesty, Ladies and Gentlemen: 

On behalf of the Swedish mathematicians I wish you welcome to the Inter
national Congress in Stockholm, the Opening Session of which is honoured by 
the presence of His Majesty the King of Sweden. We are very glad that so many 
from all parts of the world have responded to our invitation and we hope that 
the addresses given and the new results presented here will be of great value for 
the development of our science. We also hope that the personal contacts, re
newed and established at the Congress, will serve the same purpose and, at the 
same time, be links in the chain that unites us all. 

At the International Congress in Cambridge, England, in 1912, Professor G. 
Mittag-Leffler invited the mathematicians to meet the next time in Stockholm 
in 1916. Because of the First World War this Congress had to be reduced to a 
Scandinavian one, and it was not until after the Edinburgh Congress in 1958 
that the Swedish mathematicians assumed the responsibility of organizing the 
next Congress. I t goes without saying that the decision was a hard one to take. 
In the first place the number of participants at an international congress of 
mathematicians would probably have risen to something between 2000 and 
3000 by 1962—in fact, we are over 3000, associated members included—and 
such figures must inevitably involve difficulties of housing, transportation, too 
small lecture-rooms, and so on. But the real trouble lies in the development of 
mathematics itself which is proceeding so rapidly that no man can survey but 
a part or parts of the front line, and total coverage can only be achieved by 
joint work on an international basis. 

To be able to present a scientific programme worthy of an international con
gress it was therefore decided at an early stage to seek the assistance of the 
International Mathematical Union, and at a meeting in Zurich in November 
1960 a small Consultative Committee was appointed with Professor de Rham, 
Lausanne, as chairman. The wide experience and knowledge represented in the 
Consultative Committee itself and strengthened by contacts with experts from 
all over the world, made it possible to choose the subjects and speakers for the 
one-hour addresses and to appoint chairmen of the international panels which 
have proposed the half-hour speakers. At subsequent meetings the Consultative 
Committee brought the information gathered to the Swedish representatives 
and all decisions were made in agreement. I t must be clearly stated that the 
Swedish Committee takes the full responsibility for the organization of the 
congress, but without the invaluable help of the panels and the Consultative 
Committee the scientific programme would not have been adequate. 

The part performed by the International Mathematical Union in preparing 
the scientific programme of this congress is a leading one, and is well suited to 
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act as a precedent for any future international congress. I t seems therefore quite 
natural that the President of the International Mathematical Union should 
preside over the general sessions of the Congress, and I now have the honour to 
call upon Professor Rolf Nevanlinna who will declare the Congress open. 

Professor R. Nevarilinna came forward and spoke as follows: 

Your Majesty, Ladies and Gentlemen: 

One prime characteristic of our age is the highly accelerated pace of its de
velopment. This can be felt everywhere in our cultural, social and economic life. 
I t applies with greatest force to technology and science. 

Mathematics is no exception. To convince oneself of this, it is sufficient to 
glance at the questions dealt with in the lectures and discussions of the inter
national mathematical congresses since the beginning of the century. 

The expansion and growth of many different branches of science have led to 
increasing specialization in the field of research. Today there is no mathemati
cian who can claim to have mastered modern mathematics in its entirety. 

This development of science would soon lead to an impossible situation, if 
there were not another tendency working against it; the tendency towards 
synthesis. Mathematical development in our century stands out as a shining 
example of this synthesis, which is necessarily on a conceptually high and ab
stract level. 

What takes place in pure mathematics has its roots in the world of experience. 
On the other hand, theoretical and general mathematical insight throws light 
on practical questions, and forms, in fact, the basis of applications in many dif
ferent fields: in natural science, in technology and, in recent times, in many 
branches of social and economic life. The astonishing development of electronic 
computers has contributed enormously to the applicability of mathematical 
methods. 

Thus, mathematics in our time forms a background of ever increasing im
portance for all cultural life. 

Mathematicians from all over the world have come together again after four 
years to survey the state of our science. 

This survey is the principal object of a large Congress, and this opinion has 
been decisive in the organization of this Congress. 

The most important branches of mathematics will be covered in 16 one-hour 
addresses, delivered by leading experts. These addresses are meant primarily 
for those participants of the Congress who are not specialists in these fields. 

I t is my hope that these survey-lectures will contribute towards a better 
contact between the different branches of mathematics. 

About 60 half-hour addresses by invited speakers in the seven sections of the 
congress will report on the latest advances in their respective fields of work. 

Freedom of research requires that all mathematicians of the world, and in 
particular those of the younger generation, should have the opportunity to 
present briefly their own results during this Congress. For practical reasons, 
however, the duration of such short communications, of which there are about 
800, must be restricted to 10 minutes each. 

So I hope that the week beginning today will supply proof that large congres
ses are still useful and have a task to fulfil as supplements to the smaller meetings 
at which a small group of specialists discusses their problems. 

We are grateful to our Swedish colleagues for having taken over the great 
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burden of organizing this Congress and having given us the opportunity of 
meeting in this beautiful city of Stockholm. 

In the name of the International Mathematical Union and of the Swedish 
Organizing Committee I have the honour to declare open the International 
Congress of Mathematicians in Stockholm. 

After an interval, Professor Nevanlinna in his capacity of chairman of 
the Fields Medals Committee, read the report of the Committee which was 
as follows: 

Your Majesty, Ladies and Gentlemen: 

During the International Congress of Mathematicians in Zürich 1932, it was 
made known that J . C. Fields, chairman of the Organizing Committee of the 
Toronto Congress in 1928 had set up a trust to found two prizes to be presented 
in connection with the International Congress of Mathematicians that followed. 
This idea was carried out for the first time at the Congress in Oslo, 1936. At 
this and at the following Congresses in Cambridge (Harward) 1950, Amsterdam 
1954 and Edinburgh 1958, two gold medals and cash prizes were presented to 
two young mathematicians in recognition of distinguished achievements in 
mathematics. 

The problem of suggesting names for the award of the Fields medals has, 
since the last congress, been entrusted to the International Mathematical Union. 
To prepare the names at this Congress in Stockholm, the Union appointed a 
Fields medals committee. This committee has the honour to make known its 
decision here. 

The two Fields medals are to be given, also this time, to two young mathe
maticians for distinguished scientific achievements: LARS HöRMANDER, Pro
fessor at the University of Stockholm, and JOHN MILNOR, Professor at the 

University of Princeton. 
The International Mathematical Union considers it a great honour that His 

Majesty the King has agreed to be present here and to give the Fields Medals 
to the winners of the Prizes. 

May I now request Professor Hörmander and Professor Milnor to come for
ward to receive the Prizes from the hands of His Majesty. 

His Majesty the King then presented the awards to Professors L. Hör
mander and J . Milnor and complimented the prize-winners on their work. 

The formal opening ceremony had thus come to an end and His Ma
jesty withdrew from the session. 

After a short interval reports on the work of the Fields Medallists were 
given. Professor L. Gârding spoke on the work of Hörmander and Professor 
H. Whitney on t ha t of Milnor. The addresses are included in these Proceed
ings. 
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The Closing Session was also held in the Concert Hall, on Wednesday, 
22 August 1962, a t 14.00. 

Professor Nevanlinna opened the session with the following words: 

Ladies and Gentlemen 
At every international congress of mathematicians since 1950, it has been 

the custom, on the last day of the Congress, to make an announcement about 
the International Mathematical Union. Following that custom, I am glad to 
announce that the Fourth General Assembly of the International Mathematical 
Union which met in Saltsjöbaden from August 11 to 13 was very successful. 
The Union, as some of you may know, has as one of its principal objectives the 
support of the International Congress of Mathematicians. I am glad to say that 
as a result of the Union's efforts, there has evolved, and become established, a 
definite pattern of collaboration with the Congress, especially with regard to 
the Fields Medals, the Scientific Program, and the choice of location of future 
Congresses. This, in itself, is by no means a trivial development, since the Union, 
as the only non-governmental organization, truly scientific in its intent, and 
truly international in its scope, offers perhaps the best guarantee of enduring 
international collaboration among mathematicians the world over. 

Professor Nevanlinna then reported tha t the Executive Committee of 
the International Mathematical Union for the years 1963-66 would consist 
of Professors G. de Rham, President, H. Cartan and K. Kuratowski, Vice 
Presidents, K. Chandrasekharan, Secretary, and J . C. Burkill, F . Hirze-
bruch, M. A. Lavrentiev, D. Montgomery, B. Segre, and R. Nevanlinna 
(Past President), Members. 

He also asked the meeting to join him in wishing the new Executive 
Committee every success, which was carried by acclamation. 

Professor Nevanlinna continued: 

Ladies and Gentlemen: 

As Chairman of the Committee to recommend the choice of location of the 
International Congress of Mathematicians 1966, I have the honour to request 
Academician Lavrentiev to address this gathering. 

M. Lavrentiev, j 'a i l'honneur de vous donner la parole. 

Professor M. A. Lavrentiev came forward and read an invitation—to 
hold the next Congress of Mathematicians in the Soviet Union—worded 
as follows: 

roenoßHH npe3H,a;eHT, aaMti, rocnoaa! 

OT HMeHH AKaaeMHH HayK CoBeTCKoro Coio3a HMeio necTB npeßJiOHurrb 
KOHrpeccy coaBaTB cjieayionniü uemjsjmaipojs^uiì MaTeMaTHHecKHÄ Konrpecc 
B CoBeTCKOM CoK)3e. 3a nocjie^Hee AecHTHJieTHe MnpoBaH MaTeMaTHKa flocTHrjia 
aaMenaTejitHMx ycnexoB H 3AecB npncyTCTByioT »morae, ycHJiHHMH KOTopux 
6HJIH oßecneneHH OTH ycnexH. HHTepecHO TO, HTO nojiyHHjra 6oraTBie npHJio-
îKeHHH H3 no3HaHHH TexHHKH, jjajKe Te pascenti MaTeaiaTHKH, KOTopue paHtme 
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Ka3aJIHCB OTBJie^eHHHMH H flajieKHMH OT JKH3HH. rocno jpm npe3Hp;eHT, ffaMBI, 
rocno^a! EypHHH pocT MaTeMaTHKH, yBearaneHHe HHWia ee HanpaBJieHHË H 
paÖOTHHKOB B HHX, BCe 3T0 yBeJIHHHBaeT pOJIB MeHKHyHapOÄHOÄ MaTeMaTH-
necKOö opraHH3ai^HH, poji t oöteßHHeHHH ycHjraö MaTeMaTHKH Bcex cTpaH Ha 
peuieHHe BajKHeonrax npoÖJieM. OJJHOH H3 Baaurax $opM MOKayHapoßHoro 
oômeHHH HBJiHMTca MaTeMaTHneemie cT>e3ji;H. Pa3peniHTe OT HMCHH COBCTCKHX 
MaTeMaTHKOB 3HeCB 3aHBHTB, HTO MM npHJIOJKHM BCe yCHJIHH ffJIH Toro, HTOÖH 
COBMeCTHO C HCnOJIHHTeJIBHBIM KOMHTeTOM MeJKflVHapOAHOrO COK)3a HO r̂OTOBHTB 
H npoBecTH HOBHH Cbe3# c HanôojiBineH nojib30ft H yaoBOJiBCTBHeM #JIH HJICHOB 
c*be3Aa H Hx ceMen. 

The Russian tex t of the invitation was followed by an English interpreta
tion given by Professor P . S. Aleksandrov. 

The invitation was carried by acclamation, interpreted by Professor 
Nevanlinna with the following words: 

M. Lavrentiev, le Congrès accepte votre invitation à l'unanimité. Je vous 
remercie sincèrement. 

Professor S. Eilenberg asked for permission to speak and addressed the 
meeting as follows: 

Mr. President, Ladies and Gentlemen: 

In the name of the mathematicians of all nations assembled here, I take the 
liberty to say a few words which I hope represent the feelings of all of us here. 

First, it is my pleasant duty to ask the Organizing Committee to convey 
expressions of our thanks and gratitude to His Majesty the King of Sweden for 
having placed this Congress under His high patronage and for having graced 
the opening session with His presence. 

The physical arrangements for this congress were entirely in the capable hands 
of the Organizing Committee composed of Swedish mathematicians. The 
Swedish mathematical community being relatively small as compared with this 
huge congress, their task was enormous and the accomplishment most remark
able. I hope that I speak for all of us when I express our sincere thanks to the 
Organizing Committee for their hard task so well carried out. 

In preparing the scientific programme, the Organizing Committee worked in 
close cooperation with the Executive Committee of the International Mathe
matical Union, and enlisted the help of many advisory committees composed 
of experts of all nations. This truly international effort resulted in a scientific 
programme of the highest caliber. Let me express here the hope that this pro
cedure constitutes a precedent for future International congresses. 

Having presented his personal thanks in Swedish to the Organizing Com
mittee and especially to its Chairman, Professor Frostman, Professor 
Nevanlinna terminated the session with the following words: 

Ladies and Gentlemen: 

All good things must come to an end; so must this Congress. I t has been a 
very successful meeting. We have witnessed many brilliant contributions to our 
science. We have had the pleasure of meeting many eminent personalities. But 
the dominant characteristic of this Congress has been the vigorous role played 
by youth. I t seems to me that this is the best symbol of its success. 

Now is the time to give our thanks to our Swedish Colleagues who made this 
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possible. They have worked hard, and long, and unselfishly; they have been 
modest and un-obtrusive. But, you will agree, they have been kind, and generous 
and efficient. The Organizing Committee, and especially its chairman Professor 
Frostman, have placed us in debt. Let us discharge that debt by expressing, 
publicly, our deep gratitude. 

Ladies and Gentlemen, I declare the International Congress of Mathemati
cians in Stockholm closed. 

I n compliance with the demand expressed by Professor Eilenberg, the 
Organizing Committee sent the following télégramme to His Majesty the 
King: 

On behalf of the mathematicians assembled in Stockholm for the International 
Congress the Organizing Committee thanks Your Majesty most warmly both 
for becoming patron of the Congress and for graciously attending the opening 
session and presenting the Fields medals. 



THE WORK OF THE FIELDS MEDALLISTS 

HÖRMANDER'S WORK ON LINEAR 
DIFFERENTIAL OPERATORS 

By L. GÂRDING 

Lars Hörmander was born in 1931, studied at Lund University and is now 
professor of mathematics at Stockholm University. He has been given a 
Fields Medal for his outstanding work in the theory of partial differential 
equations. Before trying to describe some of his results I shall have to lead 
you through a somewhat lengthy introduction. 
Let me first acquaint you with a few notations. Coordinates and deriva
tives in real w-spaee will be denoted by xk and Dk = i~1d/dxk respectively. 
Higher derivatives will be written as powers D" = Di1... D%n; we put 
| a | = <*!+... + a«. A linear differential operator of order m is a sum 

P = P(x,D) = 2 a« (*)£>" 
|a|<m 

with principal part 
Pm{x,D)= 2 

We assume that the coefficients are smooth complex functions. Substi
tuting complex numbers £y for the derivatives we get the characteristic 
polynomials 

and Pm(x, | ) . The Fourier transform will convert a differential operator 
with constant coefficients P(D) into multiplication by P( | ) . The adjoint 
and the conjugate of P are defined by 

P* = ZD«äx(x) 
and 

p = 2<M*)£a. 
Linear differential equations 

Pu=v (1) 

and systems of such equations occur in many mathematical models of 
physics, e.g. hydrodynamics, elasticity, thermodynamics, electricity and 
magnetism and magnetohydrodynamics. We can think of u as a function 
describing some aspect of the state of the physical system and v as some 
kind of exterior force. The manifold of solutions u gives us the possible 
states under the action v. Additional restraints mostly given as boundary 
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conditions give us a solution describing a particular situation. In practice 
it is the boundary conditions that account for the variety while P is given 
by the model itself. 

I t was pointed out very emphatically by Hadamard that it is not natural 
to consider only analytic solutions and source functions even if P has 
analytic coefficients. This reduces the interest of the Cauchy-Kowalevski 
theorem which says that (1) has locally analytic solutions if P and v are 
analytic. The Cauchy-Kowalevski theorem does not distinguish between 
classes of differential operators which have, in fact, very different properties. 

If 
P = Df+...+2>t 

is Laplace's operator, we are dealing with potential theory and if 

P = DÎ-Dl-...-Dl 

is the wave operator, we are studying wave propagation. The solutions of 
the homogeneous equation Pu =0 behave quite differently. In the first case 
they are harmonic and hence real analytic, in the second case the example 
u=arbitrary function of xx ± x% shows that they may have very complicated 
singularities. 

A natural reaction to all this is the question: what is it in P that makes 
this difference? More generally we can ask for properties of P or rather its 
characteristic polynomial which are intrinsic in the sense that they are more 
or less equivalent to properties of the solutions. Questions of this nature 
have no physical background but a very solid motivation: mathematical 
curiosity. They lead Hadamard to the fruitful notion of correctly set boun
dary problems. The first complete results, however, are due to Petrovsky 
who proved among other things that 

Pu=0=>u analytic (2) 
and 

| real 4=0 =>Pm(|)=f=0 (3) 

are equivalent properties for operators with constant coefficients. The 
second condition has an immediate extension to operators with variable 
coefficients. They are said to be elliptic. A simple example is Laplace's 
operator. Actually Petrovsky's main achievement on that occasion is a 
proof that all solutions of suitably defined elliptic non-linear analytic 
systems are analytic. The problem goes back to one of Hubert's problems 
from the Paris congress in 1900. 

Petrovsky felt that his results were just a beginning and in a lecture in 
1945 he explicitly asked for a general theory of linear differential operators 
including those which do not appear in the mathematical models of physics. 
At the same time the theory of distributions appeared as a new tool in 
analysis. In his book on distributions Laurent Schwartz pointed out that 
the equivalence of (2) and (3) holds if the first u in (2) is assumed to be a 
distribution. He also stated a number of problems about differential opera
tors. Since then a rather comprehensive theory has been worked out. Many 
people have contributed but the deepest and most significant results are due 
to Hörmander. I can describe only a few of them. 
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One of Schwartz's questions was the following one: what becomes of (3) 
if we replace (2) by the weaker statement 

Pu=0=>u6C°°i (4) 
The answer, namely 

Im | bounded, | -> oo => P(|) -> oo 9 

was obtained by Hörmander in his thesis as a byproduct of a study of 
operators with constant coefficients, which I shall not go into. The cor
responding operators are called hypoelliptic. A characteristic point of the 
proof is that the theorem of the closed graph is used to replace (4) by an 
equivalent inequality which establishes the problem in a suitable analytical 
form. The last part of the thesis deals with variable coefficients and estab
lishes an important inequality which can be described as follows. 

Let O be an open part of Rn and let H$ be the closure of C0 = CQ(Q) in 
the norm 

Ml= f 2 \D*u(x)\2dx. 

I t is a Hilbert space and we can identify its dual H k with the space of 
distributions u in Q for which 

\u\_k=sup\(u,v)\l\v\k<oo3 

where (u,v) = §u(x)v(x)dx and v runs over C0. We observe that H-°=HQ and 
that H~k increases with k. A simple result from the theory of linear operators 
tells us that if A and B are Banach spaces and L is a densely defined linear 
operator such that 

L 

A-+B has a continuous inverse, (5) 

then the adjoint map 
L* 

B*-+A* 

is onto. By a piece of ingenious and powerful analysis Hörmander established 
(5) in the form of an inequality 

| m - l < c|p^|0 (uecQ) 

and hence also the solvability of 

ptu^veH1-™. (6) 
I t is assumed that 

O is sufficiently small, (7) 

Pm is real, (8) 

dPm(x,Ì) 
|real4=0=>2 

«f* 
> 0 . (9) 
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The solvability of (6) was a great breakthrough in the theory and the 
conditions (7) and (9) but perhaps not (8) of reasonable generality. There 
were, however, surprises to come. Let us weaken (6) to 

Pu = v has a solution (possibly a distribution) for every v € CQ. (10) 

By an ingenious but very special reasoning Hans Lewy proved in 1957 that 
the operator 

Dx + iD2+i(xt+ix2) Ds 

does not have this property. An almost complete investigation of the situa
tion was given by Hörmander in 1960. Rephrasing (10) in the form of an 
inequality he got the following result. Put 

C(x, D) = (P(x, D)P(x, D) -P(x, D)P(x, D))2m_t. 

This operator only depends on Pm and vanishes if Pm is real. Then one has 

(1()) =* (Pm(x,i) = 0, f real=> C(x,Ç) =0). (11) 

Furthermore, this statement almost has a converse. We say that P is 
principally normal if there exists a polynomial Qm-^x, f ) of degree m — 1 in f 
such that 

C(x, Ì) = Pm(x, Ì)Qm^(x, Ì) +PJx, SiQ^x, | ) . 

This property implies the right side of (11) and Hörmander proved that 

P principally normal (12) 

together with (7) and (9) implies the solvability of (6). The discovery of 
these results and their proofs is a first-class achievement. Recently he has 
given a global version of the theory. 

I will finish by touching upon the problem of unique continuation which 
is the following. Consider a regular surface S:s(x) =0 in Rn and a solution u 
of Pu=0 which vanishes on one side of S. Does it vanish on the other side? 
If the coefficients of P are analytic the answer is yes provided 8 is non-
characteristic for P , i.e. 

Pm(z,grad *(*)) 4=0. (13) 

This is an old result by Holmgren. The same problem for non-analytic 
coefficients is much harder and there are counterexamples to show that 
(13) is not enough. The first positive results are due to Carleman for two 
variables and to Calderon in the general case. Hörmander has clarified the 
situation considerably by inventing a sufficient convexity condition bearing 
on S and P which also comes close to being necessary. 

I hope that this sketch has given you an idea of the power and the drive 
that characterizes Hörmander's work. 

R E F E R E N C E 

HÖBMANDEB, L., Linear Partial Differential Operators, Springer 1963. 



THE WORK OF JOHN W. MILNOR 

By HASSLER WHITNEY 

To aid in understanding the significance of Minor's work, I will first say a 
few words about the recent history of algebraic topology. In the early thir
ties, the subject seemed to have reached a certain level of completeness in 
its basic methods and results; the famous textbooks of Lefschetz, of Seifert 
and Threlfall, and of Alexandroff and Hopf, gave a very good picture of 
the field. The term "algebraic" had not yet been applied. Then in 1935, the 
sudden explosion of "cohomology theory", with its various kinds of applica
tions, provided a great impetus to research. In developing these applica
tions to new heights, various algebraic problems arose; one could often write 
out a formula which described a situation, but could not understand the 
geometric meaning of the formula. In the forties, powerful and general 
algebraic machinery came into being; this enabled problems, which had 
before seemed hopelessly complex, to be answered in relatively simple 
algebraic terms. The subject of "algebraic topology" was in full swing. 

The new algebraic methods now began to grow by themselves; new 
concepts, such as exact sequences, sheaves, homological algebra, spread 
out not only through topology but through neighboring domains of algebra 
and analysis, where they have had extraordinary success. As pointed out 
by H. Hopf, in presenting the work of the Fields Medalist R. Thorn at the 
last Congress at Edinburgh, the geometric point of view tended to be 
swamped in the algebraic machinery. Papers in algebraic topology had 
commonly the appearance of being pure algebra. Then in the mid fifties, 
some great discoveries of a more geometric nature took place, which brought 
on a resurgence of the geometric point of view. The definition of cobordism 
and its basic properties and applications by Thorn in 1954 was one such 
discovery; for this he was awarded a Fields Medal in 1958, as mentioned 
above. In 1956, the mathematical world was astounded by Milnor's proof 
that the 7-dimensional sphere S7 was capable of several differential struc
tures. This at first might have seemed like an isolated fact; but through 
Milnor and others it has led to a vast field of work, which has now acquired 
a name: differential topology. 

To explain this work, I must give some definitions. A differential manifold 
is a topological manifold with given local coordinate systems, such that the 
transformation from one coordinate system to an overlapping one is differen-
tiable. I (and some others) have purposely altered the standard term, 
"differentiable manifold", precisely because Milnor's result shows that one 
must tell, not merely whether a manifold is "differentiable", but which 
differential structure one has in mind. (Recently M. Kervaire has shown 
that there are topological manifolds which admit no differential structure 
at all.) A homeomorphism between two topological manifolds is a one-one 
correspondence between them which is continuous in both directions; a 
diffeomorphism is a homeomorphism that is differentiable in both directions. 

We may now state Milnor's result: There are differential manifolds which 
are homeomorphic to the 7-sphere S7, but not diffeomorphic to it. 
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A first reaction to such a theorem might be: What is the use in showing 
that S7 can be distorted to such a degree that the original differential struc
ture is lost, but a new one is taken on, distinct from the first? The fact is, 
the new manifolds are constructed not by pathological means, but by simple 
and well known methods; the actual differential manifolds had certainly 
been considered, but one had not suspected that they were homeomorphic 
to the sphere, and yet had different differential structures. 

The manifolds are defined as follows. Start with the Cartesian product 
$4 x S3. Cut #4 apart at its equator S3, thus cutting the product manifold 
apart. Now glue the two resulting bounded manifolds together again at 
their boundaries, identifying (u,v) with {u,v'), where v' =uhvuim, the multipli
cation here is quaternion multiplication in SB cz R*. Taking h+j = l,h—j = k, 
for any odd integer k, gives a manifold M\\ it is the total space of a sphere 
bundle over #4, and has an obvious differential structure. I t is easy to show 
that there is a differentiable real valued function on Mk which admits just 
two critical points, these being nondegenerate; from this it follows that M\ 
is homeomorphic to S7. 

An invariant X for closed oriented differential manifolds M7 is now de
fined, as follows: As part of Thorn's cobordism theory, M7 is the boundary 
of a differential manifold 5 s . (For the Ml, one may take Bk to be the total 
space of the associated disk bundle.) Now X{M7) is defined as a certain 
function of the "index" and the first Pontrjagin class of J58; it is an integer 
mod 7, independent of the choice of &. Moreover, A(JfI)=&2 — 1 mod 7, 
and A($7)=0; hence Ml for instance is homeomorphic but not diffeomorphic 
to S7, and it thus may be considered as defining a new differential structure 
on the topological manifold S7. 

Milnor later extended this work to a study of spheres of dimension 4m — 1, 
with m>2. The 31-sphere, for example, was shown to admit more than 
sixteen million distinct differential structures. 

The next job in building up a theory of these structures was to form 
them into some sort of mathematical system. Milnor showed that an abelian 
group 6ra could be constructed from them, for each dimension n. We give a 
brief description of 6n. The connected sum M^M% of two differential n-
manifolds Mx and M2 is formed by removing a small n-cell from each, and 
then gluing together the resulting boundaries, with proper regard to orien
tation. Two closed differential manifolds M and M' are h-cobordant (homo
topy cobordant) if the disjoint sum M + (— M') is the boundary of some 
differential manifold W, such that both M and M' are deformation retracts 
of W; this is an equivalence relation. Now the group 0n is the abelian group 
of Ä-cobordism classes of differential manifolds which are homotopy n-
npheres (that is, have the same homotopy type as Sn), under the connected 
«urn operation. 

Through some deep work of S. Smale and others, it is known that the 
(dements of 0n correspond precisely to the distinct diffeomorphism classes of 
*Sm. Hence, for instance, the order of 6n is the number of distinct differential 
Htructures on Sn. These groups have wide importance; for instance, they 
nerve as coefficient groups in the study of obstructions to the construction 
of differential structures on a manifold. They play a role, relative to diffe
rentiability, similar to the role of the homotopy groups in more purely to
pological questions. 

Kervaire and Milnor, in a joint study, have shown that the groups 6n 

4-622036 Proceedings 
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are always finite, except that the structure of 63 is unknown. (If the Poin
caré conjecture were proved, it would follow that fl3 is trivial.) They have 
found the orders of many of these groups; for instance: 

1 2 3 4 5 6 78 9 10 11 12 13 14 15 
order of 0n 1 1 Ï 1 1 1 28 2 8 6 992 1 3 216256 

The order of 04m~1 is given in terms of the order of the stable homotopy 
group 7ik+4m-i(Sk) (k large) and the Bernoulli number Bm. 

We must mention the recent solution by Milnor of two outstanding 
problems of topology; in each case the solution was made possible by deep 
work of someone else. First, when R. Bott proved a theorem about the 
divisibiMty of the highest Pontrjagin class of the 4m-sphere, Milnor saw 
that, combining this with results of Wu Wen-Tsiin, it followed that the 
%-sphere is parallelizable only if n = 1, 3 or 7. (Kervaire and Hirzebruch also 
discovered this independently.) A further consequence of this is that there 
exists a division algebra of rank n over the real numbers if and only if n = 1, 
2, 4 or 8. (In these cases, examples are: the real numbers, the complex 
numbers, the quarternions, and the Cayley numbers.) 

Second, the so-called "Hauptvermutung" for complexes, that homeo
morphic polyhedra have isomorphic cell subdivisions, was formulated in a 
paper by H. Tietze in 1908 (it was conjectured earlier). In this paper, he 
studied the "lens spaces" L(p,q). These are manifolds, defined as follows. 
Set co=e2ni,1). Taking the unit sphere S3 in the space of pairs (z1,z2) of 
complex numbers and identifying any two points {zx,z^, (œz1,a)qz2) of S3 

defines L(p,q). Tietze showed that p is a topological invariant. With the 
help of a very recent theorem of B. Mazur on the existence of a diffeomor-
phism between certain product spaces, Milnor shows that L(p, q) x Rn is 
diffeomorphic to L(p,q') x Rn provided that + qq' is a quadratic residue mod 
p, and n > 3. Now construct the finite complex XQ from the product L(7,q)x an, 
on being an n-simplex, by adjoining a cone over the boundary L{l,q) x 3an. 
Then for n>3, Xt is homeomorphic with X2, as can be proved from the 
result stated above. Now the Hauptvermutung is disproved by showing 
that Xx and X2 have no isomorphic cell subdvisions. This is accomplished 
by slightly generalizing the torsion invariant of Reidemeister, Franz and de 
Rham, and following some methods developed by J. H. C. Whitehead. 

One possible peculiarity of differential structures appears as a corollary 
of the work just mentioned: The bounded manifolds J C ( 7 , 1 ) X D 5 and 
.£(7,2) x D5 (where D5 is the unit 5-disk) are not diffeomorphic, but their 
interiors are. 

To look ahead, Milnor is now developing a theory of "microbundles", 
which injects a new and basic tool into the subjects discussed above. You 
will hear about this from him in his address at this Congress. 

In conclusion, it is apparent that differential topology is a strong young 
field, with a bright present and a great outlook, and that its vitality is 
largely due to the fine achievements of Milnor. I t gives me especial pleasure 
to report on this; in the thirties I was much concerned with the relations 
between differential and topological properties, and I felt that my own 
contributions were merely some beginnings of what might come at some time 
in the future. The future has arrived! 



r 
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T E I C H M Ü L L E R SPACES 

By LARS V. AHLFORS(i) 

1. Historical remarks 
Riemann's classical problem of moduli is not a problem with a single aim, 
but rather a program to obtain maximum information about a whole 
complex of questions which can be viewed from several different angles. 
At this congress other reports will be presented which deal with the re
markable progress that has been achieved by purely algebraic methods, as 
well as by transcendental methods with an algebraic background. The 
present lecture reports on the results obtained by an analytic method 
which is based on the geometric idea of quasiconformal mapping. 

This analytic treatment has its roots in the work of 0 . Teichmüller. He 
discovered that a certain extremal problem of quasiconformal mapping is 
intimately connected with the quadratic differentials on a Riemann surface. 
On the other hand, the number of linearly independent quadratic differen
tials is the same as the number of moduli. Teichmüller surmised, but did 
not establish, a link between moduli and quasiconformal mappings. The 
results on moduli that he achieved later were based on a different method 
which did not have the simplicity of his original approach. 

Teichmüller's work was too sketchy to serve as a satisfactory theory. 
During the 1950's his results were confirmed and reorganized by H. Rauch, 
L. Bers, and the speaker. Through these efforts it was firmly established 
that the space of moduli has a natural complex analytic structure. As the 
work progressed, strong connections became apparent with Beltrami's 
classical theory of conformai mapping of surfaces with a Riemannian metric. 
Much more delicate existence theorems were needed, but it was found that 
they had already been proved by C. Morrey for different purposes. Ideas of 
1. N. Vekua and Boyarskii led to important simplifications of these existence 
proofs. 

2. Teichmüller's covering space 
To study the moduli is to study the space whose points are the classes 

of conformally equivalent Riemann surfaces. In its natural topology this 
space is not a manifold, and for this reason Teichmüller preferred to con
sider a covering space obtained by a weaker equivalence relation. 

The formal definition of Teichmüller's space is as follows: Let WQ be a 
compact Riemann surface. Consider pairs {W,f) where W is another Rie
mann surface and / is a sense-preserving homeomorphic mapping of W0 on 
W. Write (W1,f1)^(W2,f2) ^ there exists a conformai homeomorphism h: 
W1->W2 such that fïxhfx is homotopic to the identity. The set of pairs (W,f), 
identified under this relation, is the Teichmüller space T(W0). Given a 
pair (TTu/x) there is a natural identification of T(Wt) and T(W0), namely 
by the correspondence (W,f)<->(W,ff1). We regard the Teichmüller spaces 
as the same, but referred to different frames. In this sense all surfaces of 
fixed genus g yield the same space Tg. 

(1) This research was supported in part by the Air Force Office of Scientific Kesearch. 
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If WX = WQ we obtain a mapping ß\{W,f)-^(W,ffx) of T(W0) on itself. 
Its fixpoints correspond to surfaces with nontrivial conformai selfmappings. 
The mappings ß form the "modular" group M, and T(W0)jM may be 
regarded as the space of moduli in the original sense. 

For many purposes it is preferable to introduce another interpretation. 
A surface WQ of finite genus g > 1 can be represented as a quotient space 
H/TQ where H is the upper halfplane and T0 is a Fuchsian group. To a 
pair (W,f) corresponds another Fuchsian group V and an isomorphism & 
from r o to T. The relation (Wx,f^)~ (W2,f2) means that #x and&2 are con
jugate isomorphisms. In other words, there exists a linear transformation B 
suchthat &2(A)B = Be1(A) for all A£T0. With this equivalence relation 
T(W0), or more simply T(T0), is a set of equivalence classes of isomorphisms 
#. A change of frame is represented by a correspondence ê^>âêv The modular 
mappings correspond to automorphisms ^ of r o . 

This construction can be generalized to arbitrary discontinuous groups 
r o . An important case is that of quasifuchsian groups which are disconti
nuous on two complementary Jordan regions. 

3. Global coordinates 

The most effective technique to study T(WQ) is by deformation of the 
conformai structure. A Beltrami differential on W0 is a differential form 
fjLdzjdz of weight ( — 1,1). If fi is sufficiently regular, and | ^ | < 1 , it defines 
a new conformai structure on WQ, namely by the local fundamental forms 
ds2= \dz+fjtdz\2. If the surface W0 with this structure is denoted by W%, 
the pair (Wo,e), where e is the identity mapping, represents an element of 
T(WQ). Provided that the regularity conditions are not too strict, it is easy 
to show that every point of T(W0) can be represented in this form. The 
proper degree of generality seems to be to require that fi is merely measur
able, with norm ||iw||00<l. If B(W0) is the linear space of all measurable 
Beltrami differentials, we are thus in a position to identify T( W0) with the 
unit ball BX(W^ modulo a certain equivalence relation fa^fa. 

This identification can be made quite explicit. Let W0 be represented as 
H/VQ where H is again the upper halfplane and T0 is a Fuchsian group of 
the first kind. The Beltrami differentials become functions [i(z) on H which 
satisfy the relations 

fi(Az)Ä'(z)=M(z)A'(z) (Aere). (1) 

Let fi be extended to the full plane by setting ft =:0 in the lower halfplane. A 
fundamental existence theorem, due to Morrey, and sometimes referred to 
as the generalized Riemann mapping theorem, asserts the existence and 
essential uniqueness of a homemorphism f1 of the plane which satisfies the 
Beltrami equation 

r-.=pf. (2) 

Here the derivatives are weak ^-derivatives, and uniqueness is achieved 
by a suitable normalization, for instance by requiring that 0,1, oo remain 
fixed. 
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I t follows from (1) and (2) that 

nAz)-AT{z), (3) 

where Aß is a linear transformation. The A!1 form a quasifushsian group 
P1, and the mapping:A->Aß is an isomorphism. 

One sees very easily that Px~ii2 ^ a n ( i 0 I u y ^ /'4l=//<a on the real axes. 
Since they are analytic in the lower halfplane the equality remains valid 
there. Moreover, it follows from (3) that the Schwarzian derivative 
qf^ifyz} satisfies 

<f(Az)A'(z)^<f(z), (4) 

which means that c?*1 is a quadratic differential with respect to ro . Because 
of the normalization (p**1 =ç/ l i implies f*1 =fIÂ* in H, and hence px ~ fx2. As a 
result we are able to identify T(WQ) with a certain subset O(ro) of the 
space Q(TQ) of quadratic differentials, Q,(TQ) being the image of B^TQ) 
under the mapping ^-»99^. In the case of Tg the complex dimension of Q(ro) 
is 3gr—3. 

I t is proved by fairly elementary considerations that Q(ro) is a bounded 
set which contains a neighborhood of the origin. In order to show that 
Q(ro) is open, and hence that T( W0) is a manifold, it is necessary to study 
the effect of a change of frame. 

For this purpose, let W0=lï/ro be mapped on W1 =HIT1 by a mapping F 
with complex dilatation0,i.e. FS=QF2. We denote the dilatation of f^oF'1 

by /j|o. I t belongs to ì ^ r j , and the correspondence [â->[â\Q induces a 
mapping qf-xp^9 of D(ro) on 0(1^), for it is clear that fa^fo implies 
fA^Q^fjL^Q. I t is practically evident that this mapping is bicontinuous, and 
it follows by the invariance of region that ç?eGQ(ro), which corresponds to 
0€Q(r i) , is an interior point. Hence Q(ro) is open. 

But much more is true. The explicit formula 

'I'-G^JsK (5) 

shows that JLI\Q depends holomorphically on p. I t is also known that f*, 
and therefore 99̂ , is a holomorphic function of [x. From these facts it follows 
that (ff->q)^Q is a holomorphic mapping. We conclude that T g carries a 
complex analytic structure of dimension 3g — 3 which is independent of the 
frame. 

This reasoning is essentially due to Bers. I t is the simplest and shortest 
way to introduce a complex structure. Of course, it must be shown that this 
is the natural structure, for instance in the sense that the periods of the nor
mal integrals become holomorphic functions on Tg. This is not a difficult 
task. There are two open problems: (1) to study the boundary of 0(r o ) , 
(2) to prove that ß(r o ) is open even when QÇT) is infinite dimensional. 

There is an interesting application to the modular transformations. The 
correspondence ^ - » ç / 1 0 is a cover transformation if I \ = r o , in which case .F 
maps H on itself. Suppose further that the origin is a fixpoint. Then F has 
the same boundary values as a linear transformation B which belongs to the 
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normalizer of T0. I t follows that f = f l e o 5 on H. On taking Schwarzian 
derivatives we obtain 

q? = {qflQoB)B'2 (6) 

which is a linear transformation on Q(TQ). 
The subgroup of M which leaves the basepoint fixed can thus be repre

sented as a group of linear transformations. When studying the singularities 
of T(W0)/M we are therefore merely required to investigate the quotient 
space of a finite dimensional linear space with respect to a finite linear 
group. 

4. The metric on Tg 

We regard Tg as a complex manifold and the representatives T(W) as 
coordinate mappings. To study the differential geometry on Tg we have 
to determine the linear part of q/*. 

To this end we introduce the Fréchet differentials/1^] and qfiv] of which 
the former is defined as 

/ "W=l imi( r t v - / " ) . (7) 
i-»0 t 

For fi = 0 the notation is simplified to f[v\, <p[v\. __ 
I t is immediate that f[v]g = v on H and 0 on H. On taking the 

normalization into account it follows that 

Km)=-ïL(^-l-f-^}mmv (c=s+iv)- (8) 

Furthermore, the infinitesimal form of the relation {f^^^y1* is 

/ M ' " = 9>M, (9) 

valid on H. On H we have therefore, by use of the symmetry, 

^{z)—iLe^mr>- (10) 

It is convenient to introduce the kernel 

K{z,fr=(z-ir* ( i i ) 

and write (10) as 

i f K{z' ? M W = - - | K(z,Çfmdo(Ç) (12) 

where da is the area element. 
One verifies that <p[v] is itself a quadratic differential. Let N(T0) be 

the subspace of J5(ro) for which c>[V]=0. Then (12) represents an an-
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tilinear one to one map of B(T0)IN(rQ) onto Q(T0). Indeed, there is a 
Bergman type identity 

12 C 
<p(z) = —\ K(z,02q>(Ç) (Im tfdo(Ç) (13) 

which shows that v(z) = — 2(p(z)y2 corresponds to <p[v]=q>. 
Choose a basis vv ..., vn (n = 3g— 3) of B(T0) modulo iV(ro). The 

mapping 

T = (Tlf ...,rn)-xp^+-+^Vn (14) 

turns out to be holomorphic, and r can be used as local coordinate. 
A function on T(W0) can be written as Q(r1v1+ ... +fnvn) and it is 
holomorphic if Ô([i)[v] is antilinear in v. The derivatives are 

?)C 

5 - = <fyOM (15) 

at /z=f 1v 1+ ... +rnvn- There is thus an antilinear correspondence be
tween the tangent plane and J3(ro)/iV(ro), or a linear correspondence 
between tangents and quadratic differentials. 

We wish to introduce a Hermitian metric 

ds2 = 29ccß(r)drxdfß. (16) 

To do this we set, first of all, 

g«is(0) = < ^ , v « > = - vß<p[va]do, (17) 
Jtf/r, 

or more explicitly, by (12), 

M 0 ) = - f f K& Ô2vfi(z)vx(C)da(z)do(Ç). (18) 

It is to be noticed that (vß, vay depends only on the equivalence classes 
of va and Vß, and is thus an inner product on B(T0)IN(T0). In (18), 
the domain of integration H/FQ X H may be replaced by H x H/TQ, which 
proves the Hermitian symmetry. Finally, if we use the fact that 
Vß=—2y[vß] mod N(V0) we obtain 

W ( 0 ) = 2 f q>[vJ ̂ ] 2/2 cto(z). (19) 

The positive definite character is now evident. Incidentally, (19) is 
Petersson's inner product of quadratic differentials. Its use in this con
nection was originally proposed by A. Weil. 

To determine gaß(r) all we need is to require invariance under the 
mapping /*->/j|g with Q=T1V1+ ... +f„i>„. For any function 0 on J5(ro) 
let us define GQ on J5(F) by 

G{!*)-GMQ)' (20) 
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I t follows from (5) that 

ô ( e ) M - ô , [ V ] . (2D 

where Lev = { ~ ^ z J | ) o (J»)"1. (22) 

This correspondence between the tangent spaces shows that we must 
have 

9ä(r) = <LQVß,LQve, (23) 

where the inner product is now with respect to H/Te. 
By use of (18) we have thus 

S ^ T > = ! f f K^ & L*VM V - t f ) da{z) do(Ç) (24) 
MJHITQ J H 

and a change of integration variables brings this to the form 

g«ß(r) « J f f KQ{z, C)2vß(z) vx(Oda(z)do(Ç), (25) 

where we have set 

Ke(z, 0 = K(F°(z), F*(0) F%F% (26) 

5 . C u r v a t u r e p r o p e r t i e s 

The comparatively simple structure of formula (25) makes it possible to 
find explicit expressions for the successive derivatives of the coefficients 
g^ß and thereby to study the curvature properties of the metric. Naturally, 
the computations are rather involved, and in the frame of this lecture it is 
possible to give only an outline of the results. For details I refer to my paper 
in the Journal d'Analyse^1) 

The first step is to find the derivatives of KQ. If we note that 

Ì'lv](z)^[v](z)+f[v](z), (27) 

it follows easily that 7 7 ^ = / M - (28) 

After some computation one obtains 

/ - KQ(CV f.) f KQ% l2) KQ% U vY(z) da(z). (29) 

Here KQ(z,Ç) is formed exactly as KQ(z,Ç), but without conjugations, and 
the integral has to be interpreted as a principal value. 

(!) Vol. 9, 1961. 
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With the help of (25) and (29) we now derive, at x =0, 

- i f f f f ^(C^^Î^^^Q^C^QMCJ^C^MCa)^!^^. 
OXy M jHIToJHjH 

(30) 

We point out that in this formula one of the integration variables ranges 
over a fundamental region, and the others over the whole halfplane. I t 
never matters which one we let range over the fundamental region. 

The integral in (30) is symmetric in a and y. This means that the metric is 
Kählerian. 

Higher derivatives can be obtained in the same way. Indeed, (30) is 
valid also for x 4=0, provided that K is replaced by KQ. By use of (29) and a 
similar formula for the derivatives of KQ(Çt,Ç2) it is evidently possible to 
express d^g^dxydxa as an integral over H/TQ X H3 and the integrand will be 
a sum of three terms, each containing a product of four K's. 

A paper of S. Bochner contains complete formulas for computing curva
tures of a Kählerian metric. One obtains expressions for the Ricci curva
tures and curvatures of holomorphic sections which show that they are 
strictly negative. Presumably, it could be shown that the scalar curvature 
is not constant, but nobody has carried out the computations. 



ARITHMETIC PROPERTIES OF LINEAR 
ALGEBRAIC GROUPS 

By ARMAND BOREL 

The theory of Lie groups in the large has been developed chiefly from two 
points of view: the transcendental one, shaped by the work of H. Weyl and 
E. Cartan, which emphasizes maximal compact subgroups, Riemannian 
symmetric spaces, and is a meeting ground for Lie algebra methods, differen
tial geometry, topology; and the more recent point of view of algebraic 
groups, based on the use of algebraic geometry, which has produced results 
in arbitrary characteristic but has also given new information and fruitful 
ideas in the classical case. All these, combined, have provided a suitable 
framework for a further development, Unking arithmetic and algebraic 
groups, which is the subject matter of the present report. 

The impetus for the recent work in that area came to a large extent 
from two sources. First, it was noticed some years ago that the formalism 
of adeles and ideles introduced in algebraic number theory by Chevalley 
could also be applied to linear algebraic groups. This allowed one to give 
new and simple formulations to a number of classical results, in particular 
on quadratic forms, which made sense for more general algebraic groups. 
They suggested therefore new problems as well as the possibility of a more 
unified treatment of the cases considered so far. The other incentive has 
been the wish to develop in a more general setting the theory of automorphic 
functions of several variables. 

Important in both cases is the study of fundamental domains for certain 
discrete subgroups of real algebraic groups, called arithmetic groups or 
groups of units, to which I shall devote about the first half of this talk. The 
second part will be concerned with problems involving also p-adic algebraic 
groups or adele groups. Automorphic functions are related to these ques
tions, but my time is limited and, more important, some of the main 
developments in that area will be discussed in other lectures, notably in 
those of Selberg [24] and Gel'fand [11]. I shall therefore leave them aside 
and concentrate on more algebraic questions, or on the more algebraic 
aspects of these questions. 

1. Groups of units 
I would like now first to define the groups of units in general, and then 

give a few examples and state some of their properties. 
A subgroup G of €rL(w,C), the group oînxn complex invertible matrices, 

is algebraic if it is the set of all invertible matrices whose coefficients anni
hilate some collection of polynomials in n2 indeterminates, with complex 
coefficients; it is said to be defined over a subfield k of C if those polyno
mials may be chosen so as to have their coefficients in k. The intersection of 
the fields of definition is also a field of definition. If B is a subring of C, 
then GB denotes the group of elements of G which have their coefficients in B 
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and whose determinant is a unit of B, i.e. is invertible in B. In the sequel, 
unless otherwise said, G will stand for an algebraic subgroup of QiL(n,Q) 
which is defined over the field Q of rational numbers. Its group of units is 
then Gz, the group of integral matrices with determinant + 1 contained in G. 
A group of units is thus attached to a matric group, its definition presuppo
ses the choice of a basis. If we perform a rational change of coordinates or, 
more generally, if we replace G by its image under a faithful rational repre
sentation defined over Q, then the new group of units is in general different 
from the first one, but is at any rate commensurable with it. Thus the com-
mensurability class of groups of units has a more intrinsic meaning. I recall 
that two subgroups of a group are commensurable if their intersection has 
finite index in both. 

The group OR of real matrices of G is a real Lie group (i.e. a real analytic 
manifold endowed with a group structure^|or which the product and the 
inverse are real analytic functions of their arguments) with finitely many 
connected components. Therefore, its maximal compact subgroups are 
conjugate to each other by inner automorphisms and the quotient D=K\GB, 
— {Kg, gEGn} of ÖR by one of them is homeomorphic to a euclidean space. 
If G is semi-simple, i.e. if it has no infinite invariant commutative subgroup 
or, equivalently, if its Lie algebra is the direct product of its simple ideals, 
then D is a Riemannian symmetric space with negative curvature without 
flat component; and, conversely, every such space can be obtained in this 
way. 

The group Gz acts by right translations on GB, D, and is properly dis
continuous: this means that every compact set meets only a finite number 
of its translates by Gz', in particular the set of transforms of a given point 
has no accumulation point. Our problem is then to find suitable sets of 
representatives for the orbits of Gz in GB, or in D. These are essentially 
equivalent questions; for the proofs, it is often more convenient to work in 
ÖR, but the consideration of D brings us closer to the classical reduction 
theory. I shall therefore give the preference to D in this lecture. 

2. Examples 
(a) G = (xL(n,C), K=0(n), the group of real n*n orthogonal matrices, 

and D is the space of positive non-degenerate real symmetric n x n matrices, 
on which 6TR == QìL(n, R) acts in the standard fashion by: 

A->*X-A-X (AED,XeGL(n,R), *X transpose matrix of X). 

Here Gz is the group of integral matrices with determinant + 1 , and its 
orbits are just the classes of positive non-degenerate quadratic forms. The 
construction of sets of representatives is the task of the reduction theory of 
postive quadratic forms which goes back to Gauss for n=2, to Hermite 
112] for n>3. 

(b) Let F be a rational non-degenerate quadratic form on Gn and G=0(F) 
the orthogonal group of F, i.e. the group of linear transformations leaving 
F invariant. Gz is then classically called the group of units of F. In this 
case, D is the space of majorizing forms of F, in the sense of Hermite [12]: 
these are the minimal elements among the positive forms S which majorize 
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F in the obvious sense (i.e. verify |F(x,x)\ <8(x,x) for every #€Rn); they 
can also be defined as those positive quadratic forms whose matrices satisfy 
the relation F'S^'F^S. The maximal compact subgroups of GB are the 
subgroups of GB which leave invariant one of those majorizing forms. 

(c) G is the symplectic group 8p(2n), the group of 2n*2n matrices 
leaving invariant the antisymmetric bilinear form 

F(x,y)=2l<i<n (Xi'yn+i-yi'Xn+i)-

The group Gz is then Siegel's modular group and D is the generali
zed upper half-plane, the space of complex nxn symmetric matrices with 
positive non-degenerate imaginary part [28]. 

3. Fundamental sets for groups of units 
A fundamental domain for a group acting on a set is, strictly speaking, a 

subset containing exactly one representative of each orbit. Here, we shall 
be concerned only with suitable approximations to fundamental domains 
in this strict sense, to be called fundamental sets. 

A subset O cz D is a fundamental set for Gz if first it meets each orbit of 
Gz, i.e. if: 

(i)Q'Gz = D. 

A second natural requirement is that Q should intersect only a finite 
number of its translates £l-x by elements of Gz', however, when dealing 
with arithmetic groups, it is important to have at one's disposal the stronger 
condition: 

(ii) For any a£Gq, the set of xEGz for which O-a fl £lmx is not empty is 
finite, 

and this will be our second condition for fundamental sets. 
In our first example above, we may take as fundamental sets the so-called 

Siegel domains. The Siegel domain @ i u (t,u>0) in the space of positive 
n x n real symmetric matrices is the set of products lN'A-N, where N = (n{j) 
is upper triangular, with ones in the diagonal, and \ntj\ <u (i<j), and 
where A is diagonal, with positive diagonal entries %,...,an verifying 
at^t'ai+1 ( 1 < » < » - 1 ) . I t satisfies our second condition by a well known 
result of Siegel [26]; that (i) is fulfilled when £^4 /3 , u> 1/2 is implicit in 
Hermite's work [12], and made explicit in [15]. 

The existence of closed or open fundamental sets in the general case, 
which have a finite volume with respect to an invariant measure when G is 
semi-simple, (or more generally when the identity component of G has no 
non-trivial rational character defined over Q) is proved in a paper written 
jointly by Harish-Chandra and myself [7]. The crucial case is when G is 
semi-simple, for which the construction of fundamental sets generalizes in 
a way the procedure used by Hermite [12] in the case of indefinite rational 
quadratic forms (our second example): D being realized as a submanifold 
of the space D' of all positive non-degenerate real symmetric matrices of 
some degree n', these fundamental sets are the intersection of D with a 
finite number of translates, by elements of GL(nf,Z), of a Siegel domain of D'. 

The paper [7] also gives a necessary and sufficient condition under which 
D/Gz is compact. When G is semi-simple, the condition, which had been 
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conjectured by Godement, is that either Gz or GQ consists of semi-simple 
matrices (matrices which can be diagonalized over the complex numbers). 
In our second example above, this is equivalent to the non-existence of non-
trivial rational zeros of F. From this it can be deduced that every Rieman
nian symmetric space with negative curvature has discontinuous groups of 
isometries with relatively compact fundamental domains which act freely 
(i.e. no element different from the identity has fixed points). In other words, 
every such space has compact Clifford-Klein forms [32]. Another proof of 
Godement's conjecture is given in [33]. 

4. Fundamental sets with cusps 

The construction of fundamental sets in semi-simple groups defined over 
Q briefly mentioned previously depends chiefly on GB and has comparatively 
little to do with GQ or Gz- However, starting from this first approximation 
to fundamental domains, it is possible to construct a second, and usually 
better, one when D\Gz is not compact, by taking also into account some 
properties of Gq. I have in mind here mainly the facts which center around 
the so-called Bruhat lemma, or rather around its generalization to rational 
points over non-algebraically closed fields, proved independently by Tits 
and myself ([5], [30]). 

These new fundamental sets are better suited to the study of automorphic 
forms and of the compactification of DjGz- They are the union of finitely 
many unbounded sets which behave more or less like the parabolic cusps 
of the fundamental domains for fuchsian groups in the upper half-plane, 
and which shall also be called cusps. These cusps are the translates by 
elements of Gq of subsets which are defined roughly in the same way as the 
Siegel domains in GB [7; § 4], but with the maximal subgroups which can 
be put in triangular or in diagonal form over R replaced by subgroups 
enjoying similar properties with respect to Q (see [5] for a precise descrip
tion)^1) 

The cusps correspond to the equivalence classes modulo Gz of the maxi
mal unipotent subgroups of Gq.(2) In some cases, they have other interpreta
tions. For instance, if G is the orthogonal group of a rational quadratic form 
F, and if the integral points form a maximal lattice for F, they correspond 
to the equivalence classes modulo Gz of maximal isotropic subspaces defined 
over Q. If Gz is the Hilbert-Blumenthal group associated to a number field 
k, they correspond to the ideal classes of k. 

These fundamental sets can be used to show that the compactification 
of DjGz associated to a linear representation of G by Satake's procedure [23] 
consists of finitely many quotient spaces of the same type if the representa
tion is defined over Q. This result is valid for any semi-simple group defined 
over Q and yields only topological compactifications. I t does not say whether 
Home of those compactifications are normal complex analytic spaces when D 
m a bounded domain in the space of several complex variables. I t does not 
Heem too unlikely that this or related questions on automorphic functions 

(1) I t seems rather likely that this implies that the arithmetic groups are regular in 
ilio sense of Gel'fand [11]. 

(2) A matrix group is unipotent if it consists of matrices all of whose eigenvalues 
are equal to one; it can then be put in triangular form and is nilpotent. 
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can be handled with the help of the above fundamental sets and of certain 
results of Harish-Chandra (Amer. J. Math., 78 (1956), 564-628), either by 
the Andreotti-Grauert method [2], or by showing the validity of certain 
conditions which are roughly analogous to the normality conditions dis
cussed by Pyatetski-Sapiro in his book on classical domains and automor
phic functions [22]. However, this has not yet been done, as far as I know. 

5. Some finiteness theorems for groups of units 

I would like now to state some properties of groups of units whose proofs 
make use of fundamental sets, although their statements do not. 

(a) Gz is finitely generated, finitely presented, and its finite subgroups 
form a finite number of conjugacy classes. 

(Since only the finite generation of Gz is proved in [7], I sketch the proof 
of the two other properties: the subgroup N of Gz which acts trivially on D 
is finite, being contained in K; it is therefore sufficient to prove them for 
GzlN [3]; the finite presentation follows then from the existence of open 
fundamental sets and from the connectedness and simple connectedness of 
D [3; Satz 2]. Let O be a fundamental set and G the set of elements cEGz 
for which Q fi O-c#=0. By our condition (ii), C is finite. Let now ^ b e a 
finite subgroup of Gz- I t belongs to a maximal compact subgroup of GB, 
hence has a fixed point PED; if gEGz is such that P-gEQ, then g-1 • H • g 
leaves a point of Q fixed, hence belongs to C.) 

(6) Let G be semi-simple, connected, and / a rational representation, 
defined over Q, of G in a finite dimensional vector space V. Take coordinates 
in Vq with respect to which Gz is represented by integral matrices, which is 
always possible [7; 6.3], and let X be an orbit of G. Then if X is closed, 
the integral points of X form a finite number of orbits of Gz [7; Theorem 
6.9]; if the union of X and the origin is a cone, the primitive integral vectors 
contained in X form a finite number of orbits of Gz [5]. 

Applications, (a) Let G = 8L(n,C), the group of complex n*n matrices 
with determinant 1, / be the natural representation of G in the space of 
nxn symmetric matrices. The set X of symmetric matrices with a given 
non-zero determinant is then a closed orbit of G, and the first assertion 
shows that it contains only a finite number of classes of integral quadratic 
forms, a well known statement of Hermite [12]. 

(6) Let G=0(F) be the orthogonal group of the rational indefinite non-
degenerate quadratic form F, and / be the identical representation of G. By 
Witt's theorem, the cone of isotropic vectors minus the origin is an orbit 
of G. The second assertion implies therefore that the primitive integral 
isotropic vectors form a finite number of orbits for the group of units of F, 
which is also well-known from reduction theory. 

If G is an algebraic matric group defined over a number field k, then its 
group of units is by definition GB, where B is the ring of algebraic integers 
of k. This case can be reduced to the one considered here (&=Q, B = Z) by 
the so-called "restriction of the scalars" [31; § 1], and mutatis mutandis, 
the previous results also apply to these apparently more general groups of 
units [7, § 12]. Clearly, they are also valid for subgroups of finite index of 
groups of units. 
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6. Adele groups 

So far we have essentially considered OR, GZ and Gq. Now GB is attached 
to G and to the completion R of Q with respect to the usual absolute value. 
Similarly, we may associate a group Gp to G to the p-adic valuation of Q, 
where p is any prime. Gp is then the group of n x n invertible matrices with 
coefficients in the field Qp of p-adic numbers, which satisfy the same equa
tions as the elements of G; this makes sense, since these are polynomial 
equations with coefficients in Q, hence in Qp. Endowed with the jp-adic 
topology, Gp is a locally compact, totally disconnected group. The subgroup 
Gzp of elements of Gp with coefficients in the ring Zp of jj-adic integers and 
whose determinant is a j9-adic unit is then compact and open. The syste
matic consideration of the p-aûïc algebraic groups Gp besides the real alge
braic groups GB has considerably widened the scope of the theory of linear 
algebraic groups, and I shall try to illustrate this with some examples. 

Following a procedure familiar in number theory, we may associate to G a 
certain subgroup of the direct product of OR by the Gps, the adele group 
attached to G, to be denoted by GA. By definition, an element x of this 
direct product is an adele of G if and only if for all but a finite number of 
jp's, the component of x in Gp belongs actually to Gzp- Thus GA contains in 
particular the product G A ==GBXTLP GZP of the locally compact group OR 
by the compact groups Gzp, the group G A is therefore locally compact for 
the product topology. GA itself admits one structure of topological, locally 
compact group in which GA is an open subgroup. 

If we apply this construction to the cases where G is isomorphic over Q 
to the additive group of C, or to the multiplicative group of non-zero 
complex numbers, we get respectively the adele and idele groups of Q, in 
the sense of Chevalley. 

The group Gq is contained in GB and in all Gps, and any aEGq belongs to 
Gzp for all but a finite number of p's, those which occur in the denominators 
of the coefficients or in the determinant of x; therefore, the element of the 
direct product GB X n p Gp all of whose components are equal to a is an adele 
of G, called a principal adele. Thus we may (and shall) identify Gq with a 
subgroup of GA, so to say diagonally embedded, which is easily seen to be 
discrete. 

Adele groups were introduced by Ono [19, 20], Tamagawa, and also by M. 
Kneser in the case of orthogonal groups. They can also be associated to 
groups defined over finite number fields, or over function fields of one 
variable with finite constant field [31]. As above, the number field case can 
be reduced to the one considered here by restriction of the scalars [31]. 

7. Finiteness theorems for adele groups 

The definition of GA puts on almost equal footing the p-adic completions 
of Q and R and, roughly speaking, the pair GB, GZ appears as the localization, 
at the infinite prime spot, of the pair GA, Gq. However, this symmetry is not 
a true one, the infinite prime spot plays a special role among the primes, 
and the results discussed in the previous sections imply rather easily some 
global properties of adele groups [4, 6], proved for solvable groups first 
by Ono [20], in particular: 

5-622036 Proceedings 
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(a) If G is connected, the number of double cosets GA'X'Gq of GA is 
finite. 

If G is the proper orthogonal group of a non-degenerate rational quadratic 
form F, these double cosets correspond to the proper classes in the genus 
of F. If G is obtained by restriction of the scalars from the multiplicative 
group of a number field k, they correspond to the ideal classes of k. 

(6) There exist closed or open fundamental sets for Gq in GA, which have 
finite Haar measure when G is semi-simple or, more generally, when the 
identity component of G has no non-trivial rational character defined over Q. 

A fundamental set is here, in analogy with the definition given in § 2, 
a subset of GA which meets every coset x-Gq (x€GA) and intersects only a 
finite number of its right translates by elements of Gq. Under the last condition 
of (6), every left invariant Haar measure on GA is also right invariant (i.e. 
G A is unimodular) and defines an invariant measure on GAIGq; our assertion 
implies in this case that GA/Gq has finite volume for any such measure. 

(c) GA/Gq is compact if G is semi-simple and Gq consists of semi-simple 
elements. 

The condition for compactness is the same as for GB/GZ- Another proof 
of (c) is given in [33]. 

8. Tamagawa numbers 
Let G be connected, unimodular, and co a left-invariant rational differen

tial m-form (m=dim G) defined over Q. Any other such form is a rational 
multiple of o). The latter defines in a natural way Haar measures cooo and 
OJP on GB and Gp (p any prime). Assume that the product of the volumes vp 

of the groups Gzp for those measures converges absolutely. Then the pro
duct measure of co«, and the cops is defined on G A and gives rise to a Haar 
measure a)A on GA, which does not change if co is a replaced by a rational 
multiple of itself. Weil has proposed to call the volume x(G) of GA/Gq with 
respect to this normalized Haar measure the Tamagawa number of G. 
The above convergence condition is fulfilled when G is semisimple (3); if it 
is not, we may still multiply the cops by suitable convergence factors Xp and 
define the Tamagawa number of G with respect to the Ap's (for all this, 
see [31, Chapter 2]). 

I t was noticed by T. Tamagawa and M. Kneser that when G is the proper 
orthogonal group of a non-degenerate rational quadratic form F in at least 
three variables, the equality x(G)= 2 is essentially equivalent to some of 
the main results obtained by Siegel in his famous series of papers on the 
analytic theory of quadratic forms [26]. (4) Briefly, this comes about in the 
following way: it follows in a straightforward fashion from the definitions, 
for any semi-simple group, that x(G)=::v00'ÌIpvp, where vp (p prime) is as 

(s) This was noticed by Serre some years ago. It follows from the relation between 
vp and the number of rational points of the reduction mod p of Q when the reduction is 
"good" [31] and from the formulas giving the number of points of a simple algebraic 
group defined over a finite field. 

(4) It corresponds to the case m = w, S = U of Siegel (representations of a form into 
itself). As to the passage from there to the general case, see M. Kneser (Math. Zeit. 77 
(1961), 188-194), A. Weil, (Colloque sur la Théorie des Groups Algébriques, Bruxelles, 
1962). 
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above and where v^ is the sum of the volumes of GB/GZ and of finitely many 
quotients ÖR/r, where T runs through groups of units for certain lattices 
which correspond to representatives of the double cosets G°A'X'Gq. lix(G) 
is then equal to two, or to some simple more or less universal constant, 
which, so to say, comes from the outside, this means that l/v^ may be 
expressed as an infinite product of factors vp, where vp depends only on Gp. 
In the orthogonal group case, v«, is Siegel's generalization of the measure 
of the genus of a positive form and vp may be also interpreted as a #-adic 
density of numbers of units of F modulo high powers of p, whence the clas
sical formulation of Siegel's theorem. 

Similarly, if G is the symplectic group Sp(2?i), then v^ is the volume of 
GB/GZ and the equality x(G) = 1 is equivalent to a formula of Siegel [28] 
expressing the volume of the fundamental domain for the modular group as 
an infinite product. 

Thus the Tamagawa number has considerable interest. I t has been 
computed in various cases by Tamagawa, Weil, Demazure [31], Ono [21,34], 
but our knowledge of it is still very incomplete. In a number of cases, it is 
equal to the order of the fundamental group of G. However, Ono [34] 
has given an example of a connected semi-simple group whose Tama
gawa number is not integral, although still rational. I t is not known whether 
x(G) is always a rational number. I t is conjectured to be equal to one when G 
is connected and simply connected. 

The known computations of Tamagawa numbers use induction, residues 
of certain analogues of zeta-functions, and the Poisson summation formula. 
This requires a mixture of additive and multiplicative features, and so far 
the method could be applied mainly to groups of invertible elements in 
certain algebras defined over Q. 

As to adele groups defined over function fields, Tamagawa numbers 
have been computed and analogues of (a), (b), (c) in § 7 have been proved 
only for certain classical groups [31]. For the finiteness theorems, the me
thods of [4, 6] are of no avail, in view of the lack of archimedean primes. A 
further difference is the need of a theory of algebraic groups defined over 
non-perfect fields. However the situation there might improve soon, since 
Grothendieck has recently obtained results of a "foundational" character 
on semi-simple groups defined over arbitrary fields, in fact on schemes of 
semi-simple groups, some of which are already used in [30]. 

9. Principal homogeneous spaces 

Another problem involving p-adic algebraic groups as well as real alge
braic groups and of considerable interest for arithmetic is the existence of 
rational points in principal homogeneous spaces. 

A principal homogeneous space is so to say what remains of a group when 
you disregard the identity. A simple example is the affine space, as com
pared to the additive group of a vector space. More precisely, in the context 
of algebraic geometry, a principal homogeneous space is an algebraic variety 
V on which an algebraic group G acts, say on the right, by means of a map 
G x V->y which is regular in the sense of algebraic geometry, so that for 
every v G V, the map g-*v-g is a birational biregular map of G onto V. Here, 
contrary to our general convention, G need not be linear, defined over Q, 
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and may be any group variety. The principal homogeneous space is said 
to be defined over a field k if k is a field of definition for G, V and the 
action of G onto V. Of course, once we have picked up a point v € V, we 
may identify V with G acting on itself by means of right translations, but 
an important question is precisely over which fields we can choose ratio
nal points. 

For example, let g, g' be two l i e algebras over k which become isomorphic 
after extension of the groundfield to an algebraic closure Tc of k. Then the 
set of isomorphisms of g®£ onto g'®£ is in an obvious way a principal 
homogeneous space for the group of automorphisms of g'<8>£. I t is defined 
over k, and if it has a rational point over an extension k' of k, this means 
that Q0kf is isomorphic to g'<8>&'. Principal homogeneous spaces occur in 
this fashion when studying isomorphism classes of geometric objects whose 
automorphism group is algebraic. 

There is an obvious notion of isomorphism over k for principal homo
geneous spaces of a group G defined over k. These isomorphism classes are 
in 1-1 correspondence with the elements of a Galois cohomology set, usually 
denoted Hx(k,G). This is the first cohomology set of the Galois group of 
the separable closure ks of k, with coefficients in Gks. I t G is commutative, 
H^k, G) is a commutative group; otherwise it is just a set with a zero ele
ment, the isomorphism class of principal homogeneous spaces which "split 
over k", i.e. which have rational points over k and are therefore isomorphic 
over k to G acting on itself by right translations. 

Coming now to the case where k=Q, a particularly interesting question is 
whether two geometric objects defined over Q which are isomorphic over 
every completion of Q are already isomorphic over Q. That for instance a 
statement of this kind is true for rational quadratic forms is a classical 
theorem of Hasse. In our present set up, the question is whether a principal 
homogeneous space defined over Q and having rational points for all 
completions of Q also has a point rational over Q; if not, what can be said 
about the number, call it v(G), of classes of such principal homogeneous 
spaces? Hasse's theorem implies that v(G) = l when G is an orthogonal 
group. I t can be shown that v(G) is finite for any linear algebraic group G 
(see [4, 6] when G is reductive, connected, [8] for the extension to the 
general case). I t has been known for a long time that v(G) may be 4=1 when 
G is an algebraic torus, or is not connected; recently Serre has provided an 
example where G is semi-simple and connected (yet unpublished). I t is 
conjectured that v(G) = 1 when G is connected and simply connected; but 
this would not contain Hasse's theorem, and the situation is not well 
understood at all. Another conjecture relating local and global properties 
is that, G being simple over Q, if GB and all Gps contain unipotent elements 
4=e, then so does GQ. This would generalize the fact, (due to Hasse, too), 
that a rational quadratic form which represents zero rationally over every 
completion of Q also does so over Q. 

The two quoted theorems of Hasse on quadratic forms play a role in the 
computation of Tamagawa numbers, and it is somewhat tempting, at least 
to me, to think that there is some connection between the failure of v(G) 
to be one and the failure of x(G) to be an integer; but there is so far little 
evidence to back this up. 

In our previous example with Lie algebras, the finiteness of v(G) implies 
that the isomorphism classes of l i e algebras over Q which are isomorphic to 
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a given Lie algebra after extension of the groundfield to all completions of Q 
are finite in number. An example of Landherr [16] shows that there may be 
more than one class. That there is only one such class for l i e algebras of 
type G2 or Fé [1] is positive evidence for the above conjecture on simply 
connected groups. 

The problem discussed so far is a global one, or rather relates local and 
global properties, and it is natural to complete it by local questions, over a 
p-adic field k (which is assumed here to be of characteristic zero). I t is 
known that H^kjG) is finite when G is linear, defined over k; moreover, the 
number of forms of G, i.e. the number of isomorphism classes over k of 
algebraic groups defined over k and isomorphic to G over an algebraic 
closure of k, is also finite [8]; the latter finiteness statement is not a special 
case of the former one, since the group of automorphisms of an algebraic 
group, unlike that of a Lie algebra, is not always an algebraic group. I t is 
conjectured, and has been checked in many cases, that H1(k9G)=0 when G 
is connected and simply connected. 

There are a number of partial results and conjectures on principal homo
geneous spaces for linear groups, for which we refer to [14,25]. The problems 
on principal homogeneous spaces are often meaningful for general group 
varieties, not necessarily matric groups, and in fact have attracted much 
attention in the case of abelian varieties (see e.g. [17, 29]). 

10. Groups of S-units 
When G is the group obtained by restriction of the scalars from the multi

plicative group of a finite number field k, Gz is nothing but the group of 
units of k, and its finite generation is part of the Dirichlet unit theorem. 
It is well known that this was generalized by Hasse and Chevalley to the 
group of Ä-units of k, where S is a finite set of primes, i.e. to the group of 
elements of k* which are ^-adic units for all primes p not in 8. If now G is 
as before an algebraic matric group defined over Q, we may similarly in
troduce the group Gzs of #-units of G. These are the elements of Gq whose 
determinant is, up to sign, a power product of primes of S, and whose coef
ficients have denominators which are products of elements of 8. lì 8 is 
the empty set, then Gzs = Gz-

M. Kneser has shown that if Gp has a compact set of generators for every 
pES, then Gzs is finitely generated. The proof uses the finite generation of 
Gz and (a) of § 7. The condition on the 6?p's is fulfilled, for any p, when G is 
reductive (i.e. fully reducible or, equivalently, isogeneous to the product of a 
semi-simple group by an algebraic torus), as follows from the generalized 
Bruhat lemma of [5, 30]. Earlier, H. Behr [3] had shown for certain classical 
groups that Gzs is finitely generated and finitely presented. To my know
ledge it is not proved, although of course very likely, that the latter property 
is true for any reductive group G. 

It is shown in [7] that if f:G->G' is an isogeny (a rational surjective 
homorphism with finite kernel) defined over Q of G onto an algebraic matric 
group G' also defined over Q, then f(Gz) is commensurable with Gz- Honda 
[13] has proved the analogous statement for Gzs when S is big enough (a 
restriction which Serre has recently removed (unpublished), see also [6]), 
and has also considered similar questions for abelian varieties. 
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Let us mention finally a problem which, as far as I know, is unsolved in 
the general case for groups of units (and a fortiori for groups of $-units): 
whether the commutator subgroup of Gz has finite index in Gz when G is 
semi-simple. I t follows from results of Matsushima [18] that this is true 
when D (notation of § 1) is a product of irreducible bounded symmetric 
domains none of which is isomorphic to a unit ball and DjGz is compact. 
According to Steinberg, it is also true when G is the adjoint group of 
a semi-simple Lie algebra in Chevalley's normal form (unpublished). 

11. Compact subgroups of jp-adie groups 
All this has aroused much interest in p-adic Lie groups and, to round off 

this report, we would like to mention some unsolved problems on them. 
An algebraic matric #-adic group is at the same time a #-adic Lie group 
(p-adic analytic manifold endowed with a group structure for which product 
and inverse are analytic functions). From the two approaches to Lie group 
theory mentioned at the beginning of the introduction, the second one has 
yielded results valid for #-adie as well as for real groups and has been so far 
more successful than the first one. In particular our knowledge of maximal 
compact subgroups is still scanty. Although they do not always exist (e.g. 
in the additive group of a p-adic field), it seems rather likely that a semi-
simple algebraic matric group L always has some; this has been checked by 
Bruhat [9, 10], Satake for many classical groups and groups in Chevalley's 
normal form(5). However, they may form several conjugacy classes [10]. 

Let B be a maximal irreducible subgroup of L which can be put in trian
gular form An important question is to know whether there exists a compact 
subgroup K of L such that 

L=KB, (1) 

L=K-A'K, (2) 

where A is a Cartan subgroup of B. In the real case, (1) is the Iwasawa 
decomposition, and (2) follows from a well-known theorem of E. Cartan. 
(1) and (2) have been checked for many classical groups by Bruhat [9], 
Satake, and play a basic role in the study of infinite dimensional representa
tions and of zonal functions. In general, it is only known that L is the 
union of a finite number of double cosets K'X'B for any compact and open 
subgroup K. 

12. Concluding remarks 
I hope that this report, although not exhaustive,(6) has given an idea of 

the general trends and aims of these investigations, and of some of their 
connections with arithmetic. The general results obtained so far are chiefly 
finiteness theorems, that is of a qualitative nature. They have yet to be 
matched by quantitative results of similar scope, e.g. on Tamagawa num
bers, or on the true extent of the generalization of Hasse's theorem. One 

(5) (Added in proof): A general proof has been recently indicated to me by R. P. 
Langlands. 

(6) In particular, we refer to [14] for approximation problems in adele groups. 
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possible obstacle may be the lack of a good device to make use of class field 
theory, or rather of some consequences of i t which occur frequently when 
dealing with classical groups. But , more likely, what is required first of all 
are new developments of an analytic nature, notably on Eisenstein series, 
automorphic functions, representation theory, and some of this not only 
for real algebraic groups, bu t also for p-adic and adele groups. No doubt 
this is a vast program, whose completion does not seem in sight a t present. 
However these questions have recently been and are being studied in several 
quarters from different angles. There are substantial results and promising 
lines of at tack. I t is therefore not too unlikely t ha t further progress will be 
achieved in the not too distant future and t ha t the arithmetic properties of 
algebraic groups surveyed here will become par t of a general arithmetic and 
analytic theory of algebraic groups. 
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LOGIC, ARITHMETIC, AND AUTOMATA^) 

By ALONZO C H U R C H 

This paper is a summary of recent work in the application of mathematical 
logic to finite automata, and especially of mathematical logic beyond 
propositional calculus. 

To begin with a sketch of the history of the matter, let us recall that appli
cation of the "algebra of logic", i.e., elementary Boolean algebra, to the 
analysis of switching circuits was first suggested by Ehrenfest [A]. Nothing 
came of Ehrenfest's remark for many years, and it seems to have remained 
wholly unknown outside of Russia. Yanovskaya [G] says that details of the 
suggested application were worked out by Shestakoff in 1934-35. However, 
Shestakoff's candidate's dissertation, embodying the material, was presented 
to the University of Moscow in 1938, and the earliest publications by Shesta
koff are [D] and [E] in 1941. Meanwhile the same idea had occurred inde
pendently to Nakasima and Hanzawa [B] and Shannon [C]. For some time 
the development of the idea proceeded independently in Russia, in Japan, 
and in the United States, the three lines of development having had at first 
no influence on one another. 

This use of Boolean algebra is now widely familiar, and therefore requires 
no elaboration here. I t is usually taken to be a Boolean algebra of cardinal 
number 2 that is used, although the character of the application would 
more naturally suggest propositional calculus. Use of the Boolean algebra 
and of propositional calculus are equivalent in a way that is well known. 
The choice of Boolean algebra is advantageous if algebraic methods and 
results are to be employed. But otherwise there is a certain artificiality in 
allowing only equations and inequalities to be asserted. And for further 
application of mathematical logic, the choice of propositional calculus 
provides a better basis. 

Mathematical logic beyond propositional calculus is first applied to autom
ata theory in the paper of McCulloch and Pitts [16], in which the context 
is biological. The authors are concerned with analyzing the behavior of a 
net of neurons and with the question of the existence of, and of finding, 
a neural net having some specified behavior. But their hypotheses about the 
behavior and the interaction of neurons are such that these questions be
come entirely similar to coiresponding questions about electronic digital 
computing circuits. The relevance of the ideas of McCulloch and Pitts to the 
theory of digital computing circuits was noticed by John von Neumann, 
and it was evidently this that led him to suggest application of mathematical 
logic to the latter. 

The only published reference to von Neumann's contribution to the matter 
is Hartree [13], where not only McCulloch and Pitts but also unpublished 
suggestions of both von Neumann and A. M. Turing are referred to. I am 
indebted to H. H. Goldstine for calling my attention to the privately cir-

(1) For support of the work represented by this paper the author is indebted to the 
National Science Foundation of the United States. 
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culated paper, von Neumann [18], in which there is some detailed discussion 
of the relationship between the MeCulloch-Pitts neural nets and digital 
computing networks, but without use of mathematical logic. 

The logical system employed by McCulloch and Pitts is first-order arith
metic. Both ordinary and bounded quantifiers are used, but not definition 
by recursion. 

Hartree uses a singulary free-variable functional (or "predicate") calculus, 
having singulary predicates and numerical variables, but neither quantifiers 
nor recursions. There is a "delay operator" in the sense that not only a 
variable t but also t + l,t+2, etc., may appear as argument of a predicate. 

The use of (in effect) such a singulary free-variable functional calculus 
also developed independently in Japan. The earliest paper that I have seen 
is Goto [12]. But it is possible that some of the earlier papers to which 
Goto refers may constitute at least a partial exception to the statement 
made above, that the first application of mathematical logic beyond propo
sitional calculus was by McCulloch and Pitts. 

The use of recursions in the treatment of circuits is found in Berkeley 
[1], and more explicitly in Burks and Wright [5]. The idea that a particular 
circuit or finite automaton can be completely characterized by giving a set 
of recursion equations—or in this context, since the functions "defined" 
by the recursions are propositional functions, we shall speak rather of recur
sion equivalences—appears first in the paper of Burks and Wright, but 
these authors do not have a recursion schema to which admissible recursions 
must conform. 

The application of restricted recursive arithmetic to automata was in
troduced in Church [6] and [7]. This system may be described as obtained 
from singulary free-variable functional calculus by adding a rule of proof by 
mathematical induction and a rule of definition by recursion, as given below. 
I t is therefore a specialized form of the recursive arithmetic of Skolem [19]. 

An abstract definition of finite automaton appears in Kleene [14], a paper 
of restricted circulation, and in Kleene [15], which is the published form of 
the same paper. The "logical nets" of Burks and Wright [5] may also be 
regarded as providing such a definition. But Kleene's definition is more 
satisfactory, and we shall here use it in the following slightly modified and 
generalized form. 

A finite automaton consists of a finite number of elements, each of which 
is capable of a finite number, <n, of different states. Time is measured in 
discrete instants, $=0,1,2,..., beginning at an initial instant and extending 
indefinitely. The elements are distinguished as input elements, intermediate 
elements, and output elements. The states of the input elements, at any in
stant, constitute the input state, at that instant; the states of the output 
elements, at any instant, similarly constitute the output state; and the states 
of the intermediate and output elements constitute the internal state. Except 
the input elements, whose states are imposed from outside, the state of 
any element at a given instant is completely determined, in some non-
circular way, by (1) the states of certain other elements at the given instant, 
and (2) the states of certain elements, itself and others, at instants which 
precede the given instant by at least 1 and by not more than a certain 
fixed maximum span h + 1. 

(More fully, the foregoing statement is a definition of "discrete synchro
nous deterministic finite automaton with outputs." But the longer phrase 
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is for the sake of distinction from a number of other notions with which we 
are not here concerned, and let us therefore say simply "finite automaton" 
or "automaton".) 

Though there is a certain loss of structure in doing so, it is quite usual 
to take n=2, h=0. In this lecture we shall take n=2, in order to identify 
the two states of an element with the two truth-values, T and F. But we 
preserve a general value of h, > — 1. 

It is also possible to abstract from the elements of the automaton and to 
consider only certain numbers called input states, output states, and in
ternal states, and the way in which the successive output states and internal 
states are determined by the input states. Namely there are to be a finite 
number each, >1, of input states, output states, and internal states; the 
output state at any instant is to be uniquely determined by the internal 
state at the same instant; and the internal state at any instant is to be 
uniquely determined by (1) the input state at that instant and (2) the input 
states and the internal states at instants preceding the given instant by 
not more than h + 1 . In this case we have a finite transition system. 

In either case, automaton or transition system, the sequence of input 
states from t=0 to t=t0 is called an input sequence, and the sequence of 
output states from t=0 to t=t0 is called an output sequence. The function 
which, for an input sequence from t=0 to t=tQ, as argument, has as value 
the output state at t=t0 is the behavior function. The null sequence is also 
to be counted as an input sequence, but one for which there is no corre
sponding output state and hence no value of the behavior function. 

Two automata, or two transition systems, are said to be equivalent if 
they have the same behavior function. Evidently, two automata are equiv
alent if and only if their transition systems are equivalent. In particular, 
two automata with the same transition system are equivalent—but they 
do not necessarily have the same structure, in an obvious sense of that word. 

A class of input sequences is an event. 
An event is represented by an automaton if the set of values of the be

havior function for input sequences that belong to the event is disjoint 
from the set of values of the behavior function for other input sequences. 

The foregoing (together with the definition of regularity of an event, to 
be given below) are the essentials of the terminology of automata theory 
which we shall need. I t should be added that the terminology in the field 
is not in a very settled state, and our terminology here is somewhat eclectic. 
We have followed Buchi [2] in adopting a terminology that maintains the 
distinction between automaton and transition system. 

We turn now to statement of the primitive basis of restricted recursive 
arithmetic. And for expository convenience we adopt a formulation which 
emphasizes brevity of statement rather than economy of primitives. 

The primitive symbols of restricted recursive arithmetic are as fol
lows: 

i. Numerical variables t, x,y,z,... (having the natural numbers as their 
range). 

ii. The symbol 0 for the number zero. 
iii. The accent ' as a notation for successor (of a natural number). 
iv. Singulary primitive predicates tint's» •— (The primitive predicates, 

and other singulary predicates introduced by recursion," are to be under
stood as denoting propositional functions of natural numbers.) 
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v. Parentheses ( ) as notation for application of a singulary propositional 
function to its argument. 

vi. The letters T and F to denote the truth-values, truth and falsehood 
respectively. 

vii. Connectives of propositional calculus (any sufficient set), and brackets 
[ ] for use in connection with them. 

Then a term consists of the symbol 0, or the symbol 0 followed by any 
number of accents, or a numerical variable, or a numerical variable followed 
by any number of accents. 

An elementary formula consists, either of one of the letters T or F, or of a 
singulary predicate followed by a term between parentheses. 

Further well-formed formulas are constructed from the elementary for
mulas by means of connectives of propositional calculus. (We may sometimes 
abbreviate "well-formed formula" as "wff"; or we may say simply "for
mula" if well-formedness is clear from the context.) 

The primitive rules of restricted recursive arithmetic are the five follow
ing: 

1. To assert any formula that is tautologous according to laws of proposi-^ 
tional calculus. 

2. From A D B (as major premiss) and A (as minor premiss) to infer B. 
3. From any asserted formula to infer the result of substituting any term 

for any numerical variable throughout. 
4. From S(t) 3 S(t') (as major premiss) and S(0) (as minor premiss) to 

infer S(t). 
5. A rule of "definition" (or better, introduction) by recursion, allowing 

us at any stage to introduce new predicates in accordance with the schema 
of wider restricted recursion as given below. 

Rules 2, 3, and 4 are, in order, the rule of modus ponens, the rule of substitu
tion, and the rule of mathematical induction. 

In Rule 4, S(t) is not necessarily an elementary formula, but is any asser-
tible wff; S(£') is the result of substituting t' for t throughout S(t); and S(0) 
is the result of substituting 0 for t throughout S(£). 

The schema of "wider restricted recursion" referred to in Rule 5 is as 
follows: 

^(7) = P ì ; [ M 0 ) > S 2 ( 0 ) > - - ^ ^ 

r l ( H » + l)EQ1[B1(«),B |(fl,...,^),Bi(*+l),fl,(( + l ) flfc(* + l ) , %(« + * + 
l),fl1(*+A + l)>...,^(*+A + l),r1(0>r1(0,...,rBW>r1(« + l)> 

r2(e+l),...,rn(« + l),...,...,r1(f + A),r2(f+A),...,rn(«+A)] 

Here i = l,2,...,n and j=0,l,...,h, so that the schema consists of (h + l)n 
equivalences altogether. The new predicates introduced by the recursion 
are r^Tg, ...,rn, which may be any n new letters not previously used; and 
s1,s2,...,sfc are given predicates, which may be either primitive predicates 
or predicates which were introduced in previous recursions. For convenience 
in indicating the form of the equivalences, t +1 has been written in place of 
what should properly be written as t', t+2 in place of t", and so on; thus, 
e.g., t+h indicates a letter t with h accents after it. Similarly, 1 has been 
written in place of 0', 2 in place of 0", / in place of a 0 with j accents after it. 
Then finally the device has been adopted of indicating the elementary 
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parts of a wff, other than the elementary parts T and F, by writing them in 
brackets. Thus, e.g., 

Pi2[si(0),s2(0),...,sfc(0^^ 

indicates a wff P12 that is built up by means of connectives of propositional 
calculus from some or all of the elementary formulas s1(0),s2(0),...,sfc(0), 
s ^ O ' ) ^ ^ ) , . . . ^ ^ ) , ^ ^ ) ^ ^ ) , . . . ^ ^ ) ^ , ^ . 

Now in order to represent the action of a given automaton by means of 
restricted recursive arithmetic, we may use a different predicate to corre
spond to each element of the automaton—primitive predicates i1}f2,... for 
the input elements, and other letters as convenient for the remaining 
elements. Normally we shall use o1,o2,... for the output elements. 

If p is the predicate that corresponds in this way to the element e of the 
automaton, then p(£) is to denote the state of e at time t. Thus p(0) denotes 
T or F according as the state of the element e at time 0 is T or F, p(l) 
denotes T or F according as the state of the element e at time 1 is T or F, 
and so on. And p(£) may therefore be understood as asserting that the 
element e is in state T ("is operated," or the like) at time t. 

The action of the automaton is then expressed by writing a set of recur
sion equivalences in the form of one or more wider restricted recursions, 
constituting definitions by recursion of the intermediate and output predi
cates (i.e., the predicates that correspond to intermediate and output 
elements), in terms of the input predicates ix,i2i---,i^- Given a particular 
automaton, and the specific rule by which the state of each element at 
any instant is determined from the states of that element at preceding 
instants and the states of other elements at the same and preceding instants, 
the corresponding set of recursion equivalences that characterizes the autom
aton is then uniquely determined. And conversely, given a set of recursion 
equivalences of the kind just described, there is then a unique corresponding 
automaton. 

The one-to-oneness of the correspondence between automata and sets of 
recursion equivalences has been secured by adopting a restricted form of 
recursion schema. This does not mean any restriction upon the kinds of ele
ments that are available—instead there is an assumption that elements of 
arbitrary kind are available, within the general definition of automaton as 
given above, and if we wish a limitation to elements of special kind (e.g. 
to "and" elements, "or" elements, "not" elements, and one-unit delay 
elements), it is necessary to impose further restrictions on the recursion 
schema. But the restrictions which are involved in the schema of wider 
restricted recursion, as compared to the recursion schema which would be 
natural if we did not have the application to automata in mind, are dictated 
rather by two general principles of causality which may be stated briefly 
as follows: (I) No direct causal action of the future upon the present. (II) 
No direct causal action of the remote past upon the present. The question, 
how far back into the past is to be regarded as the immediate rather than 
the remote past, has an answer in the span h + l, which serves as a measure 
of this. 

Two sets of recursion equivalences of the kind here in question are called 
equivalent if the corresponding automata are equivalent. Evidently this 
notion may have a direct definition, in terms of the recursion equivalences 
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themselves rather than the corresponding automata, provided that some 
subset of the predicates, not including any of the input predicates il3i2, -,iu 

is designated as output predicates. Hence we may state: 
THE SIMPLIFICATION PROBLEM. Given a set of recursion equivalences of 

the kind here in question, to find one equivalent to it, which has a specified 
form, corresponding to a limitation to elements of special kind from which 
the automaton is to be constructed, and which is simplest in some suitable 
sense of simplicity. 

The definition of simplicity adopted will evidently depend on the kinds 
of elements which are regarded as available to construct the automaton, 
and perhaps on some weighting of them. Thus there is properly not one 
problem but many. But little has been done with the simplification prob
lem for automata, except in the case of combinational circuits, i.e., autom
ata for which the span h +1 is 0, where only propositional calculus is requi
red for the treatment. 

In the case of transition systems it is natural to characterize simplicity 
as minimizing the number of internal states. This has often been followed. 
But it is clear that such minimization of the number of internal states will 
be at most a necessary condition of simplicity of a corresponding automaton, 
and the relevance to the simplification problem for automata is therefore 
uncertain. 

Both the decision problem and the synthesis problem for automata involve 
a condition which the automaton is required to satisfy, and which we shall 
call the synthesis requirement. The synthesis requirement must be stated in 
some formalized language L, and we shall in this context suppose that L 
is either restricted recursive arithmetic itself or an extension of restricted 
recursive arithmetic obtained by adjoining additional notations—such as, 
e.g., the binary predicate = , the sign + of addition, the quantifiers—together 
with rules for them. Then we may state the two problems as follows: 

THE SYNTHESIS PROBLEM. Given as synthesis requirement a wff of L, 
containing the input predicates il9i2, ...»^ and the output predicates ol9o2,..., 
ov, to find definitions by recursion of ol9o2, —9ov, and any number of inter
mediate predicates, from i1}i2,...,iß, in the form of one or more wider 
restricted recursions, such that the synthesis requirement is satisfied in
dependently of what particular propositional functions are denoted by 
il9i29...9i^. Or if the given synthesis requirement is impossible in the sense 
that there is no automaton, and no set of recursion equivalences that 
satisfies it, this fact is to be ascertained. 

THE DECISION PROBLEM. Given as synthesis requirement a wff of L, as 
before, and given a proposed solution of the synthesis problem in the form 
of a set of recursion equivalences (by wider restricted recursion), to deter
mine whether the synthesis requirement is in fact a consequence of the 
recursion equivalences. 

Both the synthesis problem and the decision problem may be divided into 
cases, according to the form of the synthesis requirement, or the language 
L in which it is expressed. Solution of any case of the synthesis problem 
implies, a fortiori, solution of the corresponding case of the decision problem, 
because a decision problem may always be turned into a synthesis problem 
by including the given recursion equivalences as a part of the synthesis 
requirement. 

Existing results in regard to the synthesis problem and the decision 
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problem are summarized in the following table. But it should be emphasized 
that the indicated synthesis algorithms and decision algorithms are by no 
means always of practicable length. 

(läse 1 

Case 2 

Case 3 

Case 4 

Case 5 

Synthesis requirement 
expressed in restricted 

recursive arithmetic 

with one numerical 
variable only 

with any number of 
numerical variables 

plus quantifiers 

plus = and < 

plus + , = , and quan
tifiers 

Synthesis 
problem 

Solved in [7] 

Solved in [7] 

Partial solution in [7] 

Incomplete sketch of 
solution in [7], prop
erly an open problem 

Proved unsolvable [4] 

Decision 
problem 

Solved in [11] 

Solvable by the meth
od of [11] 

Solved in [7] 

Solution is a conse
quence of [23]. 

Open 

Case 1 of the decision problem was solved by Joyce Friedman [11], the 
earliest result. The problem of determining the equivalence of two automata 
which are both given by means of recursion equivalences in the form of 
wider restricted recursions can be formulated as a subcase of Case 1 of the 
decision problem, and is therefore covered by Miss Friedman's solution. Her 
method is also immediately applicable to solution of Case 2 of the decision 
problem, as pointed out by McNaughton in his review. 

Case 1 of the synthesis problem was first solved by me. A modification 
of the synthesis algorithm, by which it is substantially shortened, was then 
Nuggested by J. B. Wright, and this is incorporated in the solution as given 
in [7]. A subcase of this case of the synthesis problem was also solved inde
pendently by Wang [22], without recognizing the relationship to recursive 
arithmetic. 

The unsolvability of Case 5 of the synthesis problem is, of course, in the 
iiHual sense, that there is no uniform effective procedure which can be given 
once for all and by which alone every instance of this case can be solved. 

A variety of cases of the synthesis problem and of the decision problem, 
intermediate between Case 2 and Case 5, immediately suggest themselves 
as being still open. We may, for example, adjoin the sign of addition, + , to 
restricted recursive arithmetic. Or we may adjoin the sign + and the binary 
predicate = to restricted recursive arithmetic; or, as would be equivalent 
to this, we may adjoin the ternary predicate S, as sign of the ternary rela
tion of addition. Other possibilities are restricted recursive arithmetic plus + 
and quantifiers; or plus = and quantifiers; or plus < and quantifiers. Or, as 
Huggested by Buchi [2], we may consider adjoining singulary predicate-
variables and quantifiers for them. 

If to restricted recursive arithmetic we adjoin a sign of addition and a sign 
of multiplication and the sign = (of equality) and quantifiers, we obtain a 
formalized language which includes first-order arithmetic as a part. I t 
follows that the decision problem (Entscheidungsproblem), and hence a 
fortiori the synthesis problem, is then unsolvable—cf. [4]. 



3 0 A. CHURCH 

Turning now to matters less closely related to recursive arithmetic, we 
introduce the definition of "regularity of an event" in the sense of Kleene, 
employing for this purpose the "regular-expression language" of McNaugh-
ton and Yamada [17]. We follow the original notation of McNaughton and 
Yamada, except that we change their ~ to a —, out of reluctance to confuse 
notations of propositional calculus and of class calculus. 

We suppose that there are m + 1 input states, of an automaton under 
consideration, and let them be represented by the numbers 0,1,...,m. We 
use (k) as a notation for the unit class of the input sequence which consists 
of the single input state k. Or, when convenient, and especially if m < 9, the 
parentheses enclosing the numeral k may be omitted as an abbreviation. 

The notations U , PI, —, and A are employed with their usual set-theo
retic meanings, i.e., for union of classes, intersection of classes, complement, 
and null class respectively. The notation <£ is employed for the unit class of 
the null sequence. 

If a and 6 are events, then a'b (abbreviated when convenient as ab) is 
the event whose members are every sequence that is composed of the con
catenation of a sequence belonging to a followed by a sequence belonging 
to 6. 

If a is an event, then the event a* is the smallest class of sequences which 
contains (as members) the null sequence and all sequences belonging to a 
and is closed under concatenation. 

The regular expressions are: (k), for any suitable numeral k; and A; and 
<f>; and any expression built up out of these by means of U , fi, —, •, and * 
(with, of course, suitable use of brackets). 

The regular expressions are intended as names of events, in a way that 
is implicit in the foregoing explanation. And we may then define an event as 
being regular if, under some choice of m, there is a regular expression which 
denotes it. We have the important result: 

KLEENE'S THEOREM. An event can be represented by a finite automaton if 
and only if it is regular. 

This was first proved by Kleene in [14] and [15], under a definition of 
regularity equivalent to the one we have just given. 

Since the behavior function of an automaton with one binary (i.e., two-
state) output is uniquely characterized by giving the event for which the 
output is T, McNaughton and Yamada propose their regular-expression 
language for practical use in specifying the behavior of such an automaton, 
and recommend the redundancy of its notation—as compared, e.g., to the 
more economical regular-expression languages of [15] and [8]—as facilitating 
this. For example, if we assume two input states, 0 and 1, the expression 

- [(0 U 1)*000(0 U 1)*] U (0 U 1)*111 - [ (0 U 1)*000(0 U 1)*] 

specifies an automaton as having output T at time t if and only if either 
there have never been three consecutive 0's in the input sequence up to 
and including the time t (this accounts for the part of the expression up to 
the end of the first square bracket) or (this accounts for the next symbol, U , 
in the expression) there have been three consecutive l's in the input sequence 
since the last three consecutive 0's (this accounts for the remainder of the 
expression). 
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Kleene proposed the problem of a characterization of regular events 
directly in terms of their expression in a formalized language of ordinary 
kind, such as one of the usual formulations of first- or second-order arith
metic. This problem has since been solved by Trachtenbrot [20], and in a 
different way by Buchi [2] and Elgot [10]. 

These results of Buchi and Elgot are closely related to one another, and the 
substance of them was originally announced in the joint abstract [3]. 
Specifically, representability of an event by a finite automaton is equivalent 
to expressibility in any one of the three following formalized languages: 

(1) Weak second-order arithmetic (Buchi). The primitive symbols are: 
numerical variables; singulary predicate-variables; the notation ( ) for appli
cation of a propositional function to its argument; the symbol 0 for the 
number 0; the accent ' as a notation for successor; T, F, and connectives of 
the propositional calculus; quantifiers on numerical variables; quantifiers 
on singulary predicate-variables. Terms are the same as in restricted recur
sive arithmetic. An elementary formula is T or F or a singulary predicate-
variable followed by a term between ( ). Other wff s (closed and open senten
ces) are built up from the elementary formulas by means of connectives of 
the propositional calculus and both kinds of quantifiers. 

(2) Singulary second-order arithmetic with = and < (Elgot). Differs from 
(1) by omission of 0 and inclusion of the two binary predicates = and < . 

(3) First-order arithmetic with +, the binary predicate =, and a singulary 
predicate meaning "is a power of 2" (Buchi). 

In (1) and (2) the predicate-variables are to be understood as having 
finite sets of natural numbers as their values. And in the application to 
automata, in order to represent an input sequence, each free predicate-
variable of a formula is made to correspond to a finite initial sequence of 
states of one input element by way of some suitable coding. The simplest 
convention, following Elgot, is just to take the value of each predicate-
variable to be the finite set of instants at which the state of the correspond
ing input element is T, and then to consider the shortest input sequence 
which is thus represented. This results in a restriction to a proper subclass 
of all input sequences, the admissible input sequences, but it may be seen 
that the restriction is not very essential. Buchi uses (in effect) a method of 
coding that avoids this restriction to admissible input sequences. 

In the case of (3), instead of using predicate-variables, each finite set of 
natural numbers is represented by a natural number, the finite sum S2É, 
where the summation is over all natural numbers t that belong to the set. 

That (1) and (2) are equivalent, and that both have a redundant list of 
primitives, is as a matter of fact quite obvious. Definitions given by Elgot 
show that we may without loss omit the primitive symbol 0 from (1), or the 
primitive symbols = and < from (2). 

The two notes by Trachtenbrot, [20] and [21], were unknown to me at the 
time this lecture was delivered, and were called to my attention by several 
members of the audience. The dates attached to the earlier note [20] place 
it as approximately simultaneous with [11] and the privately circulated first 
edition of [7], hence earlier than the abstract [3], later than [4] and the ab
stract of [11]—all of which it overlaps to some extent, though more in 
point of view and method than in specific content. 

In [20] Trachtenbrot characterizes the behavior of an automaton with 
one binary output by means of the following formalized language: 
6-622036 Proceedings 
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(4) Singulary second-order functional calculus with bounded quantifiers. 
The primitive symbols are: numerical variables; singulary predicate variab
les; the notation ( ) for application of a propositional function to its argu
ment; connectives of the propositional calculus; quantifiers on singulary 
predicate-variables; and bounded quantifiers on numerical variables. The 
elementary formulas consist of a singulary predicate-variable followed by 
a numerical variable between ( ), and other wff s are built up from the ele
mentary formulas by means of connectives of the propositional calculus and 
quantifiers. 

Trachtenbrot introduces four kinds of bounded quantifiers: (a)a<b, (3a)a<b, 
(a)a<b> a n ( i (3a)a<b? where a and b are any two distinct numerical variables. 
We shall say in each case that the variable a is bounded by the variable b. 
Evidently any one of these four kinds of bounded quantifiers would 
suffice, as the three others would be definable from it. The ordinary, un
bounded quantifiers on numerical variables are not used. 

In (4) the predicate-variables are to be understood as having arbitrary 
singulary propositional functions (or arbitrary sets) of natural numbers as 
their values. And in the application to automata, each free predicate-
variable of a formula corresponds to one input element in the same fashion 
that was explained above for the predicates il9i29... used in restricted recur
sive arithmetic. A t-formula is a wff of (4) in which the only free numerical 
variable is the particular variable t and in which—to state it briefly—every 
bound numerical variable is bounded, either by t9 or by a variable that is 
bounded by t9 or by a variable that is bounded by a variable that is bounded 
by t, or etc. Then we have: 

TRACHTENBROT'S THEOREM. The behavior of any finite automaton with 
one binary output o(t) can be characterized by an equivalence of the form 
o(t) = S(t), where 8(t) is a ^-formula whose free predicate-variables correspond 
to the inputs of the automaton. And conversely every equivalence of this 
form characterizes the behavior of some finite automaton with one binary 
output. 

As a characterization of the behavior of finite automata with one binary 
output, Trachtenbrot's theorem is evidently more direct than the results of 
Kleene, Buchi, and Elgot. As a characterization of events representable by 
a finite automaton (i.e., of regular events) it is less direct. But it can be 
made to yield such a characterization by taking each free predicate-variable 
f in S(t) to stand for a finite initial sequence of input states of length t + l, 
namely the sequence f(0), f(l), ...,î(t). (This amounts to taking the formalized 
language in such a way that the free predicate-variables have a different 
range of values from the bound predicate-variables, a device which Trach
tenbrot himself does not adopt explicitly in either [20] or [21].) 

In order to obtain a language for practical use in specifying the behavior 
of automata, it may be desirable to modify Trachtenbrot's language (4) 
by adding the redundant primitive symbols = , < , 0, and ', and then to 
replace the class of ^-formulas by the more quickly recognizable class of 
formulas in which the only free numerical variable is t and all bound numeri
cal variables are bounded by t. The resulting language seems to offer less 
immediate facility than the regular-expression language of McNaughton 
and Yamada, but it may be more suitable for use in cases in which some 
further application of mathematical logic is to be made. 
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Buchi, Elgot, and Trachtenbrot are all interested, not only in applications 
of logic to automata theory, but also in the reverse application by which 
the consideration of automata is made to yield results that belong to the 
field of mathematical logic. And the main result announced in [21] falls 
under the latter head. But [21] also announces, in effect, still another 
characterization of regularity of events by means of expressibility in an 
appropriate formalized language. Namely in Büchi's characterization, weak 
second-order arithmetic may be replaced by another formalized language, 
which has the same primitive symbols and the same class of wffs as weak 
second-order arithmetic, but in which the values of the bound predicate-
variables are taken to be arbitrary sets of natural numbers, while the 
values of the free predicate-variables are taken to be finite sets of natural 
numbers. 

Finally we return to the synthesis problem, to cite some cases which 
belong in the present context rather than in that of restricted recursive 
arithmetic. 

Case a. Synthesis requirement given by a regular expression, denoting 
an event which an automaton with one binary output is required to repre
sent. Problem solved originally by Kleene [14], [15]. Revised treatments by 
Copi, Elgot, and Wright [8]; McNaughton and Yamada [17]. Elgot [10] 
solves a somewhat generalized form of this synthesis problem. 

Case b. Synthesis requirement given by a t-formula that expresses the 
(one binary) output in terms of the inputs. Solution briefly sketched by 
Trachtenbrot [20]. 

Case c. Synthesis requirement given by a wff of the form (3s1) (3s2)... 
(3sn) (t)M, belonging to a language which is like weak second-order arith
metic except that the predicate-variables are reinterpreted as ranging over 
all singulary propositional functions (all sets) of natural numbers. Here 
s1,s2, ...,sn are predicate-variables, t is an individual variable, and the 
quantifier-free matrix M contains no individual variables except t. The 
free predicate-variables are interpreted, some as corresponding to inputs 
and some as corresponding to outputs, so that the synthesis requirement 
expressed is a condition relating the inputs and the outputs. Solved by 
Elgot [10]. 

I t is clear that, as regards the form of the synthesis requirement, Case c 
would fit into the table that was given above in connection with restricted 
recursive arithmetic. But Elgot's method is different, not making use of 
restricted recursive arithmetic (and in fact leading in the first instance to a 
transition system rather than an automaton). 

Case d. Synthesis requirement given by an open sentence of first-order 
arithmetic with ', + , and = , and with free singulary predicate-variables, 
interpreted as outputs, and as ranging over the ultimately periodic propo
sitional functions of natural numbers. Decision problem solved, but synthe
sis problem unsolvable. See Elgot [10]. 

Case e. Synthesis requirement given by am arbitrary wff of the same for
malized language that is described under Case c. The decision problem is 
solved by Buchi [23]. The general synthesis problem for this case is still 
open (as of December 1962), though unpublished results stronger than that 
of Case c are cited in a letter from Buchi. Evidently Case e would fit into 
the table that was given above, as intermediate between Cases 3-4 and 
Case 5. 
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MAPKOBCKHE 
ÜPOIpCCM H 3AAA™ AHAJIH3A 

E. B. flBIHKHH 

CBH3H Memjjj MapKOBCKHMH npou;eccaMH H flH^epemjHajibHHMH ypaBHe-
HHHMH H3BecTHH yme aaBHO. En^e B Hanajie TpnjmaTLix roflOB OHH öBIJIH 
oô^eKTOM rjiyöoKHx HCCJieflOBaHHÄ KojiMoropoBa, neTpoBCKoro, Xnnraraa. 
3a nocjiejrane rojpa: öHJIH oÔHapymeHH HOBue saMeiaTejitHtie CBHBH MejKfly 
MapKOBCKHMH HpOIjeCCaMH H KJiaCCHieCKHM aHaJIH30M. 9TH CBH3H HJIOftO-
TBOpHH He TOJibKo flJiH TeopHH BepoHTHOCTefi, HO H ftjiH aHajiH3a. CoBpe-
MeHHan TeopHH MapKOBCKHx npoijeccoB cTaHOBHTCH Bee ôojiee H öojiee He 
TOJIBKO pa3fl;ejiOM TeopHH BeponraocTeô, HO H Baamoft oOJiacTtro anajiH3a, 
OKa3HBaiom;efi Bjinmrae Ha pa3BHTHe TaKHx KjiaccniecKHx oÖJiacTefi KaK 
TeopHH BJijinnTHHecKHx H napa6ojiH«iecKHx flH(|)$epeHi^Hajii>HHX ypaBHe-
HHfi, TeopHH noTeRHHajia H T. n. 

0 nrapoKOM HHTepece K BTOô oÖJiacTH cBH^eTejiBCTByeT MecTO, KOTopoe 
y^ejieHO eô B nporpaMMe Hainero ci»e3Aa, TaK me, KaK H B nporpaMMe npejj-
Hflynjero MeHmysapoflHoro CLe3fla B 9flHH6ypre. CnrpaBinne BH^aioiiryiocH 
pOJIB B HOBeÖBieM pa3BHTHH TeopHH MapKOBCKHX npoijeecoB HCeJiejJOBaHHH 
d>ejiJiepa 6HJIH ocBenjeHBi aBTopoM B nacoBOM jjOKjiafle Ha 9jpra6yprcKOM 
KOHrpecce. Ba?KHBie HanpaBJieHHH B Teopnn MapKOBCKHx npon;eecoB CBH-
3aHH c HMeHaMH HTO H XaHTa, KOToptie BHCTynaioT c oÔ3opHHMH flOKjia-
flaMH Ha HameM CBe3^e. 

9TO oÔJieriaeT MOIO sa^a^y. H He 6yay nBrraTbCH oxBaraTb Bee acneKTH 
coBpeMeHHoro pasBHTHH TeopHH MapKOBCKHx npou;eccoB ^a^a^a , Hepaspe-
fflHMafl B paMKax nacoBoro flOKjiaaa), a cocpeflOTOiy BHHMaHHe Ha He-
CKOJIBKHX HanpaBJieHHHx, CBH3aHHHx c Moeü coöcTBeHHoit paôoToft H pa-
ôOTOë rpynnn MOJIO^HX COBBTCKHX MaTeMaTHKOB, HaxoftHmnxcH co MHOä B 
nOCTOHHHOM HaVHHOM KOHTaKTe. 

Pent 6yaeT HJTFH O HOHHTHH xapaKTepncTHiecKoro onepaTopa MapKOB-
CKoro npoijecca, H03BOJiHiom;eM j^amh BepoHTHOCTHyio $opMyjinpoBKy H 
BepoHTHOCTHoe peraeHHe pnjja sa^a^ TeopHH ^HtJ^epeHijHaJibHbix ypaBHe-
HHft. 3HawrejibHoe MecTO 6yaeT ynejieHO HOHHTHIO ajmnTHBHoro <J>VHK-
î HOHajia OT MapKOBCKoro npoijeeea H pasjin^HbiM npeo6pa30BaHHHM 
MapKOBCKHX npOEÇeCCOB, CBH3aHHHM C ajWHTHBHblMH (jjVHKIJHOHaJiaMH. 
EyjjeT noKa3aHO, HTO C noMonjbio Taraix npeo6pa30BaHHft MOJKHO nojiy^HTb 
HeKOTopoe npeflCTaßjieHHe o CTpoeHHH Hanöojiee o6m;ero CTporo MapKOB-
CKoro npoijeeca e HenpepHBHHMH TpaeKTopnHMH Ha TonojiornHecKOM 
MHoroo6pa3HH E. M H BBejjeM onpe^ejieHHHe KJiaccH <|>yHKnHft, KOToptie 
ecTecTBeHHO Ha3BaTb rapMOHHiecKHMH H cyneprapMOHHiecKHMH <J>VHK-
IJHHMH, CBH3aHHHMH C MapKOBCKHM npOEÇeCCOM, H OCTaHOBHMCH Ha HCKO-
Toptix 3aaaHax, B03HHKaiomHx B CBH3H C H3yHeHHeM MHoœecTBa Bcex He-
OTpHD[aTeJIBHHX TapMOHHHeCKHX (̂ VHKÎ HË. 
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§ 1. CoBpeMeHHoe onpeflejieHHe MapKOBCKoro nporjeeca 
1.1. B 1828 rojry aRTjiHÖCKHft 6oTaHHK BpoyH 3aMeTHJi, HTO MejiKne i a -

CTHÏTH, HOrpyMKeHHHe B JKHflKOCTb, XaOTHHeCKH jmHJKVTCH, öecnpecTamio 
MeHHH HanpaBJieHHe jraHHœHHH. B nepBHx paôoTax, nocBHnjeHHbix MaTe-
MaTH^ecKOMy onncaHHE) 9Toro HBJieHHH, H3yHajiacb TaK Ha3biBaeMaH 
nepexoflHaH «JVHKIPIH P(t, x,T), BbipamaionjaH BepoHTHOCTb Toro, I T O na-
cTHi^a, Bume^maH H3 TOHKH X, nepes BpeMH t nona^aeT B MHOJKecTBO JT. 

Bojiee pa3BHTan Teopnn HMeeT CBOHM oôteKTOM TpaeKTopnio jraHHçeHHH 
xt. Cjiy^aËHbiô xapaKTep ppjimeimH. BbipamaeTCH MaTeMaTHieerai npea-
«OJiOHceHHeM, HTO xt=xt(œ), rjje co npHHa#Jie?KHT HeKOTopoMy MHonœcTBy 
12, Ha KOTOpOM 3a#aH HaÔOp BepOHTHOCTHHX Mep Px (3T0 MHOJKeCTBO Ha-
BHBaeTCH npocTpaHCTBOM ajieMeHTapHbix C O ö H T H ä ) . MHoncecTBa A , JJJIH KO-
TopHx onpeflejieHH 3HaieHHH PX(A), Ha3HBaiOTCH COÔHTHHMH, H SHa^eHne 
PX(A) HCTOJIKOBHBaeTCH KaK BepOHTHOCTb COÔbITHH A B HpeAHOJIOJKeHHH, 
HTO flBHmeHHe Ha^HHaeTCH H3 TOHKH x. nepexojpiaH $yHKn;HH onpefle-
jineTCH $opMyjioô P(t,x,r) =Px{xt £ J 1 } . 

L. 2 . M H npnxoAHM TaKHM o6pa30M K coBpeMemioMy onpeßejieHHio Map-
KOBCKoro n p o u e e c a KaK napbi (xt,Px), r^e xt=xt(co) — <J>VHKHHH, saßaHHan 
npn t>0 H C O G Q , H P J — Ha6op BepOHTHOCTHHX Mep B npocTpaHCTBe £2. 
0a3oeoe npocmpammeo, B KOTOPOM npnHHMaeT BHaneHHH <J>VHKH,HH xt9 

HBjineTCH B cjiyqae SpovHOBCKoro jranHcemra HeKOTopoÄ oôJiacTbio Tpex-
MepHoro eBKJiHfliOBa npocTpaHCTBa. Boo6m;e me BTO npoH3BOJibHoe MHO-
McecTBO E, B KOTOPOM BbiflejieHa HeKOTopan cncTeMa «HSMepHMbix nofl-
MHOHçecTB». OcHOBHoe ycjioBHe, CBH3HBaiom;ee (JJVHKIJHIO xt H Mepbi Px, — 
BTO MapKOBCKHÔ npHHijHn He3aBHCHM0CTH oyjrymero OT npomjioro n p n 
HSBecTHOM HacTOHDD[eM. Tournee, n p n H3BecTHOM SHaiemra xt nporH03 
^ajibHeômero flBHmeHHH Hacrmpi He saBHCHT OT xapaKTepa jusHîKeHHH jm 
MOMeHTa t i1). 

PasoöbeM BCH) TpaeKTopHio npon;ecca Ha jrae l a e r a : RO MOMeHTa r nepBoro 
^ocTHHîeHHH HeKOToporo MHOH«ecTBa r H nocjie 8Toro MOMeHTa. npeAnoJio-
mVLM, WTO HaM H3BeCTHO Xx. CymeCTBeHHO JIH 3HaHHe ABHH«eHHH flO MOMeHTa 
x flJiH nporH03a jipmmemm nocjie MOMeHTa T? <DH3H*iecKaH HHTVHIJHH Tpe-
6yeT OTpni^aTejibHoro OTBeTa. O r n a n o TaKOË OTBCT BOBce He BbrreKaeT HS 
onpe,n;ejieHHH MapKOBCKoro npon;ecca, B KOTOPOM ynacTByeT $HKCHpoBaH-
H H ä MOMeHT t, a He cjiynaôHHft MOMCHT T. MapKOBCKne npoijeccbi, j p n KO-
Topux ycjioBHe HesaBHCHMOCTH ôypyinero OT npomjioro n p n HSBeeraoM 
»acTOHm;eM BHnojiHHeTCH He TOJIBKO fljra nocTOHHHoro, HO H JJJIH onpejje-
jieHHoro KJiacca cjiynaoHbix MOMenroB T, HasbraaioTCH cmpoeo MapnoecnuMu 
npoueccaMu (2). 

(*) CTporaH $opMyjrapoBKa onnpaeTCH Ha noHHTHe ycJiOBHOii BepoHTHOCTH 
H TpeöyeT, HTOÖH JJJIH Jiroöoro H3MepHMoro MHOHœcTBa T H JIIOöHX t,h>0 
I'x&t+h e F/xs,s <t} =P(h,xt,r) npn noHTH Bcex oo. 

(2) H3yHeHHe CTporo MapKOBCKHx nponeccoB KaK caMOCTOHTejibHoro KJiacca 
MapKOBCKHx nponeccoB 6HJIO HanaTO B 1955-1956 roaax B paôoTax 3 H H K H H a 

fö], [6], [8] , ^HHKHHa H lOinKeBHqa [18] H Pan [38]. B paßoTe [18] BnepBbie ji;aHO 
oömee onpeaejieHHe CTporo MapKOBCKHx npoi^eccoB, CTPOHTCH npHMepti Map-
HOBCKHX npOÎ eCCOB, He HBJIflronniXCH CTporO MapKOBCKHMH, H BHBOäHTCH ycjio-
BHH, ^OCTaTOHHHe RJIR TOrO, HTOÖH MapKOBCKHÖ HpOÎ eCC HBJIHJICH CTporO Map-
KOBCKHM. 
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1. 3. $ o CHX nop Mbi CHHTajiH, ITO xt onpe^ejieHO AJIH Bcex t>0. OflHaKO, 
MHorne ecTecTBemibie KOHCTPVKIJHH npHBOßHT K npoijeceaM, fljin KOTopbix 
xt(œ) onpeffejieHO Jininb B HeKOTopoM HHTepBajie (0,£(a>)). CoBpeMeHHan 
TeopHH MapKOBCKHx npoijeccoB oxBaTHBaeT H Tanne o6pHBarom:HecH npo-
ijeccbi. 

Onpe^ejieHHe MapKOBCKoro npoijecea He TpeöyeT, HTOöH B <f>a30B0M npo-
CTpaHCTBe 6biJia 3a^aHa KaKan-HHOyftb Tonojiornn. OflHaKO B pa3BHT0ö 
TeopHH innpoKO Hcnojib3yiOTCH ycjiOBHH TonojiorniecKoro xapaKTepa H Ty 
HJIH HHyiO TOnOJIOrHK) B $a30B0M npOCTpaHCTBe npHXOAHTCH BBOßHTb. 
CpejjH pa3JiHHHHx TonojiorHH ocoöoe MecTO 3aHHMaeT TaK Ha3HBaeMan 
ecTecTBeHHan Tonojiornn, B KOTopoË OTKpHTHe MHomecTBa BbißejiHiOTCH 
ejieAyioioHM ycjioBneM: TpaeKTopnH, HaiHHaronjancH B npoH3BOJibHOH TOHKe 
TaKOrO MHOJKeCTBa, C BepOHTHOCTblO eAHHHÎ a He BblXOflHT H3 3TOrO MHO-
mecTBa B TeneHHH nojionuiTejibHoro BpeMeHH (CM. JSJ6 [2], Xanr [28], 
JJHHKHH [10]). J\RR nrapoKoro KJiacca npoueccoB 30Ka3aH0, HTO H3Mepn-
Man (JJVHKIJHH f(x) HBJIHCTCH HenpepbiBHOü B ecTecTBeHHOH TonojiorHH Tor^a 
H TOJibKO Torcia, Kor^a OHa HenpepbiBHa cnpaBa B^OJIB noiTH Bcex TpaeKTO-
pnfi npoijecca (*). 

§ 2. OnepaTopBi c#Bnra 4>yHKijHH. XapaicrepHCTH-
necKHe H HH4>HHHTe3HMajibHbie onepaTOpLi 

2. 1. Oôman cxeMa, eBH3biBaiomaH MapKOBCKHe npoijecebi e aHajiH30M, 
ocHOBaHa Ha HOHHTHH c^BHra (JJVHKHHH, 3aaaHHoft B $a30B0M npocTpaHCTBe 
E. PaccMOTpHM KaKyio-HHÔyAb HeoTpHijaTejibHyio H3MepHMyro ^VHKHHIO 
T(CO). nycTb f(x) — H3MepHMan $YHKU;HH B npocTpaHCTBe E. Tor^a f(xr) 
HBJineTCH (J>VHKHHefi B npocTpaHCTBe 12. HHTerpaji 3TOä (J)VHKU;HH no Mepe 
Px (ecjiH OH HMeeT CMHCJI) H ecTb 3HaHeHHe CJJBHHVTOH (JJVHKIJHH B TOHKC x. 
B BH^e $opMyjiH 3T0 3anHCbiBaeTCH Tan 

TTf(x)=Mxf(xT)(t). 

PaccMOTpHM BHHMaTejibHee cjiy^aö, Kor.ua r = i He saBHCHT OT CO. COOT-
BeTCTByiom;Hö onepaTop c^Bnra BbipaîKaeTCH nepe3 nepexojmyio ^VHKIJHIO 
no $opMyjie 

[P{t,x,t Ttf{x)= P(t,x,dy)f(y) 

PÏ3 MapKOBCKoro npHHipina BbiTeKaeT, HTO TsTt = Ts+t(sìt>0), T. e. onepa-
Topu Tt oôpasyroT nojiyrpynny. OnepaTop 

*^o t 

3ajibHeHinHe yKa3aHHH oTHocHTejibHo jiHTepaTypbi no CTporo MapKOBCKHM 
npoueccaM Monmo HaüTH B [11]. 

(x) 3TOT pe3yjibTaT npHHaji;jie>KHT THpcaHOBy [23], onnpaBineMycH na He-
KOTopue H êH ßyöa [2]. 

(2) Hepe3 Mx£ o6o3HaHaeTca HHTerpaji <£yHKn,HH £ no Mepe Px, pacnpo-
CTpaHeHHMH Ha BCK) oöJiacTb onpeaejienHH <j)yHKn,HH £(œ). 

http://Kor.ua


MAPKOBCKHE nPOIJECCbl H 3AJJAHH AHAJIH3A 39 

na3HBaeTCH uH0unume3UMajibHUM onepamopoM MapKOBCKoro npoijecca. I lpn 
o^eHb ninpoKHx npe,nnojiOH«eHHHx HH$HHHTe3HMajibHHÄ onepaTop onpe-
ACJineT OAH03HaHHO nepexojniyio (JJVHKIJIIK) npoijecea (CM. [7], [17]). 

,H,pyroH BaîKHOo xapaKTepncTHKOH npoijecca HBJIHGTCH xapaKTepncTH-
»iecKHö onepaTop, KOTopbiü onpe^ejineTCH $opMyjiOH 

/ v ' uix Mxr(U) 

lijiech U — OKpecTHOCTb TOHKH x, r(U) — MOMGHT nepßoro Bbixo^a H3 U, 
iipeflejibHbiH nepexoa npoH3BOflHTca, Korjja U CTHraBaeTCH K X. (Ilpeflnojia-
raeTCH, HTO B $a30B0M npocTpaHCTBe 3aaaHa HeKOTopan TonojiorHH.) 

Mem Ay xapaKTepncTHqecKHM H HH(|)HHHTe3HMajibHbiM onepaTopoM Map-
KOBCKoro npoijeeca cymecTByeT TecHan CBH3b. HMGHHO, ecjin B HeKOTopoii 
TonojiorHH TpaeKTopnn npoijecca HenpepbiBHbi cnpaßa, a onepaTopbi 
(îflBnra Tt ocTaBjiHioT HHBapnaHTHbiM MHOJKGCTBO Bcex orpaHHHeHHbix He-
npepHBHHx (J)yHKî HÔ, TO xapaKTepncTUHecKHÄ onepaTop 91 HBjineTCH pac-
innpeHHeM HH$HHHTe3HMajibHoro onepaTopa A (1). 

H3 (j)opMyjiH, onpeAejimomefi onepaTop 21, BH^HO, HTO ecjin 2I/(#) onpe-
AejieHO H (JVHKIJHH / AOCTnraeT B TO^Ke x HeoTpnijaTejibHoro MaKCHMyMa, 
TO 2I/(#)<0. 9TO CBOËCTBO HaCTO Ha3bIBaK)T npilHUUnOM MdKCUMyMa. 

HaHHHan c 3Toro MecTa MH eocpeflOTOHHM Bee BHHMamie Ha npoijeccax, 
TpaeKTopnn KOTopHx HenpepbiBHbi. fljiH TaKHx npomeccoB B MOMeHT nep-
»oro Bbixofla H3 MHomecTBa U nacTima nonaflaeT Ha rpammy U. IIo3TOMy 
HHaneHHe 2l/(#) onpe^ejineTCH no 3HaneHHHM (^VHKIJHH / B CKOJIB yro^HO 
MaJIOH OKpeCTHOCTH TOHKH X. OnepaTOp 21 HBJIHeTCH AOKCLAbHUM JIHHeËHblM 
onepaTopoM. 

§ 3. ^H<])<])y3HOHHi>ie npoijeccBi. BepoflTHocraoe 
peineHHe flH(])(J)epeHipiajn>HBix ypaBHeHHH 

3. 1. CTporo MapKOBCKHÄ npoijecc c HenpepHBHHMH TpaeKTopHHMH ycjio-
BHMCH Ha3HBaTb du00y3uoHHUM npoi^eccoM, ecjin 2l/(#) onpeflejieHO fljra 
KaHi^ofi (JVHKIJHH /, RBdLmRhi HenpepHBHO AH$$epeHD[HpyeMoô B OKpecT-
IIOCTH TOHKH x. (IlpeßnojiaraeTCH, ITO B $a30BOM npocTpaHCTBe BBe^eHa 
e.TpyKTypa rjia^Koro MHoroo6pa3HH.) 3 0 K a 3 H B a e T C H » H T 0 Win AH$$y3HOH-
noro npoijecca xapaKTepncTHnecKHo onepaTop coBna^aeT Ha ßBajKßbi He-
npepbiBHO flH(|)$epeHi^HpyeMbix (JVHKIJHHX c HeKOTopHM flHcjK^epeHijHajib-
iibiM onepaTopoM BToporo nopn^Ka 

Lf(x) = 2 atj(x) ̂  + 2 W) Ô-~ - c{x) f(x). 
CXt CXj G Xi 

l/la npHHi^Hna MaKCHMyMa BbrreKaeT, HTO c(x)>0 H BbinojiHHeTCH ocjia6jieH-
Hoe ycjioBHe 8JIJIHHTHHHOCTH: S a ^ a ^ A y ^ O «JIH JHOöHX BenjecTBemibix 
Ap A2, . . . . OnepaTop L Ha3HBaeTCH npou3eodMuuM ducßcfiepeHuuajibHbiM 

(*) IIoHHTHe xapaKTepHCTHqecKoro onepaTopa H CBH3b uemji,y xapaKTepn-
(THHecKHMH H HH$HHHTe3HMaJibHHMH onepaTopaMH óHJIH BnepBLie H3yneHBi 
n paÖOTax [5], [8]. 
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onepamopoM aH$$y3HOHHoro npoijecca. (OH HBjraeTCH cymeHneM xapaK-
TepncTHiecKoro onepaTopa.) BejraiHHbi atj, b{ H C HasbiBaioTCH, COOTBCT-
CTBeHHO, K03<JHJ>Hn;HeHTaMH AH$$y3HH, K03(j)$HÎ HeHTaMH CHOCa H K03$$H-
î neHTOM oôpHBa (ecjin npoijece He oopbraaeTCH, TO c(x)=0). 

3. 2. Ba?KHO HayiHTbCH CTpOHTb flH(|)$y3HOHHHe npOH,eCCbI, OTHpaBJIHHCb 
OT ^H$(J)epeHi^HajibHbix onepaTopoB L. ^H$$y3HOHHbiÄ npoijeee B CBKJIH-
AOBOM npocTpaHCTBe, OTBe^aiomnE onepaTopy Jlanjiaca A, 6HJI nocTpoeH 
em;e B 1923 rojjy BnHepoM. M H 6yaeM Ha3biBaTb ero eunepoecnuM npouec-
COM. KoHCTpVKHHK) BHHepa MOJKHO paCHpOCTpaHHTb Ha JII060Ë 3JIJIHHTH-
necKHÔ onepaTop L, JJJIH KOToporo yjjaeTCH nocTpoHTb (JyHflaMeHTajibHoe 
pemeHHe napaöojnraecKoro an(|)$epeHD[HajibHoro ypaBHeHHH 

dut T 

B cjiynae eBKjiHjjoBa npocTpaHCTBa JJJIH 9Toro socTaToimo, HTOôH KO9$$H-
î neHTH onepaTopa L 6HJIH orpaHH^eHH H yjçoBJieTBopHJiH ycjioBHio rejibjjepa 
H HTOÖH cymecTBOBana nojiojKHTejibHaH HHJKHHH rpaHHua «JIH coôcTBeHHbix 
3HaHeHHÄ MaTpHÎ H K03(J><j)HHHeHTOB npH CTapmHX np0H3B0ÄHHX (x). 

Bojiee npocTOfi, BepoHTHOCTHbiö MeTOjj nocTpoeHHH HeoôpbmaronpixcH 
AH$$y3H0HHbix npon,eecoB 6biJi npe^JiorneH HTO [30], [31]. 

IlycTb (xt, Px) — offHOMepHHfi BHHepoBCKHö npon,eee H (xt,Px) — s;H$$y-
3HOHHHH npoijecc e npoH3BOÄHD̂ HM ßH$<j)epeHHHajibHbiM onepaTopoM 

1 2 d* d 

L==r(x)_+m{x)^ 

HTO noKasaji, HTO 06a npoueeca MOJKHO peajiH30BaTb Ha ORHOM H TOM me npo
cTpaHCTBe ajieMeHTapHbix COöHTHH Q TaK, HTOöH PX =PX H TpaeKTopnn xt H 
Xt ÖHJIH CBH3aHH COOTHOBieHHeM 

xt = x0+ m(xu)du+ a(xu)dxu (1) 
Jo Jo 

(cnpaBa CTOHT TaK Ha3HBaeMHH CTOxacTHHecKHìt HHTerpaji, oömee onpe^ejie-
HHe KOToporo 6HJIO jjaHO MTO). OopMyjiy (1) MOJKHO paccMaTpHBaTb KaK nm-e-
rpajibHoe ypaBHeHHe, no3BOJiHiomee BHpa3HTb xt nepe3 xt. AHajiornHHoe ypaB-
HeHae nnmeTCH H HJIH MHoroMepHHX npon,eccoB. 

ypaBHeHHe (1) MOJKHO sanncaTb B an^epeHiniajibHOH $opMe 

dxt = m(xt) dt + a(xu) dxu. 

noenejniee cooTHOineHHe npeACTaBJiaeT CO6Oë CToxacTHHecKHn aHajior OöHKHO-
BeHHoro jnnJxJjepeHnnajibHoro ypaBHeHHH H oôJiaaaeT MHorHMH CBoncTBaMH 
TaKHx ypaBHeHHH: ero MOJKHO peniaTb MCTOAOM nocjieaoBaTejibHbix npnöjra-
meHHö HJiH MeTô OM JiOMaHHbix BËJiepa, ero nccjieflo B amie HHCKOJibKO He 

(!) CM. noromejibCKHö [36], [37]. 
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ycjiojKHHeTCH c yBejinneHneM nncjia nsMepemiË npocTpaHCTBa. Eme OAHHM 3a-
MenaTejibHbiM npenMymecTBOM MeTOfla HTO HBjmeTCH ero HenyBCTBHTejibHOCTb 
K BHpojKÄeHHH) Hcxo^Horo aH<$(j)epeHn,Ha.JibHoro onepaTopa. 

3. 3. PaccMOTpHM HecKOJibKo THHH^HHX 3aflai Teopnn jpi<|H|>epeHn;Hajib-
Hbix ypaBHeHHË, CBHsaHHbix c onepaTopoM L: 

A. (3aaana JJnpHXJie.) Lf(x)=0 JJJIH x&G,f{x)=cp(x) JSJIK X£G'. 

B. Lf(x)= -g(x) AJiH xEG,f(x)=0 win x£G'. 

B. * =Lut(x) jiiJiH t > 0, x E G;u0(x) = v(x) «JIH x£G;ut(x)=0 AJIH 
ot 

xEG'. 

3flecb G 03Ha^aeT HeKOTopyro oÔJiacTb B CBKJIHAOBOM npocTpaHCTBe, G' — 
ee rpaHHny, cp,g, v — HSBecTHbie $yHKi^HH, / H ut — HensBecTHbie $yHKn,HH, 
KOTOpbie Ha^O HaËTH. 

3aMeHHB B $opMyjinpoBKax sa^a i A, B, B onepaTop L Ha xapaKTepn-
CTH êcKHË onepaTop 21, MH HOJIVHHM HOBbie 3aaa*ra A', B ' , B ' . IIocKOJibKy 
%^L, TO BCHKoe pemeHHe KaKOE-HHOyjp» H3 sa^an A, B, B HBJIHCTCH B TO 
me BpeMH pemeHneM cooTBeTCTByiomeË sa^ann A', E ' , B ' . EcTecTBeHHO Ha-
3BaTb pemeHHH sa^a i A', E ' , B ' oooótueunuMU peiuenusiMu BajjaH A, B, B. 

H3 npHHniraa MaKCHMyMa ftjra onepaTopa 21 BbrreKaeT, HTO npn mnpoKHx 
npejmojiomeHHHx samara A', E ' , B ' HMCIOT He Sojiee oflHoro pemeHHH. 
ECJIH 3TO pemeHHe ftBamjpi HenpepbiBHO flH^epeHiprpyeMO, TO OHa HBJIH-
eTCH pemeHneM eooTBeTCTByiomeä samara A, E, B. TaraiM o6pa30M, B BTOM 
cjiyiae o6o6meHHoe pemeHHe 3a«a^H A, B, B HBJIHCTCH «KjiaccniecKHM 
pemeHneM». 

3aMenaTejibHO, HTO pemeHHe sa^an A', E ' , B ' Bcer^a BHpamaeTCH HBHHMH 
BepoHTHOCTHbiMH $opMVJiaMH. HMeHHO, o6o3HaiaH nepe3 ß MOMeHT nepBoro 
BHxofla oôjiacTH G, HMeeM: 

«Jin A': f(x)=Mx(p(xß) 

«Jin E': f(x)=Mxj
ß

Qg(xt)dt 

™ / v -m* , , / , x fi npn co G JA 
W* B : ut(x)=Mxv(xt)Xß<t \xA(œ) = | Q ^ ^ ^ J 

9TH $opMyjibi no3BOJiHK)T HccjieflOBaTb pemeHHe c KanecTBeHHOË CTO-
poHH, B nacTHOCTH, HccjiejjOBaTb ero saBHCHMOCTb OT HaHajibHbix H rpa-
HHHHHx flaHHbix H npaBbix nacTeË (CM., HanpnMep, XacbMHHCKHË [24]-[27], 
OpeËfljiHH [21], [22]). KpoMe Toro OHH MOiyr cjiymnTb OCHOBOô JJJIH BH-
HHCJieHHË no MeTo^y MoHTe-Kapjio. 

AHajiornHHbie $opMyjiH MomHO ßaTb H AJIH Ôonee cjiomHHx ypaBHeHHË. 
HanpnMep, o6o6meHHoe peineHne aH$$epeHn;HajibHoro ypaBHeHHH 

Lf-Vf^-g 

npn HyjieBHx rpaHHHHHx ycjiOBHHx BHpamaeTCH $opMynoË 
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f(x) = Mx exp I - V(xu) du \g(xt) dt. 

3 . 4 . B 3a#aHe B M H paccMaTpHBajin npocTeËmee, HyjieBoe rpaHHHHoe 
ycjioBHe AJiH napaÖojiHiecKoro A H ^ e p e m n i a j i b H o r o ypaBHeHHH dutjdt =Lut. 
HsBecTHO, HTO flJiH 3Toro ypaBHeHHH MomHO CTaBHTb H flpyrne rpaHHHHbie 
ycJiOBHH, HanpnMep, MOJKHO noTpeöoßaTb, H T O ö H oôpamsuiacb B Hyjib Hop-
MajibHan npoH3BO,imaH 8ut/dn. Pa3JiHHHHM rpaHHHHHM ycjiOBHHM COOT-
BeTCTByK)T pa3JiHHHbie THnbi noBeAeHHH flBHmyiueËCH nacTHHH Ha rpaHHije 
oÔJiacTH. HanpnMep , HyjieBbiM rpaHHHHHM ycjiOBHHM cooTBeTCTByeT HC-
necHOBeHHe B MOMCHT nepBoro aocTHmeHHH rpaHHHbi; VCJIOBHIO dut\dn=Q 
cooTBeTCTByeT OTpameHHe n o HanpaBJieHHio HopMajiH. 

3 a a a n a onpeflejieHHH Bcex BO3MOJKHHX rpaHHHHHX ycjioBHË JS,JIR jwfyfyy-
3HOHHHX npoi^eccoB ÔbiJia H3yneHa B oflHOMepHOM ejiynae OejiJiepoM [19], [20] 
H B MHoroMepHOM cnynae BeHTijejieM [47], [48]. 

3ajüany MomHO yTOHHHTb ejieayioiHHM o6pa30M. IlycTb G — oÖJiacTb e rjia^-
K O ë rpamineË G' m L — an<jx|)epeHnHa.JibHHË onepaTop B G, KoatJxjmnneHTH 
KOToporo npoflOjimaioTCH HenpepbiBHo H a ö U G'. Tpe6yeTCH onncaTb Bce ancj)-
$y3H0HHHe npoijeccn B 3aMKHyT0Ë oOJiaera G U G', j^sin KOTopnx npoH3BO-
RHIHHë ^H$$epeHqHajibHHË onepaTop BO Bcex BHyTpeHHHx TOHKax coBna-
aaeT c L. n o n a eme He öHJIO onpeffejieHO, HTO 3HannT, HTO npon,eec HBjmeTCH 
3H$$y3HOHHHM B rpaHHHHOË TOHKe X. TaK me, KaK H flJIH BHyTpeHHeË TOHKH 
3TO noHHTHe onpeaejiHeTCH nepe3 xapaKTepncTHHeeKHË onepaTop. TpeöyeTCH, 
HTOÔH 3HaneHHe %i(x) ôHJIO onpe^ejieHO JIHöO (a) RJIH. Bcex rjia^KHX ^yHKiniE, 
JIH6O (6) RJiH Bcex rjia^KHx (JJVHKHHë, nojüHHHeHHHX ojniOMy JiHHeËHOMy ycno-
BHK) (nOfl TJiaflKHMH $yHKI^HHMH nOHHMaK)TCH 3fljeCb $yHKI^HH, ftBaJKffbl He-
npepbiBHO AH$$epeHi^HpyeMHe B HeKOTopoË OKpecTHOCTH TOHKH x). 

BeHTnejib noKasajif1), HTO B cjiynae (a) Ha rjiajjKnx (JJVHKHHHX 

dn 

rjje L' — p;H$$epeHi^HajibHbiË onepaTop BToporo nopnftKa Ha Q'(*); B cnynae 
(6) jiHHeËHoe ycjioBHe, 3aAaiomee oöJiacTb onpejjejieHHH HMeeT B H ä 

0--qf+y^- + L'f. 
dn 

ECJIH (jjyHKnnn 21/ HenpepHBHa, TO B nepBOË H3 HanncaHHHx $opMyji MOJKHO 
3aMeHHTb 21 na L, H o6e <J)opMyjiH 3anncHBaioTCH B BH^e 

-oLf-qf + y— + I / / = 0 . 
dn 

(*) Pe3yjibTaTH BeHTnejm H3JiaraioTCH B nepepaßoTaHHOM BH^e. 
(2) M H CHHTaeM, HTO TpaeKTopnn npon,ecca HenpepHBHH. «Dejuiep n BeHTijejib 

aonycKajin B03M0mH0CTb pa3pHBOB Ha rpaHHije. IIoaTOMy y HHX HOHBJIHIOTCH 
«onojiHHTejibHHe HHTerpajibHHe HJICHH. 
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HraK, ffjin Toro, HTOöH 3ap;aTb rpaHHHHoe ycjiOBne, Hajjo onpe^ejinTb Ha rpa-
Hnne $yHKi^nn a,q,y n jpï^epeHnnajibHHË onepaTop L'. Ilpn L' =0 nony-
naeM rpaHHHHHe ycjioBHH, xoponio H3BecTHHe B Teopnn Hn$$epeHi^najibHHx 
ypaBHeHHË. TeopeMH cymecTBOBaHHH n ê HHCTBeHHocTH AJIH oömero cjiynan 
pa36npajincb BeHTueneM n YeHo [44]. OftHaKo, nojiyneHHHe B BTOM nanpaBJie-
HHH pe3yjibTaTH enje HnnaK Hejib3H cnnTaTb oKOHnaTejibHHMH. 

G HarjiHji;HOË TOHKH 3peHHH c$opMyjiHpoBaHHHE BHnie pe3yjibTaT 03Ha-
naeT, HTO ejjHHCTBeHHO B03MomHHMH THnaMH noBeaeHHH ßH^VHAlipyiOHjeE 
qacTHî H Ha rpaHHi^e oojiacra HBJIHIOTCH ocTaHOBKa, HCHe3HOBeHne, OTpameHne, 
3H$$y3HH no rpaHHne n nx pa3JiHHHHe KOMÖHHannn. CJIOBO «KOMÖHHaHHH» 
03HanaeT npocTO jiHHeËHyio KOMÖHHannio cooTBeTCTByiomnx rpaHHHHHX 
yCJIOBHË, HO BepOHTHOCTHHË CMHCJI TaKOrO KOMÖHHHpOBaHHH COBCCM He npOCT. 

KamflOMy Tnny rpaHHHHHX ycjiOBHË cooTBeTCTByeT onpeaejiemiHE npo-
nece, npoHexoflHmHË Ha rpaHHije. O H onpejjejieH Ha cjiynaËHOM MHomecTBe 
MOMeHTOB, B KOTopHe nac ran t HaxoAHTCH Ha rpaHHije. H3yneHHe rpa
HHHHHX npoi^eccoB MOJKHO no3TOMy paccMaTpHBaTb KaK o/ray H3 3a«aH, 
eme He nocTpoeHHOË o6m.eE Teopnn MapKOBCKHx npoijeeeoB co cjiynaËHOË 
oÔJiacTbK) onpeflejieHHH. üocTpoeHHe TaKOË Teopnn npe^CTaBJineTCH 
BecbMa HHTepecHOË npoÖJieMOE. (HnrepecHbie cooöpameHHH no 3T0My no-
BOfly öHJIH BHCKa3aHH B oflHOM H3 jjoKJiaflOB KojiMoropoBa Ha ceKrpni Teo
pnn BepoHTHOCTeË H MaTeMaTHHecKOË cTaTHCTHKH MocKOBCKoro MaTeMa-
THHecKoro oömecTBa.) 

§ 4 . AazpiTHBHBie 4>yHKU;HOHaJIBI 

4. 1. 3a nocjiejniHe rojpj OJPIHM H3 BamHeËmnx opy^HË HCCJieflOBaHHH H 
npHMeHeHHH MapKOBCKHX npOI];eCCOB CTaHOBHTCH aAflHTHBHHe (JJVHKIJHO-
HäJIH OT 3THX npOIjeCCOB. 

AOTHTHBHHë $yHKH,HOHaji OT MapKOBCKoro npoijecea (xt,Px) npe^-
CTaBJineT COOOë ^VHKHHIO, conocTaBJimomyio KamjjOMy HHTepBajiy Bpe-
MeHH [s,t] cjiyHaËHVK) BejiHHHHy cpl 3aBHCHm,yio Jinmb OT TeneHHH npo-
n,ecca 3a BpeMH [s,t] (*). I lpn 3TOM TpeöyeTCH, HTOöH <pst+<pu=(pu Win Jiro-
6HX s<t<u. M H öy^eM paccMaTpHBaTb TOJibKO aßAHTHBHHe (JyHKijHOHajiH, 
y,n;oBJieTBopHiom.He cjieflyiom,eMy VCJIOBHIO ojmopoflHOCTH: npn 3aMeHe 
TpaeKTopnn xt Ha xt+h 3HaneHHe cpl 3aMeHHeTCH Ha cpîXn (2)-

IIpHMepOM ajJßHTHBHOrO $VHKHHOHaJia HBJIHeTCH 

<pst= V(xu)du, 

rfle V(x) — KaKaH-HHOyjjb H3MepHMan C^VHKHHH B <J>a30BOM npocTpaHCTBe. 
ECJIH (JJVHKIJHH V HeoTpnrjaTejibHa, TO $yHKHHOHaji cpl npnHHMaeT TOJibKO 
HeoTpni^aTejibHHe 3HaneHHH. TaKHe (JvHKijHOHajiH npeACTaBJimoT OCOöHE 
HHTepec fl;jiH npHMeHeHHË. B 1958 r. BOJIKOHCKHë [45] (CM. Tanme [46]) 
OHHcaji Bee HenpepHBHHe HeoTpHnaTejibHHe aaAHTHBHHe <J)yHKnHOHajiH OT 

(*) ToHHee, $yHKE(HH (pt{a>) H3MepnMa OTHOCHTenbHO tr-ajireöpn, nopom^eH-
HOË <{>yHKHHHMH Xu(co) npn U G [«,$]. 

(2) ToHHee, ecjin JJJIH HeKOTopnx œ1 n co2 H3 Q uh >0 x^coj) =xt+h(co2) npn 
Bcex t, TO ^tio)^ =q>t+h{co2) npn Bcex s <t. 

http://o6m.eE
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omiOMepHoro BHHepoBCKoro npoijeeca. OKa3ajiocb, HTO 3TH $vHKi;HOHajiH 
HaXOffHTCH BO BSaHMHO OJfflOSHaHHOM COOTBeTCTBHH C MepaMH Ha HpHMOË, 
npHHHMaiomHMH KOHeHHHe sHaneHHH Ha Kam^oM KOHCHHOM OTpesKe. 9TO 
cooTBeTCTBHe HenpepHBHO, ecjin paccMaTpHBaTb ^JIH Mep cjiaöyio exojni-
MOCTb, a ßJIH (j>VHKHHOHaJIOB CXOAHMOCTb no BepOHTHOCTH. <DvHKHHOHaJI, 
cooTBeTCTByromnfi Mepe fi, sanncHBaeTCH B BH^e 

tf = )te(xjd«. (2) 

I lpn 3T0M dpt/dx 03HanaeT njiOTHOCTb Mepn ju, OTHOCHTejibHO Mepn Jleöera. 
ECJIH TaKoË njiOTHOCTH He cymecTByeT, TO sanncb HOCHT CHMBOJIHHCCKHE 
xapaKTep H pacmn(|)poBHBaeTCH nocpejjCTBOM ecTecTBeHHoro npeflejibHoro 
nepexopia. 

fljiH MHoroMepHoro BHHepoBCKoro npon,ecea sa tana ÖHjia pemeHa B 
1960 r. BeHTBtejieM [49] H MaKraraoM H TaHana [33]. TaK me, KaK H B ojrao-
MepHOM cjiynae, HMeeT MecTO op;H03HaHHoe cooTBeTCTBHe Mem,ny HeoTpn-
î aTejibHHMH ajjflHTHBHHMH (JvHKHHOHajiaMH H HeKOTopHM KJiaccoM Mep B 
<J>a30BOM npocTpaHCTBe. Ormano, 3TOT KJiacc Mep onncHBaeTCH cjiomHee. 
(OH coßepmHT, B nacTHOCTH, Bce Mepn, oÖJiaAaiomHe orpaHHneHHOË HJIOT-
HOCTbio OTHOCHTejibHO Mepn Jleöera, a TaKme Bce Mepn e orpaHHneHHHM 
HBIOTOHOBHM noTemniajioM.) HenpepHBHOCTb COOTBeTCTBHH Memfly MepaMH 
H (j>yHKipiOHa.JiaMH öojibme He HMeeT MecTa, ormano HHTerpajiy, CTOHmeMy 
B npaBOË nacTH $opMyjiH (2) Bce me MOJKHO npnjüaTb CMHCJI e noMombio 
öojiee ocTOpomHoro npe^ejibHoro nepexo^a. 

He HCKjHoneHO, HTO TeopeMy o HenpepHBHOCTH COOTBCTCTBHH Memjjy Me
paMH H (JjyHKHHOHajiaMH MOJKHO cnacTH, ecjin npn onpeflejieHHH cjiaooË 
CXOAHMOCTH Mep paccMaTpHBaTb He oÖHHHyio TonojiorHH) eBKjiH^OBa npo-
CTpaHCTBa, a ecTecTBeHHyio Tono-nornio, CBH3aHHyio e BHHCPOBCKHM npo-
n,eccoM. BHJIO ö H HHTepecHO BHACHHTB, BepHO JIH 3TO npeAnojiomeHHe. 

4.2. IIpHMepoM HenpepHBHoro apjniTHBHoro (JjyHKHHOHa.Jia, npnHHMaiomero 
3HaneHHH pa3HHx 3HaKOB, MomeT cjiymnTb 

<Pt=f(xt)-fM, (3) 

r«e / — npoH3BOJibHan HenpepHBHan (JJVHKHHH. AHHKHH [13] nonasan, HTO He-
npepHBHHe ajüffHTHBHLie (jjyHKunoHanH OT BHHepoBCKoro npou,ecca MOJKHO no-
jiynHTb e noMombio CTOxacTHHecKHx HHTerpanoB no $opMyne 

"Ssb(Xu' q>t= b(xu)dxu. (4) 

Onnpancb Ha HeKOTopne n^en CKopoxojja [42] BeHTnejib [50], [51] p;oKa3aji, 
HTO BCHKHË HenpepHBHLIË aflftHTHBHHË <j)yHKHHOHaJI OT OftHOMepHOrO BHHe-
poBCKoro nponecca npeftCTaBjmeTCH B BiiRe cyMMH <£yHKHHOHajioB Bn,n;a (3) H 
(4). AHanorHHHHË pe3yjibTaT nojiyneH HM H P;JIH MiioroMepHoro cjiynae, HO ero 
<J)opMyjiHpoBKa HecKOJibKo cjiomHee. 
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§ 5. CyneprapMOHHHecKHe H rapMomraecKHe 4>YHKH;HH 

5 . 1 . CyneprapMOHHHecKne H rapMOHnnecKHe (JJVHKHHH nrpaioT BamHyro 
pojib B KJiaccHHecKOM aHajiH3e. 

Ojrao H3 B03MomHHx onpe,n;e.jieHHË cyneprapMOHHHecKOË $ V H K H H H Tpe-
öyeT, H T O ö H $VHKH;HH ÖHJia HenpepHBHa CBepxy H H T O ö H epejmee ee 8Ha-
neHHe n o jiioöoE c $ e p e He npeBoexoAHJio ee 3HaneHHH B ijeHrpe c $ e p n . 

n y c T b T — MOMeHT nepBoro BHxofla TpaeKTopnn BHHepoBCKoro npoi jecca 
H3 c $ e p H 8 c n;eHTpoM B TOHKC X. OneBHjrao, TOHKa xx paBHOMepHO p a c -
npeaejieHa n o e $ e p e S, H nosTOMy cpejraee SHaneHne ( JVHKHHH f no S paBHO 
Ttf(x)=Mxf(xr). TaKHM oöpa30M, OCHOBHOC HepaBeHCTBO AJIH cyneprapMO-
HHHecKHx (|yHKn,HÖ MOJKHO 3anHcaTb B BHfle Trf(x)<f(x). 30Ka3HBaeTCH, 
HTO 3T0 HepaBeHCTBO coxpaHneT CHJiy, ecjin c $ e p a c ijeHrpoM B X 3aMe-
HHeTCH npOH3BOJIbHOË KOMnaKTHOË OKpeCTHOCTbK) TOHKH X. 30Ka3HBaeTCH 
TaKme, HTO CyneprapMOHHHecKne ({JVHKIJHH HenpepHBHH B ecTecTBeHHOË 
TonojiorHH H orpaHHneHH CHH3y Ha KamjjOM KOMnaKTe. Bojiee Toro, OKa-
SHBaeTCH, HTO nepeHHCJieHHHe TpeöoBaHHH (HenpepHBHOCTb B ecTecTBeH-
H O ë TonojiorHH, orpaHHHeHHOCTb CHH3y Ha Kam^OM KOMnaKTe H Hepa
BeHCTBO Trf(x) ^f(x) flJIH KamjJOË KOMnaKTHOË OKpeCTHOCTH TOHKH x) paBHO-
CHJIbHH CyneprapMOHHHHOCTH $yHKHHH / . MH npHXOAHM K BepOHTHOCTHOMy 
onpeAejieHHK) cyneprapMOHnnecKHX (JjvHKiniË. 

9 T O onpe^ejieHHe coxpamieT CMHCJI n p n 3aMeHe BHHepoBCKoro n p o -
n;eeea Ha JIIOOOë MapKOBCKHË npoi jecc B jioKajibHO KOMnaKTHOM $a30BOM 
npocTpaHCTBe. TaKHM oöpa30M, JJJIH Kamjjoro MapKOBCKoro npoi jecca MOJKHO 
BBeCTH KJiaCC CBH3aHHHX C HHM CyneprapMOHHHeCKHX (J)yHKH,HË (1). fljIH 
npon;eccoB e HenpepHBHHMH TpaeKTopnHMH 8TO onpepieJieHHe ecTecTBeHHO 
jiOKajiH3yeTCH, TaK HTO MOJKHO roBopHTb o (JJVHKHHHX, cyneprapMOHnnecKHX 
B HeKOTOpOË OÖJiaCTH G. 

5.2. B KJiaccnnecKOM aHajiH3e 3aMeTHoe MecTo 3aHHMaeT 3aaana o npeji;-
CTaBJieHnn cyneprapMOHnnecKHX (jjyHKnnË B BHae noTeHunanoB. HbioTOHOB 
noTeHUinaji Mepn n B TpexMepHOM eBKjnmoBOM npocTpaHCTBe E npeflCTaBjmeT 
COOOë (^VHKHHIO f(x), onpejçejiHeMyio $opMyjioË 

4t \ r ^ 
f(x)= j 

jE\y-

rtdy) 

A 
(\y-x\ 03HanaeT ffJinHy BeKTopa y-x). 8 ï a <J)yHKn,HH HeoTpnuaTejibHa n cy-
neprapMOHHHHa. 

HeTpy,n;HO ;n;oKa3aTb, HTO ecjin <pf — aflßHTHBHHE (JyHKnnoHaji OT BHHe-
poBCKoro npouecca, OTBenaromnE Mepe fi, TO noTeHunaji ÄaeTCH <j)opMyjioË 

f(x) = Mxq>°0O. (5) 

EcTecTBeHHO nocTaBHTb oömyio 3ap;aHy o npeacTaBjieHnn HeoTpnuaTejibHHX 
cyneprapMOHnnecKHX (JJVHKHHë, CBH3aHHbix c npon3BOJibHHM MapKOBCKHM 
nponeceoM, B Bnp;e (5). fljin innpoKoro KJiacca nponeccoB 3Ta s a t a n a pemeHa 

(*) üpHBejjeHHoe onpeaejieHne npHHaftJiemnT ßOKJiaßHHKy [10], [17]. KaK 
noKa3aHO B [10] Kjiacc Bcex HeoTpnuaTejibHHX cynepraMOHHqecKnx (JJVHKHHë 
coBna^aeT e KJiaccoM 9KCHecenBHLix <j)yHKHHË, BBeAemmx XaHTOM [28]. 
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B paöoTax BojiKOHCKoro [46], Bem-nenn [49], MeËepa [35], I l lypa [39], [40]. 
^OKa3aHO, HTO npeßCTaBjieHne (5) B03MomHO .HJIH Bcex orpaHnneHHHx He-
OTpni^aTejibHHx cyneprapMOHnnecKHX (j)yHKnnË. nojiyneHH KpnTepnn npea-
CTaBHMOCTH flJIH HeOrpaHHHeHHHX (jjyHKUHË. 

5 . 3 . <DVHKH;HH / Ha3HBaeTCH zapMOHuuecKOÜ, ecjin $VHKH,HH / H — / 
HBJiHioTCH cyneprapMOHHHecKHMH. TapMOHHHecKHe (JJVHKIJHH HBJIHIOTCH pe-
meHHHMH ypaBHeHHH %f(x)=0, r ^ e 21 — xapaKTepncTHHecKHE onepaTop 
npon;eeca. (B cj iynae BHHepoBCKoro npoi jeeca OHH HBJIHIOTCH pemeHHHMH 
ypaBHeHHH «Jlanjiaca A/(x) = 0 . ) 

nyCTb (xt,Px) HeOÖpHBaiOmHECH HenpepHBHHË CTporO MapKOBCKHË 
npoi jecc Ha w-MepHOM TonojiornHecKOM MHorooöpa3HH E. ycjiOBHMCH r o -
BopHTb, HTO (fjyHKipiH fv ..., fn npeflCTaBjraioT COöOE eapMOHunecKue KO-
OpdUHambl BÖJIH3H X, eCJIH 3TH C^VHKIJHH HBJIHIOTCH rapMOHHHeCKHMH B 
HeKOTOpOË OKpeCTHOCTH U TOHKH X H Onpe^eJIHIOT TOnOJIOrHHeCKOe OTO-
öpameHne U Ha HeKOTopyio oÖJiacTb eBKJiHjjOBa npocTpaHCTBa. E C J I H KpoMe 
Toro BCHKan (JVHKIJHH, rapMOHHHecKan B U, HBjraeTCH <J)VHKn;HeË KJiacca 
Ck (*) OT fv ..., fn, TO MH öyjjeM roBopHTb, HTO (JJVHKIJHH f19..., fn cyTb r a p -
MOHHHecKne KoopflHHaTH KJiacca Ck. 

HeTpymio BHjjeTb, HTO ecjin B ö J I H 3 H Kam^oË TOHKH X H3 E MOJKHO BBecTH 
rapMOHHnecKHe Koop^HHaTH KJiacca Ck, TO Haöop Bcex Tannx Koop^HHaT 
onpe^ejineT B E CTpyKTypy rjiajjKoro MHorooöpa3HH KJiacca Ck. M H Ha-
30BeM ee ecmecmeeHHoä dJiadKOÜ cmpyKmypoü. 

ycjiOBHMCH roBopHTb, HTO MapKOBCKHË npoi jecc pezyjinpen e monne x, 
eCJIH BÖJIH3H X MOJKHO BBeCTH TapMOHHHeCKHe KOOpflHHaTH. B O^HOMepHOM 
cj iynae BTO ycjioBHe paBHOCHJibHO TpeooBamno, H T O ö H cymecTBOBaji H H -
Tepßaji (a,b)^>x co cjieflyiomHM CBOëCTBOM: TpaeKTopHH, HannuaiomaflCH H3 
JI IOöOE TOHKH y G {a, b) nona^aeT c nojiomnTejibHOË BepoHTHOCTbio B Kamjjyio 
H3 ToneK a,b B MOMenr nepBoro BHxojja H3 {a,b). MHTVHTHBHO HCHO, HTO B 
MHoroMepHOM cjiynae ycjioBHe peryjinpHOCTH HMeeT aHajiorHHHHË CMHCJI. 
B H J I O ÖH HHTepeCHO HaËTH COOTBeTCTBVIOmyiO TOHHyiO $opMyjinpoBKy. 

OneHb HHTepeCHO ö H J I O ö H BHHCHHTB, HacKOJibKO mnpoK KJiacc n p o -
n;eecoB, jjonycKaioiHHx ecTecTBeHHyio rjia^Kyio CTpyKTypy KJiacca Ck. 9 T H M 
CBOëCTBOM BO BCHKOM cjiynae oOJiapiaioT ( n p n k=co) Bce peryj rapHHe ofl-
HOMepHHe npo i j eecn , a TaKme Bce flH$$y3HOHHHe npon;eecH, ßjra KOTO-
p n x npoH3BOjjHm,HË flH$$epeHi^HajibHHË onepaTop HBJIHCTCH BJiJinnTHHe-
CKHM OnepaTOpOM C aHaJIHTHHeCKHMH K03$(j)HI^HeHTaMH. 

noHHTne peryjinpHOCTH npoi jeeca H noHHTHe ecTecTBeHHOË rjia^KOË 
CTpyKTypn ÖHJiH BBeaeHH HaMH AJiH HeoöpHBaiom,HxcH npoijeecoB. E C J I H 
npoi jecc MomeT oöpHBaTbcn, BTH onpeaejieHHH HeoöxojjHMO BHjjOH3MeHHTb. 
Rjm o^HOMepHoro c j iynan KoppeKTHoe onpe^ejieHHe ecTecTBeHHOË rjia^KOË 
CTpyKTypn aaHO B [IV]. B MHoroMepHOM cjiynae Tanoe onpejjejieHHe eme 
ÄOJimHO ÖHTb HaË^eHO. 

(*) Hepe3 Ck (k = 0 , 1, 2 , . . . , oo) o6o3Ha*meTCH KJiacc Bcex k pa3 HenpepHBHO 
ÄH$$epeHD[HpyeMHx <J)yHKnnË. Hepe3 C40 o6o3HanaeTCH KJiacc Bcex BenjeeTBeH-
HHX aHaJIHTHHeCKHX (j>yHKHHË. 
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§ 6. Iïpeo6pa30BaHHH MapKOBCKHx npou;eccoB? CBœaH-
HBie c a/wHTHBHtiMH (JDymciiHOHajiaMH 

6 . 1 . 3HaHne ajwHTHBHHX <{)yHKn;HOHajiOB OT MapKOBCKoro npoijecea no-
8BOjmeT CTpoHTb no 3TOMy npon;ecey pna HOBHX MapKOBCKHx npon;eccoB. 

M H paccMOTpHM HecKOJibKO onepaniiË Haa MapKOBCKHMH npon;eccaMH. 
Ojma H3 HHX — nocTpoeHHe nomipoijecca (x). 9Ta onepannn COCTOHT B TOM, 
HTO TpaeKTopHH npoijeeca xt oöpHBaeTCH B HeKOTopnË MOMeHT f. n p n sa-
flaHHOË TpaeKTopHH MOMeHT £ ocTaeTCH cjiynaËHHM, H üJJIH Toro, HTOöH 
onpeflejiHTb no;mpon;ecc, Hajjo 3a«aTb cooTBeTCTByiomee ycjioBHoe pacnpe-
AiejieHHe BeponTHOCTeË. OKa3HBaeTCH, HTO Bce 3TH ycjiOBHHe pacnpeaejie-
HHH CBH3aHH c aAflHTHBHHMH $yHKn;HOHajiaMH OT ncxojmoro npon;ecca. 
HMeHHO, eCJIH <pl aTOHTHBHHË (fïVHKniiOHaJI, HeOTpHI^aTeJIbHHË H He-
npepHBHHË OTHOCHTejibHO t, TO MOmHO nOCTpOHTb nOflnpOIieCC, flJIH KOTO-

"- 0 

poro ycjioBHan BepoHTHOCTb COöHTHH £>£ paBHa e*-9'*. 
PaccMOTpHM npocTeËmnË cjiynaË, Kor^a (JvHKipiOHaJi tp\ Ba^aeTCH $op-

MyjioË 

<pt=\ V(xu)du (6) 

(V(x) — HenpepHBHan HeoTpnuaTejibHan $VHKI^HH.) JlerKO nojjCHHTaTb, 
HTO B 3TOM cjiynae ycjioBHan BepoHTHOCTb COöHTHH t^Ç<t+dt paBHa 
V(xt)dt + o(dt) H, cjieflOBaTejibHO, TpaeKTopHH, Haxo^HmancH B HeKOTopnË 
MOMeHT t B TOHKe x, oöpHBaeTCH sa BpeMH dt c BepoHTHOCTbK) V(x)dt+o(dt) 
HesaBHCHMO OT xapaKTepa jjBHmeHHH ffo MOMeHTa t. ECJIH oöopßaTb TaKHM 
oöpasoM 3H4>(J)y3HOHHHE npoijece c npoH3BOflHmHM flH$(i)epeHn;HajibHbiM 
onepaTopoM L, TO HOJIVHHTCH flH(f)({)y3HOHHHË npon;ecc c npoH3BO#HmHM 
onepaTopoM 

Lf-Lf-VfC). 

<DVHKH,HIO V(x) ecTecTBeHHO Ha3BaTb njiomnocmbjo eepoamuocmu oôpuea. 
fljiH mnpoKoro KJiacca npoijeeeoB aTa njioTHOCTb MomeT ÖHTb onpe^ejieHa 
fljiH Kamfloro nojmpon;eeea, TOJibKO, Booöme roBopn, OHa HBJIHCTCH OöOö-
meHHOË $yHKH,HeË. 

noHCHHM 3T0 yTBepmfleHue fljin cjiynan BHHepoBCKoro npon;eeca. J^JIH. 
TaKoro npon,ecca KamjjHË HeoTpnnaTejibHHË ajwHTHBHHË $yHKHHOHaji 
xapaKTepH3yeTCH HeKOTopoË MepoË pi. Cjie#OBaTejibHO, Kam^HË nojmpo-
n,ecc BHHepoBCKoro npoijecca TaKme xapaKTepH3yeTCH HeKOTopoË MepoË pi. 
npoH3BOAHan dpijdx Mepn pt OTHOCHTejibHO Mepn Jleöera HBjmeTCH oöoö-
meHHOË ^yHKiïneË, H aTa <J)VHKHHH npejüCTaBjmeT COOOë ecTecTBeHHoe oö-

oömeHne BBeneHHOË BHme HUOTHOCTH BepoHTHOCTH oöpHBa. Mepy pi MH 
Ha30BeM yöueaioiqeü Mepoü: ecjin HJIH HeKOTopoË oÖJiacTH G pi(G)=Q, TO 
TpaeKTopHH npoijecca c BepoHTHOCTbK) 1 He oöpHBaeTCH B oÖJiacTH G; Ha-

(*) CM. [11], [17]. 
(2) 8TOT pe3yjibTaT jierKO cjiejiyeT H3 oômeË TeopeMH ycTaHaBJinBaioineË 

aHajiornHHyio CBH3b HH$HHHTe3HMajibHHMH onepaTopaMH nponecca n no^npo-
neeca (CM. [4]). 

7-622036 Proceedings 
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npoTHB, ecjin 3HaneHHe pi(G) BCJIHKO, TO nacran t HMeeT Majio maHCOB npo-
ëTH oöJiacTb G, He nornÖHyB. 

6.2. PaccMOTpHM «ajiee npeoÖpa30BaHne MapKOBCKoro npoijeeca (xt,Px), 
npn KOTOPOM TpaeKTopnn He MCHHIOTCH, a MepH npeo6pa3yiOTCH no (j>opMyjie 

Px(dœ)-Ç(a>)Px(dœ). 

HTOöH napa (xt,Px) 3a;a;aBajia MapKOBCKHË npouecc, ôcTaTOHHO nojiomnTb 

r^e (pi (0 <s <t<°°) — aaffHTHBHHË $yHKH,noHaJi, y;o;oBJieTBopHioiHHË ycjiOBHio 

Mxe~<p°«>=l. 

J^Jifi BHHepoBCKoro nponecca <J)yHKHHOHaJiH <p, yAOBjieTBopmomne nocjiejnieMy 
ycjiOBHio, MOJKHO CTpoHTb no <|>opMyjie 

(pt \ b(xu)dxu + - I b(xufdu. 

(nepBHË HJieH npeftCTaBJineT COôOë CTOxacTnnecKHE HHTerpaji, ^VHKHHH b(x) 
npnHHMaeT BeKTopHHe 3HaneHHH n b(x)2 03HanaeT ee CKannpHbiE KBajnoaT). 
Ilpn npeoöpa30BaHHH Mep, oTBenaiomeM 3T0My (JjyHKunoHajiy, H3 BHHepoBCKoro 
nponecca nojiynaeTCH 3;n$$y3HOHHHË nponecc e npoH3Bo,n;HinHM ftH^epeH-
î najibHHM onepaTopoM 

Lf=M-2bt(x)j-
dXi 

(bt(x) — ;a;eKapTOBH KOopjpraaTH BeKTopa b(x)). 

6.3. B Kam^OM H3 paccMOTpeHHtix HaMn cjiynaeB nocTpoeHne HOBoro Map-
KOBCKoro npon.ecca nponcxojprr e noMombio HeKOToporo awniTHBHoro $VHK-
nnoHana tpi. IlpocTaH BHKjiaftKa nonasHBaeT, HTO nepexo^Han $yHKn,HH npe-
oöpa30BaiiHoro npon,ecca 3a#aeTCH Kamji;HË pa3 OJUHOë H TOë me <J>opMyjioË 

t,x,T)= f 
J*i* 

P(t,x,T)= I e-^tP^dco) . 
t*T 

B HacTOHiuee BpeMH H3BecTeH oömnpHHE KJiacc npeoÖpa30BaHHE, oöjiaaaio-
mnx TeM me CBOëCTBOM (CM. [14], [17]). Ilpn Kam^OM H3 BTHX npeoopa30BaHHË 

oöpHBaeTCH TpaeKTopHH npon,ecca n B TO me BpeMH onpe^ejieHHHM oöpa30M 
npeoÖpa3yioTCH Mepn Px. K nncjiy Hanöojiee BamHHX npnMepoB TaKnx npe-
OÖpa30BaHHE OTHOCHTCH npeOÖpa30BaHHe, CBH3aHHOe e aaanTHBHHM (JjyHKinio-
HaJIOM 
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TAO / — noJiojKHTejibHaH cyneprapMOHnnecKan <j)yHKnnH (x). Ilpn 3TOM npe-
«•ripa30BaHHH nepexoffHan <j)yHKnnH npeoÖpa3yeTCH no <J)opMyjie 

/(*)Jr 
PfrX'T)-— P(t,x,dy)f(y). 

6. 4. BecbMa BamHoe MecTO 3aHHMaeT B Teopnn MapKOBCKHx npoijeccoB 
vAiftaünaa 3aMeua epeMenu, BnepBHe CHCTeMaTHHecKH H3yneHHaH BOJI-
isoiiCKHM [45], [46] (CM. TaKme HTO H Maraora [32]). 9 ï a onepaipra COCTOHT B 
TOM, HTO BflOJIb KamflOË TpaeKTOpHH Xt(œ) BBOftHTCH HOBOe BpeMH TJ(Cü), 
ApyrHMH cjiOBaMH, BMCCTO npoijecea (xt,Px) paccMaTpHBaeTCH napa (xtt,Px). 
«DyHKiiiHH rt(ca) flOJimHa öHTB, KOHCHHO, HenpepHBHoË H B03pacTaiom.eE 
i|>yHKu;HeË OT t. Bo3HHKaeT Bonpoc: KaK BHÖpaTb cpean Taraix $VHKI];Hë Bce 
«IiyHKî HH, HJiH KOTopnx napa (xrt,Px) onpeAejineT MapKOBCKHË npon;eec. 
(hcasHBaeTCH, fljra aToro #0CTaT0HH0 paccMOTpeTb BceB03MomHHe a ^ H -
TiiBHue $yHKi^H0HajiH <pst(co) OT npoijeeca (xt,Px), HenpepHBHHe OTHOCH-
TCJibHO t H nojiomHTejibHHe npn JIIOöHX t>s>0, H nocTpoHTb RJIH Kam^oro 
TüKoro $yHKD[HOHajia (JjyHKiniio rt{co), oöpaTHyio AJIH (|)yHKnHH (p°t(co). 
UpocTeËmHM npHMepoM aAAHTHBHoro $yHKii;HOHajia, yaoBJieTBopHm,ero 
BceM Heoöxo^HMHM ycjiOBHHM, HBjiHeTCH <J)yHKHH0Haji (6) npn nojiomn-
TCJIbHOË (JyHKIJHH V(x). 3HaneHHe tt HaXOflHTCH H3 COOTHOmeHHH 

| V(xu)du = t. 

HCHO, HTO drtldt=V(xrt)~
1 H, cjiejjoBaTejibHO, 3aMeHa BpeMeHH CBOJPïTCH 

H TOMy, HTO B KamjjoË TOHKe x flBHmeHHe ycKopneTCH (HJIH 3aMep;jiHeTCfl) c 
K08(j)<|)HHHeHT0M V(x). 

Booöme npn cjiynaËHOË 3aMeHe BpeMeHH «KapTa TpaeKTopnË» npon;ecca 
ne MeHHeTCH. noaTOMy He MCHHIOTCH BCPOHTHOCTH, xapaKTepH3yiom.He no-
jiomeHHe n a c r a n t B MOMCHT nepBoro BHxojja H3 jiioöoro OTKpHToro MHO-
mecTBa G (MH HasHBaeM HX JJJIH KpaTKOCTH eeposannocmsiMu euxoda). EcTe-
CTBeHHO CnpOCHTb, BHTeKaeT JIH H3 COBnafleHHH BepOHTHOCTeË BHXOfla 
AJiH pByx MapKOBCKHx npoijeccoB, HTO Kam^HË H3 HHx MOJKeT ÖHTb no-
jiyneH H3 apyroro nocpeflCTBOM cjiynaËHOË 3aMeHH BpeMeHH. B cjiynae, 
IÇOr̂ a OflHH H3 npOUjeCCOB BHHepOBCKHË, nOJIOmHTeJIbHHË OTBeT Ha 3T0T 
Bonpoc ,n;aeTCH B paöoTe MaKKHHa H TaHana [33]. B paöoTe BjiioMeHTajiH, 
PeTypa H MaKKHHa [1] 3TOT pe3yjibTaT pacnpocTpaHneTCH Ha nrapoKHË 
KJiacc npoDieccoB. 

nycTb 21 — xapaKTepncTHHecKHË onepaTop HeKOToporo npon,ecea, H 
21 — xapaKTepncTHHecKHË onepaTop npoijecea, nojiyneHHoro noepeßCTBOM 
cjiynaËHOË saMeHH BpeMeHH. B $opMyjie, onpe,o;ejraioin;eË 2I/(#) nncjiHTejib 
iiupamaeTCH nepe3 / H BepoHTHOCTH BHXOfta, a 3HaMeHaTejib He 3aBHCHT OT 
/. noaTOMy HJIH Bcex $VHKH;Hë /, BxoflHmHx oßHOBpeMeHHO B oÖJiacTH 
oiipejjejieHHH 2ï H %, OTHomeHne 2l/(#)/$/(#) npHHHMaeT O^HO H TO me 3Ha-
«iCHHe. 0Ö03HanaH ero nepe3 V(x), HMeeM $opMyjiy 

tf(x) = V(xy1(äf(x). 
i1) 3TO npeoöpa30BaHne CTPOHTCH npn ßonojranTejibHOM npe^nojiomeHnn, HTO 

/ npeÄCTaBHMO B Bn^e (5). 

http://B03pacTaiom.eE
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Onnpancb Ha aTy $opMyjiy, HeTpyjrao flOKasaTb, HTO AH$$y3HOHHHË npo-
n;ece c npoH3BOflflmHM flH$$epeHE[HajibHHM onepaTopoM L MOJKHO nojiy-
HHTb nocpe^CTBOM cjiynaËHOË saMCHH BpeMeHH H3 ftH$(j)y3HOHHoro npo
necca c npoH3BOflflm,HMH flH^epeHnHajibHHM onepaTopoM L Tor^a H TOJibKO 
Tor^a, Kor^a L = V^XL, iyje V(x) — HeKOTopan nojiomHTejibHan <j)yHKn;HH. 
n p n 3T0M aaMeHa BpeMeHH MomeT öHTB ocymecTBjieHa c noMombio a#jra-
THBHoro (J>yHKinioHajia (6). 

§ 7. 06o6m;eHHoe 6poyHOBCKoe ABiDKeHHe 

7. 1. yCJIOBHMCH Ha3HBaTb OÔOOlUeHHblM ÔpoyHOSCKUM deUMCeHWM BCH-
KHË MapKOBCKHË HpOIjeCC, KOTOpHË MOJKHO nOJIVHHTb H3 BHHepOBCKOrO 
npoijecca nocpeflCTBOM onepaipiË oöpa30BaHHH nomipoijecca H cjiynaËHOË 
3aMeHH BpeMeHH. JIroöoe HHCJIO Tannx onepaipiË MOJKHO 3aMeHHTb ojraoË 
onepanjHeË oöpa30BaHHH nomipoijecca H ojraoË onepaipieË cjiynaËHOË sa-
MeHH BpeMeHH. KaK yme roBopnjiocb, Kam^an H3 3THX flByx onepauHË 
onpeflejineTCH ajraHTHBHHM (JïVHKijHOHajiOM. 9TH (pyHKijHOHajiH HaxoflHTCH 
BO B3aHMHO 0jm03HaHH0M COOTBeTCTBHH c onpeaejieHHHMH KJiaccaMH Mep. 
TaKHM oöpa30M, BCHKoe oooomennoe öpoyHOBCKoe ^BHrneHHe xapaKTepn-
3yeTCH flBVMH MepaMH: nepBan — mjoueawiuasi Mepa» pi 3ajjaeT, KaKHM 
oöpa30M BHHepoBCKHË npoijeec oöpHBaeTCH; BTopan — «Mepa cKopocmu» v 
onpeftejraeT cjiynaËHyK) aaMeHy BpeMeHH. 

HeTpyjrao BH^eTb, HTO BepoHTHOCTH BHxojja oöoömemioro öpoyHOBCKoro 
.HBHmeHHH MamopnpyioTCH BepoHTHOCTHMH BHxofla BHHepoBCKoro npo-
mecca. KaK noKasaji He^aBHO Illyp, JJJIH BecbMa nrapoKoro KJiacca npo-
ijeceoB 3TO TpeöoßaHHe He TOJIBKO Heooxo^HMO, HO H ßocTaTOHHO fljiH Toro, 
HTOÖH npOH,eCC HBJIHJICH OÖOÖlHeHHHM ÖpOyHOBCKHM flBHJKeHHeM. 

7 . 2 . PaccMOTpHM öpoyHOBCKoe ßBnmeHHe c yonnaiomeË MepoË pi H MepoË 
CKopocTH v. ECJIH cymecTByioT HenpepHBHHe npoH3BOAHHe dpijdv n dv/dx>0, 
TO 3T0T npOüieCC HBJIHeTCH flH$$y3HOHHHM H erO np0H3B0flHm,HË Rnfyfye-
peHEçnajibHHË onepaTop paBeH 

dx 

B oömeM cjiynae paBeHCTBy (7) MOJKHO npn^aTb CMHCJI, ecjin nepenncaTb 
ero B BHfle 

H noHHMaTb dvjdx, A/ H dpi/dx KaK oooomemme (JJVHKIJHH (*). 3oKa3HBaeTCH, 

f1) IlpoH3BefleHHe fdfijdx=g onpenejineTCH KaK $yHKHHOHaji Ha $HHHTHHX 
ÖecKOHeHHo ^H^^epeHi^npyeMHx (JJVHKHHHX, 3ap;aHHHË <$opMyjioË 

g(<p)~ \<pfdp f 
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«ITO ecjin Lf onpeflejieHO BTHM paBeHCTBOM H $VHKE[HH f inLf HenpepHBmj 
ii ecTecTBeHHOË TonojiorHH, TO / npnHafljiemHT oÖJiacTH onpeaejieHHH xa-
paKTepncTHHecKoro onepaTopa 21 H %f=*Lf. OTnpaBjiHHCb OT aToro onn-
caHHH onepaTopa 21 MomHO onncaTb H HH(|)HHHTe8HMajibHHË onepaTop A (1). 

OnepaTop L MOJKHO onpejjejiHTb TaKme ejieayromHM oÖpa30M. IlycTb / — 
rJiyHKî HH TOHKH H ip — Mepa co BHaKOM. ycjiOBHMCH nncaTb y) = iF/, ecjin 
d\pjdx= -Af (jieBHe n npaBHe nacTH noHHMaiOTCH KaK oöoömeHHHe ^yHKinra). 
/I,ajiee, nycTb pi — HeKOTopan Mepa. Ey^eM nncaTb \p = [if, ecjin dip/dfj, =/ . Tor#a 

av 

JĴ JIH BHHepoBCKoro npon,ecca 

d 
Z, = — Y . 

dx 

7. 3. Ha aHajiHTHHecKHx 3aflan, CBnsaHHHx c oöoömeHHHM öpoyHOBCKHM 
ĵ BHmeHHeM, MH paccMOTpHM ppe saflann: 1) nsyneHne rapMOHHHecKHX 
^VHKI^Hë; 2) H8yneHHe nepexomioË $VHKI^HH. 

3oKa3HBaeTCH, HTO (JJVHKIPIH / HBjineTCH rapMOHHHecKOË HJiH öpoy-
HOBCKoro flBHmeHHH c yOHBaiom.eË MepoË pi, Tor^a H TOJIBKO Torjja, Kor^a 
OHa HenpepHBHa B ecTecTBeHHOË TonojiorHH H vflOBJieTBopneT ypaBHeHHH) 

" - £ ' <8> 
(npaßan H jieBan nacTH noHHMaroTCH KaK oöoömeHHHe (JVHKIJHH). H S oomeË 
TeopHH rapMOHHHecKHX (JJVHKIJHë, CBH3aHHHx c MapKOBCKHMH npoijeccaMH, 
BHTeKaioT npocTne ycjiOBHH cymecTBOBaHHH H ê HHCTBeHHOCTH pemeHHH 
3affaHH JJnpHXJie AJIH ypaBHeHHH (8) H HBHHC BepoHTHOCTHHe (f)opMyjiH, BH-
pamaioinne 8TO pemeHHe. nycTb, B nacTHOCTH, Mepa pi cocpejjOToneHa Ha 
HeKOTopoË rjiajjKOË noBepxHocTH 8 H HMeeT TaM HenpepHBHyio njiOTHOCTb Q 
Torjja ypaBHeHHe (8) CBO^HTCH K ypaBHeHHio Jlanjiaca BHe S H TpeöoBa-
HHK), HTOöH $VHKHHH / HcnHTHBajia npn nepexojje nepe3 S cnanoK Hop-
MaJIbHOË npOH3BOAHOË, paBHHË /o (2). 

OTHOCHTejibHO nepexojraoË $yHKnHH oöoöm,eHHoro öpoyHOBCKoro JJBH-
meHHH H3BecTHO nona eme HeMHoro. B omiOMepHOM cjiynae P(t,x,r) KaK 
$yHKn;HH OT JT HMeeT OTHOCHTejibHO Mepn CKopocTH v njiOTHOCTb p(t,x,y)9 

CHMMeTpHHHyio OTHOCHTejibHO xmy. (.IJJIH npoijeecoB c HyjieBOË yÖHBaK)m,eE 
MepoË 3TO öHJIO BnepBHe AOKa3aHO BeHTijejieM [52].) BepHO JIH aHajiornHHoe 
yTBepjKflemie #JIH MHoroMepHoro cjiynan, ocTaeTCH HeH3BecTHHM. 

(*) B cjiynae, Kor^a yönBaroman Mepa paBHa Hyjiio, HH<j)HHHTe3HMajibHHe 
onepaTopn onncaHH MaKKHHOM n TaHaKa [33]. OömnE cjiynaË paccMOTpeH B 
[16], [17]. 

(2) 3TO 30Ka3aHO MojinaHOBHM. 
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§ 8. KaK ycTpoeH O6IU;HH HenpepBiBHBiö CTporo 
MapKOBCKHÖ npoijecc? 

8 . 1 . OjmoË H3 Hanöojiee aKTyajibHHX 3aflan Teopnn MapKOBCKHx npo-
i^eccoB HBJineTCH BHHCHeHne CTpoeHHH Hanöojiee oönjero HenpepHBHoro 
CTporo MapKOBCKoro npoijecca Ha TonojiornnecKOM MHorooöpa3HH E. Ofl-
HOMepHHË cjiynaË B HacTonmee BpeMH HcejiejjOBaH nojmocTbio. HMCIOTCH HC-
KOTopne noflxoflH H K MHoroMepHOMy cjiynaK). 

HaHHeM c npoijeecoB, aaflaHHHx Ha OTKPHTOM HHTepBajie (rv r2). $ 0 -
Ka3HBaeTCH, HTO ecjin H3 KamjuOË TOHKH HHTepBajia TpaeKTopnn MomeT no-
nacTb c nojiomnTejibHOË BepoHTHOCTbK) B jiioöyK) apyryio TOHKy, TO npoijece 
MOJKHO nojiyHHTb noepejjCTBOM MOHOTOHHoro HenpepHBHoro npeoöpa30-
BaHHH $a30Boro npocTpaHCTBa H3 HeKOToporo oooomemioro öpoyHOBCKoro 
ABHmeHHH. flpyrHMH cjiOBaMH, ero MOJKHO nojiynnrb H3 BHHepoBCKoro npo-
ijecca, noejieflOBaTejibHO BHHOJIHHH Tpn onepaipoi: oöpa30BaHHe nomipo-
n;eeea, cjiynaËHyio 3aMeHy BpeMeHH H npeoöpa30BaHHe KOop^HHaT. ECJIH 
npoijeec HeoöpHBaronpnicH, TO H3 3THX Tpex onepaiprË HymHH TOJIBKO jjpe 
nocjiejraHe. 

CXO^HHE pe3yjIbTaT MOJKHO nOJiyHHTb H OTHOCHTejibHO HeOOpHBaiOD^HXCH 
HenpepHBHHX CTporo MapKOBCKHx npoijeeeoB Ha TonojiorHnecKHx MHoro-
oöpa3HHx Jiioöoro HHCJia H3MepeHHË. OjmaKO, B oönjeM cjiynae HCXO^HHM 
MaTepnajiOM #JIH nocTpoeHHH cjiymHT He TOJIBKO BHHCPOBCKHë npoijecc, HO 
H n;ejiHË KJiacc npoineceoB, OJIH3KHë K KJiaccy an$(|)y3H0HHHx npoijeceoB 
(MH Ha3HBaeM 3TH npoijeccn KBa3H3H$(|)y3H0HHHMH). K TOMy me CBe^eHHe 
K KBa3HflH<|><|)y3HOHHbiM npoijeccaM y^aeTCH npoBecTH TOJIBKO jiOKajibHO H 
npn HeKOTopnx orpaHHHeHHHx, KOTopne Hym^aiOTCH B aajibHeËmeM aHa-
jiHse. 

8. 2. HanoMHHM, HTO HenpepHBHHË CTporo MapKOBCKHË npoijecc Ha3H-
BaeTcn ji;H$(|)y3HOHHHM, ecjin ero xapaKTepncTHHecKHË onepaTop onpejjejieH 
Ha Bcex flHamßH HenpepHBHO ,n;H$$epeHn;HpyeMHX (^VHKIJHHX. HTOöH nojiy-
HHTb onpejjejieHHe Kea3udu00y3uoHHO8o npoijecca, «ocTaTOHHO 3aMeHHTb 
3,niecb xapaKTepncTHHecKHE onepaTop Ha Kea3uxapaKmepucmunecKuü onepa
Top, KOTopnË onpe^ejineTCH cjieayioiHHM oöpa30M. nycTb / H F — <f>vHKHHH, 
3aji;aHHHe B HeKOTOpOË OKpeCTHOCTH TOHKH X H nyCTb flJIH KamflOË AOCTa-
TOHHO MaJIOË OKpeCTHOCTH U 3T0Ë TOHKH 

TT(U)f(x)-f(x)=Mx\ F(xs)ds. 

(r(U) — MOMeHT nepBoro BHxoaa H3 17.) Torjja MH roBopHM, HTO / npn-
HaAJiemHT oÖJiacTH onpeaejieHHH KBa3HxapaKTepncTHHecKoro onepaTopa 
21 B TOHKe x H %f{x) = F(x). ECJIH <ì>VHKHHH F HenpepHBHa B TOHKe X, TO 
2I/(#) TaKme paBHO F(x), TaK HTO KBa3HxapaKTepHCTHHecKHË onepaTop 
coBnajüaeT c xapaKTepncTHHecKHM (1). 

(r) AHaJIOrHHHHM 06pa30M MOJKHO BH,0iOH3MeHHTb Onpe^eJieHHe HH(|>HHHTe3H-
MajibHoro onepaTopa. ycjiOBHMCH roBopHTb, HTO (fjyHKnnn / npnHafljiemnT oöjia-
CTH onpe,n;ejieHHH KBa3HHH$HHHTe3HMajibHoro onepaTopa Â n Âf =F, ecjin 

f-''ï.T> Ttf-f= TsFds, (t>0). 
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8. 3. PaccMOTpHM Tenepb npoH3BOJibHHË HeoopHBaronpiËeH HenpepHB-
H H ë CTporo MapKOBCKHË npoijece (xt,Px) Ha MHorooöpa3HH E. nocTpo-
eHHe, CBOflnnjee TaKOË npoijecc K KBa3HAH$$y3HOHHHM npoijeccaM, oc-
HOBaHO Ha nOHHTHH rapMOHHHeCKOË $yHKÎ HH H aAflHTHBHOrO <|>yHKn;HO-
Hajia. OcHOBHan Hflen nocTpoeHHH npHHaßjiemHT CKopoxo^y [43]. GKopo-
xoR noKa3aji, HTO KamjjoË nape rapMOHHHecKHX $yHKHHË f,g MOJKHO CO-
HOCTaBHTb HenpepHBHHË ajüflHTHBHHE <£yHKH;HOHaJI Ç??(/,^), KOTOpHË 
onpeflejineTCH cjiejjyiomHM oöpa30M (x). PasoöbeM OTpe30K [s,t] Ha Mejmne 
OTpe3KH [uk,uk+1], cocTaBHM npoH3Be,ueHHe npnpameHHË (JVHKIJHë f(xu) H 
g(xu) Ha KamßOM H3 MejiKHx OTpe3KOB. CyMMa 3THX npoH3BefleHHË npn 
max |%+ 1— % | - > 0 cxoAHTCH B epemieM KBa^paTHnecKOM K (pi(f9g)-

nycTb fv ..., fn — rapMOHHnecKHe KOop^HHaTH BöJIH3H TOHKH x. nojio-
JKHM 

y?=2 ?>?(/„/,)• 

Onnpancb Ha TeopeMy PaAOHa-HnKOjpiMa, MOJKHO noKa3aTb, HTO 

<Pt{fufi)= I «y(*u)<fy>£-

GffejiaeM cjiynaËHyio 3aMeHy BpeMeHH, OTBenaioinyio $yHKH,HOHajiy <pl (2). 
M H nojiyHHM KBa3HflH$$y3HOHHHË npoijeec c npoH3BOßfflHHM p;H(j)$epeH-
qnajibHHM onepaTopoM 

2*ti(x) dxt dXj 

ECJIH Koa$$Hi^neHTH atj(x) HenpepHBHH, TO 3TOT npoijecc HBjraeTCH nn$-
$y3HOHHHM. 

YcjioBHe cym,ecTBOBaHHH rapMOHHHeCKOË CHCTCMH KOOpjpraaT HBJIHCTCH, 
KaK MH yme roBopnjiH, HeKOTopHM ycjioßneM peryjrapHOCTH npoijeeea. 
TaKHM oöpa30M HCCJieflOBaHHe jioKajibHoro CTpoeHHH JIIOöHX peryjinpHHX 
HeoöpHBaiom,HxcH HenpepHBHHx CTporo MapKOBCKHx npoijeecoB CBOAHTCH 
K H3VHeHHK) KBa3H,n[H(|)$y3H0HHHx npoijeecoB. 

fl,0Ka3HBaeTCH, HTO KBa3HxapaKTepncTHHecKHË onepaTop HBJineTCH paeinnpe-
HneM onepaTopa Â. 

(*) CTporo roBopn, pe3yjnyraT CKopoxojja OTHOCHTCH K rapMOHnnecKHM^yHK-
UHHM, nOffHHHeHHHM fljOnOJIHHTeJIbHOMy yCJIOBHK): npn 11 0 

BupPx{\f(xt)-f(x)\>e} = o(t) 
X 

ftJiH JiioÖoro e>0. 3Ty oroBopny Ha^o HMeTb B BHjjy n B aajibHefimeM. 
(2) OyHKi^noHajiH q>*{fiffj) H <Pt onpeAeJieHH 30 MOMeHTa T nepBoro BHxojja 

H3 OKpeCTHOCTH, B KOTopoË onpejjejieHbi rapMOHHnecKHe KoopjniHaTH. CjiyqaË-
iian 3aMena BpeMeHH npoBOßnrcH nocjie Toro, KaK HCXO^HHE npoi^ecc oöopßaH 
B MOMeHT T. 
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§ 9. HeoTpimaTejiBHBie rapMomraecKHe ^yBmjjm H 
npe^ejiBHoe noBe^emie TpaeKTopHH MapKOBCKoro 
npoixecca. 

9 . 1 . B 1941 r. MapTHH [34] HCCJiejjOBaJi MHomecTBO Bcex HeoTpni^aTejib-
HHx pemeHHË ypaBHeHHH JIanjiaca B nponaBOJibHOË oÖJiacTH G eBKjiHflOBa 
npocTpaHCTBa. 3HaneHHe KOHCTpyraniË MapTHHa JJJIH Teopnn Beponrao-
CTeË öHJIO BHHCHeHO B paöoTax .JÔiyôa [3] H XaHTa [29]. JJyö H XaHT pac-
CMaTpHBajiH rapMOHHnecKHe fyymmjm, CBH3aHHHe c AHCKPCTHHMH ijennMH 
MapKOBa. CjiynaË mi<j><|>y8HOHHHx npon;eccoB öHJI HSVHCH Hê aBHO IIIypoM 
[41]. 

M H HaHHeM co cjieflyiom.eE KOHKpeTHOË sa^ann. nycTb ajuraneoHft c 
aaKpenjieHHHM ijeHrpoM H $HKcnpoBaHHHM oöteMOM cjiynaËHO H3MeHHeT-
CH (noBopaHHBaeTCH H pacTHrHBaeTcn). npejmojioJKHM, HTO 3TOT npou,ecc 
HBJineTCH MapKOBCKHM, HenpepHBHHM H HHBapnaHTHHM OTHOCHTejibHO rpyn-
HH a$$HHHHx npeoopaaoBaHHË, He MeHHiomnx oöi»eMa. MTO öy^eT nponc-
xoflHTb c ajiJiHncoHflOM npn t -> oo ? 

^OKaaHBaeTCH (CM. [15]), HTO C BepoHTHOCTbK) 1 rjiaBHHe HanpaBJieHHH 
ajijinncoHflia CTpeMHTCH K onpejjejieHHHM npeaejibHHM nojiomeHHHM H 
ajijiHncoHfl cnjiromHBaeTcn; TOHHee, ecjin Qi^Q2^Qz — AJIHHH ero nojiy-
OCeË, TO C BepOHTHOCTBH) 1 

loge,—, jüfi^o, ] ! * ê - * - I . 

MHOmeCTBO BCeX aJIJIHHCOHflOB C SaKpenJieHHHM IjeHTpOM H $HKCHpOBaH-
HHM oö̂ eMOM npeflCTaBJineT COOOë HeKOTopoe rjiaflKoe MHorooöpasne, H 
cjiynaËHoe flBHrnemie, KOTopoe MH paccMOTpejin, HBJineTCH flHcfxpysHOHHHM 
npon;eccoM Ha 3TOM MHorooöpa3HH. nycTb Booöme Ha HeKOTopoM rjiâ KOM 
MHorooöpa3HH E sa^aH m*$(j)y3H0HHHE npoijecc c npoHSBOjoirnHM ji&fyfye-
peHî najibHHM onepaTopoM L. OKa3HBaeTCH, HTO Bonpoc o npejçejibHOM 
HOBefleHHH TpaeKTOpHH npH £->oo TeCHO CBH3aH C BOHpOCOM O CTpoeHHH 
MHomecTBa Bcex OTBenaronrax npoijeccy HeoTpHiraTejibHHX rapMOHHHecKHX 
(JVHKIJHë, T. e. pemeHHË. ypaBHeHHH Lf=0. OoosHannM aTO MHomecTBO 
nepea K H Ha30BeM CJVHKIJHIO / G K MHHHMajibHOË, ecjin ee Hejib3H pasjio-
mHTb Ha cyMMy msyx He nponopnHOHajibHHx flpyr npyry (JJVHKIPïë H3 K. 

B cjiynae, Korjja L — onepaTop «Jlanjiaca B ê HHHHHOM mape, TO MHHH-
MaJIbHHe (JjVHKIJHH OnHCHBaiOTCH $opMyjioË 

îe(X) \X-Q\*' 

rjje \Q\ = 1 (nepe3 \x\ oöo3HanaeTCH eBKJiH^OBa fljiHHa BeKTopa x). TaKHM 

OÖpaSOM, MHHHMaJIbHHe (JjVHKIJHH HaXOflHTCH BO B3aHMHO OflH03HaHHOM 
COOTBeTCTBHH C TOHKaMH rpafflfflH HCXOflHOrO mapa. OKa3HBaeTCH, HTO H B 
oömeM cjiynae MomHO norpy3HTb $a30Boe npocTpaHCTBO E B HeKOTopnË 
KOMHaKT TaKHM OÖpaSOM, HTO MHHHMaJIbHHe (̂ yHKIJHH OKa3HBaiOTCH BO 
B3aHMHO OflH03HaHHOM COOTBeTCTBHH C HCKOTOpOË HaCTbH) rpaHHIJH E 

http://cjieflyiom.eE
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(3Ta rpaHHi^a HasHBaeTCH rpaHHijeË MapTHna). JJoKasHBaeTCH, HTO BCHK8JI 
iieoTpniraTejibHaH rapMOHHHecKan $ V H K ^ H / aanncbmaeTCH B BHJU3 HHTC-
rpajia 

J. fQ{x)p(de), 

upnneM Mepa pi ojraosHaHHO onpejjejiHeTCH no /. B nacraocTH, B npejrao-
jiomeHHH, HTO L1=0 (*), HMeeM 

1 = !/«(*)/*o(^e)-

^OKaaHBaeTCH, HTO TpaeKTopnn npoijecca BXOJJHT C BepoHTHOCTbK) 1 B 
onpeflejieHHyio TOHKy rpaHHipa: MapTHna H BepoHTHOCTb Toro, HTO aTa Tonna 
npHHaflJiemHT MHomecTBy r, «aeTCH «JopMyjioË 

j fe(x)MdQ)-

TaKHM oöpasoM, fQ(x) npeflCTaBjraeT COOOë njiOTHOCTb BeponTHOCTH Bxomfle-

HHH B TOHKy 0 flJIfl HaCTHniJ, OTHpaBJIHIOmeËCH H3 TOHKH X. 
C$opMyjiHpoBaHHHË BHme pe3yjibTaT o npejjejibHOM noBefleHHH AH$$VH-

flHpyrom,ero ajuranconaa nojiyneH HMCHHO TaKHM nyTeM. Bnönpan KaKOË-
HHÖyflb opTOHopMnpoBaHHHË öasHC B eBKjiHflOBOM npocTpaHCTBe, MOmHO 
OHHCHBaTb ajuiHHCOHflH HOJiomHTejibHO onpep;ejieHHHMH MaTpni^aMH. Ona-
8HBaeTCH, HTO MHHHMaJIbHHe (JVHKIJHH HpeflCTaBJIHIOT COOOË npOHSBefleHHH 
CTeneHeË yrjiOBHX MHnopoB 3TOë MaTpmpj. ECJIH MH XOTHM HOJIVHHTB 
njiOTHOCTb BeponTHOCTH Toro, HTO B npeaejie rjiaBHHe HanpaBJieHHH aji-
jiHHCOHfla onpeflejiHioTCH opTOHopMnpoBaHHHM öa3HCOM e1,e2,e3, MH AOJIJKHH 
nocTpoHTb, OTnpaBJiHHCb OT öa3Hca eve2,ez, MaTpnny, cooTBeTCTByiomyio 
HanajibHOMy nojiomeHHio ajurancoHßa, H BBHTB npoH3BeaeHHe yrjiOBHX 
MHHopoB 3TOË MaTpnnH B CTeneHH —2. (Bee CKasaHHoe pacnpocTpaHHeTCH 
Ha aJIJIHHCOHflH B KOMnJieKCHOM eBKJIHflOBOM HpOCTpaHCTBe JHOÖOrO HHCJia 
HBMepeHHË (CM. [15]). AHajiorHHHHe pe3yjibTaTH MomHO nojiyHHTb H AJIH 
jnoyrnx CHMMeTpnHecKHX npocTpaHCTB OTpnnaTejibHOË KPHBH3HH. 

MHomecTBO MHHHMajibHHX HeoTpnn;aTejibHHx pememaE ajuinnTHnecKoro 
flH$$epeHB[HajibHoro ypaBHeHHH Lf=0 eme Majio HccjieflOBaHO H 8flecb 
HMeeTCH MHoro HHTepecHHX HepemeHHHx sa^an. M H e<|)opMyjiHpyeM jpe 
TaKne sajraHH. 

nepBan satana: npn KaKnx ycjiOBHHx Ha flH(J)<{>epeHijHajibHHË onepaTop 
L MOmHO BBeCTH B MHOmeCTBO MHHHMajibHHX (JJVHKHHë CTpyKTypy TJiaflKOrO 
MH0r00Öpa3HH TaK, HTOÖH fQ{x) HBJIHJiaCb TJiaflKOË (JVHKIJHeË OT 0 H XÌ 

BTopan sa tana KacaeTCH CBH3eË Mem^y JioKajibHOË reoMeTpneË nojraoro 
pHMaHOBa MHorooöpa3HH H CTpoeHneM rpaHHipi MapTHHa aToro MHoro-
oöpasHH. (B KanecTBe onepaTopa L paccMaTpHBaeTcn mi^epemjHajibHHE 
onepaTop BejibTpaMH, onpeflejraeMbiË pnMaHOBOË MCTPHKOë.) Bo Bcex npn-
MepaX HOJIHHX OflHOCBH3HHX MHOrOOOpaSHË OTpHIjaTeJIbHOE KpHBHSHH, 

(*) BTO npejraojiomeHne paBHOcnjibHO TpeöoBaHnio, HTOöH TpaeKTopnn npo-
ijecca BHxoflHJia, He oöpHBancb, H3 jnoöoro KOMnaKTa. 
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flJIH KOTOpHX nOffCHHTaHa pa3MepHOCTb MHOmeCTBa MHHHMajibHHX (JjVHKipiË, 
aTa pa3MepH0CTb OTjranaeTCH Ha eflHHnny OT pa3MepHOCTH MHorooöpa3HH. 
BepHO JiH, HTO H B oömeM cjiynae OTpnijaTejibHOCTb K P H B H 3 H H H OAHOCBH3-
HOCTb BJieKVT 3a coooË onpeAejieHHoe öoraTCTBO MHomecTBa MHHHMajibHHX 
$yHKI^HË? 
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HOMOTOPY AND COHOMOLOGY THEORY 
By BENO ECKMANN 

1. Introduction 
Algebraic topology has become a quite complex discipline. This is not 

only due to many new ramifications and to highly developed, refined and 
powerful algebraic techniques, but also to the topic itself. Its aim is to solve 
geometrical problems by algebraic computation; but these problems come 
from very different sources ranging from point-set theory in Euclidean 
space to differential geometry and Lie group theory and to algebraic geometry 
and complex analysis. The algebraic-topological methods have in many 
cases been suggested by the respective fields, and they have, conversely, 
strongly influenced them and contributed to their recent development. 

Nevertheless there has been in recent years a trend to unification, which 
clarifies the common ideas and is helpful for applications. At its origin is, 
on one hand, the functorial formulation due to Eilenberg and MacLane 
and the axiomatic approach to homology due to Eilenberg and Steenrod; 
and, on the other hand, the successful efforts made by many authors in ho
motopy and fiber bundle theory, including operations, manifold theory, 
extraordinary cohomology etc., where it would be difficult to list all the 
names. It appeared more and more clear that there is a common framework 
for the various concepts and methods, simple at least in its basic ideas. 
I t is this simplicity I wish to emphasize in the following, without at
tempting any degree of completeness. 

The unified approach I would like to present in this expository lecture 
is based on the simple and intuitive geometrical concept of homotopy. 
Thus our starting point for the algebraization is the set II (X, Y) of homo
topy classes of maps of the space X into the space Y. The following conven
tions are valid throughout: All spaces are assumed to be provided with a 
base-point written o, all maps /: X-> Y carry base-points into base-points, 
and all homotopies (i.e., continuous one-parameter families of maps X~>Y) 
respect base-points for all values of the deformation parameter; in other 
words, the image of the base-point remains fixed during the deformation. 
The set II (X, Y) contains a distinguished element 0, namely the homo
topy class of the constant map X->o G Y, the maps in that class being 
called "eontractible" or null-nomotopic. A map h: Y->Y' induces, by com
position, a map A* of the set II(X, Y) into II(X, Y'), with /&#(()) =0; and a 
map g: X'->X induces a map g* of II(X, Y) into TL(X', Y), with g*(0) =0. 
The set H(X, Y) is, of course, a topological invariant of both X and Y; 
more precisely, it is a functor from based spaces to based sets, co variant 
in Y and contravariant in X, the map A* induced by a homeomorphism h: 
Y-+Y' (or g* induced by a homeomorphism g: X'->X) being an equiva
lence of sets. In fact II (X, Y) depends only on the homotopy type of X and 
of Y: if h: Y->Y' is a homotopy equivalence (i.e., if there is a map h': Y'->Y 
such that hh' and h'h are homotopic to the respective identities), then A* 
is an equivalence of the sets H(X,Y) and H(X,Y'); and similarly for a 
homotopy equivalence g: X'->X. 
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Our starting point thus seems to make use of only a weak part of the 
structure present in the spaces involved, and to eliminate all those aspects 
which are not homotopy invariant. The situation, however, is as follows: 
In general neither the problems nor the results are homotopy invariant; but 
whenever it comes to actual algebraization and computation, the construc
tion depends only on the homotopy type—not of the original space, manifold 
variety, etc., but of other spaces associated with them by procedures (which 
need not be homotopy invariant, nor even of topological nature) which use 
as much of the given structures as possible. 

2. Two-space homotopy groups 
For a fixed space Y the set II (X, Y) is a contravariant functor of the space 

X which will be used to investigate X; and vice versa, for a fixed X, a co-
variant functor of Y used to investigate Y. The structure "set with distin
guished element 0" is, of course, not good enough for algebraic purposes, 
and one wants to give this set a natural group structure, with 0 being the 
neutral element of the group. "Natural" means that the structure in 
II (X, Y), for fixed Y, turns II (X, Y) into a functor from spaces to groups, 
the induced maps g* being homomorphisms; and similarly for fixed X. We 
do not go here into the general question of finding all test-spaces Y or X 
respectively for which this is possible (cf. [4, 5]), but simply list the two 
cases which will be used in the following. 

(a) For an arbitrary space B, let ÇIB be the space of loops in B beginning 
and ending at o, with the constant loop as base-point; Q.B is provided 
with a multiplication (a map ÇIB x QB-+QB), namely the usual composition 
of loops, fulfilling the group axioms up to homotopy. Two maps/,/ ' : X->QB 
can be multiplied by multiplying the images f(x) and f'(x) in ÙB, and this 
establishes in ïl(X,QB) a natural group structure. 

(6) For a space A, let HA be the suspension of A, i.e., the double cone 
with basis A; more precisely, HA is the product space of A with the unit 
interval I = {0 <£ < 1}, where the union ^ 4 x ( 0 ) U ^ x ( l ) U o x J i s identified 
to single point, the base-point of HA. There is a "^multiplication" pi in 
HA, i.e. a map of HA into HA y HA (union with identified base-points); it 
essentially consists in pinching A x (|) to a point. For an arbitrary space Y,pi 
can be used to define a multiplication for maps f,f:HA->Y, as follows: 
Let F:HA VHA->Y be the map given by / on the first copyS^i and by /' 
on the second, and define Fpi:HA->Y to be the product of / and /'. I t is 
easily checked that this establishes a group structure in II (£-4, Y), natural 
with respect to Y. 

Moreover, the usual identification of maps from A x / to B with maps 
of A into the mapping space B1 immediately yields a natural equivalence 
between H(HA,B) and U(A,Q>B) which is a group isomorphism. We thus 
identify the groups Il(HA,B)=Tl(A,Q,B) and define two-space homotopy 
groups Un(A,B),n>0, by 

Un(A,B)=U(HnA,B)=U(Hn-kA,akB), 0<k<n, 

where S n i s the n-îold suspension and Dn the n-iold loop-space. For n>2, 
we can use in Hn(A,B) =H(Hn~1A, QB) either the multiplication in QJ5 or 
the comultiplication in Sn_1-4 for defining the group structure; by a simple 
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and general argument the two group structures coincide and are Abelian 
(cf. [4, 5]). We thus obtain, for n>2, functors Un(A,B) from (based) spaces 
to Abelian groups, covariant in B and contravariant in A, with homotopic 
maps inducing the same homomorphisms. We sometimes write H*(A,B) 
for the direct sum of alllln(u4, B),n>2. If A is a sphere Sm_n, thenlln(.4,i?) = 
il(HnSm_n,B)=U(Sm,B)=7tm(B) is the usual mth Hurewicz homotopy 
group of B; the well-known and important algebraic feature of these groups 
is expressed by an exact sequence. In the next section we show more gen
erally that there are two dual exact sequences for the Un(A,B), one for a 
fixed A and one for a fixed B. The "duality" appearing here and in other 
instances consists in exchanging the role of A and B, i.e., in reversing the 
directions of all maps; it can be given an abstract foundation, cf. [5] and [6]. 

3. Exact sequences 
For a fixed space A, we consider the group IIn(^4, B) and, for a given map 

ß.B-^B', the induced homomorphism ß^:Un(A,B)-^Un(A,B'),n>2. In 
the usual manner, the deviation of these ß* from being isomorphisms is 
measured by "relative" groups; this means that we can define groups 
\\n(A,ß) attached to the map ß (and to A) and two homomorphisms J: 
IIB(^JB,)-*nB(.4,0) and d:Iln(A9ß)-*Iln_1(A,B) such that the sequence 

...->Un(A,B)^nn(A,Bf)^Un(A,ß)^Un-i(A,B)->... 

is exact. We do not give here the full details of these definitions, but only 
some indications to show that everything is obtained in a quite elementary 
geometrical fashion. 

In order to define Hn(A,ß), we have to consider maps f:cc->ß "of the 
map a into the map ß". We write CX for the cone over X (i.e., the space 
X x I with X x (1) U o x I identified to a single point o) and take for a the 
inclusion mapSn~1-4->C(Sn-1J.) of the basis into the cone. A map/:<%->/? is 
then given by two "components" fù\Z

n~1A-+B and f^CÇH^A)->B' sub
ject to the condition that the diagram 

sn 

«J 
C(Sn-

-lA 

[lA) 

h. 

H 

B 

Iß 
B> 

be commutative. By a homotopy of / we understand a pair of homotopies of 
/0 and f± respectively such that the above diagram is commutative for all 
values of the deformation parameter. The homotopy classes of these maps 
/:a->j8 are the elements of the group Hn(A,ß); the group structure is again 
defined with the help of the suspension H (for n>2; it is Abelian for n^S). 
If B' consists of a single point o, one has Hn(A,ß) s nn_1(-4, B) by an obvious 
isomorphism (omitting the component / J . If B consists of a single point, one 
has Iln(A,ß)^Un(A,Bf), since the space C^-^/H^A, obtained from 
the cone by identifying its basis to a single point o, is homeomorphic to 
HnA. 

In order to define J and d, we consider the commutative diagram 
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0 

ri 
B 

B 

-* 

£ 

. ECKMAOTSJ 

0 — 

ir 
JB'i 

£ i 
1/» 

B' -

0 

Iv 
iS 
1? 
0 

where /? is the given map B->B', y and y' are the embeddings of the base-
point into B and B' respectively, and y is the trivial map B->o. The 
horizontal maps define three maps: y-+y', y'->ß and ß->y, with induced 
homomorphisms nB(Jl,y)^nn(^,/)->II72(^,jS)->IIn(^57)^IIn_1(^,7); re
placing the first group by IIn(A, B), the second by IIn(^4, B ) and the fourth 
by I ln. i f i , B) we get the three homomorphisms /?*, J and ô of the sequ
ence above. From these definitions, exactness is easily obtained. 

[If we take for A a sphere Sm_n, Hn(A,B)=7tm(B) is the mth Hurewicz 
homotopy group of B;iiß: B->B' is an inclusion map of a subspace B c B', 
Tin{A,ß) is the relative Hurewicz homotopy group nm(B' mod B), and the se
quence is the classical relative Hurewicz homotopy sequence, which thus 
appears as the first natural case of algebraization. Obviously the assumption 
that ß be an inclusion map is irrelevant.] 

From the above considerations it is clear that the groups appearing in 
the exact sequence are in fact special cases of relative groups, and the 
whole argument generalizes easily to arbitrary relative groups, as follows. 
In the diagram above we replace the two first vertical maps by non-trivial 
maps y : B0->B, y' : B0->B' of a space B0 into B and B': 

BQ 

\y 
B0 -> BQ — B — B 

V\ \Y iß 1 Y 

B y B' T B' - o 

Commutativity of the diagram then requires that y'=ßy. The group 
Un(A,y)=Un_1(A, B) can no longer be identified with the group n ^ ^ , y), 
but there is an obvious homomorphism rj into it. Thus the three homo
morphisms induced by the vertical maps (the third one composed with rj) 
yield a sequence 

...->nn(il,y)^nB(il>j8j;)->nn(^>j8)->nB_1(^,y)-^.... 

of relative groups for the maps y,ß and ßy:B0->B^-B'. As before the 
sequence is easily seen to be exact. It is called the triple sequence for the 
"triple" of spaces B^B-^B', relating the three relative groups of y, of ß, arid 
of the composition ßy, for a fixed A. It establishes a precise relation between 
Tl*(A,y) and H*(A,ß) on one hand, and Il*{A,ßy) on the other; this rela
tion does not determine H*(A,ßy) but expresses it in a well-known fashion 
"up to a group extension". The ordinary exact sequence is a special case 
of the triple sequence; the latter has the advantage of making use of the 
additional structure present in the category of maps between spaces, namely 
the composition of maps. 
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The next step then is obviously the take a composition of more than two 
maps ß =ß1 ß2>~ßr (f°r some integer r>2; the infinite case could be handled 
.similarly, but is omitted here for simplicity): 

BAB^.AB^B 
and to ask for the relationship between the H*(A,ßi),i = 1, ...,r on one hand 
und H*(A,ß) on the other. The answer is clearly given by a spectral sequence: 
«me starts from the direct sum 2 L i 11*^4,/?*) and amalgamates the triple 
sequences corresponding to the successive compositions into exact couples; 
the spectral sequence thus obtained (cf. Eckmann-Huber [6]) begins with 
El = 2 L i n*(^4,j8i) and ends with U*(A,ß) in the usual sense that E^ is the 
graded group of H*(A,ß) for an obvious filtration (given by the factorization 
// =j8i/?2-"ßr)- The differentials of the spectral sequence are obtained from 
< he homomorphisms appearing in the various triple sequences. 

Just a few words about the dual situation: In the groups IIn(^4, B), a fixed 
test-space B is considered; for a map oc:A->A' with induced homomorphisms 
ot*:ïln(A

f,B)->Iln(A,B) a relative group IIn(a,.B) is defined and homomor
phisms J:Un(A,B)^Un{oc,B),d:Iln(oc,B)->Un^(A',B) such that the se
quence 

...~>Un(Af, B) - Un(A, B) -i nn(a, B) £ nB-i(4', B)->... 

in exact. The elements of IIn(a, B) are the homotopy classes of maps of a 
into ß, where ß designates the projection map EÇln~1B^>Çin-~1B {EX denoting 
t he space of all open paths in X ending at o, with projection ß : EX->X, which 
is a fiber space over X with fiber j8_1(o) =QX): 

A -Eœ^B 

«l iß 
A' - QB-*B 

More generally, for the composition yx of two maps A-*A'-*AQ one has an 
exact triple sequence 

...->nn(y, 2?)->nn(ya, B)->IIB(a, B^U^y, B)-+..., 

and for the composition of r maps oc = ocr cnr_x... ô  a spectral sequence beginning 
with the direct sum E1 =

 y2U1H*((xi, B) and ending with II*(a, B) for a filtra
tion corresponding to the factorization. 

The two dual results, incidentally, need not be established separately, but 
can be obtained from a general categorical argument using semi-simplicial 
constructions (cf. P. J. Huber [7]). 

Before going into the applications of this general algebraic framework, 
all based upon a special choice of the test-spaces A OT B respectively, we 
describe a further general feature known under the name of "excision". I t 
again manifests itself in two perfectly dual forms. 

4. Excision 
A map ß:E->B is called a fiber map, with fiber F=ß~1{o), if the covering 

homotopy property holds for arbitary maps / : X->B; i.e., if / is factored through 
8-622036 Proceedings 
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ß as f = ßf, then any homotopy of / can be factored through ß. For 
the Hurewicz homotopy groups it is then a well-known fact that nn(v) 
is naturally isomorphic to 7in(B), where v denotes the inclusion FaE; 
this is easily seen to be equivalent to the isomorphism JTB(J8)=7TB_1(JP), and 
in this form a general statement can be formulated, expressing relative 
groups Hn(A,ß) of a fiber map ß by "absolute" groups of the fiber F: The 
commutative diagram 

F £ E 

M iß 

o -> B 

considered as a map of ß0 into ß induces a homomorphism Hn(A,ß0)-^> 
IIB(^4,j8), called excision; from the fiber map property it follows easily that 
this excision homomorphism is an isomorphism. The left-hand side being 
— nn„!(-4,jP), one has a natural isomorphism Hn_1(A9F)^Un(A9ß). [Equi
valenti^ one might say that for a fiber map ß the group Hn(A,ß) remains 
unchanged if everything but the fiber is removed from E; i.e., if ß is re
placed by ß0. The exact sequence then gives the above isomorphism.] 

Dually a map oc:A->E is called a co fiber map, with cofiber F = E/oc(A) 
(the image in E identified to a single point o), if the homotopy extension 
property holds for arbitrary maps f:A->X; i.e., if / is factored through 
a as /= / ' a , then any homotopy of / can be factored through a. For an in
clusion A e: E this is the ordinary homotopy extension property. The dia
gram 

A - o 
a. i | a 0 

E -+ F 

then induces an excision isomorphism IIB(a0, JB)->IIn(a, B), where the right-
hand side is ^IIn_1(i

?T,jB). Thus the relative group IIB(a,2?) of a cofibration 
is naturally isomorphic to the "absolute" group Iin_1{F,B) of the cofiber. 
In other words, the relative group of a cofibration only depends on the 
cofiber F = Ejoc(A) and remains unchanged if the interior of oc(A) is removed. 

These two excision isomorphisms for fiberings and cofiberings, converting 
relative groups into absolute ones, prove in certain cases useful for computa
tion. 

5. Spectra. Cohomology 
From the general set-up the groups normally used in algebraic topology 

are obtained by special choices of the test-spaces A and B respectively. 
As said before, taking for A a sphere (e.g., S0) yields the Hurewicz homotopy 
groups with their exact sequences, triple sequences and spectral sequences, 
and with the excision property for fiberings. In the dual situation, cohomo
logy theory is obtained by using test-spaces B belonging to a "spectrum", 
as explained below (there is a certain lack of duality appearing at this stage, 
which will be discussed later). 

An Q-spectrum 93, or in short a spectrum, is a sequence of spaces Bk given 
for all integers k, together with maps wk : Bk-+Q.Bk+1 which are homotopy 
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equivalences for all k. Given such a spectrum $b = (Bk9wk)9 there is an iso
morphism (given by the respective wk) between the groups Iln(A,Bm+n) = 
\l(A,Q.nBm+n) and II (^4,Bm), for any n>0. Thus the two groups can be iden
tified; thus Iln(A,Bm+n) =H(A,Bm) is independent of n>0 and we denote 
this Abelian group by hm(A), m being an arbitrary integer. Similarly, re
lative groups hm(oc) for a map a : A-*-A' are defined by hm(oc) = IIB+1(a, Bm+n) = 
ll1(a,Bm) for all m; for a°:o->^4 onehasÄm(a°) =hm(A), for a0:^4->o, one has 
hm(a0)=hm-1(A). The exact sequence of the groups IIB 

...->Hn(A',Bm + n) — Un (A, Bm + n) ~* Hn(<%, Bm + n) — ïln-l(A', Bm + n)-+... 

then translates into an exact sequence 

(8) ...-*hm(A') - hm(A) i hm+1(oc) - i Am+1(4 /)->.-

which looks like a cohomology sequence, where the upper indices correspond 
to dimensions and where J is usually denoted by ô. The excision property for 
cofibrations IIB+1(a, Bn+m) ^ Un(F, Bm+n), F being the cofiber of a, translates 
into the isomorphism hm(F) = hm(oc), again in agreement with cohomology 
excision; the isomorphism is induced by 

A - o 

«i \v 

A' -*F 

considered as a map of a into oo. A third cohomology property to be men
tioned here, obvious from our homotopical definitions, is the fact that 
nomotopic maps a induce the same homomorphisms oc*:hm(A')^*hm(A). 

To sum up: We have obtained a sequence of contravariant functors 
hm(oc) from the category of based maps a of spaces, to the category of Abelian 
groups, defined for all integers m and such that for any space A the two 
maps a° :o->A and a0 : A->o are related by a natural ' "connecting" isomor
phism hm(oc°) = Am+1(a0); this group is written hm(A), defining a contravariant 
functor from spaces to Abelian groups. These functors have the three 
properties (I) Exactness, (II) Excision, (III) Homotopy; (I) means that 
the sequence (S) induced by the diagram 

0 

i 
A' 

-* 

l 

A 
1« 

A' 

i 

— 

A 
i 
0 

a. 

_* 

A' 
I 
0 

and the "connecting isomorphism" is exact; (II) means that for a cofibra
tion a the group hm(a) depends only on the cofiber, and (III) that homotopic 
maps induce the same homomorphism. Any system of functors with these 
properties is called a general cohomology theory. We thus summarize the 
above considerations by saying that, given a spectrum %$ = (Bm,wm), our 
homotopical definitions yield a general cohomology theory hm(a). We will limit 
ourselves here entirely to such homotopically defined cohomology theories; 
by a recent representation theorem of R. Brown [2] this is, to a large 
extent not a real restriction: the theorem states that (under certain 
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countability assumptions) any abstractly given cohomology theory can be re
alized homotopically by means of a spectrum 33. 

Here the following remarks should be added for completeness or in view 
of later application. 

(1) We have restricted ourselves to "reduced" cohomology theories h*, 
with hm=0 for a one-point space and with groups and homomorphisms 
defined for spaces with base-points and based maps only. "Unreduced" 
theories h% for free spaces1 can be obtained from these reduced ones (and 
vice versa) by standard procedures (cf., e.g., [8]), and there are no essentially 
different features. In particular, if we write A+ for the topological sum of A 
with an extra point which is taken as base-point of A+, the groups h™(A) of 
h+ are given by hm(A+); the map A+^>A which is the identity on A induces a 
monomorphism hm(A)->h^(A). 

(2) The exactness property (I) includes, in fact, the triple sequence for the 
composition of two maps; and consequently also the spectral sequence for 
the composition of r>2 maps a = arar_1...a1, with ü7i = 2?=i^*(az) a n d E^ 
equal to the graded group associated with the filtration of h*(oc) deter
mined by the factorization. 

(3) From the definitions it follows immediately that H(HA,Bm+1) = 
U(AìQBm+1)=U(A,Bm)ì i.e., hm+1(HA)^hm(A). Thus, for example, the 
cohomology A* of the ^-sphere Sk can be expressed by h*(SQ), with hm(Sk) = 
hm-k(S0) for all m. 

(4) The "dimension axiom" of cohomology requires that hm(S0)=0 for 
all m =1=0, or equivalently, that for any k>0 hm(Sk) = 0 for all m4= k. We note 
that hm(Sk)=U(SkiBm)=7Zk(Bm), and there may very well be spectra for 
which this dimension axiom does not hold. In order that this axiom holds, 
it is necessary and sufficient that, for each integer m, nk(Bm)=0 for kX), 
k^=m; this means for m>0 that Bm is an Eilenberg-MacLane space K(Gm,m) 
for the dimension m and the Abelian group Gm=nm(Bm), and for ra<0 that 
Bm is (homotopy equivalent to) a one-point space o. Moreover the homotopy 
equivalence wm:Bm->Q,Bm+1 shows that Gm^Gm+1,m>0. Thus the cohomo
logy with respect to a spectrum S3 fulfills the dimension axiom if and only if 33 
is the Eilenberg-MacLane spectrum: Bm=K(G,m) for m>0 and a fixed 
Abelian group G, Bm=o for ra<0 (hence hm(A) = 0 for all ra<0). 

I t is to be emphasized that the above homotopical definition of cohomo
logy (without or with dimension axiom) and the whole algebraic machinery 
including the spectral sequence is entirely independent of any type of 
cellular structure of the spaces involved or of "cohomology" in any 
of the classical meanings. 

6. Polyhedra, simplicial cohomology 
The special role of polyhedral spaces in the context of cohomology lies, 

roughly speaking, in the particular "possibilities for effective computation" 
given by the cellular structure. The precise meaning of this feature, in addi
tion to the general algebraization outlined above, can be described as 
follows. 

By a "polyhedron" we mean here, for simplicity, a finite simplicial 
«complex (the finiteness is only used for part of the following considerations, 

1 The notations normally used are h for our h+ and h for our h . 
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and moreover everything can be carried over to spaces having the homotopy 
type of CW-complexes). For such a polyhedron A, let A{m) denote its m-ske-
icton, A(-1)=o^Ai°\ and ocm the embedding A^-^-^A™ for m = 0,1,..., 
^(=dim.^4). Then the map oc:o->A is factored as a = aBan_1...a1a0. The 
spectral sequence for Ä*(a)=A*(^4) corresponding to that factorization 
begins with E1 = ̂ m=oh*(ocm). By the excision property for cofibrations we 
have hQ{Qcm)=hq{A{m)lA{m-1)); now AinùIAim-1}

9 the m-skeleton where the 
(m — 1)-skeleton is identified to a single point o, is the union of a certain 
number of spheres Sm with one common point o, each sphere corresponding 
i o an m-simplex am of A. The elements of the group hQ(am) ^ II (^4(m)/^.(m_1), BQ) 
can thus be considered as functions associating to each simplex am of A 
an element of U(Sm,Bg) =7im(Bg)=hQ(Sm)^hQ-m(S0); in other words, hQ{ocm) 
is the group Cm(A; 7tm(Bq))=Cm(A;hQ~Tn(S0)) of all simplicial m-cochains of A 
with values in 7tm(Bg) = hQ~m(SQ). Thus the spectral sequence begins with 

E^C+iAih+iSJ); 

more precisely, writing p for q-m, E1 = 2l=o2ì^3-oo E?'p with E?'p = 
hm+p(ocm)=Cm(A; hp(S0)) [contributing through the spectral sequence to 
hm+p(oc)=hm+p(A)]. The differential a\ in Ex is easily computed: it is the 
ordinary simplicial coboundary in Cm(A; hp(S0)). Therefore we have 

E2=H*(A;h*(S0)), 

more precisely E2 = 2m,PET'p with E2
m'p=Hm(A; hp(S0)). Here #m(and H*) 

denote the (reduced) elementary simplicial cohomology of the polyhedron A, 
with the respective coefficient groups, computed as usual from incidence 
numbers, cocycles and coboundaries. 

We summarize the result: For a cohomology theory h* (with respect to a 
given spectrum 33) and a polyhedron A there is a spectral sequence for h*(A) 
with E2 = H*(A\ h*(S0)), where all Hm(A;hp(S0)) with m+p=q contribute 
to ha(A). Thus the first step of the computation of h*(A) is given by the simplicial 
cohomology of A with coefficients in h*(SQ). 

The remainder of this lecture (sections 7 and 8) is devoted to a rapid des
cription of some of the numerous applications of this fundamental fact of 
polyhedral algebraic topology; I have to choose from a large variety of 
results which increases every day. Some of them use further "partly compu
table" spectral sequences obtained from other factorizations of maps (the 
factorization being defined with the help of skeletons), e.g. for fiber maps. 
A different approach to such spectral sequences, for abstractly given 
cohomology is due to Dold (an outline can be found in [3]); it includes multi
plicative structures and interesting general properties of cohomology for 
polyhedra. 

7. Special cases and remarks 
(1) We first consider, for a polyhedron A, the case of a cohomology theory 

h* with dimension axiom: hQ(S0) =0 for q 4=0, and we write G for the group 
h°(S0) = hm(Sm) for arbitrary m > 0 (the isomorphism being given by suspen
sion). Then in the spectral sequence for h*(A) we have E2 = ^m=oE2,p 

(^ = dim.^4) with E%'p=Hm(A; hp(S0))=0 for ^=#0 and=Hm(A; G) forjp=0 
It follows that dr = 0 for all r > 2, hence 
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E?-* =E?'p =EZ'V = 0 f o r p * 0 , =Hm(A;G) for p = 0, m = 0, . . . ,n, 

and hq(A)^EQ
0^; we thus obtain 

hq(A)^Ha(A;G), with G = hQ(S0), 

for 0<g<w and 0 otherwise. The isomorphism (of degree 0) Ä*(Jl) = 
H*(A; h°(S0)) is the uniqueness theorem for cohomology with dimension axiom 
in the category of polyhedra: any such theory is isomorphic to the simp
licial cohomology relative to the coefficient group G=hQ(S0). I t may also be 
called the simplicial computation theorem for cohomology with dimension 
axiom, thus making the whole classical machinery available for applications 
where the explicit structure of cohomology groups is needed. 

In terms of the homotopical definitions the dimension axiom tells that 
the spectrum 33 of the cohomology theory h* consists of Eilenberg-MacLane 
spaces K(G,m), i.e., hm(A)=Il(A,K(G,m)). Then the above isomorphism 
Yl(A,K(G,m)) = Hm(A; G) yields the "simplicial computation of homotopical 
Eilenberg-MacLane cohomology". It should be added that in the whole 
argument above the spectral sequence is not really needed, since the term 
E2 only occurs; the triple sequence for two maps J.(m_1)-M.(m)->J.(m+1) 

would be sufficient. A close inspection of course provides an explicit homo-
topical description not only of simplicial cohomology classes, but also of 
simplicial cocycles and coboundaries (useful, for example, in obstruction 
theory). 

In the following H* always denotes cohomology with dimension axiom, 
which on polyhedra is identified with simplicial cohomology. 

(2) The spectral sequence for h*(A), where h* is a general cohomology 
theory and A a polyhedron, depends functorially upon A and upon Ä*. 
As an application of the functorial dependence upon A, we consider a 
map OL:A->A' and assume that it induces an isomorphism H*(A'; G) = 
H*(A; G) for any G (or, equivalently, that a induces an isomorphism of 
simplicial integral homology). Then a induces isomorphisms of all the terms 
ET,r>2, of the spectral sequence for h*(Af) onto those for h*(A), and 
thus an isomorphism h*(A')^h*(A). [An alternative proof for this result, 
not using the spectral sequence, is given by the fact that the map a yields 
a homotopy equivalence of HA with HA'.] The functorial behavior with 
respect to h* appears in the next item. 

(3) Let %$ = (Bm,wm) and 33' = (jBm,w4) be two spectra, and £:33->33' a 
map of 33 into 33', i.e., a sequence of maps tm : Bm-+B'm compatible with the 
homotopy equivalences wm and wm. Let h*, üb* denote the cohomology theo
ries relative to 33 and 33' respectively. For an arbitrary space A, the maps TA 

of hm(A)=U(A,Bm) into km(A)=U(A,Bf
m) induced by the tm are then 

homomorphisms. They constitute a system of natural transformations of 
the functors hm into km for all m, compatible with the "connecting isomor
phism" (cf. section 4). Such a system is called in short a transformation of 
the cohomology theory h* into k*; any such transformation can be given by 
maps of the corresponding spectra. As particular cases, these transforma
tions include (additive) cohomology operations, coefficient relations in 
ordinary cohomology, etc. The spectral sequences for h* and k* can be 
applied to such transformations (there is a possibility of applying also the 
dual exact and spectral sequences of the Hn(A,B) to tm:Bm->B'm, but we 
do not describe it here). 
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We first consider a transformation T:h*->k* of cohomology theories 
which is an isomorphism on S0. Then, for any polyhedron A, T induces 
isomorphisms of the terms Er,r>2, of the spectral sequence for h*(A) 
into those for k*(A), and thus T is an isomorphism h*{A)^k*(A). Again 
it should be observed here that the result can also be obtained by homo-
topical arguments not using the spectral sequence; namely, it follows easily 
from the assumption that the map t: 33->33' corresponding to the trans
formation is for each m a weak homotopy equivalence Bm->B'm. 

(4) The following procedure due to Dold [3] yields an interesting trans
formation T relating an arbitrary cohomology theory h* to ordinary 
cohomology H* relative to the coefficient group A*(#0)<8>Q (tensor product 
with the group of rationals). 

Let k* be a cohomology theory, with spectrum 33 = (jBm,wm), and consider 
the composition of maps 

H A-+SN+P-+BH+P+Q. 

For N sufficiently large the homotopy class of / is (under the suspension iso
morphism) independent of N and defines an element of the stable cohomo-
topy group npt(A), while g defines, for an arbitrary N, an element of ka(So) 
and gf an element of kp+Q(A). We thus get a transformation T' given by 

T'A:nP
t(A)®k*(S0)->kp+Q(A). 

Now 3ipt(S0) is finite for #4=0 and infinite cyclic for p=0; therefore, if we 
assume k*(S0) to be a module over the ring Q of rationals, T'So will be an 
isomorphism and thus TA an isomorphism for polyhedra A. This result can 
be applied (a) to kQ =Äff<8>Q, where h* is an arbitrary cohomology theory, and 
(ò) to kQ = ̂ tm+p=QHm(A; hp(S0)<8>Q), and thus yields an isomorphism 

TÄ:h*(A)®Q^ 2 Hm(A;hp(S0)®Q) 
m+p = q 

for polyhedra A. Combining this with the natural embedding rA:hQ(A)-> 
Ä%<4)®Q we get a transformation T given by 

TA:h*(A)-> 2 Hm(A;hp(S0)®Q) 
m+p = q 

which reduces to rSo on the 0-sphere and which is, for any polyhedron A, 
an isomorphism if tensor ed by Q. Thus for polyhedra the difference between 
H* and an arbitrary cohomology theory h* lies essentially only in torsion 
elements. The transformation T is, by the way, uniquely determined by 
the fact that TSo is the embedding T S O : ä * ( £ 0 ) - » ä * ( £ 0 ) ® Q . 

(5) There is a famous example (Grothendieck-Atiyah-Hirzebruch) of a 
cohomology theory without dimension axiom and the corresponding trans
formation into ordinary rational cohomology. It is given by the unitary 
spectrum 33 = {Bm,wm) with Bm = Q,U if m is even, Bm = U if m is odd, where 
U denotes the infinite unitary group and Q,U its loop-space; by the Bott 
periodicity theorem Q.U can be used as classifying space for U (there is a 
(weak) homotopy equivalence w: U-+QQJJ; hence we can put wm = l for m 
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even, wm=w for m odd). The corresponding cohomology groups n(A,£lU) 
and H(A, U) are denoted by Km(A) (reduced, usually written Km); one has 
Km(S0) =7z0(QU) or 7iQ(U) respectively, i.e. Km(S0) = Z if m is even, =0 if m 
is odd. The transformation T of (4) yields isomorphisms for polyhedra A 

Z V ) ® Q = I Hm(A;K'(S0)®Q) 
m+p = q 

= 2 Hm(A;Q) if g is even, 
m even 

= 2 fl"V; Q) if 3 is odd, 
m odd 

thus expressing KQ(A)<g>Q by the Betti numbers of A Moreover one has, of 
course, the whole spectral sequence of section 6 for K*(A), with E2 = 
H*(A; K*(S0)), as given originally by Atiyah-Hirzebruch. All this and related 
further facts have been used successfully to compute K * and K% (unreduced 
theory, cf. section 5) for complex and real projective spaces, and "truncated" 
ones; and also to compute, in these cases, cohomology operations K*-^»K* 
defined by linear representations of the unitary groups. On the basis of 
these computations, Adams has given the complete solution of the real and 
of the unitary vector field problem on spheres (determination of the maxi
mum number of independent fields; for the real case, see [1]). 

We have not so far mentioned the relationship between K*(A) and unitary 
vector bundles over A: Since Bm is the classifying space of the unitary group 
(m even) or its loop-space (m odd), the group Km(A ) = n (A, Bm) = TL (HA, Bm+1) 
is the group of stable unitary vector bundles over A (m even) or over 
HA(m odd); and K+(A) the group of vector bundles with specified fiber 
dimension. The transformation T:K*(A)->H*(A; K*(SQ)<8>§) above, re
garded as a transformation into H*(A; Q) is nothing else than the "Chern 
character": for ££K*(A), T(£)=ch. £ is the Chern character belonging to 
the total Chern class of £ (ch £ and the total Chern class determine each 
other). 

This relation to bundle theory is irrelevant for the computations above, 
but of course it plays an important part in many other connections; in 
particular when multiplicative structures are involved, see section 8. 

(8) We close this section with some remarks on duality. The duality 
aspects of the two-space homotopy groups Un(A,B), including their alge
braic properties as described in sections 2-4, are obtained by interchanging 
A and B, i.e, by reversing the direction of all maps. The Hurewicz homo
topy groups 7tm(B) =H(Sm,B) and the cohomology groups hm(A) =Il(A,Bm) 
for some spectrum $d = (Bmiwm) behave, in some respects, dually to each 
other: from n(^4,i?) one obtains the nm by choosing A=Sm, the hm by 
choosing B = Bm (with equivalences w'm:HSm->Sm+1 and wm:Bm->Q,Bm+1, 
hence 7tm(B)==Un(Sm_n,B) and hm = Hn(A,Bm+n), independent of n), and 
thus many dual features obviously are carried over from the general Hn(A, B) 
to a dual behavior of the 7tm and the hm (exactness, spectral sequence for 
composition of maps, excision, etc.). I t is, however, clear that cohomology 
goes beyond the general set-up and that there is no obvious dualization of 
the special properties of Ä* described in sections 5 and 6. In this context we 
add two simple comments. 

(a) The simplicial computation theorem for Ä* relies on the special struc-



HOMOTOPY AND COHOMOLOGY THEORY 71 

ture of polyhedral spaces and on the excision property for cofibrations. In 
order to obtain a similar computation scheme for n* one has to take, 
instead of polyhedra, complicated spaces constructed artificially (by certain 
fibrations with Eilenberg-MacLane fibers). There is no evidence so far that 
these spaces are of geometrical significance. 

(6) If one considers, in a spectrum %$ = (Bm,wm) a fixed Bm, one has in 33 
a "trivial" part below Bm, in the sense that all Bn with n <m can be replaced 
by Q,m~nBmi and a non-trivial part above Bn. The system of spheres Sm 

together with wm '• HSm = Sm+1 contains for m = 0 only the trivial part above S0, 
Sn=HnSQ for n >0, and it cannot be extended to a non-trivial part below 
S0. Thus the nm do not go beyond the general Un(A, B), except that a special 
space A is being used; other choices of A such as Moore spaces (nm with 
coefficients, cf. [4]) do not essentially change the situation. However a 
more systematic use of spectra may lead to further duality. 

It is well-known that the nm and the Hn(A,B) in general, even if there 
is no simple geometrical class of spaces for which they are easily compu
table, have been and will continue to be of great interest. This is due 
both to their intuitive geometrical meaning and to their algebraic structure 
as explained above, which through the spectra directly leads to cohomo
logy. There are various ways to bring also homology and related duality 
theorems into the picture but we do not describe them here (cf. G. W. 
Whitehead [8]). 

8. Multiplicative cohomology 

In this section we sketch some aspects of general cohomology which play 
a central role in current developments of algebraic topology and which, 
at least in their algebraic background, belong to the methods outlined in 
this lecture. No details will be given, and very few references and definitions 
will be included. 

A cohomology theory is multiplicative if h* is provided with a natural 
product turning this graded group into a graded anti-commutative ring, 
with h*(A+)=h%(A) having a unit e£h°(A+), and if, moreover, the relative 
cohomology h*((x), oc:A'->A, is a module over h*(A). (In particular, if P 
denotes a one-point space, h*(P+)=h*(S0) has a unit e£h°(S0); under sus
pension it corresponds to an element yn of hn(Sn).) 

The spectral sequence arguments for polyhedra can be carried over to 
multiplicative cohomology theories. In particular, a transformation T: 
h*->k* where h* and k* are multiplicative cohomology theories and k* a 
Q-module, preserves products if it does so on S0. For example, H*( ; Q) is 
multiplicative with respect to the cup-product; and K* with respect to the 
product given in K° by the tensor product of bundles and given between any 
Km and Kn by means of standard suspension properties. Then the Chern 
character ch: K*->H*( ; Q) is a ring homomorphism on S0, namely the 
embedding of K*(S0) into JL*($0)<8>Q, and ch is a product preserving trans
formation on polyhedra. 

As one very well knows, further very effective structure properties of 
ordinary cohomology H* (with a coefficient ring, for example) are available 
if one confines attention to manifolds; most important are of course those 
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connected with Poincaré duality and the Hopf "inverse homomorphism" 
f*;H%(A)^>H*i(A') associated with a map f:A-^Ä of manifolds. In parti
cular, if / is the trivial map A->P of the w-dimensional orientable manifold 
A onto the one-point space P, then /*a = [a]-e€H%(P), where [a] is the 
"top-component" £Hn(A) of a, evaluated on the manifold-cycle of A. Such 
special properties valid for manifolds can be expressed with the help of the 
tangent bundle or normal bundle of A (for differentiable manifolds; for non-
differentiable ones the new concept of "micro-bundle" has to be used, cf. 
the lecture of John Milnor). In order to obtain similar further structure 
properties for general cohomology Ä*, it is therefore natural to start from 
real vector bundles over A. 

Let £ be such a bundle, with fiber dimension n, and h* a multiplicative 
cohomology theory. Let further A^ denote the Thorn space of f (the as
sociated solid sphere bundle E over A modulo its boundary #n_rbuncllejÈ), 
p the projection E-*-A. Using the multiplicative properties of the spectral 
sequence (cf. Dold [3]) one proves: 1/ there is a vEhn(A*) which on a 
fiber of A* reduces to an element corresponding to ynEhn(Sn), then the 
map <ph:h™(A)->hmJt-n(A*) given by q)h{a>)==p*{a)-v, a&h+(A) is an iso
morphism (Thom-Gysin isomorphism). The element v, and therefore also 
cph, are not unique in general. [For ordinary cohomology H*( ; Z) the ele
ment v exists (and is unique) if and only if | is orientable (and oriented); 
Poincaré duality can be obtained as a special case. For K* special con
ditions for existence and uniqueness of v have been given by Atiyah-
Hirzebruch.] If one now takes for A a (differentiable) manifold and for f 
the stable normal bundle v of A, the Thom-Gysin isomorphism (ph:h%(A)-> 
h*(Av) can be used to define an inverse homomorphism: Av is a model of 
the $-dual Â of A, and if f:A->Ä is a map of differentiable manifolds, 
there is an #-dual map f:Â'->Â and an induced homomorphism f*:h*(Â)-> 
h* (A'); the inverse homomorphism /* is then defined by f*=s(ph'1f*ç>h' 
h+(A)->h*(Â)->h*(Â')->h%(A'). Here ç4 of course denotes the Thom-
Gysin isomorphism h*(A')-+h*(A'v); note that /*: h%(A)->h%(A') depends 
on the choice of v€h*(Av) and v'Eh*(A'v). This inverse homomorphism 
in &*-theory has properties analogous to those of the Hopf inverse homo
morphism for H*. The element f*a£h%(A') can be considered as the ge
neralized analogue of the "top-component" of a, in particular for A' =P. 

Using the Thom-Gysin isomorphism (ph:ti$(A)->h*(Av), if it exists, one 
further defines, for a product-preserving transformation T:h*->k* of multi
plicative cohomology theories, a sort of "genus" %(A) of the manifold A: 
one puts 

T<ph(e)=<pk(Z(A)), 

where e£h%{A),%(A)Ek%(A). I t then easily follows that 

T<ph(a)=cpk(T(a).Z(A)) 

for all a£h%(A). Combining this with the inverse homomorphisms f%:h%(A)-> 
h*+{A') and f%:k%(A)->k%(A') for a map of manifolds f;A-+A', a simple 
computation yields the formula 

tì(T{a)-%{A)) = T{fU)-%(A'), 
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i.e., a relation for the "top-components" f%{Ta) and T(f%a), %(A) and 
%(A') giving the necessary corrections between the two terms. [Of course 
%(A) and %(A') depend on the same choices of the Thom-Gysin isomor
phisms (ph,<Pk on A and A' as the /* and /£]. This general relation is a formal 
expression for the various Riemann-Roch theorems, and also for the ana
logous formulae for cohomology operations, according to the choices of h*9 

k* and T, and to the special properties of /. I t was communicated to the 
author by E. Dyer, but seems already to belong to the folklore of alge
braic topology. In the different interesting cases to which this general 
formula can be applied, deeper results are based on explicit relations of 
X(A) to characteristic classes. 
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AUTOMORPHIC FUNCTIONS AND THE 
THEORY OF REPRESENTATIONS 

By I. M. G E L ' F A N D ( i ) 

1. Introduction 
According to F. Klein the investigation of geometrical objects may be 
reduced to the study of properties invariant under a group of transforma
tions, i.e. to the study of homogeneous spaces. 

By a homogeneous space X we mean any manifold acted upon by a 
group of transformations which is a Lie group. We can therefore study in a 
unified manner the whole class of the most symmetrical objects, aestheti
cally perfect, such as sphere, Lobachevsky space, Grassmann's manifold, 
the space of positively-definite matrices, etc. 

I t is rather remarkable that we can reach the same aesthetic perfection 
in the study of the set of functions f(x) defined on the homogeneous space X. 
A transformation x-^xg in X gives rise to a linear operator T gf(x) =f(xg) in 
the function space. So we are led to a representation of the group G, since 
the product of the transformations T gi and T g% corresponds to the product 
of the elements gx and g2 of G. 

Roughly speaking the problem is to decompose the function space into 
minimal invariant subspaces, or, which is the same, to decompose the repre
sentation into irreducible representations and to study invariant families 
involved. 

The compact case of this problem (i.e. compact X and G) was investigated 
by H. Weyl and E. Cartan who took as model the rotation group. The in
variant families for the rotation group consist of spherical functions. The 
least invariant systems of functions, arising in the general case, we shall 
also call the spherical functions on X. But only after one rejects the com
pactness condition and passes over to infinite-dimensional representations 
can one fully appreciate the importance and interest of this problem. 

In this report I should like to tell about some results obtained by me in 
collaboration with my friends 1.1. Pyatezki-Shapiro and M. I. Graev. Some 
of the results were inspired by important works of Selberg and Godement. 
I t should be said that only through systematic employment of the theory of 
infinite-dimensional representations can one obtain complete understanding 
of these results. 

Each homogeneous space X is associated with a group G and its sub
group T (stationary subgroup) consisting of those elements of G which leave 
immobile some fixed point x0£X. The first part of the report is devoted 
mainly to the consideration of the case in which this subgroup T is a discrete 
group and the space -X" has finite volume. The functions relating to this case 
we shall call automorphic functions. Thus automorphic functions are spheri-

(x) The author dedicates this report to his friends, L. Schwartz, M. Morse, J . Leray, 
O. A. Oleinik, J . G. Petrovskiy, L. Bers, R. Courant, P . Lax, whose kind assistance 
has greatly helped him. 
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cal functions, associated with a discrete stationary subgroup. Automorphic 
functions in this sense were introduced in 1950 in a paper by S. V. Fomin 
and myself [3]. The ordinary automorphic functions are included among 
these if we take the group of real 2 x 2-matrices. 

Permit me to cite another interesting and important example. Let us 
be given an arbitrary Riemann surface with a Riemann metric on it. 
Consider the manifold X the points of which are taken to be linear elements 
(i.e. points with directions) of the initial surface. Suppose that the universal 
covering space of our Riemann surface is the upper halfplane. Then the 
group G acting on X will be the group of all linear fractional transformations 
with real coefficients and the stationary subgroup V will be one of its discrete 
subgroups. If the original Riemann manifold is compact, i.e. if it is associated 
with an algebraic function, then the resulting representation of G in L2(X) 
can be decomposed into a countable direct sum of representations. Every 
irreducible representation of the group G under consideration can be 
characterised by a set of indices which we shall call the number of the 
representation. The numbers of the representations involved in the decom
position are invariants of the Riemann surface. They appear to form a 
complete system of invariants, and so it may happen that this question is 
connected with the classical problem of moduli in which such remarkable 
success was attained recently by Bers and Ahlfors. We can prove a weaker 
result: every continuous deformation of Riemann surface, leaving unchanged 
these invariants, is the identity. 

So in the first half of the report we consider some general questions about 
the decomposition of a representation in a function space L2(X) on a homo
geneous space X with discrete stationary subgroup. The characterization 
of the resulting representations and the method of decomposition lead us to 
very interesting functions which we call Zeta-functions of the given homo
geneous space. This system of functions is closely connected with the classi
cal Zeta-function. In the case of the group of real 2 x 2-matrices we can 
reduce these functions, using the duality theorems, to the functions, which 
were introduced by Selberg from particular considerations. 

Now we wish to say a word about the methods. M. I. Graev and I have 
proposed [1] the so-called method of horyspheres for the investigation of 
representations in L2(X) in the case in which V is continuous, but not discrete 
as in the case discussed above. This method can be applied with suitable 
modifications also to the case considered here. This method leads us to a 
series of theorems concerning the structure of the representations and to the 
Zeta-function of a homogeneous space. But the general idea of the hory-
sphere method is not sufficient. I t is necessary to study the operators 
jF(g)Tgdg in detail, where F(g) is a finite function. This part of our work 
reminds one strongly of the theory of the ^-matrix in quantum mechanics. 
The analogy is intrinsic. For example the Zeta-functions of a homogeneous 
space are quite analogous to the Heisenberg ^-matrix. 

In the second part of the report we consider analogous questions con
cerning the structure of representations in X = G/T in the case of a semi-
simple Lie group over a finite field (in Chevalley-Dickson sense). So it is 
necessary to describe the representations of Lie groups over finite fields. 
These questions could serve as the theme of a separate report and we are 
forced to give only a short account of them. We obtain here a interesting 
system of Zeta-functions for a homogeneous space above a finite field. 
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The author has chosen as the theme of his report developments that are 
in the very earliest stages. 

We hope that the many interesting problems and relationships which 
arise will compensate for the unavoidable lack of a description clear and 
comprehensible in every detail. 

We hope that a reasonable bourbakisation of all facts given in this report 
and of other facts and problems of the theory of representations will lead 
to the creation of a domain of algebraic functional analysis in which these 
facts will be the main examples. 

2. The case of a compact homogeneous space 

If G is a semisimple Lie group, Y a discrete subgroup and X the space 
G IT of left cosets, then evidently to each element g 6 G there corresponds a 
movement in X transforming x to xg. Denote by L2(X) the set of all func
tions on X with integrable square. To each element g£Gwe make correspond 
the unitary shift operator Tg in L2(X):Tgf(x)=f(xg). The operators Tg 

form a representation of the group G. 
The main problem is to decompose this representation into irreducible 

ones. 
The operators T<p=§G(p(g)Tgdg where cp(g) is a finite function on G play 

an important role in the theory of infinite-dimensional representations. In 
our situation the use of operators Tv is based upon the fact that for every 
continuous finite function cp{g) the operator Ty is an integral operator in X 
with the kernel 

K{x±,x2)= 2<P(9Ï1792)> (1) 

where gx and g2 are representatives of cosets x1 and x2 £X. I t is easy to 
verify that the series for the function K(x1}x2) converges uniformly in 
every compact domain. Thus if X is compact the operator T9 is completely 
continuous for every finite continuous function <p(g). 

I t is easy to prove the following general proposition. 
2/ the unitary representation g~>Tg of Lie group G in a space H is such 

that operator Tv is completely continuous for every finite continuous function 
cp{g), then H can be decomposed into a countable sum of irreducible representa
tions {unitary) of the group G, where the multiplicity of each irreducible repre
sentation is finite. 

I t follows at once from this proposition that when X is compact the 
representation in L2(X) is decomposable into a countable sum of irreducible 
unitary representations of the group G. This fact does not exhaust all in
formation about the irreducible representations contained in L2(X) which 
can be obtained by the use of the operators T^. There is a formula which 
gives in a reasonable sense a complete description of all irreducible unitary 
representations contained in L2(X). 

Let Hl9Hi9... be irreducible non-equivalent representations contained 
in L2(X); N1}N2,..., their multiplicities. Let nk(g) be the character of the 
irreducible representation Hk. The existence of such characters was proved 
by Godement and Harish Chandra. Then the following important formula 
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OO / • 0 0 / * 

2 (pig'17mg)dg = 2 ^ y to )^ to )^ (2) 
m = lJFm fc-1 J 

is valid, where yl9 y2,... is a sequence of mutually non conjugate elements of 
the group T and Fm is a fundamental domain for the centralizer Tm of 
the element ym. This formula makes it often feasible to find out what repre
sentations enter in L2(X), and with what multiplicities. A particular case 
of this formula (namely the case in which the functions cp(g) are invariant 
under U—the maximal compact subgroup of the semisimple group) can be 
essentially reduced by the use of the so-called duality theorem [2] to the 
previously known formula of Selberg [4]. 

Formula (2) may be used to investigate the asymptotic distribution of 
"numbers" of the representations, occurring in L2(X). The leading term of 
the asymptotic expansion will be obtained if we choose the function <p(g) 
to be concentrated in a decreasing sequence of neighbourhoods of the unit 
of the group. Now we give following example. 

Consider the asymptotic behaviour not of all representations but only of 
the so-called representations of class I. By definition these representations 
are the representations entering in the decomposition of L2(GjU) where U 
is a maximal compact subgroup of G. 

These representations are given in the following manner. Let 91 be Cartan 
subalgebra of the symmetric space GjU and let 21+ be the cone of the positive 
vectors in 21 (i.e. vectors for which (a ,a)^0 for all positive roots a). Then 
every representation of class I is uniquely determined by some vector in 
2I+. If now X is a compact homogeneous space GjT then the representations 
of class I entering into L2(X) form a countable set of points in 21+. Their 
asymptotic distribution is given by the following formula. Denote by a 
the positive roots of the symmetric space GjU and by vx the multiplicities 
of the roots of GjU. Then the formula 

N(Bn)~CGCT( n(Q,oc)v«de 
J Bn «>0 

(3) 

is valid, where Bn runs through an increasing sequence of subregions in 2t+; 
GG is a constant depending only on G; Cr is the volume of space X = GjT 
and N(Bn) is the number of irreducible representations entering in L2(X) 
indices of which belong to Bn. The proof is based on some results of F. I. 
Karpelevich and S. G. Gindikin. 

Apparently a similar formula is valid for the other types of irreducible 
representations. 

Since for the group of 2 x 2-matrices as was said, the "numbers" of the 
representations are invariants of the Riemann surface, the terms of the 
asymptotic expansion are also such. It would be very interesting if a few 
leading terms of this expansion were to play the role of moduli. The next 
terms of asymptotics demand apparently more averaging than the mere 
evaluation of N(Bn). 

Classical automorphic forms enter here in natural way. Among the repre
sentations of the group G there are isolated ones, i.e. those occurring in 
isolated form already in L2(G). Among the isolated ones there are representa
tions which are realizable by analytic functions [11, 12, 13]. These isolated 
representations, if they do occur in the decomposition of L2(X), are con-
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nected with automorphic forms in natural way. It is interesting to observe 
that there are still other isolated representations (Graev [6]). For every 
isolated representation one can deduce from the spur formula an explicit 
formula for the multiplicity Nk. In the case of classical automorphic forms 
such a formula was obtained by Hirzebruch [14] who used the Riemann-
Roch theorem and by Selberg [4] who used a method close to ours. 

3. Horyspheres and regular subgroups 
The method of horyspheres, which has been elaborated elsewhere, mainly 

in the paper [1], is effective when X is not compact. In general the method 
is as follows. Let X be a homogeneous space acted upon by a group G. 
With the space X one can associate a space O whose elements are taken to 
be surfaces in X which we shall call horyspheres (the definition of horys-
phere will be given later). To each function defined on X we make corre
spond its integrals over horyspheres, then the representation in the space of 
functions on X maps homomorphically onto a representation in the space 
of functions on Q. As a consequence the problem of decomposing the repre
sentation in the space of functions on X is reduced to the following two pro
blems: (1) to find the kernel of the homomorphism; (2) to decompose the 
obtained set of functions on O into irreducible representations. In some 
important cases, discussed in [1], the kernel is zero and induced representa
tion on Q. can be given a simple description. But in our case the kernel of 
homomorphism is not zero and the description is not trivial. Nevertheless 
the method of horyspheres is very productive in this situation. 

In particular it makes it possible to separate quite effectively the series 
of representations occurring continuously in L2(X) from the series occurring 
discretely, or in other words to separate the discrete spectrum from the 
continuous one. 

Let X be an arbitrary homogeneous space; then the set of horyspheres in 
X is not a homogeneous space itself and has not in general a Hausdorff 
structure. The structure of the space the points of which are transitive 
components in the space of horyspheres (i.e. the sets of horyspheres which 
can be carried one into another by the movements of the group) plays a 
fundamental role in the description of the spectrum of irreducible represen
tations in L2(X). 

Now we proceed to give the exact definitions. Let 67 be a real semisimple 
Lie group and g(t) a one-parameter subgroup. The set Z consisting of all 
zEG such that 

lim g(-t)zg{t) = l 

is called the horyspherical subgroup associated with the subgroup g(t). 
For example if G is the group of real 2 x 2-matrices then every horyspheric 

subgroup is conjugate to the subgroup of all matrices of the form C9-
If G is the group of real matrices of order n, then there exist as many non-

conjugate horyspherical subgroups as there are different partitions of the 
the number n:n = )fc1 + ...+Ä;s with positive integers k. (Partitions that are 
distinguished by the order are to be considered as the different ones.) 

Now we proceed to define the horyspheres. Let X be a homogeneous 
space of a group 67. 
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The orbits of horyspherical groups will be called horyspheres in X. The 
horysphere will be called compact if the set of points of which it consists, is 
compact. 

Now we proceed to describe the class of discrete subgroups T which we 
shall be concerned with. First of all here belong these for which the volume 
of 6r/r is finite. I t is quite possible that all such subgroups satisfy the assump
tions formulated below. For the groups of second order this follows from the 
results of Siegel. I t would be very interesting to prove the assertion in the 
general case. 

Now we introduce the following definition. A set 7 c l will be called a 
cylindrical set, if it can be split into mutually non-intersecting compact 
horyspheres which can be carried one into another by movements. Thus 
in a cylindrical set all the horyspheres are of the form x$g where Z is some 
fixed horyspherical subgroup. 

Now we formulate the following fundamental definition. 
A discrete subgroup Y of the semisimple group G will be called regular if 

the factorspace GjY has a finite covering by regular bounded cylindrical sets 
and the intersection of each pair of them is compact (the definition of regular 
bounded cylindrical sets is given below). 

It is easy to verify that the factor-space GjY for each regular discrete 
subgroup T of semisimple group G has finite volume. 

We shall observe finally that except for the group of real 2 x 2-matrices 
all presently known examples of irreducible discrete subgroups of semisimple 
Lie groups such that the factor space has finite volume are arithmetical 
groups that are constructed by the well-known construction of Borei. 

We shall call linear algebraic group G every group consisting of all complex 
nxn-matrices the elements of which satisfy given polynomial relations. 
In the following we shall assume that the coefficients of these polynomials 
are rational numbers. We denote by Gz the set of all matrices in G whose 
elements are integers and whose determinant is equal to 1. In a similar way 
GR is the set of matrices in G whose elements are real numbers. It is easy to 
see that Gs is a discrete subgroup of the group GR. 

A. Borei and Harish Chandra [8] have proved that the volume of the 
factor-space GRjGz is finite, if GR is semisimple group. 

Apparently it can be proved by their methods that Gz is a discrete regular 
subgroup of GR. 

Now we proceed to define the regular bounded cylindrical sets. I t is not 
difficult to see that for every cylindrical set Y there exists a horyspherical 
subgroup Z and a set S c G, whose image in GjY is Y, with the following 
properties: 

(1) For every g£S and zEZ there exists <5 G A =Y D Z such that ôzgES. 
(2) If gt,g2eS and g^ZY then gxgï 16A. 
The first condition means that Y consists of horyspheres. The second that 

these horyspheres do not intersect. 
If the set Y is compact then one can choose S so that it will have also 

the following properties: 
(3) There exists a neighbourhood of unity U2 such that if gixyg2£U, 

where gx, g2ES, then y G A. 
(This condition is more strong than condition 2.) 
(4) For every zEZ there exists a compact neighbourhood of unity Uz 

such that g~xzg G Uz for any g G S. 
9-622036 Proceedings 
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Condition (4) plays in this theory the fundamental role. 
We shall agree to call bounded any cylindrical set Y for which there 

exist sets S and Z with the properties (l)-(4). Bounded cylindrical sets are 
in general non-compact and this seems to be the geometrical reason for 
the existence in semisimple groups of discrete subgroups such that the 
factor-space GjY has finite volume and at the same time is non-compact. 

Let Y be a bounded cylindrical set. I t can be shown that all elements 
g ES are representable in the form g=zat, where a belongs to a certain ac
companying subgroup A of Z,{x) and t belongs to a certain compact set T 
in G. We shall agree to call a normal subgroup Z of Z allowable, or simply 
allowable, if the intersection of the Lie algebra of the group Z with every 
root subspace is either vacuous or contains the root subspace. 

A bounded cylindrical set will be called regular if 
(5) For each allowable subgroup Z of Z (including the group Z itself) 

the factor-space Zj(Z 0 Y) is compact. 
Thus finally the regular bounded cylindrical sets are characterized by the 

existence of the sets S,Z,A for which the conditions (l)-(5) hold. 

4. The separation of the continuous spectrum of repre
sentation from the discrete one 

We shall suppose as formerly that we have a homogeneous space X = GjY, 
where the discrete group Y is regular and G is a real semisimple group. 

By the use of the horysphere method we can decompose the space L2(X) 
into a direct orthogonal sum of two spaces. One of them, which we denote 
L\(X), is decomposable into a discrete direct sum of irreducible representa
tions. The other is decomposable into representations of continuous spectra. 
However there may be representations which enter into the second space 
discretely, the so-called representations of the complementary series. They 
get into the second space because they are, so to speak, the analytical con
tinuation of the continuous spectrum involved. One more justification of 
this fact is that they hit exactly at the singular points of Zeta-functions 
corresponding to the given continuous series. I t is very much like the com
plementary discrete spectrum of quantum mechanics that hits exactly at 
the zeros of the $-matrix. 

The decomposition into the direct sum is carried out in the following way. 
To every function f(x) £L2(X) we make correspond its integrals over compact 
horyspheres and we denote by L\{X) the space of functions which have 
their integral over any compact horysphere equal to zero; L2(X) is the 
orthogonal complement of L\(X). 

Then the space L2(X) can be decomposed into a countable number of irredu
cible representations. The proof is based on a study of asymptotic properties 
of the kernel of the integral operator §(p{g)Tgdg at the regular cylindrical 
sets. 

(1) A commutative subgroup A is called accompanying if each element of A is se-
misimple and if A is generated by oneparametrical subgroups g^t), ..., gn(t) to each of 
it Z is associated. 
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5. Functions in the space of horyspheres 
We divide the set of compact horyspheres into transitive families Q$ (i.e. 

sets of horyspheres which can be carried one into another by movements). 
When T is regular there will be only a finite number of such families. The 
families 0 4 are partially ordered in a natural way, namely Q ^ Q ^ if each 
horysphere of Of can be split into horyspheres of Q ;. 

Now we take one of the transitive horysphere families fi4 and make cor
respond to each function f(x) £L2(X) its integrals over horyspheres of Qt. 
We obtain a function f(co) defined on Of. The inner product defined in L2(X) 
is carried in a natural way into the set of these functions. Thus in L2(Çl^ 
there is defined a quadratic form. To this form there corresponds an operator 
M defined by 

J. f(pdco = [f, M cpl 

where [/u/2] is the inner product inherited from L2(X). This operator plays 
a fundamental role. I t is permutable with the movements in Of. As a 
consequence this operator, by the decomposition of representation in L2(Qi) 
into irreducible ones, will be, in every system of representations equivalent 
to the given one, a matrix whose order coincides with the number of equi
valent representations. In the general case this number is less than or equal 
to the order of Weyl group. Thus after the decomposition there will arise a 
matrix of order equal to the order of Weyl group. (For a group of n x n-
matrices this order is equal to n!). This matrix depending on the "number" 
of the representation is by definition the Zeta-function of the space X. 
These functions, associated with the "number" of representation, are closely 
connected with such functions as the Riemann Zeta-function and its genera
lizations. I t is not excluded that a deeper development of this theory will 
throw light on the blank spaces in the theory of the classical Zeta-function. 
The results just formulated give us a chance to describe the representations 
involved. It could be done in detail but lack of time prevents us from doing 
so. We merely point out that the spectrum of the representation of the 
component, associated with any Oi? has Lebesgue type and multiplicity 1. 
The indices of the representations fill up several linear subspaces of Cartan 
algebra. The description of the allowable subspaces is carried out by induc
tion. The dimension of these spaces is easy to calculate. I t is equal to the 
dimension of a group which is associated with O^ and which consists of all 
the homeomorphisms permutable with the movements of G in Q .̂ 

6. Example: the matrix group G and the subgroup Y of 

matrices with integer elements 
As an example we take the subgroup Y of integer elements of the real 

n x n-matrix group. Each transitive family of compact horyspheres is 
defined by a partition n = n 1 +... +nk. The maximal family Ox is defined by 
the partition n = l + ... + l and consists of orbits of the triangular group. 
Every irreducible representation of G can be defined by an index which is a 
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vector in a space of dimension n —1. The set of indices of all the irreducible 
representations involved in the decomposition of L2(X), where X = GjY, 
is called the spectrum of L2(X). To each Of there corresponds a spectrum 
consisting of not more than a countable number of linear subspaces. To 
Ox itself there corresponds a spectrum of multiplicity 1 filling up the whole 
space. The spectrum of L2(X) is the union of the subspaces mentioned 
above and of a countable number of points. 

Now we shall exhibit the Zeta-function corresponding to the homogeneous 
space GjY. We shall restrict ourselves to the Zeta-function of highest dimen
sion. The Weyl group in this case is the symmetric group of degree n. 
Thus the Zeta-function is a matrix of order n!. We shall write down the 
first row because the rank of the matrix is equal to 1 and all other rows are 
easily expressed in terms of the first. (Each representation associated with 
Q1 enters in L2(X) only one time!) So we have: if a is a permutation of the 
symmetric group and x = (xv...,xn) is the "number" of a representation 
(x1 + ...+xn = 0), then 

UX)- B B\2>-J-) fa-?*)-' (5) 
a(i)<G0) 

where o, = (o,
1,...Jo

,
n)-

It is not difficult to write this formula in standard root notation. Written 
in this form it can be generalized. 

The functional equation for the Zeta-function which is a consequence of 
the general theory of representations, is of the form 

fax a2 (X) = Ças (X) £ai {<J2x). (6) 

7. The representations of finite Chevalley groups 

The success of the theory of representations depends after all on a happy 
construction of irreducible representations. In the case of the complex 
semisimple Lie groups a simple construction of irreducible representations 
was given (in 1947-1950 by M. A. Naimark and the author [9] (later we 
shall speak about the construction). However, if we go to other classes of 
semisimple groups—the real semisimple groups, the matrix groups over 
finite fields etc.—the construction of Naimark and author does not yield 
all the representations but only a small part of them. 

Now we shall discuss the classification of the irreducible representations 
of semisimple matrix groups over a finite field. We shall deal with the groups 
which were considered in the well-known papers by Dickson [15] and 
Chevalley [16]. Included here for example are the unimodular matrix 
groups over finite fields, the matrix groups leaving invariant some quadratic 
form etc. 

Already in the last century in one of the first papers on the theory of 
representations Frobenius found the characters of the unimodular group of 
2 x 2-matrices over a finite field. Later (in 1928) Hecke gave the construc
tion for half of the irreducible representations of this group. The construc
tion for the other groups was absent. 
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Now we proceed to construct the irreducible representations. In the case 
of a complex semisimple Lie group G the construction of the principal series 
of irreducible representations is as follows. We consider the homogeneous 
space GjZ of the right cosets of G with respect to a maximal nilpotent sub
group Z. We call this space the principal affine space associated with G. 
The set of homeomorphisms of GjZ permutable with the movements form 
a commutative group which we shall call the homothety group. A function 
defined on GjY will be called homogeneous if it is multiplied by a constant 
under a homothety. 

The irreducible representations of the principal series are realized in 
spaces of homogeneous functions on GjZ; the operator of representation is 
defined as the shift operator. We have already noted that this construction 
when transferred to the simple Diekson-Chevalley groups over a finite 
field, will give us only a small part of all irreducible representations. Now 
we shall explain how to construct all irreducible representations. Again we 
consider a representation in the space of functions on GjZ where Z is a 
maximal nilpotent subgroup. An operator of the representation will be 
defined not as mere shift but as a shift operator multiplied by a fixed 
function depending on a point of the space and on an element of the group 

Tx(g)f(z)=f(zg)x(z,g). 

It is easy to show that the function <z(z,g) is defined essentially by a one-
dimensional representation %{z) of the group Z. For brevity we shall call 
the %(z) simply characters. I t can be shown that by the decomposition of 
these representations we shall obtain all the irreducible representations. 
This follows from the fact that in every representation of G there exists a 
vector which is an eigenvector with respect to the element of Z. Now we 
introduce a partial ordering into the set of characters: let %i<%2 ^ from 
#2(s) = 1 it follows Xi(s)= 1 f° r each s G Z such that s = eE*l where a is a 
root of G; the maximal characters %(s) will be called the characters of 
general position. I t turns out that the representations Tx(g) correspond
ing to the characters # of general position do contain each irreducible 
representation of G not more than one time. The irreducible representa
tions entering into these Tx(g) we shall call the principal representations of 
G, all others will be called degenerate. The number of all irreducible represen
tations of G is a polynomial of k, where k is the order of field under con
sideration. I t turns out that the number of degenerate representation is a 
polynomial of lower degree. In this sense we can say that the principal 
representations are almost all irreducible representations of G. I t can be 
shown that the dimensions of the principal representations of G can be 
expressed as polynomials in k of degree N, where N is the dimension of 
group Z, and that the dimensions of the representations of the degenerate 
series are expressed as polynomial of lower degree. As an illustration we 
give a formula for the dimensions of the different principal representations 
of the unimodular matrix group of the nth order. The principal representa
tions are split into several series. Each series is defined by a partition 
n = n 1 + ...+nz of n into sum of positive integers. The dimensions of the 
representations of this series are equal to(x) 

(1) (Added in proof.): There is a very interesting paper of I . A. Green. Trans. 
Amer. Math. Soc. (1955). 



8 4 I . M. GEL'FAND 

(k-l)(k2-l)...(kl-l) 
(7) 

(kn*-l)...(kn°-l) ' 
where k is order of the field under consideration. There are exceptions to this 
formula, the so-called singular representations. The number of these divided 
by the total number of representations goes to zero with increasing k. 

Now we shall explain how to split into series the principal representations 
of the arbitrary group G. We combine into one series the principal represen
tations contained in the same Tx(g) and with the same multiplicities. I t seems 
that the representations belonging to same series are "contrived in the same 
manner"; their dimensions coincide; formulae for the characters are written 
in the same way; when realized they give rise to the same special functions. 

Since the principal representations enter in Tx(g) of general position with 
the multiplicity 1, the realization of the representation is comparatively 
easy. It is sufficient to consider the ring of operators, permutable with the 
representation Tx(g), where % is a character of general position. This ring 
is commutative (!), and so it decomposes into a direct sum of complex 
fields. Each summand defines one of the principal representations of G. 
I t should be noted that the procedure leads to interesting classes of special 
functions on G. Thus in the case of the unimodular group of second order 
the one-dimensional components of the ring of operators permutable with 
Tx(g) can be expressed as certain sums known as the Kloosterman sums. 
I t is remarkable that the summation is carried sometimes over a certain 
"contour" in a quadratic extension of the field. Depending on the set of 
summation we obtain representations of one or another principal series. 

8. Zeta-functions associated with homogeneous space 
over a finite field 

The representations of the group G over a finite field being constructed 
we have the possibility to define the Zeta-function. Here we restrict our
selves to the Zeta-function associated with principal representations with 
%= 1; we shall not carry out the "analytic continuation" to the other series. 
Let 67 be a Dickson-Chevalley group over a finite field, let Y be any of its 
subgroups and let Z be a maximal nilpotent subgroup. In order to construct 
the Zeta-function we consider the functions (p(g) constant on the cosets of G 
with respect to Z, i.e. the functions satisfying the equation <p(Çg) =<p(g)x(0-
The operator M acting in the space of these functions is given by 

M<p = y>(g)= 2<P(Y&)X'(Ç). (8) 
yeT 
CeZ 

Then tp(Cg) =ip(9)%(0- The operator M is permutable with the movement 
Tgo of the group: Tga(p(g)=(p{ggQ). So after the decomposition of the repre
sentation into irreducible ones it will be given by a matrix which depends 
on the "number" of the representation and has order equal to the order of 
Weyl group. By the definition the matrix is the Zeta-function of group G 
respect to the subgroup Y. I t depends on the index n of representation 
which is a multiplicative character of the Cartan subgroup. We shall give 
the explicit form of this function. For this purpose we construct the func
tion k(g) equal for each g to the number of ways in which g can be written 
in the form g=ti y£2, where y£Y and Ci and f 2 are in Z. Each g is of the form 
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f/=£'ö s f", where ô is in the Cartan subgroup and s is in the Weyl group; 
therefore k(g) depends only on ô and s: k(g)=k(ô,s). The Fourier transform 
of k(ô, s) with respect to ô is now the Zeta-function: 

Cs(7t)=2k(ô,s)7t(ô). 
ô 

We shall not write down the form of this function for the representations of 
other principal series. 

9. Reprsentations associated with groups over other 
fields 

We shall not consider the case of groups associated with the field of p-
adic numbers which were studied by Mautner and Bruhat . We hope tha t 
the indicated constructions are applicable to this case and make it possible 
to describe all representations. 

Very interesting is the problem of studying the representations of the 
Chevalley groups over the field of algebraic functions over the field of 
complex numbers. Here it is not evident how to define a representation. 
Apparently the following definition is the most natural . We require Tg 

to be an operator defined every where except a manifold of lower dimension. 
We require Tg to depend continuously on g and to satisfy the equation 
^QX Tg%

 = Tgi g2 everywhere except a manifold of lower dimension. These 
groups are examples of infinite-dimensional groups for which the problem 
of constructing their irreducible representations is quite real and interesting. 
Also in this case the constructions indicated above give many important 
types of representations. I t is possible, however, to exhibit the examples 
showing tha t the construction does not exhaust all degenerate representa
tions. 
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D I E BEDEUTUNG DES L E V I S C H E N 
PROBLEMS FÜR D I E ANALYTISCHE UND 

A L G E B R A I S C H E G E O M E T R I E 

Von HANS G R A U E R T 

Vor nun mehr als 50 Jahren (1910) zeigte E. E. Levi [17], daß jede (reell) 
3-dimensionale glatte Hyperfläche H im (komplex) 2-dimensionalen kom
plexen Zahlenraum C2, die natürliche Grenze einer holomorphen Funktion 
ist, gewissen Differentialungleichungen genügen muß. Diese Levischen 
Differentialbedingungen wurden später von Krzoska [16] auf Dimensionen 
n>2 erweitert und führten schließlich zur Definition des pseudokonvexen 
Randes und Gebietes. Jedes Holomorphiegebiet, d. h. jedes Gebiet 67, zu 
dem eine in G holomorphe, auf dem Rande dG überall singulare Funktion 
existiert, ist pseudokonvex. Offen blieb, ob auch jedes pseudokonvexe 
Gebiet ein Holomorphiegebiet ist. Nachdem in Spezialfällen von Faber 
[7], Behnke [2], u. a. das Problem im positiven Sinne gelöst worden war, 
durch Lelong und Oka die plurisubharmonischen Funktionen, ein wichtiges 
Hilfsmittel, geschaffen worden waren, gelang es Oka 1942 [20], das Problem 
im Falle n=2 zu lösen. 1954 wurde sodann von Oka [21], Bremermann [5], 
Norguet [19] für n>2 die Klasse der pseudokonvexen Gebiete mit der 
Klasse der Holomorphiegebiete identifiziert. Oka führte dieses sogar für 
unverzweigte, nicht-schlichte und neuerdings auch für unverzweigte unend
liche Gebiete durch. Im Falle verzweigter unendlicher Gebiete wurden 
Gegenbeispiele gefunden. 

§1. Komplexe Räume 

Inzwischen war der Begriff der komplexen Mannigfaltigkeit und der des 
komplexen Raumes aufgestellt worden. Die Definition des komplexen Rau
mes ist dabei mehrfach verallgemeinert worden. Wir benutzen in diesem 
Aufsatz die Räume von Serre (man vgl. [10]), die nach der z. Zt. geltenden 
Terminologie reduzierte komplexe Räume heißen, also noch nicht der allge
meinsten Definition entsprechen. Da holomorphe Funktionen und Keime 
von holomorphen Funktionen auftreten, muß die Garbentheorie wesentlich 
herangezogen werden (als Einführung in die Garbentheorie vgl. [8]). 

DEFINITION 1. Ein Paar dc = (X,S) heißt ein komplex beringter Raum, 
wenn folgendes gilt: 

1) X ist ein topologischer Raum. 
2) S ist eine Untergarbe von Ë - = Ê~(X), der Garbe der Keime von kom-

plexwertigen stetigen Funktionen auf X. 
3) S ist eine Untergarbe von Ringen und enthält die konstante Untergarbe 

von ß. 

Anstelle von X schreiben wir vielfach auch einfach X. S heißt die Struk
turgarbe von X. Durch Beschränkung von S erhält man auch über jeder 
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offenen Teilmenge BczX eine Strukturgarbe. B wird dadurch zu einem 
komplex beringten Raum. Die Schnittflächen in E und mithin erst recht die 
Schnittflächen in S können als stetige komplexwertige Funktionen gedeutet 
werden. Sie heißen morphe Funktionen. 

Spezielle Beispiele komplex beringter Räume werden durch die analyti
schen Mengen gegeben (d. s. abgeschlossene Teilmengen in Bereichen B des 
/i-dimensionalen komplexen Zahlenraumes Cn, die sich lokal als simultanes 
Nullstellengebilde von endlich vielen holomorphen Funktionen darstellen 
lassen). 

Es sei also 4 c B eine analytische Menge. Wir bezeichnen mit O die 
Garbe der Keime von lokalen holomorphen Funktionen über B und mit 
IczO die Garbe der Keime, die auf A verschwinden. Es gilt I\B — A = 
0\B — A und 0(A)=OjI\A kann als Untergarbe von E(4) aufgefaßt 
werden. Das Paar (A,0{A)) ist ein komplex beringter Raum. 

DEFINITION 2. Ein komplex beringter Raum (X,0) heißt ein komplexer 
Raum, wenn: 

1) X ein Hausdorff scher Raum ist, 
2) X lokal isomorph zu einem Paar (A,0(A)) ist. 

Im Falle, daß (X, O) ein komplexer Raum ist, heißen die Schnittflächen 
in O natürlich holomorphe Funktionen und O heißt die Garbe der Keime 
von holomorphen Funktionen. Jede offene Teilmenge von X ist wieder ein 
komplexer Raum. Der Begriff der holomorphen Abbildung^ : (X, 01)_>( Y, 02) 
eines komplexen Raumes X in einen anderen Y ist wohldefiniert: Gilt 
x£X, y = oc(x)€Y und ist oc:X->Y eine stetige Abbildung, so erhält man 
durch f->fo oc einen Homomorphismus oct der Halme E2/( Y")->ËX(X). ip 
heißt holomorph, wenn für alle Punkte xEX die Abbildung ip% stets Oiy 

in 0lx abbildet, d. h. wenn Keime von holomorphen Funktionen stets in 
Keime von holomorphen Funktionen übergehen. 

Um nun zu den komplexen Mannigfaltigkeiten zurückzukommen, müssen 
wir die Ringe Ox näher betrachten. Zunächst ist jeder Halm Ox eine lokale 
komplexe Algebra. Ein Punkt xEX heißt ein regulärer Punkt, wenn die 
lokale Algebra Ox regulär ist. Man weiß, daß dieses damit äquivalent ist, 
daß eine offene Umgebung U = U(x)EX existiert, die zu einem Bereich 
BczQn isomorph ist. Durch jeden Isomorphismus (= biholomorphe Abbil
dung) ip:U->B werden die Koordinaten z1,...,zn von B nach U hin über
tragen. Zwei auf diese Weise gewonnene Koordinatensysteme hängen durch 
eine biholomorphe Transformation zusammen und ein Keim einer stetigen 
Funktion ist genau dann holomorph, wenn er sich in eine Potenzreihe nach 
den lokalen Koordinaten entwickeln läßt. Ein komplexer Raum, der nur 
aus regulären Punkten besteht, ist also eine komplexe Mannigfaltigkeit. 
Man kann leicht zeigen: 

Es sei X ein komplexer Raum, NczX die Menge der nicht regulären Punkte 
von X. Dann ist N eine nirgends dichte analytische Teilmenge von X. 

Der Bereich X—N ist also eine komplexe Mannigfaltigkeit! Für das 
Folgende von Bedeutung sind auch die Termini: „normal" und „Dimen
sion". X heißt normal in einem Punkte x£X, wenn der lokale Ring Ox 

normal ist, unter der Dimension dx(X) versteht man die Krullsche Dimen
sion von Ox. Es zeigt sich, daß dx = | • (topologische Dimension) ist. Ebenso 
hat man für „normal" einen Vergleichssatz (= Vergleich mit analytischen 
Eigenschaften): Ein komplexer Raum ist normal (d.h. normal in allen 
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Punkten xGX), wenn der Fortsetzungssatz von Riemann gilt: Es sei UczX 
eine offene Teilmenge, AczU eine nirgends dichte analytische Menge, / 
eine in U-A holomorphe beschränkte Funktion. Dann läßt sich / auf ganz U 
als holomorphe Funktion fortsetzen. Natürlich ist eine komplexe Mannig
faltigkeit in allen ihren Punkten normal. 

Für analytische Teilmengen AaX, die man ja wieder als komplexe 
Räume auffassen kann, gilt noch: 

1) A ist diskret dann und nur dann, wenn dx(A) =0, x£A. 
2) A liegt nirgends dicht genau dann, wenn dx(A)<dx(X), xEA. 

Nirgends dichte analytische Teilmengen von X werden deshalb auch 
niederdimensionale analytische Mengen genannt. 

§2. Das Levische Problem für komplexe Räume 

Um das Levische Problem auf komplexe Räume zu übertragen, ist es 
zunächst notwendig, den Begriff des Holomorphiegebietes zu verallgemei
nern. Das führt uns zu folgender 

DEFINITION 3. Ein komplexer Raum (X, O) heißt ein Steinscher Raum 
(oder auch holomorph-vollständiger Raum), wenn folgendes gilt: 

1) X ist holomorph ausbreitbar: zu jedem Punkt xEX gibt es endlich viele 
in X holomorphe Funktionen f1}.-.,fk, derart, daß x isolierter Punktim 
Nullstellengebilde {f± =... = fk = 0} ist. 

2) X ist holomorph konvex: Zu jeder unendlichen diskreten Menge DczX 
gibt es eine in X holomorphe Funktion, so daß f(D) unbeschränkt ist. 

Aus einem Satz von Thullen folgt unmittelbar: Ein Gebiet G c Cn ist genau 
dann Holomorphiegebiet, wenn es ein Steinscher Raum ist. Wichtig ist auch 
das Verhalten der Öechschen Kohomologiegruppen. Ist X ein Steinscher 
Raum, so gilt nämlich: HV(X, O) =0 für v = 1,2,3,.... 

Den Begriff der Pseudokonvexität übertragen wir mit Hilfe von plurisub-
harmonischen Funktionen. Es sei 6rczCn ein Gebiet. 

DEFINITION 4. Eine über G zweimal stetig differenzierbare reelle Funktion 
p(z) heißt (streng) plurisubharmonisch, wenn in jedem Punkte z£G die Levi
sche Form 

L(P)= 2^-j^-dZvdzp 
v, (i uZv OZß 

positiv (définit) semidefinit ist. 

Die wichtigsten Eigenschaften plurisubharmonischer Funktionen wurden 
von P. Lelong ermittelt. Der Begriff selbst wurde von ihm auf halbstetige 
Funktionen ausgedehnt. — Es sei nun X ein komplexer Raum: 

DEFINITION 5. Eine reelle Funktion p(x) über X heißt (streng) plurisub
harmonisch, wenn es zu jedem Punkt xEX eine Umgebung U=U(x), ein 
Gebiet GczQn

J eine analytische Menge AczG, eine biholomorphe Abbildung \p: 
U ^*A und eine in G (streng) plurisubharmonische Funktion p gibt, so daß 
p | U =p o y) ist. 
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In analoger Weise kann man den Begriff der &-mal stetig differenzier
baren Funktion auf X übertragen. — Pseudokonvexe Gebiete werden nun 
auf folgende Weise definiert: 

DEFINITION 6. Ein relativ kompaktes Teilgebiet G eines komplexen Raumes 
X heißt (streng) pseudokonvex, wenn es zu jedem Randpunkt x0E3G eine 
Umgebung U = U(x0) und eine in U (streng) plurisubharmonische Funktion p 
gibt, so daß 

U fi G = {x£U:p(x) <p(x0)} gilt. 
Man zeigt leicht: 

Ist G streng pseudokonvex, so kann man sogar eine Umgebung U = U(dG) 
und eine in U streng plurisubharmonische Funktion p finden, derart, daß 
UOG = {xeU:p(x)<0}(vgl. [13]). 

Durch Anwendung eines funktionalanalytischen Satzes von L. Sc hwartz 
[24] zeigt man nun (vgl. [11]): 

Ist G^X streng pseudokonvex, so gilt dim HV(G, 0)< °°, v = l,2,3,.... Ab 
einem v0 verschwindet außerdem Hv(G,0). 

Aus diesem grundlegenden Resultat, das ohne größere Schwierigkeit 
hergeleitet werden kann, folgt sofort, daß G, falls streng pseudokonvex, 
auch holomorph konvex ist und weiter, daß G ein Steinscher Raum ist, 
sofern es keine kompakten analytischen Teilmengen A mit dim A > 0 
enthält (in einem Steinschen Raum gibt es natürlich niemals Teilmengen 
dieser Art). 

Ein Gebiet G a Cn ist stets holomorph-ausbreitbar, wie man unter Benut
zung der Koordinatenfunktionen zv...,zn sofort einsieht, und deshalb holo
morph konvex genau dann, wenn es ein Holomorphiegebiet ist. Wir haben 
also das Levische Problem für (streng pseudokonvexe) Gebiete G a Cn aufs 
Neue gelöst und gleichzeitig auf komplexe Räume verallgemeinert. Der 
Beweis ist übrigens wesentlich einfacher als der ursprüngliche, der von Oka 
angegeben wurde und hauptsächlich auf einer geschickten Anwendung von 
Integralen beruht. Es bleibt zu erwähnen, daß die bei uns angewendeten 
funktionalanalytischen Methoden ebenso „konstruktiv" sind wie die Inte
gration. 

Es gibt pseudokonvexe Gebiete G^X, die nicht holomorph-konvex 
sind und für die etwa dim H1(G, 0) = °° gilt. 

Der Begriff der Pseudokonvexität ist durch R. Narasimhan von relativ 
kompakten Teilgebieten auf beliebige komplexe Räume verallgemeinert 
worden. Ein komplexer Raum X heißt streng pseudokonvex, wenn es eine 
kompakte Teilmenge KaX und eine in X— K streng plurisubharmonische 
Funktion p gibt, so daß für jedes r>0 die Menge {x€X— K:p(x)<r}<:X. 
Ist G<,X und streng pseudokonvex im Sinne von Definition 6, so ist G 
auch ein streng pseudokonvexer komplexer Raum. R. Narasimhan hat nun 
unter Verwendung eines neuen Approximationssatzes gezeigt [18]: 

SATZ 1. Es sei X streng pseudokonvex. Dann ist X holomorph-konvex und 
es gilt dim HV(X,0)<^,v>l,und HV(X,O) =0, v>vQ. 

Eine Charakterisierung der Steinschen Räume gelingt durch die Pseudo-
vollständigkeit: 

DEFINITION 7. Ein komplexer Raum X heißt pseudovollständig, wenn es 
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eine auf X streng plurisubharmonische Funktion p gibt, so daß für jedes r>0 
die Menge {x£X:p(x)<r} relativ-kompakt in X liegt. 

R. Narasimhan hat gezeigt: 

SATZ 2. X ist ein Steinscher Raum genau dann, wenn X pseudovollständig ist. 

Von W. Rothstein wurde der Begriff der ^-Konvexität in die Literatur 
eingeführt und bei den Kontinuitätssätzen für analytische Mengen mit viel 
Erfolg verwendet. Wir definieren hier zunächst g-konvexe Funktionen. Es 
sei wieder 67 c: Cn ein Gebiet und p(z) eine reelle zweimal stetig differenzier
bare Funktion über G. 

DEFINITION 8. p heißt q-konvex über G, wenn in jedem Punkt z£G die 
Levische Form L(p) mindestens n — q + l positive Eigenwerte hat (mit q = 
1,2,3,...,»). 

Die 1-konvexen Funktionen fallen also mit den streng plurisubharmoni-
schen Funktionen zusammen. Jede g-konvexe Funktion ist erst recht (q +1)-
konvex. 

Es sei nun X ein komplexer Raum und p eine über X reelle Funktion. 

DEFINITION 9. p heißt q-konvex über X, wenn es zu jedem Punkt x£X eine 
Umgebung U=U(x), ein Gebiet GczG71, eine analytische Menge AczG, eine 
biholomorphe Abbildung ip: U^A und eine in G q-konvexe Funktion p gibt, so 
daß poyj =p | U gilt. 

Entsprechend der Pseudokonvexität nennen wir einen komplexen Raum 
X q-konvex (q-vollständig), wenn es eine kompakte Teilmenge KczX und in 
X—K (und in X) eine g-konvexe Funktion p gibt, so daß jede Menge 
{p(x) < r} relativ kompakt in X liegt. 

In einer gemeinsamen Arbeit mit A. Andreotti wurde gezeigt [1]: 

SATZ 3. Ist Xq-konvex, so gilt dim HV(X, 0)<°° für v>q und HV(X, O) =0, 
v>v0. Setzt man noch voraus, daß X q-vollständig ist, so folgt sogar Hv(X,0) = 0, 
v>q. 

Der Beweis wurde in [1] erbracht. Es werden zunächst relativ-kompakte 
Teilgebiete G*CX untersucht. Ein solches Gebiet heißt g-konvex, wenn es 
eine Umgebung U = U(8G) cz X und eine in U ^-konvexe Funktion p gibt, 
so daß 6rf) U = {x£U:p(x) <0}. Man zeigt sodann, daß es zu jedem Rand
punkt xEdG beliebig kleine Umgebungen V = V(x) gibt, derart, daß Hv( V,0) 
= 0 für v>q. Deshalb folgt: Ist e>0 hinreichend klein gewählt, so gilt für 
G' = G{) {x£U:p(x)<e}, daß der natürliche Homomorphismus: Hv(G',0) 
->Hv(G,0) bijektiv ist für v>q. Aus ,,surjektiv" und dem Lemma von 
Schwartz ergibt sich sodann: dim HV(G, 0) < °° für v>q. Weiter wird ein 
Approximationssatz bewiesen. In der Menge der Kozyklen Z'=Zv(Ur,O), 
Z=Zv(U,0) (bzgl. geeigneter Überdeckungen von G' bzw. G) läßt sich eine 
natürliche Topologie einführen, die Z',Z zu Fréchetschen Räumen macht. 
Die kanonische Abbildung Z'->Z liefert eine in Z dichte Bildmenge, wenn 
v > q — 1 ist. Jeder Kozyklus über G läßt sich also beliebig stark durch Ko
zyklen über G' approximieren. Mit Hilfe dieser Approximationsaussage folgt 
leicht, daß HV(X, 0)->Hv(G, 0),v>q bijektiv ist, wenn 67 = {x£X- K: p(x) 
<r} U K gesetzt wird. KczX ist dabei eine kompakte Menge,p(x) einein 
X—K ^-konvexe Funktion, für r und p gelte: r>p(x), wenn xEU(3K) (1 
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(X—K) (mit U(dK)= eine kleine Umgebung). Man gewinnt also aus den 
Endlichkeitsaussagen für G die entsprechenden Aussagen für X. Im Falle, 
daß X q-vollständig ist, kann man K — (leere Menge) setzen und erhält: 
EV(X, O)=0, v>q. Damit ist der Beweis vollständig. 

Der Satz bleibt richtig, wenn man 0 durch eine beliebige kohärente ana
lytische Garbe über X ersetzt. Auf den Begriff der kohärenten Garbe soll 
hier jedoch nicht näher eingegangen werden. 

Die Lösung des Levischen Problems für komplexe Mannigfaltigkeiten ist 
inzwischen auch auf andere Weise versucht worden. Mr. Nishino (Nara) hat 
sich sehr eng an den Gedankengang von Oka angeschlossen und mit Hilfe 
der Okaschen Integralmethode u. a. gezeigt: 

Eine komplexe Mannigfaltigkeit X ist genau dann eine Steinsche Mannig
faltigkeit, wenn es eine in X streng plurisubharmonische Funktion p(x) gibt, 
für die jede Menge {p(x) < r} relativ kompakt in X liegt. 

Der Begriff „streng plurisubharmonisch" wird dabei allgemeiner ge
braucht, die Funktion p(x) braucht nicht notwendig zweimal stetig differen
zierbar zu sein. U. a. fallen bei unverzweigten Gebieten G über dem Pn 

gewisse Funktionen p(x)= —lg ö(x) darunter, wobei ô(x) einen (nicht
euklidischen) Abstand der Punkte x£G vom Rande dG bezeichnet. Ist 3G 
pseudokonvex, so gelingt es jedenfalls, eine in G streng plurisubharmonische 
Funktion p zu konstruieren mit {p(x)<r}<^G. In Nara kann man deshalb 
zeigen: 

Ein unverzweigtes, nicht kompaktes Gebiet über dem Pn ist eine Steinsche 
Mannigfaltigkeit genau dann, wenn es einen pseudokonvexen Rand hat. 

Es ist dem Verfasser unbekannt, ob und wo dieses Resultat veröffentlicht 
worden ist. 

§3. Exzeptionelle analytische Mengen 

Wir werden uns im folgenden mit der Anwendung der Levischen Aussage 
in der analytischen und algebraischen Geometrie befassen. Zunächst seien 
exzeptionelle analytische Mengen betrachtet. Zu dem Zwecke werde zu
nächst der Begriff der Modifikation von komplexen Räumen untersucht. 

Modifikationen traten zum ersten Male 1950 in einer gemeinsamen Arbeit 
von H. Behnke und K. Stein auf [3]. Die beiden Autoren verstanden darun
ter einen Prozeß, der es gestattet, einen komplexen Raum X in einer Teil
menge N abzuändern. Die Teilmenge N wird herausgenommen und durch 
eine Punktmenge N' ersetzt, so daß sich die komplexe Struktur von X—N 
nach X' = (X— N) U N' fortsetzen läßt. Man hat die identische Abbildung 
ip : X—N-+X' —N'. Da man komplexe Räume, die man biholomorph aufein
ander abgebildet hat, als gleich ansehen kann, definiert man: 

DEFINITION 10. Eine Modifikation ist ein Quintupel (X'' ,N',ip,N,X), 
wobei: 

1) X',X komplexe Räume, 
2) NczX, N'cz X' abgeschlossene Teilmengen, 
3) tpiX' — N'^+X — N eine biholomorphe Abbildung sind, derart, daß folgen

des gilt: 
1) Ist U=U(N)czX eine Umgebung von N, so ist U^ip-^U-N) U N' 

eine Umgebung von N'. 
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2) N ist dünn, d. h. zu jedem Punkt x0 EN gibt es eine Umgebung U = U(x0) 
und eine in U holomorphe, nirgends identisch verschwindende Funktion /, 
so daß U()Ncz{x6U:f(x)=0}. 

Modifikationen können sehr pathologisch sein, wie bereits H. Behnke 
und K. Stein gezeigt haben. Man ging deshalb schon bald dazu über, spe
zielle Klassen zu untersuchen. Eine solche Klasse bilden die eigentlichen 
Modifikationen, die in [9] eingeführt wurden: 

DEFINITION 11. Eine Modifikation (X',N',ip,N,X) heißt eigentlich, wenn 
sich ip zu einer eigentlichen holomorphen Abbildung îp:X'->X fortsetzen läßt. 

\p ist natürlich eindeutig bestimmt. Es folgt sofort, daß \p surjektiv ist. 
Wählt man N' und N so klein wie möglich, so sind N', N analytische Mengen 
und unter der zusätzlichen Voraussetzung, daß X',X normale komplexe 
Räume sind, hat die Menge N sogar in jedem ihrer Punkte die Codimension 
2, während aus der Annahme, daß X' normal und X eine komplexe Mannig
faltigkeit ist, folgt, daß Nf überall 1-codimensional ist. 

Spezielle eigentliche Modifikationen wurden schon sehr früh untersucht. 
Sind X',X vollständige normale algebraische Räume (Varietäten), so ist 
(X', N', %p, N, X) genau dann eine eigentliche Modifikation, wenn tp :X'-+X 
eine reguläre, birationale Transformation ist. Aus der algebraischen Geo
metrie wurde auch der a-Prozeß (monoidale Transformation) in die kom
plexe Analysis übernommen. Man versteht darunter einen Prozeß, der es 
gestattet, einen regulären Punkt durch eine höher dimensionale analytische 
Menge zu ersetzen. Er ist eine eigentliche Modifikation (X',N',ip,N,X), bei 
der N ein regulärer Punkt, N' =Pn~1 (mit n = ûim&X) eine singularitätenfrei 
eingebettete analytische Menge und X' in der Umgebung von N' eine 
komplexe Mannigfaltigkeit ist. Komplexe Mannigfaltigkeiten werden also 
durch den tf-Prozeß stets in komplexe Mannigfaltigkeiten überführt. Es 
gibt andere eigentliche Modifikationen, bei denen ein Punkt x0 durch eine 
höherdimensionale analytische Menge A ersetzt wird. Ist x0 regulär, so 
wird jedoch jetzt nicht jeder Punkt von A regulär sein. Wir beschäftigen 
uns in diesem Paragraphen mit Modifikationen dieser Art in umgekehrter 
Richtung und nennen eine analytische Menge exzeptionell, wenn sie durch 
eine eigentliche Modifikation durch einen Punkt ersetzt werden kann. Um 
den Begriff exakt einführen zu können, definieren wir zunächst: 

DEFINITION 12. Eine analytische Teilmenge A heißt nirgends diskret, wenn 
sie keine isolierten Punkte enthält. 

Dimensionstheoretisch gesehen ist A genau dann nirgends diskret, wenn 
für alle Punkte x€A gilt: dx(A) > 0. Es sei fortan .4 cz X eine nirgends diskrete 
niederdimensionale, kompakte analytische Teilmenge. 

DEFINITION 13. A heißt exzeptionell, wenn es einen komplexen Raum Y, 
eine diskrete Menge Dez Y und eine holomorphe eigentliche Abbildung ip:X->Y 
gibt, so daß folgendes gilt: 

l)W(A)=D, 
2) ip bildet X—A biholomorph auf Y — D ab, 
3) Ist U=U(D) eine offene Umgebung, f eine holomorphe Funktion in F = 

^_1(£7), so gibt es eine in U holomorphe Funktion f mit f=îoy). 
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Die Eigenschaft 3 bedeutet dabei, daß in der Nähe von D hinreichend 
viele holomorphe Funktionen existieren, die komplexe Struktur von Y dort 
also nicht zu dünn ist. Ist A exzeptionell, so ist das Paar (ip, Y) bis auf eine 
naheliegende Äquivalenz eindeutig bestimmt, d.h. sind (yjv, Yv), v = \,2 
zwei Paare mit den Eigenschaften 1-3, so gibt es eine biholomorphe Abbil
dung a:Y1->Y29 so daß das Diagramm: 

X 
yx/ \y)2 

y —-» Y 
I 1 -* I 2 

kommutativ ist. Der Beweis dieser Aussage ist nicht schwer. Übrigens: Ist 
X ein normaler komplexer Raum, so ist Y wieder normal, wie man durch 
die analytische Charakterisierung von „normal" sofort einsieht. Dagegen 
braucht Y keine komplexe Mannigfaltigkeit zu sein, auch dann nicht, wenn 
X es ist. Es sei A =A1 U ... U Ak die Zerlegung von A in zusammenhängende 
Komponenten. Wir setzen dv=ip(Av). Es gilt dann dv=%=dß für V^[JL und 
D = {d1,...,dk}. 

Wir sagen auch, daß eine exzeptionelle analytische Menge A „niedergebla
sen" werden kann. Im allgemeinen ist eine analytische Menge nicht exzep
tionell. Ist X homogen, so gibt es keine kompakte, exzeptionelle analytische 
Teilmenge in X. Man kann sogar zeigen: In einer hinreichend kleinen Umge
bung einer exzeptionellen Menge gibt es niemals eine weitere. 

Die Frage, die sich stellt, lautet also: Wann ist eine kompakte, niederdi-
mensionale, nirgends diskrete analytische Menge AczX exzeptionelle Es zeigt 
sich nun, daß man mit Hilfe der Levischen Aussage leicht zu einem einfachen 
Kriterium kommen kann. Dazu ist es notwendig, die Remmertsche Reduk
tionstheorie anzuwenden. Diese Theorie, die zu vielen wichtigen Ergebnissen 
führt, wurde 1957 [22] von R. Remmert aufgestellt. Ihre Resultate wurden 
später [6] von H. Cartan verschärft. Die Beweise benutzen wesentlich die 
Sätze von K. Stein über analytische Zerlegungen. Vgl. auch die Methoden 
von H. Rossi [23]. 

SATZ 4. Es sei X ein holomorph-konvexer komplexer Raum. Dann gibt es 
einen Steinschen Raum Y und eine eigentliche holomorphe Abbildung ip : X-> Y, 
so daß gilt: Ist Ucz Y eine offene Menge, f eine holomorphe Funktion über 
V=ip~1(U), so gibt es eine über U holomorphe Funktion f mit f=loip. 

Das Paar (ip, Y) ist wieder bis auf naheliegende Äquivalenz eindeutig 
bestimmt. Die Fasern Xy=ip~1(y), y&Y, sind kompakte analytische Teil
mengen von X und — das ist im allgemeinen Fall sehr tiefliegend — sie 
sind zusammenhängend. 

Ist y0EY und xQ=yj-1(y0) ein einzelner Punkt, so gibt es Umgebungen 
von y0 und x0, die durch rp biholomorph aufeinander abgebildet werden. 
Falls X ein normaler komplexer Raum ist, folgt wieder wie vorhin, daß 
auch Y normal ist. 

Es dürfte jetzt dem Leser einleuchten, wie man das Resultat von Cartan 
und Remmert anzuwenden hat. Ist X ein komplexer Raum, so heißt eine 
kompakte, nirgends diskrete analytische Teilmenge AczX maximale kom
pakte analytische Teilmenge von X, wenn jede beliebige andere nirgends 
diskrete, kompakte analytische Teilmenge von X in A enthalten ist. Im 
allgemeinen besitzt ein komplexer Raum X natürlich keine maximale 
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kompakte analytische Teilmenge — man nehme etwa als Beispiel das karte 
sische Produkt des Einheitskreises der z-Ebene mit dem komplex projekti 
ven Raum Pn. Jedoch: existiert A, so ist A auch eindeutig bestimmt. 

Unter Verwendung der Remmertschen Reduktionstheorie und der Lc 
vischen Aussage zeigt man nun: 

SATZ 5. Es sei X ein streng pseudokonvexer komplexer Raum. Dann besitzt 1 
eine maximale kompakte analytische Teilmenge A [13]. 

Um das gesuchte Kriterium für exzeptionelle analytische Mengen z 
gewinnen, bezeichne jetzt X einen beliebigen komplexen Raum, A cz X se 
eine niederdimensionale, nirgends diskrete, kompakte analytische Tei 
menge. Es sei T = T(A) eine relativ-kompakte streng pseudo-konvex 
Umgebung von A und A sei maximale kompakte analytische Teilmeng 
von T. Da nach der Levischen Aussage T holomorph-konvex ist, könne 
wir die Remmertsche Reduktionstheorie heranziehen. Wir erhalten eine 
komplexen Raum T* und eine eigentliche holomorphe Abbildung ip: T~>T3 

die alle Eigenschaften aus Satz 4 besitzt. Der berühmte Projektionssat 
von Remmert besagt nun, daß jedes Bild einer analytischen Menge unte 
einer eigentlichen und holomorphen Abbildung wieder eine analytisch 
Menge ist. xp(A) ist also analytische Teilmenge von T* und da xp stetig is 
ist sie auch wie A kompakt. In einem Steinschen Raum liegt aber jed 
kompakte analytische Menge diskret. Wir schreiben tp(A) = D. Es folg 
daß xp~\y) für y£T* — D einpunktig ist. Anderenfalls wäre dim y)~x(y) > 
und damit y)~1(y)EA und y ED. Also wird T — A durch xp biholomorph ai 
T*—D abgebildet. Durch Zusammenheften von T bzw. T* mit X — '. 
erhält man schließlich den gewünschten Raum Y = T* U (X — T) und di 
eigentliche holomorphe Abbildung xp:X->Y mit den verlangten Eiger 
Schäften. A ist also exzeptionell. — Umgekehrt kann man bei exzeptionelle 
Mengen leicht eine Umgebung T konstruieren. 

SATZ 6. Eine niederdimensionale, nirgends diskrete kompakte analytiscl 
Teilmenge A eines komplexen Raumes X ist exzeptionell genau dann, wenn i 
eine offene streng pseudokonvexe Umgebung T = T(A)^X gibt, derart, da 
A die maximale kompakte analytische Teilmenge von T ist [13]. 

In der algebraischen Geometrie ist die entsprechende Aussage falsch. Is 
X ein kompakter ( = vollständiger) algebraischer Raum, AczX eine exzej 
tionelle analytische Menge, so braucht der Raum Y, den man durch Niede] 
blasen von A erhält, keineswegs mehr algebraisch zu sein. Das einfachst 
Beispiel dafür wurde von Hironaka angegeben. Man nehme etwa den zwe 
dimensionalen komplex projektiven Raum T. D cz T sei eine singularitäter 
freie abgeschlossene algebraische Fläche 3. Ordnung. Wir blasen durch c 
Prozesse 10 geeignete Punkte xrED auf. Das Resultat ist eine 2-dimer 
sionale kompakte komplexe Mannigfaltigkeit I7*, die — wie man zeigt -
projektiv algebraisch ist. D wird durch die cr-Prozesse in eine singularitäter 
freie, irreduzible Teilmenge D* transformiert. D* ist jetzt exzeptionel 
Durch Niederblasen erhält man einen 2-dimensionalen kompakten kon 
plexen Raum Y mit folgenden Eigenschaften: 

1) F ist normal. 
2) Y hat nur einen singulären Punkt. 
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3) Y besitzt 2 analytisch und algebraisch unabhängige meromorphe 
Funktionen. 

4) Y ist trotzdem nicht algebraisch (nicht einmal im allgemeinen Weil-
schen Sinne). 

§4. Geradenbündel und Hodge'sche Räume 

Wir werden in diesem Abschnitt eine Anwendung der Levischen Aussage 
auf komplex-analytische Geradenbündel über kompakten komplexen 
Räumen geben (man vgl. [13]). Es sei also X ein kompakter komplexer 
Raum, F sei ein weiterer komplexer Raum, der durch eine holomorphe 
Abbildung n auf X abgebildet ist. Jede Faser FX=TZ~1(X), XEX trage 
außerdem noch die Struktur eines eindimensionalen komplexen Vektor
raumes. Es gilt also Fx ~ C. Gibt es nun außerdem noch zu jedem Punkt 
X0EX eine Umgebung U=U(x0) und eine biholomorphe Abbildung V = 
jt'^U)^ U xQ, die jede Faser F x, xEU auch als komplexe Vektorräume 
isomorph auf x x C abbildet, so heißt F^X ein komplexanalytisches Gera
denbündel über X. Wie üblich verstehen wir unter einer Schnittfläche in F 
eine holomorphe Abbildung xp : X->F mit noxp =Identität x->x. Ordnet man 
jedem Punkt x€X das Nullelement Ox£Fx zu, so erhält man die Null
schnittfläche £)=€)(F). Wir bezeichnen die Bildmenge von O im folgenden 
auch mit D, also O = {0X}. 

Ersetzen wir jeden komplexen Vektorraum Fx durch seinen dualen 
(bzw. durch das fc-fache Tensorprodukt mit sich selbst), so erhalten wir 
das duale komplex-analytische Geradenbündel F* (bzw. das komplex
analytische Geradenbündel Fk). 

Es seien s0,...,sk Schnittflächen in F über X. In jedem Punkt xEX gelte 
für wenigstens ein v die Ungleichung sv(x) 4=0 € Fx. Ist dann OC:FX^*(J ein 
Isomorphismus, so ist (ocs0(x),...,(xsk(x))4=0 ein (& + l)-tupel komplexer 
Zahlen. Da oc bis auf einen multiplikativen Faktor bestimmt ist, erhalten 
wir zu x genau einen Punkt xp(x)EPk. xp ist eine holomorphe Abbildung 
Z-»Pfc. 

DEFINITION 14. F heißt reich (ample), wenn es eine natürliche Zahl n und 
holomorphe Schnittflächen s0,...,sk in Fn gibt, so daß xp eine biholomorphe 
Einbettung von X in den Pk ist. 

Existiert ein reiches Geradenbündel über X, so ist X natürlich projektiv 
algebraisch. Ferner stehen die Äquivalenzklassen von Einbettungen von X 
in die komplex projektiven Räume mit den Äquivalenzklassen von reichen 
Geradenbündeln auf X in Beziehung. Es ist deshalb von besonderer Wich
tigkeit zu wissen, wann ein Geradenbündel reich ist. 

Im Falle, daß X eine kompakte komplexe Mannigfaltigkeit ist, wurde ein 
einfaches Kriterium von Kodaira angegeben [15]. Es sei c(F) das Bild der 1. 
Chernschen Klasse von F in der zweiten Kohomologiegruppe H2(X,R) 
von X mit Koeffizienten in den reellen Zahlen R. Nach dem Satz von De 
Rham ist jede Kohomologieklasse aus H2(X,R) cohomolog zu einer ge
schlossenen, reellen Differentialform der Dimension 2. 

SATZ 7. (von Kodaira). F ist reich dann und nur dann, wenn c(F) coho
molog zu einer geschlossenen, reellen Differentialform (p=i'^4V,iÀgvfXdzvAdzfJl 

10-622036 Proceedings 
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ist, bei der die zugeordnete Hermitesche Form ^gvfJldzv-dzß in jedem Punkte 
positiv définit ist. 

Dabei bezeichnen natürlich zx, ...,zn lokale Koordinaten in X. Der Beweis 
des Satzes benutzt wesentlich Potentialtheorie und kann deshalb nicht 
ohne weiteres auf komplexe Räume übertragen werden. Es war deshall: 
wünschenswert, für komplexe Räume ein anderes Kriterium zu gewinnen, 
Es sei also nun wieder X ein beliebiger kompakter komplexer Raum, F ehi 
komplex-analytisches Geradenbündel über X. 

SATZ 8. F ist genau dann reich, wenn die Nullschnittfläche £) cz F* exzep
tionell ist. 

Der Beweis dieses Satzes ist algebraischer Natur und wurde von Grothen-
dieck auch in der algebraischen Geometrie durchgeführt [14]. 

Nun ist bei einem Geradenbündel in jeder relativ kompakten, streng 
pseudokonvexen Umgebung T um die Nullschnittfläche O die Menge £ 
selbst die maximale kompakte analytische Teilmenge. Es folgt deshalb ir 
Verbindung mit dem Kriterium für exzeptionelle analytische Mengen: 

SATZ 9. F ist genau dann reich, wenn es eine relativ kompakte, streng pseu
dokonvexe Umgebung T = T(D)<,F* gibt. 

Ein Geradenbündel F*, bei dem T(£)) existiert, heißt auch ein negatives 
Geradenbündel. Existiert bei F* die Umgebung T(£)), so nennen wir I 
selbst positiv. 

Der Begriff der Kählerschen Metrik läßt sich in jedem komplexen Raun 
X definieren. Es sei N cz X die analytische Menge der singulären Punkte vor 
X. Da N nirgends dicht in X liegt, ist folgende Definition sinnvoll. 

DEFINITION 15. Eine Hermitesche Metrik ds2 = ̂ 4gvlldzvdz(JL(mit stetiger 
Koeffizienten) in X — N heißt eine Kahler sehe Metrik in X, wenn für du 
zugeordnete äußere Form (p = im^v,tMgVßdzvAdz/J, folgendes gilt: Zu jeden 
Punkt xEX gibt es eine Umgebung U= U(x) und eine in U streng plurisub 
harmonische Funktionp, so daß d'd"p\U — N = cp\U — N ist. 

Dabei bezeichnet d' die totale Ableitung nach den lokalen Koordinater 
zv und d" die totale Ableitung nach den zv. Bei einer Kählerschen Metrik is1 
also gefordert, daß lokal stets ein Potential p existiert. 

Wie bei komplexen Mannigfaltigkeiten definiert nach dem De-Rham 
sehen Satz die Form cp eine Kohomologieklasse i-EH2(X,R). Ist X kompaki 
und liegt f im Bild der zweiten Kohomologiegruppe von X mit ganzzahliger 
Koeffizienten, so nennen wir ds2 eine Hodgesche Metrik. Ein komplexe] 
Raum, auf dem es eine Hodgesche Metrik gibt, heißt ein Hodgescher Raum 

Bei einem normalen komplexen Raum kann man nun zu einer Hod 
gesehen Metrik leicht ein komplex-analytisches Geradenbündel F mil 
c(F)=ij konstruieren. Für £)czF* weist man nach: Es gibt eine streng 
pseudokonvexe Umgebung T = T(£))<:F*. F ist also reich und X projek
tiv algebraisch. 

SATZ 10. Jeder Hodgesche Raum ist projektiv algebraisch. 
Damit ist der berühmte Satz von Kodaira auf normale komplexe Räume 

übertragen worden. Die Methoden sind dabei von den Kodairaschen völlig 
verschieden und beruhen einzig und allein auf der Levischen Aussage 
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Diese führt also auch bei kompakten komplexen Räumen zu wichtigen 
Resultaten. 

Für zweidimensionale kompakte komplexe Mannigfaltigkeiten X gewinnt 
man ein sehr einfaches Kriterium dafür, daß X projektiv algebraisch ist. 
Es gilt nämlich folgender in dieser Allgemeinheit zuerst von van de Ven 
bewiesene: 

SATZ 11. X ist genau dann projektiv algebraisch, wenn es eine analytische 
Menge AczX gibt, die in die irreduziblen Komponenten A1,...,Ak zerfällt, so 
daß die Schnittmatrix (aVfX) mit avfJL = (Av, A^) weder negativ définit noch 
negativ semide finit ist. 

Um zu zeigen, daß das Kriterium hinreichend ist, zeigt man zunächst 
daß die Voraussetzung: „Mindestens ein Eigenwert von (avfi) positiv" damit 
äquivalent ist, daß es natürliche Zahlen cl9...,ck>0 gibt, so daß auch dv = 
^o^Vfictl>{),v = \,...,k, gilt (genauer: Nachdem man evtl. zu einer quadra
tischen Untermatrix von (avfX) übergegangen ist.) Die Schnittzahl von Av 

mit dem Zyklus 2t = 2 c ^ / j 1S* gleich dv und deshalb, wenn das Kriterium 
erfüllt ist, stets positiv. Daraus folgt dann: Die Beschränkung des Geraden
bündels F, das zu dem Divisor 31 gehört, auf A ist positiv. Unter Verwen
dung dieses Zwischenresultates zeigt man weiter: X— A ist streng pseudo
konvex. Es sei B die maximale kompakte analytische Teilmenge von X — A. 
B zerfalle in die irreduziblen Komponenten Bl9..., Bm. Man kann nun natür
liche Zahlen ex, ...,em finden, so daß das zu dem Divisor ^c^A^ — %evBv 

gehörende Geradenbündel über ganz X reich ist, wobei man unser Kriterium 
für reiche Geradenbündel benutzen muß. Damit hat man bewiesen, daß X 
projektiv algebraisch ist. Wieder einmal wurde also die Levische Aussage 
wesentlich herangezogen. 

Eine analytische Menge AczX mit einer nicht negativ semidefiniten 
Schnittmatrix gibt es stets, wenn auf X zwei unabhängige meromorphe 
Funktionen existieren. Also ist in unserem Satz das bekannte Resultat von 
Chow und Kodaira enthalten, daß jede kompakte, 2-dimensionale komplexe 
Mannigfaltigkeit mit zwei unabhängigen meromorphen Funktionen projek
tiv algebraisch ist. 

§5. Normalenbündel 

Um das Kriterium für exzeptionelle analytische Mengen aus § 3 anwenden 
zu können, ist es notwendig, Kenntnis der Struktur einer ganzen Umgebung 
von A zu haben. Wir wollen zeigen, daß das Normalenbündel von A bereits 
entscheidend ist, und dieses kann natürlich bedeutend leichter bestimmt 
werden. 

Zunächst betrachten wir komplex-analytische Vektorraumbündel über 
kompakten komplexen Räumen X. Darunter versteht man einen komplexen 
Raum V, der durch eine holomorphe Abbildung n : V->X auf X bezogen ist. 
Die Fasern VX=TC~1(X) tragen außerdem die Struktur eines g-dimensionalen 
komplexen Vektorraumes und lokal ist wieder alles zu U x(jQ,U= U(x) cz X, 
isomorph. Die Zahl q ist dabei konstant und hängt nicht von x ab. 

Nun kann man für Vektorraumbündel wie für Geradenbündel den 
Begriff „negativ" definieren. Da aber Kodaira und Nakano in Zusammen-
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hang mit ihrem „vanishing theorem" das Wort negativ bereits verwendet 
haben und unser Begriff wesentlich schwächer ist, schreiben wir: 

DEFINITION 16. Ein Vektorraumbündel V über einem kompakten komplexen 
Raum heißt schwach negativ, wenn es eine Umgebung T = T(D)< V um die 
Nullschnitt fläche D cz V gibt, die streng pseudokonvex ist. 

Ist nun X eine beliebige komplexe Mannigfaltigkeit und A cz X eine nir
gends diskrete, singularitätenfreie kompakte analytische Teilmenge von 
einer Kodimension q>0, so ist das Bündel der kontra Varianten Normal
vektoren N=N(A) definiert. Es ist ein komplex-analytisches Vektorraum
bündel über A, dessen Fasern die Dimension q haben. Man zeigt leicht: Ist 
N schwach negativ, dann gibt es eine streng pseudokonvexe Umgebung 
T = T(A)cz czX, derart, daß A maximale kompakte analytische Teilmenge 
von T ist. Es folgt also (vgl. [13]): 

SATZ 12. Es sei N(A) schwach negativ, dann ist A exzeptionell. 

Leider ist dieses Kriterium nur notwendig, wenn die kompakte komplexe 
Mannigfaltigkeit A eine einfache Struktur hat, z. B. wenn sie homogen oder 
wenn sie eindimensional ist. Es gibt bereits 3-dimensionale komplexe 
Mannigfaltigkeiten X mit 2-dimensionalen singularitätenfreien exzeptio
nellen analytischen Mengen A, derart, daß N(A) nicht schwach negativ ist. 

Ist X ein allgemeiner komplexer Raum, AczX eine beliebige niederdimen
sionale, nirgends diskrete kompakte analytische Teilmenge, so besitzt A 
im allgemeinen kein Normalenbündel. Man kann sich jedoch auf folgende 
Weise helfen, wobei man wesentlich den Begriff der kohärenten analyti
schen Garbe, wie er von H. Cartan definiert wurde, heranzieht. Es sei m 
eine kohärente Garbe von Keimen von holomorphen Funktionen, die auf A 
verschwinden, m ist also eine Untergarbe der Garbe n aller Keime auf A 
verschwindender holomorpher Funktionen und damit auch eine Untergarbe 
von 0 = 0(X). Jeder Halm mx ist ein Ideal in dem Ring Ox. Wir setzen 
zusätzlich voraus, daß in X—A gilt: 0 = nt. Unter m-rt verstehen wir die 
Garbe, die in jedem Punkt x£X als Halm das Produkt der Ideale mx und 
Ux hat. m "It ist also eine Untergarbe von nt und man hat m'Xl\X—A = 
m\X— A=0\X — A. Es folgt nun, daß S = m/m • ti | A eine kohärente analy-
tishe Garbe über A ist. Im Falle, daß X eine komplexe Mannigfaltigkeit und 
AczX singularitätenfrei eingebettet und m—U ist, kann man die Struktur 
von S einfach bestimmen. S ist nichts weiter als die Garbe der Keime von 
lokalen holomorphen Schnittflächen in dem Bündel V=V(A) der ko Varian
ten Normalenvektoren an A. Das zu V duale Vektorraumbündel ist N(A). 
Im allgemeinen Falle kann man zu S ebenfalls ein „Duales" konstruieren. 
Dieses sei mit Nm(A) bezeichnet. Es ist im allgemeinen kein Vektorraum
bündel mehr, sondern nur noch ein „linearer Raum über X", der zwar als 
Fasern noch komplexe Vektorräume aufweist, sich aber wesentlich von 
einem Vektorraumbündel dadurch unterscheidet, daß die Dimension der 
Fasern von xEX abhängt. In dem vorhin betrachteten Sonderfall gilt 
jedoch Nm(A)=N(A). 

Wie ein Vektorraumbündel besitzt jeder lineare Raum über X eine 
Nullschnittfläche D. Wir nennen Nm(A) schwach negativ, wenn es eine 
streng pseudokonvexe Umgebung T = T(D)<Nm(A) gibt. Man zeigt 
wieder: Existiert T(D), so gibt es auch eine streng pseudokonvexe Umge-
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bung T* = T*(A)<,X, so daß A maximale kompakte analytische Teil
menge von T* ist. Es folgt: 

SATZ 13. Ist Nm(A) schwach negativ, so ist A eine exzeptionelle analytische 
Teilmenge von X. 

Es darf vermutet werden, daß dieses Kriterium auch notwendig ist. Setzt 
man A als exzeptionell voraus, so dürfte es eine kohärente Garbe m geben, 
die die geforderten Eigenschaften hat, so daß Nm(A) schwach negativ ist. 
Der Beweis dieser Aussage ist jedoch wahrscheinlich schwierig. Wir spezia
lisieren uns nun wieder auf den Fall, daß X eine 2-dimensionale komplexe 
Mannigfaltigkeit ist. AczX sei eine nirgends dichte, nirgends diskrete 
kompakte analytische Teilmenge. Sie zerfalle in die irreduziblen Kom
ponenten Ax, ...,Ak. Nach einem Satz der Matrizentheorie ist nun die Schnitt
matrix (avlx) mit avfJl = (Av,AfJ) genau dann negativ définit, wenn es natür
liche Zahlen cl9 ...,ck>Q gibt, so daß dv = ̂ llavtl cfJl<0 gilt. Andererseits kann 
man zeigen (die eine Richtung folgt aus Satz 13), daß A genau dann exzep
tionell ist, wenn es natürliche Zahlen cl9 ...,ck gibt, so daß die Beschränkung 
von F auf A negativ ist, wobei F das zu dem Divisor ^cvAv gehörende 
Geradenbündel bezeichnet. F\A ist aber genau dann negativ, wenn dv = 
2/w avfiCß<0 für v = l,...,k gilt. Somit haben wir bewiesen: 

SATZ 14. A ist genau dann exzeptionell, wenn die Schnittmatrix (avß) negativ 
définit ist. 

Dieses Resultat wurde in einem Spezialfall zuerst von Mumford herge
leitet. Mumford setzt zusätzlich voraus, daß jede irreduzible Komponente 
Av ein singularitätenfrei eingebetteter P1 ist, daß der Schnitt Av 0 A^ 
entweder leer oder transversal ist und schließlich, daß es beliebig kleine 
(sich anschmiegende) Umgebungen U = U(A) gibt, deren Rand eine S3 ist. 
Unter diesen Voraussetzungen kann er dann sogar zeigen, daß A, falls (avfX) 
negativ définit ist, zu einem regulären Punkt niedergeblasen werden kann. 

Es bleibt noch zu untersuchen, wann man durch Niederblasen aus kom
pakten, projektiv algebraischen Räumen wieder projektiv algebraische 
erhält. Schon Enriques zeigte folgende Aussage: 

Es sei X eine kompakte, projektiv algebraische, 2-dimensionale komplexe 
Mannigfaltigkeit, AczX sei ein singularitätenfrei eingebetteter P1, dessen 
Selbstschnittzahl — 1 ist. Dann läßt sich A zu einem regulären Punkt nieder
blasen. Der dadurch erhaltene Raum Y ist wieder projektiv algebraisch. 

Kodaira hat diesen Satz mit Hilfe seiner Potentialtheorie auf Dimen
sionen > 2 verallgemeinert. Wie wir jedoch in § 3 gesehen haben, darf man 
bei beliebigen exzeptionellen analytischen Mengen A nicht erwarten, daß 
durch Niederblasen von A projektiv algebraische Räume in algebraische 
Räume transformiert werden. Ein notwendiges und hinreichendes Kriterium 
dürfte sich nur schwer angeben lassen, so daß man in der algebraischen 
Geometrie einfache Aussagen über exzeptionelle analytische Mengen nicht 
erwarten darf. 

Wir geben hier ein hinreichendes Kriterium. Es bezeichne X eine kom
plexe Mannigfaltigkeit, AczX eine kompakte, singularitätenfrei eingebettete 
analytische Menge. Die Kodimension von A sei gleich eins. Das Normalen
bündel N=N(A) ist dann ein komplex-analytisches Geradenbündel über A. 
Wir setzen es als negativ voraus. A ist also exzeptionell und, da F=N* 
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ein reiches Geradenbündel über A ist, auch eine kompakte projektiv alge
braische Mannigfaltigkeit. 

Wie üblich, bezeichnen wir mit ^(AfN*) die erste Kohomologiegruppe 
über A mit Koeffizienten in der Garbe der Keime von lokalen holomorphen 
Schnittflächen in Ns (für s = 1,2,3,...). Da A eine Kählersche Mannigfal
tigkeit ist, verschwindet H1(A,0(A)) genau dann, wenn die erste Bettische 
Zahl von A verschwindet. Wir schreiben H1(A,0(A))=H1(A,N°). Unter 
„Gruppe von Neron-Severi" wollen wir hier den Untervektorraum Scz 
H2(A,R) verstehen, der von den Chernschen Klassen von komplex-analy
tischen Geradenbündeln über A aufgespannt wird. Da A als projektiv-
algebraisch vorausgesetzt ist, muß S mindestens eindimensional sein. Be
zeichnet Hhl(A) den Vektorraum der reellen harmonischen Differential
formen (p = i 2 gVfidzv A dip bezüglich einer Kählerschen Metrik, so ist Hhl(A) 
in natürlicher Weise in H2(A,R) eingebettet. S ist bzgl. dieser Einbettuno 
ein Untervektorraum von Hhl(A). 

SATZ 15. Es sei dim S = l und H1(A,Ns)=0, s=0, l ,2 , . . . und X eint 
kompakte projektiv algebraische Mannigfaltigkeit. Dann ist der kompakti 
normale komplexe Raum, den man durch Niederblasen von A erhält, wieder 
projektiv algebraisch. 

Die Voraussetzungen sind erfüllt, wenn A ~ P n _ 1 und der Selbstschnitl 
von A homolog zu — kH, zu einem negativen Vielfachen einer Hyperebene 
in A ist (andere Möglichkeiten sind nur, daß der Selbstschnitt homolog zu 
einem positiven Vielfachen von H oder nullhomolog ist. A ist genau in den 
ersten Fall exzeptionell). Man kann nun die Struktur der Singularität, die 
man durch Niederblasen von A erhält, errechnen. Im Falle & = 1 komml 
dabei heraus, daß man einen regulären Punkt bekommt. Damit ist dei 
Kodairasche Satz aufs Neue mit Hilfe der Levischen Aussage und ohne 
Verwendung von Potentialtheorie bewiesen. 

Die hier angegebenen Beispiele mögen genügen, um aufzuzeigen, wie mar 
die verallgemeinerte Levische Aussage in der Theorie der komplexen Räume 
und der algebraischen Varietäten verwenden kann. Viele Sätze, die mar 
früher auf potentialtheoretische Weise hergeleitet hat, lassen sich neu be 
weisen und auf komplexe Räume übertragen. Jedoch muß man die hiei 
behandelten Methoden als ein zusätzliches Hilfsmittel ansehen, das keines 
wegs die Anwendung von partiellen Differentialgleichungen überflüssig 
macht. Einige Sätze von Kodaira über kompakte Kählersche Mannigfaltig 
keiten, wie z .B. die Zerlegungssätze und das „vanishing theorem", lasser 
sich anscheinend nicht mit Hilfe des Levischen Problems behandeln. Ei 
wäre daher von besonderem Wert, Differentialgleichungsmethoden zu ge 
winnen, die man auch in singulären Punkten verwenden kann. 

Abschließend sei noch erwähnt, daß das Levische Problem neuerdings 
auch einen Einfluß auf die Theorie der partiellen Differentialgleichunger 
ausübt. Ehrenpreis, Hörmander, Malgrange haben gezeigt, daß in sehr allge 
meinen Fällen Lösungen partieller Differentialgleichungen ein ähnliche! 
Verhalten an Rändern aufweisen können wie holomorphe Funktionen. 

Anmerkung. Ein geringer Teil der Sätze und Definitionen dieses Aufsatzes 
ist bereits in [12] gebracht worden. Diese Resultate mußten hier der Ver 
ständlichkeit und der Vollständigkeit halber wiederholt werden. 
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PROBLEMS OF STABILITY AND ERROR 
PROPAGATION IN THE NUMERICAL 

INTEGRATION OF ORDINARY 
DIFFERENTIAL EQUATIONS 

By PETER HENRICI 

The organizing committee of this Congress has invited me to give a survey 
of a branch of numerical analysis which I consider important. The name 
"numerical analysis" is of recent origin; it first became part of the common 
mathematical usage when the Institute for Numerical Analysis was founded 
in Los Angeles about 14 years ago. Since then, the word has become as
sociated with such diverse activities as airline scheduling, character re
cognition, and the automatic printing of telephone bills. Among mathe
maticians, however, the term ought to be used in a more restricted sense. 
What I understand by numerical analysis could more accurately be described 
as the study of constructive methods, or algorithms, in analysis (and 
algebra). In this sense almost all analysis up to 1800, and the greater part 
of it up to 1900 was, of course, numerical analysis. Only in this century, due 
to the influence of set theory, has analysis gradually evolved into an 
abstract rather than computational discipline, until it finally became ne
cessary to invent a special term for what was left of algorithmic analysis. 

Even if understood in this narrow sense, numerical analysis is too broad a 
field to be given even a superficial survey in a talk such as this. The small 
segment of research in this science which will be the subject of my lecture 
this morning is, however, in many ways typical for research in other branches 
of numerical analysis as well. Moreover, the study of the numerical integra
tion of ordinary differential equations has enjoyed the advantage of being 
supported by a fully developed body of knowledge of the theoretical aspects 
of differential equations, both linear and nonlinear. In contrast to this, 
relatively little is known, for instance, about the numerical solution of 
nonlinear partial differential equations; and in order to gain an understand
ing of the solution even of linear partial differential equations it frequently 
has been necessary to consider rather special problems such as the Dirichlet 
problem for a rectangle. 

We shall consider the initial value problem 

xf=f(t,x) (x(a)=s), (1) 

where ' =djdt. Here x and s are vectors in complex Euclidian A^space KN\ f 
is a continuous function which, in order to avoid unessential complication, 
we assume to be from / x KN to KN, where I denotes a closed finite interval 
[«,&]. In addition we assume that / satisfies a Lipschitz condition 

\\f(t,x)-f(t,y\\<L\\x-y\\ (x,y£KN,tel), (2) 
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where || • || denotes any norm on vectors in KN, and where L is independent 
of x,y, and t. In this comfortable setting we can guarantee the existence of a 
unique solution x=x(t) of problem (1) for arbitrary s£KN. The subject of 
my talk is the construction of approximations to this solution. 

Most numerical algorithms for approximating solutions of differential 
equations consist in a prescription for calculating a sequence X of vectors 
Xn, n=0,1,2,...., intended to approximate x(tn), the exact solution at the 
point tn=a+nh, where h is a positive constant, called the step of the integra
tion method. We shall concentrate on one important class of methods for 
determining the sequence X, namely the class of linear multi-step methods, 
first considered in full generality by Dahlquist [2]. This class contains 
the majority of the methods used in practice. Let k>0 be an integer, and 
let o and a be polynomials with complex coefficients whose degrees are k 
and < k, respectively. Denoting by E the displacement operator, 

(EX)n = Xn+1, 

the linear multi-step method (Q,O) consists in determining the sequence X 
by solving the difference equation 

Q(E)Xn-ha(E)f(tn,Xn)=0. (3) 

The Euler-Cauchy method, for instance, is defined by the polynomials 
Q(Z) =z — l, o(z) = \, yielding the difference equation 

Xn+1-Xn-hf(tn,Xn)=0. 

If / satisfies (2), and if h is sufficiently small, it is easy to show that the 
difference equation (3) has a unique solution X (as long as tn£l) for an 
arbitrary set of starting vectors X0,X1,...,Xk_1. The method does not say, 
however, how to find these starting vectors. I t must be supplemented by a 
starting procedure 2 . By this we mean a set of k vector-valued functions 
/S'0(ä),^1(ä), . . . , £fc_i(A), defined for sufficiently small h>0. The starting 
algorithm then consists in putting 

Xv=Sv(h) (v=0,l,...,k-l). (4) 

In the same way as the differential equation (1) can be regarded as an 
operator mapping each starting vector s onto a function x(t), the method 
(Q,O) can be regarded as a (non-linear) operator mapping each starting pro
cedure S onto a family of sequences X, depending on the parameter h. 

The main interest in the mathematical theory of numerical integration 
centers around the error of a particular method. Actually, two kinds of 
error must be considered. The first is the discretization error, 

En = Xn-x(tn). 

It is uniquely determined by the starting procedure S, the continuation 
method (Q,O), and the step h. The other error is also a kind of discretization 
error, arising, however, not from discretizing the interval / , but from discre-
tizing the number system. If the algorithm described above is carried out 
on a (non-idealized) computing machine, it produces, in place of vectors Xn, 
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whose components are defined by Dedekind cuts, certain vectors Xn with 
complex components whose real and imaginary parts are rational numbers 
of a very special form. The difference 

is called the round-off error; it obviously depends not only on the method, but 
also on the computing machine used, the order in which the arithmetic 
operations are arranged, and on other details of programming. 

Let us begin by considering the discretization error. As elsewhere, the 
sharpness of our results varies with the strength of our hypotheses. At the 
one extreme there is the following question: Making no hypotheses other 
than those already mentioned, are there any simple necessary and sufficient 
conditions for convergence of the method (o,a)2. The first problem is to make 
this question precise. Since the sequence X does not only depend on the 
method (g,a), but also on the starting procedure S, there has to be some 
restriction on S. All we shall require is that 

lim Sv(h)=s (v = 0, l , . . . , J fe- l ) . (5) 
/Z-*0 + 

If this condition is satisfied, we shall say that the starting procedure is 
compatible with the initial value problem (1). We now call the method 
(Q,O) convergent, if and only if, for all initial values problems (1) and all 
compatible starting procedures, 

lim BupIlJ.-aKWlI-O. (6) 
h-*Q+ tnel 

We thus require that the solution of the difference equation tends to the 
solution of the differential equation as A-K) + for all initial value problems 
of the form (1), provided that the starting values of the difference solution 
tend to the starting value of the differential solution. 

I t is clear that for a convergent method the difference equation (3) must 
be a good local approximation to the differential equation (1). This is called 
the condition of consistency and can be formulated precisely as follows. 
If x is the solution of (1), and if Y is the sequence defined by 

Yn~x(tn) (tnei), 

then sup \\Q(E)Yn-ho(E) f(tn, Yn)\\ = o(h) (h->0), 

for all initial value problems (1). I t is not hard to show that the consistency 
condition is equivalent to the two algebraic conditions 

o(l) =0, o'(l)=cr(l). (7) 

I t was recognized by J. Todd [13] in 1950 that consistency alone is not 
sufficient for convergence. We can easily see why by considering a simple 
example. Let us integrate the scalar initial value problem 

x' = 0, 0<t<l (x(0)=0) 
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by the consistent method defined by 

o(z)=-z 2+4z-3, cr(z)=2. 

(This method arises in a natural way by using a one-sided difference approxi
mation for the derivative.) There results the difference equation 

- Xn+2+4Zn+1 - 3Xn = 0 
with the solution 

Xn-(1/2) {3S0(h) -S^h) + [^(A) -50(A)]3»}. 

Even if the starting method is compatible, sup |j-X"n|| need not tend to zero 
as h->0 due to the very rapidly growing term 3n. We can thus see that 

o(z)=0=> | z | < l (8a) 

is a further necessary condition for convergence. Dahlquist [2] in 1956 
showed that the less obvious condition 

Q(Z) = O'(Z)=0^\Z\<1 (86) 

(no multiple roots on \z\ =1) is also necessary for convergence and pro
ceeded to prove the considerably deeper result that the two conditions (8) 
(which are called the conditions of stability) together with the consistency 
condition are also sufficient for convergence. (Dahlquist used a slightly 
different concept of convergence, but his argument carries over with little 
change to the case considered here [5].) 

The above formulation of the stability condition is purely algebraic and 
makes sense only in connection with the methods (g,a). I t would seem 
desirable to have on hand a more intrinsic formulation of the stability condi
tion which could be applied to a wider class of integration methods. One 
way how this might be accomplished is shown by the work of Lax and 
Richtmyer [8], who considered abstract Cauchy problems of the form 

^u(t)-Au(t), a<t^b, 

u(a) = u0. 

Here u is an element of a Banach space, and A is a linear operator. Lax and 
Richtmyer showed that a finite difference operator for calculating approxi
mations to solutions of (9) must satisfy, in addition to an obvious condition 
of consistency, a condition of uniform boundedness (with respect to the step 
h) in order to be convergent. In a similar vein it can be shown that the 
algebraic stability condition considered above is equivalent to the following: 
Given any initial value problem (1) and any bounded (but not necessarily 
compatible) starting procedure S, the resulting family of sequences X is 
always uniformly bounded as Ä-»0 [6]. 

After discussing convergence in the most general fashion possible, let us 
now assume that the solution x(t) is a certain number of times differentiable, 
and that a priori bounds for these derivatives are known. A long sequence of 
papers deal with the problem of finding a priori bounds for the discretiza-
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tion error under these circumstances. For certain special multi-step methods 
such bounds were constructed for the first time by von Mises [16] in 1929. 
We explain the principle by considering the Euler-Cauchy method 

Xn+1=Xn+hf(tn,Xn). (10) 

We subtract from (10) the corresponding relation satisfied by the exact solu
tion, 

h2 

x(tn+1) = x(tn) + hf(tn, x(tn)) + - dn+1, 

where the last term represents the local discretization error, which is small 
by virtue of consistency. It can be shown that 

p n + i | | < | k ' | | , where ||z"|| =sup ||*"(*)||. 
tel 

We find En+1 = En + h[f(tn,Xn)-f(tn,x(tn))]-^dn+1 (11) 

and, taking norms and using the Lipschitz condition, 

\\En+1\\<{l + hL)\\En\\ + *\\z'\\. 

Assuming E0 = Q, there readily follows by induction 

or, using Bernoulli's inequality and giving away only little when h is small, 

{tn-a)L_1 7 

ll*.ll< L P*1i- (12) 

The above bound is typical for the bounds obtained by von Mises and many 
that came after him. The bound always increases exponentially, even in 
cases where the error is known to decrease, as for instance in the numerical 
integration of differential equations of the form x'=Ax, where the eigen
values of the matrix A have negative real parts. The von Mises bound thus 
does not correctly reflect the true behavior of the error for large values of t. 
In this respect some progress can be reported, primarily due to the work of 
Dahlquist [3] and Lozinskii [9]. We shall continue to use the Euler-Cauchy 
method as our vehicle of illustration. The trouble with the von Mises bound 
is that we have been too impatient to take norms. Let us return once more 
to the error equation (11). Denoting by J=fx the Jacobian matrix of the 
function /, it is readily shown that 

f(tn,Xn)-f(tn,x(tn))=JnEn, 

Where <?n = JQ J(tn, X(tn) + lEn) dh 
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We thus can write (11) in the form 

h2 

En+i = En + hJnEn~ — dn+i. 

The solution of this difference equation can be represented in the form 

&2 n rn-k I 

« » — 5 I \Yl(I+hJn„m)k (13) 
Z fc=i Lm=o J 

(/ = identity matrix). We now define for h>0 

\\l + hJ(t,x)\\-l 
fjt(J, h) = sup 

(t,x) h 

and obtain from (13), taking norms, 

Wl<?ll**ll 2{i+hrtJ,h))-k, 
4 fc = l 

<lll*"H? 
"2n » ti(J,h) ' 

This is a bound of the same type as (12), with the exception that the Lip-
schitz constant is replaced by fx(J,h). The point is that jn(J,h) is usually 
smaller than the Lipschitz constant and may even be negative. For the 
sake of illustration, let us consider a system of equations with constant 
coefficients, x'=Ax. Here J=A, L = ||.4||. On the other hand 

jLt(A) = hm /u(A, h) = hm ° — 
ä->O+ ä->O+ h 

exists and is always < ||-4||. If || • || denotes the spectral norm, then 

fji(A) = largest eigenvalue of \(A + A*). 

The quantity JLL(A) has been called the logarithmic norm of the operator A 
by Lozinskii [9], who used it to obtain non-exponential error bounds for 
Adams' methods. Working independently, Dahlquist [3] has used [i(A) 
to obtain similar bounds for another class of linear multi-step methods. 
(The intersection of the two classes is Euler's method.) Some earlier results 
of Uhlmann [14] go in the same direction. 

In the above discussion we have tried to convey the idea that an error 
bound should at the same time approximate the actual behavior of the error 
in order to be useful. From this point of view the most satisfactory statement 
about the error is an asymptotic formula. Ideally, such a formula takes the 
form 

En=h»e(tn)+0(h^). (14) 

Here p is a known integer, and e(t) is a known function that does not depend 
on h. If an explicit bound for the term 0(hp+1) is given, (14) also furnishes 
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a bound for the error, and this bound is best possible in the sense that the 
coefficient of the leading power of h cannot be improved. (Any proof that 
hpe(tn) is asymptotic to the error must contain some sort of estimate of the 
remainder. How explicit this estimate is made is mainly a question of 
esthetics of the presentation of mathematics.) There are other reasons why 
one might be interested in an asymptotic error formula of type (14), or at 
least in the fact that such a formula exists. The asymptotic formula is the 
only means to compare objectively the accuracy of different methods of 
integration. (From the fact that an error bound is better for one method 
than for another, it does not follow that the method itself is better.) Finally, 
the mere fact that an asymptotic formula holds justifies the application of 
a convergence-accelerating procedure known as Richardson's deferred 
approach to the limit [11]. 

Granting sufficient smoothness of all functions involved, an asymptotic 
formula of type (14) holds for all convergent methods (o,a) provided that 
the starting procedure is sufficiently accurate. The integer p is equal to the 
order of the method, which may be defined as the order of the zero(1) of 
the analytic function (log z ) - 1 ^ ) —a(z) at z = l, and the function e(t) is the 
solution of the initial value problem 

e' =J(t)e + CxiP+1)(t) (e(a) =0), 

where J(t) =J(t,x(t)), and where C is a constant depending only on Q and or. 
If the method is such that z = 1 is the only zero of o on the unit circle, 

the conditions to be imposed on S in order for a formula of type (14) to hold 
can be relaxed considerably. All we need is that Sv(h) =s + 0(h). If the 
differential equation is linear, the starting procedure does not even have to 
be compatible [6]. Some work in progress indicates that, for the methods 
under discussion, (14) merely represents the first term of an asymptotic 
expansion of the error in powers of h. 

The situation is totally different if the polynomial o has several zeros on 
the unit circle. I t can be shown that no asymptotic expansion of the type 
just mentioned can exist in this case. In fact, if the starting values are not 
very accurate, not even the leading term of the error formula is as simple as 
indicated above. If we denote the zeros of modulus 1 of o by zx = l,z2, ...,zm, 
there have to be added to the function e(tn) in (14) terms like z? ev(tn), 
where 

ev=XvJ(t)ev, e„(a)#=0 (v = l,2,...,m), 

and where the Xv are constants that again depend only on the method, 

- _ o(zv) 
ZVQ(ZV) 

(v = l,2,...,m). 

The starting values ev (a) depend on the starting procedure S. 
Dahlquist [3], who encountered the numbers X„ in connection with his 

error bounds, called them growth parameters, because they determine the 
growth of the parasitic error components ev. Dahlquist also proved that, if, 
for a given even integer k>0, g and a are selected such that the order p is 

(*) Consistency implies that p>\. 
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maximized without violating the condition of stability, then all zeros of g 
satisfy | z | = 1 , and some of the corresponding growth parameters are always 
negative. Thus some of the spurious error components ev always grow in the 
wrong direction. This can be dangerous if the eigenvalues of J(t) have 
negative real parts. The presence of such spurious error components was 
discussed already by Rutishauser [12] in the case of linear differential 
equations with constant coefficients. It, too, was called numerical instability 
by him and by others. However, since the methods involved are still stable 
according to our earlier definition, it would perhaps be better to speak of 
weak stability in their connection. The methods where z = 1 is the only zero 
on the unit circle accordingly would be called strongly stable. 

With the discussion of weak stability I have reached the end of what I 
wish to say about discretization error. Weak stability and growth parame
ters, however, play a role also in the propagation of round-off error. As 
already mentioned, the sequence of vectors Xn actually calculated is not 
the exact solution of the basic recurrence relation (3). Instead we have 

Q(E)Xn-ho(E)f(tn,Xn)=En, (15) 

where the vectors en, called the local round-off errors, are different from zero. 
By analyzing the round-off operations of the computing machine it is 
usually not difficult to obtain rigorous bounds for ||en||. By using techniques 
similar to those applied in the discussion of discretization error, one then 
may obtain rigorous bounds for the accumulated round-off error Rn=Xn — 
Xn. Bounds obtained in this manner are necessarily valid under the assump
tion that the local round-off errors have always their maximum value and 
reenforce each other systematically. They fail to take into account the stati
stical nature of the rounding process and thus overshoot the mark by a 
wide margin. And again, as in the case of discretization error, bounds do 
not necessarily yield a fair comparison between different methods and do not 
tell the user what kind of error he actually has to expect. For these reasons a 
statistical theory of round-off error, coupled with asymptotic techniques as 
Ä-K), seems to hold more promise than a completely deterministic theory. 
(This is not necessarily the case in other branches of numerical mathematics. 
Thanks to the ingenious and exhaustive researches of J. H. Wilkinson [17], 
fully deterministic and yet realistic round-off error bounds are available 
today for many algorithms of numerical linear algebra.) 

Statistical considerations were applied to the numerical integration of 
ordinary differential equations for the first time by the eminent astronomer 
Dirk Brouwer [1] in 1937, who treated integration like forming a sum of 
numbers with random errors. For systems of two equations, and for a special 
integration method, a more accurate theory was proposed by Rademacher 
[10] in 1948, who took into account the propagation of the effect of each 
local error through the subsequent computation. A complete theory for 
arbitrary systems of equations and arbitrary linear multi-step methods has 
been given only recently [5, 6]. We assume that the local round-off errors 
are random vectors whose expected value and whose covariance matrix 
are known and are of the form. 

E(en) =m (W covar (en) =a2C(tn), 
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where ft and a are o(h), but independent of t, and where the functions q and 
C satisfy certain mild regularity conditions. (For operations in fixed point 
arithmetic it is frequently permissible to take q=0, C=I, for floating 
point operations, q=x frequently leads to realistic results.) We also assume 
(with Rademacher and Brouwer) that all components of the vectors em 

and en are independent for m 4=n. Under these hypotheses the problem of 
determining the parameters of the distribution of the accumulated round
off error becomes tractable, essentially by perturbation methods. We find 
that Rn has the expected value 

E(Rn) = ^ J j W*n) + 0(h log h)}, 

where m' = J(t)m + q(t) (m(a) = 0). 

The method enters the picture only through the factor l/g'(l); weak stability 
does not play a role here. This is not the case, however, for the co variance 
matrix. Here we find 

covar (Rn) = | { V(tn) + 0(h log A)}. 

Vv(t) where V(t)= 2 . |2, 

and the matrices Vv are the solutions of the initial value problems 

rv=XvJ(t)Vv + XvVvJt(t) + C(t) (Vv(a)=0). 

The sum is with respect to all zeros zl,z2,...,zm of g having absolute value 
1; Xv is the growth parameter corresponding to zv. It should be noted that 
the above results depend only on the method (g,a) and not on the starting 
procedure 2 . 

I t is interesting to observe the results of the above theory in idealized 
special cases. For the sake of illustration we shall consider two systems of 
four equations each, both describing the motion of a point in a (|,iy)-plane. 
The first is the first order system corresponding to the two equations. 

£" = _ £ Yj»= —y (linear model problem). 

The second is the nonlinear system describing the relative position of two 
bodies subject to Newtonian gravitation (the two body problem), 

£ v 
£" = — —, v\" = — ~ (nonlinear model problem), 

where R = y£2 + rj2. Under the initial conditions 

|(0) = 1, | ' (0)=0, *7(0)=0, 1?'(0) = 1, 

both systems have the identical solution 

ë(t) = cos t, rj(t) = sin t. 
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Yet the pattern of error propagation in the two cases is quite different, and 
is different also for different methods of integration [6]. Assuming that the 
expected value of the local round-off error is proportional to the solution, 
we find (denoting components by subscripts) 

t for the linear model problem, 

3t2 for the nonlinear model problem. l/m?(*) + m!(*)= l o f 2 

(leading terms only are given). In the table below we give the sum of the 
first and third diagonal elements of the covariance matrix V(t) for both 
model problems and for three typical integration formulas. 

Method 

Adams 
Nyström 
Milne 

Stability-

strong 
weak 
weak 

Growth 
parameters 

1 
1, - 1 

Model problem 

Linear Nonlinear 

2t 2*3 

t t* 
t 1.95e°-44i 

For all methods the error grows much more strongly in the nonlinear 
model problem. I t is not true, however, that a more negative growth para
meter implies a stronger error growth. The most astonishing feature in the 
above table is the exponential growth of the error in the Milne method, 
which completely invalidates the numerical results after, say, 10 revolu
tions. 

Statistical results of the above type can be tested experimentally by in
tegrating the same differential equation a large number of times under 
slightly varying initial conditions and comparing the results with multiple 
precision results [5]. In this manner an experimental distribution of round-off 
errors is realized, whose expected value and covariance matrix can be 
compared with those of the predicted distribution. Such experiments were 
performed for the two model problems described above; the nonlinear and 
exponential growth of error in the nonlinear model problem was reproduced 
faithfully. 

This concludes what I wish to say about the numerical integration of 
first order systems by linear multi-step methods. In the remaining time I 
would like to report briefly about some extensions of the above theories. 

In an important paper [15] Urabe considers integration algorithms where 
to the expression a(E)f(tn,Xn) is added a term of the form 

f(tn+k+1,g(E)Xn-hd(E) f(tn,Xn)) 

where g and à are two new polynomials of degree <k. These methods no 
longer are of the linear multi-step type, but rather represent a crossbreed 
between the latter and the methods of Runge-Kutta type. Urabe has 
formulated necessary and sufficient conditions for the convergence of these 
hybrid methods and has found bounds for the discretization error, using a 
generalization of Lozinskii's logarithmic norm. For judicious choices of the 
polynomials g,a,g and d, these bounds are superior to the bounds that have 
been obtained for some conventional methods. 

11-622036 Proceedings 
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Some of the results for linear multi-step methods have been extended to 
cover methods that integrate equations of the special form 

x™=f(t,x) (m=2,3,...) (16) 

directly, without reduction to a first order system. The approximating dif
ference equation is now of the form 

6(E)Xn-h
mo(E)f(tn,Xn)=0, (17) 

which is the same as before, except that h is replaced by hm. Dahlquist [3] 
has extended to this case his results on stability. For consistency, g now 
must have a zero of order m at z = l, and g{m)(l)=m\ a(l). For stability, g 
again may have no zeros outside the unit circle, and the zeros on the unit 
circle must be at most of order m. 

The case m = 2 of (16) has been studied in somewhat greater detail be
cause of its importance in celestial mechanics. Of particular interest are 
some results concerning propagation of round-off error [4, 5]. Making the 
same hypotheses as before, we now find that 

E(Rn) = ̂ {m(tn) + 0(hlogh)}. 

covar (Rn) = jr3 {F(U + 0(h log h)}, 

where m and V are known functions. This means that both means and stan
dard deviations are worse, by a factor A-1, than in the integration of first 
order systems. This unfavorable behavior can be corrected, however, by 
writing equation (17) (with m=2) in the "summed" form 

1^Xn-ho(E)F(tn,Xn)=0, 

{E-l)F{tn,Xn) = hf(tn+1,Xn+1). . 

(18) 

The mathematical solution of (18), if correctly started, is identical with 
that of (17); however, the round-off error distribution of the solution of (18) 
now resembles the distribution of the error in the first order case. A quanti
tative theory has been given; its results agree closely with those of numerical 
experiments. 

The crucial hypothesis for the above statistical theories is the hypothesis 
of independence of local errors. While this assumption seems to yield realistic 
results in many cases, some situations are known, both in the numerical 
integration of differential equations [7] and in other iterative processes of 
numerical analysis, where the local errors definitely cannot be considered 
to be independent. To elucidate the conditions under which the local errors 
act like independent variables would seem to be a fascinating if difficult 
problem. 
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TRANSFORMÉES DE FOURIER DES 
FONCTIONS SOMMABLES 

Par J.-P. K A H A N E 

Dans l'analyse de Fourier, il est sans doute peu de questions plus naturelles 
que l'étude des transformées de Fourier des fonctions sommables. Cela 
comprend, en particulier, les fonctions, continues sur le cercle, dont la 
série de Fourier est absolument convergente (transformées de Fourier des 
fonctions sommables sur le groupe des entiers), et les suites de coefficients 
de Fourier-Lebesgue (transformées de Fourier des fonctions sommables sur 
le cercle). Le sujet, quoique travaillé depuis longtemps, est resté assez 
mystérieux : en 1958, dans l'introduction à la seconde édition de son traité, 
Zygmund comptait, au nombre des deux ou trois problèmes majeurs con
cernant les séries trigonométriques, celui de préciser la structure des fonc
tions sommes de séries de Fourier absolument convergentes. 

Depuis quelques années, et particulièrement depuis 1958, d'importants 
progrès ont été faits : des problèmes, cherchés depuis longtemps, ont été 
résolus; d'autres se sont posés. Je voudrais tenter de donner ici un tableau 
d'ensemble, en souhaitant que de nombreux congressistes aient pu prendre 
connaissance directement, en entendant leurs auteurs, des résultats récents 
les plus remarquables (je pense, en particulier, à P. Malliavin et P. J. 
Cohen). Les mathématiciens intéressés pourront d'ailleurs se reporter à 
l'excellent ouvrage de W. Rudin [69], qui va paraître incessamment. 

1. Notations et introduction 
Etant donné deux groupes abéliens localement compacts en dualité, G et 

T, on sait que la transformation de Fourier fait correspondre, à toute fonc
tion sommable sur G, une fonction continue sur Y, et nulle à l'infini si F 
n'est pas compact (sauf précision contraire, fonction=fonction à valeurs 
complexes). On désigne par A(T) l'ensemble des fonctions continues sur Y, 
transformées de Fourier de fonctions sommables sur G. Ainsi 

x)=\ (x,u)f(i feA(Y)of(x)= Ì (x,u)f(u)dm(u), 

dm étant une mesure de Haar sur G, fEL^G), et (x,u) étant la valeur en u 
du caractère x. 

Les cas les plus classiques sont les suivants. 
G = r = R, droite numérique : 

f€A(R)of(x)= f e2niux f(u)du (feLx(R)). 
J R 

G = Z, groupe des entiers, et T = T, groupe des réels modulo 1 (ou 
« cercle »): 
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1tA(T)of(x)= 2/We2*'"1 ( 2 |/(»)|<~). 
ne Z neZ 

G = T,T = Z, 

fEA(Z)of(n)= f e2ninuf(u)du (fELx(T)). 

A(T) est une algèbre de Banach pour la multiplication ordinaire, la norme 
étant ||/|| = JG\f(u)\dm(u). A chaque xET correspond l'idéal maximal Ix des 
f£A(F) qui s'annulent en x, et réciproquement, tout idéal maximal s'obtient 
ainsi (Wiener). La topologie de V étant la moins fine rendant continues 
toute les fEA(T), on peut identifier T et l'espace des idéaux maximaux de 
A(T). Etant donné un fermé E ET, on désignera par IE l'idéal des fEA(T) 
qui s'annulent sur E, et par A(E) l'algèbre quotient A(T)IIE. On peut con
sidérer A(E) comme l'algèbre des restrictions à E des fEA(T), avec la 
norme ||gr||B=inf||/||, la borne inférieure étant prise pour toutes les fonc
tions fEA(T) égales à g sur E. 

Cette structure d'algèbre de Banach suggère des problèmes. Par exemple, 
quels sont les endomorphismes de -4(r) ? Existe-t-il un« calcul symbolique » 
dans A(T) plus étendu que le calcul symbolique classique, à l'aide des fonc
tions analytiques ? Y-a-t-il d'autres idéaux fermés dans ^4(r) que les IE ? 
Comme nous le verrons, des progrès décisifs ont été faits ces dernières années 
sur ces trois problèmes. 

On peut aussi—c'est le point de vue de l'analyse classique, et c'est celui 
que nous adoptons au début de cet exposé—considérer A(T) comme une 
classe de fonctions dont il est intéressant d'étudier et de décrire les propriétés 
locales. En effet, l'appartenance à A(F) est une propriété locale dans le 
sens suivant (Wiener) : soit / une fonction définie sur T; si, au voisinage de 
tout xET (et, le cas échéant, du point x à l'infini), / est égale à une fxE A(T), 
il s'ensuit que f£A(T). Si, par exemple, T est discret, on peut se demander 
quelles sont les majorations à l'infini qui entraînent l'appartenance k A(F). 
Si T = T, on peut se demander quelles majorations du module de continuité 
œf(ô) =sup iz-x'Kä \f(x) —f(x') | entraînent /E A(T). L'étude de ce dernier prob
lème remonte à S. Bernstein [2, 3]. 

Dans cet esprit descriptif, on peut aussi s'intéresser aux classes A(E) que 
nous venons de définir, et qui sont constituées des fonctions, définies sur un 
fermé E ET, et restrictions des fEA(T). Une circonstance heureuse est que, 
si E est un ensemble d'entiers, on obtient la même classe A(E) en considérant 
les restrictions à E des fEA(Z), ou les restrictions à E (plongé dans R) des 
fEA(R). De même, si l'on représente T par un intervalle de longueur 1 
sur R, dont on identifie les extrémités, et si E est un fermé strictement 
intérieur à cet intervalle, les éléments de A(E) peuvent être indifféremment 
définis à partir de A(T) ou de A(R). Les études dans cette direction sont un 
peu plus récentes, encore qu'on puisse y rattacher certains travaux de Sidon 
[73, 74] et de Banach [1]. Elles sont loin d'être terminées. 

2. Théorie descriptive des A(T) 

Le problème général de la théorie descriptive est le suivant : étant donné 
un fermé EaT, et un ensemble # de fonctions continues sur Y, décider si 2 
est contenu, ou non, dans A(E). 
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Dès 1914, le problème s'est posé à S. Bernstein sous la forme suivante : à 
quelle condition, portant sur la fonction positive co(ô) (<5>0), A(T) contient-
elle l'ensemble Am(T) des fonctions /, définies sur T, dont le module de 
continuité satisfait cof(ò) =0(co(<5)) (ô-»0). Il n'avait pas obtenu de condition 
nécessaire et suffisante, mais son résultat de 1934 est néanmoins très 
précis : l'inclusion a lieu si la série 27T"*co(l/n) converge (par exemple, 
œ(ô) =<5*+e) et elle n'a pas lieu si œ est assez régulière et que la série diverge 
(par exemple, co(<5)=<5*). La condition nécessaire et suffisante n'a été 
obtenue qu'en 1953, par Stetchkin [77]: c'est la convergence de la série 
2 n~*œ*(lln), où co* désigne la fonction borne supérieure des modules de 
continuité inférieurs à co. Naturellement, la partie originale du travail de 
Stetchkin consiste à montrer que, si la série diverge, il existe une f$A(T) 
telle que œf(ô)=0(œ*(ô)). 

Ce problème se transcrit naturellement quand on considère un compact 
E cz T ou E cz R (voir introduction). On définit AQ,(E) comme l'ensemble des 
fonctions /, définies sur E, dont le module de continuité satisfait cof(ô) = 
0(co(ô)) (d-H)); restreignons nous, pour simplifier, à des fonctions co(ô) posi
tives et croissantes, telles que œ(ô)lô soit décroissante. A quelle condition 
a-t-on Aw(E)czA(E) ? Certains résultats précis ont été obtenus [27, 39]. 
Pour nous borner à un exemple, soit E un ensemble du type de Cantor, 
construit avec un rapport de dissection | ( 0 < | < | ) (cela veut dire que E 
est formé des points a+ò( + l + f ± f 2 ± . . . ) , a et b4=0 étant donnés ; les 
ensembles triadiques de Cantor correspondent à 1 = ^); pour l'inclusion 
Am(E)czA(E), il faut et suffit que la série 2n~al2œ(lln) converge, où 
a = — log |/log 2 est la dimension de Hausdorff de E. 

Indiquons une question naturelle. A quelle condition, portant sur E, 
les inclusionsAû,(E)CZA(E) et Am(T)czA(T) ont-elles lieu pour les mêmes 
fonctions co? Il est nécessaire pour cela que E soit de mesure positive. Est-ce 
suffisant ? 

Une remarque s'impose. Si / est définie sur T, on voit immédiatement si 
fEA ou f$A en considérant le développement de Fourier de /. Si / est 
définie sur EczT, on peut montrer que fEA(E) en extrapolant /, sur T, 
par une fonction convenable. Mais si l'on veut montrer que f$A(E), la 
méthode naturelle consiste à utiliser la dualité : les mesures dp portées par E 
définissent des formes linéaires continues sur A(E), de norme ||<^a|]^* 
=supn | /è(n)| avec p(n)=$e2ninxdp(x); s'il existe une suite de mesures 
dpj9 portées par E, dont les normes dans A* soient bornées, et telles que 
SUPASsf dp,] = oo, on a bien f$A(E). 

L'analogue du problème de S. Bernstein pour A(Z) est le suivant : à 
quelle condition, portant sur la suite positive {con}ne0, est-il vrai que A(Z) 
contient toutes les suites / = {f(n)}n£Z telles que f(n) =0(con) quand n->+ oo ? 
La solution en a été obtenue, en 1926, par Littlewood [50] : il faut et suffit 
que la série Hain converge; autrement dit, la condition est la même que si 
l'on remplace A(Z) par L2(Z). La partie non triviale consiste à montrer que, 
si !t0Jn==o°, il existe des phases tpn telles que {œne

i(pn}n£z§.A(Z). Elle a été 
remarquablement simplifiée par Paley et Zygmund [58] qui ont montré que, 
dans ce cas, on a presque sûrement { ±con}$A(Z) lorsqu'on choisit au hasard 
les signes + , avec probabilité | , et indépendamment les uns des autres. 

Le théorème de Littlewood présente un caractère définitif. Mais un 
problème voisin, et difficile, mérite de retenir encore l'attention. Au lieu de 
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considérer, comme dans ce théorème, toutes les suites / astreintes à la 
condition f(n) =0(con) (?&->+ oo), considérons seulement les suites de coeffi
cients de Fourier-Stieltjes (= coefficients de Fourier de mesures); à quelle 
condition, portant sur {co^}, appartiennent-elles toutes à A(Z) ? La condi
tion 2co| < oo est encore évidemment suffisante, mais elle n'est pas néces
saire (on sait, par exemple, par un théorème de F. et M. Riesz, que con=0 
pour n négatif suffit). Un théorème remarquable, précisant des résultats 
antérieurs de Wiener et Wintner [81] et Salem [70], a été publié en 1957 par 
Ivacheff-Moussatoff [25] : si la suite con est paire (ojn=co_n) et suffisamment 
régulière (si par exemple, pour chaque a > 0 , la suite {^acon}n=1,2, ••• est 
monotone), la condition 2 co« < °° est nécessaire et suffisante; si la série 
diverge, il existe une mesure singulière dp, portée par un ensemble de 
mesure nulle, telle que p(n) =0(con) (TI->+ oo). 

3. Théorie descriptive (suite) : les ensembles de Helson, 

Carleson, Sidon 
Un cas particulier du problème général de la théorie descriptive va main

tenant nous occuper. Désignons par G(E) l'ensemble des fonctions continues 
sur E, et éventuellement nulles à l'infini. Pour quels ensembles E a-t-on 
A(E) = C(E) ? 

Une remarque intéressante fut faite par I. Segal en 1950 [72] : si Y est 
infini, on a A(Y) =^C(Y). En voici une généralisation (et une démonstration) 
facile : appelons « v-maille » tout ensemble de 2V points distincts de T, de la 
forme a0+e1a1+e2a2 + ...+evav, chaque £̂  = 0 ou 1; si, quels que soit v, E 
contient une v-maille, A(E)^=C(E). En effet, si l'on avait A(E)=C(E), les 
duals seraient les mêmes, et les mesures dp portées par E auraient 
des normes | | ^ | | c * et H^H^* équivalentes (\\dp\\ =$E\dp\> | | ^ |U* = 

supueG|j"(#, u)dp(x)\). Or, il est aisé de voir que chaque v-maille porte une 
mesure dp telle que | |^ | |^* <£v||efye||c*, limï,^ooev=0 (on peut, avec un peu 
de soin, choisir ev = 2~(v+1(/2; ce n'est pas nécessaire ici). Donc A(E)=£G(E). 

Sur la droite ou le cercle, l'intérêt de considérer les compacts E pour 
lesquels A(E)=C(E) a été reconnu par H. Helson [18]. Helson a montré 
qu'aucun de ces ensembles ne porte une mesure non nulle dont la transformée 
de Fourier soit nulle à l'infini. C'est pourquoi, de façon générale, on appelle 
ensemble de Helson toute partie compacte d'un groupe Y telle que A(E) = 
C(E). 

Pour que E soit un ensemble de Helson, il est évidemment nécessaire 
que, pour toutes les mesures dp portées par E, les normes ||^||>i* et | | ^ | | c * 
soient équivalentes, autrement dit, qu'il existe un ô=ô(E)>0 tel que 
11 )̂1,4* ><5||d//||c* (car l'inégalité ||cfye||,4* < | | ^ | | c * a toujours lieu). La condi
tion est aussi suffisante. 

Les ensembles de Helson ont des propriétés arithmétiques très parti
culières. Nous venons de voir qu'ils ne peuvent contenir des mailles dont le 
nombre de termes 2P soit arbitrairement grand. D'autre part, à tout en
semble de Helson correspond un entier K tel que, dans toute progression 
arithmétique de 2S termes, il y ait au plus Ks points de E. Plus générale
ment, on peut choisir l'entier K de sorte que, quels que soient xx,...,xnEY 
et s entier il y ait dans E au plus Kns points de la forme ocx xx + a2 x2 +... + 
ocnxn (OL§ entiers, |o^| + . . .+ | a n | <2S) [38, 39]. 
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Ces conditions sont satisfaites si E est un ensemble indépendant, c'est-à-
dire qu'entre des points de E en nombre fini n'existe aucune relation linéaire 
non triviale à coefficients entiers. En fait, tout ensemble dénombrable 
indépendant est un ensemble de Helson. De même, l'ensemble des points 0 
et 2 _ / (j=0,1,2,...) sur la droite est un ensemble de Helson, ce qui montre 
qu'une progression arithmétique de 2S termes peut en effet contenir s points 
de E. 

L'existence d'ensembles de Helson non dénombrables n'est pas évidente. 
En particulier, W. Rudin a montré récemment [67] qu'il ne suffit pas que E 
soit indépendant pour avoir A(E)=C(E). 

Une manière de construire des ensembles de Helson non dénombrables 
est la suivante. Nous avons vu que toute mesure sur Y définit une forme 
linéaire continue sur ^4(r). De façon générale, on appellera « pseudomesure » 
toute forme linéaire continue sur A(Y); lorsque Y = R ou T, une pseudome
sure n'est autre qu'une distribution dont la transformée de Fourier est 
bornée; en tous cas, on sait définir son support. On sait construire sur RouT 
des ensembles parfaits sans vraie pseudomesure [38], c'est-à-dire ne portant 
aucune pseudomesure qui ne soit une mesure, et on voit aisément que de 
tels ensembles sont des ensembles de Helson. La réciproque n'est pas 
établie, et la question se pose, de savoir si tout ensemble de Helson est un 
ensemble sans vraie pseudomesure. Une réponse négative aurait un intérêt 
en relation avec le problème de la synthèse harmonique, que nous examine
rons tout à l'heure. 

La structure des ensembles de Helson est encore assez mal connue. En 
particulier, on ne sait pas si la réunion de deux ensembles de Helson est 
nécessairement un ensemble de Helson. 

Avant Helson, L. Carleson [9] avait considéré les ensembles compacts 
E cz T, tels que C(E) =A+(E), A+(E) étant l'ensemble des restrictions à E des 
sommes de séries « de Taylor » absolument convergentes Hn>^(n)ên inx. 
Il avait montré que ces ensembles (« ensembles de Carleson ») sont carac
térisés par la propriété suivante : il existe xmô1=ô1(E)>0 tel que, pour tou
tes les mesures dp portées par E, supn^0 \p(n) | ^îj*\dp\ • 

Il est évident que tout ensemble de Carleson est un ensemble de Helson, 
mais la réciproque n'a été établie que récemment, par I. Wik [82] : en effet, 
dès que E est un ensemble de Helson, les normes J | ^ M | , s\xpn\p(n), 
supn>0 \p(rì) |, Hm supn^oo \p(n) | sont équivalentes. 

Le théorème de Wik suggère la question suivante. Etant donné une suite 
d'entiers A et un compact EczT, désignons par AA(T) l'ensemble des fonc
tions sommes de séries absolument convergentes 2neA/(7i)e2:i inx, et par 
AA (E) l'ensemble des restrictions à E des f£AA(T). Quelles sont les suites A 
telles que, pour tout ensemble de Carleson-Helson E, on ait AA (E)=C(E) ? 

Ce problème se rattache au suivant, posé par A. Beurling dans son 
séminaire en 1959 [6] : à quelle condition, portant sur A et E, a-t-on AA (E) = 
A(E) ? Beurling a complètement résolu le problème lorsque E est un inter
valle : la condition nécessaire et suffisante est alors \E\ <A. (A), où | E | 
est la mesure (longueur) de E, et À. (A) la densité inférieure de répartition, 
c'est à dire la borne supérieure des densités des suites uniformément répar
ties contenues dans A (une suite uniformément répartie, de densité D, 
étant une suite de la forme {pn}neSi telle que pn—nD=0(l) (n->± oo)). 
La conjecture de Beurling est que l'inégalité \E\ <A. (A) est toujours une 
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condition nécessaire pour avoir AA(E)=A(E). Cela a été prouvé par H. 
Landau [46] dans le cas où E est la réunion de deux intervalles. 

D'autres problèmes, concernant AA(E), ont été étudiés, sur lesquels nous 
ne nous attarderons pas [29, 34]. Certains d'entre eux font intervenir la 
densité supérieure de répartition (borne inférieure des densités des suites 
uniformément réparties contenant A). D'autres se rattachent à l'étude 
des séries de Fourier lacunaires et des suites de Sidon, dont nous allons 
maintenant dire un mot. 

Les analogues des ensembles de Helson sur Z, à savoir les ensembles 
EczZ tels que A(E)=C(E), avaient été considérés depuis longtemps. En 
1927 [73], Sidon avait montré que, si E est lacunaire au sens d'Hadamard 
(c'est-à-dire E = {Xn}n*z-, A-n

=~An et infn>0 An+1/An>l), toute fonction 
/bornée dont la série de Fourier est de la forme ^neEf(n)e2ninx (nous 
noterons alors fELE (T)) est une fonction de la classe A(T); autrement dit, 
avec les notations introduites, LE (T)=AE(T). Puis, indépendamment 
semble-t-il, Banach [1] et Sidon [74] avaient observé que les propositions 
suivantes s'impliquent mutuellement : 

a)L£(T)=AE(T), 
b) A(E)=C(E), c'est à dire que toute fonction nulle à l'infini définie sur 

E y est la restriction d'une fEA(Z), 
c) toute fonction bornée sur E y est la restriction d'une transformée de 

Fourier-Stielt j es. 
On appelle naturellement de tels ensembles E « ensembles de Sidon », et 

la définition se transcrit immédiatement si l'on remplace Z par un groupe 
discret Y. Ces ensembles ont de nouveau retenu l'attention depuis quelques 
années [77, 24, 65]. On sait qu'une réunion finie d'ensembles lacunaires à 
la Hadamard est un ensemble de Sidon, et qu'il existe des ensembles de 
Sidon qui ne sont pas de ce type. On connaît des conditions suffisantes pour 
qu'un ensemble E d'entiers soit un ensemble de Sidon, faisant intervenir le 
nombre de façons d'écrire un entier n sous la forme + % + n2... ± ns (nt <n2 < 
...<ns,n5EE), soit r(n,s) : il suffit qu'existe une constante B telle que, pour 
tout n et tout s, r(n,s)<:Bs [77]. On connaît aussi des conditions nécessaires, 
simples transcriptions de celles que nous avons données pour les ensembles 
de Helson [29]. Un outil intéressant a été découvert par Rudin [65], sous 
la forme d'une nouvelle proposition équivalente à a),b),c): 

d) à toute suite réelle {ocn}neE, correspond une mesure dp sur T et un 
ô>0 tels que, pour tout nEE, Îl(p(n)e-ixn)>ô. 

De même que pour les ensembles de Helson, on ne sait pas si la réunion 
de deux ensembles de Sidon est un ensemble de Sidon. 

4. Les changements de variable permis et les 
homomorphismes 

Il est évident que, si f(x) EA(R), f(ax + b) EA(R) quelle que soit la fonction 
linéaire ax + b (a 4=0). En 1934, P. Lévy a posé le problème [49] : y-a-t-il 
d'autres fonctions cp que les fonctions linéaires pour lesquelles fEÀ(R)=> 
fo<pEA(R) ? 

La réponse fut longue à venir. Elle est négative, comme le montre un 
théorème de Beurling et Helson [7]. Indépendamment, Leibenson [48], avec 
des restrictions tenant à sa méthode, établissait le résultat analogue pour 
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A(T) : les seules fonctions <p telles que fEA(T)^>fo<pEA(T) sont les fonc
tions linéaires à pente entière (voir aussi [26]). 

Le problème concernant A(Z) présentait des difficultés nouvelles, et sa 
solution, due à Rudin [60], est un peu moins simple. Elle s'exprime ainsi : 
pour que l'application cp de Z dans Z soit telle que fEA(Z)=>fo<pEA(Z), 
il faut et il suffit qu'existe un entier q > 0, et une suite {r(n)}nes à valeurs 
entières =j=0 et g-périodique (r(n+q)=r(n) pour tout n), tels que, sauf pour 
un nombre fini de valeurs de n, on ait cp(n + q) — q>(n)=r(n). 

Cette question des changements de variables permis dans les classes 
A(Y), qui ressortit naturellement à des préoccupations d'analyse classique, 
présente un intérêt particulier si on la relie à la structure d'algèbre de 
Banach de ^4(r). En effet, tout changement de variable cp de ce type définit, 
d'après le théorème du graphe fermé, un endomorphisme f->fo<p de A(Y). 
Inversement, soit /->e/ un endomorphisme de A(Y). Adjoignons à T un 
point oo de sorte que la réunion Y^ =Y U {°°} soit compacte (oo est isolé 
dans r«, si Y est compact), et prolongeons les / E A (Y) à Too en posant /( oo ) = 0. 
Comme Y est l'espace des idéaux maximaux de A(Y) (voir introduction), 
tout homomorphisme de ^i(r) sur le corps des complexes est de la forme 
/->/(«), xEYoo. Or, pour chaque x, f->ef(x) est un tel homomorphisme; il 
s'ensuit que, pour tout XEYOQ, ef(x)=f((p(x)), cp étant une application con
venable de Too dans r ^ . 

Plus généralement, si l'on considère deux groupes Y' et Y", les homo-
morphismes de A(Y") dans A(Y') sont tous de la forme f~>focp, où cp est une 
application de T'«, dans Y'^. Ainsi, la détermination de tous les homomor-
phismes de A(Yn) dans A(Y') revient à celle des applications « permises » cp 
de Too dans Y'^, « permise » signifiant que fEA(Y")=>focpEA(Y'). 

Outre les exemples que nous venons de donner (Y' =Y"=R, Y,=Y" = T, 
Y' = r " =Z), des approches de ce problème général furent faites par Helson 
[16] et Rudin [62] dans le cas des isomorphismes, c'est à dire dans le cas ou cp 
est une bijection de T" sur T'. La solution complète de ce problème est due 
à P. J. Cohen [12]. Nous allons tenter de donner une idée de la méthode et 
du résultat de P. J. Cohen, avant de revenir au cas particulier de A(T), qui 
suggère quelques nouveaux problèmes. 

L'idée fondamentale de P. J. Cohen est l'observation suivante : si Y' et Y" 
sont discrets, et si cp est une application permise de Y" dans T', la fonction 
caractéristique du graphe de cp (fonction définie sur Y" xY') est la trans
formée de Fourier d'une mesure sur G" xG'. Le premier problème qui se 
pose (celui des « mesures idempotentes ») consiste à caractériser les parties 
E d'un groupe discret Y, telles que HxeE(x,u) soit la série de Fourier d'une 
mesure dp(u) sur G. A la suite de Helson [17] et Rudin [63], qui avaient 
respectivement étudié les cas Y =Z et Y =Zn, Cohen étudie ce problème, et 
en donne la solution très simple que voici, déjà conjecturée par Rudin 
[64] : les ensembles E considérés sont les éléments de l'algèbre de Boole 
engendrée par les classes latérales de T (cosets) modulo ses sous-groupes 
ouverts. Dès lors, on a le moyen de résoudre le problème des homomorphis-
mes de A(Y") dans A(Y') lorsque Y' et Y" sont discrets. Dans le cas général, 
on observe que, si cp est une application permise de Y' dans Y" 1°) elle est 
continue 2°) elle reste permise lorsque l'on munit Y' et r* de la topolopie 
discrète. 

Cette méthode permet non seulement de caractériser tous les homo-
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morphismes de ^(r*) dans A(Y'), mais encore tous les homomorphismes 
de A(Y") dans B(Y'), B(Y') étant l'algèbre de Banach constituée par les 
transformées de Fourier des mesures sur G'. Nous n'indiquerons pas le 
résultat final, qui est un peu compliqué à énoncer, et nous nous bornerons 
à un intéressant corollaire indiqué par Rudin [69] : tout isomorphisms de 
B(Y") sur B(Y') transporte ^4(r*) sur A(Y'); cela veut dire en particulier 
(pour r / = r / r = r ) que si l'on se donne l'ensemble B(Y) avec sa structure 
algébrique et elle seule, A(Y), comme partie de -B(r), est parfaitement 
déterminée. 

La technique introduite par Cohen pour l'étude des mesures idempotentes 
est intéressante en elle même. Elle l'a conduit au résultat suivant (nous 
nous bornons à l'énoncer lorsque Y =Z) [11] : il existe une suite {cos} positive 
tendant vers l'infini telle que, quels que soient les entiers distincts nv n2, 
..., ns on ait 

L V 2nirijU 

1 = 1 
du > coc 

Il a été conjecturé par Littlewood qu'on peut choisir cos de l'ordre de log s 
(on ne peut certainement pas choisir une suite plus rapidement croissante, 
comme le montre l'exemple n^j). Cohen a montré que l'on peut prendre cos 

de l'ordre de (log s/log log s)1/8, et Davenport [13], améliorant sa technique, 
est allé jusqu'à (log s/log log s)1/4. La conjecture de Littlewood se trouve 
donc renforcée, et elle propose une recherche tentante aux analystes et aux 
arithméticiens. 

Revenons au cas A(T). La méthode de Cohen apparaît alors comme très 
détournée, et on peut conclure plus facilement à l'aide de la remarque 
suivante [48] : les changements de variables permis cp sont tels que les 
fonctions e

2jl tn^x)
} images des fonctions e2nlnx de norme 1, forment un en

semble borné dans A(T). Quitte à soustraire à cp une fonction linéaire de 
pente entière puis à la multiplier par 2n, on est ramené au problème que 
voici : quelles sont les fonctions réelles cp E A (T) telles que les normes ||ein99|| 
soient 0(1) quand n->± oo ? Le fait que seules les constantes satisfassent 
\\einq)\\ =0(1) [7] suggère de chercher quelles sont les suites {con} croissant 
vers l'infini pour lesquelles seules les constantes, parmi les fonctions réelles 
cpEA(T), satisfont \\ei7l(p\\ =0(con) (n->oo). Il y a peu de résultats dans cette 
direction : on sait que, si cp est deux fois continûment derivable et non 
constante, \\etn<p\\ est exactement d'ordre Vn, et que, si cp est linéaire par 
morceaux et non constante, \\em(p\\ est exactement d'ordre log n [26]. Il est 
raisonnable de penser que seules les constantes satisfont ||em,p|| =o(log n) 
(n->oo). 

L'intérêt de résultats de ce type serait d'approfondir l'étude des algèbres 
de transformées de Fourier de fonctions sommables avec poids. Disons un 
mot sur ce sujet. A une suite co = {con}ne2, croissante pour n>0, et assez 
régulière (con+m <concom), on attache suivant l'idée de Beurling [4] une algèbre 
normée A(T; co), constituée des fonctions fEA(T) telles que ||/||û> = 

ILnzz| f(n) |con< oo. Dire que ||e27rm9> || =0(con), c'est dire que, pour toute 
fEA(T;co),focpEA(T). 

De manière générale, il serait intéressant d'étudier les homomorphismes 
d'algèbres A(T; oo); en d'autres termes, d'étudier les applications cp de T 
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dans T tels que fEA(T; oo") entraîne focpEA(T; œ'). Des résultats fragmen
taires ont été obtenus [26, 41]. Il est raisonnable de conjecturer que, co 
étant astreinte à certaines conditions de croissance, les seuls changements de 
variables permis dans A(T;co) (cas co' = co" = œ) sont donnés par les fonc
tions linéaires à pente entière; Y. Katznelson a effectivement prouvé le 
résultat lorsque cp est supposée deux fois continûment derivable [41]. 

5. Les fonctions qui opèrent et le calcul symbolique 
Soit O une fonction à valeurs réelles définie sur l'intervalle ] — 1, 1[. On 

dira qu'elle « opère » dans ^4(r) si, chaque fois que fE A(Y) prend ses valeurs 
dans ] — 1,1[, on a <Do/E A(Y); on dit aussi qu'elle définit « un calcul symbo
lique » dans LX(G), ou, par abus de langage, dans ^L(r). L'étude systéma
tique des fonctions qui opèrent dans A(T) remonte à l'article cité de P. Lévy. 
En fait, il résulte de la théorie de Wiener [80] et Lévy [49] que 

a) si O est analytique sur ] — 1,1[, <D opère dans A(T), 
b) si <& est analytique au voisinage de 0, et O(0) =0, O opère dans A(Z), 
c) si O est analytique sur ] — 1, 1[ et O(0) =0, O opère dans A(R). 

Ces trois cas sont typiques : les résultats valent si l'on remplace respective
ment T,Z, R par un groupe compact, un groupe discret, un groupe non-
compact et non-discret. 

Pour chercher à étendre le résultat a), il était naturel de considérer, comme 
ci-dessus, la croissance des normes ||ein/|| quand ra-»oo5 / étant une fonction 
réelle EA(T). Si en effet ||e*n/|| =0(con), il suffit que O appartienne à A(T;co) 
pour que <î)ofEA(T). C'est par cette méthode que Marcinkiewicz mit en 
évidence en 1940 des classes (/) et (O) telles que, si fE(f) et OG(O), Oo/G 
A(T) [57] : (/) était défini par une majoration des coefficients de Fourier, 
et (O) était une classe de fonctions indéfiniment dérivables (voir aussi 
Malliavin [54]). 

Une extension plus remarquable du résultat a) est due à Beurling [5] (voir 
aussi R. P. Boas [8], M. Kinukawa [45]) : s'il existe une suite positive paire 
{yn}nes, décroissante pour n > 0, et sommable, telle que | f(n) \ < yn pour 
tout n, alors | / | EA(T). Ce théorème conduisait naturellement à se demander 
si la fonction ®(£)=|£| opère dans A(T) ou, aussi bien, dans A(Z); des 
réponses négatives furent apportées, en 1955 et 1957, au moyen de construc
tions laborieuses [26, 28]. 

En 1955, Rudin donnait la première condition nécessaire non-triviale 
pour que O opère dans A(Z) : <D doit être lipschitzienne au voisinage de 0. 
En 1958, il fut d'abord prouvé qu'il existe des fonctions fEA(T) réelles 
(à savoir, certaines sommes de séries de Fourier très lacunaires) telles que 
\\einf\\ croisse presque aussi vite qu'une exponentielle; en conséquence, il 
existe des fonctions indéfiniment dérivables O qui n'opèrent pas dans A(T) 
[30]. Puis, après quelques mois, Y. Katznelson inaugurait une série de 
résultats définitifs [40, 19, 20] : les conditions suffisantes, données ci-dessus 
en a), b), c), pour que O opère, sont aussi nécessaires. En gros, on peut dire 
que seules les fonctions analytiques (en se restreignant à un voisinage de 0 
si T est discret) opèrent dans A(Y). 

Donnons, dans le cas de A (T), un aperçu de la méthode, avant d'indiquer 
les recherches qui ont suivi. Soit F une fonction 2:rc-périodique; notons 
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2 yne
mf sa série de Fourier. Supposons que les translatées de F opèrent uni

formément sur la fonction réelle fEA(T), dans le sens que les fonctions x-> 
F(f(x)-\-t) appartiennent toutes à A(T), et ont des normes bornées par un 
ß indépendant de t. Les formules de Fourier 

(*2n 1 C271 

donnent alors \yn\ ||e in/|| <ß; ainsi, d'une minoration des normes ||ein/||, on 
tirera une majoration des yn [30]. 

Supposons maintenant que les translatées de F opèrent uniformément sur 
une « boule réelle » de A(T), c'est à dire qu'il existe un r > 0 et un/?>0tels 
que, pour toutes les fonctions réelles fEA(T) de normes <r, et pour tout t, F 
(f + t)EA(T) et | | ^ ( / + 0|| <ß. Le même calcul donne \yn\ sup/réelle, „/„^He^H 
<ß. Or on établit que sup/réeiiei H/H<ä ||ßtf|| = ß Ä- On en déduit que les yn 

décroissent exponentiellement, donc que F est analytique [40]. 
Supposons enfin qu'une fonction <D, définie sur ] — 1,1[, opère dans A(T). 

Etant donnée une boule réelle B(0,r):||/|| < r < l , O définit une application 
/->Oo/ de B(0,r) dans A(T), que nous désignerons par (O). On démontre, 
soit en utilisant un théorème de Baire [40], soit directement [19], que O est 
un opérateur borné dans une boule B(0, o) assez petite. Dès lors, il suffit de 
poser <[>(£ sin t) = F(t) avec un e assez petit pour se ramener au cas précédent. 
On en déduit que O est analytique au voisinage de 0, d'où le résultat an
noncé. 

La méthode se prète à des variantes. Signalons les principales. 
1. Au lieu de prendre pour ensemble de définition de O l'intervalle 

ouvert ] —1,1[, il est naturel de prendre un ensemble E du plan de la 
variable complexe x + iy : on dira que O opère dans A(Y) si, pour toute 
fEA(Y) à valeurs dans E, <E>o/G^4(r). Si E est convexe et fermé (et si Y 
est supposé, pour simplifier, compact), il faut et suffit, pour que O opère, 
que O soit analytique-réelle, en x et y, dans un voisinage de E [19]. A notre 
connaissance, il n'y a pas d'autre résultat dans cette direction. 

2. Au lieu de considérer l'algèbre A (Y), on peut considérer l'algèbre B(Y) 
des transformées de Fourier de mesures. Evidemment, B(Y) =A(Y) si Y est 
compact. En dehors de ce cas, on établit que si O, définie sur ] — 1,1[, opère 
dans B(Y), c'est une fonction entière [37, 20]. Ce résultat est lié à l'asymétrie 
de l'algèbre B(Y). Un champ de recherches ouvert est la classification des 
idéaux de B(Y), contenant ^4(r), suivant l'ensemble des fonctions qui y 
opèrent; quelques suggestions dans ce sens sont faites dans le livre de 
Rudin [69]. 

3. Dans le cas ou Y est discret (disons, Y=Z), on peut, au lieu de ^4(r) 
considérer un idéal de A(Y), c'est à dire l'ensemble IE des fEA(Y) qui 
s'annulent sur une partie E de Y. Pour des ensembles E assez lacuna'res, 
il résulte d'un théorème de Zygmund [83] que les fonctions <D lipschitziennes 
en 0 opèrent, et elles seules. Au contraire, pour des ensembles E contenant 
des progressions arithmétiques arbitrairement longues, les fonctions analyti
ques et elles seules opèrent [19]. Rien n'est connu entre ces extrêmes. 

4. Dans tous les cas, on peut poser le problème en remplaçant A(Y) par 
une algèbre quotient A(E)=A(Y)IIE. Prenons pour simplifier Y = T. Si E 
est un ensemble de Helson, toutes les fonctions continues opèrent. Par 
contre, si E contient des progressions arithmétiques arbitrairement longues 
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[36], ou même seulement si E contient des v-mailles pour des v arbitraire
ment grands, seules les fonctions analytiques opèrent [42]. Katznelson 
conjecture [43] qu'à part le cas des ensembles de Helson, les seules fonctions 
qui opèrent dans A(E) sont les fonctions analytiques. 

5. Enfin, au lieu de l'hypothèse que, pour toute fEA(T) à valeurs dans 
l'ensemble de définition de O, on a <£>ofEA(T), Rudin a considéré l'hypo
thèse plus faible que, pour toute /, il existe un p =p(f) <2 tel que la trans
formée de Fourier de O o / appartienne à LP(Z) : la conclusion vaut encore 
[68]. 

Une autre direction, qui devait s'avérer très fructueuse, fut prise par P. 
Malliavin [53, 54]. Au lieu de supposer, comme tout à l'heure, que O opère 
dans A(T), supposons seulement que O opère sur un élément / donné; 
autrement dit, que <S>ofEA(T). Le théorème de Malliavin est que, pour 
certaines fonctions fEA(T), la simple hypothèse <&ofEA(T) entraîne que O 
est indéfiniment derivable, et même que O appartient à une classe de fonc
tions indéfiniment dérivables d'un certain type [54]. 

L'idée de Malliavin est de considérer eluf non plus comme un élément de 
A(T), mais comme une pseudomesure (élément du dual A*(T)) et de cher
cher, non plus à minorer ||eiu/||^, mais à majorer ||ew||ii *• En fait, en prenant 
pour / une série de Fourier très lacunaire, on voit que H^H^* est une fonc
tion rapidement décroissante, soit T(u). Si maintenant on applique la 
pseudomesure eiuf à la fonction <S>ofEA(T), on trouve 

\L< <D(/(z))eiu'<*>dx < IlOo/IU ||e*Ì A. = | |*o/| |r(«) 

et aussi bien on a l'inégalité 

\l eiumdx <T(u). 

Mais, en désignant par dp(t) l'image de la mesure de Lebesgue par /, ces 
intégrales s'écrivent respectivement 

\<3>(t)éutdp(t) et \eiutdp(t) ; 

ce sont les transformées de Fourier de Q)(t)dp(t) et de dp(t). Du fait que 
T(u) est rapidement décroissante résulte que dp(t)=Q(t)dt, avec QEC°°, et 
que Oo E C°°. Quitte à vérifier que o ne s'annule pas sur un certain intervalle, 
on voit que O y est indéfiniment derivable. 

Nous allons voir dans un instant le succès de cette idée dans un domaine a 
priori tout différent. 

6. Les idéaux fermés de A (Y) et la synthèse 

harmonique dans L°° (G) 
Il s'agit encore d'un problème ancien, qui remonte à Wiener et Beurling 

[4]. On sait que, si Y est discret, tout idéal fermé de A(Y) est de la forme IE 

(idéal fermé des fEA(Y) qui s'annulent sur un fermé ^ c T ) . En est-il de 
même si Y n'est pas discret ? 

Par dualité, le problème s'énonce ainsi (« synthèse harmonique ») : est-il 
vrai que tout sous-espace faiblement fermé de L°°(G) (considéré comme 
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dual de ^(G)), invariant par translation, soit engendré par les caractères 
qu'il contient ? 

On peut encore l'exprimer de la manière suivante : soit E un fermé cz Y, f 
une fonction €-<4(r) nulle sur E, T une pseudomesure à support dans E. 
S'ensuit-il que (T,/) =0 ? L'hypothèse était plausible du fait qu'il en est bien 
ainsi si T est une mesure. 

Un contre-exemple très simple fut donné par L. Schwartz en 1947 [71], 
dans le cas Y = R3:E était une sphère, T la dérivée dans une direction de la 
mesure équirépartie sur la sphère (et toute l'idée du contre-exemple tient 
au fait que c'est bien une pseudomesure), et / une fonction quelconque, nulle 
sur E, telle que (T, f) =|=0. Dès lors, l'intérêt se porta surtout sur le cas Y = 
R ou T. 

Une série de conditions suffisantes fut donnée, liant E, f, T (f nulle sur E, 
T portée par E), pour assurer que (T, f) =0. Les plus intéressantes portent. 
sur / seule (conditions pour que / « satisfasse la synthèse harmonique ») ou 
sur E seul (conditions pour E soit « un ensemble de synthèse harmonique »). 

Comme exemple des premières, citons le résultat de Beurling-Pollard 
[59] : si fEA(T) est lipschitzienne d'ordre | (œf(ô)=0(ô*), elle satisfait 
la synthèse harmonique. 

Comme exemples des secondes : si la frontière de E est dénombrable, E est 
un ensemble de synthèse harmonique [10, 56]; de même (C. S. Herz) si E est 
le cercle dans R2 [22] ou l'ensemble triadique de Cantor sur i2[21], ou la fron
tière d'un polyèdre [23], ou un ensemble sans vraie pseudomesure (évident). 

En 1959, Malliavin apporta la réponse longtemps attendue : l'hypothèse 
de la synthèse harmonique est fausse pour T =R, et plus généralement pour 
tout groupe Y non-discret [51, 52, 53]. La démonstration est en étroit 
rapport avec son travail sur le calcul symbolique. En effet, soit comme tout 
à l'heure / une fonction réelle EA(T), telle que les normes ||eiM/||4* soient 
rapidement décroissantes (%->oo) et telles que de plus la densité o de 
l'image de la mesure de Lebesgue par / ne s'annule pas sur un intervalle I 
contenant 0. Soit [/] la sous-algèbre de A(T) constituée par les fonctions de 
la forme Oo/. Des inégalités écrites tout à l'heure résulte aisément 
la continuité de l'application 0o/->O, de [/] dans l'espace CX(I) des fonc
tions continûment dérivables sur I. Toute forme linéaire 0 sur (P-(I) définit 
une forme linéaire sur [/], que l'on peut étendre à A(T) : cette extension, 
que nous convenons de noter 6f, est une pseudomesure telle que (6f, f) = (0t, t) 
(valeur de la distribution 0 sur la fonction t->t); on peut d'ailleurs la choisir 
de telle sorte qu'elle soit portée par l'image réciproque du support de 0 
par /. Pour avoir le contre exemple cherché, il suffit maintenant de prendre 
pour 0 la dérivée ô' de la mesure de Dirac, et T=ô'f : c'est bien une pseudo
mesure portée par l'ensemble des zéros de /, et (T, f) = (ô't,t) = — 1. 

Le théorème de Malliavin donna immédiatement naissance à d'assez 
nombreux travaux [31, 47, 32, 66, 69]. Comme la construction faite par 
Malliavin de la fonction / est assez laborieuse, il a paru intéressant de la 
remplacer par un argument probabiliste : si l'on considère les fonctions 
aléatoires 

00 

f(x) = ^rn(^2n cos 27int + X2n+i sin 2jznt), 
0 

ou rn désigne une suite positive sommable astreinte à un certaine condition 
(par exemple, r^>l/j2; j = l,2,...) et ou les Xn sont des variables aléatoires 



1 2 6 J . -P. KAHANE 

gaussiennes normales, indépendantes les unes des autres, alors il est presque 
sûr que / ne satisfait pas la synthèse harmonique. Citons quelques résultats 
qu'on peut obtenir ainsi : 

— il existe des fEA(T) satisfaisant une condition de Lipchitz deordre 
a > 0 , et qui ne satisfont pas la synthèse harmonique. Signalons que pour 
des raisons techniques, on est resté bloqué à a < J , alors que la borne supé
rieure des a est sans doute \ [31], [32]. 

— il existe des fEA(T) tels que les idéaux fermés engendrés par les puis
sances fn (n = l,2,...) soient tous différents [66]; il existe des fEA(T) tels 
que les idéaux engendrés par / et / (conjugué de /) soient différents [68]. 

— alors que toute pseudomesure sur T dont la transformée de Fourier 
appartient à L2(Z) satisfait la synthèse harmonique (puisque c'est une 
mesure), il existe des pseudomesures que ne satisfont pas la synthèse har
monique, et qui appartiennent à LP(Z) pour tout p>2 [32]. 

Ce qui reste de plus mystérieux est la structure des ensembles de synthèse 
harmonique. Et c'est aussi le plus intéressant pour la classification des 
idéaux des algèbres A(Y). En effet, si E est un ensemble de synthèse har
monique, il existe un seul idéal fermé, à savoir IE, tel que E soit l'ensemble 
des zéros communs aux fonctions qui le composent. Tandis que si E n'est 
pas un ensemble de synthèse harmonique, un travail déjà ancien de Helson 
[15] établit qu'il existe une infinité de tels idéaux. 

L'argument probabiliste invoqué tout à l'heure montre que, dans un 
certain sens, il y a beaucoup d'ensembles qui ne sont pas de synthèse har
monique. Et il est frappant que, jusqu'à présent, on n'ait pas réussi à en 
désigner un seul parmi les ensembles qui s'imposent à l'attention (ensembles 
du type de Cantor, e t c . ) . 

Et particulier, est-il vrai que tout ensemble de Helson soit ensemble de 
synthèse harmonique ? La question revient à celle, que nous avons déjà 
posée, de savoir s'il existe d'autres ensembles de Helson que les ensembles 
sans vraie pseudomesure [38]. 

La difficulté d'une classification des ensembles fermés suivant qu'ils sont, 
ou non, ensembles de synthèse harmonique, apparaît bien par la remarque 
suivante : étant donné un fermé quelconque, il suffit de lui ajouter un 
dénombrable convenable pour le transformer en ensemble de synthèse 
harmonique (cf. p. ex. [39]). 

Pour éviter cette difficulté, Malliavin a introduit tout récemment la 
notion d'ensemble de résolution spectrale [55]. Il s'agit des ensembles fermés 
dont toute partie fermée est ensemble de synthèse harmonique. Il n'est 
pas exclu que cette classe d'ensembles coincide avec celle des fermés qui 
sont « ensembles d'unicité » pour le développement trigonométrique (c'est à 
dire qui ne portent aucune distribution 4=0 dont les coefficients de Fourier 
soient nuls à l'infini). Malliavin démontre l'inclusion dans un sens (tout 
ensemble de résolution est ensemble d'unicité)^1) 

7. Les sous-algèbres fermées de A (Y) 
Lorsque Y n'est pas discret, il existe déjà tant d'idéaux fermés dans ^4(r) 

que la classification des sous-algèbres fermées apparaît comme hors de portée. 
(1) (Note sur épreuves.) Un travail à paraître, de Kahane et Katznelson, dément la 

conjecture : il existe des ensembles d'unicité (par exemple l'ensemble triadique de Can
tor) qui ne sont pas de résolution. 
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Bornons nous donc d'abord au cas ou Y est discret et, pour préciser les 
idées, prenons Y=Z. Pour obtenir une sous-algèbre fermée de A(Z), on 
peut procéder ainsi : on considère une partition p de Z contenant au plus 
une classe infinie, et l'ensemble Ä(J)) de toutes les fEA(Z) qui sont constan
tes sur chaque classe de p . Ä(Z) est une sous-algèbre fermée. Une question 
naturelle, posée par Rudin dans son livre, est la suivante : obtient-on ainsi 
toutes les sous-algèbres fermées de A(Z) ? On peut encore l'exprimer ainsi : 
est-il vrai que, pour chaque partition p , l'idéal de Ä(J)) engendré par les / 
à support fini, soit A(J)), coincide avec Ä(*p) ? 

La réponse est négative, comme on l'a montré récemment [35]. D'autre 
part, il est facile de voir que, si les diamètres des classes finies de p sont 
bornés, cma,A(4p)=Ä(,p). Une classification des partitions, suivant que cette 
égalité a lieu ou non, serait souhaitable, mais elle apparaît difficile. 

D'autres recherches intéressantes sur les sous-algèbres fermées des algè-
bres A(Y) ont été menées récemment, suivant trois directions principales. 

1. Malliavin, comme corollaire de ses résultats sur le calcul symbolique, a 
montré que, si Y est compact, il existe des fEA(Y) telle que la sous-algèbre 
fermée engendrée par /, soit (/), soit strictement contenue dans la sous-algèbre 
[/] formée par les éléments de A (Y) de la forme Oo/ . Suivant la méthode de 
Marcinkiewicz, il a aussi donné des conditions suffisantes, portant sur *F, 
pour que T o / E (f) [54]. 

2. J. Wermer et A. B. Simon ont étudié et élucidé le problème suivant 
[78, 79, 75, 76] : quels sont les groupes G, et les parties S de G, tels que 
l'ensemble des fEA(Y) qui s'écrivent 

-J.* f(x) = f(u) (x, u) dm(u) 

forme une sous-algèbre maximale de A(Y) ? Wermer montre qu'il en est 
ainsi si G = R, et 8 = ( — oo 9 0], ou si G est un sous-groupe discret des réels, et 
S = G H ( — oo, 0]. Simon montre que ce sont substantiellement les seuls cas 
possibles. 

3. Katznelson et Rudin ont cherché s'il existe des sous-algèbres fermées 
de A(Y), autoadjointes (c'est à dire contenant, en même temps que /, la 
fonction conjuguée/), séparant les points de T«, (rappelons que /(°°)=0), 
et distinctes de A(Y). Le problème est suggéré par le fait que, si l'on con
sidère, au lieu de A(Y), l'algèbre des fonctions continues sur Y (et éventuelle
ment nulles à l'infini), la réponse est négative en vertu du théorème de 
Stone-Weierstrass : on dira doue que A(Y) est une « algèbre de Stone-
Weierstrass » dans le cas ou la réponse est négative. Le résultat est la suivant : 
-4(r) est une algèbre de Stone-Weierstrass si et seulement T est totalement 
discontinu [44, 69]. En particulier, A(T) n'est pas une algèbre de Stone-
Weierstrass. 

8. Conclusion 
Quoique que la revue que nous avons faite des résultats récents — et 

moins récents — concernant les classes ^4(r) soit bien incomplète, elle don
nera sans doute l'impression d'être une collection variée de résultats et de 
problèmes, plus que l'exposé d'une théorie. Cela tient peut-être à ce que 
12-622036 Proceedings 
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ces classes A(Y) forment un matériau de construction qui se prête à plusieurs 
types d'architecture, et que plusieurs théories peuvent trouver à s'y appliquer. 
Elles ressortissent aussi bien à ce que S. Bernstein appelait la théorie con
structive des fonctions, qu 'à celle des algèbres de Banach, ou à l'analyse 
de Fourier classique. Au cours de ces dernières années, nous pensons avoir 
montré qu'elles ont suggéré beaucoup de bon travail, et aussi que beaucoup 
de problèmes restent non résolus. Au terme de ce t rop long exposé, nous 
émettons le voeu que de nouvelles énergies s'y a t taquent . 
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TOPOLOGICAL MANIFOLDS AND SMOOTH^) 
MANIFOLDS 

By J. MILNOR 

Suppose that one is given a topological manifold M (i.e. a Hausdorff space 
with a countable basis where each point has a neighborhood homeomorphic 
to some euclidean space). Then one can ask the following two questions: 

Problem 1. Can M be given the structure of a smooth manifold? In more 
intuitive terms: can M be imbedded in a high dimensional euclidean space 
so as to have a continuously turning tangent plane? 

Problem 2. If such a smoothness structure exists, is it essentially unique? 
More precisely, given two such structures on M, does there exist a homeo
morphism of M onto itself which carries one structure to the other? (2) 

The first problem was answered negatively when M. Kervaire gave an 
example of a compact triangulable 10-dimensional manifold which is not 
smoothable. (Thus if Kervaire's manifold is imbedded in some euclidean 
space, its image must have "angles" or "corners" or worse singularities.) 
Other such examples, in other dimensions, have been given by Smale, 
Tamura, WaU and by Eells and Kuiper (references [5], [6], [14], [18], [21]). 

The second problem was answered negatively when the author showed 
that the 7-dimensional sphere possesses several essentially distinct smooth
ness structures (see [8], [9], [13], [17]). 

Thus the two problems are non-trivial. They lead naturally to the follow
ing. 

Problem 3. Given a topological manifold M, can one make a classification 
of all possible smoothness structures on Mi 

The answer must surely depend on a detailed knowledge of the topology 
of if. 

Quite a bit of progress on these questions has been made during the last 
few years. Suppose for example that M is the topological sphere Sn. Define 
two smoothness structures on Sn to be equivalent if there exists an orienta
tion preserving homeomorphism of Sn to itself which carries one smoothness 
structure to the other. For n #=4 it is known that the set of such equivalence 
classes can be made into an abelian group, which is denoted by Yn. The 
structure of this group for many small values of n has been determined by 
Kervaire and Milnor, making use of work by Smale (references [7], [10], 
[14], [15]). (For the cases n<4 see [11], 22].) For example one has: 

r1=r2=r3=r5=r6=o, Y7=Z28, Y8=Z2. 

The groups Yn, ^4=4, are all finite. (3) 

(*) The word smooth will be used as a synonym for "differentiable of class C00". 
(2) This is equivalent to the question as to whether the two resulting smooth mani

folds are diffeomorphic to each other. 
(3) Here Z^ denotes the cyclic group of order k. For n = 4 the group T4 must be defined 

somewhat differently. Nothing is known about the structure of T4. 
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Now let M be an arbitrary triangulated manifold. J. Munkres, in reference 
[12], has defined a sequence of obstructions, whose vanishing implies that M 
can be given a smoothness structure (see also Thorn [19], [20]). These 
obstructions are homology classes of M with coefficients in the groups Yt. 
Similarly, if one is given two different smooth manifolds with the same 
underlying complex, Munkres [11] has defined a sequence of obstruction 
classes whose vanishing implies that the two manifolds are diffeomorphic. 
Again the groups Yt occur as coefficient groups. 

One interesting application of Munkres' results has been made by 
J. Stallings. In reference [16], Stallings shows that the euclidean space 
Rn, T&4=4, has an essentially unique smoothness structure. 

In the remainder of this lecture, I would like to introduce a quite different 
tool, which I hope will be used in the future to attack these problems; 
namely the theory of microbundles. 

A "microbundle" is an object something like a fibre bundle having the 
euclidean space Rn as fibre. However the fibre in a microbundle is not an 
honest topological space, but is only a "germ" of a topological space. This 
can be made precise as follows. 

Definition. An Rn-microbundle over B is a commutative diagram 

E 

/ i d e n t i t y ^ 

where B, E are topological spaces, and i, j are continuous maps; such that 
the following "local triviality" condition is satisfied: 

Requirement. For each b£B there should exist neighborhoods U of 6 and 
V of i(b), with 

i(U)czV, j(V) = U 

so that V is homeomorphic to U xRn under a homemorphism which makes 
the following diagram commutative 

v'-
x o \ 

Ju 
'Pr°J* 

U*Mn 

Here Rn denotes the w-dimensional euclidean space, x 0 denotes the mapping 
u->(u,0), and projx denotes the projection to the first factor: projx (u,x) =u. 

Such a microbundle will be denoted by a single German letter, such as 
£. The spaces E and B will be called the total space and the base space 
respectively. The maps i, j will be called the injection and the projection 
maps of £. 

Note that this condition of local triviality depends only on that portion of 
E which lies in a aribitrarily small neighborhood of i(B). If EQ is any 
neighborhood of i(B) in E then we will take the point of view that the new 
microbundle 
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E0 

i/ \f\E0 

^identity ^ 

can be identified with the original one. More precisely, and more generally: 

Definition. A second microbundle £' over B with diagram 

E' 

^Jdent i ty^g 

is isomorphic to £ if there exist neighborhoods E0 of i(B) in E and E'Q of 
i'(B) in E', and a homeorphism from E0 to i?ó which makes the following 
diagram commutative. 

Here are some examples of microbundles. 

Example 1. For any topological space B and any integer n >0 one has the 
trivial microbundle en with diagram 

B*Rn 

x 0/ \proji 
/ identity ^ 

More generally any microbundle isomorphic to en is called a trivial micro-
bundle. 

Example 2. Let £ be a vector bundle over B with total space E(£) and 
projection map p:E(£)-^B. There is a standard cross-section 

z:B-+E(£) 

which assigns to each b£B the zero vector in the vector space p~l(b). The 
underlying microbundle | f | of £ is defined to be the microbundle 

E& 

£ identity *̂ 

Example 3. Let Jf be a topological manifold. Then the tangent microbundle 
t of M is defined to be the microbundle 

file:///proji
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M*M 
A / Nprojx 

. / identity ^ 1 . 
M —»M 

where A denotes the diagonal map. Thus the "fibre" over a point xQ£M is 
the set of all pairs (x0,y) where y ranges over an arbitrary neighborhood of 
x0 in M. The local triviality condition can be verified as follows. Given 
x0£M let U be a neighborhood homeomorphic to Rn under a homeomorphism 
h, and let V=U x-U. Then V is homeomorphic to U x Rn under the homeo
morphism, 

f(u1,u2) = (u1,h(u2) -AftO), 

which makes the following diagram commutative. 

A >fF \proJi 

x 0 \ y /^proji 
UxjR» 

Now suppose that M can be made into a smooth manifold. Then, using 
the smoothness structure, one can also define the tangent vector bundle r ofM. 
The following result is fundamental. 

THEOREM 1. In this situation the underlying microbundle \r\ is isomorphic 
to the tangent microbundle t of M. 

The proof can be outlined as follows. Choose a Riemannian metric on M. 
Then for any tangent vector v£E(r) which is not too long, there exists a 
geodesic segment 

yv:[0,l]->M, 

whose velocity vector at 0 is the given vector v. Now the correspondence 

*-Ky,(0),y,(i)) 

defines the required homeomorphism between a neighborhood of z(M) in 
E(r) and a neighborhood of the diagonal in M x M. 

COROLLARY. / / M can be smoothed then the tangent microbundle t is iso
morphic to | | | for some vector bundle £ over M. 

A fundamental conjecture would be the converse proposition: 

Problem. If t is isomorphic to 1f1 for some £, does it follow that M can be 
given a smoothness structure? 

The following partial result can be proved. 

THEOREM 2. / / the tangent microbundle of M is isomorphic to |£ | for some 
vector bundle £, then the Cartesian product M x i24n+1 can be given a smoothness 
structure. 

I will not try to describe the proof, which is based on a method due to M. 
Curtis and R. Lashof [4]. 
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Many standard constructions for vector bundles carry over immediately 
to microbundles. For example given a microbundle £ over B, and given a 
map f:B'->B, one can construct the induced microbundle /*£ over B'. 

THEOREM 3. (Homotopy theorem.) If B' is paracompact, and if g.B'-^B 
is homotopic to f, then the induced bundle <?*£ is isomorphic to /*£. 

The proof is similar to the usual proof for vector bundles. 
Given two microbundles £ and t) over the same base space B, one can 

construct the Whitney sum £© t), a new vector bundle over B. By definition, 
£©t), is equal to A*(£ x t)), where £ x ^ denotes the Cartesian product 
microbundle 

i x %X \ j X ?' 

BxB- identity yBxB 

and where A : B->B x B denotes the diagonal map. 

Definition. Two microbundles £ and £' over B belong to the same s-class 
if there exist integers m,m' so that the Whitney sum £©em is isomorphic 
to £'©em '. (Here em denotes the trivial J?m-microbundle over B.) 

THEOREM 4. Let B be a finite dimensional complex. Then the s-classes of 
microbundles over B form an abelian group with respect to the Whitney sum 
operation. 

The proof is more difficult than the corresponding proof for vector bundles. 
The key step, showing that for each £ there exists a t) with £©t) trivial, is 
proved by induction on the dimension of B. 

This group of s-classes of microbundles will be denoted by kT0J>B. The 
analogous group whose elements are s-classes of vector bundles over B will 
be denoted by k0rthogB. Note that the correspondence £-»• | £ | gives rise to a 
natural homomorphism 

^Orthog-" - > »Top B. 

Note also that the groups &Top B (or kOTthogB) behave somewhat like 
cohomology groups. Thus any map / : B'->B induces a homomorphism 

/ :«̂ Top-"~ "̂'Top-̂  • 

If / is a homotopy equivalence, then /* is an isomorphism. 
The groups k0rttogB are well known through the work of Atiyah, Hirze-

bruch, Adams and others (see [1], [2], [3]). Unfortunately very little is 
known about kTovB. For example it is not known whether the groups 
kTopS

n are finite, countably infinite, or uncountably infinite. Even the 
group ß-rop^1 seems forbiddingly difficult to compute. 

The following qualitative result can be obtained. 

THEOREM 5. There exists a finite complex X± for which the canonical homo
morphism 

«torthog -X. 2 ->A;TOp A j 
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has a non-trivial kernel. Furthermore there exists a finite complex X2 so that 
the canonical homomorphism 

is not onto. 
^Orthog -^ 2 " ^ "'Top -^ 2 

Thus the theory of microbundles is essentially distinct from the theory of 
vector bundles. The proof of Theorem 5 is quite difficult. I t is based on 
joint research with M. Kervaire [7]. 

(Actually the proof of Theorem 5 gives a specific example of such a 
complex Xx: namely a 7-sphere with an 8-cell attached by a map of degree 7. 
For X2 the proof shows only that one of two possibilities will work. If 
kTovS

8 is infinite then the 8-sphere itself will serve as a complex X2. If 
kToï>S8 is finite, then the 8-sphere with a 9-cell attached by a map of degree 
3 will serve.) 

Each half of Theorem 5 has an interesting consequence. 

COROLLARY 1. The tangent vector bundle of a certain smooth manifold Mx 

is not a topological invariant. 

Proof. Choose an open set U1 in some euclidean space Rn which has the 
same homotopy type as Xv Then there exists a vector bundle £ over U1 

whose s- class is non-tri vial, and belongs to the kernel of the homomorphism 
^ortnog^i~>^TopCri- Thus the underlying microbundle | £ | is s-trivial. Without 
loss of generality we may assume that | £ | itself is trivial. 

Let ep denote the trivial vector bundle, with total space U1 x Rp, where p 
is the fibre dimension of £. Since |ep | is isomorphic to |£ | it follows that 
some neighborhood Mt of TJ1 x 0 in U1 x Rp is homeomorphic to some neigh
borhood M[ of the zero cross-section in E(%). 

But each of the bundles ep and £ can be given the structure of a smooth 
vector bundle. Hence the open sets Mt c= E(ep) and M[ cz E(£) can be con
sidered as smooth manifolds. Clearly the manifold Mx is parallelizable. 
However the tangent vector bundle of M[, restricted to Ul9 is isomorphic to 

(tangent bundle of Î71)©£^en©£. 

Thus Mi is not parallelizable. This completes the proof of Corollary 1. 

COROLLARY 2. There exists a topological manifold M2 such that no Cartesian 
product M2 x M' can be given a smoothness structure. 

Sketch of proof. Let U2 be an open subset of some euclidean space Rn 

having the homotopy type of X2. Then there exists a microbundle £ over U2 

whose s-class does not belong to the image of the homomorphism 

"'Orthog C 2 —*" «?Top U 2 • 

Let M g be the total space of this microbundle. We may assume that M 2 is 
a manifold. 

I t can be shown that the tangent microbundle of M2, restricted to U2, is 
isomorphic to the Whitney sum 

(tangent microbundle of £7 2 )©ï- e n©?-
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Since th i s is n o t isomorphic t o | £ | for a n y vector bundle £ over U2, i t fol
lows from the Corollary t o Theorem 1 t h a t M2 is n o t smoothable . 

Given a n y posi t ive integer p, a similar argument shows t h a t the product 
M2x Rp is n o t smoothable . B u t th i s implies t h a t n o Cartesian product 
M2 x M' can be smoothable; and proves Corollary 2 . 
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GEOMETRICAL TOPOLOGY 

By M. H. A. NEWMAN 

In the remarkable series of successes that have been achieved in the last 
few years in the domain of geometrical topology, the methods of combina
torial and differential topology have both played a part. In this lecture I 
shall speak of the combinatorial side of the picture, shewing how methods 
which originated many years ago have been revived and powerfully exten
ded to yield such results as a proof of the generalized Poincaré conjecture 
(for all but two still doubtful dimensions), and general theorems on em
bedding and knotting. 

The grand divisions of topology are associated with methods of classifying 
spaces. The most fundamental classifying relation in topology is, of course, 
homeomorphism, which I shall denote by X = Y. Effective classification 
by homeomorphism alone has long been known to be too hard a problem, 
and it has been softened in various ways, for example by weakening the 
classifying relation to homotopy equivalence. Combinatorial and differen
tial topology proceed in the opposite direction, putting in more structure 
and requiring this also to be preserved. To clarify this statement in so far as 
it applies to combinatorial topology I must give a few definitions. 

We shall be concerned only with euclidean complexes, which are composed 
of rectilinear closed simplexes contained in a euclidean space of some con
veniently high dimension. The simplexes form a locally finite set and fit 
together neatly, in the sense that any two intersect, if at all, in a common 
face (sub-simplex). Thus a complex is a set of simplexes; but I shall take 
the usual liberty of using the same word, "complex", for the underlying 
space | K |, which is the point-set union of the simplexes. 

Combinatorial equivalence of complexes, which I shall denote by Kx = K2, 
can be defined in two ways. The simplest is that there should exist a third 
complex, K3, obtainable from either Kt or K2 by a rectilinear sub-division. 
This means that each simplex, a, is replaced by a euclidean complex with 
the same locus, the subdivided simplexes fitting together at common boun
daries in an obvious way. 

A different form of definition of combinatorial equivalence, more in the 
spirit of combinatorial methods, is that K2 should be derivable from Kx 

by a series of elementary transformations, or moves, each affecting only a 
small bunch of simplexes. One may take as moves the insertion of a new 
vertex in a 1-simplex, a1, of K, with consequent division of the simplexes 
of K containing a1; the reverse transformation; and the replacement of K 
by an isomorphic complex. The relation Kx = K2 defined by these moves is 
identical with that based on rectilinear subdivision. 

A series of combinatorial notions can now be introduced which exactly 
parallel those of point-set topology. To the topological w-cell and n-sphere, 
defined to be homeomorphs of the w-disc and n-sphere, respectively, corre
spond the combinatorial n-cell, An, and combinatorial n-sphere, 2n , which 
are by definition complexes combinatorially equivalent to the w-simplex, on, 
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Fig. 1. Combinatorial equivalence. 

and the simplex-boundary, an+1, respectively. A topological w-manifold is a 
separable Hausdorff space in which every point has an open neighbourhood 
homeomorphic to euclidean space, Rn; in a topological 7i-manifold with 
boundary open neighbourhoods homeomorphic to a closed half-space are 
also allowed. In a complex the closed star, st(a), of a vertex a is the set of all 
simplexes containing a, and their faces; and the link, lk(a), is the set of 
simplexes of st(a) not containing a. 

A combinatorial n-manifold ("an Mn") is a complex in which the link of 
every vertex is a 2n _ 1 ; J? is a combinatorial-manifold-with-boundary if 
every lk(a) is a 2 n _ 1 or An_1. The (n — l)-simplexes that belong to just one 
fi-simplex form (with their faces) the boundary, Mn, itself an Mn~l (without 
boundary). 

The analogue, in this theory, of a continuous map is in many contexts a 
piecewise-linear map, f\Kx-^*K2, which may be thought of as a simplicial 
map, not of Kx into K2 but of Kx* into K2*, these being rectilinear subdivi
sions of Kx and K2. An object of the theory is then a space with a class of 
combinatorially equivalent triangulations rather than a single complex. 
A systematic treatment on these lines which shews that we have to do with 
a genuine category, has recently been given by Zeeman [32], but I will 
continue here to speak of individual complexes. 

Equivalence definitions of a combinatorial nature were introduced early 
in the century by Dehn and Heegaard [9, p. 161]. Theories of the kind I 
have just described were developed in the 1920's and 30's: in 1930 by 
Alexander [3] and by myself [16, 17] in 1926, and some initial successes 
were obtained with the theory. The theorem that I have already mentioned, 
equating the two definitions of combinatorial equivalence was proved by 
means of a superposition theorem [18], and some theorems on adding n-
cells to w-manifolds, which I will state here since they are closely related to 
modern work. 

Suppose that Mn, An are a combinatorial manifold-with-boundary and cell, 
which intersect in a An_1 lying in the boundaries of both: i.e. Mn 0 An = 
&n-iŒMn()àn. Then 

Mn[)/SJl
T Mn [16, p. 635, Theorem 8a]. 

Another theorem also proved in 1926 was that any two combinatorial 
n-cells, AÏ, A£ in the interior of an Mn are similarly situated, in the sense 
that there is a piecewise linear equivalence of Mn on to itself carrying 
AÏ into AS (17, Theorem 3]. Indeed there is an "ambient isotopy" of 
Ai into Al, that is a series of equivalences, Mn->Mn, each moving only a 
small region of Mn. 

What is interesting about these theorems is that, obvious as they may 
appear, their point-set analogues are all false. The proof that this is so goes 
back to an example of Antoine [4] in 1920, but Alexander's famous horned-
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sphere construction of 1924 [2] is now more familiar. It shews that the upper 
hemisphere, E%, of the 3-sphere S3 can be embedded in S3, by h, so that 
*ST3 — h(E\) is not an open 3-cell. Therefore h cannot be extended to a homeo
morphism of $3 on to itself, i.e. E\ and h(E\) are not similarly situated. 

In view of this, the point-set analogue of the (Mn U An)-theorem can also 
he expected to fail, since in the point-set case An — An_1 may not be an 
(n — l)-cell, therefore (MnU An)* may not be homeomorphic to Mn, nor a 
fortiori Mn U An to Mn. 

After these and a few other successes, the combinatorial theories ran into 
obstacles, in the shape of crucial theorems which could be neither proved 
nor disproved, so formidable that for many years very little progress was 
made. 

The most famous of these intractable problems was the so-called Haupt-
vermutung of combinatorial topology. The purpose of developing combina
torial theories has always been to apply them to the investigation of the 
underlying spaces, rather than as an end in themselves. The relation Kx ~ K2 

is intended to represent as closely as possible the relation \Kt\ = \K2\ 
between the loci. That Kx = K2implies \KX\ = \K2\ is almost obvious. The 
reverse implication, that any two triangulations of a polyhedron are com-
binatorially equivalent, is the Haupt Vermutung. For 2-complexes this was 
proved in 1943 by Papakyriakopoulos [21]; for 3-manifolds by Moise 
[14] who fully cleared up the 3-dimensional case. For spaces with a diffe
rentiable structure Cairns [7] proved triangulability in 1937, and Whitehead 
[30] in 1940 the Hauptvermutung within a class of diffeomorphic triangula
tions. After this nothing more was known until two years ago, when Milnor 
[13] gave a counter-example for the general Hauptvermutung, in the shape 
of a 6-dimensional complex with two combinatorially inequivalent triangu
lations. But this complex is not a manifold: for manifolds the question is still 
open. However Smale [23, 24] has proved a somewhat weaker result for 
the w-ball, Dn and ^-sphere, Sn. If w=j=4, 5(1) a triangulation of Sn or Dn 

known to be a combinatorial Mn (or Mn-with-boundary) is a combinatorial 
n-sphere or n-cell. Quite recently Stallings [26] has proved the corresponding 
theorem for open euclidean space, with ?i=j=4. These are deep results, but 
they still leave open the possibility of inequivalent triangulations which 
are not combinatorial manifolds. 

Another problem that proved quite intractable for more than thirty 
years was the proof or disproof of a theorem somewhat analogous to those 
on Mn U An mentioned above. Suppose a 2 n _ 1 embedded as a sub-complex 
in 2n . Are the two residual complexes, that have 2 n _ 1 as a common 
boundary, combinatorial w-cells? The point-set analogue is again false for 
7i = 3, as Alexander's horned sphere [2] shews; but he also shewed in the 
same year, 1924, that when n = S the combinatorial theorem is true [1]. 
For n > 3 the question remains unanswered to this day. 

However in 1959, B. Mazur [11] gave a remarkably simple proof of a 
point-set theorem which goes a long way towards an answer, by giving a 
sufficient restriction on a topological (n — l)-sphere A($n_1) in Sn to ensure 
that the closed complements are n-cells. The condition is that Ä(/Sn-1) wears 

(!) The case n = 7 (listed as an exception in [24]) was communicated to me verbally 
by Dr. Smale before this lecture. 
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a collar, or a bi-collar, as Morton Brown now prefers to call it. The theorem 
is then: 

If J is the real interval [ — 1,1], if Ä':$n - 1 x J->Sn is an embedding, and 
if h(x)=h'(x*0) for xES71-1, then &(#n_1) splits Sn into two closed n-cells. 
Mazur's original proof required a further local smoothing condition, but 
Morton Brown's proof [5], published soon after, dispensed with it. I t was 
also shewn directly by Marston Morse [15] that the extra condition could 
be removed from Mazur's proof. 

If now any 2 n - 1 is given in a 2n , it can be shewn by old-style combina
torial arguments (see [19]) that | 2 n _ 1 | is bi-collared in | 2 n | ; this follows 
also from Morton Brown's recent result [6], that the existence of a local 
bi-collaring of Ä($n-1), in a self-explanatory sense, implies that it is globally 
bi-collared. Therefore 12n-11 bounds two topological n-cells in 12n | . If the 
Hauptvermutung for w-cells, in the strong sense that every simplicial 
subdivision of Dn is a combinatorial n-cell, were available, the full theorem, 
that 2 n _ 1 bounds two An's, would follow. In the meantime one may try 
to get a more satisfactory theorem by weakening the combinatorial condi
tions on the embedded sphere, so that the corresponding conditions can be 
shewn to hold also for the complementary complexes, a situation in which 
inductive arguments from dimension to dimension are valid. Such condi
tions were given in my paper [19]. Let us define(1) a 2? and a An inductively, 
to be euclidean complexes whose loci are a topological w-sphere and n-cell 
respectively, and in which the link of each vertex is a 2?"1 or, in the second 
case, possibly a A?"1; the induction starting with 2? = point-pair, A°=a 
single point. I t then still follows that a 2? _ 1 in a 2? is bi-collared, and 
therefore bounds two topological w-cells; and this time the induction goes 
through, to give us the result that, considered as subcomplexes of 2?, the 
two cells are An's. 

I will mention a further simple application of the Mazur-Brown theorem, 
since it was an essential part of the Stallings-Zeeman combinatorial proof of 
the Poincaré conjecture for n>5. If two topological n-cells have their 
boundaries and nothing else in common it is a simple theorem that their 
union is an n-sphere. But suppose they overlap: what then? The Mazur-
Brown theorem shews that the union is still an ^-sphere: if two open topo
logical n-cells have as their union a compact space X, of which they are them
selves open subsets, then X = Sn. Indeed, if the cells are A and B=<j>(Dn), 
and D« is a smaller ball concentric with Dn, the topological sphere <£(!)£) is 
bi-collared in A, the collar consisting of neighbouring spheres. Therefore 
^(D£) bounds a closed w-cell A0 in A; and it obviously bounds the cell 
BK=<t>(DZ) in B. Because A and B are open in M, A0fi B0C=<j>(D7^) and 
-4o U BX=X. Therefore X is a sphere by the elementary theorem. 

I turn now to another important ingredient of much modern work, 
which will take us back into purely combinatorial theories. In the 1939 
paper of J. H. C. Whitehead [29], in which he completely solved the problem 
of characterising homotopy-equivalence in terms of combinatorial moves, 
he proved a theorem about what he called "regular neighbourhoods", a 
term which I now wish to define. 

A complex K collapses into a subcomplex L of itself if it can be reduced 

(*) In [19] called an n-star-sphere and n-star-element. 
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Fig. 2. Collapsing. 

to L by a series of moves, Kt->Ki+1, in each of which a fc-simplex, o*, if 
Kt is removed, having one (k — l)-face free, (i.e. contained in no other sim
plex of Kt), while the rest of o* is in Ki+1. 
(The dimension, k, of or* may vary from one move to another.) For many 
applications it is necessary to allow a preliminary subdivision, and I write 
K\L to mean that K* collapses to L*, where K* is a subdivision of K9 

and L* the corresponding subdivision of L. 
If Mn is a combinatorial manifold, and L S= Mn, a regular neighbourhood, 

N, of L is a sub-complex, N, of Mn such that (1) N is itself an w-manifold 
with boundary, (2) N\L, (3) L ç: int N. If M* is a suitable subdivision of M, 
and L* the corresponding subdivision of L, it is not difficult to shew that 
st(.L*, M*) is a regular neighbourhood of L. Thus every subcomplex has a 
regular neighbourhood, if a preliminary subdivision is allowed. But there 
are many other regular neighbourhoods besides this "thickening". White
head's main theorem was: 

(1) All regular neighbourhoods of a finite subcomplex, L, of Mn are com-
binatorially equivalent, a theorem proved in true combinatorial style by 
induction on the number of moves required to collapse N into L. 

Immediate corollaries of (1) are: 
(2) If K\L then N^^—N^L), where Nl9N2 are arbitrary regular neigh

bourhoods-, and in particular 
(3) If K\a then N(K) is a An. 
These theorems are the prototypes, and in some cases the actual basis, 

of the proofs of many theorems proved in the last two or three years, which 
tell us that certain fine distinctions between spaces are obliterated by certain 
dimension-raising processes, such as taking simplicial neighbourhoods 
("thickening"), or taking the topological product with a cell or open eucli
dean space. Whitehead himself proved the first results of this kind about 
products in 1940, but they have been overtaken by the Poincaré Hypothesis 
or by modern improvements. But recently Macmillan and Zeeman have 
shewn [10] that if Mn is a contractible open manifold then Mn x R? = Rn+* = 
Rn x £2; a n d Stallings [27] has strengthened this to MP*MQ = Rp^ if Mp, 
Mq are contractible open manifolds with p+q>5 and p,q>l. (An open 
manifold has an infinite number of simplexes and no boundary. I t is con
tractible if every subcomplex is homotopic to a point.) That "Mn = Rn" 
need not be true under the above conditions is known from Whitehead's 
1935 example [28] of a contractible 3-space which is not combinatorially, 
nor in fact topologically, an Rz [20]. Mazur has also given an interesting 
example of this kind [12] and Dr. Poenaru will speak in his half-hour talk of 
analogous results in differential topology. 

In a great deal of this recent work, and especially in the combinatorial 
13-622036 Proceedings 
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proof of the Poincaré conjecture, lemmas have been used by Stallings and 
Zeeman which are very much in the vein of the Whitehead regular-neigh
bourhood theorem. Of the rather strenuous proofs of these lemmas I shall 
not say anything here. Dr. Stallings is to speak on knotting theorems in 
his half-hour talk and will perhaps give some examples of them. But I 
would like to indicate briefly how these methods make their appearance in 
the contemporary scene. (From now on all complexes are finite.) 

Zeeman has proved the following lemma [22, 32, 33]: 
I. If Lp is a subcomplex of Mn, a combinatorial manifold, and if p <n —3 

and Lp ~ 0, there exist L\ and K in Mn such that q <p and Lx ^K\L2. 
A complex is p-connected if every subcomplex of dimension ^p is homo-

topic to a point. Repeated use of I obviously gives 
II. If Mn is p-connected, and p^n — 3, then, given L1=LpS^Mn, there 

exists a sequence 
I*! £K{\L 2 Ç^K 2 ...\Lk=apoint. 

Let "K is ringed" stand for the statement that K is contained in the 
interior of a combinatorial n-cell in Mn : K £ intAn £ Mn. If the following 
lemma, closely related to Whitehead's regular neighbourhood theorem: 

III. / / K\L in Mn, and L is ringed, so is K; is combined with I I there 
follows the important theorem 

IV. / / Mn is p-connected, where p<n — 3, then every subcomplex Lv of Mn 

is ringed. 
For Lemma II is applicable, with LP=LP. If Lk is as in that Lemma, it is 

ringed, since it is in the interior of its own closed star, a An. If we assume, 
using a downward induction on Lr, that L2 is ringed, then so is K by III, 
and therefore also L1=LP. 

I t was by using a result of Penrose, Whitehead and Zeeman [22] similar 
to IV, but somewhat weaker, that Stallings proved the combinatorial form 
of the Poincaré conjecture for n>7; and it was by IV itself that Zeeman 
extended it to n>5.1 would like to indicate how some of the results that / 
have mentioned fitted together to give this proof. 

The Poincaré conjecture, in its most general form, said that if a closed 
topological w-manifold ("closed" means compact and without boundary) is 
(n — l)-conneeted then it is a topological »-sphere. (In this context te(n — 1)-
connected" means that every map of a ß-sphere is homotopic to a point, 
for k<n — 1.) The conjecture was proved by Smale in 1960 [23] for n>5, 
with the additional assumption that this manifold carries a differentiable 
structure; and by Stallings shortly afterwards [26] for n>l, assuming that 
it carries a combinatorial-manifold structure [26]. Then Smale shewed 
[24, 25] that his methods give the combinatorial result for n > 5, and 
Zeeman [31] that Stallings' methods could also be extended to give this 
result. 

Since I wish only to give an indication of the method I will consider only 
the case where n is odd, say n = 2m +1. Stallings' device was to consider Tm, 
the m-skeleton of Mr, that is the set of simplexes of dimension <ra; and T%, 
the m-skeleton of the dual subdivision. Since n< 5, ra< n — 3. Therefore, by 
Lemma III, Tm Ç int M, and TI e int Al, where AÎ, Al are »-cells. Now Mn 

is a subcomplex of the join(1) of the complexes T'm and T'*m, where the 
(1) The join, or, of two distinct simplexes, a and T, is the simplex determined by all 

their vertices; and the join of two disjoint complexes K and L, is the set of simplexes ox, 
where a EM and reL. 
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dashes denote barycentric subdivision. For indeed typical m-simplexes 
of T'm and T*m are aQa1... am and am+1...an respectively, where ar is the centre 
of an "old" r-simplex; and a typical »-simplex of M'n is a^ax...an. 

I t follows tha t A 2 can be stretched out along the joining linear segments 
into a cell A3 in Mn, whose boundary lies in the neighbourhood int Aï of Tm. 

This is the situation required by the corollary of the Mazur-Brown 
theorem, mentioned above: int A? and int A3 are open topological »-cells 
whose union is the space Mn, of which they are open subsets. Therefore Mn is 
a topological »-sphere. 

The missing dimensions, 3 and 4, for which the t ru th of the conjecture is 
still an open question, again operate to prevent an inductive proof of a very 
strong form of the theorem. If one had both the combinatorial Poincaré 
conjecture and the Smale "weak Hauptvermutung for Sn" for all dimen
sions i t could be proved tha t if a closed topological »-manifold is (» —1)-
connected and admits a triangulation, then this triangulation is a combina
torial »-sphere. 

I have spoken exclusively of geometrical, and mostly of combinatorial 
methods, but it will be clear from remarks dropped here and there t ha t 
differential and combinatorial topology are running curiously parallel and 
in a sense competing courses a t the present time. The differential methods 
have the advantage of being easily brought into touch with the resources 
of algebraic topology, but the power of inductive arguments applied to 
sequences of local modifications is so great tha t there will always, I believe, 
remain some problems which can be successfully attacked only by the primi
tive bu t penetrating tools of combinatorial topology. But here I am entering 
upon matters of opinion, and even of taste, a sign tha t I should bring my 
remarks to-a close. 
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SOME ASPECTS OF LINEAR AND 
NONLINEAR PARTIAL 

DIFFERENTIAL EQUATIONS 

By L. NIRENBERG* 

The speaker's committee has asked me to speak on some of the recent 
work in nonlinear partial differential equations. I would like to start by 
quoting from Prof. G. Temple's address [58] at the Edinburgh Congress— 
"the closely guarded secret of this subject (differential equations) is that it 
has not yet attained the status and dignity of a science but still enjoys the 
freedom and freshness of pre-scientific study The work of classification 
and systemization of specimens has hardly begun." Indeed most of the 
specimens considered still deal directly with equations arising from physical 
theory or from geometric problems, and the work seems rather special and 
indeed peculiar to some mathematicians from other fields. In the past 
decade, however, the general theory of linear partial differential equations 
with constant coefficients has been greatly developed; this progress is 
described elsewhere in this Congress. 

In this talk which is necessarily limited by my own restricted knowledge 
and inclinations I shall not deal with equations arising from physical pro
blems. Thus, in particular, and also because of time restrictions, I will not 
describe the intensive attack that has been made again in recent years, 
after the basic work by J. Leray in the 30's, on the existence problems for 
the Navier-Stokes equations of fluid mechanics, except to make reference 
to the recent book by 0. A. Ladyzhenskaya [28] (soon to appear in English 
translation) for a clear exposition of much of the recent developments, as 
well as expository articles by G. Prodi [52], J. Serrin [55] and R. Finn [10] 
where further references may be found. (Rather than have a lengthy 
bibliography, I have tried to limit it to papers containing fairly comprehen
sive lists of references.) 

I wish to describe some recent developments in existence and regularity 
theory for nonlinear boundary value problems, mainly for elliptic differen
tial equations, with side remarks for parabolic and hyperbolic equations. 
Since this lecture is directed to nonexperts, I would like to give some 
indication of the techniques used and not merely list the latest and strongest 
results which are often quite complicated to formulate. 

§ 1. Most results for nonlinear problems are still obtained via linear ones, 
i.e. despite the fact that the problems are nonlinear not because of it. So we 
shall begin with the simplest question for a nonlinear problem, a perturba
tion problem, in which the problem differs slightly from a linear one; this 
simply involves the implicit function theorem in a suitable framework. 

To fix notation we usually treat functions u(x), x = (x1,...,xn) defined in 
a bounded domain in En with smooth boundary; u may represent a system 
of functions. Differentiation is denoted by D = (D1,...,Dn),Dj = dldxj, 

1 The author is a Sloan Fellow. 
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D* = Df1...Dnn for a = (a1,...an) with the ^integers >0, and D*has order 
| a | = 2a,. We also write the first and second derivatives of u as UXì,UXìXJ-
For &>0 an integer we use the norm 

\u\k= 2 sup |D%| 

for the space Gk. 
Consider a nonlinear partial differential equation of order m depending 

on some parameters a 
F(e,x,u,D*u)=0, (1.1) 

we are interested in solutions satisfying, say, homogeneous conditions on 
the boundary (or part of the boundary) assuming that u0 is a solution for 
6=0. Hi LQ=L(uQ) is the linearized operator about the solution uQ, the first 
variation of F: 

LQv = L(u0) v = 2 ^ru (0, x, D«u0) IFv, 

then one writes the nonlinear equation (by writing J a s a linear term in 
(U—UQ) plus a remainder term of higher order) 

L0(u-u0) = R[u,e], 

where R involves higher order terms in u—u0 and its derivatives. If the 
linearized problem 

L0v=f 

with the homogeneous boundary conditions has a solution (say unique) 
v =Lô1f, such that if / belongs to a certain class of functions then the mth 

order derivatives of the solution v belong to this same class, the Picard 
iteration: 

un+i=Là1R[unìé] 

will yield a solution. This is just the usual implicit function theorem. In 
applying it the main thing to verify is the property of the solution Lô1f— 
that it is sufficiently differentiable. Otherwise one loses differentiability in 
each iteration step. 

For elliptic partial differential operators L0 and for a wide class of boun
dary conditions it has been shown that LQ1 has the right properties, in a 
suitable function space. This is a consequence of the, so-called, Schauder 
type estimates for such equations; see S. Agmon, A. Doughs, L. Nirenberg 
[1] (these estimates have been derived also for general elliptic systems in 
part 2 soon to appear), see also F. Browder [3]. 

We remark that the class of boundary conditions for which such estimates 
hold are those satisfying certain algebraic relations involving their leading 
parts and the leading part of the operator L0. (A simple way of describing 
these conditions at the boundary point xQ is to consider the leading part 
L'o of LQ, and leading parts of the boundary differential operators with 
coefficients having their value at x0, i.e. constant, and to imagine the boun
dary as flat at x0, and require that the only bounded finite sum of ex
ponentials v satisfying L'Qv=0 in the half space, and satisfying the leading part 
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of the boundary conditions on the boundary of the half space, and tend
ing to zero as we go to infinity normal to the boundary, isv = 0.) Re
cently there have occurred some situations in which the lower order 
terms also play a crucial role, in particular, in the work of C. B. Morrey 
[39] and its extension by J. J. Kohn [27] on complex analytic manifolds; 
the general situation here has yet to be cleared up. For planar boundaries 
and constant coefficients, in the case of one operator, L. Hörmander [22] 
has resolved the problem of regularity at the boundary. 

Let us return to the general perturbation problem or implicit function 
theorem. The Picard iteration method described there converges like a 
geometric series. Namely ||wn+1—wn|| ^ö||^n—wn_1 | |,0<l. Here || || denotes 
some norm. It may occur in practice that the operator LQ1 "loses" deriva
tives. For instance, if we work with the spaces Ck (which is not very suitable 
for elliptic problems) we want LQ1 to map Ce boundedly into CQ+m but it may 
only map Ce boundedly into Ce+m~a (thus a loss of a derivatives). Then 
Picard iteration doesn't work. In 1956 J. Nash [46] was able to treat a special 
situation just of this kind occurring in his work on isometric embedding of 
Riemannian manifolds. He did this by means of a rather remarkable but 
complicated and, to me, mysterious scheme involving a combination of 
approximation and "smoothing" of functions. This method was set into a 
general framework by J. Schwartz [54] who proved a general implicit func
tion theorem. Recently J. Moser [44] has succeeded in giving a clear and 
conceptually straightforward proof of this and I would like to describe the 
idea of this important method—sticking still to a partial differential equa
tion although the method works for general nonlinear functional equations. 
I t involves two devices: 

(1) An iteration scheme—Newton's instead of Picard's. Newton's method 
is the following 

U>n+1-Un= - I r ( f ^ ) - 1 J ( c , a ? , 2 ) X ) S ï a , - i W - ^ M j . 

Thus we assume not only that L(u0) is invertible but also L(u), for u suffi
ciently "close" to u0. By the mean value theorem we have 

| F[un] - F[un-i] - L(un-i){Un ~ Un-i) \Q < COnst | Un - Un-i |m+p- (1.2) 

If L(un)~
x were a bounded linear map of Ce+m into CQ we would consequently 

have 
| Un+i — Un \m+Q < COnst I Un — Un-x \m+Q 

and hence very rapid convergence of the iteration scheme. 
Moser uses this scheme together with a smoothing device (also used by 

Nash), an operator TN depending on a parameter N: 
(2) For every N large TN is a linear mapping of functions into C°° func

tions with the properties (here ô >0 is a fixed number): 
For all integers p, q ̂  0 

(i) \TNu\p+q<const Nq+Ô\u\p, 

(ii) \u-TNu\p<const N-Q+Ô\u\p+Q. 

The constants depend on p and q. Condition ii) expresses the fact that the 
approximation TNu is very close to u if u itself is very smooth. (In case we 
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consider functions u defined in all En [or periodic in all variables] such 
smoothing operators may be obtained by multiplying the Fourier transform 
of u [or Fourier coefficients of u] by functions with compact support, or, 
what is equivalent, by convoluting u with suitable kernels K(Nx) such that 
$K(x)dx = l. One even obtains (i) and (ii) with (5=0.) 

Let us see how to obtain a solution u of (1) in some class Cm+Q assuming 
that the inverse of the linear operator L(u) is defined for |w—w0|m suffi
ciently small and is a bounded map of Ce into CQ+m~a, i.e. it loses a deriva
tives. Moser's iteration scheme is to choose Nn+1=N%2, and set 

With fjt=3(a+ô),l=*35(a+ô + l) one shows inductively that 

| Un+l - Un | m + e < COnst Nnii» 

\v>n-U0 |m+ö+Z < COnst Nl
n. 

These estimates are not very difficult to prove using (i) and (ii) and assuming 
that u0, the initial solution, belongs to cm*Q+l. The iterates un converge to 
a solution u in Gm+e; u is thus considerably less smooth than the initial 
solution u0. In working with general nonlinear operator equations Moser 
imposes a third condition (condition (3) in [44]) which is usually satisfied 
in practice, and which we have omitted here. 

This result and its proof are set within the framework of linear spaces. 
For nonlinear problems this seems slightly unnatural, but there is as yet no 
systematic theory operating without these spaces. 

Moser has applied similar techniques in studying stability of Ck solutions 
of ordinary differential equations. In this work he is not able to operate in 
a linear function space. Furthermore the nonlinear character of the equa
tions is used in an essential way, indeed he obtains results because of the 
nonlinearity not despite it. This work is related to the work of Kolmogorov 
and Arnold on stability for analytic nonlinear differential equations; the 
use of Newton's method was suggested by that work (see Moser's report at 
the Congress). 

§ 2. We turn to more special equations—second order quasilinear equa
tions of the form (using summation convention) 

atj(x, u, Du) uXiXj = f(x, u, Du) (2.1) 

axì positive definite matrix, or equations in divergence from 

—a%(x, u, Du) = f(x, u, Du), (2.2) 
oXi 

daijdux} positive definite matrix, such as arise from regular variational 
problems 

o\F(x,u,Du)dx = 0, (2.3) 

for which the Euler equation is 
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\OUxiJxi OU 

One may also write (2.2) in the "weak" from 

> Dv) U + f(x, u, Du) Ç)dx = 0 (2.2') (a±(x, u,, 

for all f G Go3, i.e. for all functions CEC00 with compact support in the domain. 
Since Hilbert formulated the problem of showing regularity of solutions of 
(2.3) or (2.4) these equations have received much study concerned also with 
existence theorems for boundary value problems. 

Much of the work in connection with these equations has been directed 
to finding a priori bounds for solutions of the equations, i.e. bounds for a 
solution and its derivatives, assuming that a smooth solution exists. The 
search for such bounds goes back to the fundamental work of S. Bernstein, 
and their use has been fully clarified in the basic work of J. Leray and J. 
Schauder [33]. 

We can give a brief indication, to those who are not familiar with the 
field, how these bounds may be used in proving existence of a solution of, 
say, (2.1) with given boundary values. Assuming that we know how to solve 
linear elliptic problems (elliptic here means that atj is positive definite), 
insert in the coefficients of (2.1) a function v (and its first derivatives), and 
solve the corresponding linear elliptic equation for a function u taking on 
the given boundary values. This defines a transformation u = T[v] which, 
because u belongs to a higher differentiability class than v, can be shown to 
be a compact operator. If we had a priori bounds for solutions of such linear 
elliptic equations which involve practically no knowledge of the coefficient, 
say that u and some derivatives are bounded, then we could assert that T 
maps the set of functions satisfying these conditions into itself. Because T 
is compact it would follow, by the Schauder fixed point theorem, that T 
has a fixed point—which is then a solution of (2.1). Thus we see why it is 
useful to obtain a priori bounds for solutions of linear equations under 
minimal assumptions on the coefficients. 

A more general procedure is to obtain a priori bounds for solutions of the 
nonlinear problem by using some special features or structure of the equa
tion. Then one connects the equation by a one parameter family of equations 
Et,0<t<l, to an equation El9 which one can solve. If a priori bounds for 
solutions of all these equations can be obtained, e.g. that some norm 
||w|| of the solutions u remain bounded, ||%|| <K, then in the sphere \\u\\ <K 
in the Banach space with || || as norm one may try to use the Leray-Schauder 
[33] theory of degree of mapping (see also Leray [32] and M. Nagumo [45]) 
to show that all the equations Et possess solutions starting from El9 since 
the solutions cannot cross the boundary of the sphere \u\ <ÜT. 

Before taking up any special equations let me mention a few tools of the 
calculus which are used; these sometimes enable one to treat certain lower 
order terms in an equation as minor perturbation terms. In the following 
we use | D*u \ LQ to denote the sum of the LQ norms of all derivatives of u of 
order /, and denote constants by c; also j<m below., 

file:///OUxiJxi
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Sobolev inequalities: 

\Diu\L9<c(\Dmu\Lp+\u\Lp) 

1 _ 1 m — ?\ 

q p n 

Interpolation inequalities: 

> 0 . 

\Dju\Lq<c\Dmu\a
Lp\u\\-r

a + c\u\Lr, for ^ < a < l 

1 j—am a \—a ^ 
if - = L + - + >0. 

q n p r 

The latter inequalities enable one to say that the set of bounded functions 
with derivatives of order m in Lp form an algebra—a fact that is useful in 
nonlinear problems. (Proofs of these may be found in L. Nirenberg [48], 
lecture 2, and in E. Gagliardo [13].) The interpolation inequalities are special 
cases of general abstract interpolation inequalities that have been found in 
the last few years which are generalizations of the Riesz-Thorin convexity 
theorem. These should prove useful in nonlinear problems. We content our
selves here with the following references: E. Gagliardo [14], A. P. Calder on 
[4], J. L. Lions [34] where further references may be found. Some applica
tions to nonlinear problems are indicated in chapters 4, 8 and 10 of J. L. 
Lions [35]. 

Another concept that is used in the study of nonlinear differential equa
tions is that of "weak" or "generalized" solution. Using Wp, (or Hm,p) to 
denote the completion in the norm 2i a \^m \ F>Ku \ LP of C°° functions (the pre
ceding inequalities extend to functions lying in these spaces) one says, say, 
that u G Wp is a weak solution of 

(aijUx^xj^f 

(aaUxiCxj + U)dx = 0 for al l £ G <70°°. / « 

In seeking to prove existence of regular solutions of nonlinear elliptic 
equations it is often convenient (and usually simple) to prove first the exist
ence of a weak solution. Then one attempts to show that this solution is 
regular. 

§ 3. In considering second order equations I shall divide the results to be 
described into two classes; those similar to results for linear equations and 
others which are more nonlinear—starting with the former. In seeking 
bounds for solutions of equations (2.1) and (2.2) one has first, in case the 
maximum principle applies, a bound for the solution itself. In the 1930's 
Schauder developed an extensive theory for linear equations with Holder 
continuous^) coefficients (this has been extended in [1]). Applying this 
theory one obtains bounds for all derivatives of a solution of (2.1) if a bound 

(1) A function v is Holder continuous, or satisfies a Holder condition if 

\v{x)-v{y)\ 
sup—j T^— <oo, a < l . 

\x-y\ 
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for its first derivatives and their Holder continuity is known. So we shall 
restrict ourselves to these. For two dimensional, (n=2) problems, after 
Schauder and Leray (see C. Miranda [36] for other references) the basic 
work in getting bounds for solutions, from which much further work stems 
is due to C. B. Morrey [37-38]. This work is connected with the theory of 
quasi-conformai mappings (see also L. Bers, L. Nirenberg [2]). In higher 
dimensions little was known (see, however, H. 0. Cordes [5] where other 
references may be found) until in 1957 E. de Giorgi [6] (and in 1958 John 
Nash [47], for parabolic equations, which we mention later) succeeded in 
estimating the Holder continuity in compact subsets of solutions u of linear 
elliptic equations in divergence, i.e. in the weak, form 

/ • 
aijUxiÇxjdx = 0 for all f G CS3, (3.1) 

assuming the equations to be uniformly elliptic, i.e. to satisfy 

3 

for suitable positive constants m, M. They showed that a solution u in 
W\ is Holder continuous. De Giorgi used this result to prove the analy-
ticity of solutions of uniformly elliptic variational problems, 

•J-o\F(Du)dx = 0. 

Any first derivative uXk of such a solution satisfies an equation of the form 
(3.1), namely 

I •& UiUj uXkxi Çqdx = 0 for all £ G (7g° 

and Uxk is easily seen to belong to W\. Therefore uXk is Holder continuous, 
and the analyticity of u then follows from previously known results. The 
proof of Holder continuity of solutions of (3.1) involves two steps: 

(a) Obtaining a bound for u, of the form 

\u(y)\2dy, 
-x\<R 

(b) Then deriving a Holder condition for u. 
Alter de Giorgi simpler proofs have been given by J. Moser [42-43] and 

G. Stampacchia [56]. Stampacchia's proof of (a), which is closer to de 
Giorgi's, involves choosing for £ in (3.1) a CQ function ip times a truncation 
of u,uk = msbx(u — Jc,Q). This choice gives immediately a bound on the L2 

norm of grad uk. Using Sobolev's inequalities one obtains a bound for the 
measure ak of the set where u>Jc. Repeating this argument again one ob
tains an estimate for ah in terms of ak, h>k and one finds that for h > some 
k0,ah=0, i.e. u<h almost everywhere. Moser's proof of (a) works with the 
Lp norm of u in place of ah; he chooses for £ a function ip G (7J° times a power 
of u (note that though this is a linear problem nonlinear operations are per-
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formed), and shows that the Lp norm of u on a compact subset remains 
bounded as p-*oo. 

Stampacchia (see his Congress lecture and [57] has used his method of 
proof to prove the following 

Maximum principle: Let u G W\ be a weak solution in a domain 3) of 

(aifuXi + f])Xj > 0, ayÇigj >m|f, u = <f> on boundary (3.2) 

i.e. (anuxi + //)Çxjdx < 0 for £ > 0, £ = 0 on boundary. (3.2') 

then -M<max<i-i — 2 1 / J U » f° r #>?&. 
r m y 

We may give a brief sketch of the proof. Take for £ the function 
max (u — k, 0) with k > max <f>. Then from (3.2') we find, letting Dk denote 
the set where u>k, and ak its measure 

m\ |gradw|2efo< 1 2 / ^ / 1 ^ ^ 1 |gradw|2da;i I 2 | / i | 2 ^ ) 

or, by Holder's inequality, 

m [ j j grad ufd^ * < ß \f, UW"^'. 

By Sobolev's inequality it follows that for some constant C 

( fz>j^^^N^) 1 / f f <£ 2 | / / k c r Ä < p" 2 ) / 2 P 3 for q= 2n 
n-2' 

Therefore restricting the integration on the left to Dh, for h>kwe find 

h — k 

For jp > n the power of a* on the right is greater than that of oh on the 
left and one shows consequently, fairly readily, that 

v f ^ i const^, , , 
ah = 0 for h > max ó H > /y kp 

which is the desired result. 
The most elegant proof of the Holder continuity (b) has been given by 

Moser in [43] (his second proof). I t is based on a 
Harnack inequality: any nonnegative solution u of 

(avuXi)Xj = 0, m 2 & < auSib < M 2 Sf 

in a unit sphere, satisfies in any concentric smaller sphere S 
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max u < C min u, 
s s 

where C depends only on m, M and S. 
This yields easily the fact that if u is a bounded solution of (3.1) in a sphere 

then its oscillation (max-min) in a concentric sphere of half the radius is 
bounded by 0( < 1) times its oscillation in the full sphere. Holder continuity 
then follows easily in turn from this result. 

(Moser's proof makes use of a lemma by F. John and L. Nirenberg [25] 
which has also been used by F. John in an interesting paper [24] studying 
(nonlinear) mappings of a domain in En into En which differ little from an 
isometry. 

LEMMA. Suppose u is an integrable function in a cube C0; denote by uc the 
average of u in a parallel subcube C. Assume that for every such subcube C the 
inquality 

(k-«c|)c<l 

holds then u£Lp for avery p, in fact j"c0 ea^u~UOo^dx^ const, for some suitable 
constant a > 0.) 

The results of de Giorgi have also been extended to hold in the full domain 
(not just compact subsets) for solutions satisfying various boundary condi
tions. These extensions yield existence theorems for uniformly elliptic 
equations (2.2) and (2.4). The results have also been extended to certain 
nonuniformly elliptic equations. The main extensions of this kind, and 
applications to boundary value problems, have been given by C. B. Morrey, 
O. A. Ladyzhenskaya and N. N. Uraltseva, O. A. Oleinik and C. N. Kruzh-
kov. The equations are not required to be uniformly elliptic but, say for 
(2.2), the coefficients at are permitted to behave like polynomials in the 
uXi. The conditions on the coefficients are too complicated to be stated 
here, but there are examples showing that these conditions are rather 
natural. I mention here just one condition involved in one case for (2.2), 
here F2 = l + |w|2 + |grad u\2, f = (fi,...,fn) a rea,l vector; 

mF fc |£|2<|^,<MFk |£|a ( i>- l ) , 
CUxj 

and at is permitted to grow like Ffc+1. In case (2.2) comes from a variational 
problem (2.3) the further conditions express the requirement that the func
tional $F(x,u,Du)dx be of class C2 in the space W\+2. 

This work, together with complete references, may be found in the clear 
expository article by Ladyzhenskaya and Uraltseva [29], in the papers 
[40-41] by Morrey and in Oleinik, Kruzhkov [50]. 

I will just mention one result from the paper [29]. Consider the simple 
nonlinear equation: 

Au = quadratic in the u^u^^ on boundary 

(here A represents the Laplace operator, this is a very special case of a 
result in [29]). I t is known, and in fact not difficult to derive with the aid 
of the interpolation inequalities mentioned above, that if ̂  is small, or if 
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the coefficients in the quadratic are small, or even if the oscillation of u in 
a fixed region is small, then one can obtain a priori estimates for all deriv
atives of u and prove the existence of a solution. If the quadratic is replaced 
by something of higher degree in uXi then a regular solution need not exist, 
while for lower degree it is quite easy to prove existence. I t has been an 
open question for some time to see if there is existence in the case of a gen
eral quadratic. This is settled in the affirmative in [29] by Ladyzhenskaya 
and Uraltseva. The main step is an estimate of the Holder continuity of u, 
and its derivation is similar to their extension of de Giorgi's work, and is 
therefore not very simple. 

G. Stampacchia [57] and D. Gilbarg [16] have also obtained existence 
theorems with the aid of de Giorgi's result and its extensions. In particular 
for equations in a strictly convex domain they have independently obtained 
some very clean results. To mention one, consider a variational problem 

ô F(uXi)dx = 0, u = <f> (smooth) on boundary, 

which is supposed to be regular, i.e. for which the Euler equation is elliptic, 
d2FjduXiduXj is positive definite—then F is a convex function. They prove 
that there exists a unique (regular) solution of this problem. The proof is 
based on the a priori estimate 

|^| +|gradai <#(©,<£) 

where the constant K depends only on the (strictly convex) domain 2) and 
the boundary function <f>, K does not depend on the function F. The estimate 
is easily derived with the aid of the maximum principle (which holds also 
for grad u) and a comparison function which is linear. Using the estimate 
Stampacchia's existence proof proceeds as follows: He modifies the function 
F for [grad u | >K so that the new function F is uniformly regular, i.e. the 
eigenvalues of the Hessian matrix are bounded from above and below by 
fixed positive constants; this indeed is the main step of the proof. For the 
variational problem ô$F(uXi)dx = 0, u =cf> on boundary, it is very easy to find 
a weak solution in W\. Using the extension of de Giorgi's result to the 
boundary for uniformly elliptic problems it follows that this solution is 
regular. But it must also satisfy the a priori estimate above, and hence is 
seen to be a solution of the original problem. 

A word about parabolic equations. Using quite different methods J. Nash 
[47] proved the analogue of de Giorgi's result for parabolic equations in 
full space of the form 

du 
— = (ai3uXi)Xj. 

This has been generalized by Oleinik and Kruzhkov [50], and rederived and 
extended by Ladyzhenskaya and Uraltseva [30] by adapting de Giorgi's 
methods. The analogue of the Schauder theory for linear equations had been 
established by A. Friedman [11] who treated also nonlinear problems [12]. 
Various existence (as well as nonexistence theorems), a priori estimates and 
stability theorems, have also been given by A. F. Filippov [8] and S. Kaplan 
[26]. Unfortunately we cannot describe these results here. 
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What about higher order elliptic equations? Very little is known, but 
recently M. I. Vishik [59-60] has made an interesting beginning by proving 
existence of weak solutions for certain classes of quasilinear systems (written 
in divergence form) whose coefficients behave essentially like polynomials in 
the unknown functions and their derivatives. The analogue of the de Giorgi 
results, giving regularity, has yet to be found. 

§ 4 . 1 would like to turn now to second order elliptic equations which, are 
"truly nonlinear", in the sense that one has new phenomena occurring 
which have no analogue for linear equations. The best known specimen (of 
which most of the others are variations and generalizations) is the minimal 
surface equation, expressing the fact that the surface is a solution of the 
variational problem 

o\dA=0, 

where dA is element of surface area. If the surface has simple projection 
on the (x,y) plane, i.e admits the representation u=u(x,y) in (x,y,u) space, 
then u satisfies 

(l+q2)uxx-2pquxy + (l+p2)uyy=0, p=ux, q = uy. 

Geometrically this asserts that the spherical image mapping of the surface 
by the unit normal to the unit sphere is conformai. For this equation have 
been known for some years a variety of results showing marked difference 
from linear equations. To mention just a few (references can be found in the 
papers listed later): 

1. S. Bernstein's classical theorem that the only solution defined over the 
whole plane is a linear function. 

2. Removability of isolated singularities (L. Bers). 
3. It is possible to estimate the Gauss curvature of the surface u=u(x,y) 

defined in x2 + y2<R2 at (0,0) in terms of the gradient of u at (0,0). (E. 
Heinz, E. Hopf.) On letting k->oo this estimate yields another proof of 
Bernstein's result 1. 

In recent years these results have been extended in various directions. 
R. Osserman [51] showed that Bernstein's theorem holds in general for a 
complete (i.e. geodesies can be extended to have infinite length) minimal 
surface which need not have a simple projection on a whole plane, provided 
that the spherical image of the surface deletes an open set on the sphere. 
This was done by showing that such a (simply connected) surface, when 
regarded as a Riemann surface, is of parabolic type. He also obtained esti
mates for the Gauss curvature analogous to those in 3. 

R. Finn has treated boundary value problems, obtained estimates as well 
as the removable singularity theorem, and other results, for a class of equa
tions which he calls of minimal surface type (see [9] and other papers by 
Finn) 

<*>(P> q)v<xx + 26(;p, q)uxy + c(p, q)uyy = 0 

of the form (A(p9q))x + (B(p,q))y=0. 

In this work one uses results for quasi-conformai mappings. Some of his 
results are new also for minimal surfaces. 
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I would like to call attention to an interesting paper by H. B. Jenkins 
[23] in which he treats a class of nonparametric variational problems of the 
form 

ò Jaunit normal) dA =0, 

where F is homogeneous function of three variables of degree zero such that 
o<m<F<M and the surface \x\F(x) = l, is closed convex with Gauss 
curvature > 0; F = 1 for minimal surfaces. For such variational problems, to 
which he shows that the theory of Finn applies, he derives a variety of 
interesting results including Osserman's extensions of Bernstein's result. 
More recently Jenkins together with J. Serrin have derived a priori estimates 
for derivatives of solutions of such variational problems, improving Finn's 
results and, in particular, have derived an interesting Harnack inequality 
for solutions with simple projection on a disc, i.e. solutions of the form 

u=u(x, y) > 0 in unit circle', 

namely ^(r, u(0)) < u(x, y) < c/>2(r, u(Q)), r = Vx2 + y2, 

where however c/)2(r,u(0))->°° as r-^r0'u(0))< 1. 
This behavior of <f>2 is also shown to be appropriate even for minimal sur

faces. Furthermore they show that 

r0(£)->0 as t->°° and r0(t)->l as t-M). 

Finn has also recently obtained extensions of his earlier results. 
Finally I would like to mention the deep and difficult work of E. Heinz in 

a series of papers [18-20] on elliptic Monge-Ampère equations in the plane 

uxxuyy — wly + quasüinear second order expressions=0. 

In these papers Heinz extends the important work of Hans Lewy on 
such equations which are analytic to non analytic equations, deriving esti
mates for derivatives of solutions. This work really deserves more time here 
but the results are complicated to state. Let me just say that Heinz makes 
essential use of characteristic coordinates for the equation, i.e. new coordi
nates (depending on the solution) which reduce the leading part of the equa
tion regarded as linear to the Laplace operator. 

To mention just one of his simpler results, proved with the aid of charac
teristic coordinates and some theorems on quasi-conformal mappings, he 
shows [21] that if 

0<OL<UxxUyy— Uly <ß<00 &&& \u\ <Ô 

in a circle then in any compact subset the first derivatives of u (which are 
easily estimated a priori because of convexity of u=u(x,y)) satisfy also a 
fixed Holder condition. 

I might also mention that in [17] Heinz proved the existence of surfaces 
of constant mean curvature spanning a given closed curve in space. 

§ 5. I have said nothing about nonlinear hyperbolic equations. Recently 
using extensions of Sobolev's inequalities L. Gârding and Leray [15] and 
P. A. Dionne [7] have treated the existence and uniqueness of regular solu-
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tion for the initial value problem and have reduced it to the possibility of 
deriving a priori estimates of a certain number of derivatives of the solutions 
—in case one wants global solutions. 

Besides tha t much work has been done in recent years on the very impor
tant initial value problem involving discontinuous initial data. Here, in 
contrast to elliptic problems one seeks some form of generalized solution 
admitting discontinuities—shocks to be exact. The basic problem of finding 
the appropriate class of generalized solution in which one has existence and 
uniqueness has still not been solved except in special, though very interesting 
cases. In particular in the case of more than one space variable essentially 
nothing is known. There are expository papers on the subject by P . D. Lax 
[31], O. A. Oleinik [49], and B. L. Rozhdestvenskii [53]. 
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nOJIÜ AJirEBPAHHECKHX ^HCEJI 

H. P. mA<ï>APEBHH 

BßeAeHHe 

Teopnfl ajireöpaniecKHx HHceji HMeeT jrae CTopoHH. Ojraa H3 HHX — 3TO 
nocTpoeHHe oomeìi Teopnn nojieft ajireöpaHHecKHx Hneeji, HMeiomee ijejibio 
Hx nojiHVH) KJiaccH$HKairaio H onneaHHe Hx apn(f)MeTHKH. 3 p y r a f l CTOpOHa 
CBHBaHa c npnjiojKeHHeM OTOH oömen Teopnn K TaKHM KOHKpeTHHM BO-
npocaM, KaK, HanpnMep, ^HO$aHTOBH ypaBHeHHH, KOMnjieKCHoe VMHOJKC-
HHe BJiJiHHTHHecKHx H aôejieBbix (JyHKiran HJiH HHTerpHpoßaHHe ajireöpan-
necKHx jra^epemraajiOB. 

B 9TOM oösope öyflyT paccMOTpeHH HeKOTopne BonpocH, jiejKamne B 
nepBOM HanpaBjieHHH. 

OÖpasnoM fljiH Bcex ßyßynrax Teopnii 3#eeb cjiyjKHT TeopHH nojieft KJiac-
COB, KOTopaH HCHepnHBaroinHM o6pa30M onncHBaeT Bce aôejieBbi (HMeio-
nrae KOMMyTaTHBHyio rpynny Tajiya) paenrapeHHH $HKcnpoBaHHoro nojin 
ajireopannecKHx nncen. B OÖJiacTH paenrapeHHH c HeaöejieBoi: rpynnon 
Tanya Hamn 3HaHHH oneHb flajieKH OT TaKoö nojraoTH. HacTO HCHCHO aame, 
KaK cjienyeT CTaBHTb BonpocH H B Kannx TepMHHax HCKaTb HX pemeHHe. 
HHor^a Jierne HafiTH npaBHJibHyio nocTaHOBKy Bonpoca, ecjin nocMOTpeTb 
Ha 3Ty oÖJiacTb c öojiee oömeÄ TOHKH 8peHHH. 

nojiH ajireôpaniecKHx iHceji H coflepjKanraecH B HHX KOJibija nejibix 
ajireopan^ecKHx *raceji HBJIHIOTCH npocTefiniHMH npHMepaMH H B TO me 
BpeMH OTnpaBHbiMH nyHKTaMH fljiH ropa3#o ôojiee oönrax Teopnft. Ocoöemio 
öojibmoe 3HaieHHe BTH CBH3H HMCIOT ;O;JIH caMofi TeopHH ajireöpaHiecKHX 
iHceji, Tan KaK OHH noMoraioT HaÄrn HOBHC nocTaHOBKH BonpocoB, cono-
CTaBJiHH 3Ty TeopHH) c flpyrHMH, KOTopbie efi BO MHoroM aHajiorHHHH, HO B 
KOTopbix MH MomeM Hcnojib30BaTb aHajiHTH^ecKHH annapaT HJIH reo-
MeTpOTecKvio HHTVHiraio. 9TO OöIHCHHCT, noieMy aajibme pe*n» 6y#eT H^TH 
nacTO o Bonpocax, He OTHoennraxcH, CTporo roBopn, K TeopHH ajireöpan-
necKHx raeeji. 

§ 1. nojiH ajireôpaHHecKHx 4>yHKu;HH 

OcoöeHHO öojibmyio pojib B pa3BHTHH Teopnn ajireopaniecKHx raceji 
HrpajiH ee CBH3H H aHajiornn c TeopneË ajireôpaHiecKHx c^vHraraH O^HOH 
nepeMeHHOH. IlycTb k — nojie ajireopannecKHx $yHKiraft ojraoö nepeMeH-
HOH c nojieM KOHCTaHT k0. Hac HHTepecyeT npoÔJieMa KJiaceH<|)HKairaH KO-
HeHHbix pacmnpeHHH nojra k. PemeHHe ee xopomo H3BecTHO, ecjin k0 = C — 
nojie KOMnjieKCHbix HHceji. B BTOM cjiynae nojno k MOJKCT ÔbiTb conocTaBJieHa 
ero pHMaHOBa noBepxHOCTb 9?. ECJIH k' — KOHeiHoe pacmnpeHHe k, TO ero 
pHMaHOBa noBepxHOCTb 9Î' ecTecTBeHHHM oôpasoM HenpepbiBHO OTOÔpa-
îKaeTCH Ha 9?: 9?'-> 9î. TaKHM o6pa30M, noBepxHOCTb 9Î1 HBJIHCTCH nanpH-
Baiomeft AJIH noBepxHOCTH 9?. 9TO HaKpbrrae HMeeT Ty me CTeneHb, HTO H 
pacmHpeHHe k'\k H oÔJiaffaeT KOHCHHHM HHCJIOM TOHCK BeTBJieHHH. Ms Teo-
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peMH cymecTBOBaHHH PnMaHa jierKO BHTeKaeT, HTO MH nojiynaeM TaKHM 
o6pa30M B3anMHO OAH03HaHHoe cooTBeTCTBHe Memory KOHeHHHMH pacnra-
peHHHMH nojiH k H pa3BeTBJieHHHMH HaKpHTHHMH KOHeHHOH CTeneHH ero 
pHMaHOBOH noBepxHOCTH 9i. Sa tana CBO^HTCH, TaKHM o6pa30M, K Tonojiorn-
necKOMy Bonpocy, OTBCT Ha KOTopnn xopomo H3BecTeH. OnKcnpyeM KO-
HenHoe MHOĤ ecTBO S = {p1,...,pm} ToneK noBepxHOCTH 91 H paccMOTpHM 
HaKpHTHH KOHeHHOH CTeneHH 3l'->9î, pa3BeTBJieHHHe TOJibKO B TOHKaX 
9Toro MHOHîecTBa. OHH cooTBeTCTBVioT Hepa3BeTBJieHHHM HaKpHTHHM no-
BepxHOCTH 91 —S, KOTopne, B CBOIO onepe^b, HaxoflHTCH BO B3aHMHO ojrao-
3HaHHOM COOTBeTCTBHH c noßrpynnaMH KOHeHHoro HHjjeKca <j>yHflaMeH-
TajibHOô rpynnn ^(SR — S) 9TOH noBepxHOCTH. HaKOHen,, rpynna n^^ — S) 
xopomo H3BecTHa — OHa HMeeT m + 2g o6pa3yioinHx ux..., um,8vtv ... 
sg>tg (9 P°A nOBepXHOCTH 9Î), CBH3aHHHX OflHHM COOTHOmeHHeM 

U1...UmS1t1SÏ1tï1...SgtgSg1tg1 = l. (1) 

3aMeTHM, HTO XOTH HCTOHHHKH 9THX peSyJIbTaTOB aHaJIHTHHeCKHe, HM 
MoœeT 6HTB npn^aHa ajireöpannecKaH <j)opMyjrapoBKa. fleficTBHTejibHO, 
TOHKH nOBepXHOCTH 9Ì COOTBeTCTByiOT npOCTHM flHBH30paM nOJIH k H, B 
HaCTHOCTH, TOHKH BeTBJieHHH HaKpHTHH 9t'~>9ì MOryT ÔHTb XapaKTepH30-
BaHH B TepMHHax pacmHpeHHH k'/k KaK KpHTHHecKne npocTHe #HBH3opH 
(fliejiHTejiH ^HCKpHMHHaHTa). Tpynna ^ ( 9 1 —8) TaKHîe MonseT 6HTB onncaHa 
B ajire6paHHecKHx TepMHHax. ^ J I H 9Toro paccMOTpHM nojie §£s, HBjmioineecH 
oótejpiHeHHeM Bcex pacmHpeHHH k'\k, KpHTHHecKne npocTHe 3HBH3opH 
KOTopnx npHHaflJieîKaT MHomecTBy S. 9TO pacmnpeHHe öecKOHenHO, H 
ero rpynna Tajiya %$ HBJIHCTCH TonojiorHHecKofi rpynnon. TaKHM o6pa-
30M, rpynna %s MomeT 6HTB onpe^ejieHa AJIH npoH3BOJibHoro nojin aji-
reôpaHHecKHx (JyHKirafi. Ee 3HaHne aaeT B03MomHOCTb nepenncjiHTb Bee 
pacmnpeHHH k'jk c vKaaaHHHM Bume CBOëCTBOM, TaK KaK OHH, eorjiacHO 
OCHOBHOH TeopeMe Teopnn Tanya, COOTBeTCTByiOT ee no^rpynnaM KOHeHHoro 
HHAeKca. ECJIH k0 = C, TO © S HBJIHCTCH nonojiHemieM rpynnn ^(SR—S) B 
TonojiorHH, onpeflejieHHOH BCCMH no#rpynnaMH KOHeHHoro HH^eKca. TaKHM 
o6pa30M, cooTHomeHHe (1) onpe^ejineT © s KaK TonojiorHnecKyio rpynny. 

H3BecTHO, HTO epejra nojiefi ajireopannecKHx <J>yHKiraE K nojiHM aji-
reôpaHHecKHX nnceji ÖJinme Beerò CTOHT Te, y KOTopnx nojie k0 KOHCHHO. 
BßHfly 9Toro c TOHKH 3peHHH Teopnn nojieô ajireOpannecKHx HHceji 6HJIO 6 H 
HHTepeCHO nojiyHHTb «JIH 9Toro KJiacca nojieË pe3yjibTaT, aHajiornHHHË 
c(f>opMyjiHpoBaHHOMy BHnie. PenieHne, oflHaKO, H3BCCTHO TOJIBKO B npoMe-
JKVTOHHOM cjiynae, Kor#a nojie KOHCTaHT k0 ajireopannecKH 3aMKHyro. 

ECJIH xapaKTepHCTHKa nojin kQ paBHa 0, TO MOJKHO npnMeHHTb H3BCCTHHë 
«npnHiran JIe<j>inena>>. Sa tana JierKO CBO^HTCH K cjiyHaro, Kor^a nojie KO-
9$$Hi^neHT0B k0 HMeeT KOHenHyio CTeneHb TpaHcneHfleHTHOCTH Hajj nojieM 
pairaoHajibHHx HHceji, a nyTeM BJIOJKCHHH TaKoro nojm B nojie KOMnjieKCHHX 
HHceji — K pa3o6paHHOMy cjiynaio kQ = C. Ms 9THX cooöpameHHO cjieflyeT, 
HTO «Jin Jiioôoro nojiH ajireöpaHHecKHx <J)VHKI];Hë c ajireöpannecKH 3aMKHy-
THM nojieM KOHCTaHT k0 xapaKTepncTHKH 0 rpynna &s Tanan me, KaK H B 
cjiynae &0 = (7. 

fljjiH ajireôpaHHecKH 3aMKHVToro nojin kQ xapaKTepncTHKH p>0 aHajio
rnHHHË pe3yjibTaT nojiyneH A. TpoTeHjraKOM [1] AJIH pacmnpeHHH, CTeneHb 
KOTopnx BsaHMHO npocTa c p. J\JIH. onncaHHH 9Toro pe3yjibTaTa nocTpoHM 
nojie 2S, TaK me KaK paHbme CTpoHjiocb nojie $ts orpaHHHHBaflCb, ojraaKO, 
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Tenepb TOJibKO HopMajibHHMH noJiHMH, CTeneHH KOTopnx B3aHMHO npo-
CTH c p. OKa3HBaeTCH, HTO rpynna Tajiya § s nojm &s onnTb Ta me, HTO H 
B KJiaccHHecKOM cjiynae kQ = C. 3oKa3aTejibCTBO ocHOBHBaeTCH Ha CBefleHHH 
K cjiynaio nojin xapaKTepncTHKH 0 nyTeM pepyKiran TaKHx nojieË no MO-
jryjno p. TaKHM o6pa30M B ocHOBe 30Ka3aTejibCTBa jiejKHT TaKOË rjiyôoKHË 
aHajiHTHHecKHË $aKT KaK TeopeMa eymecTBOBaHHH PnMaHa. 

BepHeMCH Tenepb K cjiynaio KOHeHHoro nojin KOHCTanr k0, KOTOPHë AJIH 
Hac ocoöeHHO HHTepeceH. 06o3HaHHM nepe3 £0 aJireôpaHnecKoe 3aMHKaHne 
nojiH k0 H nepe3 k—KOMno3HT nojieË k H TCQ. OHCBHAHO, HTO kcifccz S s . Tpynna 
Tajiya § s nojin Qslk onncaHa TeopeMoË TpoTeHjraKa, a rpynna Tajiya 
$f nojiH k\k xopomo H3BecTHa — OHa HBjraeTCH CBOÔojmoË TonojiorHnecKOË 
rpynnoË c O^HOë o6pa3yioineË. TaK KaK !QSI!QS = $f, TO onpe^ejieHHe rpynnn 
§ s — 9TO 3aaana Teopnn pacnrapeHHË rpynn. BBH/ry Toro, HTO rpynna % 
CBOÔOAHan, cooTBeTCTByiom:ee pacmnpeHHe pacna^aeTCH H, cjie^OBaTejibHO, 
CTpyKTypa rpynnn § s onpeflejraeTCH TeM, KaK o6pa3yioiiraË 9JieMeHT 
rpynnn g (TaK Ha3HBaeMHË aBTOMop$H3M (Ppoôemiyea) fleËCTByeT Ha 
rpynny § s . K coHîajieHHio, 06 9TOM minerò He HSBCCTHO, name B caMHX 
npocTHx cjiynanx (HanpnMep, B cjiynae p-pacnrapeHHË). 

§ 2. JIoKajiBHtie noun 
Ilpemae neM npncTynHTb K HcejieflOBaHHio nojieË ajireopannecKHx HHceji, 

ecTecTBeHHO HCCJiejjOBaTb jioKajibHHe nojin, T. e. nonojiHeHHH nojieË aji-
reÔpaHnecKHX HHceji no HX npocTHM ,ïraBH3opaM. 

IlycTb k — jiOKajibHoe nojie, coaepjKainee nojie p-ajranecKHX HHceji 
Rp. GorjiacHO Teopnn BeTBJiemiH 3eAeKHHAa-rnjib6epTa B JIIOôOM Hop-
MajibHOM pacmnpeHHH Kjk eoßepjKHTCH MaKCHMajibHoe noflnojie kjk, ne 
HMeiomee BHcmero BeTBJieHHH. CTeneHb nojin K/kt HB-HHCTCH CTeneHbio p. 
TaKHM o6pa30M, BCHKOC pacmnpeHHe jioKajibHoro nojin B HeKOTopoM 
CMHCjie cocTaBJieHO H3 nojm 6e3 BHcmero BeTBJieHHH H ^-pacmnpeHHH. 
CTpyKTypa nojieË 6e3 BHcmero BeTBJieHHH BecbMa npocTa, KaK cjiejryeT H3 
TOë me Teopnn JJeßeKHHfla-rHJiböepTa. Ilo9TOMy MOJKHO ßyMaTb, HTO 
ocHOBHan Tpy^HOCTb B KJiaccH$HKau;HH jioKaJibHHX nojieË — 9TO KJiaccn-
<|)HKan,HH p-pacmnpeHHË. 

CeËnac HMeeTCH ftOBOJibHO nojraan KapTHHa CTpoeHHH £>-paenrapeHHE JIO-
KajibHoro nojiH. JJJIH HX onncaHHH paccMOTpHM aHajiorHHHO TOMy, KaK MH 
9TO aejiajiH B cjiynae nojieË ajireopannecKHx <$yHKiraË, nojie ®, HBjraiomeecH 
ootejuHHeHHeM Bcex KOHCHHHX p-pacnrapeHHË jiOKajibHoro nojm k H 06-
03HaHHM nepe3 © rpynny Tajiya pacmnpeHHH S/&. Tpynna © HBJIHCTCH 
TonojiorHnecKOË p-rpynnoË H co,n;epjKHT B ce6e JJOBOJIBHO nojiHyio HH(J)op-
Mairaio o p-pacnrapeHHHx nojin k, TaK KaK OHH Haxo^HTCH BO B3anMH0 
o#H03HaHHOM COOTBeTCTBHH c noArpynnaMH KOHeHHoro HH^eKca rpynnn ©. 
Ilo9TOMy ocHOBHne ycHJiHH 6HJIH HanpaBJieHH Ha BHHHCJieHHe 9TOË rpynnn . 

06o3HaHHM nepe3 v CTeneHb [k : Rp]. CTpoeHne rpynnn © 3aBHCHT OT 
9Toro HHCJia H OT Toro, coAepjKHTCH JiH B nojie k nepBOo6pa3HHË KopeHb £ 
CTeneHH p H3 eAHHHnn. 

HMeioT MecTO ejieflyioiirae pe3yjibTaTn: 

1. ECJIH £ (£ k, TO rpynna © HBJIHCTCH CBOôOAHOë TonojiorHnecKOË p-
rpynnoË c v + 1 o6pa3yK)iiraMH [2]. 

2. ECJIH f 6 k, TO rpynna © HMeeT v + 2 o6pa3yioiirae H onpeflejieHa (KaK 
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TonojiorHHecKan p-rpynna) O^HHM onpeflejraronraM cooTHomeHHeM ([3] H 

M)-
B 9THX pesyjibTaTax yTBepjKjjeHHH o HHCJie oôpasyronrax JierKO cjieayioT 

H3 H3BecTHOË TeopeMH BepHcaË^a [5]. 
floKasaTejibCTBO yTBepjKfleHHË o HHCJie cooTHomeHHË ocHOBHBaeTCH Ha 

coo6pa?KeHHHx, KOTopne MH paccMOTpHM cpasy B ôojiee oômeË cnryairan. 
IlycTb k — npoH3BOJibHoe nojie H S! ero ^-pacmnpeHHe (KOHenHoe HJIH 

HCT) c rpynnoË Tajiya ®. JierKO BH^eTb, HTO HHCJIO r He3aBHCHMnx COOTHO-
meHHË, CBH3HBaionrax MHHHMajibHyio CHCTeMy o6pa3VK)nrax rpynnn © 
paBHO HHCJiy o6pa3yioiirax ee ABVMepHOË rpynnn roMOJiornË: 

r#e Zp rpynna nopn^Ka p. 
IlycTb Kx — ceMeËCTBO no#nojieË S, KOHCHHHX Haa ki/iGa — HX rpynnn 

Tajiya. Onpe^ejieHn roMOMop$H3MH 

ja:H*(Q„Zp)->H*(®,Zp) 

H H2(&, Zp) HBJIHCTCH oöie^HHeHHeM rpynn ]Jä%(Ga, Zp). KajKflnË 9JieMeHT 
| € H2(Ga, Zp) onpe^eJineT HeKOTopoe pacmnpeHHe Gl r pynnn 67a npn no-
Monra Zp. JierKO BH^CTB, HTO jxÇ=0 Torjja, HTOJibKo Tor.ua, Korjja nojie Kx 

norpyjKaeMO B nojie JT ' c® , HMeromee rpynny Tajiya 67«. BTO aaeT BO3-
MOJKHOCTb onpejüejiHTb rpynny üT2(©, Zp) (a, 3HanHT, H HHCJIO eooTHoniemiË 
r B rpynne ©), ecjin MH yMeeM pemaTb cooTBeTCTBvronryio 3aflany norpy-
JKeHHH. HeCKOJIbKO HeTOHHO MOJKHO CKa3aTb, HTO r paBHO HHCJiy yCJIOBHË, 
KOTopne AOJiJKHH OBHnjiHHTbCH, HTO6H 9Ta sa tana norpyjKeHHH ÖHJia pa3-
pemHMa. B nacTHOCTH, pe3yjibTaT 2 HenoepeflCTBeHHO BHTeKaeT H3 9THX 
cooôpajKeHHË, TaK KaK ycjiOBHeM pa3pemnMOCTH 3aaaHH norpyjKeHHH 
HBJineTCH, corjiacHO H3BecTHOMy KpHTepHio Bpayepa [6] oôpameHHe B 1 
HeKOToporo 9JieMeHTa rpynnn B(k)p, r#e B(k) — rpynna Bpayepa nojm k, 
a B(k)p — ee no^rpynna, cocTomnaH H3 9jieMenT0B nepno^a p. M3BecTH0, 
HTO RJIH. jnoôoro n r pynnn B(k)n HMeeT OflHy o6pa3yioinyK). ÛTCio^a H cjie-
flyeT, HTO r = l. 

Pe3yjibTaT 1 onncnBaeT rpynny © nojiHOCTbro. B cjiynae 2 ocTaeTCH 
naËTH cooTHomeHHe, onpe^ejimoinee rpynny ©. BTO ôHJIO c^ejiaHO C. II. 
fleMymKHHHM [7]. ÛKa3ajiocb, HTO ecjin ju, — Hanöojibmee HHCJIO, TaKoe 
HTO nojie k eojjepjKHT nepBOo6pa3HHË KopeHb CTeneHH p? H3 1, TO COOTHO-
ineHHe HMeeT BHJJ (npn p=^2 HJIH p—2, fx^l) 

Sf (*i> $*) (*a> sù • • • (sv+i, «r+2) = 1, (2) 

r#e (s,t) 03HanaeT sts^t"1. CjiynaË p=2, ju = l (KOTOpnË HMeeT MecTO, 
HanpnMep, ecjin k=R2) 30 CHX nop He pa3o6paH. 

BTOT pe3yjibTaT HOCHT, no eyinecTBy, TeopeTHKO-rpynnoBOË xapaKTep H 
CBH3aH C HHTepeCHHM BOnpOCOM HCCJieflOBaHHeM TOnOJIOrHHeCKHX p-
rpynn, onpe^eJieHHnx O#HHM cooTHomeHHeM. CooTHomeHHe /, onpeaejinio-
mee HeKOTopyio p-rpynny G, Ha3HBaeTCH nojiHHM, ecjin ero Hejib3H npe-
o6pa30BaTb no^xo^HineË 3aMeHOË o6pa3yionrax B TaKoe cooTHomeHHe, 
KOTopoe He coflepjKHT KaKOË-jiHÔo H3 oôpasyronrax. BTO TpeöoBamie paBHO-
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CHjibHO TOMy, HTO rpynna G ne pa3JiaraeTCH B CBOÖojmoe npoH3ßefl;eHHe. 
CooTHomeHHe / Ha3HBaeTCH m-nojiHHM, ecjin TO JKe HMeeT MecTO fljra rpynnn 
(r/6r<m) rjje G(m) — m-Ë HjieH yönßaiomero ijenrpaJibHoro pn#a rpynnn G. 

JJJIH rpynnn © (rpynnn Tajiya MaKCHMajibHoro p-pacnrapeHHH Jionajib-
Horo nojiH k) HeTpyflHO BHHHCJIHTB rpynny @/@(2) H npoBepHTb, HTO CO-
OTHomeHHe, onpeaejimoinee © 2-nojmo. ^eMymKHH #OKa3HBaeT JJJIH npo-
H3BOJIBHOË p- rpynnn G, onpe^ejieHHOE O^HHM cooTHomeHHeM / (orpaHH-
HHBancb, npaBjra, rpynnaMH c HCTHHM HHCJIOM o6pa3yrom;Hx), HTO ecjin / 
2-nojiHO, TO rpynna G ojmo3HaHHO onpeaejineTCH rpynnoË 6r/67(2). OTcrojja 
JierKO BHreKaeT KjiaecH^HKairan Bcex cooTHomeHHË TaKoro Tima — OHH 
ßcerjja MoryT 6HTB npnBeaeHH K ßHßy (2) c HeKOTOpHM ß. To, HTO AJIH 
rpynnn © HHCJIO JU, HMeeT yKa3aHHHË Bnme CMHCJI, nojiynaeTCH H3 pac-
CMOTpeHHH rpynnn 6r/6r(1). 

B H J I O 6 H oneHb HHTepeCHO npoflOJiJKaTb 9TH HccjiejmBaHHH H BHHCHHTB, 
KaK o6o6maK)TCH 9TH pe3yjibTaTH n p n n e p e x o ^ e K m-no jmnM cooTHome-
HHHM n p n npoH3BOJibHOM m. OTMCTHM OAHO TeopeTHKO-rpynnoBoe d i e a -

CTBne 9TOË TeopeMH o JiOKajibHHx nojiHx — nof l rpynna KOHeHHoro HHjjeKca 
^ - r p y n n n , onpejjejieHHOË cooTHomeHHeM (2), caMa onpe^eJieHa O^HHM co-
OTHomeHHeM TaKoro JKe Tnna (BO3MOJKHO, C jroyrnM JLL H V). EcTecTBeHHO 
BOSHHKaeT Bonpoc, o6o6maeTCH JIH 9TOT $aKT Ha J I K ) 6 O ë p - r p y n n n c O^HHM 

cooTHomeHHeM H MOJKHO JIH B 9TOM cj iynae npn^aTb KaKOË-HH6y#b CMHCJI 

cjiOBaM «cooTHomeHHe Toro JKe Tnna». 

EcTecTBeHHO Ha^eHTbCH, HTO H3yneHHe J I IOöHX KOHCHHHX pacmnpeHHË 
jiOKajibHnx noJieË MOJKCT 6nTb CBe^eHO K H3VHeHHio pacmnpeHHË 6e3 
BHcmero BeTBJieHHH H p-pacmnpeHHË. BTOT Bonpoc paBHOCHjieH BHHHCJIC-
HHK) r p y n n n Taj iya a j i reöpannecKoro 3aMHKaHHH jiOKajibHoro noj in . Ba
n a n a eme n e pemeHa, XOTH X . K o x (CM. [8] H jraecepTairaio, npe^CTaBJieH-
Hyio B YHHBepcHTeT HM. ryMÖojibjrra B BepjiHHe) Hameji pn;o; CBOëCTB 9 T O ë 
r p y n n n H aoKa3aji, HTO OHa OAH03HaHHO onpe^ejineTCH npocTHMH HH-
BapnaHTaMH noj in k. 

§ 3. ïlojifl ajireöpaH^ecKHX HHceji 

EcTecTBeHHO nonnTaTbCH Hcnojib30BaTb B Teopnn nojieË aj i reopannecKHx 
HHceji TOT JKe noflxofli, KOTopnM M H nojib30BajiHCb B nojiHx ajireöpannecKHX 
$yHKiraË H B JiOKajibHnx nojiHx. I lycTb k — HeKOTopoe nojie a j i r eôpan-
necKHx HHceji, KOHenHoe pacmnpeHHe n o j m pairaoHajibHHx HHceji R. 0 6 o -
3HanHM nepe3 S HeKOTopoe KOHenHoe MHOJKecTBO n p o c T n x fljHBH3opoB n o j m 
k H paccMOTpHM Bce KOHeHHne pasnrapeHHH k'\k, KpHTHnecKHMH npocTH-

MH flHBH30paMH (T. C fleJIHTeJIHMH flHCKpHMHHaHTOß) KOTOpHX HBJIHIOTCH 
TOJibKO n p o c T n e jraBHSopn MHOJKecTBa S. Oote^HHeHHe Bcex 9THX nojieË 
o6o3HaHHM nepe3 ®s, a r p y n n y Taj iya n o j w ®s/k nepe3 © s . IÏOBHjpiMOMy, 
OflHOË H3 OCHOBHHX 3a#aH TeopHH aJireÔpaHHeCKHX HHCeJI HBJIHeTCH HC-
cjieAOBaHHe r p y n n ®s. 

Uo aHajiorHH c TeM, HTO, KaK M H BH^ejra, HMeeT MecTO B noj inx a j i r eôpan-
necKHx <j>yHKiraË, B03HHKaioT flßa Bonpoca: 

By^eT JIH r p y n n a &s Bcerjja oÔJia^aTb KOHenHOË CHCTCMOë o6pa3yionrax? 
E C J I H 9T0 TaK, TO MOJKHO JIH (npn (|)HKCHpoBaHHOM nojie k) OrpaHHHHTb 

HHCJIO 06pa3yK)m;HX B 3aBHCHMOCTH TOJibKO OT HHCJia ^HBH30pOB B MHO-
jKecTBe Si 
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OTBeTH Ha 9TH BOnpOCH He H3BeCTHH. IIOJIOJKHTeJIbHHË OTBCT Ha BTOpOË 
H3 HHX 03Hanaji 6n, HTO JJJIH jiioöoro KOHeHHoro HOpMaJibHoro pacmnpeHHH 
Kjk HHCJIO o6pa3VK)iirax ero rpynnn Tajiya orpaHHHeHO B 3aBHCHMOCTH OT 
HHCJia KpHTHHeCKHX npOCTHX AHBH30pOB. BTOT BOnpOC HHTepeceH yJKe ftJIH 
caMHx npocTHX pacmnpeHHË. IlycTb, HanpnMep, k coBna^aeT c nojieM pa-
i^HOHajibHnx HHceji R. 06o3HaHHM nepe3 LjR KBajjpaTHHHoe pacmnpeHHe c 
npOCTHM ^HCKpHMHHaHTOM p H B03bMeM 3a K THJIbÔepTOBO nOJie KJiaCCOB 
nojin L (T. e. ero MaKCHMajibHoe a6ejießo Hepa3BeTBJieHHoe pacmnpeHHe). 
OneBHjrao, HTO K\R HMeeT TOJibKO ojnio KpHTHnecKoe npocToe HHCJIO p. 
TaK KaK rpynna Tajiya K\L coBna^aeT c rpynnoË KjiaccoB jraBH3opoB L, 
a HHCJIO o6pa3VK)nrax rpynnn Tajiya KjR OTJinnaeTCH, KaK JierKO BH^eTb, 
OT HHCJia o6pa3yiom;Hx rpynnn Tajiya KjL ne ôojibme, neM Ha 1, TO nnre-
pecyionraË Hac Bonpoc 9KBHBajieHTeH B 9TOM cjiynae cjiejryioiHeMy: 

OrpaHHHeHn JIH HHCJia o6pa3yioiirax rpynn KjiaccoB aiiBH3opoB Kßaapa-
THHHHX nOJieË C npOCTHM PJHCKpHMHHaHTOM? 

BTHM KpyroM Bonpocoß HHTepecoBajicn eine Taycc, KOTopnË Ha3HBaji 
KBa^paTHHHoe nojie peryjmpHHM, ecjin ero rpynna KjiaccoB jraBH3opoB 
î HKJiHHecKan [9]. 

Ilo CBoeMy oÖHKHOBemoo Taycc cocTaßHJi TaÖJinny [9], H3 KOTopnx cjie-
flyeT, HTO ftjiH p < 3 0 0 0 H AJIH 9 0 0 0 < p < 10 000 HHCJIO o6pa3yioinHx paBHO 1 
HJIH 2, npnneM BO BTopoM cjiynae o/raa o6pa3yioinaH HMeeT nopn^OK 3. 

YJKe 9T0T npocTOË npHMep noKa3HBaeT, HTO HCCJieaoBaHHe rpynn ©5 

CBH3aHO c oneHb OOJIBIUHMH TpyjniocTHMH. rioBH^HMOMy, B HacTOHmee 
BpeMH B 9TOM HanpaBjieHHH He H3ßecTHO HHKaKHx o6nrax pesyjibTaTOB. 
MOJKHO CKa3aTb ropa3#;o ôojibine, ecjin orpaHHHHTbcn paccMOTpeHneM 
^-pacmnpeHHË. OnKCHpyeM HeKOTopoe npocToe HHCJIO p H o6o3HanHM 
nepe3 *p5 rpynny Tanya oo'Lej^nnennn Bcex ^-pacmnpeHHË nojin k, KPHTH-
necKHe npocTne jraBH3opn KOTopnx cop;epjKaTCH B MHOJKecTBe S. One-
BHAHO, HTO rpynna 5ßs HBjineTCH MaKCHMajibHOË p-$aKToprpynnoË rpynnn 

©s-
JierKO BH^eTb, HTO o6a ßonpoca, nocTaßjieHHne ßnme JJJIH rpynn © s , 

HMeroT fljiH rpynn 5ßs nojiojKHTejibHHË OTBCT. 
06o3HanHM MHHHMajibHoe HHCJIO o6pa3yionrax rpynnn 5ßs nepe3 d(S). 

BTO HHCJIO HBJIHCTCH ^OBOJIBHO TOHKHM HHBapnaHTOM nojin k n npocTnx 
JÜHBH30pOB, COCTaBJIHIOmHX MHOJKeCTBO S. 

Ilo nOpHflKy BeJIHHHHH d(S) ÖJIH3KO HHCJiy 9JieMeHTOB MHOJKeCTBa S. 
ToHHee roBopn, eymecTByioT TaKHe jrae nocTOHHHne cx H C2, 3aBHCHiirae 
TOJibKO OT nOJIH k, HTO 

cx < d(S) — m < c2, 

rjje m o6o3HanaeT HHCJIO npocTnx jraßH3opoß, BXOAHinnx B S JJJIH KOTopnx 

Ce v 
OcoöeHHO HHTepeceH cjiynaË, Kor^a MHOJKCCTBO S nycTO. Tpynny 5ßs MH 

6jReu Torjja o6o3HanaTb npocTO nepe3 *ß. ÛHa HBJIHCTCH, OHCBHAHO, rpyn
noË Tajiya MaKCHMajibHoro Hepa3ßeTßjieHHoro p-pacnrapemiH nojin k. PÏ3 
Teopnn nojieË KjiaccoB cjie^yeT, HTO Bce <J>aKTopn pn^a KOMMyTaHTOB 
rpynnn 5J3 KOHCHHH. OöpnßaeTCH JIH 9TOT pHA, T. e. KOHenHa JIH rpynna 
5ß — HeH3ßecTHO. BTOT Bonpoc cocTaßjineT coAepjKaHne TaK Ha3HBaeMOË 
npoÔJieMH p-ôainmi. 

BJIH3KHë cjiynaË, Kor^a Bce npocTne £HBH3opn H3 S B3anMHO n p o c m cp. 
3flecb TOJKe $aKTopn pnjja KOMMyTaHTOB KOHCHHH. Bonpoc 06 oöpnße 
pn#a ÔJIH30K K TOMy JKe ßonpocy .IJJIH rpynnn 5ß. 
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AHajiorHHHO TOMy, KaK MH nocTynajin B Teopnn nojieË ajireopannecKHx 
^yHKi^HË H B Teopnn JiOKajibHnx nojieË, ecTecTBeHHO nonnraTbCH HaËTH 
cooTHomeHHH, onpejjejimonrae rpynnn 5ßs. YaaeTCH oneHHTb cßepxy HX 
HHCJIO. BTO MOJKHO c^ejiaTb nojib3yHCb TeM oönraM MCTOJUOM onpejjejieHHH 
HHCJia cooTHomeHHË B p-rpynne, KOTopnË 6HJI onncaH B § 2. Onpe^ejieHHe 
HHCJia cooTHomeHHË CBH3aHO, KaK MH BHfliejiH, c pemeHneM HeKOTopoË 3a-
^aHH norpyjKeHHH. B HameM cjiynae 9TO sa tana norpyjKeHHH nojin, Bce 
KpHTHHecKne npocTHe ßHBH3opn cojüepjKaTCH B S, B nojie TaKoro JKe THna. 
Mccjieflyn 9Ty sajjany, MOJKHO nojiyHHTb cjieftyioiiraE pe3yjibTaT: 

HHCJIO cooTHomeHHË r(5J5s), onpejjejmioiirax rpynny 5ßs yjjOBJieTBOpneT 
HepaßeHCTßy 

r(%)<y + m + c, 

rjje y o6o3HanaeT HHCJIO oopasyionrax p-KOMnoHeHTH rpynnn KjiaccoB 
nojin k, m — HHCJIO npocTnx p;HBH3opoB B S, JJJIH KOTopnx f G ky, a c — 
nocTOHHHan, 3aBHCHinaH TOJIBKO OT CTeneHH [k : R]. 

HanpnMep, JüJIH rpynnn 5JS MH nojiynaeM HepaBeHCTBO 

r(^ß)<y + c. 

JierKO BHflieTb, HTO d(9ß)=y TaK, HTO 

r ( $ ) < d ( $ ) + c. (3) 

Ü3 rpy6nx TeopeTHKO-rpynnoßnx cooopajKemiË cjiejryeT, HTO ecjin JJJIH 
HeKOToporo ceMeËCTBa p-rpynn G,r(G)^d(G)+c, r#e c — nocTOHHHan, TO 
KJiacc rpynn G CTpeMHTCH K öecKOHenHOCTn BMecTe c d(G). OTCio^a BHTeKaeT 
cjieflyronraË pe3yjibTaT: 

fljiH nojieË k <$HKCHpoBaHHOË CTeneHH KJiacc rpynnn 5J5 HeorpaHHneHHO 
B03pacTaeT BMecTe c HHCJIOM oöpa3yK)nrax p-KOMnoHeHTn rpynnn KjiaccoB 
nojin k. 

ÏÏIoJibn, [10] nocTpoHJi HeKOTopne npHMepn nojieË k, y KOTopnx rpynnn 
5ß HMeK)T CKOJib yrojmo OOJIMHOë KJiacc. H3 npeAmecTByion^ero pe3yjib-
TaTa cjiejryeT, HTO 9TO Ha caMOM jjejie oöman 3aK0H0MepH0CTb. THnoTe3y 
(HecKOJibKO öojiee nacTHoro xapaKTepa) BHCKa3HBaji Opejinx [11]. 

B03HHKaeT, OflHaKO, HVBCTBO, HTO HHCJIO COOTHOmeHHË, VßOBJieTBOpHK)-
mee HepaßeHCTßn (3), npn d(?ß) jmcTaTOHHO öojibinoM, cpaBHHTejibHO c c, 
Booôine cjinmKOM Majio, HTOöH onpejjejiHTb KOHCHHVIO p-rpynny. fleË-
CTBHTejibHO, caMan npocTan rpynna — npnMoe npoH3ßefleHHe d rpynn Zp 

onpefliejineTCH d(d+ l)/2 cooTHomeHHHMH 

of = l,i = l,...,d;oioj = OjOi (Ki<j<d). 

B CBH3H c 9THM MHe KajKeTCH OHeHb npHmranHajibHHM cjieAyronraË Bonpoc, 
K KOTopoMy H xoTeji 6n npHßjienb BHHMaHne cneiraajracTOB no Teopnn 
rpynn: 

KaKOBO HaHMeHbinee HHCJIO cooTHomeHHË, HeoöxojraMoe JJJIH Toro, HTO
ö H onpe^ejiHTb KOHeHHyio p-rpynny c d oöpa3yioiiraMH? 

IIocTaBHM 9T0T Bonpoc TOHHO. OnpejjejiHM ^yHKî HK) g(d) cjieayion^HM 
oöpa30M: 
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p(d )=min r(G), 

r#e MHHHMyM öepeTCH no BceM KOHenHbiM rpynnaM, MHHHMajibHoe HHCJIO 
oopasyionrax KOTopnx paBHO d. Penb H^eT oö oneHKe CHH3y ^VHKITHH 
o(d) npn pocTe d. H3 paccMOTpeHHH $aKToprpynnn no KOMMyTaHTy cjie-
3yeT, HTO q(d)>d. ECJIH ön MOJKHO öHJIO noKa3aTb, HTO npn d-*oo 

Q(d) — d-> 00 9 

HTO MHe KajKeTCH npaB^onoflOÖHHM, TO OTCio^a cjieaoßajio ön OTpnnaTejib-
Hoe pemeHHe npoöJieMH p-öannra co BceMH BHTeKaroinHMH H3 9Toro cjie«-
CTBHHMH: cyn^ecTBOßaHHeM nojieË, He BKJiaAHBaionraxcH B nojin c ojrao-
3HanHHM pa3Ji0JKeHneM Ha MHOJKHTejiH, oneHKoË HCTHHHoro nopnflKa poc-
Ta MHHHMajibHoro ^HCKpHMHHaHTa nojieË ajireopannecKHx nnceji H T. JJ. 
TaK KaK r(G) =dimzP H2(G, Zp), d(G) =dim.zp HX(G, Zp), TO 9TOT Bonpoc 9KBH-
BajieHTeH Bonpocy oö oneHKe nopn^Ka BTopoË rpynnn roMOJiornË KOHCH-
HOë p - rpynnn npn $HKCHpOBaHHOË nepBOË rpynne roMOJiornË. 

B saKJironeHHe 3aMeTHM, HTO Bce CKa3aHHoe OTHOCHTCH TaKJKe H K rpyn
naM ?ßs, eCJIH BCe npOCTHe flHBH30pH MHOJKeCTBa S B3aHMHO npocTH c p. 

§ 4. KpHTHHecKHe npocTbie AHBH30pM ajireôpairaeeKHx 
MHoroo6pa3HH Ha^ ü O J M M H ajireôpaHnecKHx HHCCJI 

Bonpocn, CBH3aHHne c KpnTHnecKHMH npocTHMH jüHBH3opaMH nojieË 
ajireopannecKHx nnceji, MoryT öHTB nocTaBJieHn H AJIH ajireopannecKHx 
MHorooôpa3HË, onpep;ejieHHHx Ha# nojiHMH ajireopannecKHx nnceji H npn-
BOflHT Hac K HHTepecHHM sa^anaM H K HeKOTopnM pe3yjibTaTaM. 

J\o CHX nop MH He $opMyjiHpoßajiH onpeaejiemie KpnTHnecKoro npocToro 
3HBH3opa pacmnpeHHH k'/k. HTOöH npnßecTH 9TO onpeßejieHHe, pac-
CMOTpHM npocTOË ^HBH3op p nojin k, ero jiOKajibHoe KOJIBIJO ap H ijejioe 3a-
MHKaHne a'p KOJibira Op B k'. Kojibim a'pjp HBJineTCH ajireopoË Haß nojieM 
k(p)=aPlp. ECJIH 9Ta ajireöpa cenapaöejibHa, TO p Ha3HßaeTCH HeKpHTH-
HeCKHM npOCTHM 3HBH30p0M, B npOTHBHOM CJiyHae KpHTHHeCKHM. 

PaccMOTpHM Tenepb nojiHoe Heocoöoe ajireöpannecKoe MHorooöpa3ne X, 
onpe^ejieHHoe Haß nojieM ajireopannecKHx nnceji k H npocTOË jraBH3op p 
nojin k. PeflVKiran X/p MHorooöpa3HH X no MOAVJIIO p (onpejjejieHne KO-
TopoË .naHO, HanpnMep, B [12]) HBJIHCTCH aJireopannecKHM MHOJKCCTBOM Has 
nojieM k(p). X/p MOJKeT yjKe HMeTb ocoöne TOHKH. BTO 3HanHT, HTO Jionajib-
Hne KOJibna HeKOTopnx ero TOHCK He öyjryT peryjinpHHMH. B cjiynae 
KOJibira o'plp ycjioBHe peryjinpHOCTH JiOKajibHnx KOJien; ero npocTnx H^ea-
jiOB coBna^aeT c cenapaÖejibHOCTbio. BTO npHBO^HT Hac K cjiejjyiomeMy 
onpe^ejieHHio: npocTOË ;craBH3op p nojin k Ha3HBaeTCH HCKPHTHHCCKHM JJJIH 
nojiHoro Heocoöoro MHorooöpasHH X, onpe^ejieHHoro Haa k, ecjin Xjp — 
Heocoöoe MHorooöpa3ne Haß nojieM k(p); B npOTHBHOM cjiynae p Ha3HBaeTCH 
KpHTHHeCKHM. B [12] ftOKasaHO, HTO -X" HMeeT TOJibKO KOHeHHOe HHCJIO KpH-
THHeCKHX npOCTHX £HBH30pOB. 

IIOHHTHH) KpHTHHeCKOrO npOCTOrO AHBH30pa VflOÖHO npH^aTb önpairao-
HajibHO HHBapHaHTHVK) <|>opMy, CBH3aß ero c nojieM ajireopannecKHx $VHK-
U H ë , a He c MHorooöpasneM JÜL-Moaejibio 9Toro nojin. IlycTb K — nojie 
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pai^HOHajibHHx (jjyHKiraË Ha HeKOTopoM nojiHOM HeocoöoM ajireöpanne-
CKOM MHorooöpa3HH X, onpeAejieHHOM Haß k. IIpocTOË ßHBH3op p nojin k 
Ha3HßaeTCH HCKPHTHHCCKHM 3JIH nojin K, ecjin cynjecTByeT XOTH ö H O^HO 
Heocoöoe nojiHoe MHorooöpa3He X', JJJIH KOToporo K HBJIHCTCH nojieM 
$yHKiraË, a p — HeKpHTHHecKHM npocTHM ßHBH3opoM B CMncjie npe#-
mecTByromero onpejjejieHHH. 

Ojma H3 ocHOBHHx TeopeM ajireopannecKHx nnceji, CBH3aHHan c noHH-
THeM ^HCKpHMHHaHTa — 9TO TeopeMa BpMHTa, yTBepjKflaiom;aH, HTO HHCJIO 
pacmnpeHHË k'\k c 3a,n;aHH0Ë eTeneHbio H C 3ajjaHHHM jmcKpHMHHaHTOM 
KOHeHHO. BTOë TeopeMe MOJKHO npn^aTb ejieayromyio $opMy: HHCJIO pac-
mnpeHHË k'\k 3aji;aHHOË CTeneHH, KpHTHHecKne npocTne jraBH3opn KOTO-
p n x npHHa^jiejKaT 3ajjaHHOMy KOHenHOMy MHomecTBy S, KOHCHHO. 

B TaKOË $opMe 9TO vTBepjKßeHHe MOJKCT öHTB c^opMyjrapoßaHo, XOTH 
ön KaK Bonpoc, AJIH ajireopannecKHx MHorooopa3HË JIIOOOë pa3MepHOCTH n 
HJIH cooTBeTCTByionrax nojieË ajireopannecKHx ^VHKiraË. TeopeMa BpMHTa 
cooTBeTCTByeT cjiynaio n=0. Mn paccMOTpHM ejieayioiiraË no CJIOJKHOCTH 
cjiynaË n = l, T. e. cjiynaË ajireopannecKHx KPHBHX HJIH nojieË ajireöpan-
necKHx $yHKiraË K OJJHOë nepeMeHHOË. Mn öyaeM cnnTaTb, HTO nojie K 
onpejüejieHO Hap; nojieM ajireopannecKHx nnceji k H HTO k ajireöpannecKH 
3aMKHyro B K. I lpn 9THX npejmojiojKeHHHx HMeeT MecTO cjiejryronraË pe-
3yjibTaT, aHajiorHHHHË TeopeMe BpMHTa: 

Cym;ecTByeT TOJIBKO KOHenHoe HHCJIO nojieË ajireopannecKHx <f>vHKnHË 
Kjk 3aflaHHoro po.ua gr =4=1, KpHTHHecKne npocTne jraBH30pn KOTopnx npn-
HajjjiejKaT 3ap;aHH0My KOHenHOMy MHOJKecTBy S. 

BTOT pe3yjibTaT HMeeT MecTO, ecjin ero HaaJiejKanraM oöpa30M MO^H^H-
irapoBaTb, H AJIH nojieË pojm g = l. fljin 9Toro HyjKHO, KpoMe pojja, pac-
CMOTpeTb jrpyroË BajKHHË HHBapnaHT nojieË ajireopannecKHx <j>yHKnHË 
pofla 1 — oonraË HanoojibmHË aejiHTejib d CTeneHeË Bcex jraBH3opoB nojin, 
HasnBaeMHË noKa3aTejieM nojin. M3BCCTHO [13], HTO noKa3aTejib MOJKCT 
npHHHMaTb CKOJib yrojrao öojibmne 3HaneHHH. ECJIH orpaHHHHTbcn pac-
CMOTpeHneM nojieË po#a 1 c 3a#aHHHM noKa3aTejieM d, TO c^opMyjrapoBaH-
Han Bume TeopeMa KOHCHHOCTH ocTaeTCH BepHOË. HanpnMep, npn k=R n 
B npocTeËmeM cjiynae d = 1 (Kor^a K HBJIHCTCH nojieM (JyHKiraË Ha gjuinn-
THHeCKOË KpHBOË) HMeeTCH 24 nOJIH K C ejraHCTBeHHHM KpHTHHeCKHM 
npOCTHM HHCJIOM 2. CoOTBeTCTBVIOIirae 9JIJIHHTHHeCKHe KpHBHe 3aßaiOTCH 

ypaßHeHHHMH: 

y2 = x(x2-a),a = ± 1 , ± 2 , ±4 , ±8 . 

y2 --x(x-a(x)(x-aocf),a=±l,±2;ac==l + V--l,l + V2,(l + V2)2,2 + V2. 

MOJKHO JIH paccHHTHBaTb Ha TO, HTOöH nojivHHTb ßocTaTOHHO nojiHyio 
KjiaccH$HKau;HH) nojieË ajireopannecKHx <j>yHKiraË OAHOë nepeMeHHOË no 
HX MHOJKeCTBaM KpHTHHCCKHX npOCTHX flHBH30pOB? 

IlpocTeËmnË cjiynaË, Kor^a pojj g nojin K paBeH 0, roßopHT B nojib3y 
TaKoro npeanojioJKeHHH. B 9TOM cjiynae, KaK H3BCCTHO, nojie $yHKiraË 
HMeeT B KanecTBe MOflejm KPHBVIO, 3aAaBaeMyio ypaBHeHHeM 

ax2 + by2 = l. 

BTa MO^ejib onpeaejiHeTCH nojieM K ojrao3HanHO c TOHHOCTbio HO npo-

http://po.ua
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eKTHBHoro npeoöpa30ßaHHH. KjiaceH<|>HKan;HH nojieË eoßnajjaeT, cjiejm-
BaTejibHO, c KJiaccH$HKai^HeË T P O ë H H H H H X KBaapaTHHHnx $opM c TOH-
HOCTbK) «O JIHHeËHOË 9KBHßaJieHTH0CTH. H 3 TeopHH KBajTOaTHHHHX <J)OpM 
cjie^yeT, HTO, BO BCHKOM cj iynae, n p n k=R, nojie p o ^ a 0 ojrao3HaHHO 
onpe^ejineTCH MHOJK6CTBOM CBOHX KPHTHHCCKHX n p o c T n x nncej i . COBO-

KynHOCTb Bcex noJieË, KpHTHHecKne n p o c T n e HHCJia KOTopnx coßepjKaTCH B 
3aaaHHOM MHOJKecTBe S = {p1}..., pm} oöpasyiOT aöej ießy r p y n n y , H30Mop$-
Hyio npHMOMy npoH3Be,meHHio m r p y n n Z 2 . 

B ï o p o Ë $yHßaMeHTajibHOE TeopeMOË Teopnn aj i reopannecKHx nnceji , 
CBH3aHHOË C KpHTHHeCKHMH npOCTHMH HHCJiaMH, HBJIHeTCH TeopeMa M H H -
KOBCKoro, corjiacHO KOTopoË BCHKoe KOHenHoe pacmnpeHHe KjR noj in 
panHOHajibHHX nnceji R HMeeT XOTH ö H ojrao KpnTHHecKoe npocToe HHCJIO. 
B H J I O o n oneHb HHTepeCHO BHHCHHTb B KaKOË Mepe 9TOT pe3yjibTaT oö-
oömaeTCH Ha npoH3BOJibHne a j i reöpannecKne MHorooöpa3HH. B o n p o c B 
cj iynae nojieË aj i reopannecKHx (j)yHKiraË ojraoË nepeMeHHOË 3aKjnoHaeTCH 
B cjiejryioineM: 

CymecTßyioT JIH noj in aj i reopannecKHx <f>yHKiraË ojmoË nepeMeHHOË c 
nojieM KOHCTaHT R, ne HMeionrae KpHTHnecKHx n p o c T n x nnceji H OTJiHHHne 
OT nOJIH pai^HOHaJIbHHX ^yHKI^HË R(x)ï 

OTBCT Ha 9T0T Bonpoc MHe HensBecTeH. J\JIH. pacmnpeHHË npoH3BOJib-
Horo noj in aj i reopannecKHx nnceji k Bonpoc peinaeTCH OTpmraTejibHO. 
Boj ibme Toro, cymecTByiOT Tanne no JIH K a j i reopannecKHx <j>yHKiraË ojraoË 
nepeMeHHOË, HMeionrae nojieM KOHCTaHT nojie R, HTO A;JIH HeKOToporo noj in 
aj i reopannecKHx nnceji k nojie K • k ne HMeeT KPHTHHCCKHX n p o c T n x jra-
BH30pOB Haß k. IIpHMepOM HBJIHCTCH nOJie R(x,y), ITje X H y CBH3aHH co-
OTHomeHHeM 

3 4 

ecjin 3a k B3HTb nojie R(V2,V — 3) . 

MOJKHO noJiyHHTb öojiee TOHKHC HHBapnaHTn, neM TOJIBKO coßOKyn-
HOCTb KpHTHHeCKHX npOCTHX flHBH30pOB, eCJIH BepHyTbCH OT paCCMOTpe-
HHH nojieË K paccMOTpeHHK) OT^ejibHHx MOflejieË. fljiH onncaHHH 9 T O ë CH-
Tyairan yfloÖHO nojib30BaTbcn H 3 H K O M cxeM [14] . I lycTb Kjk — pacmnpeHHe 
KOHeHHoro Tnna noj in aj ireopannecKHx nnceji k, SL X — cxeMa Hafl KOJibnoM 
i jej inx nnceji a noj in k. IIpeanojiojKHM, HTO cxeMa X — ijejian, n j iocnan H 
coöcTBeHHan Hafl a, HTO K HBJIHCTCH ee nojieM pairaoHaj ibHnx $yHKiraË H 
HTO cxeMa X®k (HBJimomaHCH ajireöpannecKHM MHorooöpasneM n&R k), ne 
ocoöan . ÜOHHTHe KpnTHHecKoro npocToro jraBH3opa p cxeMn X onpe,ne-
jineTCH, KaK H paHbme, nyTeM paccMOTpeHHH cxeMH Xjp. H o B 9TOM cj iynae 
KpHTHHeCKHM npocTHM jraßnsopaM pt MOJKHO npnnHcaTb HeKOTopne KpaT-
HOCTH rt H onpe^ejiHTb jraeKpHMHHaHT cxeMn D(X)=YlplK H e ocTaHaßJin-
Bancb Ha TOM, KaK onpe^ejinioTCH HHCJia r{, cKajKy TOJibKO, HTO 9TO o n p e -
jüejieHHe ocHOBHBaeTCH Ha BBe^eHHOM 3 . KejiepoM [15] noHHTHË flH$$epeH-

TH (KOTOpaH B 9THX TepMHHax HBJIHeTCH SaMKHyTOË HOfliCXeMOË cxeMn X), 
TaK JKe, KaK onpe^ejieHne jracKpHMHnaHTa noj in aj i reopannecKHx nnceji 
ocHOBHBaeTCH Ha onpejjejieHHH e r o ^ H ^ e p e H T H . 

E C J I H nojie Kjk HMeeT CTeneHb TpaHcneHßeHTHOCTH 1, T. e. X ® k HBJIHCTCH 
ajireöpannecKOE K P H B O ë , TO pofl noj in Kjk Ha30ßeM poßOM cxeMH X. 
ÜMeeT MecTO cjieftvronraË pe3yjibTaT: 
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CymecTByeT TOJIBKO KOHenHoe HHCJIO cxeM X 3a^aHHoro po.ua <7#=1 (HJIH 
po«a 1 H 3aaaHHoro noKa3aTejin d) c sajraHHHM jracKpnMHHaHTOM. 

nOHHTHe AHCKpHMHHaHTa CXCMH CBH3aHO, nOBHflHMOMy, H C ßpyrHMH 
BonpocaMH apn<j)MeTHKH ajireopannecKHx MHorooöpasnE. HanpnMep A. 
HepoH [16] flOKa3aji, qTo HJIH g = l cpejra Bcex cxeM X, cooTBeTCTByioiirax 
OAHOMy H TOMy JKe nojiH) K, HMeeTCH ojraa, B onpe^ejieHHOM CMncjie MHHH-
MajibHan. MOJKHO noKa3aTb, HTO 9Ta cxeMa oöJia^aeT MHHHMajibHHM jmeKpH-
MHHaHTOM. ECJIH, KaK MOJKHO Ha^eHTbCH, TeopeMa o eymecTBOßaHHH MHHH-
MajibHOË MOflejiH HMeeT MecTO «JIH cjiynan npoH3BOJibHoro pojja g>0, TO 
9Ta MHHHMajibHan MOjjejib öy^eT TaKJKe oÖJiajjaTb MHHHMajibHHM jracKpn-
MHHaHTOM. 

§ 5. CpaBHeHHe c ajireöpaHHecKoö reoMeTpneö 
Bonpocn oö ajireopannecKHx Kpnßnx Haa nojieM ajireopannecKHx nnceji 

k HHTepeCHO cpaBHHTb c aHajiorHHHHMH BonpocaMH fljiH cjiynan, Korjja k — 
nojie ajireopannecKHx (|)yHKiraË ojraoË nepeMeHHOË, noaoÖHO TOMy, KaK 
MH yJKe 9TO fl;ejiajiH B 9TOM ^OKjia^e B CBH3H C ppyrHMH BonpocaMH Teopnn 
ajireopannecKHx nnceji. 

nycTb k — nojie ajireopannecKHx $yHKiraË ojmoË nepeMeHHOË c aji-
reOpannecKH 3aMKHyTHM nojieM K09(f)(|>HiraeHT0B kQ, HBJimomeecH nojieM 
pairaoHajibHHx ({>yHKiraË Ha noJiHOË ajireöpannecKOE KPHBOë T. Pac-
cMOTpHM, aHajiorHHHO TOMy, KaK MH nocTynajiH B § 4 nojie ajireopannecKHx 
(JjyHKiraË ojmoË nepeMeHHOË K c nojieM K09<J><j)HiraeHTOB k. 

TaK KaK K HMeeT Haa k0 CTeneHb TpaHcneH,n;eHTHOCTH 2, TO OHO HBJIHCTCH 
nojieM pairaoHajibHHx <|>yHKiraË Ha ajireöpannecKOE noBepxHOCTH X, KO-
Topyio MOJKHO CHHTaTb HeocoooË. BjioJKeHHe nojin k B K onpejüejineT pa-
î HOHajibHoe OTOöpajKeHHe /: X-> T. nojibsyncb H3BecTHHMH npneMaMH 
Teopnn ajireopannecKHx noBepxHOCTeË, MOJKHO CBCCTH Bonpoc K cjiynaio, 
Kor^a OTOöpajKeHHe / peryjinpHO. TaKHM oöpa30M, aHajioroM TOë CHTya-
rran, KOTopan oÖeyjKjjajiacb B § 4 HBJIHCTCH peryjmpHoe OTOÖpameHHe He
ocoooË ajireöpannecKOE noBepxHOCTH X Ha Heocoöyio ajireöpannecKyio 
KpHßyH) T. fljiH Bcex ToneK t KPHBOë T, KpoMe, öHTB MOJKCT, KOHeHHoro 
HHCJia HX, npooöpa3 f~x(t) öyneT HeocoooË ajireöpannecKOE KPHBOë ojraoro 
H Toro JKe pojja g, paBHoro poay noun Kjk. Te TOHKH, npooöpa3H KOTopnx 
HBJIHIOTCH KpHBHMH C OCOÖeHHOCTHMH H CJIVJKaT aHaJIOrOM KpHTHHeCKHX 
npOCTHX AHBH30pOB. 

M H Öy^eM Ha3HßaTb HX KPHTHHCCKHMH TOHKaMH. 
ToBopn flpyrHMH cjioßaMH, MH HMeeM paccjioeHHe noBepxHOCTH X Ha 

ceMeËCTBO ajireopannecKHx Kpnßnx f " 1 ^ ) . KpHTHHecKne TOHKH COOTBCT-
CTBVIOT BnpoJK^aion^HMCH CJIOHM, KOTopne HBJIHIOTCH KPHBHMH C OCOÖH-

MH TOHKaMH. 
OöpaTHMCH K Bonpocy o nojinx öe3 KpnTHHecKHx ToneK. 
TaKHM nojiHM Öy^yT cooTBeTCTBOBaTb paccjioeHHH öe3 BnpoJK,a;eHHHX 

cjioeB. B HameM cjiynae TaKne paccjioeHHH jjeËCTBHTejibHO cymecTByioT. 
npHMepoM HX HBJIHIOTCH npHMne npoH3Beji;eHHH X = FxT oa3HCHOË Kpn-
BOë T Ha npoH3BOJibHvio KpHByio F. Bojiee oönraE KJiacc npHMepoß jjaioT 
«nocTOHHHHe» paccjioeHHH, y KOTopnx Bce CJIOH onperyjinpHO 3KBHBa-
jieHTHH Apyr ppyry. BTH paccjioeHHH HBJIHIOTCH ajireopannecKHMH pac-
cjioeHHHMH npocTpaHCTBaMH, jiOKajibHO TpHBHajibHHMH npn k0 = C H JIO-

http://po.ua
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KajibHO H30TpHBHajibHHMH [17] npn npoH3BOJibHOM kQ. Bonpoc O nOJIHX öe3 
KpHTHnecKHX ToneK npHOÖpeTaeT Tenepb ejie^yiomyio $opMy: 

CoBnajraeT JIH BCHKoe paccjioeHHe öe3 BHpoJKjüeHHHX cjioeß, öa3a T KOTO-
poro HBJineTCH npoeKTHBHOË npHMOË, c «nocTOHHHHM paccjioeHHeM»? 

BTOMy ßonpocy MOJKHO npnjjaTb jroyryio (j)opMy, ecjin paccMOTpeTb 
MHorooöpa3He MojjyjieË Mg ajireopannecKHx Kpnßnx po^a g. ConocTaßJiHH 
CJIOK) / -1(f) (t € T) TOHKy, H30ÖpajKarom;yio 9Ty KpHByio B MHorooöpa3HH 
Mg, MH onpeflejiHM peryjwpHoe OTOöpajKeHHe npoeKTHBHOË npHMOË T B 
Mg. Bonpoc 3aKJiH)HaeTCH B TOM, HTOöH BHHCHHTB, cymecTByioT JIH Tanne 
OTOöpajKeHHH, KpoMe OTOopajKeHHË B TOHKy. Hx 3aßeflOMo HeT, ecjin MHoro-
oöpa3ne Mg a<j)<|)HHHoe, KaK 9TO HMeeT MecTO npn g = 2 (1). 

nepeË^eM K paceMOTpeHHio paccjioeHHË, co^epjKanrax BnpojKfleHHne 
cjioH. 3ßecb y^oÖHO (H, BO3MOJKHO, He Tepnn oönraocTH), orpaHHHHTbcn 
paccMOTpeHneM MHHHMajibHHX paccjioeHHË, T. e. TaKHx paccjioeHHË X^+T, 
HTO He cyn^ecTßyeT paccjioeHHH X'^T H TaKoro peryjinpHoro önpairao-
HajibHoro OTOopajKeHHË g: X-+X' HTO TpeyroJibHHK 

X-^X' 

KOMMyTaTHBeH. 
BonpOCy O nOJIHX C 3aßaHHHMH KpHTHHeCKHMH TOHKaMH MOJKCT ÖHTb 

npn^aHa cjie^yiomaH $opMa: 
KoHenHO JIH HHCJIO paccjioeHHË Ha KpHBne 3aAaHHoro po^a g 4=1, ecjin 

$HKcnpoßaHa öa3HCHan KpnBan T H MHOJKCCTBO S KPHTHHCCKHX TOHCK pac-
CJIOeHHH? 

B pnfle nacTHHx cjiynaeB (HanpnMep, ecjin Bce CJIOH rnnep-gjuiHnTHHe-
CKHe) MOJKHO nOKasaTb, HTO 9T0T BOnpOC HMeeT nOJIOJKHTeJIbHHË OTBeT. 
^OKasaTejibCTBO B oönjeM cjiynae JJOJIJKHO öHTB, noBH^HMOMy, 3HaHHTejibHO 
Tpyjraee flOKa3aTejibCTBa aHajiornHHoro $aKTa JJJIH KPHBHX Hajj nojiHMH 
ajireopannecKHx nnceji, aHajiorHHHO TOMy, KaK KOHenHOCTb HHCJia pacmn
peHHË C 3aßaHHHMH TOHKaMH BeTBJieHHH nOJIH aJireÖpaHHeCKHX $VHKiraË 
30Ka3HBaeTCH ropa3flo cjioJKHee [18], neM TeopeMa BpMHTa B Teopnn aji
reopannecKHx HHCeJI. B CBH3H C 9THM ÖHJIO ÖH HHTepeCHO HCCJießOBaTb 9TOT 
Bonpoc B cjiynae k0 = G, noJib3yHCb TonojiornnecKHMH MeTOflaMH. 

B § 1 MH BH^ejiH, HTO npn kQ = C KJiaccH^HKai^HH KOHenHHx pacmnpeHHË 
nojin ajireopannecKHx <J>yHKn,HË MOJKCT öHTB cßejjeHa K TonojiorHnecKOË 
KJiaCCH$HKaî HH HaKpHTHË. 

CBH3H, KOTopne cymecTByioT MejK^y TeopneË peryjmpHHx OTOopajKeHHË 
ajireöpaHHecKHx noBepxHOCTeË Ha ajireöpannecKHe KpHBne H cooTBeT-
CTByiomeË TonojiorHnecKOË 3aflaneË — TeopneË jra^epemrapyeMHx OT-
oopajKeHHË neTnpexMepHHx jra(|)$epeHirapyeMHx MHorooopa3HË Ha jray-
MepHne — no-BHjraMOMy, coßceM He HccjieflOBaHH. 3aecb B03HHKaioT Tpn 
Bonpoca: 

KaKOBa KjiaccH$HKai^HH an^epeHirapyeMnx OTOopajKeHHË neTnpex
MepHHx MHorooopa3HË Ha ^BVMepHHe? 

(*) D. Mumford COOöIHHJI MHO, HTO K. Kodaira nocTponji npnaiep He«no-
CTOHHHoro» paccjioeHHH 6e3 BnpojKßeHHHX cjioeß c 6a3oft, OTJIHHHOë OT npo
eKTHBHOË npHMOË. 
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KaKHe jra$(|>epeHirapyeMHe OTOÖpaJKeHHH neTnpexMepHoro MHorooöpa-
3HH Ha ajireöpaHHecKVK) KpHByio peajiH3yioTCH KaK peryjinpHne OTOöpa-
menmn ajireopannecKHx noßepxHOCTeE Ha 9Ty KpHByio? 

MoryT JIH #Ba pa3JiHHHnx peryjinpHnx OTOÖpaJKeHHH ajireöpannecKOE 
noBepxHOCTH Ha ajireöpannecKyio KpHßyio öHTB ^H$(|)eoMop$HHMH? 

nocjieAHHË Bonpoc aHajioriineH TOMy, KOTopnË T. TpayepT [19] pemnji B 
nOJIOJKHTeJIbHVK) CTOpOHy JJJIH paCCJIOeHHË C BeKTOpHHM cjioeM HaA MHoro-
00pa3HHMH IUTeËHa. 

3aKjnoHeHHe 
B 9T0M flOKjia^e H He CTaßHJi CBoeË nejibio aaTb cKOJibKO-HHÖy^b nojiHHË 

oÖ3op pe3yjibTaTOB, nojiyneHHnx B nocjiejniee BpeMH B Teopnn ajireöpan-
necKHx nnceji. 3fl;eeb paccMOTpeH TOJibKO ojpiH Kpyr HjjeË B Teopnn nojieË 
ajireopannecKHx nnceji H coöpaHH npHMnKaronpie K 9THM H^CHM pe3yjib-
TaTn H npoÖJieMH B caMOË Teopnn ajireopannecKHx nnceji H B öJIH3KHX K HeË 
OÖJiaCTHX. 
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DISCONTINUOUS GROUPS AND 
HARMONIC ANALYSIS 

By ATLE S E LB ERG 

1. We shall in the following give a brief account of certain results and pro
blems that arise in connection with discontinuous groups operating on 
certain types of spaces and the functions that are associated with these in a 
natural way. 

The analytic automorphic forms of one or more complex variables have 
long been known, in recent times notably through the work of Hecke and 
Siegel, to be intimately connected with questions from the theory of num
bers. Maass [1] introduced, in order to extend certain investigations of 
Hecke, automorphic functions characterized by being eigenfunctions of 
certain differential operators. Later the emphasis was shifted to the study 
of certain rings of integral operators, and in particular to a general formula 
which I have called the "trace formula". 

The principal features of this theory carries over to cases where there 
exist no differential operators, but we shall here, apart from the earlier part 
of section 2, be concerned only with the groups operating on and functions 
defined on symmetric riemannian spaces (in the sense of E. Cartan). Section 
2 is devoted to a short summary of this theory for the case of groups with 
compact fundamental domain. I have here little to add to what has been said 
earlier by myself and others^1) Section 3, the main part of this exposition, 
deals with certain of the problems introduced by noncompactness, especially 
the problem of analytic continuation of Eisenstein series. The last section 
concerns applications to the theory of Hecke operators. 

I have not tried to give explicit examples nor to go into the number-
theoretical aspects and applications of results stated as this would have 
made this exposition too long. 

2. Let G be a locally compact group with bi-invariant Haar measure and S 
a space that is defined as the quotient space GjK where K is some compact 
subgroup of G. We shall denote the elements of G by g and points in the 
space S by x, y. We shall consider scalar functions f(x) and let g operate 
on the functions in the manner that f(x)->f(gx); we might more generally 
consider vector valued functions and f(x)~>a(g,x)f(gx), where a(g,x) is a 
scalar or matrix valued multiplier satisfying the relation o(g2ix)o(g1,gzX) = 
o(g1g2ix), but shall not do so here except in connection with what we call the 
finite case of the trace formula. 

We consider a ring of operators of the form 

/ . -
k(x,y)f(y)dy, (2.1) 

where dy enotes a measure on S that is invariant under the action of 67, 
and where the kernel is such that the operator commutes with the action of 
G on /, this means that 

(*) Selberg [8] and [9], Tamagawa [12], Godement [2]. 
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k(x,y)=k(gx,gy) (2.2) 

for all g. We assume that this ring is commutative, an assumption which 
can be verified for instance if S is a symmetric riemannian space and G 
the connected component of its group of isometries. We shall consider 
functions of x which are eigenfunctions of all the operators in the ring. 
We are particularly interested in eigenfunctions co(x,y) which satisfy (2.2) 
and for which co(y,y) = l. From an arbitrary eigenfunction f(x), we can 
obtain one of this form by defining for f(y) 4=0, 

1 mi*. m{x>y) = —^f{Qx)dq> (2.3) 

where Ky is the compact subgroup of G that leaves y fixed and dq is an in
variant measure on Ky such that the total measure of Ky is 1. Every eigen-
function f(x) is in this sense associated with a unique co(x,y), and its eigen
value with respect to the operator (2.1) is therefore the same as that of 
oo(x,y), which is 

)= Ì k(x, h(œ)= k(x,y)oj(y,x)dy. (2.4) 

Instead of using Cü as a parameter here, we can if we have a set of opera
tors Dt that commute with our ring and with the action of G on S, and 
which is such that each co(x,y) is uniquely determined by the set of eigen
values X = {Ài} where X% is the eigenvalue of co with respect to D%, use this 
set of numbers A as a parameter and write h(X) instead of h(co). If S is a 
riemannian space a basis for the ring of differential operators that commute 
with the action of G will provide such a set Dt. 

We now assume that we have a discrete subgroup V of 67, and we consider 
now functions defined of T\S, that is functions for which f(x)=f(yx) for 
y Gr. By a fundamental domain D we understand as usual a set of points 
such that $ = 2 y e r y-D- For our new class of functions /, the operator (2.1) 
takes the form 

I-K(x,y)f(y)dy, (2.5) 

where K(x,y)= % k(x,yy). (2.6) 

We shall assume throughout this section that T\S or D is compact, this 
actually also means that D may be chosen so as to lie entirely in some 
compact subset of S. 

The trace formula is now simply the result that we formally obtain by 
evaluating the trace of the operator (2.5) on the one hand as 

L< K(x, x) dx, 

using the expression for K and the properties of k, this can be transformed 
into a series of the form 
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2 A*(<yry) jr({yU (2.7) 

where Ty and Gy mean the centralizer of y in V and 6r respectively, ix(GyjYy) 
is a measure of the quotient GyjYy, the symbol {y}G denotes the conjugacy 
class of y in G, g depends on k and the argument {^}G» and the symbol 
{y}r denotes conjugacy class of y in V and we sum over one representative 
from each conjugacy class. On the other hand we have also that the trace 
of the operator (2.5) is given by 

2 AM or 2*W), (2-8) 
to A 

where h is given by (2.4) and the summation extended over the set of eo's 
(or A's) for which there exist eigenfunctions, each œ counted with the 
proper multiplicity. 

The trace formula 

lHa>)=lM(Gy/ry)g({y}G) (2.9) 
to {y}p 

will be valid under certain conditions that shall not be given here. 
Two obvious ways in which this identity may be used are to get informa

tion about the distribution of the terms occurring on the right-hand or the 
left-hand side. To obtain the finer results one would use methods resembling 
those used in analytic number theory. Actually for some of the simpler 
cases of symmetric riemannian spaces of negative curvature (2.9) turns out 
to be structurally strikingly similar to the socalled "exact formulas" in the 
theory of primes, so much so that one can actually from it construct a kind 
of zeta function associated with the group T, which in its properties (Euler 
product, functional equation, and location of trivial and nontrivial zeros) 
resembles the usual zeta or L-iunctions. 

In general the series occurring on both sides of (2.9) are infinite, if G is 
compact and therefore Y finite, the series on the right-hand side of (2.9) 
is of course finite, and the series on the left-hand side would be finite if k 
is a finite linear combination of co's. For noncompact 67 there may however 
also be exceptions, if there are among the co's functions that would qualify 
as k in the trace formula. This we shall refer to as a "finite case" of the 
trace formula. The most notable instance is connected with the theory of 
analytic automorphic forms of one or several complex variables. This is 
actually a case where we have as multiplier a(g,x) a power of the jacobi 
determinant jg(z) of the analytic transformation z-^gz. In this case, using 
the proper k, which can be simply expressed in terms of the Bergmann kernel 
function if S is a bounded homogeneous domain, the left-hand side of (2.9) 
becomes simply N(r,Y), the number of linearly independent regular analytic 
automorphic forms of weight r (that is, functions which transform in the 
way f(z) = (jy(z))rf(yz) for y in T); on the right-hand side of (2.9) all terms g 
where y is not a transformation with fixpoint in S will vanish, leaving a 
finite sum. The terms with fixpoints yield polynomials in r whose degree 
equals the complex dimension of the fixpoint set of y, multiplied with the 
rth power of a certain root of unity (the value of jy(z) at a fix point).(*) 

C1) Selberg [9]. 
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More generally if we instead of (jg(z))T have a matrix multiplier a(g,z) which 
is analytic in z, the same approach works. Recently Langlands(x) has given 
the explicit expression for the number of linearly independent analytic forms 
N(a, Y) by evaluating the relevant g({y}oYs in closed form. As the general 
expression for g( {y}G) involves considerable Lie group terminology we shall 
not give it here. 

3. If we give up the assumption of the compactness of D, the situation 
becomes much more complicated. In order to get a sensible class of groups 
we have to require at least that the measure of D be finite. In general when 
D is not compact the trace of our integral operator (2.5) does not exist, and 
we have beside the discrete spectrum of eigenfunctions, one or more con-
tinous spectra, these may be of various dimensions. The general idea one 
would try to follow in order to re-establish a "trace-formula" in some modi
fied form for this case would be first, to obtain enough information about 
the continuous spectra, then to remove their contribution to the kernels of 
the operators (2.5) so that one would get a class of operators that only 
retain the discrete part of the spectrum, and these eigenfunctions with 
unchanged eigenvalues. Finally one would then try to evaluate the trace of 
these new operators in two different ways. 

From now on we shall consider only the case that S is a symmetric rie
mannian space which for simplicity may be assumed to have no compact 
factor spaces. The most serious obstacle to the carrying out of the idea 
sketched above is that, with the exception of the case of the hyperbolic 
plane (and of course for the product of a hyperbolic plane and euclidean 
or compact symmetric spaces) it is not known what the conditions of the 
noncompactness but finite measure or volume of D imply about Y. I t is 
not in general known if such a group is necessarily finitely generated. If 
by a canonically constructed fundamental domain we understand one 
obtained from a base point(2) by including in D any point whose geodesic 
distance from the base point is less than from any point equivalent under Y, 
then it is not known whether such a fundamental domain necessarily is 
bounded by a finite number of sides. Finally it is not known whether such 
a group necessarily always contains unipotent elements. 

Although in certain cases(3) it has been possible to draw definite con
clusions about the nature of the noncompact parts of the fundamental 
domain D, the "cusps" as we shall call them in analogy with the terminology 
used for the hyperbolic plane, and the subgroups of Y that describe these, by 
making rather weak assumptions in addition to the finiteness of the volume 
of D, it seeems reasonable at present to concentrate the efforts of handling 
the difficulties introduced by noncompactness, in two directions. The more 
general approach would be to make definite assumptions about the nature 
of the cusps and the subgroups of Y that describes them, namely that these 
be of the same nature as those encountered for the arithmetic subgroups of 
algebraic groups in the sense of Borei-Harish Chandra. (4) There are reasons 

(*) Communicated at a conference on automorphic functions at Stanford in June 
1962. 

(2) Assumed not to be a fixpoint of any element in T. 
(3) See Piatetsky-Shapiro [6]. 
(4) Borel-Harish Chandra [1]. 
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to believe that perhaps all groups Y with finite volume of D would fall in 
this category. 

The other approach would be to make a definite assumption about the 
whole group Y, namely that T by a suitable representation of G as an 
algebraic group is commensurate with an arithmetic subgroup. (We call 
two groups commensurate if their intersection has finite index in both.) 
This more restricted approach could be justified by the fact that for the 
higher dimensional symmetric spaces the arithmetic subgroups are the only 
types of groups with finite volume of D that have been constructed, if we 
exclude certain obvious exceptions for certain product spaces. 

We shall first describe what can be done about the continuous spectra 
with the first approach, and assume that all cusps are of a particularly 
simple kind, and that there are only a finite number of inequivalent ones^1) 

Let us assume that S whose points we shall denote by z (not to be thought 
of here as denoting one or more complex variables) can be represented by 
coordinates z = (y,u,x), where y is real positive, u represents a point in a 
symmetric space Su (possibly euclidean or with euclidean factors and pos
sibly even zero dimensional) of lower dimension than S, and X represents an 
element of a certain unipotent subgroup Nx of 67. Further let G contain a 
subgroup Goo which is transitive on S. (7«, contains Nx, the elements n of 
Nx act on z in the way that (y,u) is left unchanged while x->nx, Nx is further
more a normal subgroup of 67,». An element of G^ acts on z in the way that 
y is multiplied by a positive constant and u undergoes a transformation 
which belongs to a group Gu of isometries of Su. The restriction of G^ to 
the (y,u) space can therefore be written mGUty = Gu-Gy, where Gy is the mul
tiplicative group of the positive real numbers. The invariant volume ele
ment of S becomes 

dz = c,— dudx, (3.1) 
y 

where we use o% (i = l,2,...) to denote positive real constants, and a is a 
constant which we assume to be > 1 , by writing y instead of ^1/(a-1) we can 
always attain that a = 2. Further du is an invariant volume element on 
Su and dx the Haar measure on the unipotent group Nx. The metric form 
on S would take the form 

di/2 

= c2-^ + czds2
u + Qy.UtX(dx), (3.2) 

where dsu is the invariant line element in Su, Qy, ux(dx) is a positive definite 
quadratic form in the dx, whose coefficients depend on y, u and x, whose 
determinant is cjy2, and which furthermore has the property that for u and 
x in some compact region of Su and Nx, its coefficients tend uniformly to 
zero as y-> oo, 

We now denote the intersection Y 0 G^ by Y*,, further r fì Nx by IV 
The restriction of Too to the (y,u) space shall be a discrete subgroup of Gu 

(this means that r M does not change y) which we denote by Yu. We assume 

(1) The latter part of this assumption can in many cases be shown to follow from the 
first. 
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that Yx\Nx is compact, and also that TM\67M is compact. We say then that 
Y oo defines a "point-like" cusp at y = 00. I t can be seen that if we define 
SVo as the part of S with y>y0, then for y0 sufficiently large D can be chosen 
such that the intersection of D and SVo is simply a fundamental domain of 
r«, in SVtt. Such a cusp, when it is part of a canonically constructed funda
mental domain, contains exactly one geodesic ray from the base point 
which remains inside the cusp. We shall assume that Y has only a finite 
number of nonequivalent cusps of this nature, and that what remains of D 
after we "cut off the cusp," that is, remove the part with y>y0 for y0 

sufficiently large, for all these cusps, is compact. That the cut-off part has 
finite volume is obvious from the form of the volume element. The cut-off 
part of the cusp could be given as y>yQiu in Du and x in Dx where Du is a 
fundamental domain of Tu in Su and Dx a fundamental domain of Yx in Nx. 

If we have defined in S a function f(z) which is invariant under YQO we 
may form 

- 1 — f f(nz)dn, (3.3) 

where m(Dx) is the measure of Dx. We shall refer to this expression, which 
will be a function of (y,u) which is invariant under Yu, as the "constant 
term" of / with regard to the cusp. I use this name because in the (in appli
cation frequently occurring) case that Nx is abelian this is actually the 
constant term in the fourier expansion of / with regard to x. If the constant 
term vanishes we say that / is a cusp form with respect to this cusp. 

If / is an eigenfunction of the operators (2.1), we can show, that if / is a 
cusp form and / = 0(2/*) for some k as y-^00} then this holds for all k, so that / 
tends to zero faster than any negative power of y. Also, if the eigenvalues A 
to which / belongs for a basis of the invariant differential operators are 
restricted to a compact region, we can show that / does not attain any 
maximum in the region y>y0 for some fixed y0 which depends only on this 
compact region to which the eigenvalues are restricted and on Y 00. 

If s is a complex variable and v(u) is invariant under Yu and also an eigen-
function of the invariant operators on the space Su, then we have that 

fU*)=ysm (3.4) 

is an eigenfunction of our class of invariant operators on S. If we form for 
s=oJrit,o>l the series 

E(*,s,v)= I Uv(yz), (3.5) 
yeroo\r 

this series is seen to converge absolutely and to represent an eigenfunction 
which is invariant under Y, we call the function defined by (3.5) the Eisen
stein series corresponding to the cusp and to the function v. The continuous 
spectra for our problem are in this case obtained by analytic continuation 
of this series as a function of s for s = ̂ -\~it. Under the assumptions we 
made earlier about Y it can be proved that this analytic continuation is 
always possible, that the E(z,s,v) for the various cusps are meromorphic 
functions of s in the whole s-plane (with location of singularities independent 
of z), that they are regular for a>\ except possibly for a finite number of 
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poles of order 1 on the line segment J < s < l . The residue of E(z,s,v) at 
such a pole, gives an eigenfunction belonging to the discrete spectrum which 
is not a cusp form (actually all such eigenfunctions arise in this way). We 
also obtain functional equations that relate the set of Eisenstein series which 
corresponds to the same eigenvalues (or to the same co) for variable s, to 
another (or possibly the same) such set with 1 —s instead of s as argument. 

We shall in the following give some indications of the ideas on which the 
proofs of these results are based. For simplicity we assume that D has just 
one cusp, and furthermore that v is such that if for another function vf 

we have that fStV (z) and fSt v> (z) correspond to the same cos for variable s then 
v' is a constant multiple of v. 

If we apply the operation (3.3) to E(z,s,v) we can show that the "constant 
term" must have the form 

ysv(u) +<p(s)y1-sw(u), (3.6) 

where w(u) is a function of the same type as v and such that 2/1_sw(tfc) be
longs to the same cos as ysv(u), and q>(s) =q)v(s) is a certain function of s 
which is regular for a > 1. If we form E(z,s,w) we can show that its "constant 
term" has the form 

ysw(u) + y(F) y1'^) (3.6') 
i 
f v and w are both normed such that the integral of the square of their 

absolute value over Du is 1. There are two possible cases to consider. Either 
w(u) is apart from a constant factor identical to v(u), or w(u) and v(u) are 
orthogonal so that 

/ . 
vwdu = Q. 

The latter case is the simpler so we shall consider it first here. We write for 
z in D 

\E(z,s,v) for y<y0, 
E(z,s,v) = { (o.l) 

{ E(z, s, v) - ysv(u) for y > y0, 

and similarly 

= (E(z,s,v) for y<yQ, 
E(z,s,v) = { (o.l ) 

[E(z,s,v)-ysv(u)-<p(s)y1 sw(u) for y>y0. 

It is possible to show that for a s — a + it with a < | for which E(z, s, v) is 
analytic we have 

/• I Jn 12 j 2 n / „.2or-l \ 

J.|£**H*-*^(iN- <3-8) 
where c5 is a constant, independent of v, but dependent only on S and Too. 
From this it is not hard to conclude that E(z,s,v) is regular in the half 
plane a>\. To obtain results going further we need the formula 
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I J I M . » , ! ^ . ^ - ^ " , ,3.9, 

valid wherever E(z,s,v) is analytic, thus in particular for o>\. From (3.9) 
it is seen that \<p(s) \ <yta~1 for a>\. We next show that \(p(s) | ->1 as o->\. 
If this were not the case, we denote the right-hand side of (3.9) by Q(s) and 
consider 

^ 3 (3.10) 

as CT->|. If there is a sequence of sj=aj+itj with tj bounded and Of*\, such 
that Q(Sy)-»oo for j->oo3 then we can show that we could take out a subse
quence of the Sj such that the expression (3.10) would converge towards a 
square-integrable eigenfunction which would be a cusp form. This easily 
leads to a contradiction since such a function is orthogonal to all Eisenstein 
series. Thus Uma^\(p(s) | = 1 and we see that <p(s) can be continued over the 
line <x = J and satisfies the functional equation 

<p(s)V(l-8) = l, (3.11) 

Q(s) therefore tends to a finite limit as the point «5 approaches a point on 
the line a = \ from the right, and it is then not hard to show that also 
E(z,s,v) has continuous boundary values as cr->J, and can be continued 
across the line cr = | by means of the functional equation 

E(z,s,v) =<p(s)E(z,l -s,w). (3.12) 

Thus E in this case is regular for cr> J and meromorphic everywhere. 
In the other case where w apart from a constant factor is the same function 

as v, we may take w=v. In this case the formula that takes the place of 
(3.8) becomes quite complicated as the function <p enters, however it is 
possible to obtain an inequality which gives analyticity for a>\, with the 
exception of the real interval | < s < l . The expression on the right-hand 
side of (3.9) also acquires some new terms but our argument about the line 
G = i goes through much as before; we still have to deal with the real interval 
! < s < l , and find that we may possibly have a finite number of simple 
poles here. Apart from this (3.11) and (3.12) remain valid. 

If we have several v'a such that fs,v(z) belongs to the same cos, the same 
methods go through. Instead of (3.12) we have an equation describing how 
the system of the E(z,s,v) is related to a system E(z,l—s,w) by means of a 
matrix which becomes unitary for s = \+it. Similarly if we have more than 
one cusp, we then consider the set of Eisenstein series formed with respect 
to all inequivalent cusps, and for the system obtained by considering those 
belonging to the same cos, the corresponding results still hold. 

I may mention an open problem in connection with the possibility of the 
simple poles on the interval | < s < l , for v = l identically there is always a 
pole at s = 1; for the hyperbolic plane we can construct groups for which the 
Eisenstein series with v = 1 (which is the only one existing in that case) has 
arbitrarily many poles between J and 1. For the arithmetically defined 
groups however as the modular group and its congruence subgroups only 
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the pole at 1 is present. It would be interesting to know whether in higher 
dimensional cases, excluding again certain obvious exceptions where S is a 
product space with a hyperbolic plane as a factor, there may exist other 
poles than the one at s = 1 for v = 1 identically. 

The E(z, | + it, v) obtained from the various cusps and v's are functions in 
the continuous spectrum. I t is not hard to show under the assumptions we 
have made about Y that if the kernel k of our integral operator satisfies 
certain conditions, we can form an auxilliary kernel H(z1,z2) from the 
Eisenstein series fors = J+*£ and the functions h(cos,v) in such a way that 
the integral operator with kernel K—H retains only the discrete part of 
the spectrum and with unchanged eigenvalues and actually has a finite 
trace. The evaluation of the trace of this modified operator, which would 
then yield the modified trace-formula, has only been carried out explicitly 
in some special cases. 

If we give up the requirement that Y^SU or Du be compact for the cusps, 
but only require finite volume, we could still define Eisenstein series in the 
same manner as before if v is a square-integrable eigenfunction invariant 
under r u , however, the proof sketched out above does not seem to carry 
over too easily to this case. But it would not be sufficient to consider only 
these Eisenstein series, which would give rise to the one-dimensional con
tinuous spectra. In general there would be in a canonically constructed 
fundamental domain not only a finite number of isolated geodesies 
issuing from the base point which remain inside D. Corresponding to such 
a family, we could assume that there is a parametrization of the space S 
in coordinates (y^y^—, yr^,x) with r>\ and otherwise with requirements 
corresponding to those we made about the group G^ and r«, before. We 
could then define series 

I k.s2...sr;v(yz), (3.13) 
yeTooXr 

where fSl,Sa...Sf,* (z) = yl1 y s
2 \ . . y'/v(u). (3.14) 

These would be Eisenstein series that are dirichletseries in r complex 
variables. I t seems very difficult to attack the problem of continuation of 
these without making explicit assumptions about the whole group Y rather 
than just parts of it. There is however some possibility that one might take 
some advantage in the case that r > 1 of the general theory of functions of 
several complex variables and so not have to continue the series (3.13) into 
the region where the real parts of several of the s become small, but rather 
just would need to establish continuation where one of the real parts of the 
st becomes small and the others stay larger than some suitable large constant. 
The functional equations one thus could establish might then provide 
enough information to deduce the rest from the general theory. Nothing 
has been done along these lines so far however. 

It might seem well justified however, at least at present, to try to attack 
the problem of the analytic continuation of the Eisenstein series under the 
assumption that by a suitable representation of G as an algebraic group Y 
is commensurate to an arithmetic subgroup in the sense of Borei-Harish 
Chandra. 

Only for a few special cases however has this continuation actually been 
carried out. In the case that 67 is the group usually denoted by Sl(n, R) and 
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S the space of symmetric positive definite matrices Y with determinant 1, 
and T the group of all n by n integral matrices with determinant 1, it has 
been possible to effect the continuation of all the Eisenstein series. We shall 
here give the properties of the series that is dependent on the largest number 
of complex variables S i^ -^n- iC 1 ) -

n v 

Let Y denote a point in S and in general Y a v by v positive definite 
symmetric matrix. We call a sequence 

n n - 1 1 

Y-+Y-+...-+Y (3.15) 

v—1 V 

a descending chain, if each Y is obtained from the preceding Y by 
V 

transforming it by a v — 1 by v integral matrix. If no Y has determinant 
zero we call the chain nondegenerate, and we call it primitive if each of 
the v — 1 by v integral matrices can be completed to an integral v by v 
matrix of determinant 1. Two such descending chains are called equivalent 
if each pair of corresponding links are equivalent forms. 

We may now consider the two series 

Cy(s1,s2...sn.1) = 2*ll\Y\-\ (3.16) 
v = l 

and Cy(s1,s2...sn.1) = 2T[\Y\~\ (3-16') 
V = l 

where in the first we sum over a full set of inequivalent primitive chains, 
and in the second case over a full set of inequivalent nondegenerate chains. 
If sv=av + itv we can show that both series converge absolutely for av>l; 
v = l,2,...,n — l. Further one can show that 

Cr = £* I l t ( 2 ] U - ( / * - » +1)), (3.17) 
K ? < / / < n - l v 

where f is the Riemann zeta function. The analytic properties are simplest 
described in terms of a new set of variables zj(j = l,2...n), such that Sj = 
zj+1—Zj + \. If we put Çy(s1...sn_1)=ZY(z1,Z2...zn), we can show that the 
expression 

u (zj-zi-^)'ZY(z1...zn) (3.18) 

is holomorphic everywhere in complex w-space and further that the ex
pression 

n-*lU* n r(zJ-zi+i)zr(z1,zt...zn) <3-19> 

is invariant under any permutation of the z5. Although the functional 
equations (of which there in this case are many) and the analytic behavior 
are simplest described in terms of fy, it is f * which is the true Eisenstein 
series in this case and the (n — l)-dimensional continuous spectrum is ob
tained from f * for ^ = | + itj. 

(*) Also briefly described in Selberg [10]. 



DISCONTINUOUS GROUPS 187 

It may be remarked in passing that it is possible to define series like 
£Y also for integral indefinite nondegenerate forms. There is then a system 
of series (the number of which depends on the signature), these systems 
have analogous analytic properties. 

In addition to f Y we have in this case other Eisenstein series that define 
continuous spectra of lesser dimensions. These of course have a smaller 
number of functional equations. 

R. P. Langlands has proved(1) that the Eisenstein series in n complex 
variables which can be defined for the symplectic modular group acting on 
the space of symmetric complex n by n matrices with positive definite 
imaginary part has analytic properties similar to those of f*. 

However, in these cases where the continuous spectra are multidimen
sional, probably a much bigger step remains after one has determined the 
properties of these spectra in order to get to a trace-formula, than in the 
case spoken about earlier where only one dimensional continuous spectra 
occur. 

Noncompactness, but with finite volume, of the fundamental domain 
creates also difficulties in connection with what we in the previous section 
called the finite case of the trace formula, although these difficulties are 
not as deep as those spoken of earlier. I t is however still an open problem 
to determine the contribution of the cusps (or rather the subgroups of Y 
that describes the cusps) to the number N(r,Y) of linearly independent 
automorphic forms of weight r. The only result of any generality that has 
been obtained in this direction can be described as follows: 

Let us assume first that for each cusp it is possible to represent the 
bounded domain as a Siegel domain of the first kind(2) with complex 
coordinates z1...zn which we consider as components of a column vector 
z = x + iy, such that the imaginary part y lies in a positivity domain in the 
sense of Koecher(3) while the x is unrestricted. G then contains a subgroup 
Goo of transformations z-*Az + b; where 6 is a real column vector and A 
belongs to a group of matrices that act transitively on the positi vity domain. 
We now assume that the intersection of Y with G^, which we call Tœ, is 
such that its pure translations (that is, transformations of the form z->z + 6) 
have compact fundamental domain in the x space and that the group formed 
by the A's that occur in Yoo has compact fundamental domain in the group 
of the ^4's occurring in G^ which have determinant 1. 

The group Y^ then describes a cusp. If we assume that D has only a finite 
number of cusps all of this type, then we can show that the contribution of 
each cusp to the formula for N(r, Y) actually is independent of r. This result 
also holds for Siegel domains of the second kind with the obvious modifica
tions that have to be made in the hypothesis about Y^- Cusps of this form 
are of course special cases of the general type referred to earlier as pointlike, 
the above result, however, does not hold for all pointlike cusps. It is, how
ever, probably true that in general a cusp will contribute a polynomial in 
r of a certain degree which corresponds to the dimension of the cusp in some 
sense. For the cusps described above the contribution from each cusp to 
N(r,Y) need not be a rational number, only the total contribution from all 

(*) To appear in the Annals of Mathematics. 
(2) In the sense of Piatetsky-Shapiro [7]. 
(3) Koecher [4]. 
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cusps has to be rational. In case of the complex domain | zx |
2 +... + | zn |

2 < 1, 
however, the contribution from each cusp is rational. In particular, for n 
odd and > 1 it is identically zero. Similarly for irreducible^) groups acting 
on a product of unit circles \zt\ <l,i — l,2,...,n, the contribution of the 
cusps (if they are all of the required type) is again zero for n odd and > 1. 
The hyperbolic plane occupies here, as in so many other instances, a some
what singular position. In general the contribution from a cusp of this type 
is evaluated as the value of a certain dirichlet-series for some integral value 
of the argument, and to express the total contribution of the cusps in rational 
terms is in general a problem in itself; for the case of the so-called Hilbert 
modular group acting on a product of unit circles, Shimizu(2) has recently 
given such an expression. 

4. Let us suppose that there is an element of 67, say g, which is not in Y, 
but such that the intersection of g~1Yg and Y has finite index in both (the 
index of course then has to be the same), then if f(z) is automorphic under 
T, we have also that f(gz) is automorphic under Y' =g~1Yg fi Y. Taking a set 
of representatives yi of the cosets such that Y = ̂ Yfyt, we find that 
2 i f(97iz) is again automorphic with regard to Y. As an operation on / 
this commutes with our class of integral operators, and the combination 
of this operation with the integral operators, leads to a more general type 
of integral operator whose trace we again may try to evaluate in two diffe
rent ways. This leads to a more general type of trace formula. 

Of particular interest in this direction, especially from the point of view 
of number theory, are the type of operators known as Hecke operators in 
connection with arithmetic groups Y. We have again two types of trace 
formula, the infinite and the finite case, and of course again the great 
difficulties pertaining to the case of non-compact fundamental domain with 
finite volume. 

I have earlier(3) given as an example of the finite case the formula for 
the trace of the Hecke operators for the analytic forms of weight k for the 
classical modular group in the upper complex half plane. I t is possible to 
give analogous formulas for some higher dimensional cases where only the 
simpler type of cusps described in the last part of the preceding section 
occurs. For the Hilbert modular groups these formulas are not hard to 
establish, and are actually in one way simpler than for the classical modular 
group, particularly if the totally real field contains units of norm —1, since 
the cusps then bring no contribution to the trace. 

It may in passing be remarked that this machinery of course works if 
the group 67 is compact. S is then also compact and Y finite; the theory of 
Hecke operators, while of course much simpler in this case, is by no means 
trivial and one can obtain results that are of definite numbertheoretical 
interest. 

Another application of these methods is to the study of dirichlet-series 
that are formed with the eigenvalues of the Hecke operators as coefficients 
for an automorphic function which is an eigenfunction for the full ring of 
Hecke operators. In the case of the classical modular group the properties 
of these series were derived from the fact that these eigenvalues were 

C1) See Selberg [11], p. 163. 
(2) To appear in Annals of Mathematics. 
(8) Selberg [8], p. 85. 
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essentially also the fourier coefficients of the automorphic function. How
ever, such an interpretation is clearly not always possible, certainly not if 
the fundamental domain is compact. By suitable combination of the Hecke 
operators with certain integral operators, however, i t is possible to prove 
tha t these dirichlet-series possess similar analytic properties (in particular, 
functional equations), also in a number of cases where the eigenvalues of 
the function with regard to the Hecke operators cannot be interpreted as 
fourier coefficients, both in cases where 67 is noncompact and D compact, 
and in cases where G is compact. 

I t is likely t ha t the further s tudy of Hecke operators from these points 
of view will yield many results of considerable interest for the theory of 
numbers. 

5. The principal open problems pointed out earlier are those connected 
with noncompactness. A solution of these a t least for the arithmetic sub
groups of algebraic groups would undoubtedly produce results of great 
interest for the theory of numbers. Probably of a t least equal importance, 
from the point of view of number theory, is the carrying over of these ideas 
and methods to groups defined over p-adic number fields and to the so-
called adele groups. 
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G É O M É T R I E A L G É B R I Q U E 

Par J E A N - P I E R R E S E R R E 

1. Introduction 
Je voudrais exposer ici quelques uns des développements récents de la 
géométrie algébrique. Je dois préciser que je prends ce dernier terme au 
sens qui est devenu le sien depuis quelques années : celui de théorie des 
schémas. 

Il n'est pas question de rappeler la définition précise d'un schéma; je 
renvoie pour cela à la conférence de Grothendieck au congrès précédent. 
Disons seulement que, alors qu'une variété algébrique se construit à partir 
d'algèbres de polynômes sur des corps, un préschêma se construit à partir 
d'anneaux commutatifs quelconques (et un schéma est un préschéma 
séparé)(x). Bien entendu, certains théorèmes exigent des hypothèses de 
finitude (nous en verrons de nombreux exemples), mais ces hypothèses 
sont vérifiées par des anneaux que l'ancienne géométrie algébrique ne 
pouvait traiter qu'indirectement (et incomplètement), ne serait-ce que 
l'anneau Z des entiers. (Et pourtant, on peut dire qu'une partie importante 
de l'arithmétique consiste justement en l'étude des schémas de type fini 
sur Z — c'est là, par exemple, le cadre naturel de la théorie des fonctions 
zêta et L, à la Artin-Weil.) Un autre type d'anneaux qui intervient fréquem
ment est celui des anneaux locaux : lorsqu'on désire étudier un morphisme 
f:X->Y au voisinage de f~1(y)f avec y€Y, on est amené à remplacer X 
par un schéma X' sur l'anneau local Oy de y, celui déduit de X par image 
réciproque au moyen du morphisme Spee(Oy)-^F; souvent même, pour 
localiser davantage, on remplace Oy par son complété Oy. 

Je n'essaierai pas de donner un aperçu complet des résultats obtenus 
ces dernières années en théorie des schémas, et je me limiterai aux deux 
thèmes suivants : théorèmes d'existence, et étude des schémas sur un an
neau local noethérien complet. Pour le reste, on pourra se reporter aux 
exposés de Grothendieck au séminaire Bourbaki [7, 10] et au séminaire 
de l'I.H.E.S. [9], ainsi, bien entendu, qu'aux Eléments [8]. 

2. Théorèmes d'existence 
Il s'agit chaque fois de construire un préschéma M de propriétés données; 

le plus souvent, comme Grothendieck l'a mis en évidence, ces propriétés 
s'expriment de la façon la plus commode en disant que M représente un 
certain foncteur. Rappelons ce que l'on entend par là : 

Soit C une catégorie, soit £ns la catégorie des ensembles, et soit F :C-*£ns 
un foncteur contravariant. On dit qu'un couple (M,m), où M €Ob(C), 
mEF(M), représente F si, pour tout TEOb(C), l'application de B.om(T,M) 
dans F(T) qui associe à ç?€Hom (T,M) l'élément Fq>(m) de F(T) est une 

(*) D'après Grothendieck, il faudrait élargir cette définition, de telle sorte que l'on 
puisse parler de « préschémas au-dessus d'un espace annelé », cet espace pouvant 
être, par exemple, une variété differentiable ou analytique (comme dans les travaux de 
Kodaira-Spencer sur les variétés de modules). 
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bijection; si hM:C~^£ns désigne le foncteur hM(T) =ILom(M, T), il revient 
au même de dire que m définit un isomorphisme de hM sur F. Lorsqu'un tel 
couple (M,m) existe, il est unique (à isomorphisme unique près), et l'on 
dit que F est représentable (on dit aussi, par abus de langage, que M repré
sente F). En géométrie algébrique, on prend le plus souvent pour catégorie 
C la catégorie Sch/s des préschémas au-dessus d'un préschéma de base S 
(i.e. munis d'un morphisme dans S). On ne dispose pas de critères généraux 
maniables f1) permettant d'affirmer qu'un foncteur F donné est représen
table. Il est en tout cas nécessaire que F transforme limites inductives 
(dans Sch/s)en limites projectives (dans £ns); en particulier, F doit être un 
foncteur local : si U parcourt l'ensemble des ouverts d'un #-préschéma T, 
le préfaisceau des F(U) doit être un faisceau. 

Exemples de schémas définis par ce procédé : 
(i) Schémas de Grassmann. On se donne un schéma S, un Os-Module quasi-

cohérent £, et un entier n>0. Si T est un $-présehéma, notons £xsT 
l'image réciproque de £ par le morphisme canonique de T dans S, et soit 
Fn(T) l'ensemble des quotients du 0T-Module £xsT Qui sont localement 
libres de rang n; c'est un foncteur contravariant de T (sur la catégorie 
Sch/s))- On démontre sans grandes difficultés (cf. Grothendieck [11], exposé 
12, pour le cas analytique) que ce foncteur est représentable par un $-pré-
schéma Grassn (£). que l'on appelle la grassmannienne (d'indice n) de £ ; 
si £ est de type fini, Grassn(f ) est projectif sur S; si de plus £ est localement 
libre, Grassn(f ) est simple sur S. Pour n = l, on retrouve le schéma projectif 
P(£) associé à £ (cf. [8], II-4.1.1); on définit de même les schémas de dra
peaux de £. 

(ii) Schémas de Hilbert. Soit S un schéma noethérien, et soit X un schéma 
projectif sur S; soit C la catégorie des #-préschémas localement noethériens. 
Si TEQb(C), soit XT=X x^T, et soit F(T) l'ensemble des sous-préschémas 
fermés de XT qui sont plats sur T; c'est un foncteur contravariant de T. 
Grothendieck a démontré que ce foncteur est représentable par un schéma 
Hilbjp/s qui est somme disjointe de ^-schémas projectif s Hilb^/s, indexés 
par certains polynômes à coefficients rationnels (cf. [10], exposé 221 — voir 
aussi [11], exposé 16, pour le cas analytique). Ces schémas jouent un rôle 
analogue à celui des classiques « coordonnées de Chow » (qui, elles, servent à 
paramétrer des cycles, et non des sous-schémas). Leur existence entraîne 
facilement celle d'autres schémas importants (schémas de morphismes, 
d'isomorphismes, etc. — voir [10], loc. cit.); elle intervient également dans 
la construction des schémas de Picard et des schémas de modules (voir ci-
dessous). 

(iii) Schémas de Picard. (Ici, la définition générale du foncteur F est 
délicate; je me limiterai à un cas particulier relativement simple.) Soit 
n:X->S un morphisme de préschémas localement noethériens. On suppose 
que TI est projectif, plat, admet une section, et que ses fibres sont géométri
quement intègres. Posons 

Px,s = H0(S,R^7t(OÌ)). 

Vu les hypothèses faites, ce groupe s'identifie à H1(X, O^/H^S, Ot). Si T 

(x) On trouvera toutefois dans Grothendieck ([11], exposé 11) des critères permettant 
de déduire la représentabilité d'un foncteur de celle d'autres foneteurs. Voir aussi 
[10], exposé 195, pour une caractérisation des foneteurs « proreprésentables ». 

16-622036 Proceedings 



192 J.-P. SERRE 

est un /S-préschéma localement noethérien, posons F(T)==PXTIT, avec 
XT=XxsT; c'est un foncteur contravariant de T. Grothendieck a dé
montré qu'il est représentable par un A-préschéma en groupes abéliens 
Picx/s, appelé le préschéma de Picard de X sur S (cf. [10], exposés 232-236 — 
voir aussi [11], exposé 16, pour le cas analytique). En général, Picjf/lS n'est 
pas de type fini sur S : lorsque S est le spectre d'un corps, et que X est 
simple sur S, c'est une extension du « groupe de Néron-Severi » de X (con
sidéré comme groupe discret) par la « variété de Picard » de X, au sens clas
sique; toutefois Mumford a démontré qu'il est somme disjointe de schémas 
quasi-projectifs sur S. 

Les hypothèses faites ci-dessus ne sont certainement pas nécessaires pour 
l'existence du préschéma de Picard; par exemple Murre a construit Picjf/fc 

pour tout schéma X propre sur un corps k. 
(iv) Schémas de modules (courbes de genre donné). Si S est un préschéma, 

une courbe de genre g sur S est un #-préschéma X qui est simple, propre, et 
dont les fibres sont des courbes algébriques de genre g, au sens usuel. Pour S 
et g donnés, les classes (à isomorphisme près) de telles courbes forment un 
ensemble F0(S); c'est un foncteur contravariant de S. Toutefois, pour 
<7>1, le foncteur Fg n'est pas représentable. Il est nécessaire de le modifier 
en remplaçant la notion de « courbe » par celle de « courbe rigidifiée » (c'est-à-
dire, en gros, munie de points d'ordre fini de sa jacobienne); voir la définition 
précise (dans le cas analytique) dans Grothendieck [11], exposé 7. Mumford 
a démontré, grâce à un théorème convenable de passage au quotient, que 
les foneteurs ainsi définis sont représentables, et il en a déduit la construction 
du schéma des modules de courbes de genre g (au sens absolu, i.e. « sur Z »); 
voir [14, 15]. Dans cette direction, on disposait déjà de nombreux résul
tats partiels : construction du schéma des modules sur Q (Baily [1,2]), étude 
détaillée des genres 1 et 2 (Igusa [12, 13]), cas analytique (cf. par exemple 
Bers [3] et Grothendieck [11], exposés 7 et 17). Dans le cas général, il 
manque encore une « bonne » compactification des schémas de modules sur Z 
analogue à celle donnée pour le genre 1 par Igusa [12], et sur Q par Baily [2]. 

3. Schémas sur un anneau local noethérien complet 

Dans tout ce qui suit, on désigne par A un anneau local noethérien 
complet, par nt l'idéal maximal de A, et par k le corps résiduel A/m. 

Si X est un schéma sur A, on lui associe la fibre X0 du point m E Spec (A), 
autrement dit le schéma X0=X<8>A A/m. Si X est de type fini sur A, XQ 

est un schéma algébrique sur k; on dit que XQ se déduit de X par « réduction 
modulo m ». On essaie, autant que possible, de ramener l'étude de X à celle de 
X0 (muni éventuellement de structures supplémentaires). 

Un premier pas dans cette direction consiste à réduire X, non pas seule
ment modulo nt, mais modulo un idéal primaire pour m, par exemple une 
puissance de m. Les schémas Xn=X<®A A/mn+1 ainsi obtenus ont même 
espace topologique sous-jacent que XQ; leurs faisceaux structuraux forment 
un système projectif. L'espace X0, muni de ce système projectif, est appelé 
le complété formel de X, et noté Jf; c'est un « schéma formel », au sens de [8], 
I —10; il représente, en quelque sorte, les « voisinages infinitésimaux » de la 
fibre X0; c'est l'intermédiaire le plus naturel entre X0 et X. 

La situation est particulièrement favorable lorsque X est propre sur A; 
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dans ce cas, en effet, on peut dire que la connaissance de X équivaut à celle 
de X (cf. [8], III-5). De façon plus précise, on a les résultats suivants : 

(i) Soit £ un Ox-Module cohérent, soit £n=£x£xxXn=£/mn+1£, et soit 
£ le système projectif des £n. On a alors des isomorphismes canoniques : 

fl«(X, £) = lim H"(Xn, En) = Sq(Ì, S) (q>0). 
<-

(C'est un cas particulier du « théorème des fonctions holomorphes », cf. 
Grothendieck [8], III-4.) 

(ii) Appelons « Module cohérent sur Jt » un système projectif $ = ÇJn) 
de Ojrn-Modules cohérents tels que 3n = ?mxXmXn si m>n, et soit C la 
catégorie abélienne formée par ces systèmes. Soit d'autre part C la catégorie 
des Ox -Modules cohérents. Alors le foncteur £->£ défini dans (i) est une 
équivalence de C avec C En particulier, tout Module cohérent sur X est 
isomorphe au complété formel £ d'un 0z-Module cohérent £ (défini à 
isomorphisme unique près). [C'est le « théorème d'existence en géométrie 
formelle », cf. [8], IIÏ-5 — noter son analogie avec celui qui permet de passer 
de la géométrie analytique à la géométrie algébrique (sur C).] 

Ces résultats ont de nombreuses applications. Citons par exemple : 
(iii) (cf. [7], p. 182-11) Supposons que X soit propre et plat sur A, et que 

H2(X0, Ox0)
=0. Alors pour tout Ojr0-Module inversible £0 sur X0, il existe 

un Ox-Module inversible £ sur X tel que £0=£ x x X0. En particulier, si X0 

est projectif sur k, X est projectif sur A (prendre pour £0 un Module ample). 
[On prolonge £0 aux Xn de proche en proche; l'obstruction pour passer de 

Xn_t à Xn se trouve dans H2(X0, OxJ®îttn/îttn+1, qui est nul par hypothèse; 
on obtient ainsi un Module inversible £ sur Jt, qui est "algébrique" d'après 
(u)-] 

(iv) (Cf. [7], p. 182-24, ainsi que [9].) Supposons encore que X soit 
propre et plat sur A. L'application canonique 3T1(X0)->%(X) est alors un 
isomorphisme. 

[Il faut démontrer que les catégories formées par les revêtements étales 
de X0 et de X sont équivalentes; or un revêtement étale de X0 est défini 
par une Ox0-Algèbre cohérente A0 d'un certain type; on montre qu'on peut 
lui associer, de façon essentiellement unique, un système projectif A = (An) 
de Oj^-Algèbres cohérentes An du même type; on applique ensuite (ii) 
comme ci-dessus.] 

Du point de vue où nous nous sommes placés, il est naturel d'essayer de 
reconstruire (*) le schéma formel J?, ou même le schéma X, à partir de XQ 

(en exigeant toujours que Jf soit plat sur A). Supposons, pour simplifier, 
que X0 soit simple sur k, autrement dit, que X0 soit une « variété algébrique 
non singulière ». La construction de Xn à partir de Xn_1 se heurte alors à 
une obstruction qui appartient à H2(X0, £F0)®mn/mw+1, où f70 désigne le 
Oxo-Module des ^-dérivations de Ox0 (celui qui correspond au fibre tangent à 
X0). Si H2(X0, U0) est nul, cette obstruction est nulle, et l'on peut construire 
le système des Xn, d'où un schéma formel Jf ; si en outre X0 est projectif et 
si Ë2(XQ, Ox0) est nul, la méthode employée dans (iii) ci-dessus montre que 
X est le complété formel d'un schéma X qui est projectif et plat sur A; c'est 
le schéma cherché. 

i1) La classification des schémas formels ainsi obtenus conduit à la notion de « schéma 
formel des modules », cf. Grothendieck [7], p. 182-16, ainsi que [10], exposé 195. 
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Lorsque k est de caractéristique p >0, il est intéressant de prendre pour A 
un anneau de valuation discrète de caractéristique 0 (par exemple l'anneau 
W(k) des vecteurs de Witt à coefficients dans k, si k est parfait); on « re
monte » ainsi X0 de la caractéristique p à la caractéristique 0 (toujours en 
supposant la nullité de H2(XQ, U0) et de H2(X0, Ox0))- En particulier, toute 
courbe algébrique se remonte; de ce résultat, joint à (iv), Grothendieck a 
déduit la détermination de la partie <( première à p » du groupe fondamental 
d'une courbe en caractéristique p (cf. [7], p. 182-27, ainsi que [9]). En di
mension supérieure, il existe par contre des schémas projectif s et simples 
qui ne se remontent pas en caractéristique 0 (même comme schémas for
mels); on en trouvera des exemples dans [21] (ces exemples sont de dimen
sion >3 , mais Mumford m'a fait observer qu'on peut en construire d'ana
logues en dimension 2). Ce genre de question mériterait une étude plus 
approfondie. Peut-on par exemple définir directement (par des arguments 
de géométrie différentielle) les obstructions mentionnées ci-dessus ? Elles 
ont sans doute des relations avec la cohomologie de X0 à valeurs dans les 
vecteurs de Witt (cf. [18]). Que peut-on dire du relèvement des morphismes 
(et en particulier des morphismes « de Frobenius ») ? Le seul cas où l'on 
sache quelque chose est celui des courbes elliptiques (Deuring [4]). 

Les méthodes précédentes font intervenir de façon essentielle des schémas 
sur des anneaux artiniens. D'après Greenberg [6], ces derniers peuvent 
être eux-mêmes ramenés — dans une certaine mesure — à des schémas 
algébriques. De façon plus précise, supposons que le corps résiduel k soit 
parfait, et que l'anneau local A soit de longueur finie N; si k est de carac
téristique 0, choisissons un relèvement de k dans A. On peut alors décrire 
les éléments de A au moyen de N coordonnées à valeurs dans k, les lois de 
composition étant polynomiales par rapport à ces coordonnées (c'est clair 
si k est de caractéristique 0, car A est une fc-algèbre — en caractéristique p, 
on utilise le fait que A est une algèbre sur l'anneau W(k) des vecteurs de 
Witt); ces lois polynomiales définissent un schéma en anneaux A sur k, et 
l'on a Ak=A. Soit maintenant Ck (resp. CA) la catégorie des &-présehémas 
(resp. des A -préschémas) de type fini. Si F€Ob(Cfc), soit GY le ^4-schéma 
obtenu en munissant Y du faisceau des germes de ^-morphismes de Y dans 
A. On définit ainsi un foncteur G:Ck~>CA qui a un adjoint F:CA-**Ck, c'est 
cet adjoint que l'on appelle le foncteur de Greenberg. Par définition, on a 

KomA(GY,X)=I£omk(Y,FX) ( 7 G 0 b ( Q , X G 0 b ( C J ) , 

d'où, en prenant F = Spec(&), la formule XA = (FX)k. 
Revenons maintenant au cas d'un anneau local noethérien complet A, à 

corps résiduel parfait k, et soit X un schéma de type fini sur A (ou plus 
généralement un schéma formel de type fini). Pour tout n>0, on peut 
appliquer le foncteur de Greenberg au ^4/mn+1-schéma Xn défini plus haut; 
on associe ainsi à X un système projectif FX = (FXn) de schémas algébriques 
sur k; on a encore XA = (FX)k=lim (FXn)k. On trouvera dans [6] une 

*-
liste des propriétés élémentaires du foncteur F. Il conviendrait de la complé
ter sur plusieurs points. Par exemple, si X est simple sur A, Greenberg a 
montré que chaque FXn est un espace fibre sur le précédent, et il en a 
déterminé le groupe structural; lorsque A est un anneau de valutation dis
crète, de corps des fractions K, un résultat analogue doit être valable (pour n 
assez grand) lorsqu'on suppose seulement que X®AK est simple sur K 
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(cf. Néron [17], ainsi que Bourbaki, Alg. comm., Chap. I l l , § 4, n°5). Il 
serait également intéressant (mais sans doute plus difficile) d' « enrichir » le 
système des FXn de structures supplémentaires permettant de reconstruire 
le schéma formel de départ. 

Lorsqu'on suppose que Zest un schéma en groupes sur A, les FXn forment 
un système projectif de groupes algébriques. C'est ainsi que s'introduisent les 
groupes proalgébriques, limites projectives de groupes algébriques. Dans le 
cas commutatif, ces groupes forment une catégorie abélienne J), contenant 
la sous-catégorie p f des groupes proalgébriques « infinitésimaux » (i.e. 
limites projectives de groupes réduits à l'élément neutre). La catégorie 
quotient P/Pi a été étudiée en détail dans [19] (en supposant k algébrique
ment clos). Quant à la catégorie p*, elle constitue le cadre naturel de la 
théorie des « groupes formels » commutatifs de Dieudonné (cf. Gabriel [5] 
et Cartier — non publié). 

Le groupe multiplicatif Gm fournit un exemple simple de ce qui précède : 
on lui associe un groupe proalgébrique U, et les points de U rationnels sur k 
correspondent bijectivement aux unités de A. Lorsque A est un anneau de 
valuation discrète, de corps des fractions K, et de corps résiduel algébrique
ment clos, le groupe U ainsi obtenu détermine les extensions abéliennes de K : 
le groupe de Galois de l'extension abélienne maximale de K est isomorphe 
au groupe fondamental Tt^U) du groupe proalgébrique U (cf. [20]). 

A cet ordre d'idées se rattachent également des résultats extrêmement 
intéressants de Néron (on les trouvera résumés dans [16] et [17]). Ici, l'on 
part d'une variété abélienne G sur le corps des fractions K de A, et l'on 
cherche un schéma en groupes T simple sur A tel que Y®AK = G; de façon 
plus précise, Néron montre(1) que l'on peut choisir T de telle sorte que, pour 
tout schéma X simple sur A, l'application canonique : 

Hom^(X, T)->KomK(X®AK,G) 

soit une bijection (en d'autres termes, T représente le foncteur Hom^(X <8>AK,C) 
dans la catégorie des schémas simples sur A). En prenant X = Spec(J[), 
on voit en particulier que GK s'identifie à TA; grâce au foncteur de Green
berg, ce dernier groupe s'identifie lui-même au groupe (FT)k des points 
rationnels sur k d'un groupe proalgébrique commutatif FY. Ce résultat a 
été utilisé par Safarevic et Ogg dans l'étude de la cohomologie galoisienne 
de G (le corps k étant algébriquement clos). Ce n'est là qu'un début; d'après 
Grothendieck, il doit exister un « théorème de dualité » qui englobe ces 
résultats, ceux de Tate (lorsque k est fini), et ceux de la théorie du corps de 
classes local (au sens classique — et aussi au sens de [20]). 
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GROUPES SIMPLES ET GEOMETRIES 
ASSOCIÉES 

Par J. T I T S 

§1. Introduction 

1.1. Groupes finis simples 

Due à Galois [16], la notion de groupe simple (« non decomposable ») est 
pratiquement aussi ancienne que la notion de groupe elle-même. Galois 
avait déjà remarqué que le groupe noté actuellement (suivant J. Dieudonné 
[12]) PSL2(F3J) est un groupe simple, et qu'il n'existe pas de groupe simple 
d'ordre non premier strictement inférieur à 60. On peut aussi présumer que 
la simplicité du groupe alterné 2tn(w^5) était connue de lui, bien que non 
explicite dans ses écrits. 

Après Galois, il faut attendre plusieurs décades pour que soient mises en 
évidence de nouvelles classes infinies de groupes finis simples, par l'étude — 
due essentiellement à C. Jordan [18] et L. E. Dickson [9] — de certains 
groupes linéaires sur les corps finis. Quelques années auparavant, E. Mathieu 
[23] avait découvert les cinq groupes qui portent son nom et dont la simpli
cité devait être établie plus tard, par G. A. Miller [25] (x). 

Les travaux de Jordan et Dickson allaient recevoir un développement 
considérable avec les recherches de J. Dieudonné et d'autres concernant les 
groupes classiques sur un corps quelconque (cf. J. Dieudonné [12]). Mais 
celles-ci, bien que fondamentales pour la théorie générale des groupes sim
ples, laissaient intacte la liste des groupes finis simples connus, et la nomen
clature donnée par Dickson au dernier chapitre de son ouvrage [9], complétée 
par l'adjonction d'une seule nouvelle classe de groupes simples (groupes de 
type G2) découverte par Dickson lui-même [10], pouvait encore servir de 
référence en 1954, plus de cinquante ans après sa publication. 

Par contre, depuis 1955, la théorie des groupes finis simples a repris un 
nouvel essor, à la suite du mémoire fondamental de C. Chevalley [7], et 
neuf nouvelles classes infinies de groupes simples ont été trouvées par C. 
Chevalley, R. Steinberg, M. Suzuki, R. Ree et l'auteur (cf. le n° 4.5 ci-des
sous). 

Il convient de noter ici que si l'on connaît actuellement de nombreuses 
classes de groupes finis simples, le problème de la détermination de tous 
ces groupes ne semble pas encore près de sa solution, bien qu'on puisse peut-

(*) E n fait, dans l'article [23] cité, Mathieu traite essentiellement du groupe noté 
plus loin M12 (cf. Tableau 4) et indique seulement en note l'existence du groupe M2 4 , 
qui fait l'objet d'un article ultérieur [24]. Les autres groupes dits « de Mathieu » Mll9 

M22 et MiB, sont des sous-groupes des groupes de permutations M12 et MM obtenus 
en fixant certains points. Pour un traitement plus récent et plus simple de ces di
vers groupes, cf. E . Wit t [56]. 
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être considérer comme un premier pas dans cette voie la démonstration 
par J. Thompson d'une ancienne conjecture d'après laquelle tout groupe 
fini simple non cyclique est d'ordre pair. 

1.2. Groupes analytiques simples 

Pour les groupes analytiques, la situation est très différente. Ici, la déter
mination de tous les groupes simples a été accomplie, très tôt dans le déve
loppement de la théorie, par W. Killing [19] et E. Cartan [4] pour le cas 
complexe et, quelques années plus tard, par E. Cartan [5] pour le cas réel. 

1.3. Groupes algébriques 

La synthèse de ces divers aspects de la théorie des groupes simples — 
groupes finis simples (au moins la partie « descriptive » de la théorie, dans 
son état actuel), groupes classiques (disons sur un corps commutatif) et 
groupes analytiques simples — est, dans une large mesure, réalisée au sein 
de la théorie des groupes algébriques (linéaires^)), fondée par L. Maurer à la 
fin du siècle passé et considérablement développée, au cours de ces dernières 
années, sous l'impulsion de C. Chevalley [6, 8] et A. Borei [3]. En particulier, 
il s'avère — sans qu'on puisse actuellement en donner une explication 
quelque peu rationnelle — que tous les groupes finis simples connus, à 
l'exception des cinq groupes de Mathieu, des groupes alternés et des groupes 
cycliques d'ordre premier(2), se retrouvent naturellement par l'étude des 
groupes algébriques simples(3) définis sur les corps finis. Nous verrons que 
ceci permet de donner à la nomenclature des groupes finis simples en question 
une présentation largement unifiée. 

La présente conférence a pour objet quelques résultats récents de la 
théorie des groupes algébriques simples, l'accent étant mis sur les résultats 
les plus significatifs pour la théorie des groupes finis. 

§2. Définitions. Généralités 

Nous commencerons par rappeler la signification de quelques notions 
fondamentales, en nous bornant souvent à des indications de caractère 
heuristique; il ne peut être question, en effet, de reprendre ici les définitions 
précises de tous les termes utilisés. 

(x) Il ne sera question, dans cet exposé, que de groupes algébriques affins, c'est-à-dire 
linéaires (cf. n o s 2.3 et 2.4). Des renseignements et des références concernant les groupes 
algébriques en général peuvent être trouv s par exemple dans S. Lang [22]. 

(2) Seuls les groupes de Mathieu constituent un exception sérieuse. E n effet, Zp est 
le groupe des points rationnels sur le corps premier ¥p du groupe additif, qui a 
beaucoup de qualités d 'un groupe algébrique simple, bien que, pour des raisons techni
ques, on ne le considère généralement pas comme tel (ni même comme presque simple : 
cf. n° 2.2). Quant au groupe alterné %n, c'est le dérivé du groupe symétrique (Sn, qui 
joue un rôle fondamental dans la théorie des groupes algébriques simples en tan t que 
groupe de Weyl des groupes de type An_1 = PGL n , et qui peut d'ailleurs aussi être 
considéré comme le groupe projectif PGLn(F1) sur le « corps à un élément » (cf. J . Tits 
[44]). 

(3) Il s'agit bien entendu de groupes algébriques connexes (cf. n° 2.1). Il est clair 
qui tout groupe fini (simple ou non) peut être considéré, de façon triviale, comme un 
groupe algébrique discret. 
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2.1. Ensembles algébriques 

R é F é R E N C E S ^ ) . A. Borei [3], C. Chevalley [8], S. Lang [21]. 

Soit k un corps que, pour éviter certaines complications de nature tech
nique, nous supposerons toujours parfait(2), bien que cette restriction ne 
soit généralement pas essentielle à la validité des résultats exposés. 

Soient A un espace affin défini sur k et {xt} un système de coordonnées 
affines dans A. Selon un point de vue habituel en géométrie algébrique, il y 
a lieu de considérer comme points de A, non seulement ses « points ration
nels sur k », c'est-à-dire à coordonnées dans k, mais plus généralement tous 
les points à coordonnées dans un « domaine universel », extension algébri
quement close de k qui, pour les besoins de cette conférence, pourra toujours 
être réduit à la clôture algébrique de k. 

Une partie de A est dite k-fermée si elle est définie par un système d'équa
tions polynomiales en les xu à coefficients dans k; les parties ^-fermées de A 
sont les fermés d'une topologie appelée k-topologie (de Zariski) Une partie 
B de A est k-connexe (resp. k-irréductible) si, étant donnés deux parties 
^-fermées disjointes (resp. quelconques) F et F' de A, la relation BczFU F' 
implique B<^F ou BaF'. 

Une application/ d'une partie ^-fermée F d'un espace affin dans un espace 
affin est appelée un k-morphisme (d'ensemble algébrique) si — pour re
prendre un abus de langage classique et imagé — les coordonnées de l'image 
f(p) d'un point pEF sont des polynômes à coefficients dans k en les coor
données de p. 

Un ensemble algébrique affin — dans la suite, nous dirons simplement 
« ensemble algébrique », parce que nous n'en considérerons pas d'autre — 
défini sur k, est, en substance, une partie ^-fermée d'un espace affin con
sidérée intrinsèquement, c'est-à-dire abstraction faite de l'espace affin am
biant)3). Compte tenu des définitions précédentes, on voit immédiatement 
ce que sont les parties ^-fermées d'un ensemble algébrique défini sur k, la 
connexité ou l'irréductibilité (sur k) d'un tel ensemble, les morphismes 
d'un ensemble algébrique dans un autre, deux ensembles algébriques iso
morphes (sur k). 

Lorsqu'on veut insister sur le corps de définition k d'un ensemble algé-

(x) E n tête de chaque numéro, nous donnons les références de quelques articles ou 
livres où on peut trouver des renseignements plus détaillés sur les questions abordées. 
Nous n'avons cependant, en aucun cas, cherché à établir une bibliographie complète 
des sujets traités. D'autre part, on notera que les articles cités ne couvrent généralement 
pas totalement les matières exposées; cela vient de ce que celles-ci appartiennent encore 
partiellement à la tradition orale. 

(2) Rappelons qu'un corps est dit parfait s'il est de caractéristique 0, ou s'il est de 
caractéristique p et contient la racine p-ième de chacun de ses éléments. 

(3) Cette définition heuristique des ensembles algébriques peut être traduite en 
termes précis : Un ensemble algébrique affin défini sur k est caractérisé par la donnée 
d'un ensemble E et, pour tout espace affin A défini sur k, d'un ensemble J(A) d'applica
tions injectives de E dans A, appelées k-immersions fermées, et soumises aux conditions 

(i) Il existe des espaces A tels que J(A) ne soit pas vide; 
(ii) E tan t donnée une immersion fermée f:E-+A, pour qu'une injection (p:E->B de 

E dans un espace affin B soit une immersion fermée, il faut et il suffit que <p(E) soit k-
fermé et que foq)~1:q){E)-^A et q>of~1:f(E)-+B soient des jfc-morphismes d'ensembles 
algébriques. 

Notons encore que la définition donnée ici des ensembles algébriques définis sur k 
n'est pas valable sur un corps non parfait 
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brique E, on fait précéder le symbole E de l'indice k, ce qui donne la nota
tion kE. Si k' est un surcorps de k, l'ensemble algébrique défini sur k' déduit 
de kE par extension du corps de base est alors noté k,E. Enfin, on désigne 
par Ek l'ensemble des points de kE rationnels sur k. 

2.2. Groupes algébriques 

R é F é R E N C E S . A. Borei [3], C. Chevalley [6, 8], S. Lang [22]. 

Tous les groupes algébriques dont il sera question ici seront des groupes 
algébriques affins. 

Un groupe algébrique (affin) défini sur k est un ensemble algébrique 
(affin) G défini sur k, doté d'une loi de groupe telle que l'application q:G*G 
->G définie par q(x, y) =xmy~x soit un fc-morphisme. Un sous-groupe de G, au 
sens de la théorie des groupes algébriques, est un sous-groupe au sens 
« abstrait » qui est, en outre, fc-fermé; un tel sous-groupe est donc, à son tour, 
un groupe algébrique défini sur k. Si H est un sous-groupe invariant (k-
fermé) de 67, on peut définir, de façon naturelle, un groupe algébrique 
quotient G/H, défini sur k, et dont le groupe « abstrait » sous-jacent est le 
quotient des groupes « abstraits » G et H. 

Une application d'un groupe algébrique défini sur k dans un autre est un 
(k-)homomorphisme si c'est à la fois un homomorphisme de groupe « abstrait » 
et un (fc-)morphisme d'ensemble algébrique. On appelle isogénie un homo
morphisme surjectif de noyau fini, et isogénie radicielle une isogénie dont 
le noyau est réduit à l'élément neutre, c'est-à-dire qui est un isomorphisme 
de groupes « abstraits ». Les isogénies jouent ici le rôle des isomorphismes 
locaux de la théorie des groupes de Lie(1); cependant, l'existence d'isogénies 
radicielles qui ne sont pas des isomorphismes est un phénomène spécifique 
aux groupes algébriques en caractéristique p 4=0. 

Un groupe algébrique (resp. analytique) connexe est dit semi-simple s'il 
ne possède pas de sous-groupe invariant résoluble(2) connexe non trivial, 
presque simple s'il n'est pas commutatif et ne possède aucun sous-groupe 
invariant propre infini (resp. non discret) et simple s'il ne possède aucun 
sous-groupe invariant propre nontrivial(3). Le centre G d'un groupe algé
brique (resp. analytique) semi-simple G est fini (resp. discret) et le quotient 
G/G est un produit direct de groupes simples, éventuellement à une isogénie 
radicielle près; si G est presque simple, G/G est simple. 

(!) Plus exactement, la relation entre deux groupes algébriques G et Qx qui doit 
être mise en parallèle avec l'isomorphisme local est l'existence d'isogénies d'un même 
groupe sur G et sur Gx. 

(2) Rappelons qu'un groupe G est dit résoluble s'il possède une suite de sous-groupes 
invariants emboîtés ß = ß 0 3 ö p f f 2 3 . . . D ß n = {e}, telle que les quotients GfIGi+1 

soient tous commutatifs. Dans le cas d'un groupe G algébrique, ce n'est pas une restric
tion de supposer les sous-groupes Gt fermés (pour la topologie de Zariski). 

(3) L'expérience (et la théorie de Grothendieck) montre que la notion de groupe 
simple n'est pas une « bonne notion », et qu'on a le plus souvent avantage à lui substituer 
celle, plus générale, de groupe presque simple, ou au contraire, de se restreindre à la 
considération des groupes simples « adjoints » dont il sera question plus loin. On verra 
d'ailleurs que la différence entre les notions de groupe simple et de groupe simple 
adjoint est assez subtile (aussi subtile qu'une isogénie radicielle!). 
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2.3. Exemples, Groupes classiques 

R é F é R E N C E S . C. Chevalley [8], J . DieudonnÉ [11]. 

Le groupe GLn des matrices inversibles x = ((xtj)) d'ordre n, à coefficients 
dans le domaine universel, a une structure naturelle de groupe algébrique. 
Pour donner une description de cette structure conforme aux définitions 
des numéros précédents, il ne suffit pas de considérer les xtj comme des 
coordonnées dans un espace affin A0 de dimension n2; en effet, l'ensemble 
GLn <^AQ n'est pas &-fermê (puisque la relation dét x 4=0, qui exprime que x 
est inversible, n'est pas une équation), et de plus, les coordonnées de x - 1 ne 
sont pas des polynômes en les coordonnées de x. Cependant, on remédie 
simultanément aux deux défauts en adjoignant aux xxj une (w2 + l)-ième 
coordonnée 2/ = l/dét x, ce qui revient à plonger GLn dans un espace affin à 
n2-bl dimensions. On notera kGLn le groupe GLn considéré comme défini 
sur k, c'est-à-dire le groupe algébrique défini sur k obtenu par le procédé 
qui vient d'être décrit, en considérant l'espace affin A (et les coordonnées xif 

et y) comme défini sur k. 
L'importance du groupe kGKn réside notamment dans le fait qu'il est, 

pour la théorie des groupes algébriques, « Her All-embracing Majesty >>(x) 
dont parle H. Weyl. On montre en effet que 

Tout groupe algébrique (affin) défini sur k est isomorphe à un sous-groupe 
de kGLn, pour n assez grand. 

Le groupe des points de kGLn rationnels sur k est le groupe GLn(k) des 
matrices inversibles à coefficients dans k. On définit de façon évidente les 
sous-groupes kSLn, kGn(f) — où / désigne une forme quadratique en k —, 
kPn(f) et kSpn, de kGLn, dont les groupes de points rationnels sont, avec les 
notations de J. Dieudonné [11], SLn(k), On (k,f), Gt(k,f) et Spn(k). En ce qui 
concerne le groupe unitaire Un(k,f), où / désigne une forme hermitienne 
relative à un automorphisme involutif a de k, on peut voir que c'est le 
groupe des points rationnels sur le corps k0 ( a k) des invariants de a, d'un 
groupe algébrique défini sur k0 que nous désignerons par ì0Un(f)(

2). 
On notera ]cPGLn (resp. koPUn(f)) le quotient du groupe kGLn (resp. ì0Un(f)) 

par son centre, et kPOn(f), jçPOttf) et ]çPSpn, les sous-groupes de j^PGL^ 
images canoniques des sous-groupes kOn(f), uPn(f) et kSpn de kGLn(

z). 

(*) Plus d'ailleurs que son homologue analytique puisqu'il existe des groupes analy
tiques qui ne possèdent pas de représentation linéaire (de dimension finie) fidèle. 

(2) Ce groupe peut être défini comme suit. Soit « un élément donné de k n 'appartenant 
pas à kQ, de sorte que tout élément de k peut s'écrire x + xy, avec x, y€k0. Les conditions 
pour qu'une matrice « variable » ((#y + ^2/^)) conserve la forme hermitienne / s'expri
ment par des relations polynomiales (à coefficients dans kQ) en les xi}, yì}. Ces relations 
définissent l'ensemble algégrique sous-jaeent à k0U(f), et la loi de groupe résulte de la 
loi de multiplication des matrices. 

(3) Remarquons que les groupes de points rationnels sur k de fcP02n(/), kPSp2n et 
kQPU2n(f) sont respectivementPG02n{k,f), PGSp2n(k) et PGU2n(k,f), et non, comme on 
pourrait le croire, P02n(k,f),PSp2n(k) et PÜ2n(k, f); ces derniers ne sont d'ailleurs pas, 
de façon naturelle, les groupes de points rationnels de groupes algébriques définis sur k. 
Notons aussi que si k est un corps de caractéristique 2, içPO^f) (resp kPSp2n) n'est 
pas le quotient de Ö2n(f) (resp. jJSp^) par son centre (qui est d'ailleurs réduit à l'élé
ment neutre), mais est l'image de ce groupe par une isogénie radicielle. De même, si la 
caractéristique de k divise n, kPSLn = jJPG^ n'est pas le quotient de icSLn par son 
centre, mais l'image de ce quotient par une isogénie radicielle. 
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2.4. Groupes algébriques simples, groupes analytiques simples et groupes 
«abstraits» simples 

R é F é R E N C E S . C. Chevalley [6, 7], J . Dieudonné [11], H . Freudenthal [13]. Cf. aussi 
les indications bibliographiques du § 4 ci-dessous. 

Il nous faut à présent analyser brièvement les relations existant entre les 
trois notions de groupes simples en question dans le titre ci-dessus. 

Tous les groupes algébriques dont il sera question par la suite seront sup
posés connexes (pour la topologie de Zariski). 

A tout groupe algébrique 67, défini sur k, est naturellement associé un 
groupe « abstrait », le groupe Gk des points de G rationnels sur k. La question 
se pose de la relation qui peut exister entre la simplicité de G et celle de Gk. 

Supposons tout d'abord que k soit le corps C des nombres complexes 
(respectivement le corps R des nombres réels). Alors, Gk a une structure 
naturelle de groupe analytique complexe (resp. réel). Si le groupe algébrique 
G est simple, il en est de même du groupe analytique 67c (resp. de la compo
sante connexe de l'élément neutre — au sens topologique usuel — 67R de 
GB), qui est aussi un groupe simple au sens « abstrait ». Réciproquement, 
tout groupe analytique complexe (resp. réel) simple est le groupe 67c (resp. 
GB,) associé à un groupe algébrique simple G bien déterminé, défini sur C 
(resp. sur RH1). La classification des groupes analytiques simples est donc 
essentiellement équivalente à la classification des groupes algébriques 
simples sur R et C. 

Lorsque k est algébriquement clos, le groupe « abstrait » 67fc est simple si 
le groupe algébrique G l'est (2). 

Il n'en est plus du tout ainsi quand k n'est pas algébriquement clos. Un 
exemple particulièrement frappant de ce qui peut se passer dans ce cas est 
fourni par le groupe simple G = qG$(f), groupe des rotations à trois variables 
sur le corps Q des nombres rationnels, relatif à un forme quadratique / 
anisotrope (c'est-à-dire ne possédant pas de zéro non trivial dans Q); 
J. Dieudonné a montré, en effet, que le groupe 67Q=03"(Q,/) possède une 
suite décroissante de sous-groupes distingués d'indice fini, 67Q = 67(°) 3 67(x) ID 
... z>67(*)3 ..., telle que 67(f)/67(l+1) soit commutatif pour tout i>0, et que 
l'intersection des 67(0 soit réduite à l'élément neutre (3). Cependant, la 
situation n'est pas toujours aussi défavorable et dans beaucoup de « bons » 
cas, le groupe Gk des points rationnels d'un groupe algébrique simple G est 
« presque » simple, en ce sens qu'il possède un « gros » sous-groupe invariant 
simple. Ainsi, lorsque k est un corps fini (mises à part quelques exceptions : 
v. plus loin), ou encore pour beaucoup de groupes classiques, le groupe 
dérivé Gk de Gk est simple, et peut être considéré comme un « gros » sous-
groupe de Gk, ceci pour diverses raisons dans lesquelles nous ne pouvons pas 

(*) Dans le cas complexe, cette dernière assertion reste valable si on remplace 
« simple » par « semi-simple ». Dans le cas réel, par contre, deux groupes algébriques 
semi-simples non isomorphes peuvent donner lieu à un même groupe analytique 
(exemple : BJSLS et BPGLS), et il existe des groupes analytiques semi-simples qui ne 
proviennent d'aucun groupe algébrique (exemple: le revêtement universel de SL2{R)). 

(2) Ce fait n'est pas évident a priori; il signifie, en effet, que si un groupe algébrique 
G possède un sous-groupe « abstrait » invariant propre non trivial, il en possède aussi 
un qui soit k-iermê. 

(3) Pour d'autres exemples de situations analogues, on peut se reporter à l'ouvrage 
cité de J . Dieudonné. 
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entrer ici (notons seulement que, dans le cas d'un corps fini, l'indice de Gk 

dans Gk est effectivement « très petit » par rapport à l'ordre de Gk : cf. le 
n° 4.5 ci-dessous)(°). 

§ 3. Groupes algébriques sur un corps algébriquement clos 

3.1. Classification des groupes simples 

R é F é R E N C E S . E . Cartan [4], C. Chevalley [8]. 

Les groupes analytiques complexes simples ont été déterminés par 
W. Killing et E. Cartan. Ce sont les groupes classiques 

cAn = cPGLn+1, de dimension n(n+2), avec n = 1,2,3,... 
cBn = cPG2n+1, de dimension n(2n + l), avec 7i = 2,3,4, ...(1), 
cCn = cPSp2n, de dimension n(2n + l), avec n = 3,4,5, ...(1), 
cDn = cP02n, de dimension n(2n — 1), avec n=4,5,6, ...(1), 

et les cinq groupes exceptionnels 

c6r2, C^4, CEQ, Ç,ET, vEg, 

de dimensions respectives 14, 52, 78, 133, 248. 
C. Chevalley a montré qu'on a, pour les groupes algébriques simples sur 

un corps algébriquement clos k quelconque, des résultats tout à fait paral
lèles. De façon précise, 

Il existe des groupes simples kAn=kPGLn+1, kBn=kP02n+1,...,kE%, appelés 
groupes (simples) adjoints, qui sont les « analogues sur k» des groupes analyti
ques complexes simples (en particulier, chacun de ces groupes a la même di
mension que le groupe analytique complexe correspondant). Ces groupes sont, 
à des isogénies radicielles près(2), les seuls groupes algébriques simples définis 
sur k; en outre, les analogues sur k de deux groupes analytiques complexes 
simples non isomorphes sont aussi non isomorphes (cependant, si k est un corps 
de caractéristique 2, il existe une isogénie radicielle de kBn sur kCn). 

Soulignons ici le caractère inattendu des résultats précédents. On sait 
que les méthodes de Killing et Cartan sont purement infinitésimales et 
relèvent en fait de la théorie des algèbres de Lie. Or, en caractéristique p =f=0, 
contrairement à ce qui se passe en caractéristique 0, l'algèbre de Lie d'un 
groupe algébrique ne reflète que très imparfaitement la structure de celui-
ci (3). D'ailleurs, si la classification des algèbres de Lie simples sur un corps 
algébriquement clos k de caractéristique p4=0 n'est pas encore faite, on 

(°) (Ajout3 aux épreuves.) Dans cet ordre d'idées, on a encore le résultat suivant 
(non publié) : si un groupe algébrique simple kG possède des éléments unipotents ra
tionnels sur k (toujours supposé parfait), ceux-ci engendrent un groupe « abstrait » 
simple (rappelons qu 'un élément d'un groupe algébrique G est dit unipotent si la ma
trice qui lui correspond dans une représentation linéaire rationnelle fidèle d e ö a toutes 
ses valeurs propres égales à 1). 

(!) Les groupes cBt = cPOs , CCi = cPSp2, cC2 = cPSp^ cDt = CPO2 , CD2 = cPOt et 
C-D3 = cP06 sont respectivement isomorphes à cAt, cAl9 CB2, C* (groupe multiplicatif 
du corps C), CAt x çAt et cAz. 

(2) Cette restriction qui s'applique seulement en caractéristique p=$=0 est due au 
fait que nous parlons ici de groupes simples, et illustre ce qui a été dit dans la note (3), 
p. 200. Les résultats de Chevalley concernent en fait les groupes semi-simples, pour 
lesquels le parallélisme entre le cas complexe et le cas d'un corps algébriquement clos 
quelconque est total. 

(3) Ceci est à l'origine de la théorie des hyperalgèbres de Lie, de J . Dieudonné [12]. 
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sait cependant qu'elle est très différente de la classification en caractéristique 
0, puisque les « analogues sur k » des algèbres simples complexes ne sont pas 
nécessairement simples, et que, d'autre part, il existe de nouvelles algèbres 
simples, sans équivalent en caractéristique 0. En schématisant considérable
ment la réalité, et en faisant abstraction de l'abondance de notions et de 
propriétés nouvelles (même dans le cas complexe) mises en évidence par la 
théorie de Chevalley, on peut dire que celle-ci repose sur une transposition 
au plan global des méthodes infinitésimales de Killing et Cartan, le fait 
remarquable étant que, contrairement à la théorie infinitésimale, la théorie 
globale résiste à un changement de caractéristique. 

Dans la suite, les seuls groupes simples définis sur des corps algébrique
ment clos dont il sera question sont les groupes adjoints; le qualificatif 
« adjoint » sera toujours omis, de sorte que, pour des groupes définis sur un 
corps algébriquement clos, l'expression « groupe simple » devra toujours 
être prise dans le sens de « groupe simple adjoint ». 

3.2. Sous-groupes de Borei et sous-groupes paraboliques 
B é F é B E N C E S . A. Borei [3], C. Chevalley [8], J . Tits [48, 52]. 

Nous parlerons plus loin de la classification des groupes simples sur un 
corps non algébriquement clos, mais pour être en mesure d'énoncer les 
résultats que nous avons en vue à leur propos, nous devons au préalable 
donner quelques indications supplémentaires sur la structure des groupes 
algébriques connexes définis sur un corps k algébriquement clos. 

Soit G un tel groupe. On appelle sous-groupe de Borei, tout sous-groupe 
résoluble connexe maximal de G, et sous-groupe parabolique tout sous-
groupe contenant au moins un sous-groupe de Borei (1). 

Illustrons ces définitions par un exemple. Soit G le groupe fcPGLn+1 des 
projectivités d'un espace projectif Sn, à n dimensions, défini sur k. Rappelons 
qu'un ensemble {%, ....,am}de sous-variétés linéaires de $nemboîtées, c'est-à-
dire telles que ax c=a2 cz... czam, est appelé un drapeau, et qu'un drapeau est 
dit complet si les dimensions des variétés linéaires qui le composent prennent 
toutes les valeurs entières de 0 à n — 1. Alors, il résulte du théorème de Lie-
Kolchin que les sous-groupes de Borei de G=kPGLn+1 sont les stabilisa
teurs des drapeaux complets de Sn. De plus, les sous-groupes contenant le 
stabilisateur d'un drapeau complet sont les stabilisateurs des parties de ce 
drapeau; par conséquent, les sous-groupes paraboliques de G sont tous les 
stabilisateurs de drapeaux de Sn. 

Les propriétés suivantes, qui se vérifient aisément dans le cas de l'exemple 
précédent, sont valables pour tout groupe G. 

(3.2.1) Les sous-groupes de Borei de G sont tous conjugués. 
(3.2.2) Les sous-groupes paraboliques de G sont connexes. 
(3.2.3) Le treillis des sous-groupes paraboliques contenant un sous-groupe 

de Borei donné B est isomorphe au treillis des parties d'un ensemble fini. 
Autrement dit, si P{t) (i£l) désignent les sous-groupes maximaux de G 
contenant B, l'ensemble d'indices I est fini et tout sous-groupe contenant B 
est, de façon unique, une intersection de la forme P{îl) f|P(Ì2) Ci ... ()P{im) 

(i19i29...,imei). 
(x) Conformément à la terminologie fixée au n° 2.2, nous considérons seulement des 

sous-groupes qui sont fermés pour la topologie de Zariski, mais en l'occurrence les 
définitions sont indépendantes de cette hypothèse; on montre en effet que tout sous-
groupe (« abstrait ») contenant un sous-groupe résoluble connexe maximal est nécessaire
ment fermé. 
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TABLEAU 1. Digrammes de groupes si 
(Cf. n08 3.3 et 4, 

Dn 

mples (formes déployées.) 
2.) 

i 1 1 

H { 1 

H < t-

Lorsque G est semi-simple, le nombre d'éléments de I est égal au rang de G 
(on appelle ainsi le plus grand entier r tel que G possède un sous-groupe 
isomorphe au produit direct de r fois le groupe multiplicatif du corps k). 
Dans l'exemple considéré plus haut (67 =kPGLn+1), B est le stabilisateur d'un 
drapeau complet de Sn, les P{i) sont les stabilisateurs des variétés linéaires 
qui constituent ce drapeau et le rang de G est n. 

(3.2.4) Deux sous-groupes paraboliques contenant un même sous-groupe de 
Borei B ne sont jamais conjugués; il s'ensuit que les classes de sous-groupes 
paraboliques conjugués sont en correspondance biunivoque canonique avec les 
parties de l'ensemble fini I. 

3.3. Diagrammes 
REFERENCES. C. Chevalley [8], J . Tits [44, 48, 49], E . Witt [57]. 

Certaines caractéristiques essentielles d'un groupe algébrique semi-simple 
G défini sur un corps algébriquement clos k peuvent se résumer par la donnée 
d'une figure formée de points et de traits éventuellement orientés, appelée 
le diagramme de G (on lui donne aussi fréquemment le nom de « diagramme 
de Dynkin », bien que son introduction revienne primitivement à H. S. M. 
Coxeter). Le diagramme d'un groupe simple G dépend seulement du type 
An,Bn,...,auquel appartient G et non du corps de base k; les diagrammes 
des divers types de groupes simples sont donnés dans le Tableau 1. Le 
diagramme d'un groupe semi-simple G quelconque est une réunion disjointe 
de diagrammes de groupes simples, G étant alors, à une isogénie près, le 
produit direct des groupes simples en question. 

La définition habituelle du diagramme d'un groupe repose essentielle
ment sur la notion, assez technique, de « racine » du groupe. Nous en indi
querons une autre, à vrai dire assez artificielle, pratiquement peu maniable 
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et d'ailleurs incomplète (pour ce qui concerne l'orientation des traits mul
tiples), mais qui offre ici l'avantage de s'exprimer en peu de mots à partir 
des notions introduites au numéro précédent, et qui nous suffira pour les 
besoins de cet exposé. 

Considérons un groupe G semi-simple^), et soient B, I et P{i) (iEl) définis 
comme au n° 3.2. Pour toute partie J de / , désignons par d3 la dimension de 
l'intersection des groupes P(i>, avec i$J. En particulier, d$ est la dimension 
de B. Il résulte immédiatement de (3.2.2) et (3.2.3) que si i,j£l, dij—d<f)>2 
(notons au passage que di — d^ = 1 quel que soit i). Cela étant, pour construire 
le diagramme de 67, on représente les éléments de / par des points, appelés 
sommets du diagramme, et on joint les sommets représentant deux éléments 
quelconques i et j de I par un trait de multiplicité dUj—d^ — 2, affecté 
d'une flèche si cette multiplicité est > 1 . 

Nous ne préciserons pas ici quelle est la signification générale de cette 
orientation donnée aux traits multiples des diagrammes, mais nous indi
querons, dans le cas particulier d'un groupe G simple de rang 2, à quelle 
propriété des sous-groupes paraboliques de G elle correspond. Soient P{i) 

(i = 1,2) les sous-groupes paraboliques maximaux contenant un sous-groupe 
de Borei donné B de 67. Si 67 est le groupe kA2 =kPGL3 des projectivités d'un 
plan projectif, B est le stabilisateur d'un drapeau formé d'un point ax et 
d'une droite a2 passant par ce point, et P ( i ) est le stabilisateur de a{; il 
résulte alors du principe de dualité de la géométrie projective plane que 67 
possède des automorphism.es (extérieurs) conservant B et permutant P ( l ) 

et P (2>. On n'a rien de semblable lorsque G=kB2 ou fc672; autrement dit, P ( l ) 

et P (2) occupent alors des situations asymétriques dans 67, et l'orientation 
du trait constituant le diagramme de 67 traduit précisément cette asymétrie. 
Notons encore que celle-ci est quelque peu « atténuée » lorsque k est un 
corps de caractéristique 2 (resp. 3) et G=kB2(resj). kG2) : dans ce cas, il 
existe en effet des isogénies radicielles de 67 sur lui-même qui conservent le 
sous-groupe de Borei B et permutent P ( l ) et P(2)). De façon générale, on peut 
dire que, sur un corps de caractéristique 2 (resp. 3), il ne faut pas orienter les 
traits doubles (resp. quadruples) des diagrammes de groupes semi-simples 
lorsqu'on considère ceux-ci à une isogénie radicielle près; en caractéristique 2, 
ceci se traduit encore par l'existence, déjà signalée au n° 3.1, d'isogénies 
radicielles de kBn sur kGn, et aussi par l'existence d'isogénies radicielles de 
fcP4 sur lui même qui ne sont pas des automorphismes. 

§4. Groupes simples sur un corps non algébriquement clos 

4.1. k-formes 

R é F é R E N C E S . E. Cartan [5], J . P . Serre [35], A. Weil [54]. 

Soient k un corps (parfait) et K sa clôture algébrique. Etant donné un 
groupe algébrique kG défini sur k, on en déduit immédiatement, par exten
sion du corps de base, un groupe KG défini sur K. On dit alors que kG est une 

(x) L'hypothèse de semi-simplicité ne joue en fait aucun rôle ici; la construction dé
crite permet donc, en principe, d'associer un diagramme à tout groupe algébrique con
nexe G, mais il s'avère que ce diagramme n'est autre que celui du groupe semi-simple 
quotient de G pas son radical (on appelle ainsi le plus grand sous-groupe invariant ré
soluble connexe de G). 

http://automorphism.es
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k-forme de #67. Par exemple, les groupes orthogonaux réels de dimension 
donnée sont des R-formes, ou formes réelles, du groupe orthogonal complexe 
de même dimension; les groupes orthogonaux réels correspondant à des 
formes quadratiques d'indices différents n'étant pas isomorphes (sur R), 
ceci montre qu'un même groupe #67 peut posséder plusieurs k-îormes diffé
rentes. 

Nous devrons encore faire appel à un autre aspect de la notion de A-forme, 
qui fait intervenir le groupe de Galois Y de l'extension K/k. Dorénavant, on 
identifiera, au point de vue ensembliste, un groupe algébrique G avec 
l'ensemble de ses points rationnels sur K (ce qui revient à prendre K comme 
domaine universel). Le groupe kG étant donné, T opère sur G de façon 
évidente : le transformé d'un point g de G par un élément y de T a pour coor
données (dans une fc-immersion affine quelconque de kG) les transformées 
par y des coordonnées de g. Il est facile de voir que se donner une &-forme 
kG d'un groupe KG défini sur K, revient à se donner l'action du groupe de 
Galois T sur 67. Par exemple, on peut caractériser une forme réelle d'un 
groupe algébrique complexe cG, en donnant l'involution des couples de 
points complexes conjuguées relatifs à cette forme; c'est d'ailleurs, transposé 
des algèbres de Lie aux groupes algébriques, le principe de la méthode 
utilisée par E. Cartan pour la détermination des algèbres de Lie réelles 
simples. Notons encore que les points de fc67 rationnels sur k ne sont autres 
que les points de G invariants par T. 

Si un groupe kG est semi-simple, il le reste par extension du corps de base. 
Par contre, un groupe peut être simple sur k sans être « absolument simple », 
c'est-à-dire ne posséder aucun sous-groupe invariant propre non trivial 
défini sur k mais en acquérir sur K ; un tel groupe n'est donc pas une k-î orme 
de groupe KG simple. Cependant, la théorie des groupes algébriques simples 
sur un corps non algébriquement clos s'avère essentiellement équivalente à 
celle des formes de groupes simples, en ce sens que, modulo des problèmes 
de pure théorie de Galois, il est possible de ramener la classification des 
groupes algébriques simples sur k à celle de toutes les formes de groupes 
simples kG, définies sur des extensions finies de k. 

La classification des k-î ormes de groupes simples, notamment sur certains 
corps k particuliers (corps ^-adiques, corps de nombres, etc.), a récemment 
fait l'objet de nombreux travaux dont il ne nous est pas possible de rendre 
compte ici(1). Nous donnerons seulement, au n° 4.6, quelques indications 
sur un résultat relatif à la classification des formes de groupes simples sur 
un corps quelconque. Mais au préalable, nous parlerons plus en détail de 
deux types particuliers de k-î ormes, qui jouent un rôle fondamental dans 
les applications à la théorie des groupes finis. Ces formes sont généralement 
appelées formes de Chevalley (ou encore normales) et formes extérieures types; 
nous proposons ici les dénominations, qui nous paraissent plus commodes, 
de formes déployées et quasi-déployées. 

4.2. Formes déployées (de Chevalley) 
R é F é B E N C E S . C. Chevalley [7], L. E . Dickson [10, 11], R. Ree [26], G. B. Seligman 

[34], J . Tits [42, 44]. 

Un groupe semi-simple fc67, défini sur k, sera dit déployé (sur k) si toute 
classe de sous-groupes paraboliques (définis sur K) conjugués contient au 
moins un sous-groupe défini sur k. Notons que, dans ce cas, tout sous-

(*) Sur des questions connexes, cf. notamment la conférence de M. Kneser à ce Congrès. 

17-622036 Proceedings 
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groupe parabolique P contenant un sous-groupe de Borei B défini sur k est 
lui aussi défini sur k; en effet, le groupe de Galois de K/k conserve B ainsi 
que chaque classe de sous-groupes paraboliques conjugués, donc aussi P, 
puisque celui-ci est le seul sous-groupe de sa classe qui contienne B, d'après 
(3.2.4). 

Quel que soit le corps k, tout groupe algébrique simple défini sur la clôture 
algébrique K de k possède une et (à un isomorphisme près) une seule k-forme 
déployée. 

La ife-forme déployée d'un groupe simple KG apparaît, à beaucoup d'égards, 
comme la A-forme « la plus semblable » au groupe KG lui-même, c'est-à-dire 
comme 1'« analogue sur k » de ce groupe. Ceci est illustré par l'exemple des 
groupes classiques KPGLn+1, KP^V%U

 e* KBGX, dont les k-îormes déployées 
sont respectivement kPGLn+1, kPSp2n et le groupe kP0£(/) correspondant à 
une forme quadratique / d'indice maximum. 

Nous noterons fc^ln,fcI?n,...,fci£8, les fc-formes déployées des groupes KAn, 
KBn,..., KE8, et An(k), Bn(k),..., E8(k) les groupes de points rationnels sur k 
de ces formes. 

4.3. Formes quasi-déployées (extérieures types) 

R é F é B E N C E S . D. Hertzig [17], R. Steinberg [36], J. Tits [45, 46]. 

Un groupe semi-simple fc67 sera dit quasi-déployé (sur k) s'il possède des 
sous-groupes de Borei définis sur k. Il résulte immédiatement d'un théorème 
de S. Lang [1] que sur un corps fini, tout groupe semi-simple est quasi-déployé, 
d'où l'importance des formes quasi-déployées pour la théorie des groupes 
finis. 

Soient kG un groupe semi-simple quasi-déployé, B un sous-groupe de 
Borei défini sur k — on montre que ces sous-groupes sont tous conjugués 
par des éléments de Gk — et P(f) les sous-groupes paraboliques maximaux 
de G contenant B. Le groupe de Galois T de K/k conserve B, donc permute 
entre eux les P ( ï ) . Ceux-ci étant représentés par les sommets du diagramme 
V de G, on peut dire que T « opère sur D », et il est clair que les éléments de 
T induisent des automorphismes de ce diagramme. 

Si T opère trivialement sur D, les P{i) sont définis sur k; il en est donc de 
même, d'après (3.2.3), de tout sous-groupe parabolique contenant B, et le 
groupe fc67 est déployé. De façon générale, si I \ désigne le groupe de tous les 
éléments de T qui induisent l'identité sur V, le corps k' des invariants de 
I \ est la plus petite extension de k telle que fc*67 soit déployé; nous l'appelle
rons le corps de déploiement de fc67. Notons que ce corps est une extension 
galoisienne finie de k et que son groupe de Galois A = r / r i opère fidèlement 
sur t). Le théorème suivant ramène la classification des ib-formes quasi-
déployées de groupes simples à un problème de pure théorie de Galois. 

Soient k un corps quelconque, KG un groupe simple défini sur la clôture 
algébrique K de k, V le diagramme de ce groupe, k' un extension galoisienne 
finie de k, et soit donnée une représentation effective du groupe de Galois A 
de k'/k comme groupe d'automorphismes de V. Alors, KG possède une k-forme 
quasi-déployée et une seule (à un isomorphisme près) ayant k' comme corps de 
déploiement et telle que, par rapport à cette forme, A opère sur t) de la façon 
donnée. 

Sur le tableau 2 sont représentés, avec des conventions qui s'expliquent 
d'elles-mêmes, tousles groupes d'automorphismes (non-triviaux) de diagram-
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TABLEAU 2. Groupes d'automorphismes de diagrammes de groupes simples 
(formes quasi-déployées). 

(Cf. n° 4.3.) 

'An 

z D n , , , 

mes de groupes simples. A chacun d'eux correspond, d'après l'énoncé 
précédent, un type de groupes quasi-déployés. On note qu'une fois connu 
le type T=An,Bn... du diagramme V considéré et l'ordre ô du groupe A, 
ce groupe et son action sur t? sont bien déterminés, ce qui nous permet de 
désigner, sans ambiguité, le type de groupes en question par le symbole ÔT. 

Un groupe quasi-déployé kG de type ÔT donné est bien déterminé (à un 
isomorphisme près) par la donnée du corps de définition k et du corps de 
déploiement k'. Nous désignerons ce groupe par k

kT et le groupe de ses 
points rationnels sur k par ôT(k,k') (la mention explicite de ô nous sera 
utile, bien qu'explétive en principe, puisque ô = [k':k]). 

Les groupes des types 2An et 2Dn sont des groupes classiques: k
kAn est 

le groupe kkPUn+1(f) correspondant à une forme hermitienne / d'indice 
maximum, et %Dn est le groupe kP02n(f) correspondant à une forme quadra
tique / d'indice n — 1 qui devient d'indice maximum n par extension du 
corps de base de k à k'. 

Lorsque k est un corps fini, le groupe de Galois T est cyclique, ce qui 
exclut les formes de type 6Z>4. Notons aussi que, dans ce cas, k' est bien 
déterminé par la donnée de k et de à, ce qui nous permettra d'utiliser la 
notation abrégée ôT(k,k')=ôT(k). 

4.4. Groupes de Ree 

R é F é R E N C E S . R. Ree [27, 28], M. Suzuki [38], J. Tits [50]. 

Si on ne tient pas compte de l'orientation des traits multiples, la liste des 
groupes d'automorphismes de diagrammes de groupes simples, donnée par 
la Tableau 2, doit être complétée par l'adjonction de trois cas, représentés 
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TABLEAU 3. Groupes d'automorphismes de diagrammes de groupes simples 
non orientés (groupes de Ree). 

(Cf. n° 4.4.) 

sur le Tableau 3. Nous avons vu au n° 3.3 que si K est un corps algébrique
ment clos de caractéristique 2 (resp. 3), la symétrie des diagrammes de 
types B2 et P 4 (resp. du diagramme 672) non orienté a une signification pour 
le groupe simple #67 correspondant : elle se traduit par l'existence d'isogénies 
radicielles exceptionnelles de ce groupe sur lui-même. Ces isogénies étant 
seulement des automorphismes de groupes « abstraits » et non des auto
morphismes de groupes algébriques, les diagrammes du tableau 3 ne donnent 
pas lieu à de nouveaux types de groupes algébriques quasi-déployés. Cepen
dant, R. Ree a montré qu'on peut, sous certaines conditions, leur associer 
des groupes « abstraits » analogues aux groupes de points rationnels ôT(k, k') 
des groupes quasi-déployés. 

Ouvrons ici une parenthèse pour fixer un point de terminologie. Par abus 
de langage, nous dirons qu'un automorphisme du groupe « abstrait » Gk des 
points rationnels d'un groupe algébrique kG est « algébrique », s'il est induit 
par un ^-automorphisme de fc(7(1), et nous appellerons « groupe d'automor-
phismes non algébriques » de Gk, tout groupe d'automorphismes de Gk ne 
contenant aucun automorphisme algébrique à l'exception de l'identité. 

Pour introduire les groupes de Ree, revenons tout d'abord aux groupes 
ôT(k,k') et voyons comment ceux-ci peuvent être obtenus à partir des 
groupes T(k') de points rationnels des groupes simples déployés. Soit 
kG = k

kT, et soient T, ï \ , A et P ( l ) définis comme au n° 4.3. Le groupe 
T1 opère trivialement sur le groupe 67fc/ = T(k') des points rationnels du 
groupe déployé Ä/67. Par conséquent, A = r / r i opère sur Gk>, et le groupe des 
points de 67*.- invariants par A n'est autre que Gk = T(k,k'). On peut voir que 
l'automorphisme de 67Ä/ induit par un élément de A distinct de l'élément 
neutre, n'est pas algébrique. De plus, il est clair que A permute les P£? de 
la façon décrite par la figure ÔT du Tableau 2 (le sens de cette assertion est 
évident si on se rappelle que les P ( i ) sont en correspondance canonique avec 
les sommets du diagramme V de type T, et que A est isomorphe au groupe 
d'automorphismes de t? représenté par la figure en question). 

(*) L'abus de langage consiste essentiellement en ce que le fait, pour un sous-groupe 
donné, d'être « algébrique » dépend non seulement de la structure de groupe « abstrait » 
de Gk, mais encore de la façon dont ce groupe est obtenu comme groupe de points ra
tionnels d'un groupe algébrique. 
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Ces résultats admettent une réciproque. Soient ÔT l'un quelconque des 
« diagrammes avec groupes d'automorphismes » représentés sur le Tableau 2, 
k' un corps, k>G=k>T la F-forme déployée du groupe simple de type T, P ( f ) 

les sous-groupes paraboliques maximaux de k-G contenant un sous-groupe 
de Borei donné, défini sur k', Gk> et Pf. les groupes de points rationnels sur 
k' de k.G et P(i), et A un groupe d'automorphismes non algébriques de Gk., 
isomorphe au groupe d'automorphismes du diagramme de type T repré
senté par la figure ÔT du tableau 2, et permutant les P $ de la facon indiquée 
par cette figure. Alors, le groupe des points fixes de A est le groupe ôT(k,k') 
des points rationnels d'une forme quasi-déployée de 67 sur un corps kak', 
qui est le corps des invariants d'un groupe d'automorphismes de k' iso
morphe à A. 

Si l'on cherche à reproduire la construction précédente en partant d'une 
figure 2T du tableau 3, on constate que, pour certains corps k', de caractéris
tique p=2 si T = B2 ou P4 , et de caractéristique 3 si T = G2, le groupe 
Gk> = T(k') possède effectivement des automorphismes involutifs n (néces
sairement non algébriques) permutant les P $ de la façon indiquée par la 
figure 2T en question. Par analogie avec les groupes quasi-déployés, nous 
appellerons groupe (de Ree) de type 2T(*,k') les groupes de points fixes 
d'un tel automorphisme TV, la différence essentielle entre le cas des formes 
quasi-déployées et celui des groupes de Ree est qu'ici, aucun corps k ne 
joue le rôle de « corps de base ». 

Un autre automorphisme involutif n' de 67fc/, jouissant des mêmes proprié
tés que n, sera dit équivalent à TC s'il est le transformé de TI par un auto
morphisme intérieur de Gk>, (auquel cas on peut montrer qu'il existe même 
un automorphisme intérieur de 67fc* transformant TI en TI' et conservant les 
P$). La classification des automorphismes TI en question — donc des 
groupes de Ree — est donnée par l'énoncé suivant : 

Si T = B2 ou P 4 (resp. G2), les classes d'équivalence d'automorphismes in
volutifs de Gk' = T(k') permutant les P $ de la façon indiquée par la figure 2T 
du tableau 3, sont en correspondance biunivoque canonique avec les automor
phismes a de k' tels que 

(xa)a=x2 (resp.xB). 

Ainsi, à tout automorphisme a de k' vérifiant cette relation est associé 
un groupe de type 2T(*,k'), qu'on pourrait par exemple noter 2T(a,k')\ 
nous n'aurons pas ici à faire usage d'une telle notations. 

Le corps fini Fc de q =pn éléments possède un automorphisme a tel que 
(xa)a=xp, si et seulement si n=2m — 1, auquel cas a ne peut être que la 
puissance m-ième de l'automorphisme de Frobenius, c'est-à-dire que 
xa=xpm. L'unicité de cet automorphisme permettra, dans le cas d'un corps 
k' fini, de parler, sans ambiguité, du groupe de Ree 2T( *,kf). 

La définition des groupes de Ree donnée ici est, à peu de chose près, celle 
de R. Ree lui-même. Les groupes 2B2( *,k') correspondant à des corps k' finis 
ont été découverts initialement par M. Suzuki, par une voie très différente. 

4.5. Application: groupes «abstraits» et groupes finis simples 
RéITêBENCES. E. Artin [1], C. Chevalley [7], R. Ree [27, 28], R. Steinberg [36, 37], 

J. Tits [45, 46, 50]. 

A de rares exceptions près, tous les groupes « abstraits » dont il a été 
question dans les trois numéros précédents (4.2, 4.3, 4.4) sont simples, ou 
« presque ». De façon précise : 
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Soit G un groupe « abstrait » qui est soit le groupe des points rationnels d'un 
groupe algébrique simple déployé ou quasi-déployé, soit un groupe de Ree. 
Alors, le groupe dérivé G' de G est simple, sauf si G=2A2(¥2), ^i(F3) ou peut-
être encore tF4{*9F2).(

1) 
Un cas particulier important est celui où les corps k et ¥ sont finis. Les 

groupes en question sont alors des groupes finis simples, et il est remar
quable qu'on obtient ainsi la plupart des groupes finis simples connus. 
En effet, 

Les seuls groupes finis simples connus(2) qui n'appartiennent pas aux 
types considérés dans l'énoncé précédent sont les groupes alternés 2ïn de degré 
n=l ou>9(3), les groupes cycliques Zp d'ordre premier #4=3, 5(4), et les cinq 
groupes de Mathieu. 

De plus, 
Deux groupes finis simples « de provenance différente » c'est-à-dire représen

tés, avec les notations introduites plus haut, par des symboles différents, sont 
« généralement » non isomorphes. 

La signification précise de ce dernier énoncé peut être dégagée du Tableau 
4, où est reprise la liste détaillée des groupes finis simples connus, avec 
indication des ordres et de tous les isomorphismes entre groupes d'origine 
différente. La méthode d'Artin pour la détermination exhaustive de ces 
isomorphismes repose sur la recherche de toutes les coïncidences entre 
ordres de groupes finis simples connus, et conduit en outre au résultat 
suivant : 

Dans l'ensemble de tous les groupes finis simples connus, les seules paires de 
groupes non isomorphes ayant même ordre sont les suivantes: 

A2(F,Y et A,(F2)^<äB; 
Bn(¥QY et Gn(¥aY, avec q impair et n>3. 

4.6. Un « théorème de Witt» pour les groupes algébriques simples 

RéJTéBENCES. I . Satake [31], J . Tits [47], E . Wit t [55]. 

Nous avons vu au n° 4.3 comment, étant donné un "groupe algébrique 
semi-simple quasi-déployé kG, défini sur un corps k, on peut faire opérer le 
groupe de Galois V de l'extension algébriquement close de k sur le diagramme 
î) de 67. En fait, cette action de T sur D peut être définie pour tout groupe 
semi-simple fc67, défini sur k. En effet, d'après (3.2.4), les sommets de V 
correspondent biunivoquement, non seulement aux sous-groupes paraboli
ques maximaux de 67 contenant un sous-groupe de Borei donné, mais aussi, 
indépendamment du choix d'un tel sous-groupe, aux classes de sous-groupes 
paraboliques maximaux conjugués, et ces classes sont évidemment permu
tées entre elles par le groupe de Galois T (qui opère sur 67, une fois donnée la 
forme kG envisagée : cf. le n° 4.1). 

Considérons d'autre part les sous-groupes paraboliques de G définis sur k 
(par rapport à la forme kG en question) minimaux; on montre que ces sous-
groupes sont tous conjugués entre eux par des éléments de Gk. D'après 

(1) La structure du quotient G/G' est bien connue pour les divers groupes G en que
stion, à l'exception de 26?a(*,&') (cf. les références citées en tête de ce n°). 

(2) Selon les informations dont dispose l'auteur en écrivant ces lignes. 
(3) 2 C 3 ^ i ( F a ) ' , % n'est pas simple, W^A^)', ^ ^ ( F , ) ' , 2 I 8 ^ 8 ( F 2 ) . 
{*) Z^A^Y, Z5ç**B2(*,F2)'. 



GBOUPES SIMPLES ET GÉOMÉTBIES ASSOCIÉES 2 1 3 

TABLEAU 4. Groupes finis simples. 

(Cf. n° 4.5.) 

NOTATIONS: 

Getd désignent respectivement un groupe fini et un entier tels que, sauf 
dans les cas exceptionnels dont la liste est donnée plus loin, G possède 
un sous-groupe invariant simple Gt d'indice (G : GJ^d; le sous-groupe 
Gx est toujours le groupe derive G' de G, sauf quand G = Zp; les 
groupes Gx correspondant aux divers groupes G sont tous les groupes 
finis simples connus; les groupes Gt correspondant à deux groupes G de 
provenances différentes, c'est-à-dire représentés par des symboles 
différents, sont non isomorphes sauf dans les cas énumérés plus bas; 

m, n, r = des entiers strictement positifs: 
q = pr = une puissance d'un nombre premier; 
(a, b) = p. g. c. d. des nombres entiers a et ô; 

©n (resp. 5ïn) = groupe symétrique (resp. alterné) de degré w; 
Mn = groupe de Mathieu opérant sur n points (et non sur un nombre de 

points moindre); 
les corps finis qui interviennent dans les symboles An (k), 2An (k), etc. sont d'signés par 

leur ordre (par ex., An (q)="An (¥q) etc.); pour la signification des sym
boles eux-mêmes, cf. no s 4.2, 4.3 et 4.4. 

Ordre de G d 

8-<-+i)/«n (,«+!_!, ( n + 1 , 3 - 1 ) 
i+1 

An(q) 

%,(?) 

Bn(Ç[) 

*Bt(*,> 

cn(q) 

A. (3) 

*Dn (2) 

3 Dt {q) 

G2(?) 

*û,,(*, 5 

( n > l ) 

( n > l ) 

j=22m-1) 

(n>2) 

( n > 3 ) 

(ra>3) 

r-32"-1) 

? " < B + l , / 2 n ( 3 i + 1 - ( - i ) i + 1 ) ( » + 1 . J + D 

( 2 , * - l ) 

1 

(2, q-1) 

(4, qn~l) 

(4, g n + l ) 

1 

1 

1 

F, (q) q** (q™ - 1) (g8 - i ) (g6 _ 1 } {qi _ 1 } 1 

2 ^ 4 ( * . q-22m~1) g i 2 ( g « + 1 ) ( g t _ 1 ) ( g 3 + 1 ) ( g _ 1 ) i 

qn(n 

qn(n 

q12(q* 

q2* (q12 -

qn,ïl(q2i-D 
i - i 

aV+i)te-i) 

1 = 1 

-"(Mlfffe2'-!) 
i= l 

i - 1 

+ g ' + l ) ( g « - l ) ( ? s - l ) 

j t j j i - l j j j i - l ) 

2 3 ( ï a + l ) ( 3 - l ) 

- l ) ( S » - l ) ( g « - l ) ( s ä -

gi2(g6 + 1 ) ( g 4 _ i ) ( g 3 + 1 ) ( g _ 

1) 

D 
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Tableau 4 (suite) 

G Ordre de G d 

E6 (q) q*« (q*2-l) (g»- 1) (g»- 1) (q*-l) (g*- 1) (g«- 1) (3, q-l) 

2E6(q) q™ (q™-l) (q*+l) (g*-l) (q*-l) (<f+l) (q2-l) (3, g+1) 

E, (q) « •»(«" -1) (g 1 4 -1) (g 1 2 -1 ) (g 1 0 -1) ( g 8 - D (g 6 -1 ) ( g 2 -1 ) (2, g - 1 ) 

ÜJ8 (g) g!20 (g30_ J) ( g 2 4 _ D ( g 2 0 _ 1 } ( f f18_ ! ) (g14 _ 1 } (g12 _ J , ( g 8 _ J) ( g 2 _ J) J 

© n ( ^ > 2 ) ( 1 ) n! 2 

£ * P 1 

Mn 7920 = 2*.32.5.11 

Ml2 95040 = 2«.33.5.11 1 

M22 443520 = 27.32.5.7.11 1 

M2Z 10200960 = 27.32.5.7.11.23 1 

M 24 244823040 = 210.33.5.7.11.23 1 

EXCEPTIONS 

G Nature de Vexception 

(B^ — Ai (3) 6?' = 2I4 n'est pas simple 

Ax (2) ( ä @3) (T ^ Z 3 est simple mais (G -.'ô') = 2 * d 

M 2 (2) G' est résoluble d'ordre 72 

B2 (2) ( ^ ©6) G' ^ 2ï6 est simple mais (G : Q') = 2 * d 

2B2(*, 2) 6r est isomorphe au groupe des affinités {x' = ax + b) du corps 

F5, donc G' = Z& est simple, mais (G : G') = 4=*=d 

<?2 (2) 6?' & 2A2 (3) est simple, mais (G : G') = 2 * d 

2G2 (*, 3) G' » ^ x (8) est simple, mais (G, G') = 3+d (2) 
(*) Le groupe réduit à l'élément neutre n'est généralement pas considéré comme 

un groupe simple. 
(2) Cet isomorphisme a été signalé à l 'auteur par M. Suzuki. 



GROUPES SIMPLES ET GEOMETRIES ASSOCIÉES 2 1 5 

Tableau 4 (suite) 

ISOMORPHISMES ENTRE GROUPES SIMPLES DE PROVENANCES DIFFéRENTES 

(Les isomorphismes relatifs aux cas exceptionnels énumérés plus haut ne sont pas 
repris ici.) 

A1(2Y^^z = Z3 AX(9)'^<&'Q 

^ ( 4 ) ^ ^ ( 5 ) ^ ( 5 5 ^3 (2) = ©8 

A1(iy^A2(2) 2A3(2)^B2(3)' 

REMARQUE 

Les types B13 Gx, C2i Dv D2, Dz,
 2D2 et 2D3 ont été écartés a priori de la liste 

des groupes G considérés. Rappelons, pour mémoire, que 

CX^BX^AX 

D2^AX*AX 

G2 = B2 

# 3 = ^ 3 

^ ( j j a i z , - ! 

*!>,(?) = ^ i (« s ) 

(3.2.4), les classes de sous-groupes paraboliques de G conjugués correspon
dent biunivoquement et canoniquement aux ensembles de sommets du 
diagramme V de G; en particulier, à la classe qui renferme les sous-groupes 
paraboliques définis sur k minimaux correspond un certain ensemble de 
sommets de T), appelés sommets distingués pour la forme kG considérée. 
Notons que, comme on le voit aisément, une classe quelconque de sous-
groupes paraboliques conjugués contient des sous-groupes définis sur k si et 
seulement si l'ensemble de sommets de V qui lui correspond est invariant 
par T et contenu dans l'ensemble des sommets distingués. 

Les groupes quasi-déployés sont caractérisés par le fait que tous les som
mets de V sont distingués; cela résulte immédiatement des définitions. A 
l'autre extrême, on trouve les groupes kG tels que l'ensemble des sommets 
distingués soit vide, c'est-à-dire les groupes ne possédant aucun sous-
groupe parabolique propre défini sur k; ils sont dits anisotropes. Lorsque k 
est le corps des nombres réels, les groupes semi-simples anisotropes ne sont 
autres que les groupes semi-simples compacts. 

Dans le cas des groupes orthogonaux et unitaires, les notions précé
dentes — action de T sur V et sommets distingués — sont en relation 
directe avec l'indice de la forme quadratique ou hermitienne fondamentale. 
Par exemple, si / est une forme quadratique d'indice i dans un espace 
vectoriel sur k de dimension impaire n = 2m + l, les sommets distingués du 
diagramme Bn pour le groupe k@=kPOm(f) s o n * l e s * premiers sommets de 
ce diagramme, en commençant par l'extrémité opposée au trait double 
(c'est-à-dire en commençant par la gauche, sur le diagramme Bn du Tableau 

!)• 
On connaît le théorème de Witt qui permet de caractériser une forme 

quadratique (en caractéristique 4=2) par son indice et sa « partie aniso
trope ». On a, pour les groupes algébriques simples sur un corps parfait k, 
le théorème analogue suivant : 
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Un groupe simple kG peut être caractérisé par la donnée de Vaction de T 
sur le diagramme T) de G, de l'ensemble des sommets de V distingués pour kG, 
et d'un certain groupe semi-simple anisotrope sur k, la « partie anisotrope de 
kG », dont le diagramme s'obtient en retirant de V les sommets distingués pour 
kG et les traits qui y aboutissent. 

§5. Interprétations géométriques 

5.1. Géométrie d'incidence associée à un groupe 

REFERENCES. H. Freudenthal [14, 15], B. A. Rosenfeld [29, 30], J. Tits [39-46, 49, 
50, 53]. 

La signification géométrique des groupes classiques est bien connue. Au 
cours de ces dernières années, on a beaucoup étudié, de ce même point de 
vue, les groupes exceptionnels et d'autres groupes introduits par l'étude 
des groupes algébriques simples, notamment les groupes dont il a été ques
tion au § 4. Il ne nous est pas possible de parler ici en détail de toutes les 
interprétations géométriques qui ont été proposées; cependant beaucoup 
d'entre elles se rattachent, d'une façon ou d'une autre, aux considérations 
générales suivantes. 

Soit kG un groupe algébrique semi-simple auquel sont associés, d'après 
les n08 3.3 et 4.6, un diagramme T), un certain groupe A d'automorphismes 
de T) (isomorphe au quotient du groupe de Galois V de l'extension algébri
quement close de k par le sous-groupe des éléments de F qui induisent 
l'identité sur D) et un ensemble de « sommets distingués » de T). Soit Gk le 
groupe des points rationnels sur k de kG. Par abus de langage, nous appelle
rons sous-groupes paraboliques de Gk les groupes de points rationnels des sous-
groupes paraboliques de kG définis sur k. On montre que les groupes de 
points rationnels de deux sous-groupes paraboliques de kG définis sur k et 
distincts (resp. conjugués) sont eux-mêmes distincts (resp. sont conjugués 
dans Gk). Il s'ensuit, tenant compte de ce qu'on a vu au n° 4.6, que les classes 
de sous-groupes paraboliques de Gk conjugués correspondent biunivoque-
ment aux ensembles de sommets distingués de V invariants par A; en parti
culier, les classes de sous-groupes paraboliques maximaux conjugués cor
respondent aux orbites de A dans l'ensemble de tous les sommets distingués. 

Tout ceci s'étend immédiatement aux groupes de Ree. Un tel groupe, 
soit G*, étant défini comme le groupe des points fixes d'un groupe Gk> pour 
un certain groupe — qu'on notera aussi A — d'automorphismes de celui-ci, 
on peut appeler (toujours par abus de langage) « sous-groupes paraboliques » 
de G*, les groupes de points invariants par A des sous-groupes paraboliques 
de Gk, invariants par A. Les assertions de l'alinéa précédent relatives aux 
classes de sous-groupes paraboliques conjugués restent valables ici si on 
convient, comme il est naturel par analogie avec les groupes quasi-déployés, 
d'appeler « distingués » tous les sommets du diagramme V de G. 

Dorénavant, G désignera toujours un groupe « abstrait » qui pourra être 
indifféremment 

(5.1.1) le groupe des points rationnels sur un corps k d'un groupe algé
brique semi-simple non anisotrope^) défini sur k, ou bien 

(5.1.2) un groupe de Ree. 
(*) Les résultats restent valables pour les groupes anisotropes mais deviennent 

triviaux dans ce cas. 
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Soient B un sous-groupe parabolique minimal de G, P{i) les sous-groupes 
paraboliques maximaux contenant B et E{i)=GjP{i) l'espace homogène 
des classes latérales à droite de P ( i ) dans G. Un point de E{i) et un point 
de E(i) seront dits incidents si les classes latérales qu'ils représentent ont 
une intersection non vide. Les ensemble E(i) et la relation d'incidence ainsi 
définie constituent par définition la géométrie associée à G. De façon générale, 
une géométrie (d'incidence) de rang r est une entité {E{i);I} constituée par 
r ensembles E{i) et une « relation d'incidence » I, correspondance symétrique 
définie sur l'ensemble somme des E{i), et dont la restriction à chaque E{i) 

est l'identité (i.e., si x,y£ E{i), xety sont incidents si et seulement si x=y). 
D'après les considérations du début de ce paragraphe, on voit que le rang 
de la géométrie associée à G est — avec les notations utilisées plus haut — 
le nombre des orbites du groupe A dans l'ensemble des sommets distingués 
du diagramme V. Remarquons encore que le groupe G opère (par transla
tions à droite) sur la géométrie associée. 

A titre d'exemple, supposons que G soit le groupe PGLn(k) des projecti-
vités (définies sur k) d'un espace projectif Snk n dimensions défini sur k. 
Alors, B est le groupe de stabilité d'un drapeau complet {at,a2, ...,an} 
(a1c:a2cz ...czan) défini sur k,P{i) est le groupe de stabilité de at et la 
géométrie associée à G est la « géométrie projective » dont les ensembles 
constitutifs E{i) sont l'ensemble des points, l'ensemble des droites, ..., 
l'ensemble des hyperplans de 8n définis sur k, la relation d'incidence étant 
la relation d'incidence usuelle (inclusion symétrique) entre sous-variétés 
linéaires de Sn. 

On peut formuler des théorèmes généraux concernant les geometries 
associées aux groupes des types (5.1.1) et (5.1.2), théorèmes qui traduisent 
des propriétés structurelles fondamentales communes à tous ces groupes 
(notamment l'existence pour ceux-ci d'une « décomposition de Bruhat »). 
Nous nous bornerons ici à indiquer quelques résultats relatifs aux cas très 
particuliers des geometries de rang 1 et de rang 2. 

5.2. Geometries de rang 1 

RéFéRENCES. M. Suzuki [38], J. Tits [50, 51]. 

La structure d'incidence d'une géométrie de rang 1 est triviale, puisque 
la relation d'incidence I d'une telle géométrie est nécessairement réduite à 
l'identité. Cependant, ce cas donne lieu à un résultat significatif, à savoir 
le fait que 

Si la géométrie associée à un groupe G de type (5.1.1) ou (5.1.2) est une 
géométrie {E; 1} de rang 1, le groupe G est doublement transitif sur E. 

Ceci s'applique en particulier aux groupes de Ree des types 2B2 et 2G2, 
qui ont donc des représentations comme groupes doublement transitifs de 
permutations. 

Dans le cas d'un groupe de type 2B2, l'ensemble sur lequel le groupe est 
doublement transitif possède une réalisation « concrète » particulièrement 
simple. Soient k un corps et Sn(k) l'espace projectif à n dimensions sur k, 
au sens de la géométrie projective ordinaire, c'est-à-dire l'espace des points 
rationnels sur k de l'espace projectif Sn considéré par exemple au n° 5.1. Un 
ensemble non vide £) de points de Sn(k) est appelé un ovoïde si, pour tout 
point p £ D, il existe un plan vîv — le « plan tangent à O en p » — tel que 
toute droite passant par p ne rencontre pas D en dehors de p ou le rencontre 
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en un et un seul autre point selon qu'elle appartient ou non tzfp. Si k est un 
corps fini et n = 3, il résulte d'un théorème de B. Segre [33] que cette notion 
coïncide avec la notion d'ovaloïde introduite par lui. Un ovoïde O est 
doublement homogène si le groupe de ses automorphismes, c'est-à-dire des 
projectivités qui le conservent, est doublement transitif sur D. Enfin. 

Tout groupe de type 2B2(*,k) (&4=F2) est le groupe des automorphismes 
d'un ovoïde doublement homogène dans l'espace projectif à 3 dimensions Ss(k) 
sur k. 

Dans le cas particulier d'un corps k fini, on peut préciser le résultat 
précédent et en déduire une caractérisation simple des groupes de Suzuki : 

Pour que l'espace projectif à 3 dimensions $3(Ffl) sur le corps fini à q élé
ments contienne des ovoïdes doublement homogènes qui ne soient pas des 
quadriques ovales, il faut et il suffit que q = 22m+1 (m>l)(1), auquel cas tous les 
ovoïdes en question sont projectivement équivalents et ont pour groupe d'auto
morphismes le groupe de Suzuki 2B2(*,Fq). 

5.3. Geometries de rang 2. Geometries polygonales 

R é F é R E N C E S . H . Freudenthal [14], G. J . Schellekens [32], J . Tits [39,46, 49, 50, 53]. 

Soit S un ensemble dans lequel sont distinguées certaines parties appelées 
droites. Donnons le nom de polygone à n cotés à toute « figure » formée par n 
points s±,s3, ...,s2n_v tous distincts, les sommets du polygone, et par n 
droites c2, c4,..., c2n, toutes distinctes, les côtés du polygone, tels que st G ci± t et 
s1Ec2n. Les droites données définissent dans S une structure polygonale 
d'ordre n, ou n-gonale, si les conditions suivantes sont remplies : 

S ne contient pas de polygone à m<n côtés; 
étant donnés arbitrairement deux points (resp. deux droites; resp. un 

point et une droite), il existe au moins un polygone à n côtés dont ils sont 
des sommets (resp. des côtés; resp. un sommet et un côté). 

Par exemple, une structure triangulaire est une structure de plan pro
jectif. 

La géométrie de rang 2 {S, C; 1} consituée par un ensemble S et l'ensemble 
C des droites d'une structure w-gonale dans S, avec la relation d'incidence 
évidente (s G S et c G G sont incidents si s G c), est dite une géométrie polygonale 
d'ordre n, ou n-gonale. Alors, 

Si le géométrie associée à un groupe G de type (5.1.1) ou (5.1.2) est une 
géométrie de rang 2, elle est polygonale d'ordre n = 2, 3, 4, 6 ou 8. De plus, le 
groupe G est transitif sur les polygones à n côtés de la géométrie, et le sous-
groupe des éléments de G conservant un tel polygone induit le groupe complet 
des automorphismes de celui-ci (groupe diédrique d'ordre 2n). 

Signalons encore, à titre d'exemples, que 
pour les groupes G2(k), 3D^(k,kf) et GD^(k,kf), n = 6; 
les groupes de Ree de type 2F/L sont les seuls groupes pour lesquels n = 8; 
si le groupe G dont il est question dans l'énoncé précédent est le groupe 

des points rationnels d'un groupe (nécessairement non quasi-déployé) de 
type E6, sur un corps k de caractéristique 4= 2 et 3 (2), l'ensemble des sommets 
distingués correspondant ne peut être que l'un des deux ensembles repré
sentés par les figures suivantes : 

i1) On sait que si q est impair, tout ovoïde dans S3(FQ) est une quadrique ovale (cf. 
A. Barlotti [2J). 

(2) Cette restriction n'est peut-être pas nécessaire. 
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d a n s le p r e m i e r cas , n = 3, e t la s t r u c t u r e t r i a n g u l a i r e associée à G e s t u n 
p l a n project i f d ' o c t a v e s à d iv is ion s u r k; d a n s le second cas , n = Q. 

Signa lons p o u r t e r m i n e r q u e les t h é o r è m e s g é n é r a u x d o n t il a é t é q u e s t i o n 
à la fin d u n ° 5 . 1 , fon t i n t e r v e n i r des « geome t r i e s p o l y é d r i q u e s », d o n t les 
geome t r i e s po lygona l e s cons idérées ici s o n t les cas pa r t i cu l i e r s p o u r le r a n g 2 . 
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REMARKS ON 
FOUNDATIONS OF PROBABILITY 

SEMANTICAL INTERPRETATION OF THE 

PROBABILITY OF FORMULAS 

By JERZY LOS 

Every Boolean algebra may be isomorphically represented as an algebra of 
sets, therefore every probability function on a Boolean algebra may be 
represented as a probability on some algebra of sets. This follows from the 
representation theory due to M. Stone. 

If one considers the probabilities defined for formulas of a given formalism, 
which as is well known form a Boolean algebra, then such a representation 
seems to be insufficient, because it has no semantical meaning. 

The following paper contains a representation of probability functions 
defined on formulas by means of semantical notions. The starting point of 
this representation is in the two different interpretations of probability of 
formulas, according to the syntactical structure of the formula. If the for
mula is the open one, i.e. no quantifiers occur in it, then by its probability 
we may understand the chance of finding out such elements in a given model 
which fulfil this formula. If the formula is a sentence, i.e. no free variables 
occur in it, then by its probability we may understand the chance of finding 
out a model (from among models of a given class) in which this sentence is 
true. 

The main result obtained in this paper (Theorem 2) is the demonstration 
that, under very general conditions (which are always satisfied by elemen
tary theories), the probability of sentences may be understood as a result 
of two consecutive drawings. First a model will be chosen at random from 
among models of a given class {7ttt}teT following a given probability ^ i n 
set T; and then, having the so obtained model Tflt, a sequence of elements is 
selected from it, following a probability vt. The probability p(oc) of the for
mula a is equal to the probability of fulfilling a by a sequence of elements 
obtained in this way. More precisely this theorem states that we can repre
sent the probability of formulas p(oc) in the form 

p(*) = jTvM*))d/*(t), 

where {TMJier is a class of models, p, a probability in T,vt a probability 
in the set of sequences of elements of the model Tïlt and 7%(a) denotes the 
set of sequences which fulfils oc in the model Tflt-

It is not the aim of this paper to explain the importance of research on 
the probability of formulas. We would like to remark only that the theory 
of information yields more and more interest in such investigations. 
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1. Formulas, Boolean algebras and models 

We shall here be interested in those formal theories in which only rela
tional constants occur. Variables of higher orders (e.g. running over sets 
or classes of sets) may be allowed, but in such cases we shall assume that 
in the formulas each such variable is bounded by means of a quantifier. 
Only individual variables may be free in these formulas. The set of all for
mulas is denoted by S. 

Let us denote the relational constants by rt and the individual variables 
occurring in formulas in S by Xj. We shall assume that i runs over a set of 
natural numbers and j over the set of all natural numbers. This implies that 
the set S is countable. 

By a sentence is meant a formula in which no free variable occurs. The 
set of sentences will be denoted by Z; it is a subset of S. 

Let Cn be the operation of the usual (syntactical) consequence in the set 
S. A subset X of S with X = Cn(X) is a system, a subset X with Cn(X) 4=$ 
is a consistent set, a maximal consistent system is a complete system. 

Let us remember the following properties of the set Z: 
(i) The set Z is closed with respect to the propositional operations such 

as implication (->), disjunction (V), conjunction (A), equivalence («-») 
and negation ( ~ ). 

(ii) For every system X, Cn(X ()Z)=X. 
As is well known, the set of formulas form a Boolean algebra with disjunc

tion, conjunction and negation as Boolean operations. Instead of equality 
we have to accept in S the equivalence with respect to the set Cn(0), i.e. 
two formulas a and ß are considered to be equal if a<-»/? belongs to Cn(0). 
In this algebra ocCiß = 0 means that ~ (oc A ß) belongs to Gn(0). It follows 
from (i) that Z is a subalgebra of S and so it is called the algebra of sentences. 

By a model for S we shall mean every sequence 7tl= <A,RVR2,...> 
where A is non-empty set, and Rt relations in A such that it is possible to 
interpret by them constants rt. I t is clear what is meant by the statement 
that the sequence <alta2, ...> of the elements of A fulfils the formula oc. 
Let us remark only that the individual variables have natural numbers as 
indices and therefore we use here an infinite sequence of elements of A. 
Moreover, the variables of higher orders (if they occur in formulas in S) have 
to be interpreted in an absolute sense, e.g. a set variable runs over all subset 
of A. 

Let us denote by A the set of all sequences <ax,a2,... > of elements of A 
and, for a given a in S, by Tfl(oc) the set of all sequences in A which fulfils oc. 
Tfl(oc) is a homomorphism of S into an algebra of subsets of A. 

By S(7H) we denote the set of all formulas "true" in Tfl, i.e., the set of 
a's with Tfl(oc) =A. If for a system X there exists a model 7H such that X 
is contained in SCITI), then X is called an co-consistent, in other cases an 
co-inconsistent system. If for some class of systems {7tlt}teT, X= Ç] teTS(7ttt), 
then X is called co-regular. If for every complete system Y including the 
given system X there exists a model Tfl with S(Tfl) = Y, then X is called stron
gly co-regular. If S is an elementary class, i.e. no variables of higher orders 
occur in the formulas of S, then every system in S is strongly co-regular. 
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2. Probability functions 
By a probability function or simply probability, is meant a real function 

p defined on a Boolean algebra B, such that 0 <p(oc) < 1 and p(a U 6) = 
p(a) +p(b)îor every pair a,b of elements in B with a D 6=0. 

If B is a cr-algebra and for evevery sequence of pairwise disjoint ele
ments «j we have p(\JZiCti) = = 2Si^ ( a 0 * n e n V i s called or-additive. 

Let B* be a cr-algebra and 5 a subalgebra of B* such that B* is the least 
cr-algebra containing B. If # is a probability on J5 and p(a± (]a2f\ ... 0 an)->0 
whenever fl ï ï i a i = 0 , then # may be extended to a cr-additive probability 
function on B*. This result is very well known, as Kolmogoroff's theorem. 

For the Boolean algebra of formulas and its subalgebras the definition 
of the probability function is obviously applicable. The only restriction 
which follows from the definition of such algebras is that for two formulas 
oc and ß equivalent with respect to the set Cn(0) we must have p(oc) =p(ß). 

A probability function p on the algebra of formulas S is called continuous, 
if the following two conditions hold: 

There exists an co-regular system X0, such that p(oc) = 1 for every oc in X0. 
If for some e > 0 and some system X, p(Ç) >6ÎOT every sentence f belonging 

to X, then X is an co-consistent system. 

3. Semantical introduction of probability 
Let Tfl be a model and A its set of elements. By A we denote, as before, 

the set of sequences of elements from A. A probability function v defined 
for an algebra of subsets of A is called a probability in the model Tfl if v is 
defined for all sets 7tt(oc) with oc in S. Suppose that {Ttlt}teT is a family of 
models and that for every t in T, vt is a probability in 7M*. Suppose, more
over, that there is a cr-additive probability function ju on a cr-algebra of 
subsets of T, such that all functions fa(t)

=Vt(7ïlt(oc)), with oc in S, are [x-
measurable. 

THEOREM 1. Under the above assumptions, the function 

p(*) = jTf.(*)dp(t) 

is a probability on S. 
Proof. 0 ̂ p(oc) < 1 follows from the assumption that vt and [i are probabi

lity functions. If oc0ß=0, then ~(ocAß) belongs to Cn(0). Therefore 
Tflt(x) fi 7Ht(ß) =0 for every t. Since 7ftt is a homomorphism hence: 

p(aUj8)= f /«vMW*)= f Vt(7nt(ocvß))d[x(t) 
J T J T 

= f *(%(«)\}TW))Mt)= f vtcmt(oc))+vt(7nt(ß))dM(t) 
J T J T 

= f vt(mt(X))dM(t)+ f vMß))Wt) 
J T J T 

= f h(t)dft(t)+ f fß(t)d[i(t)=p(oc) + p(ß). 
J T J T 
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This theorem shows the possibility of introducing probability functions in 
the algebra 8 by means of the probability functions on models and a proba
bility function in the set of models. In the following section we shall prove 
that every continuous probability function on 8 may be represented in the 
form of an integral as in theorem 1. 

4. Representation theorem 

Let p be a continuous probability on S,X0 an co-regular system with 
p(Ç) = l for all sentences f in X0 and {Ttlt}teT a class of models such that 
X0= r)teTS(7ftt) and moreover such that for every system X containing 
XQ with p(C) >s for every sentence f in X and a suitable e >0 depending on 
X, there exists a f i n T such that X c= 8(7Ht)- The existence of such a X0 and 
{Jftt}teT follows from the assumption on continuity of p. 

Let for f in Z, T(Q denotes the set of t in T with f belonging to S(7M*). 
JP(£) maps the algebra of sentences Z homomorphically into the algebra of 
subsets of T. 

Let us set p,(T(Ç))=p(Ç). This defines a probability function p on the 
algebra of subsets of T of the form T(Ç). We shall prove that p may be 
extended to a cr-additive probability function. Let p(T(^A ... A Çn)) 
>e>0 for every n. Let us form the system Gn(X0 U (Çv fa,...)) =XV Obvio
usly for every f in Xvp(T(C)) =̂ >(C) =^£ a n ( i , therefore, there exists a ^ i n T 
such that X1czS(Mt1). I t follows that tt belongs to T(£n), for every n 
FinaUy flST-i^CHO. 

Let us, applying Kolmogoroff's theorem, extend ^ to a cr-additive pro
bability, denoting this extension by the same letter p. 

Now, for every oc in S, let px be a cr-additive probability function such that 

pa(T(Ç))=p(t;Aoc) 

for every f in Z. 
Such a probability does exist, because the equation above defines a 

probability on the sets of the form T(Ç), which may be extended (by the 
same argument as for p) to a cr-additive probability. 

Every px is obviously absolutely continuous with respect to p because 
px( JT(£)) ^M^( f )) ^or ev©ry oc in 8 and f in Z. From the well-known Radon-
Nikodym theorem it follows that for every oc in 8 there exists a function 
/a(£) such that 

Ai«(r(C))= f / «WW 
J no 

Suppose a and /? are disjoint, since px(T(Ç)) + Pß(T(C)) = p(f A a) + p(f A ß) = 
p(CA(ocvß))=payß(T(C)),hence 

f /« (W*)+ f fß(t)dfjt(t)=[ fx(t) + fß(t)dp(t) 

= f f*,ß{t)d/i(t). 
J no 
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I t shows that /a+//3==/av/? almost everywhere in the sense of p. As we have 
only countably many a's and ß's in S we can improve the functions fx to have 
the equations fx+fß==ftXs,ß holding everywhere in T for disjoint a 'sandß's. 

Now, if we set for every t in T and a in 8 vt(7Ht(<x>)) ^/«(O we obtain a 
probability function on the subset 7tlt(oc) of At, such that 

p(£Aa)= f vt(7nt(oc))dp(t) 
J no 

For f in X0 we have p(Ç A oc) =p(oc), T(£) = T and therefore 

p(oc)=jTVt(7tlt(oc))dp(t). 

We have proved the following representation theorem: 

THEOREM 2. Every continuous probability on the algebra of sentences S may 
be represented in form of an integral 

p(oc) = jTVt(7nt(oc))dp(t), 

where Tflt are suitable models, vt probabilities in these models, and p a o-additive 
probability function in the set of models. 



MODULES OVER U N R A M I F I E D REGULAR 
LOCAL R I N G S 

By M A U R I C E AUSLANDER( i ) 

A ring R is said to be a local ring if it is a commutative, noetherian ring with 
unit with only one maximal ideal which we shall denote by îît. Krull intro
duced in [8] the idea of studying a local ring R by means of its associated 
graded ring G(R)=^tL0 milml+1. In particular, he was especially interested 
in the case when G(R)^Rfm\X1,...,Xn\ (where the Xt are algebraically 
independent over Rfxti), the case we now denote by saying that R is a re
gular local ring. Zariski in [12] pointed out the important role that regular 
local rings play in algebraic geometry over a field and established the fol
lowing facts about the regular local rings which occur in this context: 

(a) If R is a regular local ring and p is a prime ideal, then Rp is also a 
regular local ring. 

(b) If R is a regular local ring, then R is a unique factorization domain. 

After the appearence of Cartan-Eilenberg's systematic approach to homo-
logical algebra [7], it was conjectured by many and established by Serre 
[11] that regular local rings can be completely characterized in homological 
terms as those local rings such that all their finitely generated modules have 
finite free resolutions. As a result of the work of Auslander-Buchsbaum, 
Nagata and Serre (see [4, 5], [9, 10], [11]) in the application of homological 
methods to the study of arbitrary regular local rings, the results cited above 
for geometric regular local rings are now known to hold for arbitrary regular 
local rings. 

While the above cited work has concerned itself mainly with what might 
be considered the ideal theoretic aspects of regular local rings, more recent 
results have shown that it is probably desirable to have a more complete 
module theory for regular local rings than now exists. For example, in 
connection with the study of the Brauer group of regular local rings, Aus-
lander-Goldman were lead to establish in [6] the following module theoretic 
generalization of the fact that a regular local ring is a unique factorization 
domain. Let M be a finitely generated, reflexive module over the regular 
local ring R (i.e. M » HomÄ(Homfl(lf, R), R)). If KomR(M,M) considered 
as an 22-module is a free .ß-module, then M is a free lü-module. 

More recently, Auslander in [3] established and showed that the following 
result can be viewed as a generalization of the purity of the branch locus 
theorem in algebraic geometry. Let Jf be a finitely generated reflexive 
module over the regular local ring R. If HomÄ(M, M) is isomorphic to a 
direct sum of copies of M, then i f is a free JS-module. 

Proceeding on the premise that the module theory of regular local rings 
will gradually assume more importance, both in the abstract theory of 
regular local rings as well as in applications to other fields, we will devote 

(x) Some of this work was done while the author held an N.S.F. Senior Postdoctoral 
Fellowship and a Sloan Foundation Fellowship. 
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the rest of this report to a discussion of certain recent results obtained by 
the author concerning finitely generated modules over unramified regular 
local rings. Since complete proofs of these results have appeared, or will 
shortly appear in the literature [1, 2], we will only concern ourselves here 
with the presentation of the results themselves. 

We assume from now on tha t R is an unramified regular local ring, i.e. if 
the characteristic of the residue class field is p =}=0 and p is in m, then p is 
not in m2. I t can easily be seen tha t if R is an unramified regular local ring, 
then Rp is also an unramified regular local ring for all prime ideals p in R. 
We will also assume tha t all i2-modules are finitely generated. 

The reason for assuming tha t R is an unramified regular local and not an 
arbitrary regular local ring, is t ha t we only know how to establish the fol
lowing result for t ha t smaller class of regular local rings. 

THEOREM 1. Let A and B be R-modules such that Torf (A,B) = 0 for some 
i>0. Then TOT?(A,B)=0 for all j>i. 

If this result can be established for arbitrary regular local rings, then the 
rest of the results, which are more or less direct consequences of this one 
fact, will also hold for arbitrary regular local rings since this is the only 
place tha t the assumption tha t R is an unramified regular local ring and 
not an arbitrary regular local ring is needed. 

If one defines the support of a module M to be the set of all prime ideals 
p in R such tha t Mp=^0 (notation: Supp M), then Theorem 1 yields a nice 
formula for computing the Supp Torf (A, B). Namely, 

THEOREM 2. A prime ideal p is in the Supp ToTt(A,B) if and only if there 
is a prime ideal q contained in p such that 

hdEq Aq + hdsq Bq > dim Rq + i, 

where dim Rq is the Krull dimension of the local ring Rq and hdnqAq means 
the length of the shortest projective resolution of Aq as an jRq-module (it 
being understood tha t the hdB0 = — oo and ( — °°) + ( — oo ) = — oo a n d n + 
( — °° ) = — oo for all integers n). 

This suggests introducing the following definition. Two modules A and B 
are said to have the same dimension type if and only if the hdspAp=hdspBp 
for all prime ideals p in R. We will denote the equivalence class of all 
modules with the same dimension type as A by [A]. I t is also convenient to 
introduce an order relation in the equivalence classes [A] by defining 
[̂ 4] >[B] if and only if the hdspAp>hdspBp for all prime ideals p in R. I t is 
then an immediate consequence of Theorem 2 tha t the Supp Torf (^4,1?) 
depends only on the dimension types of A and B. Also we have 

THEOREM 3. [A] > [B] if and only if the Supp Torf (A, C) ID Supp Torf (B,C) 
for alli^O and all R-modules C. 

Proceeding in a somewhat different direction, we obtain the following 
novel criteria for a module to be a free module. 

THEOREM 4. Suppose that the dim R=n>0and that A is an R-module. Then 

(a) A is a free R-module if and only if the tensor product of A with itself n 
times is torsion free. 
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(6) If HomÄ(j4, JB)=#0, then A is a free module if and only if A®BA®B 

Hom(A,R) is torsion free. 
(c) If A satisfies the following conditions: 

(i) hd A=hd Hom(A,R) 
(ii) A®TIom(A,R) is torsion free 

(iii) Ap is Rp-free for all non-maximal prime ideals p in R, 
then the hd A = (n —1)/2 or 0. In particular if n is even then A is free. 

I t should be observed that each of the results given in Theorem 4 are the 
best possible. For if n>3, then there exist modules A such that the tensor 
product of A with itself (n~ 1) times is torsion free but A is not free. As 
far as (c) is concerned, in case n > 1 and odd, there always exist modules A 
satisfying the hypothesis of (c) with the hd A = (n — l)/2; which shows that 
the result (6) is the best possible as well as indicating that there seem to be 
some differences in the module theory of unramified regular local ring 
depending on whether the dimension of the ring is odd or even. 

We now devote the rest of this report to a discussion of some of the 
information concerning the Ext functor which can be derived from the 
above discussion of the Tor functor. 

If A and B are i2-modules, there exists a natural homomorphism y. 
Hom(A,R)®BB->H.om(A,B) given by q>(f®b) (a)=f(a)b. This can be 
generalized to give natural homomorphisms l£xti(A,R)<8)BB->Exti(A,B) 
which are closely related to the usual Yoneda product. A sort of universal 
coefficient theorem tells us that for a fixed A and each iX) there exist 
modules Ti+1 such that we have exact sequences 

Torf(Ti+1, £)->ExtB( ,4, i?)®BJB->ExtB(;l, B)->Tarf(2\+1> B)-^0. 

Combining this observation with the foregoing results we obtain: 

THEOREM 5. Ifj>0 and ExtB(.4, R)®BB-^ExtB(^4, B) ->0 is exact, then 

(a) ExtB(.4, R)®BB = ïïitiB(A, B). 
(b) If [B]>[C], then ExtB(.4, R)0BC = 'Ext/B(A, C). 
(c) There exists an exact sequence 

Extîf 1^, R^B^ExtR-^A, JB)->Torf(Ext;
B(^l, R), J B ) - » 0 . 

(d) If [A] = [B], then the hdBA=hdBB^j and one has equality if and 
only if Ext&(4, 5)4=0. 

COROLLARY 6. / / 22=1=0 and ExtB(-4, B)=0 for some j>0, then 

(a) Exi/B(A, R)=0. 
(b) If [B]>[C], then Ext/B(A, C)=0 and E x t î f V , R)®BC 

= ExtB-V> G). 
(c) If [A] = [Bl then the hdBA=hdBB<j. 

Finally these results can be combined to show that for a fixed A 
and i, the Supp ExtB(J., B) depends only on the dimension type of B. 
However, there exist examples which show that for a fixed B and i 
the Supp ExtB(-4, B) does not depend solely on the dimension type 
of A. 
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ARITHMETIC ON AN ELLIPTIC CURVE 

By J. W. S. CAS S E LS 

1. One of the fundamental problems of number theory is this: given an 
algebraic variety V defined over an algebraic numberfield(1) k to find all 
the points on V defined over k and to investigate their structure and 
properties. For example V might be a variety in affine ^-dimensional space 
given by a set of equations 

/;.(zl5...,zn)==0 (Kj<r), (1.1) 

where the / ; are polynomials with coefficients in the groundfield k, and 
points defined over k are just the sets of values of (xv ...,xn) in k which 
satisfy the equations. 

In this talk we shall be concerned almost entirely with curves and it is 
convenient technically to use the word point to mean a place of the corre
sponding functionfield. Alternatively we could confine attention to com
plete curves without multiple points, in which case the points on the curve 
in the naive sense are precisely the points in this sense too. 

Let V be an algebraic variety defined over the algebraic numberfield k 
and let K be any field containing k. A trivial necessary condition for the 
existence of points on V defined over k is that there should be points 
defined over K. In particular, if we let K run through all the completions 
kv of k with respect to all its valuations v we get a set of necessary conditions 
for the existence of a point defined over k. Roughly speaking this is the same 
as saying that the equations defining V must (i) have solutions when 
regarded as congruences to any modulus and (ii) have real solutions for 
any embedding of k in the real field. We shall speak of the behaviour of V 
in the local fields kv as its local behaviour and, in contrast, we shall speak 
of its behaviour in k as global. In this terminology we have just said that 
a necessary condition for the existence of points on V globally is the 
existence of points everywhere locally. 

For curves of genus 0 there is now a completely satisfactory state of 
affairs. The existence of points everywhere locally is not merely necessary 
but also sufficient for the existence of points globally. When this criterion 
is satisfied the curve is birationally equivalent over k to the projective 
straight line, i.e. can be parametrized by a single variable t in such a way 
that the points defined over k are just those for which the parameter t is in 
k (or is co). Further, in any given case one can decide whether the criterion 
is satisfied and, if so, set up the parametrization, all in a finite number of 
steps. Hence the theory of points on curves of genus 0 defined over an 
algebraic number field is devoid of interest because there is nothing left 
to do. (See [36] for details.) 

For curves of genus greater than 1 the situation is quite the opposite. 
There is only the long-standing conjecture of Mordell that there is only 

(*) By an algebraic numberfield I shall mean an algebraic extension of the rationals 
of finite degree. 
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a finite number of points defined over an algebraic numberfield on such a 
curve : but little progress seems to have been made with it. (x) 

2. There remain the curves of genus 1 to which the rest of this talk will be 
devoted. Here the situation is interesting in that some general results are 
known, there are plausible conjectures which still resist proof, and it is 
likely that much remains to be discovered. 

A curve C of genus 1 defined over a field k which has on it a point a 
defined over k is an abelian variety of dimension 1 defined over k. The 
points on C, whether defined over k or not, have the structure of an abelian 
group (2) for which a is the zero element. This group structure is defined (3) 
over k. For example, C could be the curve in 3-dimensional projective 
space given by the equations 

2 2 2 ' 

x\ = x\-\-x\\ 
(2.1) 

in homogeneous coordinates (xv x2, xz, x±). If o = (1,1,1,0), the coordinates 
of the sum of £ = (xx, x%, xz, #4) and t) = (yv y2, y3, y±) is g = (zv z2,z3, z4), 
where 

zi=Vi y à x2 xs~~xi x± y 2 y 3' 

Z2 = y 2 y A Xl X3 ~~ X2 X4t 2/l y 39 

Z3 = = y3 2/éXl X2 ~~ X3X4 2/1 y2' 

2 2 2 2 2 2 2 2 2 2 2 2 
«4 = Vi xl - xi 2/1 = ìli #2 - x4, 2/2 = 2/4 XS - * l 2/3 • 

(2.2) 

Under these circumstances the set of all points of C defined over k form 
a group, which we shall denote by ©. When the groundfield is the rational 
field it was shown by Mordell [19] that & is finitely generated. (4) This 
was extended by Weil [39] to all algebraic numberfields as groundfield and 
to abelian varieties of all dimension. The proofs are not, however, construc
tive : they give an upper bound for the number of generators of & but give 
no procedure at all for finding them. I shall come back to this point later. 

(!) Manin [17] has recently obtained interesting general results for the corresponding 
problem when the groundfield is a function-field, but his methods seem special to this 
case. Of course there is the Mordell-Weil theorem about rational sets of g points on a 
curve of genus g but when g4= 1 this tells us nothing in general about the rational points. 
Chabauty [44] has however shown tha t there are only finitely many points on the 
curve if the Mordell-Weil group has fewer than g generators. 

(2) If C is written in Weierstrass' normal form 

y2 = éx3-g2x-g3 

with, say, the complex field as groundfield, then the addition is just the addition of the 
Weierstrass parameters (modulo the periods) when o is taken as the point at infinity. 

(3) That is, the coordinates of the sum j + Ì) of two points J, t) and of — £ are rational 
functions of the coordinates of £, t) with coefficients in k. 

(4) Thus it was conjectured by Leonardo Pisano about + 1220 and proved by Fermât 
(in his marginal notes in his copy of Bachet's edition of Diophantus* Arithmetica) 
tha t the only rational points on (2.1) are the four points with xé = 0. The group ® for 
(2.1) with k as the rational field is thus the direct product of two cyclic groups of order 2. 
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The points of finite order in & can, however, always be determined. 
When the groundfield is the rationals and when C is taken in the form 

y2 = x3 _ A X _ jg (A, B rational integers) (23) 

(which is no real restriction) it was shown by Nagell [19] that rational 
points of finite order must have integral coordinates x, y and that y% is 
either 0 or a divisor of the discriminant 4: A3 —27 B2. There are thus only a 
finite number of candidates to look at. When k is an algebraic numberfield 
the points of finite order must satisfy similar arithmetic conditions (see, for 
example, Cassels [4]) but these are not now sufficient to show that the num
ber of points of finite order is finite. However, it was shown by Lutz [16] 
that the group &v of points defined over the completion kv of k with respect 
to any nonarchimedean valuation v contains a subgroup of finite index 
isomorphic to the additive group of elements of (x) kv. In particular, even 
&v contains only a finite number of elements of finite order. The process is 
constructive (2) and allows the points of finite order in both ® and Qiv to 
be determined. 

3. A curve T) of genus 1 defined over an algebraic numberfield k does not, 
of course, necessarily have on it a point defined over k. There is, however, 
associated with V another curve C of genus 1 defined over k which does 
have on it a point defined over k, namely its jacobian curve. The jacobian C 
is determined (3) by V up to algebraic equivalence defined over k, so is unique 
for our purpose. Further, V has the structure of a principal homogeneous 
space (4) over the group C. That means that if 3£, J are points of t), C 
respectively then there is a uniquely determined point p(3c, £) on V so that 

(i) any two of the three points 3E, J, p(%, £) determines the third uni
quely by equations with coefficients in k. 

(ii) p{p(X, ï j , ï j =p(%, Ï! + J2), (3.1) 

where f1, J2 are any two points on C and yx + £2 is their sum on C. 
For example if l, m, n are any nonzero rational numbers the curve X) 

given in 3-dimensional projective space by the equations 

mnXl = nlXl-Xt,} 
r" (3 2Ì 

lmXt = nlXl + Xl\ K ' ) 

will not, in general, have a rational point. The jacobian C of V is just 
the curve given by (2.1). If 3c = (X1} X2, XZ, Z4), £ = (XV x2, x3, #4) are 
points of X), C, respectively, then we can put 

(x) In fact (cf. Weil [40]) the points defined over kv in a sufficiently small v-adic 
neighbourhood of o can be parametrized by an analogue of the Weierstrass p-function. 
For this analogue the powerseries are formally the same but convergence is, of course, 
in the v-adic sense. I t would not be reasonable to expect the parametrization to extend 
to all points defined over kv, if only because no function in kv defined by a powerseries 
can be periodic. Mattuck [18] has generalized all this to abelian varieties of any dimen
sion. 

(a) Schinzel reminded me during the Congress tha t Mahler [45] has given another 
effective way of determining the points of finite order on % which works when k is an 
algebraic numberfield. I t uses the machinery of the infinite descent. 

(3) I think tha t the first proof of this was given by Châtelet [11]. For a more general 
theory see Lang [13]. 

(4) Principal homogeneous spaces over other algebraic groups have interesting 
arithmetical properties, see for example the expository paper of Lang 14] tind Borei 
[3], and the lectures of Borei and Kneser a t this conference. 
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p(%, i) = ( Tlf Y2, Y3, F4), where 

Y1 = XXXQX2XZ — lx1x/kX2X3, 

Y2 = X2Xix1xB — mx2xàX1X2, . (3.3) 

F 3 = Z 3 Z 4 xt x2 - nxa Xt Xt X2, 

Y4 = Xf #? — mna^Xi = X\x\ — nlx\X\ = X\x% — lmx\X\. 

Of course in general the algebraic details are not as simple as in the ex
ample. 

Let us now revert to the general case. The structure of homogeneous 
space on X) is not unique. If p is one, then another is p', where 

^'(£ï)=M£-?)-

Usually this is the only way in which a second structure can occur, but there 
can be 4 or 6 structures in the special cases when C has "complex multiplica
tion" by 4th or 6th roots of 1. 

We shall work not with the principal homogeneous spaces themselves 
but with classes of principal homogeneous spaces. Two principal homo
geneous spaces (Dl9^i) and ÇD&Pi) over the same jacobian C are in the 
same class if there is a birational equivalence defined over k between 
X)lf D2 which takes px into p2 in the obvious way. 

The advantage of introducing classes of principal homogeneous spaces is 
that they naturally form a group, whereas there is no obvious structure on 
the equivalence classes of curves t) with the same jacobian Q1). This group 
WG = WC(C, k) is a torsion group. Its group structure is easiest explained 
in terms of a little homological algebra. Let (X),p) be a homogeneous space 
for the jacobian C, all defined over k. There certainly will be some point 
2t on the curve X) defined over the algebraic closure k of k. Then a 91 is 
also a point on X), where a is any element of the galois group T of k\k. By 
the structure of principal homogeneous space there is a unique point aa 

of C defined over k such that 

a<ä = p(%aa). (3.4) 

I t is readily verified that aa is a cocycle with values in the group & of points 
on C defined over k. A more detailed examination shows that this sets up 
an isomorphism between the group WC of classes of principal homogeneous 
spaces and a cohomology group H^T,®). I t is not quite the ordinary 
cohomology group because the point 21 is defined already over a finite 
extension of k, which restricts the type of cocycle that can occur, (2) but 
it has the right sort of formal properties. (3) The natural group structure of 
H^T, &) gives the group structure of WG. 

(*) The situation is rather like tha t in elementary number theory. I t is easier to 
study the classes of ideals in a ring Z[d£] than to study the classes of binary quadratic 
forms of discriminant d because the former have a natural group structure and the 
latter do not. In general one class of quadratic forms corresponds to two classes of ideals. 

(2) %J depends only on the action of o on a finite extension of k (depending on the 
cocycle). One way of expressing this is to say tha t one considers only continuous cocycles 
when T has the Krull and © the discrete topology. 

(3) For all this see Lang and Tate [15] or Safareviö [27, 28, 29]. 
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The zero element of WG is the class of the space (X),p) where X) =C and p 
is just the law of addition on C. A homogeneous space (X),p) is in the zero 
class if and only if there is a point on X) defined over k. 

This last remark calls attention to a disadvantage in the notion of a 
class of principal homogeneous spaces. There is no known procedure which 
will infallibly tell us whether a curve X) defined over k has a point on it 
defined over k or not. Hence we cannot always decide whether two principal 
homogeneous spaces are in the same class or not. To some extent it is 
possible to obviate this disadvantage and work with only effectively 
computable objects at the expense of some complication in the enuncia
tions. I shall not go into this point further here. 

4. A principal homogeneous space defined over a field k is clearly also 
defined over any field K containing k. Hence there is a natural map 

WC(C,k)^WC(C,K), (4.1) 

which can easily be seen to be a group homomorphism. In particular, k may 
be an algebraic numberfield and K one of its completions kv with respect to 
a valuation v. It turns out that a given element of WG(C, k) is in the kernel 
of the localisation map 

h : WC(C, k)->WC(C, kv) (4.2) 

for all except a finite number of v. (This is the same as saying that a curve 
V of genus 1 defined over k has a point defined over kv for all except finitely 
many v). We may thus define groups HI and E by the exactness of the 
sequence 

0->m->WC(k)->2WC(kv)->E->0. (4.3) 
V 

The Tate-Safareviö group M thus consists of the classes of principal 
homogeneous spaces (X),p) which are "everywhere locally trivial", i.e. such 
that there is everywhere locally a point on X). So far as I know the first 
example of a curve X) which has a point everywhere locally but not globally 
was given by Reichardt [26]. He showed that there are no rational points on 

x*-l7y*=2z2, (4.4) 

although there certainly are everwhere locally. Later Selmer gave many 
examples, e.g. 

3z3+42/3+5z3=0. (4.5) 

The group M is intimately connected with the problem of determining 
the group & of points on C defined over k. Let m be a positive integer and 
let Am be the set of points on C of order dividing m, whether defined over k 
or not. There is then an exact sequence 

0->Am->©-©->0, (4.6) 

where, as before, & is the group of points defined over the algebraic closure k 
of k and where -^ is multiplication by m. Since 

H°(T, ®) = ©, H^T, &) = WG, (4.7) 

the associated cohomology exact sequence gives us the exact sequence 

0-+©/m®-»W{r, Am)-*(ïTC)m-M>, (4.8) 

where ( WC)m is the group of elements of WG of order dividing m. 
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Hence we have an exact sequence 

0-*®/m®->Simi->(in)m-+Os (4.9) 

where 8im is the subgroup of JSrl(r, Am) consisting of elements which, in 
an appropriate sense, come from ®jm® "everywhere locally" and where (M)m 

is the subgroup of III of elements of order dividing m. For any given m the 
group 8imi is finite and can always be effectively determined. When 8im is 
known, the exact sequence (4.9) gives us an upper bound for the number of 
generators of ®: and then (M)m is a measure of the error in this upper 
bound. (For all this see Lang and Tate [15] or Safarevië [27, 28, 29]). 

In particular we may sometimes be able by good luck to find points on 
C defined over k which generate a group ®Q such that 

order ®0/m®0 = order Sm. (4.10) 

Then ®0 is of finite index in ®; and ® can be completely determined using 
Fermat's "descente infinie" as in the proofs of the Mordell-Weil theorem. 
All(1) the determinations of ® in special cases seem to follow this pattern, 
although the point of view of, say, Fermât was rather different. 

5. Because of the exact sequence (4.9) something was known about the 
Tate-Safareviö group HI before it was invented. Selmer [31, 32, 33, 34] in 
effect (2) compared the estimate gm for the number of generators of ® using 
(4.9) with the corresponding estimate gm* using m2 instead of m. He obtained 
a vast amount of numerical evidence that the difference gm~~gm* must be 
even. I t is natural to conjecture that an even number must be somehow the 
rank of a skew-symmetric matrix, and in fact it can be shown(3) that there is a 
naturally-defined skew-symmetric bilinear form I on III taking values in the 
group Q/Z of the rationals modulo 1 [6, 7, 8, 9]. The kernel of I, i.e. the set 
of f £M such that I i,rj) =0 for all r\ £111, is precisely the group ¥ of elements 
of III which can be divided by any positive integer (the "infinitely divisible" 
elements). Hence I sets the quotient group iZT/¥ in duality with itself. 

I t is an easy consequence of the finiteness of the group 8iml in (4.9) that 
the g-primary part of Mj1! is finite for each prime q. The numerical work of 
Selmer gives some reason (4) to suppose that the infinitely divisible part ¥ 
of the Tate-Safareviö group III consists solely of the zero element. Indeed 
Tate and Safareviö have, I believe, independently conjectured (5) that M 

(!) Perhaps Reichardt [26] should be cited as an exception. He uses the method 
described above to determine not © but the group Q&K of points defined over a finite 
normal extension K of k. (In his case k = Q is the rationals and K = Q( / — 2). Then % is 
the set of elements of QbK fixed by the automorphism group of Kjk. 

(2) Selmer was mainly interested in a case with complex multiplication and his m 
was usually y - 3. 

(3) It is natural to conjecture that the results of this section go over to abelian varie
ties of any dimension or at least to all jacobians. There are partial results in Poitou [22, 
23, 24]. The results announced by Blanchard and Poitou [23] cannot, however, be 
regarded as proved (see Poitou [25]). During the Congress Tate showed me how the 
generalization can be effected. (Cf. his lecture.) 

(4) The difference between the estimate gm and the true number g of generators is 
always even when the latter can be determined (e.g. by using (4.9) with a number 
prime to m instead of m). 

(5) In his lecture Tate denied paternity but adopted the conjecture. In conversation 
during the Congress Safareviö expressed strong doubts. 
19-622036 Proceedings 
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itself is always finite, although, so far as I know, it has not been completely 
determined in any individual case. (*) 

Under the hypothesis that IH is finite one can determine the exact 
sequence of compact groups which is dual to the exact sequence 

0^m~>WG(k)-+IlWC(kv)->E-*0 (5.1) 

of discrete groups. Tate [37] has shown that the dual of the local group 
WG(kv) is 

©;={ ®v if v is finite 

®v modulo its connected component if v is infinite 

= lim ®v/n\ ®v (in both cases). (5.2) 

The finite group III is its own dual. The dual of E is the closure ® of the 
group ® of global points in the embedding 

®->n®«. (5.3) 
V 

I t seems probable that (2) © = lim ®/n\ ® (5.4) 

with the limit topology. 
Finally, the dual, 0 , say, of the global group WG is roughly speaking the 

group of adeles modulo principal adeles. An adele consists by definition of 
an element of IE represented by a homogeneous space (D, /J ) together with 
a set of points av on X) defined over kv, where v runs through all the valua
tions of k. The adeles have a natural topology and group law which I need 
not describe. The principal adeles are those for which av is a global point 
independent of v. More precisely, © is the quotient group of the adele 
group for which the sequence 

0<-m<-&*-Tl®v^-®*-0 (5.5) 
v 

is exact. Then (5.5) is dual(3) to (5.1). The description of 0 is reminiscent 
both of classfield theory and of recent work on the arithmetic of linear 
algebraic groups (see Weil [43], Borei [3], Borel's lecture to the Congress, 
and the discussion later in this talk). 

Safareviò [30] and Ogg [21] have obtained somewhat similar results when 
the groundfield is a functionfield of transcendence degree 1 over an alge
braically closed field. See also the laconic report of Tate [38]. 

J1) Only the g-primary part for a finite number of primes q. Safarevië told me during 
the conference that he could show that the g-primary part is infinitely divisible for all 
except a finite number of q. This implies that IH J1! is finite. Borei in his lecture stated 
that he and Serre had shown that the analogue of M for linear algebraic groups is 
finite. 

(a) During the Congress I learned that Serre has proved this (for elliptic curves 
only, not all abelian varieties). 

(3) If the g-primary part of IH is finite then the g-primary parts of (5.1) and (5.5) are 
dual even though M may not be finite. 
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6. With their permission I should like now to describe some recent work 
of Birch and Swinnerton-Dyer [1]. As a result of a great series of care
fully and skillfully planned numerical experiments on the Cambridge 
computer EDSAC they have evolved some very precise and highly plausible 
conjectures. So far no proofs have been found, but the conjectures fit happily 
into the framework both of known results and of some widely publicized 
unproved conjectures. 

They take the groundfield to be the rationals and consider curves of the 
special type 

y2=xz-Ax-B, (6.1) 

where A and B are rational integers, not both zero. We shall say that a 
rational prime p is good if the equation (6.1) taken modulo p is the equation 
of a curve of genus 1 over the field of p elements. All except a finite number 
of p are good. Let Np be the number of points on the modulo p curve, so 
Np is the number of solutions (x,y) of the congruence 

yz=x* - Ax - B (mod p) (6.2) 

plus 1 (for the "point at infinity"). I t is known that 

\N,-[p + l)\<2Vp. (6.3) 

It is natural to suppose that Np will tend on the whole to be larger if there 
are a lot of rational points on the curve, i.e. if the number g of generators of 
infinite order of the group ® of rational points is large. Calculations of 

n ^ (6.4) 
2?<2000 p 

for a large number of curves (6.1) produced good confirmation. 
We now recall that if p is a good prime the "congruence zeta-func

tion" is given by 

c'w"(i-p-ffi-^-T (6-5) 

where fp(s) = l + (Np-p-l)p-s + p1'28. (6.6) 

The product /(*) = n Uifi) (6.7) 
2? good 

converges for Xis>\. I t was conjectured by Hasset1) * n a* f(s) c a n De mero-
morphically continued over the whole plane. We have 

fp(l)=Np/p (6.8) 

N 
and so, quite formally, /(1)= Yl —-• (6.9) 

Pgood p 

(x) Hasse's conjecture was expressed in terms of II p £p(s) = f(s) f (s) Ç (s — I) (apart from 
possible trivial factors coming from the bad primes). The conjecture has since been 
generalized by Weil. 
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The work of Birch and Swinnerton-Dyer leads them to conjecture that f(s) 
has a pole at s = 1 whose order is the number g of generators of & of infinite 
order. 

There is, of course, an analogue of this Birch-Swinnerton-Dyer conjecture 
in which the groundfield is a field of transcendence degree 1 over a finite 
field. According to the experts, this analogue fits neatly (!) into the familiar 
complex of conjectures about varieties over finite fields. Tate tells me(2) 
that one case of the analogue has been proved by Mumford. 

7. In the case y2 = x* —Ax (7.1) 

Birch and Swinnerton Dyer could carry their investigation much further. 
As a special instance (3) of a result of Deuring [12] the function 

{/(«r1^ n . . (N n \.„-..j-u (7-2) 
P good 1 + \JXp—p— L)p +p 

is a Hecke L-îunction. Birch and Swinnerton-Dyer have found an expres
sion for {/(l)}-1 as a rather elaborate finite sum from which they deduce 
that 

co \AH A if A>0, 
f(l) \(-4JL)HA if A<0, ( 7 ' 3 ) 

where co is the real halfperiod of the Weierstrass ^function for which 
p12 = 4(p3— p) and iA is a rational integer (at least if A is not divisible by 
the fourth power of a prime, which we can suppose without loss of generality). 
From the formal expression (6.9) for /(l) there is thus a sense in which 

or 
CO 

(-*A)HA 

- n %, (7.4) 
Pgood p 

although we do not know that the product on the right hand side converges 
in the conventional sense. 

The conjecture about the order of the pole of f(s) at s = 1 suggest, in parti
cular, that ^ = 0 when and only when there are infinitely many rational 
points on (7.1). This is a precise conjecture which has been checked for a 
large number of values of A. 

I should like to emphasize the revolutionary nature of this conjecture. (4) 
Hitherto the only way of proving the existence of rational points on a 
curve of genus 1 has been by inspection, i.e. by actually writing down their 

(*) If I understand the position correctly, the Birch-Swinnerton-Dyer conjecture is 
compatible with but not obviously implied by the other conjectures mentioned. 

(a) Cf. also Tate's lecture to the Congress. 
(3) For (7.1), however, there are explicit formulae for Np in terms of the representa

tion of p as the sum of two squares which are much older; and the stated result follows 
from these. Deuring's results have been generalized, see Shimura and Taniyama [35]. 
\ (4) Tate pointed out during the Congress that the conjecture that III is a finite 
group is equally revolutionary in view of Safareviö's unpublished result that the q-
primary component of III is infinitely divisible for all except a finite computable set 
of q. 
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coordinates and showing that they satisfy the relevant equations. Birch 
and Swinnerton-Dyer conjecture that by computing iA we can show the 
existence of points without actually finding them. I t is perhaps reasonable 
to hope that any proof of the conjecture would bring with it a way of finding 
the points i.e. would give us an effective means of finding the group ®. 

When ^={=0, the numerical work also produced the totally unexpected 
conjecture that 

iA = (power of 2) (perfect square). (7.5) 

Birch and Swinnerton-Dyer interpret the perfect square as the order of 
the Tate-Safarevié group M. This latter order, if finite, must be a perfect 
square because of the existence of the skew-symmetric bilinear form I on M 
which was described earlier. 

Some confirmation of this conjecture and a convincing interpretation of 
the power of 2 in (7.5) is given by the work of Tamagawa I1) on linear 
algebraic groups, (2) which we must first describe briefly. Let A be a 
linear algebraic group defined over an algebraic numberfield k. We 
denote the group of points on A defined over k by § and, similarly !QV is 
the group of points on A defined over the local completion kv of k with 
respect to the valuation v. There is a canonical way of introducing an 
invariant measure in the groups §„. In many cases it can be shown that 
the product measure on Ylvfev converges. Further, § is a discrete subgroup 
°f rL§t>. In many cases it can be shown that the induced measure of the 
quotient group Ylv fW$ *8 a n integer. For example, the fact that this integer 
is 2 for an othogonal group is equivalent to some deep results of Siegel about 
quadratic forms. 

In the case of an abelian variety the definition of the canonical measure 
on the local groups still makes sense. I t is, however, no longer true that the 
the global group is injected in the product of the local groups as a discrete, 
or even as a closed group, so the analogue of the Tamagawa results certainly 
cannot hold without some modification. The work of Birch and Swinnerton-
Dyer suggests what the analogue should be. 

We recollect that if the Tate-safareviè group M is finite there is an exact 
sequence 

0*-in<~®*~ EI ®'p+-®^-0 (7.6) 
P including oo 

where the notation is that introduced earlier except that as we shall be 
using the rational field as the ground field we write ®p for ®v where v is 
the valuation associated with the prime p. Now ®p=®p for #4=°° and 
the measure of the whole group ®p in the Tamagawa sense turns out to 
be just NPIP when p is a good prime. When p is a bad prime the measure 
of ®p turns out always to be a power of 2, at least in the case (7.1) under 
discussion. On comparing (7.4) and (7.5) we are led to interpret the power of 

(*) Kneser independently started work on similar lines and talked about his work 
. and Tamagawa's at the Edinburgh Congress. 

(2) Unfortunately this work has never been published. Two mimeographed accounts 
by Weil [42, 43] are available. See, however, the lectures of Borei, Kneser and Tate 
a t this Congress. 
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2 in (7.5) as the contribution of the bad primes (including oo). and this is 
confirmed by copious numerical evidence.^) The interpretation of the 
perfect square in (7.5) as the order of the Tate-Safareviö group ZZ7 is streng
thened by the way in which IH occurs in the exact sequence (7.6). 

We are thus led to conjecture t ha t there is some way(2) of defining a 
measure on the group 0 (which is the dual of the group WG) analogous 
to the Tamagawa measure for which the measure of the whole group is 
always the same, say 1. This makes sense, of course, not merely for the 
special curve (7.1) bu t for all curves of genus 1. This conjecture is so elegant 
t h a t i t must be t rue. I t s t ru th implies the t r u th of the various conjectures 
made on the way. 

8. I n conclusion I should like to emphasize how much the work described 
owes its origin to the need to explain laws found empirically from the inspec
tion of numerical data. When a theorem, say the law of quadratic recipro
city, has been established one is apt to forget t ha t it s tarted life as a conjec
ture based on numerical evidence. Number theory is an experimental science. 
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A DEFORMATION THEORY FOR THE ZETA 
FUNCTION OF A HYPERSURFACES 

By BERNARD DWORK 

Introduction 
Let § be a non-singular hypersurface of degree d in projective w-space of 
characteristic p defined over the field of q elements. Let Ns be (for each 
integer s>\) the number of points of § which are rational over the field of 
qf elements. The zeta function of § is defined [1] by 

U=i 
(1) 

The conjectures of Weil [1] concerning the zeta functions of non-singular 
varieties imply (or suggest) the following three conjectures for hypersurfaces. 

I. 

C(^t)=P(ty-^inn(i-q% (2) 

where P is a polynomial of degree N=d-1{(d-l)n+1 + (-l)n+1(d-l)}. 
The reciprocals co1,co2i ...,û)n of the zeros of P are conjectured to satisfy 

the conditions 

II . (Functional Equation) 

coi-^qn~1coi is a permutation of the cot. 

III . (Riemann Hypothesis) 

|«, ( | =g<"-»'2 (»-1,2 N), 

i.e. as complex numbers the cot have magnitude independent of i. 

We have verified conjecture I provided 1 = (2,p,d), i.e. provided either p 
or d is odd [3]. The remaining conjectures remain open but as is well known 
the conjectures of Weil have been verified for varieties of dimension 1, 
for abelian varieties [2], for hypersurfaces defined by equations of type 
2in=V a>iXt, for rational varieties of dimension 2, for algebraic homogenous 
spaces and for certain varieties constructed from varieties of the preceding 
types. 

After defining a number of symbols, we shall continue our introductory 
remarks. 

Q' = field of rational ^-adic numbers. 
D = completion of algebraic closure of Q'. 

(*) This work was partly supported by U.S. Army, Office of Ordinance Research 
Grant DA-ORD-31-124-61-G95 and by an Alfred P. Sloan Foundation Grant. 
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D =ring of integers of Q = "closed" unit disk in Q. 
5ß = ideal of non units in D = "open" unit disk in O. 
ord denotes the (additive) valuation of O, normalized by ord p = l. 
£=r ing of rational integers. 
Z + =set of all non-negative elements of Z. 
S=set {l,2,...,n + l}. 
!QA == intersection of |) with the subspace {Xt =0}HA, A being a subset of S. 
If G is a square matrix, Gl denotes its transpose. 
% = {u = (u0,u1,...un+1)£Zr1\du0=u1 + ...+un+1}. 
Teichmüller points = {x GQ | xf=x for some r EZ}. 
A = {uEZ\0<ui<d,i = l,2,...,n + l}. 
Af = {ueA\Ui>0, i = l,2...,n + l}. 
7i= fixed element in Q such that npxl = —p. 
^=endomorphisms of Q ^ Q , ^ , ...,Xn+1}, as vector space over O, defined 

by linearity over Q and w(Xu) = \^ , . for each uEZ++2. 
J J YK ' [0 otherwise, + 

0 = endomorphism of O{X0,...,Xn+1} (or of Q{l/X0, llXv...,llXn+1}) 
defined by XU->XQU. 

ô is the endomorphism g->g(tf =g(t)lg(qt) of l+t£ï\t}. 
y_ is endomorphism of space of all sums 2 BUXU defined by 

' YU \i IL. < n i = n i «. + 1 
y-(Xu) = \ 

(r)m = 

xu 

0 
1 
r(r + 

if Ui < 0, i = 
otherwise. 

1) ... (r + m-

- 0 , 1 , 

- 1 ) 

if 
if 

, r c + l 

m = 0 
m € Z : m > 1. 

A homogeneous polynomial f(Xv X2, ..., Xn+i) in n+ 1 variables with 
coefficients in the residue class field of O is said to be regular if the 
polynomials /, X^dfJdXJ, X2(df2ldX2), ..., Xn+i(dfn+ildXn+1) have no 
common zero in projective %-space. 

A homogeneous polynomial, f(X1}...,Xn+1) with coefficients in O will be 
said to be regular if its image / under reduction modulo 5ß is regular. 

I t is easily seen that the irreducible defining polynomial of a given hyper-
surface § is regular if and only if $A is non-singular for each subset A of S. 
We suppose that § is given with a specified inbedding in projective space 
and hence it will make sense to say that § is regular if its irreducible defining 
polynomial is regular. 

We have shown [3, § 4c] that very little is lost by restricting our attention 
to regular hypersurfaces. The hypothesis of regularity will often be used, but 
when used it will be explicitly indicated. 

The central point in our previous article is that if § is regular and 1 = 
(2,p,d) then P(qt) is the characteristic polynomial an endomorphism, ß 
(denoted 5cf in [3]) of a certain finite dimensional vector space, 3BS (denoted 
SB| in [3]). We remark that very little is known about this endomorphism, 
for example we do not even know if it is semi-simple. We shall take this 
opportunity (§ 6) to give some estimates for the p-adic valuation of the 
coefficients of a matrix representing ß and from this will deduce estimates 
for the Newton polygen of P(t), i.e. deduce estimates for the #-adic values 
of the zeros of P. These estimates are merely consequences of the functional 
equation in the case of plane curves but for hypersurfaces of higher 
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dimensions these estimates are consistant with, but not covered, by the 
conjectures of Weil. 

A brief account of the construction of ß (for 4=2) is given § 1. In § 2 we 
construct an endomorphism, ß*, dual to ß and in § 3 we examine this con
struction explicitly in the case of "diagonal forms" of type ^fJi.1 fyX*. The 
main object of this report (§ 4) is to give a method by which diagonal forms 
may be deformed into more general homogeneous forms in such a way that 
results valid for diagonal forms can be carried over to the general case. We 
restrict our attention (in §4) to the case p\d, p=$=2 and consider a one 
parameter family of homogeneous polynomials, / r , of degree d in XlfX2,..., 
Xn+1 with coefficients in D. Let W be the set of all TED such that / r is 
regular. For each FEW we associate with T (in a manner suggested by § 2) 
a mapping ß* between two N dimensional vector spaces. When Tq=V, ß£ 
is an endomorphism whose characteristic polynomial determines the zeta 
function of the hypersurface / r ( X ) = 0 mod 5ß. The mapping /Sp is associated 
with a matrix, (ßr), which is meromorphic (in the sense of Krasner [7]) in W. 
We now construct a>n N xN matrix, GT, whose coefficients are power series 
in T with coefficients which are rational functions of the coefficients of / r . 
We find that for ord T >0, 

(ß*r) = Grl(ßt)GT, (3) 

(ßo) being the matrix obtained from (/?£) by specializing T=0 . The matrix 
Cr is the matrix of solutions of a set of N linear ordinary differential equa
tions whose coefficients are rational functions of T. Furthermore GT is 
formally independent of p and hence we are led to the conjecture that the 
matrix has a classical interpretation. The theory of Krasner shows that 
equation (3) specifies (/?£) o n W* 

In § 4 we use an N x N matrix, J, (constructed in § 3) independent of p, 
whose non-zero coefficients are + 1 and show (again using the uniqueness 
theorem of Krasner) that the functional equation certainly holds for hyper
surfaces obtained by reduction modulo 5ß from / r (for V E W) provided the 
matrix 

MT^Gl
TJGT 

is meromorphic in W. We have examined this matrix for the families 

(i) X2
1-2TX1X2 + Xl 

(ii) X? + Xl + Xl-3^X3X3, 
(iü) x f+x i+x | -4 rx !x 2 x 3 , 
(iv) x î + x | + x | + x f - 4 r x 1 x 2 x 3 x 4 , 

and can report that in each case the coefficients of Mr are rational functions 
of T. In particular this shows that the functional equation is valid for all 
non-singular fourth degree surfaces in three space which are represented by 
a polynomial in family (iv). 

We call attention to the fact that the theory may be applied to hypersur
faces of dimension zero, i.e. to one parameter families of homogeneous 
polynomials of degree d in two variables. In this case equation (3) may be 
viewed as a generalization of the well known fact that, if g = l mod d, the 
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splitting of the polynomial Xd—VYd over the field of q elements is deter
mined by the value of rw _ 1 ) / d . 

In § 5 we discuss the family of elliptic curves in the Legendre normal form. 
These polynomials are not regular and the theory of § 4 does not appear to 
be applicable, but using unpublished results of Tate and Lazard we give 
indications of the existence of a deformation theory, involving a close con
nection between hypergeometric series and the zeros of the zeta functions of 
elliptic curves. We became aware of this connection in 1958; it was the first 
suggestion of a connection between #-adic analysis and the theory of zeta 
functions. 

§ 1. The endomorphism, ß 

In this section we define the endomorphism, ß, referred to in the intro
duction. The discussion is essentially the same as in [3] (where the endo
morphism was denoted ä|) . We shall subsequently point out some differences 
which are of importance. For b rational, let L(b) be the subspace of the space 
of power series O{X0,X1, ...,Xn+1} in n+2 variables defined by 

i(6) = i 2 BUXU\ oidBu-bu0> - ool. 
[U€% J 

We shall use this symbol only with b > 0. Let / be a homogeneous polynomial 
in Xl9 ...,Xn+1 with coefficients in £) whose reduction, /, modulo $ is the 
defining polynomial of § . We shall assume that the coefficients of / are 
sufficiently close to the Teichmüller representatives in O of the coefficients 
of /. More precisely we impose the condition, 

\ P 'p-i) ord (c*- c) > Max [iL^r-, ^ 7 7 ) (4) 

for each coefficient, c, of /. 
Let #(X)=exp (nXQf(X))EQ{X}. We have shown that F(X) = F(X)j 

F(Xa) EL((p - l)/pq) and hence for (p-l)lp>b we seen that f->af =y)(FÇ) = 
((IjF)oip o F)Ç is an endomorphism of L(b). If (a) denotes the infinite matrix 
representing a relative to the monomial basis of L(b), we know that det 
(I-t(oc)) is an entire function of t in D and we have shown without any 
hypothesis of non-singularity that 

det (I-mYn+l = (l-t)l\PA(qt), (5) 
A 

the product being over all subsets, A, of £ = {1,2, ...,n + l} where for each 
A,PA is the rational function defined by 

mA-l 

1 +mA being the number of elements in A. 
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To remove the operator dn+1 in equation (5) we introduce differential 
operators D&D^ ...,Dn+1 in Q{X} defined by 

Di = -J—oEioF(X), 
F(X) 

where Et=Xt dfdXt, i=0 , l , . . . ,» + l. These commute with a according to 
the rule 

g D i o a = a o D j 

and if / is regular then 323 =L(b)fè?~i DMb) is, for p\(p -1) >b > l/(p - 1 ) , a 
vector space of dimension dn and by passage to quotients we obtain (for 
p 4=2) a non-singular endomorphism, a, of 233 with the property 

det ( I -*ä)=det (I-t(<x))dn+1. (6) 

Finally, let 333s be the subspace of 323 consisting of the image in 323 of 
X1X2...Xn+1L{b) and let ß be the restriction of ôc to 323s. We now have 

det (I-tß)=Ps(qt)=P(qt). (7) 

The proof of conjecture I (for p 4=2) follows from this. 

Note. The above account differs from [3] in the following respects: 

(1) By replacing F by a more complicated power series, equation (6) was 
proven for all p and equation (7) for 1 =(2,p,d). 

(2) In [3, § 3], where we gave an account of the differential operator 
theory, we replaced (in our present notation) L(b) by L(b) 0 fl0{X}, where 
Q0 is a finite extension of Q'. Furthermore the differential operators were 
assumed to be "defined"over O0. We can now report that all the results 
(with one exception, namely in Lemmas 3.6 and 3.15 we exclude 6 = lj(p — 1)) 
of that section remain valid in the general case, that new proofs are needed 
only for Lemma 3.2 and Lemma 3.10, that the new proof of Lemm 3.2 is a 
relatively minor modification of the previous one and that the new proof 
of Lemma 3.10 is precisely the same as the given proof of Lemma 3.9 
rewritten so as to apply to the case in which Q = + oo. 

(3) Our treatment of the spectral theory [3, § 2] was qualified at several 
points by a similar replacement of L(b) by L(b) fi Q0{X} and by a similar 
restriction on the operator a. Everything needed here can be obtained by 
the arguments used there, but a very general treatment of the spectral 
theory has been made available by Serre [5]. 

(4) In our previous work [cf. eqn. (4.16), ref. 3] the polynomial / was chosen 
such that each coefficient c satisfied the condition cQ =c. This condition leads 
to a simplification of the formal proofs, but the Corollary of Theorem 2.5 in 
[3] shows that condition (4) above is adequate. 

§ 2. Dual theory 
Our dual theory is necessarily of a formal type since we have not assigned 

a topological structure to L(b). 
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Let L- be the subspace of O{l/X0, 1/Xl3 ..., l /Xn + i} consisting of 
all sums 

veX A 
BVEQ 

For b' rational, let 

L (6f)-J2J»«4 ord Bu + b'un> — oo 0 ' 

For b>b' we define a pairing of L(b) and L_(b') into O. For Ç*EL_(b'), 
£EL(b) we define <£*,£> to be the constant term of the formal product 
£*(— X0,XltX2, ...,Xn+1)'i(X0,X1} ...,Xn+1). 

In the following we shall suppose p4=2, pj(p — \)>b>l\(p — 1), 6 >ò' >0. 
Relative to the pairing, the endomorphism a of L(b) has a dual map 

1 ^ 
7~ JF(X) 

We also obtain duals D$,D*,...,Dt+1 of the differential operators; expli
citly: for £*€£_(&'), - A * f * = ^ i l * + ^ _ ( l * ^ i ( X 0 / ) ) , *=0,1,...,» + 1, an 
explicit formula which gives an extension of D* to L_. Let $ * be the set 
of all solutions in L_ of the simultaneous equations 

A*£*=0 (i = l,2,...,n + l). 

I t can be shown that dim $l*=dn, that $ * lies in L_(b') for each 6' >0 and 
clearly the given pairing of LJJb') with L(b) induces by restriction a pairing 
of ®* with -L(ò) and by passage to quotients a pairing of $* with 323. Since 
®* is invariant under a*, we obtain, by restriction, an endomorphism 5c* of 
®* which is the dual of the endomorphism ä of 328. 

I t is natural to consider the annihilator, $*(S), of the subspace 333(S) of 
323. Explicitly if i*=2ve% Bv(ljX

v)EÜ* then | * € t * ( S ) if and only if 
Bv =0 for all v E % such that vlfv2, ...,vn+1 are all strictly positive. The factor 
space ®*/S*(S) is dual to 32B(S) and we obtain from 5c* an endomorphism, 
ß*, of t*/®* (S) dual to the endomorphism, ß, of 323<S). 

We have noted that Ä* lies in L_(b') for each b'>Q. A stronger result 
can also be proven using the fact that 5c* is a non-singular endomorphism: 
there exists a constant Q such that if £*=2ue2: BU(1/XU)E&* then 
ord Bu+Q log u0 > — oo. 

§ 3. Diagonal forms 

Let f(X) = a1X} + ... +a n +i ln+i , p\à, p=¥2, where the at are units in 
O satisfying condition (4). 

Let A^iuEXlO^u^d for i = l,2,...,n + l}, 

A' = {uEA\0<ut, i = l,2,...,n + l}, 

and let b = (p — l)/p. 
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I t is easily seen that {7tu°Xu}u^ is (in the obvious sense) a basis of 
333=jL(6)/2in^i1 D{L(b) and the complementary basis of &* is {£î,o}ueA 
where for uEA 

fc.-<-'>-;?b2$[(5)t(5^)r. 
the sum being over all (jv ..., jn+1)EZ++1 and the symbol (r)m appearing 
in the above formula is defined in the list of symbols. 

Likewise {TIU*XU}USA' is a basis (in the same sense as above) of 323(S) 

and the dual basis of S*/$*(S) is the image in that space of the elements 
{ l ï . o W - A basis of £*(S) is {&.0}WA-* 

For £EL(b) the differential operator, Dt, may be written explicitly as 
D^^E^+n^E^X^f), a formula which clearly may be used to extend Dt 

to the space of all formal sums of type 2uezn+2 BUXU, where the coeffi 
cients Bu lie in O and there is no restriction on the signs of the components 
ut of u (as compared to L_ and to L(b)). Since DioDj = DjoDi we may 
denote by nf^i1 &i the mapping ^ o ^ o . - o Ai+i of L_ into this space 
of formal sums. However for uEA, we may compute 

(TIA)*:.O=(- I)"-(«P+IZS+I [n^z.yj/tÄ-z«), 

which shows that the image of S* under this mapping lies in the ring 
of polynomials Q[X] and hence in L'b), while the image of $*(S) lies 
in ^A=i DtL{b). By passage to quotients we thus obtain from ( ü f J^A) 
a mapping 0 of £*/S*(S) onto 323(S). 
Furthermore we can show that 

doß*=qn+1ß-1oO, 

i.e. aside from the factor qn+1 the diagram 

•I !* 
32B(S) • 323(S) 

ß-i 

is commutative and it is easy to see that this provides a new proof of the 
known fact [1] that the functional equation holds for the zeta function of 
hypersurfaces defined by diagonal forms. 

We define J to be the matrix of the mapping, Y["=i (da^d relative 
to the chosen bases of t*/S* ( S ) and 333(S). Explicitly, for uEA' we set 

0(|UiOmod£*(S)) = 2 Ju.vXv mod 2*D,L(6). 
veA' i=l 

Let u-^ü be the permutation of A' defined by 
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I t is easy to see that JUtV = ( — l)u°ôu,v. The matrix J is an NxN 
matrix satisfying the conditions JJt = I 

J 2 = (~ l)n+lI, 

i.e. J is either symmetric or skewsymmetric depending on the parity of n. 

§ 4. A one parameter family of polynomials 
To fix ideas let h(X) be a homogeneous polynomial of degree d in n + 1 

variables with coefficients in £) satisfying condition (4). We further assume 
that the coefficient of Xf in h is zero for i = l,2,...,n + l. Let al9a2,...,an+1 

be units in Q which also satisfy condition (4). Let T be a parameter and we 
consider the one parameter family 

n+1 

/ r(X) = 2 * Ä d + TÄ(X) (p)çd, p =j= 2). 

Let W = {r € O | / r is regular}. The condition for regularity is easily expressed 
in terms of the resultant R(T) of the polynomials (i£1/r,l£2/r,...,2£n+1/r). 
We normalize the resultant by the condition JK(0) = 1. Clearly W = {rGD| 
ord B(T) =0}, which shows that, in the terminology of Krasner, W is a quasi-
connected set. We may remark at this point that we restrict our attention 
to one parameter families because no theory of analytic continuation involv
ing several variables is available. 

Let LT = {2ue% Bu(ljX
u) | BUEQ(T)}, i.e. LT is similar to L_ in § 2 except 

that we now allow the coefficients to be rational functions of Y. We define 
differential operators D*, r , DJ, r> •••> ̂ *+i> r precisely as in § 2 except that 
/ is replaced by / r . These differential operators are clearly endomorphisms 
of Lr and we define 

££={!*e£ r |A!r!* = o (* = i, 2,...,»+1)}. 

A pairing of LT and 0(r)[X], the ring of polynomials in X0,X1? ...,Xn+1 with 
coefficients in Q(r), may be defined precisely as in § 2. I t takes its values 
in Q(r) but will be denoted by the same symbol. 

We can now state the basic (and not difficult) result of the deformation 
theory. 

THEOBEM. The space K£ has a basis {£î, r } indexed by A dual to {7tu°Xu}ueA 

and there exists a polynomial g(T) El+T 0[F] such that for each uEA 

Sr(r)i;.r= 2 -^0WlU(T)IB(r)^. 
we% 71 °A 

where for each wE%, uEA, Gw,UE0[r], 

fiw,u €Z. 

If T is specialized to any element of W, other than a zero of g, then the indi
cated basis is specialized to a basis of the solutions (in L_) of the (specialized) 
equations. 
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D*r£*=0 (i = l ,2 , . . . , n + l ) . 

If T is specialized to a zero of g in W then the specialized "differential" 
equations have a solution space (again denoted by $£) of dimension dn, but 
the elements fÎ, r do not specialize to a basis of Er-

If it is desired to specialize T to a zero of g then a generic basis capable 
of specialization can be obtained by changing the set A- However for appli
cations the only specializations of interest are Teichmüller points in W. 
There exists an element r\ as close to unity as you please such that none of 
the zeros of g(rjY) are Teichmüller points and hence (changing the coeffi
cients al9 ...,an+1 by the multiplicative factor, rj) we may suppose that none 
of the zeros of g are Teichmüller points in W. 

[Note. The factor \J7iw* in the explicit formula for f j > r in the previous 
theorem may be conservative. We can show that if Y is specialized to any 
point in W then Sjp is specialized to a subspace of L_(Q) for each Q >0. If Y 
is specialized to a Teichmüller point then the elements of $ r satisfy an even 
stronger growth condition on the coefficients as noted in § 2]. 

Let F(X,Y)= exp (jrX0/r(X)-7rXg/rf l(Xa)), which we write in the 
form 

llF(X,r)=2Aw(T)Xw
; 

W€% 

where for each wE%, AW(Y) is an element of QpT], which in the obvious 
valuation of polynomials satisfies the condition: ord AW(Y) > ([p — Y\lpq)wQ. 

I t is now convenient to think of Y as specialized to some element of W 
and hence S£ may be viewed as inbedded in L_(\\(p — \)) (and in fact a 
stronger inbedding statement may be made as noted above). If g(Y) 4=0 then 
the theorem gives a basis of Sp. 

We define the mapping 

of S ^ onto $£. The matrix (a£) of this mapping relative to the chosen 
bases of these spaces is given explicitly (if g(Y) g(YQ) 4= 0) by 

ff(r«)(«r)«.. = (-i)"'2^«-.(r)^-1^SS (8) 
W€% 71 H\L ) ' 

which shows that the coefficients of the matrix (a£) are meromorphic 
in W with poles only at the zeros of g(Yq). The matrix (a£) is invertible 
if g(T)*0. 

We define the supspace $r(S) °f ®r precisely as in § 2 and ß? is 
defined as the mapping of ££ff/Sr«S) into S£/Sr(S) obtained from a£ by 
passage to quotients and the matrix (/?£) corresponding to the obvious 
bases is obtained from the matrix (<*£) by deleting all rows and columns 
indexed by uEA — A'. Clearly the matrix (/?£) is also meromorphic in W. 

If T is specialized to an element of W satisfying r a = r , then a£ is 
an endomorphism of Ë.^, and the specialized matrix (ß^) is the matrix 
of /?r relative to the specialized basis and det (I — t(ß^)) is Pr(9^)> where 
P r is the polynomial appearing in (2) when Ç is replaced by §r> ^ n e 

20-622036 Proceedings 
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hypersurface defined by reducing the specialized polynomial / r mod Sß. 
Furthermore if Y were specialized so that r<r = r , then § r is defined 
over the field of qr elements and when viewed in that way its zeta 
function is determined by the characteristic polynomial of the specializa
tion of the matrix (ß{r~1))(ßir~2)) ... (ßi0)), where for typographical reasons, 
(ß(i)) is written to denote the matrix (ßr) with Y replaced by Y3*. 

Krasner's theorem of uniqueness of analytic continuation on a quasi-
connected domain shows that the matrix (ßr) is essentially determined 
on W if it is specified say in a neighborhood of the origin. We give 
explicit formulae for ßr valid in the "open" unit disk, { r | o r d r > 0 } . 
Let £ r = e x p (7iYXQh(x)). For YE% £*-•};_( l /£ r )£* maps ®J onto ÄJ. 
and $3(S) into $r(S). The matrix, Cr, of the corresponding mapping of 
$o/$o(S) onto Sr/$r (S ) relative to the obvious bases is given explicitly 
by 

(Or)«.. = ( y - ^ - f t o , » " * • ) . (9) 

for all u, v£A', it.o being as in § 3. Clearly (C7r)u,0 is a power series 
in T which has coefficients which are independent of p and which lie 
in the field obtained by adjoining the coefficients of / r to the field of ra
tional numbers. 

By differentiating both sides of equation (9) we readily establish that 

dCr 

dr " •CrB ( O 0 - I ) , (10) 

where B is an NxN matrix whose coefficients are rational functions 
of T whose poles he among the zeros of g(Y)R(Y). (Explicitly BUtV = 
<i:,r,^-+ix0x^(X)>.) 

We now note that for ord T > 0 we have 
(ß*r) = C£(ßS)Cr. 

For YEW, let W$T = L(b)l2Vi DitTL(b) with b = (p-

(3) 

l)lp, andletSB£ 
be the subspace of SSr defined as in § 1. Let ocp be the endomorphism 
i=-+y)(£F(X, Y)) of L(b), let ä r be the mapping of 323r onto SBrg obtained 
from a r by passage to quotients and let ßT be the mapping of 2Br 
onto SBr* obtained from är by restriction. The basis of SBf1 is taken 
to be the images in that space of the element {TïUO Xu}UeA'. 

For ord T > 0 we now have the diagram 

JìrV^r S) 

E*TßPS) 

crì 

Cr1 

£*(S) 

j to /*t | 
*(S) 

2Bos 
(0ra)~ 

mi 

ij?q 

If-. 

(C'r)-1 
3Sf 

where the mappings are denoted by matrices. The diagram is commu
tative except in the middle square (§3) and we conclude that 

q^(ßT)-^MTa{ß*T)Mr\ (11) 
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where Mr = CrJCr. Since (/?£) and (ßr)'1 are meromorphic on W, 
Krasner's uniqueness theorem shows that (11) will be valid for all but 
a finite set of points of W, if Mr is meromorphic on W. This finite 
set of points would cause no difficulty and thus we may conclude that 
if MT is meromorphic in W then the functional equation is valid 
(p^¥2,p\d) for all hypersurfaces defined by / r ( X ) = 0 mod 5ß for some 
YEW. 

We note that if M is rational then the classical theory of ordinary differen
tial equations shows that M and M_1 have poles only at the zeros of g(Y)R(Y). 

§ 5. Elliptic curves 

I t is well known that a non-singular cubic curve defined over the field of 
q elements has zeta function (1 — co^) (1 — co2t)j((l —t)(l —qt)), that ooipo^q, 
that if the Hasse invariant of the curve is zero then co* = + j / ~ ^ a n d if the 
Hasse invariant is not zero then of the two roots, co1}co2, one is a p-a,âic unit 
and the other is (clearly) a non-unit. 

We now refer to an unpublished result of Tate and Lazard. (*) 
"Let k be a field of characteristic zero, complete with respect to a discrete 

valuation, with valuation ring 0 and residue class field Tc = ojp. Let A be 
an elliptic curve defined over k by an equation 

Y2 + (axX + a2) Y=X3 + a3X2 + a4X + a5, 

where the atEo and let du= —dXj(2Y+a1X+a2) be the differential of the 
first kind on A. In terms of the uniformizing parameter t=X/Y at infinity, 
we have after integration 

u = t + -D1t + -D2t
z+..., 

where the Dt lie in o. 

THEOBEM. 1. If the reduced curve Ä defined over Tc is non-singular and has 
Hasse invariant not zero then there exists a unit G in the maximal unramified 
extension, K, of k such that exp (Gu) (as power series in t) has integral coeffi
cients in K. 

2. If Tc is finite, i.e. k is a p-adic number field then G satisfies the condition 

Ga~1 = co, 

where co is the unit root of the zeta function of the reduced curve Ä and a is the 
Frobenius automorphism of K over k". 

If for p 4=2 the equation of A is in the Legendre normal form 

7 2 = X ( X - 1 ) ( X - D 

then the Hasse invariant is G(Y) mod p, where 
(P-D/2 / 1\2 

GOV I *)r>. 

(x) We quote (with some paraphrasing) a letter of J. Tate to the author (2/13/58). 
We understand that the statements were conjectured by Tate and proven by him and 
Lazard using the theory of formal Lie algebras. We are not familiar with the proofs. 
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For each integer m>0, let 

i=o\ ^ / \m~%) 

and let 
<*> / - X \ 2 

U(Y)= 2 . T', the hypergeometric series # ( | , \, 1, T). 
;=o \ Il 

The first assertion of Tate and Lazard may be deduced for this case 
with the aid of [4, Lemma 1] by use of the non-trivial congruence, 

g(mps+1-1, T) 17(F) - U(Y)g(mps- 1, F ) Eps+1{Y} (12) 

for all sEZ+, m odd and positive. 
If we let W = {YEO|ord £ ( r )=0} then we may conclude from (12) that 

the function JET(r) defined by the power series U(Y)IU(YQ) for ord T >0 has 
an analytic continuation to a holomorphic function on W (again denoted 
bjH). 

The second result of Tate and Lazard shows that if Y E W, YQ =Y, Y 4=0, 1 
then 

(-1)«-1)I2H(Y) 

is the unit root of the zeta function of the corresponding reduced elliptic 
curve. 

There may be an explanation of the factor ( — l)(ff~1)/2. The zeta function 
of the singular cubic obtained by setting T =0 and reducing mod p, is easily 
found to be 

( l - ( - l ) ( g - 1 ) / 2 Ê ) 

(l-t)(l-qt) 

and hence we may say that ( — l)(a~1)/2 is the unit root of this zeta function. 
The results for the family of Legendre normal form are now formally similar 
to equation (3). Aside from the suggestion of a theory for non-regular curves, 
the results of this section may suggest the correct interpretation of the 
matrix G in § 4. 

§ 6. Newton polygon of P(t) 

In this paragraph we shall use the notation of [3, § 4]. 
Let $8 be a subset of % such that {Xu}Ue® is a basis of V. We assume the 

construction of F(X) (and hence of a) in equation (4.21) and (2.23) of [3] 
is done with s = oo. Using Lemma 3.6 [3] it is easy to show that the matrix 
of ä relative to this basis has the property 

o r d ( â ) u . B > ^ o 
P-I 

(provided H is regular and defined over the prime field). The same state
ment holds for ôcf if p ^ d. The conclusions concerning Newton polygons 
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deduced from this statement are valid without the hypotheses in paren
thesis. The removal of these restrictive hypotheses is done by the methods 
of [3, § 4, c] and the methods used in the proof of Theorem 4.3 [3]. 

Let ys be the coefficient of if in the polynomial [t(l - * d _ 1 ) / ( l - Q ] B + 1 . 
Let y] be the coefficient of tj in the polynomial ( [ l - « * ] / [ l - f l ) B + 1 . For 
j = 0, 1, . . . , n let Qj be the point ( S - o y « , 2*=o (i~ Yjyid) in two dimen
sional real space and let Q] be given by the same formula with yid 

replaced by y[d. Let 3E be the finite convex polygon with vertices 
Qo>Qv -iQu, and let dc' be the finite convex polygon with vertices 
Q'o, Q[, ..., Q'n and the origin. 

I n the following the construction of Newton polygons will be normalized 
by taking the valuation with ord q = l. 

THEOBEM. (i) If 1= (2, p, d) then the non-vertical sides of the Newton poly
gon of P=PS lie in dc. 

(ii) / / § is regular then the non-vertical sides of the Newton polygon of 
(l~q~H)UAPA(t)lie indi''. 

(iii) / / 1 =(2,p,d) then the p-adic valuation of the coefficient of tN in P(t) is 
the same as that predicted by conjecture I I . 

To aid in possible generalizations of this theorem, it is of interest to 
identify the numbers yjd. With the help of the explicit formulae of Hirze-
bruch [6] i t can be verified t ha t 

rÄ/.cn-i)-/ i î 2 j ^ n - l , 

V«+»*-\h?->-l H2j = n - l , 

where hp,Q is the "Hodge number" associated with a non-singular hypersur-
face of degree d and complex dimension n — 1 in complex projective space. 
Finally we note t ha t in the notation of [3], yjd is the dimension of the 
image in 323| of polynomials X3

Qg, where g runs through all forms of degree 
dj in the principal ideal (IlfJi1 Xt) in the ring of polynomials in % + l 
variables. 
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EINFACH ZUSAMMENHÄNGENDE ALGEBRA
ISCHE GRUPPEN IN DER ARITHMETIK 

Von MARTIN K N E S E R 

Viele Probleme der algebraischen Zahlentheorie lassen sich als Fragen über 
algebraische Gruppen formulieren. Für gewisse Fragen spielen dabei die 
einfach zusammenhängenden Gruppen eine besondere Rolle, d. h. diejenigen 
(im Sinne der Zariski-Topologie) zusammenhängenden algebraischen Gruppen 
G, für die es keinen surjektiven Homomorphismus H->G einer zusammen
hängenden algebraischen Gruppe H mit endlichem von 1 verschiedenem 
Kern gibt. Das soll an zwei Beispielen, den Fragen der Approximation und 
der homogenen Räume dargelegt werden. Zur Vereinfachung der Bezeich
nung beschränken wir uns dabei auf die rationalen Zahlen Q als Grundkör
per; über algebraischen Zahlkörpern gelten ganz entsprechende Ergebnisse. 
Außerdem setzen wir voraus, daß G halbeinfach ist; der allgemeine Fall 
läßt sich ohne weiteres auf diesen zurückführen. 

Um bei den verschiedenen Resultaten angeben zu können, in welchen 
Fällen sie gesichert sind, muß zunächst etwas über die Klassifikation halbein
facher Gruppen gesagt werden. Über der algebraisch abgeschlossenen Hülle 
Q von Q ist jede solche Gruppe bis auf Isogenie (d. h. bis auf Homomorphis
men mit endlichem Kern) isomorph einem Produkt von einfachen Gruppen, 
und die einfachen Faktoren werden durch die Einteilung in die bekannten 
Klassen An,...,G2 klassifiziert. Über Q selbst zerfällt jede halbeinfache 
Gruppe bis auf Isogenie in über Q definierte Gruppen, die sich nicht mehr 
weiter in dieser Weise zerlegen lassen. Diese „^-einfachen" Faktoren zer
fallen über Q in lauter isomorphe Faktoren. Falls diese zu einem der Typen 
An,...,Dn gehören, so hat man (abgesehen von D4) eine Klassifizierung bis 
auf Isogenie über Q [15]. Es ergeben sich gerade die „klassischen Gruppen", 
und zwar für den Typ 

An: die multiplikative Gruppe der Elemente der reduzierten Norm 1 
einer einfachen Algebra über Q und die spezielle unitäre Gruppe einer her-
miteschen Form über einem Schiefkörper über Q bezüglich eines involutori-
schen Antiautomorphismus, der Q aber nicht das ganze Zentrum element
weise fest läßt; 

Bn: die spezielle orthogonale Gruppe einer quadratischen Form in einer 
ungeraden Anzahl von Variablen über einem endlichen Erweiterungskörper 
vonQ; 

Cn: die symplektische Gruppe und die unitäre Gruppe einer hermiteschen 
Form über einer Quaternionenalgebra über einer endlichen Erweiterung 
von Q bezüglich der Standardinvolution; 

Dn: die spezielle orthogonale Gruppe einer quadratischen Form in einer 
geraden Anzahl von Variablen und die spezielle unitäre Gruppe einer 
schief-hermiteschen Form über einer Quaternionenalgebra bezüglich der 
Standardinvolution. 

Zu diesen Gruppen kommen noch die vom Phänomen der Trialität herrüh-
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renden zum Typ D4 gehörigen Gruppen und die Gruppen der Ausnahme
typen E%, E7, F8, FA, G2. 

Bei einfach zusammenhängenden Gruppen kann man den Zusatz ,,bis 
auf Isogenie" weglassen, nur hat man dann die unter Bn und Dn genannten 
Gruppen durch ihre einfach zusammenhängenden zweiblättrigen Über
lagerungen zu ersetzen, die orthogonalen Gruppen also z. B. durch die 
zugehörigen Spingruppen. 

APPBOXTMATIONSSäTZE. G sei eine über Q definierte algebraische Matri
zengruppe; ist K irgendein Integritätsbereich der Charakteristik 0 (z. B. 
K=ZP ganze ^-adisehe Zahlen, K=QP rational ^-adisehe Zahlen, K = R 
reelle Zahlen), so sei G(K) die Gruppe der Matrizen X aus G, deren Kom
ponenten ebenso wie die der Inversen X - 1 in K liegen. Weiter sei S eine 
endliche Menge von Primzahlen, für jedes p aus S sei Xp ein Element aus 
G(QP) und ep eine ganze Zahl. Wir sagen, für G gelte der starke Approxi
mationssatz, wenn es für beliebige S, Xp, ep stets eine Matrix X in G(Q) 
gibt mit 

X=XP mod pep îvœpES, 
XEG(ZP) für p$S, 

SATZ 1. Wenn für G der starke Approximationssatz gilt, dann ist G einfach 
zusammenhängend und G(R) nicht kompakt. 

Die zweite Bedingung ergibt sich durch einfache topologische Schlüsse 
aus der Deutung des Approximationssatzes als Dichtigkeitsaussage in der 
Adelgruppe von G; der Beweis der ersten Bedingung ist schwieriger und 
benützt u. a. das Resultat aus [1], daß G(Z) endlich erzeugt ist. 

Fragt man umgekehrt nach hinreichenden Bedingungen, so kann man 
sich auf halbeinfache Gruppen beschränken, da der Approximationssatz 
für eine einfach zusammenhängende Gruppe G genau dann gilt, wenn er 
für den halbeinfachen Teil von G gilt; außerdem braucht man nur Q-einfache 
Gruppen zu betrachten, da der Approximationssatz für ein direktes Produkt 
genau dann gilt, wenn er für alle Faktoren gilt. Hierfür hat man 

SATZ 2. Ist G eine einfach zusammenhängende Q-einfache klassische Gruppe 
(ausgenommen vielleicht die unitären Gruppen vom Typ An, n>2) und 
G(R) nicht kompakt, oder eine einfach zusammenhängende Gruppe von dem 
von Chevalley [3] behandelten Typ, so gilt der starke Approximationssatz. 

Dieses Ergebnis stammt für den Typ An von Eichler [5]; für die anderen 
klassischen Gruppen benützt man in niedrigen Dimensionen die bekannten 
Isomorphismen mit Gruppen vom Typ Av in höheren Dimensionen die 
Existenz hinreichend vieler Untergruppen niedrigerer Dimension, für die 
der Approximationssatz also schon bewiesen ist. Bei den Chevalleyschen 
Gruppen schließlich zieht man die Existenz hinreichend vieler über Q 
rationaler unipotenter Elemente heran. 

Als Anwendungen erhält man die Bestimmung verschiedener Klassen
zahlen, z. B. Idealklassen von Hauptordnungen indefiniter Schiefkörper 
[4], oder Klassen indefiniter quadratischer Formen [9] (der dortige kompli
ziertere Approximationssatz für orthogonale Gruppen ist eine einfache 
Folge des starken Approximationssatzes für die zugehörigen Spingruppen), 
sowie Ergebnisse im Zusammenhang mit Siegels Hauptsatz über quadra
tische Formen [6, 10]. 
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HOMOGENE RäUME. Sei G eine algebraische Gruppe, H ein homogener (?-
Raum, d. h. eine algebraische Mannigfaltigkeit, auf der G als algebraische 
Transformationsgruppe transitiv wirkt. H heißt prinzipaler homogener 
Raum, wenn für x und y aus H dasjenige g aus G, welches y=g(x) erfüllt, 
eindeutig bestimmt und rational in x und y ist. Verschiedene Probleme, 
z .B. die Klassifikation von einfachen Algebren, von quadratischen Formen 
usw., führen auf die Aufgabe, die über einem Körper K definierten prinzi
palen homogenen Räume einer algebraischen Gruppe bezüglich X-Isomor-
phie zu klassifizieren. Es ist bekannt, daß über einem endlichen Körper K 
jeder homogene Raum einer zusammenhängenden algebraischen Gruppe 
einen über K rationalen Punkt hat, daß also insbesondere alle prinzipalen 
homogenen Räume X-isomorph sind [12]. Über p-adischen Körpern, d. h. 
vollständigen bewerteten Körpern der Charakteristik 0 mit endlichem 
Restklassenkörper, und über Zahlkörpern sind die Verhältnisse komplizier
ter. 

SATZ 3. Ist K ein p-adischer Körper, G eine einfach zusammenhängende 
klassische Gruppe, H ein prinzipaler homogener G-Raum, beide über K defi
niert, so hat H einen über K rationalen Punkt. 

Über Q (und entsprechend über Zahlkörpern) sind eine Reihe von Fällen 
bekannt, in denen ein prinzipaler homogener 6r-Raum genau dann einen 
über Q rationalen Punkt hat, wenn dies über allen Qp und über R gilt. Für 
die orthogonalen Gruppen ist dies z. B. gerade der Satz von Hasse über 
quadratische Formen [7], für die projektive lineare Gruppe der von 
R. Brauer, H. Hasse und E. Noether über den Zerfall einfacher Algebren [2]. 
Ein Beispiel von Serre zeigt aber, daß dies nicht für alle zusammenhängen
den halbeinfachen Gruppen gilt. Für einfach zusammenhängende Gruppen 
fallen nach Satz 3 die Bedingungen für die Qp weg. Jeden über Q definierten 
homogenen Raum kann man nun auch als über R definiert auffassen und 
erhält so eine Abbildung von Q-Isomorphieklassen homogener Räume auf 
jß-Isomorphieklassen. Hier gilt nun nicht nur eine Aussage über die Existenz 
rationaler Punkte, sondern etwas genauer sogar 

SATZ 4. Ist G eine einfach zusammenhängende über Q definierte klassische 
Gruppe, so ist die angegebene Zuordnung von Q-Isomorphieklassen prinzipaler 
homogener G-Räume zu R-Isomorphieklassen bijektiv. 

Für den ersten unter An genannten Typ ist dieser Satz der Normensatz 
für einfache Algebren [8, 13]; für den zweiten Typ An ist er im wesentlichen 
äquivalent zu Ergebnissen von Landherr [11]. Für die übrigen Gruppen 
benutzt man zum Beweis wieder in niedrigen Dimensionen die bekannten 
Isomorphismen und dann Induktion nach der Dimension. 

Über prinzipale homogene Räume zusammenhängender aber nicht ein
fach zusammenhängender Gruppen G erhält man Auskunft, indem man die 
Isomorphieklassen prinzipaler homogener Ö-Räume als eindimensionale 
Galois-Kohomologieklassen deutet und dann die zu einer exakten Folge 
1->E->F->G->1 mit endlichem E und einfach zusammenhängendem F 
gehörige exakte Kohomologiefolge ausnützt. Entsprechend kann man Fra
gen über nicht zusammenhängende Gruppen G mittels der exakten Folge 
1->G0->G->GIG0->1 auf solche über die Zusammenhangskomponente G0 

der Eins und über G\GQ zurückführen. Für die Behandlung prinzipaler 
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homogener Räume mit Galois-Kohomologie und damit zusammenhängende-
Fragen vergleiche man den Bericht [14]. 

Zum Schluß sei darauf hingewiesen, daß es sehr erwünscht wäre, für die 
hier angegebenen Sätze Beweise zu finden, welche alle Gruppen gemeinsam 
behandeln und keine Fallunterscheidungen nötig machen. 
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AJirEBPH JIH H KOHEHHHE rPYnilM 
A. H. KOCTPHKHH 

1. MeTOA ajireôp J IH B Teopnn KOHenHHX rpynn H CTpyKTypHHe CBOÄCTBa 
npocTHx ajireôp J IH H&JJ, ajireôpanHecKH 3aMKHVTHM nojieM KOHeHHoft 
XapaKTepHCTHKH TaKOBH flBe TeMH, KOTOpHX MHe HaAJieHCHT KOCHVTBCH 
B HacTOHm;eM gOKJiajje. CBH3B memjsj a«nre6paMH JIH H KOHeHHHMH rpyn-
naMH yme ÖHJia npejjMeTOM o6ey5Kp;eHHH Ha MejKjryHapoAHOM KOjraoKBHVMe 
no KOHenHHM rpynnaM B TroÖHHrnHe B 1957 rojry, Ha MemflyHapojniOM Ma-
TeMaTHHecKOM KOHrpecce B Bjpmöypre (IIIeBajuie [1], XnraaH [3]) H Ha 
€HMno3HVMe no KOHenHHM rpynnaM B Htio-ËopKe B 1959 rojjy (JIHHTJOH 
[11], IJaeeHxay3 [18]). OJHIH H3 MOTHBOB ^JIH BHÔopa CTOJIB nonyjrapHOo 
ceönae TeMH 3aKjnoHaeTCH B TOM, HTO H3Becrao HecKOJiBKO rjiyöoKHx pe-
3yjiBTaT0B o KOHCHHHX rpynnax, nojiyneHHe KOTopBix 6e3 annapaTa aji-
re6p J IH nona He npeflCTaBJineTCH BO3MOJKHHM. B flOKJiajje 3aTparnBaeTCfl 
jiHuiB He6ojiBHiaH nacTB HX. Kpyr paccMaTpHBaeMBix BonpocoB orpaHnneH, 
B OCHOBHOM, TeMH pe3yjibTaTaMH H 3aaaHaMH, KOTopne oö-beflHHHiOTCH pa-
6oTaMH aBTOpa no npoÔJieMe EepHcafißa. 

2. H HaiHy e 3aMenaHHH o TOM, ITO B OCHOBC MHornx njio^OTBopHbix 
HCCJiejuOBaHHÔ, CBH3aHHBix e npocTHMH KOHCHHHMH rpynnaMH (paÖOTH 
IIIeBajuie, TnTca, GrefiHÖepra, Xepirnra, P H H pp.), JICJKHT TujaTejiBHO pa3-
paôoTaHHaa paHee Teopna npocTHx ajire6p J IH USLJJ, nojieM KOMnjieKCHHx 
nnceji. ^meKOÖcoH nepeHec OCHOBHHC pe3yjiBTaTH CTpyKTypHOË Teopnn Ha 
ajireöpti J IH, onpeflejieHHtie Hafl npoH3BOJiBHHM ajireopannecKH 3aMKHy-
THM nojieM xapaKTepncTHKH HVJIB. BHJIO 6 H Hpe3BHHairao HHTepeCHO, KaK e 
TOHKH 3peHHH B03M05KHHX npHJIOJKeHHÖ, TaK H H3 eCTeCTBCHHOrO CTpeMJie-
HHH HMeTB 3aKOHHeHHyio a-nreopannecKyio KapTHHy, HOJIVHHTB KJiaccn-
$HKai];HOHHHe TeopeMH AJIH npocTHx ajireöp J IH KOHCHHOE: xapaKTepncTHKH. 

HccjieflOBaHHe ajireöp J IH (KaK, BnponeM, H MHornx Apyrnx ajireöpan-
^ecKHx o6*BeKTOB) Haa nojiHMH KOHeHHOfi xapaKTepncTHKH conpHœeHO e 
60JIBB3HMH TpyfliHOCTHMH. HaHTH CBeßeHHH 0 HHX, HeCMOTpH Ha 3HaHHTeJIB-
HLIä BKJiaA I(aeeHxay3a [16, 17], ^meKoôcoHa [4-6], KanjiaHCKoro [7] H 
jjpyrnx aBTopoß, jjajieKH OT Toro, HTOöH 6HTB HOJIHHMH. OflHa H3 npnHHH 
TaKoro nojioîKeHHH Bemeö 3aKJiioHaeTCH B TOM, HTO CTepHœHB KjiaccHHecKOH 
Teopnn — npH3HaK nojiynpocTOTH KapTaHa — TepneT CBOIO CHJiy B cjiynae 
xapaKTepncTHKH p>0. A HMCHHO, cymecTByioT npocTHe ajrreÖpH J IH c 
$yH^aMeHTajiBHHMH ÖHjiHHefiHHMH (|>opMaMH B(x,y) = TrXY, Tom^e-
CTBeHHO paBHHMH HVJiio (60JIBDIHMH öyKBaMH X,Y,... o6o3HanaioTCH npn-
coe^HHeHHHe 9H#OMop(J)H3MH z->[zx],z->[zy], ... BeKTopHoro npocTpaHCTBa 
2 , cooTBeTCTByiomHe BJieMeHTaM x,y,... H3 ajireöpn 2) . 

B AiaJibHeÄHieM TaKHe ajireöpn öyjryT Ha3HBaTBCH BHpojKjjeHHHMH. 9TO 
necBMa oönrapHHE KJiacc ajireöp, nojmHÄ aarajjoK H HepemeHHHX Bonpo-
COB. Hanöojiee pamraM npnMepoM npocToö BHpom^eHHofi ajireöpn J IH 
HBjineTCH ajireöpa BnTTa S = {eQ,e1,...,e2,_i}, [eiej] = (j—i) ei+j,p>3. B 
HaCTOHHiee BpeMH H3BCCTHO HeCKOJIBKO ÖeCKOHeHHHX CepHÔ BHpOHÎfleHHHX 
npocTHx ajireöp J IH pa3MepHOCTefi mpn, Km<n, m(pn — 1), K m < % - 1 , 
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pn—2 m Rp. HeKOTopne e e p n n COCTOHT H 3 p -a j i r eöp J I H (HJIH a j i reöp , o r p a -
HHHeHHHX B CMHCJie flmeKOÖCOHa), HBJIHIOnjHXCH nO MHOrHM npHHHHaM 
Hanöojiee ecTecTBeHHHM oöteKTOM HCCJießOBaHHH B cj iynae KOHCHHOä xa 
paKTepncTHKH. J J J I H onpeAeJieHHOCTH imme penB öyjjeT HJTTH O p - a j i r e 6 p a x , 
XOTH BTO orpaHHneHHe H He Bcerjja cymecTBemio. HcnojiB3yH, B OCHOBHOM, 
KJiaccHHecKHe MeTOjpa, CejinrMaH [14] onncaj i Bce npocTHe p -a j i r e6pH J I H C 
HeBHpoîKfleHHOfi ÔHjiHHeôHOA $opMOÄ cjiejja Trg(x)Q(y), cooTBeTCTBvioineÄ 
KaKOMy-HHÖy^B JiHHeftHOMy npeflCTaBjieHHio Q. O H H aHajiornHHH npocTHM 
ajireöpaM J I H Hap nojieM KOMnjieKCHHX nnceji H xapaKTepn3yiOTCH H3-

BeCTHHMH CBOËCTBaMH CBOHX KapTaHOBCKHX pa3JI0JKeHHÄ. B T H CBOËCTBa 
noHTH nojiHOCTBH) yTpaHHBaiOTCH B BHpoHmeHHHx npocTBix p - a j i r e 6 p a x J I H , 
Tepnn C B O ä HHBapnaHTHHË xapaKTep. 3j\ech öyjjeT flOJiomeHO 06 O^HOM HO-
BOM noßxoAe K HCCJieaoBaHHio BHpoîKfleHHHx npocTHx 2?-ajire6p J I H , KOTO-
pnf t npeflCTaBJineTCH He JiHineHHHM CMHCJia XOTH 6 H noTOMy, HTO OH, He 
npeTeHjrya Ha vHHBepcajiBHOCTB, 3aMeHneT BecBMa HenpHHTHHfi <£aKT 
Hcne3HOBeHHH MeTpnKH ($yH,n;aMeHTajiBHofi ÖHJiHHeiiHoft $ ° P M W Bix>y)) 
Ha ojüHO oneHB npo3paHHoe aj i reöpannecKoe ycjioBHe. I l o npHHHHaM, KO-
T o p n e CKopo 6y,n;yT H C H H , V # O 6 H O , OAHaKO, npepßaTB H3Jio?KeHHe 0 npocTHx 
a j i r eöpax , paccKa3aB npeftBapnTejiBHO 0 coBepnieHHO jrpyrofi 3aflane. 

3 . ÜMeeTCH B BHfly ocjiaöJieHHan npoÖJieMa BepHcaü^a WIR npocToro 
noKa3aTejin p. 

CynjecTByeT JIH B KJiacce Bcex KOHCHHHX r p y n n c 3ajjaHHHM HHCJIOM k 
o6pa3yromHx H TOîKjjecTBeHHHM cooTHoniemieM xp = l TaKan MaKCHMaJiB-
Han r p y n n a BktP, HTO Jiroöan j rpyran r p y n n a H3 9Toro KJiacca HBJineTCH ee 
cjmKTop-rpynnoHi 

B HacTOHm;ee BpeMH H3BecTeH nojiojKHTejiBHHfi OTBeT Ha STOT Bonpoc [8] . 
O H nojiynaeTCH B KanecTBe cjie^CTBHH ejieflyiomeH TeopeMH. I I P O H 3 B O J I B -

Hoe KOJIBIJO J I H L xapaKTepncTHKH p, yflOBJieTBopHiom;ee n-mj ycjiOBHio 
9HrejiH, n<p (ra-jnoöoe, ecjin p = 0), — jioKajiBHO HHJiBnoTeHTHO. 

YcjioBHe BHrejiH BHpamaeTCH B TpeöoßaHHH, H T O ö H [ ^ n ] = [ . . . [ [«v]#] . . .#] 
= 0 AJiH Bcex ajieMeHTOB U,Vïï3 L. 3p;eeB HeT HCOöXOAHMOCTH (KaK, BnponeM, H 
B03M0JKH0CTH) nOHCHHTB, KaKHM o6pa30M yCTaHaBJIHBaeTCH COOTBeTCTBIie 
Memjry rpynnaMH H KOJiBiiaMH J I H ; 9TO ^OBOJIBHO x o p o m o H3BecTHO H 
H3JiarajiocB, HanpnMep, B flOKJiaae XnrMaHa Ha nponiJiOM KOHrpecce. 
MHe xoTejiocB 6 H JIHIHB cpejiaTB HCCKOJIBKO 3aMenaHHÄ o r p y n n a x e TOHS-
flieCTBeHHHM COOTHOineHHeM xp = l. 

IlycTB F — CBOÖOflHan r p y n n a e k o6pa3yiom;HMH, Fn — HJICHH ee 
HHÄHero ijeHTpajiBHoro p n ^ a : F± = F, F2 = (F,F), ... Fn = (Fn^1,F). 0 6 -
03HaHHM nepe3 Fp xapaKTepncTHHecKyio no f l rpynny , nopomjueHHyio p-MW 
CTeneHHMH Bcex 9JieMeHT0B H3 F, H nojio?KHM Bkp = FjFp. 
__ BxoAHm,aH B (JopMyjinpoBKy ocjia6jieHHofi rnnoTe3H EepHcaöfla r p y n n a 

Bkp cyniecTByeT B TOM H TOJIBKO B TOM cj iynae, ecjin HaiqjeTCH TaKoe (Han-
MeHBinee) i^ejioe nojiomHTejiBHoe HHCJIO c = c(k,p), HTO Fc+i FP = FC Fp # J I H 
Bcex i. KojiB CKopo 9TO TaK, Bkp = F/Fc Fp. 

B 1959 rojsj I I . C. H O B H K O B [12] peniHJi B OTpniiaTeJiBHOM CMHCJie n p o -
ÖjieMy B e p H c a ô ^ a 0 nepnoAHHecKHx r p y n n a x , ßOKa3aß cymecTBOBaHne 6ec-
KOHeHHoft KOHeHHO-nopoHmeHHOÄ r p y n n n c TOHî^ecTBeHHHM cooTHomeHHeM 
xn = l, r # e n — ^ocTaTOHHO öojiBHioe ijejioe HHCJIO. 

B cj iynae n=p 9TO 03HanaeT nonpocTy, HTO BKJHOH6HHH F^FP HeT HH 
AJIH KaKoro HH^eKca i. JierKO BHTJCTB n p n 9TOM, HTO HeKOTopan (J>aKTop-
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rpynna rpynnn Fc FP\FP (a, BO3MO?KHO, OHa caMa) HBJIHCTCH npocTOË 
6ecKOHenHofi y-rpynnofi 6e3 nojjrpynn KOHeHHoro HH^eKca. Monrao 306a-
BHTB eme, HTO rpynna Bkp He HéJIHCTCH 9HrejieB0Ë [9], T. e. He eymecTByer 
HHCJia m TaKoro, HTO (g, h; m) = 1 ^JIH Bcex g,h E Bkp. 3%ech_(g,h) =ghg~1h~1,. 
(g,h; m) = ((g,h; m — l),h). G apyroË eropoHH, rpynna Bkp — 9HrejieBa, 
KaK BCHKan KOHenHan p-rpynna. nonasaTejiB 9HrejieBOCTH np — MHHH-
MajiBHoe HaTypajiBHoe HHCJIO, npn KOTOPOM (g, h; np) = 1 AJIH Bcex g,hEBkp — 
OßH03HaHHO onpeaejineTCH npocTHM HHCJIOM p. nojiyneHa oiieHKa np> 
(3p—5)/2 3JIH Bcex p>3. OTciojja, BO BCHKOM cjiynae, cjie^yeT, HTO XOTH 
accoiprapoBaHHoe c rpynnoË BktP KOJIBIJO J IH y^OBJieTBopneT (p — 1)-My 
ycjiOBHK) BHrejiH, JJJIH caMOË rpynnn 9TO HeBepHO. ,IJoKa3aHO paBeHCTBO 
n5 = 6 [9]. nogTOMy npnoöpeTaeT HHTepec cjieftyronpiö Bonpoc, HMeronrnË 
HenocpefljCTBeHHoe OTHonieHne K npoÖJieMe EepHcaËjja HJIH noKa3aTejiH 5. 
BnnojiHHeTCH JIH Tom^ecTBO (a,b; 6) = 1(-F5) B CBO6OJPIOë rpynne F c 
3BVMH CBOôOAHHMH o6pa3yionniMH a,bì 

4. H nepexoHçy TenepB K OHCHB KpaTKOMy H3Ji05KeHHio flOKa3aTejiBCTBa 
TeOpeMH O JIOKaJIBHOË HHJIBnOTeHTHOCTH 9HreJieBHX KOJieî  J IH C TeM, HTOÖH 
nojiyHHTB HeKOTopne ^eTajin, Heo6xojpiMHe B flaJiBHeônieM. nocTaHOBKa 
Bonpoca, nop;jie?Kam;ero penieHHK), xapaKTepHa JJJIH 3ap;aH ÖepHcaEßOBCKoro 
Tnna, nojiyHHBHiHx aoBOJiBHO niHpoKoe pacnpocTpaHeHHe BO BceË coBpe-
MeHHOH ajireöpe. ,3(JIH ßOKa3aTejiBCTBa B KOJiBije L paccMaTpnBaeTCH pajpi-
Kaji N(L) — cyMMa jiOKajiBHO HHJiBnoTeHTHnx HjjeajiOB. ECJIH npejniojia-
raTB KOJIBïJO L, yflOBJieTBopmonjee n-mj ycjiOBHio BHrejin, He jioKajiBHO 
HHJiBnoTeHTHHM, TO TaKHM me 6jji,eT H $aKTop KOJiBijo LjN(L). MOJKHO no
aTOMy c caMoro Hanajia noHHMaTB now L HenyjieBoe KOJIBIJO 6e3 pa^HKajia 
£=j=0, N(L)=0. B nacTHOCTH, L ne HMeeT ijeHTpa. Ey#eM roBopHTB aajiee, 
HTO 9JieMeHT c 4=0 H3 K0JiBn;a L npHHaAJiemHT MHomecTBy L(m), ecjin HMeiOT 
MecTO TO?Kp;ecTBa 

CX'C^O (i = 0,l,...,2m-l), 

flJIH BCeX 3JieMeHTOB xEL. 
OneBH^HO L(l)^>L(2)^> ... =>.L(ra)=> . . . . GHanajia ycTaHaBJiHBaeTCH He-

nycTOTa MHomecTBa L(\), T. e. cymecTBOBaHne 9JieMeHTa c#=0 micenea 
HHJIBnOTeHTHOCTH #Ba (O2 = 0), a 3aTeM ,n;oKa3HBaeTCH, HTO H MHOJKCCTBO 
L((p—3)/2) TaKHîe HenycTO, HTO, KaKHeTpyjpio 3aMeTHTB, Be^eT KnpoTHBO-
peHHio c HaniHM npejjnojiOHîeHHeM OTHOCHTCJIBHO KOJiBija L. BecB aTOT npo-
ijeee coBepniaeTCH noejießOBaTejiBHHM KOHCTpynpoBaHHeM ajieMeHTOB MHO-
mecTBa L(m + 1) H3 ajieMeHTOB MHomecTBa L(m). OnepaniiH npn m >2 
HBJIHIOTCH COBepmeHHO (j)OpMaJIBHHMH H OCymeCTBJIHIOTCH B JII06OM KOJIBÎ e 
J IH 6e3 ijeHTpa. YcjioBHe BHrejiH HcnoJiB3yeTCH B nojmoË Mepe JIHUIB B RO-
Ka3aTejiBCTBe cynjecTBOBaHHH ajieMeHTa c=f=0 (O2=0) H npn nocTpoeHHH 
MHOWKecTBa L(2). AHajiH3 ;uoKa3aTejiBCTBa noKa3HBaeT, o^HaKO, HTO nepe-
xo,n OT L(l) K L(2) MOJKHO coBepniHTB TaroKe B J11060Ä npocTOË ajireöpe J I H 
KOHeHHOÔ pa3MepHOCTH, eCJIH TOJIBKO B HeË HMeeT CMHCJI TOBOpHTB O MHO-
îKecTBe L(\). 

5. BnpoHî,n;eHHne npocTne ^-ajireöpn J IH — KaK pa3 TOT KJiacc KOHCHHO-
MepHHx ajireöp, B KOTOPOM TOJIBKO HTO BBeaemme HOHHTHH npncvTCTByioT 
B HBHOM BH^e [10]. BTO 3aMenaHHe cojjepîKHT B ceöe ajieMenr Heo*KH,qaH-
HOCTH, OJiarOnpHHTHHË #JIH OnHCaHHOË BHHie KOHCTpVKIJHH, KOTopan B 
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npOTHBHOM cjiynae Ka3ajiacB 6n nepecnyp HCKyccTBeHHOË. ^eËCTBHTejiBHO, 
aHrejieBH KOJiBija Toro Tnna, K KOTopnM OHa npnMeHHMa, Ha caMOM aejie, 
He cym;ecTByioT. *ITO me KacaeTCH ocjiaÖJieHHOE npoÖJieMH EepHcaË^a JJJIH 
npocToro noKa3aTejiH p, TO Koraa-HHOyjjB OHa 6yfl;eT pemeHa öojiee yjjo-
BJieTBopHTejiBHHM cnocoöoM, aaiomHM nonyTHO H (He HaËfl;eHHyK) noKa) 
oijeHKy CBepxy JJJIH KJiacca HHJIBnOTeHTHOCTH c(k,p). 

JIJIR yao6cTBa 6yaeM roBopHTB, HTO npocTan ajire6pa J IH 2 HMeeT CHJIB-
Hoe BnpomfleHne, eejra MHOJKCCTBO 2(1) He nycTO, T. e. B 2 cynjecTByeT 
XOTH 6 H OAHH 9JieMeHT HHfleKca HHJIBnOTeHTHOCTH jjBa. JIio6aH npocTan 
^-ajireöpa J IH c CHJIBHHM BnpojKfleHHeM HBJineTCH BnpoJKfleHHOË B O6HH-
HOM CMHCJie. BTO vTBepjKfleHne jjoKa3aTB coBceM HeTpyjnio. yMecTHO 3a-
j^aTB TenepB ejieflyioiHHË Bonpoc: KaKyio #OJIIO B MHOJKecTBe Bcex BnpoJK-
jüeHHHx npocTnx ^-ajireöp J IH 3aHHMaioT ajireöpn c CHJIBHHM BHpojK^e-
HHeM? HeJIB3H CKa3aTB, HTO OHH HCHepnHBaiOT COÖOH) BCe 9TO MHOJKeCTBO, 
TaK KaK, HanpnMep, ajireöpa -4np-i Bcex npxnp MaTpnn; e HyjieBHM cjie-
^OM, npo<f)aKTopH30BaHHaH no ojpiOMepHOMy ijeHTpy, HBJineTCH BnpoJK-
,3eHH0Ë npocTOË 2?-ajire6poË JIH 6e3 CHJiBHoro BnpojKfleHHH. C jrpyroË CTO-
pOHH, JJJIH 3HaHHTeJIBHOrO KOJIHHeCTBa ÖeCKOHeHHHX CepHË BHpOJKJjeHHHX 
npocTnx p-ajire6p J IH (p>3) ycTaHOBJieHO cnjiBHoe BnpojKßeHHe. Gjie-
jjyeT nojrnepKHyTB, HTO orpaHHHeHne p>3 eymecTBemio. BnojiHe BepoHTHO, 
HTO BepHa ejiejryionjaH rnnoTe3a. Bce BHpojKfleHHne npocTne p-aJireôpn 
J IH, 3a HCKjHoneHHeM HCKajKeHHnx BapnaHTOB KJiaccnnecKHx, oOJiajjaioT 
€HJIBHHM BHpoTKjjeHHeM. H He Mory nona flOKa3aTB aTy rnnoTe3y BO BceË 
o6m;HOCTH, oflHaKO AJIH HeKOTopnx KjiaccoB ajire6p, BHjjejiHeMnx, B OC-
HOBHOM, CBOËCTBaMH CBOHX KapTaHOBCKHx pa3Ji05KeHHË, OHa BepHa. B Ka-
^ecTBe npHMepa MOJKHO OTMCTHTB TOT cj>aKT, HTO npocTan p-ajire6pa J IH c 
KapTaHOBCKOË no#ajire6poË, nojiynpocTan KOMnoHeHTa KOTopoË O#HO-
MepHa, oÖJiaflaeT CHJIBHHM BnpoJK#eHHeM. HeKOTopne eBejjeHHH MOJKHO no-
JIVHHTB 06 ajire6pax, y KOTopnx TOJKjjecTBeHHO paBHn HVJIIO Jb-jnraeËHne 
<J)opMH cjiefla, k<4c. BnponeM, TpyjpiocTH, c KOTOPHMH npHxojprrcH HMeTB 
^ejio B ^aHHOË cHTyai^HH, MoryT cjiyjKHTB TaKJKe H HeKOTopnM vTemeHHeM, 
CBH^eTejiBCTByH o TOM, HTO paccMaTpHBaeMaH xapaKTepn3an;HH BnpoJK^eH-
HHx ajireöp He CJIHHIKOM 6jiH3Ka K TpHBHaJiBHOË. OcHOBHan TeopeMa, RO-
Ka3aTeJIBCTBO KOTOpOË HBJIHeTCH MOflH^HITHpOBaHHHM BapHaHTOM flOKa-
aaTejiBCTBa cooTBeTCTByionjeË TeopeMH B aHrejieBnx KOJiBiiax J IH, 3aKJiio-
naeTCH B ejiejryiomeM. 

ïlycTB 2 — npocTan p-ajire6pa J IH C CHJIBHHM BnpoJKjjeHHeM. Torfla B 
2 cynjecTByeT aJieMeHT c E ä((p—3)/2). 

B KanecTBe HenocpeftCTBeHHoro CJIC^CTBHH nojiynaeTCH, HTO B npocTOË 
3>ajire6pe JIH C CHJIBHHM BnpoJK^eHHeM HMeioT MecTO TOJKjjecTBa Tr XtX2 ... 
Xk=0, l<k<p-2. 

BTOT pe3yjiBTaT HCJIBBH yjiynniHTB, TaK KaK B H3BecTHnx MHe BHpojK^eH-
HHx npocTnx p-ajireôpax JIH MHOJKCCTBO S,((p —1)/2) nycTO. 

HnjiBnoTeHTHHe ajieMeHTn HHjjeKca ppa B npocTnx ajireöpax J IH nrpaioT 
pojiB, B KaKOM-TO CMHCJie aHajiorHHHVio pojiH ajieMeHTOB BToporo nopH^Ka B 
npocTnx KOHeHHHx rpynnax, npnneM CBOH npenMynjecTBa HMeeT H Ta, H 
jrpyran CTopoHa. OTMCTHM 3flecB ojpio H3 Hanöojiee npHHTHnx ajireôpan-
HeCKHX CBOËCTB. 

BeKTopHoe npocTpaHCTBO (S, HaTHHyToe Ha Bce ajieMeHTn MHOJKecTBa 
2(1), HBJineTCH HHjiBnoTeHTHOË noaajireôpoË B 2 . IIpHeoejpiHeHHHe aH^o-
Mop(|)H3MH ajireöpn 2 , cooTBeTCTBVionpie ajieMeHTaM H3 S, Bce HHJiBno-
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TeHTHH. B ijeHTpe g(Ê) noaajireôpn ® co;a;epjKHTCH no MeHBineË Mepe OJJHH 
ajieMeHT c € ä((p —3)/2). 

MOJKHO OJKAJUITB, HTO H3yneHHe no^ajireöp Tnna (£ H cnoco6oB HX BJIO-
jKeHHH B npocTne ajireÔpn jjacT MHoro HH$opMan;HH o BnpojKfleHHnx 
ajireôpax. ECTB ocHOBaHHH npeflnojiaraTB, B nacTHOCTH, HTO HopMajiH3aTop 
no^ajireôpn E (a, BOSMOJKHO, H ee ijenrpa g(S) B ajireöpe 2 HBJIHCTCH pa3-
peniHMOË ajireopoË «HeôojiBmoË» KopasMepHOCTH B 2 . 

HcnOJIB3VH JIHHTB Ô HH <J)HKCHpOBaHHHË 3JieMeHT H3 2( (^~3) /2) , VflaJIOCB 
#OKa3aTB, HTO BnpojK^eHHHX npocTnx ^-ajireöp J IH pa3MepHOCTH <p ne 
cymecTByeT, a eflHHCTBemioE TaKOË ajireôpoË pa3MepHOCTH p HBJIHCTCH 
ajireöpa BnTTa. nojiyneHH HeKOTopne jsjpyrme orpaHHneHHH Ha pasMepHOCTH 
BHpoJKßeHHHx ajireöp. 

7. B 3aKJiioHeHHe ocTaHOBHMCH Ha savane (npeflCTaBjraionjeË HesaBHCH-
MHË HHTepec), aHaJIH3 KOTOpOË npHBO^HT eCTeCTBeHHHM 06pa30M K BH-
pojKfleHHHM npOCTHM ajireôpaM. HTO MOJKHO cKa3aTB o CTpoeHHH ajireôpn 
JIH KOHenHOË pa3MepHOCTH, ecjin Ha HeË aeËCTByeT aBTOMop$H3M <f>, ne 
ocTaBJiHiomnE Ha MecTe HH ojraoro ajieMeHTa, KpoMe HVJIH? nycTB aBTO-
Mop$H3M <f> (Ha30BeM ero peryjinpHHM) yaoBJieTBopneT MHHHMaJiBHOMy 
ypaBHeHHH) CTeneHH n. ïïpn HeöojiBnrax n 6e3 Tpy^a npoBepneTCH, HTO CO-
OTBeTCTByK)m;aH ajireöpa J IH HBJIHCTCH paspeniHMOË. Hccjie^OBaHne 06-
njero cjiynan HeMejjjieHHO CBOAHTCH K Bonpocy o cymecTBOBaHHH BHpomfleH-
HOë npocTOË ajireôpn J IH C peryjrapHHM aBTOMop$H3MOM. Ho BnpojKfleHne 
BOSMOJKHO JiHHiB ^jiH ajireöp, onpeflejieHHHx Ha# nojieM xapaKTepncTHKH 
p>0. TaKHM o6pa30M, KOHeHHOMepHan ajireöpa J IH Ha# nojieM xapaKTe
pncTHKH HyjiB, flonycKaiomaH peryjinpHHË aBTOMop<|>H3M, pa3peniHMa. 
HecKOJiBKO H3 flpyrnx cooôpajKeHHË TOT JKe pe3yjiBTaT 6HJI HOJIVHCH pa-
Hee IlaTepcoHOM [13]. ECJIH p>0, TO MOJKHO HOKa3aTB, HTO npocTan aji-
reöpa J IH c peryjrapHHM aBTOMop$H3MOM CTeneHH n<p o6jia#aeT CHJIBHHM 
BHpojK^eHHeM. BTO OOCTOHTCJIBCTBO no3BOJineT HcnojiB30BaTB onncaHHyio 
Bnnie TexHHKy #JIH ^OKa3aTejiBCTBa HOBHX pe3yjiBTaTOB. BnponeM, ropa3,o;o 
6ojiBmee 6HJIO nojiyneHO Ha apyroM nyTH. CoBceM He^aBHO B. A. KpeKHHH 
AOKa3aji ejiejryionTyK) oônryio TeopeMy. Ajireôpa J IH 2 Hap; nojieM npoH3BOJiB-
HOë xapaKTepncTHKH, oÔJiaaaionjaH peryjrapHHM aBTOMop$H3MOM <f> KO-
HenHoro nepnoAa m, pa3pemHMa; HMeeT MecTO HepaBeHCTBO d<2m~1, rji;e 
d — flJiHHa npoH3BOAHoro pn^a ajireôpn 2 . 

OTMCTHM HHTepecHoe cjiefliCTBHe, BHTeKaronjee H3 3TOë TeopeMH. KaK 
H3BecTHO ( r . XnraaH [2], J\m. ToMncoH [15]), BCHKan ajireôpa JIH (a TaKJKe 
rpynna KOHeHHoro nopn^Ka) c peryjrapHHM aBTOMop$H3MOM npocToro 
nepnoßa m=q HBJIHCTCH HHJiBnoTeHTHOË, npnneM «JIH KJiacca HHJiBno-
TeHTHOCTH cymecTByeT BepxHHH rpaHHiia k(q), 3aBHCHm;aH TOJIBKO OT q. 
POCT (JvHKipiH k(q) npn öOJIBIHHX q RO nocjiejraero BpeMeHH ocTaBaJicn 
nOHTH nOJIHOCTBK) HeHCCJiê OBaHHHM. OKa3HBaeTCH, HTO cnpaBeflJiHBa 
oijeHKa k(q)<(q — l)d (B CBOIO onepejp», d<2q~1). XOTH aTa oiieHKa, He-
coMHeHHO, CHjiBHO 3aBnmeHa, OHa coaepjKHT B ce6e eymecTBeHHHe cBefleHHH 
o paccMaTpHBaeMHX KJiaccax ajireöp J IH H KOHCHHHX rpynn. JIioöonnTHO, 
HTO flOKa3aTejiBCTBO nocjieAHHx yTBepjKfl;eHHË coBepmemio ajieMeHTapHO. B 
BHcnieË CTeneHH HHTepecHHM npepiCTaBjraeTCH nojiyneHHe aHajiora Teope
MH, flOKa3aHHOË KpeKHHHHM, JJJIH KOHeHHHx rpynn npn npoH3BOJiBHOM m. 
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A D D I T I V E PROBLEMS AND EIGENVALUES 
OF T H E MODULAR OPERATORS 

By JU. V. LINNIK 

§ 1. Methods of solution of additive prolems 
The methods of solution of the additive problems known up to now can be 
sorted out essentially into four types: 

(I) The quantity of solutions is represented by a Fourier coefficient and 
expressed by the integral operator JJ( ) exp (—2mna) da operating on 
& trigonometric sum (n denotes the represented number). 

Many well known problems of "ternary" type were solved by this method. 
(II) The method of the Eratosthene's sieve. 
This method is applicable to binary problems with "almost prime" num

bers. I t gives inequalities only; the asymptotic is not given by this method. 
(III) The variance method. 
This method was worked out in recent years and was applied mostly to 

the binary problems involving a binary quadratic form. It gives the asymp
totic of the solution quantity, for instance, of the Hardy-Littlewood pro
blem :p+P+ rj2=n, the divisor problems p— x y = l (xy<in)',xy—x1 x2 ...xn 

= 1 (xy<n) (Ju. V. Linnik [14]), p=^+rf + l; (p<n) (B. M. Bredikin 
t3]); the generalized Kloosterman problem: N^aJ +N(ä2) =n (N(%) - ideal 
norms.) 

(IV) Reducing the counting of the solution quantity the estimation of 
eigenvalues for the corresponding semigroups of "discrete operators". 

The method is applicable only to the estimation of the coefficients of 
modulars forms of an integer dimension, in particular, to the theta— 
functions giving the representation quantity of a number by a positive 
quadratic form with an even number of variables. The well-known Hecke 
operators act here as the above-mentioned operators. 

This method is remarkable by the property that in the case of the dimen
sion of modular forms equal to —2, in particular, for quaternary quadratic 
forms, it gives optimal estimates of the remainder terms (M. Eichler [6]). 
For primitive quaternary quadratic forms F(x) we get the formula (cf. [6]). 

rF(n)=EF(n) +aF(n), (1.1) 

where rF(n) denotes the representation quantity of the number n by the 

form F, EF(n) = cF • n 2* | n \ — I t~x (cF is a constant); 

I oF(n) | < yF(e)nll2+e for each s > 0. (1.2) 

The formula is true for all the numbers which are not divisible by a finite 
quantity of "exclusive" of finding the optimal remainder term may remain 
unsolved. 

(A little more precise estimate: \aF(n)\ <yF-r(n)n112; r(n), the divisor 
quantity and some generalizations were indicated by A. N. Andrianov 
i l ] , [2].) 
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§2. The levelling and its connection with the reduction of 
curves and problems of the type of H. Hasse's hypo
thesis. A problem on integer matrices 

A straightforward application of method (I) begins usually by sorting 
out the numbers of the segment [0, 1] into two classes. 

Putting r=Nb where 6<1 is a convenient constant we develop the num
bers a€[0, 1] into continued fractions, putting: 

« = - + —; (a,g) = l;g<r;\Z\<l for g<ip(N), 
9 9? 

where ip(N) is a comparatively slowly increasing function of n, say, ne 

(s being small) or (In n)h (h>l), the segments 

•*-ag " 
L? gr 9 9*1 

do not intersect. 
Now, 2a#3 J Iag( ) exp ( — 2n in a) doc forms the "principal term" of the 

problem while the absolute value of the integral over the complement to 
2 Iag is estimated. If it proves to increase more slowly than the principal 
term as w-»oos we get the asymptotic of the problem, though the natural 
problem the norms of the ideals of prescribed classes in two given algebraic 
number fields) (A. I. Vinogradov [21], etc.). 

However, in many additive problems such an approach proves to be not pre
cise enough. Such a situation arises, for instance, in the binary Goldbach's 
problem: pt+p2=n, or the twin primes problem: p-i—p^ 29 px^n (cf. 
Ju. V. Linnik [10], [11]). The conditional investigation of these problems 
taking into account the extended Riemann hypothesis leads to the situa
tion described above. 

Thus, we can solve the equation: n=p1+p2+2Xl + ...+2Xk (k being a 
constant); the Riemann hypothesis can be replaced by the proved density 
theorems (Ju. V. Linnik [11], A. I. Vinogradov [20]). 

The general approach mentioned above is not precise enough here. 
Such a situation was discovered as far back as 1926 by H. D. Kloosterman 

[9] by studying the equation (1.1). In the article [9] was given a partition 
of the segment [0, 1] more sophisticated than the above-described one. The 
segments Iag which are disjoint for small g's, can intersect for the numbers 
g and gl9 such that g+g1>r. To get rid of such intersections and at the same 
time to fill the segment [0, 1] without gaps, the well-known Farey series is 
applied; instead of the segments Iag, the segments jag are taken whose 
length is unequal for different a's: 

• -\a l °L 1 1 
ha~l9 9(9 + 9*)' 9 + 9(9 + 9i)ï 

where ajg1 and a2\g2 are the neighbours of a\g in the Farey series. These 
21-622036 Proceedings 
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segments jag are dissected further into still smaller segments j'mg which are 
equal length for a given q and equidistant on the segment ;0, 1;. In the 
integral JJ( ) e x P ( ~~ 2nin(x) doc giving the solution number, the corre
sponding quantities are summed up for a given q and the numbers m in the 
segments j'ma in the natural order; these sums are then estimated by their 
absolute value. This method, the idea of which can be traced back to G. 
Hardy, enables to extend the sphere of application of method (I). Its appli
cation leads to the appearance in the number theory of H. Kloosterman's 
sums [9]: 

2jti 
S(a,b,g)= 2 e x P — ( a x + b x ) ; (xx = l(mod g)) (2.1) 

x mod 9 g 

(we shall discuss their properties further). A. V. Malyshev developed this 
method still further [15, 16, 17], using the well-known estimates of A. Weil 
[18] for trigonometric sums to advance considerably in the problem of 
optimal estimates of the remainder terms in the theory of quadratic forms. 
If F(x1,..., xn) is an integer quadratic form, then for the solution quantity 
rF(n) of the equation 

2^, . . . , * , )=« (2.2) 

under certain necessary conditions for the numbers n, which are not di
visible by certain exclusive prime numbers (in a finite number), A. V. 
Malyshev gives the expression of the type (2.1): 

rF(n)=EF(n)+aF(n), (2.3) 

where EF(n) is a term analogous to that of formula (1.1) and 

\aF(n)\<yF(e)n^-^+e. (2.4) 

As is well known, the optimal expected estimate in this problem must be 
of the type (2.4) with the exponent £ — \+e, and thus differs from A. V. 
Malyshev's exponent by the quantity J. For k = 4=, the formulas of M. 
Eichler (1.1); (1,2) give the expected estimate for &>4 the problem of the 
optimal extimate remains unsolved. For the particular case &=24: 

F(x1,...,xk)=xl + ...+xtt 

this question forms essentially the well known Ramanuyan-Eichler problem 
[7]. The result (2.4) was obtained after carrying out the above-mentioned 
method of H. Kloosterman, namely to express JJ( ) exp (— 2moc)doc by 
means of the integrals extended over the segments [0, 1] of equal length for 
a given g, equidistant of the segment [0, 1]. 

Let an additive problem be given with the number of solutions r(n) 
expressed by the integral: 

•J: r(n)= ( ) exp( — 27zinoc)doc. (2.5) 

Suppose we succeeded in replacing with an error (admissible in comparison 
with the "principal term") y(n) the integral (2.5) by the sum: 
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»•l(»)= 2 2 loa, (2-6) 
g^VN (a,g) = l 

where ^aff= ( ) e x P (— 2ninoc) doc (2.7) 
J Jag 

,a°-[g N'g+N\' 

e > 0 an arbitrarily small constant. 
In such a case we shall say that we carried out the levelling in the additive 

problem (2.5) with the error y(n). The main point of the operation of levelling 
consists in the condition that for a given g and for all a's under condition 
(a,g) = l, the segments jag are of equal length; we could admit that this 
length is not constant for different g's but changes sufficiently slowly if g 
changes, further, g may be supposed to change till VN(ln N)h or Nß (with 
ß<\) instead of VN. We remark that the operation of levelling does not 
exclude the overlapping of the segments jag. 

If the problem (2.5) admits the levelling with the error y(n) in the sense 
mentioned above or the wider sense mentioned below, the problem then 
can be reduced to the problem of the asymptotic of solutions of certain con
gruences. 

Denote the term which is to be put into the brackets in formula (2.5) by 
exp (2niocF); F running through a system of positive integers; F<n. In 
view of the elementary formula: 

T exp 2m-F = dut'-), 
(a,g) = l g ^\d) 

where d = (q,F), we see that the solution quantity r(n) can be expressed 
through the solution quantities of the congruences 

F = n (modd), 

where djq and F <n for each q = 0 (mod d); the numbers F must be supplied 
with the weights arising by the integration over the segments jag. 

Hence, the initial additive problem for the number n in the case of the 
possibility of the levelling is reduced to a peculiar problem of the solution 
of the congruences for the moduli d < VN. 

This reduction resembles the operation of the reduction of a curve with 
integer coefficients f(x,y)=0 for the prime moduli. In some cases some 
peculiar connections come to light, linking the operation described above 
with the well-known problem of Hasse about the behaviour of the Hasse 
function obtained as the product of the congruence zeta-functions arising 
by the reduction of a curve with respect to the prime moduli (the Hasse 
hypothesis, of M. Deuring, [5]). We shall see further that in the case of the 
additive problems with quadratic forms such an analogy is a rather close 
one. 

We can remark that it is not known whether the levelling is possible for 
the binary Goldbach problem: p1+p2 = n (in the case of the twin primes 
problem: px — p2 = 2; Px^n the levelling in a certain extended sense is 
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possible). Supposing that the levelling is possible one can effect a certain 
progress in the conditional solution of the binary Goldbach problem in 
using Riemann's extended hypothesis. 

We can note also one more problem where the possibility of the levelling 
is essential. Consider a multilinear form 

F = J,aj\j2...jkXj1...Xjk of degree k with k2 variables, for instance det (X) 
where X is a kxk matrix: 

X — Xkk — 

xn . 

X21 • 

Xkl . 

• xlk 

• %2k 

•• xkk 

We are interested in the solutions of the equation F=niov which the point 
k 

(x1,...,xk2) is situated in a given domain inside the cube \xt\ <cVn, and, for 
n->oo we consider the asymptotic of such solutions. This problem is of some 
interest for the analogies of the ergodic theorems for integer matrices, (cf. 
Ju. V. Linnik [13]). 

We can fix in the proper domain k2 — 2k conveniently chosen variables xt 

and let the remaining ones change so that F is transformed into a quadratic 
form with very large coefficients (for instance, in the case when F = det (X), 
we can fix the first n — 2 rows of the matrix X in the proper domain). 
In the equation F = n, F is transformed into a quadratic form with the coef
ficients increasing as v}~2,k; the remaining variables must be situated in the 
prescribed domain. In case of a straightforward application of method (I) 
and of the well known estimates of Gauss sums to the equation F = n the 
remainder term proves to have the same order as the principal one so that 
the levelling is necessary. By the levelling process some difficulties arise 
which do not allow to carry out the computation of the asymptotic to the 
end. We can formulate now only a weaker assertion about the property of 
being "everywhere dense". 

THEOREM 1 (Ju.V. Linnik, B. F. Skubenko). Let n->°o; consider theinteger 
matrices 

•̂ n • • • x± k 

X — Xkk — 

Xkl • • • Xkk 

Consider the "fundamental cube" \xij\<Cnllk (C>1 any constant, e>0 a 
sufficiently small constant). If n>n0 (s,C); in each cube with the edges of 
length enllk situated in the fundamental cube there is an integer point (xn, ...,xkk) 
such that for the corresponding matrix 

X = 

xlk 

Xkl • • • xkk 

we shall have det (X) = n, provided the obvious necessary conditions hold. 
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For the case k = 2 (2x2 matrices) the corresponding asymptotic can be 
found (cf. Ju. V. Linnik [12]). For the case k=3 the corresponding asymp
totic was obtained recently by B. F. Skubenko and the author. I t appears 
that in using the convenient method of levelling we can obtain the corre
sponding asymptotic (involving Haar's measure for the group of unimodular 
matrices) for the matrices of any order. 

§3. The levelling in the additive problems involving 
quadratic foms. Analogies of Hasse's hypothesis for 
the Kloosterman sums 

If an additive problem involves a positive quadratic form with two or 
more variables, the levelling process is possible. We get the problems of this 
type, for instance, considering the equations of the form 
p+Q(x,y)=n (p, a prime; Q(x,y), a positive binary quadratic form); 
F(xl,...,xk)=n, where on the left-hand side there is a positive quadratic 
form. In the last case the levelling can be effected by means of the elemen
tary theory of Hecke's operators. Let us explicate the method of such a 
levelling for the case of the equations: 

xf+...+xlk=n (2k > 4); (3.1) 

(this case is the most convenient one for the levelling process). The admis
sible error will be 0(nci2k~*)+e). Let P(xv ..., x2n) be any homogeneous 
polynomial of degree m with the integer coefficients. 

Consider the problem of finding the asymptotic for the sum 

S(n,P)= 2 P(x1,...,x2k). (3.2) 
4+---+4k=n 

On the surface of the sphere xl + ... + x\k = | o |2 = 1 (Q being the radius 
vector), each polynomial TZ(X19 ...,x2k) can be represented as a sum of the 
homogeneous spherical polynomials of degree I, Xz (satisfying the Laplace 
equation AXz = 0): P = 2?=0XZ (cf. C. Pommerenke [18]). 

Hence, under the condition x\ 4-... + x2k = n, we have; 

P(x19 ...,x2k) = 2 (Vn)m~lXl(x1, ...,x2k). (3.3) 
1=0 

If P(x1, ..., x2k) is an inhomogeneous polynomial, we can break it up into 
homogeneous parts and we obtain the formula of the type (3.3) again. Now, 
the expression: 

oo 

ê(r,Xi)= 2 Xi(x13 ...,x2k)ex^2mr(xi+...+x2k) (3.4) 
Xi=-QO 

i = l,2,... ,2fc 

is a modular form of the dimension (u + l) in the upper half-plane Jr>0. 
Hence the expression S(n,P) in the formula (3,2) can be written as a 
linear combination with the coefficients (]/n)m~l of the coefficients of the 
term exp 2nixn in the development of the modular forms (3.4). 
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For 1=0 we obtain among them the principal 6 function 6(r,XQ) corre
sponding to equation (3.1). I t can be decomposed into the Eisenstein series 
and a Spitzenform; for î > 0 we shall get only the Spitzenforms (cf. E. 
Hecke [8]). Thus the coefficient of exp (2nirn) in the principal 6-function 
6(T,X0) is a linear expression of Eisenstein series, the Spitzenforms above 
mentioned and S(n,P). Now, by the Hecke theory, we can express the coeffi
cients of the said Spitzenforms through the finite basis of the eigenfunctions 
of the corresponding Hecke operators in the Spitzenform space. Now 
replacing the number n by the numbers 3n,5n,ln,lln,...,pn (p being 
prime) and using the properties of the eigenfunctions of the Hecke 
operators, we shall get a finite system of linear equations which is easily 
seen to give the expression of the solution number of equation (3.1) in terms 
of S(npi3P) only. 

Hence, instead of investigating the asymptotic if the solutions of the 
equation (3.1) with the proper error term, we can look for the asymptotic 
of S(n,P) with the proper error term. The polynomial P(xi,...,x2k) can be 
chosen in this investigation in a rather arbitrary way to our convenience. 

Now denoting by r4(m) the representation quantity of n by the sum of 4 
squares we have by the well-known theorem of Jacobi: 

r4(ra) = 8o,
1(m) if m is uneven; 

r4(m) = 24o,
1(m) if m is even; 

here ox (m) = 2 x 

m = xy 
x uneven 

denotes the sum of the uneven devisors of m. 
Let P(xv ..., x2k) depend upon #1_3 + #f_2 + a?f_i + x\ only. Then S(n, P) 

can be expressed by means of the sum: 

SJn.F)- 2 xP(xy) 
x uneven 

xl+... + xlk_4c+xy = n 

and an analogous sum involving the powers of 2. Consider the expression 
2m=o#(w&> P) exp (2mrm). By what was said above, it can be expressed as 
a linear combination of the sums of the type ^n^S^n, P) exp (2mrn). 

Put 

r = -+oc, ocE(0.l). 
n 

Then: 

oo 

2 S1(m,P)exp(2mrm) = 2 xP(xy)exp2mx(x\ + ... +x2k-.^ + xy). (3.5) 
m = 0 *i *a*_B 

The expression exp (2niTxy) becomes very small for xy>nin 2n. Now, if 
xy <7iln2r& we have one or both of the two relations: x <]/n\rin or y < Vnìnn. 
The sum (3.5) can be broken up into the first part, corresponding to the 
first relation and the second part corresponding to the second one. In the 
first part, P(xy) being chosen conveniently, we can create the situation 
such that we can neglect with an admissible error the terms for which 
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(otx) is not very small so that only the terms with small (ocx) will be essential. 
We can infer that for each x in (3.5) only the sum where 

a 6ne* 
oc = - + ; 

x n 

161 < 1, £0 > 0 arbitrarily small,will be of importance. If we form the integral 
Jo( ) exp (— 27tiocn)doc, where the expression (3.5) is to be put into the 
brackets, then the values of a for which 

6ne° 
x n 
a 6ne° , . r , v 

a = - -\ (x < Vn In n) 

or the corresponding values for y<Vninn will be of importance. Hence, 
in the problem (3.1) we can effect the levelling with the error 0(nii2k~*)+e). 

The levelling in the problem involving a general quadratic form with two 
or more variables is a little more sophisticated. 

The possibility of levelling in the problem (3,1) with the error term 
0(w(*2fc_*)+e) leads to the fact that the problem of the optimal estimate of 
the error term in this problem is connected with the summation of the 
Kloosterman sums (2,1). The following hypothesis arises in this connection: 

Hypothesis on Kloosterman's sums. 
Let N be a large number; 

2m 
T(N, g)= 2 e x P — (x + Nx) the Kloosterman sum, 

x mod g g 

gt > Nll2~Eo (e0 > 0 arbitrarily small). 

Then 2 T(N,g) = 0(g\+e) for each e >0 . (3.6) 

This hypothesis implies the estimate of the remainder term in the pro
blem (2.2): F(x1,...,xk)=n for even i's: \aF(n)\yF(s)nihk~i)+e.Moreover, the 
proof of this hypothesis would lead to considerable advances in the problem 
of counting the points inside the circle or in general an ellipsoid of even 
dimension. 

This hypothesis can be considered as a certain analogy to the well known 
hypothesis of Hasse on the behaviour of congruence zeta-functions arising 
by the reduction of a given curve with respect to all prime moduli. 

The estimate (3.6) is a theorem on the behaviour of the series 
2?=i rF(N,g)jgs; the sums T(N,g) appear in the process of reduction of a se
quence of curves Cp: yp—y=Nx + llx. (Cf. for instance L. Carlitz, S. Uchi-
yama [4]). At present we can indicate no way to the investigation of the 
hypothesis (3.6). However, in using certain properties relating essentially 
to the Hecke operators one can prove certain "one-sided" analogies of the 
said hypothesis (one-sided inequalities) relating to the summation of the 
Kloosterman sums. 
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§ 4. Some unequalities relating to the summation of the 
Kloosterman's sums 

Let Q be a large prime; P, an uneven number such that P <QCo (e0 a small 
constant); m, a positive number. Consider the Kloosterman sum: 

S(P,m,Q)= X£Q e x p ^ ( p x , + m Z ) ( 4 . i ) 

Let Q runs over the primes of the segment [Q,Q + A] where A = Q1_Cl 

(et a small number chosen as a function of eQ). Let 

2 = 1 S(P9m,Q). (4.2) 
m (Q) 

We form the sum: 2 I 2 P = ^M (4.3) 
rm^M m 

Here Jf is a parameter to be fixed further. After some elementary trans
formations we get: 

Tm= 2 1 I exp£%(P((£ + (%)X' + mX) 
m^M QX,Q2 XmoûQiQa V1V2 

+ 2 \S(P,m,Q)\\ (4.4) 

The last sum is estimated in using A. Weil's estimates (cf. for instance 
[19, 4]) as 0(MQ2+e) for any e>0. We have obviously TM>0. If we sum 
further over M <MV then over M1<M2 and so on several times, we get 
the positive sums and the values of X such that (X/Qt Q2) is not very small 
will not be important and will contribute only an admissible error. Selecting 
the numbers M,MX,M2,... conveniently we can control the value (XjQ1 Q2) 
for which it will be not possible to neglect the corresponding terms and so 
control the domain of summation over X (in all cases we shall make X = 
0(Qe*) (£2>0 small) 

We can apply now the elementary relation: 

X r + d C W i O ' s l (modXQM (4.4) 

the utility of which was pointed out to the author by I. V. Tshulanovski. 
By means of this relation we can transform the expressions of the type 
exp2mX'IQ1Q2 into the expressions of the type exp—27ri(Qi$2)'1% supplied 
with a complementary unessential factors. 

We shall give the final result of the computation for a particular case. 

THEOREM 2. 

oo /p\ Q—p 

2yr(%)x><p(X) 2 oo8^-(U+u')>0(Xr+2+') (4.6) 

for each e>0. 
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Here <p(x) is Euler's function, r>0 any constant, and yr(z) is a function 
which can be expressed through Bessel functions. I t changes very slowly 
for 0 < 2 < 1 (and 0<c1yr(z)<c2) in this interval); for z>l,yr(z) decreases 
very sharply so that roughly speaking, the summation in (4.6) is proceeding 
over X<P. The lower estimate (4.6) cannot be improved essentially. The 
proof of the corresponding upper estimate would imply the consequences. 
similar to those of the hypothesis (3.6), in particular it would give the opti
mal estimate of the growth of the eigenvalues of Hecke operators for any 
integer dimension. The estimate (4.6) can be generalized considerably by 
taking other summation domains over X. 

We get also certain unequalities connecting the sums over X of the 
Kloosterman sums involving the terms 

2ir 2irP 2TT 
ooa-^PjiU+U'), ooa-^iU+U') and c o s ^ ( P 1 ^ + P2?7'). 

X X X 

§5. Some unequalities for the eigenvalues of the Hecke 
operators 

The application of the levelling process in the case of theta-functions 
enables to infer certain new inequalities for the eigenvalues of the Hecke 
operators. Consider a theta-function of the type ( — k, 1,1) (k being integer) 
(cf. E. Hecke [8]); let m be the vector space of the Spitzenforms generated 
by the action of the Hecke operators on the Spitzenform arising from 
our theta-f unction by singling out the corresponding Eisenstein series. Let 
F1(x),...,Fs(r) be modular eigenfunctions of the Hecke operators. Let. 
XQ(m) be an eigenvalue corresponding to the operator Tm. The well known 
hypothesis on the optimal estimates of the eigenvalues holds: 

K(m) | =0(m(**-*)+£) for each e>0. (See § 2.) 

I t is well known that it is sufficient to prove this hypothesis for some powers 
of all prime numbers. Let p be a large prime and M a number such that 
p^Me" (eQ>0 a small constant). To prove the hypothesis mentioned above 
it is sufficient to prove that 

2 \AQ(pm)\2 = 0(Mkpk~1+e) (5.1) 

for any e>0. This is a consequence of the multiplicative properties of the 
eigenvalues. 

I t is a regrettable fact that (5.1) up to now defies the attempts to prove 
it. However, one can prove the following estimate for the eigenvalues 
KQ(n) mentioned above : 

THEOREM 3. 2 \Upm + l)\2 = 0(Mkpk~1+e) for 1 = 1,2, ...,p-1. (5.2) 

In these cases it is possible even to give an asymptotic expression of the 
left-hand side of (5.2) refining formula (5.2). 
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THEOREM 4. / / the conditions of the theorem 3 are fulfilled, 

2 |Upm + l)\2 = apm + 0(Mkpk-*+e), (5.3) 

where aPMdoesnotdependuponI = 1,2,...,p — 1 andhastheestimateO(Mkpk~1+e). 
The case 1=0 sharply differs from the other cases. 
Let us indicate one more hypothesis which would imply the optimal 

estimate in the problem of the eigenvalues of the modular operators. 
Let m be a given uneven number and the number runs over uneven 

numbers <ra. 
Hypothesis. 

2 2 ( - l ) i 0 - 1 e x p ^ ^ = 0(m1'2+e). (5.4) 

Here £Q runs over all the solutions of the congruence f | = 1 (modQ). (For 
instance, for a prime Q, fQ= + 1 (modQ)). One can prove that the left-hand 
side of (5.4) has the estimate 0(m*+e). 

§6. Some asymptotic analogies of the Hecke operators. 
A problem on multiple Gauss sums 

The theory of the Hecke operators enables to express the quantity of the 
»solutions of the equations F(x1, ...,#2fc) =p by means of a "discrete" operator: 

ê\Tp = e(p)pk-1<&(pr) + - 2 V — Ì (6-1) 
pi=o \ p J 

as well as by means of the integral operator indicated in 1), § 1. 
The Hecke operators act only for the space of the modular forms of 

integer dimension, in particular for the theta-functions generated by positive 
quadratic forms with an even number of variables. 

We shall consider here the action of essentially the same operators in a 
different domain. Our considerations will be asymptotic ones. 

Let p be a large prime, N a big parameter; Q^ljN; Sj>0 fixed integer 
numbers; we consider the product of k theta-functions (k > 1 being even or 
uneven). 

Here A and Q are integer numbers; (^4,C) = 1; Q increases together with N 
(we shall fix further in which way) 

Apply to II the operator ri corresponding to 

V \ V ! 

in formula (6.1) thus obtaining 
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rM-lh I exp(-^-^-;eW?; (6.3) 
pj=1^-oo \ Np Qp J 

where Al = A + IQ; 6 = Q^p. 
Applying the elementary formula of the transformations of 0-functions, 

we find: 

00 2jci 
SS1AI, Qp . . . SatAu Qp 2 xvx • • •#** e x p — — 4'^lé. 

*»i, ...,v*=-oo VP 

71 
2 

(^?+...Wn4)exp 7 - r ( « I M + . - . + A M , (6.4) 
(<&)2 £-) 

where #2, = 2(^4=0); #0 = 1, SSJAI,QP Gauss sum, the sign' is the reciprocal 
element mod Qp. We shall suppose Q to be uneven; Q^YN, Qp^vNp. 
We have: 

<&»*.*= ( ^ ( Q P ) 1 " « (4„ft,) = l- (6-5) 

We introduce now the operator T(p) corresponding to 

pi-o \ p J 

We shall sum over 1 = 0,1,2, ...,p—\ taking into account (6.5). If 
(Ai, Qp) = 1 and k is even, we get 

m-m 
and if we drop the only term for which (Ah Qp) > 1, we can replace Tm (II) 
with an admissible error through: 

«'•(n)=^S5r,(sS^)'"(4-.fw. 
oo p - 1 2fii 
2 **>•••>**' 2 e x p - — 4 ^ j ( s M + . . . + s M ) . 

Vi v n = - o o 1=0 Up 
A&0(modP) 

exp -p- r- («rM + ... +s^vl). (6.6) 

In connection with the summing over Au the values of Q>(vl9...,vn) 
adjoint to s1vt + ...+snVn are singled out, which are divisible by p; the 
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corresponding error is an admissible one. Each of these values up is sup
plied with a coefficient damping them as e~ar. This enables to express the 
solution quantity of the equation Q>(v1,...,vk)=p through the linear com
binations of the expressions x{p)(ïl). For the described case (n even, Sj>0} 
it would be simpler and more convenient to use Hecke operators. But the 
zone of action of the operators T(P) is somewhat larger. 

Consider the case of the uneven k (for instance, k=3, the case of ternary 
forms). We shall suppose here that the number Q is divisible by p and 
contains p in an uneven power: p2m+1HQ, In such case, for At $ 0(mod p) 
we shall get: 

m-m 
so that this number does not depend upon I. This enables to express with an 
admissible error the solution quantity of the equation $>(v1,...,vk)=p also 
for the case of an uneven k by means of a linear combination of the opera
tors T(P); however, in the argument 

1 , 2mA .-

(see (6.2)), the number Q must contain p in an uneven power. Hence, in the 
case of theta-functions of a non-integer dimension, we can express the coeffi
cients by means of the "discrete" operators acting on the products of the 
theta-functions the arguments of which can change not in the whole half-
plane but in the points the imaginary components of which obey a certain 
simple arithmetic condition, connected with the number p to be represented. 

We can remark also that the same considerations are valid for a certain 
degree for the weighted representations of the number p by indefinite 
quadratic forms. For this we must take in formula (6.2) the numbers A\Q 
with positive as well as negative signs. For the forms with an even number 
of variables we get the expressions of the weighted representation number 
with the admissible error through the operators T(P), for the forms with the 
uneven number of variables one must impose certain requirements of an 
arithmetical nature of the type described above on the arguments of the 
product of theta-functions. 

The same arithmetical conditions enable us to obtain somewhat more 
general operators with the analogous properties: Tf* defined as 

1P-1 ci 
- 2 exp 2m—Tt; 
pi~o p 

for | = 0 they coincide with the former ones. 
We turn now to problem of multiple Gaussian sums; it is connected with 

the Hecke operators and the problem of the estimates of their eigenvalues. 
Let f(x) = / 1 (T) —f2(x) be the difference of two theta-functions which forms 

a Spitzenform of an integer dimension —k. 
For instance, say, /(T)=2exp27w\F,

1T~~ 2 e x p 2 ^ J T
2 r , where Fx and F2 

are positive quadratic forms of the same discriminant and genus. 
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i A 
Let T = - + 2 J T - : + 0 

N Q 

he a point of "general position". This means that A\Q is an irreducible 
fraction and Q does not differ essentially from VN, say: 

]/^<Q<VNfoN and 6 = o(£). 

Let p be a large prime and Tp the Hecke operator for p so that: 

/1T, = s(p)pk-1f(pr) + ̂ 2 f(^~j - 2Up)fe(r), 

where XQ(p) and fQ(x) are the corresponding eigenvalues and eigenfunctions. 
The admissible error here will be considered 0(p(*k~*)+e). We suppose that 
p x Ne°, where eQ > 0 is a small constant. I t is easy to see that the first term 
in the above formula: s(p)pk~1f(px) can be deleted with an admissible error. 
Thus the problem of the estimate of the eigenvalues is reduced to the pro-
Hem of proving in a conveniently chosen point of general position: 

T4 + 2 ^ + 0, 

the estimate. Ç / ( — ) = 0(Nkpk+*+e) 
1=0 \ p J 

while the trivial estimate will be 0(NkplA+1+e). The characteristic feature of 
this problem is that we are allowed to select the point of general position 
arbitrarily, to our convenience (say, to take Q=qs where g is a prime, 
for instance the number p itself), and 0=0. 

For the case where f(x) is generated by the forms of one and the same 
genus: (Ft = F^x^^,...,x2k),F2 = F2(xlt...,x2n) we have the following problem 
on multiple Gaussian sums: 

Consider the difference of the type: 

*ï „..L* eA~^P+27tiî+îp)Fl{Xl> -'X2k) 

-%xj,j
x4~ip+2Aî+lp)F^' ->xìk) (6-7) 

To study that we can choose a number A\Q as an irreducible fraction such 
that YN\\nN<*Q<SNIYLN and that the difference (6.7) will be estimated as 
0(Nkpk+*+e). 

Apparently it is worth while to choose Q of the form Q =ps and then to 
select the corresponding number A. 
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A CLASS OF DOUBLY TRANSITIVE 
PERMUTATION GROUPS 

By MICHIO SUZUKI 

I will consider here a class of doubly transitive permutation groups which 
have been the object of recent investigations. The problem of determining 
all multiple transitive permutation groups is an old one and it still awaits a 
solution. I do not consider this problem at all; rather I consider a particular 
class of groups. 

I t has been known that certain classes of permutation groups are charac
terized by their group theoretical properties. I will mention a few results 
along this line. I use the following notation. A permutation group on a set 
O is usually denoted by G. I consider only a transitive permutation group 
on a finite set. If a,b,... are distinct elements of O, I denote by Ga, &,... the 
subgroup of G consisting of permutations leaving each of these elements 
a,b,.... 

A Frobenius group is a transitive permutation group satisfying Ga, 0,= {1} 
for any pair a,b of elements of Q,. The class of Frobenius groups is charac
terized by several group theoretical properties. If H is the subgroup Ga of a 
Frobenius group G, H satisfies the property 

Hdg-1Hg = {l} for aU g£G-H. 

This property characterizes the class of Frobenius groups: namely a group G 
containing a subgroup H with the above property is a Frobenius group. A 
famous theorem of Frobenius asserts that in a Frobenius group G the totality 
of elements which moves every element of O forms together with the identity 
a normal subgroup N which is called the Frobenius kernel of G and satisfies 
the property that 

CG(x)^N for x*l,xeN. 

Here CG(x) denotes the eentralizer of x in G. Again this is a characteristic 
property of the class of Frobenius groups. The structure of Frobenius groups 
is fairly well known. The factor group GjN by the Frobenius kernel has been 
studied by Zassenhaus who classified the possible structure of GjN, and the 
structure of N itself is nilpotent by a theorem of Thompson. 

Zassenhaus has studied a class of triply transitive groups G satisfying 
Ga, &.c = {l}- This is a class of triply transitive groups of smallest possible 
order, and the result of Zassenhaus is that groups in this class are the 
groups of all the linear fractional transformations of one variable over some 
near fields, whose structures are completely determined. 

I considered a little wider class of groups which are called (Z)-groups. A 
(Z)-group is a doubly transitive permutation group G satisfying the following 
two conditions: 

(l)G0 ,6 .c = {l}and 

(2) There is no regular normal subgroup. 
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The second restriction is not essential. In fact if a doubly transitive permu
tation group satisfies (1) but not (2) then the group is a group of semi-
linear transformations 

x'=axa+b 

over a finite near field. The structure of (Z)-groups is studied by Feit, 
Ito and myself. I t is convenient to denote the degree of G by 1 +g. Then the 
group Ga is a Frobenius group on q elements. Hence Ga contains a normal 
.subgroup Q of order exactly q. By using a theory of characters Feit proved 
that for a (Z)-group q must be a power of a prime number. The case when 
this prime number p is greater than 2 is settled by Ito, again by using a 
theory of characters. The result in this case is that a (Z)-group G on a set Q 
is a subgroup of index <2 of a triply transitive group on Q which satisfies 
the condition ( 1 ). Hence again G is a group of linear fractional transformations 
over some near fields. The case whenjp=2 caused a difficulty. I call a (Z)-
group with p=2 a (ZT)-group. It is known that the totality of linear frac
tional transformations over a field of characteristic 2 is a (ZT)-group, when 
it is considered as a permutation group on points of the projective line over 
the field. Recently I discovered a class of new simple groups. They are 
defined as a subgroup of GL (4, q) where g is a power of 2 and is non square. 
Originally they are given as a group generated by a certain set of 4 x 4 
matrices. Perhaps it is easy to define them as a set of fixed elements by a 
special automorphism of the classical group Sp(2), which in a sense ex
changes two dots of Dynkin Diagram of B2. This new definition is due to 
Ree and Steinberg. One property of this class of groups is that every member 
is a (ZTJ-group. Tits remarked that in the three dimensional projective 
space over GF(q) there is a certain oval consisting of 1 +q2 points and the 
group in question is defined as the totality of projective transformations 
leaving this oval invariant. The permutation representation on points of 
this oval is doubly transitive and satisfies the properties (1) and (2) if q > 2. 
I t was rather difficult to prove that there are no other (ZT)-groups. 

A class of (ZT)-groups is characterized by some group theoretical proper
ties. Namely one has the following theorem. A group G is a (Z!F)-group if 
and only if G is a non-abelian simple group containing a subgroup H such 
that 

(i) the center of H has even order, and 
(ii) C%(x)^H lot x^l,x£H. 

Here C%(x) denotes the generalized centralizer: i.e. 

C*G(x) = {y\y~1xy=x or x-1}. 

The conditions (i) and (ii) can be stated in weaker forms. For example (ii) 
is required only for involutions in H and for other elements the conditions 

G%(x)^NG(H) 

are sufficient. 
A (ZT)-group satisfies other interesting group theoretical properties. In 

a (ZT)-group G the centralizer of every non-identity element is nilpotent. 
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This property is of course shared by other groups. However it can be proved 
that if a non-abelian simple group G satisfies the above property, then G is 
either a (ZjP)-group or one of the linear groups. 

The simple groups in the first class discovered by Ree also admit a doubly 
transitive representation. Ree's groups do not satisfy 6raiö>c={l} for some 
triple a,b,c but the group Ga%btC is very small in any case. Both Ree's 
groups and (Z)-groups have the following property in common: 

(*) The group Ga contains a normal subgroup Q, which is transitive and 
regular on O — {a}. 

I studied a class of doubly transitive permutation group G of degree n 
satisfying the condition (*). The main result is the following theorem. 

Let G be as above. If moreover the degree n is odd and if the group GajQ is a 
solvable group of odd order, then G is isomorphic to one of the following three 
groups: (i) an extension of a (ZT)-group, (ii) an extension of a unitary group of 
dimension 3 over a field of characteristic 2 or (iii) an extension of the group of 
all linear transformations over a near field. 

Ree's groups do not come in because I assumed that the degree is odd. 
In all cases extensions are obtained by applying automorphisms of the 
underlying (near) field. 

The proof of the above theorem requires many tools, including the theory 
of characters and of transfers. A recent theorem of G. Higman on the struc
ture of a particular class of 2-groups is used to determine the structure of 
Sylow 2-groups of G. The ideas in proof are quite similar to the ones used to 
determine the structure of (ZT)-groups. The last case (iii) is a sort of a 
degenerated case. One has the case (iii) if and only if the group Q contains 
only one involution. 

The assumption (*) seems quite essential in this study. Also the assumption 
of solvability of Ga/Q is used to determine the structure of Ga§ b. Although 
my method does not apply to the groups of even degree, there are several 
indications that one might be able to classify all groups with the condition 
(*)• 

22 - 622036 Proceedings 



DUALITY THEOREMS IN GALOIS 
COHOMOLOGY OVER NUMBER FIELDS 

By JOHN TATE 

1. Notation and terminology 

Let X be a Dedekind ring with field of fractions k and let G be a commu
tative group scheme over X. Except in the special case X=T& or C (real or 
complex field) we put, for all r€Z, 

H'(X,C)=iimHr(GKlk!CY), 
~K 

the direct limit taken over all finite Galois extensions K of k in which the 
integral closure Y of X is unramified over X, where GKJk denotes the Galois 
group of such an extension, and where GY denotes the group of points of G 
with coordinates in Y. For example, if X=k, our notation coincides with 
that of [10]. For any X, the group Hr(X,C) is the r-th cohomology group of 
the profinite group Gt

jr=lim GKlk (fundamental group of Spec X) with 

coefficients in the öx-module lim CY of points of C with coordinates in the 
maximal unramified extension of X; a general discussion of the cohomology 
theory of profinite groups can be found in [5]. In the special case X ™ R orC 
we put 

Hr(B,C)=Êr(Gm,C) and Hr(G,C)=Er(GmgC)~0, 

where Ê denotes the complete cohomology sequence of the finite group G, 
in general non trivial in negative dimensions ([2], Ch. 12). 

In our applications, X will be a ring associated with an algebraic number 
field, or with an algebraic function field in one variable over a finite constant 
field, and the group scheme G will be one of two special types, which we will 
denote by M and A, respectively. By M we shall always understand (the 
group scheme of relative dimension zero over X associated with) a finite 
6rz-module whose order, | M \ = card M, is prime to the characteristics of 
the residue class fields of X. By A we shall denote an abelian scheme over X 
(i.e., an abelian variety defined over k having "non-degenerate reduction" 
at every prime of X). 

Underlying our whole theory is the cohomology of the multiplicative 
group, €rm, as determined by class field theory. For any M, we put M' = 
Horn (M,Gm). By our assumption that \M | is invertible in X, we see that 
M' is a group scheme of the same type as M, namely the one associated with 
the 6rjrmodule M' =Hom(Jf ,/Lt) where /u, denotes the group of roots of unity. 
Moreover we have \M\ =\M'\, and M^(M')'. For any A we put A' = 
T£xt(A,(xm), the dual abelian variety; then A^(A')f by "biduality". Our 
aim is to discuss dualities between the cohomology of G and C in both 
cases, C=M and G=A. Notice that Ext(Jf,6m) =0 and Hom(^4,6m) =0, so 
that in each case, 0' denotes the only non-vanishing group in the sequence 
Extr((7,Gm). Thus our results are presumably special cases of a vastly more 
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general hyperduality theorem for commutative algebraic groups envisaged 
by Grothendieck, involving all the Extr(C,Gm) simultaneously. 

Finally, for any locally compact abelian group H, we let Ë* denote its 
Pontrjagin character group. 

2. Local results 

Let k be either R or C (archimedean cases), or be complete with respect 
to a discrete valuation with finite residue class field (non-archimedean case). 
By local class field theory we have a canonical injection IP(&,Gm)-»Q/Z 
which associates with each element of the Brauer group of k its "invariant" 
which is a rational number (mod. 1). Hence the cup product with respect to 
the canonical pairing M xJf'-»Gm gives pairings Hr(k,M) xH2-r(k,M')-> 
Q/z. 

THEOREM 2.1. For all M and r the group Hr(k,M) is finite and the pairing 
just discussed yields an isomorphism Hr(k,M) **H%-r(k,M')*. 

In particular we have Hr(k,M)=0 for r > 2 when k is non-archimedean. 
In fact, even more is true in that case, namely the group Gk has strict coho-
mological dimension 2 in the sense of [5]. This fact, together with the theo
rem, can be proved easily using results of Nakayama [11], by writing 
M = FjR, where F is a Z-free ö rmodule. 

THEOREM 2.2. If k is archimedean, then Hr(k,M) is an elementary abelian 
2-group whose order is independent of r. If k is non-archimedean and o is the 
valuation ring in k, then the " Euler-characteristic" of M has the value 

%(k,M) = 
lg°(^Jf)Hg2(fe,Jf)| 

\H\k,M)\ (o:\M\o)' 

The archimedean case is trivial. In the non-archimedean case one uses the 
multiplicativity of % to reduce to various special types of simple M 's, only 
one of which is difficult. In that one the determination of % is essentially 
equivalent to a result of Iwasawa [7] on the structure of K*I(K*)P as 
6r^/fc-module, for a certain type of extension K/k. 

In case of an abelian variety A defined over k the relationship A' = 
Ext(^i,Gm) leads to a "derived cup product" pairing: 

Hr(k,A)xH1-r(k,A')->qiZ, 

as explained in [16]. The group H°(k,A), which is the group of rational 
points of A in k (modulo its connected component in case k=B> or C) is 
compact and totally disconnected because A is complete and k locally 
compact. On the other hand, we view Hx(k,A) as discrete and have then 

THEOREM 2.3. For all A and r, the pairing just mentioned yields an isomor
phism Hr(k,A)^H1~r(k,A')* (possibly provided we ignore the p-primary 
components of the groups in case k is of characteristic p>0). 

In the archimedean case this theorem is due to Witt [17]. For k non-
archimedean of characteristic 0, the case r=0 and 1 is proved in [16]. One 

file://o:/M/o)'
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can simplify that proof and at the same time extend the result to all r 
(i.e., show H2(k,A) =0 in the non-archimedean case), by applying theorems 
2.1 and 2.2 to the kernel, M, of the isogeny A^IA. The same method 
works for k of positive characteristic, with the proviso in the theorem. 
Although that proviso is probably unnecessary, new methods will be re
quired to remove it, possibly those of Shatz [15], where the analog of theo
rem 2.1 is proved for arbitrary finite commutative group schemes M over k. 

Suppose now that k is non-archimedean with valuation ring o. Let M 
be a finite 6ro-module such that \M | is invertible in o. 

THEOREM 2.4. We have \H*(d,M)\ = \H1(o,M)\ and Hr(o,M)=0 for 
r>\. In the duality of Theorem 2.1 between H^k^) and H1(k,Mr), the 
subgroups H^OjM) and H1^, Mf) are the exact annihilators of each other. 

The first statements follow from the fact that Go is a free profinite group 
on one generator. The annihilation results from H2(o,Gm)=0. The exact 
annihilation now follows by counting, using theorems 2.1 and 2.2. 

THEOREM 2.5. If A is an abelian scheme over o, we have H1(o,A)=0. 

To prove this one has only to combine results of Lang [8] and Greenberg 
[6]. 

3. Global results 

Let k be a finite extension of Q (case (N)), or a function field in one variable 
over a finite field (case (F)). Let S be a non-empty (possibly infinite) set of 
prime divisors of k, including the archimedean ones in case (N), and let ks 

denote the ring of elements in k which are integers at all primes P not in S. 
For example, if S is the set of all prime divisors of k, then ks = k. Let M 
be a finite module for the Galois group of the maximal extension of k un
ramified outside S, and such that | Jf 1̂ 5 = ^ . For each prime P in S, let 
kP denote the completion of k at P. The localization maps Hr(ks,M)-> 
Hr(kP,M) taken all together yield a map 

Hr(ks,M)^UHr(h,M), 
PeS 

where the symbol II denotes the (compact) direct product for r=0, the 
(locally compact) restricted direct product relative to the subgroups H^Op, M) 
for r = \, and the (discrete) direct sum for r>2. By Theorems 2.1 and 2.4, 
our local dualities yield isomorphisms 

P e S LPTS 1 

Thus by duality we obtain maps 

UHr(kP,M)tH*-r(kP,M')*, 
Pes 

namely /?r==(a2-r)*, where a' is to M' as a is to M. 
Let Kerr(ks, M) denote the kernel of ar, that is, the group of elements in 
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Hr(ks,M) which are zero locally at all primes PES. There is a canonical 
pairing 

(*) Ker2(fcs,M) x Ke^(iff, Jf')-*Q/Z 

defined as follows: we represent the cohomology classes to be paired by a 
2-cocycle / and a 1-cocycle /'. Then for each PES we have, over kP, a 1-
cochain gP and a 0-cochain gP such that f=ôgP and f =ag'P. Also, since 
Hz(ks,Gtm) has no non-zero elements of order dividing | M \, there is, over 
ks, a 2-cochain h with coefficients in Gm, such that f[)f'=ôh. Then, over 
kP, we have ô(gPU/') =ôh =ô(f UgP) and ô(gPUgP) =f\JgP—gP\J/', so that 
for eachP the cochains (gP\Jf)—hP and(/U gP) —havecocyclesrepresenting 
the same class, say xP, in H2(kP,Gm). We pair our original elements to the 
sum (over PES) of the invariants of these xP, it is easy to see that the result 
is independent of the choices involved. 

THEOREM 3.1. (a) The pairing (*) just discussed is a perfect duality of finite 
groups. 

(ò) a0 is injective, ß2 is surjective, and for r=0,1,2 we have Im a r =Ker ßr. 
(c) ar is bijective for r>3. 

Notice that these statements imply, and are, in turn, summarized by, the 
existence of an exact sequence: 

0->H°(ks,M^U H°(kP,M) * H2(ks, Jf,)*-^fl1(t5>M) 
PeS v 

n H\kP,M) 

0*-H°(ks, M')* £ D H\kP, M) * H2(ks, M)^H\ks, M'f 
PeS 

together with isomorphisms 

Hr(ks, M) - n Hr(kP, M) for r > 3, 
Preal 

where the unlabeled arrows in the exact sequence require the non-degeneracy 
of the pairing (*) for their definition. 

I understand that a large part of Theorem 3.1 has been obtained indepen
dently by Poitou, and I suspect that the theorem is closely related to results 
of Shafaryevitch on the extension problem to which he alluded in his talk at 
this Congress. 

If M=jim, the group of mth roots of unity, then Theorem 3.1 summarizes 
well-known statements in class field theory. For general M, all statements 
of the theorem except case r = l of (b) can be proved by considering the 
pairing M x Hom(Jf, C)->C, where G is the #-idele-class group of the maxi
mal extension of k unramified outside S; denoting by G the Galois group of 
that extension, one shows that the resulting pairing É2(ks, M) x HomG (M, G) 
->Q/Z is non-degenerate, except that in case (JV̂ ), there is a kernel on the 
right-hand side, namely the norm from K to k of Homz (M,DK), where DK 

is the connected component of the idele class group of a sufficiently large 
finite extension K of k. For finite S all groups involved are finite and the 
case r = l of (6) then follows by counting, using Theorem 2.2 and a method 
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of Ogg [12]. The passage to infinite S is not difficult. As a by-product of 
the proof one finds that the group G has strict cohomological dimension 2 for 
all primes I such that lks = ks, except of course ii 1 = 2 and k is not totally 
imaginary. 

Let A be an abelian scheme over ks and let m be a natural number such 
that mks = ks. For X = ks or X=kP, we put: 

Hr(X, A; m) = lim [Coker (Hr(X, A) - Hr(X,A ))] for r < 0, 
n 

a n d Hr(X, A; m)= lim [Ker(Hr(X, A) - £T(X, A))] for r>l. 
n 

The localization maps give homorphisms 

Hr(ks,A;m)*llHr(kP,A;m), 
Pë"S 

where now J l denotes the (compact) direct product for r = 0, and the (dis
crete) direct sum for r > 1. By Theorem 2.3 we have isomorphisms 

Y\W(kP, A; m) * T Q H1-^, A'; m)V 
PeS LPeS J 

and consequently by duality we have maps ßr = (ai_r)*: 

Q Hr(kP, A; m) - H1'^, A'; m)*. 
PeS 

Let Kerr(&s,.4; m) denote the kernel of ar. For r>\ and fixed m and A, 
this group is independent of S, by Theorem 2.5. Hence, Ker1(^lS,^l,m) is 
the m-primary component of the group of everywhere locally trivial prin
cipal homogeneous spaces for A over k. As is well known (and follows for 
example from [10], Theorem 5) this group is an extension of a finite group by 
a divisible group of "finite rank". There is canonical pairing 

(**) K e r 1 ^ , A; m) x K e r 1 ^ , A'; m)->Q/Z 

which can be defined either by a method using finite modules of m-primary 
division points and quite analogous to the definition of the pairing (*) above, 
or else by generalizing the method used by Cassels [3] in case dim A = \, the 
generalization involving the "reciprocity law" of Lang [9]. 

THEOREM 3.2. The pairing (**) annihilates only the divisible part of 
Ker1 (k,A; m), nothing more. 

In case dim A = l this theorem is due to Cassels [3], and his methods 
suffice for the case of general A, once one has Theorem 3.1 at one's disposal. 
Cassels' proof of skew symmetry in dimension 1 gives in the general case: 

THEOREM 3.3. If E is a divisor on A rational over k, and ojE:A->Af the 
corresponding homomorphism, defined by (pE(a)=Gl(Ea — E), then for any 
a GKer^&s,^; m) the elements a and <pE((x) annihilate each other in the pairing 
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There is also a canonical pairing 

(***) Ker°(fcs, A; m) x Ker2(ks, A', m)->Q/Z 

and we have 

THEOREM 3.4. The map oc2 is surjective and its kernel is the divisible part of 
H2(ks,A; m). Moreover, the following statements are equivalent: 

( iÏÏKer1^,^; m) is finite (i.e. its divisible part is 0). 
(ii)jjTm a0=Ker ß0, and the pairing (***) gives a perfect duality between 

the compact group Ker° and the discrete group Ker2. 

Thus if these equivalent conditions (i) and (ii) are satisfied, we have an 
exact sequence 

0-» UH2(kP, A'; m)* *£ H2(ks, A'; m)*-+H°(ks, A; m) 
Preal i 

CH\k P ,A ,m) " H\ks, A; m)<r-H\ks, A'; mf - \\ H°(kP, A; m) 
pes A ^ Pes 

H°(ks,A';m)*^EP(kSlA;m)°^ U H*{kP,A;m)^0 
Preal 

quite analogous to (3.1), but with the appropriate shift of dimensions by 1. 

4. Conjectures 

In view of Theorem 3.4, one would have to be more pessimistic than I not 
to make the following 

CONJECTURE 4.1. K.evx(ks,A', m) is finite. 

There is some numerical evidence for this. For example, Selmer [13] 
has shown Ker1(Q,^4,3) is finite for all but a few elliptic curves A of the 
form x3+y3=cz3 with 0<c<500. A proof of 4.1 which yielded an a priori 
estimate for the order of Ker1 (Äs, A; m) would yield an effective procedure 
for computing the rank of, and finding generators for, the group of rational 
points on an abelian variety. In general, conjecture 4.1, is in the nature of an 
existence theorem for rational points of infinite order on abelian varieties. 

Another conjecture in the same direction is that of Birch and Swynnerton-
Dyer, discussed by Cassels in his talk at this Congress, to the effect that the 
rank of the group of rational points on an abelian variety A of dimension 1 
is determined by the order of the pole of the zeta-function of A at s = l. 
In case (F), i.e., if k is a function field over a finite field k0 with q elements, 
the two conjectures are conjecturally equivalent. Namely, let Y be the 
complete non-singular model of k/k0, and X the unique complete non-singu
lar model of k(A)/k0 which is minimal with respect to the morphism X->Y. 
Let X=X x kQ be the variety obtained by extending the finite ground field 
to its algebraic closure, and let ç>:X->X be the Frobenius morphism of X 
relative to k0. Combining the result of Ogg [12] and Shafaryevitch [14] with 
recent results of M. Artin [1] on the Grothendieck cohomology of algebraic 
surfaces, one sees that conjecture 4.1 is equivalent in case (F) to 
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CONJECTURE 4.2. The operator qo—q annihilates exactly that part of H2(X,7im) 
which is il algebraic93 and rational over k0, and no more. 

Clearly, 4.2 makes sense for any complete non-singular surface X over a 
finite field, not only for a pencil of elliptic curves. So generalized, conjecture 
4.2 is equivalent, modulo Weil's well-known conjectures, to the following 
function theoretic analog of the conjecture of Birch and Swynnerton-Dyer. 

CONJECTURE 4.3. Let X be a complete non-singular algebraic surface defined 
over a finite field kQ. Then the order of the pole of the zeta-function of X at the 
point 5 = 1 is equal to the number of algebraically independent divisors on X 
rational over kQ, i.e., to the k0-picard number of X. 

Mumford has called my attention to the following interpretation of 4.3 in 
the special case when X is the product of two curves, one of which is elliptic. 

CONJECTURE 4.3' . Let E and E' be two complete non-singular curves defined 
over a finite field k0, and suppose E is of genus 1. Then there exists a non-
constant rational map E'->E defined over kQ if and only if the zeta-function of 
E divides that of E'. 

In particular, if E and E' have genus 1, then they are isogenous over kQ 

if and only if they have the same zeta-function. This beautiful statement has 
been proved by Birch and Swynnerton-Dyer and (independently) by Mum
ford, using results of Deuring [4] on the lifting to characteristic 0 of the 
Frobenius automorphism. 
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TWO RESULTS ABOUT FINITE GROUPS 
By JOHN G. THOMPSON 

I would like to discuss two results about finite groups: 
(0) All finite groups of odd order are solvable. 
(F) A finite group is nilpotent if it admits a fixed point free automorphism 

of prime order. 
Walter Feit and I proved (0) after a prolonged joint effort [5]. A critical 

special case of (0) was proved by Walter Feit, Marshall Hall, Jr. and me [4]. 
A slightly stronger result than (F) is in the literature [16]. 

I t was Suzuki who took the first big step toward the proof of (0), for he 
showed that the group G is solvable if it is of odd order and if in addition 
the centralizer of each non-identity element of G is abelian [15]. The proof 
of this apparently very special case removed one of the major stumbling-
blocks in the proof of (0). Suzuki's proof contains an application of excep
tional characters. Exceptional characters were discovered by Brauer and 
Suzuki and their simplicity and power have been of great help in recent 
work in finite groups. Suzuki's proof also presents a structure for the proof 
of (0). This structure is very easy to describe; it has two parts: 

(1) Determination of the maximal subgroups. 
(2) Exploitation of Frobenius reciprocity. 
The special case of (0) alluded to consists simply in replacing "abelian" 

by "nilpotent" in Suzuki's result. A skirmish with ^-groups and a modifica
tion of one character argument mark the only divergence from Suzuki's 
proof. 

The proof of (0) involves a large number of technical problems and a great 
deal of case analysis. Proving (0) by induction on the order of G, it can be 
assumed that G is simple and that every proper subgroup of G is solvable. 
In the determination of the maximal subgroups of G, a much more serious 
contact with solvable groups is required than is customary. An initial 
analysis, to which I will return, shows that the maximal subgroups of G are 
of two types. Type 1 consists of those subgroups M which are split exten
sions of a nilpotent normal subgroup H by a group E with the property that 
E contains a subgroup E0 of the same exponent as E such that non-identity 
elements of E0 induce fixed point free automorphisms of H. Furthermore, 
the set of elements of E which have non-identity fixed points on H lies in a 
normal abelian subgroup of E. Type 2 consists of those subgroups M which 
are extensions of a normal Hall subgroup H by a non-identity subgroup E 
such that any two non-identity elements of E have the same cyclic fixed 
point set on H. Furthermore, H is the derived group of M. These conditions 
imply that the derived group of H is nilpotent, and if H is not nilpotent, 
then E has prime order. 

If M is of type 1, HQ denotes the set of elements of M commuting with 
some non-identity element of H. If M is of type 2 and H is nilpotent, H=HQ, 
while if H is not nilpotent, H0 is a suitable subset of H. The set HQ has many 
properties. Two elements of H0 are 6r-conjugate only if they are M -conjugate. 
If # is a non-identity element of H0 and if the centralizer of x is not contained 
in M, then there is a maximal subgroup N of G containing the centralizer 
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of x with the property that NOM has a normal complement in N. Also, 
the index of N fi M in N is relatively prime to the order of every element of 
H0 and to certain other relevant integers. 

The proofs of the preceding statements involve the "serious contact 
with solvable groups" mentioned above. Assuming these results, let C be 
the set of class functions of M vanishing outside H0 and let G0 be the subset 
of G whose elements vanish also at the identity. There is a linear isometry t 
mapping C0 into the class functions of G, and t maps generalized characters 
into generalized characters. The existence of t is established by exhibiting 
explicitly suitable class functions of subgroups of G and checking that 
the preceding results render the induction map manageable. The mapping t 
is the bridge between local and global information, since if c is in C0, then c 
and its image under t agree on H0. 

I t is then necessary to attempt to extend t to C. The basic idea here is 
Feit's [3] and with a suitable modification it is shown that t may be extended 
provided only that certain inequalities are satisfied. These inequalities 
depend only on the group M and not on its imbedding in G. If these inequa
lities are not satisfied, the structure of M is very limited. 

The most delicate portion of the above analysis deals with a subgroup M 
of type 2, where H is a non-abelian p-group. It is a critical part of the proof 
to show that even if the relevant inequalities are violated, the desired exten
sion of t is still available. Success is obtained only by considering a suitable 
maximal subgroup of G which contains E and is not conjugate to M, that is, 
it is necessary to study the imbedding of M in G. 

Once the problem of extending t has been exhaustively examined, several 
striking results emerge. If M is of type 1, then E = E0, that is, M is a 
Frobenius group. If M is of type 2, then H is not nilpotent, so that E is of 
prime order. In conjunction with the special case of (0) already men
tioned, it follows that G contains two non conjugate maximal subgroups S 
and T, each of type 2, whose intersection is a self-normalizing cyclic sub
group of order pq, p and q being distinct primes. Furthermore, both S' 
and S/S" are Frobenius groups. 

In this bizarre situation, relentless pursuit of inequalities involving sets 
of exceptional characters shows that both T' and T\T" are Frobenius 
groups, and the structure of S and T is determined explicitly. S is isomor
phic to the group of mappings matbiS:x->axs+b, where a,x,b are in F(pQ), 
the field of pq elements, N(a)=a1+p+mm-+p9~1 = l, and where s ranges over 
the automorphisms of F(pq). T is obtained from S by interchanging p and q. 

The symmetry between S and T is now destroyed by taking p>q. In 
this situation, T contains a cyclic subgroup V of order (qv — l)j(q — l) 
which is the centralizer of each of its non-identity elements, and V is of 
index pq in its normalizes On the other hand, S contains a cyclic subgroup 
U of order (pQ~ l)l(p — 1). Furthermore, either U is the centralizer of each 
of its non-identity elements and U is of index pq in its normalizer, or U is 
conjugate to a subgroup of V. The first possibility can be handled in a 
fairly straightforward fashion, since the exceptional characters for U are 
distinct from those for V. In the second case, however, the exceptional 
characters for U and V coalesce, and the character theory ceases to produce 
further reductions. Of course, the information that (pQ — l)l(p — l) divides 
(qp — l)l(q — 1) is now available since U is conjugate to a subgroup of V, 
but this information is difficult to exploit. 
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The final analysis involves the study of generators and relations which 
capture the intertwined nature of S and T and leads to a question about 
F(pQ). Namely, if / is the linear fractional transformation sending x to 
(2—x)-1, does there exist an element a of F(pQ) different from 1 such that 
N(as) = 1 for all powers s of fi This question is considerably easier than the 
previous divisibility problem, and the negative answer retranslates to the 
relations to give a contradiction and completes the proof of (0). 

The problems involving solvable groups which arise in the proof of (0) 
are diverse. The arguments are based on P. Hall's theory of solvable groups 
[6-13]. The very exploitable Theorem B of Hall and Higman [14] also 
plays an important role. N. Blackburn has classified all jp-groups which 
contain no normal elementary abelian subgroup of order p3, p being an 
odd prime [1,2]. Such ^-groups contain no elementary abelian subgroup of 
order pz. I t is an easy consequence of this result that if P is such a p-group 
and P is a ^-subgroup of the ^-solvable group H, and H is of odd order, 
then H has jp-length one, and elements of P are H-conjugate only if they 
are conjugate in the normalizer of P. Thus, for many purposes, we can con
sider the imbedding in G of such /S^-subgroups as known. 

Let s denote the set of primes p such that G contains an elementary 
abelian subgroup of order ps. If p is in s and P is a $p-subgroup of G let A 
be a maximal normal abelian subgroup of P which is not generated by two 
elements. The first major reduction in the proof of (0) is that for each prime 
q different from p, the centralizer of A permutes transitively by conjugation 
those g-subgroups of G which are maximal with respect to the property of 
being normalized by A. Under the hypothesis that A normalizes some non-
identity g-subgroup of G, the preceding result has a powerful consequence. 
Namely, if N is the normalizer of the center of the weak closure of A in P, 
then N has no normal subgroup of index p, and if H is any subgroup of P 
which contains A, then the normalizer of H is contained in N. 

If px and p2 are in s, write px *p2 provided G contains subgroups EX,E2 

which are elementary abelian of orders p\,p2 respectively, such that Ex and 
E2 generate a proper subgroup of G. The next reduction states that if 
pt*p2 and if Pt is a ^-subgroup of G, and if Px centralizes every ^-sub
group of G which it normalizes and P2 centralizes every # rsubgroup of G 
which it normalizes, then G contains a nilpotent SPl> pa-subgroup. 

A variety of further reductions leads to a proof that * is an equivalence 
relation on s and that if e is an equivalence class, then G contains a Se-
subgroup H, while H 0 Hx is of square free order for every x in G which 
does not normalize H. The method of proof shows that H is a proper sub
group of G. The transition from this result to the more precise structure 
and imbedding in G of the maximal subgroups of G is somewhat technical 
but straightforward. 

I t is now possible to indicate a major difficulty in the study of the sub
groups of G and at the same time to indicate the connection between this 
difficulty and the proof of (F). In proving (F),it was convenient to prove a 
stronger result. The nature of the induction hypothesis for this stronger 
result permits the problem to be reduced to a detailed examination of a 
suitable solvable subgroup K of the group in question. The group K is of 
order paqb and has the property that if H is the maximal normal p-subgroup 
of K and Q is the maximal normal g-subgroup of K, then H maps onto the 
maximal normal jp-subgroup of K/Q. Furthermore, K contains a #p-sub-
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group of the normalizer of H. This is exactly the situation encountered in the 
proof of (0). In such a situation, it can be shown tha t if P is a ^ - subgroup 
of K contained in the #p-subgroup P * of G, then H contains every normal 
abelian subgroup of P * . Let A be any maximal normal abelian subgroup of 
P * and let C be any conjugate of A contained in K. I t is important to con
clude tha t C is contained in H, t ha t is, Wielandt's notion of weak closure 
plays a dominant role here [17]. To obtain this containment, Theorem B 
of Hall-Higman [14] is applied. If A is not elementary, Theorem B suffices 
for (F). However, if A is elementary, the argument breaks down in (F), 
while in (0) i t is only possible to assert t ha t K is generated by K 0 Nt and 
J5T (1 iV2, where Nx and N2 are subgroups of G whose definition is independent 
of K. Even this weaker result is quite powerful and in the proof of (0) the 
systematic exploitation of this fact leads eventually to the containment 
C^H. The argument succeeds because there are many subgroups which 
can play the role of A. I t is not so important tha t A be a maximal normal 
abelian subgroup of P * . The relevant point is tha t A be a normal subgroup 
of P * which contains all elements of P * which centralize A, and the class 
of nilpotency of A must be small enough to guarantee tha t AS^H. I n fact, 
even these conditions may be relaxed somewhat. This latitude in the 
choice of A plays a critical role in the proof of both (0) and (F). 

I n the proof of (0), the hypothesis tha t G is of odd order is used in a 
variety of ways. Theorem B is sharper for groups of odd order than for 
groups of even order. Various results about p-groups fail to hold for p=2. 
Non-principal irreducible characters of groups of odd order are non-real. 
The analysis of characters leads to inequalities in which the parameter is a 
prime divisor of the group order, and the inequalities force the prime to be 
small. If S is a group of odd order, and if S does not contain an elementary 
abelian subgroup of order pz for any prime p, then S' is nilpotent. This 
easy result is used frequently. The symmetric group on four letters is a 
counterexample if the oddness condition is omitted. 

I t is too early to indicate whether the techniques used in proving (0) and 
(F) will be relevant in the further study of finite groups. I t is certain tha t 
these techniques can be refined to give a neater proof of (0) than the present 
one. Perhaps in conjunction with Brauer's modular theory, new results can 
be obtained. Also, it is reasonable tha t the cohomology groups of finite 
groups will yield insights denied to the more "internal" analysis characteri
zing the proofs of (0) and (F). Finally, we can hope tha t involutions enjoy 
properties which are yet unexploited. 
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UNIQUE CONTINUATION AND LOWER 
BOUNDS FOR SOLUTIONS OF ABSTRACT 

DIFFERENTIAL EQUATIONS 

By SHMUEL AGMON 

1. Introduction 
In recent years the uniqueness problem for the Cauchy problem for partial 
differential equations was considered by many authors. In particular 
A. P. Calderón [3] proved a very general uniqueness theorem. This has been 
simplified and extended by B. Malgrange [13] and L. Hörmander [6]. Prior 
to that various authors considered the unique continuation problem for 
second order elliptic equations. The most general result here was obtained 
by N. Aronszajn [2] and H. O. Cordes [5]. 

The unique continuation problem for abstract differential equations was 
first considered by P. D. Lax [10] who applied his results to second order 
elliptic equations having the Laplacian as a leading part. In the following 
we shall describe some recent results obtained for the abstract unique 
continuation problem. Our discussion will be based on a joint work of L. 
Nirenberg and the author [1]. 

We consider differential equations of the form: 

Lu = \^-Au = 0, (1.1) 

% at 

as well as perturbed equations (in an inequality form): 

IMI<o(*)H|, (1-2) 
where u(t) is a function with values in some Banach space and A is a closed, 
densely defined, unbounded linear operator. For simplicity it will be as
sumed that u(t) (with values in domain of A) is strongly continuous and has 
a piece wise strongly continuous derivative. For solutions of (1.1) or (1.2) we 
shall be interested in the following uniqueness results: (i) uniqueness for the 
finite Cauchy problem, i.e. when u(T)=0 implies u = 0 for t<T (here the 
backward Cauchy problem is usually not a well posed problem); (ii) uni
queness at infinity. That is, when u(t)->0 with a certain rapidity as £->oo 
implies that u = 0. In some cases it will be possible to derive lower bounds 
for any solution of (1.1) or (1.2). This should be considered as the strongest 
form of a unique continuation result. 

2. The non-perturbed equation 

For solutions of (1.1) it is easy to obtain general conditions which ensure 
uniqueness. Thus for the finite Cauchy problem one has the following result 
(Lyubiè [12] and [1]). 
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THEOBEM 2.1. Let u(t) be a solution of (1.1) for 0 <£< T with u(T)=0. As
sume that there is a simple Jordan curve Y going to oo lying in a closed angle in 
the open upper half X-plane on which the resolvent R(X;A) = (X—A)~1 exists 
and satisfies: 

\\R(X;A)\\ = 0(e«l™x) 

for some constant a>0. If T>oc then u(t)=0 for t>oc. 
The proof of this result follows readily taking Fourier transform and 

using the Phragmén Lindelof principle. 
Suppose that the operator iA is of the form: 

iA=e-ixÄ, (2.1) 

where A is the infinitesimal generator of a semi-group of bounded operators 
T(t) and a is a real number, 0 < | a | <n. In this case one has the following 

THEOBEM 2.2. If u is a solution of (1.1) on t>0 such that 
n 

|| u(t) || = <9(exp ( - e*N)) a s t -> oo, 

for some e > 0, then u = 0. 
The proof of Theorem 2.2. is almost immediate if one observes that under 

the conditions on A any solution u of (1.1) in an interval (a,b) admits a 
continuous extension into the semi-infinite strip in the complex Spiane 
consisting of all points t=s + reix with a<s<b,0<:r<°o9 the extension being 
analytic for a<s<b, r>0. Explicitly the analytic extension is given by the 
formula: 

u(t) = T(r)u(s). (2.2) 

Suppose that in (2.1) A is actually the infinitesimal generator of a group 
T(t) ( — oo <t< oo). In this case a solution of (1.1) in (a,b) is analytic in the 
interval and admits an analytic extension into the infinite strip: t=s+reicc, 
a<s<b, —oo<r<oo which is given by (2.2). In the special case that 
T(t) is uniformly bounded, say ||T(£)|| <JW, application of Hadamard's 
three lines theorem in the strip shows that the following convexity result 
holds for any solution of (1.1) in [a, b]: 

|| u(t) \\<M\\ u(a) ||<»-«>/<»-«> || U(b) f" amb-a) (a<t<b). 

From this it follows readily that any solution u^0 on t>0 satisfies a lower 
bound of the form: 

| |w(t) | |^ce-^ (c and p,>0). 

If T(t) is not uniformly bounded a somewhat more involved convexity 
relation shows that any solution on t>0 satisfies a lower bound of the 
form: 

Another lower bound is obtained when one takes an intermediate situation 
between the two considered above. Namely, when the assumption that A 
is the infinitesimal generator of a group is replaced by the assumption that 
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both A and yÄ for some non-real y are the infinitesimal generators of semi
groups. This situation appears in the case of analytic semi-groups and was 
considered by Krein and Prozorovskaya [8]. Finally we note that lower 
bounds for solutions of (1.1) in a general case when A is not the infinite
simal generator of a semi-group were obtained in [1]. 

3. The finite Cauchy problem for the perturbed equation 

We consider now the unique continuation problem for the perturbed 
equation: 

II4.II- 1 du 
- — -Au 
i dt <*wlM|. (3.1) 

In this section we assume that the Banach space is a Hilbert space. The 
following theorem was proved by P. D. Lax [10]. 

THEOBEM 3.1. Let ube a solution of (3.1). Assume that there is a sequence of 
lines in the complex X-plane parallel to the real axis, lmX=an, with an->oo, 
on which the resolvent R(k,A) = (X—A)~x exists and is bounded by a constant M. 
If<S>(t)^c for some c<M~xthen \ui$)\ = 0(e~at) as £->oo for every positive 
a implies that u = 0. 

I t was shown by Lax that the condition c<M~x cannot be dropped. 
If, however, one is interested in uniqueness for the finite Cauchy problem 
the conditions on the resolvent could be relaxed. The following result was 
established in [1]. 

THEOBEM 3.2. Let u be a solution of (3.1) in an interval 0 < £ < J T with 
u(T)=0. Let F be a sequence of lines ImA=an in the X-plane with an->oo. 
Assume that there exist positive numbers s, M and an integer j>0 such that on 
each line of F the resolvent R(X;A) is bounded by M outside j intervals of 
length s (the intervals may vary from line to line.) Then there is a constant 
c>0 depending only on j , s and M such thai if <$>(t)<c then u = 0. 

We mention also the following variant of the last theorem [1] where one 
imposes a stronger restriction on the resolvent but relaxes the assumption 
on # . 

THEOBEM 3.3. Let u be a solution of (3.1) in [0,T] with u(T)=0. Suppose 
that on a sequence of lines ImA=an, <v->oo, the following inequality holds: 

M 
11 R(k A) !l * |Re(A-An)|g f ° r ' R e (A " An) I > '' 

for some point Xn with Im?.n=an, and where a, s are positive constants, er<l. 
Then if O belongs to Lp on the interval with 2 <p < oo and p>a~1, then u = 0. 

4. Convexity results and lower bounds 

We turn to the more special unique continuation results which involve 
lower bounds for solutions of the perturbed equation (3.1). P. Cohen and M. 
Lees [4] have shown that if iA is a symmetric operator in a Hilbert space 
23 - 622036 Proceedings 
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and if <S>(t)€Lp(0,oo)} K j ? < 2 , then any solution u^O on t>0 satisfies a 
lower bound of the form: 

| |«(*)| |>«-'*, (4.1) 

c and fi some positive constants depending on the solution. 
In case A is a non real multiple of a self-adjoint operator (4.1) and 

various extensions were derived in [1] from the following convexity result. 

THEOBEM 4.1. Suppose thai; A is a non-real multiple of a self-adjoint opera
tor. Let ube a solution of (3.1) in an interval [a,b] over which 

I. 
b 1 

<S>(t)db<—p.. 
21/2 

Then u satisfies the following convexity inequality 

|| u(t) || < 2 V21| u(a) ||<&-'>/<&~*> || U(b) ||<*-«>/<»-«> (a<t<b). 

Convexity results hold not only for self-adjoint operators and not only 
in Hilbert spaces. The following theorem is an example of such a result in a 
more general situation. 

THEOBEM 4.2. Suppose that the operator iA (in a Banach space) is a non-real 
multiple of an infinitesimal generator of group T(t). Let the function O in 
(3.1) be a constant. Then there exist positive numbers d and G (depending only 
on A and O) such that for every solution of (3.1) in an interval [a, b] of length ^d 
the following inequality holds: 

|| u(t) || < G || u(a) \f~W-v || u(b) ||<'->'<*-«> (a < t < b). (4.2) 

We note that the last theorem admits a refinement if the group of 
operators satisfies an estimate of the form 

| | ^ ) | | < c o n s t ( l + |«|I) for - o o < j < o o (4.3) 

and some l>0. 
From the convexity results it is possible to derive lower bounds for 

solutions of (3.1) on the positive axis. The following two theorems are special 
cases of more general results [1]. 

THEOBEM 4.3. Suppose that the conditions of Theorem 4.2. hold and let 
u^O be a solution of (3.1) for t>0. Then 

\\u(t)\\>ce"^ for t>0, (4.4) 

c, p, some positive constants. 

THEOBEM 4.4. Suppose that A satisfies the conditions of Theorem 4.2 and 
that in addition (4.3) holds.Let u^Obea solution of (3.1) for t>0, and suppose 
that 

0(*)< const (l + t)'k for t>0 

with k>l+l. Then: 

||f*(*)||>cc-|,f (c,fx>0). 

file:///f~W-v
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5. On applications 

The abstract approach was used by P. D. Lax [10] to prove the unique 
continuation theorem for second order elliptic equations possessing the 
Laplacian as their principal part. 

The results described here and in particular those of § 4 could be used to 
derive lower bounds (via a convexity argument) for solutions of parabolic 
and elliptic problems in semi-infinite cylindrical domains. In this connection 
we note that convexity results for (perturbed) parabolic problems were 
obtained by Krein [7], and for elliptic problems by Lavrentev [9]. The 
unique continuation problem at infinity for parabolic problems was con
sidered by Protter [14] and Lees [11]. 
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COMPLEX PSEUDOCONCAVE SPACES AND 
AUTOMORPHIC FUNCTIONS 

By ALDO ANDREOTTI 

Compact complex spaces and holomorphically complete spaces have been 
widely studied in recent years. An attempt to fill the gap between these 
two somewhat extreme instances has been made recently [3] with the intro
duction of the notion of g-pseudoconvex and g-pseudoconcave spaces. This 
theory is at its beginning, and applications are not very numerous. We will 
deal here with a very special case, the case of "pseudoconcave spaces", 
which has shed some light on the theory of automorphic functions fo several 
complex variables. We will try to give a self-contained outline of the subject 
(cf. [2]) in the case which is of interest for that theory (for more comprehen
sive theorems we refer to [1]). 

(a) Let D be an open set in Cn, and let 3D =D — D be its boundary. 
We say that D is pseudoconcave at a boundary point zQE3D if there exists 

a fundamental system of open neighborhoods {U} of z0 in Cn such that 

(U fi D)wu) contains z0 as an interior point. 
Here ?/( U) is the algebra of holomorphic functions on U and we have deno
ted for any set V c U 

tViU) = {zeU\ | /(2) | <sup | / (F) | for every f£U(U)}. 

A criterion for deciding the psuedoconcavity at a boundary point z0 is 
the following: 

The domain D is pseudoconcave at zQ£8D if there exists a two-complex-
dimensional plane E(tt,t2) through zQ, a neighborhood V of zQ in E and a C00 

function p on E such that 

P(Z0)=O, voD={tev\p(t)<o}, 

L(p) = 2^ao2f l^ a ^ ** positive definite at z0. ot dip 

b) Let X be a complex connected manifold (with countable topology) of 
complex dimension n, and let T be a group of complex analytic automor
phisms of X. 

DEFINITION. We say thai T is pseudoconcave if there exists a non-empty 
relatively-compact open subset D<,X such that for every point z0E8D there 
exists in the orbit TzQ either an interior point of D or a boundary point of D 
where D is pseudoconcave. 

If T is properly discontinuous (i.e. for every compact KczX the set 
{yET\yK C\K=$=<f>} is finite) and X/T is compact, then T is pseudoconcave. 
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If I \ and T2 are two groups of automorphisms of X and if I \ 0 T2 is of 
finite index in I \ and r2 , we say that I \ and T2 are commensurable. If I \ 
and T2 are commensurable and if I \ is pseudoconcave, T2 is also pseudo-
concave. 

If T is pseudoconcave, then any T-invariant holomorphic function on X 
is constant. 

(c) An automorphic line bundle F over X is a holomorphic line bundle on 
which T acts by automorphisms compatible with the projection map on X. 

If X is a contractile Stein manifold, the datum of an automorphic line 
bundle is equivalent to the datum of a factor of automorphy. 

Given an automorphic line bundle F over X with respect to V, we can 
speak of the space of T-invariant sections of F. The main theorem is the 
following: 

THEOBEM. If V is pseudoconcave, then the space of T-invariant sections of F 
is of finite dimension. 

Let Fh be the Äth tensor power of the line bundle F; it is also an auto
morphic line bundle. From the proof of the above theorem one gets for the 
dimension of the space H°(X, Fh)T of T-invariant sections of Fh an estimate 
of the following type: 

dime H°(X,Fh)T < polynomial in h of degree <n. 

(d) Assume now that V is properly discontinuous. Consider the ring 

AV(F)= \}H°(X,Fhf. 
h 

This is a graded integral domain. Let QT(F) be its field of quotients and let 
JCr(X) be the field of T-invariant meromorphic functions on X; then obvi
ously 

QT(F)aXT(X). 

From the above considerations one deduces the following 

PBOPOSITION. The transcendence degree of %T(X) is < dime %\ for every 
automorphic line bundle F the field QT(F) is algebraically closed in JCT(X); 
the ring Ar(F) is integrally closed in Qr(F). 

In particular if trans, deg. Qr(F)= dime X, then every T-invariant 
meromorphic function on X can be written as a quotient of two sections of a 
tensor power of the line bundle F; the field %T(X) is then isomorphic to 
the field of rational functions on a projective algebraic variety of complex 
dimension n. 

Consider now the space X/F; this is a complex space in a natural way 
[5]. If X/T can be imbedded as a locally closed subset of a projective space 
PN(C), then XjT, so imbedded, is a part of an algebraic irreducible variety of 
PN(C) of the same dimension. 

(e) We conclude with the example of the modular groups of degree n > 1 
(cf. [7]). Here the space X is the generalized upper half plane 

X = {Z<n'n)eCn'\tZ = Z ImZ>0}. 
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This space is a contractile domain of holomorphy of Çjn<n+1)/2. The group is 
the modular group of automorphisms of X: 

Z-*{AZ + B) (CZ + D)-\ 

where M = ( I is a matr ix with integral elements satisfying the condi

tion 

•0=(J9-
Let Z = X + iY, X = (a>), and write Y in the Jacobi form: Y = *WàW 

where A = diag(rf1,...,dn) and W=[ \ tf . 

Consider the fundamental open set for T: 

\xvl\<u 

The set 

h%i|<î* (u large). 

1 < u dx < ... < udn 

Duk = {ZeQu\ det. Y<k} 

is relatively compact in X and for large k one can prove, taking D = Duk 

and using the criterion given in (a), t ha t V is pseudoconcave (cf. [2]). 
I n particular one deduces t ha t the field of T-invariant meromophic func

tions on X is an algebraic function field, a theorem first proved by Baily [4] 
using the compactification of Satake [6] of the quotient space X/T. 

A more general class of examples is given by the theory of Riemann 
matrices as i t has been remarked by Bamanhat tan . 
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ON THE MODULI OF ABELIAN VARIETIES 
WITH MULTIPLICATIONS FROM AN ORDER IN 

A TOTALLY REAL NUMBER FIELDS) 

By WALTER L. BAILY, JR. 

1. Introduction 
We wish to present here a theory of moduli for connected families of 
polarized Abelian varieties whose endomorphism ring contains a given 
order in a totally real algebraic number field. Our results overlap results of 
G. Shimura [5] and results of S. Katayama. In certain cases we are able to 
employ the theory of 0-functions to obtain results more precise than those of 
Shimura and Katayama concerning generation of the field of moduli by 
certain automorphic functions. The curious fact is that the results of these 
authors, insofar as they are not concerned with the Fourier expansions of 
automorphic forms, coincide with ours up to a set of measure zero, and in 
their work the 0-functions do not play such a dominant role. Moreover, the 
work of Shimura on the families of Abelian varieties whose endomorphism 
rings contain a maximal order of an indefinite quaternion algebra makes very 
little use of fl-functions. This leads us to suspect that our methods could be 
substantially simplified in their utilization of 0-functions. However, we 
should not lose sight of the essential nature of the results described here 
(and of the results of the above authors) as opposed to results of a more 
purely algebraic nature on the general problem of moduli. Namely, the 
results presented in this communication describe a concrete model for the 
variety of moduli of Abelian varieties with multiplications as the quotient 
of a symmetric Riemannian space by a discrete group of isometries, and 
tell us a set of transcendental functions which describe the field of moduli. 

In presenting the results that follow, we wish to emphasize that in the 
preparation of these results we have had access to a prepublication copy 
of a manuscript of S. Katayama which has been very useful in clarifying 
the situation when the order in the number field is maximal and in focussing 
our attention on the essential algebraic difficulties which arise in the case 
of non-maximal orders. Moreover, the results of I. I. Pyateckii-Shapiro [4] 
on singular modular functions have also been very useful to us. 

2. Definitions 
By an analytic family of Abelian varieties we mean a triple (A,X,B), 

where A and B are irreducible complex analytic spaces and A is a proper 
complex analytic mapping of A onto B such that for some proper analytic 
subset £ of B, and for any b£B—£, the "fiber" Ab=X~1(b) is an Abelian 
variety of dimension n (fixed n for all b£B—£), and such that, putting 
Ail)=(k1)-1 (diagonal of Bl) and k0)=(Xl)\A0) (for any positive integer 

(*) Research for this paper was supported in part by funds from the National 
Science Foundation and from the Alfred P. Sloan Foundation. 
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I), the group law of Ab is cut out on Ab
Z) =A{3,"1(6) by an analytic subset G 

of AiZ) for all bEB—£. Let r be some ring. We say that (A,X,B) admits 
the ring r as an endomorphism ring if for each Q Er we are given an analytic 
subset I(Q) of Al2) such that for each bEB—£, ib(o) =I(Q) 0 A(

b
2) is the graph 

of an endomorphism of Ab and such that 

is an isomorphism of r into A(Ab) for all bEB—£. 
The same definitions will also be used with the usual replacement of 

complex analytic objects by the corresponding objects of algebraic geo
metry. If k is a field, we say (A,X,B) is defined over k if A,A, and B are 
defined over k. We say (A,X,B,i,r) is defined over k if (A,X,B) and every 
element of t(r) are defined over k. 

3. Reduction of the problem 

Given any algebraic family of Abelian varieties in some projective space, 
the polarization on each fiber Ab,bEB—£, attached to a hyperplane section, 
gives rise to an involution * of the endomorphism algebra of Ab. Given a 
projective algebraic system (A,h,B, i,r) where r is an order in a totally 
real algebraic number field F, we shall assume that * is the identity on 
ib(r). Moreover, if 1 is the identity of r, we assume that ib(l) is the identity 
of A(Ab). Let dim Ab=n for each bEB—£, and let s be the degree of F 
over the rational numbers Q. Then s divides n. Let n=sp. 

Denote by Hp the space of p xp symmetric complex matrices Z=X + iY 
such that Y is positive definite. By a lattice in Fl we mean a free Abelian 
subgroup L of Fl having si independent generators. Let Z = (Zt,....,ZS)EHS

P, 
denote the p xp identity matrix by E, and let L be a lattice in F®p. Denote 
by Lz the lattice in Cn consisting of all the vectors 

. ((Z^)?»,...,^)^) (ÌEL), 

where (ZtE) denotes a p x2p matrix written in p xp blocks and £(I) =gJi, 
i = l,...,s, denote the conjugates of | over Q, o1...,os denoting the distinct 
isomorphisms of F into the reals (f, etc., are viewed as column vectors). 
Gn\Lz is an Abelian variety, and the skew-symmetric form defined on pairs 
(x,y) of s-tuples of 2p-dimensional (real) vectors x = (x1,...,xs),y = (y1,...,ys) 
defined by 8(x,y)=^é{

txiJyi, where J = (-%%), defines a principal form for 
Lz. (Observe that viewed as a skew-symmetric form on the latticed con
sidered as the subgroup of integral vectors of Q2n the elementary divisors of 
S are not in general equal thus the polarization supplied by S is not in general 
the normal polarization.) Define an equivalence relation ~ on Hs

p x (Cp)s = 
Hs

p x Cn by: (Z, £) - (Z', £') if and only if Z =Z', Ç - £' E Lz. Then the quotient 
A of Hp xCn by this equivalence relation together with B=HS

P and the 
projection k of A onto B is a fiber system of Abelian varieties, admitting in 
a natural way any subring of the order of L as a ring of multiplications with 
the mapping i defined in an obvious manner. Then if (A',h',B', i',r) is any 
fiber system of Abelian varieties with endomorphisms as described at the 
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beginning of this section, it is easy to prove that for some lattice L in 
F2p, (A', X',Bf, i',r) is locally induced by (A,X,B,i,r) in some neighbor
hood of each point of B'—£'. We henceforth assume that (A,X,B,i,r) is 
given as above. 

4. Methods and results 

L being a lattice as in §3, assume that L=L1@L2, where L1 = {aEFp\ 
(a,0)EL), L2 = {bEFp| (0,b)EL2). If r is the maximal order o of k, then r 
is a Dedekind ring and Katayama has proved that, with appropriate 
choice of coordinates in F2p, we may always assume this is true. In the 
general case, it may or may not be possible to make this assumption, de
pending on whether or not a certain element T of some group Extr(M,N) 
vanishes, for certain r-modules M and N. Since the latter is properly con
cerned with homological algebra, we omit further discussion of it here, 
except to say that it appears there may be some connection between T and 
the smallest field of definition for the variety of moduli (this field of defini
tion is in any case contained in some cyclotomic field). 

We now consider 0-functions suitable for imbedding Az = Gn\Lz in projec
tive space. With ox,....,as having the same meaning as before, and for 
: = (^,-,Q^(CY andZ = (Z1,...,Zs)£Hs

I1, define £•• =£„#•*-Z,. For any 
square matrix M of any number of rows define tr(M)='£lM

ai. Then if 
g, he F>, CeCn, and ZtE%, define: 

% , * ] ( f , Z ) = 2 « ( Ì 5 & + 0 ] + *(*i+?)(£+*)), 

where e( ) = êni'tr° and Z[a] = laZa. If Lz is any lattice in Fp, let L's = {aEFp | 
tr(laL^ <= Z}, Z denoting the rational integers;!^ is called the complementary 
lattice of L3. Without loss of generality, we may assume in the above 
situation that L2^L[. (We note that any two lattices in Fl are commensur
able.) Then L2czLt. By a 0-function of rath order with respect to L, we 
mean an entire function 0 of f (for fixed Z) satisfying 

0(C +ZSX +f,) =e( - imZKJ -m% 0 0(f), & ELV | 2 EL2. 

If m is a positive integer such that mL2c:L[, the module of such functions 
is not {0} and a basis is given by the functions 0[rj2lm,0](mÇ,mZ), v\2EL2 

modulo mLxczL2. The module of such 0-functions is also spanned by the 
products: 

We denote by YL the group of symplectic 2p x 2p matrices M over F such 
that 

tM~1L=L 

Then TL operates on (Hp)
s naturally [4] and it is easy to prove that the 

points of HP/rL are in a natural one-to-one correspondence with the 
isomorphism classes of such polarized Abelian varieties with multiplica
tions. 
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For suitable large ra, let 7M denote the module of homogeneous forms of 
suitable high degree d (we assume that 2\d) in the functions: 

0 ^ , ~ | ( O , Z ) , aEL2, bEL[. 

Tfl consists of automorphic forms with respect to a group Vt contained 
in some suitable congruence subgroup TL(l) = {yETL\ ty^Ç—gElL for 
all $EL} of TL, l>2. Thus no element of T* other than the identity has 
fixed points in Hs

p. Put 

B*=Hs
Pir*L, A* = AITI, 

X*:A*-^-B*, the natural map. 

Then (A *X* B*) is an analytic fiber system of Abelian varieties (with £* = 0) 
which may be completed to a projective algebraic system of Abelian varie
ties by adding analytic sets of lower dimension. The projective imbedding 
may be achieved by means of the 0-functions discussed above and by 
modular forms in the integral closure of the graded ring generated by 7W. 
All the projective varieties under consideration are defined over the cyclo-
tomic field Fd=Q(eni,d*). The Fourier coefficients of the above functions 
lie in this field, and if a belongs to the Galois group of Fd/Q, and a(eni,dt) 
=esniid* ̂ ^ (5 J^) = I J define oB[aß, bld] = 6[ald, sbjd]. The effect of this 
is the same as applying a to each of the Fourier coefficients of 6[ajd, bjd]. I t 
is clear that a permutes the different 0-functions under consideration and 
induces a linear transformation of the module tfl and of the module of rath 
order 0-functions. Thus a defines an isomorphism Ta defined over Fd of 
(A*X*B*i*r) onto (J.*A* J5*t*r)ff. If y ETL, we may use the general theory 
of the transformation of 0-functions to show that y induces a projective 
transformation Ty defined over Fd of (A *, A*, B*, i*, r) onto itself. Both Ty and 
Ta transform the fibers A* into isomorphic polarized Abelian varieties with 
endomorphism ring containing r. From this, using methods of a previous 
paper of ours [1] and a criterion of A. Weil [6], we obtain the following 
result: 

There exists an imbedding </> of HS
P(TL into some complex projective 

space GPN by means of automorphic functions with rational Fourier coeffi
cients such that </>(HPIFL) is a Q-open subset of an algebraic variety defined 
over Q and such that if xEHPITL, then Q(<j>(x)) is precisely the field of moduli 
of the Abelian variety with multiplications corresponding to x. 

Using established results for the Hermitian modular functions [3], we 
feel that the same kind of methods should yield an analogous result in the 
case of the moduli of Abelian varieties with endomorphism ring containing 
an order in some algebraic number field of CM-type. However, we do not 
see at present how to extend these methods to cases such as that considered 
by Shimura for indefinite quaternion algebras [5] where the fundamental 
domain of the discontinuous group is compact. We feel it would be desirable 
to unify the methods in the two cases of when the fundamental domain is 
compact and when it is not. We also feel it would be of considerable interest 
to find a more complete answer in the case considered by us when the order 
in F is not the maximal order. 
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INTERPOLATIONS BY B O U N D E D ANALYTIC 
FUNCTIONS AND T H E CORONA PROBLEM^) 

By LENNART CARLESON 

1. Let UP, K j9<oo } denote the Banach space of analytic functions in 
\z\ <1 under the norm 

lloll,-
l im{-^ j " |G(re»)\"deX" (1 <2>< °o), 

sup | G(re'e) \ (P= °°)-

We shall be concerned with the interpolation problem, | ie, , |<l , 

1(ar)=wv (v = l , 2 , ...,n, /6H0 0) . (1) 

In fl], it was proved that under the condition (1) 

inf||/IU = S U p | 2 ^ ^ | (Hölk-1). (2) 

Here A(z) denotes the Blaschke product 

i l—zav 

We denote by a(s) the set 

a(e)={z\\A(z)\<e}, 

and consider the particular case when 

wv = F(av) 

for a function F(z) analytic at each point of a(a), \F(z)\ < 1 . We can then 
use the Cauchy formula in (2). If the curve Y is situated in a(d)—a(s) we 
obtain the estimate 

i n f | | / | | M < s u p ^ - f \G(z)\\dz\. (3) 

To estimate the right hand side we use the following theorem. 

THEOREM 1. Let /JL(Z) be a positive measure in \z\ < 1 and denote by 8 any 
subset of | z | < 1 of the following form 

8 = {z\l~q<\z\<l,00< a rg Z <0 o + g} (q<l). 
(1) This work has been supported by a grant (G14600) from the National Science 

Foundation and by the U.S. Air Force, European Division under contract no. AF 
61(052)-238. 
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Then p(S)<Cq (4) 
for all 8 implies 

JJ|ö(z)|^(8)<4Cf||ö||| 

for a certain absolute constant A. 
Remark. The Hilbert double series inequality and the Hardy-Littlewood 

maximal theorem are special cases (except for the value of the constants) 
of Theorem 1. 

I t can now be proved that there exists an absolute constant x > 0 such 
that, independently of the choice of A(z), every set a(eH)—a(e) contains a 
curve T such that arc length along T satisfies (4), with C = 0(e~2). This 
means that the right-hand side of (3) is uniformly bounded and that we 
have obtained the following theorem. 

THEOREM 2. / / F(z) is analytic in a(ô) and \F\ < 1, we can solve the inter
polation f(av) = F(av) with 

11 /11 oo < à~ K (K absolute constant). 

This theorem has as simple consequence a proof of the so called Corona 
conjecture for H°°. Let 7W denote the maximal ideal space of H°°. The part 
of 7M which can be identified with the unit disc is Ü. Then 

ü=m. 
The deduction of this from Theorem 2 is due to D. J. Newman, who also 
conjectured Theorem 2. 

I t should be observed that Theorem 2 also contains the main result 
of [1], namely that the interpolation f(av)=wv is possible for arbitrary 
wv, \wv\<\, with fEH°° if and only if 

n av — ap 
1 —ttpafj, 

>y>0 (p = l,2,...). (5) 

The proofs of the above results are published in [2]. 
We shall now finally prove that if (5) holds, there exists an absolutely 

convergent interpolation series. The proof of this is due to the late Pehr 
Beurling. 

Consider the variational problem 

M=sup JU|G(a,)| (|| e Hi =.i). 
G 1 

Clearly we can assume #4=0 and put G = eu+lv. A variation shows that 
the extremal function G has to satisfy the relation 

i £ , _.,*,, i - k I» 

MhK |ei8-a,|2 ( }-

Let us now apply this to Av = |J.'(av)| 1. In this case 

M= sup inf||/||oo 
i«vi<i / 
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by (2). We now form the functions 

f(z) , A(z) e^ l-\av\* 
M ' A'(av)(z-av) G(z) l-zä/ 

Clearly \fv(av)\ = l, fv(afi)=0, ß=¥v. Furthermore if z = e%e, 

y\f(z)\= y - eu(av) 1 ~ l a y i ^-uiz)=M 

f |Wz) | à\A'(av)\
e \e»-av?

e ~M' 

Since the left-hand side is subharmonic 

ì\f,(z)\<M (|*|<1), 
1 

and 2?=i w„/„(z) solves the interpolation f(av)=wv and | | / | |< M. 
I t is easy to let n->oo and we obtain an absolutely convergent interpola

tion series with the best possible bound M. 
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LES CONES CONVEXES FAIBLEMENT 
COMPLETS DANS L'ANALYSE 

Par GUSTAVE CHOQUET 

Les sous-ensembles convexes des espaces vectoriels topologiques localement 
convexes séparés (en abrégé e.l.c.) jouent un rôle de plus en plus important 
dans l'Analyse; je n'ai pas l'intention d'en étudier ici tous les aspects; je 
me bornerai à l'étude des cônes convexes localement compacts (ou, ce qui 
revient au même, des ensembles convexes compacts), et à l'étude des cônes 
convexes faiblement complets, qui constituent une généralisation fort utile 
des premiers. 

Je m'attacherai plus particulièrement à l'étude des frontières de ces 
cônes et à la représentation de leurs points comme résultante de mesures 
portées par ces frontières. J'indiquerai également les relations entre cette 
théorie et celle des frontières associées à un espace vectoriel ou à une 
algèbre de fonctions continues sur un espace compact ou localement com
pact. 

I. Ensembles convexes compacts 
Désignons par X un sous-ensemble convexe compact d'un e.l.c. E, et par 

£ l'ensemble des points extrémaux de X. Le théorème de Krein et Milman 
nous montre que tout point de X est limite de barycentres de mesures 
positives discrètes portées par £. Lorsque X est métrisable, j 'ai montré [9] 
que tout point de X est exactement le barycentre d'une mesure de Radon 
positive portée par £, et j 'ai caractérisé les cas où cette mesure est unique. 

Ces résultats ont reçu ces dernières années des améliorations successives : 
E. Bishop et K. de Leeuw [6] ont abordé le théorème d'existence dans 

le cas non-métrisable et montré l'intérêt d'introduire un ordre sur l'ensemble 
des mesures positives sur X. 

H. Bauer [2 et 3] a étudié la frontière associée à une famille de fonctions et 
introduit l'idée de caractériser les cas d'unicité par des propriétés fonction
nelles. 

M. Hervé [19], puis F. F. Bonsall [8] ont donné des démonstrations 
d'existence très simples dans le cas métrisable. 

G. Mokobodzki [25] a caractérisé les mesures maximales dans le cas 
général. 

P. A. Meyer [22] et G. Choquet [12] ont donné de nouvelles caractérisa-
tions du cas d'unicité, et un exposé d'ensemble de ces questions [16] d'où est 
tirée la partie I du présent travail. 

On va voir que, grâce au théorème de Hahn-Banach et à la notion de 
mesure maximale, le théorème d'existence a maintenant une démonstration 
fort simple; on remarquera aussi que la notion de point extremal fait son 
apparition très tard dans la théorie; cette remarque ne prendra d'ailleurs 
toute sa valeur que dans l'étude des cônes faiblement complets, lorsque 
nous aurons rencontré des exemples de tels cônes dépourvus de génératrices 
extrémales. 
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LI. Définitions et notations 

8 désigne le sous-cône convexe de C(X) constitué par les fonctions con
vexes; il est total dans C(X). 

A=8Ç](—8) est l'ensemble des fonctions affines continues sur X. 
7M+ (resp. TM1) est le cône convexe des mesures de Radon >0 sur X 

(resp. >0 et de norme 1), muni de la topologie faible. 
Pour toute fiETfl+ on désigne par r(fi) sa résultante $xdfi(x). 
Pour toute fEC(X), on désigne par / la fonction concave s. c. s. sur X 

définie par. 
f=inî.g (oxigE-S,g>f). 

L'application / -» / est évidemment croissante et sous-linéaire (f+g<f+g 

et Xf =Xf si X >0); et pour toute fE — S, on a / ==/. On montre que, pour tout 
xEX, on a: 

f(x) = sup. fi(f) (où fi E Tfl1 et r(fi) = x). 

On a la même relation pour les fi discrètes. 
Pour toute fiE7fl+, on note fi la fonction définie sur C(X) par fi(f) =p(f); 

elle est croissante et sous-linéaire. 
On appelle ensemble bordant X toute partie de X de la forme {x : f(x) =f(x)}, 

ohfES. Chacun de ces ensembles est un GQ dont le complémentaire (dans X) 
est convexe. Ces ensembles vont jouer un rôle important. Leur intersection 
est l'ensemble £ des points extrémaux de X. 

1.2. Mesures maximales et théorème d'existence 

Nous définissons dans 7M+ un ordre, noté-<, en posant: 

(fi<v) si l'on a fi(f) <*>(/) pour toute fES. 

Une mesure maximale pour cet ordre sera simplement dite maximale. 
La relation fi<v entraîne fi(f)=v(f) pour toute fEA=8(](— 8); donc 

fi et v ont même résultante et même norme. 
Par exemple, pour toute fiElfl1, de résultante x, on a sx</i; cet exemple 

suffit à suggérer que fi<v signifie, en gros, que v est plus dispersée, plus 
proche du bord de X, que fi; d'où l'intérêt des mesures maximales, qu'on 
espère portées par £, ou du moins par chacun des ensembles bordant X. 

THéOBèME 1. Toute fiE7H+ est majorée, au sens de Vordre <, par une 
mesure maximale. 

En vertu du théorème de Zorn, c'est une conséquence du fait, facile à 
établir, que Ttl+ est inductif pour l'ordre <. 

LEMME 2. Soit /i G7M+, et soit v une forme linéaire sur C(x)\ 
(v^fi sur C(X))o(vE7n+ et fi<v). 

La vérification est immédiate. 

THéOBèME 3. Soit fiETfl+; les énoncés suivants sont équivalents. 
1. fi est maximale 
2. fi est linéaire sur C(X) 
3. fi=fisurC(X) 
4. fi =fi sur S 
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Démonstration. On va montrer que l o 2 , et que 2 =>3 =>4 =>2. 
La clef de la démonstration est la partie ci-dessous du théorème de Hahn-

Banach : 
Si p désigne une fonction numérique sous-linéaire sur un espace vectoriel 

V, dire qu'il existe une seule forme linéaire l sur V telle que l <p équivaut à 
dire que p est linéaire (et alors évidemment l=p). 

l o 2 . D'après le lemme 2, on a : 
(fi maximale) o (il existe une seule forme linéaire v sur C(x) telle que v<fi). 

D'après l'énoncé de Hahn-Banach, ceci équivaut aussi à dire que fi est 
linéaire. 

2 => 3 => 4. Si fi est linéaire, comme fi est aussi linéaire et que fi <fi, on a 
fi = fi. 

4 => 2. On a toujours/,« =fi sur ( — S); donc si /i =fi sur 8, fi est linéaire sur 
chaque droite de 8 U ( — S); comme de plus elle est sous-linéaire sur (S — S), 
elle est linéaire sur (S —S), donc aussi sur C(X). 

COBOLLAIBE 4. Les énoncés suivants sont équivalents: 

(fi maximale) o(/i portée par chacun des ensembles bordant X). 

COBOLLAIBE 5. Tout xEX est résultante d'une fiElfl1 portée par chacun des 
ensembles bordant X. 

COBOLLAIBE 6. L'ensemble M des mesures maximales est un sous-cône 
convexe de 7tl+, stable par intégration, et héréditaire à gauche. Ce cône convexe M 
est réticulé pour son ordre propre. 

Ce sont des conséquences immédiates du théorème 3. 

1.3. Mesures maximales et points extrémaux 

Les démonstrations et résultats qui précèdent ne font pas intervenir 
l'ensemble £ des points extrémaux. Nous nous proposons maintenant 
d'étudier jusqu'à quel point on peut dire que les mesures maximales sont 
portées par £. 

La situation n'est tout à fait simple que lorsque X est métrisable : 

LEMME 7. Lorsque X est métrisable, £ est le plus petit ensemble bordant X. 

Cela résulte de ce qu'alors il existe une fE S qui est strictement convexe, ce 
qui entraîne que £= l'ensemble bordant {x:f(x)=f(x)}. 

PBOPOSITION 8. Lorsque X est métrisable, £ est un Gs; les mesures maximales 
sont celles portées par £, et tout x EX est résultante d'une jiETH1 portée par £. 

Les résultats du paragraphe précédent permettent aussi d'énoncer im
médiatement la proposition suivante : 

PBOPOSITION 9. Supposons à nouveau X quelconque, et soit fiE7H+; alors, 
(fi portée par tout ouvert de X contenant £) => (fi maximale). 

La réciproque de cette proposition est en général inexacte. On a toutefois 
l'énoncé suivant : 
24-622036 Proceedings 
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PBOPOSITION 10. (fi maximale) => (fi portée par tout ensemble K-souslinien 
contenant £). 

Dans cet énoncé on appelle jK^-souslinienne toute partie de X obtenue à 
partir des fermés de X par l'opération-A (par exemple les ensembles K-
boréliens, tels que les Ka, Kaô, KOôO, etc.) 

Notons ici qu'en particulier toute mesure maximale est portée par tout 
ouvert de Baire contenant £ ; mais la réciproque est fausse : Plus précisé
ment, il peut arriver qu'une fi E Tfl+ soit portée par tout ensemble iT-souslinien 
contenant £, sans pour cela être maximale. D'où la valeur du critère de 
maximalité fourni par le corollaire 4. 

1.4. Théorème d9unicité 

Il est commode, dans ce qui suit, de considérer X comme la base d'un 
cône convexe G, c'est-à-dire que X est l'intersection de G avec un hyperplan 
affine fermé ne contenant pas O et rencontrant toutes les génératrices de G; 
ceci est réalisable quel que soit X : Il suffit d'identifier E à l'hyperplan 
affine E x {1} de E x R et de prendre pour C le cône engendré par X. 

Il est immédiat que tous ces cônes G sont linéairement isomorphes; en 
particulier si l'un d'eux est réticulé pour son ordre propre, tous le sont; on 
dit dans ce dernier cas que X est un simplexe (parce que lorsque X est de 
dimension finie, cette condition entraîne l'isomorphie de X avec les sim
plexes de la géométrie élémentaire : triangles, tétraèdres, etc.). 

THéOBèME 11 (d'unicité). Pour tout convexe compact X, les propriétés 
suivantes sont équivalentes : 

1. X est un simplexe 
2. Pour toute fE8, l'application x->f(x) est affine dans X. 
3. Pour toute fi maximale E Tfl1 et pour toute f E S, on a f(x) =fi(f), oùx=r(fi). 
4. L'application /->/ est linéaire sur 8. 
5. Tout x EX est résultante d'une mesure maximale unique de Tfl1, notée fix. 

La démonstration se fait dans l'ordre naturel :l=>2=>3=>4=>5=>l;ony 
utilise le fait que, pour toute fonction / affine s. c. s. sur X et toute fiETfl1, 
on a fi(f) =f(x), où x est la résultante de /i. 

Notons que l'application x->/ix de X dans Tfl1 est de lère classe, donc 
universellement mesurable. 

C'est évidemment l'équivalence des énoncés 1 et 5 qui est la plus utilisée 
dans les applications; plus précisément on utilise souvent l'énoncé suivant : 

COBOLLAIBE 12. Si X est base d'un cône convexe réticulé C, et si £ est un 
ensemble K-souslinien (par exemple si X est métrisable), tout x EG est résul
tante d'une fi unique de Tfl+ portée par £. 

Il est parfois très facile de montrer qu'un cône G est réticulé; voici quelques 
exemples de tels cas : 

Le cône des fonctions harmoniques >0 sur un espace de Green. 
Le cône des mesures positives sur un espace compact, qui sont invariantes 

par une famille de diffusions continues et conservatives. 
Le cône des mesures fi>0 sur un groupe abélien localement compact, 

satisfaisant à une relation oc^fi <fi, ou a est une mesure > 0 donnée. 
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Le fait qu'un cône G est réticulé est parfois plus caché; on peut alors tenter 
d'utiliser les critères 2, 3, 4, ou les critères 6, 7, 8 qui suivent : 

6. L'ensemble des dilatés positifs (kX+a)deX (où kEB+ etaEE) contenant 
O est stable par intersection finie. 

L'équivalence de 1 et 6 est de nature purement algébrique. 
7. Le cône convexe des fonctions numériques affines s. c. s. sur X, ordonné 

par (ft<f2 si fi(x)<f2(x) pour tout xEX) est semi-réticulé supérieurement. 
Le critère suivant est directement équivalent au critère 2; on y désigne 

par L(£) l'ensemble de traces sur £ des fonctions affines continues sur E. 
8. Pour toute famille finie (ft) d'éléments de L(£), l'ensemble des fEL(£) qui 

sont >sup (fi) est filtrante décroissante et a pour limite inférieure sup (ft). 
On utilise souvent ce critère sous la forme affaiblie suivante : 
Soit H un ensemble quelconque, K un espace topologique compact, et 

soit / une application de H x JT dans R, telle que pour tout xEH l'applica
tion fx:y~*f(x>y) soit continue dans K, et telle que l'ensemble des fx sépare 
K. 

Soit X l'ensemble, muni de la topologie de la convergence simple, des 
fonctions numériques g sur H de la forme : g(x) = J f(x,y)dfi(y), oùfiE Tfl^K). 

Alors X est convexe compact; désignons par K' le sous-ensemble de X 
homéomorphe à K, constitué par les fonctions g de la forme g(x)=f(x,a). 
On a alors l'équivalence très commode : 
(X est un simplexe et K'=£(X))o (l'ensemble des fx est total dans C(K)) 

IL Les cônes convexes faiblement complets 

IL 1. Malgré leur grand intérêt, les cônes convexes saillants localement 
compacts (dont l'étude se ramène à celle de leurs bases affines, qui sont des 
convexes compacts) ne constituent qu'une petite partie d'une classe plus 
vaste, celle des cônes convexes faiblement complets; et les exemples qui 
suivent montrent que la plupart des cônes faiblement complets que l'on 
rencontre en analyse ne sont pas localement compacts. 

Exemples. 1. Le cône des fonctions convexes positives sur un ouvert-
convexe de Rn. 

2. Le cône des fonctions >0 ainsi que toutes leurs dérivées sur un 
intervalle ouvert de E. 

3. Le cône des mesures de Radon >0 sur un espace localement compact, 
et ses sous-cônes convexes fermés : Par exemple le cône des mesures 
fi>0 satisfaisant à la relation a*/e</j sur un groupe localement compact 
(a est une mesure >0 donnée). 

4. Le cône des capacités alternées d'ordre infini sur l'ensemble OC (X) des 
compacts d'un espace localement compact X. 

5. Le cône des fonctions à valeurs complexes, de type positif sur le carré E2 

d'un ensemble quelconque E. 
6. Plus généralement, soit A une partie d'un espace vectoriel E, qui 

engendre E. Le cône des formes linéaires sur V qui sont positives sur A est 
saillant et faiblement complet dans le dual de V. 

Nous n'avons pas précisé dans ces exemples la topologie à mettre sur les 
cônes étudiés; elle est en général évidente. 

L'intérêt de la classe des cônes convexes faiblement complets tient à 
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plusieurs facteurs : Sa grande généralité, sa stabilité par limite projective 
(autrement dit par produit et par hérédité), la commodité de la topologie 
faible, et le grand nombre de propriétés utiles qu'elle possède malgré sa 
généralité (voir [11]). 

II.2. Structure des convexes faiblement complets 

On dira que la topologie d'un espace vectoriel topologique E (sur R) est 
faible si elle est séparée et identique à la topologie affaiblie de E. Cette 
propriété se transmet aux produits, sous-espaces, quotients par un sous-
espace fermé, complétés. On sait que tout E faible complet est isomorphe 
à un produit R1 et que dans un tel espace, tout sous-espace fermé a un 
supplémentaire topologique. 

On dira qu'une partie X d'un e.v.t. E est faiblement complète si la topo
logie affaiblie de E est séparée, et si X est complet pour la structure uni
forme associée (autrement dit si X est fermé dans le complété faible de E). 

THéOBèME 13. Pour tout convexe complet X d'un e.v.t. faible E, il existe 
une isomorphic q) de E dans un produit R1 x RJ telle qu'un translaté con
venable de (p(X) s'écrive R*xY où Y est un convexe fermé de RJ

+. 
Cet énoncé est fondamental et tous les corollaires qui suivent en découlent 

simplement; il ramène l'étude des convexes faiblement complets à l'étude de 
ceux qui sont saillants, c'est-à-dire ne contiennent aucune droite; on dé
signera par S la classe de ces derniers. 

Nous venons de voir que tout YES est plongeable dans unJ£+. La classe 
S est la plus petite classe, stable par limite projective, et contenant les 
convexes fermés saillants des espaces Rn de dimension finie. 

CAS PAETICULIEB. Tout XES dont la structure uniforme est métrisable est 
isomorphe à un convexe fermé de R+ (où N est l'ensemble des entiers naturels). 

Voici maintenant quelques conséquences du théorème 13. 

COBOLLAIBE 14. Soit X un convexe faiblement complet d'un e. v. t. E. 
(X est saillant)<=>(Toute forme affine continue sur E est différence de deux 
formes affines continues qui sont >0 sur X. 

COBOLLAIBE 15. Pour tout XES (où X a E) et tout aEE, Xf](a-X) est 
compact. 

Autrement dit, tout X symétrique de S est compact. Plus généralement, 

COBOLLAIBE 16. Soit XES, et soient (xt) et (yt) (iEl) deux familles de 
points de X. Si (Xi+yt) converge suivant un ultrafiltre sur I, il en est de même 
de (xt) et (yt). 

COBOLLAIBE 17. Pour tous fermés A, B d'un XES, A-\-B est fermé. 
Cône asymptote d'un convexe fermé. Soit X un convexe fermé d'un e. v. t. E; 

pour tout a E X, f) I>QX(X—a) est un cône convexe fermé qui ne dépend pas 
de a; c'est le cône asymptote de X, qu'on notera oc(X). Il est identique à 
l'ensemble des valeurs d'adhérence de Xx (A>0, xEX) lorsque X-^0. 

Dire que a(X) = {0} équivaut à dire que X ne contient aucune demi-
droite; si de plus X est alors localement compact, X est compact. Mais il 
existe des convexes métrisables XES, non compacts, et tels que oc(X) 
= {0}. 
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COBOLLATBE 18. Si X,YES et (X + Y)ES, on a oc(X+ Y) = oc(X) + a(Y). 

COBOLLAIBE 19. Soient Xtc: Y (i = l, 2,...,n) avec Xt et YES. 
Soit A l'enveloppe convexe des Xt; alors : 

Ä =A + 2 oc(Xt) = enveloppe convexe des (Xt + <x.(X5)); OL(Ä) = 2 a(-Xj) 

Voici une conséquence facile, mais importante, du corollaire 19: 

COBOLLAIBE 20. Tout point extremal d'un X E S est extremal fort (c'est-à-dire 
a dans X une base de voisinages de la forme f<0,oùf est une forme affine con
tinue sur E. 

On a un énoncé analogue pour les génératrices extrémales des cônes XES. 

II .3 . Eléments extrémaux des cônes convexes saillants faiblement complets 

Il serait extrêmement désirable de disposer, pour les cônes XES, d'un 
théorème analogue à celui de Krein et Milman et, éventuellement, d'un 
théorème de représentation intégrale analogue à celui établi pour les 
cônes localement compacts. 

Dès qu'on aborde ce problème, se présente une première difficulté : 
C'est qu'un cône XES n'a pas nécessairement de base affine; c'est le cas 
par exemple pour le cône Tfl+(R) des mesures de Radon positives sur la 
droite réelle. Nous sortirons de cette difficulté grâce à la notion de chapeau 
qui va se substituer dans certains cas à celle de base affine : 

Une difficulté plus sérieuse est qu'il existe effectivement des cônes 
XES ne possédant aucune génératrice extrémale [14]: 

Exemple de cône XES sans génératrices extrémales. Désignons par fa,x 

l'application de [0, 1] dans [0, oo] définie par 

x-+ll\x-a\*, où«e[0, l ] e t 0 < a < l . 

et désignons par X le cône convexe des mesures de Radon positives fi sur 
[0, 1] telles que toute fa,x soit intégrable. 

Ce cône n'a aucune génératrice extrémale; et il est faiblement complet 
pour la topologie faible associée aux formes linéaires sur (X —X) de la forme 
/j-»/j(/a,a); il est d'ailleurs aussi réticulé. 

L'existence d'un tel exemple nous conduit, d'une part à chercher des 
classes aussi vastes que possible de cônes de S qui soient l'enveloppe convexe 
fermée de l'ensemble de leurs génératrices extrémales,'et d'autre part à 
chercher une forme des théorèmes de représentation intégrale valable pour 
tous les cônes de S. 

Les chapeaux des cônes convexes. 

Soit C un cône convexe d'un e. v.t. E. On appelle chapeau de G toute partie 
convexe compacte A de C dont le complémentaire dans C soit aussi convexe. 

Il est immédiat que A contient alors 0, et que tout point extremal de A 
distinct de 0 appartient à une génératrice extrémale de C. On en déduit 
aussitôt l'énoncé suivant : 

PBOPOSITION 21. Dans un e. I. c. E, tout point a d'un cône convexe C qui 
appartieni à un chapeau A de G appartient à l'enveloppe convexe fermée des 
génératrices extrémales de C. 
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Si ce chapeau A est métrisable, a est résultante d'une mesure de Radon 
positive portée par les génératrices extrémales de C, et de support compact. 

Si C est réticulé, tout chapeau de C est un simplexe. 

Nous allons maintenant déterminer des classes étendues de cônes de S 
suffisamment riches en chapeaux. 

LEMME 22. 1) Si A est un chapeau d'un cône convexe C, et si G' est un sous-
cône convexe fermé de G, Af] C' est un chapeau de C'. 

2) Si An est un chapeau de Cn (nEN), il existe un chapeau A de HCn qui 
contient HAn. 

En voici une conséquence immédiate: 

THéOEèME 23. Si Cn est réunion de ses chapeaux, et si (7=lim Cn (limite 
projective), C est aussi réunion de ses chapeaux. 

C'est en particulier le cas des cônes de S qui sont limite projective d'une 
suite de cônes localement compacts, par exemple tout sous-cône fermé du 
cône des mesures de Radon >0 sur un espace localement compact dénom-
brable à l'infini, ou tout cône métrisable E S. 

COBOLLAIBE 24. Pour tout convexe XES qui est localement compact ou 
limite projective d'une suite d'éléments de S localement compacts, on a: 

X=X' + OL(X) (Où X' désigne l'enveloppe convexe fermée de l'ensemble des 
points extrémaux de X). 

En particulier cette relation entraîne qu'un tel X non-vide a au moins 
un point extremal et que, s'il n'en contient qu'un, c'est un cône ayant ce 
point pour sommet. Si a(X) = {0}, on a X=X', c'est-à-dire que X est l'en
veloppe convexe fermée de ses points extrémaux. 

Remarque. Si un cône XES est limite projective d'une suite de cônes 
localement compacts, ce qui précède montre que tout sous-cône fermé de X 
est réunion de ses chapeaux. Mais il existe d'autres cônes de S qui possèdent 
cette propriété d'hérédité; en voici un exemple intéressant : Soit E un espace 
vectoriel de base algébrique infinie dénombrable B; on le munit de la plus 
fine de toutes les topologies faibles; le cône X engendré par B est le cône 
cherché; il a en outre la propriété curieuse de ne pas être un espace de Baire 
bien qu'étant un convexe fermé d'un espace R1. 

I I I . Mesures coniques et cônes faiblement complets 

Dans la première partie de cet exposé, nous avons ramené l'étude des 
représentations intégrales dans un cône localement compact de S à la 
même étude sur une de ses bases affines; on peut objecter à ce procédé qu'il 
n'est pas intrinsèque puisqu'il fait jouer un rôle privilégié à une base affine 
particulière. 

D'autre part ce procédé ne peut pas s'étendre au cas des cônes faiblement 
complets quelconques puisque en général ceux-ci n'ont pas de base affine. 

Ces deux faits rendent souhaitable la création d'êtres mathématiques qui 
remplacent les mesures portées par une base d'un cône, et qui aient un 
caractère intrinsèque. Nous allons montrer que les mesures coniques 
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répondent parfaitement à la question. Elles nous permettront de construire 
de façon simple une théorie analogue à celle des mesures maximales sur les 
convexes compacts, sans utiliser à aucun instant la notion de génératrice 
extrémale [13 et 14]. 

I I I .1 . Définition et étude des mesures coniques 

Soient E, F deux e. v. t. sur R. Une application continue f de E dans F 
est dite linéaire par morceaux s'il existe un recouvrement fini de E par des 
cônes polyédraux Et (intersection finie de demi-espaces fermés) sur chacun 
desquels / soit linéaire; on désigne par h(E, F) l'ensemble de ces /; c'est un 
espace vectoriel qui contient L(E, F) et l'on a: 

h(F,G)oh(E,F)ch(E,G). 

En particulier h(E,R) est identique à l'ensemble des différences /=/1— /2, 
où /x et /2 sont de la forme sup (l^, ...,ln)>

 o u 1%EL(E, R); l'espace h(E, R) est 
stable par l'opération /-> | / 1 . 

Nous supposerons désormais, pour simplifier, que les e. v. t. utilisés, 
E, F, etc. sont faibles; on notera E' le dual topologique de E. 

DéFINITION. On appelle mesure conique sur E toute forme linéaire fi sur 
h(E, R) telle que fi(f) >0 pour toute f>0. 

Le cône convexe Tflt (E) des mesures coniques sur E est complètement 
réticulé et faiblement complet pour la topologie faible sur le dual algébrique 
de h(E,R) associée à la forme bilinéaire (fJL,f)->fJi<(f). 

Exemples. 1) Pour tout xEE, la forme linéaire f~>f(x) est une mesure 
conique que l'on notera ex. On appellera mesure discrète toute combinaison 
liniéaire finie à coefficients positifs de telles mesures ex. 

2) Si K est un compact de E, et v une mesure de Radon >0 sur K, on 
définit une mesure conique fi en posant: fi(f) =v(fk) (où fk désigne la restric
tion à K d'une fEh(E,R). 

On dit d'une telle fi qu'elle est localisable sur K. Il est inexact que toute 
mesure conique soit localisable sur un compact. 

On dit qu'une mesure conique fi est portée par un cône fermé X de E si 
fi(f) >0 pour toute / qui est >0 sur X; le cône convexe Tflt (X) des mesures 
coniques portées par X est fermé dans Tïlt (E) et complètement réticulé. 

On appelle support de fi la réunion Sfi des demi-droites ô de E telles que 
la condition (/ > 0 partout, et / > 0 sur ò ouverte) entraîne fi(f) > 0; l'ensemble 
Sfi est l'intersection des cônes fermés qui portent fi, il ne porte pas néces
sairement fi et peut même être vide sans que fi=0. 

Toute mesure conique sur E se prolonge de façon évidente en une mesure 
conique sur le complété faible E de E. Pour toute mesure conique fi, il 
existe un point unique x de E tel que fi(f) =f(x) pour toute fEE'; on appelle 
ce point la résultante de fi et on le note r(fi); lorsque fi est portée par un 
cône convexe faiblement complet A de E, r(fi) appartient à A. 

Pour toute <pEh(E,F), la relation (p(fi) (f)=fi(focp) définit l'image cp(/i) 
de la mesure conique fi par (p; si fi est portée par A, cp(fi) est portée par 
<p(A). 

Le lemme suivant permet souvent de démontrer des propriétés des 
mesures coniques à partir de propriétés évidentes des mesures discrètes : 
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LEMME 25. Soit fi une mesure conique sur E, portée par un cône fermé A. 
1. fi est limite de mesures discrètes portées par A. 
2. Lorsque A est convexe et faiblement complet, fi est limite de mesures discrètes 

portées par A et de même résultante que fi. 

Voici maintenant quelques résultats concernant la localisation des me
sures coniques. 

PBOPOSITION 26. Soit X un cône convexe faiblement complet de E, métrisable 
ou plus généralement limite projective d'une suite de cônes localement compacts. 

Alors toute mesure conique fi portée par X est localisable sur un compact de X 
(ce qui entraîne que fi soit portée par son support Sfi). 

Si de plus X est saillant, fi est localisable sur tout chapeau de X contenant la 
résultante de fi. 

On peut déduire de là que toute mesure conique /i portée par un cône 
convexe faiblement complet X est une intégrale de Danieli, en ce sens que 
que pour toute suite (fn) d'éléments de h(E, R) qui sur X tend vers O en 
décroissant, on a : lim fi(fn) =0 

Pour terminer cette esquisse, soulignons l'analogie entre les mesures 
coniques et les mesures étudiées par Gel'fand-Vilenkin [17] sous le nom de 
mesures cylindriques : 

Si dans notre définition des mesures coniques on remplaçait l'espace 
h(E, R) par l'espace des fonctions continues affines par morceaux et bornées 
dans E, on obtiendrait une notion équivalente à celle de mesure cylindrique. 

III .2. Mesures coniques maximales 

Soit X un cône de S; désignons par S le sous-cône convexe de h(E,R) 
constitué par les fonctions dont la restriction à X est convexe. 

Nous définissons sur Tflt (X) une relation d'ordre, notée <, en posant 
(fi<v) si fi(f) <v(f) pour toute fES. 

La relation fi<v entraîne évidemment fi(f) =zv(f) pour toute fEE', donc fi 
et v ont même résultante. 

Par exemple, pour toute fi de résultante x, on& ex<fi. 
Si une fiETflc(X) est maximale pour l'ordre <, on dira simplement qu'elle 

est maximale. 
Dès lors la théorie se déroule exactement comme celle exposée dans la llère 

partie pour les convexes compacts, avec des démonstrations au moins aussi 
simples. Introduisons d'abord la terminologie nécessaire : 

Pour toute fiETflc (X), fi est l'application de h(E, R) dans R définie par : 

fi(f) =inf fi(g) pour les gE—8 qui sont >f sur X. 

THéOBèME 27. Toute fiETflc (X) est majorée, au sens de l'ordre <, par une 
mesure maximale. 

THéOBèME 28. Soit fiETflc (X); les énoncés suivants sont équivalents : 

1. fi est maximale 
2. fi est linéaire sur h(E,R) 
3. fJL=fi sur h(E,R) 
4. fi=fi sur S 
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COBOLLAIBE 29. Tout xEX est résultante d'une jiETflt (X) « portée par le 
bord de X » en ce sens que fi(f) =fi(f) pour toute fES. 

COBOLLAIBE 30. L'ensemble des mesures maximales est un sous-cône con
vexe de Tflc (X), stable par intégration et héréditaire à gauche. Ce cône est 
réticulé pour son ordre propre. 

Lors de l'étude des cônes faiblement complets nous avons construit un 
exemple de cône XES n'ayant aucune génératrice extrémale; on peut 
montrer que toute mesure maximale sur ce cône a un support vide. 

Nous ne pouvons donc pas espérer, dans le cas général, caractériser les 
mesures maximales en termes de support et d'éléments extrémaux; en 
somme nous retrouvons, mais poussée à l'extrême, une difficulté qui se 
manifestait déjà partiellement dans les convexes compacts non métrisables : 

THéOBèME 31. Soit fiEfïlt (X) et soit K un chapeau de X contenant la ré
sultante de fi. 
(fi est maximale) o (Il existe une localisation de fi sur K qui est maximale sur K) 

Ce théorème est particulièrement utile, en vertu du théorème 23 et de la 
proposition 26, lorsque X est limite projective d'une suite de cônes localement 
compacts. 

En particulier, si X est métrisable, dire que fi est maximale équivaut à 
dire que fi est portée, en un sens facile à préciser, par l'ensemble des généra
trices extrémales de X. 

I I I .3 . Critères d'unicité 

Le théorème d'unicité s'énonce et se démontre, lui aussi de façon presque 
identique au théorème d'unicité relatif aux convexes compacts. Donnons 
d'abord une definition : 

Pour toute fEh(E, R) on définit ainsi l'application f de X dans R : 

f(x) = inf l(x) (où l E E' et l > f sur X) 

THéOBèME 32 (d'unicité). Pour tout cône XES, les propriétés suivantes sont 
équivalentes : 

1. X est réticulé pour son ordre propre. 
2. Pour toute fES, l'application x->f(x) est linéaire sur X. 
3. Pour toute fi maximale ETflt (X) et pour toute fES, on a : f(x)=fi(f), 

où x = r(fi) 
4. L'application f~>f est linéaire sur 8. 
5. Tout xEX est résultante d'une fi maximale unique E Tflc (X). 

Le fait que, lorsque X est réticulé, tout xEX soit résultante d'une mesure 
conique maximale unique montre bien que les mesures coniques constituent 
le bon outil pour la représentation intégrale des points de X, malgré la 
possibilité que toutes ces mesures maximales aient un support vide. 

Il n'est pas exclu cependant que l'on puisse encore améliorer cette étude 
en introduisant, à côté des éléments extrémaux classiques, des éléments-
frontière idéaux sur lesquels on pourrait localiser les mesures maximales. 
C'est du moins ce qui ressort de l'étude de l'exemple du paragraphe II 3. 
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IV. Frontières associées à un espace vectoriel de 

fonctions continues 

De nombreux résultats concernant les frontières associées à un espace 
vectoriel ou à une algèbre de fonctions continues à valeurs complexes sur 
un espace compact X ont été obtenus ces dernières années par R. Arens [1], 
H. Bauer [2 et 3], E. Bishop [4, 5, 6], K. de Leeuw [6], I. M. Singer [1]. 

On obtient un exposé plus simple et plus général, d'une part en utilisant 
des fonctions à valeurs dans un e.l.c. sur R, éventuellement norme; d'autre 
part en utilisant le plus possible les propriétés des convexes compacts. En 
outre, cette méthode permet d'étendre certains des résultats au cas où X est 
localement compact [15]. 

IV. 1. Cas de X compact 

On se propose l'étude des structures (X, E, B), oh X est un espace topo
logique compact, E un e. 1. c , et B un sous-espace vectoriel de C(X,E) qui 
sépare X. 

Si fi, vETfl1(X), on dit que fi~v si pour toute fEB on a,/i(f) =v(f), autre
ment dit si pour toute fEB et toute lEE', on a fi(lof) =v(lof). 

DéFINITION. On appelle frontière fine de la structure (X, E, B) l'ensemble 
£(B) des xEX tels que sx soit la seule fi E Tfl^X) vérifiant fi ~ ex. 

Si nous notons B le sous-espace E'oB de C(X, R) constitué par les fonc
tions de la forme lof, où lEE' et fEB, il est immédiat que £(B) =£(B). 

Désignons par q? la bijection canonique de X dans RB définie par : 

#->(le point de coordonnées g(x)), où gEB. 

Ce plongement cp de X identifie B à l'ensemble des traces sur (p(X) des 
formes linéaires continues sur RB et cp(£(B)) n'est autre que l'ensemble des 
points extrémaux de l'enveloppe convexe fermée (elle est compacte) de 
<p(X). 

Il devient alors évident que toute g E B atteint sa borne supérieure sur 
£ (B), que £ (B) est la frontière de Silov associée à B, et que £ (B) est un 
Gô lorsque X est métrisable. De même tous les théorèmes concernant les 
mesures maximales obtenus dans la partie I de cet exposé se transposent 
aussitôt aux structures (X, E, B). 

LEMME 33. Pour toute fonction numérique convexe continue p sur E et pour 
toute fEB, p(f) atteint sa borne supérieure sur £(B). 

THéOBèME 34. Supposons E normable et muni d'une norme p differentiable 
(hors de 0); et supposons que B contienne les constantes (éléments de E). 

1. Alors tout point xE£(B) a dans X une base de voisinages de la forme 
{y}p(f(y))>k}, où fEB et kER. 

2. £(B) est la frontière de Silov pour la famille {p(f)}fGB. 

Ce théorème s'applique en particulier au cas où E est le corps G des 
complexes, et p la norme classique z->\z\. 



LES CÔNES CONVEXES FAIBLEMENT COMPLETS 3 2 9 

PBOPOSITION 35. Faisons les mêmes hypothèses sur E, B et p, et soit xEX. 
Alors les énoncés suivants sont équivalents : 

l.xE£(B) 
2. Pour tout e>0 et pour tout ouvert œ de X contenant x, il existe fEB telle 

que : 
M-p(f(x))<e(p(f(x)-N), 

où M (resp. iV)=sup p(f) sur X (resp. sur (X—œ)) 
3. Même énoncé que (2) mais en remplaçant « pour tout s » par « il existe E ». 
Cette proposition permet aisément de montrer que si E est une algèbre 

de Banach sur R, de norme differentiable et telle que pour tout aEE et 
tout entier n, \\an\\ = \\a\\n, et si B est une algèbre de Banach contenant les 
constantes, alors pour tout aE£(B) ayant dans X une base dénombrable 
de voisinages, il existe fEB telle que ||/(#)|| < ||/(a)|| pour tout x^a. 

IV.2. Cas de X localement compact 

Lorsqu'on veut étendre les résultats qui précèdent au cas ou X est un 
espace topologique localement compact, on se heurte à une difficulté 
concrétisée par l'énoncé suivant : 

PBOPOSITION 36. Il existe dans R+ (où I ala puissance du continu) un sous-
ensemble fermé localement compact X à base dénombrable, dont l'enveloppe 
convexe fermée n'a aucun point extremal. 

Si l'on prend pour B l'espace vectoriel des traces, sur cet ensemble X, des 
formes linéaires continues sur R1, toute frontière raisonnable que l'on pour
rait associer à B se trouve vide, bien que B = B+ — B+. 

On peut néanmoins retrouver certains énoncés antérieurs, à condition de 
les reformuler convenablement : 

Soit X un espace topologique localement compact, et soit B un sous-
espace vectoriel de C(X, R) qui sépare X, et tel que B = B — B, ou B désigne 
l'ensemble des fEB dont la borne inférieure sur X est finie. 

On appelle frontière fine associée à B l'ensemble £ (B) des points xEX 
ayant la propriété suivante : 

Pour tout filtre ? sur 7M1(X) tel que, pour tout fEB on ait: 

f(x) =lim fi(f), ? converge vaguement vers ex. 

PBOPOSITION 37. Si (p désigne l'injection canonique de X dans R-,<p(£(B)) 
est identique à l'ensemble des points de <p(X) qui sont extrémaux sur l'enveloppe 
convexe fermée de (p(X). 

PBOPOSITION 38. Désignons par D l'ensemble des fEB pour lesquelles il 
existe kERtel que l'ensemble {x:f(x)>k} soit non-vide et relativement compact 
dans X. 

Alors toute f ED atteint sa borne supérieure sur £(B), et £(B) est frontière de 
Silov pour D. 
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IDEMPOTENT MEASURES AND 
HOMOMORPHISMS OF GROUP ALGEBRAS 

By PAUL J. COHEN 

1. Introduction 

In the last few years, attention has been given to problems in harmonic 
analysis which give rise to difficult questions in classical analysis, yet 
which are motivated most naturally from an abstract point of view. Indeed 
some of these problems had been posed by classical analysts, although their 
solutions have, even if not explicity, appealed to more modern ideas. I shall 
concern myself in this talk primarily with the problems referred to in the 
title but I should like to begin by discussing some other questions. 

The more algebraic point of view may be said to have properly begun 
with the proof by Wiener [23] of the Generalized Tauberian theorem. This, 
as is well known, states that a closed subspace / of L1 of the real line, closed 
under translation, either is all of L1 or else there is a common zero of the 
Fourier transforms of the functions in / . The method of proof used by 
Wiener is completely classical although he uses ideas which in retrospect 
seem to anticipate the abstract approach. One can reformulate Wiener's 
theorem by saying that every proper closed ideal of L1( R) (with convolution 
as the ring multiplication) is contained in a regular maximal ideal. 

Beurling [2], treated the problem of extending this result in the form now 
known as "spectral synthesis" and was able to solve it in some weaker forms. 

Simply stated the problem of spectral synthesis asks "What are the closed 
ideals of L1(G)V More precisely, does every closed ideal in LX(G) consist of 
all / such that / = 0 on some closed set E of 6r? (Here / is the Fourier trans
form of / and Ö is the dual group to G.) Equivalently, is every closed ideal 
the intersection of regular maximal ideals? One sees that in this form it 
would seem a very natural question from an algebraic point of view, al
though as I have indicated, the solution is completely analytical in nature 
and involves difficult questions in classical analysis. 

The problem remained unsolved, except in some special cases, until 
Schwartz [21] gave a remarkably simple example to show that in general in 
R3 spectral synthesis was impossible. Despite its simplicity this example 
showed the great power of the theory of distributions in suggesting new 
points of view. More recently, Malliavin [17] has disproved spectral synthesis 
for general locally compact Abelian groups. The difficulties encountered in 
the construction of an example for R1, say, are very far from being merely 
technical and he used in a very beautiful way both the idea of distributions 
and a technique which in a different form had been used by Kahane [14] 
and Katznelson [15]. 

A second problem also has its roots in the Wiener Tauberian theorem. 
Since L^R) is a ring it of course follows that if p(z) is a polynomial and 
fELx(R) there is an obvious meaning to the statement g=p(f)- This means 
that g=p(f). In the course of his proof Wiener essentially proved that if 
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p(z) is any analytic function whose domain of definition includes the support 
of /, then there exists gELx(R) such that g=p(f). The essential difficulty 
here is proving that in the ring of absolutely convergent Fourier series the 
function I/2 has this property. This theorem is usually referred to as the 
Wiener-Lévy theorem, the final form first being stated by Levy [16]. More 
recently the theorem was generalized by Silov to functions p of several 
variables [21], an inessential restriction in his formulation being removed 
by Arens and Calderon [1]. The problem of which functions <p(z) are such 
that if fEL1, there exists g EL1 such that g=(p(f) first drew attention when 
Littlewood suggested the problem of finding a Fourier cosine series 
2 an cos nx such that 2 an s m nx ig n o * a Fourier series. This problem corre
sponds to the problem of determining whether q>(z) = | z | operates on L1 of 
the circle group as above. Kahane [13] solved this problem and the general 
problem was first solved by Katznelson [15] who supplied the missing link 
in Kahane's argument. The more general questions of functions operating 
on Fourier-Stieltjes transforms soon was answered and an excellent exposi
tion of all these questions may be found in [11]. 

2. Idempotent measures 

The third problem, which we shall treat in more detail, is the problem of 
idempotent measures. We recall that if G is a locally compact Abelian group, 
the finite measures form a normed ring where \\fi\\ is the total variation of fi 
and fi-Kv is defined by 

jfd(fi*v) = jjf(x + y) dfi(x)dv(y), 

for all continuous / with compact support. One may ask, which /i satisfy 
fi^fi=fiì If one passes to Fourier-Stieltjes tranforms, we have ß=0 or 1. 

The first successful attack on this problem was made by Helson [8, 10], 
who showed that the only Fourier series with coefficients either zero or one 
are of the form 2 a>ne

inx where for some k, we have an=an+k for all but 
finitely many n. His method uses ideas in complex-function theory, in 
particular the celebrated F. and M. Riesz theorem, (which has now been 
generalized by Helson and Lawdenslager [12]), and did not generalize to 
several variables. Using the results of [12], Rudin [20] did generalize the 
theorem to several variables. One may remark that an interesting by
product of Helson's work was the solution of a conjecture of Steinhaus on 
trigonometrical series whose partial sums are all positive [9]. 

To state the general theorem we first note that for any finite N, 
(2/ii einF)dx is an idempotent measure on the circle. I t is also simple to see 
that if H is a closed subgroup of G, then any idempotent measure on H 
considered as a measure on G is also idempotent. Hence 

Definition. A measure p n a group G is called a primitive idempotent 
measure, if for some compact subgroup H, we have 

where %% are characters of H and dm is normalized Haar measure on H. 
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The set of all idempotent measures, as do idempotents in any commuta
tive ring, form a Boolean ring under the operations of 

fi\)v=fiJrv—fi*v and /i()v=fi*rv. 

We know that fi must be the characteristic function of a set E and one sees 
that these operations correspond to union and intersection of the sets E. 
The main theorem is: 

THEOREM 4. The set of idempotent measures on G is precisely the Boolean 
ring generated by the primitive idempotent measures. 

The main difficulty in the course of the proof is the analysis of the singular 
part of the measure, since it is easily seen that if /i is absolutely continuous 
and idempotent then it is primitive. One sees easily first that, 

THEOREM. / / fi is idempotent, then the support of fi lies in some compact 
subgroup H. 

Proof. Since fi is either zero or one and is uniformly continuous, for some 
open neighborhood F of 0 in 6?, we must have fi(x+y)=fi(x) ii yEV. This 
means that fi is invariant under translation by the open subgroup generated 
by V, or by duality that fi has support in the compact subgroup of G which 
is its annihilator. 

After some manipulation which is of a fairly formal character one can 
show that the theorem will follow if the following lemma is proved: 

LEMMA. Let fi be a measure in a compact subgroup such that fi takes only 
integral values. Then either fi is absolutely continuous, or for some closed sub
group H of infinite index, we have |^|(i7)=f=0. 

The proof of this lemma requires a fairly involved argument of a combina
tional nature and rather than give much detail, we prefer to give an example 
of the type of reasoning involved. We show that 

THEOREM. / / fi is idempotent and \\fi\\ =1, then fi =% dm where % is a charac
ter and dm is Hoar measure of a closed subgroup. 

Proof. Let S be the subset of G where fi = l. We show that if Xi>Xz a n ( i 
XzES then XiXzX^^S-

Consider the function 

f = l(Xi+Z2+X*)-c(XiX2Xs1) w h e r e c > 0 - (!) 

It is clear that if c is chosen small enough, we have | / | < 1 — ô for some ô. 
Then we have | J / ä ^ | < l — ô. But, on the other hand since fi = l on 8 
and fi =0 off S we have 

f l - c if X1X2X£1ES, 

[l if XzXtX^SS. 

Hence XiX2Xz1^8> a n (* so /S' is a coset of some subgroup K of â and the 
theorem easily follows. Rudin has computed the best constants in this 
argument and has shown that the conclusion holds if ||^|| < K 5 / 2 . 

H 
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In the proof of the general results one gives a systematic way to construct 
more complicated expressions than (1) which are then used to show that the 
set S satisfies certain combinatorial conditions. 

In [4], it is shown how there ideas may be used to attack a problem of 
Littlewood. We have seen that in the case of Fourier series, the simplest 
idempotents are the finite exponential sums. The next simplest example is 
Haar measure on a proper subgroup of the circle, whose Fourier-Stieltjes 
series must be of the form, 

00 

n=oo 

for some integer k. The norm of such a measure is of course 1. This would 
seem to suggest that the smallest norms of exponential sums are encoun
tered among sums of exponentials in an arithmetic progression. This bears 
some relation to results of Hardy and Littlewood concerning rearrangements 
of Fourier series. One may conjecture that since 

ix ~ ^log N, 
J I i 

one also has 

/• I N 

\\2einx\dx 
J I i 

ri N 

einjX dx>BlogN. (2) 

This conjecture remains unproved, but it is shown in [4], that 

Davenport [6], by modifying one of the combinatorial lemmas, has shown 
that the exponent in the right side of (3) may be replaced by 1/4. The 
inequality (3) may be readily generalized to sums of characters on arbitrary 
connected Abelian groups. 

3. Homomorphisms of group algebras 

The problem of determining the homomorphisms of L1(G)^>L1(H) was 
treated by Beurling and Helson in [3] for the case G=H = R, in a slightly 
different form. They were able to prove that every such homomorphism 
corresponds in a natural way to a homomorphism x->fac of R into R. 

It is not difficult to show, by means of the closed graph theorem, that any 
homomorphism cp'.L1(G)-^L1(H) is continuous and is determined by its 
adjoint map (p'^E->{G,0} where 0 represents the "trivial character" 
mapping G identically onto zero. For example, the theorem in the case of 
the real line reduces to proving 

THEOREM. Let œ(x) be a function such that whenever f(x) is a Fourier trans
form, then f(co(x)) is a Fourier transform. Then co(x)=ax+b. 

The same statement holds for absolutely convergent Fourier series. The 
case when Ê is a disconnected group is much more interesting. For H the 
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circle group this was solved by Rudin [18, 19]. His method used the results 
concerning idempotent measures in the circle. However, it was not noticed 
that there is a simple relation which more or less reduces the problem of 
homormorphisms to that of idempotent measures. Namely, 

THEOREM 5. Let<p:L1(G)->L1(H) be a homomorphism, <p^ :E->(G,0) the dual 
map. If G and H are compact, and S the subset of GxÊ consisting of all pairs 
(Xi<P*ix)) where <P*(x)^> ^en ^e characteristic function of S is the Fourier 
transform of an idempotent measure. 

The case of non-compact G and H must be handled by passing to their 
Bohr compactifications. The final result is stated in terms of affine maps. 

Definition. Given a continuous map a from a coset K of a subgroup G' of 
G into a group JET, we say a is affine if x(x+y—z) = oc(x) + oc(y) — oc(z) for x,y 
and z in K. 

THEOREM. The map <p# is the adjoint map of a homomorphism q>:L1(G)^-
M(H), where M(H) are the measures on H, if and only if there is a decomposi
tion of Ê into sets Sjt belonging to the Boolean ring generated by a finite number 
of cosets Kx of open subgroups of Ê with the property that for each Sf, there 
exists a Kt with K% => S} and <p^ on S} is either identically zero, or agrees with 
an affine map of Kt. 

The map <p takes I^(G) into L^H) if and only if ç?"1 of every compact subset 
of G is compact. 

I t is not hard to see that this includes the corresponding results for the 
special cases of the real line and the circle. Using these results one can prove 
for example that the subalgebra LX(G) is mapped onto itself by any auto
morphism of M(G). Another illustration is the theorem of Beurling-Helson [3] 
which says that if / is a Fourier transform of a measure on the line such 
that fn for positive and negative n are the Fourier transforms of uniformly 
bounded measures then f(x)=eKax+b). One can also obtain results which 
give conditions under which one may deduce from LX(G) being isomorphic 
to LX(H) that G and H are isomorphic. In particular this holds if Ê is con
nected. 

In conclusion, it should be pointed out that almost no results of this type 
are known for the case of non-Abelian groups. It would seem that compact 
Abelian groups might offer some hope for suitable generalizations. 
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CONDITIONALLY CONVERGENT FUNCTIONAL 
INTEGRALS AND PARTIAL DIFFERENTIAL 

EQUATIONS 

By LEON E H R E N P R E I S 

The theory of functional integration had its beginning with the work of 
Einstein, Smolouchowsky, Paley, and Wiener on Brownian motion. Later 
Feyneman introduced a process which bears the same relation to the 
Schrödinger equation that Brownian motion bears to the heat equation. 
Feyneman's method has never been subjected to a rigorous mathematical 
treatment. In the present lecture we shall describe a procedure for solving 
the initial value problem and the Cauchy problem for a wide class of partial 
differential equations. This method may be thought of as a general type of 
functional integration. In the special cases of the heat and Schrödinger 
equations we obtain the above-mentioned techniques of Einstein et al. 
and of Feyneman, respectively. Our method is mathematically rigorous and 
can therefore be used to establish existence theorems for initial value and 
Cauchy problems. For example, we can give a new proof of the Cauchy-
Kowalewski theorem (actually in a somewhat stronger form as first derived 
by Pucci). We give also a new proof of the Leray-Petrowski existence 
theorem for linear hyperbolic equations. This proof extends to some cases 
with multiplie characteristics. 

The main idea of our method of functional integration is to obtain the 
solution of the initial value or Cauchy problem for a system with variable 
coefficients as a limit of functions obtained by solving constant coefficient 
problems. 

Formally we proceed as follows: Let x = (xlf ...,xn), and consider the initial 
value problem df\dt=A(t,x,d\dt,d\dx)f with f(0,x)=f(x). Here f=f(t,x) is 
a vector of functions ft, ...,/m, and i i s a n m x m matrix, and f(x) is a given 
vector of functions. Suppose we want to find f(l,x). We break up the t 
interval [0,1] into N equal parts. Then we define the approximate solution 
f(t,x) as follows: for any t0 in [0,1/$"] and any x0 we solve the initial value 
problem 

8/2. *o (*, *)/& = Ah* *o> 8/&, d/dx) fl Xo(t, x) 

with initial value ff0 Xa(0,x)=f(x). We thus obtain a family of functions 
&*.(*, x). We define fN(tQ, x0)=flXo(t0, x0) for 0 < t0< l/N. 

Next for l/N<t0<:2/N and any x0 we consider the initial value 
problem 

8f& *.(*> * ) /» = A ^ *o> 8/»i d/8z) fl ,.(*, x) 

with initial value ft0.Xo(l/N, x)=fN(l/N, x). We then define 

fih,xQ) = flXo(tQix0) for l/N<t0<2/N. 
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Proceeding in this way we construct f*(t,x) for 0 < £ < 1 . 
Finally we must find conditions on A and suitable topologies so that f 

converges to a solution of the given initial value problem. In most cases the 
procedure must be modified slightly in order to obtain convergence. 

By using explicit formulae for the solution of the initial value problems 
for the partial differential equations with constant coefficients for the 
fl Xo we can interpret the limit of the f* as a functional integral. 



EXISTENCE, UNIQUENESS AND REGU
LARITY OF SOLUTIONS OF LINEAR 

DIFFERENTIAL EQUATIONS 

By LARS HÖRMANDER 

The aim of this lecture is to report some recent results concerning existence 
of solutions of linear differential equations of general type. The main 
emphasis will be placed on theorems concerning uniqueness and regularity 
of the solutions of a differential equation, for such results imply existence 
theorems for the adjoint equation (see section 3). We shall also exhibit 
classes of differential equations which do not possess solutions. 

1. Notations 
Let O be a C°° manifold of dimension n which is countable at infinity, 

and let P be a linear differential operator on O with C°° coefficients. This 
means (Peetre [10]) that P is a linear operator in C°°(Q) which contracts 
supports, 

s u p p P / c s u p p / (fEG°°(ü)). (1.1) 

By continuity P can be extended to a linear operator, also denoted by P, 
in the space D'(Q) of distributions on Q. 

Let dÙ be a fixed positive C°° density in Q. The identity (x) 

\(Pu)vdQ= \uP*vdQ, when u, vEG00(Q) and supp u fi supp v<Q, (1.2) 

then defines a differential operator P*, called the formal adjoint of P 
(with respect to the density dQ). 

The operator P is of order <ra if and only if the polynomial 

is of degree <ra for every cp E G0O(Q). The coefficient of rm is then for every 
xEQ a form of degree m in grad <p(x), which we denote by Pm(x, grad ç?); 
if the order of P is equal to m it is called the characteristic form of P . 

If A c O we write 

GS°(A) = {u; uEC°°(Q), supp u<A}, 

and £ '(A) is defined similarly with C°°(Q) replaced by D'(Q). Finally, if 
w€D'(Q) we denote by sing supp u the smallest closed subset of O such 
that u is a C°° function in its complement. 

(*) The notation A<LB means that A is relatively compact in B. 
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2. Equations without solutions 
Lewy [6] discovered that the differential equation 

dujdxx + i dujdx2 + 2i(xx + ix2)duldxB = / 

does not have a solution in any open subset of R3 for a suitable choice of 
fEG°°(R3). This result can be generalized as follows (see Hörmander [3, 
Chap. VI]): 

THEOREM 2.1. Let P be of order <m, which implies that the commutator 
C=P*P—PP* is of order <2m — 1. Assume that for some xEQ and some 
real covariant vector | at x we have 

Pm(x,i)=0, C^fefl+O. (2.1) 

Then one can choose fEC0C(Q.) such that the equation Pu=f does not have 
a distribution solution in any neighborhood of x. If for every x in a dense 
subset of O the hypothesis (2.1) is fulfilled for some real | , one can find fEC°° (Ù) 
such that the equation Pu = f does not have a distribution solution in any open 
subset of Q. 

The main part of the proof consists in constructing functions which 
satisfy the equation P*v = 0 except for a small error and which are strongly 
concentrated at the point x. This is done by means of asymptotic expansions 
closely related to those of diffraction theory. 

3. Existence theorems 
Results on regularity and uniqueness for the adjoint P * of P imply exi

stence theorems for P. Indeed, we have the following two theorems. 

THEOREM 3.1. Assume that 

vES'(Q), P*vEC^(Q)->vECS3(Q). (A) 

Then the vector space 

N(K) = {v;vECS>(K), P*v = 0} 

is finite dimensional for every compact set KcQ. If /eD'(O) and 

f(v)=0 (vEN(K)), (3.1) 

there exists a distribution uEV(£i) such that Pu=f in the interior of K.(x) 
To prove this theorem one first uses the closed graph theorem to give a 

quantitative statement of the hypothesis (A). Then it follows immediately 
that N(K) is finite dimensional and that P * defines an isomorphism of 
C?(K)IN(K) into G?(K). By (3.1) the linear form 

P*v^f(v) (vECST(K)), 

is therefore continuous for the topology in C°°(Q). Hence it can be extended 
to a distribution üE£r (Q), and since û(P*v) =f(v), vECffiK), we have Pu =f 
in the interior of K. 

(l) The author owes this result to F. Treves. 
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THEOREM 3.2. Assume in addition to the condition (A) that to every compact 
set KcQ there is another compact set K'czQ, such that 

vE£'(Q), supp P*v c K => supp v c K', (B) 

v E£'(Q), sing supp P*v cK=> sing supp v c K'. (C) 

TÄew £Äe vector space 

N = {v;vEC%>(Q,),P*v = 0} 

is finite dimensional and the equation Pu=f has a solution uEV'(Q) for every 
/eD'(Q) suchthat 

ï(v)=0 (vEN). (3.2) 

The Hahn-Banach theorem reduces the proof to showing that the linear 
form 

P*v^f(v) (vEC?(Q)), 

is continuous for the Schwartz topology in Co°(Q) when (3.2) is valid so 
that the form is uniquely defined. The continuity can be established by a 
slight modification of the proof of Theorem 3.6.4 in [3]. 

Simple examples show that the condition (A) is not necessary for the con
clusion of Theorem 3.1 to hold; a weaker sufficient condition is that for 
some integer k we have VECQ3^) if P*VECQ(D.) and v E (?o(Q). However, 
(A) is fulfilled in most existence theorems known. Condition (B) in Theorem 
3.2 is not necessary either, but if PV(Cl) => C°°(Q,) then (B) must hold at 
least when v€<7o°(Q). When O c Rn and the coefficients of P are constant, 
it follows that the full condition (B) is necessary in order that PD'(Q) 
=>(7°°(0); conversely (B) then implies the existence of solutions of the 
equation Pu=f when / is a distribution of finite order (Malgrange [7]). 
When P has constant coefficients and D cz Rni condition (0) is also necessary 
in order that PZ)'(Q)=D'(Q) (Hörmander [3]). 

If P is a differential operator with constant coefficients in Rn, we have 

if (supp v) = H(supp P*v), üT(sing supp v) = H(siag supp P*v) (v E £'), (3.3) 

where H denotes convex hulls. The first identity is a special case of the 
theorem of supports, and both have simple proofs via Laplace transforms. 
(See John [5], Malgrange [8].) Hence P£>'(Q)=D'(Q) if Q is convex. This 
result is due to Ehrenpreis [2] for Q = Rn and to Malgrange [8] for arbitrary 
convex Q. 

In the following paragraphs we shall give local regularity and uniqueness 
theorems which lead to sufficient conditions for (A), (B) or (C) to be valid. 
(One can also give local statements which are equivalent to (3.3); see John 
[5], Malgrange [8].) The existence theorems thus obtained will not be stated 
explicitly, but they go beyond those mentioned above even for differential 
operators with constant coefficients. 

4. Hypoelliptic operators 
The operator P * is called hypoelliptic if 

sing supp v=sing supp P*v, vE D'(Q). (D) 
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This local property of P * trivially implies both (A) and (C). I t is classical 
(Petrowsky [11]) that elliptic operators are hypoelliptic, and so are diffusion 
operators. Algebraic conditions characterizing hypoelliptic differential 
operators with constant coefficients in open sets O c= Rn are known (see 
Hörmander [3]). The hypoellipticity of a related class of differential opera
tors with variable coefficients, including elliptic operators, has been proved 
by Hörmander and by Malgrange (see [3]). Weaker sufficient conditions for 
hypoellipticity have been found by Treves [13] and by Hörmander [4], 
but so far no sufficient algebraic condition for hypoellipticity has been 
found which is invariant for coordinate transformations and is weaker than 
ellipticity. (See Treves [14].) 

I t should be noted that condition (B) is not always fulfilled even for 
elliptic operators. Indeed, Plis [12] has constructed an elliptic differential 
equation which has a solution with compact support. This leads easily to 
examples of elliptic operators which do not satisfy (B). 

5. Holmgren's uniqueness theorem 
From now on we always assume that O c= Rn, but since the results we shall 

give are invariant for changes of variables, they are also applicable to 
manifolds Q. We assume that P has a finite order which we denote by m 
Then the classical uniqueness theorem of Holmgren is as follows. 

THEOREM 5.1. Let <p be a real valued function in C^Q) and let x° be a point 
in Q, where 

Pm(xO,gr&d(p(x<>))*0, (5.1) 

that is, the surface (p(x)=(p(x°) is non-characteristic. If the coefficients of P 
are real analytic, there exists a neighborhood Q'czß of x° such that every 
UET)'(Q) satisfying the equation Pu =0 and vanishing in Çl+ = {x; xEQ, 
<p(x)>(p(x0)} must also vanish in O'. 

For a proof valid for distribution solutions we refer to Hörmander [3], 
where the following supplementary result is also given. 

THEOREM 5.2. Let (pbe a real valued function in G2(Q) and let P(x, D) be a 
differential operator with analytic coefficients and with real coefficients in the 
principal part. Let x° be a point in Q, where grad <p(x°)=N°3=0 and 
Pm(x*,N*)=Obut 

Ï P^P%(x°, N°)Ptf(x°, N°) + ÌP%\x°, N°) Pm, k(x°, N°) > 0. (5.2) 
j.k=lCXjCXjc 1 

Here Pm denotes the principal part of P and we have used the notation 

P%(x,Ç)=dPm(x£)ldÇj, Pmtj(x,i)=dPJx, {)ldz,. (5.3) 

Then we obtain the same conclusion as in Theorem 5.1. 

On the other hand, Malgrange [9] has shown that there is non-uniqueness 
if the inequality opposite to (5.2) holds. The meaning of (5.2) is perhaps 
more clear if we note that the left-hand side is the second derivative of the 
restriction of cp to the bicharacteristic with initial data x=x0,Ç = JV°. 
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6. Carleman estimates 
In this paragraph we shall discuss a type of estimates first studied by 

Carleman in connection with uniqueness theorems for equations with non-
analytic coefficients. These estimates are of the form 

T (\Dm-1u\*#"dx<K1 [\Pu\2e2x(pdx 

m-2 /• 

+ K2 2 T2(m-;V1 \\D^u\2e2r(pdx, (uECSr(Q)). (6.1) 

Here T is a large positive parameter, <p is a fixed weight function in C2(Q) 
and | Uu |2 is the sum of the squares of the absolute values of the deriva
tives of u of order <j. Such estimates with K2 =0 have a particular interest 
as we shall see in section 7. For proofs of all the following results we refer 
to Hörmander [3, Chap. VIII]. 

THEOREM 6.1. Let A^=grad y(x) where xEQ, and let Ç=Ç+ioN with 
| E Rn and 0 =t=o* E R± satisfy the characteristic equation 

Pm(*,0=0- (6-2) 

If (6.1) is valid, it follows that 

| f | «"-D -K%a\ | f | 2 +oT-* <2K1ip';(z,£,o) (6.3) 

when the left-hand side is positive. Here we have used the notation 

<p'r(x, f, o) = i jf%-F$(x, C) P ^ C ) 

+ a'1 Im 2PmA*, 0 tfF(*. f). (6-4) 
1 

Note that if K2 is a large positive constant we only obtain a condition 
on <p'p(x,Ç,o) when Ç=Ç-\-ioN is nearly real. 

The proof of Theorem 6.1 is achieved by applying (6.1) to functions of 
the form 

u(y) =exp(i x w(y)lo)y)((y-x)Vr) 

wheTey)ECo>(Rn),wEC°°(Rn)a,iidw(y)=<y-x,Ç> + 0(\y-x\2)wheny->x. 
Letting T->°O leads to an inequality, involving %p and its first order de
rivatives, which is easily seen to be equivalent to (6.3). 

When o->0 it is easy to see that (6.3) implies 

C2m-i(x,Ì) = 0 iîxEQ,ÇERn and Pm(x,C)=0 (6.5) 

(cf. Theorem 2.1), îorcpp(x,^,a)—C2m_1(x,^)j2a is a polynomial in f and a. 
To proceed we use a strengthened form of (6.5), but it is quite possible that 
this additional assumption can be eliminated to a large extent. 

Definition. P is principally normal if there is a differential operator Q 
of order m - 1 with C1 coefficients such that 
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C2m-i(x,è)=2RePm(xJ)Qm-i(x,Ç), ÌERn. (6.6) 

It is obvious that P is principally normal if Pm has real or constant 
coefficients. When Pm(x,£ + ioN)=0 we now modify (6.4) as follows 

(*, à cr) = 2 -^~ P§?(«, C) PS?(«, f) 

+ CT-1 Im 2^m.fc(^, C) P(mfc)(s, C) - Re Pm(x, f ) Qm_i(z, C) 

Since the right-hand side is a polynomial in | and cr by (6.6), it can be taken 
as definition of (p'p(x,£,o) when or=0 and Pm(x,£) =0. If ÇERn and 

Pm(x,i) = ÏP(l)(x,^)Nj = 0, (6.7) 
i 

we obtain in particular 

?£(*,& 0)= 2 r ^ - P ^ V ^ ) ^ m V , l ) 

+ Re 2 (PS?. *(*, | ) Pg»(a:, | ) - Pm . »(x, | ) PÄ»(ar, I)) JW>. (6.8) 

When Pm has real coefficients, a simple computation shows that the right-
hand side is the second derivative of the restriction of q> to the bicharac-
teristic with initial data #,£. (The first derivative of q> along this curve 
vanishes by (6.7).) 

We can now state a partial converse of Theorem 6.1. 

THEOREM 6.2. Let P be principally normal or elliptic, let grad q>(x) 4=0, 
and let (pp(x,i,0)>0 if xEQ, 0=#|G-Bn and Pm(x,C)=0. If K is a compact 
subset of O, we have for some constant C 

"2T^""--0"1 f12^-uI*ea*^€fa< 0 f(|-P»|" + x**-!I vJ«)e8*^*!: (uEC?(K)). (6.9) 

/ / in addition (pp'(x, f, o) >0 for all xEQ,^ERn and GERX with a+ 0. satis
fying the equation Pm(x,i- + ioN) =0, we obtain 

j ^ m - a - i [\&u\2e2r<pdx<C (\Pu\%e*"dx (uEC$(K)). (6.10) 

In proving these estimates one first makes an integration by parts in 
J \Pu\2e2r(pdx ("the energy integral method"), and the resulting expression 
is then studied by means of Fourier transforms. 

7. Uniqueness of the Cauchy problem 
From the estimate (6.10) one obtains by standard arguments: 

THEOREM 7.1. Let cp be a real valued function in C2(Q) and let P be a diffe-
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rential operator which is either principally normal or elliptic. Let x° be a point 
in Q where grad <p(x°) =N° 4=0, and assume that 

(pp(x°,i,o)>0 (7.1) 

if 0=¥£ = £ + iaN°, where £ERn and aERx, and £ is a solution of the equ
ations 

Pm(x°, 0 = 0, 2P%(x°, 0 N? = 0. (7.2) 
i 

Then there is a neighborhood Q! of x° such that every uE*Df(0) satisfying the 
equation Pu=0 in O and vanishing in 0 + = {x; xE Ù,<p(x) >(p(x°)}, must also 
vanish in O'. 

If Pm(x°,N°)=0, the condition (7.1) with £=N° and or=0 reduces to 
(5.2), but there is a striking contrast between the strength of the hypo
theses we have made in the case of analytic coefficients and in the case of 
C°° coefficients. 

Examples due to P. Cohen [1] show that the assumption (7.1) is vital at 
least when o=0. Plis [12] has given examples of non-uniqueness even for 
elliptic equations, but the role of the condition (7.1) when a 4=0 is not yet 
completely clarified. 

8. Unique continuation of singularities 
In sections 5 and 7 we have stated results which lead to sufficient condi

tions for (B) to be valid. We shall now give another consequence of Theorem 
6.2 which can be used to verify (A) or (C). 

THEOREM 8.1. Let cpbea real valued function in C2(Q) and let P be princi
pally normal. Let x° be a point in Q where grad tp(x°) =N° 4=0, and assume that 

<pP\x°,C,0)>0 (8.1) 

if0=¥ÇERn and Pm(x°, | ) = 0, fp^x0, Ç) N? = 0. (8.2) 
i 

Then there is a neighborhood O' of x° such that every w€D'(Q) for which 
PuEC°"(Q) and uEC°°(Q+) is in C°°(Q'). 

Besults of Zerner [15] show that the convexity assumption (8.1) is essen
tially necessary for the conclusion to be valid. 
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ON NORMALIZATION IN THE GENERAL 
COEFFICIENT THEOREM 

By JAMES A. JENKINS 

Teichmüller enunciated the intuitive principle that the solution of a certain 
type of extremal problem for univalent functions is determined by a 
quadratic differential for which the following prescriptions hold. If the 
competing mappings are to have a certain fixed point the quadratic differen
tial will have a simple pole there. If in addition fixed values are required 
for the first n derivatives of competing functions the quadratic differential 
will have a pole of order n 4-1 at the point. He proved a coefficient result 
which represents a quite special case of the principle but did not obtain 
any general result of this type. 

The General Coefficient Theorem was presented originally as an explicit 
embodiment of Teichmüller's principle, that is, the competing functions 
were subjected to the normalizations implied by the above statement [1, 2] 
Later improvements have made possible certain relaxations of these nor
malizations and we now state the result in the following form. 

GENERAL COEFFICIENT THEOREM. Let Ti be a finite Riemann surface, 
Q(z)dz2 a positive quadratic differential on *R, {A} an admissible family of 
domains Ap j = l,...,K, on R relative to Q(z)dz2 and {/} an admissible family 
of functions fj,j = l,...,K, associated with {A}. Let Q(z)dz2 have double poles 
Pl9...,Pr and poles Pr+1,...,Pn of order greater than two. We allow either of 
these sets to be void but not both. Let P^j^r, lie in the domain Aj and in terms 
of a local parameter z representing P ; as the point at infinity let ft have the 
expansion 

fi(z) = a(j)z 4- oo} + negative powers of z ( 1 ) 

and Q the expansion 

Q(z) = oiiJ)z~2 4- higher powers of z""1. (2) 

Let Pj, j>r, a pole of order m, greater than two lie in the domain A* and in 
terms of a local parameter z representing Pj as the point at infinity let fi have 
the expansion 

fi(z)=z+2a?/zi, (3) 
i = kj 

where kj is the smallest integer greater than or equal to | m, — 2 and Q the 
expansion 

Q(z)=éi)[zmr*+ | #'V/-<-*]. (4) 

Let 

Ts = a ( / ) [<_ 3 4- ^ j M , - , . , ] (5) 
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if mj is odd and 

T, = a(V4_3 + I / l ^ - i - s + i(i«, - 2) {a%n (6) 
if mj is even. 

Then 

U {£ oP log a<° + 2 ot»T,} < 0, (7) 

w&ere log a(/) = log | a(;) | - id(F, Pj), ? < r. 
If equality occurs in (7) each fj,j = l, ...,K, must be an isometry in the 

Q-metric 
\dC\ = \Q(z)\*\dz\, 

each trajectory of Q(z)dz2 in U^=i A/ must go into another such and the set 
U£i//(Ay) must be dense in *R. If equality occurs in (7) fi reduces to the 
identity in a domain Az for which any of the following conditions holds. 

(i) There is in At a pole Pj, j>r, of order mj such that a(/)==0 for i < 
min (kj + l^j — 3). 

(ii) There is in Az a pole Pj, j^r, with the corresponding coefficient aa) 

equal to one. 
(iii) There is in Az a simple pole of Q(z)dz2 or a point on a trajectory ending in 

a simple pole. 
Equality can occur in (7) when there exists a double pole Pj, j^r, such that 

for the corresponding coefficient |a a ) | 4=1 only when R is conformally equiva
lent to the sphere and Q(z)dz2 is a quadratic differential whose only critical 
points are two poles each of order two. If further {A} consists of a single domain 
the corresponding admissible function is conformally equivalent to a linear 
transformation with the points corresponding to these poles as fixed points. 

The present statement differs from the most general one previously 
given [3,4,5] in that in the latter the normalization ß(i)=0, i = l,...,kj, 
was imposed in the expansion (4) for j=r + l,...,n. In [3] it was pointed 
out that this normalization was inessential in the sense that it could always 
be attained by a suitable change in the local parameter employed at the 
pole Pj. Thus it constituted no restriction in any application where poles of 
explicit numerical order were involved. However for theoretical purposes 
it is highly desirable to eliminate it as in the present formulation. This 
general form is quite readily obtained from the more special one by proving 
that the appropriate expression (5) or (6) is invariant under change of 
local parameter at Pj (always with the assumption that P3 be represented 
by the point at infinity) [6]. 

The terms finite Riemann surface and positive quadratic differential 
are employed with their standard meanings. We denote by C the set of 
zeros and simple poles of Q(z)dz2, by H the set of poles of Q(z)dz2 of order at 
least two. The trajectories of Q(z)dz2 are the maximal regular curves on 
which Q(z)dz2>0. An admissible family of domains relative to Q(z)dz2 is 
obtained by slitting Tt along a finite number of trajectories of Q(z)dz2 which 
either are closed or join two points of C and along a finite number of arcs 
on closures of trajectories in R—H. An admissible family of functions then 
consists of a family of conformai mappings of the domains A^ onto non-
overlapping domains in Ï2, leaving fixed all poles of Q(z)dz2 interior to these 
domains, normalized by the expansions (3) at poles of order greater than 
two and admitting an admissible homotopy F into the identity such that 
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for a pole of order greater than two on the boundary of a strip domain the 
deformation degree of F at that pole is zero. As usual d(F,P§) denotes the 
deformation degree of F at the pole Pj. 

The first, and perhaps most fundamental, step in the proof of the General 
Coefficient Theorem is to study the global structure of the trajectories of a 
positive quadratic differential. I t is shown that there are five types of basic 
domains in this structure: end and strip domains (mapped respectively by 
j(Q(z))* dz on half-planes and horizontal strips), circle and ring domains 
(mapped respectively by exp (k$(Q(z))* dz) for suitable constants k on circles 
and circular rings) and density domains which are swept out apart from 
possible points of C by trajectories each of which is everywhere dense in 
the domain. 

Next it is shown that it is sufficient to prove the result under the assump
tion *hat Q(z)dz2 has no simple poles on R. 

The proof culminates in drawing suitable curves around each point of H 
and regarding the set obtained by deleting these curves and their interiors 
from \Jf=i Aj. Then the areas of this set and the corresponding portion 
of U £ i fj(Aj) in the Ç-metric are compared in two ways. First we obtain 
an inequality in the one direction by studying the behaviour of the func
tions fj on the above curves. An inequality in the opposite direction is 
obtained by applying the method of the extremal metric in each of the 
various domains associated with the trajectory structure of Q(z)dz2. Combin
ing these inequalities we are led, after formal reduction, to the inequality (7). 

The equality statements are proved by applying the usual equality 
treatment associated with the method of the extremal metric. 

Now there are a variety of results, of which a prototype is the classical 
Area Theorem, which make assertions on the coefficients of univalent func
tions without the imposition of any normalization on the coefficients in 
question. Of course on the whole these results are far less powerful and less 
widely applicable than the General Coefficient Theorem, even allowing for 
our recent observation that the range of application of the area principle 
can be greatly increased by using it in connection with a variety of metrics 

vi 
If we somewhat strengthen the requirements in the enunciation of the 

General Coefficient Theorem the same method as is used for its proof, with 
appropriate technical modifications, provides the following result in which 
all normalizations on the coefficients of the mapping functions are eli
minated. This result does not, of course, supersede the General Coef
ficient Theorem, since in turn it does not imply some of the most interest
ing consequences of the latter. 

SPECIAL COEFFICIENT THEOREM. Let U be a finite Riemann surface. Let 
Q(z)dz2 be a positive quadratic differential on *R such that each branch of 
J (6(2))* dz is single-valued in a sufficiently small neighborhood of each pole of 
Q(z)dz2 (with that pole deleted) of order greater than two. Let {A} be an admis
sible family of domains Aj,j = l,...,K,onTl relative to Q(z)dz2 and {f}a special 
admissible family of functions fj,j = l,...,K, associated with {A}. Let Q(z)dz2 

have double poles Pl3...,Pr and poles P r + 1 , ...,Pn of order greater than two. Let 
Pj, j<r, lie in the domain Az and in terms of a local parameter z representing 
Pj as the point at infinity let ft have the expansion 

fi(z) =a{j)z+aQ)jtnegative powers of z 
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and Q the expansion 

Q(z)=oc(i)z 2 4- higher powers of z~x. 

For j>r let f denote a specifically chosen branch of j(Q(z))* dz in a neighbor
hood of Pj. Let y(Pj,L) denote the antecedent on H of the trace on the Riemann 
image of a neighborhood of Pj under f of a square in the Ç-plane of side 2L, 
centre at the origin and with sides parallel to the real and imaginary axes, 
where L is to be sufficiently large that y(Pj, L) bounds a simply-connected 
neighborhood U(Pj, L) of Pj. The curve y(Pj, L) is to be sensed so that U(Pj,L) 
lies to its right. Let Pj,j>r, lie in the domain Aj and let co denote the single-
valued function obtained in a neighborhood of Pj by substituting ft(z) for z in 
the function £. Let O denote the intersection of U £ i A} with the union of 
density domains in the trajectory structure of Q(z)dz2 and let ®j(L)=Aj— Ó 
~ U U i Ü(Pk,L), j = l,...,K. Then 

2 ff \(Q(h(z))H(z)-(Q(z))ì\2dAz 

< - H(2n i or* log a«>) 4- £ ( ~ f (œ - Ç) d(a> - C) -
> ' = 1 J=r+l\*1>Jy(Pj,L) 

^f codç)+o(l). 
Jy(Pj.L) / 

Here log a ( ; ) =log |a ( / ) | —id(F,Pj), j<r, where d denotes the deformation 
degree. The roots (Q(fi(z)))*, (Q(z))* correspond under passage from ft(z) to z 
along the path curve of the deformation F. Finally dAz denotes the element of 
area for the local parameter z. 

A special admissible family of functions and its special admissible homo
topy F into the identity differ from the customary admissible family of 
functions and admissible homotopy into the identity in tha t for the former 
zeros of odd order play much the same role as simple poles do for the latter. 

In various special circumstances this result reduces to a generalized 
Area Theorem, for example, if the family {A} consists of a single simply-
connected domain which contains no simple poles or zeros of odd order of 
Q(z)dz2 and Q(z)dz2 has no poles of order two, or if R is the z-sphere, Q(z)dz2 

has a single pole and no zeros of odd order and {A} consists of a single 
domain. 
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PA3JIHHHBIE ÜOßXOßM K OIJEHKE 
TPy^HOCTH nPHEJIHaCEHHOrO 

3A#AHH£ H BtmHCJIEHH^ OYHKI^HË 

A. H. K O J I M O r O P O B 

MTOÔH H3Ôe?KaTB TexHHHecKHx ocjioîKHeHHii MH ôy^eM paccMaTpHBaTb TOJIBKO 
#eÖCTBHTeJIBHBie $yHKÎ HH 

y=f(x) 

3aAaHHHe Ha 0Tpe3Ke 

A = { a r : - K a ; < 4-1}. 

Bce Hanôojiee cymecTBeHHHe nepTBi npo6jieMaTHKH, KOTopan Hac ôy^eT 
3aHHMaTB, MOJKHO nOHHTB Ha npHMepe (jJVHKipiOHaJIBHHX KJiaCCOB Wp — 
(jjyHKipiH yflOBJieTBopHK)m;Hx HepaBencTBy 

vrai max | fp)(x) | < 1. 

Âr—(JjyHKiniË, KOTopne MoryT 6HTB aHajiHTHiecKH npoAOJiHîeHH BO BHVT-
peHHOCTB ajuranca c ^OKycaMH B TOTOax — 1 H 4-1 H CVMMOô nojiyoceË 
r>l. 

M H ôy^eM ii3ynaTB cnocoÖH 3a3aHHH H BH^HCJieHHH $yHKn;Hii yKa3aH-
HHX KjiaccoB c TOHHOCTBK) flo HeKOTOporo (j)HKcnpoBaHHoro e > 0. 

1. npHÔJiHAeHHe ajireôpaHnecKHMH MHoroHJieHaMH 
By^eM o6o3HanaTB qepe3 na(f,s) HanMeHBmee n, npn KOTOPOM eymecTsyeT 

MHoro^jieH 

P(x) = ct 4- c2 x 4 - . . . 4- cn x71'1 

yaoBJieTBopHromnfi Ha A HepaBeHCTBy 

\f-P\<e 

a flJiH ^yHKi^HOHajiBHoro KJiacca F nojioîKHM 

na(F,e)=su$na(f,e). 
/ e F 

BOT Hanôojiee OKOHHaTejiBHHe pe3yjiBTaTH 06 accHMnTOTHnecKOM no-
BeAeHHH (fyHKijHH na(e) AJiH KjiaccoB Wp H Ar, KOTopne AaeT KJiaccHHecKaa 
Teopnn Hamiyrarax npnÓJiHJKeHirìì: 

na{Wp,e)~Cp(^jl\ (1) 

26-622036 Proceedings 
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r#e Cp HeKOTopne KOHCTaHTH, aHajraTiraecKoe BHpanseHHe KOTopnx MH 
npHBOflHTB He 6y#eM (HHKOJIBCKHô, BepmnTeftH, 1946-47); 

na(Ar,e)~—-->g- (2) 
log r e 

(EepHnrrefiH, 1913) (1). 

2. npHOJIHÄeHHe JIHHeHHMMH 4>opMaMH 
EcTecTBeHHO nocTaBHTB Bonpoc o TOM, HacKOJiBKo yflaneH BHÖop ajire6pa-

HnecKHX MHoroHJieHOB B KaiecTBe annapaTa AJIH npHÖJiHHseHHoro npe#-
CTaBJieHHH <|)yHKn;iift KjiaccoB Wp m Ar (KameTCH, npoÖJieMaTima 3Toro po^a 
ÔHJia BnepBHe BH^BimyTa B [3]). 06o3Ha*mM nepe3 n(F,e) HanMeHBinee n, 
npH KOTOpOM MOJKHO HaËTH TaKHe (JïVHKniIH 

<Pl><P2>~~<Pn> 

*rro AJiH J11060Ô $yHKî HH f E F HaEjjeTCH JiHHeöHaH $opMa 

L(x) = cx <px(x) 4- c2 (p2(x) + . . . 4- cn <pn(x) 

yjüOBjieTBopHiom:aH Ha A HepaBeHCTBy 

\f-L\<e. 

JierKO noHHTB, HTO Bcer^a 

n(F,e)<na(F,e). 

B cjiynae KJiacca Ar 

n(F,e)~na(F,s)~ ^log± (3) 

(BHTVDIKHH, EpoxHH, 1957-58). 
B cjiynae KJiacca Wp ajireOpannecKHe MHoroHJieHH OKa3HBaroTCH He pa-

UiHOHaJIBHHM CnOCOÖOM npHÔJIHÎKeHHH, TaK KaK 

/1\1IP 

n(F,e)~Crpy-) , (4) 

rae f = \ (5) 
Op TL 

(TlïXOMHpOB, 1960). 

(!) CoBpeMeHHoe H3Jio>KeHHe npoÔJieMaTHKH HauiHx §§ 1-2 CM. [1]. BMecTO 
(2) B [1] eooßmaroTCH HaEßeHHHe no3ffHee oöoÖmeHHH. B öojiee erapoMOAHOo 
$opMyjinpoBKe (2) MOJKHO HaËTH yme B § 46 KJiaecimecKoro MeMyapa BepH-
niTefiHa [2]. B (1), (2) H #ajiee 
ra(e)~m(e), ecJiH «(e)/m(e)->1 npne-> 0; n(e)>im(e), ecjin lim inf n(e)/ra(e)>0; 

e->0 
n{e)'^m(e), ecJiH OßHOBpeMeHHO w(e)>m(e) H m(e)>n(e). 
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HHaie roBopn, BHÔnpaH paipiOHaJiBHO (JryHKnira tpk MOJKHO npn TOô JKe 
TOHHOCTH £ OrpaHHHHTBCH $OpMaMH COAepJKaimiMH B 

Ï - U 7 . . . 

pa3a MeHBnie HJICHOB, neM npn npnÖJiHJKeHHH MHoroHJieHaMH. 

3. HeoôxoflHMoe KOJIHTOCTBO HH^opMarpiH 
*ITO6H <J>HKeiipoBaTB c TOHHOCTBIO 30 e (JJVHKIJHIO / , npHHaAJiejKanryio K 

KJiaccy F, B KOTOPOM Bce (JryHKijHH AonycKaioT npeacTaBJiemie JIHHCëHHMH 
<J)OpMaMH 

L(x) = ct <px(x) 4- c2 <p2(x) 4- . . . 4- cn tpn(x) 

c oniHÖKoft He npeBHmaiomeË 

AiOCTaTOHHO yKa3aTB Koa$$Hi^neHTH lk c OHIHôKOë He ôojiBniefi 

e 
e = 2nM' 

rfle M BepxHHH rpaHB aôeojiioTHHx BCJIHHHH $ymm,wû <pk. 
üpHÖJIHJKeHHHe 3HaHeHHH K09(j)<f)HirHeHTOB MOJKHO 3anHCHBaTB nO flBO-

HHHOä cncTeMe cHHCJieHHH. TaKHM o6pa30M, 3ap;aHHe (JryHKijHH CBOJTHTCH K 
3aflaHHK) onpeaejieHHoro HHCJia 3HaK0B, KajKflHÄ H3 KOTopnx MOJKCT npn-
HHMaTB JIHHIB SHaieHHH 0 H 1. ECJIH OrpaHHHHTBCH (JKVHKIJHHMH, nOftHH-
HeHHHMH flOnOJIHHTeJIBHOMy yCJIOBHH) 

TO npn npnÔJiHjKeHHH $yHKî HÄ KjiaccoB Wp H Ar ajireôpaHHecKHMH MHoro-
HJieHaMH npn e - > 0 HHCJIO 3HaKOB, c KOTOPHM Heo6xo#HMO sa^aBaTB K08<j>-
<|)HirHeHTH OKaaHBaeTCH nopn^Ka log I/e, 

9TO nosBOJineT nojiy*raTB cjiejryioiipie ou;eHKH «KOJinnecTBa nmJopMa-
ipiH», HeOÔXOAHMOrO flJIH <j)HKCaiTHH C TOHHOCTBK) flO E npOH3BOJIBHOÔ $VHK-
IJHH / KJiacca A r , HJIH KJiacca Wp: 

I(Ar, e)< (log-^ , (6) 

(l\1,p 1 I(Wp,s)<(-J log-. (7) 

IlepBan H3 BTHX OIJCHOK He MOJKCT 6HTB ycHJieHa B CMHCJie nopn^Ka Be-
jiHHHHH I(Ar,e), HO MOJKeT 6HTB yTOHHeHa: 
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. 2 

'^-dfrfal)* (8) 

(BHTymKHH, 1957). 
OijeHKa JKe (7) ßaeT HeMHoro 3aBHmeHHHö nopn^OK BejiHHiiHH I(Wp,e). 

HCTHHHHÔ HOpHflOK TaKOBI 

I(Wp,e)^(^j,P (9) 

(KojiMoropoB 1955). 
Bojiee no^poOHO o BejiHHHHe I(f,e) CM. BO BBeflemra K CTaTBe [4]. TaM 

noKa3HBaeTCH, HTO I(f, s) ecTB ijejioe HHCJIO onpeaejmeMoe HepaBeHCTBAMH 

log2 N(F, e) < I(F, e) < log2 N(F, e) 4-1, (10) 

r#e N(F, e) MHHHMajiBHoe HHCJIO ajieMeHTOB noKpHTHH MHOJKecTBa F MHO-
jKecTBaMH jrnaMeTpa 2 e B MeTpHKe 

Q(fvf2)==^V\fl(X)-f2(^)\-xeA 

4 . CjIOÄHOCTB BblHHCJieHHH 

^JIH npOCTOTH OrpaHHHHMCfl B 9TOM pa3fleJie (̂ VHKiniHMH, KOTOpHe KpoMe 
yCJIOBHH 

\f(x)\<l 

BBe^eHHoro B npeamecTByiomeM pa3#ejie, nojrHHHeHH VCJIOBHIO Jlnnnniija 

IlycTB s > log - 4 - 3 . 

JierKO BH^eTB, HTO jnoôan Taôjnnja, KOTopan KajK^OMy flBOiiHHOMy nncjiy 

x= - l + x1,x2...xs (^ = 0,1) 

CTaBHT B COOTBeTCTBHe flBOHHHOe HHCJIO 

y= - l + y1,y2...ys = fs(x), (yt = 0,l) (11) 

yflOBJieTBopmomee ycjiOBHio 

I/(*)-/.(*)|<| 

MOJKeT paccMaTpHBaTBCH KaK TaÔJiHiia, jjaioman 3HaneHHH y — f(x) c TOHHO-
CTBH) flo e RJiH. jiioôoro a; G A. 
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3aBHCHM0CTB (11) MOJKeT HHTepnpeTHpoBaTBaH KaK flHCKpeTHan BeK-
TOpHaH (JJVHKIJHH 

r=0(Z) 

OTo6pajKaiom:aH s-Mepmae BeKTopn 

X = (xvx2, ...,xs) 

B s-MepHHe BeKTOpH 

Y = (y1,y2,"^ys), 

r#e nepeMeHHHe Xj H yt npHHHMaiOT JIHHIB BHaneHHH 0 H 1. 
TaKoro po^a BeKTopHHe «(JJVHKIJHH ajire6pn JIOFHKH» ecTecTBeHHO npeA-

CTaBJiHTB B BHfl;e cynepno3Hn;Hü 9JieMeHTapHHx C^VHKIJHë 

C=Hi,vh 

Tj\e BOcnoMoraTejiBHHe nepeMeHHHe £,rj,Ç npHHHMaiOT JIHHIB 3HaneHHH 0, 1. 
HsBecTHO, HTO TaKHx 3JieMeHTapHHx ^yHKî HH HMeeTCH Beerò 16. EyaeM 
Ha3HBaTB «cjiojKHOCTBK)» BeKTopHOÄ (JJVHKUHH ajireÔpn JIOriïKH F = 0 ( X ) 
MHHHMajiBHoe HHCJIO HJieHOB B npeßCTaßjieHHH ee B BH,n;e cynepno3HnHH 
3jieMeHTapHHx <J>VHKHHë (CM. [5]). 

CJIOJKHOCTBH) e-3afl;aHHH C^VHKHHH / MH ÖyjjeM Ha3HBaTB MHHHMajiBHyio 
cjiojKHOCTB cjryHKijHô O, cooTBeTCTByiomHA TaÖjranaM, 3aflaioin;HM y=f(x) 
C TOHHOCTBK) JJO 8. 

CoeflHHHH pesyjiBTaTH 3aMeTOK [5] H [6] c HCKOTOPHMH npneMaMH, pa3-
paÔOTaHHHMH IIIeHHOHOM, H oijeHKaMH, H3Ji0JKeHHHMH B pa3ji;ejie 3 0<J)-
MaH yCTaHOBHJI, HTO MaKCHMaJIBHHe fi-CJIOJKHOCTH <|)yHKHHfi H3 Wp H Ar JK3-
nycKaioT oijeHKH 

K{Wp, 8) ̂ (±yP j log I (12) 

^log ^ I log log-s<K(Ar, 8) < (log ^ * , a = log2 34-1 = 2 , 5 8 . . . (13) 

He3aBepmeHHOCTB oijeHOK (13) CBH3aHa c TeM OOCTOHTCJIBCTBOM, HTO AO 
HacTonmero BpeMeHH, noBH^HMOMy, ocTaeTCH HeH3BecTHOii accHMnTOTHKa 
HHCJia m(s) BJieMeHTapHHx onepaipiä: Ha« napaMH ABOHHHHX 3HaKOB, He-
OÖXOAHMOrO flJIH BHnOJIHeHHH VMHOJKeHHH flBVX S-3HaHHHX HHCeJI. OÖHHHHÖ 
niKOJiBHHfi peu;enT VMHOJKeHHH jiaeT JIHHIB 

m(s) < s2 

a oijeiiKH O^MaHa H KapairyÔH TaKOBH: 

s<m(s)<slog*\ (14) 
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5. Oijemca CJIOäHOCTH HHflHBHlayajitm>ix 4>yHKipiH 
B KJiaccHHecKofi Teopnn npHÔJiHJKeHHft ajireopannecKHMH MHoronjieHaMH 

H3BeCTHH «OÔpaTHHe TeOpeMH», H0Ka3HBai0n^He, HTO HH OflHa HHflHBHfly-
ajiBHan CJJVHKIJHH, He oÖJiajjaioinaH flocTaTOHHoft «rjiaflKOCTBio», He MOJKCT 
x o p o m o npHÔJiHjKaTBCH MHoronjieHaMH He cjiHHiKOM BHCOKHX CTeneHeft Ha 
BceM 0Tpe3Ke A . 

Bce CKa3aHHoe B pa3ßej iax 2 H 3 n o cymecTBy OTHOCHTCH K KJiaccaM 
^yHKi^HË, a He K HHflHBHjjyaJiBHHM (JJVHKIJHHM. H o n p n noflxo^e K flejiy, 
H3Ji0JKeHH0My B pa33ejie 4 , s a t a n a oneHKH e-cjioJKHOCTefi K(f,e) H H ^ H -
BH^yajiBHHX <J)VHKn,HH coflepjKaTejiBHa H oneHB HHTepecHa. K cojKaJieHHio, 
nojiyneHne oneHOK cHH3y 3jjecB, B H ^ H M O , OHCHB TpyflHO. H a p y i n e m i e rjiafl-
KOCTH He flejiaeT eme Hen36eJKHHM o6pa30M <J>yHKnHio CJIOJKHOä. H a n p n 
Mep, flJiH (JyHKi^HH BaH-^ep Bap^eHa , He HMeiomefi H H B OJJHOH TOHKC n p o -
H3B03H0H, JierKO nojiynaeTCH oneHKa 

K(f,8)<(logy. (15) 
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ON DEFORMATIONS OF COMPACT 
COMPLEX STRUCTURES 

By MASATAKE K U R A N I S H I 

By a holomorphic family of compact complex structures we mean a triple 
(T9,Ttl,cd), where V and 7ft are complex analytic spaces and œ is a surjective 
holomorphic mapping of 19 to Ttl, such that, for each t in Ttl, c5~1(*) is a 
non-singular compact complex submanifold, say V(t), of 19. We assume 
further that they satisfy certain supplementary conditions, which we will 
not discuss here. Ttl will be referred to as the parameter space of the family. 
Thus the family gives rise to a collection {V(t); tETtl} of compact complex 
manifolds which can be considered as depending holomorphically on t in 
the parameter space. In the following, we may write {V(t); tETtl} to denote 
a holomorphic family under the understanding that we have a definite way 
of putting complex structure 19 on the set U {V(t); tETtl}. Similarly we can 
consider C°° (or real analytic) family of compact complex structures. But 
we will restrict ourselves to holomorphic families in this lecture. If we 
fix a compact complex manifold 7 and take a family {V(t); tETtl} with a 
reference point t0 in Ttl such that V(tQ) = 7, we may consider it as deforming 
the given structure 7 depending on parameter t. For this reason such a 
family will be called a (holomorphic) family of deformations of 7 with 
reference point t0. Then for each tangent vector L to Ttl at t0, we can define 
what amount to the infinitesimal deformation of the above deformation to 
the direction L, and it turns out that this infinitesimal deformation, say 
r(L), is in JEP(7, 0) , where © is the sheaf of germs of local holomorphic 
vector fields on 7. The mapping Tto(Ttl) 3L->r(L)EH^V,®) is linear and 
will be called the infinitesimal deformation of the given family. When Ttl 
is non-singular at t0, the family is called effective at t0 when r is injective. 

For famiHes of compact complex manifolds of dimension 1 we have a 
very well developed theory as was exposed by the excellent lecture of 
Professor Ahlfors at this conference. In this case we have deep results con
cerning the local aspect of the families (i.e. how we can deform given 7 on 
a sufficiently small neighborhood of the reference point in the parameter 
space) as well as results concerning the global aspect of the families. For the 
families of compact complex manifolds of arbitrary dimension the works so 
far done are mainly concerned with the local aspect of the families, though 
there are some works concerning the global aspect. As was pointed out 
above, the infinitesimal deformations of a given compact complex manifold 
7 are in Hx( 7,0). So a problem naturally arises to see how H1( 7,0) controls 
locally the deformations of 7. The first important result in this direction 
was obtained in 1957 by Frölicher and Nijenhuis [1]. They discovered the 
above-mentioned connection between families of deformations of 7 and 
H^V,®) and proved the following: If 1^(7,0) =0, any family of deforma
tions of 7 is locally trivial at the reference point, i.e. (19,Ttl,co) is homeomor
phic to ( 7 x 7M,7W,ft)0) where co0 is the canonical projection, provided we 
restrict Ttl to a small neighborhood of the reference point. Kodaira and 
Spencer also took up the subject and made an extensive study in [2, 3]. One 
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of the important notions in their research is the notion of induced families. 
Namely, if F = {V(t); t E Ttl} is a holomorphic family, Ttl' is an analytic space, 
and if / is a holomorphic mapping of Ttl' to Ttl, then {19(f(s)); sEÌtl'} can be 
naturally considered as a holomorphic family of complex structures which 
is called the induced family from F by /. A family F of deformations of 7 is 
called universal for 7 when any family of deformations of 7 with reference 
point s0 is homeomorphic to the induced family from JP by a mapping which 
sends the reference point of F to sQ, provided we restrict ourselves to a small 
neighborhood of s0. Among other results, Kodaira and Spencer showed 
many examples of 7 for which an effective and universal family exists 
and calculated the dimensions of the parameter spaces of such families. 

When one tries to construct a family of deformations of 7, an approach 
is to start from a linear mapping of {£;|£| <1} into H^V,®). This is the 
linear part of the family we are trying to construct. When we try to construct 
the second order part we find that we have an obstruction which is in H2( V, 
0) . When this obstruction vanishes we can construct the second order part. 
Then again we find an obstruction for the third order part in H2(V,@), 
and this process goes on. Thus when H2(V,®)=0, there is no serious diffi
culty in constructing formally a family of deformations of 7 by this method. 
But there was a serious difficulty in proving that the above construction 
can be made so that it actually converges to a family of deformations of 7. 
This difficulty was overcome by Kodaira, Nirenberg, and Spencer in [4] 
by applying Holder estimate in the theory of strongly elliptic partial dif
ferential equations. In this way they proved that there exists a universal 
and effective family of deformations of 7 provided JET 2 (7 ,0)=O. Moreover 
the dimension of the, parameter space of this family is equal to that of 
H1^,®). By developing their technique further, the author was able to 
prove in [5] the existence of a universal and, so to speak, effective family of 
deformations of any compact complex manifold. Moreover, the parameter 
space of such a family for 7, say Ttl(V), can be considered as the analytic 
set of zeros of a holomorphic mapping h of a neighborhood of the origin 
in H^V,®) into H2(V,@), and might have singular points. The latter 
fact was already observed in [2] by an example. The existence of the 
above mapping h shows that dim #1(7,0)-cumfl*(7,0)<dim Ttl(T)< 
d i m ^ F , 0) . 

All the known examples of 7 for which dim7W(7)|dimjSri(7,0) are 
the case when dim 7>S. If dim 7 is 1, we have the equality. So the problem 
of determining if dim Ttl(V) =dim H^V,®) for any compact complex mani
fold 19 of complex dimension 2 is one of the outstanding open problems. 
Recently D. Mumford found an interesting example [6]: namely, he con
structed a family F = {V(t); tETtl}, where Ttl is non-singular, such that F 
is effective and universal for every V(t) and dim Ttl (7(*))=dim7M|dim£T1 

H1( V(t),®(t)) for every t in Ttl. This is the first example for which the generic 
member of an effetive and universal family has the inequality. He takes a 
suitable curve C(t) imbedded in 3-dimensional projective space P and sets 
V(t) to be the monoidal transform of P with center C(t). I t is interesting to 
note that all the known examples for which we have the inequality have 
something special about them: namely, they are either fibered manifolds or 
monoidal transforms of manifolds. So the problem of determing if dim7W(7) 
=dimjET1(7,0), provided we exclude 7 which has certain special structures, 
is still open. 
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Let us mention some known theorems on the family of compact complex 
structures. When 7 is a Kählerian manifold and {V(t); tETtl} is a family of 
deformations of 7 with reference point t0, then V(t) is also Kählerian for t 
sufficiently near t0 [3]. However, Hironaka constructed in [7] an example of 
a family {V(t); tETtl} such that V(t) is Kählerian except one point in Ttl, 
say tl9 and V(tt) is actually non-Kählerian. So the property of having a 
Kählerian metric is locally stable but not globally stable under deformations. 
Another theorem which has wide implication is the theorem of upper semi-
continuity of cohomology groups: namely, if {V(t); t E Ttl} is a holomorphic 
family and if G(t) is a holomorphic family of coherent sheaves on V(t) then 
dimHa(V(t),G(t)) is a upper semi-continuous function of t [3, 8] and {t; 
dimHa(V(t),G(t))^d}, where d=Mm(dim Ha(V(t),G(t))), is an analytic sub
set of 7W[8]. I t should be mentioned that some of the known results about 
families of compact complex manifold were generalized to the case of families 
of non-compact complex manifolds by Grauert [8]. We note also that theory 
parallel to the above was also developed to some extent for the families of 
pseudo-group compact structures provided the pseudo-group satisfies cer
tain conditions [9, 10]. 
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PROLONGEMENT DE LA TRANSFORMATION 
DE LAPLACE 

Par JEAN LERAY 

La primitive I(x,y) d'ordre n — 1, s'annulant n — 1 fois en y, d'une fonction 
F(x) de la variable x est donnée par la formule de Cauchy : 

rx(<r — t\n~2 

Introduisons dans cette formule les fonctions linéaires de x 

Ç'X = ÇQ + Ç1x, o ù | = ( |0 , |1) ; 

notons / la fonction homogène de degré — n 

o>*(£) la forme différentielle 

et A un arc joignant les ensembles de points f d'équations respectives 

y*: £ - y = 0, x*:Ç-x = 0; 

il vient /(*, y) = f ^ Ç - /(|) »•(«. 

Nous allons étudier l'intégrale analogue en un nombre quelconque de 
variables; nous obtiendrons ainsi un prolongement £ de la transformation 
de Laplace, qui permet de construire la solution élémentaire d'opérateurs 
différentiels. 

1. La fonction £[/]. — Soit W une multiplicité analytique complexe, de 
dimension complexe 

d i m c T = Z; 

ses points sont notés <p. Soient H(x,y) un sous-variété analytique de *F, de 
codimension 1, d'équation réelle, dépendant linéairement de x et holomor
phiquement de y; x est un point d'un espace affine réel X, ayant même 
dimension que W : 

dim X=l; 

y est un point d'un domaine Y de X. 
Pour écrire l'équation de S, notons (a ,̂ ...,#j) les coordonnées d e # € X e t 
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£'X=ë0+g1Z1 + ...+SlXl 

une fonction linéaire, numérique complexe, sur X; | est donc un vecteur 
d'un espace vectoriel complexe H; 

dimc S =1 + 1. 

Notons f * l'image de f 4=0 dans l'espace projectif 

E* = (E-0)/A 

quotient de S—0 par le groupe A de ses homothéties; autrement dit : | * 
est l'hyperplan de X d'équation g-x=0. 

L'équation locale de S (x, y) est donc 

^{x,y)'* è($,y)-x = 0, 

£(<P,y) étant une application holomorphe d'un domaine d e T x J dans E; 

deux choix différents de £(<p,y) sont proportionnels; nous supposerons que 

ces divers £((p,y) définissent donc une application holomorphe deWx Y 
tout entier : 

Ì*($,y):WxY^Z*; 

nous la nommerons projection; elle projette S(#,t/) (et ^È(y,y)) dans les 
hyperplans #* (et y*) de E* d'équations : 

x*: Ç'X=0, y*:g-y=0. 

Nous notons K(y) l'ensemble des points » d e 7 tels que lt(x,y) ait une 
singularité. 

Nous notons co*(£) la forme différentielle extérieure 

(o*(ï) = IUo(-l)%dÇ0A ...AdÇj^Adëj+1A ...AdÇc, 

son produit par une fonction de £, homogène de degré — l — 1, est évidem
ment une forme différentielle de £*. 

Soit f(Ç,y) une fonction numérique complexe, homogène en f, de degré 
—n (n : entier >0, <0 ou=0), analytique en (£,y), en général multiforme 
et définie seulement sur une partie de E x F. Nous dirons que la projection 
£*(qp,y) uniformise la fonction f(Ç,y) (ou la forme f(£,y)co*(£)) quand 

f(£($>y),y) (ou f(£(<P>y)o>*(è($>y))) 

est une fonction (ou forme) de (<p,y) holomorphe sur le domaine de W x Y 
où £(<p,y) est holomorphe et non nul; si n=0 (ou=J + l), cette fonction (ou 
forme) dépend de £*((p,y) et f(£,y) sans dépendre du choix de £(<$>,y), qu'on 
fait au voisinage de chaque point. 

Supposons que *E(y,y) contienne une sous-multiplicité Sj de W, indépen-
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dante de y; supposons H(x,y) et S^ en position générale pour x ^?y. Supposons 
donnée 

si n<l, une classe d'homologie h(E, 2^) de S relativement à S1, ayant 
la dimension l— 1; 

si n > l une classe d'homologie h(W, S U I^) de dimension l et notons. 
alors h(L, 5^) son bord dans S : 

a ( Y , S U S 1 ) = A(S,S1). (1> 

Supposons que ces classes dépendent continûment^) de (x, y). 

Définissons la fonction £[/] de (x,y), pour yEY et xEY-K(y), par 
l'intégrale: 

\ 7 l - I - l 
cW = ä^=il\ - - - if T ni/^y)»^) siw>z> <2J> 

(W)1-1 a J^ t f i , <# .« ) 1 + ' - S 1 M ^ ' (2-2> 

où |* = |*(^, ^); on suppose fco* uniformisé par cette projection, la se
conde intégrale porte sur une classe-résidu (voir : [7], III). 

La formule (2.1) généralise (1) puisque les projections de S (et S^) 
sont dans x*[et dans y*]. Cette fonction £[/] de (x, y) sera notée par
fois C[f](x,y). 

Voici ses propriétés : 
Pour x et yEY, x$K(y), £[/] est une fonction holomorphe de (x, y). 
Si les Ci(y) sont des fonctions holomorphes de y et si une même pro

jection uniformise les fico*, alors 

2ci(2/)£[A] = £[2ci/i]. (3) 
i i 

Quand fco* est uniformisé, alors 

^Ctfì-CLhfì; [n-l-i-2*i£jc[f] = C[Ç0f]. (4) 

Quand / est uniformisé, alors 

On a £[/(©£, y)] (*, y) = f'-nC[/(|, y)] (Tx,y), (7) 

(1) Quand (x,y) varie suffisamment peu, elles contiennent un cycle variant continû
ment. 

file:///7l-I-l
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T désignant l'homothétie de centre y, de rapport t : 

T :x-*y + t(x-y) 

•et © la transformation, opérant sur E et E* : 

®:Ç=(Ç0,£1,...,Çi)^(tÇ'y-Ç1y1~...-Çiyi,Ç1,...,Çih 

qui vérifie ®£-Tx = t£*x. 

Voici deux conséquences évidentes de ces propriétés : 
Si (£my)p+1f(£) est uniformisé et si /(£) est indépendant de | 0 , alors 

^«»HP^H 
ne dépend que de x — y et est homogène en x — y de degré n — l. Si 
/ ( | ) est un polynôme, alors la fonction £[/] est nulle; cependant la 
distribution £[/], que nous allons définir, ne le sera pas : elle aura pour 
support x = y. 

2. La distribution £[/] pour x=¥y. — Faisons maintenant les hypothèses 
suivantes : 

y£K(y) ; 

pour x E K(y) — y,H (x, y) a un seul point singulier, d(x, y) ; d appartient 
à une partie compacte de W; d $ 2^; a est un point double quadratique 
de S, c'est-à-dire, en notant Hess le Hessien : 

|(<p, y) - x = 0, — p x = 0, Hessj [f (<p, y) • *] 4= 0 pour y = d(x, y). 

Ces hypothèses ont les conséquences suivantes : K(y) — y est une sous-
multiplicité de Y, enveloppe des hyperplans de Y d'équation £((p,y). x = 0 
(y fixe, <p variable); nous noterons l'équation locale ou cette sous-multi
plicité : 

K(y)-y: k(x,y) = 0. 

La partie singulière de £[/], sur K(y), est 

H0 k
71'1-1'2 + H! log k (l pair > 2n), 

H0 k
71'1-112 log k (l pair < 2n), 

H^k71-1-112 (Hmpair), 

où Hi = Hi(x,y) est holomorphe; la restriction de H0 à K se calcule 
sans quadrature. 

L'étude de cette partie singulière définit sans ambiguité sur X — y 
une distribution de x, fonction de y, £[/]; sa restriction à X — K(y) est 
la fonction £[/]; cette distribution £[/] possède les propriétés qu'énonce 
le n° 1. 

3. Le conoide K(y). — Complétons l'hypothèse que S (y, y) contient une 
sous-multiplicité 2^ de *F. Notons Y l'ensemble des points singuliers de 
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S (y, y) appartenant à S1; nous le supposerons non vide(*) et 4= Sx ; fai
sons alors les hypothèses les plus simples possibles : 

1° 2^ est l'espace projectif complexe, de dimc : l—l; 
2° Sx H S (x, y) est un hyperplan de S1, arbitraire quand x décrit un 

voisinage de y; par contre T n'est pas un hyperplan; 
3° \F est un voisinage de Sx dans un espace fibre Ö ayant Sx pour 

section et la droite complexe pour fibre. 
D'après H. Grauert, son article [4] prouve, vu 1° et 2°, que 3° équi

vaut à 
3°bis 2^ est exceptionnelle dans W; c'est-à-dire : remplacer Sx par un 

point, en conservant la structure analytique de *F — S l 9 transforme *P 
en un espace analytique. 

Voici les conséquences de ces hypothèses : 
D'après la théorie des espaces fibres analytiques, on a 

é = (d>-O0)/A, 

où : O est l'espace vectoriel complexe de dimc : Z+l ; 
(r, Y\X, ..., Yji) désignera les coordonnées de cp E O; 
O0 est le sous-espace : r\x = ... = rji = 0 de <D; 
A est le groupe de transformations à un paramètre A : 
A: <p=(r,rj1, ...,rji)-+A(p=(A1~mT,fa]1, ...,A.rji)(m : entier). 

La projection l*($>2/) : Y x ^ - ^ E * 

est induite par une application commutant avec A : 

!(ç?, y) : Y x 7->E où Y / A = Y ; |(Aç>, y) = A|(ç>, y). 

Les équations de Sx et S (x, y) fi 2^ sont 

S X : T = 0 ; Ê(x,y)()lll: r = i]1(x1-y1)+ ... +rji(xl-yl) = 0. 

£*(($>, y) projette homéomorphiquement Sx sur y* : on peut faire en sorte 
que si (p = (0, rjl9..., rjt), alors f(<p, y)^r\ = (rj0, %,..., rji) vérifiant rj-y = 0. 

lue déterminant fonctionnel 

D(£o(<p,y),-;èi(<p,y)) 
D^,^,...,^) ~Qkr\>y) 

T = 0 

est un polynôme en rjv ...,rji, homogène de degré m; on nomme g : 
polynôme de la projection £*((p,y); l'équation de T est donc : 

£:T = g(rj,y) = 0; 

donc m>l (ce qui permet de voir que 1°, 2° et 3° impliquent 3 bis). 
La projection de T sur y* est la variété algébrique : 

(x) Afin de pouvoir définir des classes d'homologie non nulles. 
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g*'. rj-y = g(rj,y) = 0. 

Nous supposerons Hess g(rj, y)=¥0 sur(1) Re g*. 

Alors : K(y) est un conoide de sommet y; ses plans tangents rj* en son 
point conique y sont les rj*EB>eg*. 

Le support des singularités de /(£, y) détermine K(y), à l'exception de cel
les de ses nappes correspondant aux nappes de Re g* sur lesquelles 
f(£>y) e ß t holomorphe. 

4. Choix(2) de A(Y, S U 2^).—Supposons la projection |*(^, y) hyperbol
ique, c'est-à-dire le polynôme g(r\,y) hyperbolique : quand rj2, ...,rji sont 
réels, non tous nuls, alors les ij± annulant g sont réels et distincts. 

Définissons d'abord une classe d'homologie h(y*— g*,x*) : 
si l est impair et xt>yt, c'est celle de 2 Re y*, muni d'une orientation 

qui change sur x* 0 y*, détourné(3) de g*; 
si l est pair et xx>yx, c'est celle du cobord(4) de Re g*, muni d'une orienta

tion qui change sur g* 0 x*. 

On constate que h(y*— gr*,#*)=0 pour x1=y1 (8) 

et on définit h(y*— gr*,a;*)=0 pour%<^ 1 . (9) 

Note 4. Si l est impair on peut ne pas supposer la projection hyperbolique; 
on n'aura plus ni (8), ni (9); on choisira toujours h(y*—g*,x*) classe de 
2 Re y* détourné de g*; ce qui suit vaudra à condition de remplacer | par J 
au second membre de (2). 

L'homéomorphisme de y* et 2^ transforme h(y* — g*,x*) en une classe 
hÇÈi1—T,1È); rappelons que 2^0 2] ne dépend que de la direction de 
x — y. On peut alors définir hÇÈ, Ê J par la condition de dépendre con
tinûment de (x, y) pour x =¥y et d'être voisin(5) de hÇL1 — T,Tt) quando; 
tend vers y, le long d'un segment non tangent à K(y). 

On définit enfin Ä(Y, S U Sx) par la condition (1). 
Ce choix a les conséquences suivantes : 
£[/]=0 pour x1<y1, si g est hyperbolique; 
£[/] =0 pour x=£y signifie que / est un polynôme; 
£[/] ne dépend pas du choix de la projection £*((f,y) qui uniformise f; 

si l+(l/2)<n, £[/] est une fonction 0(\x—y\n~l) pour x—y petit. 
5. La distribution £[/]. Supposons f(£,y) rationnellement uniformisable; 

c'est-à-dire : quel que soit le polynôme homogène ô(f) de (|l5 ...,f2)> ü existe 
une projection £*(<P,y) uniformisant /(f,y)/6(f), ayant pour polynôme 
g(rj,y)b(rj), g étant indépendant de b. Supposons / hyperbolique, c'est-à-dire 
g hyperbolique (ou bien l impair : voir Note 4). 

(*) R e . . . : partie réelle de . . . . 
(2) L. Gârding a contribué à ce choix. 
(3) Détourner d'une sous-variété analytique complexe des segments réels orientés 

la coupant, c'est remplacer chaque segment par la demi-somme de deux demi-circon
férences, imaginaires conjuguées l'une de l 'autre, ayant ce segment pour diamètre, 
ayant son orientation, ne rencontrant pas la sous-variété. 

(4) Prendre le cobord de points d'une sous-variété analytique, c'est remplacer chaque 
point par une circonférence enlacée avec cette sous-variété. 

(5) Contenir un cycle voisin d'un cycle choisi dans 
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Il existe alors une distribution £[/] dexEY, fonction de y E Y et possédant 
toutes les propriétés énoncées ci-dessus : vu (4) on la définit par la formule 

£[/] = &(£) £[/(£, 2/)/&(l)], 

où b est hyperbolique de degré >l + (l/2)—n, £[//6] est une fonction et 
b £[//&] est une distribution indépendante du choix de b. 

£[/]=0 implique / = 0 ; £[1] est défini et vaut 

£[1] =ô(x—y) (ô : mesure de Dirac); (10) 

plus généralement, quand /(£) est une fonction rationnelle homogène de 
(£i>---,!z) à dénominatueur hyperbolique, £[/] est l'expression de sa trans
formée de Laplace classique qu'ont donnée Herglotz [5] et Petrowsky [8]. 

Note. Rappelons que Gel'fand, Shapiro, Shilov [3], Gârding [2] ont récem
ment étudié les transformées de Fourier des fonctions homogènes. 

6. La solution élémentaire E(x,y) d'un opérateur différentiel a (y, d/8y), 
linéaire, d'ordre m et hyperbolique si l est pair est 

E(x,y) = C[U(Ç,y)] (11) 

à condition que a I y, — I U(£, y) — l, 
\ oy] 

(12) 

U(Ç,y) et ses dérivées en y d'ordres <m soient (13) 

rationnellement uniformisables. 

Or (13) implique que : 

U(Ç,y) s'annule m fois pour £'y=0; (14) 

et la solution du problème de Cauchy (12), (14) possède la propriété (13); 
voir [7] II . 

La formule (11), ainsi obtenue, permet d'analyser les singularités de 
E(x,y) et aussi de calculer explicitement E(x,y) dans le cas suivant : les 
coefficients de a d'ordres m, m — l et <ra — 1 sont repectivement linéaires, 
constants et nuls [7]. F. John [6] a, dans le cas elliptique, déjà employé (11) 
(l impair) et pu traiter le cas : l pair. 

7. Un prolongement de la convolution par une transformée de Laplace, 
analogue au prolongement £ de la transformation de Laplace, permet de 
résoudre de même le problème de Cauchy à données analytiques; voir [7] V; 
il se trouve, en partie, chez Fantappiè [1]. 
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E N S E M B L E S DE RÉSOLUTION SPECTRALE 

Par PAUL MALLIAVIN 

Le problème de la synthèse spectrale de Beurling-Gel'fand est énoncé ha
bituellement comme celui de la classification des sous-espaces fermés de 
L& (Z) invariants par translation. 

Pour la commodité des notations, nous préférerons considérer ici le 
problème équivalent obtenu par transformation de Fourier. 

On note par A l'algèbre de Banach des fonctions réelles définies sur le 
cercle T, ayant une série de Fourier absolument convergente. 

P dénotera l'espace de Banach réel dual de A ; P peut être identifié avec 
l'espace des distributions, au sens de Laurent Schwartz, définies sur T et 
ayant leurs coefficients de Fourier bornés. Si TEP on notera par s(T) le 
support de la distribution T. On notera enfin par (a,T), a E A, TEP là 
forme bilinéaire réalisant la dualité. 

On peut immédiatement définir sur P une structure de A -module. Si 
a0EA et TEP sont donnés alors le produit de a0T est l'élément de P défini 
par 

(a,a0T) = (aa0,T), 

où a est un élément générique de A. 
P sera muni de la topologie vague c'est-à-dire la topologie la moins fine 

rendant continues toutes les fonctions (a, T). 
Ceci étant le problème de synthèse spectrale peut s'éconcer comme celui 

de la classification des sous-modules fermés de P. Plus précisément si Tfl est 
un tel sous-module on lui associe son spectre 

a(7H) = U s(T) 

qui est une partie fermée de T. Une partie fermée E de T est un ensemble 
de synthèse spectrale s'il existe un seul sous-module fermé THE tel que 

o(7nE)=E. 

On peut trouver dans un travail récent de Carl Herz [2] une étude exhaus
tive de toutes les classes des ensembles qui sont actuellement connus comme 
étant de synthèse spectrale. 

La notion d'ensemble de synthèse spectrale n'est pas très maniable. On 
ne sait pas démontrer, par exemple, que l'union de deux ensembles de 
synthèse spectrale est encore de synthèse spectrale. Calderón [1] a introduit 
une sous-classe des ensembles de synthèse spectrale qui se conserve par 
l'opération de réunion. Nous procéderons de façon analogue. 

On dit qu'une partie fermée F de Y est un ensemble de résolution spectrale 
si toute partie fermée E de F est de synthèse spectrale. Si F est de résolu
tion spectrale la structure des sous-modules fermés de TWj? est complètement 
connue : elle est isomorphe à l'algèbre de Boole des parties fermées de F. 
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On voit aisément que si F est fermé, F=\J?J?Î Fj9 les ensembles Fj 
étant tous de résolution spectrale, alors F est lui-même de résolution spec
trale. 

Utilisant un raisonnement de dualité élémentaire bien connu on a que E 
est un ensemble de synthèse spectrale si et seulement si 

sfflcEcza-^O) (TEP,aEA) 

entraîne (a,T)=0. (0.1) 

Kahane et Salem ont construit [4] des ensembles parfaits H tels que 

TEP,s(T)czH entraîne que T est une mesure. 

Utilisant (0.1) on voit immédiatement qu'un tel ensemble H est un en
semble de résolution spectrale. 

Nous nous proposons ici d'établir un lien entre les ensembles de résolution 
spectrale et une notion de la théorie classique des séries trigonométriques : 
celle d'ensemble d'unicité. 

Rappelons qu'une partie G de V est un ensemble d'unicité si le fait pour 
une série trigonométrique de converger vers zéro sur le complémentaire de G 
entraîne que tous ses coefficients sont nuls. Si G est fermé on peut transfor
mer cette définition de la manière suivante : 

PQ notera la partie de P constituée par les distributions dont le coefficient 
de Fourier de rang n tend vers zéro lorsque r&-> + oo. 

Alors G est un ensemble d'unicité si et seulement si 

TEP0, S(T)CZG entraîne T = 0. 

THéORèME 0.3. Tout ensemble de résolution spectrale est un ensemble 
d'unicité. 

Si E est une partie fermée de T, l'algèbre de restrictions des fonctions de 
A k E, soit AE est définie comme le quotient de A par l'idéal JE des fonc
tions nulles sur E. 

L'espace de Banach dual de AE, soit PE s'identifie avec l'espace des 
distributions TEP telles que 

s(T)aE, 

(a, T)=0 pour tout a E JE. 

En particulier toutes les mesures de support contenues dans E sont des 
éléments de PE. On dira que E est un ensemble de multiplicité au sens strict 
s'il existe TEPE dont les coefficients de Fourier tendent vers zéro. 

Sous des conditions générales sur E, Kahane et Katznelson [3, 6] (cf. la 
conférence de M. Kahane dans ces Proceedings) ont montré que les fonctions 
opérant sur AE sont seulement les fonctions analytiques. Le résultat que 
nous allons donner comme conséquence immédiate du Théorème 0.3 est 
moins précis, mais ne rentre pas, actuellement semble-t-il, dans le cadre de 
résultats cités ci-dessus. 
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THéORèME 0.4. Soit E un ensemble de multiplicité au sens strict, soit O une 
fonction opérant sur AEi alors O appartient à la classe de fonctions indéfini
ment dérivables 

C((nlogn)n). 

1. Avant de démontrer ces théorèmes nous allons introduire quelques nota
tions. Si a E A on note par 

rdx 
2âi 

a(n)= \a(x)e~in 

Si T E P on note par T'(n) = (einx, T). 

Avec ces conventions (a, T) = 2 a(n) T'(n). 
n 

On note par Ila 111= 21 a ' (n) I 

\\T\\„=E*V\r(n)\. 

Enfin remarquons que H&^H'oo<IH|iII^H^-

On notera enfin par Aiog l'ensemble des fonctions aEA telles que 

1 
2l»'(»)|log 

On a alors le lemme 

a'(n) 
< o o . (1.1) 

LEMME 2. Supposons que Von ait trouvé TEP, T'(0)=¥0 etaEAiog tels 
que posant 

p(u) = \\J™T\\M, 

/• + 00 

on ait p(u)(\u\ + l)du< oo. 
J —oo 

(2.1) 

Alors s(T) n'est pas un ensemble de résolution spectrale. 
(On peut remarquer que a E A implique eiuaEA et par suite p(u) est bien 

défini.) 
Preuve. On sait que [8] l'hypothèse (1.1) entraîne qu'il existe une suite 

Mn telle que la classe de fonctions indéfiniment différentiables définies sur 
la droite C(Mn) soit non quasi-analytique et que si FEC(Mn) et est à sup
port compact on ait 

+°°\\eiu%\F(u)\du<~>, (2.2) r 
où F est la transformée de Fourier de F définie par 

f+0° dt 
F(u)= F(t)e-itu — . 

J-oo 2n 
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Il résulte de (2.2) que l'intégrale 

eiuaF(u)du j: 
converge comme intégrale vectorielle dans A. On appellera F(a) la valeur 
de cette intégrale. La convergence dans A implique que 

F(a)T= (eiuaT)F(u)du 
J -oo 

converge comme intégrale vectorielle dans P. En particulier on aura 

(F(a),T)= f (éuaT)'(0)F(u)du (2.3) 
J —00 

et \\F(a)T\\'M^ f" p(.u)\F(u)\du. (2.4) 
J -oo 

Soit maintenant / G C(Mn), le support de / étant contenu dans ( — 1, +1) 
et de plus 

/ • 
f(t)dt~l. 

Soit g la dérivée de /. Posons 

kr(t)~~r2g(rt). 

Alors on a quelque soit r \ icr(u) \ < | u |. 

Par suite utilisant (2.4) et (2.1) on obtient que 

\\kr(a) TW'OQ est uniformément bornée. 

En extrayant au besoin une sous-suite on peut se ramener au cas où 

kr(a) T-+U 

la convergence étant une convergence vague dans P. On a 

s(U) cl im sup (s(kr(a) T)) =s(T) n a~l(0). (2.5) 

D'autre part (a, U) = lim (a, hr (a) T) = lim (akr (a), T). (2.6) 
r->oo r->oo 

Nous allons évaluer cette limite en utilisant (2.3). En combinant (2.3) 
et (2.4) on obtient que 

f+0° 
\(F(a),T)\< p(u)\F(u)\du. (2.7) 

J - o o 

Nous noterons par 1(F) l'expression dont la valeur absolue figure au 
premier membre de cette inégalité. Alors 1(F) est une forme linéaire sur 
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C(Mn), continue pour la norme L2 en vertu de (2.7) et de (2.1). Il existe 
donc une fonction h de carré intégrable, dont le support est contenu dans 
l'ensemble des valeurs de a, telle que 

'(*),*) = f-(F(a),T)= ÏF(t)h(t)dt. (2.8) 

Prenant en particulier F(t) = eiut on obtient 

\îb(u)\<p(u) 

ce qui avec (2.1) entraîne que h(t) est une fois continûment differentiable. 
Calculons (2.6) en utilisant (2.8), on obtient 

(a, U) = lim \tkr (t) h(t) dt = h(0). (2.9) 

On peut toujours se ramener au cas h(0) 4=0. En effet 

\h(t)dt = (l,T) = T' (0)4=0. f« 
Par suite il existe v0 tel que h(v0) 4=0. Il suffit d'appliquer le raisonnement 

précédent à a1=a—vQ pour avoir h1(0)=h(v0)^=0. 
Comparant (2.5) et (2.9) on voit que 

H = a-1(0)f]a(T) (2.10) 

n'est pas un ensemble de synthèse spectrale, et comme H a s(T), s(T) n'est 
pas un ensemble de résolution spectrale, d'où le lemme. 

3. Nous allons démontrer le théorème (0.3) en montrant qu'un ensemble 
qui n'est pas d'unicité ne peut pas être un ensemble de résolution spectrale. 
Si E n'est pas un ensemble d'unicité, on peut trouver TEP0, T=$=0 avec 
s(T) c E. En multipliant T par eimx on peut se ramener au cas ou T'(0) 4=0. 

Nous associerons à T la fonction décroissante tendant vers zéro suivante 

g(n) = max\T'(r)\. 

\T\>n 

T étant donné nous prendrons 

a(x) = ^k~1~esinnkx, (3.1) 
k 

où e > 0 est fixé et où {nk} sera une suite lacunaire que nous construirons de 
façon convenable. D'une manière plus précise la suite {%} sera déterminée 
par le lemme 

LEMME 4. On peut trouver une suite croissante d'entiers {nk} telle que quelque 
soit les entiers positifs s et q on ait 

s 1 
2 k2nk<-ns+1, (4-1.) 

fc-i 4 
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I ( 2 g 2 + i r ^ ß W r _ 1 ) < e - e J . (4.2.) 
r = a + l 

Preuve. D'abord il est clair que si une suite {mk} satisfait l'une des inéga
lités (4.1s) ou (4.2a) toute suite extraite de {mk} satisfera encore la même 
inégalité. Cette remarque nous permet d'utiliser le procédé diagonal. 

On déterminera d'abord une suite {nk} qui satisfait (4.1s) quelque soit s, 
ce qui est évidemment possible car si les n% sont déterminés pour k<,s, 
on pourra toujours choisir 7is+i assez grand pour que (4.1s) soit vérifié. 

{n\} sera une suite extraite de {n°k} telle que (4.22) soit satisfait. 
{nk} sera une suite extraite de {ni'1} de telle sorte que (4.2a) soit satis

fait. Enfin on prend 
nk = nk 

et le lemme sera satisfait. 
5. Nous allons établir dans ce paragraphe un lemme combinatoire. Nous 

noterons par / une fonction définie sur les entiers positifs, prenant des 
valeurs entières, égale à zéro sauf en un nombre fini de points. Nous noterons 
par F la famille de toutes ces fonctions. 

Fq notera la partie de F constituée par les / vérifiant 

f(k)=0 si k<q, 

\f(k)\<q2 si k>q. 

A une fonction / et à la suite nk on associe l'entier n(f) défini par 

«(/)=2>k/(*). 
k 

Avec ces notations on a 

LEMME 5.1. Soit m un entier donné. A tout entier r>q associons 

Lr = lfEFq;\m + n(f)\<±n\. 

Alors Lr contient au plus 

l + (2g2+l)r~* éléments. 

Preuve. Soit /0 tel que 

I m + n(fo) | = m m |m + n(f) I 
feFq 

et notons par d ce minimum 

\m + n(f)\>d (5.2) 
et d'autre part 

\m + n(f)\ = \m + n(f0) + n(f-f0)\>\n(f-f0)\-d. (5.3) 

Soit s le plus petit entier tel que 

d<-. 
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Si j > q, notons par 

C^{fEF^,f(j)^fQ(j) et f(k)=f0(k) si k>j}. 

(4.1) entraîne que | n(f — f0) \ > \UJ si / € Cy. 

Par suite d'après (5.3) 

\n(f) + m\>\n5 si j>s et fEC5. 

Si j<s nous utilisons (5.2) et nous obtenons 

Im 4- n(f) | > lns-! pour tout / E Cj. 

Par suite Cj[)Lr = 0 si j>s et j>r. (5.4) 
+ oo 

D'autre part on a Fq = {/0} U ( U C,) 

et (5.4) entraine alors que 

£r^{/o}u(Ûcy. 
J = Q 

Il est facile d'énumérer le nombre d'éléments figurant dans le second 
membre et ceci démontre le lemme. 

6. Nous allons aborder l'évaluation de p(u), nous allons montrer que pour 
u assez grand, 

p(u) < exp ( — rjUlia+E)) où rj est une constante positive. (6.1) 

Nous associerons d'abord à u l'entier q défini par 

(q-l)2 (4e)-1 < \u\ <q2 (4e)"1. (6.2) 

Nous allons utiliser quelques identités de la théorie des fonctions de 
Bessel. On a 

exp (iuk~1~e sin %#) = Dk + Ek, (6.3) 

a* 

où Dft= 2 «/s(^~1~£)exp(^ fca;)3 
S=- f l * 

Ek étant la somme des termes de rang s vérifiant \s\ >q2. 
On a en utilisant des estimées asymptotiques classiques de la théorie des 

fonctions de Bessel (cf. [7] par exemple) 

||Dfc||i + | | 2 y ; < 4 ( | u | + l ) . (6-4) 

D'autre part on peut prouver de même qu'il existe un nombre ô < 1 tel 
que 

| Js (v) | < ô quel que soit v réel, J < | v \ < \, (6.5) 

Enfin en tenant compte de (6.2) on peut montrer que 

| Js(uk~1-e)\< (4fc1+T,s| si \s\ >q2. (6.6) 
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w notera un ensemble fini d'entiers >q. Wq notera l'ensemble de tous les 
w. On notera par w° le complémentaire de w dans l'ensemble des entiers >q. 
Avec ces notations on a 

LEMME 7. On a, pour \u\ >21| T||oo 4-1, quelque soit wEW, 

Il m all'oc < Il r||» + i, (7-1) 
kew* 

et | |î ,ÏÏi> fc |ro0<||2 , | | ;eXp(-^1 ' (1+e '), (7.2) 

k = g 

où rj est une constante numérique. 

Preuve. On a en développant le produit infini 
nDk=IC(f)exj>(in(f)x), 

k=q feFa rq 

+ 00 

= n 
k=Q 

+ 00 

où C(/)=riJ><*>(«*-1-); (7.3) 

on a (TUDkYM = 2 T'(m + «(/))C(f). 
k=Q feFq 

UtiHsant les notations du lemme (5.1) le second membre est majoré en 
module par 

\\T\\'xC(f0) +
 +f I\T'{m + n(f))\\C(f)\, 
r = fl+l feBr 

où Br=Lx — Lr-\. 

Il résulte immédiatement de (7.3) que |0(/) |< 1. 
Par suite en utilisant encore (5.1) 

2 <(23
2+ir«Sr(iWr_1). 

feBr 

Utilisant (4.2ff) on a 

\\TnDk\\'M<\\T\\'xSuV\C(f)\ + e-w. (7.4) 
fc=fl feFq 

Tout le raisonnement précédent est valable si on remplace le produit 
infini, k variant de q à + oo par un produit analogue k variant dans w°, 
il suffit de remplacer dans (7.4) C(f) par le produit infini (7.3) pris encore sur 
w°. Ainsi (7.4) établit (7.1). 

Pour établir (7.2) il suffit de remarquer que 

I <?(/)!< n kW«*-1-)! 
i<\u\k-1~e<i 

et d'utiliser (6.5) pour obtenir 

|C( / ) |<exp( -^ 1 / ( 1 + £ ) ) . 
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8. Démonstration de V inégalité (6.1) 

J™T = bIl(Dk + Ek)T 
k-a 

où b-TUPt+Bu), 
fc-i 

d'où ^(«xiiftiiiiin^+^rir». 
fc = fl 

Utilisant (6.4) on a 

|| 6 ||i < exp (r\u^ log u) 

et nous pouvons négliger ce facteur si 1/(1 + s) > \. 
Ainsi 6.1 sera une conséquence de la même évaluation pour 

^M=n^npfc+^)iroo; 

or on a +fl (Dk + Ek) = "ff.Dfc+ 2 11 A I I Ek, 
k=q k=q weW kew° kçw 

d'où utilisant (7.1) 

A W<| | rn f t l t + (||r|ra. + i)2 1111**111. 
fe=a u e W fee w 

Il est facile d'évaluer la dernière somme. 
En effet elle est égale à 

n (i+libili)-i 
k=q 

et elle a le même ordre de grandeur que 

Inaili. 
k=q 

somme qui est inférieur à e~,M| en vertu de (6.6) ce qui établit l'inégalité 
(6.1) et démontre le théorème (0.3). 

9. Démonstration du Théorème 0.4. Notons par JE l'idéal constitué par les 
fonctions de A qui sont nulles suri?. S u r ^ est munie de la norme d'algèbre 
de Banach quotient 

||a||î,£ = inf||6||î, oh(b-a)EJE. 

Si TEPE alors on a en tenant compte du fait que T est orthogonal à JE 

sup \(a,T)\= sup (6,T) = | |T | | ; . (9.1) 
l|s|lîijEri l|ô|li=i 
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Soit maintenant O une fonction opérant sur AE, soit h la fonction as
sociée au couple a, T par la formule (2.8). Calculons 

I(u)= fo(|)eiu^(D^. 

D'après (2.8) on a I(u) = (®(a) éua, T) 

ou encore I(u) = (<S>(a), eiua T), 

d'où en utilisant (9.1) et la définition de p(u) donnée dans le lemme 2, on 
obtient 

| /W|< | | * (a ) | | i . *pW 

Nous pouvons nous dispenser de l'hypothèse aEAiog et prendre simple
ment a E A. Ceci implique, comme dans [8], que C(Mn) étant une classe non 
quasi-analytique donnée, on peut construire a tel que 

||0(a)||î.s<oo 

entraîne h O E C(Mn). (9.2) 

Prenant en particulier O = 1 on obtient que hEC(Mn). 
Nous noterons par Q l'ensemble des classes C non quasi-analytiques de 

fonctions différentiables qui sont fermées pour la division c'est-à-dire telles 
que 

k E C, k 4=0 entraîne r € C-
k 

Utilisant (9.2) on obtient que si O opère sur AE alors 

oenc 
C€Q 

Rudin a montré [10] que fìceoC est exactement la classe O((nlogn)n) 
ce qui démontre le théorème (0.4). 

10. Remarques. Tous les ensembles de non synthèse spectrale du cercle 
actuellement connus ne sont pas des exemples d'unicité^1) Ce résultat est 
évidemment faux sur le Tore à 2 dimensions (xvx2). Il existe des ensembles 
de non synthèse portés par la droite x2=0. 

On montrerait que l'ensemble H introduit en (2.10) est de multiplicité 
en montrant que 

U'(n)->0 |n | ->oo 

ce qui est une conséquence de la formule 

•4 (eiuaT)udu 

et due fait que TEP0. 
(*) Ce problème a été résolu depuis indépendamment par Filippi d'une part et Ka

hane Katznelson d'autre part. Ils ont montré que l'ensemble parfait de Cantor E n'est 
pas de résolution spectrale; ceci est d'autant plus remarquable que l'on sait d'après un 
théorème de C. Herz que E est un ensemble de synthèse spectrale. Enfin Filippi a étendu 
le théorème 0.3 à un groupe abélien non discret arbitraire, Kahane Katznelson ont 
montré que sous les hypothèses du théorème 0.4 seules les fonctions analytiques opèrent 
sur A „. 
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Signalons un résultat immédiat sur les séries de Taylor lacunaires : soit E 
un ensemble qui n'est pas d'unicité, on peut construire une série de Taylor 
lacunaire absolument convergente f(z) telle que f(E) ait comme partie du plan 
omcplexe un intérieur non vide. 

La technique pour obtenir ce résultat consiste à montrer comme en (2.8) 
qu'il existe une fonction continue h(t,v) des 2 variables réelles, t et v telle 
que 

(F(f(eid)),T) = JF(t,v)h(t,v)dtdv. 

Cette formule peut être démontrée utilisant une technique analogue à 
celle de Rudin [9]. Comme le support de h est contenu dans f(E), on a le 
résultat. 

J . P . Kahane, G. Weiss and M. Weiss [5] ont obtenu des résultats ana
logues mais plus précis pour des ensembles spéciaux du type de Cantor. 

Le fait que l'ensemble E ne soit pas d'unicité ne semble pas être lié de 
façon intrinseèque au problème mais seulement à la technique utilisée. 
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RÉSULTATS R É C E N T S ET P R O B L È M E S DE 
NATURE A L G É B R I Q U E EN T H É O R I E 

DE L'APPROXIMATION 

Par LEOPOLDO NACHBIN 

Nous discuterons dans cet exposé certains résultats connus et quelques 
problèmes ouverts de la théorie de l'approximation des fonctions réelles, 
continues ou différentiables, dans le cas des algèbres et modules de telles 
fonctions. Nous ferons cette étude soit du point de vue de la théorie de 
Weierstrass, donc pour la convergence uniforme sur tout compact, soit du 
point de vue plus général de la théorie de Bernstein, c'est-à-dire de la con
vergence uniforme pondérée sur des parties non nécessairement compactes. 

I. Théorie de Weierstrass 

La théorie de Weierstrass des fonctions réelles continues trouve son expres
sion dans le théorème classique de Weierstrass-Stone sur la structure des 
sous-algèbres fermées de l'algèbre topologique C(E) des fonctions réelles 
continues sur un espace uniformisable séparé E, munie de la topologie 
compacte. Ce théorème entraîne des conséquences sur la nature des sous-
espaces vectoriels fermés de C(E), qui sont des modules sur des sous-algèbres 
fermées de C(E); ou, plus généralement, sur la nature des sous-espaces 
vectoriels fermés des sommes continues d'espaces vectoriels topologiques 
réels localement convexes séparés au dessus de E, qui sont des modules 
sur des sous-algèbres fermées de C(E). On est aussi amené aux résultats 
suivants de synthèse spectrale. Soit Î19 un espace localement convexe réel. 
Considérons une algèbre commutative A d'opérateurs continus sur W, 
contenant l'opérateur identité. Supposons que *W soit localement convexe 
sous A par rapport à la catégorie {R} des algèbres isomorphes à l'algèbre R 
des nombres réels (pour la terminologie voir Nachbin [11] et que les opéra
teurs de A soient semblablement bornés (ce qui signifie que la topologie de 
V9 est déterminée par l'ensemble des semi-normes continues sur W par 
rapport à chacune desquelles tous les opérateurs de A sont bornés). Alors, 
tout sous-espace vectoriel fermé ,4-invariant de W maximal est nécessaire
ment de codimension 1. Tout sous-espace vectoriel fermé propre yt-invariant 
de V9 est contenu dans un sous-espace vectoriel fermé yf-invariant de W 
maximal; et, plus précisément, il est l'intersection de tels sous-espaces 
maximaux le contenant. De plus, 19 étant un sous-espace vectoriel A-in-
variant de W et A' étant l'algèbre d'opérateurs induite par A sur l'espace 
localement convexe quotient W =119119, W est alors localement convexe 
sous A' par rapport à la catégorie {R} et les opérateurs de A' sont semblable
ment bornés. Dans les propositions précédentes, les conclusions sont fausses 
si l'on omet l'hypothèse que les opérateurs de A sont semblablement bornés. 
La recherche d'une hypothèse plus générale que celle ci, pour que ces propo-
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sitions restent vraies, nous amène à la théorie de Bernstein. On obtient aussi 
des résultats analogues dans le cas des algèbres topologiques réelles locale
ment convexes par rapport à la catégorie {R}. La théorie de Weierstrass 
des fonctions réelles continuement différentiables n'est pas encore achevée 
même sur Rn, la différence entre ce cas et celui des variétés différentiables 
étant banale. D'autre part, on ne voit pas encore clairement la forme que 
prendra cette théorie sur des espaces différentiables, généralisant les variétés 
différentiables et Rn en ce même sens ou les espaces uniformisables séparés 
généralisent les variétés topologiques et Rn. Finalement, la forme de la 
théorie en termes de synthèse spectrale des algèbres commutatives d'opéra
teurs continus sur des espaces localement convexes et de synthèse spectrale 
des algèbres topologiques localement convexes n'est pas non plus éclaircie. 
Rappelons des résultats connus et quelques problèmes. Plaçons nous sur 
Rn, pour simplifier l'exposé. Soit £m(Rn) l'algèbre topologique des fonctions 
réelles ra-fois continuement différentiables sur Rn, munie de la topologie 
compacte d'ordre m, où 0 < m < oo (les modifications à introduire dans le 
cas m =00 étant évidentes). La structure des idéaux fermés de £m(Rn) est 
connue (voir Whitney [18]; voir aussi Schwartz [17]). On peut en formuler 
les résultats sous plusieurs formes. Disons que f,gE£m(Rn) sont ra-tangentes 
au point xEHn si leurs dérivées d'ordre <m au point x sont égales. *0 étant 
un idéal et / un élément de £m(Rn), pour que / soit adhérent à 3 dans 
£m(Rn) il faut et il suffit que, pour tout xE~Rn, il existe g E *3, m-tangente à / 
au point x. Ceci se reformule comme suit. Pour tout xEHn, soit 3™+1 l'idéal 
fermé de £m(Rn) des fonctions ra-plates au point x, c'est à dire m-tangentes 
à la fonction 0 au point x. L'adhérence d'un idéal 3 de £m(Rn) est l'inter
section des idéaux fermés J + J%+1 pour xEW1. En introduisant sur£m(Rn) 
la topologie simple d'ordre m, on voit que tout idéal fermé pour la topologie 
compacte d'ordre m est aussi fermé pour la topologie simple d'ordre m. 
C'est clair que tout idéal fermé maximal est de la forme 3 x = {/G£m(Rn); 
f(x)=0} pour un xEB>n unique, donc de codimension 1. Tout idéal fermé 
propre de £m(Rn) est contenu dans un idéal fermé maximal; et, plus préci
sément, il est l'intersection des idéaux fermés élémentaires le contenant 
(Un idéal fermé propre 3 est dit élémentaire si l'ensemble ordonné des 
idéaux fermés contenant 3 strictement a un plus petit élément: le successeur 
de J). Un idéal fermé élémentaire est toujours primaire (Un idéal fermé 
propre J est dit primaire si l'ensemble ordonné des idéaux fermés propres 
contenant 3 a u n plus grand élément : l'unique idéal fermé maximal con
tenant 5). Un idéal fermé élémentaire 3 satisfait à J ? + 1 c 3 c 3 i pour 
un xEW1 unique. Tout idéal fermé élémentaire étant de codimension finie 
bornée par une valeur c(m,n), on en déduit que tout idéal fermé de £m(Rn) 
est l'intersection des idéaux fermés le contenant et de codimension au 
plus égale à c(m,n). Un autre résultat intéressant et plus récent, obtenu à 
partir de l'analyse des idéaux fermés de £m(Rn), est celui d'après lequel, 
pour m = oo} donc pour £(Rn) muni de la topologie compacte d'ordre infini, 
tout idéal engendré par un nombre fini de fonctions analytiques-réelles 
est nécessairement fermé (voit Lojasiewicz [4]; voir aussi Malgrange [5]). 
La nature des sous-algèbres denses de £m(Rn) est connue (voir Nachbin [10]; 
voir aussi Mirkil [11]). Pour qu'une partie % de £m(Rn) engendre une sous-
algèbre dense de £m(Rn), il faut et il suffit que : (1) si x,yE~ELn, x4= y, il existe 
fEX telle que f(x)4=f(y); (2) si xEW1, il existe / E % telle que f(x)*0; (3) si 
xEUn et vEB,n,v*0, il existe fEX telle que 
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(Pour m =0, la troisième condition est à omettre. Pour m > 1, ces conditions 
de densité sont indépendantes de m.) On peut reformuler ce résultat de 
plusieurs façons. A étant une sous-algèbre de £m(Rn), pour que A soit dense 
dans £m(Rn) il faut et il suffit que A vérifie la condition biponctuelle 
suivante : si /G£m(Rra), x,yER>n, il existe g E A, ra-tangente à / aux points 
x et y. Une sous-algèbre de £m(Rn) est dense pour la topologie compacte 
d'ordre m si et seulement si elle l'est pour la topologie simple d'ordre m; 
ceci malgré le fait qu'il soit faux que toute sous-algébre de £m(Rn) fermée 
pour la topologie compacte d'ordre m est nécessairement fermée pour la 
topologie simple d'ordre m. Les sous-algèbres fermées maximales de £m(Rn) 
sont soit de la forme Axy = {f E £m(Rn); f(x)=f(y)} pour x, y E Rn, x 4= y; soit 
de la forme Ax = {fE £m(Rn); f(x) =0} pour xEB,n; soit de la forme 

^ = {/G£m(Rn); | ( * ) = o } 

pour xEB>net vGRn,v=i=0 (pourvu que m>l dans ce dernier cas). Elles sont 
toutes de codimension 1 et leur forme est indépendante de m, si m>l. 
Toute sous-algèbre fermée propre est contenue dans une sous-algèbre fermée 
maximale. Il est faux que toute sous-algèbre fermée soit l'intersection des 
sous-algèbres fermées de codimension finie la contenant, parce que toute 
sous-algèbre fermée de codimension finie est aussi fermée pour la topologie 
simple d'ordre m. Seules les sous-algèbres simplement fermées d'ordre m 
sont effectivement de telles intersections. A partir de ces résultats, A étant 
une sous-algèbre de £m(Rn) contenant l'unité et W étant un yt-sous-module 
de £m(Rn), on se demande si l'adhérence de W pour la topologie compacte 
d'ordre m est identique à son adhérence pour la topologie compacte d'ordre 
m seulement sur les parties compactes de Rn sur chacune desquelles toutes 
les fonctions de A sont des constantes. Ceci équivaut à l'assertion suivante. 
Si fE£m(Rn) et si pour tout e>0 et toute partie compacte KczB>n sur 
laquelle les fonctions de A sont des constantes, il existe gE*W telle que 
| D*(f~9) (x)\ <e quels que soient xE K et l'ordre de dérivation a = (ax,..., an) 
plus petit que m, donc | a| = ax +... + an <m, alors / appartient à l'adhérence 
de W dans £m(Rn). Bien sur, ces énoncés restent vrais pour m=Q; et pour 
mX) ils contiennent comme cas particuliers le théorème sur la structure 
des idéaux fermés, le théorème sur la nature des sous-algèbres denses, et la 
forme probable du théorème analogue au théorème de Weierstrass-Stone 
pour £m(Rn). Il faut aussi analyser les résultats analogues à ceux déjà connus 
sur Rn, mais cette fois ci relatifs aux fonctions réelles continuement différen
tiables sur des espaces différentiables plus généraux que ceux qui sont locale
ment difféomorphes à Rn : citons les variétés différentiables de dimension 
infinie (voir par exemple Lang [3]), les sous-ensembles assez généraux de Rn 

(voir Glaeser [1]). On n'a pas une étude assez complète de certaines algèbres 
topologiques de même nature que celles des fonctions différentiables (voir 
Mirkil [9], Glaeser [1], Neumark [14], Rickart [16]), soit, par exemple, celles 
des fonctions lipschitziennes. Quant à la forme de ces résultats en termes de 
synthèse spectrale d'une algèbre commutative A d'opérateurs continues 
sur un espace vectoriel topologique réel localement convexe W, contenant 
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l'opérateur identité, on est assez loin de la formulation et de la démonstra
tion de résultats généraux. Nous conjecturons le résultat suivant, contenant 
les théorèmes des idéaux fermés et des sous algèbres fermées sur Rn comme 
des cas particuliers. Soit Dm+1 la catégorie des algèbres (sans topologies) 
réelles commutatives à élément unité, pures, séparées, semi-locales et 
d'ordre différentiel <ra + l (au sens de Nachbin [11]). Si Ï19 est localement 
convexe sous A par rapport à X)m+1 et si les opérateurs de A sont semblable
ment bornés, alors, V étant un sous-espace vectoriel /4-invariant de V9, 
A' l'algèbre d'opérateurs induite par A sur l'espace localement convexe 
quotient W ^W/V, W sera localement convexe sous A' par rapport à 
la catégorie Vm+1 et les opérateurs de A' seront semblablement bornés. 
En particulier, si l'algèbre topologique réelle commutative A, à élément 
unité, est localement convexe par rapport à TDm+1, alors toute algèbre topo
logique quotiente de A Test aussi (dans ce cas W = A). Il peut se faire bien 
sûr que la validité de ces résultats de stabilité par passage au quotient reste, 
sous cette forme, conditionnée par des hypothèses supplémentaires, telles que 
celle de dimension bornée pour les espaces vectoriels des formes linéaires 
continues m-tangentes à W en chaque homomorphisme unitaire de A dans 
R. Quoi qu'il en soit, il y a là des problèmes intéressants à élucider. 

IL Théorie de Bernstein 

La théorie de l'approximation de Serge Bernstein est celle de l'approxima
tion polynomiale pondérée. Soient E un espace uniformisable séparé et N 
une partie fermée de E. Indiquons par % un ensemble filtrant de fonctions 
réelles positives, définies et semi-continues supérieurement sur le complé
mentaire C^ de N dans E. Indiquons par CXN(E) l'espace vectoriel des 
fonctions réelles continues sur E, donc sous-espace vectoriel de C(E), des / 
telles que, quels que soient la fonction a E X et le compact Z c E, on ait 
f(x)a(x)->0 si x->a, xEK (] $N, pour tout point aEK D N. Nous munirons 
cet espace vectoriel de la topologie définie par la famille des semi-normes 

H I / I U - s u p {\f(x)\a(x); xeKnÇN}. 

On dira que CXN(E) est un espace vectoriel topologique pondéré de fonc
tions réelles continues. Remarquons que le sous-espace vectoriel de CXN(E), 
formé des fonctions nulles aux voisinages de N, est dense dans CXN(E). 
Soit A une sous-algèbre, contenant l'unité, de l'algèbre C(G^0 des fonctions 
réelles continues sur l'ouvert complémentaire de N dans E; et W un sous-
espace vectoriel de CXN(E) tel que l'espace vectoriel W\GN, restriction 
de W à $N, soit un yt-module, ce qu'on exprimera en disant tout simple
ment que W est un /4-module. Le problème de Bernstein consiste à chercher, 
sous de telles conditions, une description de l'adhérence de W dans CXN(E). 
On appelera problème de Weierstrass le cas particulier où N est vide et X 
est réduit à la fonction constante 1; ou même, plus généralement, le cas où 
N est vide et X est arbitraire. On dira que W est de type fini sous A si 
l'adhérence de W dans CXN(E) coincide avec son adhérence pour la topo
logie sur CXN(E) définie par les semi-normes /->||/||<jir pour o EX et K a E 
compact tel que les fonctions de A soient constantes sur K Ç] ftN. Ceci 
équivaut à la condition suivante. Si fEQX^E) et si, pour tout £>0, pour 
toute a E X et pour toute partie compacte KczE telle que les fonctions de A 
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soient des constantes sur K fi ÇjN, il existe g E W telle que | f(x) —g(x) | o(x) <e 
quel que soit x E K D §N, alors / appartient à l'adhérence de W dans CXN(E). 
Si N est vide, c'est à dire pour le problème de Weierstrass, W est toujours 
de type fini sous A. On peut se poser le problème de Bernstein strict, con
sistant à trouver des conditions nécessaires et suffisantes pour qu'on ait la 
condition de type fini. Bien que le problème de Weierstrass soit complète
ment résolu par le théorème de Weierstrass-Stone, le problème de Bernstein 
général ou strict reste ouvert en dehors de quelques cas particuliers, parce 
qu'il donne lieu à des questions analytiques plus fines et difficiles que celles 
posées par le problème de Weierstrass. Ce problème strict est déjà résolu 
dans des situations telles que celle où E est la droite réelle R compactifiée par 
l'adjonction du point à l'infini et N est réduit au point à l'infini, A étant 
l'algèbre des polynômes réels sur R et W ayant un générateur, en tant que 
A-module, réel continu partout non nul (voir Pollard [15]; voir aussi 
Mandelbrojt [7], Horvath [2] et Mergelyan [8] pour les questions classiques). 
Des conditions suffisantes générales sont connues (voir Malliavin [6], 
Nachbin [12], [13]). Citons le résultat suivant, lequel reflète les liens entre 
le problème de Bernstein dont nous nous occupons, les fonctions quasi-
analytiques et le théorème de Denjoy-Carleman. Supposons que, pour toute 
semi-norme continue a sur CXN(E), W soit contenu dans l'adhérence dans 
CXN(E) du yt-module engendré par l'ensemble des wEW tels que A soit 
contenue dans l'adhérence dans C({jN), muni de la topologie compacte, de 
l'algèbre engendrée par les fEA vérifiant la condition 

Voc(fmw) 

Alors W est de type fini sous A. On en déduit que, si W a un seul générateur 
w, en tant que ;4-module, partout non nul, et si, pour ce w et pour toute 
semi-norme continue a sur CXN(E), l'ensemble des fE A satisfaisant à la 
condition de divergence ci-dessus est séparant sur E, alors W est dense 
dans CXN(E). Remarquons qu'il suffit de faire toutes ces considérations 
dans le cas particulier où E est compact. Alors, en changeant de notation, 
c'est-à-dire en appelant E l'espace localement compact G^, ce qui équivaut 
à réléguer N à l'infini, on peut reformuler les notions et résultats précédents 
sur un espace localement compact E, où sont définies toutes les fonctions 
de X, A et W, l'ensemble N disparaisant des considérations. Terminons 
avec le commentaire suivant. Les deux parties de cet exposé sont des cas 
particuliers d'une même question, à savoir le problème de Bernstein pour 
les fonctions continuement différentiables. Jusqu'au présent, très peu de 
choses ont été écrites sur ce chapitre important de la théorie de l'approxima
tion. 

28-622036 Proceedings 
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THE LEVI PROBLEM IN THE THEORY OF 
FUNCTIONS OF SEVERAL COMPLEX 

VARIABLES 
By RAGHAVAN NARASIMHAN 

§1. The method of Oka 

The history of the Levi problem is described in the lecture of H. Grauert in 
this Congress and I shall not repeat it. We shall rather analyze the work of 
Oka [6] on this problem, and see how the underlying ideas are susceptible 
of generalization. 

Let D be an unramified domain over Cn, i.e. a connected complex mani
fold of dimension n together with a holomorphic map cp:D->Cn whose 
jacobian is nowhere zero. We say that D "satisfies the Hartogs continuity 
condition" if the following holds. 

Every point of the relative boundary of D over Cn (which depends on cp) 
has a neighbourhood U such that if crt, 0 < £ < 1 is a continuous family of 
complex 1-dimensional discs in U and U (dat)<U, then Ua t<U. 

Here A^X means that A is relatively compact in X. 
A complex space X is holomorph-convex if for any infinite discrete set 

{xv}, there is a holomorphic function / on x for which f(xv) is unbounded. 
If in addition holomorphic functions separate points, X is called a Stein 
space, (and we say that X is Stein). 

The main theorem of Oka is then as follows. 

THEOREM 1. An unramified domain over Cn which satisfies the Hartogs 
continuity condition is a Stein space. 

The proof of Oka splits into several parts. To describe this proof, and for 
later use, we require the concept of pseudoconvex functions [6] (more often 
called "plurisubharmonic functions" in the literature). 

Definition. An upper semicontinuous function p on an open set Q, c: Cn 

is pseudoconvex if its restriction to any complex disc in Q is subharmonic. 
I t is strongly pseudoconvex (or just strongly convex) if to every open Q ' < Q 
and any C°° function h on Q, there is e > 0 such that p + eh is pseudoconvex 
onfl ' . 

We remark for later use that the definition can be extended to complex 
spaces by means of a local imbedding of the space into Cn. 

Oka first proves the following. 

LEMMA I. If D satisfies the continuity condition and for xED, d(x) =d<p(x) 
denotes the Euclidean radius of the largest univalent ball about x in D, then 
—log d(x) is pseudoconvex in I) . 

Using this, he proves 

LEMMA 2. If D is as above, then there exists a strongly convex function p 
such that for any a > 0 , the set 
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{xED\p(x)<oc} 

is relatively compact in D. Moreover, p can be chosen so that locally it can be 
represented as the maximum of finitely many C°° strongly convex functions. 

Using the existence of this function p on any domain which satisfies the 
continuity theorem, he proves 

THEOREM 2. Let (D,cp), q) = ((p1,...,tpn) be an unramified domain over Cn. 
Let ô>0 and D1(ô) = {xED\B>e cp^+ô}, D2(ô) = {x E D | Re ^ > - ô } . 

Suppose that for some ô>0, Dx(ô) and D2(ô) are Stein. Then D is Stein. 

It is a simple matter to deduce Theorem 1 from Lemma 2 and Theorem 2. 
In the proof of this theorem, Oka introduced a principle which, after 

Grauert [3], can be formulated as follows. 
A complex space such that for any x0EX, there is a holomorphic map 

f:X->Ck such that x0 is an isolated point of f~x f(x0) is called K-complete. 

THEOREM 3. Let X be a holomorph-convex, K-complete space. Then global 
holomorphic functions separate points and give local coordinates at every 
point of X. 

I would like to say that every published proof of the theorems concern
ing the Levi problem described in this article depend, more or less expli
citly, on this principle. 

§2. The Levi problem for abstract spaces 

The methods of Oka make heavy use of the fact that one deals with 
domains over Cn. However, following an idea of Grauert [4], it is possible 
to generalize Oka's theorem to arbitrary complex spaces. (See [5]). 

THEOREM 4. Let X be a complex space and p a continuous strongly convex 
function such that for any a > 0, the set 

{xEX\p(x)<oc}<X. 

Then X is a Stein space. On a Stein space, the function p can be chosen to be, 
in addition, real analytic. 

For domains D o n a complex space X with D<*X, it is possible to obtain 
a theorem where the condition on the boundary is more local [5]. 

Definition. Let D<*X be an open set on the complex space X. D is called 
pseudoconvex (strongly pseudoconvex) if to every x0EdD there is a neighbour
hood U and in U a continuous pseudoconvex function (strongly convex 
function) p with 

U 0D = {xEU\p(x)<0}. 

THEOREM 5. Any strongly pseudoconvex domain on a complex space is 
holomorph-convex and obtained from a Stein space by "blowing up" finitely 
many points. 

Results of the type of Theorem 4, and Oka's theorem, are established by 
proving first the holomorph-convexity of certain relatively compact sub-
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domains defined as in Theorem 5 and then applying an approximation 
argument to pass to the whole space. Perhaps the most typical of these 
approximation theorems is the following, (see [5]). 

THEOREM 6. Let X be a Stein space and p a continuous pseudoconvex func
tion on X. Then, for any real oc, the set 

{xEX\p(x)<oc}=Xx 

is a Stein space which is Runge in X, i.e. holomorphic functions on Xx can be 
approximated by holomorphic functions on X. 

This theorem, when X is an unramified domain over Cn was proved by 
H. Behnke and K. Stein [1], When X is a Stein manifold F. Docquier and 
H. Grauert [2] reduced the problem to the case of domains in Cn. These 
methods require one to prove first that Xx is a Stein space. The general 
case requires, however, a quite different method, which proves that Xx is 
Stein at the same time as proving that it is Runge in X [5]. I would like 
to add that the idea of this method is contained in the work of Oka. 

The condition of strong pseudoconvexity in Theorems 4 and 5 is essential 
as is shown by an example of Grauert (see below). Very little is known about 
pseudoconvex domains which are not strongly pseudoconvex. It is perhaps 
possible that at least for domains with smooth boundary on a complex 
manifold, pseudoconvexity of the domain, together with strong pseudocon
vexity at one point, imply its holomorph-convexity. We are however far 
from a proof of such a theorem. 

Docquier and Grauert [2] showed that for unramified domains over Stein 
manifolds X, the analogue of Oka's Theorem 1 is true and their proof is in 
fact a reduction of the problem to Theorem 1 by imbedding X into Cn and 
showing that there is a neighbourhood U of X in Cn and a holomorphic 
map U-^X which is the identity on X. This is not true even if X has one 
singular point, and it is not known even if pseudoconvex domains on 
Stein spaces are themselves Stein. The best theorem that has been proved 
in this direction is the following theorem, obtained in collaboration with A. 
Andreotti. 

THEOREM 1. If X is K-complete and p a continuous pseudoconvex function 
with {xEX\p(x)<oc}^X for any a > 0 , then X is Stein. 

Another outstanding problem is the analogue of Theorem 1 for ramified 
domains over Cn. 

The example given by Grauert of a pseudoconvex domain that is not 
holomorph-convex is as follows. 

Let n>l and let F be the lattice in Cn generated by ti;1 = (l,0,...,0), 
wj = (wjl,...,wjn), j=2,...,2n with Wjv = w'jP+iwj'v. Suppose that w1,...,w2n 

are 12-independent, w;'i=0 for j>2, and w'j[ (j = 2,...,2n) are linearly inde
pendent over the integers. 

Let Tn be the torus CnlT,n\Cn->Tn the natural map. Let U aCn be 
defined by 0 < Re zx < \. Let 

1 — 2 Re zx Re z1 ' 
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Then 99 is invariant under any yEY with (yÜ) (1 Ü =£0 and so defines a 
function p on D =n(U). Clearly p-+oo a t the boundary of D and is pseudo-
convex. But every holomorphic function / on D is constant: in fact | /1 has 
a maximum a t a point x0 on K =n(Re zx = \) and there is a connected n — 1 
dimensional analytic set A through x0 in K which is dense in K (viz. n(z1 ^cx), 
where c is such tha t 71(c) =xQ). Hence / is constant on A and so on K. Since K 
has real dimension 2n — 1, / i s constant on D. 
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OEJIACTH THIIA BEPXHEß nOJIY-
nJIOCKOCTH B TEOPHH OYHKIJHÏÏ 

MHOrHX KOMnJIEKCHBIX 
nEPEMEHHBIX 

H. H. n^TEI^KHH-inAnHPO 

B HacTOHineM jjoKJiaAe H3JiaraioTCH CBOöcTBa HeKOToporo KJiacca OÖJiacTeii, 
HBJIHK)IHHXCH ecTecTBeHHHMH aHajioraMH O ô H H H O H BepxHefi nojrynjiocKO-
CTH. B T H OÖJiacTH nojiyHHJiH Ha3BaHne oÖJiacTeii 3nrej iH, B necTb K. J I . 
3nrej iH, H3VHHBHiero [1], ojsjiy H3 Hanôojiee 3aMenaTejibHHx oOJiacTeË 
9Toro KJiacca. UepBOHanajibHO o6jiacTH 3nrej iH BO3HHKJIH B CBH3H c HV?K-
AaMH Teopnn aBTOMopc|)HHx (JJVHKUHH [12] . BnoejieflCTBHH me BHHCHHJIOCB, 
HTO Han6ojiee 3$(|)eKTHHe npnjioîKeHHH 3THX oÖJiacTeö B Teopnn orpaHH-
nemiHx oflHopo^HHx OÖJiacTeii. A HMCHHO OKa3ajioct, HTO scarna oapa-
HuueHuaH odnopodnaH oôjiacmb B ?i-MepHOM KOMnjieKCHOM npocTpaHCTBe 
dKeueajienmHa uenomopoü oôjiacmu 3mejia emopoeo poda (CM. HHJKC onpe -
AejieHne) [25] . 

OTMCTHM, HTO Teopnn oÔJiacTen 3nrej iH no Ayxy TecHO CBH3aHa c TeopneË 
6ecKOHeHHOMepHHx yHHTapHHX npeflCTaBJieHHH. HanpnMep , peajiH3an,HH 
CHMMeTpnHecKHx oÖJiacTeft B BH,o;e oÖJiacTen 3nrej iH npojiHBaeT CBCT Ha 
CTpoeHne yHHTapHHX npeflCTaBJieHHH H T. R . IIpHMepoB Tanoro xapaKTepa 
oneHb MHoro. 

HaCTOHUlHH flOKJiaß COCTOHT H3 nHTH nyHKTOB. 
B nyHKTe 1 flaHO onpe^ejieHHe oÖJiacTefi 3nrej iH nepBoro H BToporo p o ^ a . 

B nyHKTe 2 — npHMeHeHHH K Teopnn orpaHHneHHHx o#HopoflHHX o6jiacTefi. 
IlyHKT 3 nocBHineH ajireöpannecKHM BonpocaM, CBH3amiHM e KJiaecH(j)H-
Kaunen orpaHHHeHHBix o#HopoflHHx oÖJiacTeö. IlyHKT 4 — Teopnn cnen,-
(J)yHKia,HH B oÖJiacTH 3HrejiH. B nyHKTe 5 — H3JiaraioTCH npHMeHeHHH K 
Teopnn aBTOMop^HHx (JyHKUHH H onpeaej iemie oÖJiacTefi 3nrej iH 3-ro pofla. 

1. Oôjiacmu 3mejiH I-eo u 2-eo poda. B ßajibHefiineM V Bcerfla 03HanaeT 
BHnyKjiHH KOHyc B n-MepHOM Bem;ecTBeHHOM npocTpaHCTBe, He eoflep?Ka-
IUHH HH OftHOH npHMOH neJIHKOM. COBOKynHOCTb S TOHeK W-MepHOrO KOM-
njieKCHoro npocTpaHCTBa Cn BH^a z=x + iy, TJS$ y E V, a x — jnoöoe Ha3H-
BaeTCH oÔJiacTbio 3Hre«nH 1-ro p o ^ a . üpocTefiniHM npnMepOM cjiyîKHT 
oÖHHHan BepxHHH nojiynjiocKOCTb. 

IlpocTeHHiHM npnMepOM oÖJiacTH 3nrej iH 2- ro p o ß a HBJineTCH o6jiacTb: 
I m z— \u\2>0, r ^ e z,u — HHCJiOBbieKOMnjieKCHHenepeMeHHHe. IIocjieAHHH 
oôjiacTb aHajiHTHHecKH BKBHBajieHTHa Hiapy | zx | 2 +1 z21

2 < 1 H BecbMa y^oÖHa 
BO Bcex Bonpocax , CBH3aHHHx c H3yneHHeM reoMeTpnn n i a p a B 6 J I H 3 H $ H K C H -
poBaHHOH TOHKH r p a H n n n . npe îK^e neM AaBaTb o6inee onpe#ejieHHe 06-
jiacTen 3nrej iH 2- ro pojja, M H BBe^eM noHHTHe F-apMHTOBHX BeKTop-
$yHKu;HH F(u,v). CDyHKUHH F(u,v) OT n a p n BeKTopoB u,vECm co 3Hane-
HHHMH B Cn Ha3HBaeTCH F-9pMHTOBOH, eCJIH: 1) F(u,v) JIHHeHHaH <j)VHK-

HHH OT U, 2) F(U,V) = F(V,U) (BpMHTOBOCTb), 3) F(u,U) E Vi}) («nOJIOHKHTejIb-

HOCTb»), 4) F(u,u)=0 TOJibKO n p n u=0. 

(i) y — 3aMHKaHHe KOHyca V. 
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OôjiacTbio 3nrejiH 2-ro po^a Ha3HBaeTcn coBOKynHOCTb S Bcex TOHCK 
(z,u) E Cn+m, aJiH KOTopnx Imz — F(u,u)EV vjxe V — s a l a m m o KOHyc, a F 
— 3ajjaHHan F-apMHTOBa (|)opMa. 

IlpHBejüeM npocTeoniHË npHMep. B KanecTBe V B03bMeM KOHyc B Tpex-
MepHOM npocTpaHCTBe, KOTopHö 3ap,aeTCH HepaBeHCTBaMn: y^— y\>0, 
y±>0. F(u,v) onpe^ejiHM ejiejryioinHMH $opMyjiaMH. 06o3HanHM nepe3 
(u,v) — apMHTOBO CKajinpHoe npoHSBeaeHHe jrayx BeKTopoB B Cm. nojio-
mvLM F±(u,v) = (u,v), F2(u,v) = F3(u,v) = 0 . B 3T0MnpHMepew = 3 ,m— jnoöoe. 
Mo?KHO nOKa3aTb, HTO BCe 3TH OÔJiaCTH aHaJIHTHHeCKH OflHOpOflHH, He CIIM-
MeTpunecKHe (CM. n. 2) H aHajnrraHecKH SKBHBajieHTHH orpaHHneHHHM 06-
jiacTHM. nocjieAHHt $aKT JierKO oöoömaeTCH. A HMCHHO, MOJKHO flOKa3aTb, 
HTO ecanaa oôjiacmb 3mejin 1-80 u 2-zo poda aHajiHTHnecKH dKeueajienniHa 
HeKOTopoË orpaHHHeHHOô oÖJiacTH. Pa3yMeeTCH, He BCHKan oôJiacTb 3 H -
rejiH aHajiHTHnecKH o^HopoflHa. noBHjjHMOMy, MOJKHO noKa3aTb, HTO aHa-
jiHTHnecKH o^Hopo^HaH o6jiacTb 3nrejiH ojpiopoflHa TaKnœ OTHOCHTejibHO 
jiHHeöHHx npeo6pa30BaHHH. 

IlpHMeHeHHe oÖJiacTeö 3nrejiH CBH3aH0 TaK HJIH HHane co cpaBHHTejib-
HOH npocTOTOË onHcaHHH B HHX nojiHOH rpynnn JIHHCHHHX npeo6pa30-
BaHHH. B Kam^OH oÖJiacTH 3nrejiH ^eficTByiOT cjieflyioiHHe aHajinranecKHe 
npeo6pa30Bamïfl 

z-+z + a + 2iF(u,b)+iF(b,b) (u-*u + b), (1) 

r^e a 71-MepHHH JjeHCTBHTeJIbHHH BeKTOp, b m-MepHHH KOMttJieKCHblH 
BeKTop. Tanne npeo6pa30BaHHH npnHHTO Ha3HBaTb «napajiJiejibHHMii nepe-
HOCaMH». 

IlycTb y->Ay H u->Bu — jiHHeiiHHe npeo6pa30BaHHH co ejieflyioinHMH 
CBOËCTBaMH: 1) A — coxpaHneT KOHyc V, 2) F(Bu,Bv) = A(F(u,v)). JierKO 
BH^eTb, HTO npeo6pa30BaHHe 

z ->Az, u ->Bu (2) 

nepeBOflHT oÔJiacTb 3nrejiH B ce6n. BepHO H oôparao, a HMCHHO BCHKoe JIH-
HeHHoe npeo6pa30BaHHe, nepeBOflmnee o6jiacTb 3nrejiH B ceön, HBJIHCTCH 
KOMno3HnneH npeo6pa30BaHHü BH#a (1) H (2). 3Ta npocTan TeopeMa HMeeT 
MHOrOHHCJieHHHe npHJIOHîeHHH. 

OTMCTHM cjieflyiomyio HepenieHHyro npoÔJieMy. Kozda dee oôjiacmu 3u-
zejist anaAumunecKU dKeueajieHmnu Mewcdy coôou? M H npe^nojiaraeM, HTO 
3T0 HMeeT MecTO TOJibKO B cjiynae, Kor#a OHH JIHHCHHO 3KBHBajieHTHH. 
JierKO noKa3aTb, HTO nocjie^Hee 03HanaeT, HTO HX KOHVCH H BeKTop-(J)yHK-
UHH JIHHCHHO 3KBHBaJieHTHH. 

B 3aKjiioHeHHe OTMCTHM, HTO B oÔJiacTHX 3nrejiH cpaBHHTejibHO npocTO H 
3(J)(|)eKTHBHO nnniyTCH HHTerpajibHHe <J)opMyjiH H, B nacTHOCTH, n^po 
BeprMaHa. Hanöojiee 3aKOHneHHHe pe3yjibTaTH HMeioT MecTO ^JIH a$(|)HHHO 
o^HopoAHHx oÔJiacTefi 3nrejiH. OHH npHHa^jieHKaT C. T. THH^HKHHy [19] H 
[20]. OTMCTHM, HTO pa^ pe3yjibTaT0B Xya JIo KeHa [18] o CHMMCTPHHCCKHX 
oÔJiacTHx MOîKeT ÔHTb 3HaHHTejibHO nponje nojiyneH, ecjra Hcnojib30BaTb 
peajiH3ai^HK) HX B BH^e OÖJiacTH 3nrejiH 2-ro po;na. 

2. OepaHuneHHbie od HO pod nue oôjiacmu. B 1935 r. B. KapTaH [2] Hameji 
Bce orpaHHHeHHHe oflHopoflHHe oÖJiacTH B C2 m C3. OKa3ajiocb, HTO Bce OHH 
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HBJIHIOTCH CHMMeTpHHecKHMii(1) ii, cjiejjOBaTejibHO, nojiHHe r p y n n n aHa-
jiHTHHecKHx aBTOMopc{)H3MOB 3THX oÔJiacTeË — nojiynpocTHe r p y n n n J I H . 

3 . KapTaHy yuajiocb ^aTb nojrayio KJiaecH^HKannio orpaHHneHHHx CHM-
MeTpnnecKHx oÔJiacTeË B KOMHJICKCHOM npocTpaHCTBe J H O ô O ë pa3MepH0CTH. 
M M ÔHJia nocTaBJieHa ejieflyromaH npoÖJieMa: cymecTByioT JIH orpaHHneH-
HHe OflHOpOftHHe HeCHMMeTpHHHHe OÖJiaCTH. 

A . Bopej ib [3] noKa3aji, HTO ecjin B orpaHnneHHOE o,0Hopo;nHOË oÖJiacTH 
TpaH3HTHBHO AeËCTByeT noj iynpocTan r p y n n a J I H , TO 3Ta oÔJiacTb CHM-
MeTpHHecKan. 7K. Ko3K)jib [4] nojiynaji H3 j rpy rnx coo6pa?KeHHË TOT me 
pe3yjibTaT. 3 T H pe3yjibTaTH 6 H J I H HecKOJibKO ycnjieHH XaHO [6] . 

B 1959 r . aBTopoM HacTomnero ^OKJia^a 6 H J I nocTpoeH npnMep HecnM-
MeTpHHecKOÄ oÖJiacTH B neTHpexMepHOM KOMnjieKCHOM npocTpaHCTBe [13] . 
TaKOH oÔJiacTbK) OKa3ajiacb oÔJiacTb, paecMOTpemiaH B nyHKTe 1 e r a = L 
BnocjieACTBHH y^aj iocb noKa3aTb [17], HTO BCHKan orpaHHHeHHan ORHO-
poAHan oÖJiacTb, B KOTopoË TpaH3HTHBH0 ^eftcTByeT pa3peinHMaH r p y n n a 
J I H , aHajiHTHnecKH 3KBHBajieHTHa acJj^HHHO-OAHopoflHOH oÖJiacTH 3nre j iH 
1-ro HJIH 2-ro pojja. OflHOBpeMeHHO 6 H J I O ycTaHOBJieHO, HTO a<|>(|)HHHO-OflHO-
poAHHe oÖJiacTH 3nrej iH aHajiHTHnecKH 3KBHBajieHTHH Torjja H TOJibKO 
Tor.ua, Koryja OHH a$(|)HHH0-3KBHBajieHTHH. CpaBHHTejibHO HeaaBHO C. I \ 
TiiHAHKHHy, 3 . B . BnHÖepry H aBTopy HacTOHm;ero ^OKjia^a y^aj iocb noj iy-
HHTb oKOHHaTejibHHH pe3yjibTaT, a HMeHHO — BCHKan orpaHHHeHHan ojnio-
poAHan oÖJiacTb aHajiHTHnecKH 3KBHBajieHTHa HeKOTopoË a^HHHO-ojn io-
poßHOH oÖJiacTH 3nrej iH 1-ro HJIH 2- ro p o ^ a [25] . H3 3TOH TeopeMH cjiejryeT, 
HTO BCHKan orpaHHHeHHan oflHopojpiaH oöJiacTb roMeoMop^Ha 3BKjra,n;oBy 
npocTpaHCTBy. H3 3TOH TeopeMH TaKJKe cjie^yeT, HTO BCHKan orpaHHHeHHan 

OAHOpOfliHaH OÔJiaCTb aHaJIHTHHeCKH 3KBHBaJieHTHa HeKOTOpOH a$(|)HHH0-
O^HOpO^HOH OÖJiaCTH. ÜHTepeCHHe pe3yJIbTaTH OÖ a(|>(|)HHH0-0ßH0p0ßHHX 
oÔJiacTHx nojiyHHji He^aBHO Ko3K)jib [5]. 

3. KjiaccugyuKaicux oapanuueHHux odnopoduux oôjiacmeu. KjiaccH<|)H-
KanHH orpaHHneHHHx CHMMeTpHnecKHx o6jiacTefi, npHHa,n;jie?Kain.aH 3 . 
KapTaHy, co^epH^HT nojiHoe nepenncjieHHe nocjieAHHx. ^ J I H Bcex orpaHH
neHHHx oßHopoßHHx oÔJiacTen nojiomeHue cjionmeE: He y^aeTCH cocTaBHTb 
Taöjrairy, B KOTopoË 6 H Bce OHH co^epHîajiHCb. TeM He MeHee nocTpoeHHan 
B HacTomnee BpeMH Teopnn MomeT CHHTaTbcn 3aMeHmomeË KJiaccn^HKa-
IHHO B BHfle TaÔJIHUH, T. C OHa n03B0JIHeT BHHCHHTb pa3JIHHHHe K0H-
KpeTHHe BonpocH 06 o6jiacTHx, HanpnMep, CTpoeHne nojiHOË r p y n n n aBTO-
Mop$H3MOB, BHfli HHTerpajibHHx (jopMVJi, £H(|)(j>epeHHHajibHO-reoMeTpH-
necKHe CBOËCTBa H T. R . 

O C H O B O ë KJiaecH<|)HKanHeË HBJineTCH cjiejryiomaH TeopeMa. B motcdou 
ozpammeHHOü odnopodnou oôjiacmu npocmo mpamumueuo deücmeyem aô-
cojnomuo eeuçecmeeHHaH(2) spynna JIu ® . Tpynna © onpeaejieHa c TOH-

(1) OÖJiacTb D Ha3biBaeTCH ciiMMeTpHneeKOË, ecjin ^JIH JIIOôOH TOHKH z0ED 
cyiuecTByeT Tanoe aHajiHTHnecKoe B3aHMH0 OAH03HaHHoe OTOöpajKeHHe (pa 

oÖJiacTH D Ha ceön co cjieayroinHMH cBOËCTBaMH: 

1) <Po(z) =2 Tor^a H TOJibKO Toraa, Korp;a z =z0, 
2) q%(z) =z npn Bcex z. 
(2) BemecTBeHHaH r p y n n a J I H Ha3HBaeTCH aôcojiioTHO-BemeeTBeHHOË, ecjin 

y Bcex npeo6pa30BaHHË B npncoe^HHeHHOM npe^CTaBJieHHii Bce coôcTBeHHbie 
3HaneHHH BemecTBeHHbi. JierKO noKa3aTb, HTO aôcoJiioTHO BemecTBeHHaH r p y n 
na J I H pa3peuiHMa. 

http://Tor.ua
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HOCTbK) flO 3aMeHH Ha COnpHHîeHHyH) 0dH03HaHH0. IÏOJIb3VHCb 9T0Ë Teo-
peMOË MOJKHO ycTaHOBHTb B3aHMHOO,nH03HaHHoe cooTBeTCTBHe Memjry 
orpaHHHeHHHMH o^HopoßHHMH o6jiacTHMH H BenjecTBeHHHMH ajireßpaMH 
JIH C HeKOTOpHMH flOnOJIHHTeJIbHHMH CBOËCTBaMH, nOJIVHHBHIHMH Ha3Ba-
Hne / -a j i reöp . üpHBeaeM onpeaejieHHe ?"-ajire6p. I lycTb G — BeKTopHoe 
npocTpaHCTBO Hdijj, nojieM BemecTBeHHHx nncej i . npejniojiojKHM, HTO B G 
onpe,nejieHO CTpoeHne a j i r e ô p n J I H (c onepa ip ieË KOMMyTnpoBaHHH x,y-> 
[x,y]) H cTpoeHHe KOMnjieKCHoro apMHTOBa npocTpaHCTBa (c 9HAOMOP<|)H3-
MOM j H apMHTOBHM CKaJIHpHHM npOH3Bep;eHHeM h(x,y)). HpejnTOJIOJKHM 
TaKHie, HTO BHnOJIHHIOTCH COOTHOineHHH: 

!) [x,y] +i[fa>y] +Kx>jy]-\jx>?y]=0 n P H JIH>6HX x,y E G 
2) cynj;ecTByeT Ha G TaKan JiHHeËHan $opMa co, HTO 

Im h(x,y)=co([x,y]) 
3) 3JIH Jiioöoro xEG coöcTBeHHHe 3HaneHHH npeo6pa30BaHHH y->[x,y] 

Bce Bem;ecTBeHHH. 

Aj i r eôpa J I H G, oöJiaflaiomaH BCCMH yKa3aHHHMH BHnie CBOËCTBaMH, Ha-
SHBaeTCH ^"-ajire6poË(1). M3yneHHe ?-ajire6p no cymecTBy ocHOBaHO Ha 
HCCJieflOBaHHH CBOëCTB cHCTeMH KopHeË. A HMCHHO, KaHSflVK) ?"-ajire6py G 
MOJKHO npefliCTaBHTb B BHfle CyMMH H + K, TJIß K KOMMVTaHT, a H — 
ßonojiHHTejibHan no^a j i r eöpa . K — coBna^aeT c MaKCHMajibHHM HHjib-
noTeHTHHM H,n;eaJiOM, a H — KOMMyTaTHBHa, npnneM Bce 9JieMeHTH H3 H — 
noj iynpocTH. IIpocTpaHCTBO K pa3JiaraeTcn B cyMMy KopHeBHx n p o -
CTpaHCTB. 

[h,x] =(x.(h)x n p n Bcex x E Kx jnraeËHaH $opMa OLQI) HasHBaeTcn KopHeM. 
MOJKHO noKa3aTb, HTO CHCTCMH KopHeË Bceryja HMeioT cJieflyiomHE BHJJ: 
«m» i^m, i(cck~ocm), | ( o c k + aOT) (k<m,k,m = 1 , . . . n) me a 1 ? . . . ,oc n — 

JIHHeËHO He3aBHCHMHe BeKTOpH. 
KpaTHOCTH Nx KopHeBHx npocTpaHCTB, Booônje roBopn , OTJIHHHH OT 

eflHHHUH. MejKjry HHMH ecTb cooTHonieHHH. H a n p n M e p , N^(0ck—0Cm) = N^(Xk+Xmh 

iV^«*. — n e r a o , Nak = l. KpoMe Toro, enpaBeßjiHBH HeKOTopne HepaBeHCTBa. 
CncTeMa HHBapnaHTOB — Nx, KaK npaBHJio, He onpeflejmeT noJiHOCTbio 
7*-ajire6py, 3a HCKjiioHeHHeM cnennaj ibHHx cjiynaeB. ^onojiHHTejibHHe H H -
BapnaHTH ôojiee CJIOJKHH, o^HaKO, TamKe no/ujaiOTCH flOBOJibHO ^eTajibHOMy 
H3yneHHio. 

fljiH onncaHHH /-a j i reöp H cooTBeTCTByroninx HM oÔJiacTeË TaKme y^oôeH 
a n n a p a T o6o6meHHHx MaTpnHHHx aj i reöp, npejjjiojKeHHHË 3 . B . BnHÔeproM. 
06o6meHHOË MaTpnHHOË aj i re6poË Ha3HBaeTcn OHrpajrynpoBaHHaH a j i r eöpa 
€ HHBOJiiouiHeË. Booônje roBopn, 9TH a j i r e ô p n He aecoipiaTHBHH. 

3 . B . BnHÖeproM 6 H J I BBe^eH eneniiajibHHË KJiacc oöoömeHHHx MaTpnn-
HHX aj i reöp — T - a j i r e ô p n . M M ô H J I O noKa3aHO,HTOBCHKHËBHnyKjiHËOflHO-
pOflHHË KOHyC MOJKHO paCCMaTpHBaTb KaK COBOKynHOCTb BCeX «nOJIOJKH-
TejibHO onpeAejieHHHx 9 P M H T O B H X » MaTpnn, HeKOTopoË T - a j i r e 6 p n [24] . 
3 T O cooTBeTCTBHe Memjsj KOHycaMH H jP-ajire6paMH B3aHMHO-oflH03HaHHO. 
MaTpHHHoe HCHHCJieHHe 3 . B . BnHÔepra TecHO CBH3aHO c pa36neHHeM aji-
r e ô p n G Ha KopHeBne no^npocTpaHCTBa. H M C H H O , MaTpnHHHe ajieMenrH 
HBJIHIOTCH 9JieMeHTaMH cooTBCTCTByion^HM o6pa30M VnOpHflOHeHHHX KopHe-
BHx no^npocTpaHCTB, a vMHOJKeHHe onpe^ejineTCH c noMonjbio onepaijHH 
KOMMyTHpOBaHHH H 9H^OMOp$H3Ma j . 

(*) B [14] H [15] — /-ajireöpaMH Ha3BaH öojiee OOIUHë oô^beKT. 
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4. CneiniajibHHe <|)yHKnHH. H3«naraeMHe B 9TOM nyHKTe pe3yjibTaTH npn-
HaßJiejKaT B OCHOBHOM G. T. THHAHKHHy [20]. OHH HBJIHK)TCH o6o6m;eHHeM 
H pa3BHTHeM HeKOTOpHX pe3yJIbTaTOB, nOJiyHeHHHX ßJIH pa3JIHHHHX nacT-
HHx cjiynaeB B paöoTax [11], [18]. 

nyCTb V BHnVKJIHË a$$HHH0-°ÄH0P°AHHE KOHyC. & — npOCTO TpaH3H-
THBHan a6cojnoTHO BemecTBeHHan rpynna J IH. 06o6memioË CTeneHHOË 
(JyHKipïeË f(y), y EV ycjiOBHMCH Ha3HBaTb TaKyio (J)VHKI];HIO, HTO f(gy) = 
%(g)f(y), r^e %(g) — HeKOTopnË xapaKTep rpynnn &. J\RR aajibHeËniero 
yfloÖHO 3anncHBaTb o6o6m;eHHyio CTeneHHyio (JjyHKnnio B BH,n;e y®, rjje o — 
03HanaeT roMOMop$H3M ajireöpn J IH G r pynnn & B nojie KOMnjieKCHnx 
nnceji. GoBOKynHOCTb Bcex roMOMop$H3MOB, oneBHjnio, o6pa3yeT w-MepHoe 
KOMnjieKCHoe npocTpaHCTBO. OVHKHHH y6 B aajibHeËineM HopMnpoBaHa 
ycjiOBHeM, HTO B HeKOTopoË ^HKcnpoBaHHOË TOHKe y0 ee 3HaneHHe paBHO 1. 
BBO^HTCH H HccjieAyK)TCH cjieayionxHe (^VHKHHH: 

1) raMMa-$yHKii;HH 

• / . • 

TRe l(y) — HeKOTopan jnmeEHaH ^VHKHHH Ha V, a dy 3^;ecb H B fliajibHeEmeM 
HHBapnaHTHaH Mepa Ha V. 

2) E9Ta-(|)yHKnHH 

Bv(Q,o;a)= f ye(a~y)a+ddy, 
J Va 

Bv(Q,a)=Bv(Q,a;y0) 

T%e a E V, a Va — 03HanaeT coBOKynHOCTb TOHCK y EV Taraix, HTO a—y E V. 
Va — ecTecTBeHHHË aHajior OTpe3Ka [0,a], y~ddy — 9BKjnnj0Ba HHBa
pnaHTHaH Mepa. 

3) THnepreoMeTpHHecKaH $VHKHHH 

Fv(Q,a,r;a)= I \ y°(y0-yre(a-yr°+ddy. 
s5v(o, r — a;a) Jva 

JIJJIH 9THX (J>VHKnHË HMeiOT MCCTO aHaJIOrH H3BeCTHHX KJiaCCHHeCKHX co-
OTHonieHHË. HanpnMep, 

ix (n ,_rv(Q)Vv(a) 
BV(Q,G)= . 

1 V(Q + a) 

HaM KajKeTcn, HTO 9Ta Teopnn ôyjjeT HMeTb MHoroHHCJieHHne npnjiojKe-
HHH. 

5. npHMeHeHHH K TeopHH aBTOMOp(j)HHX (JjVHKITHË. B HaCTOHHjeM nyHKTe 
flaHO onpe^ejieHHe oÔJiacTeË 3nrejiH 3-ro pojja H npHMeHeHHH 9Toro noHH-
THH K Teopnn aBTOMop<j>HHx <|>yHKnHË. nocjiejniHe ocHOBaHH Ha CJiejryio-
meË TeopeMe. nycTb D — orpaHnneHHan CHMMeTpHnecKan oÖJiacTb. JJJIH 
J11060Ë TOHKH zQ — r p a m m n OÖJiacTH D cynjecTByeT aHajnrraHecKoe OT-
oôpajKeHHe D Ha HeKOTopyio HeorpaHnneHHyio oÖJiacTb S (oÖJiacTb 3nrejra 
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3-ro po.ua), oojia^aioinee CJICAVIOIUHM CBOëCTBOM: Bce anajinTiinecKiie aBTo-
Mopi|)H3MH oÖJiacTH D, ocTaBjmroinne Ha MecTe aaHHyio TOHKy z0 nepexo^HT 
B jiHHeËHne npeo6pa30BaHHH OÖJiacTH D. 

nepeË^eM Tenepb K onpejjejieHHio oÔJiacTeË 3Hre«nH 3-ro pojja. OTMCTHM, 
HTO 9T0 noHHTne 6ojiee CJIOJKHO H MeHee ycTOHJiocb, neM noHHTHe o6jiacTeË 
3nrejiH 1-ro H 2-ro pofla. nycTb H — oôJiacTb 3nrejiH 2-ro po^a, 3aAaHHan 
KaK OÖHHHO, COOTHOUieHHeM 

ïmz-F(u,u)EV, zECn, uECm (1) 

06o3HaHHM nepe3 K coBOKynHOCTb Bcex KOMnjieKCHO jinHeiranx npe-
o6pa30BaHHË k npocTpaHCTBa Cm co ejiejjyioinHMH CBOËCTBaMH: 

F(kû,v)=F(kv,u) npn Bcex u,vECm (2) 

F(u,u)-F(kû,kv)EV npn JHOôOM uECm. (3) 

nycTb aajiee K — 03HanaeT coBOKynHOCTb Bcex BHyTpeHHHx TOHCK K. 
nycTb D — HeKOTopan orpaHHHeHHan oÖJiacTb B Ck,&t->k(t) — aHaJinra-

necKoe OTOöpajKeHHe D B K. 
OöjiacTbK) 3nrejiH 3-ro po#a c 6a30Ë D H cjioeM H Ha3HBaeTCH COBO-

KynHOCTb (z,u,t) TOHCK CnxCmxCk AJIH KOTopnx 

Im z - Re F(u, (1 - k(t) kif))'1 (u - k(t) u)) E V (4) 

tED. (5} 

JierKO noKa3aTb3 HTO ecjin kEK, TO npeo6pa30BaHHe l—kïc HeBnpoJK-
jjeHO. 

TaKHM o6pa30M, HTOöH 3a,n;aTb o6jiacTb 3nrejiH 3-ro po«a Hajjo 3a,n;aTb 
KOHyc V, BeKTOp-^yHKinno F, oÖJiacTb D H aHajiHTHHecKoe OTOöpajKeHHe 
(Booôme roBopn, HeB3aHMOOAH03HaHHoe) oÖJiacTH D B K. 

HanpnMep, ecjra F(u,v) = (u,v) — oÖHHHoe gpMHTOBO nponsBejjeHHe B 
Cm, TO K — 03HanaeT coBOKynHOCTb Bcex KOMnjieKCHnx CHMMeTpnnecKHx 
MaTpnu; k nopn^Ka m, TaKnx HTO MaTpnua l — klc — nojiojKHrejibHO onpe-
aejieHa, T. e. TaK Ha3HBaeMHË Kpyr 3nrejiH. 

npocTeËniHM npnMepOM oÖJiacTH 3nrejiH 3-ro po.ua CJIVJKHT ejieayioman 
OÖJiacTb 

Im z - (l - {t^y1 (\u\2 + ~Re tu*) >0, 

| * | < 1 , 

r#e z,u,t — HHCJiOBne KOMnjieKCHne nepeMeHHHe. 
B oÔJiacTHX 3nrejiH 3-ro po.ua BMCCTO JiimeËHnx npeo6pa30BaHHË ecTe-

CTBeHHO paccMaTpHBaTb ôojiee ninpoKHË KJiacc «KBa3HJiHHeËHne npeoô-
pa30BaHHH». TaK Ha3HBaioTCH npeo6pa30BaHHH BHTKT. 

z-+A(t)z + a(u,t), u->B(t)u + b(t), t^g(t), (6) 

i7je A(t),B(t) aHajiHTHHecKHe B D MaTpnnHne $VHKI};HH, a(u,t) H b(u,t) — 
aHaJIHTHHeCKHe BeKTOp-^yHKUHH, t~>g(t) aHaJIHTHHeCKHË aBT0M0p$H3M 
OÖJiacTH D. MOJKHO yKa3aTb, aHaJiornHHO TOMy KaK 9TO ôHJIO CAejiaHO 
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HaMH B nyHKTe 1 AJIH oÔJiacTeË 1-ro H 2-ro pojja ycjiOBun aHaJiiiTiinecKOE 
OAHopoAHOCTPi [CM. 16] . M n He öy^eM 3^ecb Ha 9TOM ocTaHaBjiiiBaTbcn. 
OTMCTHM, HTO aHajiHTHHecKii 9KBHBajieHTHne oÖJiacTH 3nrej iH 3-ro pojja, 
BOo6me roBopn, «pa3JiiiHHH», T. e. He OTOOpaJKaioTcn a p y r Ha Apyra «KBa3H-
jiHHeËHO». MOJKHO noKa3aTb, oßHaKO, HTO AJIH B C H K O ë orpaHnneHHon ORHO-

pojüHOE oÖJiacTH cymecTByeT KOHenHoe HHCJIO peajiH3ainni B BH^e oÖJiacTH 
3nrej iH 3-ro p o ^ a H Bee HX nepenncjiHTb. 3 T O CBO^HTCH K nepeniicjieHHio 
Bcex roMOMop(j)H3MOB a j i r e ô p n JIn , onpejjejieHHOË B nyHKTe 3 , nepecTaHO-

BOHHHX C j . 
C^opMyjinpoBaHHan BHanajie 9Toro nyHKTa TeopeMa, BHTeKaeT 113 cjie-

.uyiomero öojiee CHjibHoro pe3yjibTaTa. n y c T b D — orpaHnneHHan CHM-
MeTpnnecKaH oÖJiacTb, F — KOMnoHeHTa rpaHHun, T. e. MaKCHMajibHnË 
aHajiiiTHHecKHË KyconeK r p a H H n n oÖJiacTH D. Bcer.ua cymecTByeT oÔJiacTb 
3nrej iH 3-ro po.ua S c 6a30Ë F, aHajiHTHnecKH 9KBHBajieHTHan D, npuneM 
Bee aHajiHTHHecKHe aBTOMop^HSMH D, nepeBOAflniHe F B ce6n, HBJIHIOTCH 
«KBa3HJiHHeËHHMH» npeo6pa30BaHHHMH S. 3T8L TeopeMa no3BOJineT H3ynaTb 
noBe^eHHe aBTOMop(|)HHX (JJVHKHHë B 6 J I H 3 H rpaHHun [12], [16]. 
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UNIQUE CONTINUATION THEOREMS 
FOR SOLUTIONS OF PARTIAL 
DIFFERENTIAL EQUATIONS 

By A. PLIS 

In this lecture I intend to present essential ideas and not the complete or 
detailed formulations of theorems. Individual results will be cited for illu
stration and many important papers will be not discussed especially if 
they were later generalized. 

1. Unique continuation property over surfaces 

To start with I recall the definition of the unique continuation property. 
A family of functions of n variables has the property of unique continuation 
over a surface S if (roughly speaking) any two functions of this family 
equal on one side of S are equal on a neighbourhood of S. To make the defi
nition precise let the surface S cut an open set Z into two open sets A, B 
(i.e. Z-S=A U B,A fl J B = 0 ) . We say that the family F of functions defined 
on open subsets of Z possesses the property of unique continuation over the 
surface S from A to B at a point P in S if any two functions in F defined 
on a neighbourhood N of P and equal on A 0 N are equal on a neighbourhood 
of P . 

Given a partial differential equation or a system of such equations and a 
surface S the problem arises whether the family of all solutions (or a certain 
subfamily of this family) possesses this property. The answer to this pro
blem depends on both the equation and the surface. If the property is 
satisfied we shall say that the equation possesses (or the solutions possess) 
property U over surface S from A to B (at the point P). 

For illustration let us consider a trivial partial differential equation 

?=o (1) 

on the plane t,x. Each function of the form u(t,x)=f(x) satisfies (1) and 
therefore property U is not fulfilled over lines parallel to f-axis (which are 
characteristics for (1)). However, equation (1) possesses property U over 
any straight line not parallel to £-axis. 

Under the additional assumption that for arbitrary data on a sufficiently 
smooth non-characteristic surface S there exists a solution of Cauchy's 
problem on a neighbourhood of S, property U is equivalent to the uni
queness of solutions for a suitable Cauchy problem with data on S. Obvi
ously for linear homogeneous partial differential equations property U is 
equivalent without additional assumptions to the local vanishing of a solu
tion for the Cauchy problem with zero data on S. 
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In some unique continuation theorems the surface is supposed not only to 
be non-characteristic but also to be convex, (i.e. the set B is supposed to 
be convex). In certain cases it is not known whether the convexity assump
tion is essential. 

Now we shall deal exclusively with linear equations leaving remarks on 
non-linear equations to the very end of this lecture. 

Sixty years ago Holmgren [4] proved that the solutions of class Cm for 
linear partial differential equations of order m with analytic coefficients 
possess property U over non-characteristic surfaces. 

For the case of non-analytic coefficients the problem is so far only partly 
solved. In this case unique continuation theorems over non-characteristic 
surfaces hold for certain classes of equations provided characteristics are 
simple. For systems of equations with leading coefficients real and first 
derivatives of coefficients Holder-continuous the result was obtained by 
Calderón [2] and for elliptic equations and Lipschitz-continuous coeffi
cients by Hörmander [6]. 

For elliptic differential equations the unique continuation theorems can 
be considered as generalization of the well known fact that analytic func
tions of the complex variable z,f(z)=f(t + ix),tx real, which are solutions 
of the (Cauchy-Riemann) elliptic equation 

dt dx 

have unique continuation property over any surface. 
Even a partial differential equation of the first order 

with the complex coefficient a(t, x) of class C°° need not possess property U 
over non-characteristic surface S if it is not of elliptic type on a neighbour
hood of the surface S. Evidently such a complex equation has simple charac
teristics, but the equivalent system of two real partial differential equations 
(for two unknown functions He(z(t,x)) and Im(z(t,x)), where Re(z), Im(z) 
denote real and imaginary part of z respectively) of the first order has double 
characteristics on S. 

The elliptic differential equation with at most double characteristics 
may also lack property U. An equation without property U of the form 

r/a2 d2 d2\2 id2 d2\2 i a4l .du 

L I * + â? + â?) +tW + ëy2) -2c^r = f8x + gU> 
the surface S being the plane t = 0, can be constructed [10]. The equation is 
real, the coefficients f,g are of class C°° on R3. Only the coefficients of the 
first and the zero order derivatives are non-analytic. 

The Lipschitz-continuity in Hörmander's result can not be replaced by 
Holder-continuity even for the real elliptic differential equation of the 
second order. This may be shown by an example of the form 

d2u d2u i,A,82u .du du _ 
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where l(t) is positive, Holder-continuous and independent of x,y, the 
coefficients f,g,h being real and of class C°° on R* [11]. 

For elliptic differential equations with constant leading coefficients 
property U was proved by Hörmander [5] also in the case of at most double 
characteristics. 

The known examples of elliptic differential equations in two independent 
variables without property U are not as satisfactory as those in three inde
pendent variables. The relevant equation of class G°° has fourfold charac
teristics. Specifically it has the form 

where f(t,x) is a complex function of class C°° [10]. 
I emphasize that only this coefficient is non-analytic. I t shows that in 

Holmgren's theorem the assumption that coefficients are analytic is essen
tial even for a coefficient of zero order derivative. 

Examples with smaller multiplicity but not of class C°° were constructed 
independently by Cohen and me [9]. Doughs [3] showed that property U 
holds for elliptic equations in two independent variables with at most 
double characteristics and coefficients of class C1 under the additional as
sumption that the equation can be transformed to a Lipschitz-continuous 
canonical form by a mapping of class C1. The theorem does not hold without 
additional assumption but it is not known whether this assumption can be 
replaced by the assumption that the coefficients are of class (72. Similar 
results for arbitrary number of independent variables were obtained by 
Calderón. 

2. Conjecture 

Consider a linear elliptic partial differential equation 

p{t'x4t'£1'---'é-)u{x)=0'x={Xi,---,Xn) (2) 

of order m with coefficients continuous on a neighbourhood N of the origin. 
We shall now formulate a condition for characteristic roots of (2) con

sidered as functions of t. Let zj(t,x,q),j = l,...,m, be continuous complex 
functions of t such that given t,x,q,(t,x)EN,q an arbitrary complex vector 
g = (gr

1,...,gra), the numbers zj=zj(t,x,q),j=sl,...,m, constitute the complete 
set of solutions of the algebraic equation P(t,x,z,q) =0 for the unknown z. 
Consider the following system of inequalities: 

\-Re(zj(t,x,q)-zj(s,x,q))\<Kmax(\t-s\\q\,\q\1'2), (3) 

?' = l,...,m, for \q\>K,^^<e,(t,x),(s,x)EN, 

where K, e are certain positive constants. 
In the known examples of elliptic equations not possessing property U 

over the plane t=0 inequalities (3) are not satisfied. This fact as well as a 
29-622036 Proceedings 
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certain method of proof for unique continuation theorems suggest that a 
theorem of the following type may be true. 

Conjecture C. An elliptic differential equation with coefficients continuous 
on a neighbourhood of the origin and satisfying condition (3) possesses 
property U over the plane £=0 (or over the surface t= \x\2 from the set 
t < | x | 2 to the set t > | x |2) at the origin. 

If conjecture C is valid many known and new unique continuation theo
rems formulated with the notion of multiplicity of characteristics follow. 
The theorems for equations with simple characteristics and for equations 
with at most double characteristics and constant leading coefficients men
tioned above follow from conjecture C. Another corollary of conjecture C 
is the unique continuation theorem for operators which are products of two 
elliptic operators with simple characteristics obtained by Mizohata [7]. 
Instead of two we may take the product of any number of operators with 
simple characteristics. 

A unique continuation theorem for linear elliptic differential equations 
with at most triple characteristics, leading coefficients constant and other 
coefficients of class C1 results from conjecture C too. The problem, whether 
the latter theorem holds true, is open. 

In conjecture C condition (3) replaces assumptions on the multiplicity 
of characteristics. 

A modified conjecture is obtained if condition (3) is strengthened to the 
following Lipschitz-type condition 

iRe^x^-z^q))] <K\t~s\\q\ (j = l,...,m) (4) 

But the full strength of conjecture C is needed to obtain corollaries in the 
general case of non-simple characteristics. For instance Hörmander's theo
rem for equations with constant leading coefficients and at most double 
characteristics does not follow from the variant of conjecture C, in which 
inequalities (3) are replaced by inequalities (4). 

One can also replace condition (3) by a weaker one and obtain a one-sided 
unique continuation conjecture i.e. an hypothesis implying property U 
over planes t=c from half-space t<c to half-space t >c but not from half-
space t>c to half-space £<c. 

A result similar to that conjectured as C with a variant of inequalities (3) 
in which the constant K is replaced by the term of the form at'1, ô being a 
positive constant, ô<l might yield stronger results in the case of two 
independent variables. 

Obviously condition (3) and its variants can be considered for elliptic 
systems of partial differential equations. I t can be also reformulated for non-
elliptic equations, for instance in the case that multiple characteristics are 
non-real. 

3. Results of slightly different character 
The uniqueness in Cauchy's problem is easier to establish for certain 

subclasses of solutions for instance in the case of linear homogeneous equa
tions and zero data in the class of non-negative solutions. I cite here one 
theorem [8]. If the coefficients of a system of partial differential equations 
of the first order are Lipschitz-continuous with respect to suitable variables 
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and the components of a solution are non-negative then they vanish on a 
neighbourhood of a non-characteristic surface S if they vanish on S. The 
Lipschitz-continuity is essential here. No assumptions on the type of the 
system or multiplicity of characteristics are made in the theorem. 

Properties analogous to property U have also been studied. For the 
linear homogeneous second order equation of elliptic type with Lipschitz-
continuous coefficients the strong unique continuation theorem was proved 
by Aronszajn, Krzywicki and Szarski [1], i.e. they proved tha t if a solution 
of such an equation has a zero of infinite order a t an interior point of its 
domain of definition it vanishes identically. This kind of unique continua
tion property is evidently stronger than property U. I t is not known whether 
this second property holds for non-analytic linear elliptic differential equa
tions of higher order in the case of simple characteristics or more generally 
in the case when a condition of type (3) is satisfied. For non-elliptic equa
tions the strong unique continuation property need not to be satisfied. As an 
example even the trivial partial differential equation du(t,x)/dt=0 may be 
taken, and its solution u(t,x)=f(x), where f(x) has zero of infinite order a t 
the point x = 0 and f(x) 4=0 for ic=j=0. 

Now we pass over to discuss the following property W weaker than 
property U: any solution which vanishes outside a certain compact set 
vanishes identically. Property W need not be satisfied even for real elliptic 
partial differential equations of class C°° [10] but we have the following 
well known theorem: For any elliptic linear homogeneous partial differential 
equation continuous on a neighbourhood of the origin there exists a neigh
bourhood N of the origin such tha t every solution of the equation vanishing 
outside N vanishes identically. The last theorem fails for non-elliptic partial 
differential equations [12]. 

The unique continuation problems for non-linear partial differential 
equations can be reduced to linear problems in a known way but the 
problems for solutions which are not sufficiently smooth may need separate 
t reatment because the smoothness of coefficients of the linear equations to 
be considered depends not only on the smoothness of the non-linear equa
tions but also on the smoothness of the solutions. This effect is especially 
important for non-elliptic equations, the solutions of smooth non-elliptic 
equations not necessarily being smooth. 
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CORRECTLY POSED PROBLEMS FOR 
LINEAR CONSTANT COEFFICIENT PARTIAL 

DIFFERENTIAL EQUATIONS IN THE 
REAL HALF-SPACE 

ByG. E. SHILOV 

There are many different correctly posed classical boundary problems for 
partial differential equations, e.g. the Cauchy problem for the wave equation 
or the heat equation, and the Dirichlet problem for the Laplace equation. 
However, for some equations such as the ultrahyperbolie one, no correctly 
posed boundary problem in the half-space was known until recently (in 
the non-analytic case). 

In [1] we have given a correctly posed boundary problem for every diffe
rential equation 

dmu(x,t)_m-x „ I.d\d*u(x,t) 

~dr à Pk\ ldx)-~W~ (1) 

with constant coefficients (x = (x1}...,xn)). This problem is stated in the 
Bochner class H of generalized functions / in Rn which belong to L2 and 
all their formal derivatives. The Fourier image Ë=3 H of H is the class of 
functions g ELZ which remain in L2 and their products by any polynomial. 
Let Qk be the set of all a E Rn such that the equation 

m - l 

r=2AW^ (2) 
fc=0 

has at least k roots with Re A <0, and denote by H(Qk) the subset of L2(Qk) 
formed by restrictions of functions in H. These spaces as well as H have a 
natural topology. The boundary problem of [1] is to find a function u(t, x), 
0<t< oo, xERn, such that 

(a) urn m times continuously differentiable as a function of t with values 
in H and does not grow faster than a power of t when t->°° ; 

(b) u satisfies (1) and the boundary conditions 

3uk=gk in Qk (k = l,...,m), (3) 

where gk are given functions in B(Qk) and uk(x)=dk~1u(0,x)ldtk~1. I t was 
proved in [1] that a unique solution exists and that it depends continuously 
on the initial data. 

The boundary problem can be reformulated in terms of the functions 
u(0,x), ...,dm-1u(0,x)ldtm~1 instead of their Fourier transforms if and only 
if the number r of roots of (2) with Re A<0 is independent of a; (3) then 
means simply that ^ ( O , ^ ) / ^ is given in H for k<r. If r=m the equation 
(1) was studied by Petrowsky, if r=m\2 it is elliptic. 
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A solution with initial data u(0,x)= ... = dr-2u(0,x)/dtr-2=0, dr-hi(0,z)l 
dtr~1==ô is called a fundamental solution. For homogeneous equations a 
fundamental solution corresponding to the problem above can be computed 
explicitly if 7i = l , and application of the Radon method gives an analogous 
formula in the w-dimensional case. 

Fur ther developments of the methods discussed here are to be found in 
[2]-[6]. 
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SECOND ORDER ELLIPTIC EQUATIONS AND 
BOUNDARY VALUE PROBLEMS 

By GUIDO STAMPACCHIA(i) 

1. Introduction 
While the theory of higher order elliptic differential equations with smooth 
coefficients grew up rapidly in the ten years since Gârding's paper [5] on the 
Dirichlet problem appeared, the development of the theory of equations 
with discontinuous coefficients has been very slow even for single second 
order equations. 

The fact that solely a differential operator with smooth coefficients can 
be considered locally as a small perturbation of an operator with constant 
coefficients makes a significant difference. Consequently the techniques of 
Fourier transform and of singular integral operator, although extremely 
useful for equations with constant coefficients, fail in the case of equations 
with discontinuous coefficients. 

The main reason for studying equations with discontinuous coefficients 
arises from nonlinear equations; however, there are several linear boundary 
value problems which escape the general theory of differential equations 
with smooth coefficients (for instance, the so-called transmission problem 
[26]). 

The theory of equations with discontinuous coefficients is quite different 
in the case of two variables than it is for more variables. For two variables 
the theory commenced with a paper by C. B. Morrey [15] appearing in 1938 
and developed with Nirenberg's results [21] in 1954 (see also [1]). For the 
applications of these results to nonlinear equations see the book of Miranda 
[14]. The theory of equations in two variables is closely connected with the 
beautiful and well developed theory of quasi-conformal mappings. See for 
expositions Courant-Hilbert [3] (the supplement to Chapter IV by L. Bers) 
and I. Vekua [29]. 

In more than two variables the theory was completely wrapped in mystery 
until a few years ago when the De Giorgi [4]-Nash [20] theorem was proved. 
This theorem is related to the equation in divergence form 

(ai/«^)*, = 0 (1.1) 

with measurable and bounded coefficients when the condition 

v-1 | f l»<a«f*fi<y|f |" (v>l) (1.2) 

is satisfied; it states that any weak solution in H^Q) is locally Holder 
continuous. 

This theorem led to many new results about the theory of linear and 
nonlinear second order elliptic equations in divergence form. 

(*) This talk was prepared while the author was a Temporary Member at the Cou
rant Institute of Mathematical Sciences, sponsored by the National Science Founda
tion, Contract No. NSF-GP98. I should like to thank the Courant Institute of Math
ematical Sciences for making my trip to Stockholm possible. 



4 0 6 G. STAMPACCHIA 

A theory of more general equations in the form 

aijUXiXj + biUXi = 0 (1.3) 

with discontinuous coefficients is still lacking. 
I want to limit myself to a review of some results for linear equations in 

divergence form and to mention only some applications to very special 
nonlinear problems. More general results are described in the talk by 
Nirenberg on nonlinear problems. Other questions on elliptic equations are 
described in an expository paper by Gilbarg [7]. 

2. Some notation 
If O is a domain of the Euclidean space En, d£i denotes its boundary and 

O its closure. If l ^ ^ l a , . . . , ! ^ is a vector in ^ n we put | | | 2 = | f + . . .+^ .We 
shall say that a function u(x) belongs to Cm(Q) if u is continuous together 
with all the partial derivatives of order <ra in O (C°°(0)= n%=0C

m(Q.)). 
We shall denote by Cfi(U) the class of the functions which are Holder conti
nuous with exponent A (0<A<1) in O, i.e. 

sup K o - y i < + e o . 
x'=f=a:" i i 

A function of C?(Q) is also called a Lipschitz function in O. 
Domains and boundary values of class <7f are defined as usual. 
The completion of Cm(Q) with respect to the norm 

2l|£MU*cn> &>!)> 
where D% denotes any of the jth derivatives and the sum is extended to all 
derivatives of order <m will be denoted by Hm'v(Q), or more simply by 
Hm(Q) when p=2. By H$tP(Q) [flo(Q)] we shall denote the closure in 
Hm-P(Q) [Hm(Q)] of the set of the functions of Cm(Q) vanishing near dQ. 
u(x)EHZoP(ü) [Jîtoo(û)] if u(x)EHm-p(Q') for any compact subdomain Ü' of 
Q. Consider the differential operator 

M(u) = (aijUxi)Xj, (2.1) 

where ai§ are measurable and bounded functions defined in Q. and suppose 
it is uniformly elliptic, i.e. 

Hfl^aiififi (">0)- (2-2) 
A function u(x) of IP(Q) is an M -subsolution [Jf-supersolution] in Q, if 

) atjuXj<l>Xjdx<0[>0] (2.3) 

for all <f> of HQ(Q,) such that ^>0 a.e. in O. 
A function u(x) which belongs to Hl0C(Q) and which satisfies (2.3) for 

every non-negative C°° function <f> with compact support in O, will be called 
a local M -subsolution [or Jf-supersolution]. 

Consequently one defines the solutions and the local solutions. 
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3. The maximum principle 

One of the best known results for second order elliptic equations is the 
Hopf maximum principle [8], (see also [3], p. 326) which holds for equations 
in the general form (1.3) even if the coefficients are supposed only to be 
bounded, but for smooth solutions. Different forms of the maximum prin
ciple which hold for very weak solutions, but for equations with smooth 
coefficients, have been found by E. Calabi [2] and W. Littman [12]. A 
balanced form of the maximum principle holds for M -subsolutions or for 
local if-subsolutions when the operator M has the form (2.1) and satisfies 
(2.2). 

More generally we shall consider a continuous function u(x) which be
longs to -ffJoc(O) and satisfies the inequality 

atjux.^Xjdx> f4xjdx\ (3.4') 

for every non-negative C°° function with compact support in O, where aif 

are measurable and bounded functions in O satisfying (2.2) and where 
fjELp(Q) withp>n. 

(3.4) [(3.4')] means that u satisfies locally the differential inequality 

M(u)>fjXj [ < ] . (3.5) [(3.5')] 

Then we have the following weak form (for a strong form see § 4) of the 
maximum principle: 

THEOBEM I. / / M is an elliptic operator satisfying (2.2), if u(x)EC°(Ù) 0 
Hl0C(Q.) and satisfies locally (3.5) [(3.5')] with f5 in LP(Q) (p>n), then there 
exists a constant G(p,n) depending only on p and n such that 

max u(x) < max u(x) + 9^i2tï 2||/,||Lp(Q)(mes Q)1,n-llP, (3.6) 
a dn v 

L i n u(x) > min u(x) - ^ - ^ 2| | /JUn )(mesQ)1 / n-1 / p l . (3.6') 
[ n en v J 

We cannot give here the proof of the theorem, but we want to mention 
that the proof is based on the same idea introduced by Marcinkiewicz and 
used extensively by Zygmund [31], Hörmander [9] and others which 
consists in looking for information about the behaviour of the function 

</>(k) = mes {x | u > k}. 

Here we can prove that for h>k>maxafl u the function <£ satisfies an 
inequality of the type 

rt^irr^ww ( 3-7> 
where a, ß are positive constants and ß>l for p>n. 
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By iteration, one obtains from (3.7) that </>(d)=0 where d is the right 
term of (3.6). 

Exactly the same proof shows that the (3.6) [(3.6')] holds for M -subsolu
tions [M-supersolutions] in Q also if they are not continuous. The meaning 
of maxdQ and minön has to be taken in a weak sense. Let u(x) be a function 
belonging to H^Q); u(x) is bounded from above on dQ by a constant 
<I> if there exists a sequence of functions ^m€C1(0) such that um<<f> on 
dQ and um tends to u in 1F(Q). The smallest of such numbers €> is denoted 
by maxöQ u. 

The same method of proof, as described above, can be used also for more 
general linear equations in order to obtain a priori bounds for the 2/ö-norm 
of the solution in terms of the JT'-norm of fj and the £2-norm of the solutions 
themselves; here l\q = ljp — Ijn ii p<n and q= + oo ii p>n (see Stampac
chia [23, 24, 27a] and Maz'ya [13]). Ladyzenskaya and Uralt'seva [10, 11] 
and myself [27] used the same method in order to prove the boundedness 
of the solutions of some regular integrals of the calculus of variations. 

About the Theorem I, Weinberger [30] proved that the constant G(p,n) 
in (3.6) and in (3.6') is given by 

\p-nj C(p,n)=conlln[^ n1 

where con is the measure of the unit ^-sphere. Equality occurs in (3.6) and 
(3.6') for Laplace's equation when Q is a sphere. 

4. Harnack's inequality and the Holder continuity in the 
interior 

The extension of the classic theorem by Harnack on the positive harmonic 
functions to the solution of more general elliptic equations has been given 
for n = 2 by Bers and Nirenberg [1] and in general by Serrin [22] supposing, 
when n > 2, the coefficients continuous. 

Recently Moser [18] was able to prove the Harnack inequality for local 
solutions of (1.1) when the condition (1.2) is satisfied. The quoted paper by 
Bers and Nirenberg is based on a famous theorem by Lebesgue on the 
continuity of monotone functions with finite Dirichlet integrals. Such a 
result does not hold for functions in more variables. The Moser proof is 
based on a very different argument, and makes use of a special case of a 
theorem by John and Nirenberg [9a] which partially takes the place of Le-
besgue's theorem. 

The Moser theorem is the following 

THEOBEM II. If u is a positive solution in D of equation (1.1) and (1.2) is 
satisfied, and if Q' is a compact subdomain of Q, then: 

max u ^ e min u, (4.1) 
Q' Q' 

where c depends on D', Q and v. 

As a consequence of the Harnack inequality we can deduce the strong 
form of the maximum principle. 

file:///p-nj
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Consider now a positive solution of the equation 

iPi}*>Xj)x=fiSi, (4.2) 

where (1.2) is satisfied and fjELp(Q.) with p>n. 
Using Moser's theorem and the maximum principle, as stated in Theorem 

I, we can get the following consequence. Let x0 be any point of a compact 
subdomain Q' of D and let 

M(r)= max u, ft(r)= min u (§<r<\d), 

where d denotes the distance from Q' to dQ. Then, there exists a constant c 
depending on O', Q,, v, such that 

M(r) < cWr) + 2II//II iKaf-*"")- (*-3) 

From (4.3) it is possible to deduce easily that for any solution of (4.2) the 
following inequality holds 

mfy < M r ) + CSH/yll**«/-«»'», (4.4) 

where co(r)=M(r)— p(r) is the oscillation of u in \x — xQ\ < r and where 
0 < 1 . 

From (4.4) follows that any solution of (4.2) is Holder continuous in the 
interior of Q. When /^=0 this result proves the De Giorgi-Nash theorem. 

A direct proof of this theorem which does not use the Harnack theorem 
has been given by Moser [19]. 

5. Boundary value problems 
The extension at the boundary of the latter result has been obtained 

independently by C. B. Morrey [16], Ladyzenskaya and Uralt'seva [10] 
and the author [25]. I t states (in a special case) 

THEOBEM III . 1/ U(X)EHQ(Q,) and satisfies the equation (4.2) where (1.2) 
holds and / iGi/p(û) with p>n and if O satisfies a suitable condition R, then 
u(x) is Holder continuous in Û. 

The condition R on dQ is the following [25]: 
Let B(y,r) be the sphere with center in y and radius r, there exist two 

constants K and rQ such that for all vEC1(B(y,r)) vanishing on QQ 0 B(y,r) 

\V(X)\<K\ 
J B(y,r) \x-tl71-1 

for xEB(y,r), yEd£i, r<r0. 
As a special case, condition R is satisfied if there exist two constants a, r0 

such that, for yEdQ, 

mes{ Cu fi B(y,r)}>xmes B(y,r) (r<r0) 

(see [16] and [10]). 

file:///x-tl71-1
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Using Hilbert space approach and the regularity theorem just mentioned 
we deduce that there exists one solution u(x) E Cl(Q) 0 H^Q,) of the Di-
richlet problem for the equation (4.2) where (1.2) holds, fjELp(Q) with 
p > n and for the boundary values 

u-vEHl(Q), 

provided that vECfi(ß) Ç\HltQ(Q) (q>n) and O satisfies the condition R. 
We remark that if O is smooth the condition on v can be vEHltQ(Q.) with 
q>n. 

Making use of the maximum principle of § 3 and the Harnack inequality 
of § 4 we can extend the Perron method from Laplace equation to the moro 
general equation (1.1) satisfying (1.2). Using the preceding theorem, the 
existence of a barrier at the boundary can be proved if the condition R on 
O is satisfied. 

Then the Dirichlet problem for equation (1.1) satisfying (1.2) with arbitrarily 
assigned continuous boundary values has one solution u(x) in C°(fì) fi Hioc (Q) 
if the condition R on D, is satisfied. 

We shall say that the points of d£l are regular points for the operator M 
ii the Dirichlet problem for arbitrarily assigned continuous boundary values 
is possible in C°(Q) fi Hl0Q(Q). 

The condition R assures that the points of d£i are regular for the operator 
M. 

We do not know if the class of domains which are regular for Laplace's 
operator coincides with the one of domains which are regular for the operator 
M given by (1.1) as is the case for operators with smooth coefficients 
[7a, 21a, 28](!). 

6. Some special cases of non-linear problems 

The De Giorgi-Nash theorem and its extensions led to very interesting 
results on the differentiability of weak solutions of nonlinear equations or of 
minimizing functions of multiple integrals of the calculus of variations. 

The first results in this direction were found by De Giorgi [4] for problems 
of the form 

I(u)= f(p)dx = min (p = gra>du), 
Jo 

supposing that 

'~iifi,</v,(i»)Äft<»'ifr (v>i). 

More general results have been obtained by C. B. Morrey [17] and Lady-
zenskaya and Uralt'seva [10, 11] for general multiple integrals 

(x) Added in proof. Recently H. F. Weinberger, W. Littman, and the author proved 
(Regular points for elliptic equations with discontinuous coefficients, to appear in Ann. 
Scuola Norm. Sup., Pisa) that a domain is regular for the operator M if and only if 
it is regular for the Laplace operator. 
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F(x,u,p)dx. 
Jn 

These results require that F satisfy a condition of the type 

v-\i+\p\tr\e\t<F9t,,(z,u,p)ilç,<v(i+\p\'r\i\t 

with r > —-J. 
To begin with we remark that the classical variational problem of the 

minimal surface, where .F = K1 + | # | 2 is not included in these results. 
Recently it has been proved [27] that there exists a Lipschitz function in Ö 
solution of the variational problem for the integral 

-tf(p)dx 
Jn 

I(u)= f(p)dx = min, (6.1) 

Jn 

provided that / is strictly convex, i.e. 

/ W ( P ) I A > 0 for |4=0, 
and O is strictly convex and the boundary values are sufficiently smooth. 
The solution is analytic if the data are analytic. A similar theorem, using a 
different approach has been proved, independently by Gilbarg [6]. 

Such a statement may fail when F depends on the function u too. For the 
special integrals 

m= [ {f(p) + G(x,u)}dx, (6.2) 
Jn 

supposing that 

/^Gptèi&îMi + H W ( V > ( W < T < O ) 

and O strictly convex has been proved [27] the existence of a Lipschitz 
function minimizing I(u) on the class of all Lipschitz functions vanishing on 
dQ. provided that suitable conditions on G(x,u) are satisfied. Also here the 
solutions are smooth if the data are sufficiently smooth. 

The assumption on the function G(x,u) can be, for instance, the following: 

lim uOu(x,u) 
l^Too I^I« > -*A(a,Q), (6.3) 

where a = 2 ( T + 1) and A (a, O) is given by 

f|g»d.|M, 
A(a,Q)= inf Ja 

Jn 

In particular A(2,D) is the first eigenvalue of the boundary value problem: 
Au+Àu=0 in O, u=0 on dQ.. 

Application of these theorems to the boundary value problems for the 
Euler equations of (6.1) and (6.2) leads to new results. 
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CONJUGATE HARMONIC FUNCTIONS IN 
SEVERAL VARIABLES 

ByE. M.STEIN 

1. Introduction and background 

The purpose of this note is to report on some recent progress in the theory 
of conjugate harmonic functions in several variables. 

We begin by sketching the requisite background. 
In the Euclidian w-dimensional space, En, we consider an w-tuple of 

functions ux,u2,...,un which satisfies the equations 

fc=l OXk 

duk _ dty 
dXj dxk ' 

(1) 

Clearly (1) is locally equivalent with the statement that the vector u = 
(%,...,un) is the gradient of a harmonic function H, that is u=VH. That 
such a system might be a fruitful ^-dimensional analogue of the usual notion 
of an analytic function (the case w=2) was suggested by various writers. 
This seems to be borne out particularly when one considers (1) in connec
tion with problems of n — 1 dimensional Fourier analysis. 

For this purpose we distinguish one of the variables, say xx, and consider 
the half space E\ of points where xx>0 and (x2,...,xn) are arbitrary. The 
subspace En_x of points (xt, ...,xn) may be identified with the boundary 
hyper-plane 0^=0 of Et. 

Now let f(x2,...,xn) be an arbitrary (say L2) function on En_x, and let 
u(xx, ...,xn) be its Poisson integral. That is, u is harmonic in En and takes on 
the boundary value / when %=0 . Starting from u it is easy to pass to an 
w-tuple of functions in Et which satisfy (1), with % =u, and so that u2,...,un 

are also Poisson integrals of their (L2) boundary values. Finally set fk(x2,..., 
Zn)=%(0,z2,...,ag, k==2,...,n. 

In this way we see that starting from an "arbitrary" function on En_x we 
can pass to a system of functions satisfying (1); this construction also leads 
to Ti-1 linear transformations of conjugacy 

£*:/->/* (k=2,...,n). (2) 

The Riesz transforms, Rk, are the natural generalizations of the Hilbert 
transform. Their significance can most easily be understood in terms of 
the Fourier transform. Thus in these terms Rk is a multiplier transforma
tion corresponding to the factor ixk(x\Jrx\ ... x\)~~*\ (see Horvath [3]). 

A further significance of the Rk is that they are the basic building blocks 
for the "singular integrar ' transformations which have found wide applica
tion in partial differential equations; (see Calderon and Zygmund [1]). We 
add here an important inequality satisfied by the Riesz transforms: 

WIIP<4, | | / | | „ I<I»<~. 
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Another significant consequence of the notion (1) of conjugacy is the fact 
that | u |p = (u\ +.. .un)

PI2 is sub-harmonic for p > (n—2)/(n — 1 ). This, toge
ther with harmonic majorization, allows us to develop a theory of Hp 

spaces extending the classical notion of the Hardy spaces (when n=2). The 
basic result whenp = 1 is the following extension of a well-known theorem of 
F. and M. Riesz. If dfi is a finite measure on Fn-X and its n — 1 Riesz trans
forms are also finite measures, then all n measures are absolutely continuous. 
For these results see Stein and Weiss [6]. 

Finally, it is possible to extend results of Plessner and Privalov dealing 
with boundary behavior of analytic functions to w-tuples satisfying (1). 
We may state the result as follows: Let E be a subset of En_x of positive 
measure. If for every (x2,...,xn)EE, lim ux exists as the point (xt,...,xn) 
converges to (0,x2,...,xn) non-tangentially, then the same is true for u2,...,un 

for almost all points in E; the converse statement also holds; (see Stein [5]). 
We shall now describe two new directions of investigation in this subject. 

The first reveals intimate connection with various classical expansions. The 
second is closely related to the theory of representations of the rotation 
group in n-variables. 

2. Classical expansions 

Our first point of departure is the consideration of harmonic functions 
which are radial in n — 1 of the variables. This, as is well known, leads to 
problems analagous to Fourier analysis but for Bessel functions of order 
(n — 3)/2, and by analogy to Bessel functions of real order > — \. (1) A similar 
situation holds for ultraspherical (Gegenbauer) expansions, and other clas
sical expansions. Let us consider the matter in more detail. We set x=xx 

and y = (x\Jr ...xn)*. Consider the system (1) in the half-space EÌ, and let 
u1(x1,...,xn)=u(x,y) be radial in the variables x2,...,xn; suppose that it is 
the Poisson integral of an f(x2, ...,xn) =f(y) defined on Én_v Then u(x,y) = 
dHjdx where H(x,y) is harmonic as a function of xlt ...,xn. Thus H satisfies 
the equation 

d2H d2H n-2dH 
dx2 dy2 y dy , 2 + - ^ 2 + - ^ l ^ = 0 - (3) 

As one might guess, there are now no longer n — 1 distinct conjugates 
to u(x,y), but only one. In fact 

V % 

Thus set v(x,y) =dH\dy = (u2 + ...,u2
n)^. Then u and v together satisfy the 

singular "Cauchy-Riemann equations" 

Uy-Vx= 0, 

n-2 „ W 
Ux+Vy-\ V = 0. 

(*) This is also the point of view of axially symmetric potential theory, see e.g. Wein
stein [7], 

30-622036 Proceedings 
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Now replace the constant n — 2 appearing in (3) and (4) by the positive 
constant 2X. Then it is natural to expand u(x,y) (as a function of y) as a 
Hankel integral involving the Bessel function of order X — \\ and its conju
gate v(x, y) in terms of the Bessel function of order X + \. One might expect 
a variety of results for this type of conjugacy similar to those discussed in 
the preceding section; this turns out to be the case. We shall not go into 
further details, however, concerning the problem of expansions in Bessel 
functions; instead we shall discuss at some length the analagous problem 
involving ultraspherical expansions. In fact, the results that can be obtained 
for Bessel expansions are very similar to the results we shall now state 
for the ultraspherical case. 

The problem for ultraspherical expansions arises, in the first place, by 
considering functions which are harmonic in the interior of the unit sphere 
in ^-dimensions in terms of their boundary values on the surface of the 
sphere; and then, by restricting consideration to those boundary functions 
which are "radial" ("spherical" in the modern terminology) that is, depend 
only on the distance from the "north pole". The notion of conjugacy, (4), 
turns out to be the one which links the normal to the tangential derivatives 
of such harmonic functions. More particularly this leads to ultraspherical 
expansions of type (n — 2)/2, and to conjugate expansions of type n/2. By 
analogy we pass to expansions of type X, and to their conjugate expansions 
of type A+ 1, X>0. 

The ultraspherical polynomials of type X, Pi, are defined by 

f rnPn(cosS) = ( l - 2 r c o s 0 + r2)-* (X>0). 

Then Pi are orthogonal with respect to the measure (sinO)2Xdd on (0,7t). I t 
is with respect to this measure that the Lp spaces are then defined. 

Suppose now that f(6) is an arbitrary function on (Q,7i), and let it have 
the expansion /(0)~2«nJPn (cos0). We then define its "Poisson integral" 
/(r,0) by 

/ M ) = f anr
nPx

n (cos0) ( 0 < r < l ) , (5) 
n=0 

and set f(r,0) =u(x,y) in cartesian coordinates. Then u satisfies the singular 
Laplace equation (3) (with n — 2=2X), in the upper semidisc x2+y2<l, 
y > 0. If we look for its conjugate function v(x,y) given by (4) (again n — 2 = 
2X), then we obtain 

v(z,y)=f(r,d) = -2A 2 - ^ - r ^ s i n e P ' t ^ c o s e ) . (6) 
n=in + 2A 

Finally, this leads us to consider the natural conjugacy mapping /(0)-> 
/(0), where 

/(0)~ -21 2 -^rfrinflPit ifooBe). 
n=i n-rZÂ 

Some of the results obtained may be listed as follows: 
(a) The inequality ||/||p<.4„||/||p, K p < o ° , which is a generalization of 

the classical conjugacy inequality of M. Riesz. 
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(b) A maximum principle for those functions u which are "subharmonic" 
in the sense that 

d^u d^u 2Xdu 
dx2 + dy2 + ^dy> 

The regions considered may contain the singular line y=0. Because of this 
singularity the usual Hopf maximum principle is not applicable; but the 
situation can be remedied by limiting oneself to functions even in the y 
variable. 

(c) If u and v satisfy (4) (with n — 2=2X) then (u2 + v2)Pl2 is "subharmonic" 
iip>(2X)l(2X + l). 

(d) From (b) and (c) one can obtain a theory of I P spaces, for ultraspherical 
expansions, whenever p>(2X)/(2X + l). In fact if F(rei6)=f(r,6)+if(r,0), 
(see equations 5 and 6), and sup j%\F(rei6)\p sin2A0d0< oo, p>(2X)l(2X + l), 

r<l 
then l im^i F(rel°) exists almost everywhere, in the Lp norm, and domina-
tedly. Incidentally, (a) may be viewed as describing the Hp spaces, when 
p>l. 

(e) The results of the Hp theory, when p = l, may be restated as follows. 
Suppose djxx and dfi2 are two measures on (0,TZ) which are finite, in the sense 
that J"S sin2A01 dptf) | < oo. Let 

d^i ~ 2 anPÌ (cos 0) 

and du2~2XZ-^^sm6Pn
+-1

1(cosO). 
^ n + 2X 

Then both dfix and d/i2 are absolutely continuous. 
The results sketched in this section, and others of this type, were obtained 

jointly with B. Muckenhoupt. 

3. Representations of the rotation group 
The second general area we shall deal with concerns the study of other 

systems, akin to (1), which are in a natural sense generalizations of the 
Cauchy-Riemann equations. 

The results are closely connected to the theory of representations of the 
rotation group in n variables. Here we shall limit ourselves to the case of 
three variables, where the problems raised can be solved explicitly. While 
the situation for any number of variables is more complex, a similar outcome 
for the general case is indicated. 

We begin by giving examples of some of the systems, in addition to (1), 
which we shall study in a general setting. Let us use the notation 

o d . d - d . d ^ d 
v = h i -— , o = i -— , do = — . 

dxx dx2 dxx dxx dx3 

A system considered by Moisil and Theodoresco (see [4]) consists of two 
complex-valued functions u and v satisfying the equations 

du+d3v = 0, 
(7) 

dv-d3u = 0. 
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It may be of interest to point out that (7) is merely the electron equation 
of Dirac in the case without external force, with zero mass, and independent 
of time. 

It should also be observed that passing to the real and imaginary com
ponents of u and v, (7) gives four equations in these four components. If we 
had taken one of these components to be zero (e.g. the imaginary part of u), 
then we recover essentially the gradient system (1), when n = 3. Thus it is 
natural to raise the same problems about system (7) as we raised in the 
case of system (1). In particular we may ask; for whatp >0, is ( | u |2 + | v 12)PI2 

sub-harmonic, when u and v satisfy (7). The answer is p >\; this is identical 
with the result for system (1), whenw = 3. Thus, by what was said above this 
conclusion actually extends our previous result for (1), when n = 3. 

Another variant of (1) occurs when we take a given harmonic function H 
and form its gradient of order I, I a positive integer. Thus u = VlH, and u 
is actually a tensor of rank I whose components consist of the various Ith. 
derivatives of H. Such tensors u can also be characterized by a system of 
equations like (1). If \u\ denotes the usual Euclidean norm of this tensor, 
we may again ask when \u\p is sub-harmonic. I t was shown by Calderon 
and Zygmund (*) that | u |p is sub-harmonic when p > 11(1 +1 ). We should note 
that the larger the system becomes in terms of the number of components 
and relations between them, the stronger the result for sub-harmonicity 
that obtains. 

From the examples cited above the following two general problems arise: 
(a) to characterize all possible natural generalizations of the Cauchy-
Riemann equations; (b) to find the best exponent p so that the analogue of 
\u\p is sub-harmonic, in each given case. 

To study problem (a) we have to consider the invariance properties of 
the examples cited. These systems are trivially invariant under the group of 
translations. They are distinguished, however, by their transformation 
properties under rotations. In fact, if the underlying space is transformed 
according to the group of rotations, each system is naturally transformed 
according to an appropriate representation of this group. (2) In the case of 
(1) this representation is the principal one—which assigns to each rotation 
itself. This is most easily seen by writing u = VH. In the case of the gradient 
of order I, u = VlH, the representation is the one induced on spherical har
monics of degree I. Alternatively this representation, which is irreducible, 
can be described as acting under symmetric tensors of rank I, all of whose 
traces vanish. Finally, a study of example (7) shows that we must include 
the two-valued as well as the single-valued representations of the rotation 
group. In fact let R3 denote the 3-dimensional rotation group, and U its 
"spinor" group; i.e. U is the two-dimensional group of unitary matrices of 
determinant one. The group R3 is not simply-connected, but has U as its 
simply connected covering group. Thus U has only single-valued representa
tion, and these are in one-one correspondence with the totality of single-
valued or double-valued representations of R3. The system (7) then corre
sponds to the principal representation of U, which is the usual spinor 
representation of R3. 

To state our general results we shall need some further notation. Let r 

(1) This result is unpublished. 
(2) For a survey of the theory of representations of the 3-dimensional rotation group 

see Gel'fand and Shapiro [2]. 
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denote a positive integer, and let I = r\2. Thus I = 0, J, 1,... For each such I, 
let Yi denote the (complex unitary) vector space of symmetric tensors of 
rank r whose indices take on the values 1 or 2. Since the group U consists 
of 2 x 2 matrices which are unitary, there is a natural representation of U 
on VU and thus there is a natural (possibly two-valued) irreducible represen
tation of R3 on Vi. Let Q->R1(Q) denote this representation, Q E R3. I n fact, 
R1(Q) is single-valued if I is integral, and double-valued otherwise. This 
scheme describes all the irreducible representations of R3. 

We return to our first problem. To each I we shall associate a system, Sh 

generalizing (1). Let u(x) be a function on E3 whose values are in Vt; the 
differential equations determining the system are, in components, 

(Si) 
du1Ì2Ì3mmjr + d3u2i2t3...ir=0, 

du2i2i3...ir - d3 u1Î2i3.m,ir = 0 . 

I t may be shown tha t the system Si transforms according to the repre
sentation Rl in the following sense. If u satisfies (S{), then V(X) = R1(Q) 
[U(Q~1(X))] satisfies (St) also, for each QER3. 

Therefore we see, in answer to the first problem raised, how to assign in a 
natural way a system to each irreducible representation of R3. I t is desirable 
to describe the system Si in a more intrinsic fashion, which will also indicate 
its n-dimensional generalization. 

We had u(x)EVi\ therefore its gradient Vu(x) belongs to V^V-^. Vu 
transforms according to the representation R^R1, (® denotes the tensor 
product). However the tensor product representation is not irreducible; it 
reduces into a direct sum of irreducible ones. Let Vitl denote the irreducible 
sub-space of Vi®Vx containing the highest weight vector. Then R^R1 

restricted to Viti is equivalent with Rl+1. Incidentally, this gives us the so-
called Cartan composition of Rl with R1. 

The content of equations (Si) is exactly the statement tha t Vu(x) belongs 
to the sub-space Vitl of Vi®Vx. 

I t is to be observed tha t when l = \, (St) reduces immediately to the 
system (7). When 1 = 1, then after a simple change of basis, (Si) becomes 
the system (1). Similarly for any integral I this system can be shown to be 
locally characterized as the gradient of order I of a single harmonic function. 

We come now to the second question raised earlier. For what p is \u\p 

sub-harmonic (x) when u satisfies the system (S^i 
The result is as follows: When I is integral, then \u\p is subharmonic if 

p>l/(l+l). When I is half-integral, then \u\p is sub -harmonic when p > 
1/(1 +1). Both these conclusions are best possible. The interest of this result is 
tha t it allows us to extend the theory of Hp spaces to the systems (Si) for 
the above mentioned range of p's. 

The results in this section were obtained in collaboration with G. Weiss. 

(*) Recall tha t Ve is a unitary vector space, and hence the norm \u\ is defined on it. 



420 E. M. STEIN 

R E F E R E N C E S 

[1]. CALDEBON, A. P. & ZYGMUND, A., Singular integral operators and diffe
rential equations. Amer. J. Math., 79 (1957), 901-921. 

[2]. GEL'FAND, I. M. & SHAPIBO, Z. Y A . , Representations of the group of rota
tions in 3-dimensional space and their applications. Amer. Math. Soc. 
Transi., series 2, 2 (1956), 207-316. Translated from Uspehi Mat. Nauk 
47 (1952), 3-117. 

[3]. HOBVATH, J., Sur les fonctions conjuguées à plusieurs variables Nederl. 
Akad. Wetensch. Proc. Ser. A., 16 (1953), 17-29. 

[4]. Moisir, G. C. & THEODOBESCO, N., Fonctions holomorphes dans l'espace, 
Mathematica (Cluj) V (1931), 142-159. 

[5]. STEIN, E. M., On the theory of harmonie functions of several variables. I I . 
Acta Math., 106 (1961), 137-174. 

[6]. STEIN, E. M. & W E I S S , G., On the theory of harmonic functions of several 
variables. I. Acta Math., 103 (1960), 25-62. 

[7]. WEINSTEIN, A., Generalized axially symmetric potential theory, Bull. Amer. 
Math. Soc, 59 (1953), 20-38. 



T H E "OUTER FUNCTIONS" AND T H E I R 
ROLE IN FUNCTIONAL CALCULUS 

By BÉLA SZ.-NAGY 

1. Let Hp denote the Hardy class of order p (1 < p < oo ), of functions defined 
in the interior D of the unit circle C; in particular H^ consists of the func
tions which are holomorphic and bounded in D; we have 

Hxz>Hpz>H» ( K j X o o ) . 

For cp(z)EHx, the limit q)(eid)=iim cp(reie) exists a.e. on C, and 
r-*l 

(p(ew)d6 = lim (p(reid)dO = 2rap(0) 
Jo r-»l J o 

[Fatou, F. Riesz]. If <p(z)3=Q, then log\<p(eie)\EL(0,2n) [Szegô]. 
Every function (p(z) EHX, q>(z) $ 0, can be factorised into the product of an 

"inner factor" ç?0(z) and an "outer factor" cpx(z) by putting 

[ i C2neidA-z 1 

^J0^z^logl^fe)köJ; 
we have | cp0(z) \ < 1 in D, | ç?0(e

iô) | = 1 a.e. on C, 
and <px(z) E Hx [Szegô]. 

The function cp(z) is called "inner" or "outer" if its outer or inner factor is 
constant, respectively. Thus q>(z) is outer if 

i r2n 

or, equivalently, — oo < log | (p(0) | = —- I log | q>(eie) j dd. 
&n J o 

Beurling [1] has found, in connection with some "closure" and "extinc
tion" problems in Hilbert space, the following important result: 

(I) For çp(z)EH2, the set of functions {zncp(z)} spans H2 with respect to the 
norm 

I* ll̂ ll2 = {^Jj^9)|2^] 
if, and only if, q> is an outer function. 

Since H2 is a Hilbert space with respect to this norm, this result is equi
valent with the following: 

(I') A function cp(z)EH2 is an outer function if, and only if, there exists no 
function \p(z)EH2 such that 
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/•2?r 

(zn<p,y))= eine<p(ew)y)(eie)dO^O (n = 0, 1,...), 

except the function \p(z) = 0. 
This result has the following counterpart for the class H^, found by 

Sz.-Nagy and Foias [3]. 
(II) A function cp(z)EHOQ is an outer function if, and only if, there exists no 

function p(8) with the properties 

p(d)>0,p{6)EL(0,27z), eine<p(eiQ)p(0)dQ=O (» = 0,1,. . .) , (1) 

except the function p(0) =0 a.e. 

2. The outer functions have evidently no zeros in D, but this property 
does not characterise them. E.g. the function <p(z)= exp ((z + l)j(z — 1)) be
longs to üTQO, has no zeros in D, but it is not an outer function since 
|ç?(ez0)| =1 a.e., hence its outer factor is cpx(z) = l. 

A characterisation of the outer functions in the class H^ by their zeros 
is nevertheless possible if we first extend their definition in the following 
way. 

We consider linear operators T in Hilbert space, such that ||3T|| ^ 1 , i.e. 
contraction operators. The underlying Hilbert space may be of arbitrary finite 
or infinite dimension, we suppose only that it be non trivial, i.e. that it consist 
not only of the zero vector. We suppose further that the contraction opera
tor T be absolutely continuous in the sense that it admits a (strong) unitary 
dilation UT whose spectral measure dEe is absolutely continuous with 
respect to Lebesgue measure. 

Let 2) denote the set of all such operators T. By a result of Sz.-Nagy-
Foias [2], D contains in particular all contraction operators which are 
completely non unitary, i.e. which are not unitary and have no unitary part. 

oo 

For every function cp(z) = 2 cnzU € -Soo 
n = 0 

we can define the operator cp(T) for T E D by Abel summation of the 
operator series 

ïcnT\ 
c = 0 

namely by putting 

<Pr(T) = 2 cnr
nTn (0<r<l) and cp(T)= lim cpr(T). 

n=0 r->l 

The series of cpr(T) converges in norm since 

\\cnr
nTn\\<\cn\r

n, 

and the limit of q>r(T) for r->l exists in the sense of strong operator con
vergence. In fact, we have 

oo fZn oo p2n 

cpr(T)=nr 2 cnr
nUn

T=W 2 cnr
neinedEe = w <p(reie)dEd 

n=0 Jo n=0 Jo 
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and (p{reid) dEd-> <p(eiQ) dEe = (p( UT) strongly 
Jo Jo 

by Lebesgue's theorem, since (p(reld) converges to <p(eld) boundedly and a.e. 
with respect to Lebesgue measure, and hence a.e. with respect to the 
spectral measure dEe too. Hence cp(T) exists and we have 

<p(T)=W<p(UT). 

In particular, if \z\ < 1, the operator Tz = z I (where I denotes the identity 
operator of the Hilbert space) is a completely non unitary contraction, hence 
belongs to the set 5 , and we have 

<p{T,)=<p{z)-I. 

Thus if we identify each complex number c with the operator Tc, we can 
consider the above definition of <p(T) as a natural extension of the function 
(p from the domain D to the larger domain D. 

This extension has many useful properties, such as additivity and multi-
plicativity with respect to (p for fixed T, and the inequality 

1| <p(T) || < sup \<p{z)\, 
D 

thus we obtain a reasonable and useful functional calculus for T. 

3. Moreover, this extension makes possible the following characterisation 
of the outer functions (Sz.-Nagy-Foias [3]): 

(III) A function (p(z)EHQO is outer if, and only if, its extension to the domain 
D has no zeros, i.e. if cp(T) is different from the zero operator for every absolutely 
continuous contraction operator T; even it suffices that <p(T) be different from 
0 for every completely non unitary contraction operator T. 

Proof, (i) Suppose (p(z)EHO0 and (p(T)=0 for some TED. Then we have 
for every element / 4=0 of the Hilbert space (in which the operator T acts) 

0 = {T»q>(T)f, f) = {Un
T<p(UT)f, f) = j2\ine<p(ets)d(Eef, f) 

e)p(6)dd ( n = 0 , l , . . . ) 
/•2TI 

with p(6)=d(Eef,f)ldd, 
/•2TT /»2JI 

and p(6)dd = d(Eef, f) = (/, /) 4= 0. 
Jo Jo 

Thus p(0) has all the properties (1) without vanishing a.e., thus, by (II), 
<p(z) can not be an outer function. 

(ii) We suppose now that (p(z) is not an outer function, and show that its 
extension cp(T) has some zero T in D, even a completely non unitary contrac
tion operator T. Obviously, we can suppose that cp(z) $ 0. 

By (II) there exists a function p(0) with the properties (1) and not vanish
ing a.e., i.e. with 1^(0)^0 >0. Then 
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f0(e) = }/&6)EL2(0,27i), (/o,/o)>0. 

We introduce the notation V for the operator of multiplication by eie of the 
functions f(6) in L2(0,2n); F is a unitary operator in L2(0,2n) with absolutely 
continuous spectral measure. Hence <p(V) exists; in fact (p(V) is equal to 
the multiplication by the function g?(eiö).With these notations, we can 
express the above hypotheses as follows: 

(F>(F)/ 0 , / 0)=0 («=0,1,...); (/o,/o)>0. (2) 

It follows that Vncp( V)f0 is orthogonal also to the elements Vk*f0 (k = 0,1,...) 
and hence also to the subspace spanned by them, i.e. to 

3K= V V*%. 
fc=0 

Let P denote the operator of the orthogonal projection to this subspace 3JJ, 
and consider the subspace § of L2(0,2n) spanned by the elements PVkfQ, i.e. 

fc = 0 

§ is a non-trivial Hilbert space since it contains in particular the non-zero 
element /0. 

Since F*9Kc=3K, we have PV*P=V*P, PVP=PV, and by induction 

(PV)nP=PVn=PVnP (7i=0,l,...). 

From these relations it follows that 

{ pyn + ki 
0 (»,* = 0,1,. . .) , 

PVnPV% 

thus the restriction of P V to § transforms § in itself: let it denote by T; we 
see also that 

Tng=PVng (n=0,l, . . .) (3) 

for all elements of the form g =PVkf0 (k >0), hence for all g G§. In particular 
we have Tnf0=PVnf0 (n>0), thus 

§=V^7o- W 
n=0 

T is obviously a contraction operator, and by (3) it has the (not neces
sarily minimal) unitary dilation V with absolutely continuous spectral 
measure. Thus TEÏ), and by (3) 

<p(T)g=P(p(V)g. 

for all cp(z)EHo0 and all gE!g. In particular we have 

Tn<p(T)f0 = PVn<p(V)fo (n=0,l,...), 
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hence, for n, m > 0, 

(<p(T) Tnf0, T%) = (cp(V)Vnf0,PVmf0). 

The last expression is equal to 0 since <p( V) Vnf0 is orthogonal to 3JÎ. The 
elements Tnf0(n>0) span § , thus it results tha t 

<p(T)=0 

i.e. T is a zero in ß of the extended function <p. 
Moreover, this T is completely non unitary. For if it were not, there 

would exist an element g0ElQ, g0=¥0, such tha t 

H^olHboll (»-0,1,...), 
and this would imply 

Tng0=Vng0 (7i=0,l , . . . ) 

and hence tp( T)g0=tp( V)g0, 

thus (p(V)g0=0, i.e. 

<p(eW)g0(0)-0 a.e. 

Now, this is impossible since <p(eiQ) can vanish only on a set of 0 measure 
This finishes the proof of (III) . 
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MAXIMAL IDEAL SPACES 

By J O H N W E R M E R 

1. Introduction 
Let T denote the unit circle in the z-plane and D the closed unit disk. Let 
A0 be the class of continuous complex-valued functions on T which can be 
extended to D to be analytic in D— Y and continuous in D. AQ now has the 
following properties: it is an algebra over C, the complex numbers. It is 
closed under uniform convergence on T. It contains the constants and sepa
rates points on T. 

Each point a in D induces a non-zero homomorphism of A0 into C, i.e. 
the map: /->/(&). Conversely, one can show that every non-zero homo
morphism arises from some point of D. Moreover, the maximum principle 
gives that if / is in A0 and a in D, 

| / (a ) |<max | / (z ) | . (1) 

Finally, the Poisson integral formula states that 

f(a) = jj(z)K(a,z)dO (2) 

for a certain positive kernel K. 
Let us now replace Y by an arbitrary compact Hausdorff space X and A0 

by any class A of continuous complex-valued functions on X which satisfies 
the following: 

(a) A is an algebra over C; 
(b) A is closed under uniform convergence on X; 
(c) A contains the constants and separates points on X. 

We call A a function algebra on X. In view of what we said above, a reason
able analogue of D here is the space of all non-zero homomorphisms of A 
into C. 

With 11/11 =max | /1, A is a Banach algebra. It is evidently commutative, 

semi-simple and has a unit. Let M denote the space of all non-zero homo
morphisms of A into C. The general theory of Banach algebras now gives 
the following information: 

Every maximal ideal of A is the kernel of an element of M, and conver
sely. For this reason M is called the maximal ideal space of A. If / is in A, 
define the function / on M by f(m)=m(f). Then M can be topologized so 
as to become a compact Hausdorff space and such that all the functions 
/ are continuous. 

Further, each x i n l induces a homomorphism mx in M, namely evalua
tion at x. By identifying mx with x, we may regard X as a closed subset of 
M and / as a continuous extension of / from X to all of M. In the case of 
A0, / i s seen to be the analytic extension of / to D. 
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On a Banach algebra a homomorphism into C is bounded as a linear 
functional and has norm 1. Hence for f in A and m in M, \ f(m) \ = | m(f) | < 
IH "Il/Ih 11/11 =m«| / | -Thus 

| / ( m ) | < m a x | / | , (1') 

i.e. the analogue of the maximum principle holds. Also, since m is a bounded 
linear functional on A, the Riesz representation theorem gives the existence 
of a complex measure [jLm on X of total mass 1 with 

/(m) = Jy fdjUm for all / in A. (2') 

Since also jd/jLm = l, jum is real and >0, [1]. (2') is thus an analogue of the 
Poisson formula. Any non-negative measure on X satisfying (2') will be 
called a representing measure for m. 

A number of questions now present themselves. What is the geometric 
structure of M ? In the case of A 0 we have tha t M — X = D—Y has a complex 
analytic structure. To what extent does this hold in the general case? What 
results of the theory of functions, beyond (1') and (2'), are valid for the 
functions / o n M — XI 

A beginning has been made on the study of these questions during the 
last 10 years. 

I t should be pointed out here tha t for certain algebras M — X is empty, 
i.e. M coincides with X. This is always true, for instance, if A is the algebra 
C(X) of all continuous functions on X. 

2. Finitely generated algebras 
We say tha t A is generated by gx,...,gn if the polynomials p(gx, ...,gn) form 

s, dense subalgebra of A. 
Let F be a compact subset of the space Cn of n complex variables. We 

denote by P( Y) the class of all functions on Y which are uniform limits of 
polynomials in the coordinates on Y. Evidently, P( Y) is a function algebra 
on Y generated by n functions. We now have 

THEOREM. Let A be an n-tuply-generated function algebra on a space X. 
Then X can be mapped homeomorphically on a compact subset X' of Cn in 
such a way that A goes over into P(Xf). 

Our initial example A0 is generated by the function z on the circle Y 
and so A0=P(Y). 

Finitely generated function algebras are important for two reasons. 
First, their s tudy is identical with the study of uniform approximation by 
polynomials in several complex variables on compact sets. Second, arbitrary 
function algebras can be approached through their finitely generated subal-
gebras. 

Let X now be any compact set in Cn. We define h(X), the hull of X, as 
the set of points y in Cn such tha t for all polynomials P we have 

| P ( 2 / ) | < m a x | P | . (3) 
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If y is a point in h(X), evaluation at y is a homomorphism of the algebra of 
polynomials into the complex numbers which admits a unique extension to 
a homomorphism of P(X). Starting from this observation we easily see that 
the maximal ideal space of P(X) can be identified with h(X). 

A basic result in the study of finitely generated algebras is: 

THEOREM. Let X be a compact set in Cn and F a function analytic in a 
neighborhood of h(X). Then F, restricted to X, lies in P(X). 

This result is due to Silov [2], and is a consequence of a classical approxi
mation theorem of A. Weil. Stronger forms of this result are given in [3] 
and [4]. 

3. Topological properties of M 
The following theorems were proved for arbitrary commutative Banach 

algebras. We state them only for a function algebra i o n a compact space X, 
with maximal ideal space M. 

THEOREM (Silov [2]). M is disconnected if and only if A contains non-
trivial idempotents. In particular, X connected implies M connected. 

This is proved from the preceding result by reduction to the finitely 
generated case. 

Let now Hl(M, G) denote the ith Cech cohomology group of M with coeffi
cients in the group 0. Arens in [5] and Royden in [6] have proved 

THEOREM. Let U denote the group of units in A (elements with inverses in A) 
and let U0 denote the group of elements of the form ea with a in A. Then HX(M,Z) 
is isomorphic to the quotient group U/UQ. (Here Z is the integers.) 

This result had previously been known when A=C(X): (Bruschlinsky 
[7]). Its proof depends on the theory of analytic sheaves, as developed in 
the Cartan seminar [8], and again on reduction to the finitely generated 
case. 
When A is finitely generated, more can be said. 

THEOREM (A. Browder [9]). / / A is generated by n elements, then ̂ (M, C) = 
0 for i>n. (Here C is the complex numbers.) 

This is based on a theorem of Serre [10]. 

4. The local maximum modulus principle 
As we saw, an analogue of the maximum modulus principle of function 

theory holds in the form (1') for any function algebra. However, in function 
theory one also has a local form of this principle which for the disk D may 
be stated as follows: Let F belong to A0 and let z0 be a point of D — Y. Let V 
he any neighborhood of z0. Then | F(z0) | < the maximum of | F\ taken over 
the boundary of V. 

A little reflection will show that the generalisation of this form of the 
maximum principle to function algebras is far from obvious. I t is, however, 
possible and the following holds: 
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THEOREM (H. Rossi [11]). Let Abe a function algebra on a space X, M its 
maximal ideal space and x0 a point of M—X. Let V bea neighborhood of xQ in 
M—X and dV its boundary. Then 

|/(a:0)|< max | / | , all f in A. (4) 
dV 

This theorem contains the following geometrical statement about the 
hull h(X) of a set X in Cn: Let zx,...,zn be the coordinates and let S be the 
hypersurface \zx\ = 1 . Let g be a point of h(X) which lies on S and assume 
that in some neighborhood of q h(X) lies (except for q) entirely on the side 
| zx | < 1. Then q belongs to X. For else (4) applied to zx would give | zx(q) \<l, 
denying the hypothesis that q lies on S. 

5. Parts and representing measures 
Recall the algebra A0 and let zx,z2 be two points of D. Define Q(ZX,Z2) =sup 

\f(zx)—f(z2)\ taken over all / in A0 with ||/|| < 1 . If both zx and z2 lie in 
D — Y, we get Q(ZX,Z2) <2, in the following way: let <p be a conformai map of 
D on itself which takes 0 into z2 and wx into zx. Let / lie in A0 and ||/|| < 1. 
Then g=f(cp) is in A0 and \\g\\ < 1 . Also 

\f(^)-f(^)\ = \gM-g(0)\<2'\wx\ 

by Schwarz's Lemma, since |gr —^(0)| <2 on D. Thus Q(ZX,Z2)<2* \wx\. 
If one or both of zx,z2 lie on Y, Q(ZX,Z2) =2, as is easily seen. 
Gleason was led in [12] to generalize this to function algebras. Let A be 

any function algebra on a space X and M its maximal ideal space. Hmx,m2 

are in M, put o(mx,m2)=mj)\f(mx)—f(m2)\ taken over all f in A with 
ll/ll < 1 . In other words, o(mx,m2) is the distance between mx and m2 in the 
dual Banach space of A. Gleason showed. 

LEMMA. The relation: "o(mx,m2)<2" is an equivalence relation in M. 

He called the equivalence classes the parts of M. For the algebra A0 the 
parts are the open disk D— Y and the individual points of Y. Although for 
general function algebras the parts can apparently be very complicated, 
for certain classes of algebras to be discussed in the next section they have 
a simple structure. Parts are related to the representing measures which we 
defined in the Introduction. 

LEMMA (Bishop). / / mx,m2 lie in different parts, and if yix,ii2 are representing 
measures for mx,m2 on X, then jLtx and //2

 are mutually singular. 

6. Dirichlet algebras 
A0 has the following property: every real-valued continuous function on 

T can be uniformly approximated by real parts of functions in A0. This 
suggests that we consider function algebras A on a space X satisfying: 

(d) Re A is dense in CR(X), 
where Re A denotes the space of functions Re /, / in A, and CR(X) denotes 
the space of all real continuous functions on X. Following Gleason [12], we 
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call an algebra A which satisfies (d) a Dirichlet algebra on X, because of the 
role of (d) in the Dirichlet problem. Dirichlet algebras have many interesting 
properties generalizing known properties of A0. (For an account and refer
ences see [13] and [14], Chapter 4.) Here we shall only be concerned with the 
parts. 

For the rest of this section, let A be a Dirichlet algebra on a space X and 
M its maximal ideal space. 

LEMMA. Fix m in M. Then there is only one representing measure for m. 

This follows directly from (d). 

LEMMA (Gleason [12]). / / mx,m2 lie in the same part of M and if fxXifJi2 

are the representing measures for mx,m2 on X, then /Ltx and /u2 are mutually 
absolutely continuous and dfixjdfji2 is bounded. 

THEOREM (Wermer [15]). Let P be a part of M containing more than one 
point. Then there exists a one-one continuous map x of the open disk into M 
such that x maps the disk onto P and such that for each f in A the function 
f(x) is analytic on the disk. 

Roughly speaking then, a part of M is either a single point or a disk. 
Each point of X is easily seen to be a (one-point) part. There exist examples 
where a point of M — X is a one-point part. It is conjectured that if every 
part is a single point, then A=C(X). 

Hoffman [16] has introduced a class of function algebras B on X which 
instead of (d) satisfy: 

(d') The class of functions log | / | with both / and 1// belonging to B is 
dense in CR(X). 

He shows in [16] that most of the properties of Dirichlet algebras, and in 
particular the three results stated in this section, hold for every B satisfying 
(d'). It is clear that (d) implies (d')\ for if / is in A, Re /=log \ef\ and ef as 
well as e~f are in A. However, there exist important function algebras 
which satisfy (d') and not (d). 

7. Some examples 
For each compact set X in Gn the algebra P(X), defined in section 2, is a 

function algebra on X. We thus have an abundance of examples. Except 
for very special cases, however, when TI > 1 it is a difficult problem to com
pute the hull of X (and hence the maximal ideal space of P(X)). 

Other examples of function algebras and in particular of Dirichlet alge
bras are given in [13]. Here we shall give a few examples arising from alge
bras of analytic functions. 

Example 1. Let R be an open Riemann surface and Rx a region on R 
bounded by a simple closed analytic curve a. We write Ax for the space of 
functions analytic and bounded on Rx U a. Assume 

UpERx,fEAx, then \f(p)\ <max | / | . (5) 
a 

Thus (5) is the maximum principle for Ax relative to a. (5) holds, for instance, 
if the ideal boundary of Rx has harmonic measure 0. Assume further 



MAXIMAL IDEAL SPACES 4 3 1 

Ax separates points on Rx U a and for each p in a there is some 
Qp in Ax with dQp =f=0 at p. (6) 

Let A denote the closure of Ax on a. Then 4̂ is a function algebra on a. 
Let M be its maximal ideal space. By (5) and (6) we may regard Rx U a as 
a subset of ikf. I t is of interest to find the remaining points of M. 

THEOREM (Wermer [17]). M is a compact bordered Riemann surface of 
finite genus whose border is a simple closed curve. Rx lies conformally embedded 
in M. 

Hence one has the purely function theoretic consequence: 

COROLLARY. (5) and (6) imply that Rx has finite genus. 

H. Royden (unpublished) has extended this theorem to the case where 
only (5) is assumed. 

The above theorem is proved by regarding Ax as an algebra of functions 
analytic on a and establishing the following general result about algebras 
of functions analytic on the unit circle Y. 

Lemma [17]. Let BQ be an algebra of functions analytic on the circle Y, 
and let B be the uniform closure of B0onY. Assume B0 separates points on the 
circle and contains the constants, and that for each t onY, 3 gtEB0 with g\ 4=0 
at t. Assume also B^=C(Y). Then 3 a Riemann surface F and a conformai 
embedding of an annulus I — E<\z\<l + E in F with the following proper
ties: Y maps on a simple closed curve y which bounds a region O on F with 
O U y compact. 

Each f in B goes into a function f* on y which admits analytic 
extension to Q. (7) 

Each homomorphism of B into G is of the form: f~>f^(p) for some p 
in Q U y. (8) 

Example 2. Instead of considering algebras of analytic functions on a 
circle, consider now an arbitrary compact set K on a Riemann surface R 
and an algebra 91 of analytic functions on R. Bishop in [18], Theorem 3, 
has extended the result of the preceding Lemma to this general situation. 
Assume 91 separates points on R, contains the constants and contains every 
function on R which is uniformly approximable on every compact set on R 
by functions in 91. (The assumption of separation of points is made here 
to simplify the statement of the result. Bishop does not make it.) Let B be 
the uniform closure of 91 on K. 

THEOREM [18]. There exists a Riemann surface R' and a conformai embed
ding a of R in R' with the following property: denote by K* the union of a(K) 
and of those components of R' —G(K) which are relatively compact on R'. Then 

Each f in B goes into some f* on o(K) which admits an analytic 
extension to K* —a(K). (9) 

Each homomorphism of B into G is of the form: f->f*(p) for some p in 
K*. (10) 

Example 3. Let DQ denote the open unit disk. Let H°° be the class of all 
bounded analytic functions on D0. A priori H°° is an algebra of functions 
defined on a non-compact set. We can, however, identify it with a function 
algebra on a certain compact space, by proceeding as follows: 
31-622036 Proceedings 
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Let L°° be the space of bounded measureable functions on the circle 
\z\ = 1. In its usual norm, L°° is a Banach algebra. Write X for the maximal 
ideal space of L°°. Then X is a compact Hausdorff space which is totally 
disconnected. Looked at on X, L°° is seen to be the full algebra C(X). 

For each / in H°°, put /#(e i0)=lim f(reid). Then f*' is in L°° by Fatou's 
r-*l 

theorem. We can therefore regard H°° as embedded in L°°, and hence as 
embedded in C(X). I t is not hard to verify that H°° is a closed subalgebra 
of G(X), separates points on X, and of course contains the constants. Thus 
H°° is a function algebra on X. 

Let M denote the maximal ideal space of H°°. Clearly M contains D0 

since evaluation at any point of D0 is a homorphism onH°°. Also clearly M 
contains X. M is, however, much larger than D0 U X and the structure of 
M is quite strange and only partially understood. See [14], Chapter 10, for 
a detailed discussion of this question. 

M was first studied by Kakutani and Chevalley (unpublished) in 1942. 
An outstanding problem until this year was this: Is D0 dense in M ? An 
equivalent question is: 

Let fx,...,fnhe functions in H°° such that 

l/iW)| + |/,W|+... + |/»w|>a>o (|A|<i). 

Do there then exist functions gx,...,gnin H°° such that 

/l<7l+/2<72 + -+/n<7n = l? 

Carleson [19] has answered this question affirmatively. Earlier partial 
results on the problem are due to Carleson [20] and Newman [21]. 

I t is easy to see that H00 satisfies condition (d') of Section 6. For letu 
be a real continuous function on X. We consider u as a function in L°°. 
Denote by U the bounded harmonic function in D0 which has u as its 
boundary function, and put f = exp(U + iV), where V is the harmonic con
jugate of U. Clearly / and iff belong to H°° and on X log | / | =u. Thus (dr) 
holds. Hence the results of Hoffman in [16] apply to H°°. In particular, all 
the parts of M are points or disks. 

Example 4. Let J be any Jordan arc in the plane. Denote by Aj the 
algebra of functions which are continuous on the whole Riemann sphere 
and analytic outside J. For rectifiable arcs, Aj reduces to the constants. 
When J has positive 2-dimensional Lebesgue measure, it was shown by 
Den joy in 1932 that the function 

-SA / (C ) - I ^ 

is non-constant and belongs to Aj. 
The author pointed out in [22] that whenever Aj does not reduce to the 

constants, then Aj separates points on the sphere S and, restricted to J, 
is a function algebra on J. Furthermore, in this case the maximal ideal 
space of A j is the sphere S, as was shown by Arens in [23]. In [24] A. Brow-
der and the author showed the following: Let J be an arc and let q>j be a 
conformai map of S—J on D0 under which J corresponds to both the upper 
and the lower semi-circle on \z\ = 1 . Let tpj be the induced identification 
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m a p of t h e upper on the lower semi-circle. If w e parametrise | a; | = X as 
z = ew,—7t<0<7t, y)j becomes a cont inuous decreasing funct ion on [0, n] 
with va lues in [0, —n] and y)j(0) = 0 , \pj(n) = —jr. 

T H E O R E M . AJ is a Dirichlet algebra on J if and only if ipj is singular (i.e. 
if the derivative y)j=0 a.e.) 

This has the purely funct ion theoret ic consequence t h a t if J is an arc w i t h 
ipj singular, then Aj contains non-constant functions. Such arcs J exist . 

Example 5. Let A be a funct ion algebra o n a space X and M i t s m a x i m a l 
ideal space. One m a y ask: does M — X possess some kind of analyt ic struc
ture relat ive t o which the funct ions / , / in A, are analyt ic functions? Stolzen-
berg [25] has g iven an example which answers th is quest ion in the negat ive . 
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APPLICATIONS OF THE GROTHENDIECK-
ATIYAH-HIRZEBRUCH FUNCTOR K(X) 

By J. F. ADAMS 

I shall begin by stating three results; then I shall comment on their author
ship and history, and finally I shall try to show how they can be fitted into 
a general theory. 

Let 0(n) be the orthogonal group; then we can consider the coset space 
0(n)jO(n — k) and the fibering 

0(n)IO(n-k)->0(n)IO(n-l)=Sn-1. (1) 

The classical problem about vector-fields on spheres used to ask: for what 
values of n and k does this fibering admit a cross-section? The answer is as 
follows. 

THEOREM 1. The fibering (1) admits a cross-section if and only if n is divisible 
by Nk, where Nk is the integer defined below. 

We define Nk = 2a(k), where a(k) is the number of integers r such that 
Kr^k-l a n d r = 0 , 1, 2 or 4 mod 8. 

Similarly, let U(n) be the unitary group; then we can consider the coset 
space U(n)l~U(n — k) and the fibering 

U(n)IU(n-k)-+U(n)IU(n-l)=S2n-1. (2) 

Again we ask: when is there a cross-section? 

THEOREM 2. The fibering (2) admits a cross-section if and only if n is di
visible by Mk, where Mk is the integer defined below. 

We define vp(n) to be the exponent of the prime p in the decomposition of 
n into prime powers, so that 

n = 2v2(n) 3*3(71) 5v5(")> ̂  B 

We define Mk as follows: 

vp(Mk)=0 if p>k, 

vp(Mk)=Sun(r+vp(r)) ii p<k, 

where the integer r runs over the range 

k-l 
Kr< - . 

p-l 

At the last congress we heard a lecture by J. Milnor [10], which was in 
part about the J-homorphism of H. Hopf and G. W. Whitehead. I recall 
that this is a map 

J-.nASOin))^^"). 
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I shall suppose that l=4k — l and n>4k, so that we are dealing with the 
"stable J-homomorphism", and J is defined on a cyclic infinite group. The 
problem is to describe the image of J. Following Milnor and Kervaire [10], 
we define m(k) to be the denominator of Bkj4Jc, when this fraction is expres
sed in its lowest terms. Here Bk is the kth Bernoulli number, so that 

x i - s+2( - i ) f c -^ kZ ex-l 2 fctV ' K(2k)V 

THEOREM 3. If l = 4Jc—l and n>4Jc, then 

T T f̂ m(fc) if 4£=4 mod 8, 
Ym J = \ 

[either Zm(k) or Z2m{k) if 4&=0 mod 8. 

In Theorem 1, the existence of a cross-section when n is divisible by Nk is 
classical; the non-existence of a cross-section when n is not divisible by Nk 

is proved in [1]. 
The two halves of Theorem 2 were obtained in the reverse order. The 

non-existence of a cross-section when n is not divisible by Mk is due to 
Atiyah and Todd [7]; the existence of a cross-section when n is divisible by 
Mk is proved in [3]. 

In Theorem 3, the fact that the order of Im J is a multiple of m(k) is the 
result of Milnor and Kervaire [10] as improved by Atiyah and Hirzebruch 
[5]. The fact that the order of Im J divides m(k)or 2m(k), as the case may 
be, is proved in [2]. 

I remark that by re-proving the result of Milnor and Kervaire, one can 
extract more information. One can show [2] that there is a homomorphism 

e''nn+vc-i(Sn)->Zmvo, 

such that the composite e J is an epimorphism (if n>4Jc). It follows that if 
4&=4 mod 8, then Im J is a direct summandin7rn+4Ä:_1(Ä

,n). If 4&=0 mod 8, 
then a similar conclusion follows except for the 2-component. The homo
morphism e has other interesting properties, on which I shall not dwell. 

In order to prove these theorems one makes use of the "extraordinary 
cohomology theory" K(X) of Grothendieck-Atiyah-Hirzebruch [5,6]. I will 
now recall how this is constructed. Let A denote either the real field R or 
the complex field C. Let X be a "good" space, e.g. a finite connected CW-
complex. If A = JR we take all orthogonal bundles over X; if A = (7 we take 
all unitary bundles over X. In either case we divide them into isomorphism 
classes {£}. We take these classes as the generators for a free abelian group 
FA (X). We shall define 

KA(X)=FA(X)/TA(X), 

so that KA(X) is given by the generators {£} and certain relations; we define 
TA(X) to be the subgroup of FA(X) generated by all elements of the form 

where f ©rç denotes the Whitney sum of f and r\. The group KA(X), then, is 
obtained by taking the vector bundles over X and foroing them to generate 
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an abelian group under the Whitney sum operation. The elements of KA(X) 
may be called "virtual bundles". 

I t is possible to use the groups KA(X) to prove non-existence results in 
just the same way that one is accustomed to use ordinary cohomology 
groups. Thus, if X,A is a pair and A is a retract of X, it follows that KA(A) 
is a direct summand in KA(X); and if we find that KA(A) is not a direct 
summand in KA(X), then we can conclude that A is not a retract of X. The 
non-existence proof in [1] is presented in this way. 

However, just as in ordinary cohomology we often need to use cohomology 
operations, so here we need to use cohomology operations in KA(X). 

The first such operation is a cup-product. We can define the tensor pro
duct of two vector-spaces over A; therefore we can define the tensor product 
£<g> ?7 of two vector bundles over X; one shows that this defines a product in 
KA(X). 

Similarly, we can define the dual of a vector-space over A; therefore we 
can define the dual f * of a vector bundle over X; one shows that this defines 
an operation in KA(X). 

Again, we can define the ith exterior power of a vector space over A; 
therefore we can define the ith exterior power A*(f) of a bundle over X. 
I t is possible to extend the definition of X1 from bundles to virtual bundles 
in a unique way so as to preserve the following familiar property: 

m + ri)= 1 A'(f)®A*fa). 
j+k=i 

All this is due to Grothendieck. 
Unfortunately, the formal properties of the X1 are not very convenient. 

I t is possible to obtain operations with better formal properties by an alge
braic device. Consider 

{xlf + {xif + ... + {xkf; 

this is a symmetric polynomial in xx,x2, ...,xk; therefore it can be written as 
a polynomial in the elementary symmetric functions at of xx,x2,...,xk; say 

(x1)
k + (x2)

k + ... + (xk)
k=Q^(a1,a2,...,ak). 

Now define 

Y*(|): 
' W f , *•&...,#£), (*>0), 
. ¥"*(£•). (*<o). 

The functions *F are ring homomorphisms from KA(X) to KA(X). 
In order to unify the three theorems with which I started, one makes 

use of the groups J(X) of Atiyah [4]. First I define the notion of fibre homo
topy equivalence. Let f, r\ be sphere bundles over X, with total spaces E§, 
Eyj-, then we say that a map f:Eç->En is "fibrewise" if it covers the identity 
map of X; we say that ij,rj are fibre homotopy equivalent if there exist 
fibre wise maps f\E^->En, g\En~>Eç such that gf~l through fibrewise 
maps of Eç, and similarly for fg. We shall define 

/ A ( I ) - I A ( Z ) / P A ( I ) , 

so that JA(X) is given by the generators {£} and certain relations; we 
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define UA(X) to be the subgroup of KA(X) generated by all elements of 
the form 

m-{ri}, 

where £,rj are fibre homotopy equivalent. 

Since all our groups are functorial, we can write 

KA(X)=KA(P)+KA(X), 

JA(X)=JA(P)+JA(X); 

here P denotes a point, and these equations are supposed to define the sum-
mands KA(X), JA(X) complementary to KA(P), JA(P). Atiyah's group 
J(X) is the one I have called JR(X). 

According to Atiyah [4], if you can compute JR(RPk~1), you can prove 
Theorem 1; if you can compute Jc(CPk~1), you can prove Theorem 2; and we 
have 

JR(Sl)=J(7tl_x(S0(n))) (n>l). 

We therefore face the general problem: "compute JA(X)". 
Half of the problem consists in giving a lower bound for JA(X), and half 

of it consists in giving an upper bound for JA(X). I start with the lower 
bound. 

It is sometimes easy to prove that two bundles i-,rj are not fibre homotopy 
equivalent by using the Stiefel-Whitney classes, which are fibre homotopy 
invariants. The reason why they are fibre homotopy invariants is that they 
can be defined in a particular way. Suppose given a sphere bundle £ over B 
with total space E; we can embed the space E in the corresponding bundle 
of unit solid balls, say E. Then in cohomology we have the Thorn isomor
phism 

cpH:H*(B;Z2)->H*(E,E;Z2). 

We can consider the following diagram. 

H*(E, E; Z2) — *H*(E, E; Z2) 
VH t t <PH 

H*(B;Z2) H*(B;Z2) 

The total Stiefel-Witney class is given by 

w(i)=(fH1Sq(pHl 
We can copy this procedure using the K-cohomology theory. For example, 

suppose that | is a unitary bundle, and let the other notation remain as 
before. The one can define a Thorn isomorphism 

<pK:Kc(B)-+Kc(E,E), 

where the relative K groups are defined by 

KA{X,Y)=KA{XIY). 
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One can consider the following diagram. 

KC(E, E) *KC(E, E) 

KC(B) KC(B) 

By analogy, we define Qk(£) =(pKlx¥(pk 1. 
We next seek to extend the definition of gk to virtual bundles, so as to 

preserve the following property. 

Qktf+ri)=eW(ri). 

The extension is possible and unique, provided we intepret gfc(f ) as an ele
ment of the group 

Kc(B)^Qk, 

where Qk denotes the additive group of fractions a/kb. I t is easy to see that 
we are forced to introduce these denominators. In fact, we have 

Qk(i)=k, 

so qk(-l) = ljk. 

For completeness I add that one can also adopt an intermediate approach, 
and consider (for example) the following diagram. 

_ ch _ 
KC(E, E) >H*(E,E; Q) 

VK t \<PH 

KC(B) H*(B;Q) 

This method yields criteria which can be stated in terms of characteristic 
classes. However, it is not likely to be adequate if B has torsion; and it 
also fails to give best possible results for such torsion-free spaces as $8m+2, 
(jpw+i 

I therefore adopt the following definition of a quotient group JA(X) of 
JA(X), which will serve as a lower bound for JA(X). I define 

J'A(X)=KA(X)IV, 

where x£V ii and only if there exists y in KA(X) such that 

g f c ( s ) =
Y y + ^ for all k. 

* 1 + 2/ 

(The experts will understand that in the case A = Rwe impose also the condi
tions wx(x) =0 and w2(x) = 0, in order that Qk(x) should be defined. Compare 
[8]-) 

The reason for adopting a definition of this form is that when one tries 
to prove that Qk(x) is a fibre homotopy invariant, one finds only that it is 
an invariant up to multiplication by a factor of the form 

l + y ' 



4 4 0 J. F. ADAMS 

I will now pass on to discuss upper bounds for JA(x). For this purpose 
we need a result which will prove that two sphere bundles f and rj are fibre 
homotopy equivalent, although they are not isomorphic. I offer the follow
ing. 

THEOREM 4. Suppose that ij,rj are sphere bundles over a finite CW-complex 
and that there is a fibrewise map 

f:E^E„ 

of degree k on each fibre. Then there exists an integer e such that the Whitney 
multiples \ke\i, \ke\rj are fibre homotopy equivalent. 

If we put k = l this is a theorem of Dold [9]. Therefore one may regard 
this theorem as a mod k analogue of Dold's theorem. The proof of Dold may 
be summarised by saying that we consider the space of homotopy equival
ences from S71'1 to $n_1, and treat it seriously as a "structural group". My 
proof may be summarised by saying that we take the space of all maps from 
S71-1 to S71-1, and treat it similarly. 

By applying Theorem 4, I prove the following. 

THEOREM 5. Suppose that k is given, that y£Kc(X) (where X is a finite 
CW-complex) and either (i) y is a linear combination of complex line bundles 
overX,or(ii)X = S2n. 
Then there exists an integer e = e(k, y) such that 

ke(Yk-l)y 

maps to zero in JC(X)-

Following the hint contained in Theorem 5, I define a group JA(X) which 
will act as a sort of conditional upper bound for X\ that is to say, if the 
conclusion of Theorem 5 holds for every pair (k,y), then JA(X) will be a 
homomorphic image of JA(X), no matter how large the integers e(k,y) turn 
out to be. I define 

J'A(X)=KA(X)IW, 

where x£W ii and only if for every function e(k,y) there exists a function 
a(k,y), such that 

x = 2a(k,y)ke*'y\Wk-l)y. 
k, y 

It is understood that the functions e(k,y) and a(k,y) are defined for all 
pairs consisting of an integer k and an element y£Kc(X); the values of 
e(k,y) are non-negative integers; a(k,y) takes integer values, and is zero 
except for a finite number of pairs (k,y). 

If we hope to estimate JA(X) by means of an upper bound and a lower 
bound, it is desirable to have these two bounds close together. If X = RF*-1, 
CP^1 or Sl, then 

J'n(X)~JR(Xy, 

and this completes what I want to say about Theorems 1, 2, 3. 
I t would appear that we have 

JR(X)=JR(X) 

for any finite CW-complex X. 



THE G R O T H E N D I E C K - A T I Y A H - H I R Z E B R U C H FUNCTOR K(X) 4 4 1 

Problem 1. Does the conclusion of Theorem 5 hold for each finite CW-
complex X and each element y in KR (X)i 

Problem 2. Can Theorem 4 be used to answer Problem 1? 
Problem 3. Suppose given two inequivalent representations of 0(n), so 

t h a t it acts on Euclidean spaces V, V of the same dimension. When can 
one find an equivariant map / : V-> V which maps the unit sphere of V 
onto tha t of V with degree ki 
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THE GROTHENDIECK RING IN GEOMETRY 
AND TOPOLOGY 

By M. F. ATIYAH 

§ 1. The Grothendieck ring in homotopy theory 
I am going to be talking about vector bundles, i.e. fibre bundles with fibre 
a vector space and group the linear group. Vector bundles are to the geo
meter what representations or modules are to the algebraist. In fact the 
modern algebraic geometer hardly distinguishes between the two. Now, 
in the study of groups, representation theory is important for two reasons: 
(a) because representations of groups occur naturally in many contexts, 
and (6) because characters provide a powerful technical tool with which to 
attack groups. 

The same essentially holds for vector bundles. That they occur naturally 
in many geometrical problems is of course well known. It is less obvious, 
but equally true, that, when formalized into the Grothendieck ring, they 
provide a powerful tool in homotopy theory. The Grothendieck ring is a 
very simple object which can be defined in a wide range of categories. In 
the classical representation theory of finite groups one obtains the ring of 
generalized characters (whose elements are integral linear combinations of 
the irreducible characters). For vector bundles the definition is as follows. 

Let X be a "reasonable" space (say a polyhedron) and consider complex^) 
vector bundles over X. If E,F are two vector bundles then we can form 
their direct sum E@F and their tensor product E®F. The operation 0 
turns the set £(X) of isomorphism classes of vector bundles into an abelian 
semi-group. K(X) is defined to be the associated abelian group. This means 
that K(X) is an abelian group with a homomorphism 0: £(X)->K(X) such 
that 

(i) Im (0) generates K(X), 
(ii) 6(E) = 0(F) if and only if <f>(E)=<f>(F) for every homomorphism^ of 

£(X) into an abelian group. 

It is elementary to show that K(X), 0 exist and that (i), (ii) make them 
essentially unique. The operation ® then turns K(X) into a commutative 
ring—the Grothendieck ring. It is a contravariant functor of X. 

Now character theory is essentially a comparison of a given group with 
the linear groups, and depends for its success on our detailed knowledge 
of the linear groups. In the same way the study of K(X) is essentially a 
comparison, in the sense of homotopy, of X with the linear groups (or 
rather their classifying spaces, the Grassmannians), and depends for its 
success on detailed knowledge of the homotopy of the linear groups. This 
essential information is provided by Bott's periodicity theorem which, in 
our formulation, asserts [5]; 

K(XxS*)^K(X)®zK(S*), (1) 
(*) As for representations the complex ease is simpler but the real theory can also 

be developed. 
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where S2 is the 2-sphere. This basic formula really states that the (stable) 
homotopy of the complex linear group is just what linear algebra dictates. 
For this reason the general machinery which one can develop from (1) is 
very simple and enables K to be handled with great ease. For instance the 
computation of K(X) for many homogeneous spaces turns out to be a fairly 
easy matter (cf. [2]). 

The formal properties of K are similar in many ways to those of H (co
homology) and it can be applied in a similar way in problems of homotopy 
theory. Cohomology operations (H-+H) can be replaced either by character
istic classes (K->H) or by operations (K->K). It was pointed out by Gro
thendieck that one can very easily define operations (K->K) by using 
operations on vector spaces, and this has been exploited by Adams^1) [1] in 
his solution of the long-outstanding problem of vector-fields on spheres. 

I do not propose to discuss these questions in any further detail, but I will 
just make a few general remarks about the method. In orthodox algebraic 
topology one breaks a space down into atomic parts (cohomology or homo
topy) and then tries to see how the atoms were put together (operations or 
^-invariants). Now many of the spaces that turn up in practice, e.g. homo
geneous spaces, have such a regular structure that it is a pity to break them 
right down. Instead, like the biochemist, we should look around for large 
standard molecules out of which these spaces are built. It would seem that 
the linear groups provide such standard molecules and that this, in a philo
sophical sense, explains the success of K in homotopy theory. 

§ 2. Geometric applications 

Because vector bundles arise so naturally it is to be expected that K, 
besides its general use in homotopy theory, will have special relevance in 
more geometric contexts. In order to describe some examples I must now 
explain one technical point. 

If F is a subspace of X then one can define a relative group K(X, Y) by 
considering vector bundles on X with a given trivialization on Y. Suppose 
now that E, F are two vector bundles on X and that a : E->F is an isomor
phism on Y. Then by adding to both E and F a "complement" of F (i.e. 
an F' so that F@F' is trivial) we get an element 

d(E,F,oc)eK(X,Y) 

called the "difference bundle", and this is independent of the choice of F'. 
I shall now discuss three examples in which this "difference bundle" arises 
naturally and leads to interesting results. 

§ 2.1. Sub-manifolds 

Let X be a compact oriented 7i-manifold embedded in Sn+2k. Choose a 
metric, let N be a tubular neighbourhood of X and put N0 = N — X. The 
normal bundle v has structure group SO(2k) but when lifted up to N0 this 

(1) Actually Adams uses K for real vector bundles. Also his operations are a modi
fication of those introduced by Grothendieck. 
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reduces to S0(2k — l). Now let V be any representation space of S0(2k), 
and let a be the outer automorphism of S0(2k) corresponding to the reflec
tion in the plane x2k=0. Then Va will be a new representation of SO(2k) but, 
since a is the identity on SO(2k — l), V and Va coincide as representations 
of S0(2k — 1). Take the vector bundles E,Ea associated to v (lifted up to 
N) by the representations V,Va. Then on N0 we have a canonical isomor
phism x:E~>Ea and hence a difference bundle 

d(E,E<*,oc)£K(N,N0). 

Using the natural map 

K(N,NQ)-*K(Sn+2k) 

we end up with an element of K(Sn+2k). But we know all about this group; 
in particular we know all about characteristic classes on Sn+2k. From this 
we deduce information about the characteristic numbers of X. These results 
are of two types: 

(i) (stable) since X can always be embedded in Sn+2k for large k we get 
some results for any X; these are of importance for example in the 
study of differentiable structures on manifolds; 

(ii) (unstable) taking a low value of k may, for given X, give results 
which are false; this shows that X cannot be embedded in Sn+2k 

(or Rn+2fc). 

An example of (ii) is the following result [3]: 
Complex projective n-space cannot be embedded differentiably in B)

4n~2a(n)j 

where cc(n) is the number of l 's in the dyadic expansion of n. 

§ 2.2. Sheaves 

Let X be a complex manifold, S a coherent analytic sheaf on X and sup
pose we have an exact sequence of coherent sheaves: 

0->E^F->S^0, (2) 

where E,F are locally free. Then E,F are germs of holomorphic sections of 
vector bundles (still denoted by E,F) and a gives a vector bundle homo
morphism (still denoted by a). Outside | S | = support (S) a is an isomorphism, 
and hence we get a difference bundle, 

d(E,F,oc)£K(X,X-\S\). (3) 

More generally if, instead of (2), we have a (finite) resolution £ of S by 
locally free sheaves then we can generalize (3) and define an element 

d(C)eK(X,X-\S\), (4) 

which turns out to depend only on S and not on £. We can apply this in 
particular when S is the sheaf of a complex analytic subvariety of X. Using 
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the element given by (4) and the relations between K and H one can prove 
the following [4]:(!) 

/ / uEH2k(X; Z) is represented by a complex analytic subvariety (of codimen
sion k) then Sqzu=0. 

Here Sqz is the Steenrod operation 

#2fc(X;Z)-*#2fc+3(X;Z). 

This result is of interest because it disproves an old conjecture of Hodge. 

§ 2.3. Elliptic operators 

Let X be a compact oriented 0°°-manifold, E, F two C°° n-dimensional 
complex vector bundles over X, T(E) and r ( JF) the spaces of G°° cross-sec
tions. Then by a partial differential operator from E to F one means a 
linear operator 

D:T(E)-+r(F), 

which in local coordinates is expressed by a matrix of partial derivatives. 
If we consider only the highest(2) order derivatives and regard d\dx% not as 
an operator but as a coordinate in the bundle T of cotangent vectors of X, 
we get a well-defined homomorphism 

a(D):7i*(E)->7i*(F), 

where n : T->X is the bundle projection. This is called the symbol of the 
operator D, and D is said to be elliptic if a(D) is an isomorphism on T0, the 
set of non-zero tangent vectors. Hence an elliptic operator defines a differ
ence bundle 

y(D) =d(7t*E,7i*F,a(D))eK(T, T0). 

I t appears that the interesting invariants of D are actually invariants of 
y(D). More specifically D has an invariant called the index defined by 

v(D) =dim Ker D — dim Coker D 

and it seems reasonable to conjecture that v(D) is expressible by a universal 
polynomial in terms of the characteristic classes of y(D) and those of X. 
This is closely related to the Riemann-Roch theorem. 

I should just end by saying that most of this is joint work with F. Hirze-
bruch, while the remarks in § 2.3 are based on some current work, not yet 
completed3, with I. M. Singer. 

(*) This also follows, if X is algebraic, from the resolution of singularities (Hironaka). 
In fact one then has Sq u = 0 for all odd r. 

(2) Precisely we take derivatives of order k if, somewhere on X, D involves derivatives 
of order k, but nowhere does D involve derivatives of order k +1. 

(3) (Added in proof.) See a forthcoming note in the Bulletin of the American Mathe
matical Society. 
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LES V A R I É T É S R 1 E M A N N I E N N E S DONT LA 
COURBURE SATISFAIT CERTAINES 

CONDITIONS 

Par M. B E R G E R 

1. Variétés riemanniennes 
Dans toute la suite V désigne une variété indéfiniment differentiable, de 
dimension d supérieure ou égale à deux. L'espace fibre de ses vecteurs est 
noté T(V) = UmeVT(V)m etp:T(V)-*V est la projection canonique. F°°(V) 
désigne l'anneau des fonctions réelles indéfiniment différentiables de V et 
%(V) le module sur F°°(V) constitué par les champs de vecteurs indéfiniment 
différentiables de V. Une structure riemannienne (s.r.) sur V est la donnée 
d'une forme bilinéaire symétrique <, > sur le module 3£(F) qui, si l'on désigne 
encore par <, > et par abus de langage la forme bilinéaire induite sur chaque 
T(V)m par <, >, vérifie la condition <#,#>>0 quel que soit xGT(V)m, x4=0. 
On en déduit une norme \\x\\ =«#,#>)*. On dit aussi que V est une variété 
riemannienne (v.r.). Une isométrie f:V-^W entre deux v.r. V, W est, par 
définition, un difféomorphisme / tel que \\(df) (x)\\ =\\x\\ quel que soit 
x£T(V). 

2. Exemples 

(A) Soit Rd l'espace vectoriel canonique formé avec les d-uples de nom
bres réels, muni de sa structure euclidienne canonique v.w définie par 
(a1,...,ad)'(b1,....,bd)=a1b1 + ...+adbd et muni de sa structure canonique de 
variété differentiable. La translation rm:n->(n — m) identifie canoniquement 
T(Rd)m et Rd. Ceci permet de définir sur Rd une s.r. canonique en posant : 
(x,y}=rm(x)'rm(y) quels que soient x,y£T(Rd)m. 

(B) Soit TFune v.r. et /: V->W une application indéfiniment differentiable 
d'une variété indéfiniment differentiable V dans W telle que, quel que soit 
m G F, la différentielle df\m de f en m soit infective. Alors V hérite canoni
quement de W une s.r. en posant ||a;|| = \\(df) (x)\\ pour tout x£T(V). Deux 
cas particuliers sont importants : 

(a) f est un revêtement; on dira alors que f:V^W est un revêtement 
riemannien; / est localement une isométrie. 

(b) (V,f) est une sous-variété de la v.r. Rd de (A). Le théorème de Nash 
[22] assure que cette situation extrinsèque n'est pas, en fait, plus particulière 
que la situation générale de la définition d'une v.r. au § 1. Lorsque dim V = 2 
et d = 3, on obtient la source historique de la notion de v.r. Lorsque V = Sd = 
{a G Rd+11 ||a|| = r} (r > 0), pour l'application identique / : Sd->Rd+1, on obtient 
sur cette sphère une s.r. canonique, la seule que l'on considérera dans la 
suite, à l'exception de la fin du § 6. 

(C) Soit G un groupe de Lie. Une s.r. sur G est dite invariante à gauche 
(resp. à droite) si toutes les translations à gauche Xg (resp. à droite qg) sont 
32-622036 Proceedings 
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des isométries; une s.r. est dite biinvariante si elle est invariante et à droite 
et à gauche. On obtient sur G des s.r. invariantes à gauche en prenant sur 
T(G)e n'importe quelle structure euclidienne a*b et en posant (x,y)> = 
(dkg1) (x) - (dkg1) (y) quels que soient x,yET(G)g. Si G est de plus compact on 
obtiendra sur G une s.r. biinvariante en prenant la moyenne, à droite et 
pour la mesure de Haar de G, d'une s.r. invariante à gauche. 

Soit maintenant H un sous-groupe fermé du groupe de Lie compact G; 
une s.r. biinvariante sur G définit canoniquement une s.r. invariante par G 
sur l'espace homogène G\H (dite alors naturelle). On procède comme suit:soit 
p:G->GIH la projection canonique, mEG/H et g tel que p(g)=m. Soit 
T(G)g=Vg+Wg la décomposition orthogonale où Vg est le sous-espace 
de T(G)g constitué par l'espace tangent à la fibre gH. La restriction dp: Wg 

->T(GjH)m est bijective et définit donc sur T(G/H)m une structure eucli
dienne. Comme la s.r. sur G est biinvariante, la structure euclidienne ainsi 
obtenue ne dépend pas du g choisi tel que p(g)=m et l'on obtient ainsi sur 
GjH une s.r. canonique à partir de la s.r. biinvariante choisie sur G, et 
invariante par les opérations à gauche de G sur G/H. 

Cas particuliers. Les espaces symétriques simplement connexes de rang 
un : SO(d + l)/SO(d), Pn(C)=SU(n + l)IU(n), Pn(H)=Sp(n + l)/Sp(n)x 
Sp(l), P2(Ca) = FJSnin [9]. Les s.r. ainsi obtenues sur l'un d'eux sont toutes 
proportionnelles; pour S0(d + l)/S0(d) elles coïncident avec celles Sd de 
l'exemple (B) (b). Pour P (C), on obtient les métriques de Fubini-Study. 

3. Notions classiques 
Désormais V est une v.r. donnée. Si A:[0,ï]-»F est une courbe de V, de 

vecteur tangent k'(t) en X(t), on définit sa longueur L(X) = Jo ||A'(J) || " dt. On pose 
C(m,n) = {X\X(Q)=m et X(l)=n}. On a sur V une structure canonique 
d'espace métrique en posant : d(m,n) = inf^ec(m,n) L(X)\ la topologie cor
respondante coïncide avec la topologie initiale de la variété differentiable V. 
Pour étudier l'ensemble SG(m,rì) = {X£C(m,rì)\L(X)z=d(m,rì)} on est na
turellement conduit à introduire une opération D:dt(V)->{dt(V)-+dt(V)} 
qui, sielle est notée X-+{Y->DXY}, satisfait les deux axiomes : J£« Y,Z}) = 
<DXY,Z)+<Y,DXZ) et DXY-DYX = [X, Y] quels que soient X,Y,ZE 
3£(F). Il se trouve que D existe, est unique et de plus une loi de dérivation, 
c'est à dire que DeHomFoo(V)(3c(V); HomÄ(3E(F); %(V))) et Dx(fY) = 
X(f)'Y+f-DxY quels que soient X,Y£%(V) et feF°°(V). On dit que D 
est la loi de dérivation canonique de la v.r. V Le commutateur R(X, Y) 
= DxDY — DYDx — DlXtYi se trouve être un tenseur de type (1,3) de V, 
appelé le tenseur de courbure de V. Il vérifie les identités classiques : 

(R(x,y)z,t)=-(R(x,y)t,z}=(R(z,t)x,yy, (1) 

R(x,y)z + R(y,z)x + R(z,x)y=0 (2) 

et son tenseur dérivé DR vérifie : 

(DR) (x, y; z) + (DR) (y, z; x) + (DR) ((z, x; y) = 0. (3) 

On pourra aimer remarquer que, si l'on prend un système de coordonnées 
{|J sur un ouvert U de V et si l'on pose dl(dÇi)=Xi£dt(U), la quantité 
<i?(Xi,X;)XÄ,XÄ> n'est autre que celle Rijkh de la littérature classique. 
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Etant donnée À£C(m,n), on définit le transport parallèle le long de X 
comme l'application T* : T( V)m->T( V)n obtenue en exigeant que, {x(t)} étant 
un champ de vecteurs le long de A tel que D^t) x(t)=0 quel que soit t, 
alors Ti(x(0))=x(l). D'après le premier axiome de définition de D, il est 
clair que rx est une isométrie d'espaces euclidiens. Une élément y de SC(m,n) 
devant nécessairement vérifier Dy.(t)y

,(t)=0 quel que soit t, une courbe y 
telle que DY>it)y'(t)=Q quel que soit t sera appelée une géodésique de V; à 
part les géodésiques triviales, on parametrise dorénavant toutes les géodé-
siques en sorte que ||y'(£)|| =1 qnel que soit t. Etant donné xET(V)m (i.e. 
xET(V)m et x4=0) il existe une géodésique et une seule yx telle que yx(0) 
=p(x) et yi(0)=#/||a;||. Le théorème de Hopf-Rinow [20] assure que, si V 
est un espace topologique complet, alors yx(t) existe quel que soit x€T(V)%, 
quel que soit mGFet quel que soit tEÊet que, de plus, quels que soient 
m,n£V:SC(m,n)=%=0 (évidemment SC(m,n) peut avoir plus d'un élément). 
Dorénavant toutes les v.r. considérées seront COMPLèTES. 

4. La courbure sectionnelle 
Pour découvrir si une v.r. V est isométrique ou non à Rd, pensant à 

SdczRd+1, il est naturel de procéder ainsi:soit PczT(V)m un sous-espace 
vectoriel de dimension deux de T( V)m (on désignera par G( V) l'ensemble de 
tous ces P lorsque m parcourt V). Soit alors C(P;e) le petit cercle de V de 
direction P et de rayon e, c'est-à-dire C(P;e) = {yt(e)\x6T(V)îl()P}. Il 
s'agit d'étudier l(P;e)=L(C(P;e)). Il faut donc calculer le vecteur tangent 
à C(P;e) au point yx(s). Il est facile de voir que si {x,y} est un repère 
orthonormé de P, ce vecteur tangent Y(x,y;e) est, après identifications 
convenables, la valeur Z(e) de la solution Z de l'équation différentielle 
dans T(V)m : 

^ = TïHR{y'x(t), Tt{Z(t))y'x{t)) (4) 

telle que Z(0) =0 et dZjdt\t^o=y et où rt désigne le transport parallèle le 
long de yx de yx(0) =m à yx(t). On obtient donc pour || F(a;,y;e)|| l'approxi
mation : 

\\Y(x,y;e)\\=s + ̂ -<R(x,y)x,yy + o(e3). (5) 

Il se trouve, grâce aux identités (1) et (2) que (R(x,y)x,y} ne dépend que 
de P et non du repère orthonormé choisi dans P. Puisque, lorsque d=2, 
— (R(x,y)x,y) n'est autre que la courbure totale de la surface V, il est 
naturel de définir la courbure sectionnelle de V pour P par c(x,y)=c(P) = 
— (R(x,y)x,y} pour tout repère orthonormé {x, y} de P. On aura donc c(P) = 

3 
lim - . (2ne-l(P\ s))/s3. On posera c(V) = {c(P)\PeG(V)} et on l'appellera 

Y ensemble de courbure de V. La connaissance de la fonction réelle P->c(P) 
sur G( V) entraîne celle du tenseur de courbure lui-même. 

Exemples. (A) — On a c(R?) = {0} (puisque 1(P;S)=27ü6 OU bien parce 
que R(X, F) =0 quels que soient X, Y). 
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(B) (a) Si f:V->W est un revêtement riemannien, alors c(V)=c(W) 
puisque / est localement une isométrie. (ô) On a c(Sf ) = {l/r2} (longueur d'un 
petit cercle). On sait aussi que, quel soit A<0, il existe sur Rd une s.r., 
notée ûd(A) et dite hyperbolique, telle que c(ad(A)) = {A}. On posera aussi, en 
v.r. : ad(0) = Rd et, si &>0:ad(&)=SfIVÄ. 

(C) — On montre que, pour toute s.r. naturelle sur G\H, on a c(G\H) >0. 
Plus précisément, si l'on identifie T(GjH)Pie) avec le We de la décomposition 
orthogonale T(G)e =Ve+We et T(G)e avec l'algèbre de Lie de G, on peut 
définir le crochet dans T(G/H)p(e). On montre alors que c(x,y)=0 est 
équivalent à [x,y]=0. D'autre part, pour les espaces riemanniens sy
métriques de rang un listés à la fin du § 2, autre que les sphères, on a : 
c(F) = [A/4,A](A>0). 

5. La courbure de Ricci 
Il est aussi naturel de calculer le volume v(m;e) de la sphère de V de 

centre m et de rayon e, définie par S(m;s) = {yx(e) \x£ T(V)m} (on sait que, 
pour s assez petit, on a S(m;s) = {nE V\d(m,n) =e}). Si da est l'élément de 
volume de la sphère unité Sf'1 de T(V)m, on aura v(m;e)= \s<t-i v(x;e)da, 

où v(x;e) = \\Y(x,yx,6)A ... A F ^ ^ ^ e ) ! ! pour une base orthonormée de 
la forme {x,yx,...,yd_x} de T(V)m. De (5) on obtient : 

Y(x, yx; e) A ... A Y(x, yd-\\ s) 

/ Fd+1 d-l \ 

= (yx A ... A yd^) (e*'1 - — • 2 c(x, yù + o(ed+1)J. 

Pour un x tel que | |a;| |=l, la quantité rc(x) = 2f=i c(x,yt) n'est autre 
que la trace de la forme quadratique {y-> — (R(x,y)x,y}}, trace qui est 
appelée la courbure de Ricci de V en x. On posera rc( V) = {rc(x) | x G T( V) 
et ||a;|| =1}. En général, pour un m fixé, rc(x) dépend de x. Pour d = 2, on a 
rc(V) =c(V); pour d = 3, la connaissance de rc(V) entraîne celle de c(V), par 
exemple rc(V) = {A} entraîne c(F) = {A/2}. En général, s'il existe f£F°°(V) 
telle que rc(#)=/(ra)||#||2 quel que soit x£Vm, on déduit de (3) que / est 
nécessairement constante et donc que rc(V) = {A}. 

Exemples. Si c(V) = {A} alors rc(V) = {(d — 1)A}; mais un exemple moins 
trivial est un espace homogène GjH du type de l'exemple (C) du § 2 tel que 
de plus la représentation adjointe ad H de H dans T(GjH)p{e) soit irréduc
tible : en effet cette représentation laisse invariante sur T(GIH)p(e) deux 
formes quadratiques : || || et rc. Puisque || || est définie positive et ad H 
irréductible, ceci implique que rc et || || sont proportionnelles. 

6. La courbure scalaire 
On peut maintenant achever le calcul de v(m; s). Si ad = jsd-i da, on aura : 

ryd+l 

J-î-1* v(m;s) = ad's
d~1 — • Ld-i^(a;) -da + o(ed+1). 
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Puisque rc(x) est une forme quadratique en xET( V)m, si sa trace est notée 
sc(m), on aura J sx

 _ 1 fc(x) • da = (Ijd) • sc(m). La fonction réelle se : V->R est 
appelée la courbure scalaire. Quelle que soit la base orthonormée {xt} de 
T(V)m, on aura sc(m)=^i^jc(xi,xj). Et 

/ x T flj o v e 0 * 1 - ^ ; s) 
sc(m) = lime^o 6d ^ . 

Exemple. Soit 6r le groupe de Lie simple, compact, simplement connexe, 
de dimension trois (donc G est difféomorphe à Ss). A l'aide des formules de 
Maurer-Cartan et des équations de structure, il est facile de construire sur 
G, quel que soit AGi?, une structure riemannienne 6rA invariante à gau
che et telle que sc(GA) = {A}. 

7. Les problèmes considérés 
Nous nous proposons maintenant de donner ci-dessous un exposé de 

résultats connus sur les relations entre la topologie de V et des hypothèses 
sur l'un des ensembles c(V), rc(V), sc(V). Les résultats seront énoncés sans 
démonstration et nous nous restreindrons à trois types d'hypothèses : 

dans le § 8 : la courbure est constante; 
dans le § 9 : la courbure a un signe constant; 
dans le § 10 : la courbure varie dans un certain domaine. 
Une remarque préliminaire est: soit V une v.r. telle que c(V), ou rc(V), 

ou sc(V) satisfasse une certaine condition. Si F->F est le revêtement 
riemannien universel de V, alors (d'après §2, exemple (B), (a)) : c(V), ou 
rc(V), ou sc(V) satisfait la même condition. Le problème étudié se coupe 
donc en deux : 

problème I : étudier une telle variété lorsqu'elle est simplement connexe; 
problème II : étudier le groupe fondamental d'une telle variété. Nous 

observerons cette coupure dans les § 8 et 9. Rappelons qu'implicitement 
toutes les variétés considérées sont des VARIéTéS RIEMANNIENNES INDéFI
NIMENT DIFFéRENTIABLES, CONNEXES ET COMPLèTES, de dimension supér
ieure ou égale à deux. 

8. Les variétés à courbure constante 
Problème I 

THéORèME 1 [15]. Soit V simplement connexe telle que c(V) = {A}. Alors V 
est isométrique à û(A). 

Rappelons le fait classique : si d =2, il existe sur V compacte une s.r. 
telle que c(V) = {A} (pour un certain A). La généralisation est le : 

THéORèME 2 [30]. Soit V une v.r. compacte (d>3). Il existe sur_V une 
fonction partout strictement positive et A G R telle que la nouvelle s.r. V sur V 
définie par || || = / || || vérifie sc(V) = {A}. 

(La démonstration est un résultat fin d'équation aux dérivées partielles, 
elliptique et non linéaire.) 
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Le Théorème 2 montre que la courbure scalaire a peu de signification 
topologique. En outre l'exemple du § 6 montre que, pour d=3 (et peut être 
pour tout d>3) même le signe de la courbure scalaire n'a pas d'implication 
topologique (tandis que, pour d=2, la formule de Gauss-Bonnet relie ce 
signe à celui de la caractéristique d'Euler-Poincaré de V). 

Entre les deux théorèmes extrêmes 1 et 2, comment se comporte l'hy
pothèse rc(F) = {A}? Le § 5 montre d'abord que cette question ne se pose 
que pour d>é. Est-ce qu'une telle hypothèse est forte on non ? Peu de 
résultats sont connus. Remarquons d'abord que rc(V) = {A} a certainement 
des implications : 

THéORèME 3. Soit V compacte telle que d=4 et rc (F) = {A}. Alors la 
caractéristique d'Euler-Poincaré %(V) est positive ou nulle. 

(Ce résultat se déduit facilement de [11]). 
Notons aussi qu'on ne connaît pas d'exemples de v.r. compacte V telle 

que rc(V) = {A}, autres que les espaces homogènes riemanniens GjH avec 
ad H irréductible. Les deux théorèmes suivants semblent montrer que V 
compacte et rc(V) = {A} est une très forte restriction : 

THéORèME 4 [4, 6]. Soit V compacte orientable telle que d =4 et rc(V) = {A}. 
Si de plus : a) il existe A > 0 tel que c( V) c ]A/4, A] alors V est isométrique à 
û(A') (pour un certain A'); b) si c(V)>0 et si V est Jcahlêrienne, alors V est 
isométrique a P2(C) ou a S2*S2. 

THéORèME 5 [5]. La structure riemannienne û(A) sur Sd est isolée parmi les 
s.r. dont la courbure de Ricci est égale à la constante (d — 1)A. (Ces deux 
théorèmes reposent essentiellement sur la formule (6.8) de [19].) 

Problème II 

Ce qui précède montre que le Problème II n'a guère de sens, actuellement, 
que lorsque le revêtement universel riemannien de V est un d(A). Le Théo
rème 1 montre alors que le problème considéré est purement algébrique. 
Cependant, dans le cas A<0, on ne sait rien de plus que les Théorèmes 
11, 12, 13 du § 9. Pour A =0, on a le : 

THéORèME 6 [8]. Soit V compacte telle que c( V) = {0}. Il existe un revêtement 
riemannien W de V tel que W soit un tore. 

Pour A>0, le Théorème 14 montre d'abord que seul le cas d'impair 
est à considérer. Lorsque d=3, le problème est complètement résolu par 
[25]. Pour d >5, surtout en fait lorsque d est de la forme 4Jc +1, le problème 
a été ramené dans [28] a un problème de pure arithmétique. Un résultat 
partiel mais complet est le : 

THéORèME 7 [29]. Soü V telle que c(F) = {A} (A>0) et homogène. Alors 
nx( V) est, soit cyclique, soit polyhedral binaire. 

(Le point de départ est de remarquer que l'homogénéité implique que les 
isométries de û(A) qui réalisent nx( V) sont des translations. On prouve alors 
le résultat algébrique conjecturé par Vincent.) 
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9. Les variétés dont la courbure a un signe constant 
Problème I 

On a déjà vu au § 8 qu'il n'a de sens que pour c(V) ou rc(V). On n'a de 
résultat en fait que pour c(V) (voir cependant Théorème 17). C'est un 
problème naturel de rechercher les variétés topologiques qui admettent des 
s.r. telles que c(V)>0, ou c(F)<0. Du côté négatif ou nul, le problème est 
complètement résolu par le : 

THéORèME 8 [14, 10]. Soit V simplement connexe telle que c(V) <0. Alors V 
difféomorphique à Rd. 

(La démonstration repose essentiellement sur le théorème de Hopf-
Rinow et le fait que, grâce à (4), l'application exponentielle expm: T(V)m-+V 
(pour un m quelconque) a une différentielle partout bijective, et est alors 
un revêtement). 

Du côté positif ou nul, les exemples du § 4 (C) montrent que le problème 
n'est pas aussi simple (excepté en dimension deux : voir § 8). Même le cas 
c( V) >0 est difficile (exemples ( C) du § 4). En fait on ne connaît actuellement 
aucune implication topologique de la condition c(F)>0. Quelques résultats 
partiels : 

THéORèME 9 [13]. Soit V hahlérienne compacte telle que c(V)>0. Alors 
deux sous-variétés analytiques complexes compactes, de dimension complémen
taires, de V se rencontrent nécessairement. Si de plus d =4, ceci implique que 
V est homéomorphe à P2(C). 

(La démonstration de la première partie utilise un argument de minimum 
et la variation seconde; la deuxième partie est due à Andreotti.) 

THéORèME 10 [3]. Soit G\H un espace homogène riemannien naturel 
simplement connexe et tel que c(G\H)>0. A part deux exceptions (Vune pour 
d = l, Vautre pour d = l3), la structure variété sous-jacente de G/H est homéo
morphe a Vune des : Sd, P(d/2) (C), P(d/4))(#), P2(Ca). 

(La démonstration consiste à utiliser ce qui a été dit dans l'exemple (C) 
du § 4 pour se ramener à un problème d'algèbres de Lie.) 

Problème II 

THéORèME 11 [10]. Soit V telle que c(V)<0. Alors tout sous-groupe de 
nx( V) est infini. 

(La méthode consiste à montrer que c(F)<0 entraîne qu'un compact de 
F a un barycentre unique; on utilise alors comme compact l'orbite d'un 
sous-groupe fini de nx(V).) 

THéORèME 12 [23]. Soit V compacte telle que c(F)<0. Alors nx(V) ne peut 
pas être abélien et tous ses sous-groupes abéliens sont cycliques. 

(La démonstration utilise l'existence d'une géodésique fermée dans une 
classe d'homotopie libre non nulle de V et le fait que c(V) <0 entraîne que 
tout quadrilatère de F a des angles dont la somme est strictement infé
rieure à 2Tï). 



454 M. BERGER 

THéORèME 13 [18]. Soit V une variété riemannienne homogène telle que 
c(V)<0. Alors V est simplement connexe. 

(Utilise une géodésique fermée comme ci-dessus et un champ de Jacobi-
Killing le long d'icelle : contradiction si c(V)<0.) 

On trouvera dans [12] des résultats fins sur les V telles que d=2, c( V) >0, 
V non compacte. On a un résultat définitif : 

THéORèME 14 [26]. Soit V compacte, orientable, de dimension paire et telle 
que c(F)>0. Alors V est simplement connexe. 

(On applique la variation seconde le long d'une plus courte géodésique 
fermée). 

Et des résultats partiels : 

THéORèME 15 [21]. Soit V compacte telle que rc(V) >0. Alors nx(V) est fini. 
(La variation seconde montre que rc(V)>ô>0 implique que V est de 

diamètre fini donc compacte. On applique ceci à V.) 

THéORèME 16 [11]. Soit V compacte telle que d=é. Alors, si c(V)>0 ou si 
c(V) <0,ona x(V) >0; et %(V) = 0 implique c(V) = {0}. 

(S'obtient en choisissant un repère orthonormé tel que l'expression figu
rant sous le signe somme dans la formule généralisée de Gauss-Bonnet [1] 
ait une forme simple faisant intervenir la courbure sectionnelle.) 

THéORèME 17 [9]. Soit V kahlêrienne compacte telle que rc(F)>0. Alors 
il n'existe pas sur V de formes extérieures holomorphes fermées non triviales. 

(La méthode est celle des formes harmoniques : voir formule (3.4) de [19].) 

THéORèME 18 [17]. Soit V kahlêrienne compacte telle que rc(V)>0. Alors 
V est simplement connexe. 

(On utilise simultanément : le Théorème 15, le fait que V est algébrique 
d'après le théorème de plongement de Kodaira et les genres arithmétiques 
de V et f). 

10. Les variétés fe-pincées 
On introduit une notion plus forte que c(V) >0. Une v.r. est dite k-pincée 

s'il existe A>0 et k tels que c(F)c= [&A,A]. 
(Seul le Problème I a été considéré. Pour k = \ les résultats sont satis

faisant (seule la question du difféomorphisme restant ouverte)). 

THéORèME 19 [24, 16]. Soit V simplement connexe et k-pincée. Si k>\, 
alors V est homéomorphe à Sd. 

(La démonstration repose essentiellement sur deux résultats : celui de 
[16] sur le cut-locus et celui de [27] qui est essentiellement une inégalité 
trigonométrique). 

THéORèME 20 [2]. Soit V simplement connexe, non homéomorphe à Sd et 
(D-pincêe. Alors V est isométrique a l'un des : P<d,2)(C), I*m)(H), P2(Ca). 
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(Raffinant la démonstration du Théorème 19, on montre que la courbure 
sectionnelle à travers une géodésique quelconque est invariante par tran
sport parallèle le long d'elle; d'après [10], ceci implique que V est une v.r. 
symétrique). 

Bien que son existence théorique soit probable, on ne connaît pas actuel
lement un s (0<e<(D) tel que l'hypothèse « V est simplement connexe 
et ifc-pineée avec k>(l)-e » entraîne « F e s t homéomorphe à l'une des : Sd, 
Pidl2)(C), P(dlé)(H), P2(Ca) » (on remarquera les deux exceptions du Théo
rème 10). On a un résultat partiel : 

T H é O R è M E 21 [2]. Soit V compacte telle que d=2n-\-l (n>2) et k-pincée. 
Alors si k=2(n — l)l(8n — 5), le deuxième nombre de Betti réel de F est nul. 

(La méthode utilise la formule (3.4) de [19]). 
E n particulier si d=5 et Jfc=2/ll, alors F aura la cohomologie réelle de 

S5. Un seul résultat (très faible comme le montrent la substitution k = J et 
le Théorème 20) est connu reliant l 'hypothèse ^-pincée et la topologie de F : 

THéORèME 22 [7]. Soit V compacte, k-pincée avec k>0 et telle que d=2n. 
Alors : \%(V)\ <2-n-(2n)\-k-n. 

(La méthode utilise la formule généralisée de Gauss-Bonnet [1] et les 
majorations pour le tenseur de courbure de [2].) 
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EMBEDDING SURFACES IN 3-MANIFOLDS 

ByR. H.BING 

Is a 2-sphere in E3 tame if it can be pierced at each point by a straight line 
interval?(x) Is it tame if it can be pierced along each arc in it by a tame disk? 

Is a 2-sphere in E3 tame if it is homogeneous under a space homeomor
phism? 

Is a 2-sphere in E3 tame if each Sierpinski curve in it can be pushed to 
either side? Is it tame if it can be approximated from either side by a singular 
2-sphere? 

Does one obtain E3 if the interior of a wild 2-sphere is replaced by the 
interior of a tame one? 

What restrictions imply that a surface is tamely embedded in a 3-mani-
fold? 

These are samples of some of the interesting unsolved problems about the 
embedding of surfaces in 3-manifolds. 

In addition to raising questions about the embedding of surfaces in 3-
manifolds, recent discoveries were discussed. A surface is known to be 
tame if its complement is 1-ULC. It is tame if it can be pushed to either side 
with a map. It is tame if it can be homeomorphically approximated from 
either side. The fact that surfaces can be approximated by polyheral sur
faces has been useful in proving some of these results and may be the means 
for learning more about the embedding of surfaces in 3-manifolds. 

One advantage of working with polyhedral surfaces instead of arbitrary 
ones is that they intersect in decent sets. However, it has been shown re
cently that if in E3, Lis a, straight line, S is a 2-sphere, and e >0, then there 
is a homeomorphism h of E3 onto itself such that h does not move any 
point more than e, h is fixed outside an e-neighborhood of L, and S'h(L) 
does not have infinitely many points. A simple proof of this result would 
improve the proof of the approximation theorems. Suppose SX,S2 are two 
arbitrary surfaces in E3. One might wonder if it is possible to move Sx 

slightly with a space homeomorphism so that the resulting 2-sphere intersects 
S2 "nicely". 

Hand in hand with proofs go counterexamples. Examples have recently 
been given of wild spheres all of whose arcs are tame. It has been shown 
however that all wild surfaces contain tame arcs and can be pierced by 
tame arcs. The set of points that belong to tame arcs in the surfaces is 
precisely the set of points of the surface at which it can be pierced by tame 
arcs. 

Does a simple closed curve bound a disk in a 3-manifold if the curve can 
be shrunk to a point in its own complement? This is an unsolved version of 
Dehn's lemma. 

If a singular plane P in E3 links two points in E3, does each e-neighbor-

(*) Following the lecture, M. K. Fort, Jr. answered the first question raised in this 
lecture in the negative by giving an example of a wild 2-sphere (which might be called 
a "wild porcupine") which could be pierced at each point by a straight line interval. 
The example is described in a paper submitted to the Proc. Amer. Math. Soc. 
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hood of P contain a non-singular plane that links the two points? This 
version of the sphere theorem remains unanswered partly because in Papa-
kyriakopoklos' proof of Dehn's lemma, the splitting and resewing along 
double lines introduced long feelers. Suppose D is a disk on a polyhedral 
2-sphere S and e > 0. Is there a positive number à > 0 such that if g is a piece-
wise linear map of S into E3 that is fixed on S — D and moves no point more 
than ô, then each neighborhood of g(S) contains a 2-sphere whose homeo
morphic distance from S is less than ei 

A contemplation of E3 and a study of recent discoveries about 3-mani
folds reveals that although we have learned much about 3-space in recent 
years, there is much yet to learn. 



PARTITIONS OF UNITY IN THE THEORY OF 
FIBRATIONS 

By ALBRECHT DOLD 

Partitions of unity have been used on many occasions to deduce global 
results on spaces or maps from local properties. Below we state a section 
extension theorem of this type and indicate how it implies several of the 
main existence theorems for fibrations. This permits us to define a very 
smooth theory of fibre bundles. Another application is to fibre homotopy 
equivalence. 

Definitions. Let B be a topological space. A halo around A c B is a 
subset V of B such that there exists a continuous function T: J5->[0,1] with 
r|^4 = l, T | C F = 0 . For example, every V^B is a halo around A =<£; if B 
is normal and A closed then every neighborhood of A is a halo. 

A (not necessarily open) covering {Vx}xeA °f B *s called numerable (or 
normal) if there exists a locally finite partition of unity {7zY:B->[0,l]yBr 

such that every set uty *(0, 1] is contained in some Vx. For example, para-
compact resp. normal spaces are characterized by the fact that every 
open covering resp. every locally finite open covering is numerable. 

Definition. A continuous map p: E->B has the section extension property 
(SEP) if the following holds. For every A cz C and every section s of p over A 
which admits an extension to a halo V around A there exists an extension 
S over B, i.e. a section S:B->E with S\A=s. 

SECTION EXTENSION THEOREM. / / there exists a numerable covering 
{Vx}xeA °f B such Mat Px=p\p~1(Vx)'P~1(Vx)->Vx has the SEP for every 
A G A then p has the SEP. 

(Compare Godement, Théorie des Faisceaux, II, 3.) 

The usual results on sections in fibrations are then contained in the 
following 

COROLLARY. Let p.E-^B be a map and {Vx}xeA a numerable covering 
of B such that px-P~1(Vx)->Vx is fibre homotopically trivial for every X, say 
p-\Vl)~Vxx73, If 

(a) Yx is contractible, or 
(b) Yi is (n — 1)-connected and Vx a CW complex of dimension <n for 

every A€A then p has the SEP. 

Definition. A_map p : E^>B has the covering homotopy property ( = CHP) 
if for every H:X x [0, 1]->B and h:X~>E with ph(x) =H(x,0) there 
exists H : X x [0, 1]->E with pH =H and H(x, 0) = h(xY 
_If the_existence of H is only required for homotopics H which satisfy 
H(x,t)=H(x,0) for t < J then p is said to have the weak covering homotopy 
property (WCHP). 

The WCHP is useful because it is invariant under fibre homotopy equi
valence whereas the CHP is not. 
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COVERING HOMOTOPY THEOREM. Let p:E->B be a map and {Vx}xeA a 

numerable covering of B such that px'-P~1(Vx)-^Vx has the CHP (the WCHP) 
for every A G A. Then p has the CHP (the WCHP). 

The CHP case is due to Hurewicz and Huebsch, the WCHP has also 
been found by Weinzweig (unpublished). For the proof one introduces an 
auxiliary space 

Ë = {(x,w)EX x E10'111w(0) =h(x) and pw(t) =H(x,t)} 

and the map 
p:E->X (p(x,w)=x) 

A section for f is then the same as a covering homotopy H for H with 
initial position h. 

The notion of fibre homotopy equivalence makes sense for arbitrary con
tinuous maps p : E-+B, p' : E'-*B. Using an auxiliary construction as above 
the SE theorem here gives: 

THEOREM. Let f-.E-^-E' be a continuous map with p' f =p. Assume there is a 
numerable covering {VX}X*A °f B SUCfh that fx'-P~1(Vx)~>p'~1(Vx) is a fibre 
homotopy equivalence for every h £ A. Then f is a fibre homotopy equivalence. 

The role of the WCHP for fibre homotopy equivalence is made clear by 
the following results, parts of which have also been found by Fadell, Fuchs 
and Weinzweig. 

THEOREM. Assume B admits a numerable covering {VX}X*A
 SUCfh that the 

inclusion map Vx~^B is nullhomotopic for every A G A. Then p : E->B has 
the WCHP if and only if px'-P~1(Vx)~>Vx is fibre homotopically trivial for 
every X. 

THEOREM. Let B, {VX}XSA
 oe ^ above, assume p:E->B, p'.E'-^B have 

the WCHP and f:E->E' satisfies p'f= p. Then the following are equivalent. 
(a) f is a fibre homotopy equivalence, 
(b) f is a (ordinary) homotopy equivalence 
(c) the restriction /0:^~1(&)->p/~1(6) of f is a homotopy equivalence for at 

least one point b in every component of B. 

The applications to bundle theory are based on the notion of numerable 
bundle. A fibre bundle | is called numerable if there exists a numerable 
covering {Vx}xeA of B = B% (the base of | ) such that | | Vx (the part of | 
over Vx) is trivial for every A G A. The class C of numerable bundles seems to 
have the right size for a satisfactory bundle theory, namely: 

I. It is large enough: If B% is paracompact then | is always numerable. 
Milnor's universal bundle is numerable. If | is numerable then all bundles 
which are induced from or associated with £ are numerable. If H is a sub
group of G = Gç (the structure group of | ) then every .ÉT-bundle which is 
obtained from f by reduction of the structure group is numerable, provided 
the coset-bundle G-+GJH is numerable. 

II . It is small enough: The covering homotopy theorem, the section theo
rem for bundles with contractible fibre, and the classification theorem hold 
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in C without restriction. In order to formulate the latter we denote by 
kG(X) the set of equivalence classes of numerable (principal) G-bundles 
with base X. Such a bundle rj is called universal if 

Tn:n[7, BJ-HoiT), 

is bijective for all topological spaces Y, where n [ ] denotes homotopy 
classes of maps / : Y->Brj. The classification theorem then asserts that rj is 
universal if and only if En, its total space, is contractible. The existence of 
universal bundles is proved by Milnor's construction. 

A continuous homomorphism y\G->H of topological groups induces a 
natural transformation ky:kG->kH (the "associated bundle") and one proves 
that ky is an equivalence if and only if y is a (ordinary) homotopy equi
valence. 



SOME CONNECTIONS B E T W E E N 
COBORDISM AND TRANSFORMATION 

GROUPS 

ByE. E.FLOYD 

Consider as a general theme differentiable actions of a compact Lie group G 
on a closed differentiable manifold Vn. I t being difficult to handle complica
ted structure on both G and Vn simultaneously, here G will always be of 
very easy structure. P. E. Conner and I have studied in some detail the con
nections between the cobordism class of Vn and properties of transforma
tion groups acting on Vn. Here I wish to discuss an aspect of our work 
that interests me particularly: given a compact Lie group G, which cobor
dism classes admit representatives upon which G acts differentiably and 
without stationary points (x is stationary if gx=x for all gEG)ì Full details 
will be forthcoming in a joint memoir of Conner and myself; I hope that 
the present remarks give some insight into the problems we encounter 
and the methods we use. 

Make the agreement here that all actions are differentiable of class C°°, 
and that all manifolds Vn are compact differentiable; Vn is closed if it is 
without boundary. 

1. Actions of (Z2)
k 

Consider first actions of Z2: that is, consider differentiable involutions 
T: Vn->Vn. If T is without fixed points, what is the cobordism class of Vnì 
Recall that the closed w-manifold Vn is said to cobord (mod 2) if there exists 
a compact manifold Bn+1 with Bn+1 = Vn. It is our contention that if a diffe
rentiable involution T acts on Vn without fixed points, then Vn cobords. 
The proof is easy. One considers the orbit map v : Vn->Vn\T and the mapping 
cylinder Bn+1 of v. A little thought reveals that Bn+1 is a compact manifold 
with Bn+1 = Vn. Hence our problem is solved for G=Z2. 

For any compact Lie group G, consider all pairs (G, Vn) consisting of a 
closed manifold Vn and a free action of G on Vn. Two such, (G, Vi) and 
(G, V%), are cobordant if there exists a free action (G, Bn+1) on an (n + l)-
manifold with 

(G,Bn+1) = (G, V?)U(G,VZ). 

There results an abelian group nn(G) of cobordism classes; denote the class 
containing (G,Vn) by [G,Vn]2- There is the Thorn algebra n =Sn n of ordinary 
unoriented cobordism classes. Now n*(G)=Hnn(G) is an n-module, where 

[G, Vm]2- [Wn]2 = [G, Vm x Wn]2 

with (G, Vm x Wn) given by g(x,y) = (gx,y). It turns out, using the methods 
of Thorn [5], that n* (G) is always a free n-module; in fact, 
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n*(0)~JT»(JBo;Z2)®n, 

where BG is a classifying space for G. 
In particular, n*(Z2) is a free n-module with generators (Z2,S

n], n = 
0,1,. . . , where Z2 acts on Sn via the antipodal map. Moreover, 

n*((Z2)
k)~n*(Z2)®n...®itn*(Z2). 

With these preliminaries, consider now actions of (Z2)
k. Equivalently, 

consider differentiable involutions Tt: Vn->Vn, i = l,...,k, with TiTJ = TjTv 

We outline here the following theorem. 
((1.1) / / (Z2)

k acts on the closed manifold Vn without stationary points, then 
Vn cobords mod 2. 

Proof. The basic technique of the proof is to define inductively a sequence 

vn=vi,vi,...,vi 

of closed manifolds, each carrying an action of (Z2)
k. We call the sequence 

the free resolution of the action ((Z2)
k, Vn). 

Suppose the action ((Z2)
k, Vf) has been defined, j<k. Fix a Riemannian 

metric on Vf, invariant under the action. Consider RxVf, R the real 
numbers, with the action given by 

Ti(t,x) = (t,Ti(x)),i^j + l,Tj+1(t,x) = (-t,TM(x)^^ 

The fixed point set F(TM, R x Vf) is then O x F(Tj+1, Vf). Let N denote a 
tubular neighborhood of F(Tj+1,R x Vf) of small radius s; then N is inva
riant under the action. We let Vf+1 be the boundary N^1) 

Note that Tj+1 operates on Vf+i without fixed points. Closer inspection 
reveals in fact that the group (Z2)

j+1 generated by Tx,..., Tj+1 acts freely on 
Vf+i. Moreover, Vf+1 is the bundle space of sphere bundle Vf+1->F(Tj+1, Vf), 
with the bundle map equi variant. 

Given the action ((Z2)
kVn), we thus obtain the free action ((Z2)

kVl). 
The heart of the proof lies in the relationship between these two actions. 
Consider y = [(Z2)

k (Z2)
k]2En0(Z2)

k), where (Z2f acts on itself by left multi
plication. We prove by an elementary geometric argument that [(Z2f 
Vli2 = r[Vn]2inn*((Z2n 

Suppose now that (Z2)
k acts on Vn without stationary points. We argue 

that Ffe=0. There is the composite map 

VI -> F(Tk, FLO c Fï- i -> F(Tk-l9 Fî-a) <= FJU. . . c F0
n = V\ 

whose image is seen to be the set of stationary points. Hence VI =0 and 
y[Vn]2=0. But y is a non-zero element of the free n-module n*((Z2)

k), 
hence [Fn]2 = 0. 

(*) (Added in proofs): In the proof of (1.1), F(Tj+i, Vj) must be replaced by the 
disjoint union\JF(Tia) ...TKi)TJ+1, Vf). The outline of proof is otherwise correct. A 
similar change must be made in section 2. 

33-622036 Proceedings 
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2. Actions of (Zp)
k 

Consider hereafter the oriented case. Namely all manifolds are oriented, 
and all group actions preserve the orientation. We use now the oriented 
cobordism ring Q = 2 Q n of Thorn [5]. There is the cobordism module 
Q*(G) =2Qn(6r), defined as was n*(G) except that the orientation conven
tions are imposed. 

Denote by SFn(G)c:Q>n the set of all cobordism classes which admit 
representatives Vn upon which G acts without stationary points; SF here 
abbreviates "stationary point free". SFn(G) is seen to be a subgroup of Qn. 
Moreover SF(G) = S SFn(G) is an ideal in O. For if G acts without stationary 
points on Vm then G acts without stationary points on Vm x Wn by g(x,y) = 

I t follows from section 1 that SF((Z2)
k) =2Q. A corresponding result holds 

for Zp, p prime. 
(2.1) SF(ZP), p prime, is the ideal pQ of Q. 

Proof. If Zp acts without stationary points on Vn, then Zp acts freely on 
Vn. Assume now the consequence of the work of Milnor [4] and Wall [6] 
that the Pontryagin numbers and Whitney numbers of Vn determine 
[Vn]. I t can now be proved that [Vn]=p[VnIZp]. This follows readily from 
a comparison of Pontryagin numbers and Whitney numbers. The remark 
follows from this fact. 

We might remark at this stage that we have considerable information 
about Q^Zp), p an odd prime. This O-module is generated by the elements 
oc2k_x = [Zp,S

2k~1], where the generator T of Zp acts on S21*'1 by T(zx, ...,zk) = 
(ozx,...,QZk) with Q=exp 2ni\p, and by a0 = [Zp,Zp]. Let F be the free 
ii-module generated by OC0,OLX,OC3, ... and let R be the submodule generated 
by the elements 

Ä * - l =P «2*-l + "MS' [W*] + 0Cm_9[W8] + .... 

For appropriate choice of W*,W8,...,FjR^Çï^Zp). Moreover, [Tf4],..., 
[W2p~6] are all divisible hyp and [W2p-2]=b[Pp_x(C)] in Çi/pQ where 6=4=0 
mod p. 

Now we continue (2.1) by considering SF((Zp)
k). Here we have been mo

tivated strongly by the outstanding work of Borei [1,2] on actions of 
(Zp)

k. In particular we start with some examples of Borei. Note first that 
Zp xZp acts without stationary points on complex projective space PP_1(C), 
with generators given by 

1 x\Zi,...,Zp] —[Z2, ...,Zp,Zx\, 1 2L%j •••>%] =l^i}QZ2, ...,Q Zp\ 

where o=exp (2mlp). Since [Pp_i(C)] is a generator of Q, this shows that 
SF(ZP xZp) =£p£l. We shall see later that, in a certain sense, this is the only 
example needed for Zp x Zp. Borei has gone on to show that Z3 x Z3 x Zs 

acts without stationary points on the Cayley plane, but that Z3 x Zz cannot. 
We pass now to our results. Suppose (Zp)

k is generated by Tx,...,Tk 

where 27 = 1 and T^^T^^ 
Consider an action ((Zp)

k, Vn) p an odd prime. We generalize the construc
tions of § 1 to obtain a free resolution 

vn,vn+\...,r n + k 
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of actions ((Zpf, V
n+j). Consider C x F n + / , C the complex numbers, with the 

action given by 

Tt(z,x) = (z, Ttx),i =H + 1 , Tj+X(z,x) = (QZ, TM(x)) with 

o=exp (2jtilp). The fixed point set F(Tj+x,C x Vn+j) is OxF(Tj+x, Vn+i). 
Let N denote a tubular neighborhood of F(Tj+x,Cx Vn+j) in C*Vn+j 

of small radius e, and let Vn+j+1 =N. As before, the group (Zp)
j+1 generated 

by Tx,...,Tj+x acts freely on F n + ' + 1 . Also as before, Vn+j+1 is the bundle 
space of a sphere bundle Fn + ; + 1->jF(Tm , Vn+j), with the bundle map equi-
variant. 

The following theorem uses the free action ((Zp)
k, Tk) on the torus Tk=Sx 

X...XS1 given by Tj(zx,...,zj,...,zk) = (zx,...,QZi,...,zk). Its proof is too long 
to sketch. 

(2.2) Consider an action ((Zp)
k, Vn), p an odd prime, and consider a free 

resolution Vn,...,Vn+k. We have 

P/J n + f e ]=P/ ,P] [H 
inQn+k((Zp)k). 

Suppose in particular that (Zp)
k acts on Vn without stationary points. As 

in section 1, then Vn+k=0. Hence [(Zpf,T
k] [Vn]=0 in Qn+k((Zp)

k). Given 
an Q-module M, the annihilator of y G M is the set of [Mn] with y[Mn] =0. 

(2.3) SF((Zp)
k) is contained in the annihilator A(y) of the torus y = 

l(zp)
k,Tk]enk((zpf). 

We conjecture that actually SF((Zpf)=A(y). 
It is not difficult to show that A(y) is contained in the ideal I(p) of 

cobordism classes all of whose Pontryagin numbers are divisible by p. We 
have also settled the structure of I(p). 

We go on now to a case in which we are able to give definitive results, 
namely SF(ZpxZp). We must first make some remarks concerning maps 
T: Vn->Vn of odd prime period p. Let Fm denote a component of the fixed 
point set F. We must know the structure of the normal bundle | : E->Fm. 
It is seen that the differential dT acts on E, yielding a linear map of period p 
of each fiber into itself, leaving only the zero vector fixed. We analyze the 
structure of all such bundles. In particular for each complex vector space 
bundle £k:Ek->Fm, we get such a map as v^qk-v where g=exp (27iijp). 
We show that f splits into a Whitney sum £i©---©fj>_i/2 of such bundles. 
That is, | can be considered a U(nx) x ... x U(np_xi2)-bundle for appropriate 
nx,...,np_xi2. 

(2.4) SF(ZP xZp), p an odd prime, is the ideal of O generated by [Y°] and 
[J2P-2-] where Y°=p points and r 2 p ~ 2 = PP_X(C). 

Outline of proof. Suppose Zp x Zp acts without stationary points on Vn. 
Denote the generators of Zp x Zp by T, S. There is the free resolution Vn, 
Vn+1, Vn+2 of the action. The proof uses an analysis of Vn+1. Recall that 
Vn+1 is a sphere bundle over F = F(T, Vn). Checking back, this is the sphere 
bundle of the Whitney sum f of a trivial plane bundle with the normal 
bundle i-:E->F. Over each component Fm of F, i;' is a (U(nx) x ... x U(np_xl2)-
bundle. 

There is a natural cobordism theory for U(nx) x... x U(np_xi2)-bundle8, 
leading to cobordism classes [£'] of bundles. We next show that [£'] is 
divisible by p. There is used here the diagram 
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S T-rn + l 
V 

T Y 

F(T,Vn)-^F(T,Vn), 

an important point being tha t S acts without fixed points on F(T, Vn). 
There is C'/SiE'lS-^F/S. A suitable generalization of the argument of (2.1) 
shows tha t [£'] =p[^'IS], and hence [f '] is divisible by p. 

There is the map T:Vn+1->Vn+1 acting without fixed points. We thus 
have an element \ZP, Vn+1]EQn+1(Zp). One next has to convert the state
ment t ha t [ f ] is divisible by p into the statement tha t [Zp, V

n+1] is divisible 
bypinQn+1(Zp). Now 

[Zp,V
n-*] = [Zp,Si][Vn] 

by (2.2). We are thus reduced to a question purely about the module 
Q#(Zp).For what [Vn] is OLX • [Vn] divisible by pi Fortunately this is a problem 
we can solve; the set of all such [Vn] is the ideal generated by p and [PP_X(C)]. 

This illustrates a technique tha t we use often. We reduce a geometric 
question to a question about the module Ç1^(ZP), and t ry to solve it there. 
We give now the last example of a complete computation for SF(G). I t 
uses somewhat similar methods. 

(2.5) The ideal SF(Z3xZ3xZ3) is the ideal generated by [ 7 ° ] , [7 4 ] , [7 1 6 ] , 
where 7 ° = 3 points, Y^=P2(C),Y1Q = Cayley plane. 

There is a last computation, almost complete. 

(2.6) The ideal SF(Tk),Tk a toral group, is contained in the torsion sub
group of Q. 

This foUows by showing tha t SF(Tk) c f)p l a rge SF((Zpf). I t then foUows 
from our previous results tha t every element of SF(Tk) has all its Pontrya
gin numbers zero. The result then follows. 
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ON SOME N U M E R I C A L HOMOTOPY 
INVARIANTS 

By TUDOR GANEA 

The purpose of this paper is to present a series of eomparatively recent 
results concerning Lusternik-Schnirelmann category and several related 
invariants. 

1. 
The following definition is essentially due to Lusternik and Schnirelmann 

[17]: 

DEFINITION 1.1. The category, cat X, of a topological space X is the least 
integer k>0 such that X may be covered by k + l open subsets which are con
tractible in X; if no such integer exists, cat X = oo. 

Let Xk be the &-fold Cartesian power of a topological space X with base-
point -*, let T = T(X,k) denote the subset of all points (xx,...,xk)£Xk such 
that &, = •* for some i (Ki<k), let j:T->Xk denote the inclusion map, 
and let Xik) and q : Xfc->X(fc) denote the identification space and identifica
tion map resulting by shrinking to a point the subset T of Xk. I t has been 
noticed by G. W. Whitehead [19] that, provided X is a connected CW-
complex, cat X < k if and only if there is a map O : X->T(X, k) such that 
?o<l>~A, where A:X->Xfc is the diagonal map. Moreover, Berstein and 
Hilton [5] have introduced the following. 

DEFINITION 1.2. The weak category, wcat X, of a based topological space X 
is the least integer k>0 such that the composition X—Xfc+1-^X(fc+1) is null-
homotopic rei. base-point; if no such integer exists, wcat X = oo. 

Let SX denote the reduced suspension over the based space X and let 

<r:SX->SXvSX and T : S X - > S X 

denote the maps which result, respectively, by pinching to a point the equa
tor of SX and by reflecting SX in its equator; as shown by Eckmann and 
Hilton [6], these two maps convert SX into an £P-space, the dual of an 
associative H-sp&ce with inversion. The basic co-commutator map tp is the 
composition 

SX-^SX v S X - ^ 2 S X v2SX-v-^T2SX V 2SX^ 2SX, 

where kA and kf denote the &-fold wedge of spaces and maps, 1 always 
stands for the identity map, and V is the folding map given by V(a> " * ) = 

¥(*,a)=a. The co-commutator map ipx of weight 1 is the identity map of 
SX; the co-commutator map ipk+x of weight k +1 is the composition 

S X - ^ S X v 2 X - ^ l f c S X v S X = /c+1SX 
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in which y)k is the co-commutator map of weight k>l [2], The following 
definition may be motivated by the next proposition, where n(A, B) denotes 
the set of based homotopy classes of maps A-+B, which is a group if A is a 
suspension or if B is a loop space, and where nil n is the classical nilpotency 
class of the abstract group n. 

DEFINITION 1.3. The co-nilpotency class, conil X, of a based topological 
space X is the least integer kX) such that the co-commutator map ipk+x is 
nullhomotopic rei. base-point; if no such integer exists, conil X = oo [2]. 

PROPOSITION 1.4. conil X=sup nil7r(X,07) where Y ranges over all based 
topological spaces [2]. 

Let us denote by U -long X the least integer k>0 such that, for any com
mutative coefficient ring, the cup product of any k + 1 singular cohomology 
classes of positive dimension vanishes in X; if no such integer exists, U -long 
X = oo. The numerical invariants we have defined are related by inequalities 
as shown [2, 5, 14] in the 

THEOREM 1.5. / / X is a connected CW-comptes, then 

U -long X < conil X < wcat X < cat X. 

Under the process of attaching a cone to X each of the preceding inva
riants will increase by at most one unit [2, 5]. Berstein and Hilton [5] have 
given conditions in terms of the primitivity of the attaching map under 
which the weak category or the category actually increases by one unit 
when a cone is attached. Their technique yields the following examples 
which show that strict inequalities may occur in 1.5. 

1.6. Let X result by attaching a 5-cell to S2 by means of a map in the 
class generating n^(S2); then, U -long X = l and conil X = 2 [5, 3]. 

1.7. Let X result by attaching to S2 an 8-cell by means of a map in the 
class {rjocûorj}, where {rj} generates7Cn+x(S

n) for n = 6,2, and {co} generates 
n6(S

z); then, conil X = l and wcat X = 2 [14]. 
1.8. Let X result by attaching to SB V S3 an 8-cell by means of a map in 

the class of the triple Whitehead product [ix,[t^^lL where ix, i2:S
z-^Sz VS3 

are the classes of the left- and right-hand embeddings; then, wcat X = l 
and cat X = 2 [5]. 

Nevertheless, one has [3]: 

THEOREM 1.9. Let X be an (n — l)-connected CW-complex and suppose 
conil X<k (n>l,k>l). If dim X<2kn — 2, then wcat X<k; if dim X < 
(k + l)n—2, then cat X<k. 

One has conil X < 2 if and only if the suspension SX is homotopy-com-
mutative in the sense that y o a ~ a, where y :SX V SX-»SX V SX switches 
the two summands. Therefore, 1.9 yields the following corollary which may 
be looked at as the dual of a previous result by Sugawara [18, Th. 8.1]: 

COROLLARY 1.10. Let X be an (n — l)-connected CW-complex of dimension 
<3%—2 ((n>l). If the suspension SX is homotopy-commutative, then 
cat X<1[3 ] . 

In the proofs of 1.5 and 1.9 the following relation between conilpotency 
and weak category may be used: 
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PROPOSITION 1.11. Let X be a connected CW-complex. Then, conil X<k if 
and only if the composition SX^S(X f c)^S(X ( f e )) is nullhomotopic. 

We shall now record two results which provide upper bounds for category: 

THEOREM 1.12. / / X is a (p — l)-connected (p>2) CW-complex such that 
Hr(X) is free and HQ(X) =0 for q>r, then cat X<r/p. 

THEOREM 1.13. Let X be a (p~l)-connected (p>2) CW-complex and let 
E = {q>0\ Hq(X) 4=0}. If the set E is contained in the union of k closed linear 
intervals, each of length p — 2, then cat X < k; if Hr(X) is free, where r=max E, 
then the last interval may have length p — l. 

Theorem 1.12 has first been proved by D. P. Grossman [15] by means of 
elaborate geometric arguments; 1.13 generalizes a result by Eckmann and 
Hilton [7] concerning the case p=2. Neither of these two results is a par
ticular case of the other, but they may both be derived [12] from a general 
lemma on induced co-fibrations using two different filtrations of the comp
lex X. 

Let now n be an abstract group and let alg dim n stand for the least 
integer k>0 such that Hq(n,A) =0 for all q>k and all ^-modules J.; if no 
such integer exists, alg dim n = oo. Let K(n, 1) denote any aspherical CW-
complex with n as fundamental group. The following result is due to Eilen-
berg and the author [8]: 

THEOREM 1.14. cat K(7z,l)=alg dim it with the possible exception of the 
case cat K(n,l)=2 and alg dim n = l. 

The exceptional case is equivalent to the existence of a group TI which 
fails to be free but has the property that each exact sequence 0->A->E->TZ 
->1 where A is Abelian splits; it is as yet unknown whether such groups 
exist. The proof of 1.14 is based on an obstruction argument and the follow
ing lemma [9] which, upon identifying the "Deckbewegungsgruppe" 
G(Ë,p) of the simply connected covering space (Ë,p) of E with nx(E), may 
be regarded as a generalization of classical theorem of Hurewicz [16]: 

LEMMA 1.15. Let (X,f) and ( Y,g) be regular covering spaces of the connected, 
locally connected spaces X and 7 . / / X is paracompact and if T T ì ( 7 ) = 0 for 
0<&<cat (X,f), then any homomorphism H;G(X,f)->G(Y,g) is induced by a 
continuous map &:X->7; here, cat (X,f) is the least integer k>0 such that X 
may be covered byk + l open subsets over each of which (X,f) has a cross-section. 

Let us finally note the following [13]: 

COROLLARY 1.16. If X is a closed n-dimensional manifold such that nx(X) 4=0 
and 7ti(X) =0for2<:i<n, then cat X=n. In addition, if nx(X) has a periodic 
element, then it is necessarily a finite group. 

Further results concerning the category of manifolds have been obtained 
by I. Berstein [1]. 

Many of the preceding results may be "dualized" in the sense of Eckmann 
and Hilton [6]. In this section we shall be exclusively concerned with spaces 
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with base-point and all maps and homotopies are to preserve base-points. 
The dual of the Lusternik-Schnirelmann category is the cocategory, cocat X, 
of an arbitrary topological space X as given by the following inductive [10]: 

DEFINITION 2.1. cocat X=0if and only if X is contractible; cocat X < k + 1 
whenever there exists a fibration F->E->B such that the fibre F dominates X 
and cocat E <k. If the phrase cocat X <fc is false for any k>Q,we put cocat 
X = oo. 

Evidently, cocat X = k means that cocat X < k is true but cocat X < k — 1 
is false. In the Eckmann-Hilton setting, fibrations are dual to co-fibrations 
and cocategory is indeed dual to category since, provided X has the based 
homotopy type of a connected CW-complex, cat X is equal to the invariant 
obtained by reversing the arrows and replacing in 2.1 the words "fibration" 
and "fibre" by "co-fibration" and "co-fibre" respectively [10]. The dual of 
weak category has not yet been defined. 

Let QX denote the loop space over the based space X and let 

/*:QXxQX->QX and v:OX->OX 

denote the loop multiplication and loop inversion. The basic commutator 
map </> is the composition 

Q X 2 ^ Q X 2 x f i X 2 l - x - ^ Q X 2 x O X 2 ^ Q X x O X ^ Q X , 

where Ak and f denote the &-fold Cartesian product of spaces and maps, 1 
always stands for the identity map, and A is the diagonal map. The commu
tator map </>x of weight 1 is the identity map of QX; the commutator map 
(f>k+i of weight k +1 is the composition 

QXfc+1 = Q X f c x Ü X - - Q X x O X ^ O X 

in which <j>k is the commutator map of weight k>l [2]. 

DEFINITION 2.2. The nilpotency class, nil X, of a based topological space X 
is the least integer k>0 such that the commutator map </>k+i is nullhomotopic 
rei. base-point; if no such integer exists, nil X = oo [2]. 

PROPOSITION 2.3. nil X=sup nil rc(S7,X) where Y ranges over all based 
topological spaces [2]. 

Let us denote by IP-long X the least integer k>0 such that any (k + l)-
fold Whitehead product [[al5...,ajfc],a*+i] with a j G ^ X ) , q{>l, vanishes; 
if no such integer exists, Tf-long X = oo. Then [2, 10]: 

THEOREM 2.4. Tf-long X < nil X < cocat X. 

The CW-complex X obtained by attaching cells to the complex projective 
plane so as to kill its homotopy groups in dimensions > 6 satisfies nil X = 1 
and cocat X = 2 [2]; spaces such that PF-long X = l and nil X = 2 are also 
available. The dual of Theorem 1.9 above has not yet been proved in full 
generality; the only known result in this line is the previously quoted theo
rem of Sugawara [18, Th. 8.1] according to which an (n — l)-connected CW-
complex X such that nq(X) = 0 for q > 3n—2 is an IT-space provided nil X — 1. 
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The connection between iï-spaces and cocategory is given by the following 
[13] 

PROPOSITION 2.5. If cocat X<1, then X has a continuous multiplication 
with two-sided homotopy unit; the converse is true provided X is a connected 
countable CW-complex. 

The dual of 1.13 reads [11]: 

THEOREM 2.6. Let X be a (p — l)-connected (p>2) CW-complex and let 
E = {q>0\7tq(X) 4=0}. / / the set E is contained in the union of k closed linear 
intervals, each of length p — 2, then cocat X<&. 

Theorems 2.4 and 2.6 may be used to construct spaces of arbitrarily given 
cocategory. As a particular case of 2.4 one has nil nx(X) < nil X; for aspheri-
cal spaces a more precise result is available [10], which again yields spaces 
of arbitrarily given cocategory: 

THEOREM 2.7. nil j r=n i l K(n,l) = cocat K(n,l). 

The process of killing off homotopy groups does not increase cocategory. 
In fact, if (X,n) denotes the (n — l)-connective space over X and if (n,X) is 
obtained by attaching cells to X so as to kill off its homotopy groups in 
dimensions ^n, then 

THEOREM 2.8. / / X is a connected CW-complex, then cocat (X,n) < cocat X 
and cocat (w,X)< cocat X for any n>l [11]. 

COROLLARY 2.9. The simply connected covering X of a connected CW-

complex X satisfies cocat X < cocat X. 

Let Yx denote the compact-open topologized space of all base-points 
preserving continuous maps X - > 7 with the constant map as base-point. 

THEOREM 2.10. If X is a connected CW-complex, then cocat Yx < cat X; */ 
X is a Hausdorff locally compact space, then cocat Yx < cocat 7 [10]. 

Let us finally mention tha t satisfactory definitions of the category and 
cocategory of continuous maps have also been found and many of the above 
results may thus be generalized [4, 10]. 
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ALLGEMEINE STETIGKEITSSTRUKTUREN 

Von MIROSLAV KATETOV 

Es ist für die Entwicklung der allgemeinen Topologie in den letzten Jahren 
kennzeichnend, dass neben den klassischen Strukturen, nämlich topologi-
schen und uniformen Räumen, verschiedene andere Typen von Räumen 
untersucht werden, manchmal an sich, manchmal als Hilfsmittel zur Er
forschung von klassischen Gebilden. Es seien nur erwähnt: Berührungsräume 
(die Theorie dieser Räume wurde systematisch von J. Smirnov ausgebaut; 
für Literaturangeben siehe z. B. den Bericht von M. Katetov [11]); synto-
pogene Räume (A. Csâszâr [4]); Kontingenz- oder Angrenzungsräume 
(V. M. Ivanova, A. A. Ivanov [9]); Untersuchung von Lipschitz-invarianten 
Eigenschaften der metrischen Räume (M. Katëtov [12], vgl. auch N. 
Aronszajn, P. Panitchpakdi [3] und L. Geher [7]). 

Den Gegenstand der allgemeinen Topologie bilden schon längst nicht nur 
topologische Räume, sondern vielmehr verschiedene Typen von Räumen, 
ihre Zusammenhänge und mannigfaltige Prozesse der Erzeugung von 
Räumen. Die unmittelbare Beziehung zu den anschaulichen geometrischen 
Gebilden tritt oft in den Hintergrund, um so enger aber werden die Bezie
hungen zur Funktionalanalysis und zur topologischen Algebra. 

In diesem Bericht wird, ohne auf einzelne Ergebnisse einzugehen und 
manchmal mit Verzicht auf präzise Formulierung, ein Versuch gemacht, 
einige neuere Begriffsbildungen und Fragestellungen der allgemeinen Topo
logie von einem einheitlichen Gesichtspunkt zu beleuchten. 

Versucht man die intuitiven Ideen zu beschreiben, die mit jedem mathe
matischen Gebilde verbunden sind, welches als eine Stetigkeitsstruktur 
aufgefasst werden kann, so scheint der Gedanke einer „beliebig guten 
Approximation" auf der Hand zu liegen. Für jedes derartige Gebilde liegt 
fest, wann gewisse Objekte xx durch andere Objekte yx (oc veränderlich) 
beliebig gut approximiert werden. So wird eine Topologie bestimmt durch 
Angaben über die Approximation (im Sinne x G M) von jedem einzelnen Punkte 
x durch Punkte y EM, während es sich bei einer gleichmässigen Struktur um 
die Approximation von einem „veränderlichen" xx durch yx handelt. Im 
allgemeinen geht es jedoch nicht um die Approximation von Punkten, 
sondern von gewissen Objekten, die auf eine natürliche gesetzmässige 
Weise mit der betrachteten Grundmenge verbunden sind, z .B. um Approxi
mation von Untermengen durch Untermengen. 

Der Gedanke einer unendlich engen Approximation hängt freilich mit 
der Idee von „beliebig kleinen Objekten" zusammen. Werden nämlich 
Objekte fa beliebig gut durch Objekte rjx approximiert, so werden die 
„Unterschiede" von l«,??« beliebig klein, und umgekehrt. Es erscheint daher 
intuitiv angemessen, den Begriff einer allgemeinen Stetigkeitsstruktur auf 
den Begriff von beliebig kleinen Objekten zurückzuführen. In diesem Sinne 
kann also die allgemeine Topologie als eine allgemeine Lehre von Unend-
lichkleinen aufgefasst werden. 

Wir gehen jetzt zu den exakten Definitionen über. Es sei Z eine Menge. 
Es sei T ein System von nichtleeren SczZ derart, dass (1) mit S enthält T 
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alle Sx mit Se SxcZ, (2) ist Sx U S2eF, so ist SxeF oder S2£F. Dann soll F 
eine /-Struktur auf Z heissen. Offensichtlich drücken beide Forderungen 
intuitiv unentbehrliche Eigenschaften des Begriffs eines Systems mit belie
big kleinen Elementen aus (vgl. dazu V. Sandberg [16]). 

Sind T, Ff /-Strukturen auf Z, so heisst T feiner, bzw. gröber als F', falls 
r=>r ' , bzw. T c T ' . Stetige Abbildungen oder /-Morphismen f:(Z,F)-> 
(Z\ F') werden auf eine naheliegende Weise definiert (durch die Bedin
gung / r c f ) . 

Es sei nun Jtl die Kategorie aller Mengen, O : Ttl-^Ttl ein kovarianter Funk
tor. Eine /-Struktur F auf OX heisst dann eine O-Struktur auf X und (X,T) 
heisst ein O-Raum. Eine Abbildung / : X - > 7 heisst O-stetig oder ein O-
Morphismus, falls die entsprechende Abbildung 0/:OX-»OX ein Z-Mor-
phismus ist. 

Es sei Q der Funktor, der jeder Menge X ihr „Quadrat" X x X zuordnet. 
Wir betrachten nur solche Q-Strukturen F, welche jedes {(x,x)}, xEX, 
enthalten. Diejenigen Q-Räume, für welche es zu jeden SET* eine Menge 
T£F,TczS, von der Gestalt T = (a)xB gibt, entsprechen dann genau den 
topologischen Räumen (die Abgeschlossenheit der Abschliessung wird nicht 
verlangt). 

Ein zweites Beispiel: Diejenigen Q-Räume, für welche es zu jedem SczZ, 
S$F, eine Menge T=>S, T$F, von der Gestalt T = U L 1 AkxBk gibt, 
ergeben Berührungsräume (<5-Räume) in einer verallgemeinerten Fassung 
(vgl. u. a. C. H. Dowker [5], V. M. Ivanova, A. A. Ivanov [9]). 

Wird schliesslich vorausgesetzt, dass das System von denjenigen UczXxX, 
für welche XxX—U nicht in F liegt, die wohlbekannten Axiome für 
Umkreisungen der Diagonale erfüllt, so erhält man die uniformen Räume 
im klassischen Sinne. 

Es seien noch die P-Strukturen erwähnt: P ordnet jeder Menge X ihre 
Potenzmenge pot X zu; diese Strukturen sind mit den von A. Ivanov [8] 
betrachteten „gleichmässigen Strukturen" im Wesentlichen äquivalent. 
Jeder Q-Struktur F wird eine P-Struktur T* zugeordnet: TIEF* dann und 
nur dann, wenn {(XM,YM)}£F für jede Wahl von XMEM,YM£M, wo 
M G SR; jedoch lässt sich nicht jede P-Struktur so erzeugen. 

Eine allgemeine Theorie der ^-Strukturen existiert freilich noch nicht; 
insbesondere ist es eine offene Frage, ob und wie die Kompaktheit, Voll
ständigkeit usw. definiert werden können. Einige Definitionen und Sätze 
können jedoch ganz allgemein formuliert werden. 

Ist X eine Menge und sind fx Abbildungen von O-Räumen Zx in X, so 
gibt es eine (eindeutig bestimmte) feinste O-Struktur auf X, für welche alle 
/a O-stetig sind; wir wollen sagen, dass sie durch die Abbildungen fx induktiv 
erzeugt wird. Analog wird die projektive Erzeugung durch Abbildungen 
gx:X->Yx definiert. Daraus ergibt sich zugleich eine allgemeine Definition 
des Unterraumes, des Quotienten, der Summe und des Produktes von 
Räumen u. a. Es ist jedoch zu beachten, dass die allgemeine Definition des 
kartesischen Produktes für einige Raumtypen nicht ganz zweckmässig ist. 

Ich betrachte jetzt die induktive und projektive Erzeugung von Q-
Räumen. Im Falle einer Erzeugenden handelt es sich dann um den Quo
tientenraum Zjf, bzw. (im projektiven Fall) um eine Einbettung; übrigens 
lässt sich der allgemeine Fall darauf reduzieren (auf den Quotienten der 
Summe, bzw. auf die Einbettung in das Produkt). 

Es zeigt sich, dass jeder topologische Raum als ein Quotient von einem 
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parakompakten nulldimensionalen Raum dargestellt werden kann. Es ist 
zu beachten, dass bei der hier zugrundeliegenden Definition des Quotienten 
im allgemeinen die Beziehung Ä = Ä nicht gilt, dafür aber ist der Übergang 
zu Unterräumen in einem bestimmten Sinne mit der Bildung von Quotien
ten vertauschbar. Es zeigt sich weiter, dass sich jeder Q-Raum (mit einer 
symmetrischen Struktur) als ein Quotient eines uniformen Raumes darstel
len lässt, welcher sogar topologisch diskret gewählt werden kann; die 
Bedingung der Symmetrie kann fortgelassen werden, wenn verallgemeinerte 
uniforme („ordoforme") Räume im Sinne von D. Tamari [17] betrachtet 
werden. 

Über die Einbettung ist für allgemeine Q-Strukturen nichts bekannt; 
ein beliebiger topologischer Raum kann jedoch in das Produkt von genügend 
vielen Exemplaren eines bestimmten aus drei Punkten bestehenden Raumes 
eingebettet werden. 

In dem Falle, wo mehrere Erzeugende oder zusätzliche Bedingungen 
auftreten, ist die Lage weit mehr kompliziert. Für uniforme Räume, ge
schweige denn für allgemeine Q-Strukturen, ist wenig bekannt, für topolo-
gische Räume sind jedoch zahlreiche Ergebnisse vorhanden. 

Es wurden u. a. untersucht: (1) der Fall einer gerichteten Menge von 
Abbildungen, was auf den projektiven bzw. induktiven Grenzwert führt; 
(2) der „gleichmässige" Fall, der als Erzeugung von den assoziierten P 
Strukturen aufgefasst werden kann; (3) für eine induktive Erzeugende 
Erzeugung durch offene, abgeschlossene u. ä. Abbildungen; (4) ebenfalls 
für eine Erzeugende: Eigenschaften von Urbildern f~x(x), bzw. Lageeigen 
Schäften von ^(X). Für eine Darstellung der betreffenden Ergebnisse sei 
auf zwei Artikel von P. S. Alexandroff [1,2] verwiesen; nur als Illustration se 
ien einige Sätze angeführt (vgl. u. a. V. Ponomarev [14,15], V. Trnkovâ [17]) 

Metrisierbare (bzw. separable metrisierbare) Räume erzeugen projektiv 
(a) ohne zusätzliche Bedingungen — alle vollständig regulären Räume, (b) 
als Grenzwerte — alle topologisch vollständigen (bzw. sog. reell-kompakten) 
Räume, (c) gleichmässig — alle parakompakten (bzw. Lindelöfschen) 
Räume. Diskrete Räume erzeugen gleichmässig projektiv alle parakom
pakten nulldimensionalen Räume, die wieder durch perfekte Abbildungen 
alle parakompakten Räume erzeugen. 

Es sei noch folgendes bemerkt: ein induktives System fx:Zx->X sei F-, 
bzw. (r-erblich genannt, falls seine Einengung fx:Z'x->X auf abgeschlossene, 
bzw. offene Zx auf der Menge U f'x(Z'x) die Topologie eines Unterraumes von X 
erzeugt. Es zeigt sich, dass (unter gewissen Voraussetzungen) fiZ-^-X dann 
und nur dann abgeschlossen, bzw. offen ist, wenn sie die Gestalt Z^Zjf 
mit einem F-, bzw. 6r-erblichen / hat. Auf eine verwandte Weise lassen sich 
übrigens auch perfekte Abbildungen charakterisieren. (Eine Abbildung 
Z-^Zjf ist dann und nur dann perfekt, d. h. abgeschlossen und kompakt, 
wenn eine gewisse Vertauschungsrelation gilt, nämlich wenn ein kom
pakter Raum bZ und eine Abbildung / existieren derart, dass Z/f als ein 
Unterraum von bZ\f betrachtet werden kann). 

Was die uniformen Räume betrifft, ist der Fall einer „Selbstinduktion" 
erwähnenswert: es sei (X,[ï) ein uniformer Raum; für jede gleichmässige 
Überdeckung ìi = {Ux} erzeugen die Abbildungen UX->X eine Q-Struktur 
Iâ(U) und alle [A(*U) erzeugen (projektiv) eine uniforme Struktur Ä/u. Es 
wurden untersucht (J. R. Isbell, S. Ginsburg [10]) der Funktor X und die 
Räume (genannt lokal fein), für welche X[à=[à gilt. 



4 7 6 M. KATETOV 

Ich füge jetzt einige Bemerkungen über QP- und P-Strukturen an (der 
Funktor QP ordnet jeder Menge X die Menge pot X x pot X zu). 

Wie bekannt, werden syntopogene Strukturen (A. Csâszâr [4]) als gewisse 
Systeme S von Relationen a zwischen Untermengen einer gegebenen Menge 
X definiert, welche gewisse einfache Bedingungen erfüllen. Mit einem 
syntopogenen Raum (Y,S) wird eine QP-Struktur F wie folgt assoziiert: 
ein system SDÌ von Paaren (A, B), AczX, BczX soll dann und nur dann in 
liegen, wenn es für jedes a ES ein Paar (A, B) ETI gibt derart, dass A non a 
(X — B). Jede QP-Struktur, die gewisse natürliche Bedingungen erfüllt, lässt 
sich auf diese Weise erzeugen, wobei zwei syntopogene Strukturen dieselbe 
QP-Struktur dann und nur dann erzeugen, wenn sie äquivalent sind. 

P-Strukturen finden eine interessante Anwendung in der sog. deskriptiven 
Theorie der topologischen Räume (Z. Frolik [6]). Eine Menge X sei mit 
einer P-Struktur F und einer Topologie T versehen. Dann heisst F vollstän
dig in Bezug auf T, falls für jedes zentrierte TIEF der Durchschnitt von 
Mengen M, M ETI, nichtleer ist. 

„Analytische" (Suslinsche) Räume können nun als diejenigen topolo
gischen Räume definiert werden, die eine vollständige P-Struktur besitzen, 
die auf eine spezielle Weise durch ein System {Ms}, wo s endliche Folgen 
natürlicher Zahlen durchläuft, erzeugt wird; auf dieser Grundlage kann eine 
systematische „deskriptive" Theorie von topologischen Räumen ausgebaut 
werden; u. a. entstehen durch die Suslinsche Operation, durchgeführt an 
kompakten Räumen, genau alle „analytischen Räume"; die Klasse von 
diesen Räumen entsteht durch stetige Abbildungen von denjenigen Räu
men, welche in einem kompakten Raum Boreische Mengen (in einem 
verschärften Sinne) sind. 

Ich gehe jetzt zu Stetigkeitsstrukturen von einer wesentlich anderen, 
bisher wenig untersuchten Art über. Es sei A der Funktor, der jeder Menge 
X den Modul AX von linearen Kombinationen SA*^, %x Zahlen, xtEX, 
zuordnet. Eine A-Struktur (M. Katëtov [13]) ist dann eine /-Struktur auf 
dem Modul AX, wobei verlangt wird, dass AX, mit dieser Struktur versehen, 
zu einem lokal-konvexen topologischen linearen Raum wird. Eine A-
Struktur auf X ist also gegeben, sobald es bekannt ist, welche SA* xt als klein 
gelten; intuitiv kann dies so aufgefasst werden, dass die Menge X mit einer 
„geometrischen" Struktur versehen ist, welche sich darin äussert, dass sich 
gewisse (in endlichvielen Punkten konzentrierte) Ladungen auf X voneinan
der wenig unterscheiden. Offensichtlich ist eine A-Struktur auf X vollkom
men bestimmt durch die Angabe einer Klasse von Abbildungen (welche 
A-morph genannt werden) von X in lokal-konvexe topologische lineare 
Räume. 

Ist X ein A-Raum, so kann die vollständige Hülle TCAX von AX gebildet 
werden. Die Elemente von TZAX können als Distributionen (in einem 
allgemeinen Sinne) auf X aufgefasst werden; für geeignete Strukturen 
stimmen sie mit den Distributionen (verallgemeinerten Funktionen) im 
bekannten Sinne überein. 

Offensichtlich erzeugt jede A-Struktur auf X eine uniforme und daher 
auch eine Berührungs- und topologische (vollständig reguläre) Struktur. 
Umgekehrt kann jede solche Struktur durch eine A-Struktur erzeugt wer
den; unter solchen Strukturen gibt es sogar immer eine feinste, falls es sich 
um die Erzeugung von einer uniformen Struktur oder einer Topologie 
handelt (für eine Berührungsstruktur gilt dies nicht). Ein uniformer oder 
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ein Berührungsraum ist dann und nur dann beschränkt, wenn er für eine 
geeignete A-Struktur beschränkt ist (als eine in AX eingebettete Menge); 
dasselbe gilt analog für totalbeschränkte Räume. 

Ich möchte jetzt einige Beispiele anführen. Es sei M ein Modul von Funk
tionen auf X; werden fEM zu linearen Formen auf AX fortgesetzt, so be
stimmen sie eine schwache Topologie auf AX, folglich eine A-Struktur auf 
X, welche auch schwach heissen soll. Ist X ein Q-Raum, M = C(X), so er
zeugt diese A-Struktur die ursprüngliche Topologie von einem vollständig 
regulären X, im allgemeinen jedoch nicht die ursprüngliche uniforme 
Struktur. 

Es sei X eine komplexe Mannigfaltigkeit, und M bestehe aus allen 
holomorphen Funktionen auf X. Im allgemeinen wird dann nicht einmal die 
ursprüngliche Topologie von X reproduziert. Ist es der Fall, so entsteht das 
Problem, ob die (feinste) Berührungsstruktur reproduziert wird. Schon 
für die komplexe Ebene ist diese Frage nicht trivial, die Antwort scheint 
aber in diesem Falle positiv zu sein. 

Es sei (X, Q) ein metrischer Raum. Es gibt dann Normen v auf AX mit 
der Eigenschaft v(x—y)=q(x,y); unter ihnen gibt es eine, die in einem ge
wissen Sinne die grösste ist; die durch sie erzeugte A-Struktur soll eine Lip-
schitzsche A-Struktur heissen. Zwei solche Strukturen, die den Metriken 
Q, Q' entsprechen, sind dann und nur dann gleich, wenn q und Q' Lipschitz-
äquivalent sind. Die Untersuchung von Lipsohitzschen A-Strukturen ist 
daher mit dem Studium von Lipschitz-invarianten Eigenschaften von 
metrischen Räumen gleichbedeutend. Einige einfachste Fragen in dieser 
Richtung wurden bereits untersucht (M. Katëtov [12]); es handelt sich 
u. a. um die Begriffe des Retraktes, Umgebungsretraktes usw., deren 
Theorie sich in einigen wesentlichen Zügen von der Theorie der entsprechen
den topologischen oder uniformen Begriffen unterscheidet. 

Ist ein A-Raum (X,ro.) gegeben, so können diejenigen A-Strukturen F 
betrachtet werden, welche dieselben A-morphen Funktionen ergeben (man 
schreibt dann r ~ r o . ) . Jede solche Struktur kann durch ein geeignetes 
System von Pseudonormen v auf X bestimmt werden, und jedes v wiederum 
durch ein passendes System von Ungleichungen |fa| <cx, wo | a € A X (v(z) 
wird als die grösste untere Grenze der Zahlen S | Aa(*) | CXìD für alle SAa(i) 
|a (i)=z festgesetzt; es wird bei der Wahl von Cx verlangt, dass jedes lineare 
/ mit |/(£a)| <ca A-morph ist). 

Ist etwa X die reelle Gerade mit der durch alle unbeschränkt differen
zierbare Funktionen mit kompakten Trägern bestimmten A-Struktur, so 
betrachte man für jede Wahl von ck, k = l,2,... die folgenden Ungleichungen: 

l((x + h)-z) <cx, -2((x + 2h)-2(x + h) + x) 
ti 

<c2,..., 

x und h>Q beliebig. In diesem Falle besteht TIAX genau aus allen Distribu
tionen im gewöhnlichen Sinne. 

Die feinste von allen A-Strukturen r ~ T0 ist oft wenig brauchbar, da sie 
gewöhnlich auf die diskrete Topologie von X führt. Es ist deshalb zweck
mässig, die feinste A-Struktur r ~ T0 zu suchen, welche die Q-Struktur von 
X reproduziert. Ist etwa X von vornherein als ein Q-Raum gegeben und ist 
M = C(X), so wird als nAX der sogenannte freie vollständige lokal-konvexe 
topologische lineare Raum über X erhalten. 
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Die Einführung des kartesischen Produkten von A-Räumen stösst auf 
erhebliche Schwierigkeiten (sollte z. B . die allgemeine Definition benützt 
werden, so würde das Produkt immer ein nichtseparierter Raum sein). 
Die Lage ist schon für die Lipschitzschen A-Räume kompliziert (dies 
hängt damit zusammen, dass das Produkt von zwei reellwertigen Funktio
nen, welche die Lipschitz-Bedingung erfüllen, diese Bedingung nicht zu 
erfüllen braucht). 

Folgenden Definition könnte sich vielleicht als zweckmässig erwiesen: 
Die Topologie von A(X x 7)=X<g>A7 wird dadurch bestimmt, dass eine 
lineare Abbildung cp:AX®AY->Z dann und nur dann als stetig gilt, wenn 
die bilineare Abbildung (£,rj)-xp(£<8)r]) gleichgradig stetig in rjEAY für 
| E A und in f G A X für rjEB ist, wo A cz X, bzw. B cz 7 beliebige beschränkte 
Mengen sind. 

I n einigen Fragen, z. B. im Zusammenhang mit differenzierbaren Mannig
faltigkeiten, t r i t t auch eine ganz andere Art von Produkt auf: sind X, 7 A-
Räume, so wird X x 7 mit der von (x) x 7 , X x (y) induktiv erzeugten 
Struktur versehen. 

Es sei jetzt X von vornherein mit einer algebraischen Struktur, etwa 
einer Halbgruppe, ausgestattet. Dann wird A X offensichtlich zu einer 
Algebra, wobei die Abbildung (f,??)->! •?? sich unter gewissen Umständen 
auf alle Ç,YJETIAX stetig fortsetzen lässt. I n dieser Weise können wohlbe
kannte Operationen erhalten werden, wie die Faltung von Funktionen u. ä. 

Zum Abschluss werde noch eine Art von O-strukturen betrachtet. Es sei 
eine Garbe auf einem topologischen Raum X gegeben: jeder offenen Menge 
U cz X sei ein Modul J( U) von Funktionen zugeordnet. Für jedes U indu
ziert dann ? ( U) eine A-Struktur, wobei für V cz U eine natürliche stetige 
lineare Abbildung TZAV->TIAU definiert ist. Es wird dadurch eine Art von 
einer „kontravarianten Garbe" von linearen Räumen erhalten. Die Unter
suchung von solchen und ähnlichen Gebilden scheint interessant zu sein; 
ich möchte jedoch eher hervorheben, dass hier eigentlich ein Speziellfall 
einer Struktur vorliegt, die wie folgt beschrieben werden kann. Eine Menge T 
ist gegeben; einige Untermengen U sind mit einer O-Struktur (etwa einer 
Topologie) versehen, wobei für UxczU die Abbildung U1->U ein O-Mor-
phismus ist. Es liegt dann eine ^F-Struktur auf T vor, w o T = $ x P ( d . h . 
* F X = O X x p o t X) ist. Intui t iv handelt es sich um Systeme von „relativ 
beliebig kleinen" Objekten. 
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DIFFERENTIABLE STRUCTURES ON 
SPHERES AND HOMOTOPY 

By MICHEL A. KERVAIRE 

This talk was a report and brief survey of results obtained jointly by J. 
Milnor and the speaker on the groups of differentiable structures on spheres. 

Let |0 n | denote the number of differentiable structures on Sn (up to 
diffeomorphism), then 

104,-11 = K - î I •22fc-4(22fc-1 - 1 ) - Bkak\k, 

and 10^1 = 1̂ 4*1 "«fc/2» |04l = 1> 

for k>l, where Bk is the fcth Bernoulli number, and ak equals 1 for k even 
and 2 for k odd. ( ^ = 1/6, £ 2 = l/30, £ 3 = l/42, £ 4 = l/30, J55=5/66, J36 = 
691/2730, etc.) 

For all non-negative integers m, one has 

104m+l | = | ™m+l | " «m^m/2 

and 104m+21 = I nm+21 • uJ2 

where am is as above, and um is either 1 or 2. The only known values of um are: 
uQ = l, ux = l, u2=2, us = l, u^=2. If S2m+1 is parallelizable, then um = l. I t 
is conjectured that the converse also holds, i.e. that um=2 except for ra=0, 
1 and 3. 

In the above formulae |jrn| denotes the order of the stable homotopy 
' " ' " • • • • = ! , 

= 1, 
groups 7tn==Tin+N(SN), N>n+2. (\nx\ = \n2\ = 2 , \TZZ\ =24 , |rc4| = \m 

rc6|=2, j r 7 | = 2 4 0 , | ^ 8 | = 4 , \n%\ = 8, |7r10| = 6 , \nxx\ =504, \TC} 

TC13\ = 3 , TtXA\ = 4 , \TZXB\ =960, etc.) 
The proofs will be included in two papers: Groups of Homotopy Spheres, 

I and I I , to be published in the Annals of Mathematics. 



P R O D U I T S C A R T É S I E N S DE VARIÉTÉS 
D I F F É R E N T I E L L E S PAR UN DISQUE 

Par VALENTIN P O É N A R U 

1. Introduction 
Dans ce qui s'ensuit nous serons principalement concernés avec des problè
mes du type suivant : 

I. Quelles conditions doit-on imposer aux variétés Mx, M%, pour que l'on 
puisse affirmer que : 

MïxDk = M$xDk. (1) 

Sauf mention contraire toute variété sera supposée de classe C00, com
pacte, éventuellement à bord, égalité signifiera difféomorphisme, IF le 
disque &-dimensionnel, Ek l'espace euclidien. 

II. Etant donnée une égalité de type (1) qu'est-ce qu'on peut dire de 
Ml,Ml ? 

Les problèmes plus-haut cités sont « compacts ». On peut évidemment 
formuler des problèmes « ouverts » analogues, qui s'obtiennent en rempla
çant D* par Ek. Mais l'égalité : 

M?xEk = M2xEk (2) 

est beaucoup plus faible que (1). 
En utilisant un théorème de B. Mazur [12] on peut prouver que les espaces 

lenticulaires L7,i et L7t2 qui n'ont pas le même type simple d'homotopie 
(et qui ne puissent donc satisfaire à aucune égalité de type (1)) satisfont à 
une relation de type (2) avec k=4. C'est ce fait, combiné à L7il x SB =#.£7,2 x 
/S3(1) qui a permis à J. Milnor [12] d'infirmer le « Hauptvermutung ». 

D'autre part (1) n'implique pas nécessairement le difféomorphisme, 
même si Mx, M% sont sans bords (autrement c'est trivial); on peut s'en 
convaincre en prenant pour Mx = Sn,Ml certaine sphère de J. Milnor. Mais 
on peut toujours raisonnablement se demander si deux variétés sans bords, 
satisfaisant à (1) ne sont pas combinatoirement équivalentes ou tout au 
moins homéomorphes. 

D'autre part (toujours pour les variétés sans bord) l'égalité (1) avec k=2 
implique déjà le difféomorphisme, tout au moins si n est assez grand [9]. 

Nous allons nous occuper presque exclusivement du problème « compact ». 

2. L'hypothèse de Poincaré 
Toute cette problématique « compacte » discutée plus-haut est apparue 

au sujet de l'hypothèse de Poincaré. D'ailleurs, le fait qu'en essayant de 
prouver M% = M2 (2), l'égalité répondant à ce problème, on est tombé sur 

(*) Ici 4= signifie non homéomorphe. 
(2) Dans tout ce paragraphe on considérera, sauf mention contraire que Mx =Sn, 

yn = jtfn = une v a r i é t é ayant le type d'homotopie de Sn. Evidemment Sn = Vn signifie 
ici homéomorphisme. 
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des égalités de type (1) plus ou moins fortes (c'est-à-dire avec k plus ou 
moins grand), n'est pas sans relations avec l'autre fait que l'hypothèse 
généralisée, en dimensions suffisamment grandes s'est avérée, tout récem
ment, faisable. (Voir là-dessus les beaux travaux de S. Smale [21]-[24], 
J. Stallings [25]-[26], A. H. WaUace [39], E. C. Zeeman [34]-[35]). Il n'est pas 
tout à fait inexact de dire que le problème d'abaisser la limite inférieure du 
domaine de dimensions où l'hypothèse de Poincaré est déjà prouvée, est 
du même ordre de difficulté qu'abaisser k dans une égalité de type (1). 

En tout cas, cette échelle qui monte d'une égalité de type (1) avec k 
grand jusqu'au point final k=0 (S3= F3), où la difficulté de passer de k à 
k — 1 croît d'une façon exponentielle quand k décroît, est l'idée générale du 
programme de la démonstration de l'hypothèse de Poincaré que je vais 
exposer maintenant. Ce programme n'est qu'en partie effectivement réalisé 
et je m'efforce de le mener à bout. 

En général, pour prouver une égalité de type (1) on a toujours utilisé une 
construction du type suivant^) : On impose tout d'abord à Mx, Ml la 
condition d'avoir le même type simple d'homotopie (voir [30-32]), ce qui 
est réalisé par exemple s'ils ont le même type d'homotopie et si Ttx=Q, 
%& Z3i Z^, Z. 

Alors il existe une chaîne finie de complexes reliant Ml,Ml : Mn= M1, 
M2,...M(f)=Ml (qui ne sont plus des variétés, sauf aux cas extrêmes) qui 
se déduisent l'un de l'autre par des opérations élémentaires simples. Pour 
émousser les singularités de M(i) on doit le grossir un peu, afin de la trans
former en une variété d(M(l)), qui apparaît comme une sorte de « voisinage » 
(neighbourhood) de M*\ Le facteur M0)->6(M(i)) doit satisfaire à 0(M(i)) 
= 6(M(i+k)) et à 6(M?) =Mn x D1}. En générale pour que cette dernière con
dition puisse être satisfaite on doit imposer à Ml, Ml une condition de 
compatibilité relative aux fibres tangents, qui est automatiquement satis
faite pour n = 3. Bien entendu dans les considérations faites ci-dessus Ml, Ml 
n'ont pas obligatoirement le type d'homotopie de Sn. 

Maintenant, pour réaliser cette idée on doit se fixer sur le choix des 
opérations élémentaires et du foncteur 0. Ceci est un problème technique 
trop compliqué pour que je puisse entrer dans des détails ici. La technique 
initialement utilisée par Whitehead donnait pour k des valeurs trop grandes. 

Dans [17], j'ai prouvé qu'il existe un nombre n(V3) tel que 

(S* - S ) x D2 = ( F3 - S ) x D*, ( 3 ) 

où S est la réunion des intérieurs de n( F3) disques 3-dimensionnels, disjoints 
deux à deux, plongés d'une façon C°°. (3) représente une approximation à 
un facteur [0, 1] près de l'hypothèse de Poincaré qui est équivalente à 

(S3 - S ) x D1 = ( F3 - S ) x DK (3') 

On peut se faire une idée de la distance qui sépare (3) de (3') en invoquant 

i1) Pour la première fois ce type de construction apparaît chez J . H. C. Whitehead 
[30]-[32]. Beaucoup plus tard, avec de notables changements B. Mazur [8]-[10] et 
moi-même [17] avons utilisé des procédés similaires ; nos deux recherches ont été 
indépendantes mais il s'est trouvé qu'elles avaient beaucoup de parenté. D'autre part , 
quand j ' a i écrit [17], je ne savais encore rien de la théorie de Whitehead, et c'est Mazur 
qui m'a montré tout le profit que j ' en pouvais tirer. 
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le fait qu'il existe des variétés compactes F44=J54(1) telles que F4 xD1 = D5 

(voir [16, 19, 7])(»). 
Pour prouver (3) j 'ai utilisé une certaine catégorie C de complexes à 3 

dimensions, avec singularités d'un certain type et un foncteur K->Q(K) sur 
cette catégorie, à valeurs dans la catégorie des variétés à 5 dimensions. Le 
foncteur 0 a toutes les propriétés algébriques-fonctionnelles du foncteur 
K->K x D2 et coincide avec ce dernier exactement pour les variétés (donc 
pour la partie non singulière de C).(3) 

En dehors de ce foncteur, [17] utilise des techniques du type théorie des 
immersions, que j 'ai reprises dans [18]. 

En améliorant les techniques de [17] on peut montrer que n(V3) = l, 
c'est-à-dire que 

(V3-int D3)xD2 = D* (4) 

Les améliorations dont je parle consistent principalement dans la con
sidération de complexes K, donnés d'une relation R a K x K symétrique 
pour laquelle deux points x,yEK, tels que (x,y)ER seront considérés dans 
un certain sens « infiniment voisins ». Une théorie des « voisinages » d(K) de 
tels complexes est développée. De même une théorie de l'homotopie simple 
(de « déformations élémentaires » de Whitehead). 

L'étape suivante est de prouver que n(V3)=0, donc que 

S*xD2 = F3xZ)2 (5) 

qui implique S3 x D1 = F x S1 (5') 

Pour arriver à ce but, on doit prouver que le plongement : 

S* = e( y3 - int D3) - d(( F3 - int Dz) x D2) = S* (6) 

donné par i(p) =p xq (qED2 fixé) est trivial. Bien entendu on aimerait 
prouver ceci comme cas particulier de la conjecture suivante : 

Si i:S2-*»Sé est un plongement différentiel tel que7tx(S
A—i(S2))=Z, iest 

trivial(4). 
En fait au lieu de cette conjecture difficile il suffirait de prouver Fune des 

deux conjecture suivantes, qui semblent faisables : 
Soit W3 une variété à trois dimensions et io^deuxplongements/S2-»!^3, 

régulièrement homotopes (en tant qu'immersions) [20] tels que ix est trivial. 
Alors le plongement i0 x%:S2->W3 x[0,l] est trivial. 

Soit W'3 une variété à trois dimensions telle que 3W'3—S2. Considérons 
l'espace quotient S1 x W'3j<l>, ou (</>) est la relation suivante : 
si p,qES\ xES2 = dW'3 (p,x) = (q,x) 

(i) y*=\=j}* signifie non homéomorphe. 
(2) De telles décompositions non triviales pour Dn{n > 5) ont été construites par 

M. Curtis [3], qui utilise un espace de M. H. Newman [15]. R. H. Bing [2] a prouvé que 
pour n = 4 n'existent que des décompositions triviales. 

(3) J ' a i appelé 0 « le produit cartésien régularisé par D2 ». 
(4) On a des résultats similaires, dus à J . Stallings [26] (voir aussi [36]), mais en 

dimensions plus élevées et la trivialité est topologique, non différentielle. 
La proposition énoncée semble très difficile. En tout cas elle sort du domaine de 

dimensions ou la théorie de Haefliger [5] est appliquât»le. 
On a de bonnes raisons pour croire qu'un tel résultat n'est pas vrai, sous forme 

différentielle, en dimensions élevées. 
Pour la dimension n = 3 c'est le « Hauptsatz der Knotentheorie », prouvé dans un 

travail classique par C D . Papakyriakopoulos. 
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Soit TtiS^-x Wf3->Sx x W'3l(<f>) l'application canonique. Supposons que 
S1 x W'3l(<f>)=S*, alors le plongement n:p xS2( = dW'3)->S* est trivial. 

Mais je pense prouver que le plongement i de (6) est trivial de la façon 
suivante. Tout d'abord au lieu de F3 je considererai V3 + ( — V3) = *V3 

(+veut dire somme connexe). Comme l'a remarqué J. Milnor [11], pour 
prouver l'hypothèse de Poincaré il suffit de montrer que *V3=S3. Je 
désignerai par *S2 c: * F3 la sphère S2 vis-à-vis de laquelle * F3 est naturelle
ment symétrique. [( F3 - int D3) + ( - ( F 3 - int D3))] x D2 = V peut être fac
torisé comme S2 x D3 de deux façons différentes : ou bien en lui appliquant 
directement les techniques qui ont permis de prouver (4) (et alors on obtient 
une factorisation en un certain sens symétrique par rapport à S2) ou bien 
en retranchant de D5 = (*V3-mtD3)xD2==[(V3~intD3) + (-V3)]x~D2, 
int D3 x D2 c ( — F3) x D2. La trivialité de i revient principalement, à ce que 
ces deux factorisations coincident en un certain sens naturel à expliciter. 
Or, ces deux factorisations ont été obtenues par des suites d'opérations 
élémentaires qui « peuvent être comparées pas à pas ». Cette étape semble 
donc faisable. 

L'égalité (5') une fois établie on y déduit immédiatement que la souspen-
sion sur *F 3 est S*. En tenant compte de tout ce qui est differentiable dans 
cette identification, * F3 apparaît comme un niveau quelconque d'une fonc
tion O définie sur E4, qui satisfait aux conditions suivantes : — O est continue 
et de classe C°° sur 

E*-0 

-<D(0)=0 

- O a u n minimum en 0 

-grad® 4=0 sur E4* - 0 . 

O est bien entendu le paramètre de la souspension. Maintenant, tout est fini, 
si <I> peut être régularisée, dans le sens suivant : trouver une fonction *F 
qui ne diffère de $ que dans un voisinage de 0, qui soit de classe C3, avec un 
minimum non dégénéré en 0, et telle que grad T#=0 sur E—0. Ce problème 
est en général une inégalité différentielle globale fort difficile [29]. Mais on 
peut toujours la résoudre, sous certaines conditions suffisantes, du type 
suivant : 

- 0 < m < | | g r a d < ï > | | < M < oo 

e2o 
erfdx1 t 

dz(S> 

(tout ça au voisinage de 0). Il suffirait de montrer qu'on peut choisir O, de 
telle sorte que ces conditions soient remplies. 

<ï> est complètement déterminé par un diffémorphisme Q du revêtement 
universel de S1 x *F3,X4 sur E^~ 0 et par une fonction % définie sur X4, de 
classe C00, avec grad # 4=0 et qui admet comme niveaux les diverses variétés 
à trois dimensions obtenues en relevant x x *V3(xES1) dans Xe. On peut 
choisir Q tel que pour tout point pEXé la transformation infinitésimale 
dop admet une borne supérieure uniforme pour les rapports des modules de 
ses valeurs propres. Ceci fait que si l'on choisit # à\e telle manière que la con
dition vis-à-vis des dérivées de premier ordre soit satisfaite elle le sera aussi 
pour <ï>. 
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On remarque ensuite que X* a une métrique riemannienne naturelle pour 
laquelle les niveaux de # ont les courbures uniformément bornées. Ceci 
permet de faire en telle sorte que la condition vis-à-vis des dérivées de se
cond ordre soit aussi satisfaite. On pourrait faire des considérations analo
gues pour les 

&édrfd&% 

Cette dernière étape paraît donc aussi faisable. 
Il est facile de voir que si ce programme sera complètement réalisé, il 

donnera aussi la réponse en dimension 4. 
Remarque 1. Il semble très plausible que les méthodes qui ont servi à 

prouver (4) permettent de prouver que si F5 est obtenu en grossissant un 
complexe contractible (compact) à deux dimensions F5 = D5. D'ici on pour
rait résoudre un problème de de Rham en prouvant que Vxxlx = D5 (voir 
[19], p. 7). D'ailleurs, F1x/14=D5 entraînerait des conséquences bien 
fâcheuses. 

Remarque 2. Je voudrais insérer ici quelques remarques sur les variétés à 
3 dimensions qui n'ont pas de relations directes avec les considérations ci-
dessus. 

On peut définir d'une façon naturelle un nombre N(W3) attaché à une 
variété à 3 dimensions quelconque : le « degré de complication de W3 ». 
Par exemple on peut procéder ainsi : on part d'une triangulation^) donnée 
de W3. Soit C une courbe simple, homotope à 0, de la triangulation. Con
sidérons un disque singulier de frontière C. Ce disque peut être toujours pris 
assez régulier pour qu'il se contracte soit à un point soit à un bouquet de 
cercles. S'il se contracte à un point, tout est fini, sinon on considère des 
disques singuliers ayant comme frontières ceux des cercles du bouquet qui 
sont homotopes à 0. Ces disques peuvent être pris tels que la figure se con
tracte à un point ou à un bouquet de cercles. On continue jusqu'à ce qu'on 
arrive soit à un point soit à un bouquet de cercles tous non homotopes à 0. 
Le nombre minimum d'étapes nécessaires pour arriver à ce but sera désigné 
par JV (C). 

Par définition: 

N(W3) =*inî sup {N(C)}, 

où N(C) sont tous les N(C) des C d'une certaine triangulation et l'inf est 
pris par rapport à toutes les triangulations. Il semble bien que pour des 
complémentaires d'arcs de Fox et Artin le N = oo Mais on peut faire la 
conjecture suivante, beaucoup plus générale que l'hypothèse de Poincaré qui 
en est un cas très particulier : 

Si W3 est compact N(W3) < oo.(2) Cette conjecture prouvée, on pourrait y 
déduire, en dehors de l'hypothèse de Poincaré la conjecture suivante : 

Soit SxczS3 un noeud. Le revêtement universel de S3—S1 est homéo
morphe à E3. 

i1) On admet des simplexes à 3 dimensions dont une face manque. 
(2) Donc : « Une variété compacte ne peut être infiniment compliquée », ce qui semble 

raisonnable. 
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3. La théorie de B. Mazur 

Je vais énoncer dans ce qui s'ensuit quelques-uns des principaux résultats 
de B. Mazur concernant le problème « compact » de l'introduction ([8]-[10]). 

Soit X un complexe. Un « voisinage » (neighbourhood) de X sera une 
variété compacte, obtenue en grossissant X. En réalité le traitement 
« Morse Theoretic » de Mazur est beaucoup plus élégant : à la variété diffé
rentielle il substitue une «filtration différentielle » (differential filtration) 
qui est quelque chose comme la décomposition d'une variété différentielle 
par une fonction non dégénérée. Au complexe il substitue une « filtration 
cellulaire » (cell filtration) qui est quelque chose comme une décomposition 
de Thom attachée à une filtration différentielle du type défini plus haut. 
Mazur dit qu'une filtration différentielle « voisinage » d'une filtration cellu
laire X doit être conçue comme un relèvement de X dans le royaume de la 
topologie différentielle, comme une généralisation d'un fibre à fibre vecto
rielle sur X, comme une stabilisation de X, et aussi comme un voisinage, 
au sens ordinaire du mot, de X, plongé dans quelque chose. 

On verra que la théorie de Mazur établit un parallélisme entre problèmes 
« compacts » et homotopie simple, entre problèmes « ouverts » et homotopie 
habituelle. 

Soit Nn(X) l'ensemble des voisinages w-dimensionnels de X. On montre 
que n suffisamment grand Nn(X) est en correspondance biunivoque avec 
le groupe de Grothendieck des fibres à fibre vectorielle sur X. Nn(X) est 
fonctorielle par rapport à l'homotopie simple. C'est-à-dire que toute homo
topie simple f.X-^Y induit une bijection f*:Nn(X)->Nn(Y) et NENn(X) et 
f*N sont difféomorphes. Ceci, dans le langage de Mazur est un résultat 
« stable ». On obtient un résultat « non stable » correspondant (The nonstable 
neighbourhood theorem) en indiquant la borne inférieure des n. (max 
(dimZ, dim F)+2). 

Introduisons maintenant la définition suivante : 
Deux variétés Ml, NI seront dites avoir le même type d'homotopie 

(simple) de Mazur, s'il existe une équivalence homotopique (simple) f:Ml 
->M% tëûe que si T(Ml),T(M\) sont les fibres tangents respectifs: 

f*T(Ml)@0-T(Ml)®0, 

ou 0 est la somme de Whitney et 0 un fibre trivial. Alors les considérations 
plus haut citées, permettent de prouver le théorème suivant : 

Soient Ml, Ml deux variétés ayant le même type simple d'homotopie de 
Mazur. Alors, pour k suffisamment grand, on a (1). (k>n; mais il semble que 
par la même méthode cette dimension puisse être beaucoup plus abaissée; 
probablement jusq'à 3.) 

En tout cas, la condition de compatibilité relative aux espaces tangents 
est absolument essentielle ici. Autrement on en déduirait que les classes de 
Pontrjagin sont des invariants du type simple d'homotopie, ce qui est faux, 
comme on le voit par exemple en utilisant [28]. 

Des résultats analogues au précédent se trouvent chez M. Hirsch [6]. 
Si l'on met au heu du même type simple d'homotopie, même type d'homo
topie et 2^=0, le théorème apparaît comme corollaire d'un résultat très 
général de Smale [24] : 
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Soient Wnc: Jf*avee n>5, dM=0, dW^O, Tt2(8W)=Ttx(M)=0,l'inclusion 
étant équivalence homotopique. Alors W est un fibre à disques sur M. 

Hirsch prouve aussi que si Ml, a le type d'homotopie de Sn, et est une 
Tr-variétéf1) on a (1) avec k>l(n + l). (Ml=Sn); de plus Ml est frontière 
d'une variété paraUélisable en peut mettre k = 3. 

Revenons à la théorie de Mazur. Le « non-stable neighbourhood theorem » 
est un instrument puissant à l'aide duquel on peut prouver par exemple des 
résultats du type suivant : Soit Mn une variété sans bord, n>6. Supposons 
qu'il existe un complexe X qui n'a qu'une cellule de dimension n, aucune 
de dimension n — 1, n—2, ayant le même type d'homotopie que M. M est 
alors un voisinage de X. Ceci implique l'hypothèse de Poincaré pour n>6. 

Mazur introduit aussi le concept de « voisinage simple » de X. Soit 
/ : I c M n un plongement régulier. Une sousvariété compacte Unc:Mn telle 
que, f:XczUn est une équivalence homotopique simple, f(X)cz int Un, 
Tii(U—f(X),dU)=0 (̂  = 1,2), sera appellee un voisinage simple de x. 

Si n>6, U est complètement déterminé par /. On en déduit que deux 
variétés s-cobordantes de dimension >6 sont difféomorphes, ce qui généra
lise un théorème de Smale [24]. (Le s-cobordisme est ce que l'on obtient du 
Ä-cobordisme(2) en substituant l'homotopie simple à l'homotopie habituelle). 

4. Les cas ouvert 
Si l'on remplace dans la théorie de Mazur l'équivalence homotopique 

simple par l'équivalence homotopique habituelle on tombe sur le théorème 
suivant : 

Si Ml, Ml sont deux variétés ayant le même type d'homotopie de Mazur, 
(2) est vrai pour k assez grand. Un ces particulier de ce théorème de Mazur 
est prouvé dans [12]. La démonstration pour le cas général est très analogue. 
Elle fait usage tout à fait comme dans [12] d'un raisonnement de type 
« infini ». 

Je vais très brièvement rappeller quelques autres résultats « ouverts ». 
On a tout d'abord le théorème de Stallings qui affirme que si VI, VI sont 
Ä-cobordantes et n > 4, VI x E1 = VI x E1. Ce théorème est combinatoire 
et non différentiel. Bien entendu il est interessant si le Ä-cobordisme n'est 
pas s-cobordisme. 

C'est toujours Stallings qui a prouvé que si Mn est une variété ouverte, 
contractible, simplement connexe à l'infini, n>5,Mn = En. Ceci implique 
que si Mn,Mm sont ouvertes et contractibles, n,m>l, n+m>5, alors 
MnxMm==En+m [27](3). Ceci généralise un résultat antérieur de McMillan 
et Zeeman [14]. (*) 

Je vais terminer en citant quelques exemples. 
Bing a construit un espace B qui n'est pas variété, tel que Bx E1 = EA [1]. 

Whitehead a introduit le classe suivante d'espaces : une variété ouverte, 
contractible, F3, sera appellee PF-espace si tout compact Kcz F3 peut 
être plongé dans E3. Cette classe contient des éléments nontriviaux [34]. 

Si Uà W, UxE1 = E*; SiUx,U2EW, UxxU2 = E* [4], [13]. 
(1) C'est-à-dire si le fibre normal de Mx plongé dans En+M est trivial (M grand). 
(2) Ou «/-équivalence, comme on disait il y a quelque temps. 
(3) En réalité les résultats de Stallings sont eombinatoires. Ils deviennent différen

tiels en utilisant un résultat de Thom, Milnor et Munkers. 
(4) Pour des résultats topologiques seulement, voir le travail tout récent de M. W. 

Hirsch [38]. 



488 V. POÉNARU 

B I B L I O G R A P H I E 

[1]. BING, R. H., The cartesian product of a certain nonmanifold and a line is 
EK Ann. Math., 70 (1959), 399-452. 

[2]. BING, R. H., A set is a 3-cell if its cartesian product with an arc is a 
4-cell. Proc. Amer. Math. Soc, 12 (1961), 13-19. 

[3]. CURTIS, M. L., Cartesian products with intervals. Proc. Amer. Math. Soc, 
12 (1961), 819-820. 

[4]. GLIMM, J., Two cartesian products which are euclidean spaces. Bull. Soc. 
Math. France, 88 (1960), 131-135. 

[5]. HAEFLIGER, A., Differential imbeddings. Bull Amer. Math. Soc, 67 (1961), 
109-112. 

[6]. HIRSCH, M. W., Diffeomorphisms of tubular neighbourhood. (A paraître.) 
[7]. MAZUR, B., A note on some contractible 4-manifolds. Ann. Math., 73 (1961), 

221-228. 
[8]. MAZUR, B., Stable equivalence in differential topology. Bull. Amer. Math. 

Soc, 67 (1961), 377-384. 
[9]. MAZUR, B., Simple neighbourhoods. Bull. Amer. Math. Soc, 68 (1962), 

87-92. 
[10]. MAZUR, B., The theory of neighbourhoods. (A paraître.) 
[11]. MILNOR, J., Differential Manifolds which are Homotopy Spheres. Princeton, 

1959 (Mimeographic.) 
[12]. MILNOR, J., Two complexes which are homeomorphic but combinatorially 

distinct. Amer. J. Math., 14 (1961), 575-590. 
[13]. MCMILLAN, D. R., Cartesian products of open manifolds. Bull. Amer. Math. 

Soc, 67 (1961), 510-519. 
[14]. MCMILLAN, D. R. & ZEEMAN, E. C , On contractible open manifolds. (A 

paraître.) 
[15]. NEWMAN, M. H. A., Boundaries of ULC sets in euclidean w-space. Proc 

Nat. Acad. Sci. 34 (1948), 193-196. 
[16]. POéNARU, V., Les décompositions de Fhypercube en produit topologique. 

Bull. Soc. Math. France, 88 (1960), 113-129. 
[17]. Sur quelques propriétés, des variétés simplement connexes à trois 

dimensions. Rend, di Mat., 20 (1961), 235-269. 
[18], Sur la théorie des immersions. (A paraître.) 
[19]. DE RHAM, G., Factorisations topologiques du disque à cinq dimensions. 

Séminaire Ch. Ehresmann, Paris 1961. 
[20]. SMALE, S., The classification of immersions of spheres in euclidean spaces. 

Ann. Math., 69 (1959), 327-344. 
[21]. SMALE, S., The generalized Poincaré conjecture in higher dimensions. 

Bull. Amer. Math. Soc, 66 (1960), 373-375. 
[22]. Generalized Poincaré conjecture in dimensions greater than four. 

Ann. Math., 74 (1961), 391-406. 
[23]. Differential and combinatorial structures on manifolds., Ann. Math., 

74 (1961), 498-502. 
[24]. On the structure of manifolds. (A paraître.) 
[25]. STALLINGS, J., Polyhedral homotopy-spheres. Bull. Amer. Math. Soc, 66 

(1960), 485-488. 
[26]. The topology of high-dimensional piece-wise linear manifolds. (A 

paraître.) 
[27]. The piece-wise linear structure of euclidean space. (A paraître.) 



PBODUITS CABTÉSIENS DE VABIÉTÉS DIFFÉRENTIELLES 4 8 9 

[28]. TAMURA, L, On Pontrjaghin classes and homotopy types of manifolds. 
J. Math. Soc Japan, 9 (1957), 250-262. 

[29], THOM, R., Remarques sur les problèmes comportant des inéquations 
différentielles globales. Bull Soc. Math. France, 87 (1959), 455-461. 

[30]. WHITEHEAD, J . H. C , Simpliciel spaces, Nuclei, and ra-groups. Proc 
London Math. Soc, 45 (1939), 243-327. 

[31], Simple homotopy types. Amer. J. Math., 72 (1950), 1-57. 
[32]. Simple Homotopy Types. Oxford, 1959. (Mimeographic.) 
[33], A certain open manifold whose group is unity. Quart. J. Math., 6 

(1935), 268-279. 
[34]. ZEEMAN, E. C , The generalized Poincaré conjecture. Bull. Amer. Math. 

Soc, 67 (1961), 270. 
[35]. The Poincaré conjecture for n ^ 5. dans le volume: Topology of 3-

manifolds and related Topics (édité par M. K. Fort Jr . ) . Georgia, 1962, 
198-204. 

[36]. Knotting manifolds. Bull. Amer. Math. Soc, 67, (1961), 117-119. 
[37]. ZEEMAN, E. C , Voir McMillan. 

(Ajouté aux épreuves) : 
[38]. HTRSCH, M. W., On the product of a contractible topological manifold 

and a cell. (A paraître.) 
[39]. WALLACE, A. H., Modifications and cobounding manifolds. J. Math. Mech. 

10 (1961), 773-809. 



DYNAMICAL SYSTEMS AND 
THE TOPOLOGICAL CONJUGACY PROBLEM 

FOR DIFFEOMORPHISMS 

By S. S MALE 

For simplicity we consider an ordinary differential equation (or a dynamical 
system) to be a C vector field on a Cr manifold which generates a 1-para
meter group of diffeomorphisms. An equivalence (or topological equivalence) 
between two differential equations is a homeomorphism preserving sensed 
trajectories (or orbits). The qualitative problem of differential equations is 
to obtain information on equivalence classes of differential equations on a 
given manifold. 

This motivates us to consider the topological conjugacy problem for 
diffeomorphisms (a diffeomorphism is a differentiable homeomorphism with 
a differentiable inverse). More precisely, we say two diffeomorphisms 
Tx, T2 : M->M (say Cr diffeomorphisms of a Cr manifold, r always positive) 
are topologically conjugate if there exists a homeomorphism h : M->M such 
that hT2 = Txh. The problem then is to study the topological conjugacy 
classes of diffeomorphisms of a given manifold. 

There are several reasons for studying the latter problem, the most 
important being the following. I t appears that usually a qualitative problem 
in differential equations has an analogue in the conjugacy problem. This 
analogue is a little simpler than the original, and if solved, its solution seems 
to give a way of doing the original problem. In any case, everything said in 
what follows on the conjugacy problem can be translated into statements 
about differential equations. At the end of our survey we indicate how this 
can be done. 

I t should also be noted that the above problems may be viewed as special 
cases in the study of a non-compact Lie Group G acting differentiably on a 
manifold, corresponding to G = R and G=Z. 

As enunciated in [7] for differential equations, the main conjugacy 
problem as we see it is the following. Given compact M, let DM be the space 
of Cr diffeomorphisms of M in the Cr topology (diffeomorphisms are Cr 

close if they are pointwise close together with their first r derivatives). Then 
one seeks an open dense subset C of DM, somehow amenable to classifica
tion (say by numerical and algebraic invariants). 

A fruitful notion relative to this problem is that of a structurally stable 
diffeomorphism (the analogous definition for a differential equation was 
given by Andronov and Pontrjagin in 1937; see [3]). The h in the definition 
of topologically conjugate is called an equivalence between Tx and T2, and 
if h is pointwise within e of the identity (in some fixed metric on M) it is 
called an e-equivalence. Then a diffeomorphism TX:M->M, compact M, is 
structurally stable if given £>0, there exists ô>0 such that if dci(Tx, T2)<ô 
for some diffeomorphism T2:M~>M, then Tx and T2 are e-equivalent. Here 
dcx is a C1 metric on VM-

The problem of structural stability (for diffeomorphisms) is: given M, are 
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the structurally stable diffeomorphisms dense in t)M1 If dim M >l, this is 
an open and difficult problem. In fact it is not known if there exists even 
one structurally stable diffeomorphism on a given manifold. 

In any case it is clear that the periodic points (i.e. points xEM such that 
Tmx = x, m4=0, Tm the composition T.M^-M with itself m times) and as
sociated global stable and unstable manifolds will play a basic role in the 
topological conjugacy problem. So at this point we give the "stable manifold 
theorem". For more details and history, see [10]. 

Let T.M-^M be a diffeomorphism with fixed point pEM. The derivative 
of T at p is a linear automorphism of the tangent space Mp of M at p. The 
point p will be called an elementary fixed point of T if this derivative has no 
eigenvalue of absolute value one. 

(A) STABLE MANIFOLD THEOBEM. Letp be an elementary fixed point of a C°° 
diffeomorphism T : M->M and Ex the (eigen) subspace of Mp corresponding to 
the eigenvalues of the derivative of T at p of absolute value less than one. Then 
there is a C°° map R:EX->M which is an immersion (i.e. with Jacobian of 
rank = dim Ex everywhere), 1-1, and has the property TR = RTX for some 
contraction TX:EX->EX. Also R(p)=p and the derivative of R at p is the 
inclusion of Ex into Mp. 

By a contraction we mean a diffeomorphism Tx of Ex onto itself such that 
there is a differentiably imbedded disk D in Ex with TxDcz interior D, 
ni>0T[ D=origin of Ex,\Ji<0TÌ D = EX. The map R:EX->M or sometimes 
the image of R is called the stable manifold of p, or of T at p. The unstable 
manifold ot T &tp is the stable manifold of T~x at p. 

A point p E M will be called an elementary periodic point of T : M^~M if 
p is an elementary fixed point of Tm for some m. An (elementary) periodic 
orbit is the finite set lii^T1 p where p is an (elementary) periodic point. If 
Tm p =p, m the minimal positive integer with this property, then m is called 
the least period of p. The definition of the stable manifold of an elementary 
periodic orbit is as follows. Let cp : EX->M be the stable manifold of Tm at p 
where m is the least period of p,p in our periodic orbit. Then R : E[->M is 
defined by R = Ti<p where 0 < a < m and E[ is a copy of Ex. Thus the stable 
manifold of a periodic orbit is a 1-1 immersion of the disjoint union of m 
copies of a Euclidean space. The unstable manifold of a periodic orbit is 
the stable manifold of the periodic orbit relative to T'1. 

To give some direction to our survey we list some axioms a diffeomorphism 
of a manifold might happen to satisfy. Fixing a compact manifold M, the 
space of Cr diffeomorphisms of M with the Cr topology is denoted as usual 
D v *DM> We will define T to be in a subspace CM of X)M if a n d only if T has 
the following properties, i.e. T satisfies Axioms 1, 2', 3. 

Axiom 1. Every periodic point of T is elementary. 
Axiom 1 implies that T has only countably many periodic points. 

Axiom 2. T has the normal intersection property. 
This means the following: if ßx,ß2 are elementary periodic orbits of T, 

let Wi, W%> be the unstable manifold of ßx, stable manifold of ß2 respectively. 
Then if xE W\(\ FP| the tangent spaces of WI and W\ at x span the tangent 
space of M at x. 

The following is a strengthening of Axiom 2. 
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Axiom 2'. Let ßx,ßz, Wl, W% be as above. Then there exists a neighborhood 
li of ßx with the following property. Each component of W fi Vf\ is a cell 
which has a non-empty transversal intersection with W\. The same is true 
with Wi, Wi replaced by W\, W% respectively. 

Axiom 3. (a) Let Q be the closure of the set of periodic points of T in M. 
Then for every xEM, limit m->± oo T J c Q . 

(6) The union of the stable manifolds of all the periodic orbits of I7 is a 
dense subset of M. The same is true of the unstable manifolds. 

We pose two questions: (a) Is CM open, dense, in DM- (°) I s TECM a 
necessary and sufficient condition that T be structurally stable? 

Although very possibly, in the final picture, CM ^ 1 n ° t be the struc
turally stable diffeomorphisms, it seems that to date it is the best guess for 
such ((compare [7] or [8]!). 

One can study these problems from the following point of view: 

I. The approximation problem. Approximate a given diffeomorphism by 
a diffeomorphism in CM> a n d 

II. The regularity problem. Find regularity properties of elements of CM-
We first discuss I. One can approximate an arbitrary TEX)M °y T 

satisfying Axiom 1. In fact, 

(B) THEOREM. Let £ be the subspace of T)M consisting of T with every perio
dic point elementary. Then £ is the countable intersection of open and dense 
sets in DM. 

For a proof see [10]. Independently, R. Abraham has shown that this 
follows from a general transversality theorem [1]. The paper of L. Markus 
[4] is also in the direction of Theorem C. 

A similar situation holds for Axiom 2. 

(C) THEOBEM. Let *3 be the subspace of £ (of the previous theorem) of diffeo
morphisms with the normal intersection property. Then *3 is the countable 
intersection of open and dense sets in DM-

See [10] for a proof. 
Unfortunately, there is no similar theorem known for Axiom 2'. 
In Axiom 3, parts (a) and (b) seem to be related in some fashion, but it is 

not clear how. Does (a) imply (b), or conversely? To approximate a given 
diffeomorphism by one satisfying 3 a or 36 is a central problem, related to 
what is sometimes called the problem of the "closing Lemma". See Peixoto 
[5] for an account of this important problem. 

A special case of our approximation problem is the following. 

(D) Problem. Let T:M->M be a diffeomorphism of a compact manifold. 
Is there a C approximation T' of T such that T' has a periodic point? 

The answer is not known for the 2-dimensional torus. 
In the discussion of the regularity problem stated above, we start with 

the case of diffeomorphisms satisfying a highly restrictive axiom in addition 
to Axioms 1, 2', 3. 

Axiom 4. T has a finite number of periodic points. 
The set of diffeomorphisms satisfying Axioms 1, 2', 3, 4 is denoted by 

Ck. 
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I t is important to note that in assuming Axiom 4, an open set of diffeo
morphisms of P M is lost (see e.g. [11] or below). On the other hand one can 
say some substantial things about elements of CM-

(E) THEOBEM. Diffeomorphisms in CM satisfy a form of the Morse inequalities 
relating the periodic points. The union of the stable manifolds associated to the 
periodic points is all of M. The boundary of a stable manifold of dimension p 
is the union of stable manifolds of dimension <p. 

The proof is essentially contained in [8]. A task which seems important 
and yet tractable is to show that the TECìi are structurally stable. However 
this has not even been carried out under the additional assumption of 
Axiom 5. 

Axiom 5. Let W%, W) be an unstable, stable manifold respectively of 
periodic orbits of T which have non-empty intersection. Then 

dim Tff + dim TFJxlim M. 

We say that the set of T satisfying all of our axioms is CM- The following 
can be proved along the lines of [8], [9]. 

(F) THEOBEM. On every manifold there exist non-empty open sets of VM 
which are contained in CM- If T ECM, the boundary of a stable manifold of T 
is the union of lower dimensional stable manifolds. The components of the 
stable manifolds generate the homology of M in a natural way and the corre
spondence between the stable manifold of a periodic point and the unstable 
manifold induces Poincaré duality. The Morse inequalities in the previous 
theorem can be interpreted to include the usual ones. 

This theorem shows that CM, and hence CM, CM a r e n ° t empty for any M. 
Thus if it could be shown that every T ECM is structurally stable, we would 
have proved that there exist structurally stable diffeomorphisms on every 
compact manifold. 

Next the question comes up as to the existence of elements of CM which 
are not in CM, i-e- those with an infinite number of periodic points. The 
following is in [11]. 

(G) THEOBEM. There exist open sets in T)M for M an aribitrary n-sphere, 
n>l, with the following properties: (1) the diffeomorphisms are in CM', (2) they 
are structurally stable; (3) the diffeomorphisms have an infinite number of 
periodic points (and minimal sets homeomorphic to a Cantor set). 

This theorem answers the question as to whether a structurally stable 
diffeomorphism (differential equation) can have an infinite number of 
periodic points (closed orbits). I t seems that this theorem and its proof are 
quite important. I t shows that one can cope successfully with difficult 
phenomena present in differential equations of dimension greater than two 
and not present in two-dimensional differential equations. 

In the examples of Theorem G, one has present homoclinic points. A 
homoclinic point associated to a periodic orbit ß of a diffeomorphism is a 
point of intersection of the stable and unstable manifolds associated to ß. 
Homoclinic points were first discovered by Poincaré [6] in the restricted 
3-body problem, and studied by Birkhoff [2]. Merely the existence of a 
homoclinic point implies considerable complications. At the end of his 
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three volumes on celestial mechanics [6, p. 389], referring to homoclinic 
points, Poincaré wrote: "On sera frappé de la complexité de cette figure, 
que je ne cherche même pas à tracer. Rien n'est plus propre à nous donner 
une idée de la complication du problème des trois corps et en général de 
tous les problèmes de Dynamique " 

The methods used in proving Theorem G not only completely describe 
the homoclinic situation in those examples, but can be applied to give some 
understanding of arbitrary homoclinic points as well. 

A different example which exhibits stable manifolds and homoclinic 
points has a simple description. In the plane E2 let T0 be a linear automor
phism given by a 2 x 2 matrix with integer entries, determinant + 1, and an 
eigenvalue greater than one in absolute value. Then TQ induces a diffeo
morphism T of the torus. The origin of E2 projects into a fixed point p of 
T and the eigendirections of T0 project into the stable and unstable mani
folds of p. One easily sees that the homoclinic points associated to p are 
dense in the torus. 

(H) THEOBEM. The T described above is a structurally stable diffeomorphism 
of the torus. 

After a meeting in September 1961 in Kiev on non-linear oscillations 
(where I announced Theorem G in dimension 2 [14]). I visited Moscow and 
spoke with mathematicians D. V. Anosov, V. I. Arnold, and Y. G. Sinai, 
among others. There I conjectured Theorem H and that geodesic flows on 
compact Riemannian manifolds of negative curvature were also structurally 
stable. Since then I and (as I have learned at this Congress), Arnold and 
Sinai have independently proved Theorem H, the latter proof having the 
advantage of being published [13]. In addition, Anosov has very recently 
proved (as I have learned also at this Congress) a beautiful theorem which 
settles the above conjecture for geodesic flows affirmatively and gives the 
^-dimensional generalization of Theorem H [12]. 

I t seems likely that if TECM and TECM, then T has homoclinic points. 
In the same vein one can ask if Axiom 5 implies Axiom 4 (certainly the 
converse is false). 

An elementary periodic point will be called elliptic if all the associated 
eigenvalues have absolute value less than one, or all greater. I t seems 
resonable to expect that if T ECM, then T will have only a finite number of 
elliptic points. I t would be nice to have a proof of this. Also if TECM where 
M is the 2-sphere, must T have at least one elliptic point? 

We indicate briefly how the previous discussion goes over into the ana
logous situation for differential equations. The definition of a structurally 
stable differential equation is exactly the same as for diffeomorphisms. The 
problem of structural stability for differential equations asks if the struc
turally stable differential equations on a compact manifold M are dense in 
the Banach space *BM, Cr norm, of all Cr differential equations on M. This 
has been answered in the affirmative if dim M < 2 by M. Peixoto, see Theo
rem I, below. One constructs stable and unstable manifolds for differential 
equations associated to each singular point and each closed orbit of a general 
type (corresponding to elementary periodic points). For details see [10]. 
The analogues of the previous axioms can be stated for this case. The union 
of the singular points and closed orbits of the differential equation replace 
the periodic points of the diffeomorphism. Let BM be the subspace of BM ot 
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differential equations satisfying the analogues of axioms 1, 2', 3. The ele
ments of BM will have only a finite number of singular points but may have 
an infinite number of closed orbits if dim M >2. 

For the 2-dimensional case there is the following important theorem of 
Peixoto [5]. 

(I) THEOBEM. Let M2 be a compact 2-manifold. Then (a) XonM is structur
ally stable if and only if X EBM', (°) BM ** open and dense in BM-

Also the analogues of the previous theorems are all valid for the differen
tial equations case. 

We comment on the problem of the existence of a first integral of a differ
ential equation. A first integral ot X on M in a Cr function f:M->R such 
that | is constant on each orbit but not on any open set. Problem E has the 
following analogue. 

(E*) Problem. Can every non-singular vector field on a compact manifold 
be C approximated by one with a closed orbit? 

If Problem E* has an affirmative solution it follows that: 
(J) The subset of X E*BM with an elementary closed orbit is open and dense 

in BM-
Here elementary corresponds to elementary periodic point and the precise 

definition is in [10]. Putting J together with the analogue of Theorem B, 
as has been essentially observed by R. Thorn, we obtain: 

(J*) There exists a subset of XEBM with no first integral which is open 
and dense in BM-

A relation between the topological conjugacy problem for diffeomorphisms 
and the equivalence problem of differential equations is given by cross-
sections, used by Poincaré and Birkhoff (e.g. see [2] or [10]). In a different 
direction, since a differential equation generates a 1-parameter group, one 
may ask under what conditions, is a diffeomorphism imbeddable in a flow? 
The following is not difficult. 

(K) THEOBEM. Let TECM- If T can be imbeeded in a flow, then T satisfies 
Axioms 4, 5, every periodic point is fixed and in the neighborhood of every fixed 
point, T is imbeddable in a flow. 

It would be interesting to know if the converse is true. 
Certainly the main problems stated here are very difficult. On the other 

hand, it seems quite possible to us that this field may develop rapidly and 
already as indicated here, there have been some initial steps in this direction. 
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SOME QUESTIONS OF UNIFORM TOPOLOGY 

By JU. SMIRNOV 

My report contains three parts: the proximity, the uniformity and the 
general metrics. I should like to tell you about some themes which are 
interesting for Moscow's topologists. I should like to suggest a few open 
questions also. 

I. Proximity 
The first axioms of the proximity were given by F. Riesz at the mathe

matical congress in Bologna in 1908. He gave the definition of general 
proximity-space. The complete axiomatic was given by W. Ephremovitsch 
[1] in 1935. He added a separation axiom. With this axiom the apparatus 
of real-valued functions and pseudometrics can be applied. I proved that 
the notion of proximity-space is closely connected and is indeed equivalent 
to the notion of compactification. Thus the proximity-theory can be con
sidered as a part of the theory of topological spaces. In fact, every compact 
C has one and only one proximity: 

AdBi1) if and only if Äc n Bc *<f>,(2) (1) 

where A^C,B^C. 

Therefore every compactification C of the given space X defines this 
natural proximity (1) on the X. The received correspondence between all 
compactifications of a given space X and all its proximities is one-to-one 
and onto [2]. Thus every proximity-space P can be defined as a completely 
regular space considered together with some compactification uP. From 
this point of view the bounded real-valued function g on the P is proximity-
continuous if and only if it has a continuous extension on the uP. Moreover 
the map / of the proximity-space X into the proximity-space Y is proximity 
coninuous if and only if it has a continuous extension / mapping the compac
tification uX. into uY [2]. These facts have been reproved by many authors 
for example [3], [10]. 

Therefore we have connection between the proximity-spaces and subrings 
of the ring C(X) of all bounded real-valued continuous functions. The 
classical Weierstrass-Stone's theorem for proximity-spaces is a consequence 
of this situation [4]. 

The metric spaces have the following natural proximity: 

AÔB if and only if Q(A,B)=0.(B) (2) 

I note that the notion of proximity-continuity and the notion of uniform 
continuity are equivalent for the mappings of the metric spaces. For 

(!) A ô B =A is near to B. 
(2) Äc is the closure of A. 
(3) Q{A,B) =inf o(x,y), where x EAy y EB and q{x,y) is the given metric. 
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proximity-spaces I have given notions of completeness, of the completion 
and of full-boundness [5]. These notions are founded on the consideration 
of some kind of coverings or of pseudometrics [6]. All these notions are 
equivalent to the corresponding metrical notions for metric spaces conside
red with the natural proximity (2). We can get the completion cP of the 
given metric space P from the corresponding compactification uP by remov
ing all the points with first countable-axiom [2]. Therefore, the metric 
space P is complete if and only if no one point of the difference uP \ P 
satisfies the first countable-axiom. Thus some uniform properties of the 
metric space P can be characterised by topological properties of the difference 
uP\P. The second example: The metric space P is full-bounded in usual 
sense if and only if the difference uP\P is hereditary-normal [17]. I note 
that not all uniform properties of the metric space P can be characterized in 
this manner (for example, the property being zero-uniform-dimensional). 

In topological groups there are also a natural proximity: 

AôB if and only if A fi 0 • B 4= <f> tor every neigbourhood 0 of the unity.(*) (3) 

The proximity of groups was studied very little. 

QUESTION 1 (A. N. Kolmogoroff). Is it possible to define the completeness 
of a topological group P using only the properties of this natural proximity? 
In other words: are there proximity-homeomorphic groups G and H where 
G is complete and H is not? 

QUESTION 2. Are there uniform properties of topological groups which 
can not be characterized by proximity-properties? 

I note that for metric spaces each uniform property is a proximity-
property. I t follows that all the theorems of the uniform topology of metric 
spaces can be formulated and proved in terms of proximity. 

I I . Uniformity 

The theory of uniform spaces has been constructed by A. Weil in 1935 
earlier than the theory of proximity [7]. The uniform space can be defined 
by many ways: the Bourbaki's way [8] by a certain system of neighbour
hoods of diagonal of square XxX, the Tuckey's way [9] by a certain sys
tem of coverings of X, the very general Csâszàr's way [10] by a certain 
ordering of set of all subsets of X. The natural notions of completeness and 
full-boundness (precompactness) are equivalent to the corresponding metric 
properties for metric space. 

For uniform spaces there are given generalizations of some theorems of 
analysis (for instance, theorem of AscoH). The apparatus of uniform topology 
is very convenient for linear topologie spaces [11]. 

Every uniform space U has a natural proximity: Let the uniformity of 
topological space X be defined by the structure 2 = {cox} of coverings cox-
Then 

AòB if and only if each covering cox has an element Ox that A fl Ox =¥</> and 
BOOx^. (4) 

(*} We can get the other proximity putting A 0 B.O 4= </> for non-commutative groups. 
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Let P be some proximity-space and P a is some uniform space on the set P 
for which the proximity (4) coincide with the proximity of P. Let S a be the 
uniform structure of the coverings which defines the uniform space P a . In 
this situation the completion cPK ot the space Px is the maximal among 
those subsets of the compactification uP on which every open covering of 
the structure S a can be extended into an open covering [5,12]. Thus we have 
a well defined map of the set of all uniform spaces P a with the same proxi
mity P into the set of all subsets of the compactification uP. 

But this map is no one-to-one even for complete uniform spaces. On the 
set of all natural numbers one can define many (continuum!) uniform spaces 
where every such space is complete and proximity-discrete. Moreover on 
the set M of the cardinality of the continuum one can construct hyperconti-
nuum complete uniform spaces with discrete proximity where every such 
space has the same set of all uniform-continuous real-valued functions. 
Thus the uniform space U can not be in general characterised by the group 
C'(U) of all uniform continuous real-valued functions. 

There is the minimal space among all uniform spaces Ux defined on the 
same proximity-space P and having the same group C'(UX) (i.e. all these 
groups are naturally isomorphic). These minimal spaces are defined in 
another way by J. Isbell [13]. He calls these spaces weak-uniform. The 
natural map of the set of all weak-uniform spaces (defined on the same 
topological space X) into the set of all subgroups of the group C'(X) of all 
real-valued continuous functions is one-to-one. 

Let C'(X) be the ring of all real-valued continuous functions on the 
topological space X and C'(P) the group of all real-valued proximity-con
tinuous functions on the proximity-space P. 

QUESTION 3. Is it possible to characterize groups C'(Ua) where Ua are the 
uniform spaces on X (or on P) among all subgroups of the group C'(X) (or 
corresponding of C'(P)) by their structural, algebraic and topological 
properties? 

J. Isbell proved the Weierstrass-Stone's theorem for all these weak-
uniform spaces U for which the groups C'(U) are algebras having some 
composition-property. Let us have PÇ^SS^ uP where P is a some proximity-
space, uP is its natural compactification and S—some Ç-space in the sense 
of E. Hewitt. Then the group C'(S) is an algebra and it has the composition-
property. 

QUESTION 4. Are only these groups C'(S) algebras with the composition-
property or not? 

I I I . General metrics 
At the last year there appeared a new theory of general metric spaces. 

I t is clear that in every such case the distances between other points of a 
given metric space can be no real numbers—the elements of the real line 
E'—but elements of some its generalization. This generalization is a notion 
of a topological semifield given by T. Sarymsacov, V. Boltianski and 
M. Antonovski [14]. 

The topological semifield is defined as a commutative and associative 
ring in which some subset of its elements is chosen. They call these elements 
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positive and this subset—cone. This cone should have a number of natural 
properties. I t is easy to define the notion of completeness for topological 
semifields. The fundamental example of complete topological semifield 
is the product E" of a finite or infinite number of real lines E1, where topo
logy is Tychonov topology and the operations are the following: 

R } + {2/«} = R+2/a}> R H ^ a } = R'2/a}. (5) 

There are a natural ordering: {xx}<{yx} if xx<yx for every a. The cone of 
the Ea is a set of all elements {xx} which > {o}. Thus every euclidean space 
En is a complete topological semifield. I t was proved tha t every complete 
topological semifield is topological isomorph to some space E". By definition 
and by this proposition the distances g(x,y} between other points of a given 
general metric space are the elements of some semifield Ex. Analogically 
we can define the general normed space: the norm ||g|| of every point x from 
this space is a element of some semifield Ex. Of course the axioms are the 
usual axioms of real-valued metric or real-valued norm. The every semifield 
E" is a general normed space because we can put tha t || {xx}\\ ={xx}. Thus 
it is a general metric space with distance Q({XX}, {yx}) = {|#a

— 2/<%| }• 
Every general metric space has a natural "metr ic" uniformity. Let e be 

a some neighbourhood of the uni ty {1} of Ex. Then we have the ' ̂ -neigh
bourhood" Uex for every point x of the general metric space R. This "e-
neighbourhood" is a set of all this points y ot R for which q(x,y) Ee. The set 
2 of all coverings of R having a refinement coe = {Uex,xER} for some £ is 
a uniform structure. The (by other ways defined) notions of the compactness, 
of the full-boundness, of the completeness for general metric space are 
equivalent to corresponding notions for this metrical uniformity. I t is easy 
to prove tha t every uniform space is metrizable by some general metric. 

The three authors have proved the Kolmogoroff's theorem on a possibility 
of introducing the norm for linear topological spaces. They have generalized 
the Banach's theorem on open mappings on the general normed (and 
metric) spaces and the theory of abstract ergodic theorems of Eberlein [15]. 

Thus we see tha t this new theory of general metric (and normed) spaces 
is very convenient for analysis (more than uniform spaces and semiordered 
spaces of Kantorovitsch [18]). 

QUESTION 5. Is it possible to make the axiomafcic of topological semifields 
more and essential simple than the given? 

QUESTION 6. Is it possible to prove the Banach's theorem on open map
pings (see 12.2. from [16]) on the uniform spaces? 
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SOME ASPECTS OF STABLE HOMOTOPY 
THEORY 

By GEORGE W. WHITEHEAD 

1. The suspension category 
Many of the phenomena of homotopy theory become simpler in the "suspen
sion range". This fact led Spanier and J. H. C. Whitehead in 1953 [26] to 
introduce the suspension category S and to propose the study of its homo
topy theory as a first approximation to the homotopy theory of the cate
gory of spaces. The objects of S are spaces, but its maps are equivalence 
classes of maps: SPX->SQ Y, two such maps being identified if their iterated 
suspensions of some order are homotopie. Thus the set {X, Y} of $-maps of 
X into Y acquires the structure of a graded abelian group, whereas the set 
[X, Y] of homotopy classes of maps of X into Y has no particular structure. 

In subsequent years, Spanier and Whitehead pursued this program in a 
series of papers [27, 28, 29], culminating in the Spanier-Whitehead duality. 
This duality asserts the existence of a natural isomorphism {X, Y} ^ 
{DnY,DnX}, where X, Y are subcomplexes of Sn and DnX,DnY are essen
tially their complements (a more general formulation has been given by 
Spanier in [25]). Their duality has been applied to a variety of problems, 
e.g. to the problem of imbeddibility of a complex in Sn [24]. 

2. Spectra and homology theory 
For many purposes the suspension category has proved to be too "small"; 

a more suitable category seems to be the category Sp of spectra. These were 
introduced by Lima in [20] and have since been studied, under a variety 
of restrictions, in [1, 25, 31]. A spectrum E in the most general sense is 
simply a sequence of spaces En, together with a sequence of maps fn:SEn 

->En+1 (or, equivalently, a sequence of maps gn:En->QEn+1); E is said to 
be an £2-spectrum if and only if each map gn is a homotopy equivalence. 
Examples are the sphere spectrum S = {Sn} and the Eilenberg-MacLane 
spectrum K(U) = {K(U,n)}. 

The category Sp seems to provide the proper setting for cohomology 
operations of higher kind [23]. Moreover, it is closely related to homology 
and cohomology theories of a very general sort. 

The axiomatic study of homology and cohomology theory was inaugurated 
by Eilenberg and Steenrod in 1945 [11, 12]. Of their axioms, the first six 
are of a very general character; on the other hand, their seventh, the 
dimension axiom, plays a normative role, singling out the classical theories 
among the multitude of possible theories which satisfy the first six. Examp
les of such theories are the stable homotopy and cohomotopy groups, the 
bordism and cobordism groups studied by Atiyah [2] and by Conner and 
Floyd [7], and the groups of stable vector bundles studied by Atiyah and 
Hirzebruch [3, 4], Bott [5] and others. 
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Greneral cohomology theories have become reasonably familiar in recent 
years (cf. the work of Eckmann and Hilton [10]). For any space Y, the 
functor [ , Y] ot homotopy classes of maps into Y is, in some sense, an 
"unstable" cohomology theory, and Brown in [6] has given an axiomatic 
characterization of such theories. One obtains a cohomology theory satis
fying the first six axioms of Eilenberg and Steenrod by replacing F by a 
spectrum E and defining, for any compact polyhedron X, 

Hn(X; E) = {X, E}n = limk[SkX, En+k]. 

This can be given an alternative description as follows: the function spaces 
F(X, En) of all maps of X into En are the components of a spectrum F(X,E), 
and 

ir(X;E)~rc_n(F(X;E)). 

In [6], Brown has shown that, under mild restrictions, every theory satis
fying the first six axioms can be obtained in this way, from an essentially 
unique Q-spectrum E. For example, Hn(X; II) ^ Hn(X; K(II)) for any abelian 
group II. 

On the other hand, homology theories in a general sense have until 
recently seemed somewhat mysterious. In [31] I proposed the following 
definition. If X is a compact polyhedron and E a spectrum, then the reduced 
joins X A En are the components of a spectrum X A E; let 

Hn(X;E)=7Zn(XAE). 

One then obtains a homology theory satisfying the first six axioms; more
over 

Hn(X;U)^Hn(X;K(U)), 

while Hn(X; S) is the nth stable homotopy group Hn(X). 

3. Duality theorems 
Classically, homology and cohomology groups are related by the Alexan

der and Poincaré duality theorems, and by the universal coefficient theorem. 
Universal coefficient theorems for general theories have been studied by 
D. S. Kahn in his thesis (unpublished); the situation is much more complex 
than in the classical case, a short exact sequence being replaced by a spectral 
sequence. 

The isomorphisms of the classical duality theorems are described by 
certain products, which are induced by a pairing of two coefficient groups 
to a third. Using an appropriate notion of pairing of spectra, one can define 
cup, cap, etc. products which have properties completely analogous to the 
classical ones. Using these, I have shown in [31] that the analogue of the 
Alexander duality theorem holds in full generality: for any spectrum E, we 
have the isomorphism 

ÊQ(X;E)*Hn-Q-i(DnX;E). 

It then follows that the analogue of Brown's theorem holds for homology. 
The Poincaré duality theorem is much more delicate. Consider a spectrum 
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B which is ring-like in the sense that there is given a self-pairing (R,R)->R 
and a map S->R with suitable properties. An H-module M is then a spectrum 
with a suitable pairing (R, M)->M. If M is an R-module, the cap-product is a 
pairing 

Hn(X; B)®HQ(X; W)->Hn-Q(X; M). 

If X is a compact triangulable manifold and z E Hn(X; M) a suitably defined 
fundamental class then 

zO:HQ(X;M.)->Hn_Q(X;M) 

is an isomorphism. However, the question of existence of a fundamental 
class is extremely complex. For example, if R = S, then X has a fundamental 
class if and only if X is a homotopy U.-manifold; for the differentiable case 
this means that the stable normal bundle is fibre-homotopically trivial [21]. 
Thus the homotopy n-manifolds are precisely those manifolds for which 
Poincaré duality holds for arbitrary spectra. 

4. Semi-simplicial spectra 
Semi-simplicial complexes were introduced by Eilenberg and Zilber in 

[31]. In recent years, they have been systematically exploited by Kan 
[15, 16, 17], Moore [22], Dold [8] and others, and this work has been respon
sible for much of the great advance that has been made by algebraic topo
logy in recent years. One advantage of this approach is that one can apply 
to a semi-simplicial complex a functor from the category of sets to a category 
with a richer algebraic structure, and then to use algebraic machinery to 
study the resulting object. An example is the F-construction of Milnor 
(unpublished); F(K), the free group complex generated by K, is the semi-
simplicial analogue of the space of loops on the suspension of K; thus the 
map K-+FK is a homotopy equivalence in the stable range. 

Recently Kan [18] has introduced semi-simplicial spectra. For these the 
functor F is a weak homotopy equivalence; thus, to all intents and purposes 
and spectrum E can be replaced by JP(E). 

In recent unpublished work, Kan and I have applied the semi-simplicial 
techniques to the question of Poincaré duality. On the one hand, there is a 
classification of spectra by "degrees of abelianness"; an abelian spectrum 
is essentially a product of Eilenberg-MacLane spectra, and a spectrum is 
^-abelian if it is dominated by an n-stage Postnikov extension whose factors 
are abelian. On the other hand, there is a classification of manifolds by 
"degrees of orientability"; a manifold is 1-orientable if and only if it is 
orientable in the usual sense, and w-orientable if and only if all stable homo
logy operations of the (n — l)st kind vanish on the fundamental class. I t 
turns out that a manifold is n-orientable if and only if it satisfies Poincaré 
duality for all w-abelian spectra. Moreover, there exist n-orientable mani
folds for some n, 2 < n < oo. 

These results were obtained by studying the functor which associates 
to every group its commutator subgroup. This functor is one of a class of 
"fully invariant" functors, determined by the fully invariant subgroups of 
the free group on countably many generators [19, § 37]. If T is such a 
functor, then Il(T) = F(fi)ITF(S) is a ring-like spectrum in the sense 
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explained above, and the R(T)-mdoules are those spectra which are domina
ted by F(E)ITF(E) for some spectrum E. One then has the classes of R(T) 
orientable manifolds; the relationships among these classes remain an object 
for future study. 

5. Conclusion 
This lecture has not aimed at completeness. Some of the most interesting 

developments have been reported on by others at this Congress. It may be 
remarked that most of this work has examined stable homotopy theory for 
its own sake. On the other hand, the viewpoint of Spanier and Whitehead 
toward stable homotopy as a first approximation to homotopy theory 
suggests the possibility of higher-order approximations. There are a few 
examples of "semi-stable" phenomena. Among them are the exact sequence 
involving the homology suspension which I found in [30]; the exact sequence 
of James [14] involving the homotopy suspension; and the analogous exact 
sequences studied by Dold and Puppe in [9]. In this connection, the special 
role played by quadratic functors in [9] is suggestive. 

REFERENCES 

[1]. ADAMS, J. F., Theorie de l'homotopie stable. Bull. Soc. Math. France, 87 
(1959), 277-280. 

[2]. ATIYAH, M. F., Bordism and cobordism. Proc. Cambridge Philos Soc, 57 
(1961), 200-208. 

[3]. ATIYAH, M. F. & HIRZEBBUCH, F., Riemann-Roch theorems for differen
tiable manifolds. Bull. Amer. Math. Soc, 65 (1959), 276-281 

£4]t Vector bundles and homogeneous spaces. Proc Symp. Pure Math., 
Vol. I l l , 7-37. Providence, 1961. 

[5]. BOTT, R., Quelques remarques sur les théorèmes de périodicité. Bidl. Soc 
Math. France, 87 (1959), 293-310. 

[6]. BROWN, E. H., Cohomology theories. Ann. Math., 75 (1962), 467-484. 
[7]. CONNER, P. E. & FLOYD, E. E., Differentiable periodic maps, Bull. Amer. 

Math. Soc, 68 (1962), 76-86. 
[8]. DOLD, A., Homology of symmetric products and other functors of com

plexes. Ann. Math., 68 (1958), 54-80. 
[9]. DOLD, A. & PUPPE, D., Homologie nicht-Addiviter Funktoren. Ann. 

Inst. Fourier, 11 (1961), 201-312. 
[10]. ECKMANN, B. & HILTON, P. J., Groupes d'homotopie et dualité, C. R. 

Acad. Sci. Paris, 246 (1958), 2444-2447, 2555-2558, 2991-2993. 
[11]. EILENBERG, S. & STEENROD, N. E., Axiomatic approach to homology 

theory. Proc Nat. Acad. Sci. U.S.A., 31 (1945), 117-120. 
[12]. Foundations of Algebraic Topology. Princeton Univ. Press, 1952. 
[13]. EILENBERG, S. & ZILBER, J. A., Semi-simplieial complexes and singular 

homology. Ann. Math., 51 (1950), 499-513. 
[14]. JAMES, I. M., On the suspension triad. Ann. Math., 63 (1956), 191-247. 
[15]. KAN, D. M., On c.s.s. complexes. Amer. J. Math., 79 (1957), 449-476. 
[16]. A combinatorial definition of homotopy groups. Ann. Math., 67 

(1958), 282-312. 
[17]. On homotopy theory and C.S.S. groups. Ann. Math. 68 (1958), 38-53. 
[18]. Semi-simplicial spectra. Illinois J. Math. (To appear.) 



5 0 6 G. w . W H I T E H E A D 

[19]. K U R O S H , A. G., The Theory of Groups. New York, 1956. 
[20]. LIMA, E . L., The Spanier-Whitehead duality in new homotopy categories-

Summa Bras. Math., 4 (1958-9), 91-148. 
[21]. MILNOR, J. & SPANIER, E . H., Two remarks on fibre homotopy type-

Pacific J. Math., 10 (1960), 585-590. 
[22]. MOORE, J. C , Semi-simplicial complexes and Postnikov systems. Symp.. 

International Topologia Algebraica. Mexico City, 1958, 232-247. 
[23]. P E T E R S O N , F . P., Functional cohomology operations. Trans. Amer.,. 

Math. Soc, 86 (1957), 197-211. 
[24]. Some non-embedding problems. Bol. Soc. Mat. Mexicana, 1957,. 

9-15. 
[25]. SPANIER, E . H. , Function spaces and duality. Ann. Math., 70 (1959),, 

338-378. 
[26]. SPANIER, E . H. & W H I T E H E A D , J. H. C , A first approximation to homotopy 

theory. Proc. Nat. Acad. Sci. U.S.A., 39 (1953), 655-660. 
[27]. Duality in homotopy theory. Mathematika, 2 (1955), 56-80. 
[28]. The theory of carriers and iS-theory. Algebraic Geometry and Topology,. 

330-360. Princeton, 1957. 
[29]. Duality in relative homotopy theory. Ann. Math., 67 (1958), 2 0 3 -

238. 
[30]. W H I T E H E A D , G. W., On the homology suspension. Ann. Math., 62 (1955),. 

254-268. 
[31]. Generalized homology theories. Trans. Amer. Math. Soc, 102 (1962)* 

227-283. 



ON RESOLUTION OF SINGULARITIES 
(CHARACTERISTIC ZEROX1) 

By H E I S U K E H I R O N A K A 

§ 1. Main results and applications 
Given a complex-analytic variety V (i.e. a reduced complex-analytic space 
in the sense of H. Grauert), the problem of resolution of singularities of V 
is to find a proper modification / : V->V such that the modified variety V is 
free from singularities, i.e. F is a complex-analytic manifold. Here we use 
the term "modification" to signify a morphism (holomorphic map), say/: V 
->V, which induces an isomorphism (biholomorphic homeomorphism) of a 
dense open subset of V onto such an open subset of V. We see that if a 
modification f:V~>V is proper (i.e. the preimage by / of every compact 
subset of V is compact) then / induces an isomorphism of V — W onto 
V—f(W) where W is an analytic set in V which is nowhere dense. The 
above problem is still open except in lower dimensions,(2) but the results 

(1) On resolution of singularities of an algebraic surface, various proofs have been 
proposed by Italian geometers, such as P . del Pesso, B. Levi, Severi, Albanese, Chisini. 
A n excellent description of their basic ideas towards resolution can be found in Zariski's 
book [4] and, in spite of criticism by minds of rigor, one can perceive the right philo
sophy which leads to a satisfactory solution of the problem. As a matter of fact, the 
most basic idea tha t underlies our inductive proof of resolution in all dimensions has 
its origin in B. Levi's works [1,2], or more precisely, in the theorem of Beppo Levi 
which was clearly stated and given a rigorous proof by O. Zariski in his paper [5]. This 
theorem asserts, at least, our Theorem I of the first section for the case in which V 
is a hypersurface on a non-singular algebraic 3-dimensional manifold. A rigorous proof 
of resolution of singularities of an algebraic surface was first given by J . Walker, 
Ann. Math., 36 (1935) and then by O. Zariski [3] by purely algebraic methods. For an 
algebraic variety of dimension 3, it was given by O. Zariski [5]. This proof of Zariski 
in dimension 3 heavily depends upon the local uniformization theorem for a function 
field of transcendence degree 3. Although the local uniformization theorem is proved 
in all dimensions, by Zariski himself [6], it seems more difficult to find an essential use 
of it in higher dimensions than to prove the resolution directly in all dimensions as is 
done in this paper, although the passage from local uniformization to global resolution 
was proved surprisingly short for surfaces and successfully made up in dimension 3 
with help of a stronger resolution theorem for embedded surfaces. (See Zariski, Ann. 
Math., 62 (1942), and also [5].) 

(2) Some of the classical methods of resolving singularities of an algebraic surface 
-can be extended to the resolution of singularities of a complex-analytic surface in the 
sense tha t stated in the beginning of this section. For instance, rather simple modifica
tion of Zariski's method in [3] with reference to an ideal theory in a regular local ring 
•of dimension two proves it possible to resolve singularities of a complex-analytic surface 
by alternatively repeated normalizations and quadratic transformations. As for the 
case of dimension 3, Kuhlmann (Universität Würzburg) has succeeded in proving 
resolution of singularities of a complex-analytic variety which admits a finite morphism 
onto a complex-anlytic 3-dimensional manifold. We note here, however, tha t we can 
generalize the theorem of Beppo Levi to eliminate singularities of codimensions < 2 
on an arbitrary complex-analytic variety and, combining it with our results in the 
first section, prove the resolution of singularities for a complex-analytic variety of 
dimension < 3 under the single condition tha t the topology of variety is countable at 
infinity. 
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of this work include a satisfactory answer to the problem for certain restric
ted classes of complex-analytic varieties, such as algebraic varieties, Stein 
varieties, etc., in all dimensions. To be precise, we define and denote by 
Av what we call GAGA structure on a complex-analytic variety V as follows: 
Let Oy denote the structural sheaf of local rings of F (i.e. the sheaf of germs 
of holomorphic functions on V). Then a GAGA structure on V is, by defini
tion, a coherent sheaf of subrings of Ov (coherent as a sheaf of rings in the 
sense of J . P . Serre) which satisfies the following conditions: 

(i) For every point x of V, there exists a coordinate system of V in a neigh
borhood of x such that the germs of coordinate functions belong to the stalk Av,x 
of Av at x-

(ii) Ov is faithfully flat over Av, i.e. Ov. x (^e stalk of Ov at x) is so over A v. x 

for every x. 
(iii) For every x, every ideal in Av. x i

s ^e sia^ °f a coherent sheaf of ideals 
in Av (global on V). 

(iv) If S is an Av. z-algebra of finite type, then the singular locus of the scheme 
Spec (S®AV,xOv.x) is the preimage of that of Spec (S) by the canonical mor
phism of the first scheme to the second. 

We remark that , in virtue of (ii), the subring Av. x °t Ov,x is local and 
noetherian for all x and tha t a sheaf of Av modules N is coherent if and only 
if the sheaf of Oy-modules N®AVOV is so. A point of a scheme is said to be 
simple (or multiple) if the local ring a t the point is regular (resp. not regular 
and the singular locus of a scheme is, by definition, the set of multiple points 
of the scheme. I n view of (i) and (ii), (iv) is equivalent to saying tha t the 
singular locus of Spec (S®AV,XAV.X) is the preimage of tha t of Spee(#) by 
the canonical morphism, where Av,x denotes the completion of the local 
ring Av, x- I* follows t ha t the singular locus of Spee($) is closed in the 
topology of scheme (i.e. Zariski topology) for every Av. x algebra S of finite 
type. The above four conditions on a sheaf of subrings Av ot Ov will D e re
ferred to as GAGA conditions. 

The primary purpose of this work is to prove the resolution of singularities 
of an arbitrary complex-analytic variety which admits a GAGA structure 
and whose topology is countable at infinity in the sense tha t the underlying 
topological space is a union of countable compact subsets. First we 
give some examples of complex-analytic varieties satisfying these condi
tions. 

Example I . Algebraic varieties defined over fields of characteristic zero. We 
say tha t a complex-analytic variety V is algebraic (or an algebraic variety), 
if there is given a finite open covering {£7j}ie/ of V together with an isomor
phism ht of each Ut (as a complex-analytic variety) to a complex-analytic 
subvariety of a complex number space defined by a finite system of poly
nomial equations such tha t in each of the intersections C7"i fi TIì the coordi
nate transformations with reference to ht and hj are rational. We say tha t an 
algebraic variety V is defined over a field k (a subfield of the field of complex 
numbers), if the field k contains all the coefficients appearing in the poly
nomial equations for Ut and in the rational transformations in Ut fl U j . If 
this is the case, we can speak of a rational function on V defined over the field 
k, t ha t is, a meromorphic function on V whose restriction to each Ut is 
induced by a rational function with coefficients in k on the ambient complex 
number space of h^Ui). Let Av he the sheaf of germs of holomorphic 
rational functions defined over k on V, which is a coherent sheaf of subrings 
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of O F and satisfies the GAGA conditions defined above. We shall call Av 
an algebraic structure on V (defined over the field k). 

Example II . Stein varieties. A complex-analytic variety V is called a 
Stein variety, if its topology is countable at infinity and "Theorems A and 
B" hold for every coherent sheaf of Oy-modules N, i.e. for each xEV the 
image of H°( V, N) in Nx (the stalk of N at x) generates Nx as Ov, ^-module 
and HQ(V,N) vanishes for all positive q. Now let A =H°(V,Ov), that is, 
the ring of holomorphic functions on V. If x is any point of V, we can asso
ciate with it a maximal ideal m(x) in A which consists of those functions in A 
which vanish at x. The ring of fractions Am(x) is then a subring of Ov, x, 
and we obtain a unique subsheaf Av of Ov such that Av, x

 = ^m(r) for all x. 
One can prove that this sheaf of subrings of Ov is coherent and satisfies the 
GAGA conditions defined above. 

Example III . Let F be a complex-analytic variety with a GAGA structure 
Av

 Œ Ov Let $ be a coherent sheaf of ideals in Av on V, and JOv the sheaf 
of ideals in Ov generated by "3 which is necessarily coherent. We see that the 
sheaf of quotient rings Avp has no nilpotent elements if and only if OvpOv 
does not. This being assumed, we have a complex-analytic subvariety W 
of V such that 3 0 v is the sheaf of germs of holomorphic functions on V 
which vanish on W, so that we may identify OvPOv with the structural 
sheaf of local rings on W. Moreover, we see that the canonical homomorphism 
of AVP into OvPOv is infective. Finally, Avp viewed as a sheaf of subrings 
of OvPOv satisfies the GAGA conditions. A complex-analytic subvariety 
W of V will be called a GAGA subvariety of V, it it is obtained as above, 
and the GAGA structure AvP on W will be called the induced GAGA 
structure on W. 

Example IV. Let F be a complex-analytic variety, and J a coherent 
sheaf of non-zero ideals in Ov- Then there exists a modification f:V->V 
(unique up to an isomorphism) associated with J by the following universal 
mapping property: 

(a) The inverse image f~x(J) (i.e. the coherent sheaf of ideals in Ov generated 
by J) is invertible (i.e. locally isomorphic to Oy as Ov-modules). 

(b) If f : V'->V is any modification such that / ' - 1( J) is invertible, then there 
exists a unique morphism g: V'->V such that fog=ff. 

We shall call the above / the J-modification of V. In particular, when J 
is the sheaf of ideals of a complex-analytic subvariety B in V, the J-modifi-
cation of V will be called the monoidal transformation of V with center W. 
We shall be particularly interested in the case when J is generated by a 
sheaf of ideals 3 in Av, if a GAGA structure Av on V is given. Suppose 
this be the case, and let /: V->V be the J( =30v)-modification of V. Then 
one can prove that there exists a unique GAGA structure Av on V such that 
the morphism f induces an epimorphism of the ring of fractions of A v.nh onto 
that of Av.xfor every xEV. We shall simply call Av the canonical GAGA 
structure on V whenever the context makes the sense clear. 

Let S be a commutative ring with unity, M an $-module and I an 
ideal in S. Then we consider the S/I-modules gr?(M) = InM/In+1M for all 
non-negative integers n, and the direct sum gr^M) =2^=o gr™(M). In parti
cular grj(S) has a canonical structure of graded S/I-algebm, and in general 
gr^M) a canonical structure of graded <7r/(#)-module. We globalize this 
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definition as follows: Let F be a complex-analytic variety (or a scheme in 
the sense of Grothendieck) whose structural sheaf of local rings is denoted 
by Ov Let B be a complex-analytic subvariety (resp. a subscheme)^) of F, 
and J the sheaf of ideals of B on F. If Tfl is a coherent sheaf of Oy-modules 
on F, the quotient sheaf JnTfllJn+1T7l can be viewed as a sheaf of OB ( = Ovfö 
restricted to 2?)-modules and is coherent. We denote it by grB(Ttl) and set 
WBOÏÏ)

 ==J4n=ogrB(Tfl). In particular, we write grB(V) for grB(Ov), which is a 
quasi-coherent sheaf of graded Os-algebras. 

DEFINITION 1. Let V and B be as above. Then we say that F is normally 
flat along B, if grB( V) is flat over 0Bl or equivalently, grB( V) is locally free as a 
sheaf of 0B-modules for all non-negative integers n. 

Remark. Suppose F be a complex-analytic variety with a GAGA structure 
Av, and J = 3 0 y w i t h a coherent sheaf of ideals 3 in Av, where J denotes 
the sheaf of ideals of B on F. Then for each point x of F, gryx(Ov.x) is flat 
as Ov, xl^-module if and only if gr3x(Av, x) is flat as Av, x/^x-module. This 
follows the assumption that Ov is faithfully flat over Av Let Vx denote 
the scheme 8nec(Av, x), and Bx the subscheme of Vx defined by the ideal Jx 

in Av, x- Then the above fact can be expressed by saying that F is normally 
flat along B if and only if Vx is so along Bx for every point x of V. 

DEFINITION 2. Let V be a complex-analytic variety with a GAGA structure 
Av Then a monoidal transformation fx: Vx-+V with center BaV will be said 
to be admissible (for the purpose of resolving singularities of V) if the following 
conditions are satisfied: 

(i) B is a GAGA subvariety of V which has no singularities. 
(ii) B is contained in the singular locus of V. 

(iii) F is normally flat along B. 
A succession (finite or countably infinite) of monoidal transformations fr : F r 

->Vr-i(r>l, and F 0 = F) will be said to be admissible if every one of the fr is 
admissible. Here the admissibility is meant with reference to the canonical 
GAGA structure on Vr obtained inductively starting from the given one on V. 
(See Example IV.) 

We shall say that a succession of monoidal transformations fr'Vr-^Vr^ 
(r>l and F0 = F) is locally finite, if for every point a; of F there exists a 
neighborhood U of x in F such that, except for a finite number of r, the 
center of fr does not meet the preimage of U in Vr_x. If this is the case, then 
we have a proper morphism to F from the inverse limit F of the system 
{/r} which is also a complex-analytic variety. In fact, we see that the mor
phism of F onto F is a proper modification. If a GAGA structure is given on 
F and if all the monoidal transformations in the succession have GAGA 
subvarieties as their centers, then we get a GAGA structure on F as the 
direct limit of the canonical GAGA structures on F r . This GAGA structure 
A v on F is uniquely determined by the property that for every point x of 
F the morphism /: V-+V induces an epimorphism of the ring of fractions of 
Av.nx) onto that of Av.~x- We shall simply call it the canonical GAGA 
structure on F whenever the context makes the sense clear. We state the 
first main result of this work in the following form: 

THEOREM I. Let V be a complex-analytic variety. We assume that a GAGA 

(*) Throughout this paper, we use the term "subscheme" (or "subvariety") to mean 
''closed subscheme" (resp. "closed subvariety") unless explicitly otherwise mentioned. 
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structure is given on V and that the topology of V is countable at infinitey. Then 
there exists a proper modification f: V->V, obtained by a locally finite admis
sible succession of monoidal transformations, such that V is a complex-analytic 
manifold, i.e. it is free from singularities. 

Remark 1. Let s( V) denote the singular locus of F. Then the above modi
fication / induces an isomorphism of F—/-1(s(F)) onto V — s(V). (See condi
tion (ii) of admissibility.) 

Remark 2. If F is given as a complex-analytic subvariety of a complex-
analytic manifold X, then the above modification ban be extended in a 
canonical manner to a proper modification F : X->X, so that X is a complex-
analytic manifold containing F as a complex-analytic subvariety, that F 
induces / in F and that F induces an isomorphism of X — F~1(s(V)) onto 
X— s(V). This comes from the fact that / is obtained by a succession of 
monoidal transformations with non-singular centers. 

Remark 3. Our proof of the theorem is done in such a way that if the 
GAGA structure on F is an algebraic one then / is obtained by a finite 
admissible succession of monoidal transformations, so that the canonical 
structure on V is necessarily algebraic (and defined over the same field as 
the given one). Without referring to the proof, however, we can deduce this 
fact from the above theorem in view of the fact (due to M. Nagata) that 
every algebraic variety admits an algebraic compactification, i.e. it can be 
identified with a Zariski open subset (with the induced algebraic structure) 
of a complete (i.e. compact as a complex-analytic variety) algebraic variety. 

Remark 4. If F is a projective algebraic variety, then necessarily so is F. 
In general, if F is a compact complex-analytic variety, then an algebraic 
structure defined over a given field (a subfield of the field of complex 
numbers) is unique on F provided it exists. Moreover, if F admits an 
algebraic structure then every meromorphic function on F is a rational 
function defined over the field of complex numbers. The theorem thus 
implies: 

COROLLARY^1) / / k is any field of characteristic zero and K any field finitely 
generated over k, then there exists a projective algebraic manifold X, defined 
over k, such that K is isomorphic to the field of rational functions on X defined 
over k. 

Let us consider the case in which F is given as a complex-analytic sub-
variety of a complex-analytic manifold X. As is seen in Remark 2, the 
modification / of the theorem can be extended in a canonical way to a proper 
modification F:X^X. The preimage .F_1(F) of F in X is then a union of F 
and the socalled exceptional hypersurfaces of X for F, i.e. those irreducible 
subvarieties of codimension one of X which correspond to subvarieties of 
codimension greater than one of X. In general, F~1( V) can have complicated 
singularities though the component F of it does not have any singularities. 
However, it is possible to choose a different succession of monoidal transfor
mations which gives us a proper modification F:X->X such that F~X(V) 
has no other singularities than locally transversal crossings of its irreducible 

(!) Without any loss of generality, we may (and do, as a matter of fact) assume that 
the field k is given as a subfield of the field of complex numbers (and even finitely 
generated over the field of rational numbers). 

3 6 - 622036 Proceedings 
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components, i.e. normal crossings as we define below. We note that if F 
is connected then necessarily so is -F_1(F). 

DEFINITION 3. Let X be a complex-analytic manifold (or a non-singular 
scheme), E a complex-analytic subvariety (or reduced subscheme) of X every
where of codimension one, and V a complex-analytic subvariety (or a subscheme) 
of X. Let x be any point of X. We say that E has only normal crossings at x, 
if there exists a regular system of parameters (z1,z2,...,zN) of the local ring 
Ox.x of X at x such that every irreducible component of E passing through x 
is defined by an equation zt = 0 locally at x for some i. We say that E has only 
normal crossings with V at x, if there exists a regular system of parameters of 
Ox.x which has the same property as above and, at the same time, the property 
that either V does not pass through x or it is defined by a system of equations 
Zi=0 locally at x for some i. We shall simply say that E has only normal 
crossings (or only normal crossings with V) if it is so at every point of X. 

We remark that if E has only normal crossings (with F) then all the 
irreducible components of E (and F itself) are free from singularities. 

THEOREM II . Let X be a complex-analytic manifold with GAGA structure 
and V a GAGA subvariety of X. We assume that the topology of V is countable 
at infinity. Then there exists a proper modification F:X->X having the fol
lowing properties: 

(i) X is a complex-analytic manifold, and F induces an isomorphism of 
X — i^_1(s(F)) onto X—s(V), where s(V) denotes the singular locus of V. 

(ii) If F denotes the unique subvariety of X such that F induces a proper 
modification f : V->V, and E the closure in X of the complement of V in ift~1( F), 
then Ë is everywhere of codimension one and has only normal crossings with V. 

In fact, the above F can be obtained by a locally finite succession of monoidal 
transformations Fr:Xr-^Xr_1 (r>l, and X0=X) such that the center Br of 
Fr+1 is a non-singular GAGA subvariety of Xr contained in Vr, that Er has 
only normal crossings with Br and that Vr is normally flat along Br, for all 
r>0, where the preimage of V in Xr is written as the union of Vr and Er in 
such a way that the morphism Xr->X induces a proper modification F r->F 
and maps Er into s(V). In particular, X has a canonical GAGA structure and 
E~X(V) (and every one of its components) is a GAGA subvariety of X. 

COROLLARY 1. Let X and V be as in the theorem. Then there exists a proper 
modification F:X->X such that: 

(i) X is free from singularities, 
(ii) F induces an isomorphism of X — F~1( V) onto X — V, and 

(iii) ^7_1(F) is everywhere of codimension one and has only normal crossings. 
In fact, F can be obtained by a locally finite succession of monoidal transfor

mations with non-singular GAGA subvarieties as centers, so that X has a cano
nical GAGA structure and JF~1(F) is a GAGA subvariety of X. 

In the above theorem and corollary, if the GAGA structure of X is an 
algebraic one, then we can choose F to be obtained by a finite succession of 
monoidal transformations of the type described there, so that the canonical 
GAGA structure of X is also algebraic and i^-1( F) is an algebraic subvariety 
of X. 

In view of Nagata's compactification of an algebraic variety, we can de
duce: 
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COROLLARY 3. Let Xbea complex-analytic manifold with algebraic structure. 
Then there exists an algebraic compactification X of X such that Xisa complex-
analytic manifold and that X—X is everywhere of codimension one and has 
only normal crossings. 

Let X be a complex-analytic variety and J a coherent sheaf of ideals in 
Ox- We shall be only interested in the case where no stalk of J consists of 
only zero element. We denote by c(J) the set of points of X at which J 
is not locally invertible. I t can be seen that if f:X'->X is the ^-modification 
of X, then c(J) is equal to the set of points of X at which /_ 1 is not well-
defined (as a local holomorphic map). In other words, c(J) is the smallest 
closed subset of X such that / induces an isomorphism of X' ~f~x(c(^)) onto 
X — c(J). If a GAGA structure Ax on X is given and J is generated by ideals 
in Ax, hence, by a coherent sheaf of ideals *3 in Ax, then for Jx to be inver
tible it is necessary and sufficient that 3 Z is so, where x is any point of X. 

In general, if f:X'->X is a proper modification of complex-analytic 
varieties, then the set of those points of X at which / - 1 is not well-defined is 
a complex-analytic subvariety of X which is called the fundamental locus of 
f in X. We shall denote this by c(f). We are now interested in the problem 
of eliminating the fundamental locus by succession of monoidal transforma
tions with non-singular centers, especially for the case in which X is non-
singular. 

THEOREM III . Let X be a complex-analytic manifold with GAGA structure 
Ax, and J a coherent sheaf of non-zero ideals on X generated by ideals in Ax-
Assume that the topology of c(J) is countable at infinity. Then there exists a 
proper modification f:X->X having the following properties: 

(i) f is obtained by a locally finite succession of monoidal transformations 
with non-singular GAGA subvarieties as centers, 

(ii) / induces an isomorphism of X — f~x(c(J)) onto X — c(J), and 
(iii) c(f'1(J)) is empty, i.e. f~x(J) is everywhere invertible, where /_1(?) de

notes the coherent sheaf of ideals on X generated by J. 
In fact, the succession of monoidal transformations, say / p Z ^ Z ^ 

(r>l, and X0=X), can be so chosen that the center of fr is contained in cÇjr_^) 
where Jr-i denotes the sheaf of ideals on Xr_1 generated by J. 

If the GAGA structure on X is algebraic, then we can apply the theorem 
to an algebraic compactification Xx of X and to an extension of J from X 
to Xx. Hence, in this case, we can choose the succession of monoidal trans
formations in the theorem to be finite. 

Let f'.X'-^-X be a proper modification of complex-analytic varieties X' 
and X with algebraic structures Ax- and Ax respectively. We say that / is 
rational if the homomorphism of Ox into Ox-, associated with / maps Ax 
into Ax-, and birational if, at the same time, the homomorphism induces an 
epimorphism of the ring of fractions of Ax.ax-) onto that of Ax-.x- tor all 
points x' of X'. From Theorem III, it follows that if f:X'^>X is birational 
and X has no singularities, then there exists a finite succession of monoidal 
transformations with non-singular algebraic centers which gives a proper modi
fication g:X->X such that g=foh with a birational morphism h:X->X'. 
We see that if X' is projective then necessarily so is X. In this manner, we 
can prove: 

COROLLARY 1. Let Xbea compact complex-analytic manifold with algebraic 
structure, i.e. a complete algebraic variety. Then there exists a projective alge-
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braic manifold X with a birational modification g : X-+X which is obtained by 
a finite succession of monoidal transformations with non-singular centers. 

We note that there are many example of compact algebraic manifolds 
which are non-kahlerian. However, in virtue of the above results, we can 
see that algebraic non-kahlerian manifolds behaves as well as kählerian 
manfiolds with respect to various cohomologies. 

For an arbitrary modification of complex-analytic varieties, we can prove 
the following: 

LEMMA. Let f:X'->X be a proper modification of complex-analytic varieties, 
and x any point of X. Then there exists an open neighborhood U of x in X and 
a coherent sheaf of ideals J on U such that if g: UX->U denotes the ^-modifica
tion of U then we have g^foh with a holomorphic map h: U^X'. 

With help of this lemma, we can easily deduce the following fact from 
Theorem III: 

COROLLARY 2. Let X' and X be complex-analytic manifolds, and f\X'->X 
a proper modification. Then the cohomological direct images RQf(Ox-) of the 
structural sheaf of local rings Ox- of X' are zero sheaves for all q>0. 

§ 2. Inductive formulation of the resolution problem^) 
We have stated three main theorems, Theorems I, I I and III, in the first 

section. In this section, we shall reformulate those theorems in such a way 
that the proof can be carried out by induction. We shall define what we 
call RESOLUTION DATA, i.e. "those to be resolved", which are put into 
four different types denoted by (Rf-n,F), Rf-n, U), (R?j, F) and R?T. 
We shall then define what we mean by "the resolution data being RESOL
VED". Each resolution datum consists of objects on a non-singular scheme 
X, called the ambient scheme of the datum, and the RESOLUTION ot the 
datum will be achieved by a finite succession of certain elementary trans
formations applied to X. For this purpose we shall define what we call 
PERMISSIBLE monoidal transformations of X for a given resolution datum 
on X, i.e. the elementary transformations of X which may be used to resolve 
the datum on X. We shall also define the TRANSFORM of each datum on 
the new ambient scheme obtained by a permissible monoidal transforma
tion for the datum, so that we can give a good sense to speaking of a SUC
CESSION of permissible monoidal transformations for a given datum. After 
those preparatory definitions are given, we shall be able to state the four 
theorems, called Theorems IF'71, Iu'n, I I? and I F , which assert the resolu
tion of the resolution data of the types (R?'n,F), (Rf'n, U), (Rn,F) and R?It 

respectively. The proof of those four theorems can be done altogether by 

(1) In this section, we make an essential use of the language of schemes introduced 
by A. Grothendieck [7]. I t is essential firstly for the purpose of generalizing our resolu
tion of singularities to certain complex-analytic varieties, as was described in the first 
section, and secondly, what is the most important, we can carry out our inductive 
proof of the resolution theorems stated in this section only when they are formulated 
for schemes of finite type over certain class of local rings (and not only for those over 
fields). We must include in our inductive formulation of resolutions, at least "algebraic 
varieties over formal power series rings (with coefficient fields of characteristic zero)" 
such as those known as algebroid varieties. This fact can be roughly explained by 
saying that , according to our proof, certain resolution of algebraic singularities requires 
the same in lower dimensions not only of algebraic singularities but also of algebroid 
singularities derived from them. 
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certain induction on the pairs of, or single, integers N and n which are at
tached to the resolution data and accordingly to the resolution theorems. 
After stating Theorems I? , n , Iu'n, I I? and I P , we shall indicate the dia
gram of implications among those theorems according to which our inductive 
proof is carried out. 

We begin our preparation towards the statement of the four resolution 
theorems by restricting our attention once for always to a certain class of 
schemes, which will be simply called algebraic schemes throughout this 
paper. 

In this paper we call a local ring S a base ring if it satisfies the following 
conditions: 

(i) S is a noetherian local ring, 
(ii) the residue field of S has characteristic zero, and 

(iii) if A is any S-algebra of finite type and S denotes the completion of S, 
then the singular locus of Spec(/§<8>s-<4) is the preimage of that of 
Spec(^4) under the canonical morphism of the first spectrum to the second. 

We shall denote by B the class of base rings. Then we can prove that the 
class B has the following properties: 

(1) every field of characteristic zero belongs to B, 
(2) if S belongs to B, then so does the completion of S, and 
(3) if A is an S-algebra of finite type for $GB, then all the local rings of 

8nec(A) belong to B. 
We note that (iii) implies the closedness of the singular locus of Spec(^4). 

Throughout this paper, all the schemes we deal with are schemes of finite 
type over base rings (i.e. over Spee($) with # G B ) . For the sake of conveni
ence, so far as this paper is concerned, we shall use the term "algebraic 
scheme" to signify a scheme V which admits a morphism of finite type: 
F->Spec($) with # G B . We remark that every local ring of an algebraic 
scheme belongs to B, and that the singular locus of an algebraic scheme is 
closed. 

Let V be an algebraic scheme, and Ov the structural sheaf of local rings 
of V. For a point x of V, Ov,x will denote the stalk of Oyat x which is often 
called the local ring of V at x. The dimension of V at x, denoted by dim^ V), 
is by definition the Krull dimension of Ov.x- If V is not empty, then we 
define the dimension of V, denoted by dim(F) to be the maximum of 
dimx(F) for all x G V. If W is a non-empty subscheme of V, we define the 
codimension of W in V to be the minimum of dima;(F) for all x G W. If y is a 
point of W, we define the codimension of W in V at y to be the maximum 
attained by the codimension of W H U in U where U is an open subset of V 
containing y. For our purpose, it is not important what number to be called 
the dimension of the empty scheme, but we shall find it convenient to agree 
that the empty subscheme of any algebraic scheme can have any integer as its 
codimension. For instance, we shall treat the empty subscheme as a non-
singular irreducible subscheme of codimension one (or everywhere of co-
dimension one). 

In the following definitions, X denotes a fixed non-singular irreducible 
algebraic scheme of dimension N. 

DEFINITION 4. A resolution datum of type Rj,n on X is an object of the 
following form: 

R^n = (E;V1>Vi Va;W), 
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where (i) E is a reduced subscheme of X everywhere of codimension one, which 
has only normal crossings (cf. Definition 3, § 1.), 

(ii) a is a non-negative integer, and Vt (1 < i < a) are subschemes (not 
necessarily reduced, nor irreducible) of X, 

(iii) W is a reduced subscheme (not necessarily irreducible) of X, which 
is non-empty and contained in the intersection of the Vt ( K f < a ) 
in the point-set-theoretical sense, and 

(iv) n=dim(W) and N=dim(X). 
A resolution datum of type Rn on X is an object of the following form: 

where (i) b and c{ ( K t < J ) are non-negative integers, 
(ii) Et ( K î < ô ) are non-singular irreducible subschemes of codimen

sion one of X, one or more of which may be the empty subscheme, 
E1[) .... U Eb has only normal crossings^), 

(iii) J is a coherent sheaf of non-zero ideals in Ox, 
(iv) d is a positive integer, and N=dim(X). 

DEFINITION 5. We say that the datum 

R?'n=(E;VltV2,...,Va;W) 

is resolved at a point x of W, if the following conditions are satisfied: 
(i) x is a simple point of W, 

(ii) all the Vi (1 < i <a) are normally flat along W at x, i.e. they are so within 
a sufficiently small open neighborhood of x in X (see Definition 1, § 1), 
and 

(iii) E has only normal crossings with W at x. 
We say that the datum 

Va, . . . , c b I / 

is resolved at a point x of X if 

2 Ci + vOx)<d. 
xeEt 

Here the number v($x) denotes the maximal non-negative integer v such 
that the ?th power of the maximal ideal of Ox.x contains Jx . 

We remark that, for a subscheme W of an algebraic scheme V, grw(V)x is 
flat over Ow. x tor a point a; of If if and only if grw( V) if flat over Ow within 
some neighborhood of x in W. Therefore, we have an open subset U ot W 
such that grw(V)x is a free Ow.z-niodule for all non-negative integers n 
if and only if a; is a point in U. This is the maximal open subset of W within 
which V is normally flat along W. 

We also remark that, for a coherent sheaf of ideals *} on X, the set {x€X : 
v(Jx)<m} is an open subset of X tor every integer m. 

Given a resolution datum of type Rn on X as above, we set 

S(B£)={!eeZ: 2 * + *(&)><*}, 

(*) The union of two (or more) subschemes is, by definition, the subscheme defined 
by the intersection of the ideals defining the given ones. If the given subschemes are 
reduced, so is the union. 
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»(BÄ) = max {*(&)}, 

S*(B?t) = {*eS(J&) : vtf.) = « ) } . 

In general, for every non-negative integer m, we set 

# W i ) = {xeS(Rfj) : v(Jx) >m}. 

DEFINITION 6. A resolution datum of type R?'n with closed restriction F 
on X is a pair 

of a resolution datum of type Rf'n on X, described above, and a non-singular 
irreducible subscheme F of codimension one of X, such that 

(i) E U F has only normal crossings, and 
(ii) F does not contain any irreducible component of W. 
A resolution datum of type Rf'n with open restriction U on X is a pair 

(S?-\ U) 

of a resolution datum of type Rf,n on X, described above, and an open subset 
U of W such that 

(i) U has non-empty intersection with every irreducible component of W, 
and 

(ii) the datum Rf'n is resolved at every point of U. 
A resolution datum of type Rn with closed restriction F on X is a pair 

(Rn,F) 

of a resolution datum of type Rfj on X, described above, and a non-singular 
irreducible subscheme F of codimension one of X such that Ex U ... U Eb U F 
has only normal crossings. 

We shall also consider a resolution datum of type Rn without restric
tion on X. 

Let 5 b e a subscheme of a reduced scheme Y, nowhere dense in Y, and *3 
the sheaf of ideals of B on Y, i.e. OB is canonically isomorphic to Oyft. 
Then there exists a unique reduced modification f:Y'->Y (i.e. a morphism 
which induces an isomorphism of a dense open subset of Y' onto such an 
open subset of Y, where Y' is a reduced scheme) which satisfies the universal 
mapping property, (a) and (b) ot Example IV, § 1, for reduced modifications 
of Y. This reduced modification, determined by B, will be called the monoidal 
transformation of Y with center B. If Y is an algebraic scheme, then so is Y'. 
We are interested in the case where F is a non-singular algebraic scheme and 
B is a non-singular irreducible subscheme of Y, in which case Y' is neces
sarily a non-singular algebraic scheme. In the sequel, it is important that 
a monoidal transformation is always understood as a reduced modification 
together with a specific center, so that the monoidal transformations of a 
scheme F is in a one-to-one correspondence with the nowhere dense sub-
schemes of Y which are called centers of transformations. 

Let X be as above, and B any non-singular irreducible subscheme of X 
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which is different from X. Let V be any subscheme of X. If fB : X'->X denotes 
the monoidal transformation of X with center B (as well as the morphism 
itself), then the (total) transform / B 1 ( F ) is the subscheme of X' defined by 
the sheaf of ideals fB

1( J) on X' where J denotes the sheaf of ideals of V on X. 
We also define and denote by / i1(F)0 the restricted transform of V by fB 

as follows: The morphism fB induces an isomorphism f:X'—fB
1(B)->X — B. 

Then f~x(V — B) is a well-defined subscheme of X'~/i1(5), and there 
exists the smallest subscheme V ot X' such that / -1( V — B) is the restriction 
of V to X' —/i1(J5). (We say that a subscheme is smaller than another if the 
defining sheaf of ideals of the first contains that of the second.) This sub-
scheme, uniquely determined by V and fB (i.e. V and B), V of X' is[the 
restricted transform of Y by the monoidal transformation fB. 

DEFINITION 7. We say that a monoidal transformation fB of X with center 
B is permissible for the resolution datum Rf'n on X, described above, if B 
is non-singular and irreducible and, at the same time, the object of the form 

(E,V1,V2i...,Va,W;B) 

is a resolution datum of type Rf'n on X which is resolved everywhere (i.e. at 
every point of B). 

We say that fB is permissible for the resolution datum Rf'n with closed (or 
open) restriction F (or U) on X, described above, if fB is permissible for 
Rf'n and, at the same time, B is contained in F (or in W — U). 

We say that fB is permissible for the resolution datum Rn (without restric
tion) on X, described above, if B is a non-singular irreducible subscheme of 
X contained in S*(Rn) and, at the same time, E1\J ... U Eb has only normal 
crossings with B. 

We say that fB is permissible for the resolution datum Rn with closed rest
riction F on X, described above, if fB is permissible for Rfj and, at the same 
time, B is contained in and different from F. 

DEFINITION 8. Let R be a resolution datum on X, either (Rf'n,F) or 
(Rfn, U) or (Rfj,F) or Rn, where 

Rf'n = (E;VvV2,...,Va,W) 

and B^lEl9'''9Eb\y9d). 
\ cv ...,cb \ ) 

(See Definitions 4 and 6.) Let fB be a monoidal transformation of X with 
center B which is permissible for the resolution datum R, say fB : X'->X. 
Then we set: E' = rB\E)^ Y{ = fB\Vi)Q(Ki<a),W' = fB\W)0, E{ = /^(^Oo 
(1 < i < b) and Et+^f-^B). Let F'^fsHF^ and U'=fB\U)=fB

1(U) fi W'. 
We define the transform fB(R) of the resolution datum R on X by the perm
issible monoidal transformation fB as follows: 

fB(Rf'n,F) = (fB(Rf>n),F'), 

f*B(R?-n,U)==(fB(R?-n),U'), 

where fl(Rf'n) = (Ef U Eb+1; V[, V*,..., Va, W'), 

f*B(RfI,F) = (f*B(RfI),F'), 
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where f%(R?,) - (K ->E'>»E'^\ tf® p - , d) 
\ Ci, ...,Cb, Cb+i / 

with m = v(Rjj),cb+i = ̂ BçEiCi + m — d, and J) = the sheaf of ideals of E'b+i 
on X'. 

We remark that the transform of any resolution datum on X by a permis
sible monoidal transformation fB :X'->X is again a resolution datum of the 
same type o n l ' . 

Now that we have defined the permissibility of monoidal transformation 
and the transform of datum by such a transformation, we can speak of a 
finite succession of permissible monoidal transformations. More precisely as 
follows: 

Let R be a resolution datum on X, and 

f-ÜuXr+Xi-i (Ki<t,X0 = X)} 

a finite succession of monoidal transformations f% with centers B{_x in Xx_x. 
We say that the succession f is permissible for R if there exists a resolution 
datum Rt on Xt for ( X i <£ such that 

(1) fi is permissible for Ri^.1 ( K i < i ) , and 
(2) R0 = R and Ri=ff(Ri_1) (Ki^t). 

We shall use the same symbol / for the succession of monoidal transforma
tions as well as for the composed morphism Xt->X, whenever the context 
makes the sense clear. We shall call the above resolution datum Rt on Xt 
the transform of R by the permissible succession f for R, and denote it by 
f*(R). I t should be noted that the transform f*(R) is determined by the 
succession / but not by the composed morphism. Namely, the way of fac
toring the morphism into monoidal transformations with specified centers 
is essential in the definition of f*(R). 

The following are the fundamental resolution theorems of this work. 
THEOREM IF'71- (The separation theorem of the first type.) 
Given a resolution datum (Rf'n, F) of type Rfn with closed restriction F 

on a non-singular irreducible algebraic scheme X, there exists a permissible 
succession of monoidal transformations, f:X'-^X, of X for (Rf,n,F) such 
that, if 

f(Rf'n,F) = (f(Rfn),F') 

with f*(R?-n) = (E1, Vi Vi,..., Va; W'), 

then W' and F' have no common points. 
THEOREM If'71- (The resolution theorem of the first type.) 
Given a resolution datum (Rf,n, U) of type Rf,n with open restiction U 

on a non-singular irreducible algebraic scheme X, there exists a permissible 
succession of monoidal transformations, f:X'-^X, of X for (Rf'nU) such 
that f*(Rf'n) is resolved everywhere. 

THEOREM IIf. (The separation theorem of the second type.) 
Given a resolution datum (Rn, F) of type Rn with closed restriction F on 

a non-singular irreducible algebraic scheme X, such that m = v(Rn) > 0 and 
Fï£S*(Rn)=Sm(Rn), there exists a permissible succession of monoidal 
transformations, f:X'->X, of X for (Rn,F) such that, if 
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f*(RfI,F) = (f*(RfI),F% 

then Sm(f*(Rn)) and F' have no common points. 
THEOREM IIN. (The resolution theorem of the second type.) 
Given a resolution datum Rn of type Rn without restriction on a non-

singular irreducible algebraic scheme X, there exists a permissible succession 
of monoidal transformations, f'.X'-^-X, of X for Rn such that f*(Rfi) is 
resolved everywhere. 

In the above four theorems, N and n are arbitrary integers such that 
N>n>0. We first see that Theorems J?"0, If'0 and IIF are trivially 
true, and that Theorem II1 can be easily verified. The proof of the four 
theorems for arbitrary N and n can be done by showing the following 
basic implications: 

(A) Given (N,n) such that N>n>l, 

Theorems 
with 
with 
with 

n<N' < N,' 
n" <n, 
N'<N 

• Theorem If' 

(B) Given (N,n) such that N>n>l, 

Theorems 

'/£'•*' with n'<N'<N, 
If'n" with n" < n, 

\N"<N, 
If"'71" with \n"<n, 

[n"<N", 
IIN' with N'<N 

>=> Theorem If'n, 

(C) Given N> 2, 

[//?' with N'<N, } 
Theorems \ If"'n" with n" < N" < N, \=> Theorem IIf, 

[IIN' with N'<N 

(D) Given N> 2, 

Theorems 
N'<N, } 
ri'<N"<N,\ 
N"<N 

»Theorem IJ" . 

The proof of these four implications requires certain non-trivial analysis 
of singularities. We entirely omit this analysis here, and those readers who 
want to find the detailed proof should refer to either the writer's mimeo
graphed seminar note or the forthcoming papers in Annals of Mathematics. 
We simply point out that our proof does not depend upon any preexisting 
non-trivial results, such as the Local Uniformizing Theorem of Zariski, and 
hope that the diagram of implications, shown above, indicates at least the 
close relations among various aspects of the resolution problems. The 
three Theorems, stated and paragraphed in § 1, can be deduced from the 
four Theorems in this section by standard GAGA techniques and com-
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paratively simple inductions, and we hope tha t they may serve to clarify 
some geometric significances which underlie the above inductive formula
tion of resolution problems. 
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STRUCTURE THEOREMS OF MODULAR 
VARIETIES 

By JUN-ICHI IGUSA 

If we try to generalize various results on elliptic modular functions, we 
will have to know bounded domains (and also convenient unbounded dom
ains isomorphic to bounded domains) which can be considered as higher 
dimensional analogues of the interior of the unit circle. Since otherwise we 
can do nothing, we assume that the bounded domains are homogeneous. 
Then, to get a reasonable theory (especially to have quotient varieties of 
finite invariant volumes by properly discontinuous groups), we are forced 
to assume that the bounded homogeneous domains are symmetric in the 
sense of E. Cartan. As a corollary of his great work on the theory of sym
metric Riemann spaces, we have a complete list of such domains. Namely 
we know the so-called four main types and two exceptional types of irredu
cible bounded symmetric domains. Among these domains, one type (type IV 
of E. Cartan and type III of Siegel [5]) is particularly interesting. The pth 
representative (p = 1,2,...) of this type is an open set 25 in Cn (n =p(p +1)/2) 
whose points are p-by-p complex symmetric matrices z such that lp—*zz are 
positive-definite. This domain is isomorphic to the Siegel upper-half plane 
of degree p, i.e. an unbounded domain © in Cn whose points are p-by-p 
complex symmetric matrices z with positive-definite imaginary parts. The 
very reason why we are so attached to this type is that © is the space of 
deformations of abelian varieties with certain polarizations; and, in the 
case p = 1, i.e. in the theory of elliptic modular functions, this fact is funda
mental. Furthermore, in the full group of automorphisms of @, which is 
Sp(#,R) (more precisely Sp(#,R) modulo its center ±l2p) acting on © as 

z->(az + b) (cz+d)-1, 

the discrete group V =8n(p,Z) called the Siegel modular group of degree p 
(and of level 1) is particularly interesting. The reason is that the correspond
ing quotient variety P\@ is precisely the variety of p-dimensional abelian 
varieties with polarizations similar to canonical polarizations of jacobian 
varieties. The structure of the variety T\@ is therefore of considerable 
interest to algebraic geometers. We ask ourselves now what we mean by 
saying that we know the structure of a complex variety. If it is an affine 
variety, we can certainly say that we know the structure of the variety 
once we know its co-ordinate ring. Similarly, if the variety is embeddable 
in a projective space as its closed subvariety, we can say that we know 
the structure of the variety once we know the co-ordinate ring of a projec
tive embedding by a (preferably intrinsic) polarization. Coming back to the 
variety T\@, although it is neither affine (except for p = l) nor compact, 
it has been proved by a combined effort of several mathematicians that it 
has a rather natural compactification to a normal projective variety [1]. 
Furthermore, the projective embedding is given by Siegel modular forms of 
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a sufficiently high weight w (which we assume to be even), i.e. by holo
morphic functions ip on © which satisfy the functional equation 

ip((az + b) (cz+dy1)=det(cz+d)wy)(z) 

for every operation of T (and which satisfy an additional condition at infinity 
when p = l). Therefore the structure of T\@ will certainly be known once 
we know the structure of the graded ring S generated by the Siegel modular 
forms. The importance of S partly comes also from the fact that mero
morphic functions on T\@ (on the compactification of T\@ whenp = l) are 
Siegel modular functions, i.e. quotients of homogeneous elements of S ot 
the same degree. Now the aforesaid results imply that S is a positively 
graded normal integral ring of finite type over S0 = Q. Beyond this fact, we 
know very little about the ring S. In the special case p = l, it is a classical 
theorem that S is generated by Eisenstein series of weights 4 and 6. In the 
case p =2, it was proved by Witt and Maass that S2 = 0 and that $4, S6, S8 

are 1-dimensional. Also it was known more or less that the field of Siegel 
modular functions is a purely transcendental extension of C. In fact, this 
can be proved by identifying the field of modular functions with the field of 
absolute invariants of binary sextics. 

We shall now explain our contributions to this subject. We investigated 
first the invariants of binary sextics in connection with moduli of curves 
of genus two. This was done in a most satisfactory manner. Namely we 
determined the structure of the variety of moduli as a scheme over Spec(Z) 
[2]. In particular, its complex fibre is the quotient variety of C3 by a cyclic 
group of order 5 acting as 

(z^z^Çz^z^Zs) (C5 = l). 

We then applied this result to determining the structure of T\@ (in the 
case p=2) [3]. It turned out that T\@ has a covering by the variety of 
moduli and by another affine variety with a similar structure. This informa
tion enabled us to determine S and it was shown that S is generated by 
Eisenstein series 

y>w(z)=2det(cz+dyw 

of weights w=4t, 6, 10,12. Consequently the compactification of T\© is the 
quotient variety of C4 —0 by the multiplicative group C* acting as 

(h,h,hA)^(QX> Q%> Q%> Q%) (e€C*). 

The aforesaid affine varieties are the varieties respectively defined by t3 #=0 
and 4̂ 4=0. The underlying topological space of this type of varieties is a 
quotient space of a sphere by a circle and the additive structure of the 
integer cohomology ring was shown by Floyd and Conner to be the same as 
that of a (complex) projective space of the same dimension. The multiplica
tive structure was recently determined by Tramer and in the present case, 
if gx are the generators in dimensions i for i = 2,4,6, the cup-product formulas 
are 

0 2 ^ 2 = 5^ , g2Ugi = 30g6. 
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We believe that the structure of the variety T\© is now sufficiently known 
to investigate various things, e.g. the so-called modular correspondences 
and their fixed-varieties etc. 

Going back to the variety of moduli of curves of genus two, we shall 
outline (for those people who are interested only in the complex case) a 
shorter proof of the structure theorem. We observe that the generating 
function of the graded ring of projective invariants can be determined easily 
by a computation of characters of SL(2, C) and we get 

00 

2 (number of invariants of degree m) tm 

m=0 

= (l+«1 5)((l-ea)(l-«4)(l-«6)(l-*1 0))""1-

The invariants A, B, C, D of degrees 2, 4, 6, 10 generate a subring of the 
graded ring of even projective invariants and the above formula shows that 
the subring is actually the ring of all even invariants. We then recall a 
simple lemma which can be stated as follows. Suppose that k is an algebrai
cally closed field and G an algebraic group over h such that every &-repre-
sentation is completely reducible. Then, for every affine ^-algebra R = 
k\xx, ...,xn] on which G acts linearly (in xt), the natural morphism Spec(22)-> 
Spec(i2G) is surjective. We can apply this lemma (taking k = Q,G=SL(2,€)) 
and the previous remark to show that, if we evaluate A, B, C, D at the 
sextic 

xy{*-y) (x-hy) ( * - ^ ) (x-*•<&)> 

then A1? A2, A3 are integral over the subring of elements of degree 0 in the 
ring of fractions of C[A, B,C,D] with respect to powers of D. The structure 
theorem of the complex variety of moduli is an immediate consequence of 
this fact. 

Finally we add a few words about the problem of determining the struc
ture of S in general. We know that we can restrict modular forms in © to its 
boundary components and in this way we get homomorphisms of S from 
degree p to smaller degrees. The fact is that these homomorphisms known 
as Siegel operators are almost surjective. Therefore, if we know the kernel 
of the Siegel operator from degree p to degree ^ — 1, we can roughly deter
mine the structure of S by an induction on p. Now if we restrict to additive 
structures, we have the so-called Selberg trace formula which expresses the 
dimension of each homogeneous part of the kernel by a certain integral 
extended over the fundamental domain of V [4]. It might be that such 
integrals are connected with some group characters and with something 
much simpler in non-archimedean geometry. Even if this is just wishful 
thinking, still we should try seriously to calculate the trace formula expli
citly. In fact, it is almost certain that the multiplicative structure of S is 
determined at most up to a finite number of possibilities by its additive 
structure. 
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PROJECTIVE INVARIANTS OF PROJECTIVE 
STRUCTURES AND APPLICATIONS 

By DAVID MUMFORD 

The basic problem tha t I wish to discuss is this: if F is a variety, or scheme, 
parametrizing the set, or functor, of all structures of some type in projective 
Ti-spaee Pn , then the group PGL(n) of automorphisms of P n acts on V. Then 
under what conditions does there exist a quotient or orbit space V/PGL(n), 
i.e. when can we construct enough "projective invariants" for these struc
tures? For example, let V parametrize the set of hypersurfaces of degree m, 
with certain types of singularities; or let V parametrize the set of tri-cano-
nical space curves of given genus, or even n-canonical surfaces with at 
most "negligible singularities" [1]; or let V parametrize the set of 0-cycles 
of degree m in Pn ; or let V parametrize the set of all morphisms of a fixed 
scheme X into P n . Moreover, I wish to illustrate how such questions are 
one essential step in several basic existence and construction problems of 
algebraic geometry. 

One approach to this problem is afforded by the invariant theory of the 
representations of reductive groups. Here you generalize the problem first: 
consider an arbitrary action of an algebraic group G on a, variety (or scheme) 
V and seek an orbit space V\G. Then you specialize the problem by (a) 
assuming G is reductive, (b) restricting attention to quasi-projective orbit 
spaces VjG. Of course, if, in particular, the characteristic is 0, PGL(n) is 
reductive. Now suppose you have a projective embedding FczP^. If F is a 
normal variety, and if this embedding is defined by a complete linear system 
on V, it is possible to prove tha t the action of G on V extends to an action 
of G on P#. In any case, if this occurs, I say tha t G acts linearly on F c P^. 

Now, if the action of G is linear, its action is induced by a linear and 
unimodular representation of some finite covering G* of G on the affine 
cone A^+ 1 over the ambient P#. Then I make the definition: 

A point x G V is stable tor the action of G on V, relative to the embedding 
FcPjy , if for one (and hence all) homogeneous points x*EAN+1 over x, (i) 
the stabilizer of x* is a finite subgroup of G*, and (ii) the orbit of x* under 
G* is closed in A^+1. 

Now assume tha t a reductive algebraic group G acts linearly on F c P^. 
The fundamental theorem is this: 

THEOREM. The set of stable points forms an open set U in V, and a quasi-
projective orbit space UjG exists. 

In case G is semi-simple and of characteristic 0, I can say more. First, let 
us call the action oc: G x 7 - > F of (r on F a proper action if the morphism 
0C'<Pr2:Gx F - > F x V is proper (see [2]). Then: 

THEOREM. (1) A point x£V is stable if and only if there is a hypersurface 
section H of V which is invariant under G, and such that x$H and the orbit of x 
is closed in V~H. 

(2) The action of G on the set of stable points U is proper. 
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(3) If G acts properly on V, and if a quasi-projective orbit space V/G exists, 
then for some projective embedding F c P ^ } every point of V is stable. 

Finally, if G is any reductive algebraic group in characteristic 0, then I 
can analyze the manner in which stability breaks down in the following 
way: 

THEOREM. If xEV is not stable for the action of G, then there is a Borei 
subgroup BaG and a 1-parameter subgroup Gma B such that, if Gm is any 
conjugate of Gm in B, then x is not stable for the action of Gm on V. 

These results are not definitive: I conjecture tha t they all are valid for 
semi-simple groups of any characteristic. However, they suggest the kind 
of answer tha t should be found for the original question: to every type of 
structure in P n , there is a stability condition which is sufficient and, in 
general, necessary for the existence of enough projective invariants to 
classify these structures; and, moreover, this stability condition is always 
of the form: there is no flag in P n which has "too high an order of contact" 
with the given structure. 

The following case has been worked out exhaustively by myself and 
J . Tate in all characteristics, and even over the scheme of integers: let V = 
(Pn)m, i.e. V parametrizes ordered 0-cycles of degree m in P n . Then relative 
to the Segre embedding of V, a point x = (xx,x2, ....,xm) is stable if and only if: 

For all linear subspaces L c P n J then: 

(number of points x% in subspace L) dim (L) + 1 

(total number of points xt) n + 1 

Then in all characteristics, or even over the scheme of integers, the set of 
stable 0-cycles forms an open set i7cz(Pn)m, and a quasi-projective orbit 
space UjPGL(n) exists. In fact, U is a principle fibre bundle over U\PGL(n). 
Our techniques are entirely elementary (see [3] and [6]). 

I would like to illustrate how this simple result can be used to prove the 
existence of (i) a moduli scheme for polarized abelian varieties, and (ii) 
(according to a suggestion of Grothendieck) the Picard scheme of any 
variety.(x) First, let me fix some notations: if Ucz(Pn)

m is as above, let 
Qntm = UjPGL(n). Second, since U is a principal fibre bundle over QUt m 

with group PGL(n), if PGL(n) acts on any scheme X, we can form an as
sociated fibre bundle with fibre X; in particular, if X = P n , denote the associ
ated fibre bundle by P n § m . Let n: Pn.m~>Qn,mbe the bundle morphism. I t is 
easy to see tha t the bundle Pn,mlQn,m n a s m distinguished sections Si'.Qntm-> 
Pn%m associated to the maps which take the ra-tuple (a^,^,. . . ,#m) to its i th 
factor xt. Intuitively, regard P n , m plus the collection of sections (st) as the 
universal family of projective n-spaces with given stable 0-cycle of degree m. 

To simplify the t reatment of the moduli problem, let us consider only 
the question of finding a quasi-projective variety Mgd whose points para
metrize "natural ly" the set of all abelian varieties A ot dimension g, plus 
a very ample(2) divisor class D such tha t (D9)=d-g\ For the question of 

(*) In fact, it can be used to prove much stronger results on the existence of relative 
Picard schemes: see [4], 

(2) in the sense of Grothendieck, i.e. induced via a projective embedding. 

37-622036 Proceedings 
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making explicit the sense of the word "naturally", and the question of 
replacing D by its numerical equivalence class, see [6]. Now pick any n such 
that the characteristic does not divide n, andn>d-Vgl. Let v=n2°. Then 
consider the following set: 

Subvarieties AaPd_lv such that 

(a) 7t(A) is a single point q€Qd-i.v, 
(b) the degree of A in jr-1(g) equals d-gl, and the dimension of A is g, 
(c) A admits a structure of abelian variety such that {st(q)}, for i = 

1,2,...,? is the set of points of order n. 

Then, on the one hand, this set is parametrized naturally by a locally closed 
subset of a suitable Chow variety. But, on the other hand, it is isomorphic 
to the set of abelian varieties A of dimension g, plus a very ample divisor 
class D such that (D9) =d-g\, plus an ordering of the set of points of order 
n. [Namely, one can prove that the inequality n>d'Vgl insures that the 
set of points of order n form a stable 0-cycle in P d - 1 via the embedding defined 
by the complete linear system | D |. Let q be the equivalence class of this 
0-cycle mod PGL(d — I); then there is a unique identification of 7r_1(g) with 
the Vd_x ambient to A, under which st(q) corresponds to the ith point of 
order n. Then A is embedded in n~1(q)ciPd_1 v via this identification.] 
Therefore, the set of all A, plus D alone, is parametrized by the quotient 
of this set by the group of permutations of v letters. As such a quotient of 
a quasi-projective variety is well-known to exist, this solves the problem. 

To simplify the treatment of the Picard scheme of a projective variety V, 
let us consider only the construction of the reduced and connected Picard 
scheme. The question then may be loosely described as that of finding a 
variety P whose points parametrize "naturally" the set of all Cartier 
divisor classes D o n F which are algebraically equivalent to 0. But this is 
equivalent to doing the same for the set of all Cartier divisor classes D on V 
which are algebraically equivalent to some fixed very ample divisor D0. But 
if D0 is chosen sufficiently ample, and if we associate to each divisor class D 
the morphism </> : F->Pn defined by the complete linear system | D |, then 
this set will be isomorphic to the set of orbits under the group PGL(n) in the 
set of morphisms cf> : F->Pn which are algebraically equivalent to a fixed 
</>0 : F->Pn. This is a problem of the type originally posed. 

It can be reduced to the 0-cycle problem already solved as follows: pick 
a large number of sufficiently generic points x1}x2,...xN in V, i.e. such that: 

For all </) : F->Pn algebraically equivalent to <f>0, the set of points <f>xx, 
</>x2, ...,<f)XN is a stable 0-cycle in Pn. 
Then consider the following set: 

Morphisms </>: V->PnN such that 

(a) 7zo<f> maps F to a single point q€Qn.N, 
(b) st(q) =<f>{xt), 
(c) <j>, as a morphism from V to 7i~1(q) = Vn is algebraically equivalent 

to<f>0. 

Then on the one hand this set is parametrized by a locally closed subset of 
a suitable Chow variety (i.e. via the graph of <f>), and on the other hand it is 
isomorphic to the set of orbits described above. 
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Here is another example of a stability condition and the resulting quotient 
theorem. Assume the characteristic is 0, and consider, instead of sequences 
of points in Pn, sequences of linear subspaces of any dimension. Thus, if 
Grasskt7l stands for the Grassmannian of ^-dimensional linear subspaces of 
Pn, I ask for orbit spaces of the type (Grassktn)

mjPGL(n). Then, in fact, 
relative to the usual Plücker embedding of the Grassmannian, and to the 
Segre embedding of this product, it turns out that a point x = (LvL2, ...,Lm) 
of (Grasskn)

m is stable if and only if: 

For all linear subspaces LczPn, then: 

2 (dim (LPiL<) + l) 
(dimZ+1) 

2 (dim Lt + 1) (n+l) 
i 

Then, by the fundamental theorem, the set of stable points forms an open 
set U, and an orbit space U/PGL(n) exists. 

This result can be applied to the problem of classifying vector bundles 
over a variety in exactly the same way as the result on 0-cycles was applied 
to the problem of classifying line bundles, i.e. Cartier divisor classes. Of 
course, it is well-known that the set of vector bundles even over an algebraic 
curve is not a separated space; in fact, it is not even locally separated, 
because of the "jump" phenomenon noted by Kodaira and Spencer [5]. 
However, again, a basic stability condition avoids all these difficulties. For 
simplicity, let us consider only vector bundles over a fixed-curve C. 

DEFINITION. A vector bundle E is stable if for all sub-bundles F, 

v̂ , ^ v̂ ,̂ .v rank F 
D e g c ^ X D e g c ^ E ) . ^ ^ , 

where cx denotes the first chern class. 
In other words, a vector bundle is stable if all its subbundles are "less 

ample" than itself. To illustrate the stability condition, let me mention 
its simplest properties: 

(i) If ii is a line bundle, then E is stable if and only if E®L is stable; 
moreover, E is stable if and only if Ë is stable. 

(ii) If Ex and E2 are two vector bundles, E1@E2 is never stable. 
(iii) A line bundle is always stable. 
(iv) If a vector bundle E of rank 2 is not stable, then either E is isomor

phic to L±@L2, or there is a unique sub-bundle L for which > holds 
in the definition and E can be canonically described as an extension. 

Then I can prove the following theorem: 

THEOREM. The set of all stable vector bundles of rank r over a fixed curve C 
in characteristic 0 is "naturally" isomorphic to the set of points of a non-
singular quasi-projective variety Vr(C). 

A more complicated example of a stability condition is given by the 
action of PGL(2) on the variety of plane curves of degree n. There seems 
to be no simple general rule describing when a plane curve is stable; however, 
I can prove that if n>3, then at least every non-singular curve is stable. 
For low values of n, the precise answer is given by: 
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n Stable curves 

1,2 None. 
3 Non-singular. 
4 No triple points and no tacnodes. 
5 No triple points with 3 coincident tangents, 

or with 2 tangents forming a tacnodo. 

To conclude, I want to pose a question tha t seems to me to be the most 
interesting problem in extending the results discussed above. Moreover, I 
think this problem is the central one on the road to solving the general 
problem of algebraic moduli of polarized non-singular varieties. The question 
is: when is the Chow point of a non-singular subvariety V c P n stable (in the 
usual projective embedding of the Chow variety)ì Perhaps more reasonable is 
the stabilized form of this problem: Given a subvariety Fc=P n , when is 
there an nQ such t ha t if n>n0, the Chow point of V in the n-nle embedding 
F c P ^ is stable? I have no conjecture to make. 
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TRANSFORMATION OF MARKOFF 
PROCESSES 

By G. A. H U N T 

In developing the theory of Martin boundaries for diffusion processes or 
for Markoff processes with countably many states it has sufficed to treat 
in detail the exit boundary, deriving by duality the properties of the entrance 
boundary; this state of affairs apparently persists so long as one discusses 
Markoff processes for which the exit boundary has a straightforward defini
tion. On the other hand, the construction of the entrance boundary makes 
sense in situations where one is puzzled how to define the exit boundary, 
so that finally the entrance boundary must be dealt with directly. This 
can be done rather simply, as I shall describe, using ideas from recent 
papers by Dynkin, Hunt and Ray (see the references). 

Let Pt(x, dy) be a transition function on the separable locally compact 
space £. To lighten the exposition I shall assume that whenever / is a 
continuous function on £ vanishing at infinity the function Pt f, 

>-!. Ptf(x) = ) PAz,dy)fty), (1) 

has the same properties and tends uniformly to / as t decreases to zero. In 
order to define the Martin boundary one must also impose some condition 
on the kernel Ux(dy), 

Ux(E)=rPt(x,E)dt ( l e g ) (2) 

I shall assume that whenever E is compact UX(E) is bounded in x. 
A positive measure rj on £ is excessive if it is finite on compact sets and 

if for each t it dominates the measure rjPt, 

rìPt(E) = jrì(dx)Pt(x,E). (3) 

The nontrivial excessive measures form a cone TM in the space of measures 
on £, which we suppose given the weak topology. For our purposes one 
should identify proportional excessive measures; so we take TM* to be the 
space of rays of TM, with the topology it inherits from TM. 

I t is now easy to define the Martin boundary, or rather the Martin comple
tion of £. Under our hypotheses the map #-> Ux is a continuous injection of 
£ into Tfl, and the images of distinct points lie on distinct rays. We shall 
suppose this map to be in fact a homeomorphism of £ on a subspace of Tfl. 
(This hypothesis serves only to simplify the language.) The map x->Ux 

composed with the natural map of Tfl on Tfl* gives a homeomorphism of 
£ on part of Tfl*, and from now on we shall identify £ with its image. The 
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Martin completion £* is then the closure of £ in TM*, while the Martin 
entrance boundary is £ * — £. 

In the context of the entrance boundary it is desirable to enlarge the 
current notion of Markoff process, as in [2], by permitting spaces of infinite 
measure and providing an initial as well as a terminal time. To be precise, 
we shall understand by Markoff process a triple (X, S, T) with the following 
properties. 

There is a measure space (D, J)), perhaps of infinite measure. S and T are 
measurable real functions on Q satisfying the inequality S<T. The function 
X = X(t, co) is defined for co in Q and t in the open interval (S(œ), T(œ)), 
and its values lie in £. For s real and E a compact subset of £, the subset 
As, E ot Q defined by the conditions 

S(co)<s<T(co), X(s,co)£E, 

is a measurable set of finite measure. Finally, denote by T' the restriction 
of T to AS,E and by X' the restriction of X to the set of pairs (t, œ) for 
which co G AS.E and s < t < T(co); then (X', Tf) must be a Markoff process in 
the usual sense, having AUE tor basic measure space, T' for terminal time, 
and Pt(x, dy) for transition function. 

In view of the last condition, the only significant extension is the intro
duction of an initial time, which suggests studying the initial behavior of 
a Markoff process. 

A Markoff process (X, S, T) determines a measure f on £ by the formula 

C(E)=\ P(d(o)\ XE(X(t,co))dt, (4) 
Jn J s(m) 

where %E is the characteristic function of the set E. In order to temper the 
initial behavior of the process we shall consider only processes for which £ 
is finite on finite sets. Under this restriction f is excessive. 

Given a Markoff process (X, S, T) we may regard X(t, co) as a point of 
£*, using the imbedding of £ in £* described above. We shall prove that, 
for almost all co, the point X(t, co) has a limit in £* as t decreases to S(co). 
This statement, in itself unexciting, contains in germ most of what is known 
about the relations between the Martin boundary and Markoff processes. 

Let us first consider a simple situation in which no difficulties arise. 
Assume that P(Q) is finite and that Uxh is identically 1 for some strictly 
positive continuous function h on £. Take A to be the set of all excessive 
measures a that satisfy 

/ . ' 
h(x)oL(dx)<l. (5) 

It is in this compact set, rather than in £* itself, that the discussion of 
convergence will take place. We identify £ with a subset of A by the map 
x->Ux; extending this notation, we shall at times denote an element a of 
A by Ua. 

If / is a positive continuous function on £ with compact support, the 
function F(x) = Uxf is bounded and dominates PtF for each t. Therefore 
the random variables 
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<p(t, f, co) = 

{sun F, t<S(œ), 

F(X(t,co)), S(co)<t<T(co), 

0, t>T(co), 

form a bounded supermartingale. Since D, has finite measure, martingale 
theory ensures the existence of the limit 

rjtof = lim cp(t,f,co), (6) 
t^S(m) v ' 

for almost all co. Using (6) for a properly chosen countable family of func
tions /, we find that for almost all co the measure UX(t.at) converges to an 
element rja ot A. 

In order to transfer the convergence from A to £* we must prove that 
r]m is almost certainly not the zero measure; we shall in fact establish 

1 h(x)rjto(dx) = 1 for almost all co. (7) 

To simplify the proof we shall suppose S to be identically — oo. Denote 
by ju the distribution measure of the random point 7]^ of A, by Q.t the set 
on which T exceeds t, by jut the distribution measure of X(t, co) regarded 
as a random point of A defined over Qt. By what has been proved, jut tends 
weakly to [i as t-> — oo5 so that 

f ^(efa) f UJdx)f(x)-+{ p(d*) f Ux(dx)f(x) (8) 
JA Je J A Je 

for every function / which is continuous on £ and has compact support, 
for then Uxf is continuous in a. The convergence 

J^Mdoc)Ua/C (t^~°°), (9) 

is also immediate; one has only to observe that a formula like (4) relates 
the measure J Uxju,t(d(x,) to the process obtained from (X, S, T) by replacing 
S by t and restricting the underlying measure space to Qt. From (8) and 
(9) follows the representation 

C = J Uap(d*), (10) 

to which we shall return; at the moment we note only that (10) implies 

UJipi(daL). (11) 
/ . * * - / . * 

Since fit is concentrated on £ and Uxh=l tor every x in £, relation (9) 
implies 

^(A) = j UKh/At(doc) ->\ h dì:, 
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so that Ih dì: is just /J(A). This equality, relation (11) and the fact that 
Uuh cannot exceed 1 together imply that Uxh=l for all a in A, excepting 
a set of //-measure zero. Thus (7) holds, and the proof is complete for the 
simple situation. I t should be noted that the proof does not involve the 
hypotheses we have made about the transition function; it is valid when 
£ can be properly imbedded in the Martin completion and the process has 
sufficiently regular sample paths. This remark will be needed for the appli
cation we are about to make. 

Let now (X, S, T) be an arbitrary Markoff process, subject to the restric
tion that the measure £ is finite on compact sets. We shall employ a trans
formation studied by Dynkin [1] in another context to reduce the situation 
to the simple one. Choose a strictly positive continuous function g so that 
§gd£ is finite and G(x) = Uxg is continuous in x; the existence of g is ensured 
by our hypotheses on Pt(x, dy), and G is clearly strictly positive. Define a 
new transition function by the formula 

P't(x,dy) = -^Pt(x,dy)G(y). 

The corresponding kernel is then 

U'x(dy) = ^-)Ux(dy)G(y). 

According to these formulas the Martin completion of £ determined by 
P\(x,dy) may be identified with the one determined by Pt(x,dy). 

Construct also a new process (X1', S', T') over a measure space (Q', p ' ) . 
The set O' is the part of QxB comprising the points co' = (co, Q) for which 
S(co)<o<T(co), and P ' is the measure 

P W ) = P'(dco, do) = g(X(Q, co)) J)(dco) do, 

where do stands for Lebesgue measure. By (4), the total mass of Q' is 

gd£, 
J i 

which is finite. Finally, set 

S(co') = S(co), T(co') = Q, X'(co', t) = X(co, t), 

P'(Q') = £ 

for co' = (co, Q). Evidently the sample paths of (X', S', T') begin in just the 
same manner as those of the original process (X, S, T). 

One easily verifies that (X', S',T') is a Markoff process corresponding to 
the transition function P't(x, dy) and that the measure related to it by (4) 
is G(x) Ç(dx). Thus we have only to take h' to be g/G to show that we have 
reached the simple situation. 

Consequently, for almost all co', the point X'(t, co') has a limit in £ * as t 
decreases, and on reviewing the definitions we obtain the corresponding 
statement for (X, S, T). 

The convergence being established, one can use standard arguments to 
explore the relations between Markoff processes and the Martin completion. 
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I t is not hard to prove, for example, t ha t in the representation (10) of £ 
almost every measure UK is an extreme point of A, and tha t f has essen
tially just one such representation by extreme excessive measures. I n this 
way one obtains the analogue of the Poisson-Riesz-Martin representation 
for excessive measures t ha t arise from a Markoff process; unfortunately, 
one must enlarge still further the notion of Markoff process to obtain the 
result for all excessive measures. 
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T H E BROWNIAN MOTION AND TENSOR 
F I E L D S ON R I E M A N N I A N MANIFOLD 

By KIYOSI ITO 

1. Introduction 

The Brownian motion f(t) on an r-dimensional Riemannian manifold Mr 

is defined as a diffusion process with the generator 

g = WjViVj, (l.i) 

where Vf denotes covariant differentiation. The paths of the Brownian 
motion can be constructed by means of the stochastic differential equation 
[1,2,3]. We shall denote with Pa the probability law of the Brownian motion 
starting at a point aEMr and the corresponding expectation with Ea. 

Let / be a scalar field on Mr. I t is clear by the definition that 

u(t,a)=Ea[fWm (1.2) 

satisfies a heat equation. 

^ » i ^ V i V / W (1.3a) 

with the initial condition 

u(0 + ,a)=f(a). (1.3) 

Our problem is to establish a similar fact in case / is a vector field fk or 
more generally a tensor field fjClk2...kp- We cannot replace / in (1.2) with 
fktk2...kP, because /A^ A,... &„(£(*)) i s a tensor attached to the point £(t) which 
varies with t, while u(t,a) should be attached to a= | (0) . Therefore we shall 
shift fa—kp(l;(t)) back to a= | (0) along the path f by parallel displacement. 
Denoting with Tçtt the parallel displacement along £ from a=f(0) to £(t), 
we can prove that 

ukl...kp(t,a) = Ea[Tl)fkl...kp(m)l (1.4) 

satisfies a differential equation of the same form as (1.3): 

^wÄ1...fcp = |örwViV^Ä1...ÄP. (1.5) 

In order to define the parallel displacement T^t used above, we cannot 
use Levi-Civita's definition in its usual form because of the non-differentia
bility of the Brownian paths. We shall define Tçtt as follows. Let 

A:0 = f 0 <^<. . .<^ n =^ (1.6) 
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be a division of the time interval [0,f], make a polygonal curve £&(t) which 
consists of the geodesic curves connecting £(ti_i) with f(^), i = l,2,...,n, and 
denote with T^t the Levi-Civita parallel displacement along | A . Then we 
can prove that T% t tends to a limit in probability as | A| =ma,xi(ti—ti_1) 
tends to 0. This limit is defined to be T^t. 

Noticing that the operator A =dô+ôd introduced in the Hodge theory of 
harmonic tensor fields by Kodaira and also by Bidal and de Rham is 
expressed in the form [5] 

A = — gli Vi V/+linear transformation (1.7) 

and modifying the transformation T§tt slightly in the above discussion, we 
can also get a solution of 

p, 

^Ukx...kp= - iAw Ä ; i . . . fc p (1.8a) 
ct 

with the initial condition 

ukl...kP(0+,a) = fkl...kp(a) (1.8b) 

As was proved by Milgram and Rosenbloom [4], ukl... kp( + oo,«) is the har
monic tensor field with the same periods as f k l . . . kp(a) in case Mr is compact. 
We shall discuss this in a separate paper. 

2. The paths of the Brownian motion on a 
Riemannian manifold 

The Brownian motion on a Riemannian manifold Mr is a diffusion (a 
strict Markov process with continuous paths) with the generator 

g=WJViVi 

™ dxW 2y Xiidxk = V/i-i^Tg-A. (2.1) 

Introducing ak and mk by 

2^<rÌ = sriy, (2.2 a) 
k 

m^-yVfi (2.2 b) 

and solving a stochactic differential equation 

dS\t) = CTÙIW) dßk(t) + m\S(t)) dt, (2.3 a) 

!*(())=«* (2.3 b) 

(ß is the ^-dimensional Wiener process), 
we can construct the paths of the Brownian notion starting at a ê Mr. See 
[1, 2 and 3] for the details. 
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3. The parallel displacement along the Brownian paths 

Since almost all paths are non-differentiable, we shall define the parallel 
displacement along the Brownian paths as follows. 

Let (ijk(t), k = l,2,...,r) be the Brownian notion on Mr starting at a = (ak) 
and <x.icxkx-..kp be a tensor attached to a. Let 

A:0=t0<t1<t2<...<tn=t (3.1) 

be a division of the time interval [0,t], make a polygonal curveÇ&(s), 0<s<t, 
which consists of the geodesic curves connecting |(^_i) with f(^), i = I, 
2,...,n, and denote with a^. . .*^) be the tensor obtained from ockl...kp by 
the Levi-Civita parallel displacement along | A . Then we have 

THEOBEM 1. As |A| =ma,xi(ti—ti_1) tends to 0, (x.^...ip(t) tends in probabi
lity for each fixed t to the solution (Xilm..ip(t) of the stochastic differential 
equation 

dockl... kP(t) 

=I r?kv(i(t)) **i •.. *-!**,+! • •. kP (t) d?(t) 
v 

+ ïlgmiW)) [ U (!(<) + TkMt))TUm)\ 

X<Zk1...kv-ikkv+i...kp(£(t))dt 

+ ÌIgm,M))rk
mklÀm))rkW)) 

xotkx... kß-ikkß+1... fc„_i ikv+1... kp(Ç(t))dt, (3.2 a) 

with the initial condition 

akl...kp(Q) = 0Lk1...kp. (3.2 b) 

See [1,2] for the meaning of the this equation. 
Definition. xkl...kp(t) is called the parallel displacement of ockl...kp along | . 
We shall sketch the proof of this theorem. 

Noticing the symbolic estimation 

A f W A r ' W - ^ I W A * (3.3) 

(see [2] for the exact meaning), we can ignore o((Afl(£))2) as well as o(A£). 
Therefore the geodesic curve G connecting a=£(t) with ò=|(£ + A£) is 
approximately 

x\t) =al+ (b1 -al)t + ̂ Ç^ T)k(a) (V - aj) (bk - ak). (3.4) 

Therefore the tensor ßkx... kp at 6 obtained from ockx... kP at a by the Levi-
Civita parallel displacement along C is approximately given by 
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ßkx...kp~akl..mkp + ^rk
kv(a)<Xkx...kv_1kkv+1...kp(b

i-al) 
V 

+ \ë^{oJ) + V\kv(a)Tk
ml(a) 

xockl...ky^kkp+L..kp(a) (bm - am) (V - a1) 

+ 2 2 iikv(a)Tmk (a)oCix...ifl^1kifl+i...iv_iliv+i...ip(a) 

x ( 6 m - a m ) (&*-«*). (3.5) 

using (3.3) we shall get the stochastic differential equation (3.2 a) for 
<Xix...ip(t). 

4. Heat equation 
Using the notations as in section 3, consider the mapping 

Tç,t : 0Ckx... kp->(Zkx... kP(t) (4.1) 
and the tensor 

ukl... kp(t, a) = Ea(Tl]fkl... kp(Ç(t))) (4.2) 
Then we have 

THEOREM 2. ukl..,kp(t,a) satisfies the heat equation 

^f;Uk1...kP = igiJViVJuklm..kp. (4.3) 

The Markov property of the Brownian motion implies tha t 

^kx...kp = Aukx...kp, (4.4) 

u AI T fkx...kp(t, a) — fk kp(a) 
where Afkl.. mkp = hm— - - p-—. (4.5) 

i-0 t 

To identify A with jglJVtVp it is enough to compute E(T^\ A1---ip(l(0) 
neglecting o((d£1)2) as well as o(dt). Though the computation is com
plicated, the technique is essentially the same as in [1]. 
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BEPOÜTHOCTHBIE 
HßEH B SPrOAHqECKOÏÎ TEOPHH 

Ü. T. CHHAH 

B HacTonnjee BpeMH npoHCxojprr BecbMa HHTeHCHBHoe pa3BHTne aprojrn-
necKoft Teopnn. B npe^JiaraeMOM aoKjia^e öyaeT saTpoHVTa lacTb nocjiejpnix 
JJOCTHÎKeHHË B BTOH OÖJiaCTH, CBH3aHHafl C HOBHMH H êHMH H MeTOßaMH, 
npnnieAniHMH H3 Teopnn BepoHTHOCTen. IlepBOË paöoTOÄ, vj^e BTH HOBHC 
n^en n MeTOAH noHBHJincb, ÖHJia paöoTa A. H. KojiMoropoBa [26]. IIOHATHC 
9HTponnn flHHaMHHecKOö CHCTCMH H noHHTne üT-encTeMH, BBefleHHHe B [26], 
3aHHJin B HacTomnee BpeMH npoHHoe MCCTO B MeTpn^ecKOô Teopnn jjHHaMH-
HecKHX cncTeM. Cefinac y?Ke HCHO, HTO npoHCxoAHnpm Ha Haninx rjia3ax 
nporpecc o6n3aH CBOHM cymecTBOBaHneM He CTOJIBKO noHBJieHnio raejieH-
HOH XapaKTepHCTHKH ßHHaMHHeCKOH CHCTCMH BHTponHH, CKOJIBKO BHfle-
jieHHK) H HCCJieAOBaHHK) pojin TaK Ha3HBaeMHx B03pacTaiom;Hx c-ajireôp 
HJIH, HTO TO me, B03pacTaiomHx pa36neHHH (CM. § 1). üocjieflHHe npefl-
CTaBjiHioT COöOä, no eymecTBy, pe3yjibTaT nepepaöoTKH JJJIH coxpaHmomHX 
Mepy npeo6pa30BaHHH n^eö Teopnn BepoHTHOCTen, npHMeHHBmHxcH npn 
H3yneHHH BonpocoB peryjinpHOCTH H CHHryjinpHOCTH CTannoHapHHX cjiyna-
HHHx npoiiieccoB. Grapne HOHHTHH H npeacTaBJieHHH npnoopejiH npn BTOM 
HOBHH CMHCJI, OKa3aBinncB Hpe3BHHafiHO nojie3HHMH B nejiOM pnjje CTapHX 
npoÖJieM BproflHiecKOË TeopHH. M H HMeeM B HacTOHinHH MOMCHT JJO-
BOJibHO crpotayio TeopHH), jjajieKyio OT CBoero 3aBepnieHHH, HO yme ycTa-
HOBHBniyH) npOHHHe CBH3H C CJJVHKnHOHaJIbHHM aHaJIHSOM, BapHaî HOHHHM 
HCHHCJieHHeM, KJiaccHHecKOH MexaHHKofi, flH$$epeHi^HajiBHOH reoMeTpnefi 
H T. R. 

B OÖCTOHTeJIBHOM OÖ30pe B. A. PoXJIHHa [38] H3JIOÎKeHH pe3yjibTaTH, 
nojiyneHHHe nocjie noHBJieHHH paöoTH [26] flo 1960 r. C Tex nop HOHBHJICH 
pflfli HOBHX pe3yjIBTaTOB H npHMeHeHHH TeopHH. HeKOTOpHe H3 HHX, H 
npHTOM flajieKO He Bce, H3JiaraK)TCH ^ajiee. 

§ 1. Bo3pacTaK>npie no^ajireöpM H J£-CHCTeMM 
MeTpHHecKaH Teopnn AHHaMHHecKHX cncTeM npejnioJiaraeT 3a#aHHHM 

npocTpaHCTBO c Mepoö, T. e. MHomecTBO M, HeKOTopyio o*-ajireöpy © ero 
noflMHomecTB H Mepy [à, onpeaejieHHyio Ha BJieMeHTax H3 ©. OöHHHO orpa-
HHHHBaioTCH cjiynaeM, Kor#a M ecTb npocTpaHCTBO Jleöera c HenpepHBHOô 
Mepoö, T. e. H30Mop(|>HO mod 0 eaHHHHHOMy OTpe3Ky c OOHHHOë Mepoö Jle
öera. Teopnn npocTpaHCTB Jleöera H3Ji05KeHa B paöoTe B. A. PoxjiHHa [34], 
HpeSBHHafiHO BaîKHHM HBJIHCTCH $aKT BKBHBaJieHTHOCTH nOHHTHH H3Me-
pHMoro pa3ÖneHHH, neHTpajiBHoro B Teopnn npocTpaHCTB Jleöera, H HOHH
THH nojjajireöpH ajireöpn ©: npn noMonpi H3MepnMoro pa30neHHH f CTponrcn 
no^ajireöpa SDÎ(t) c-ajireöpn @, oöpa30BaHHan MHomecTBaMH, cocTaBJieH-
HHMH mod 0 H3 BJieMeHTOB pa3ÖHeHHH f, H, OÖpaTHO, flJIH BCHKOH noA-
ajireöpn ffll o'-ajireöpn © cymecTByeT ejüHHCTBemioe mod 0 pa3ÖneHHe f, 
fljiH KOToporo SDÎ = 3)Î(C)-
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B BTOM naparpa<j>e MH öy#eM HMCTB aejio B Hanajie c OTßejibHHMH aß-
TOMop$H3MaMH npocTpaHCTBa M, T. e. c B3aHM00flH03HaHHHMH npeoöpa30-
BaHHHMH npocTpaHCTBa M Ha ceÖn, coxpaHmonniMH Mepy p. MHoroHHCJieH-
HHe npHMepn Tannx aBTOMop$H3MOB 30CTaBJineT Teopnn BepOHTHOCTeÖ: 

«JIH KaîK^oro CTannoHapHoro (B y3KOM CMHCJie) npoijecca £ = {£n}, — °° < 
n<oo CABHr T : T | = | 1 = {|n}, f n = l n - l HBJIHeTCH aßTOMOp<J)H3MOM npO-
CTpaHCTBa peajiH3au;HH npoiiecca | . 

Ilosajireöpy SR ajireöpn © öy^eM Ha3HBaTb B03paeTaiomeä OTHOCHTCJIBHO 
aBTOMOp$H3Ma T, ecjin 

jPä)?3 3ft (cTporoe BKJiioHeHHe). 

H s ojnioro TOJibKO $aKTa eymecTBOBaHHH B03pacTaioin;eö no^ajireöpH 
3JÎ MOJKHO cfliejiaTb pna 3aKjnoHeHHö o cneKTpe yHHTapHoro onepaTopa U, 
COnpHÎKeHHOrO C aBT0M0p<|)H3M0M T, H 0 HaCTHHHOM nepeMeniHBaHHH MHO-
mecTB H3 © (CM. [38], [47]). 

B TOM nacTHOM cjiynae, Kor^a aBTOMop(|)H3M T npeflCTaßJieH KaK c^ranr 
peajiH3ai^HH HeKOToporo CTannoHapHoro npoiiecca £ = {£n}> ecTecTBeHHO 
paccMOTpeTb B KanecTBe noflajireöpn 3JÎ no^ajireöpy, nopoJKAeHHyio CJiy-
naöHHMH BejiHHHHaMH ^ npn i<0. OneBHflHO, HTO flJiH Hee Bcer^a T5DÎ=2Ïfê. 
YcjioBHe JTSDÎ^SOÎ BHAejineT KJiacc xopomo H3BCCTHHX B TeopHH BepoHT-
HOCTeö HecHHryjiHpHHx CTaî HOHapHHx npoiieccoB, cnocoÖHHX nepejjaßaTb 
BO BpeMeHH HH^opMai^Hio. HaoöopoT, cHHryjmpHHe npoijeccn onpe^e-
JIHIOTCH paßeHCTBOM T SD? = 3)?. CymecTBeHHo, o/maKo, HTO H B cjiynae 
CHHryjinpHHx nponeccoB BO3MOJKHO, HTO y cooTBeTCTByiomero aBTOMop-
c|)H3Ma cymecTByioT B03pacTaioin;He no^ajireöpH. HHTepecHHM npnMepoM 
MOJKCT CJIVJKHTB cjuBHr rayccoBCKoro CTannoHapHoro npoiiecca, y KOToporo 
cneKTpajibHan njiOTHOCTb (no jieöeroBCKoä Mepe) oöpanjaeTcn B Hyjib Ha 
HeKOTopoM 0Tpe3Ke (CM. [41]). Bannie OTMeTHTb HTO no,o;oÖHHe npHMepn 
H6B03M0JKHH, eCJIH | npOIieCC C KOHeHHHM HHCJIOM COCTOHHHÖ: H3 paBCHCTBa 
T SDÌ = 9K BHTeKaeT B BTOM cjiynae, HTO y aBTOMop$H3Ma T B03pacTaiomHx 
no^ajireöp Booönje cynjecTBOßaTb He MOJKCT. 

üepBHö mar B H3yneHHH B03pacTaioiirHx no^ajireöp COCTOHT B BH,n;ejieHHH 
CHHryjinpHoö nacTH aßTOMop<|>H3Ma T. npejninrynjee 3aMenaHHe noflCKa3H-
BaeT nyTb, cjieflyn KOTopoMy BTO MOJKHO cßejiaTb ßocTaTOHHO HHBapnaHT-
HHM OÖpa30M. 

IlycTb 2t—KOHeHHan no^ajireöpa. üojiaraeM 

« - = vTk% m= V A2*«-
fc<0 % k 

( V H A — oÖTbeAHHeHHe H nepecenenne no,o;ajrreöp). üo^ajireöpa 3DÏ — 
HHBapnaHTHa, T. e. T 9JÎ = 9JÎ. KpoMe Toro, AJIH JDOöOö nojjajireöpn ä R ^ ä ) ? 
H3 BKJiïoneHHH T Tl1^Tl1 BHTeKaeT paBeHCTBO T 9JJ1 = 9K1. 

ECJIH aBTOMop(j)H3M npe^CTaBJieH KaK c^BHr peajiH3anHH CTannoHapHoro 
cjiynaöHoro npoiiecca | c KOHIOHHHM HHCJIOM COCTOHHHö, TO no,n;ajireöpy SR 
MOJKHO nojiyHHTb nepeceneHHeM 

m=ATkm, 
k 

TRe SDÎ — no^ajireöpa, nopoJKßeHHan cjiynaöHHMH BejiHHHHaMH t-t npn i < 0 . 
üoflajireöpa 3DÎ ÖHJia BBe^eHa M. C. IÏHHCKepoM [32]. 
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B flajibHeömeM MH HCKJIIOHHM H3 paccMOTpeHHH aBTOMop$H3MH T, £JIH 
KOTOpHX SR=@, HJIH, HTO TO JKe, KJiaCC aBTOMOp(|>H3MOB, y KOTOpHX OT-
cyTCTByioT B03pacTaK)in;He no^ajireöpH (TaKne aBTOMop$H3MH MOJKHO eine 
oxapaKTepH30ßaTb paßeHCTBOM Hyjiio HX BHTponnn (CM. HHJKC)). 

Bo3pacTaioinaH nojjajireöpa SR Ha3HßaeTCH npocTOö, ecjin 

A^SR^SR. 
k 

MeTOflaMH paöoTH [41] MOJKHO noKa3aTb, HTO BCHKan B03pacTaioinaH nojjaji-
reöpa SR coflepjKHT TaKyio npocTyio nojjajireöpy Wv HTO V TkW = V Tk$Jlv 

k k 

BTO 3HanHT, HTO H3 nojjajireöpH SR MOJKHO BHöPOCHTB «Jinnrnne MHOJKC-
CTBa», KOTopne Öojiee ecTecTBeHHO nojiynaTb B npouecee ejranra MeHbmeö 
no^ajireöpH 3R15 neM HMeTb B caMoö ajireöpe SR. Bjiaroflapn BTOMy OKa-
3HBaeTCH, HTO npn H3yneHHH npoH3BOJibHHx B03pacTaioiu;Hx no^ajireöp 
MOJKHO orpaHHHHTbCH npocTHMH nojjajireöpaMH. 

Cpejn* npocTHx nojjajireop SR Bcer^a cymecTByioT (CM. [41]) BKCTpeMajib-
HHe no^ajireöpH. TaK MH Ha3HBaeM B03paeTaiomHe nojjajireöpH SR, AJIH 
KOTOpHX 

AT*SR = SR, vTfcSR = ©. 
k k 

H3yneHHe BKCTpeMajibHHx nojjajireöp CBH3aHO c TOHKHMH BonpocaMH 
Teopnn nepeceneHHÖ c-ajireöp. He BXO#H B noApoÖHOCTii, npHBe^eM oc-
HOBHHe $aKTH. 

9KCTpeMajibHan noßajireöpa Wl1 Ha3HßaeTCH coßepnieHHOö, ecjin JJJIH 
JIIOOOO BKCTpeMajibHoä no^ajireöpH SR^SRx 

A(TfcSR1v3R)=3R. 
k 

BajKHOö xapaKTepHCTHKOö BKCTpeMajibHoä noAajireöpn SR HBJineTCH 
ycjiOBHan BHTponnn i/"(jrSR|SR). M3BCCTHH npHMepn aBTOMop(J)H3MOB, y 
KOTopnx HMeioTCH eKCTpeMajibHHe nojjajireopn e pa3HHM 3HaneHHeM BTOö 
BeJIHHHHH [26]. 3aMeTHM B BTOÖ CBH3H, HTO flJIH TaKoro KJiaCCHHeCKOrO 
npHMepa aßTOMop$H3Ma, KaK c^Bnr nocjieflOBaTejibHocTH | = {|n} He3aBH-
CHMHX paBHOMepHO pacnpeaejieHHx Ha OTpe3Ke [0, 1] cjiynaöHHx BCJIHHHH 
JJJIH siio6oTO=h,0<h<oo 3JiH KOToporo HHCJIO 2h HBJIHCTCH TpaHcu;eHfleHT-
HHM, MOJKHO HaöTH BKCTpeMajibHyio noflajireöpy SR, AJIH KOTopoö 

#(TSR|3R)=Ä. 

CoBepmeHHHe no^ajireöpH xapaKTepii3yioTCH TeM, HTO AJIH HHX BejiHHHHa 
H(TWl\Wl) npHHHMaeT caMoe öojibnioe BO3MOJKHOC 3HaneHHe. 0Ö03HanaH 
ero nepe3 h(T), nojiyHHM TO, HTO Ha3HBaeTCH BHTponneo aBTOMop<j)H3Ma T. 
B cjiynae h(T)<°° paBeHCTBO H(TW\çSfl)=h(T) HeoöxojniMO H ^ocTaTOHHO 
fliJiH Toro, HTOöH BKCTpeMajibHan nojjajireöpa ÖHJia coBepnieHHOö. B ejiynae 
h(T) = °o HeTpyjüHO npHBecTH npHMepn, Kor^a BTO yJKe He TaK. CoBepmeH-
HHe noaajireöpn cjie^yeT cnnraTb Hanöojiee ecTecTBeHHHM aHajioroM yjKe 
ynoMHHaBineöcH, npHHHTOö B Teopnn BepoHTHOCTeö no,o;ajireöpH COöHTHH, 
3aßHCHm;Hx OT TeneHHH CTannoHapHoro npoijecca #o MOMeHTa BpeMeHH 0. 

H3BecTHan npoÖJieMa Bpro^nnecKOö Teopnn — npoÖJieMa cynjecTBOBa-
HHH cneTHoro oöpa3yioinero pa3ÖneHHH y aBTOMop<J)H3Ma T (CM. [38]). 
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IIoejieflHHH MOJKeT ÖHTb c(j)opMyjiHpoBaHa TaKJKe KaK npoÖJieMa npefl-
CTaBJieHHH aßTOMop$H3Ma T B BHfl;e c^BHra peajiH3anHH HeKOToporo CTa-
nnoHapHoro npoijeeca c He öojiee neM CHCTHHM HHCJIOM COCTOHHHö. OaKT 

cym;ecTBOBaHHH BKCTpeMajibHoä no^ajireöpH noKa3HBaeT, HTO HCHTO, npn-
cymee TaKOMy npeflCTaßJieHHio, conyTCTByeT aßTOMop$H3My T ßcerjja — 
BTO aHajior no^ajireöpH COÖHTHö, 3aBHCHn^nx OT noBe^eHHÖ npoijecca flo 
MOMeHTa BpeMeHH 0. 

BajKHeömHö KJiacc aBTOMop<i>H3MOB onpe^ejineTCH TpeöoBaHneM SR = 9?, 
rjje SÎ — TpHBHajibHan ff-ajireöpa H3 MHOJKCCTB MepH Hyjib HJIH ejrHHHna. 
B BTOM cjiynae aBTOMop$H3M T Ha3HBaeTCH ÌL-aBTOMop$H3MOM. Ü3 npeji-
Hßymero HCHO, HTO BKCTpeMajibHan no#ajireöpa SR AJIH ÜL-aßTOMop(J)H3Ma 

y^OBjieTBopneT cooTHOinemiHM 

vTfc3R = ©, AT*3R = 9î. 
k k 

TpeÖOBaHHe cymecTBOßaHHH B03pacTaion^ero pa3ÖneHHH SR c TaKHMH 
ABVMH CBOöcTBaMH MOJKHO B3HTb 3a eme OAHO onpeflejieHne Ä'-aßTOMOp-

$H3Ma [26]. Kor#a aßTOMop<j)H3M T ecTb cflBnr peajiH3anHH CTannoHapHoro 
nporjecca f, paßeHCTBO 

AT*3R = SR 
k 

,o;jiH noaajireöpH SR, nopojKfleHHOö cjiynaöHHMH BejiHHHHaMH ft npn i<0, 
npeßpanjaeTCH B onpeflejieHHe peryjrapHoro npoijecea HJIH, KaK eme npn-
HHTO roBopHTb, npoijeeea, yaoBJieTBopniomero 3aKOHy «Hyjin HJIH eflHHHirH». 
TaKHM oöpa30M, iT-aBTOMop$H3MH — BTO aHajiorH peryjinpHHx CTaiiHO-
HapHHX npoiieccoB. 

^-aßTOMop$H3MH BprojüHHHH. YHHTapHHO onepaTop, COnpHJKeHHHÖ C K-
aBTOMop$H3MOM, HMeeT B opToroHajibHOM aonojiHeHHH K noanpocTpaHCTBy 
nOCTOHHHHX CHCTHOKpaTHHÖ JieÖerOBCKHÖ CneKTp. ABT0M0p$H3M, OÖpaTHHÖ 
K ^-aßTOMOp({)H3My, H BCHKHÖ (|)aKTOp-aBTOMOp$H3M i£-aBTOMOp$H3Ma 
CHOßa HBJIHH)TCH X-aßTOMop$H3MaMH. MHTepecHH CBOöCTßa nepeMenraßa-
HHH, KOTOpHMH OÖJiaflaiOT J?"-aBT0M0p$H3MH. IlyCTb A H B JSßdi npoH3-

BOJibHHx MHOJKecTBa H3 y. B cjiynae npocToro nepeMemHBaHHH 

lim p(A n TnB) =[i(A)ii(B). 
n->oo 

ECJIH ecTb Kparaoe nepeMeniHßaHHe CTeneHH h, TO 

lim^A n TnxB n Tn*+n*B n ... n rBi+nan+-+n*JB)=/«(ii)|>(B)]fc"1. 
nx->oo 
na-»>oo 

ECJIH JKe T HBJIHCTCH üT-aBTOMOp(J>H3MOM. TO oöa npe^HflyinHx cooraonie-

HHH MoryT ÖHTb 3HaHHTejibHo ycHjieHH. Oöo3HaniiM nepe3 @fc c-ajireöpy, 
nopojK^eHHyK) MHOJKecTßaMH TnB, n>k. Tor^a 0Ka3HBaeTCH, HTO 

lim [sup \fi(A n C)-[i(A)ii(C)\\=0. (1) 
fc-»oo Ce@fc 

TaKoe paßHOMepHoe nepeMeniHBaHHe 03HaHaeT, KOHCHHO, ropa3jm öojiee 

38-622036 Proceedings 
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CHJibHoe ycjioBHe, neM oÖHHHoe nepeMeniHBaHne. OHO MOJKCT aajKe cjiyjKHTb 
onpe^ejieHHeM X-aBTOMop$H3Ma: BCHKHH aBTOMop(J)H3M T, HJIH KOToporo 
npn JIIOöHX MHOJKecTBax A H B BHnojmeHO (1), HBJineTCH ^T-aBTOMop$H3-
MOM. BTO JierKO BHTeKaeT H3 pe3yjnvraTOB paöoT [47], [41]. 

B Teopnn CTanHOHapHHX npoijeccoB H3BecTeH pnß ycnjieHHö noHHTHH pe-
ryjinpHOCTH: noHHTne «CHJibHoro nepeMeniHBaHHH» Po3eHÖJiaTTa [64], no-
HHTHe HH$OpMai];HOHHOH peryjIHpHOCTH H T. A. (CM. [15]). HeHCHO, OAHaKO, 
eymecTByeT JIH HJIH HHX jjocTaTOHHO HHBapnaHTHHe onpe^ejieHHH, KOTopoe 
C^eJiaJIH ÖH HX nOJie3HHMH AJIH BproAHHecKoö TeopHH. 

B npHJIOJKeHHHX BprOAHHeCKOH TeopHH K KJiaCCHHeCKHM AHHaMHHeCKHM 
cncTeMaM Hanöojiee BajKeH cjiynaö noTOKOB, T. e. HenpepHBHHx ojnio-
napaMeTpnnecKHX rpynn aBTOMop$H3MOB. Teopnn, aHajiornHHOö H3JIOJKCH-
HOH BHnie HJIH OAHoro aBTOMop$H3Ma, 3^ecb eme HeT. IlpuBe^eM Te $aKTH, 
KOTopne noKa H3BCCTHH. IlycTb {St} — noTOK. ,3|JIH KaJK^oro OT^ejibHoro 
aBTOMop$H3Ma Sr MOJKHO nocTpoHTb no,n;ajireöpy SR. HeTpyjnio noKa3aTb, 
HTO BTa nojjajireöpa SR öy^eT o^Ha H Ta JKe AJIH Bcex aBTOMop$H3MOB Sr. 
OcHOBHan TpyflHOCTb COCTOHT B TOM, HTO HeH3BecTH0, BHTeKaeT JIH Tenepb H3 
HepaBeHCTBa SR=|=@ cymecTBOBaHHe B03pacTaionjeH no^ajireöpH HJIH no-
TOKa, T. e. TaKoö nonajireöpn SR, HJIH KOTopoö 

^SR^SR 

npn Bcex t>0. OTBCT Ha BTOT Bonpoc Hen3BecTeH najKe B cjiynae 3R = SJ. 
HacTHHHHe pe3yjibTaTH B BTOM HanpaBJieHHH öHJIH nojiyneHH B. M. Ty-
peBHneM (He onyÖJiHKOBaHo). CjienyeT nonnepKHVTb, HTO Tpy^HOCTH, KO-
Topne 3ßecb HMCIOTCH, noxojKH Ha Tpy^HOCTH, BCTpenaiomnecH B Teopnn HH-
(JjopMaî HH B Bonpocax onpenejieHHH KOJinnecTBa HH(j)opMairHH, co3,naBae-
Moro B OflHOM nponecee o npyroM, 3a ejpiHHiry BpeMeHH (CM. [33]. 

IIOTOK {St} Ha3HBaeTCH Tenepb JT-noTOKOM (CM. [26]), ecjin cymecTByeT 
noAajireöpa SR, ynoBJieTBopniomaH VCJIOBHHM: 

1) ^SR^SRnpn^X); 2) V/SftSR = @H 3)A^3R = 9Î. 

iT-noTOKH BproAnHHH. CooTBeTCTByiomaH i^-noTOKy HenpepHBHan rpynna 
yHHTapHHX onepaTopoB HMeeT B opToroHajibHOM nonojraeHHH K nojnrpo-
CTpaHCTBy nocTOHHHHx cneTHOKpaTHHö jieöeroBCKHö cneKTp (CM. [47]). 
BCHKHH aBT0M0p$H3M Sr, BXOßHnjHÖ B if-nOTOK, HBJIHeTCH ÜT-aBTOMOp-
$H3MOM. IloBTOMy HJIH i£-noTOKa MOJKHO c^opMvjiPipoBaTb CBOHCTBa nepe
MeniHBaHHH, aHaJiorHHHHe (1). Hen3BecTH0, o^HaKO, MoryT JIH OHH Tenepb 
3aMeHHTb coöoö onpe^ejieHHe i£-noTOKa. 

§ 2. CjiaÖLIH H30MOp(J)H3M 

IlOHBJieHHe BHTponHH BHOBb C^eJiaJIO OCTpOÖ npOÖJieMy H30M0p(|)H3Ma 
AHHaMHnecKHx cncTeM. OKOJIO TpHp,naTH JieT Ha3a^ von Neumann pemnji ee 
HJIH HHHaMHHecKHx cncTeM c ßHCKpeTHHM cneKTpoM. C Tex nop öojiee 
HBajnjaTH nHTH JieT nponojiJKajiHCb nonnTKH pacnpocTpaHHTb pe3yjibTaT 
von Neumann'a Ha cjiynaö CHCTCM C HenpepHBHHM cneKTpoM. IIpenJiarajiHCb 
pa3JiHHHHe HHBapnaHTH, CTpoHJiHCb HHTepecHHe npHMepn, HO npoÖJieMa 
TaK H ocTajiacb OTKPHTOö. HaKOHeu;, cymecTBeHHHö c^BHr öHJI cnejiaH 
A. H. KojiMoropoBHM [26] BBeneHneM BHTponnn. 
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GraBinee ceönac yjKe TpannnHOHHHM BBeneHne BHTponnn ocymecTBjmiOT, 
HCXOHH H3 KOHeHHHX HJIH CHCTHHX pa3ÖHCHHÖ npOCTpaHCTBa M [37], [42]. 
IlycTb ^-pa30neHHe npocTpaHCTBa M Ha He öojiee neM cneTHoe HHCJIO MHO-
jKecTB nojiojKHTejibHOö Mepn B±, B2, ... IIojiaraeM 

Ä(q)=-2MÄi)log/Ä(Bi). 
i 

Kjiacc pa3ÖneHHÖ rj, HJIH KOTopnx H(rj)<°°, oöo3HanHM nepe3 Z. Bo3bMeM 
pa30neHHe rjn npocTpaHCTBa M Ha MHOJKecTBa TBX, ft T2 Bu ft ... ft TnB\n. 
M 3 Teopnn HH^opManHH H3BecTH0, HTO cymecTByeT npeneji h(T, rj) 

h(T,rj)=iim-H(rjn)). 
n-+oo n 

BepxHHH rpaHb sup h(T, rj) H ecTb BHTponnn h(T) aBTOMop(|)H3Ma T. 
rjeZ 

^ p y r o ö cnocoö onpenejieHHH BHTponnn, onncaHHHÖ B npenbinymeM 
naparpa$e, npnBOHHT K TOMy JKe caMOMy pe3yjibTaTy. HeTpyHHO noKa3aTb, 
HTO ycjioBHe h(T)>0 BKBHßajieHTHO ycjiOBHio SRc:©. TaKHM oöpa30M, Teo
pnn pa3BHTan B npenHnymeM naparpa^e, OTHOCHTCH K aBTOMop<j>H3MaM c 
nojiojKHTejibHOö BHTponneö. 

IlpocTeöniaH TeopeMa [42], no3BOJiHiomaH nacTO HaxoHHTb BHTponnio 
h(T), COCTOHT B TOM, HTO ecjin rj E Z ecTb oöpa3yiomee pa3ÖHeHne, TO Bepx
HHH rpaHb nnceji h(T,rj) nocTnraeTCH Ha rj (HanoMHHM, HTO pa3ÖneHHe Ha-
3HBaeTCH oöpa3yK)m,HM, ecjin c-ajireöpa, nopojKHeHHan MHOJKecTBaMH 
TkBt, — oo <Je<oo9 i = l} 2, ..., coBnanaeT c @). BTa TeopeMa noKa3HBaeT, 
HTO XOpOniO H3BeCTHHe B TeopHH BepOHTHOCTeÖ $opMyjiH HJIH BHTponnn 
Ha OHHH mar CTannoHapHoro nporjecca c KOHCHHHM HJIH cneTHHM HHCJIOM 
COCTOHHHö naiOT BHTponHH) aßTOMop$H3Ma, nopojKHeHHoro BTHM npoijec-
COM. B nacTHOCTH, ecjin CTaiijHOHapHHÖ npoijecc ecTb ijenb MapKOBa co 
CTaî HOHapHHM pacnpene-JieHHeM qt H MaTpnueö nepexona ||py||, TO ejnmr B 
npocTpaHCTBe peajiH3aHHö npoijecca, Ha3HBaeMHö B BTOM cjiynae aBTO-
Mop(J)H3MOM MapKOBa, HMeeT BHTponnio 

A(r)=-2g.2Ptfiogi»M. (2) 
i 3 

ECJIH nenb MapKOBa ecTb nocjienoBaTejibHOCTb He3aßHCHMHx cjiynaöHHx 
BeJIHHHH (Pij = qj), TO CHBHr Ha3HBaeTCH aBT0M0p(j)H3M0M BepHyjiJiH H B 
BTOM cjiynae (2) naeT: 

A(T)=-2ftlQgî«-
i 

BproHHnecKHe aBTOMop$H3MH MapKOBa c OHHHM noHKJiaccoM H aBTOMop-
$H3MH BepHyJIJIH HBJIHIOTCH KJiaCCHHeCKHMH npHMepaMH i£-aBTOMOp(J>H3MOB. 

B oÖ3ope [38] OTMeneHO, HTO BCHKHH aBTOMop(|)H3M T, y KOToporo cy-
DnecTByeT cneTHoe oöpa3yioinee pa3ÖneHHe^ ch(T) =h(T, rj) =H(rj) HBJIHCTCH 
aBTOMop$H3MOM BepHyjiJiH. ÜOHOÖHO BTOMy, aBTOMop$H3M MapKOBa xa-
paKTepH3yeTCH TeM, HTO HJIH Hero cymecTByeT cneraoe oöpa3yion^ee pa3-
öneHHe rj c h(T) =h(T, rj) =E(r\ \ T^rj). 

IlepBoe ynoTpeÖJieHHe BHTponnn, npHHanJieJKamee A. H. KojiMoropoBy, 
COCTOHJIO B pa3Ji0JKeHHH coBOKynHOCTH Bcex aBTOMop$H3MOB npocTpaHCTBa 



5 4 6 H . r . C H H A ö 

M Ha MeTpnHecKH HeH30Mop$HHe j rpyr n p y r y MHOJKecTBa aBTOMop$H3MOB, 
pa3JiHHaK)BD[HecH n o 3HaHeHHio BHTponnn. IIocKOJibKy TaKoe pa3Ji0JKeHHe 
MOJKHO npOH3BeCTH H CpeflH jK"-aBT0M0p<J)H3M0B, TO TCM CaMHM CTaJIO OHe-
BHHHO, HTO CneKTpaJIbHHX HHBapnaHTOB HJIH npOÖJieMH H30MOp<|>H3Ma He-
HOCTaTOHHO. B HaCTOHU^ee BpeMH RJIH aBTOMOp$H3MOB c HenpepHBHHM 
cneKTpoM H3BecTHH, Booönje, TOJibKO cjienyioniHe HHBapnaHTH MeTpn-
HeCKOrO H30MOp$H3Ma, n03B0JIHK)rqHe CTpOHTb npHMepH HeH30MOp$HHX 
MeJKHy COÖOÖ aBTOMOp$H3MOB: BO-nepBHX, CneKTp aBTOMOp$H3Ma, BO-
BTopnx, CHHryjinpHan nacTb aBTOMop$H3Ma, T. e. $aKTop-aBTOMop(j)H3M, 
HeöCTByiomHÖ Ha <J)aKTop-npocrpaHCTBe i ^ | S R , H , B-TpeTbnx, BHTponnn. 
MejKny 3THMH HHBapnaHTaMH HMeeTCH HeKOTopan CBH3B [38], HO M H Ha 
Heö 3necb He ocTaHaBJiHBaeMCH. CymecTBeHHO TOJIBKO, HTO B KJiacce K-
aBT0M0p$H3M0B H3 3THX TpeX HHBapnaHTOB OCTaeTCH OHHa BHTpOnHH. 
EcTeCTBeHHO nHTaTbCH BHHCHHTb, B03MOJKHO JIH HaJIbHeÖniee pa3JIOJKeHHe 
Ha MeTpnHecKH HeH30M0p$HHe MeJKHy coöoö noHMHOJKecTBa coBOKynHO-
CTH ÌT-aBTOMOp$H3MOB C HaHHHM 3HaneHHeM BHTponnn. PaöoTa JI . J\. Me-
majiKHHa [30] ÖHJia nepBOö, r n e ynaj iocb naTb HecKOJibKO npnMepoB H3o-
M0p(j)H3Ma HByX pa3JIHHHHX aBTOMOp<f)H3MOB BepHVJIJIH C OftHHaKOBOH 
BHTponneö. OjpiaKO nonHTKH npHMeHHTb MeTOH paöoTH [30] K CKOJIBKO-
HHÖynb HiHpoKOMy Kjiaccy aBTOMopc|>H3MOB He npHBejiH K nejra . Bojiee Toro, 
ö H J I O nocTpoeHH npHMepn, r n e BTOT MeTOH npHMeHHM, HO B BTHX npHMepax 
He ynaJIOCb BHHCHHTb, npHBOHHT OH K H30MOp$H3My HJIH K rOMOMOp$H3My. 
IIocjieHHHä $aKT OKa3ajicn coBepmeHHO HOBHM B BTOM Kpyre BonpocoB. O H 
noBjieK 3a coöoö npennojiomeHHe, HTO MejKjry JT-aBTOMop(|)H3MaMH c ojniHa-
KOBOö BHTponneä BO3MOJKHH MeHee TecHHe B3aHM00TH0nieHHH, neM H30Mop-
<f)H3M. 

üpejKHe, neM roBopHTb o najibHeämeM npojraHJKeHHH, ocTaHOBHMCH Ha 
BepoHTHOCTHOö CTOpOHe npoÖJieMH H30Mop$H3Ma. E C J I H H3MepHMyio $ V H K -
UHIO f(x) Ha npocTpaHCTBe M TpaKTOBaTb KaK cjiynaöHyio BejiHHHHy, TO 
nocjienoBaTejibHOCTb cj iynaöHHx BCJIHHHH {f(Tnx)} HBJineTCH CTanno-
HapHHM npou;eccoM. B nojrayio npoÖJieMy H30Mop(|)H3Ma BXOHHT onncaHne 
Bcex nponeccoB, KOTopne MOJKHO nojiynHTb n p n 3anaHHOM aBTOMop$H3Me, 
ö e p n BceB03MOJKHHe (JJVHKIJHH / . Bojiee nacTHan nocTaHOBKa Bonpoca 3a-
KJiioHaeTCH B HaxojKHeHHH ycjiOBHö, n p n KOTopnx cpe,o;H TaKux npoiieccoB 
MOJKHO HaöTH n p o n e c c H 3 a # a m i o r o BH^a, HanpnMep, nocjienoBaTejibHOCTH 
He3aBHCHMHx cj iynaöHHx BejiHHHH, n e n n MapKOBa H T . n . OTMCTHM, HTO 
ÖJiH3KHe npoÖJieMH CTaBHJiHCb B paöoTax M. Po3eHÖJiaTTa [Q5i], [66] . 

ByneM Tenepb Ha3HBaTb aBTOMop(f>H3M Tx npocTpaHCTBa Mx cjiaöo H30-
Mop|)HHM aBTOMop$H3My T2 npocTpaHCTBa M2, ecjin cymecTByeT roMO-
Mop$H3M Ux npocTpaHCTBa M1 Ha M2 H roMOMop$H3M U2 npocTpaHCTBa 
M2 Ha Ml9 TaKne, HTO 

UxTx^TtU19 TXU2=U2T2. 

J^RK TOrO HTOÖH Tx H T2 ÖHJIH H30MOp<|)HHMH, HVJKHO, HTOÖH CVIIjeCTBO-
Baji TaKOö H30Mop<J)H3M U = U19 HJIH KOToporo U2 = U~1. ECJIH aBTOMOp-
$H3MH T1 H T2 npejjCTaBJiHiOT coöoö CABHrn peajiH3an,HÖ jrayx pa3JiHHHHx 
CTau;HOHapHHx npoijeccoB £ ' H | " , TO c j i a ö n ö H30Mop(|)H3M Tx H T2 03Ha-
naeT, HTO npoi jecc | ' npejjcTaBHM B BH^e cjraHra HeKOToporo <J>yHKirHOHajia 
OT i" H , HaoöopoT, f " npeACTaBHM B BHfle CflBHra HeKOToporo <|>yHKn,HOHajia 
OT npo i iecca | ' . 

HeTpyHHO noKa3aTb, HTO cneKTp aBTOMop$H3Ma, BHTponnn H paBeHCTBO 
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SR = 9? HBJIHIOTCH HHBapHaHTaMH CJiaÖOrO H30MOp$H3Ma (CM. [50]). JJjIH 
aBTOMOp$H3MOB C flHCKpeTHHM CneKTpOM CJiaÖHÖ H30MOp<j)H3M BKBHBa-
jieHTeH H30Mop(i)H3My. O^HaKO B oönjeM cjiynae HeT HHKaKnx ocHOBaHHÖ 
CHHTaTb, HTO 3TH nOHHTHH COBnaflaiOT. 

ÜOBHiUHMOMy, B H3yHCHHH i£-aBTOMOp<j)H3MOB C TOHHOCTbK) JJO CJiaÖOrO 
H30Mop$H3Ma BHTponnn MOJKCT HMeTb pemaiomee 3HaneHHe. Ha BTO yna-
3HBaeT pe3yjibTaT, nojiyneHHHÖ B paÖOTe [50]: jnoöne ftBa aBTOMop$H3Ma 
BepHyJIJIH C paBHOÖ H KOHeHHOä BHTpOJineÖ CJiaÖO H30MOp(|)HH. 

yKa3aHHHö TOJibKO HTO pe3VJibTaT nojiyneH KaK cjie^CTBHe öojiee oö-
mero yTBepjKaeHHH. HMCHHO, nycTb y apro^HHecKoro aBTOMop$H3Ma T 
HMeeTCH B03pacTaioniaH nojjajireöpa SR. Bo3bMeM Jiioöoe pacnpe^ejieHne 
BepOHTHOCTeÖ {gì} H 

-J.qtiogqi<H(TW\ÏÏH). 
i 

Tor^a MOJKHO HaöTH TaKoe pa30neHHe npocTpaHCTBa M Ha MHOJKecTBa Ax, 
A2, ..., An, HTO AiSWl, i = l, ..., nm fljm BTHX MHOJKCCTB At npn JIIOöOM ue-
JIOM k>0 

ii(Au ft TAh ft ... ft TkAik)=qi0...qik 

HHHMH cjiOBaMH, aBTOMop$H3M c ^aHHOö BHTponneö MOJKCT ÖHTb npn yKa-
3aHHHx orpaHHneHHHx npejüCTaBjieH KaK (JaKTop-aBTOMop$H3M jnoöoro 
BprojjHHecKoro aBTOMop$H3Ma c TOö JKe BHTponneö. 

MeTOfl ,o;oKa3aTejibCTBa BTHX vTBepjKßeHHö ocHOBaH Ha H3yneHHH CBH3H 
MeJK^y pa3JIHHHHMH B03paCTaK)mHMH nOflaJireÖpaMH, COOTBeTCTBVKHHHMH 
aaHHOMy aBTOMop$H3My. n o cymecTBy, yjKe nocjie nepßoö paöoTH A. H. 
KojiMoropoBa [26] CTajio HCHO, HTO npoÖJieMa H30Mop(j>H3Ma TecHO CBH3aHa 
e npoÖJieMOö onncaHHH pa3JiHHHHx B03pacTaioin;Hx noßajireöp, cooTBeT-
CTByionnix aaHHOMy aBTOMop$H3My. H3JiaraeMHö aajiee MeTOfl nojivHeHHH 
pa3HHx B03pacTaioD^Hx noßajireöp, ecjin H3BecTHa ojnia H3 HHX, npnHaflJie-
JKHT B. A. PoxjiHHy. nycTbSR — B03pacTaiomaH no^ajireöpa. Torna BCHKan 
no«ajireöpa SR^ AJIH KOTopoö BHHOJIHHIOTCH BKjnoneHHH T" 1 SR^3R 1 ^3R 
TaKjKe öy^eT, KaK JierKO BHjjeTb, B03pacTaiomeä. MOJKHO, aajiee, nojiynaTb 
B03pacTarom[He noßajireöpn 3Rn npn noMonpi nenoneK nepexoflOB: 

S R ^ S R ^ c . ^ c S R ^ S R , me T ^ S R ^ S R ^ ç S R , . 

MOJKHO, HaKOHeii, oöpa30BaTb nepeceneHHH 

S R ' = A S R * , me T ^ S R ^ S R m ç S R , . 
i 

TaKHM oöpa30M MOJKHO nojiynaTb HOBHe B03pacTaiomHe noaajireöpn SR' ̂  SR. 
B paÖOTe [50] npHBe^eHH HeKOTopne pe3yjibTaTH HccjieaoBaHHH B03-
MOJKHOCTeö, 3aji0JKeHHHx B TaKHx nepeceneHHHx. 

TaK, OKa3ajiocb, HTO ecjin SR — coBepmeHHan no^ajireöpa, TO BCHKan co-
BepmeHHan nojjajireöpa SR' £ SR MOJKCT öHTB npe^CTaBJieHa B BHjje 

SR'= A SR,, 
i 

me T_1SRi £ SRi+i £ SR*. Bojiee Toro, HTOöH, Booönje, nepeceneHne yön-
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Baionjeö nocjieAOBaTejibHOCTH coBepnieHHHx no^ajireöp öHJIO HeTpnBHajib-
HHM, uenoHKa nepexoflOB OT 3Rf K SRï+I AOjrama öHTB Jinnib B H3BecTH0M 
CMHCJie u;ejieHanpaBJieHHOö (pa30neHHH rj(Ç) paöoTH [50]). 

HarjiHAHHö CMHCJI nepexo^a OT SR K SRì c BKJiioHeHHHMH T - 13R Ç= 3Rt Ç= SR 
jierne yncHHTb, nepeößH OT o"-ajireöp K cooTBeTCTByronniM HM H3MepnMHM 
pa3ÖneHHHM. ECJIH ÇI/LT-1^ — pa3ÖneHHH, cooTBeTCTByro^ne no^ajireöpaM 
SR H T -13R, TO KaJKAHÖ BJieMeHT (7(T - 1f) pa3ÖneHHH T"1^ COCTOHT H3 HeKO
Toporo HHCJia BJieMeHTOB pa30neHHH £. nojjajireöpa SRi cooTBeTCTByeT 
pa30neHHio Ci c T - 1 C<Ci^C- 9TO 3HaHHT, HTO BJieMeHTH G (d) pa30neHHH Ci 
nojiynaioTCH nyTeM «CKjienBaHHH» BJICMCHTOB G (f) BHVTPH KajK^oro BJieMeHTa 
(7(T -1C). 3oKa3aTejibCTBO c^opMyjinpoBaHHHx BHnie vTBepjKAeHHö o cjia-
öOM H30Mop(|)H3Me npoBOjniTCH npn noMoinn HaßJieJKaniieä nocjieAOBaTejib-
HOCTH CKJieHBaHHÖ. HHTepeCHO, HTO BHTponnn BHCTynaeT 3flecb He KaK xa-
paKaTepncTHKa HeonpeaejiemiocTH CHCTCMH, a KaK epejniHÖ K03(|)(f)HE[HeHT 
CJKaTHH. TaKOH CMHCJI BHTpOnHH npHOÖpeJia B KJiaCCHHeCKHX ^HHaMHHeCKHX 
CHCTeMax (CM. cjie^yroinHo §). 

npeACTaBjifleTCH BecbMa npaBßono^oÖHHM, HTO BHTponnn cocTaBJineT 
nojiHyio cncTeMy HHBapnaHTOB cjiaöoro H30Mop<|>H3Ma fljin ropa3#o öojiee 
mnpoKoro KJiacca iT-aBTOMop$H3MOB. B TO JKe BpeMH Bonpoc o nojiHOM 
H30Mop$H3Me ocTaeTCH nonpejKHeMy OTKDHTHM H TpeöyeT, CKOpee Beerò, 
ftjiH CBoero pemeHHH HOBHX HHBapnaHTOB. 

§ 3. Sinpomra H KJiaccH êcKHe CHCTCMBI 

BHHCHeHHe pa3H00Öpa3HHX CBH3eÖ BprOflHHeCKOH Teopnn C MHOrO-
HHCJieHHHMH pa3,o;ejiaMH MaTeMaTHKH H ee BHVTpeHHMe npoÖJieMH He-
CKOJIbKO 3aCJI0HHJIH OCHOBHyH) UeJIb, KOTOpaH CTaBHJiaCb ee C03AaT6JIHMH 
Bojibn,MaHOM, THööCOM, nyaHKape, Bnpro^OM. M H HMeeM 3^ecb B BHfly 
npHMeHeHHe MCTO^OB Teopnn HHBapnaHTHOö Mepn AJIH Hccjie^OBaHHH no-
Be^eHHH pemeHHö cncTeM #H(|)(J>epeHn;HajibHHX ypaBHeHHö. B CBoeM H3-
BecTHOM ,n;oKJia;a;e Ha MejKjryHapoßHOM MaTeMaTnnecKOM KoHrpecce 1954 r. 
[25] A. H. KojiMoropoB jjaji aHajiH3 B03M0JKH0CTeö, 3aji0JKeHHHx B TaKOM 
no^xo^e, noflnepKHyB HHCTO MeTpnHecKyio CTopoHy jjejia. B HacTOHinnii 
MOMeHT MH eme He HMeeM onpe/jejieHHHx OTBCTOB Ha nejibiö pnji; npoÖJieM, 
nocTaBJieHHHX B [25]. OjpiaKo Tenepb noHBHJiocb öojibnioe KOJIHHCCTBO 
HOBHX npHMepoB, HJuirocTpnpyion^Hx cojjepjKaHHe flOKJia^a [25]. ^acTb 
BTHX npHMepoB cMorjia B03HHKHyTb HCKjnoHHTejibHO OJiaroftapn BHTponnn. 

KanecTBeHHoe HCCJie^OBaHne KjiaccHnecKHX jniHaMHHecKHx CHCTCM c 
HHTerpajibHHM HHBapnaHTOM pa3BHBaeTcn B nacTomnee BpeMH no ABVM 
HanpaBjieHHHM. BTO, BO-nepBHx, aHajiHTHnecKoe nccjie^OBaHHe OKpecTHO-
CTeö HHTerpnpyeMHx 3a#aH. A. H. KojiMoropoBHM öHJI BBe^eH ßjiH BToro 
[24] cooTBeTCTByion^HM oöpa30M nepepaöoTaHHHÖ MCTOA HbioTOHa. n p n -
MeHeHne BToro MeTO^a no3BOJinjio yna3aTb [24] ijejiHö KJiacc 3aftan, B KO-
Topnx cyn^ecTByeT MHOJKCCTBO nojiojKHTejibHOö Mepn, pacnajjaiomeecH Ha 
HHBapnaHTHHe Topn c ycjiOBHO-nepnoftHHecKHM jranjKeHHeM Ha KajKjjoM H3 
HHX. nocjiefliyiomHe HccjiejjOBaHHH B. H. ApHOJibjja [8] noKa3ajin, HTO Ta-
KHMH, KaK npaBHJio, öyjryT MexaHnnecKHe CHCTeMH c ABVMH cTeneHHMH 
CBOöOAH, B KOTopnx MaTepHajibHaH TOHKa fljBHJKeTCH no BHnyKJIOÖ no
BepxHOCTH. 

JJpyroe HanpaBJieHHe — BTO HccjießOBaHHe ^HHaMnnecKHx CHCTCM C 
nojiojKHTejibHOö BHTponneo. B OCHOBC BTHX HccjiejjoßaHHö jiejKHT HaxoJKfle-
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Hne ycjiOBHÖ, npn KOTopnx cncTeMa HMeeT nojioJKHTejibHyio BHTponnio HJIH 
HBJIHeTCH X-CHCTeMOÖ. CeÖHaC yJKe MOJKHO CHHTaTb nOHHTHM, HTO nojio-
jKHTejibHOCTb BHTponnn H HajiHHHe nepeMemHBaHHH CBH3aHH c KpaÖHeö 
HeyCTOÖHHBOCTbK) JTOHJKeHHH CHCTeMH: TpaeKTOpHH BHXOßHIHHe H3 ÖJIH3-
KHX ToneK, AOJiJKHH pa3ÖeraTbCH, Booöme roßopn, c BKcnoHeHnnajibHOö 
CKopocTbio. CjieACTBHeM TaKoro pa30eraHHH HBJIHCTCH cyinecTBOBaHne, 
HaoöopoT, acHMnTOTHHecKHx TpaeKTopnö, T. e. TpaeKTopnö, cÖJiHJKaiö-
iinixcH e BKcnoHem^HajibHOö CKopocTbio. AcHMnTOTHnecKne TpaeKTopnn 
ynoTpeÖJiHJiHCb H paHee B HecjießOBaHHHx B. Xon(|)a [59] H XeßJiyHßa [58], 
nocBHmeHHHx nepeMeniHBaHHio reo#e3HHecKHx noTOKOB Ha noßepxHOCTHx 
OTpnii;aTejibHOä KPHBH3HH. Ho HX pojib cTajia no-HacTomneMy HCHa TOJibKO 
B CBH3H c BHTponneö. 

OopMajiH30BaHHoe H3Ji0JKeHne CBH3H MejKjjy cymecTBOBaHneM acHMnTO-
THnecKHx TpaeKTopnö H nojiojKHTejibHOCTbK) BHTponnn ocHOBaHO Ha no-
HHTHH TpaHCBepcajibHoro noTOKa. M H npejniojiaraeM Tenepb e ijejibio H3Öe-
JKaTb JIHDIHHX TeOpeTHKO-MHOJKeCTBeHHHX TpVflHOCTeÖ, HTO npocTpaHCTBO 
e Mepoö M ecTb KOMnaKTHoe pnMaHOBO MHorooöpa3ne KJiacca G°° (BOS
MOJKHO c KpaeM), a HHBapnaHTHaH Mepa 3aaaeTCH nojiojKHTejibHOö njiOT-
HOCTbK) no Mepe, HHftVinipOBaHHOÖ pHMaHOBOÖ MeTpHKOÖ. noTOK {St} 
onpe^ejineTCH BeKTopHHM nojieM Ha M, KOMHOHCHTH KOToporo HMCIOT 
orpaHHneHHHe npoH3BOflHHe nepBHx ABVX nopnjjKOB, B cjiynae JKe OT^ejib-
Horo aBTOMop$H3Ma T $VHKI];HH, 3aAaron],He npeoöpa30BaHiie, ancJxJepeH-
inipyeMH H HX npoH3BOAHHe orpaiinneHH. 

OßHonapaMeTpHHecKan rpynna [Zu} npeoöpa30BaHHö npocTpaHCTBa M 
(ne 0ÖH3aTejibH0 coxpaHHioinHX Mepy jul), 3aßaBaeMaH cncTeMoö a n ^ e -
peHiijHajibHHx ypaBHemiii: 

~ = X(x) (x£M), (3) 

r#e BeKTopHoe nojie %(x) HMeeT orpaHHneHHHe npoii3Bo^HHe, HBJIHCTCH 
TpaHCBepcajibHHM noTOKOM K aBTOMop(J)H3My T, (K noTOKy {St}), ecjin 

1) TpaeKTopnn CHCTeMH (3) nepexoßHT noji; jjeöcTBiieM aBTOMOp<|)H3Ma 
T (KaJKfloro aBTOMop(|)H3Ma Sr, BxoAmnero B noTOK {St}) B TpaeKTopnn 
CHCTeMH (5); 

2) .HJIH $yHKi];HH w(u,x)(wT(u,x)), pasHOö BpeMeHHoä ^jnrae 0Tpe3Ka 
{TZvx, 0<=v<u} ({SrZvX, (Xv^u}) (w-BpeMH) TpaeKTopnn TpancBep-
cajibHoro noTOKa {Zu}, eymecTByeT 

W(u x) 
B cjiynae aBTOMop(|)H3Ma lim — = X(x) 

u-+0 u 

Ir (u x\ — U 
B cjiynae noTOKa lim lim —-— = OL(X). 

T-*0 u-»0 T • U 

ECJIH TpaeKTopnn ^HHaMHHecKOö CHCTCMH {St} HBJIHIOTCH BKCTpeMajiHMH 
HeKOTopoö Bapnai^HOHHOö 3a^aHH H HMeeTCH nojie BTHX BKCTpeMajieö, TO 
H3BecTHan TeopeMa Taycca H3 BapnannoHHoro HCHHCJI6HHH [67], [68] no-
Ka3HBaeT, HTO nojie TpaHCBepcajieö K BTOMy nojno BKCTpeMajieö VAOBJICTBO-
pneT yCJIOBHH) 1). BTHM OÖCTOHTeJIbCTBOM H OÖT>HCHHeTCH TepMHH «TpaHC-
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BepcajibHHö noTOK». B BapnanHOHHOM HCHHCJICHHH CBH3B MeJKjry nojieM 
BKCTpeMajieö H nojieM TpaHCBepcajieö H3VHaeTCH OÖHHHO aoKajibHO. YCJIO-
BHe 1) — BTO TpeöoßaHHe eymecTBOBaHHH nojin TpaHCBepcajieö B iiejiOM. 
OVHKUHH X(x) H OL(x), $HrypHpyK)D^He B yCJIOBHH 2, eCTeCTBCHHO Ha3BaTb 
K03$$HI^HeHTaMH CJKaTHH. 

CBH3B TpaHCBepcajibHHx noTOKOB c B03pacTaioin;HMH nojjajireöpaMH BHA-
Ha H3 cjiejryioinHx flßyx VTBepjKßeHHÖ. 

A. ECJIH aBTOMop$H3M T BprojniHeH H oÖJia^aeT TpaHCBepcajibHHM no-

TOKOM {Zu}, ffjiH KOToporo J M logÀ(x)d/j, < 0 , TO eymecTByeT B03pacTaioin;aH 

no^ajireöpa SR, TaKan, HTO 

k k 

r;ue 9ÎZ ff-ajireöpa HHBapnaHTHHx mod 0 OTHOCHTejibHO noTOKa {Zu} MHO-
JKeCTB. B HaCTHOCTH, eCJIH TpaHCBepcaJIbHHH nOTOK Bpro^HHeH, T. e. 9?£ = 9?, 
TO T ecTb JT-aBTOMop(j>H3M; ecjin X(x)<l Bcio^y, TO TpeöoBamie BproflHH-
HOCTH aBTOMOp(|)H3Ma T MOJKHO OnyCTHTb. 

B. ECJIH noTOK {St} BprojpiHeH H HMeeT TpaHCBepcajibHHÖ noTOK {Zu}, 

AJiH KOToporo joc(x)dfA<0, TO eymecTByeT B03pacTaiomaH OTHOCHTCJIBHO no

TOKa {St} nojjajireöpa SR TaKan, HTO 

v£ÉSR = ©, AStm = 9lz 
t t 

(jiorapn$M 3B0HHHHÖ). ECJIH cc(x) < 0 noHTH BCioay, TO TpeöoßaHHe Bpro-
3HHHOCTH nOTOKa {St} MOJKHO OTÖpOCHTb. 

noflajireöpa SR B OöOHX cjiynanx B03HHKaeT H3 cneijnajibHO CTponnje-
rocH pa3ÖneHHH npocTpaHCTBa M Ha OTpe3KH TpaeKTopnö TpaHCBepcajib-
Horo noTOKa. ECJIH J log X(x)djbt>0 HJIH j<x.(x)djbL>0 TO yTBepjKjjeHHe Teo
peMH öy^eT BHnojiHHTbCH win aBTOMop$HSMa T~x HJIH noTOKa {#_1}. 

Hanöojiee nacTO BCTpenaeTCH cjiynaö aBTOMop$H3MOB, Kor.ua X(x)<l 
Bcioay. Tor.ua fljra ABVX TOHCK xx H X2, jiejKanpix Ha OAHOö TpaeKTopnn 
TpaHCBepcajibHoro noTOKa, paccTOHHHe MeJKjry TOHKaMH Tnxx H Tnx2 CTpe-
MHTCH K HyjIK) npH n-^°° C BKCnOHeHÎ HaJIbHOÖ CKOpOCTbK), T. e. TOHKH xx H 
x2 onncHBaioT acHMnTOTHHecKne TpaeKTopHH. TaKHM oöpa30M, pa3ÖneHHe 
npocTpaHCTBa Ha TpaeKTopHH TpaHCBepcajibHoro noTOKa ecTb pa3ÖneHHe Ha 
KJiaçcH acHMnTOTHHecKHx TpaeKTopnö HCXO^HOö CHCTeMH. 

YcjiOBHan BHTponnn nofl;aJireöpH SR nponopijHOHajibHa B cjiynae aBTO-
Mop$H3Ma, cpe^HeMy jiorapn$My KOB^HirneHTa CJKaTHH. TaKHM oöpa30M, 
BHTpOnHH XapaKTepH3yeT 3fleCb CKOpOCTb CÖJIHJKeHHH aCHMUTOTHHeCKHX 
TpaeKTopnö HJIH, HTO TO JKe, CKOpOCTb HX pa3ÖeraHHH. XOTH BHTponnn ecTb 
xapaKTepncTHKa flBHJKeHHH CHCTeMH B nejiOM, MH BH^HM, HTO OHa BHpa-
jKaeTCH nepe3 epejmee HeKOTopoö (^VHKUHH TOHKH. npHMepn noKa3HBaioT, 
HTO BTa (j)yHKu;HH TOHKH 3aBHCHT Ha caMOM jjejie OT Bceö TpaeKTopHH p,aH-
HOö TOHKH (CM. cjieayioJHHä naparpatj)). 

npHBejüeM 3fl,ecb RBOL npnMepa npHMeHeHHH TpaHCBepcajibHHx noTOKOB. 
ECJIH T — rpynnoßoö aBTOMop$H3M jrayMepHoro Topa, TO B KanecTBe TpaHC
BepcajibHoro nOTOKa {Zu} MOJKHO B3HTb ^BHJKeHHe C eflHHHHHOÖ CKOpOCTbK) 
B HanpaBJieHHH oflHoro H3 coöcTBeHHHx BeKTopoB MaTpni^H, sa^aiomeä 
aBTOMop$H3M T. KoB$$Hi^HeHT X(x) B BTOM cjiynae nocTOHHeH H paßeH 

http://Kor.ua
http://Tor.ua
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cooTBeTCTByionjeMy coöcTBeHHOMy 3HaneHHio. HeTpy^HO noKa3aTb, HTO 
TpaHCBepcajibHHÖ noTOK BproflHneH B cj iynae Bpro^HHecKoro aBTOMop-
$H3Ma T. H3 A . cjie^yeT, HTO TaKOö aBTOMop$H3M Topa HBJineTCH iT-aBTO-
Mop$H3MOM. J^nyvovi npHMep — reofle3HHecKHö noTOK Ha noBepxHOCTH 
nocTOHHHOö OTpni^aTejibHOö KpHBH3HH. B BTOM cj iynae TpaHCBepcajibHHM 
nOTOKOM HBJIHeTCH XOpODIO H3BeCTHHÖ nOTOK OpHUHKJIOB (CM. [59], [58] , 
[45]). BproßHHHOCTb noTOKa OPHHHKJIOB ÖHJia ycTaHOBJieHa XeßjivHflOM [58] . 

3 a e c b KOB$$Hu,HeHT oc(x)=V — K, rfle K — KpnBH3Ha noBepxHOCTH. TaKHM 

oöpa30M, reoAe3HHecKHö noTOK Ha noBepxHOCTH nocTOHHHOö OTpnnaTejib-
HOÖ KpHBH3HH HBJIHeTCH JT-CHCTeMOÖ. 

JXjiH. Toro, H T O ö H oxBaTHTb ^HHaMHHecKHe CHCTeMH B npocTpaHCTBax 
HHCJia H3MepeHHö, öojibniero Tpex, HVJKHO p a c m n p n T b noHHTHe TpaHC
BepcajibHoro noTOKa RO TpaHCBepcajibHoro noj in . TpaHCBepcajibHHM n o 
jieM ecTecTBeHHO CHHTaTb paccjioeHHe npocTpaHCTBa M Ha TpaeKTopnn noj in , 
r ^ e OTflejibHan TpaeKTopnn npeflCTaBjineT coöoö MHorooöpa3ne pa3Mep-
HOCTH, öo j ibmeö 1, npnneM BTO paccjioeHHe #OJIJKHO oOJiajjaTb n o OTHome-
HHK) K aBTOMOp$H3My T HJIH nOTOKy {St} CBOÖCTBOM HHBapHaHTHOCTH, 
c^opMyjinpoBaHHHM B ycjiOBHH 1, TpeöyeMOM OT TpaHCBepcajibHoro n o 
TOKa. H T O KacaeTCH ycjiOBHH 2, TO Tenepb ecTecTBemio TpeöoßaTb cynjecTBO-
BaHne K03(|)$HnHeHTa cjKaTHH B^ojib KajK^oro HanpaBJieHHH B KacaTejibHOö 
njiocKOCTH K TpaeKTopHH TpaHCBepcajibHoro noj in . 3 a napaMeTp u MOJKHO 
npHHHTb ^jiHHy j ryrn . O C H O B H O ö pe3yjibTaT coxpaHneTCH B jjaHHOM cjiynae 
n p n npejmojiojKeHHH, HTO KOB^nnneHT cjKaTHH n o KaJKßOMy HanpaBJieHHH) 
n p n Bcex RJIH aBTOMop$H3Ma MeHbnie 1 H OTpnnaTejieH 3JIH noTOKa. P a c 
cjioeHHe Ha TpaeKTopnn TpaHCBepcajibHoro n o j m CHOBa oy.ueT B BTOM cjiy-
nae paccjioemieM Ha acuMnTOTHHecKne TpaeKTopnn. B npHMeHeHHH K reo -

fl,e3HHeCKHM nOTOKOM Ha MH0r00Öpa3HHX nOCTOHHHOÖ OTpHU,aTeJIbHOH Kpn-
BH3HH BTO cooTBeTCTByeT nepexojry OT noTOKa OPHHHKJIOB K nojiio opnc<|>ep. 

HHTepeCHO OTMCTHTB, HTO O P H U H K J I H H o p n c ^ e p n noHBHJincb B paöoTe 
H . M. r e j i b ^ a H ^ a H M. H . TpaeBa [16] B CBH3H c pa3JiojKeHHeM HeKOTopnx 
npeacTaBJieHHÖ r p y n n J I H Ha HenpHBO^HMHe KOMHOHCHTH. B paccMaTpn-
BaeMHx Bonpocax , Booöme, npoÖJieMH BprojjHHecKOö Teopnn H npoÖJieMH 
Teopnn npeflCTaBJieHHÖ npe3BHHaöHO ö J I H 3 K H . BTO CTajio HCHHM yJKe nocjie 
paöoTH H . M. r e j i b ^ a H ^ a H C. B . OoMHHa [19] . B HacTonmee BpeMH n p o -
HCXO^HT H3BecTHan KOHKypeHiiHH B npHMeHeHHH K 3aflanaM BprOflHHeCKOH 
Teopnn aj i reopannecKHx MCTOROB H HHCTO MeTpnnecKHx. MeTpnHecKHe Me-
TOJTH npHMeHHMH B öojiee o ö m e ö oöcTaHOBKe, HO a j i reöpannecKne M C T O ^ H 
TaM, r « e OHH npHMeHHMH, no3BOJraioT nojiynaTb HecKOJibKO öojiee aeTajibHHe 
pe3yjibTaTH (CM. cjiejryioinHÖ §). 

§ 4. reo,zje3HHecKHe noTOKH H ß p y r a e ^HHaMH^iecKHe 
CHCTeMBI B npOCTpaHCTBe JIHHeHHMX 
3JieMeHTOB nOBepXHOCTH 

MexaHHHecKne CHCTCMH MOJKHO BO MHornx c j iynanx CBCCTH K reo;n;e3H-
necKHM noTOKaM. B HacTOHmee BpeMH Hanöojiee nojrpoÖHO Hccjie^OBaHH 
CHCTeMH C flBVMH CTeneHHMH CBOÖOflH, CBOßflUTHeCH K reoAe3HHecKHM n o 
TOKaM Ha flBVMepHHx noßepxHOCTHx. CKa3aHHoe BHine oö BKcnoHeHirnajib-
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H O ö ÖHCTpoTe pa3ÖeraHHH ö J I H 3 K H X TpaeKTopnö cjie^yeT Tenepb oraocHTb 
K reOAe3HHeCKHM, BHXOftHIipiM H3 OflHOH TOHKH. 

E C J I H noBepxHOCTb BHnyKJia, TO yJKe npHBOflHBnraeöcH pe3yjibTaT B . H . 
ApHOJibjja [8] , noKa3HBaeT, HTO y TaKOö noBepxHOCTH eymecTByeT, B O O ö -
nje roBopn, MHOJKCCTBO J I H H C ö H H X BJieMeHTOB nojiojKHTejibHOö Mepn, p a c -
na^aioiipiecH Ha HHBapnaHTHHe T o p n c ßHCKpeTHHM cneKTpoM. B p n a JIH 
BHTponnn MOJKeT ö H T B nojie3Ha JJJIH BToro c j iynan . n y c T b Tenepb noBepx-
HocTb ecTb Top. H3 HccjieAOBaHHö XefliJiyHAa [55] , XefljivHjja H M o p c a [57], 
B. Xon(j>a [61] H TpHHa [54] BHTeKaeT ecTecTBeHHoe npe^nojiojKeHHe, HTO B 
BTOM cj iynae CKopocTb pa3ÖeraHHH reop;e3HHecKHx He öojiee, neM CTeneHHan. 
BTO npeflnojiojKeHHe He 30Ka3aH0 B MeTpnnecKHx TepMHHax, HO ecTb Bee 
ocHOBaHHH npe^noj ioraTb, HTO H B BTOM cj iynae BHTponnn reojj;e3HHecKoro 
noTOKa paBHa Hyjiio. 

n e p e ö ß e M K noßepxHOCTHM p o ß a öoj ibmero eßHHunH. C p e ^ n TaKnx no -
BepXHOCTeÖ HMeiOTCH nOBepXHOCTH nOCTOHHHOÖ OTpHI];aTeJIbHOÖ KpHBH3HH, 
fljiH KOTopnx BHiue ÖHJio ycTaHOBjieHO, HTO cooTBeTCTByroiiniH reoAe3H-
necKHÖ noTOK HBJIHCTCH ÌL-CHCTCMOH. 3,n;ecb ecTecTBeHHO CTaBHTb Bonpoc n p n 
KaKHx pnMaHOBHx MeTpH3anHHx noBepxHOCTH reoji;e3HHecKHä noTOK öy^eT 
üT-cncTeMoö. npHMHKan K npeAHflyni;eMy naparpa( | )y , HccjiejryeM B BTOM 
cj iynae npoÖJieMy cymecTBOBaHHH TpaHCBepcajibHoro noTOKa. n e p B o e ycjio-
Bne, KOTopoe cjiefliyeT najioJKHTb, BTO — OTCVTCTBHC y cooTBeTCTByionj;eö 
BapnaiijHOHHOo 3aAaHH conpHJKeHHHx TOHCK. H C H O , HTO OHO BHnojiHneTCH y 
reoji;e3HHecKoro noTOKa Ha noBepxHOCTH OTpnnaTejibHOö K P H B H 3 H H . O T -
cyTCTBne conpHJKeHHHx ToneK BbinojiHHeTCH flame n p n cymecTBOBaHHH 
oÖJiacTeö nojiojKHTejibHOö K P H B H 3 H H , HO n p n BTOM BCHKan reoAe3HHecKaH 

AOJIJKHa, BO-nepBHX, HaXOflHTbCH He CJIHHIKOM flOJirO B OÖJiaCTH nOJIOJKH-
TCJIbHOÖ KpHBH3HH, H, BO-BTOpHX, nOCJie npeÖHBaHHH B OÖJiaCTH nOJIOJKH-
TeJIbHOÖ KpHBH3HH OHa ßOJIJKHa npOBCCTH ßOCTaTOHHO ÖOJIbUIOe BpeMH B 
OÖJiacTH OTpHinaTejibHoö KpHBH3HH (CM. B. XoncJ) [60]). C reoMeTpHHecKoö 
CTopoHH OTcyTCTBne conpHJKeHHHx ToneK 03HanaeT, HTO reofle3HHecKHe, 
BHxoflHiniie H3 OJüHOö TOHKH nofl ÖJIH3KHMH yrjiaMH, npejK^e neM nepecenbCH, 
AOJiJKHH AajieKO flpyr OT p p y r a pa30ÖTHCb. K HacTomneMy MOMenry 30-
Ka3aHO, HTO OTcyTCTBne conpHJKeHHHx ToneK oöecneHHBaeT jranib nojiojKH-
TejibHOCTb BHTponnn reo,n;e3HHeeKoro noTOKa. n y c T b q — npoH3BOJibHan 
TOHKa noBepxHOCTH H r — npoxojjHmaH nepe3 Hee reoae3HHecKaH. B 
KanecTBe napaMeTpa Ha r B03bMeM ^jiHHy t, OTCHHTHBaeMyio OT TOHKH q. 
T o r ^ a OTcyTCTBne conpHJKeHHHx TOHCK 03HanaeT, HTO pemeHHe BapnaHHOH-
Horo ypaBHeHHH H K O ö I I 

y" + K(t)y = 0, 

r # e K(t) — rayccoBa KpnBH3Ha noBepxHOCTH B TOHKC t, yjjOBJieTBopHinee 
HanajibHHM ycjiOBHHM y(t0)=0, y'(t0) = l, ne oöpanjaeTCH B HOJIB n p n t>0. 
nocpe^CTBOM 3aMeHH x(t)=y' (t)]y(t) nepeo^eM K eooTBeTCTByiomeMy ypaB
HeHHH) PHKKaTH 

x' + x2(t) + K(t)=0. (4) 

PemeHHe BToro ypaBHeHHH B TOHKC t e HanajibHHM ycjiOBneM x(tQ)=°° 
HMeeT npocTOö reoMeTpHnecmiö CMHCJI — BTO reoae3HHecKaH KpHBH3Ha 
reoAe3HHecKoö OKpyjKHOCTH pa jn iyca t —10 e n e m p o M B t0 B TOHKC nepece -
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HeHHH 3T0Ö OKpyjKHOCTH e reoae3HHecKOö T. 3a$HKCHpOBaB t, yCTpeMHM t0 

K — oo . OKa3HBaeTCH, HTO flJiH noHTH Bcex reofl,e3HHecKHx cooTBeTCTByion^ne 
pemeHHH x (t) CXO^HTCH K HeKOTopoMy BCioay KOHenHOMy nojiojKHTejibHOMy 
pemeHHH) ypaBHeHHH (4). EcTecTBeHHO CHHTaTb, HTO BTO pemeHHe jjaeT 
reoAe3HHecKyK) KpnBH3Hy opnunKJia , npoxo^Hii jero nepe3 t opToroHajibHO 
K r . n o K a HTO y^aj iocb noKa3aTb, HTO BHTponnn reofle3HHecKoro noTOKa 
nponopnnoHaj ibHa HHTerpajiy n o npocTpaHCTBy OT BToro pemeHHH. C jroy-
r o ö cTopoHH, HajioJKHB HecKOJibKO öojiee CHJibHoe TpeöoßaHHe «HeycTOönn-
BOCTH» n o X o n $ y [60], MOJKHO fl,OKa3aTb, HTO reoae3HHecKHÖ noTOK öyaeT 
üT-CHCTCMOö. BprojüHHHocTb B BTOM cj iynae ÖHJia AOKa3aHa Xon(|)OM [60] 
#aBHO. B KJiacc noßepxHOCTeö, yflOBJieTBopmoinHx VCJIOBHK) «HeycTOänn-
BOCTH» X o n ^ a , BXOAHT noBepxHOCTH OTpnijaTejibHOö KpHBH3HH. 

B npocTpaHCTBe J I H H C ö H H X BJICMCHTOB noBepxHOCTH OTpHuaTejibiioö Kpn-
BH3HH MOJKHO paccMOTpeTb, cjie^yH B . H . ApHOJibßy [7], ß p y r n e flHHaMPi-
necKHe CHCTeMH. 3a^a3HM HeKOTopoe HHCJIO Q H paccMOTpHM Ha noBepxHOCTH 
JIHHHH Tg nOCTOHHHOÖ reOAe3HHeCKOÖ KpHBH3HH 0. KaJKflHÖ JIHHeÖHHÖ BJie-
MeHT onpejüejineT ojmy H3 J I H H H ö re, KOTopoö OH KacaeTcn. n y c T b noTOK 
{St} COCTOHT B nepeMemeHHH c CAHHHHHOö CKopocTbio jiHHeÖHoro BJieMen-
Ta B^ojib onpe^ejineMOö HM JIHHHH re. B nacTHOCTH, n p n £ = 0 nojiynaeM 
reoAe3HHecKHö noTOK. OKa3HBaeTCH, HTO BTOT noTOK coxpaHneT Ty JKe 
Mepy, HTO H reofle3HHecKHö noTOK [7] . CBOöcTBa BToro noTOKa 3aBHCHT 
OTBeJIHHHHH 0. HpejHIOJIOJKHM, HTO nOBepXHOCTb HMeeT nOCTOHHHyK) OT-

pni];aTejibHyK) KpnBH3Hy K. T o r ^ a n p n 0 < ^ < K — K TpaeKTopnn noTOKa 

{St} Öy^yT BKBHAHCTaHTaMH H BCe 3TH nOTOKH H30M0p(|)HH reofle3HHecKOMy 

nOTOKy. nOTOK OpHUHKJIOB (Q = \—K) HBJIHeTCH TpaHCBepcajibHHM KO 

BCeM 3THM nOTOKaM. n p H 0<Q <V —K BCe nOTOKH {St} HBJIHIOTCH K-

CHCTeMaMH, HMeroT cneTHOKpaTHHÖ jieöeroBCKHö cneKTp, nepeMemHBaHHe 

Bcex cTeneHeö H T. R . n p n Q = V — K noTOK {St} ecTb, KaK yjKe roBOpn-

jiocb, noTOK opimHKJioB. B . M. rypeBHH [21] noKa3aji, HTO BHTponnn 

noTOKa opnu;HKJiOB paBHa HVJIIO. Cjie^OBaTejibHO, noTOK opnnnKJioB y m e 

He MOJKeT ÖHTb jfiT-cHCTeMoö. O^HaKO, OH BproAiineH H HMeeT ^ajKe cneTHO-

KpaTHHö JieöeroBCKHö cneKTp (O. C. n a p a c i o K [31]). Hen3BecTH0, oöJia^aeT 

JIH OH nepeMeniHBaHHeM BHCUIHX CTeneHeö. n p n Q>V — K xapaKTep noTOKa 

{St} pe3KO MeHHeTCH. T e n e p b e ro TpaeKTopnn #ejiaioTCH 3aMKHyTHMH JIH-
HHHMH H OH CTaHOBHTCH HeBprOJJHHeCKHM, HMeH Ha BprOflHHeCKHX KOM-
noHeHTax ßHCKpeTHHö cneKTp. H O T O K OPHHHKJIOB, TaKHM oöpa30M, OT^ejineT 
Apyr OT a p y r a CHCTCMH pa3HHx TnnoB. M H npHBejiH 3^ecb BTOT npHMep 
AJIH HjiJirocTpaiiiHH Toro, KaK n p n H3MeHeHHH napaMeTpoB CHCTCMH n p o n c -
xoAHT H3MeHeHHe xapaKTepa ee jraHJKeHHH e nepexoflOM OT cj iynan JT-CH-
CTeMH K cjiynaK) ßHCKpeTHoro cneKTpa. 

TaK KaK reoae3HHecKHe noTOKH Ha MHorooöpa3imx OTpHn;aTejibHOä 
KpHBH3HH HBJIHIOTCH ÜT-CHCTeMaMH, T. e. ßBHJKeHHe JllOÖOrO MHOJKeCTBa A 
aejiaeTCH nepe3 HeKOTopoe BpeMH CTaTHCTHnecKH He3aBHCHMHM OT nojio-
JKeHHH jiK)öoro Apyro ro MHOJKeCTBa B, TO a jm BCHKOH (fjyHKUHH / (x) HHTerpaji 

I 
T 

f(Stx)dt 

CKjia^HBaeTCH H3 cjiaöo 3aBHCHMHX MejKjry coöoö cjiaraeMHx. ECTCCTBCHHO, 
nOBTOMy OJKHflaTb, HTO npH H3BCCTHHX yCJIOBHHX HOpMHpOBaHHaH BeJIHHHHa 
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mW****-"]-
me / = f f(x)d/i, DT(f)= f [ f f(Stz)dt-Tf] dp, 

J M J MlJo J 

6yj|eM HMeTb npn T-*>°° rayccoBCKoe pacnpeaejieHHe. HsBecTHHe B Teopnn 
BepoHTHOCTeö MeTO^H AOKasaTejibCTBa n,eHTpajibHoö npe^ejibHOö TeopeMH 
AJiH cjiaöo saBHCHMMx CTaî HOHapHHx pn^OB npejrnojiaraioT BnnojiHeHHHM 
ycjioBHe «CHJibHoro nepeMemHBanHH» M. PoaeHÖJiaTTa (CM. [64], [15], [22]). 

Rsm reo^eairaecKoro noTOKa He yaaereH ycTaHOBHTB, HTO ecTecTBeHHoro 
BHJM $yHKU[HH y^OBjieTBopflioT ycjiOBHio PoseHÖJiaTTa. OjmaKO, MOJKHO 
BBecTH TaK HasHBaeMoe «jioKajibHoe ycjioBHe PosenOoiarra» (CM. [49]) H 
MOjni^nmipoBaTB aonasaTejibCTBO neHTpajibHOö npe^ejiBHOö TeopeMH TaK, 
HTO OHO CTaHeT npnroflHHM ßjra gocTaTOHHO nrapoKoro KJiacca $VHKI^Hä 
f(x) Ha npocTpaHCTBe JIHHCäHHX BJICMCHTOB noBepxHOCTH OTpinjaTejibHOt 
KpHBHBHH H reoae8HHecKoro noTOKa {St}. y^aeTCH noKasarb [46], HTO B 
cjiynae reoneannecKoro noTOKa {St} B npocTpaHCTBe jimieftHHx ajieMeHTOB 
Ha noBepxHOCTH OTpinraTejibHOÄ KPHBHBHH KJiacc ^VHKEçHO f(x), ^ J IHKO-
TopHx npn JIIOöOM a, — °° < a < ° ° 

lim ju 
f f(Stx)dt-Tf 

~ikL"*{-0*-
6yjsßT Bciofly HJIOTCH B S2 . B cjiynae noBepxHOCTH HOCTOHHHOä OTpniniTejiB-
HOÖ KPHBH8HH V^aeTCR HOËTH HeCKOJIbKO «aJIBIHe (CM. [46]) HO nVTH KOH-
KpeTHoro HayneHHH sanaca <|yHKipiH, nojpraHfliomHxcH n,eHTpajiBHOË npe-
^ejiBHOË TeopeMe. 3#ecB npnxojpiT Ha noMonp» Teopnn npeflCTaBjieHHft, 
KOTopan no8BOJifleT HOKaaaTb, HTO cpe^n Tannx fvHraniÄ cymecTByioT 
$yHB^HH, HMeiomne peajiBHoe reoMeTpHnecKoe co^epHtaHHe. HanpnMep, 
MOJKHO B3HTB B KaneCTBe (jryHKHHH XapaKTepHCTHHeCKVK) $VHKnHIO MHO
JKeCTBa JIHHeÖHHX BJieMeHTOB, HOCHTeJIH KOTOpHX JieJKaT BHVTpH HeKOTOpOÖ 
OÖJiacTH Ha noBepxHOCTH. Tor^a OKaabroaeTCH, HTO HopMnpoBaHHoe BpeMH 
npeÖHBaHHH reo^esHnecKOo B 8TOä oÖJiacTH HMeeT rayccoBCKoe pacnpe^e-
jieHHe. B [46] HMCIOTCH H apyrae npnMepH. IJeHTpajiBHyio npeaejiBHyio 
TeopeMy MOJKHO noKaaaTB H j p n reo^eannecKoro noTOKa B MHoroMepHOM 
npocTpaHCTBe nocTonmaoö OTpmjaTejiBHOö KPHBHBHH. 

E[eHTpajibHaH npenejibHan TeopeMa vKasbraaeT Ha COBCCM sanyTaHHHö 
xapaKTep OT^ejiBHOö TpaeKTopnn reofleannecKoro noTOKa. 3]ieeh MH BH-
ÄHM npHMep HOBOö H flOBOJibHO HeojKHflaHHoft CBH8H Me?Kfly Teopneö Be-
pOHTHOCTeË H KJiaCCHHeCKHMH JHIHaMHHeCKHMH CHCTeMaMH. BnOJIHe BOS
MOJKHO, HTO B oÖmeM cjiynae B peajiBHHx <J)H8HHecKHx Ba^anax, r^e HOHH-
Tne OTflejiBHOö TpaeKTopHH Booöme He HMeeT cMHCJia, HMeiOTCH JL-CHCTCMH, 
nepeMemHBaHHe, ijeHTpajibHan npe^ejiBHaH TeopeMa H T. ä . HeKOTopne nep-
CneKTHBH npHJIOJKeHHH BHTpOHHAHOft TeopHH K CTaTHCTHHeCKOÖ MexaHHKe 
BHflHH yace ceftnac (CM. GJieayioinHft §). 
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§ 5. npHMepBi 
MoHîeT cosflaTBCH BnenaTJieHHe, HTO paccMOTpeHHHe B npejpjuymeM 1 

^-CHCTeMH HMeioT xapaKTep cneipiajiBHO nocTpoeHHHx npHMepoB H HTO HJIH 
peajibHHx MexaHHnecKHx sa^an BCH Teopnn He npHMeHHMa. n o BTOMy no-
Bony cjiej^yeT e p a s y me HanoMHHTB, KaK eme B aoKjiaae A . H. KojiMoropoBa 
[25] yKa8HBajiocB, HTO MOJKHO OKOJIO noBepxHOCTH nom, öojibmero e a m m p i , 
pacnOJIOÎKHTB HeKOTOpOe HHCJIO UWFpOB HpHTHJKeHHH H OTTaJIKHBaHHH 
H, aacTaBHB MaTepnajiBHyio TOHKy jranraTbCH no noBepxHOCTH, nojiyHHTB 
HHHaMHHecKyio CHCTeMy, CBO^HmyiocH K reop;e3HHecKOMy noTOKy Ha no-
BepXHOCTH OTpHUaTeJIBHOÖ KpHBHSHH. COBCeM HpOCTOÄ npHMep flHHaMH-
necKOË CHCTeMH c nojiojKHTejibHOö BHeprneö nojiynaeTCH cjie^yionniM 
o6pa30M (aoKasaifflaH MHOH) rnnoTeaa B . H. ApHOJibfla). B H V T P H jmy-
MepHoro Topa T2, peajrasoBaHHoro KâK eflHHHHHHË KBajroaT c nonapHO 
OTOJKÄeCTBJieHHHMH CTOpOHaMH paCCMaTpHBaeTCH BaMKHVTaH BHHVKJiaH 
rjiaflKan Kpraan. MaTepnajiBHaH TOHKa jraHJKeTCH no Topy BHe BTOö Kpn-
B O ô . ^ocTHran nocjiejnieö, OHa OTpajKaeTCH OT Hee no 3aKOHy «yroji na-
ÄeHHH paBeH yrj iy OTpajKeHHH». B ï a CHCTeMa HMeeT nojiojKHrejiBHyio 
8HTpOHHK), TpaHCBepcaJIBHHË HOTOKJ TpaeKTOpHH, BHXOflHIipie H3 OflHOÖ 
TOHKH, pasöeraioTCH c aKcnoHeHnnajibHoö ÖHCTpoTOö H T. fl. BproflHHHOCTB 
B BTOM npHMepe noKa He ycTaHOBJieHa. npHHHHa nojiojKHTejiBHOCTH aHTpo-
HHH COCTOHT SfleCB B TOM, HTO OnHCaHHVK) flHHaMHHeCKVH) CHCTeMy MOJKHO 
CBecTH K reonesHHecKOMy noTOKy no HeKOTopoö BHpojKfleHHOö noBepxHOCTH 
c KpaeM, y KOTopoö KpHBHSHa paBHa sc io^y HyjiH, KpoMe Kpan, r^e ee 
eCTeCTBeHHO CHHTaTb paBHOö — ° ° . 

Em;e oflHH COBCeM KOHKpeTHHö npHMep nojiynaeTCH HS CHCTCMH jrayx 
TBepflHX HJIOCKHX flHCKOB, JffiHraïOIinîXCH HO HHepUHH Ha TOpe H CTaJIKH-
BaioinHxeH no aaKOHaM y n p y r o r o y^apa. BTa #HHaMHHecKaH CHCTeMa 
HeaprojniHHa Ha MHorooöpaann nocTOHHHOö BHeprnn (noMHMO saKOHa 
coxpaHeHHH BHeprHH ecTb saKOH coxpaHeHHH HMnyjiBca) H Ha HOHTH uamjioü 
BproflHnecKOö KOMHOHeHTe HMeeT nojiojKHTejiBHyio BHTPOHHIO. 

OrpaHHHeHHe HJIOCKHM cjiynaeM aflecb HeeymecTBeHHO H peayjiBTaT o 
HOJIOJKHTeJIBHOCTH BHTpOHHH BepeH H flJIH CHCTeMH JffiyX TBepflHX mapHKOB, 
ABHraiomnxcH BHyrpn TpexMepHoro Topa. HHTepecHan ocoöeHHOCTb STHX 
cjiynaeB COCTOHT B TOM, HTO TpaeKTopnn TpaHCBepcajibHoro noTOKa s^ecb 
OKaaHBaioTCH TOJIBKO KyeoHHo-rjiaflKHMH H He noaxojpiT fopMajibHO no# 
onpe^ejieHHe § 3 . GncTeMy, HS jmyx J^HCKOB HJIH jrayx mapHKOB MOJKHO 
npeflCTaBHTB KaK CHCTeMy jmyx MaTepnajibHHX TOHCK, B3aHMOAeöcTByio-
npix a p y r c apyroM (oTraJiKHBaiomnxcH) TOJIBKO B MOMCHT, Kor^a paccTO-
HHne MejKfly HHMH CTajaeT paBHHM flHaMeTpy ^HCKa HJIH mapnKa. BHJIO 
ÖH HHTepeCHHM BHfleJIHTb BOOÖlip BCe BOSMOJKHHe BHflH KOpOTKOfleÖCTBVK)-
npix HOTeHiniaJiOB BsaHMOjjeECTBHH jrayx TOHCK, onpenejmioinHx aproflH-
HecKyio CHCTeMy c nojiojKHTejibHOö BHTponneö HJIH aajKe if-encTeMy. 

$a j i ee , npocTeöman MexaHnnecKaH MO^ejib H^eajibHoro raaa — BTO 
CHCTeMa TBep^Hx mapHKOB (MOJieKyji), flBHJKynpixeH BHyrpn npHMO-
yrojiBHoro HnpiKa H CTajiKHBaronnixeH no saKOHaM y n p y r o r o yjjapa. n o -
BHflHMOMy, BTO TOJKe eCTB HpHMep CHCTeMH C nOJIOJKHTeJIBHOÖ BHTpOHHeÖ 
H C TpaHCBepcajibHHM HOTOKOM. 3aMCTHM B BTOÖ CBH8H, HTO $H3HKaMH yJKe 
ÄaBHO Bbnmnrajiacb m^en o HCOOXOAHMOCTH B CTaTHCTHHecKOË MexaHHKe 
CHCTeM c nepeMenrasaHHeM. B nepByio onepejp» a^eob cjieayeT ynoMHHyTb 
H. C. KpHjiOBa [27] , O H , noBH^HMOMy, nepBHM oöparaji BHHMaHHe Ha TO, 



5 5 6 H . r . C H H A ö 

HTO B cncTeMax CTaTHCTHnecKOö MexaHHKH ecTb BKenoHeHnnajibHOCTb p a 3 -
öeraHHH TpaeKTopnö. 

B [27] HMeiOTCH aaJKe BCJIHHHHH, ÖJiH3KHe K BHTponnn. TaM OHH CBH-
3HBaK)TCH co BpeMeHaMH pejiaKcai^HH. BnojiHe BOSMOJKHO, HTO BHTponnö-
Han Teopnn noMOJKeT oöocHOBaTb Bpro^HHecKyio rnnoTe3y B CTaTHCTHnecKOö 
MexaHHKe, XOTH eoMHHTejibHO, H T O ö H coBpeMeHHan $H3HKa nojiyHHjia OT 
BToro KaKyio-jiHÖo nojib3y. H o BHTponnöHHe MeTOßH MoryT, öe3ycjiOBHO, 
ÖHTb nojie3HHMH n p n KanecTBeHHOM HCCJiejjOBaHHH noBefleHHH CHCTCM CTa-
THCTHHeCKOH MexaHHKH. 

3aKjnoHeHHe 
B n ö o p MaTepnajia CBH3aH O ö H H H O C HHTepecaMH aBTopa H noTOMy Bcer^a 

B TOÖ HJIH HHOÖ CTeneHH CVOTjeKTHBeH. XOTeJIOCb ÖH TOJibKO VnOMHHVTb OÖ 
oneHb HHTepecHHX paöoTax A. M. B e p m n K a o jpmaMHHecKHx CHCTeMax, 
nopojKHeHHHx rayccoBCKHMH CTannoHapHHMH npoijeccaMH [12], [13] , a 
TaKJKe HCCJieAOBaHHH TpHHa [53], TpHHa, MapKyca , AyejieHflepa H X a H a 
[52], [56] TaK Ha3HBaeMHx HHJibnoTOKOB, KOTopne ecTecTBemio CBH3aTb c 
HCCJieAOBaHHHMH J l . M. AÖpaMOBa [4] aBTOMOp$H3MOB C KBa3HAHCKpeTHHM 
cneKTpoM. 

IJejib HacTOHinero AOKJia.ua MOJKHO CHHTaTb ^ocTHrayTOö, ecjin y^aj iocb 
yöe^HTb cjiymaTejieö, HTO M H nepejKHBaeM B HacTomnee BpeMH H O B H H 
nepnoA pacimeTa BprojniHecKOö TeopHH. XoTejiocb ö H Ha^eHTbCH, HTO ÖJIH-
jKaömne r o ^ H öynyT ro^aMH flajibHeömnx ycnexoB BTOH HayKH. 

B 3aKjiK)HeHHe n p n H o m y OJiaro^apHOCTb OpraHH3anHOHHOMy KoMHTeTy 
KoHrpecca 3a npnr j i ameHne BHCTynnrb 3flecb c BTHM ftOKjiaftOM. 
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MATHEMATICAL P R O B L E M S IN MAGNETO-
F L U I D DYNAMICS AND PLASMA PHYSICS^) 

By H A R O L D G R A D 

It is my particular pleasure to have the honor to present an address on the 
subject of magneto-fluid dynamics in the home of the founders of the subject, 
Alfvén, Lundquist, Herlofson, and their associates. This is a very new 
subject, not only in mathematics but even in physics. Generally a young 
subject in physics is found to follow somewhat pragmatic rules of evidence 
rather than strict mathematical deduction; historically, it is only at a later 
stage that we find a structure which is sufficiently formalized to be able 
to qualify as mathematics. But, because of the very rapid pace of modern 
science, this subject has moved very quickly into the realm of mathematics. 
This is not to say that the subject is now ready to be embalmed by Nicholas 
Bourbaki, but rather that there exists, at least in some aspects, a recogniz
able mathematical structure. Although I cannot hope to cover the entire 
field in this lecture, I shall attempt to briefly survey most of the mathemati
cally significant high points, mainly work done in New York University at 
the Courant Institute. We shall examine, on the one hand, places where 
familiar analytical tools appear in a new setting and, on the other hand, 
situations where the mathematical structure is not so familiar but where, 
if history is a guide, we may expect the growth of new legitimate mathe
matical enterprises. In particular, we shall find that the classical trichotomy 
of partial differential equations into elliptic, hyperbolic, and parabolic 
types leaves uncovered a significant part of the subject. Although even the 
more unusual equations we encounter have solutions in the most general 
sense [1], the deeper question of the manifold of all solutions (described, as 
usual, in terms of well-posed initial and boundary value problems) is only 
beginning to be developed. 

1. The equations 
The physical problem concerns the flow of an electrically conducting me

dium in the presence of an electromagnetic field. On the one hand, the field 
exerts a force on the fluid; on the other hand, the motion generates charge 
and current sources which reflect back on the electromagnetic field. Per
haps the most striking feature of this interaction is the interplay between 
the scalar pressure of the fluid and the extremely anisotropic electromagne
tic stress. 

The equations we use are essentially those introduced by Lundquist [2]: 

^ + ^ d i v u = 0, (1.1) 

(1) The material on Plasma Physics has been omitted from the written manuscript; 
for a survey of this subject we refer to H. Grad, Modem Kinetic Theory of Plasmas, 
in the Proc. of the Fifth International Conference on Ionization Phenomena in Gases, 
Munich 1961, North-HoUand Publishing Co. 
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Q-j +Vp = JxB, J = —curlB, (1.2) 
at JUQ 

— + curlE = 0 
dt ^ + curl(Bxu) = 0, (1.4) 

ot E + u x B = 0 

d ivB = 0. (1.5) 

We use dldt = djdt-\-VL'^ for the Lagrangian derivative following the fluid. 
These equations are Galilean invariant as a consequence of the particular 
form taken for the electromagnetic equations and the electromagnetic 
forces. Specifically, the displacement current and electric component of the 
force are suppressed in (1.2); this allows J to be eliminated in favor of B.(*) 
The statement of perfect conductivity, E + u x B = 0, combined with the 
other Maxwell equation, yields the equation (1.4) for the conservation of 
magnetic flux. This equation (together with (1.5)), familiar from the theory 
of vorticity, states that individual magnetic lines are carried with the fluid 
at the velocity u, and the flux per unit area (strength of a magnetic tube) is 
constant. 

The complete system consists of the conservation of mass (1.1), of mo
mentum (1.2), of energy (1.3), and of flux (1.4) and (1.5), together with an 
appropriate equation of state relating g,p, and r\. Qualitatively, this system 
describes a magnetic field which is carried with the fluid while reacting back 
on the motion through the force per volume 

J x B = — B - v B - V ( £ 2 A a 0 ) . (1.6) 

The mathematical significance of this system of equations lies in the fact 
that it is symmetric hyperbolic and of conservation form [6]. From the 
hyperbolicity we have access to familiar existence and uniqueness theorems 
for initial and boundary value problems; in addition, the concepts of domain 
of dependence and wave propagation are relevant. From the conservation 
form, we predict some properties of weak solutions, in particular shock 
waves. But, despite the general familiarity of the mathematical structure, 
we shall find the detailed properties to be very strange—principally because 
of the anisotropy introduced by the magnetic field. 

The statement that the system of equations is hyperbolic requires some 
slight elaboration. The system (1.1)-(1.4) (ignoring (1.5)) can be seen to be 
symmetric hyperbolic by inspection; (in terms of the variable p rather than 
o, we replace (1.1) by dp/dt+a2Q div u =0, where a2 is the ordinary adiabatic 
sound speed). If the initial data are taken to satisfy div B =0, and if a suit
able boundary condition is imposed (on a moving boundary receding from 

(*) A fully relativistic fluid description taken with the complete Maxwell equations 
yields a very similar general mathematical structure, cf. [3] and [4]. But the combina
tion of conventional fluid equations with the Lorentz-invariant Maxwell equations 
yields a very undesirable differential system [5]. 
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the fluid), a subclass of solutions is found satisfying div B = 0 and subject 
to a certain smaller domain of dependence. Alternatively, we can para
metrize div B =0 in terms of the two Euler stream functions, 

and replace (1.4) by 

B = V«xV£, (1.7) 

dx 

(1.8) 
*'-°-
I--

In the variables (^,^,u,a,jS) the system (1.1)-(1.3) and (1.8) is hyperbolic, 
but it is not recognizably symmetric. 

The theory of this hyperbolic system is outlined in Sect. 2. Of course, the 
statement that the time-dependent system is hyperbolic contains no implica
tion with regard to problems of steady flow or static equilibrium; these will 
be investigated separately in Sects. 4 and 6 respectively. Each of these 
general formulations (time-dependent, steady flow, static equilibrium) is 
followed by a special case which can be analysed in more detail (transverse 
flow in Sect. 3, aligned flow in Sect. 5, the static free boundary in Sect. 7). 
These special cases all feature the property that they are exact mathematical 
analogues of problems in fluid dynamics (this is even true of the general 
static equilibrium). The transverse flow analogue allows the transfer of a 
large body of fluid dynamic theory to magnetofluid dynamics; in the 
aligned flow problem this transfer is limited by singularities in the trans
formation to the analogue variables; in the general static equilibrium, with 
the recent development of the magnetic version, the analogue is more 
appropriately used in the opposite direction! Sect. 7 also contains a complete 
description of the stability of magnetic free boundary configurations. 

2. Characteristics and wave propagation 
The qualitative and many quantitative features of a hyperbolic system 

are elucidated by an examination of the characteristic cones. For the system 
(1.1)-(1.5), these were computed by Friedrichs [6]. There are two degenerate 
first order characteristic lines immediately recognizable, viz., the particle 
paths for r\ and the lines x = constant for div B. In addition there are three 
distinct nontrivial cones corresponding to a system of sixth order. In Fig. 1 
are shown the characteristic loci, i.e., the traces of the characteristic cones at 
unit time. The figures are surfaces of revolution about the direction of B. 
These loci are determined by the ratio of two parameters (local properties 
of the medium), the adiabatic sound speed 

a~ (dp/do)112 (2.1) 

and the Alfvén speed A = J5/(^0o)1/2. (2.2) 

The characteristic loci are subject to several interpretations. First, the 
outer convex locus identifies the domain of dependence. Each of the figures 
describes the propagation of discontinuities, either of derivatives of any 
order or of small discontinuities in the variables themselves (weak shocks). 
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Fig. 1. Characteristic loci. 

A >a 

The various loci in Fig. 1 also separate different analytic pieces of the funda
mental solution; the figure is a snapshot of the result of a point explosion. 
Finally, the various loci in Fig. 1 are to be used instead of spheres (as in an 
isotropic medium) in the application of Huyghen's construction of "wave
lets". We shall also see in Sect. 4 how the characteristics in a steady flow 
(Mach cones) can be constructed from this figure. 

I t will be convenient to consider three types of question in order of com
plexity. First we shall examine the propagataion of plane waves in a linear 
perturbation of a constant state. This is an essentially algebraic problem. 
Then we observe the behavior of discontinuities in general solutions or, the 
equivalent, the propagation of small discontinuous wave fronts superposed 
on an arbitrary solution. This involves the study of a single first order equa
tion (Hamilton-Jacobi) whose theory reduces to ordinary differential equa
tions. Only then do we examine properties of the full (sixth order) system of 
partial differential equations. 

The propagation of plane waves is completely described by the normal 
speed diagram, Fig. 2. In a given direction are plotted radii proportional to 
the normal speeds of plane waves with the given orientation. There are 
three speeds (each with a double multiplicity ± c) in each direction, the 
intermediate speed 

c2=^42cos20 (2.3) 

and the slow and fast speeds (together referred to as compressive) given by 

c*-c2(a2 +A2) +a2A2 cos2 0 =0, (2.4) 

where 0 is the angle between the magnetic field and the plane wave normal. 
In every direction the slow and fast speeds bracket the intermediate speed. 
The fast wave is only moderately anisotropic (the maximum ratio of major 
to minor axis is 2*). Both the intermediate and slow waves are extremely 
anisotropic and apparently do not propagate at all in the direction perpen
dicular to B. We remark that the characteristic loci, Fig. 1, can be obtained 
from the normal speed loci, Fig. 2, by taking envelopes of the indicated 
plane waves; (the compressive loci are given by a certain tenth degree alge
braic surface [7]). 

Next we turn to the propagation of arbitrary wave fronts (discontinuity 
surfaces) [8], [9] and examine the characteristic loci. Again we observe that 
the outer fast (or magnetosonic) locus is somewhat anisotropic but is other
wise unexciting. The locus for the intermediate (or transverse or Alfvên) 
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Fig. 2. Normal speed diagram. 

wave is extremely degenerate and consists of the two encircled points at 
+ A together with the included line segment. This degenerate locus repre
sents strictly one-dimensional propagation along magnetic lines. A transverse 
wave front is forever contained within a fixed flux tube (but its shape can 
be distorted in an inhomogeneous medium or a nonuniform field). The slow 
locus is even more singular. I t consists of two disconnected cusped regions 
together with the intercepted line segment (Fig. 1). The qualitative signifi
cance is most easily appreciated by the example, in Fig. 3, of the evolution 
of an originally spherical slow wavefront in a uniform medium. The slow 
front lags behind the transverse front (which remains spherical) so long as 
it is smooth. I t overtakes the transverse wave (in apparent contradiction 
to the implications of the normal speed loci, Fig. 2) after singularities 
develop in the wave front. Summarizing, the intermediate wave propagates 
one-dimensionally along flux tubes, the slow wave front is confined to a 
certain cone surrounding the magnetic field direction, and only the fast 
wave front propagates in all directions (but not isotropically). 

The classical theory of ray optics can be employed to make more quan
titative this description of the propagation of wave fronts [8]. A disconti
nuity or characteristic surface (f>(x,t)=0 satisfies the partial differential 
equation (cf. (2.3) and (2.4)) 

(fa - A • Vtfltf - (a2 + A2) tftffa2 + a2(Vfa2(A • V<£)2] = 0, (2.5) 

where A is the vector Alfvén speed pointing in the direction of B. Each 
root of (2.5) is a first order partial differential equation which, in turn, has 
characteristics which can be described as curves rather than cones; these 

Fig. 3. Slow wave front. 
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Fig. 4. Ray construction. 

are the rays or bicharacteristics. A given initial discontinuity front splits 
into six components traveling in both directions along each of the three sets 
of rays. For each of the categories—slow, intermediate, fast—in a given 
problem we have a direction field of rays (possibly multiply covering the 
plane), along which the wave fronts propagate. There is also for each ray 
an ordinary differential equation governing the variation of the magnitude 
of the discontinuity front [8]. The singular behavior which results from 
multi-valued direction fields requires special handling [10]. 

The ray direction for a given orientation of the wave front is determined 
as indicated in Fig. 4. For propagation in a homogeneous medium (equation 
(2.5) has constant coefficients), the ray construction, Fig. 4, is valid in the 
large. An element of a wave front remains parallel to itself and moves the 
distance shown along the appropriate straight-line ray; (this remark yields 
a simple quantitative construction of Fig. 3). 

The separation of wave fronts into slow, intermediate, and fast waves is, 
of course, not possible for general solutions of the original differential 
system^1) Even in the case of a linear perturbation about a constant state 
(constant coefficients), a fast wave front will leave behind it a trail of slow 
and transverse debris, and a slow wave front will send ahead of it fast and 
transverse signals (initiated by a wave front of higher order). Nevertheless, 
in a certain sense the intermediate wave can be partly separated from the 
compressive wave in some cases [11], [2], [9]. To observe this, consider a 
linear perturbation about a constant state characterized by parameters Q0 

and BQ. The dimensionless perturbation variables 

ß = B • BQ/BQ 

satisfy the fourth order system 

(2.6) 

a2(T_ Jd2a d2a d2a\ A2(d
2ß d2ß d2ß\ 

W~a°W + dy2~ + ^J +AoW + di2 + d^J 
d2ß Jd2a d2a\ AJd2ß d2ß d2ß\ 

(2.7) 

which has as characteristics the slow and fast cones. On the other hand, the 
components perpendicular to B0, 

(*) The decomposition is possible a t the expense of a loss of domain of dependence 
attributes, e.g., by a Fourier expansion. 
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Fig. 5. Whistlers. 

u'=u-B0(u-B0)/£* 
B0ß'=B-B0ß 

satisfy the inhomogeneous one-dimensional wave equation 

(2.8) 

au' 
et " u dx 

dß' du' 

Af-f=-A2oVß-a2oV'o 

dt dx 
= 0. 

(2.9) 

Although (2.9) has the one-dimensional intermediate characteristics, the 
inhomogeneous term, found from (2.7), is different from zero within the 
larger compressive domain of dependence. 

Despite the fact that an arbitrary initial state cannot be resolved into 
intermediate and compressive components, each with the appropriate do
main of dependence, one can find large classes of initial data that propagate 
purely as a one-dimensional transverse wave or as a compressive wave. 
For example, taking a=ß = dajdt = dßjdt:=0 initially yields a purely trans
verse solution of (2.9) for li' and B' (dojdt = dßjdt = 0 can be satisfied by 
taking div u = 0 and u-B0 =0 initially). This simple separation does not occur 
with variable coefficients. As an illustration we consider the phenomenon 
of "whistlers" in the earth's magnetic field (taking for granted the relevance 
of these equations). A transverse wave front will propagate along a magnetic 
tube without radial attenuation and will, under appropriate conditions, be 
reflected at each end for an indefinite lifetime (Fig. 5). But there is no 
purely transverse solution of the full system of partial differential equations 
in a case of variable coefficients. Thus there must be some coupling of the 
disturbance with compressive waves which radiate away to infinity. The 
precise relation between the wave front which persists and the complete 
disturbance which apparently radiates has not yet been established. 

An explicit formula has been obtained for the two-dimensional funda
mental solution for the case of constant coefficients [12]. In three dimen
sions, some asymptotic properties of the fundamental solution have been 
obtained by Fourier analysis [13], [14], but most of these results are more 
easily obtained using the simpler ray optics techniques. 
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Fig. 6. Wave incident on a slit. 

As a final illustration of the unusual wave motions embraced by this 
theory, we quote an explicit solution for the motion of a plane discontinuity 
front incident on a semi-infinite slit [15]. The qualitative behavior for a 
slow wave front is indicated in Fig. 6 (the unperturbed magnetic field is 
parallel to the slit). Because the ray direction (which is the direction of 
propagation of the wave) is not normal to the front, we observe that both 
the shadow and the reflected wave lie on the "wrong" sides of the slit. 

3. Transverse flow [16] 
There is a simple special configuration which, by appropriate identifica

tion of variables, can be made into an exact mathematical analogue with 
a very large class of ordinary fluid flows. The intriguing feature of this 
analogue is that it maps a large portion of the entire body of fluid dynamic 
theory (viz., all two-dimensional nonsteady flows which make no specializa
tion with regard to the equation of state) onto a miniscule corner of magneto-
fluid dynamics. 

Specifically, we assume that all variables depend on (x,y,t), the flow field 
is two-dimensional (ux,uy), and the magnetic field is one-dimensional, 
having the single component Bz in the ignorable direction. The essential 
simplification is due to the fact that the Maxwell stress tensor is equivalent 
to an isotropic scalar pressure in the plane of the flow; cf. (1.6) where 
(B-V)B=0. With this remark, the momentum equation 

Qjt
+VP*=0 (3-1) 

is formally the same as in fluid dynamics in terms of the "total pressure" 

p*=p + B2l2f*0. (3.2) 

In the flux equation (1.4), we remark that B can be reinterpreted as a scalar; 
in this notation (1.4) takes the form 

—-+5divu = 0. (3.3) 
at 

In this geometry, conservation of mass (1.1) is identical to conservation of 



5 6 8 H. GRAD 

flux, since the two-dimensional "volume" element is the same as the element 
of area. An alternative form to (3.3) is therefore 

5=0, «3.4, 

where rj% = B/q. (3.5) 

Finally, just as the conventional entropy equation (1.3) is equivalent to an 
energy equation, (3.4) can be replaced by 

Qlt+P* d i v u = 0 <3'6) 

in terms of the "total energy" per mass 

e*=e + B2/2[jiQQ. (3.7) 

The complete system of equations is the conservation of mass (1.1) and of 
momentum (3.1) together with the two particle path invariants rj and rj*, 
(1.3) and (3.4). 

As it stands, this system is very similar to the ordinary fluid equations 
(there are the same characteristic cones, with the exception of an extra 
particle path), and the similarity can be made into an identity by a slight 
further specialization. We consider three cases: 

(1) rj*= constant, 
(2) rj = constant, 
ß)r)*=f(rj). 
In the first case, we take rj* = B/Q to be a constant over the entire flow 

instead of along each particle path. The mass, momentum, and entropy 
equations are exactly as in fluid dynamics provided that we complete the 
formulation with an equation of state relating (p*,q,rj), viz., 

P*(Q, V) =P(Q> V) + rj2*Q2/2f*o- (3.8) 

I t is a simple matter to verify that this equation of state is compatible with 
conventional thermodynamic convexity requirements, and, in particular, 
the adiabatic sound speed is given by 

al=dp*/do~a2 + A2. (3.9) 

In the second case listed above, isentropic flow with r\ constant, we obtain 
a conventional system of fluid equations in (p*,q,rj*), taking 77* as the fluid 
entropy. Again, we need only an equation of state, in this case 

P*(Q, V*) =P(Q) + V2*Q2/fyo- (3.10) 

I t is again possible to verify that the thermodynamic structure is standard, 
and the sound speed takes the same form (3.9). 

In the third case, we interpret 77* ==f(rj) quite generally to mean that the 
surfaces 77 = constant coincide with 77*= constant. For example, in one-
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dimensional nonsteady flow, variables (x,t), this is no specialization; the 
relation rj*=f(rj) is obtained by eliminating x between the given initial 
values of rj*(x) and rj(x). Eliminating 77* in favor of 77, we obtain a conven
tional fluid system with the equation of state 

P*(Q>*l) =P(Q>V) +f2(rj)Q2l2f*0 (3.11) 

and the same sound speed (3.9). 
The thermodynamic structure in each of the above three special cases 

can be derived from the elementary identity 

T drj + (Blfi0)drj* =de* +p*d(ljq). (3.12) 

In the first example the analogue temperature is T* = T, in the second exam
ple it is T* = BI[AQ, and in the third example it is T* = T + Bf(rj)l/j,Q. 

The conventional laws of Bernoulli and the conservation of circulation are 
easily derived. The restricted Bernoulli's law (for a steady flow) is valid in 
complete generality, 

h*+lu2 = a(xp), (3.13) 

where a is constant on each streamline (as are 77 and 77*) and the "total 
enthalpy" is 

Ä* = e * +p*lQ=h + B2l/Li0Q. (3.14) 

Conservation of circulation results under the condition that p* depend on 0 
alone; this is guaranteed, for example, if both 77 and 77* are constant through
out the flow. Under the same restrictions potential flow 

u = V<£ (3.15) 

is validated, and we obtain the strong form of Bernoulli's law 

d4 + h* + \u2==a(t). (3.16) 
ot 

From the analogy with ordinary fluid dynamics we can transfer the 
relevant theory of shock waves, simple waves and interactions, flows around 
objects and bends, Riemann invariants, cavitation, etc. But we may not 
transfer essentially three-dimensional properties related to stability and 
turbulance, nor dissipative properties connected with boundary layers, etc. 

4. Steady flow 

The system of equations is as before, (1.1)—(1.5), but this time with the 
time derivatives suppressed. As a result of this specialization we find the 
scene dominated by more unusual mathematical structures. A typical pro
blem involves a higher order system which is partly elliptic and partly 
hyperbolic; e.g. a sixth order system with two real characteristic cones and 
one imaginary. A more conventional structure which is encountered is a 
fully hyperbolic system, but purely elliptic problems are not found (except 
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Fig. 7. Steady flow characteristics. 

under very special circumstances, see Sect. 5). The classical fluid dichotomy 
into subsonic (elliptic) and supersonic (hyperbolic) does not generalize. 
One reason is that the fast and slow characteristics are two real traces of a 
single complex algebraic surface, and the concepts subsonic and supersonic 
cannot be unambiguously applied to the slow and fast speeds individually. 
As to the transverse wave, since propagation is one-dimensional, it is only 
possible to distinguish subsonic from supersonic in very special (essentially 
one-dimensional) flows. 

The steady-flow characteristic (Mach) cones are obtained from the charac
teristic loci (Fig. 1) by a simple geometrical construction [16], [17], [18]. 
With reference to a specific location in a general steady flow, we take the non-
steady locus, Fig. 1, with the appropriate local values of a and A, and mark 
the terminus of the reversed local flow velocity vector — u, on this diagram 
(Fig. 7). The real characteristic cones are obtained by drawing tangents 
from — u to the characteristic loci^1) in two dimensions we obtain lines 
and in three dimensions cones. 

The intermediate characteristic is a degenerate triangular disc (collapsed 
cone) in three dimensions and a pair of lines in two dimensions. For the fast 
locus we obtain a real cone (or pair of lines) when u is outside the locus. The 
slow locus yields two distinct real cones if u lies inside either of the two 
cusped regions and a single real cone everywhere else; (a slow cone which has 
a trace on both cusped regions also contains a triangular "collapsed" disc 
which joins the two pieces). Summarizing, the sixth order system (neglecting 
the entropy-induced real streamline characteristic) has three real cones if 
the velocity lies outside the fast locus or inside the cusped regions (only 
the former is clearly supersonic). There are only two real cones (and one 
elliptic imaginary cone) if the velocity falls between the cusped regions 
and the fast locus. One can distinguish a "fast" from a "slow" Mach cone 
when P lies within a cusped region by analytic continuation, but it is not 
clear that this has any significance. 

Since there is no substantial general theory, we shall be content to men
tion a few illustrative examples. First we recall the elementary problem of 
the linearized supersonic gas flow past a thin airfoil. This is translated as 
the problem of solving the wave equation in a slit domain (Fig. 8a) with a 
given boundary condition on the slit (describing the shape of the airfoil). 
A unique result is obtained only after one imposes an additional regularity 
condition at infinity upstream. But the mathematical boundary value 
problem would be equally well-posed if the regularity condition were im-

(*) In doubtful or singular cases, one should take the envelope of tangent planes 
rather than tangent lines. 



MATHEMATICAL PROBLEMS IN MAGNETO-FLUID DYNAMICS 5 7 1 

(b) 

Fig. 8. Airfoil flow. 

posed at infinity downstream (Fig. 86), and one can even satisfy the boun
dary condition on the slit with an arbitrary linear combination of the two 
solutions indicated in Figs. 8 a and 86. Of course, one must turn to the time-
dependent problem to obtain the correct regularity condition at infinity. The 
interesting point is that with a certain choice of parameters, there is a linea
rized magnetic flow problem past an airfoil which reduces to the same mathe
matical problem just described, but the correct choice of the domain of 
dependence lies upstream of the body [17]. 

Fully hyperbolic problems can be solved using standard means in two 
dimensions (if linear, using Riemann invariants [16]), and should offer no 
qualitative surprises in three dimensions [19], except for the unusual orien
tation and strange shapes of the Mach cones [18]. Although the equations 
are not unfamiliar, experience from fluid dynamics may be irrelevant. For 
example, the flow around a bend cannot be solved in terms of shocks or 
simple waves. The reason is that the boundary condition (at an insulating 
wall) that the magnetic field is continuous implies that we must solve a 
static magnetic field problem (elliptic) in the complementary domain and 
match it to the fluid problem, rather than apply only a local boundary 
condition [20]. Another feature of the magnetic problem is that, with de
creasing magnetic field, the flow does not approach the ordinary fluid flow 
uniformly [16]. 

"Mixed" elliptic and hyperbolic problems are another story. The linearized 
flow past a thin airfoil in such a mixed regime has been successfully carried 
out [21]. This solution is based on the observation that the variables can 
be separated into two sets which satisfy elliptic and hyperbolic equations 
respectively. Since the boundary conditions are applied to certain linear 
combinations of the elliptic and hyperbolic variables, it becomes necessary 
to solve an integral equation on the boundary to obtain the solution. We 
recall that the classical elliptic fluid problem in this slit domain (subsonic 
flow) is not uniquely determined without specifying a value for the circu
lation around the body. The magnetic problem is similarly nonunique, but 
consideration of the singularities leads to a plausible requirement that app
lies a Kutta condition sometimes at the leading edge and sometimes at 
the trailing edge, depending on the parameters. 

To complete the picture we remark on the possibility that we may en
counter transitions of type in different domains ("mixed" or transonic 
flows in aerodynamic terminology). The combination of mixed equations 
(partly elliptic, partly hyperbolic in a given domain) together with changes 
of type from one part of the domain to another seems to offer limitless possi
bilities for complications. A special case, which is simple enough to yield 
some information will be discussed in the next section. From the characteris-
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tic diagram Fig. 7, we observe that both the transverse and slow Mach 
cones collapse upon the streamline when u is parallel to B. If this alignment 
is satisfied in the entire flow, then certain variables can be integrated out of 
the problem (just as we can take 77 = constant in the entire flow), and we are 
left with a second order system. But from Fig. 7 we easily see that this second 
order system yields three transitions—elliptic to hyperbolic to elliptic to 
hyperbolic—as u increases from zero to a large value. 

5. Aligned flow 

Consider the special case of a flow in which the vectors u and B are aligned 
throughout the flow. From (1.4) we see that this special restriction is signifi
cant only in a steady flow. For simplicity, we look first at an incompressible 
flow and set 

B=em (5.1) 

Since div B=div u = 0, we conclude that a is constant on a streamline. By 
inspection of 

g(u • V) u + VOP + B2/2^Q) = - (B • V) B (5.2) 

we recognize the analogue variables 

p*=p + B2/2p0\ 
2/ (°-3) 

which satisfy the ordinary fluid system 

e*(u-V)n + Vl>*=0] 
div u = O.J 

I t is not necessary to refer to an equation of state in an incompressible 
problem. The pressure can be eliminated from the problem unless it appears 
explicitly, e.g. in a boundary condition as in the problem of water waves under 
gravity. The analogy extends to such problems with a free surface in air 
since the "total" pressure p* acts exactly as does p an at interface which 
is a flux surface. Of course, a specifically electromagnetic boundary condi
tion (e.g., that caused by a vacuum magnetic field in the exterior domain) 
would destroy the analogy. 

A slightly more complicated identification of variables yields a similar 
analogue in a compressible parallel flow [22], [16]. This time div(^u)=0 
and we set 

B = ocqu, (5.5) 

where a is constant on a stream line. If we insist on 

g*u*=gu, (5.6) 

we immediately detect, from (5.2), the identifications 

u* = u( l - a V f t ) - u(l - 1/Jf2), 

e* =e/(i - OVK»)=<?/(i - V^2)J (5'7) 
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Fig. 9. Nozzle flow. 

where M is the Alfvén "Mach" number (a function of q and a) 

M2=u2IA2 = !Lt0loc2q. (5.8) 

For a compressible flow we do require an equation of state. We are forced 
to accept an equation giving p* as a function of q* on each individual stream
line, rather than universally. I t is obtained by appealing to Bernoulli's 
law which is valid in the original variables (and also in the new variables 
with a suitable definition of the enthalpy), 

h + \u2 = hQ, (5.9) 

where h0 is constant on a streamline. The "equation of state" is 

a2 

P*{Q*;y,<x,h)=P(Q>ri) + — [h0-h(q,rj)]q2 (5.10) 
Po 

after q is eliminated in favor of q* and a from (5.7). The analogue sound 
speed is 

al = dp*ldq* = (l-llM2)2[a2(l-llM2)+A2], (5.11) 

and the entire analogue thermodynamic structure can be computed [16], 
but it is evidently unconventional for M < 1 (q* is negative and the analogue 
flow is in the opposite direction to the actual flow) and even more so for 
M2<a2l(a2-\-A2) (the analogue sound speed is imaginary). 

Thus we see that the analogue is useful only to a limited extent in studying 
parallel flow. In particular, it sheds no light on the unusual transitional 
flows mentioned at the close of Sect. 4. Let us, as an example, consider the 
flow in a converging-diverging channel. In Fig. 9 we show the qualitative 
features of a normal transitional flow in a gas and a conjectured magnetic 
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parallel flow; the characteristics are sketched in the hyperbolic regions. We 
recall that there are three transitions—elliptic to hyperbolic to elliptic to 
hyperbolic; these occur at u2=a2, u2=A2,u2=a2A2(a2jrA2). The second 
transition, M2 = l, is a singularity of the transformation (5.7), and the third 
transition indicates the onset of the imaginary analogue sound speed. There
fore the normal sonic transition, u2=a2, is the only one that is not compli
cated by the introduction of the analogue variables. 

Some formal analysis has been done indicating that the flow sketched 
in Fig. 9 may indeed be legitimate [23], but a mathematically satisfactory 
answer to this multiple transition question is not yet at hand. 

It is interesting to note that the elementary hydraulic approximation to 
the channel flow in the original variables gives the identical answer as in 
ordinary gas dynamics; the only facts that are employed in this approxima
tion are the conservation of mass, constant entropy, and Bernoulli's law. 
In other words, provided that this unusual and difficult flow problem has a 
solution, the answer is closely approximated by the well-known ordinary 
gas flow. 

A "parallel-transverse" flow in which a two-dimensional aligned flow 
has a third component of B superposed (in the ignorable direction), can also 
be transformed into an ordinary fluid problem [16]. But this time the flow 
blows up near M = 1 even in the original variables. This indicates that a 
transition across M = 1 in the simple aligned flow is quite special. 

6. Static equilibrium and force free fields [24] 
The problem of static equilibrium is in principle a special case of the 

previous theories, but they are, in fact, completely unrelated. Fortunately, 
in the present case there is an exact analogue with a problem in fluid dyna
mics. But progress in the magnetic problem has carried it beyond the earlier 
status of the fluid version, so the analogy is, in essence, reversed. The equa
tions are 

S7p = J x B , 

J = —cur lB, ^ (6.1) 
Po 

divB = 0. 

By inspection we see that the pressure is constant along a magnetic line and 
also along a current line; or we can say that a pressure surface is covered by 
magnetic lines and by current lines. In the form 

V^*= — (B-V)B 
Po 

p*=p + B2/2iiQ 

div B = 0 

(6.2) 

we recognize an exact equivalence with the steady rotational flow of an 
incompressible fluid(1) 

(x) This analogue was first noted by Lundquist [2]. 
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Fig. 10. Tubular equilibrium. 

'1 ( 6 3 ) 

div u = 0. 
The velocity and magnetic field are identified (within a factor); the "total" 
Dressure p* is identified with — p or, what is equivalent, — p is identified 
vith the Bernoulli constant p + \qu2. 

By combining plausible arguments with proved special cases, we are 
ible to discuss the theory of this system. Consider the tubular domain D 
)f Fig. 10. Roughly speaking, a well-posed boundary value problem will 
•esult from the specification of Bn on the boundary of D (say Bn>0 on 
?', Bn=0 on S0, and Bn<0 on S"), and also the specification of p on the 
iwo ends S' and S". To be more precise, we suppose that values of Bn and 
i are given at the end S'. We then take an arbitrary smooth one-one map-
>ing of S' onto S". The mapping is used to carry the given values of p over 
o S", and Bn is multiplied by the Jacobian of the mapping so that B'n dS' = 
B'ndS". The statement is then that a solution of (6.1) exists which takes the 
çiven boundary values of Bn and p and also has the property that the 
-wo ends of each magnetic line are related by the given mapping between 
?' and S". 

The significance of the identification of the ends of the magnetic lines 
ian be made clear by two examples. If the lines p = constant cover S' 
limply (Fig. 11a), then the specification of Bn independently on S' and S" 
subject to IBndS'+1BndS" =0) and the specification of compatible p 
values at both ends (i.e., 

f BndS'+ f BndS"=0 
J P<Pa J P<Po 

or all p0) uniquely determines a mapping of S' onto S". On the other hand, 
f the lines p = constant are closed curves (Fig. 116), then specification of 
iompatible boundary values of Bn and p at both ends does not fix the 
napping. In addition to these boundary values, we also specify a given 
'twist" from S' to S" of each constant p curve. 

The necessity for this twist becomes clear when we note that a vector 
ield B taken from a solution of (6.1) is, in a certain generalized sense, a 

(a) (b) 

Fig. 11. Pressure boundary condition. 

•622036 Proceedings 
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Fig. 12. Toroidal equilibrium. 

harmonic vector field within a pressure surface [24]. In particular, such a 
surface harmonic is uniquely determined by boundary values when the 
pressure surface is simple, Fig. 11a, but it requires the specification of 
certain periods (e.g., circulation) when the pressure surface is not simple, 
Fig. 116. 

Making use of this concept, we are led to a formulation in a toroidal do
main. In this case there are no boundaries (except the trivial one on which 
Bn=Q) and we can specify only periods on each pressure surface. Specifi
cally, a solution of the system (6.1) with nested toroidal pressure surfaces 
can be expected to be determined by the specification of two functions 
®i(P)>®z(P)>Po<P <Pn which give the total flux intercepted in the two 
independent directions between the axis p0 (a closed curve) and a given sur
face p (Fig. 12). An alternative formulation is to fix the two fluxes 01(F), 
02( V) as functions of the volume V which parametrizes the nested toruses 
(p will be determined only within an added constant). I t should be remem
bered that the family of nested toruses must be found as well as the asso
ciated B and p; only the outer boundary is known beforehand. 

The special case of (6.1) with 33=0, 

BxB = 0,l 

B = 0, J 

curl 

divB= " f V ; 

is called a Force-Free Field (in the fluid version, the Bernoulli constant is 
constant over the entire flow and we have a Beltrami field). This is a signi
ficant concept in the theory of ionized gases because it is possible for a gas 
to be very rarefied (p ~ 0) and still carry an appreciable current. In the 
tubular domain, Fig. 10, the statement of a well-posed problem is the same 
as before, omitting the specification of p. A mapping of S' onto S" is given 
and also the value of Bn; a solution will take the given value of Bn and will 
satisfy the end coordination. In a torus, p serves only as a parameter to 
identify the nested toruses. There is no difference between the pressure and 
volume parametrization, and the parametric representation 01(^),02(^)> 
Po <P <Pv i s equivalent to specifying (Ê  as a function of ®2 over a specified 
range 0 < 0 2 < O * . 

I t is illuminating to compare a general equilibrium (6.1), a Force-Free 
Field (6.4), and a harmonic vector (curl B=0 , div B=0) in the domain 
between two concentric toruses. For the system (6.1) we specify ^x(p) and 
<I>2(p); for the system (6.4) we specify only 01(02); for the harmonic field we 
specify two constants, 0>x and <E>2. 

This conjectured existence theory quoted above is based on a study of the 
characteristics of the system (6.1), on a number of proved special cases, and 
on deductions from a variational formulation of the problem. The system 
has both real and imaginary characteristics. But in contrast with the mixed 
elliptic and hyperbolic problems which appear in steady flow problems, the 
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eal cones are all degenerate and fall on the streamlines. This suggests the 
ipecification of Bn as a boundary condition and p as a separate "initial 
;ondition" at each end but the conditions involving periods on nonsimple 
wressure surfaces can only be discovered after the interpretation of B as a 
lurface harmonic. The solvable special cases are two-dimensional and 
Lxially symmetric problems (and include the toroidal case by imposing 
)eriodicity on an axially symmetric problem). The variational formulation 
or the tubular domain, Fig. 10, is to make the variational function 

J< (B2/2p0-p)dV (6.5) 

stationary subject to an admissible class of functions (B,p) satisfying 

d ivB = 0> 

(6.6) 
B-Vp = 0j 

together with the boundary conditions on Bn and p and the mapping 
•estriction at the ends of the magnetic lines. Under these conditions an 
nterior variation yields the Euler-Lagrange equation yÇp = 3 x B, and there 
s no contribution from the boundary variation. 

In the toroidal problem, the same variational function (6.5) is used and 
in admissible (B,p) satisfies (6.6) as well as the given flux requirements 
D1(p),02(p). In other words, an admissible pair (B,p) is obtained from a set 
)f nested toruses by assigning values of p and a tangential magnetic field 
compatible with the given flux. In the case of given 01(F),<I)2(F), we use 

F= \B2/2^dV (6.7) 

is the variational function. Given a set of concentric toruses, the parameter 
V is known and we choose a tangential field B compatible with the given 
luxes. The pressure does not enter this variational formulation and takes 
;he form of a Lagrangian multiplier in (6.5) if we wish to specify O^p), 
ì>2(p) instead of 01(U),02(U). 

As a final illustration, let us consider the classical Dirichlet principle for 
}he tubular domain, Fig. 10. A harmonic vector is uniquely determined by 
)he given boundary condition on Bn. Variationally, we minimize F in (6.7) 
subject to the admissibility condition 

d ivB = 0 Ì 
(6.8) 

jBn=givenJ 

:o obtain the variational condition 

cur lB=0. (6.9) 

k simple way of incorporating the condition div B = 0 is to introduce the 
rector potential 

B = curlA, (6.10) 
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after which (6.9) is obtained by the usual integration by parts. But, if we 
parametrize div B = 0 by 

B=Vaxy/? (6.11) 

(the existence of such a and ß is both necessary and sufficient for div B =0), 
an integration by parts in the variation of F yields the interior variation 

c u r l B x B = 0 (6.12) 

instead of curl B =0. Since the variational function is the same as in Dirich-
let's principle and the variational condition (6.12) is wider, the admissibility 
class must be (unwittingly) more restricted. Indeed, performing the bound
ary variation we discover that the boundary condition Bn= given is not 
sufficient to make F stationary. Fixing a and ß at both ends of the tube does 
make F stationary, and this is exactly the mapping condition on the ends 
of the magnetic lines (both a and ß are constant along a magnetic line). 

The resolution of the surprising distinction between the two parametri-
zations of d ivB=0 is that, although they are equivalent in the large, a 
local variation of a and ß keeps intact the identification of magnetic lines 
across the varied domain. In the general equilibrium problem, (6.5), the 
parametrization 

B = Vpxya) (6.13) 

(where œ may be multivalued) accomplishes the same purpose. 

7. Free boundary equilibrium and stability [25] 
We now turn to a problem which was one of the first in magneto-fluid 

dynamics to be studied in depth. The reason this could be done is that the 
electromagnetic field is almost completely separated from the fluid dyna
mics. Specifically, we consider an interface which separates a pure electro
magnetic field in vacuo from a conducting fluid within which there is no 
electromagnetic field. By the perfect conductivity, this separation persists 
in time. The fluid provides boundary conditions for the electromagnetic 
field, viz. 

Bn=0] 
(7.1) 

(E + uxB)*=0J 

and the field suplies a boundary condition for the fluid motion 

P = Biß^. (7-2) 

To provide a suitable formulation it is necessary to use a Galilean invariant 
form of the electromagnetic equations [26]. The result is a theory which is 
basically elliptic (in particular, B is determined at any instant by the 
instantaneous geometrical configuration plus the specification of certain, 
possibly time-varying, periods such as fluxes or currents). Heuristically, wc 
conclude that the driving pressure (7.2) on the fluid is determined by the 
instantaneous position of the interface; thus the fluid motion is determined. 

The simplest of these problems is the static equilibrium of a fluid at rest 
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Fig. 13. Free boundary flows. 

(p = constant) balanced by a magnetic field. This is, of course, a special 
case of the static equilibria studied in the previous section. I t is therefore 
an analogue of a fluid flow problem, viz., the classical free boundary flow. 
In this problem we have a potential flow, div 11 = 0, curl u=0 , separated 
at a stream surface from either stagnant water or a cavity. The additional 
boundary condition, \u\ = constant at the interface (obtained from Ber
noulli's law) serves to determine the shape of the interface. In the magnetic 
version, the vacuum field curl B =0, div B =0 is also provided with an extra 
boundary condition, |B | = constant at the interface. 

Although the two problems are mathematically identical, the solutions 
which are of interest in the two cases are not the same. For example, the 
fluid flow from an orifice and the cavitational flow around an obstacle 
(Fig. 13) are of very little interest magnetically. On the other hand, impor
tant magnetic configurations such as the pinch and the cusped geometry 
(Fig. 14) are unimportant fluid dynamically. One important reason for this 
distinction is the question of stability. The stability problem involves time-
dependent equations which are not analogous in the magnetic and fluid 
versions. A very complete analysis of the magnetic free boundary stability 
problem has been done. The end result is a simple criterion which is 
necessary and sufficient for stability against finite amplitude displacements 
in terms of easily verified properties of the equilibrium configuration. 
The great generality of this theory results from the existence of a varia
tional formulation. The appropriate variational function is 

F= f (B2/2p0)dV+ f qedV-flr®r, (7.3) 
jDv JDf 1 

where the first integral (over the vacuum domain) is the magnetic energy, 
the second integral (over the fluid domain) is the fluid energy, and the sum
mation is carried over those magnetic circuits l...m for which the currents 
Ir are fixed constraints; in the remaining magnetic circuits, m + l,...,n, the 

Fig. 14. Magnetic free boundary solutions. 
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(a) (b) 
Fig. 15. Stable equilibria. 

fluxes O r are fixed constraints. An equilibrium configuration is characterized 
by stationary F;^) a stable configuration is characterized by a minimum 
value of F. 

Specifically, the theorem [25](2) is that a given configuration is stable if 
there exists a domain Dx which encloses the fluid domain D0 and within 
which the magnitude B of the magnetic field is larger than the constant 
value B0 taken on the interface, B > B0 in Dx — D0. It is unstable if there 
is a region adjacent to D0 where B<B0. This criterion is valid for any 
geometrical and topological fluid and confining coil configuration; for any 
position of external fixed conductors, touching the fluid or not; for constant 
flux or constant current constraints (or any combination) on the confining 
fields; for any fluid properties, incompressible or compressible with any 
equation of state, or even subject to the Boltzmann equation. The essential 
mathematical content of this problem is the domain variation of harmonic 
vectors in regions of higher topological structure. 

There is a simple relation between the above criterion for stability in the 
large and the more elementary criterion for positivity of the second variation 
of the appropriate variational function. The latter condition is simply that 
8B2jdn be positive on the entire interface for stability, and negative any
where for instability. This criterion has a simple geometrical interpretation. 
Since 

curlBxB = (B-V)B-V(i B2)=0 (7.4) 

for a harmonic vector, the sign of dB2\dn is associated with the sign of the 
curvature of a magnetic line on the interface (the magnetic lines are easily 
seen to be geodesies, so this is the curvature of the surface in the given direc
tion). From this remark one can easily prove the theorem that no finite 
fluid domain with a smooth boundary can be stable (at a point of tangency 
with a support plane, the curvature must be in the unstable direction). 
This stability analysis led to the discovery of the stable cusped configura
tion of Fig. 14. 

There are many stable three-dimensional configurations [29] of which wc 
indicate only two in Fig. 15. These configurations are stable once they have 
been shown to exist. Two-dimensional equilibria are easily found by con-
formal mapping. The periodic structure, Fig. 15 b, can be shown to exist 
by perturbation from the known two-dimensional solution, but the singula
rity on the axis of Fig. 15 a has so far eluded an existence proof (although 
the figure has been empirically computed, numerically). 

I t is instructive to compare several common definitions of stability: 

(1) boundedness of solutions of the nonlinear partial differential equations, 
(2) verification of a minimum in the large for F, eq. (7.3), 

(*) This is a modification of a variational principle used by Friedrichs to show exi
stence of an axially symmetric fluid free boundary [27]. 

(2) For a more complete account see [28]. 
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(3) determination of the sign of the second variation of F, 
(4) determination of the characteristic frequencies of a linearized solution 

of the partial differential equations, assumed to be exponential in 
time. 

The approach (1) has not been attempted. The relation between (2) and (3) 
is the simple one stated above. There is also a simple connection between 
[3) and (4); there is a variational formulation for the charcteristic frequencies 
chicli uses the second variation of F, just as in classical vibration problems. 

In this last formulation, the free boundary stability problem has been 
generalized (for the linearized problem) to many cases of general equilibria, 
Vp=JxB [30]. This problem is more complicated than the free boundary 
because it can be shown that there is no local property of the equilibrium 
[as there is in the free boundary case) that can characterize stability [25]. 
[n particular, there are no results concerning finite amplitude stability. 

Historical note 

Many of the early results in this subject (prior to 1958) were first presented 
in restricted conferences concerned with Project Sherwood controlled 
bhermonuclear research)(1). Most of the fluid analogues (transverse(flow, Sect. 
Ì, incompressible parallel flow, Sect. 5, general static(2) and free boundary 
equilibria, Sects. 6 and 7), also the variational formulation of the many 
static equilibria, Sect. 6 (including a tentative formulation for the toroidal 
geometry) as well as the variational formulation of the linear and nonlinear 
free boundary stability problem, Sect. 7, were presented by the author in 
lectures at New York University, (3) Livermore,(4) and Princeton(5) in 1954. 
The Galilean invariant electromagnetic theory [26] was developed along 
bwo different lines by K. O. Friedrichs and the author in 1954.(6) The 
sharacteristic theory, Sect. 2, was presented by K. O. Friedrichs in lectures 
it New York University, Los Alamos,(7) and Princeton(8) in 1954. The 
theorem relating the linear stability of a free boundary configuration to the 
3urvature of the boundary as well as the theorem of nonexistence of smooth 
itable equilibria, Sect. 7, were announced and proved by the author in 
L955.(9) An independent heuristic stability argument involving particle 
orbits leading to a roughly similar criterion was given by Rosenbluth and 
Longmire [31]. The variational free boundary stability analysis was subse
quently extended by E. Frieman and others to general equilibria (without an 

(*) An excellent general account is given in A. S. Bishop, Project Sherwood, Addison-
tVesley Publishing Co., 1958. 

(2) This analogue was noted earlier by Lundquist [2]. 
(3) Mimeographed lecture notes on magnetohydrodynamics (I. General Equations, II, 

Transients, III. Ohm's Law, IV. Potential Flows and Similarities with Fluid Dynamics), 
tfew York University, August 16, 1954. 

(*) Note on Magnetohydrostatics (mimeographed), Livermore, August 30, 1954. 
(ö) U.S. Atomic Energy Commission Report WASH-184, p. 144 (issued January 

955). 
(8) WASH-184, pp. 144 and 148. 
(7) Nonlinear Wave Motion in Magnetohydrodynamics, Los Alamos Report LAMS-

1015 (written Sept. 1954, issued 1957). 
(8) WASH-184, p. 148. 
(") U.S. Atomic Energy Commission Report WASH-289, p. 115 (issued June 1955). 



5 8 2 H. GBAD 

interface) for the vibrational form of the linear problem [30](x) (also inde
pendent ly in Germany [32] and in the U .S .S .R. [33]). The exis tence of the 
two-dimensional cusped equilibrium was shown b y Friedrichs.(2) The non
existence of a s imple local s tabi l i ty criterion in a n y but a free boundary 
equilibrium was shown b y H. R u b i n in 1955.(3) The free boundary stabi l i ty 
theorem in the large was established b y the author and A. A. Blank in 
1955.(4) The toroidal equilibrium theory was further deve loped b y the 
author and H . R u b i n in 1955 and 1956 [24], and a somewhat similar simul
taneous deve lopment was carried out b y Kruskal and Kulsrud [34]. 
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NEW RESULTS ON THE STABILITY OF 
PERIODIC MOTIONS 

By JÜRGEN MOSER 

This lecture has been presented in a similar form at the Symposium on 
Nonlinear Problems at Madison, April 1962 and will be published in the 
Proceedings of that conference. To avoid duplication we only summarize 
the main theorems of this paper: 

The first theorem refers to the existence of invariant curves of a mapping 
defined in an annulus Kr<2,0(mod27r) where r,Q are polar coordinates. 
The mapping considered has the form 

M: 0 i - 0 + a(r)+/(fl,r), 

r1=r+g(d,r), 

where f,g are small, in a sense to be specified below. The function oc(r) is 
assumed to be monotone so that | a(2) — a(l) | =A is positive. For any func
tion h(r,6) we define \h\l as the maximum of all derivatives of order <J 
taken over the total annulus. We make the following further assumptions: 
(1) There exists a constant c>o such that 

c ^ A ^ l a ' l , | a ' | j<cA<c 2 

(2) Every closed curve C:r=cp(d) with \<p'\ < 1 intersects its image curves 
MC. 

THEOBEM 1. For s>0 there exists a ô=ô(6,c) such that for 

l i l i±M < a and I>838 
A 

the mapping M possesses an invariant curve 

r=tp(0)with \tp'\ <e. 

The proof of this theorem appeared in Nachr. Akad. Wiss. Göttingen, 
II , math.-phys. Kl. 1962, No. 1. There also the relevant literature, especially 
the papers of Kolmogorov and Arnold, is quoted. 

Theorem 1 can be used for stability discussions of periodic solutions 
Hamiltonian systems of two degrees of freedom. This problenf can^be 
reduced to the study of an area preserving mapping 

(*) Zl=f(z,z)=Xz + F(z,z) 

with |A| = 1, § £ ! = ! (*-x + iy) 

near a fixed point z=o. The function F is assumed t > vanish quadratically: 
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F=OA\A2)\ 

here we use the notation G = Oi(\z\s), if there exists a constant c>0 such 
that for q+a<l one has 

pia! 
ff+aQ 

< c | z | s in 0 < | z | < c " 1 . 
3zQdz* 

As a simple generalization of a theorem of G. D. Birkhoff (1920) we obtain 

THEOBEM 2. / / A,A2, ...,XQ =4=1 £Aere ea;ïste a reaZ analytic coordinate transfor
mation of (x,y) into (u,v) with non-vanishing Jacobian such that the mapping 
M takes the form 

(**) w1=weHx+ßiwi') + Ol(\w\Q) (w=u+iv), 

where s is an even integer with 0<s<q — l and ß =0, + 1 (independently of the 
choice of q>s + l). 

Here it is assumed that in the original mapping 

JT = O r( |z |2) with l'>l+q-2. 

The main result is contained in 

THEOBEM 3. / / ß 4=0 then the fixed point w=0 is stable under the mapping 
(**), provided l^Zm.?) 

In general one can choose q=4, s =2 in which case the stability conditions 
take the form 

A34=l, A4+l, 0=M). 

In conclusion several applications of Theorem 1 were mentioned. In con
nection with the plane restricted 3 body problem it is an old problem to 
describe initial conditions which never lead to collisions. If the ratio of the 
non zero masses, say//, is small such a condition can be given. More precisely, 
it can be shown that 

ose e(t) </*3/8 for 0 <p <ft0,' 

where e(t) is the eccentricity of the osculating ellipse for the motion of the 
zero mass.(2) 

Another example is the motion of a charged particle in a magnetic dipole 
field where the mass of the particle is small. Such a particle performs rapid 
oscillations about the magnetic field lines. C. S. Gardner was able to find 
bounds for the solutions of this problem which are valid for all times. 

The result of Theorem 1 can be generalized to canonical mappings for 
several—say 2n—dimensions. One obtains a set of n dimensional invariant 
tori. The proof of this result does not lead to new difficulties. However, such 
a result is not sufficient for stability investigations since one needs the 

(*) A similar result was announced by V. I. Arnold, Dokl. Akad. Nauk, 137 (1961), 
255-257. 

(2) The author learned during the discussion that Professor Kolmogorov had found 
this result and presented it in Moscow and Paris in unpublished form. 
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existence of (2n — 1) dimensional invariant surface and for n > 1 an w-dimen-
sional is not a boundary. The nonexistence of invariant surface of (2n — 1) 
dimensions for Hamiltonian systems of n degrees of freedom had already 
been discussed by E. Fermi ("Beweis, dass ein mechanisches Normalsystem 
im allgemeinen quasi-ergodisch ist". Phys. Z. 24 (1923), 261-265) in a 
nonrigorous fashion. Therefore this approach does not permit the construc
tion of invariant open sets in the case of several degrees of freedom. It is 
possible, however, to establish the existence of a measurable invariant set of 
positive measure. A remarkable result in this direction, applied to the many 
body problem has been presented by V. I. Arnold at this congress. 



SOME R E S U L T S ON T H E STRUCTURE OF 
RELATIVISTIC QUANTUM F I E L D T H E O R Y 

By A. S. WIGHTMAN 

1. Heuristic considerations [1] 

The problem of constructing relativistic quantum field theories is about 
thirty-five years old. In a typical case it may be formulated as follows. 
Given the classical field equation 

(n + ™2)u(x)=g[u(x)Y, 

where n={k)*-^{h) 
2 

(1) 

and g is a real constant, for a real valued function, u, defined for all space 
time points, x, find a corresponding quantum field theory in which u is 
replaced by a hermitean operator valued function, A, satisfying (1) as an 
operator equation in a Hilbert space *U. Two further restrictions are made 
on a field operator, A, in quantum field theory. First, it must have the 
property of local commutativity 

[A(x),A(y)]=0 (2) 

for space-like separated x and y (i.e. x and y satisfying 

(*-y)* = (*>-0°)»-2*-ï (af-y^<0). 

Second, there must exist a continuous unitary representation of the inho-
mogeneous Lorentz group {a,A}->U(a,A) such that 

A(Ax+a) =Xl(a,A)A(x)U(a,A)-1. (3 

Here a is a space-time translation and A a homogeneous Lorentz transfor
mation. Because %l(a, 1) is necessarily of the form exp iP^a^ and the interpre
tation of the four-vector operator, P1*, is as the observable of energy and 
momentum one requires further that the spectrum of Pß He in the future 
light cone p2 > 0, p° > 0. 

I t was early realized that A had to be understood as a singular function 
so that only the smeared field quantities 

1 A(cp)= \dx<p(x)A(x) (4) 

could be given literal meaning as field operators. (Here is any one of a class 
of smooth functions whose precise properties will be discussed later.) This 
was already evident in the simplest case g=0 where it is easy to construct a 
solution, the so-called free field which satisfies in addition to 



5 8 8 A. S. WIGHTMAN 

(n+m2)A(x)=0, (5) 
the commutation relation 

[A(x),A(y)] = ±A(x-y) (6) 

which holds for all x and y. Equation (6) is consistent with (2) because the 
distribution A, which is defined by 

, — * — f « - « -
2(2»)»J 

A{x) = 2(2^r ^ W 2 - m 2 ) d k (7) 

vanishes for space-like x. With a suitable specification of the domains of the 
operators A(cp), it turns out that equations (5) and (6) have an irreducible 
solution unique up to unitary equivalence.2 

The fact that A (x) must in general be a distribution rather than a function 
gives rise to the basic problem of giving a meaning to [A (x)]B in equation (1). 
As a first step in understanding this problem, one can look at what meaning 
can be given to [yi(#)]ra when A (x) is a free field. This simpler problem was 
solved in the late twenties by the introduction of what in a modern notation 
is, in the simple case n = 2 for example, 

:A(x)2:= lim \A(x1)A(x2)--.^
+)(x1-x2)], 

xx, Xr+X L * J 
(8) 

where 

An analogous definition of :A(x)n: turns out to yield a mathematical object 
quite as impeccable as the free field itself. I t is suggested by this example 
that in place of [u(#)]3 in (1) one should have some sort of finite part say 
PF([A(x)]3). The problem is how to define it, especially in view of the fact 
that exploratory investigations seem to show that the : : which works for 
the powers of the free field is not adequate in general. 

After preliminary skirmishes in the 1930's, important progress in this 
problem was achieved in the late 1940's. I t can be described as follows. 
Convert (1) into the integral equation 

A(x) =A*\x) + JAR(x-y)g[A(y)f dy, (9) 

where Ai0)(x) is a free field and AR(x) is the retarded elementary solution of 
equation (5): 

(D+m2)AR(x)=ô(x), 

AR(x)=0, (z°<0).. 
(10) 

Then solve (9) by iteration starting with A{0) (x) as a first approximation. 
I t turns out that all terms after the first are infinite. However, the deep 
discovery was made that a formal separation into finite and infinite parts 
was possible and that the infinite parts in question could all be ascribed to 
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(infinite!) changes in m, g, and the scale of the field. This means that if PF 
is defined 

gPF([A(x)f)=g:A(xf:-¥aA(x)+b(U +m2) A(x) 
+gc:A(x)*:, (11) 

where a, b, and e are formal power series in g, the coefficients in the power 
series can be chosen so that the equation 

A(x)=Am(x)+gJAR(x-y) PF([A(y)f)dy (12) 

has an iterative solution free of divergences; this is customarily referred to 
as the renormalized perturbation series. 

While this was decisive progress, it can scarcely be regarded as a com
plete solution of the problem in view of the fact that it could be shown that 
the solution was a divergent series in g. Clearly, one needed techniques more 
powerful than a perturbation expansion. 

Mathematically, what was in order was a three step program: (a) Isolate 
a class of A(x) which is sufficiently rich to be interesting and investigate its 
structure; (b) Show how PF([A(x)]3) can be defined for a suitable subclass 
of A(x); (c) Show that (12) can be satisfied within that subclass. From the 
mathematical point of view, it can be said that the last few years of quantum 
field theory have been devoted to (a). The notion of field has been axio-
matized and quite a number of general theorems have been proved. In fact, 
it has turned out that so much can be proved directly from the assumed 
general properties of a field that such specific problems as (b) and (c) have 
been left by the wayside. The fact is, however, that we are only beginning 
to get that insight into the consequences of the axioms which would make 
possible a direct attack on (b) and (c). 

The results described below are of two kinds, general theorems valid for 
every field theory satisfying the axioms and detailed investigations of 
special cases studied for the light they may throw on the general theory. 
Results of the latter kind have been so far been rather modest; there is a 
conspicuous scarcity of non-trivial examples of theories of fields. 

2. Axioms for a hermitean scalar field [3] 
Let K be a separable Hilbert space and {a,A}-+ìl(a,A) a continuous 

unitary representation of the inhomogeneous Lorentz group, whose energy 
momentum spectrum lies in or on the future light cone. Suppose there is a 
unique vector*F0. (the vacuum state) satisfying W(a,A)\F0

 =XF0- Let V be the 
set of all complex valued infinitely differentiable functions of compact 
support. Then a hermitean scalar field is a linear function from V to the 
linear operators of îé such that 

I. (Properties of the domains of the field operators) 
The operators A(cp) and A(cp)*, <pET) possess a common dense domain, D, 

which is linear and has the properties 

A(<p)DaD, A(cp)*DczD, T0GD 

U(a,A)DczD. 
(13) 
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For each pair 0 ,TGD, (^>,A((pf¥) is a distribution in 9? 

O n D A(cp)*=A(q3), (14) 

where (p is the complex conjugate of <p. 

II . (Transformation law of the field) 

U(a,A) A(<p)U(a,A)-1=A({a,A}(P) (15) 

on D. Here ({a,A}(p) (x) =(p(A~1 (x—a)). 

III. (Local commutativity) 

[A(cp),A(W)]=0 = [A(tp),A(y>)*] (16) 

on D for all pairs (p,tp£V and such that (p(x) \p(y) = 0 for all x and y such 
that (x-y)2>0. 

These axioms have been given for test functions <p in X), the space of 
infinitely differentiable functions of compact support. They could equally 
well be given for 5, the space of infinitely differentiable functions which, 
together with their derivatives vanish faster than any power of the distance 
at infinity. Actually from the physical point of view the observability of 
fields in bounded regions of space-time supports the weaker assumption 
(D), but for applications to elementary particle physics it is very natural 
and convenient to have the stronger assumption (S). 

3. Vacuum expectation values as a characterization 
of a theory of fields [4] 

One of the immediate consequences of I is that the quantities 

( T 0 , ^ t o ) - ^ ( ^ ) Y 0 ) (17) 

exist and are multilinear functionals of cpx,...,<pn separately continuous in 
their arguments. These functionals are usually referred to as vacuum expec
tation values; their relation to the field A is somewhat analogous to that be
tween the moments of a probability measure and the measure itself. Their 
physical interpretation is as a quantitative description of the correlations 
between field measurements in the vacuum state. 

By a straight forward application of Schwartz's nuclear theorem, one can 
prove that the vacuum expectation values can be uniquely extended to 
become continuous linear functionals on D Xl...xn, the infinitely differen
tiable functions of compact support on 4% space. So extended, these distri
butions are usually denoted (xF0,A(x1)...A(xn)

xF0). 
By II, the extended distributions are invariant under the mappings 

x1,...,xn->Ax1+a,...,Axn + a, so they can be written as distributions Fin) 

of the n — 1 four-vector variables ^j=xj—xj+1, j = l,...,n — l, invariant 
under homogeneous Lorentz transformations: f l3...^n-i^A-ëu —>^£n-i- HI 
implies 

* (Çi>--'>£j-i>Çj>Çj+i>'-->Çn) 

= F™ (S1,...£i_1+Si, S^I + SM. £„) (18) 
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for space-like | y . These are customarily called the local commutativity condi
tions. 

F(n) obviously satisfies the condition 

-P(n) (Ii, ...,f»-i) =-P(n) ( - ln-1 . . . . . ~ l l ) (19) 

by virtue of (14). These are usually referred to as the hermiticity conditions. 
The inequality 

I ( T o ^ A ) . . . Aif^) U(a,l) Alf,)... A(fn)Y0)| 

< |M(/;._!)* ... ^(/i)*T0 | | \\A(f,)... A(fn)W0\\ (20) 

yields a boundedness property of F(n) which permits one to conclude that it 
can be extended to be a continuous linear functional on S in its jth argument 
the others being held fixed in TD. The Fourier transform in the jth variable 
vanishes outside the future light cone by virtue of the assumed properties 
of %l(a,l). This is usually referred to as the spectrum condition. Using the 
standard extension of a Fourier to a Laplace transform one sees that Fin) is 
the boundary value of a function analytic in its jth variable in a tube, the 
others being smeared with test functions in V. If it had been assumed that 
the fields were defined with test functions in S one would get the result 
that F(n) is the boundary value of an analytic function when all the vari
ables ij^iTj j run over the tube (rjj)

2>0rj(j>0 j = l,...,n — l . A significant part 
of the proof of theorem 3 of the next section is to recover this analyticity in 
all the variables under the weakened assumption (D). 

A further property of Fcn) can be derived if one uses the following fact 
about %l(a,l). The only state invariant under space translations in WQ. 
One finds 

limFm(<p19..., 9?y_i, {a, 1}<pj9 <pi+l9 ..., <pn_i) = Fm((p1... ç?y_i) x 

F'n-j\qoj,...,aon_1) (21) 

for all space like a. This is sometimes referred to as the cluster decomposition 
property. 
Lastly, because 

\\IockA(cpkl)...A((pkk)W0\\
2>0 

k 

for any finite set of complex numbers ock, 

2äfcaz ... ykk(xk)... ^M(a?i) cpn(yi)... <pa(yi) 

Fik+l)(xk-xk-1,...,x2-x1,x1-y1,y1-yz,...,yi-1-yi) 

dxk...dx1dy1...dyi'>0 (22) 

These are sometimes referred to as the positive definiteness inequalities. 
It is plausible that, given the vacuum expectation values, one ought to 

be able in some sense to reconstruct the field and H and Xl, at least in the 
subspace spanned by vectors of the form P(A(OJ1)...)

XF0. Here P is a poly
nomial in the fields smeared with test functions in P . This linear set of 
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vectors will be denoted by D0. Evidently D0 is a subset of the D of Axiom I. 
By virtue of II, %l(a,A)DQcz D0. 

THEOREM 1. [5]. For each n =0,1,2, ...let Fin) be a distribution in V 
depending on (n — 1) four-vector variables, and invariant under the transforma
tions of the homogeneous Lorentz group ^...^n^-^A^, ..., Ain_v Suppose 
the Fin) are extendable to S in each of their arguments the others being held 
fixed in D. / / the Fin) satisfy 

the hermiticity conditions, the spectral conditions, the positive definiteness 
conditions, the cluster decomposition property, 
then there exists a Hilbert space H, a continuous unitary representation of the 
Lorentz group {a,A}-+%l(a,A) with energy momentum spectrum in or on the 
future light cone and unique vacuum *F0, and a hermitean scalar field A satis
fying axioms I and II with D=DQ and such that 

(Y0,A(x1)...A(xn)W0) = F™(x1-x2,...,xn_1-xn). 

This realization is unique up to unitary equivalence. 
If, in addition the Fin) satisfy the local commutativity conditions then Axiom 

III is also satisfied. 
This theorem has a more or less trivial extension to the case of a de-

numerable set of neutral scalar fields. One need only require that I and II 
are valid for each A in the set with a common dense domain D as both cp 
and A vary. I l l is usually extended to be a commutation relation between 
pairs of fields and their adjoints. There is an Fin) for every word formed 
from A's; the appropriate generalizations of the conditions on the F's are 
clear. 

The idea that a denumerable set of fields acting in the subspace spanned 
by D0 should be regarded as a complete physical theory has recently re
ceived strong support as will be explained below. 

4. Self-adjoint extensions of hermitean fields 

The A(cp) for <p real are hermitean when considered as defined on D0: 
(A((p)\Do)* => A((p)\Do. I t is some interest both as a matter of principle and 
as a calculational tool to know whether A (cp) \Do possesses self-adjoint exten
sions. For the free field the best possible result holds 

THEOREM 2. If q) is real and £t), the free field operator A(cp) restricted to 
DQ,A((p)\Do, is essentially self-adjoint. 

I have so far been unable to extend this result to a general local field. 
However, the following weaker result can be established. 

THEOREM 3. If q> is real and £t) and D0 is dense, then A(<p)\Do has equal 
defect indices. 

Thus A(q>) | Do has at least one self adjoint extension. 
The proof of Theorem 3 is obtained by using a basic symmetry possessed 

by all local field theories, so-called PCT symmetry [6]. PCT symmetry 
means that there exists (in any theory with a cyclic vacuum) an anti-
unitary operator, 0 , satisfying 
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®A((P)&-1=A(y)), (23) 

where q>(x) =q>( — x ) . 

PCT symmetry, according to our best present experimental information, 
holds exactly in Nature (although certain other inversion symmetries, 
notably space inversion, do not!), and accounts for such phenomena as the 
exact equality of the mass of proton and anti-proton. For a real, even 
cp, (23) says that A(q))\Do commutes with an anti-unitary operator. A stan
dard argument [7] then shows that 0 maps the manifolds of solutions of 
(A(q))\Do)*<î>= = +*<D onto each other one to one, so A((p)\Do has equal 
defect indices. 

The standard proof of the PCT theorem uses the assumption that fields 
are defined for test functions in S. Thus it is essential for the above argument 
to prove it again with S replaced by 2?. The decisive step is again to show 
under the weaker assumption that the Fin) are boundary values of invariant 
functions analytic when the variables i1 — irj1,...,i;n_1—ir]n^1 vary over the 
tube rjf >0,?7? >0, j = 1, ...,n. Here a theorem proved by M. Zerner [8] is very 
helpful. Stated for the simplest case of two complex variables, it says: If / 
is a function of two variables zl3z2 defined and continuous when Im z1=0, 
Im z2 > 0 and when Im z2 = 0, Im zx > 0, and analytic in z2 for zx real, Im z2 > 0 
and also in zx for z2 real, Im zx > 0, then there exists a unique function ana
lytic in the product of the upper half planes and continuous on the boun
dary which coincides with / there. 

I t should be emphasized that in proving PCT symmetry one does not 
assume any invariance under space-time inversions. I t comes about essen
tially because 1 and — 1 lie in the same component of the complex homoge
neous Lorentz group. 

There is at the moment no evidence against the conjecture that Theorem 3 
could be sharpened to assert the essential selfadjointness of ^(ç?))^. 

Theorem 3 makes available the spectral resolution for a self-adjoint 
extension Â(cp) of A((p) \Do for cp real and G V: 

Â(<p)= P XdE(X,q>). (24) 
J —00 

Introducing also the spectral resolution of U(a, 1) 

U(a,l)=L-ipMdF(p), (25) 

one can study the quantities 

(Y0, EfaM) FiSJ E{^,n) F(S2)... E(ln,<pn)W0), (26) 

where the Sj are measurable sets of the energy momentum spectrum. (26) 
when integrated appropriately yields the vacuum expectation value Fin). 

Concluding remarks 

The preceding results, while perhaps satisfying to the technicians strugg
ling with quantum field theory, deal mainly with scaffolding. One would 
like to get some idea what the building might look like if it is ever completed 
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and doesn't fall down. Could one, for example, simplify life mathematically 
by assuming tha t Xl contains the identi ty representation and one other 
irreducible. Perhaps one could then find non-tuvial examples of fields 
satisfying I , I I , I I I . This is settled negatively by 

THEOREM 4. The spectrum of 1i(a, 1) is an additive set in a theory in which 
WQ is cyclic. 

Much deeper than Theorem 4 are the recent results of D. Ruelle [9] which 
show tha t if any irreducible representation say [m,j] occurs in Xl, then 
©n>-.o®s[w,£]n occurs in Xl. Here <8>s[m,j]n is the symmetrized tensor 
product of [m,j] with itself n times. More in detail what Ruelle shows is tha t , 
implicit in any theory of a denumerable set of fields satisfying I , I I , I I I 
and having a cyclic vacuum state is an essentially uniquely determined 
collision theory for particles characterized by the masses and spins of the 
irreducible representations contained in li. The only additional assumption 
necessary to make the theory physically satisfactory is (Ruelle's Axiom IV) 
t ha t these collision states span the whole Hilbert space. Coupled with Bor
chers recent result [10] tha t a denumerable set of fields satisfying I , I I , I I I 
which has a cyclic vacuum is necessarily irreducible, this is strong evidence 
tha t a theory of fields satisfying I, I I , I I I with a cyclic vacuum is a reasonable 
object of study. However, i t also makes plausible t ha t there is no interesting 
way of simplifying the problem mathematically; every non-trivial solution 
must have a t least the complexity one associates with non-trivial collision 
processes [11]. 
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