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J.F. Adams
A SURVEY OF HOMOTOPY-THEORY

This lecture will be purely expository. It will try to explain to
the non-specialist what homotopy-theory is about, and what appli-
cations can be expected irom it.

1. Basic definitions and scope of homotopy-theory. Typical prob-
lems; some applications.

2. Functors like homotopy groups; fiberings, suspension theory.

3. Functors like cohomology groups; cofiberings. Spectral se-
quences and their uses.

4. Conclusions.

M. Artin
THE ETALE TOPOLOGY OF SCHEMES

The etale topology on a variety is obtained by replacing the notion
of open set by that of etale (= flat and unramified) map. It was in-
troduced by Grothendieck in order to obtain a cohomology theory
which one could use to state Weil’s analogues to the Riemann Hypo-
thesis for higher dimensional varieties over finite fields, and to prove
the rationality of the zeta functions of such varieties. Various basic
properties of the etale topology, such as its relationship with the clas-
sical topology for a variety over the complex numbers, and the nature
of the cohomology theory to which it gives rise, are now fairly well
understood. We will discuss the recent work of various authors (Grot-
hendieck, Lubkin, Mazur, Tate, Verdier and others) in this area.

M. Atiyah

GLOBAL ASPECTS OF THE THEORY OF ELLIPTIC
DIFFERENTIAL OPERATORS

INTRODUCTION

The subject matter of this talk lies in the area between Analysis
and Algebraic Topology. More specifically, I want to discuss the
relations between the analysis of linear partial differential operators
of elliptic type and the algebraic topology of linear groups of finite-
dimensional vector spaces. I will try to show that these two topics
are intimately related, and that the study of each is of great import-
ance for the development of the other.



The theory of elliptic differential equations has of course a long
and rich history, with its origins in the study of the Laplace
equation and of the closely-associated Cauchy—Riemann equa-
tions. Its connection with topology, via the theory of holomorphic
functions and Riemann surfaces, is equally classical. Its develop-
ment in the last fifty years or so has however followed two rather
separate courses.

On the one hand there has been the purely analytical development,
the qualitative study of general elliptic operators. Here the empha-
sis has been on extending the basic theory of the Laplace operator
to general operators of the same type—what we now call elliptic
operators. The questions studied include regularity of solutions,
boundary conditions and more recently the extension to suitable
classes of integro-differential operators—now called pseudo-differ-
ential operators. On the whole this sort of work was carried out for
domains in Euclidean space, though the extension to more general
manifolds presents nothing essentially new.

The second development has been the more detailed or quanti-
tative study of the classical operators and their associated structures.
This essentially includes the whole of algebraic geometry treated by
topological and transcendental methods. The pioneering work in
this field was of course done by Hodge some thirty years ago.

Roughly speaking we might say that the analysts were dealing
with complicated operators and simple spaces (or were only asking
simple questions), while the algebraic geometers and topologists were
only dealing with simple operators but were studying rather general
manifolds and asking more refined questions.

In recent times, the last five years or so, some serious attempts
have been made to integrate these two different developments. Each
seems now to have reached such a stage of maturity that it can con-
fidently offer its services to the other half. For example, some of the
ideas and techniques developed in the general theory of partial dif-
ferenlial equations have been very successfully applied by Hor-
mander [12] to the study of complex manifolds. My own interests,
however, have been in the reverse direction and I would like to spend
the rest of my time discussing the Riemann—Roch or Index Problem.

1. TIEE RIEMANN -ROCIT TIHIEOREM

The classical Riemana --Roch theorem is concerned with giving
a lormula Tor the dimension of the space of meromorphic functions
on a compact Ricmann surface having poles of orders < v; at points
P;. 11 P Xv, P, then the dimension [ (P) is given by:

[(P)—i(P)=degP—g+1

where deg 2 Xv,. Tlere i (P) is in effect / (Q) for a suitable Q so
that what is compuled is a difference of two numbers of the same sort.
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This is in the nature of the problem because as we vary P (i.e. if we
vary P;) the number ! (P) can jump, but the difference ! (P) — i (P)
remains constant. Moreover one can, in certain circumstances,
prove that ; (P) = O (this happens if deg P > 2g — 2) and one then
has a genuine formula for [ (P).

The Riemann—Roch theorem is one of the basic theorems of
algebraic geometry. It is an example of a quantitative or “refined”
result. Considerable effort was devoted to extending it to higher
dimensions, and success was achieved first by Hirzebruch [9] in 1954
and then (purely algebraically) by Grothendieck [6] in 1957.

On the other hand analysts had been independently studying the
“index problem” for elliptic operators [8]. If D is an elliptic operator
on a compact manifold (without boundary for simplicity) then the
space of solutions of Du = 0 is finite-dimensional. If one wants a for-
mula for this dimension / (D) one finds that / (D) can jump, but that

index D = (D)—1(D¥)

(where D* is the adjoint problem) is constant under continuous
variation of D. The problem therefore is to find a formula for index
D. The analogy with the Riemann—Roch theorem is obvious. More-

over since holomorphic functions are solutions of du = 0 we can
easily set up the Riemann—Roch problem as an index problem.
To solve the index problem in general is therefore to extend the Rie-
mann—Roch theorem from the domain of holomorphic function
theory to that of general elliptic systems.

In low dimensions, when the number of independent variables
is 1 or 2, explicit answers were obtained by fairly elementary methods.
In general, however, one is faced with two serious problems:

(A) We have to find suitable topological invariants of the pair
(X, D) where X is the base manifold and D the elliptic opera-
tor.

(B) We have then to find the explicit formula for index D in terms
of these invariants.

For example in the case of the classical Riemann—Roch theorem the
topological invariants are just the genus g and deg (P).

2. TOPOLOGY OF THE LINEAR GROUPS

For the classical structures (Riemannian and complex) an exten-
sive theory of topological invariants, called characteristic classes,
has been developed (cf. [9]). These classes are all generalizations of
the Euler number, i.e. the number of singularities of a vector field.
Roughly speaking, one considers the cycles where a given number of
vector fields become linearly dependent. Fundamentally these homology
invariants stem from the homology of the linear groups GL (n, R)
and GL (n, C). The Riemann—Roch theorem of Hirzebruch gives
a formula in terms of these characteristic classes, the actual formula
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being a very complicated one going back to Todd and involving the
generating function x/(1 — e™*) of the Bernouilli numbers.

It is a remarkably fortunate fact that an elliptic operator D also
defines invariants of the characteristic class type. It is not difficult
to see how these arise. Let us recall that a homogeneous constant
coefficient N X N matrix of differential operators

P:[P,-J(—a%—, aﬁﬂ)], i, j=1, ..., N,

is elliptic if & == 0 (and real) = det P (§;,. . ., E») = 0. Then P de-
fines a map § — P () of S™1— GL (N, C), where S™! is the unit
sphere in R™ This shows at once that the homotopy and hence the
homology of GL (N, C) enters into the study of elliptic operators.
Now according to a fundamental theorem of Bott [7] the homotopy
groups

7,—1 (GL (N, C))

are 0 for n odd and isomorphic to the integers for n even (provided
2N >n). Thus if n is even and 2N >n, P defines an integer which
may be called its degree. This is a generalization of the obvious de-
gree in case N =1, n= 2 and it may be computed explicitly as the

value of an integral 3 o (P) where o (P) is a differential expression
sl

1 Sd}f

in P generalizing the well-known formula o

Si

Using these invariants of a general elliptic operator D (together
with the ordinary characteristic classes of X) one can then give an
explicit formula for index D which is remarkably similar to that
occurring in the Riemann—Roch formula. This is not accidental
and has a quite deep significance. Very roughly one can say that,
as far as the topology goes, the classical operators are just as compli-
cated as the most general ones so that the Riemann—Roch formula
gives a fair indication of the general case.

Let me make some very general remarks about the nature of the
proof 1) of the general index theorem. First of all, when X is a simple
space like a sphere we can use Bott’s theorem to deform D into a stand-
ard operator whose index may be computed directly. In the case
of a complicated X we embed X in a sphere S and construct an ellip-
tic operator D’ on S with

index D =index D’.]

We are then reduced to the preceding case. It is important to note
that even if we slart with a nice D on X (e.g. coming from a complex

1) There are now two proofs of the index theorem. The first, modelled on
Hirzebruch’s proof of the Riemann—Roch Theorem, appears in [4], [15]. The
second, which is closer to the work of Grothendieck, will appear in [5]. The
remarks here refer to the second proof.
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structure 1t is not in general possible to get a nice D’. Thus it is not
possible to restrict oneself to nice or classical operators. To prove the
Riemann—Roch theorem for arbitrary compact complex mani-
folds one needs to go outside this category. The reason why the case
of (projective) algebraic varieties is easier is because one can use the
very special holomorphic embedding X < Py (C), whereas in gener-
al we have no alternative but to use the non-holomorphic embedding
X cS.
3. INTEGRAL FORMULAE

Characteristic classes have a representation by differential forms

which is a generalization of the Gauss—Bonnet formula

E=SK

expressing the Euler number as the integral of the scalar curvature
(suitably normalized). The integral formula for the (local) degree
of an elliptic operator mentioned in § 2 is of the same type. Using
such -expressions it is possible in principle (though very complicated

in practice) to express the index D as an integral Q o (D). Here o (D)

X
depends on the coefficients of D and on a choice of Riemannian met-
ric on X. Although this formula is algebraically complicated it is
analytically fairly simple, in the sense that it involves only the first
few derivatives of the coefficients of D (and the metric).

There is, however, an entirely different and purely analytical
approach to the index problem which leads to another formula for
index D as an integral. Unfortunately this formula is extremely com-
plicated and it involves approximately n derivatives wherée n is the
dimension of X. Only for low values of X it is easy to identify it with
the curvature-type formula given by the other method.

This analytical method is essentially very classical except that
no-one seems to have considered using it on the index problem. The
idea is as follows. Suppose first that A is a self adjoint positive ellip-
tic operator. Then, by the spectral theorem, we can define A~ for
s € C and consider the “Zeta-function”

¢ (s)=Trace A= =3A"®

where A runs over the (discrete) eigenvalues of A. This converges if
Re (s) is large and { (s) can be analytically continued as a meromor-
phic function on the entire s-plane. Moreover s = 0 turns out not to
be a pole, and the value § (0) can be computed explicitly in terms of
A. For the Laplace operator these results are due to Minakshisundaran
and Pleijel [14]. Their extension to the general case can be done
by pseudo-differential operator techniques (cf. [16]). Alternatively
€ (0) can be interpreted as the constant term in the asymptotic expan-
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sion of trace (e-A!) as ¢ - 0, where e—4¢ (for ¢ > 0) denotes the solu-
tion of the generalized Heat equation

0
*at—+A=O.
Suppose now that D is elliptic. Introducing metrics we can con-

sider D* the adjoint of D. Then
Ay=1+DD*, Ay=1-+D*D
are positive self-adjoint operators. Let
§i(s)=TraceA;:s, i=1, 2.
Then it is not difficult to show that
o (s) —C4 (s) =index D

is independent of s. Hence putting s = 0 and using the explicit for-
mula mentioned we get a formula for index D. In fact one can use
other integer values of s, besides 0. Each will give a formally different
expression of index D as an integral. However s = 0 is the simplest.

4. GENERALIZATIONS
4.1. Boundary problems

For elliptic operators with “coercive” boundary conditions [11]
one also has an index problem. It turns out that these boundary con-
ditions have a beep topological significance. For instance if D admits
any coercive boundary conditions then the local degree of D must
be zero. In view of this it is not surprising that one ends up (cf. [2])
with an explicit index formula of much the same type as in the case
of manifolds without boundary. Moreover, as a by-product, the exami-
nation of the topological meaning of the boundary conditions led to
a new and elementary proof [1] of the basic periodicity theorem of
Bott for m; (GL (N, C)).

42. Lefschetz fixed-point formula

Suppose f: X — X is a differentiable map which “commutes” with
a given D (one may think of a holomorphic map as the typical exam-
ple). Then we can define !) a kind of “Lefschetz number™:

L (f) = Trace (f | Ker D) — Trace (f | Coker D).

If f has isolated fixed points of multiplicity +1 one has a formula
of the following type [3]

L(f)=Zv(P)

1) Coker D=Ker D* but this involves a metric and f need not preserve
a metric. Thus f acts naturally on Coker D, but not on Ker D*.
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where P runs over the fixed points of f and v (P) is a complex num-
ber depending only on the differential (df)r. This may be regarded
as a generalization of the classical Lefschetz fixed-point formula.
The proof is by the method of § 3, using Zeta-functions

L (s)=Trace (A% o f*)

which depend on D and f. The point is that because of the hypothesis
on the fixed points of-f it turns out that these Zeta-functions have
no poles and ¢ (0) is then very easily computed. In fact it depends
only on f and not on A.

43. Group -situations

Assume G is a compact group of automorphisms of (X, D). Then
Ker D and Coker D are G-modules and g — L (g) is a virtual character
of G. Since the characters of G are a discrete set we can again use defor-
mation methods and one obtains a theorem that expresses L (g) as a sum
over the fixed components of g, each term being an integral of similar
type to that occurring in the index formula. These formulae (and
also the formula of (4.2)) applied to a homogeneous space X = G/H
include the Hermann Weyl character formula. They also lead (cf. [10])
to the Langland’s formula [13] for dimensions of spaces of automorphic
forms. :

44. Real operators

So far we have discussed only invariants which are integers or
complex numbers and these may, if we wish, be expressed as integrals.
It is therefore interesting to point out that there are analytical invar-
iants which are not of this type. Thus let D be a real skew-adjoint
elliptic operator. Then index D = 0 is not interesting but it is not
difficult to see that dim (Ker D) mod 2 is a deformation invariant.
This is a consequence of the fact that the non-zero eigenvalues of
D occur in conjugate pairs (& ip). It turns out that this invariant
can be viewed as a kind of index and by methods similar to those
above we can express this mod 2 invariant in terms of suitable invar-
iants. Here what are relevant are the homotopy groups @; (GL (N, R)).
For N large these are (ci. [7]) periodic with period 8 and m; is of order
2if i =1 or 2 mod 8. These mod 2 homotopy invariants give what
is required.

CONCLUSION

I have presented things so far in the form of topology being used
to assist in computing an analytic invariant. The relation of the topol-
ogy to the analysis however is very intimate indeed—as I have
indicated in connection with boundary problems. There are in fact
parts of the theory where the analysis has to be used to help the topo-
logy. For example the G-equivariant homotopy classes of maps

S (V) — GL (W),



where V, W are representation spaces of G (with W “large”) and S (V)
denotes the unit sphere of V, can be determined by use of ellip-
tic operators. So far there is no other method.

The situation here is analogous to that in Motrse’s theory of crit-
ical points. In the first place one would tend to say that the number
of critical points of a real-valued function f on a manifold X could
be estimated in terms of the topological invariants of X. The theory
has however been used extensively the other way round: one constructs
suitable functions and obtains information on X from the critical
points of X. All the modern structure theory of differentiable mani-
folds is based on this point of view.

I would like to conclude with some philosophical remarks. In my
view the close relation between topology of linear groups and the
analysis of elliptic operators stems from the following three basic
properties they have in common:

(i) Linearity

(ii) Stability (under deformation)

(iii) Finiteness.
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R. Bellman

DYNAMIC PROGRAMMING AND MODERN CONTROL THEORY

The report includes following parts:

Introduction.

Dynamic programming.

Analytic aspects.

Approximation in policy space.

Positive operators.

. Quasilinearization.

. Realizations and applications.

The calculus of variations and control processes.

. The calculus of variations as a continuous dynamic programming
process.

10. Analytic aspects.

11. Dynamic programming processes of stochastic type.

12. Dynamic programming processes of adaptive type.

13. Intelligent machines, artificial intelligence and combina-

torics.
14. Invariant imbedding and mathematical physics.

PPN O W=

L. Carleson
CONVERGENCE AND SUMMABILITY OF FOURIER SERIES

Let f (x) be an integrable function on (— =, @) and denote by s, (x)
the partial sums of the Fourier expansion of f (x). A classical example
of Kolmogorov shows that s, (x) can diverge everywhere. This result
can easily be improved to s, (x) = O € (n) log log n). I have recently
proved that if f (log*| f|) 119 is summable for some 8 >0, then s, (x) =
= 0 (log log n). For f € L?, s, (x) even converges.

The background for the validity of these theorems seems to be
a combinatorial property of the Fourier system which aslo gives some
insight why there is an arrangement of the terms of the Fourier series
for which an L2-series diverges a.e. A brief outline of the proofs of the
above results will be presented and a survey of the open problems
will be given.

Harish-Chandra

HARMONIC ANALYSIS ON SEMISIMPLE LIE GROUPS

Let G be a locally compact, separable and unimodular group,
A the left-regular representation of G on L, (G) and & the set of all
equivalence classes of irreducible unitary representations of G. A class
® € & is called discrete if there exists a closed, invariant and irre-
ducible subspace § of L, (G) such that the restriction of A on § lies
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in . Let &; denote the set of all discrete classes. Then &, is also
called the discrete series for G. Let @z be an irreducible unitary re-
presentation of G on a Hilbert space § and o the class of n. Then o is
discrete if and only if

(1@ A wrdr<oo

G
for all @, ¥ € §. Moreover then there exists a number d (o) >0,
called the formal degree of ® (or m) such that

(1@, am ) pdr=|oP|vPd©) (¢, vEH)

G

Now suppose G is a connected semisimple Lie group with finite
centre.

Theorem 1. In order that &; should not be empty, it is neces-
sary and sufficient that G should have a compact Cartan subgroup.

Let I = rank G and D (x) the coefficient of # in det (# + 1 —
— Ad (x)) (x € G), where ¢ is an indeterminate. Then D is an analytic
function on G which is not identically zero. Let G be the set of all
x € G such that D (x) 5= 0. Fix a maximal compact subgroup K of
G and let 3 denote the algebra of all differential operators on G which
commute with both left and right translations. A distribution T on
G is said to be J3-finite if the space of all distributions of the form
2T (z € 8) has finite dimension. Similarly it is called K-finite if
the left and right translates of 7 under K span a vector space of finite
dimension. It is easy to see that if T is both K-finite and 8-fini-
te then it is an analytic function. We say that T is invariant if it is
left fixed by all inner automorphisms of G.

Theorem 2. Let ® be an invariant and 3-finite distribution
on G. Then O is a locally summable function on G which is analytic on G'.
Let « be an irreducible unitary representation of G and w the

class of m. For any [ € CZ° (G), define
A=\ () (x) dx.

Then n (f) is of the trace class and there exists a distribution 0, on
G such that

0, (N=tra()  (FeC ().

It follows from Theorem 2 that ©, is a locally summable function
which is analytic on G'.

For any y €@, let G, denote the centralizer of y in G. It is not dif-
ficult to show that G, is unimodular and therefore the factor space

G=G/Gy has an invariant measure dx. Put

Y'=xyxt  (x€G)



where x — x is the projection of G on G. An element y € G is said to
be elliptic if it lies in some compact Cartan subgroup of G.

Theorem 3. (The Selberg Principle). Let y be a semisimple
clement of G and [ a K-finite and B-finite function in L, (G). Then
the integral

| Fv¥)dx
6/G,

is well-defined and if v is not elliptic, its value is zero.

Now suppose G has a compact Cartan subgroup B which we may
assume to be contained in K. Let &, ¥ be the Lie algebras of G and
B respectively and G the simply connected complex analytic group
corresponding to the complexification . of &. We assume that
G is the real analytic subgroup of G corresponding to &. Let P be the
set of all positive roots of (&, ¥B) and put

o= [[ Ha A(exp H)= [] (ex®/2—e-at®)/2) (H ¢ DB).
agpP aepP

Let § be the space of real-valued linear functions on (—1)¥/2 ¥ and
L the lattice of those A € § for which there exists a character &, of
B given by &, (exp H) =eM® (H € B). . can be considered as a dif-
ferential operator on B as .well as a polynomial function on §. Put
W = B/B where B is the normalizer of B in G. Then W is a sub-
group of the Weyl group of (&, B). Let L’ denote the set of all A € L

such that e (A) 5= 0.

Theorem 4. For any A € L' there exists exactly one invariant
eigendistribution ©, of 8 such that
1) Sung(x) /2] B4 (%) | << o0,
xEG’

2) A(b) B (D)= > e(s)En(b) (bEBNG).

SEWG
Put e (A)=signa (A) (\€L’) and g= - dim G/K.

Theorem 5. For each ACL’, there exists a unique class
o (M) €&, such that Oy =(—1)7e (A) Ox. The mapping A —> o (A)
of L' into &y is surjective and o (M) = (Ag) (M, A2€ L") if and only
if Ao=s5h; for some s¢Wg.
Define
Fy(b)=A@®) | f(sbx)dx (b€BNG)
G
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for f€C? (G). Then there exists a number ¢ >0 such that
lim (@F ) (b) = (— 1)%¢f (1)
b—>1

for all f€C? (G). It is possible to compute ¢ explicitly. Moreover
d@@M)=c?[WslloM)|.

Theorem 6. Let [ be a K-finite and 3-finite function in
L, (G). Then the integral

| renar (el

is well-defined. Let ©,(f) denote its value. Then O, (f)=0 for
almost all A€ L' and

(—Dcf ()= @ (M) 6y (f).

MEL’

J.Schroder
UNGLEICHUNGEN UND FEHLERABSCHATZUNGEN

Gegeben sei eine Gleichung
Mu=r

mit einem Operator M, der eine Teilmenge D eines halbgeordneten
Raumes R in einen halbgeordneten Raum S abbildet. Man mochte
obere und untere Schranken fiir eine Losung u* dieser Gleichung
ermitteln. Bei vielen Problemen ist dies mit Hilfe eines Schlusses
folgender Art moglich:

Mo=r=Mv=w=u*=v.

Ist die Existenz einer Losung u* € D gesichert, so geniigt es,
daB fiir alle 4 € D und die gewéhlten Elemente v, w € D gilt:

Mo=Mu=w=u, Mus=Mv=u=v. (x)

Wir werden uns hier mit hinreichenden (und notwendigen) Bedin-
gungen fiir die Eigenschaft (x) beschiftigen, ohne genauer auf das
Existenzproblem einzugehen. Die Eigenschaft (x) wurde fiir viele
Typen von Operatoren mit z. T. sehr verschiedenartigen Methoden
nachgewiesen und praktisch ausgenutzt. Wir berichten hier iiber
eine sehr einfache abstrakte Theorie fiir Operatoren M mit der Eigen-
schaft (). Diese Theorie gestattet es, verschiedenartige Typen von
Gleichungen in einheitlicher Weise zu behandeln.

Obwohl gerade diese verschiedenartigen Anwendungsméglichkei-
ten ein charakteristischer Vorteil der abstrakten Theorie sind, wollen
wir uns hier auf ein Anwendungsgebiet beschrinken. Und zwar be-
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trachten wir im wesentlichen nur Randwertaufgaben mit einer ellip-
tischen Defferentialgleichung zweiter Ordnung. Jedoch zeigt ein
kurzer Absehnitt, wie sich parabolische Differentialgleichungen
einordnen lassen, und ein anderer Abschnitt berichtet iber einige
Ergebnisse bei gewohnlichen Randwertaufgaben vierter Ordnung.

Fiir die numerische Anwendung der Monotonie-Eigenschaft ()
gibt es verschiedenartige Beispiele. Wir berichten iiber ein Programm
zur Losung der ersten Randwertaufgabe mit einer Differentialgleichung

—Au=f(x, y, u).

Das Programm liefert eine Niherungslésung und eine zugehdrige
Fehlerabschitzung.

! K. Schiitte
RECENT RESULTS IN PROOF THEORY

Proof theory has been developed in order to prove the consistency
of mathematical theories. In general, consistency proofs are estab-
lished by inductions on certain well-orderings. The stronger the theory,
the higher are the well-orderings needed. Therefore, the strength of
a mathematical theory can be characterized by a transfinite ordinal.
In this way, according to Gentzen, pure arithmetic is characterized
by the smallest e-number; and according to Feferman and Schiitte,
predicative analysis by the smallest “strongly critical” ordinal &,.
By induction up to &y, Feferman proved the consistency of a system of
predicative analysis based on Kreisel’s hyperarithmetic comprehen-
sion rule. By a still higher ordinal, W. Howard characterized a sub-
system of intuitionistic analysis. The strongest subsystems of clas-
sical analysis so far have been proved consistent by Takeuti, e.g.
a system of simple type theory on arithmetic with n}-comprehen-
sion rule. The inductions used by Takeuti are justified by generalized
inductive definitions.

S. Smale
DIFFERENTIABLE DYNAMICAL SYSTEMS

Although motivated ultimately by ordinary differential equations
and continuous flows, we concentrate mainly on studying the discrete
dynamical system generated by a diffeomorphism T : M — M of
a smooth manifold. One way of expressing our framework is saying
that we aim to give a non-linear global spectral theory (finite dimen-
sional) for T. In fact, we show that under fairly general conditions, M
decomposes into a finite number of invariant indecomposable sub-
spaces. These subspaces form a lattice under a boundary relation and
generalize the cell decomposition of a generic gradient flow. The furth-
er study of these spaces, most remarkably, forces the introduction
of group theory and compact homogeneous spaces.
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Ch. Stein

SOME RECENT DEVELOPMENTS IN MATHEMATICAL
STATISTICS

The development of mathematical statistics in recent years has
been strongly influenced by Wald’s statistical decision theory. Recent
work on the comparison of experiments and on the refinement of
Wald’s complete class theorems and conditions for admissibility
fits into the general framework of modern mathematical analysis.
In addition, a fair number of special results on admissibility and
minimax properties have been obtained. Some of these results have
implications for statistical practice and, perhaps, cast some light on
the controversy over the foundations of statistics. Classical large sam-
ple theory, in which, roughly speaking, we consider large samples in
an otherwise fixed problem and ignore small probabilities, has been
studied by a number of people. Some recent work applies the theory
of probabilities of large deviations to the study of order of magnitude
of small probabilities of errors. In sequential analysis, the general
theory has been further studied, and moderately concrete results
have been obtained in some special cases, mainly by letting the cost
per observation go to 0. Recently, Linnik solved a problem that has
been outstanding for a long time by showing that for the reduced
Behrens-Fisher problem, no similar tests exist that are reasonable
(in a meaningful, precisely defined sense). Many important topics
will have to be omitted or treated very briefly because of limitations
of time and space. These include the design of experiments, time
series analysis, and nonparametric statistics.

U. M. BuHorpanos, A.T. MocTHHKOB

0 PA3BUTHH 3A NOCJEAHHE Troibl AHAJUTHYECKOH
TEOPHH YHUCEJI

JloKJIaJ TOCTPOeH TaK, YTO Pe3y/bTaTUBHAsl 4acTh JIHIIb B MHHH-
MaJbHOH CTeleHH IepeKpbiBaercsi ¢ 0030paMH, KOTOphle HMEIOTCS
B Muposoii Juteparype. Ocob6eHHOe BHHMaHHMe OOpalleHO Ha CBS3H
TEOPHH YHCcesJ C APYTrUMH obnactsMM MarteMaTHkKd. O pesyJsbraTax,
noJyueHHux o 1962 r., roBopMTCS JIMIIb B Claydyae HeOOXOXHMMOCTH
u kpatko. OG3op He mpeTeniyeT Ha IIOJHOTY.

1. TEOPUSI MYJIbTUIIJIUKATUBHBIX ®YHKIINN

a) CyMMHpoBaHHe 3HaYeHHH MyJIbTUIIIMKATHBHBIX GyHKIHH. [Tpume-
HeHHe MEeTOJ0B BEPOSITHOCTHOH TEOPHH uMceJ K 3TuM BompocaM. Cym-
MHpPOBallHC MYJIbTHIIINKATHBHBIX (DYHKIHUH B psjie ClTydaeB MOXKeT ObITh
CBEJICHO K aCHMIITOTHYECKHM 3aKOHAaM pacnpelesIeHHs] NPOCTHIX YHCe

C OCTaTOYHLIM YJIEHOM.
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6) IIporpecc B Teopun xapakrtepoB Jlupuxne (Teopud L-psjos
Jupuxne. IlnotHoctHast B cpepneM rumoresa o6 L-psimax. Ilpumene-
HUST K aJIUTUBHEIM 33JlauaM.

2. JMO®AHTOBBI INPUBJIV)KEHV 1 Y1 NIPUMEHEHHUSA
TPUTOHOMETPHMUECKHX CYMM

a) Ilporpecc B HCCIENOBAHHM IeJBbIX ToYeK B o6Jactax. Llemsie

TOYKH H aCHMITOTHYECKHe NPOOJeMbl TEOPHH COOCTBEHHBIX 3HAUEHHMH.
6) 3HaueHHe IProfHYECKOH TEOPHH AJIs JUODaHTOBBIX IPHOIHAKEHHUH.
B) D(pheKTUBHbIE METOAB TEOPHUH AUO(DAHTOBBIX NPHOJIMKEHHH.

3. JMO®AHTOBbI 3AJAUYHU C OONOJHHUTEJbBHBIMK YCJOBHUAMHA

a) [Ipumenenuss xapakrepoB ['ekke K 3ajade O pacnpejejeHHH
IeJbIX TOYEK Ha aareOpavyecKMX KPHUBHIX M NOBepXHOCTAX. Mcmosb-
3oBanue TeopeMbl A. O. I'eqboraa o npuO/IMKEHUH OTHOLIEHHS JiOra-
pudMOB anreGpaHyecKUX YHCEJ.

6) 3anaua Xapau — JIMTTIBBYZa B CeKTOpax H ee 00OOIIeHHS.
[IpuMeHeHHe 3DProAMUEcKOro MeToja M MeToja TPHIOHOMETPHYECKHX
CYMM.

B) Ilporpecc B a3propuueckol TeopuH ajrebpavyecKHX YHCEJ.

H.B.Edpumos
TUNEPBOJIMYECKUE 3ANAYU TEOPUM NMOBEPXHOCTEN

Tema gmoksana orHocHTc K oOmel npoGjeMe O CBSI3SIX MEXAY
BHYTPeHHel MeTPHKOH M BHEIIHHUMH cBoHcTBaMU moBepxHocTel. Tounee
roBopsi, HMeeTcss B BUIYy IpoOjeMa H30METPHUYECKUX MOrPYKeHHH
JBYMEPHOI'0 rayccoBa MHOroobpasusi B TpPeXMepHOe €BKJHIOBO IIpO-
cTpaHcTBO. M3BecTHO, 4TO 3Ta npobJjeMa MoOKeT ObITh CBeleHa K HC-
C/IEOBAHMIO CHCTEMbl ABYX KBa3HJ/IMHEHHBIX ypaBHEHHH B 4YacTHHIX
NPOM3BOAHLIX IepBOro mnopsjaka. Ecam rayccoBa KpHUBM3Ha MHOIO-
o0pasusi BCIOAY IOJIOXHTeJNbHa, TO YKasaHHasi cHCTeMa SIBJSeTCS
SJIJIMITHYECKOH Ha J/000OM CBOEM pelIeHHH; eC/IM rayccoBa KPHBH3HA
MHOroobpasusi OTpHLATesNbHAa, CcHCTeMa OyJeT THIepOOAHYEcKOH.
CoOTBETCTBEHHO 3THM JBYM CJy4YasiM pas/MYaloTCs JJIHNTHYECKHE
U rumepbosMyeckye 3afadd TeOpHH MNoBepxHocted. IlpexmeroMm xo-
KJaja cayxaT runepboJuyecKue 3amaud.

B noknage GyAyT H3JI0MKEHHI:

1) Teopembl runb6epToBa THIA O HEBO3MOXKHOCTH peEryJspHbIX
HNOTPYyXeHMH HIMPOKHX KJAacCOB IIOJHBIX MHOroo6pasuiéi oTpHLaTesb-
HO#M KpuBH3HBI. OHOBDEMEHHO 3TO €CTh TEOPEMBI O HEH30EXKHOM Hapy-
UIEHHH DEeryJspHOCTH IOJHBIX IIOBEPXHOCTEH OTpHIATEJNbHOH KpH-
BU3HBI IPH YCAOBHAX, HaJOXKEHHBIX TOJBKO Ha BHYTPEHHIOIO METPHKY.
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2) OuddepeHunanbHble HePaBEHCTBA, NPH KOTOPHIX OTOOpaxKeHHe
OIHOH MJIOCKOCTH B JAPYI'YIO SBJIsSIeTCS] TOMEOMOP(HBIM (3TOT BOMPOC
MMeeT TECHYIO CBSI3b C NPEABbIAYIIHM).

3) TeopeMsl cymecTBOBAHHS PEryJ/sPHBIX NOTPYXKEHHH HEKOTOPBIX
KJIaCCOB HEMOJHBIX MHOro00pasuii OTPHUIATENBbHOH KPHBH3HBI.

4) TeopeMbl O TONMOJIOTHYECKOM CTPOEHHHM CEeTH XapaKTepHCTHK.

5) TeopeMbl 0 pery/sipHOCTH NOBEPXHOCTEH OTPHLATENbHOH KpH-
BH3HBl B 3aBHCHMOCTH OT PEryJsiPHOCTH HX BHYTpPEHHeH MeTPHKH.

M. T. Kpeiin

AHAJIMTHYECKHE MPOBJEMbBI U PE3YJIbTATbl TEOPHH
JIMHEAHBIX OMEPATOPOB B I'HJIbBEPTOBOM MPOCTPAHCTBE

B Teuenue mocmepHux 25 JeT BJAHSHUE TEOPHH JIMHEHHBIX omepa-
TOPOB B TUJIL0EPTOBOM IPOCTPAHCTBE 3HAUHUTENBLHO pAaCUIMPHJIOCH
U yOPOUYHJIOCH, C OZHOH CTOPOHHI, 6sarofapsi ee pa3sHOOOpas3HBIM HpPH-
JIOXEHHSIM B JaJIeKO OTCTOSIIUX JAPYT OT Apyra o6/acTsX MaTeMaTHKH
(Teopuu nuddepeHIHANTbHbIX YPABHEHUH, TEOPHH IPEACTABJEHUS Py,
TEODUH BepOSITHOCTEH, TrapMOHHYECKOM aHa/Iu3e H JAp.), C APYro#
CTOPOHEI, 6/1ar0Japsl TOH HCKJIIOUHTENBLHOH POJIH, KOTOPYIO 3Ta TEOpHs
npuobpesna B COBPEMEHHOH KBAHTOBOH ¢Hu3HKe.

OxHOBpeMeHHO 3a 3TOT MEepPHOJ TeopHs oOoraTH/Jach HOBBIMH (hyH-
JaMeHTaJbHbIMH pasfenamu. Cpeqy HHX OTMETHM ClelyIoLlHe:

. TEOPUd KAHOHWUECKHX TIPEACTABJIEHUI 3PMUTOBBIX
OIIEPATOPOB

31ech, B YaCTHOCTH, UMEIOTCS B BUAY HOBbIE Pe3y./1bTaThl H IPOBJIEMSI,
BO3HHKIUHE B TAKOM, KaK Kas3aJ/oCh, IPOCTOM U 3aKOHYEHHOM BOIpPOCE,
KaK pacliipeHHe 3pMUTOBBIX omepaTopoB. Dhlia paspaboraHa Teopus
0000 EHHBIX PE30JbBEHT M PE30/JbBEHTHBIX MaTpHU. Dbl1 o6Hapy:keH
U HCCJIENOBAH 3aMedaTeNbHbIH KJIace — Yeavlx dPMUMossix OnepaTopos.
Bbltd mosyueHbl MpeCcTaBJIEHHS SDMHTOBLIX ONEPATOPOB C IOMOLIBIO
KaHOHMYECKHX AM(pepeHLialbHbIX OMepaTopos.

C aTiMM pesyabTaTaMd CBsi3albl OOLIMPHBLIE HCCIENOBAHHS IO TaK
i1a3plBaeMbIM 00paTibLIM 3ajayaM CIEKTpPaJbHOH TeopHU aHddepeH-
I[Ha/IbHBIX ONEPaTOpOB. B psiie ciyuaeB B 3THX HCCAENOBAHUSIX KOHed-
Hasl [[eJb JOCTHraJach C IOMOILBIO METOJOB U HJiel abCcTPaKTHOH TeOpHH
onepaTopoB. TeopHsi LeJbIX 3PMHTOBHIX ONEPaTOPOB M MX KaHOHHYe-
CKMX IpEJCTABJIEHHH Jaja OTBET HAa Psif TPYAHBIX BOIIPOCOB TEOPHU
HHTEPIOJSHH U SKCTPANOSIIIH CAydalHBIX CTALlHOHAPHBIX NIPOIECCOB.

Teopusi KaHOHHYECKHUX MPEACTaBJIEHHH 3PMHTOBBIX ONEPAaTOPOB
II03BOJISIET MO-HOBOMY OCBETUTh TEOPHI0O 000OLIEHHBIX COOCTBEHHBIX
3JIEMEHTOB CaMOCONpPSXKEHHBIX ONepPaTopoB C €e MHOIOYHC/IEHHBIMU
BLIXOAAMH B aHAJIH3.
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BaxHylo po/ib B KJacCHQUKAlHH LEJbIX SPMHTOBHIX ONEpPAaTOPOB
ChITpaJiM IeJble ONepaTopbl, COOTBETCTBYIOIHE HEONpPefeTeHHOMY Cly-
yalo 1po6/ieMbl MOMEHTOB H NpOOJIeMbl NPOXOJ/IKEHHS 3PMHTOBO-NOJO-
JKUTENBbHOH (DYHKUUH.

B Teopuu LesbIX 3pMUTOBBIX ONEPATOPOB H NOAABHO B 0OlLeH TeOpHH
KaHOHHUYECKHMX IPeJCTaBJIeHHH 3PDMHTOBBIX H CaMOCONPSXKEHHBIX oOIe-
paTopoB IO HAaCTOsIee BpPeMs OCTaJHCh HepelleHHHIMH HEKOTOphie
tdyHAaMeHTaJabHbIE BONPOCH. HeoHAaHHO 0Ka3aJoch,YTO 3TH BONPOCH
MOryT ObITb nepedopMyJHPOBaHBI KaK HEKOTOpHIE NPOOGJEMBl TEOPHH
HEeCaMOCONPSIXKEHHBIX  OIIepaTopOB.

II. TEOPUS BO3MYIIEHUI OTIEPATOPOB

Jlaxke B TEODHH BO3MYIIEHHH OIepaTopoB NPOCTEHINEro Kjaacca —
CaMOCOTNPSXKEHHBIX OMEepaTOPOB MaTeMaTHKaMH U (GU3UKaMH Obl1o o6Ha-
PYXEHO MHOTO HOBOrO H HOAYac mapajoKCcaJbHOIO C TOYKH 3PEHH:A
JIMHEHHOH a/jreGphl (0OBIYHO TH MApafOKCHl CBSI3aHBI C BO3MOXKHOCTBIO
HaJIM4Hs aOGCOJIIOTHO HENPEPhIBHOTO CIEKTPa y CaMOCOIPSIKEHHOrOo one-
paTopa — sIBJIeHHe, He HMEIOlee aHajora B JHHEHHOH asrebpe).

B cB#3u c 3ajauaMu KBaHTOBOH TEODUH paccesiHHs, TEODHH KBaH-
TOBaHHBIX II0JIeH, KBAHTOBOH CTAaTHCTHKH (GHM3MKaMH Obl1 pa3BepHYT
U JaleKo NPOABUHYT (OpMasu3M TEODHH BO3MylleHHH. B Hacrosiee
BpeMs 3TOT (OopMa/ju3M BO MHOTHX CJayyasix B paboTax MaTeMaTHKOB
IOYYHJ CTPOroe OOOCHOBaHHE M JajbHefillee pa3BUTHe (MOCTpOeHA
obuiast ¥ CTporasi TEOpHsi BOJHOBBIX ONEPaTOPOB, ONEPaToOpoB M cybore-
pPaToOpOB paccesiHUst AJsi KBaHTOBOH 3ajaud ONHOKaHAJIbHOTO pacces-
HUS, [OJy4deH DSIA TOYHBIX Pe3yJbTATOB IO MHOTOKaHAJBHOH 3ajaye
paccestHdsI, PA3JHYHBHIM BONpPOCAM BTOPHYHOI'O KBAHTOBaHUSI H Jp.).
O6HapyXeHbl HOBble MaTeMaTHUeCKHe CBSI3U: TEODHS DAacCesHUS —
TEOPHS CTALHOHAPHBIX CAYYaHHBIX NPOIECCOB — TEOPHST DPACTSKEHHH
H XapaKTepUCTHUeCKUX (YHKUUH omepaTopoB cxkaTHd. Benyres
HccseoBaHus o 000OIIEHHI0 3THX pe3yJbTaTOB Ha ciydall HecaMo-
CONMPSKEHHBIX BO3MYLIEHHH CaMOCONPSIXKEHHHIX ONepaTopOB.

B noxnane HMKak He OCBeINAIOTCS BOIPOCH TEOPHH BO3MYILEHHH,
JIONyCKAaiolHe TPAKTOBKY B OoJsiee INHPOKOM NJaHe oOLiel TeOpHH ome-
paTopoB B 0aHAaXOBBIX NPOCTPaHCTBaX (B PasBHTHH KOTOPHIX TaKkKe
UMeeTCs DAL CYLULECTBEHHBIX YCIEXOB).

I1I. TEOPHUS HECAMOCOIIPSI)KEHHbBIX OINEPATOPOB

st BOOJIHE HEmpephIBHBIX ONEpAaTOPOB H HEOrPaHHYEHHBIX OIle-
paToOpoOB C JUCKDPETHBIM CIEKTPOM pa3pabOoTaHbl METOAbl yCTaHOBJCHHS
TEOpeM O IOJHOTE CHCTEMBbI COOCTBEHHEIX U NPHCOENVHEHHBIX BEKTOPOB,
METOZAbl MOJyYyeHHsI OGOOINEHHbIX CIHEKTPAJbHBIX Pa3/OXKeHHH, MeTOJb!
CyMMaluMH 3THX pasjoxeHui. AHaJOTHYHBIE BOIPOCH Pa3paboTaHbl
U paspabaTbiBalOTCA AJS TOJHHOMHAJBHBIX OMNEPATOPHBIX ITYYKOB
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HEKOTOphIX KJjaccoB. Teopust III pasBuBaeTcss B TECHOM KOHTaKTe
¢ Teopueit I1. Ilo cylecTBy AOCTaTOYHO IOJIHBIE Pe3yJbTaThl YAaeTcs
HOJYYUTh TOJNBKO /IS TeX HeCaMOCONPSIKEHHBIX ONepaToOpOB, KOTOPHIE
B KaKOM-TO CMbicie OJIM3KH K CaMOCOIDSIKEHHBIM, YHHTAapHBIM HJIH
BOOOIlEe HOPMAJbHBIM.

YcTaHOBJIEHB! CHJIBHBIE TNPH3HAKH CYIIECTBOBAHUS Yy JHHEHHOrO
ormepaTopa MaKCHMaJbHbIX HHBAapHaHTHBIX IOANPOCTPAHCTB, COOTBET-
CTBYIOLIMX TOH WJHM MHOH YacTH €ro Crekrpa.

U3 a3Tux uccnenoBaHuil mesecoo6pasHo 0co60 BHIAETHTH TPYMIy,
00BEMHSIEMYI0O Ha3BaHHEM:

IV. TEOPHS OIIEPATOPOB B INIPOCTPAHCTBAX
C UHAE®UHUTHON METPUKOU

Pa3BuTta reoMeTpusi 3THX IPOCTPAHCTB, B OCOOEHHOCTH TaK HasblBae-
MBIX J-IIPOCTPAHCTB. ¥ CTAHOBJIEHB! Pa3HOOOPa3HbIE TEOPEME! O CYINECT-
BOBAaHMHM HHBapHaHTHBIX MaKCHMaJbHHIX AePUHHTHBIX NOIANPOCTPAHCTB
y OmepaTopoB TOTO HJM MHOTO KJacca.

OG6BIYHO MOAYEPKHBAIOT POJIb TEOPETHKO-MHOXKECTBEHHBIX U ajre-
Opanueckux Hiell B co3jaHUH (QYHKIMOHAJBHOTO aHa/M3a. B Hacros-
Ilee BpeMs B TEOPHMH OIEpPaTOpPOB HAaOJMIOJaeTcsi BCe paclIUpSIoieecs
UCIOJIb30BaHUE HJeH, METONOB M anmnapara TeOPHHM aHaJUTHYECKHX
(YHKIMH OXHOM U MHOTMX KOMILTIEKCHBIX NepeMeHHbIX. MHOrHe BakHEIe
OOBEKTHl TEOPHH ONEPATOPOB IO ONPENETIEHHI0 HMEIOT «THOPHIHBIH»
XapaKTep — OHHM SBJISIIOTCS aQH@AumudecKumy GYHKIHSIME, IIPUTOM
C onepamopHoimy 3HaUeHUSIMU (000OIIeHHasi pe3osibBEHTa, Pe30JIbBEHT-
Hasl MaTpHULa, XapaKTepHCTHUecKasi onepaTop-GyHKIHs, cybomepatop
paccessHHSI U Ap.). BoisicHeHHe POJIM 3THX OOBEKTOB M CBSI3eH MEXAY
HHMH COCTaBJISIET OAHY U3 I'JIaBHBIX 3afad JOKJaja.

[lonyyeHbl cHeKTpaJbHbIE DPassIOXKeHHs Iisi J-caMoCOnpsiKeHHbIX
u J-yHUTapHBIX ONEpPaTOpPOB IPH HEKOTOPHIX OrpaHHuYeHUsX. [Tosyuen
pPSAL pe3y/JbTaTOB IO TEOPHM INpEACTaBJEHHH rpynn ¥ ajrebp B Ipo-
CTPaHCTBAX C UHJeHUHUTHOH MeTPUKOH. BhHIsiCHsIeTCs pOJib 3TOH TeOpHH
B DasJMYHBIX BOIpPOCaX MaTeMaTHyecKOH (H3UKU (TEOpHUH yCTOHUHU-
BOCTH, TEOpUH HeMN(HUPOBAHHHIX KOJeOaHMH, TEOPHUH KAHOHHYECKHX
npeo6pasoBaHui, IaMHJbTOHHAHOB KBAHTOBAHHBLIX IOJEH H J1p.).

OrpaHuuuBasiCh NepeYrcJeHHBIMH pasienamu I — IV, Heo6xogumo
HNOAYEPKHYTh, YTO OJHHM H3 KPYNHEHIIHMX NOCTHKEHHH TEOpHH omepa-
TOPOB B TMJILOEPTOBOM IIPOCTPAHCTBE SIBJISIETCS CO3JaHUE B Hallle BPeMsI
TeopuH 6GaHAXOBHIX ajaredp omepaTopoB (JEHCTBYIOIIMX B TaKOM IIpO-
CTPAHCTBE) BMECTe C €€ MHOTOYMC/JEHHBHIMH INPHJIOKEHHSMH B TEOpUH
npeacraBjeHudl (rpynm M anre6bp) M KBaHTOBOH ¢u3UKe. DTa TeMa
SIBJSIETCSI NIPEIMETOM ABYX CHElHaJbHBIX JOKJALOB M 31iech He OygeT
3aTparuBaThCsl.

Kak yxe orMeyasoch, B TEOPHH BO3MYIIEHHH CaMOCONPSIKEHHBIX
OIIepPaTOPOB INPHINJIOCH CTOJKHYTbCS C (paKTaMH, He MMEIOIMMH aHa-
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JIOTOB B siuHeliHol anrebpe. C Apyrofi CTOPOHBI, CPABHUTENIBHO HEJAaBHO
OBL7I0 OGHAPYKEHO, UTO JJIsi HEKOTOPBIX XOPOIIO H3BECTHEIX NMOCTPOCHHH
JUHeHHOH anreOpHl elle He HaHJeHB HX KOHTHHyaJbHble aHAJOrH.
BMmecte ¢ TeM pasBepThiBaHME TEOPMM TAaKMX aHAJOrOB COBEPLIEHHO
HeO0OXOAHMO H OTKPEIBAET HOBBIE NepCIeKTHBE . VIMeloTcst B BUY CJIeRyIo-
IHe TOCTPOEHHUS:

A. TlpuBeneHue BelleCTBEHHOH CHMMETPHYECKOH MaTpPHUE! € IpoO-
CTBIM CIEKTPOM C NOMOIIBI0 OPTOTOHAJBHOTO Ipeo6pasoBaHUsl K SKO-
6ueBoii Qopwme.

b. IIpuBenenne npousBOBHON MATpPHIBI YHHTApPHBIM I1peobpaso-
BaHUEM K TPEyroJbHOMY BHAY.

B. IlpuBesenue spMHTOBOH (GOpDMBI K CyMMe KBaApaTOB MeETONOM
Jlarpanxa (unu GoJiee obuiast 3ajjaya NpefCcTaBJeHHSI MaTPHIL B BUJE
IPOHU3BEJEHHST TPEYTOJbHbBIX).

PasBuTHe KOHTHHya/JbHBIX aHAJOrOB MOCTPOEHHST A TNPHBOAUT
K TEOpHMH KAHOHHYECKHX IPeJCTaBJE€HUH 3PMUTOBEIX OIEepaTopoB
H K TEODHH ILEJbIX 3PMHTOBHIX ONEPaTOpPOB.

Pasputie KOHTHHyaJbHBIX aHAJOTOB IHOCTpoeHHss DB mnpuBojuT
K TEOpHH abcmpaxmuozo mpeyeoastoeo unmeepasa. C STUM HHTErpajoM
CBSI3aHO IeJI0e HCYHCJEHHE, UTpalollee BaxKHYIO pPOJb B TEOPHH KakK
HecaMOCONPSIKEHHBIX, TAK U CaMOCONPSIKEHHBIX OIepaTopoB (Ioc/ex-
Hee O0OCTOSITE/ILCTBO O0KAa3ajoch HEOXUAAHHBIM).

Hccaenosanus mo abcTpaKTHOMY TPeyroJbHOMY HHTErpajy NO3BO-
JIHJIH B CBOIO Ouepelb pa3paboTaTh KOHTHHYAJbHBIH aHAJOr IOCTpOe-
HUsI B — Teopuio ¢pakmopusayuu onepamopa no OauHol yenouke npo-
exmopos.

CBs3yIOIMM 3BEHOM Da3BHTHsI KOHTHHYAJbHBIX aHAJOrOB IIOCTPOe-
Hu#t A, B, B aBu0Ch QyHIAMEHTATBHOE TIOHSATHE XAPAKMEPUCTULECKOLL
onepamop-pyHKyuy HecaMOCONPSIIKEHHOrO onepatopa. JTa (QyHKOUS
XapakTepH3yeT OTJIHYHE OIlepaTopa OT ero conpsixeHHoro. Ee 3Haue-
HHUSIMH SBJISIIOTCSI OIIEPATOPbl CXKATHUS IO OTHOLIEHHI0O K HEKOTOPOH,
BooOIe roBopsi, HHAeHUHUTHOH MeTpUKe. DTO NOHSTHE IpeTepreBaeT
SBOJIIOLHIO, KOTOpas ellle He 3aBepIIHJACh.

BaxHy10 poJib B TEOpUH OIEPATOPOB HIPAIOT BCEBO3MOMKHBIE MYJIb-
TUIIJIMKaTHBHBEIE CBOHCTBA XapaKTEPUCTHYECKOH omepaTop-yHKIHH.
Jlo HenaBHero BpeMeHH KOHTHHYaJbHOE MYJIbTHIIMKATHBHOE Ipei-
CTaBJIeHHE XapaKTepUCTHUECKOH omepaTop-QyHKIHHM yAaBaJoCh IOJY-
YHTb TOJbKO Ha OCHOBE MPEIBAPUTEIbHBIX UYHCTO aHAJHTHYECKHX
M TPY/JHBIX HCCJIENOBAHUH 110 TEOPUY aHAJUTHUECKUX MATPHI-DYyHKIHH.
B nacrosimee BpeMsi, Ha060pOT, MHOT'HE H3 3THX pE€3y/bTaTOB TEOPHH
MaTpUL-QyHKIHHA I@OJyvYaloTcsi KakK CJEACTBHE Ppas3IMYHBIX OOMHX
MIOJIOKEHHH TEOPHH ONepaToOpoB. DTa KOHKYPEHIMs IPOAOJKaercs.

CyluecTBeHHYIO POJIb B YKa3aHHOM CABHTE CHITPAJIO NOCTPOEHHE Teo-
pHuH abCTPAaKTHOTO TPEYTrOJbHOIO HHTErpasja H TeOpPHH (haKTOpH3ALUH
orepaTopa NoO JAaHHOH LeEMmouYkKe MPOEeKTOPOB.

HckmounTenbHast poJib NPUHANJIERKHT XapaKTEPHUCTHUECKOH ome-
paTop-OyHKIHH B IIOCTPOCHHH KOHTHHYAJbHBIX aHAJIOTOB TEODHH 3Je-
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MeHTapHbIX genuTtenedi. [TousTHio KneTku )XopaaHa U3 JUHeHHOH anre6-
Pbl B TEOPHH ONEPATOPOB COOTBETCTBYET IIOHSTHE O0OHOKAEMOYHO20 Olle-
paTopa. JI/1s1 omepaTopoB psia BaXKHBIX KJACCOB YCTAHOBJIEHBEI KpHTE-
PHM HX OJHOKJETOYHOCTH. [l OmepaTopoB HEKOTOPHIX KJIACCOB
yaaeTcss YCTAaHOBHTb BO3MOMKHOCTb MX DAas3JIOXKEHHSI B KKOCYIO CyMMYy»
OJHOKJ/IETOYHBIX.

YcraHoBsied psj HpH3HAKOB mojo0usi omepatopoB. HafieHsl pas-
JUUHBIE KDUTEPHM INOJOOMS CXKaTHUs (ILHUCCHIATHBHOTO OIEpPaTopa)
YHHTapHOMY (CaMOCONPSIXKEHHOMY) OIepaTopy; HEKOTOphble H3 HHX
BecbMa 3aMeyaTesbHHI.

A. . Maabnues

O HEKOTOPbLIX NMOrPAHUYHBIX BONPOCAX AJITEBPBI
U MATEMATUYECKOM JIOTUKH

1. TlpuMeHeHue CpejCcTB MaTeMaTHUYeCKOH JIOTHKH W TEOPHH aJro-
PHTMOB K pelIeHHIO npobseM aJjrebphi:

a) TlpuMeHeHHUs OOLINX TEOpeM TEOPHH si3blKa l-H CTymeHM, B YacT-
HOCTH TeOpeMbl KOMHAKTHOCTH, K TEOPHH TPYNI U TEOPHH HIEAJIOB.
HeobxonuMocTs BhIXOAA 3a mpejenbl sisbika 1-i crymenu. Chenuasnb-
Hble Teopuu 2-# crymeHH. HekoTopele OTKpEHITHIE IPOGJIEMSI.

6) IlpuMeHeHHe TEXHUKHU IOJHBIX TEOPUH U YJbTPanpOU3BEJEHHH.
Beixog B Teopuio mosefl M TEOpUIO KBaJpaTHYHBIX (hOpM.

B) [Ipumenenuss Teopudu anroputMoB. CTpoeHHe 3J€eMEHTapHBIX
TEOPHH H TEOPHH CrNeunHa/JbHBIX THIOB.

2. BosunknoBende HOBBIX aareOpanyecKHX CTPYKTYpP B JIOTHKe
M TeopHH ajaroputMoB. Pasutue obmell ajareGpbl Kak y4eHHs] O CBOH-
CTBAaX KJIACCOB aire6panyecKHX CHCTEM H ()OPMaJsbHBIX SI3BIKOB, HAa KOTO-
pPHIX ONHCHIBAIOTCH . KJacchl. Kiaccwl cmenuanbHbeIX THIOB. MHOro-
obpasust u KBasuMHOroobpasus. HrepaTuBHble anreOpel H MHOTO-
obpasus Ilocra. TepmanbHasi 9KBHBaJ/JEHTHOCTb MHOroo6pasui. Teopus
KJIOHOB M K/aHOB. [Ipo6sieMa ¢opMasbHOrO si3BIKAa A/ 3TOH TEOpHUH.

U.U. Nareuxkuit-Wanupo
ABTOMOP®HDBIE ®YHKUHUU U APUOMETUUYECKHUE TPVYIINbI

HemaBuo (cum. [1] m [2]) 6blio pmokasawo, uto mose GyHKuME,
aBTOMODP(HBIX OTHOCHTE/JbHO JI000H apHGMeTHYecKOH TIpymIsl, Bceraa
sIBJISIeTCS  1OJIeM anrebpandeckHX OyHKuuid. OIHaKO HEHU3BECTHHI
NOAPOGHOCTH CTPOEHHs] TaKMX moseli. Kak mnpaBHJO, HET OTBETOB
Ha BOIIPOCHI, Jiake caMble IIeDBOHAYaJIbHbIE C TOYKH 3PEHHUS CIelHaJIH-
cra 1o a;ire6pandeckoi reomerpuu. HanpuMep, HeH3BecTHO, KOTa TaKOe
noje sIBJS€TCS I10JeM palHOHAJNbHBIX (YHKIUH OT 7 He3aBHCHMBIX
TNepeMeHHbIX HJIM e KOrJa TaKoe I0Jie ecTh I10Jie OOLIero MOJIOXKEHH,
T. €. HEeKOTOpasi KPaTHOCTb KaHOHHYECKOro KJacca ONpejessieT Heoco-
Oyio Mogenb moJA.
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Crnenyer OTMETHTb, UTO B TEOPHH aBTOMOP(DHLIX GYHKIHH OT OXHOTO
1epeMeHHOTO OTBET Ha 3TH BONPOCH XOPOLIO H3BECTEH.

B mociennue rogel mosiBUMHCh MeTofnl (MeTong A. Cennbepra ngisi
NofAcYeTa Pa3MEepPHOCTH INPOCTPAaHCTBA aBTOMOPGHBIX (OPM, a TaKxe
KOHCTPYKUHH Heoco00# KOMNaKTHQHKAIHH), C IMOMOLIbIO KOTOPHIX
MOXKHO OXHJAaTh 3HAUHTEIBHOTO Nporpecca B 3To#l 06s1acTH (CM., HaNpH-
Mmep, [3]).

Kak xopomo H3BecTHO, Bcsikoe mose anreOpandeckHX (QyHKUHH
OT OJHOTO IIePEMEHHOT0 MOXKeT ObITh YHH(POPMH3HPOBAHO, T. €. ABJSETCH
HEKOTODPHIM IoJIeM aBTOMOpPGHBIX dyHKuui. B Teopun ajreGpandeckux
(GyHKIME OT HECKONbKHX IIepeMeHHBIX [OJIOXKEHHe COBCeM Jpyroe.

YHUDOPMU3UpYEMbIE NOJST SBJSIOTCS PeadailiMMU HCK/IIOUEHHSIMH.
[Tpo6sema BbIsiCHEHHs], KaKHe NOJSI YHH(POPMH3HpDYeMbl, a KaKHe HeT,
NpeicTaBJ/sieTcs TPyJHeHIIel 3anauell, pelleHHe KOTOPOH, BepOSITHO,
CMOXXET OCBETHTb IIO-HOBOMY POJIb U MECTO COBPEMEHHOH TEOPHH aBTO-
MOPGhHBIX (YHKUHMH MHOTHX KOMIIJIEKCHBIX IepeMeHHbIX. EcTb Bce
OCHOBaHHS OXHAATh, YTO Jo0as AMCKpPETHAsl Tpynna aHaJIUTHYECKHX
aBTOMOD(H3MOB CHMMeTpHYecKod 06/acTH (C KOHeUHbIM oObeMoM (hak-
TOP-NIPOCTPAHCTBA) 3a TPHBHAJbHEIM HCKJIOYEHHEM pa3MepHOCTH |
sBasgercss apupMernueckod rpynmoii. Eciau 6bl 3To OBIJIO J0KAa3aHo,
To chopMynupOBaHHas BhIle IpobseMa cBejach Obl K Clexylomel:
OmucaTh Bce NOJs, YHUGOPDMH3HPYeMble apUpMETHYECKHMH TPYINaMH.
Bo03MOXHO, 4TO XapaKTEepHUCTHKA TAKUX IOJEH COCTOMUT B TOM, YTO OHH
006/1aJ1aI0T MOJIE/ISIMH, ¥ KOTOPbIX HEpa3BeTBJIEHHbIE HAKDBITHS B HEKO-
TOPDOM CMBIC/IE ORHOPORHBI [4].

B nacrosiiee BpeMst o6e 3TH 3aJja4uHl: BhISICHEHHE, BCE JIU AUCKPETHbIE
TPYNNBl C €CTECTBEHHBIMM JOIOJHUTENbHEIMH YCJIOBHSIMH SBJSIOTCSH
apudMeTHYeCKMMH, H KaKOBa CTPYKTypa mnoJsell, yHHGOPMH3HPYEMBIX
apu(MeTHYeCKHMMH TPyNIaMM, KaKyTCsl OJAMHAKOBO TDPYJHBIMH.

JUTEPATYPA

[1] Baily W. L., Borel A., On the compactifications arithmetically
defined quotients of bounded symmetric domains, Bull. Amer. Math. Soc.,
70, 4, 588—593 (1964).

[2l Marteuknit-Ulanupo H. U, ApubMernueckre IpyINsl B KOMIJIEKC-
HHIX obnacTsix, ¥Ycnexu Mam. nayx, 19, Ne 6, 93—121 (1964).

[l Tungurkuu C.I.,,Mlarenkuéi-Wanupo U HU., O6 airebpau-
4eCKOH CTPYKType nosis MORyasipHeix ¢yHwuuit 3urensi, JAH CCCP, 162,
Ne 6, 1226—1229 (1965).

[4] Dareuxruitt-anupo U U, Wapapesuu H. P.,, Teopus
{a.nya Tpa)mcuex—meﬂ'rﬂmx pacuiupenu#t u yHupopmusauus, Hse. AH CCCP
B IIeyaTH).

27






MOJIYYACOBBIE JOKJIAZBI
HALF-HOUR REPORTS
RAPPORTS D’UNE DUREE U*UNE DEMI-HEURE

VORTRAGE VON EINER HALBEN STUNDE DAUER






Sh. S. Abhyankar

ON THE PROBLEM OF RESOLUTION OF SINGULARITIES

The Resolution Problem can be stated thus: Given a function
field K over a pseudogeometric dedekind domain k& does there exist
a nonsingular projective model of K over &?

By a pseudogeometric dedekind domain we mean a noetherian
integral domain % such that: % is integrally closed in its quotient
field; every nonzero prime ideal in %k is maximal; and the integral
closure of k£ in any finite algebraic extension of the quotient field
of & is a finite £-module. Note that every field is a pseudogeometric
dedekind domain and so is the ring of ordinary integers. By a func-
tion field over a noetherian integral domain %2 we mean a finitely
generated field extension K of the quotient field of %4; by a projective
model of K over £ we mean a set X of local rings for which there exists
a finite number of nonzero elements x,, x4 . . ., Xn in K such that K
is the quotient field of & [x4/x, . . ., xm/xo]Jand X =V, UV, ...UVn
where V; is the set of all quotient rings of & [xo/x;, x1/xi, . . ., Xm/x:]
with respect to the various prime ideals in & [xo/x;, x4/%:, . . ., Xm/X:];
X is said to be nonsingular if every element in X is a regular local ring.

Let K be a function field over a pseudogeometric dedekind domain
k, let n’ be the transcendence degree of K over &, and let n be the
absolute dimension of Koverk,i.e., n = n'if kisa field, and n =
= n’ + 1if kis not a field. The Resolution Problem has been settled
affirmatively, so far, in the following cases: For n = 1 the solution
is classical. For n = 2 when & is field of complex numbers by Alba-
nese, Levi, Walker, and others. For n<3 when £ is a field of charac-
teristic zero by Zariski. For n arbitrary when & is a field of cha-
racteristik zero by Hironaka. For n = 2 when k/P is perfect for
every maximal ideal P in k£ by Abhyankar; note that the second
condition is satisfied if & is a perfect field and also if % is the ring of
ordinary integers. For n = 3 when & is an algebraically closed field of
characteristic different from 2, 3, and 5 by Abhyankar.

H. Bass
WHITEHEAD GROUPS AND GROTHENDIECK GROUPS

OF GROUP RINGS
1. INTRODUCTION

The Whitehead group, Wh (n), of a group m was introduced by
J. H. C. Whitehead (see [16]) in connection with his theory of simple
homotopy types. Until quite recently the 1940 thesis of G. Higman
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[7] remained the only source of effective calculations of these groups.
The last few years have witnessed not only a substantial extension
of Higman’s work, but also an expanded geometric significance of
Wh (n), deriving from the h-cobordism classification theorem of
Barden-Mazur-Stallings (see, e.g., [8, §§ 10-111, or [9, exposé 7I).

The algebraic theory of Wh () is now seen to be closely tied up
with that of K,Zm, the “Projective class group” of Zn (see definitions
and Theorem 5.6 below). Quite independently of this connection,
C. T.C. Wall [15] and L. Siebenmann [11] have introduced geometric
invariants in KyZn which suggest some analogy with Whitehead’s
torsion in Wh (n). Consequently, to determine Wh (n) it is both tech-
nically necessary and geometrically interesting to study KoZn as well.

I propose to survey here the few cases in which reasonably comp-
lete calculations of Wh(n) and KoZn have been made. These cases
are, essentially, when s is finite, abelian, or a free product. We begin
with the relevant definitions, for which one can consult [1, Ch. III]

or [8] for further details.
If A is a ring KoA denotes the “Grothendieck group” of finitely
generated projective left A-modules, and the quotient modulo the

subgroup generated by free modules is denoted by K,A.

GL (A) = Un>1 GL, (A), the infinite general linear group, and
E (A) is the subgroup generated by “elementary matrices”. We have
the commutator formula of Whitehead, E (4) = [E (4), E (A)] =
= [GL (A), GL (A)], and we write

K.A=GL (A)/E (A).

The definition supplies homomorphisms GL, (4) - KA, and for
n =1 we write U (A) = GL, (A) > KA. 1f A is commutative then
det: GL, (A) - U (A) induces a splitting,

KA=U (4) + SK,4; SK,A=SL (A)/E (A).
If m is a group then &= n < U (Zxn) so we can define
Wh (i) = coker (+ n — K,Zx)
Thus, in case m is abelian, Wh () = (U (Zn)/ £ n) 4+ SK,Zmx.

2. FINITE GROUPS
Throughout this section m is a finite group.

Theorem 2.1 (Swan [13]). A finitely generated projective
left Zn-module is isomorphic to the direct sum of a free module and

a projective ideal. KoZn is a finite group.
. Swan has obtained further, and more precise, information on KoZxn
in [14]. To indicate the flavor of the problem we mention:
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Example 2.2. (Reiner-Rim, see [10] and [I11, appendix]).
If 7 is cyclic of prime order p then KoZm is isomorphic to the ideal
class group of the field of p't roots of unity.
Next we discuss K;. Let p : m — GL, (R) be a real representation
of m.p extends to a ring homomorphism p : Zn— M, (R) (n X n
matric algebra) which yields
det log ||

KiZn 25 KM, (R) 25 U (R) 221 R.

The composite of this with + n— KZn is trivial (R is torsion iree)
so we obtain an induced homomorphism f,: Wh () —'R. Letpy, . . ., pp,

resp., Oy, ..., 0q denote the distinct (up to isomorphism)

irreducible real, resp., rational representations of =, and define
I’lijby0'i = + niP;. Let

i<jsr

f=(fp‘, cves fo,) : Wh (1) — R™.

Theorem 2.3 (cf. [2, Theorem 1]). ker f is a finite group and
im [ is a lattice of rank r — ¢ in the subspace defined by the equations

Z nijxj=0, 1<l<q.

1<jisr

We-have the following determinations of r and ¢:

Theorem 2.4 (see [6, Theorem 42.8]).

(a) (E. Artin) g=the number of conjugacy classes of cyclic sub-
groups of .

(b) (S. D. Berman, E. Witt) r = the number of conjugacy clas-
ses of unordered pairs {x, x'}, x € m.

We next give generators and relations for a subgroup of finite
index in Wh (m). This result was formulated, conjectured, and
proved for cyclic groups of prime order, by Milnor. Milnor relied on
(2.3) and on a theorem of Franz (see [9, expose 1]), and the general
case was proved in [2] by generalizing Franz’s theorem.

Suppose ¢ € m and s = £ both have order m. If f >0 is a multiple
of ¢ (m) (Euler ¢) then

[s/t]f.—_(1+t+...+tf-1)f+1—m—ff(1+t+...+t"‘-1)

is a unit in Zmn.

Theorem 2.5 (cf. [2, Theorem 5]). Suppose n has exponent
e(i.e., x* =1 for all x €m) and that [ is a multiple of ¢ (). Let S de-
note the set of all (s/t) = the image in Wh (x) of [s/tV € U (Zn). Then
S generates a subgroup of finite index in Wh (n), and a complete set
of relations between these generators is: For each, s, t, u € m generating
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the same cyclic subgroup, and for each x € =,
(s71/t) = (s/t),
(/1) (thu) = (s/a),
(xsx™/xtx™r) = (s/t).

3. FINITE ABELIAN GROUPS

Let mt be finite and abelian, so that
Wh (%) = (U (Zn)/ + ) + SK, Z=x.

Proposition 3.1 (G. Higman [7]). U (Zn/% =n) is for-
sion free.

Conjecture 32. SK(Zn=0, so Wh(n)=U (Zn)/x =.

This conjecture is almost certainly true. It would follow (see [8,
appendix]) from the fact that, if A is the ring of integers in a cyclo-
tonic field then, for sufficiently large n, a subgroup of finite index in
SL, (A) contains a “congruence” subgroup». Various efforts of Men-
nicke, Milnor, Serre, and the author have almost succeeded in pro-
ving the latter, and have at least proved enough to imply that SK,Zn
is a finite 2-group.

Combining (2.3), (2.4), (2.5), (3.1), and (3.2) we get a fairly clear
picture of Wh (n) = U (Zn)/ = = for finite abelian m. The missing
ingredient is a description of U (Zx) modulo the group generated by
the units of Theorem 2.5. This appears to be a rather delicate arith-
metic problem.

A natural question suggested by (3.1) and (3.2) is: Is Wh (m)
torsion free for any finite group n? By virtue of Theorem 2.3 a special
case of this question is: /s Wh () = 0 for n a symmetric group?

4. FREE PRODUCTS

The situation when m = m, = mt, is a free product is quite satis-
factory.

Theorem 4.1 (Stallings [12]), Wh (n; = 7ty) = Wh () +
+ Wh (rty).

Theorem 4.2 (G. Higman [7]), Wh (Z) = 0.
Corollary 4.3. Wh (n) = 0 if = is a free group.
Only 4.3 has been generalized to K.

Theorem 4.4 (3)). If n is a free -group then projective Zm-

modules are free, so K0~Zn = 0. g 3
Question: Is Ky(Z [ry * my]) = KoZmy + KoZmny? This seems
to he rather plausible.
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5. ABELIAN GROUPS

The calculations for abelian groups reduce, after a simple direct
limit argument, to the finitely generated case. Finite groups were
handled in §§ 1—2 above, so we are led to study the passage from
mwton X T, T a free abelian group. If A = Zn then Z [n X T] =
= A [T]; this explains the formulation of some of the results to
follow.

Let A be a commutative ring with no non-trivial idempotents,
e.g. Znforany abeliann. Then a finitely generated projective module
P has a well-defined “rank»” r>0 (see, e.g. [1, § 15]) and we write
det P = A'P. This induces a canonical epimorphism

det : KoA — Pic (4),

where Pic (A) denotes the group, under x 4, of projective A-modules
of rank one.

I heorem 5.1 (Bass—Murthy [b]). For any abelian group
n, KoZn— Pic (Zn) is an isomorphism.

Theorem 5.2 (Bass—Murthy [5]). Lef nt be a finite abelian
group of order m and let T be a free abelian group of rank r > 0. Then

Pic (Z [nx T]) = Pic (Zn) + Ny (x, T)
where Ny (e, T) is a group of exponent a power of m, and
=0 if m is square free
is not finitely generated, otherwise.

An explicit description of Ny (x, T) is given in [5].

Coro 1~1 ary 5.3. If n is a finitely generated infinite abelian
group then KoZn is a torsion group of bounded exponent, and it is fi-
nitely generated if, and only if, torsion subgroup of w is cyclic of square
free order.

Next we consider Wh (m).

Proposition 5.4. (12, § 11]). Let m be an abelian group
with torsion subgroup m,. Then

U (Zn)/£ n=U (Zn,)/ £ m,

a torsion free group (cf. (3.1.)).

Proposition 5.5 ([1], 4.2 (b) and 11.1). Let = be a finite
and let T be a free abelian group of rank r>0. For n>r + 1 the
natural map GL, (Z [n X Tl)— Wh (n X T) is surjective.

Theorem 5.6 (see Bass—Heller —Swan [4]). Let A be
a ring and let T be an infinite cyclic group with generator t.
(a) There is a natural isomorphism

No (JT, T)
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where N, (A) is the group generated by images in KA (T) of all
matrices I+ (t£1—1)Y, where Y is a nilpotent matrix over A.

(b) If A is left noetherian and if every finitely generated left A-mod-
ule has a finite projective resolution then the same is true of A [T), and
every unipotent matrix in GL (A) represents zero in K;A. Moreover
KoA [T] = KoA.

If A = Zn is left noetherian then the remaining condition in (b)
means that m has finite cohomological dimension.

Using Theorems 5.1, 5.2, and 4.6 plus a slight additional argument
we obtain the following description of Whitehead groups of finitely
generated abelian groups. It settles, in particular, a question of
Milnor (see [2, § 11]) about their finite generation.

Theorem 5.7. (Bass—Murthy [5]). Let = be a finite abelian
group of order m and let T be a free abelian group of rank r. Then there
is a natural decomposition of the form

Wh (e X T) = Wh (nt) 4 (T X Pic (Zn)) + N, (=, T).
Moreover,

(a) Each element of N, (n, T) has order dividing a power of m;

(b) Ny(w, T) =0ifmw =0o0rif r =0; and

(c) If r>2 and if m is not square free then N, (n, T) is not fi-
nitely generated.

Note that Wh () = U (Zm)/+ =« plus a finite 2-group, probably
zero (3.2), and that U (Zm)/4 n is a torsion free group (Proposi-
tion 3,1) of known rank (Theorems 2.3 and 2.4). Moreover Pic (Zn) =~

= KyZn (Theorem 5.1) and it is a finite group (Theorem 2.1). Conse-
quently Wh () and Wh (m X T) have the same rank. In view of
Theorem 5.2 it is tempting to conjecture that, forr >0, Wh (n X T)
is finitely generated if, and only if, m is square free, and perhaps even
that N, (x, T) = 0 in this case.

REFERENCES

[1] Bass H., K-theory and stable algebra, Publ. ITHES. no. 22.

[2] B ass H., The Dirichlet unit theorem, induced character, and Whitehead
groups of finite groups, Topology, to appear.

[3] Bass H., Projective modules over free groups are free, J. of Algebra,
4 (1964) 367—373.

[4] Bass H,Heller A.,Swan R., The Whitehead group of a polyno-
mial extension, Publ. IHES, no. 22.

[6] Bass H., Murthy M. P, Picard groups and Grothendieck groups
of abelian group rings. (In preparation.)

[6] Curtis C. W., Reiner I.. Representation theory of finite groups
and associative algebras, Interscience (1962).

[71 Hi g2m an G., The units of group rings, Proc. Lond. Math. Soc. 46 (1940)
231—248.

[8] Milnor J. Whitehead torsion (to appear in Bull. Amer. Math. Soc.).

[9] Seminaire G. de Rham, Torsion et type simple d’homotopie (mimeo,
notes). Univ. de Lausanne (1963—64).

[10] (Risrr; D. S., Modules over finite groups, Ann. of Math. 69, 700—712
1959).

36



[11] Siebenmann L. G., Obstruction to finding a boundary for an open
manif)old of dimension greater than five, Thesis, Princeton University
(1965).

[12] Stallings J., Whitehead torsion of free products, Ann. of Math. 82,
354—363 (1965).

[13] Swan R., Induced representations and projective modules, Ann. of
Math. 71, 552—578 (1960).

[14] Sw a)n R., The Grothendieck ring of a finite group, Topology 2, 85—110
(1963).

[156] Wall C. T.C., Finiteness conditions for CW-complexes, Ann. of Math.
81, 56—69 (1965).

[16) Whitehead J. H. C., Simple homotopy types, Amer. J. Math. 72,
1—57 (1950).

B.J.Birch
RATIONAL POINTS ON ELLIPTIC CURVES

Let C be an elliptic curve defined over the rationals with at least
one rational point; so C is an abelian variety of dimension 1. The
set of rational points of C form a subgroup, call it C (@), of the group
of points of C; Mordell has shown that C (Q) is finitely generated.
There are effective methods of determining the points of C (@) of
finite order; the problem is, how may one determine g, the number of
independent generators of infinite order? Apparently there is a consid-
erable theory waiting to be discovered; at any rate, there are many
interrelated conjectures as to what such a theory should be.

At the Stockholm congress, Cassels described certain conjectures
due to Swinnerton — Dyer and the speaker, by which g was related to
the zeta function of the curve C. Let N, be the number of points on
the modulo p reduction of C; then {C (s) = (s) £ (s—1)/L(s),” where
I(s) is the Riemann zeta function and

L) =[[(14+(Np—p—1) p~*+ pr-2e)1

is an infinite product taken over primes for which C has a good reduc-
tion. Hasse has conjectured that L (s) may be continued meromorphically
over the whole plane—we conjectured that L (s) has a zero of order
precisely gat s = 1. When g = 0, we interpreted L (1) in terms of the
order |II] of the Tate—Safarevi¢ group (conjectured to be finite!).
I will report on some subsequent history of this conjecture.

Four years ago, we were unable to interpret L(&(1) for g >0,
essentially because there was no canonical measure available for the
height of a point on an elliptic curve. Shortly afterwards, such a mea-
sure was provided by Tate and Néron; the appropriate extension of
our conjecture is

et 4

L* (s) NHHII;: tH|
Here, L*(s) is L (s) modified by appropriate factors for the primes
for which C has a ’bad’ reduction; f is the number of points of finite
order of C(Q); and H is the matrix of the quadratic form on C (Q) given
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by the Néron height. As is natural, the formula is exceedingly similar
to Ono’s evaluation of the Tamagawa number of algebraic tori. As
an important first step, Cassels has proved the fairly deep result that
(A) is compatible with isogenies. On the computational side, (A) has
been verified by N. M. Stephens for a large number of cases when C
has the form y® = x® — A; unfortunately these seem to be the only
direct verifications with g> 1.

It is straightforward to generalize (A) to the case where C is re-
placed by a general abelian variety V over a number field K; in fact,
the situation is clarified, since one now makes a proper distinction
between V and its dual variety V’. By the Mordell—Weil theorem,
the group V (K) of K-rational points is still finitely generated, say
with g generators; to generalize (A), we replace f2 by ff’ where f is

_the number of points of V (K) of finite order and ' is the number of
K-rational points of finite order of V’; and we replace the matrix H
by the matrix of a bilinear form on V' (K) X V (K) induced by the
Néron height. The formula has reasonable functorial properties rela-
tive to taking products, changing the ground field, and (according to
Tate) isogeny. There is practically no direct evidence for it except in
the case of an elliptic curve over the rationals; however, Tate has
generalised it further, and he and M. Artin have had considerable
success in attacking the geometric analog when the ground field K is
a function field of characteristic p. For instance, as a very particular
case, they are able to show that two abelian varieties over a finite
field &, are isogenous if and only if they have the same zeta function.

Recent work of Shimura and Weil gives hope of progress in the
original case of an elliptic curve C over the rationals. Using Néron’s
theory of the minimal model of C, we may define an arithmetic invari-
ant, the conductor N of C; this is essentially the product of the primes
p for which the minimal model has a bad reduction modulo p, raised
to powers which measure how bad the reduction is. Weil has strength-
ened Hasse’s conjecture: he supposes that the zeta function of C
and all the L-functions of C have meromorphic continuations, and that
they satisfy appropriate functional equations involving N. He shows
that if this is so, then the zeta function of C must be a transform of
a holomorphic differential on H/I'y (N) (the upper half plane factored
by T'y (N), the subgroup of the modular group represented by matri-

ces (:Z) with ¢ =0 (¥)). Accordingly, in attempting to verify our

conjecture, it is reasonable to restrict oneself to curves which are
uniformised by modular functions. The situation immediately becomes
more hopeful: it becomes relatively easy to show that L* (1) is
rational, and the actual computation of L* (1) is greatly simplified.
For a large class of curves, it may be proved that if | Il | is finite then g
has the same parity as the order of the zero of L* (s) at s = 1. It may
even be possible for certain classes of curves to show that g>1,
without having to display a generator explicitly.
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E.Bishop
THE CONSTRUCTIVE DEVELOPMENT OF ABSTRACT ANALYSIS

It is generally thought that a constructive development of mathe-
matics would entail a great sacrifice, due to the invalidation of many
results and the complication of many proofs. A thorough examination
of large portions of abstract analysis indicates this is not the case.
Of course it is true that those results — for instance results depending
on the existence of ultra filters — which make essential use of trans-
finite methods are not to be saved. However it is interesting to note
that these results fail in the constructive system because they involve
a sweeping use of the law of the excluded middle, not because they
use the axiom of choice. A choice function does exist constructively,
because the assertion of an existence implies a choice has already
been made.

Constructive in the sense we are using it means computable, and
aifirmative. No essential use is made of negation. It has nothing to do
with recursive functions or dinky systems which purport to formalize
the notion of constructivity. The meaning of “constructive” can be
obtained by taking the term as used by Brouwer and subtracting his
calculus of negation and his metaphysics.

Results that have been proved constructively (more accurately,
have been constructivized) include various compactness results (such
as Ascoli’s theorem), complex analysis through the Riemann mapping
theorem (this is simple), the Riesz representation theorem, the Lebes-
gue integral including Fubini’s theorem, the theory of differentiation
of set functions .(including differentiation of functions of bounded
variation and the ergodic theorem), the Hahn—Banach theorem, the
spectral theorem, the Krein—Milman theorem, the existence of Haar
measure (after Cartan), the theory of locally compact Abelian groups
(Pontryagin duality and Fourier transform), and the theory of Banach
algebras (where means must be found to circumvent the non-compact-
ness of the spectrum and the non-existence of maximal ideals).

No attempt has been made to treat the nonseparable case. While
this could be done in principle, it does not seem worthwhile to develop
a constructive theory whose set of constructive applications is
almost void.

W. Browder
ON THE EMBEDDING PROBLEM FOR SMOOTH MANIFOLDS

If M is a smooth 1-connected manifold of dimension n and Wn+k
is another of dimension n + k, and important problem is to give
conditions for the embeddability of M in W and to classify these
embeddings. The basic results of Whithey and Haefliger have given
a significant start in this direction, for large codimensions 4. In this
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talk I shall indicate a way of reducing such questions to problems in
homotopy theory for codimensions % == 2. For simplicity we shall
restrict ourselves to the case where IM = oW = ¢, although analog-
ous theorems hold with non-empty boundarles with additional
hypotheses.

First we consider £ = 1.

Theorem A. Let X and Y be two spaces with H, (X) =
= H, (Y) = 0, and let Q be a space satisfying Poincaré duality in
dimension n, n>5, Q l-connected, and Q = X and Q — Y so that
(X, Q) and (Y, Q) satisiy the homotopy extension property, and -
X N Y = Q. Let W+ be a closed smooth 1-connected manifold and
h:W— X | Y be a homotopy equivalence. Further suppose
ny (X, Q) = my (Y, Q) = 0. Then 4 is homotopic to &2 such that
E1(Q =N, F1(X)=A, 1 (Y) = B, A and B are submanifolds of
WwithA | B =0A = dB = N and k restricted is a singular homo-
topy equivalence of A with X, B with Y and N with Q. Further, A, B
and N are unique up to pseudo-isotopy of W.

(J. Wagoner in his thesis showed how to weaken the hypothesis
on m,, and D. Sullivan subsequently showed how to remove it alto-
gether.)

The proof of Theorem A depends on the process of exchanging
handles inside W to simplify ithe inverse images, in a way similar to
my paper “Structures on M X R” in Proc. Camb. Phil. Soc. 1965.
The ability to find disks depends on a theorem of I. Namioka in Proc.
L.M.S. 1962. In the middle dimension, a modification of technique
is nesessary due to the inability to find non-singular disks.

Theorem A gives a starting point for studying the embedding prob-
lem for other codimensions, namely we may first try to embed up to
homotopy a disk bundle and sphere bundle over M, and then try
to embed M in these subspaces. With the aid of Haefliger’s theorems
this gives us results immediately in the metastable range. Specializ-
ing to W = S™** and combining our results with a theorem of M.
Hirsch in Topology 1966 we get the following generalization of a
theorem of J. Levine (in Bul. A.M.S. 1963).

Theorem B. Let M” be a closed smooth 1-connected manifold,
and let 2> ”+3 . Let & be a (k—1)-spherical fibre space over M with

Hpin (T(E)) cor151stmg of spherical classes (where T (§) =M U
U C (E, E)) is the Thom complex of &, E (§) the total space of E).
Then M™ embeds in S»+:, with normal bundle v such that v is fibre
homotopy equivalent to &.

Below the metastable range we may employ Theorem A together
with the techniques of surgery developed by J. Levine in Annals of
Math. 1965, to prove existence and pseudo-isotopy theorems for
embedding. We indicate one such:
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Theorem C. Let (W, M,) and (W, M,) be two embeddings
of a closed smooth 1-connected n-manifold M in a closed smooth
1-connected (n + k)-manifold W, with normal bundles v, and wv,.
Let E, (v4) be the R* — 0 bundle associated to v;. Suppose that
ny, (W —M,, Ey(vi))=0, nis even, n»>6 and 2 >2. Then
the pairs (W, M,) and (W, M,) are pseudo-isotopic (k-cobordant) if
and only if there exists a linear bundle map b : v; = v, covering a
homotopy equivalence e : M, — M,, and a homotopy equivalence g :
W—M, -W — M, such that (1) the diagram

(1) the diagram

b
Eq ?Vi) —>> E, \(Vz)
Vg
W'—Mi —_—> W—Mz
commutes up to homotopy, where the vertical maps are inclusions, and

(2) the map of W — W induced by e, by, g is homotopic to the
identity.

For n odd a similar theorem holds, up to the action of a subgroup
of the group of knotted homotopy n-spheres in S"+*.

These theorems and the analogous existence theorems generalize
the results of Levine’s paper on differentiable knots in the Annals 1965.
Using the strengthening of Theorem A due to Wagoner or Sullivan,
one may remove the hypothesis on m, in these theorems.

A. P. Calderon
ESTIMATES FOR SINGULAR INTEGRAL OPERATORS

A discussion of metric and algebraic properties of singular integ-
ral operators in various functional spaces in terms of metric proper-
ties of their symbols and kernels.

J.Cert

ISOTOPIE ET PSEUDO-ISOTOPIE
1. ENONCE DU RESULTAT
Soit V une variété différentiable de classe C®. Le groupe & des
difféomorphismes de V X [0, 1] qui induisent 1’identité sur V x {0}

s’appelle groupe des pseudo-isotopies de V; & est muni de la topolo-
gie C=.

Théoréme. SiV est compacte, sans bord, si my (V) = my (V) =
= 0, et si dimension V>9, alors § est connexe.
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Corollaire. Pour n>9, ngDiff D**) = 0, mny (Diff Sn)
est isomorphe a I'y.y, et 7ty (Diff S?) est une extension de I'y,y,.

Remarques. 1) Je ne connais pas de contre-exemple lorsque
7, (V) ou my (V) sont == 0.

2) Les premiers exemples de zi; (Diff S*) non triviaux pour i>1
sont dus &4 S. P. Novikov; a ma connaissanice on ne sait rien sur
m; (§) pour i> 1.

2. METHODE

Soit # 1’espace des fonctions différentiables: V x ([0, 11, 0, 1) —
— (10, 11, 0, 1). Le groupe § est homéomorphe au produit d’un
espace contractile (le groupe des isotopies de V) et du sous-espace &
de &# formé des fonctions qui n’ont aucun point critique. L’espace &
étant convexe, on est ramené & montrer n, (#, €) = 0, ce qui appa-
rait comme une généralisation & un paramétre de la théorie de Smale
sur le h-cobordisme des variétés.

L’espace # est muni d’une «subdivision co-cellulaire» £°, #?, ...;
F est ’ouvert dense de & formé par les fonctions de Morse; #1! est
la partie de & formée des fonctions qui ont une singularité de codimen-
sion 1. Chaque composante connexe o de #*! est une sous-variété de
codimension 1 de #; on lui associe une famille de «chemins élémen-
taires de traversée» définie a 1’aide d’un modéle de la singularité
correspondante. L’espace des lacets relatifs de (#° U #1, &) qui
sont élémentaires par morceaux définit un systéme de générateurs
de ni(yv g)

On montre la nullité de ces générateurs par étapes, en utilisant
la filtration classique de #° par le sous-ensemble .#* formé des foncti-
ons de Morse ordonnées («nice functions») et par les sousensembles .f";,;
de 4" formés des fonctions dont les indices des points critiques sont
compris entre les entiers i et j.

On montre (sans aucune hypothése sur 1’homotopie ni sur la
dimension de V) que chacune des deux opérations suivantes: naissance
de deux points critiques & un niveau donné; croisement de deux points
critiques consécutifs ¢y et ¢, tels que f (cy) > [ (c2) et indice ¢; < indi-
ce ¢y, ne peut se faire que d’une seule maniére a homotopie prés. On
déduit de la la premiére étape de la démonstration, c’est-a-dire la
nullité de mo (S°),

Les étapes suivantes utillisent essentiellement deux Ilemmes
relatifs & une triade (W, V4, V,) et & une fonction de Morse [ : (W,
Vi, Vz)"‘)([o, l], 0, 1)

Lemme de croisement des singularités de méme indice. On suppose
que f a en tout g + 1 points critiques, tous d’indice i, tels que
fco) >F (c1) >... > [ (cq)- Soit 6 ’espace des chemins d’origine f
dans # #1, réalisant le croisement successif de ¢, avec ¢y, ..., ¢q.
Simy (W) =0etsi 3<i<dimW—3, alors m, (6) est isomophe a
la somme directe de ¢ copies de Z.
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Lemme d’unicité des morts. On suppose f € #°. Soient ¢, et ¢, deux
points critiques consécutifs de f, tels que ¢, et ¢, puissent étre tués
1'un parl’autre. Soit € |’espace des chemins d’origine f dans #°U #1,
réalisant cette mort. Sim; (V,) et @, (V,) sont nuls, et si dim V,>9,
alors m, (6) = 0.

Remarques. La preuve de ce dernier lemme utilise:

a) une généralisation & un paramétre du théoréme de Whitney
sur la suppression des points doubles; c’est le seul point de toute la
démonstration du théoréme ou intervient la nullité du mn,.

b) une généralisation a k£ paramétres des théorémes de plonge-
ment de Haefliger; c’est le seul point de toute la démonstration du
théoréme ol intervient la condition dim V>9; il semble qu’elle
puisse étre affaiblie (dim V> 7 suffit vraisemblablement).

P. J.Cohen

THE INDEPENDENCE OF THE AXIOM OF CHOICE
AND THE CONTINUUM HYPOTHESIS

In 1963 the author proved that the statements mentioned in the
title cannot be proved from the Axioms of Zermelo—Fraenkel set
theory. This complemented the work of Gddel who showed that they
could not be disproved. The form of the proof is such that it extends
quite obviously to “higher” systems of set theory obtained by adjoining
axioms of infinity as well as to G6del-—Bernays set theory (which
as is well-known is essentially equivalent to Zermelo—Fraenkel),
and to extensions of it by allowing quantification over classes. Thus,
it would seem that the Continuum Hypothesis is the first example of
an absolutely undecidable proposition, although various philosoph-
ical viewpoints are possible.

The method used is the idea of “forcing”. This is an inductive
definition of when a statement in set theory should be considered as
true in a stronger sense than the usual notion of truth. The defini-
tion is relative to a certain construction and by varying the construc-
tion, models of set theory can be obtained with various properties.
Several authors have used the method to solve many independente
questions in set theory. A brief review of these results will be given
as well as an heuristic account of the origins of forcing.

J. Dixmier

ESPACE DUAL D’UNE ALGEBRE OU D’UN GROUPE
LOCALEMENT COMPACT

Soit G un groupe localement compact. Si G est commutatif,
|’espace localement compact G des caractéres de G est trés connu.
Dans le cas général, on désigne par G 1’ensemble des classes de repré-
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sentations unitaires topologiquement irréductibles de G dans des

espaces hilbertiens, et on munit G d’une topologie (définie par la
convergence compacte des fonctions de type positif associées aux

représentations). On peut calculer G dans divers cas simples (groupe
diédral infini, SL (2, C), certains groupes résolubles par exemple).

En passant 4 la C*—algébre de G, 1’étude de G est un cas particulier
de calle du spectre A d’une C*-algébre quelconque A. La topologie
de A peut étre définie par plusieurs procédés équivalents; notamment
c’est la topologie de Jacobson. L’espace A est localement quasi-com-

pact. Si A est de type I, 1’espace A est presque séparé. Lorsque G est
un groupe de Lie, il y a diverses relations entre G et 1’algébre de
Lie de G. Lorsque G admet un grand sous-groupe compact, il y a une
topolpgie raisonnable sur 1’ensemble des classes de représentations
completement irréductibles de G dans des espaces de Banach.

A. Douady

QUELQUES PROBLEMES DES MODULES EN GEOMETRIE
ANALYTIQUE COMPLEXE

1. NOTATIONS

Le corps de base est le corps C des nombres complexes.

Les anneaux locaux des espaces analytiques considérés peuvent
avoir des éléments nilpotents. Si S est un espace analytique, on apelle
espace analytique au dessus de S un espace analytique X muni d’un
morphisme p: X — S. Si (X, p) et (X', p’) sont deux espaces analyti-
ques au dessus de S, on appelle morphisme au dessus de S tout mor-
phisme & de X dans X’ tel que p = p’ - h.

Soit X un espace analytique au dessus de S. Pour tout point
s €S, on appelle fibre de X en s et on note X, 1’espace analytique
pt (s). Pour tout ouvert U de S, on appelle restriction de X a U et on
note Xy 1’espace analytique p~*(U) au dessus de U. Si f: 8’ — S est
un morphisme, on note f* X le produit fibré S’ x sX, considéré comme
espace analytique au dessus de S’, et on dit que f*X se déduit de
X par changement de base.

On dit que X est propre sur S si le morphisme p est propre; c’est
une condition topologique qui ne fait intervenir que 1’application sous-
jacente a p. On dit que X est plat sur S si le morphisme p est plat,
c’est a dire si, pour tout point x € X, 1’anneau local Ox,, de X en x
est un module plat sur ’anneau Og,,, ot s = p ().

2. LE PROBLEME DES MODULES LOCAUX POUR UN ESPACE
ANALYTIQUE COMPACT

Soient S un espace analytique muni d’un point de base sy et Xo
un espace analytique compact. On appelle déformation de X, au

44



dessus de S tout espace analytique X au dessus de S, propre et plat
sur S, muni d’un isomorphisme i: X, — X;,. Soient U et U’ deux
voisinages ouverts de s, dans S, X et X’ des déformations de X, au
dessus de U et U’ respectivement; on dit que X et X’ sont locale-
ment isomorphes s’il existe un voisinage V de s, dans S et un isomor-
phisme A de Xy sur X' |y au dessus V tel que i’ = ko i.

On dira que X est une déformation localement semiuniverselle
(resp. universelle) de X, si, pour tout espace analytique pointé S’
et pour toute déformation X' de X, au dessus S’, il existe un germe de
morphisme (resp. un germe de morphisme et unseul) f de S” dans S tel

que X’ soit localement isomoprhe a f*X pour un représentant f de f.

Conjecture 1. Tout espace analytique compact X, admet
une déformation semi-universelle.

Conjecture 1. Si X, est un espace analytique compact
dont le groupe des automorphismes infinitesimaux H® (X,, Gx,) est
réduit a 0, Xo admet une déformation universelle.

Ces conjectures ont été démonstrées dans le cas ot X, est lisse,
i.e. est une variété, par Kodaira—Nirenberg—Spencer [6] sous1’hypo-
thése H?(X,, Gx,) = 0 (on trouve alors une variété de modules S
lisse), puis par Kuranishi [8] sans cette hypothése. La question est
toujours ouverte dans le cas général.

3. LE PROBLEME DES MODULES POUR LES SOUS-ESPACES
ANALYTIQUES COMPACTS D'UN ESPACE ANALYTIQUE DONNE

Etant donné un espace analytique X, nous appellerons famille
analytique de sous-espaces analytiques compacts de X paramétrée
par un espace analytique S tout sous-espace analytique Y de S X X
propre et plat sur S. Si Y <= S X X est propre et plat sur S, pour tout
morphisme f: 8" — S, 1’espace analytique f*Y est propre et plat sur
S’ et s’identifie & un sous-espace analytique de S” X X, donc constitue
une famille analytique de sous-espaces analytiques compacts de X
paramétrée par S’. On dit que Y est une famille universelle de sous-
espaces analytiques compacts de X si, pour tout espace analytique S’
et toute famille analytique Y’ de sous-espaces analytiques compacts
de X paramétrée par S’, il existe un morphisme f: S’ — S et un seul
tel que Y’' = f*Y. Si Y est une famille universelle, on voit, en prenant
pour 8" un espace réduit a un point, que 1’ensemble sous-jacent a S
s’identifie a4 1’ensemble des sous-espaces analytiques compacts de X.

Nous avons obtenu [1] le résultat suivant:

Théoreme 1. Pour fout espace analytique X, il existe une
famille universelle de sous-espaces analytiques compacts de X.

Le probléme des modules pour les sous-variétés analytiques com-
pactes d’une variété analytique donnée était beaucoup plus facile
que le probléme résolu par Kodaira—Nirenberg—Spencer et Kurani-
shi. 11 était donc naturel de commencer par 1a1’étude des problémes de
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modules pour des espaces analytiques (éventuellement avec singu-
larités).

Pour résoudre ce probléme, nous avons été amené a sortir du cadre
des espaces analytiques de dimension finie pour considérer des espaces
analytiques «banachiques». Cette méthode était déja employée par
Kuranishi [2], bien que cela n’aparaisse pas explicitement dans la
premiere démonstration qu’il a publié de son théoréme. Les espaces
analytiques banachiques ne sont que des intermédiaires, 1’espace X
d’ott 1’on part et 1’espace de modules que 1’on construit sont, bien
entendu, de dimension finie.

4. LE PROBLEME DES MODULES LOCAUX POUR LES CLASSES
DE FIBRES ANALYTIQUES PRINCIPAUX DE BASE ET DE FIBRE
DONNEES

Soit G un groupe de Lie complexe. Pour tout espace analytique X,
notons Gy le faisceau des germes de morphismes de X dans G. L’ensem-
ble H! (X; Gx) s’identifie a 1’ensemble des classes de fibrés analyti-
ques principaux de fibre G sur X. Un morphisme f: ¥ — X définit un
morphisme f*Gy — Gy, de faisceaux sur Y, d’ol une application
f*: H' (X; Gx) > H' (Y; Gy).

Soit X un espace analytique compact. Nous appellerons famille
analytique d’éléments de H! (X; Gx) paramétrée par un espace analy-
tique S tout élément de H® (S; R' m,Gsxx), ol m est la projection
S X X— 8. Pour tout point s €S, l'injection iz X—>S X X
définit un morphisme if:Gsxx — Gx, d’olt une application
e H' (s X X; Gsxx) > H* (X; Gx). Si y€ H°(S; Rn,Gsxx), on
note y; le germe de y en s; on a y, € (R, Gsxx)s = H* (s X X;
Gsxx), et on pose v (s) = € (ys) € H' (X; Gx).

Si S est un espace analytique muni d’un point de base sq, nous
apellerons famille analytique locale d’éléments de H! (X; Gx) tout
élément y de H! (so X X; Gsxx). On dira que y est une famille locale
semi-universelle (resp. universelle) si, pour tout espace analytique S’
muni d’un point de base s, et tout élément y" € H* (s; X X; Gs'xx)
tel que & (y’) = € (y), il existe un germe de morphisme (resp. un germe
de morphisme et un seul) f de S’ dans S tel que y" = (f X Ix)* (y).

Conjecture 2. Pour tout espace analytique compact X,
tout groupe de Lie G et tout élément yo € H' (X; Gx), il existe une famil-
le locale semi-universelle y d’éléments de H' (X; Gx) telle que € (y) = 7o.

Dans le cas ol G est abélien, cette conjecture se démontre facile-
ment, pour G = C*, on a mieux: il existe une famille analytique
universelle paramétrée par le groupe de Picard de X.

Dans le cas o1 X est lisse, la conjecture 2 se démontre a partir d’une
formule de Malgrange et Koszul [7], par des méthodes analogues
a celles de Kuranishi. Des démonstrations ont été publiées indépendam-
ment par OnisCik et Griffith.

Dans le cas général, la question est ouverte. Il est vraisemblable
que, comme cela a lieu dans le cas lisse, ce probléme est plus simple
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que le probléme des modules locaux pour les espaces analytiques com-
pacts. En un certain sens, le probléme résolu par le théoréme 1 revi-
ent a la détermination d’un H°, tandis que les problémes posés par
les conjectures 1 et 2 reviendraient a la détermination d’un H.
C’est pourquoi nous pensons qu’une démonstration de la conjecture 2
serait un pas vers celle de la conjecture 1.
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P. Elias

GAUSSIAN CHANNELS AND FEEDBACK SYSTEMS

The paper discusses networks (directed graphs) having one input
node, one output node, and an arbitrary number of intermediate nodes,
whose branches are noisy communications channels, in which the
input to each channel appears at its output corrupted by additive
Gaussian noise. Each branch is labeled by a non-negative real param-
eter which specifies how noisy it is. A branch originating at a node
has as input a linear combination of the outputs of the branches
terminating at that node.

The channel capacity of such a network is defined. Its value is
bounded in terms of branch parameter values and procedures for
computing values for general networks are described. Explicit solu-
tions are given for series-parallel and simple bridge networks.

The general results are applied to the particular networks which
arise from the decomposition of a simple feedback system into succes-
sive forward and reverse (feedback) channels. When the feedback
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channels are noiseless, the capacities of the forward channels are
shown to add. Some explicit expressions and some bounds are given
for the case of noisy feedback channels.

F. W. Gehring

EXTENSION THEOREMS FOR QUASICONFORMAL MAPPINGS
IN n-SPACE

Suppose that D and D’ are domains in R®, finite Euclidean n-space
plus the point oo, and that f is a homeomorphism of D onto D’. Next
for each point P in D—{oo}—{f (o0)} let

_ ]x_sup=r| fF)—F@)]
HE =l ol T@=re
The mapping [ is said to be gquasiconformal if H is bounded in
D— {oo}—{f™ () }. . _

A domain D is said to be a quasiconformal ball if there exists
a quasiconformal mapping f of D onto the open unit ball B. The fol-
lowing extension theorem shows that a domain is a quasiconformal

ball if it has a sufficiently regular boundary.

Theorem 1. If D and U are domains with C (D) < U and if
there exists a homeomorphism f of D\ U into B which is quasiconformal
in D N U such that f (x) > 0B as x— 0D, then D is a quasicon-

formal ball.
This result can be extended in the special case where n = 3 as

follows.

Theorem 2. If D isa Jordan domain and if each point P of
dD has a neighbourhood U such that D (\U is a guasiconformal ball,
then D is a quasiconformal ball.

A set S is said to be a quasiconformal sphere if there exists a quasi-
conformal mapping f of R™ onto itself which carries S onto the unit
sphere 0B. The above two theorems can be used to give local character-
izations for quasiconformal spheres.

E.De Giorgi

HYPERSURFACES OF MINIMAL MEASURE IN
PLURIDIMENSIONAL EUCLIDEAN SPACES

At first I consider the ordinary surfaces in R™*! represented by
a real function f on a domain of R™ (n>3), which have minimal
measure. I will discuss boundary value problems with regard to

48



regularity questions, removable singularities, and the extension of
Bernstein’s theorem. Then I will make a few comments on a more
general formulation of the Plateau problem for higher dimensional
manifolds embedded in euclidean space and related results.

H. Grauert, RR. Remmert
ON NON-ARCHIMEDEAN ANALYSIS

In 1961 J. Tate gave a Seminar at Harvard, in which he laid the
basic concepts of a general theory of analytic functions over
a completely valued, non-archimedean field. Based on Tate’s Seminar
notes (which were published by the Institute des Hautes Etudes
Scientifiques in Bures-sur-Yvette) authors (in collaboration to a large
extent) continued the work in a slightly difierent context and obtained
further results which lead to a simpler definition of analytic space
and a simpler sheaf theory.

1. Assume that & is a field which carries a non-archimedean valu-
ation: |a| for a € k. Assume that % is complete with respect to the
valuation. Now, go over to the algebraic closure of %, extend the
valuation and complete again, obtain £. The field & is algebraical-
ly closed.

We denote by E the valuation ring of &, by ¢ (E) its maximal ideal
and put x = E/¢{(E), which is an algebraically closed field. ©: E — %
denotes the quotient projection. v gives also a mapping E™" = E X
X...X E—>=% X ... X %, which again will be denoted by 7. The
image x = T(kE) is a subfield of x.

Because 2" =k X ... X £ (n times) is totally disconnected
(good) analytic functions cannot be defined just by saying: f is ana-

lytic in an open subset B — k™ if it locally can be developed in a pow-
er series. For such functions no identity theorem would be valid.
However, over E™ a good concept can be introduced (and moreover
the field 2 can be used):

Definition. Afunction fover E™ with values in % is called
a affinoid function if there is a power series Zavl,,,vnz}“ A
with ay,. . v, € k, which converges over E" against f.

The k-algebra T, of affinoid functions over E™ is a noetherian
ring (as was proved by Tate). T induces a projection ©*: T,, — T, =
= % [24, ..., 1. This ©* is an essential tool in the whole theory, it
brings everything near to algebraic geometry and is responsible for
many differences to complex analysis.

k serves as ground field. Because the algebraic closure of % is of

infinite degree over &, in general, one cannot restrict oneselves to
algebraically closed ground fields.
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2. A good sheaf theory has to be build up over E™. Denote by O
the sheaf of germs of analytic functions (e.g. of convergent power se-
ries over k). T, is a k-subalgebra of the k-algebra of cross-sections
I' (E", 0). The pair (O, T,) determines the “structure” of E™ and is
called the structure sheaf of E™, T, is the structure ring.

Assume that S is a analytic sheaf, e.g. a sheaf of O-modules over E™.
Because E™ is totally disconnected I' (E", S) is too big. We have to
give a T,-submodule M I (E™, S). The pair (S, M) then is called
a (k-) affinoid sheaf. It is possible now to introduce the notion of
“coherence” and it follows very simply from the theory of noetherian
rings that the structure sheaf is coherent (in the complex case the
prooi of the analoguous statement is not so simple).

Assume that J < O is a analytic subsheaf and that I < T" (E™, J)
is a T,-submodule of T,. Assume moreover that the pair (J, /) is
coherent. We put X = {J/ = 0} = {xEE"' Je 5= 0y}, H =

= (0/J)| X and A = T,/I. The sheaf H over X is a sheaf of local
k -algebras, A can be con51dered as a k-subalgebra of T' (X, H) (of
course, that has to be proved!). The triple (X, H, A) is called a affi-
noid space. Sheaf theory can be done over aifinoid spaces like over E™.
In future we shall call more generally a triple (X, H, A) consisting of
a topological space X, a sheaf of local 2-algebras H and a 2-subalgebra A
a affinoid space if it is isomorphicwith a affinoid space embedded in E™.

A triple (X', H', A’) is said to be a affinoid subdomain of a affi-
noid space (X, H, A) if (X', H', A’) is a affinoid space and moreover
X X open, ' =H|X’', A|X < A’. It follows very easily
from a result of Nastold that the structure ring A’ is uniquely deter-
mined by X', so that it is possible to ask: When is a open X’ < X
a affinoid subdomain? In case X = E the (irreducible) affinoid subdo-
mains are just closed discs {z:|z—2o| =< e} minus finitely many
open discs.

A result hard to obtain is:

Theorem. Every finite covering W with affinoid subdomains
of an affinoid space is acyclic with respect to any coherent affinoid
sheaf (S, M), that means:

oMU, S, M)=M, HW, S, M)=0 for v=1.
In order to obtain this result one has to pass over from & to &, from 4
to A ® % and to consider in the case £ = & the rings A = {f € A:
[FI<liorx€X}, t(A)={[€A: |[(0)|< l}andA = A/t (A).
A is an affine ring. Denote by X an affine model of A.X is called the
algebraic model of X. It follows that X has the same dimension as
X and the same algebraic degree (which is false in general if k== k).

One has a mapping ©: X— X. By using v and subrings of £ with
discrete valuation (so called B-rings) one obtains results for X from
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results for X (of algebraic geometry). This finitely leads to the proof
of the acyclicity of affinoid coverings.

3. Finitely good analytic spaces are glued together out of affinoid
ones. These are called rigid analytic spaces. Assume that X is a Haus-
dorff space, assume that H is a sheal of local k-algebras over X.
A affinoid map in X is a affinoid space (X', H’, A’) such that X’ < X
open, H' = H | X’'. Two affinoid maps (X, Hy, 4,) withv = 1, 2 are
compatible if X5 = X1 1 Xo = & or Xy, is a affinoid subdomain

of X, and of X, and the functions of A, | X4, generate A,,, the struc-
turering of X ., topologically (th1s latter property is a global Hausdorff
axiom). A collection {(X,, H,, A,) : v=1, 2, 3, ...} of affinoid maps
is called a atlas if 1) U X, = X, 2) (X4, Hy, Ay), (Xyu, Hy, A,) are
always compatible, 3) {u: X N X, # &} finite, 4) “a neighbourhood
of the (closed) set X, is covered by X ” (this property can be expressed
in exact terms). Now the compatlblllty of atlasses can be defined.
A maximal system of compatible allasses is a rigid analytic structure
and (X, H) equipped with such a structure a rigid analytic space.
And now the theory of these spaces begins. You can define closed
spaces, Hopf manifolds, Stein spaces and so on and prove results.

U. Grenander
A METRIC GRAMMAR OF PATTERNS

The report gives a mathematical model for the analysis and recogni-
tion of patterns. Patterns are studied in simple and basic terms such
as signs, compositions and images and using the basic relations simi-
larity and synonymity. In this way the analysis can be formulated
as a discrimination problem for pure images. In most practical cases
the pure images are deformed and the question arises how the deformed
images can be used to arrive at reasonable decisions concerning
the generating patterns. A number of special cases are studied with
the purpose of illustrating the concepts introduced and to point to
problems of relevance. The statistical properties of images are studied,
especially for the important class of contrast patterns. The paper will
be published elsewhere.

A.Haefliger
KNOTTED SPHERES AND RELATED GEOMETRIC PROBLEMS

The different kinds of groups of knotted spheres occur in many geo-
metrical problems: classification of manifolds, smoothing of embed-
dings, and so on.

As an example, we consider the problem of the classification of
regular neighbourhoods. Let V be a piecewise linear manifold of dimen-
sion n. A regular neighbourhood of codimension ¢ of V is a piecewise
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linear manifold N of dimension n 4- ¢, containing V as a submanifold,
and which is collapsible on V.

Isomorphisms classes of regular neighbourhoods of codimension
g of V are in 1—1 correspondence with homotopy classes of V in
a classifying space BPL,, where PL, is a simplicial group. For regu-
lar neighbourhoods, one can define Whitney sum, quotient, comple-
ment, induced neighbourhood, and so on. There is a complete analogy
with the theory of vector bundles over V, the orthogonal group O,
being replaced by the group PL,.

The homotopy group m, (PL,) is isomorphic to the group F? of
concordance classes of smoothings of the sphere $™ in S™?with a nor-
mal framing; for ¢ >2 and n > 4, this group is isomorphic to the
group of knotted homotopy n-spheres in S™*+? with a normal framing.
Other groups of knotted spheres occur in the problem of existence of
a smooth neighbourhood of V.

Parts of these results have been obtained independently by B.
Sanderson and E. C. Zeeman.

J.K.Hale
A CLASS OF LINEAR FUNCTIONAL EQUATIONS

This report is a summary of some unpublished results of K. Meyer,
C. Perell6 and the author concerning a class of autonomous linear
functional equations which includes as special cases autonomous linear
functional differential equations of retarded and neutral type as well
as functional difference equations.

Let R™ be a real or complex n-dimensional linear vector space of
column vectors with norm | - | and let C, ([—r, 0], R™) be the Banach
space of continuous functions mapping [—r, O] into R™ with the
norm ||¢||» for ¢ in C, defined by [lp|l, = max {|¢ 8)], 0 in [—r, OI.
If g, f are continuous linear mappings of C, into R", then there exist
n X n matrices p, m whose elements are of bounded variation on
[—r, 0] such that .

g(@)={ 1dn©) @),
0 (1)
F@={ an©@190@®
for all ¢ in C,. Weshall suppose that the measure p is nonatomic at 0
and more specifically that there is a continuous nondecreasing func-
tion 8(s), 0 =< s =r, such that 8§(0) = 0 and for all ¢ in C,

| § [dn (0)] 9 ©)| =8 (9| @ @

-8

[}
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For any ¢ in C,, define y (p) = ¢ (0) — g (¢). For any continuous
function £ mapping [0, o) into R™ and any fixed element ¢ in C,,
consider the functional integral equation

x(O)=9((), —r=t=0,

: : 3)
xO)=v@+gu)+ { f)ds+ (n(ds, =0,
0 0

where, for each fixed # = 0, x; is in C, and is defined by x; (8) =
=x(t+6), —r=0=0. By a solution of (3), we will always
mean a continuous function satisfying the above relation.

For g = 0, equation (3) is equivalent to the functional differen-
tial equation of retarded type

X(0)=f () +h () (4)

with the initial condition at # = 0 given by ¢. Ilf f =0 and 2 =0,
equation (3) is a functional difference equation of retarded type and,
in particular, includes difference equations. For both f and g not
identically zero, equation (3) corresponds to a retarded equation of
neutral type. In fact, formal differentiation of the equation yields

X(t)=g (x)+ ] (x2) +h (2) (5)

where x; is defined as x; ) = x ({ + 60), —r =<0 = 0. Also, if
one begins with (5) and defines a solution with initial function ¢
at 0 to be a continuous function satisfying (5) almost everywhere,
then an integration yields (3) with v (¢) = ¢ (0) — g (9).

This latter remark is precisely the reason for considering the
equation (3) rather than (5). If one attempis to discuss equation (5)
directly, then the first problem that is encountered is a precise defi-
nition of a solution and a precise definition of the topology to be
induced on the space in which the solution will lie. Such a topology
will necessarily include the first derivative of x in some way; where
as, if we consider equation (3), the simpler space C, can be employed.

If 4 in (3) is identically zero, we will say equation (3) is homogene-
ous and, otherwise, it is nonhomogeneous.

Theorem 1. For any given ¢ in C,, there is a unique func-
tion x (p) defined and continuous on [—r, oo) such that x (¢) satisfies
(3) on [0, co). Furthermore, there is a constant § >0 such that

t
Iz @l=e[ o)+ h@)|ds], =0 (6)
0

This theorem is proved by using the nonatomic property of p at 0
together with the contraction mapping principle to first show that (3)
has a solution on a small interval to the right of £ = 0. An applica-
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tion of a result on the continuation of the solution then allows one to
obtain the estimate (6) for £t = 0.

If £ is identically zero and x = x (9) is a solution of the homoge-
neous equation

Xo = (P1 ; (7)

xO=v(@)+e@)+ | fw)ds,  t=0,
0
then it follows from the uniqueness of the solution that x; (p) is
a continuous linear mapping of C, into C, for each fixed = 0, and
x: () satisfies the semigroup property. If we define the linear operator
T (f) by

% (@=T e t=0, @)

then we can prove

Theorem 2. The family of linear operators {T (f), t = 0}
mapping C, into C, is a strongly continuous semigroup on [0, oo)
with T (0) = I. If, in addition the function 8(s) in (2) satisfies
lims_,0 8(s)/s=0, then the infinitesimal generator A of T (¢) is given by

=] PO —r=0<0
@+ (), 6=0
and the domain of A, ® (A) consists of all functions ¢ in C, with

a continuous first derivative and ¢ (0) = g (@) + f (9).

It is interesting to note that if ¢ is in ® (4), then T (¢) ¢ is
actually a continuously differentiable solution of the functional
differential equation (5) with 4 = 0.

It is easy to show that the spectrum of A, o (4), consists of only
point spectrum and that A is in o (4) if and only if A satisfies the
characteristic equation

0 0
det A (A) =0, A() =2l — | herodu(®)— | e?0dn(®). (9

—r —-r

Also, because A is a closed operator and a root Ao of (8) has finite
multiplicity, one can show that the resolvent operator (4 — AI)™?
has a pole of finite order at A, and, thus, the generalized eigenspace of
Ao has finite dimension. If %t (4) and RN (4) denote, respectively,
the null space and range of an operator A and the generalized eigen-

space of Ay is given by Wt (A—Ay/)%, then it can be shown that the
del

space C, is decomposed as a direct sum of the subspaces P =
def

=N (A—reD)t, Q = R (A—Aol)* each of which is invariant

under both 4 and T (f), = 0. When C, is decomposed in this way,
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we shall say C; is decomposed by Ay as Cr = P @ Q and write any
element ¢ in C; as ¢ = ¢f 4 ¢¥, P in P, ¢? in Q. If @ is a basis
for P, then there is a matrix B such that A® = ®B and, thus, @ (8) =
= @ (0) B9, —r <. B = 0. Also, one easily shows that T (f) ® (0) =
= @ (0)eB¢+0), —r < 0 = 0, which implies that the solutions of (3)
on the generalized eigenspace of a solution of (9) can be defined on
(—o0, co) and that the action of the semigroup T (¢) on this subspace
is essentially the same as an ordinary differential equation. The
decomposition outlined here plays the same role as the Jordan canon-
ical form in ordinary differential equations.

In the applications, it is necessary to have an explicit representa-
tion for the projection operator E,, associated with the above decom-
position. This can be obtained from the formula

S(A AL g dA

Exng =

2m

where ¢ is a circle in the complex plane which contains no point in
o (A) except Ao. As in the case of retarded functional differential
equations (see [1] or [2]) the projection operator Ej, can also be
obtained in the following way. Let R™ be n-dimensional real or com-
plex space of row vectors and define operator A* with ® (4*) <
< C ([0,r], R™) given by all ¢ in C(lo,r]l, R™ whic(:)h are continuously

differentiable with 1|J(0)—g (—0) du (6) — Sq;(—e)xdn ©)

and for ¢ in ® (4%),

——ip(s) for0<s=r,

(A" (s)=1{ ?. 9
{ b(—0ydu©+ | v(—0)dn(®) fors=o.

r

For any ¢ in C ([0, r], R"), ¢ continuous, and any ¢ in
C ([—r, 0], R™, define

(¥, @) =v(0) 9 (0)—

4
[ng‘ § (s—0)du(®) @ (s) ds]H_

113 (s—0) dn (0) 9 (s) ds.

le/wo l«/zo

For ¢ in ® (4*), ¢ in ‘ZD(A), it follows that (p, Ag)=(A*y, ¢).
To obtain the projection operator Ej,, one proceeds as follows: if we
let ® = (¢, ... ) be a basis for the generalized eigenspace P =
=NA— }»01) of Ao and let ¥ = col (¢4, ..., Pp) be a basis for
5Jk(A*—~7»0[)k then Epp = @ (¥, ¢) for all ¢ in C ([—r, 0, R™.
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Another important relation in ordinary differential equations
is the variation of constants formula. By using the fact the solution
x* (¢, h) of (3) with ¢=01is a continuous linear mapping of C (|0, ?],
R™ into R™ and the Riesz representation theorem, it follows that

t

% (6, )= { [dW (¢ 9]k (9)

0

where W (¢, {) = 0, W (¢, s) is of bounded variation in s for s-in [0, ¢]
and W (¢, s) is continuous from the right in s for s in (0, ). One can
also show that W (¢, s) is continuous from the right at s =0,
W (t, s) = W (t—s, 0) and —W (¢, 0) is the matrix solution of (3)
with ¢ = 0 and f equal to the identity matrix. Because equation (3)
is linear, it follows that the solution x = x (¢) satisfies '

t

() =IT ()91 O+ | 14V ¢—91h(9)

0

where we have defined V (f) = W (¢, 0). Using the fact that V (f) =
= 0 for —r = ¢ = 0, we also obtain
t
% 0)=IT O @1 O)+ | [dVies @)1 (s), —r=0=0,
0
which can be written more compactly as
14
m:Tm¢+Smygdmg. (10)
0
Equation (10) is called the variation of constants formula for (3).
If A is a solution of (8) and C is decomposed by Ao as P @ Q,
then it can also be shown that
t
F=TO)o?+ | 1dVEIh (),
0
t

=T ()94 | [dVEil 1 (9).
0
If g is identically zero in (3), then we have seen that equation (3) is

equivalent to (4) and the variation of constants formula (10) can

be written as
t

m:Tm¢+STa—9KJ@ds

0
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where T (£)K, is the solution of (4) with initial value at O given by
Ko (8) = 0 for —r = 0 << 0, K, (0) = I, the identity matrix. This
is the standard manner of writing the variation of constants formula
for (4) as given in [3] and [4]. For the equation of neutral type, i.e.,
f, g not identically zero, this formula also coincides with the omne
given for some special cases in [3].

To apply these results in special applications, it is necessary to
obtain precise estimates of T (f)p? and V9. We are in the process
of obtaining these estimates by using the general representation
theorems for a semigroup in terms of the inverse Laplace transform of
the resolvent of the infinitesimal generator. An easier way would be
to prove that

o (T (t)) = €' @ +{0},

a fact which seems to be true for the particular A given above.
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M. W.Hirsch

SMOOTHINGS OF PIECEWISE LINEAR MANIFOLDS

Two smoothings a, f of a PL manifold M are concordant if M X R
has a smoothing y making M, X {0} and Mg X {1} smooth submani-
folds of (M X R),.

A homeomorphism f: M — Mg is PD isotopic to 1 if there is
a smooth triangulation F : M X I — Mg X I of the form F (x, 1) =
= (F; (x), ?), such that F;, = f and F, = identity.

The following result was found independently by James Munkres.

Theorem 1. Smoothings a,  of M are concordant if and only
if there is a homeomorphism Mo — Mg which is

a) PD isotopic to 1, and

b) a diffeomorphism Mgy — Mag.

The following theorems, clarifying the nature of the set I' (M)
of concordance classes of smoothings of M, grew out of joint work
with Barry Mazur. Similar results for the special case of manifolds
of finite homotopy type are due to R. Lashof and M. Rothenberg.
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Let n = (p, E, B) be a vector bundle over a polyhedron B together
with an atlas (Uj, f;) of local trivializations f; : p™ U; — U; X R"
such that:

1. U; is an open cover of B;

2. each f;fi™*: (U: N Uj;) X R*— (U; N U;) X R™ comes from

a piecewise smooth map U; N U;— O (n).

Let £ be a PL bundle with fibre R™ and base B. A linearization
g:&—n is a bundle map such that for each i the map fig: pz™ U;—
— U; X R" is a smooth triangulation. Two linearizations g; : § —
— 1; (i = 0,1) are concordant if there exists a linearization of § X I
reducing to f; on & X {i}. The set of concordance classes of lineariza-
tion of § is A (§). Put A (§) = limp Ay (§ @ €).

Let T4 be the PL tangent bundle of M. If a is a smoothing of M,
a Riemann metric for M, induces a linearization L (a) of 7a.

Theorem 2. The map L induces an injection I' (M) — Aq (Tar)
and a bijection I' (M) — A (tn).

Let PD, be the semisimplicial complex whose k- -simplices are
linearizations epr, (Az) = €@ (Ax). Let O, be the group subcomplex
coming from piecewise smooth mapsAz—O (n). PutI' =1im (PD, /0,).

Let € be a PL bundle over B. Denote by Fy (§) (respectively, F (§)
the associated semisimplicial bundle with fiber PD,/0, (resp., I').

Theorem 3. The set Ay (§) is naturally isomorphic to the set
SF, (§) of homotopy classes of sections of Fy (§). Likewise A (§) ~ SF ().
Let R® = lim R*.

Theorem 4. (a) I' is a connected H-space with a homotopy
commutative and homotopy associative multiplication induced by
a vector space isomorphism R® @ R*®— R>.

(b) F (§) is an “H-principal” fibration. Each element of SF (§)
induces an isomorphism from the set SF (§) to the Abelian group [B, T'l.

F. John

THE EFFECT dF GEOMETRY ON THE BEHAVIOUR
OF AN ELASTIC SOLID

Using only the general non-linear equations for a perfectly elastic
three-dimensional solid in equilibrium and the appropriate boundary
conditions, one deduces the constraints that develop automatically
in the solid if its shape is that of a thin plate or shell. A priori esti-
mates are given for the degree to which these constraints (essentially
the Kirchoff hypotheses) are valid and interior differential equations
are derived.
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W. Klingenberg

MORSE THEORIE AUF DEM RAUM DER GESCHLOSSENEN
KURVEN

1. Sei X ein bogenweise zusammenhangender topologischer Raum.
Dann ist diesem Raum zugeordnet ein Raum A (X) von parametrisier-
ten geschlossenen Kurven, etwa, indem man die Menge der stetigen
Abbildungen f: St — X des mit [0, 11/{0, 1} parametrisierten Krei-
ses S* in dem Raum X mit der kompakt offenen Topologie versieht.
Die natiirliche Operation von O (2) auf S' induziert eine stetige
Operation auf A (X), den Quotientenraum II (X) wird man als Raum
der unparametrisierten geschlossenen Kurven von X bezeichnen.

Indem man einem | = (f (f)), 0<¢<1, aus A (X) den Punkt
f(©) = f() in X zuordnet, erhidlt man eine Serre Faserung von
A (X) iiber X mit € (X), dem Schleifenraum, als Faser. Diese Bemer-

kung hat Svarc [7] benutzt, um die Homologie von A (X) mit der
Methode der spektralen Sequenzen zu untersuchen. Die Homologie
von IT (X) 148t sich dann mit den Hilfsmitteln der kompakten Trans-
formationsgruppen studieren.

Wenn X speziell eine kompakte differenzierbare Mannigfaltigkeit M
ist, dann 1468t sich zu M ein ebenfalls mit A (M) bezeichneter Raum
von parametrisierten geschlossenen Kurven erkliren, der die Struk-
tur einer Hilbert-Mannigfaltigkeit trigt—wir verwenden wieder die
Bezeichnung A (M), da die beiden Rdume denselben Homotopietyp
haben. Eine Riemannsche Metrik auf M gibt Anla8 zu einer Riemann-
schen Metrik auf A (M) und zu einer differenzierbaren Funktion,
fiir welche die Voraussetzungen der von Palais [5] und Smale [6]
entwickelten Ubertragung der Theorie von Morse auf Hilbert Mannig-
faltigkeiten gelten. Damit haben wir also ein weiteres Hilfsmittel an
der Hand, die Homologie von A (M) und II (M) zu studieren. Um
seine Durchschlagskraft zu demonstrieren, bestimmen wir die bislang
nicht bekannte Z,-Homologie des Raumes II (S”), mit dem sich schon
Morse [4] und Bott [1] befafit haben. Mit derselben Methode 148t
sich auch die Homologie von A (P)und II (P) bestimmen, wenn P ein
projektiver Raum {iiber den reellen oder komplexen Zahlen oder iiber
den Quaternionen oder Cayleyschen Zahlen ist.

2. Sei also jetzt M eine kompakte differenzierbare Mannigfaltig-
keit. Unter A (M) verstehen wir den Raum der absolut stetigen Abbil-
dungen f: St — M, welche in lokalen Koordinaten quadrat-integrier-
bare erste Ableitungen besitzen. Die auf diesem Raum mit Hilfe von
lokalen Koordinaten erkldrte 1-Norm bestimmt auf A (M) die Struk-
tur einer Hilbert Mannigfaltigkeit, vgl. Palais [5]. IT (M) erkldren wir
wie eingangs als Quotientenraum A (M)/O (2) beziiglich der natiirli-
chen Operation von O (2) auf A (M). n: A—TII bezeichne die Projek-
tionsabbildung. .
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Offenbar hingen A (M) und II (M) nur ab vom Homotopie-
typ von M.
Sei jetzt auf M eine Riemannsche Metrik, ( , ), gegeben. Diese
liefert auf A (M) eine Riemannsche Metrik, ({ ,)), wie folgt:
1

<X, X»={ (X (8), X (t))— (DX (t)/dt, DX (¢)/dty) dt,
p |

wobei X = (X (#)), 0<t<1, ein Tangentialvektor an A (M) ist,
das heifit, ein absolut stetiges Vektorifeld liangs eines f = (f (¥),
0¥, aus A (M) mit quadrat-integrierbaren ersten Ableitun-
gen. D/dt ist die kovariante Ableitung.

Man zeigt, daB A(M) mit dieser Metrik vollstindig ist.

Ferner liefert (,) eine differenzierbare Funktion E: A(M)— R,
das sogenannte Energieintegral:

1

E()=+ S df (t)/dt, df (t)/dt) dt.

0
Fiir das zugehorige negative Gradientenfeld —grad E gilt dann die
Bedingung (C) von Palais [5] und Smale [6], unter welcher sich die
Theorie von Morse iibertragen 148t auf Hilbert Mannigfaltigkeiten.

Fiir ein ¢ >0 setzen wir E™ ([0,¢]) = A° und E™* ([0, c[) = A*.
Fiir alle £>0 sind die Integralkurven des Vektorfeldes —grad E
erkldrt. Wir erhalten eine Halbgruppe von Deformationen ¢;: A — A,
t>0, indem wir einem f denjenigen Punkt zuordnen, den die in f
mit £ = 0 beginnende Integralkurve zur Zeit ¢ erreicht hat. Da E und
(,> mit der Operation von O(2) vertrdglich sind, wird durch O(2)
das Feld —grad E in sich transformiert. Die Deformationen ¢; sind
also vertrdglich mit der Operation von O(2) und sie induzieren
daher eine Halbgruppe von Deformationen ¢;: I — II, £>>0, des
Raumes der unparametrisierten Kurven.

Beachte, dal ¢; und ¢; E-vermindernde Deformationen sind,
welche kanonisch definiert sind und nicht von irgendwelchen Hilfskon-
struktionen, wie etwa Unterteilungen der f, abhidngen —sehr zum
Unterschied von der bisherigen Methode, E-vermindernde Deformatio-
nen auf Kurvenrdumen zu erkldren.

3. Ein Element f € A (M) heiBt kritisch, wenn grad E (f) = 0.
Mit einem Argument der klassischen Variationsrechnung zeigt man,
daff | genau dann kritisch ist, wenn es eine geschlossene Geoddtische
ist, mit Parameter proportional zur Bogenldnge.

Insbesondere sind die konstanten Abbildungen f:S8*— M kri-
tische Punkte. Wir nennen diese auch die trivialen kritischen Punkte.
Sie bilden eine nicht-entartete kritische Untermannigfaltigkeit A° (M) =
= E71 (0) vom Index 0in A (M), im Sinne von Bott [1], welche natiir-
lich isomorph ist zu M.
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Wenn f kritisch ist, so ist auch der Orbit von f unter O (2) kritisch.
f heiBt nicht-entartet, wenn sein Orbit eine nicht-entartete kritische
Untermannigfaltigkeit im Sinne von Bott [17 ist.

Fiir jedes f € A ist die Isotropiegruppe erklért als diejenige Unter-
gruppe von O (2), die auf f als Identitét operiert. Wenn die Isotropie-
gruppe von f die zyklische Untergruppe Z, der Ordnung ¢ von SO (2)
ist, dann nennen wir f eine Kurve der Multiplizitdt q. Kurven der
Multiplizitdt 1 nennen wir auch einfach. Falls f= (f (f)) die Multipli-
zitit g hat, dann ist auch (f (£/9)) ein Element von A, die sogenannte f
unterliegende einfache Kurve.

4. Sei [ eine nicht-entartete geschlossene Geodéitische, sei G
sein Orbit und sei g = n (f) = = (G) die zugehorige unparametrisierte
geschlossene Geodatische. Dann ist E (f) = ¢ positiv. Sei ¢ die Mul-
tiplizitdt von f. G ist dann isolierte kritische Untermannigfaltigkeit,
und es gibt eine unter O (2) invariante offene Umgebung U = U (G)
von G, deren Kurven ausschlieBlich eine Multiplizitdt ¢’ haben,
wo ¢'g teilt. Wir kénnen sogar annehmen, dafl U ein Hilbert Dis-
kus-Biindel iiber G ist.

Der Index j von f bzw. G ist die Dimension des von den zu negativen
Eigenwerten der Indexform (eingeschrankt auf den Normalenraum
von G) gehorigen Eigenvektoren aufgespannten Raumes. Diese
Eigenvektoren bilden das sogenannte negative Biindel diber G. Durch
die Exponentialabbildung ist ein Diskus-Biindel D’ (G) dieses nega-
tiven Biindels in natiirlicher Weise mit einem j-dimensionalen
Diskus-Unterbiindel des Hilbert Diskus-Biindels U (G) iiber G identi-
fiziert.

Setze U (G) — G = U, (G) und D’ (G) — G = Dj(G). Wie
in der klassischen Morse Theorie zeigt man, daf U (G) sich dquiva-
riant (d. h., auf mit der Operation von O (2) vertrigliche Weise)
auf U (G)° = U (G) | A°deformieren ldft und daf sich (U (G)°, U, (G)°)
dquivariant auf (D3 (G), Dj (G)) deformieren ldft.

Unter der Projektion m liefert dies eine Deformation von V (g) =
=2 (U (G)) auf V (g)° == (U (G)°) und wvon (V(9)°, Vo(g)) auf
(@D’ (G), =D} (G)). .

Wir wollen nD? (G) bestimmen. Dazu faktorisieren wir «t | D’ (G)
wie folgt:

z 0(2)/z

D'(G) = D' (G)/Z, —> D' (g)/Z,.

Das heift, wir dividieren zunéchst durch die Operation der Isotropie-
gruppe Z, und dann durch die induzierte Projektion. Der Quotient
D’ (G)/Z, bedeutet, da wir das D’-Biindel D’ (G) durch die Opera-
tion der Isotropiegruppe Z, auf den Fasern D’ dividieren. Der zweite
Quotient ist eine triviale Faserung, mit O (2)/Z,, isomorph O (2),
als Faser. n (D’ (G)/Z,) = D’ (g)/Z, ist also isomorph dem Quotienten
D’/ Z, einer Faser D’ von D’ (G) nach Z,.
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Wir erkennen auf diese Weise, wie zuerst von Svarc [7] bemerkt
wurde, dali fiir die relative Homologie H, (V (g), V (g)")=H*(D’(g)/Z,
Dj (g)/Z,) die Operation der Isotropiegruppe Z, auf dem «negativen»
Diskus D? in Betracht zu ziehen ist. Man findet, fiir die Homolo-
giegruppe mit Z,-Koeifizienten, damit folgendes, vgl. Svarc [7]:

Falls g ungerade, so H; (V (g), V(@)*)=Z; fir i = j und =0
sonst.

Falls g = 2%q, gerade, mit q, ungerade, so H; (V (g), V (g)*) = Z,
fir i(q:) +2<i<j, und =0 sonst. Hierbei ist i (q,) der Index
der q,-fachen Uberlagerung der g unterliegenden einfachen Geodditischen.

5. Die Morse Theorie stellt eine Beziehung der zwischen der
Homologie von A (M) und II (M) einerseits und den geschlossenen
Geoditischen g und ihren Typenzahlen (d. h., lokalen, relativen Homo-
logiegruppen H; (V (g), V (g)°)) andererseits. Insbesondere kann
man aus der Homologie von A (M) und II (M) auf die Existenz einfa-
cher geschlossener Geodatischer schliefen, vgl. dazu [3].

Wir wollen hier umgekehrt aus den Eigenschaften der geschlosse-
nen Geodatischen Information iiber die Homologie von A (M) und
insbesondere von II (M) gewinnen. Die Schwierigkeit hierbei ist,
daB die geschlossenen Geodéitischen und ihre Typenzahlen in hohem
Mafle abhdngen von der Wahl der Metrik (,) aut M, wihrend A (M)
und IT (M) ja nur abhidngen vom Homotopietyp von M.

Falls es jedoch in der Homotopieklasse von M eine Mannigfal-
tigkeit mit einer augezeichneten Metrik gibt, wie etwa wenn M in
der Homotopieklasse einer Sphére oder eines allgemeineren symmetri-
schen Raumes liegt, dann kann man erwarten, mit Hilfe der Morse
Theorie Information iiber die Homologie von A (M) und Il (M) gewin-
nen zu koénnen.

6. Wir wollen dieses am Beispiel der Sphéire zeigen. Es sei also
jetzt M = S™, mit der Metrik konstanter Kriimmung K = 2xn2.
Wir beschrinken uns auf die Z,-Homologie.

Die nicht-trivialen kritischen Punkte auf A = A (S®) sind die
g-fach durchlaufenen parametrisierten Grofkreise. Das Energieintegral
eines solchen Grofkreises ist ¢*. Die g-fach durchlaufenen parametri-
sierten Grofkreise bilden eine kritische Untermannigfaltigkeit F,, welche
isomorph ist zur Stiefel-mannigfaltigkeit V (2, n—1) der orthonormalen
2-Beine im R™M.

Das Bild Gy = nt (Eg) in II=1I (S™), also die g-fach durchlaufenen
unparametrisierten Grofkreise, ist isomorph zur Grassmann Mannigfal-
tigkeit G (2, n — 1) der 2-Ebenen im R™.

Uber G (2, n — 1) haben wir einerseits das kanonische (n — 1)-Vek-
torraum-Biindel ™' und ferner das Tangentialbiindel 12"7%. Die
" durch n: V2, n —1)— G (2, n — 1) iiber V (2, n — 1) induzierten
Biindel bezeichnen wir mit n™* bzw. o2"72.
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Wir bemerken, daB 02" eine komplexe Struktur trigt, d.h.,
die Strukturgruppe O (2n — 2) kann auf U (n — 1) reduziert werden.
Dasselbe trifft zu fiir die 2-fache Uberlagerung G (2, n — 1) von
G (2, n — 1), also fiir die orientierte Grassmann Mannigfaltigkeit.
Es folgt, daB die Strukturgruppe von G (2, n — 1) reduziert werden
kann auf die Erweiterung der Ordnung 2, U (n — 1), von U (n — 1)
mit dem Element, welches den Ubergang zum Konjugiert-Komplexen
beschreibt. Beachte, daB das Zentrum von & (n — 1) dasselbe ist wie
von U (n — 1), ndmlich U (1).

Die kritische Untermannigfaltigkeit F, der g-fach durchlaufenen
parametrisierten Grofikreise ist nicht-entartet. Das negative Biindel
iber Fg =V (2, n — 1) ist gegeben durch

=1, fiir g=1 (+)
n'n—i @0-2n+2 @ . '®0-2n+2’ furq> 1.

(g—1) Summanden

Es folgt, daf
H, (A (S"), A®=(8™)) =H,—(2q—1) (n—1y (V (2, n—1)).

Ferner gilt:

Die Inklusion A¢ (8™ — A (S™) induziert einen injektiven Homo-
mophismus.

Damit folgt:

H, (A (S™), A°(S™) ist die direkte Summe, iber alle g>1 von
Hy 291y ooty (V (2, n — 1)). Vgl. Bott [1].

Bemer kun g: Wenn wir die Serre Faserung Q (S™) — A (S™) —
— S™ betrachten, ist die zugehorige spektrale Sequenz trivial, und
es gilt sogar multiplikativ H* (A (87) = H* (S8") ® H* (Q (™)),
vgl. Svarc [7].

Um das Bild des negativen Biindels (x) iiber F, unter mt zu bestim-
men, miissen wir, wie schon in 4. bei der Bestimmung von D/ (G),
untersuchen, wie die Isotropiegruppe Z,; auf den Fasern des Biindels
operiert. Es stellt sich heraus, daB diese wie die Identitit auf n"?
operiert und wie die Multiplikation mit e2%r/a auf dem p-ten Sum-
manden 02”2 von (x), 1<p<qg— 1. Dabei benutzen wir, daB
das Zentrum der Strukturgruppe U (n — 1) von 02""2 gleich U (1)
ist.

Wir bezeichnen den Quotienten von 02”72 nach dieser Operation
von Z, mit ¢*""2/Z,. Wir lassen hierauf die induzierte Projektion mx

wirken, d.h., wirpbilden den Quotienten nach 0 (2)/Z,.
Diese Gruppe wirkt effektiv auf 02"2/Z,, das Bild 1%"2/Z,

p
ist also die'Basis einer Faserung von cr”“zflq mit Faser O (2)/Z,,
o
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isomorph zu O (2). Diese Operationen sind vertréglich mit der Fase-
rung o%*"2— F,, wir erhalten also das kommutative Diagramm
z, 0 (2)/Z

D o

! ! |
. 0 (2)/Z

F, 2> F, L g,

"2/ Z, ist das Biindel iiber G, =G (2,n—1), das aus dem
P

Tangentialbiindel v"2 durch Quotientenbildung mit der Operation von Z,
auf der Faser (Multiplikation mit e2%?/9) entsteht. Hier benutzen wir,
daB das Zentrum der Strukturgruppe U (n — 1) von t#"2 U (1) ist.

Wir finden also: Das «negative» Biindel iber dem Raum G, =
= G (2, n — 1) der g-fach durchlaufenen unparametrisierten Grofkreise
ist gegeben durch:

Cn_l, flir q == l, (**)
"1 172"”21/ Z;®D...p" /1Zq, fiirg>1.
g—

Die relative Kohomologie H* (II?* (§™), II#* (S™)) im kritischen
Niveau ¢? ist also durch die Kohomologie des Thom Raumes T (+#)
des negativen Biindels (x+) iiber G, = G (2, n — 1) gegeben.

Fiir ¢ =1 findet man H* (TT"?) = u"rUH* (G (2, n — 1)),
vgl. Morse [4], Bott [1].

Fiir ¢ > 1 bestimmen wir zundchst die Kohomologie des Thom
Raumes der einzelnen Summanden in (x):

ut™?*u H*(G(2, n—1)), falls p/qg in
H* (T2 Z,) = der gekiirzten Form keine 2 im Nenner hat,
» > utUH*G (2, n—1)) sonst.

2<i<2n—2

Hier ist dim uf =i, u® ist also eine i-dimensionale Thom Klasse.

Die Kohomologie des Thom Raumes T (+*) ist gleich der Kohomo-
logie des smash-Produktes der Thom Ré&ume der Faktoren in (##).
Man hat also alle méglichen Produkte aus ¢ Thom Klassen, je eine
aus einem der ¢ Summanden von (*x), zu bilden und mit
H* (G (2, n — 1)) zu multiplizieren.

Es gilt nun wiederum: Die Inklusion II¢ (S™) — II (S™) ‘induziert
einen injektiven Homomorphismus in der Homologie.

Folglich haben wir:

Die Z,-Homologie von II (S™) mod II° (S™) ist die direkte Summe,
iber alle q>1, von H, (II# (S™), I19*- (S™)), wobei jeder dieser Sum-
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manden gegeben ist durch die Homologie des Thom Raumes des nega-
tiven Biindels (#+) iiber G4 = G (2, n — 1), die oben beschrieben wurde.

Bemerkung: Damit ist ein altes Problem gel6st, das schon
von Morse [4] und Bott [5] in Angriff genommen wurde, das aber

wie Svarc 1956 hier in Moskau bemerkte, von diesen Autoren nicht
korrekt beantwortet wurde.

7. Wir schlieflen mit der Bemerkung, daf} sich mit genau derselben
Methode die Homologie von

AP (A) und IIP (A)

bestimmen 14Bt, wenn P (A) ein projektiver Raum ist iiber den
reellen Zahlen (A = 1), den komplexen Zahlen (A = 2), den Quater-
nionen (A = 4) oder den Cayleyschen Zahlen (A = 8).

Man benutzt fiir diese symmetrischen Ridume P (A) vom Range 1
wiederum die Tatsache, daf bei der kanonischen Metrik die nichttri-
vialen kritischen Punkte von A (P (A)) aus den g-fach durchlaufenen
GroBkreisen bestehen, und dafl diese eine nicht-entartete kritische
Mannigfaltigkeit Fg bilden, ¢ = 1, 2.... Groflkreise von P (A) sind
die GroBkreise auf den 1-dimensionalen projektiven Unterrdumen,
welche isometrisch zu den A-dimensionalen Sphiren S* sind.

Das negative Biindel iiber F 148t sich wiederum explizit bestimmen,
und die Inklusionen Ac¢ (P (A))— A (P (A)) und II¢ (P (A) —
— II (P (A)) induzieren wiederum einen injektiven Homomorphismus
in der Homologie.

Es wiére interessant zu untersuchen, ob diese Tatsachen sich auch
auf allgemeinere symmetrische Rdume iibertragen. Die Dissertation
von Eliasson [2], wo die geschlossenen Geodatischen auf der Grass-
mann Mannigfaltigkeit G (2, n —1) untersucht werden, scheint
darauf hinzudeuten, daB hier ein allgemeineres Prinzip herrscht.
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J.J. Kohn

DIFFERENTIAL COMPLEXES

Let M be a differentiable manifold and E, F and G vector bundles
over M. Let, €, # and G be the spaces of C> sections of E, F and G
respectively. We are given first order differential operators 4: & -~ &
and B: # — % such that BA = 0.

Given f € # we are interested in finding conditions under which
there exists u € & such that Au = f. The question of how « depends
on f is also of importance. The case of the Cauchy-Riemann}equa-
tions where A is the 0 operator on forms of type (p, ¢) and B is the o
operator on forms of type (p, ¢+ 1) is of special interest, it leads to the
so called d-Neumann problem; which in turn has applications in
the theory of several complex variables.

Restricting our attention to compact manifolds (with or without
boundary), we set

Q (u, v) = (A*u, A*v)+ (Bu, Bv)+(u, v),

where (,) denotes an appropriate L, inner product on &, # and &
and where A* is the L, adjoint of A. The following was proven by
L. Nirenberg and the author.

Theorem. If Q is compact (i.e., a set which is bounded relative
to Q is pre-compact in L,) and if the boundary of M is non-character-
istic then the equation

Au=f

with f € & has a solution u € g if and only if Bf =0 and f is orthog-
onal to JN°. Where /" = {¢ € #|A*¢p = 0 and By = 0}.

Definition. Q is coercive if there exists a constant ¢ >0
such that

w2 <eQ (u, u)

for all u € Da« N £.
It is easily seen that on compact manifolds without boundary Q
is coercive if and only if the symbol sequence

o (A, M) o (B, m)
0 Ex F, G

x 0

is exact for all x €M and allm € Tx — {0}. Where E,, F, and Gy
are the fibers of E, F and G over x and where T#% is the co-tangent
space at x.

In case Q is coercive the above theorem follows from the theory
of regular boundary value problems for elliptic systems of equations.
However, in many important examples coerciveness fails. In the
case of manifolds with boundary, Q need not be coercive even if the
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above sequence is exact. An example of this is provided by the 0
operator.

In the address, some conditions under which the hypotheses of
the above theorem hold (without coerciveness) will be presented.

E.R.Kolchin
PROBLEMS IN DIFFERENTIAL ALGEBRA

The report will discuss a number of unsolved problems and will
describe their present state. These problems are concerned with
singular solutions of an algebraic differential equation, with differ-
ential specializations, with the size of an irreducible component
of a system of algebraic differential equations, with the Galois group
of a homogeneous linear ordinary differential equation, and with
rational approximations to solutions of algebraic differential equations.

P. D. Lax
SCATTERING THEORY

The following is a rather general formulation of the scattering
process: Let U (f) be a one-parameter group of operators, not necessarily
linear, such that for every f in the domain of this operator U (¢) f
has a simple description for # large positive and # large negative; the
scattering operator simply relates these two descriptions. We shall
attempt to give such descriptions for solutions of the Korteweg —de
Vries equation

U+ Ully+ Urxx = 0. (l)

This equation has for every given positive speed ¢ solitary wave
solutions, i.e. a solution of the form

u(x, t)=s(x—ct, c),

s (x) tending to zero as x tends to 4+ oo. Following the very suggestive
work of N. J. Zabusky and M. D. Kruskal [1] we conjecture that
every solution of (1) which tends to zero properly as x tends to £ oo
can be represented for large ¢ as a superposition of solitary waves:

u(x, t) >~ D s(x—cit—0;, c;) (2)

where the sequence {c;} of characteristic speeds tends to zero. Numer-
ical calculations of Kruskal and Zabusky suggest that the character-
istic speed c¢; which appear in the asymptotic description of u (x, ?)
for large positive ¢ are the same ones which appear in the asymptotic
description of u for large negative ¢. The phase shifts 0; are different,

5% 67



and they would be related to each other by the scattering operator.
These conjectures are supported so far by numerical calculations
and by perturbation calculations but no rigorous proof.

The second part of my talk is a summary of joint work with Ralph
Phillips on linear scattering. A summary report of this work has been
given in [2] with applications to the wave equation in exterior
domains. A further application is the Schrodinger equation presented
by Ralph Phillips in his talk at this Congress. A monograph on this
subject will be published by Springer, hopefully by the end of this
year.
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0. Lehto
QUASICONFORMAL MAPPINGS IN THE PLANE

During the past decade decisive progress has been made in the
general theory of quasiconformal mappings in the plane. For many
years the study of the relations between the various possible defini-
tions for quasiconformality was one of the principal objects of research.
Today, this part of the theory seems to be a fairly closed chapter.
Therefore, the beginning of this survey, which deals with the defini-
tions, is more of an historical nature. In the second part, attention
is called to the important work of Ahlfors on quasiconformal reflection
and to some new problems which have arisen in this connection. The
concluding section contains some remarks on the parametric represen-
tation of quasiconformal mappings.

1. DEFINITIONS

The first quasiconformal mappings introduced by Grétzsch and
Lavrentieff can be regarded as immediate generalizations of con-
formal mappings. In 1938 Morrey, on studying partial differential
equations of elliptic type, defined a more general class of mappings.
These were characterized as weak homeomorphic solutions of a Beltra-
mi differential equation

w, = kw,, ()

where % is measurable and sup |2 |<< 1.

Grotzsch mappings are continuously differentiable solutions of
(1) with non-zero Jacobian, and so for Grétzsch mappings & in (1)
is continuous. However, not every continuous %2 yields a Grétzsch
mapping. It is a classical result that uniform Holder-continuity
of £is a sufficient condition, and it is also well known that Hélder-con-
tinuity can be replaced by weaker integral conditions. But it seems
to be difficult to characterize Grotzsch mappings in terms of 4.
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In contrast to this, Lavrentieff mappings are weak homeomorphic
solutions of exactly those equations (1) in which & is continuous
(Bojarski). It is a beautiful result that, apart from constants, Morrey
mappings constitute the closure of Grétzsch and Lavrentieff mappings
under uniform convergence on compact sets.

In the early fifties, Ahlfors and Piluger defined quasiconformality
with the help of the conformal modulus M (Q) of a quadrilateral Q:
A sense preserving homeomorphism f: D — D’ is quasiconformal
in D, if M (f (Q))/M (Q) is bounded for all quadrilaterals Q < D.
If the bound does not exceed K, [ is called K-quasiconformal. It was
one of the fundamental discoveries in the theory, about ten years
ago, that this class of quasiconformal mappings coincides with the
class of Morrey mappings.

Today many other definitions for quasiconformality are known.
One way to obtain definitions is as follows: Take a conformal invar-
iant (modulus of a quadrilateral, modulus of a ring domain, extremal
length of a curve family, harmonic measure, hyperbolic measure,
angle, etc.), consider its change under a K-quasiconformal mapping,
and study whether a homeomorphism with this property is K-quasi-
conformal. For detailed results in this direction, we refer to a recent
survey by Gehring.

2. QUASICONFORMAL CONTINUATION

Let f be a quasiconformal mapping of a domain D, and let F = D
be a compact set. Then there always exists a quasiconformal mapping g
of the plane such that g | F = f. The extension g can be so constructed
that in every component of the complement of the closure of D, g
is a linear transformation.

In contrast to the above, it is not always possible to find a quasi-
conformal mapping g of the plane such that g|D = f. If D and
f (D) are bounded by a finite number of Jordan curves, such an exten-
sion is possible, if every boundary component of D and f (D) is a so-
called quasiconformal curve (quasiconformal circle), i.e. the image of
a circle under a quasiconformal mapping of the plane. Ahlfors has
given a very simple characterization of quasiconformal curves in
geometric terms: If C3 oo and z;, z,, 23 are any three successive
finite points of C, then C is quasiconformal if and only if there exists
a finite number M such that

21—2
21— 23

<M. (2)

Let now C be a Jordan arc. We call C quasiconformal if it is the
image of an interval under a quasiconformal mapping of the plane.
The problem of characterizing quasiconformal arcs has recently been
solved by Rickman. Suppose in the following that C is bounded.
If C is a closed arc, the validity of the Ahlfors condition (2) is necessary
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and sufficient for C to be quasiconformal. If C is open and condition
(2) is fulfilled, then C has two endpoints and the closure C satisfies
the same condition (2) as C. Hence, again C is quasiconformal. In this
case the converse is not true: there exist bounded open quasiconformal
arcs which do not satisfy any global condition (2). For open arcs
a geometric characterization is obtained in local terms: an open arc C
is quasiconformal if and only if the condition (2) is locally valid
with a uniformly bounded M.

There are still open problems concerning quasiconformal conti-
nuation, e.g., how the maximal dilatation of an extended mapping
depends on the properties of the boundary of the original domain.

3. CONTINUOUS DEFORMATION

Let D be the unit disc and Sk the family of all K-quasiconformal
homeomorphisms f: D — D, such that f(0) =0, f (1) = 1. Every
f € Sk can be extended as a K-quasiconformal mapping to the whole
plane by reflection. Sy is a metric space if the distance p (f, g) of the
mappings f, g € Sk is defined by p (f, g) = max |f (2) —g (d) |,
Z€D.

Let us consider a mapping f € Sk and denote its complex dilata-
tion by %. Let %k; be a measurable function in D such that | &; (2) | <
<(K—D/K -+ 1) and such that &,(2) is continuous with respect
to the real parameter ¢ on the interval I = {¢ | 0<¢< T}, uniform-
ly for z € D. Furthermore, we require that k¢ (2) =0, & (2) =
= k (2). Let f; be the (uniquely determined) mapping in Sx whose
complex dilatation equals % (2) for almost all z€ D. If ¢ ¢ €1,
we have for the complex dilatation % of the mapping fio fi?,

ki (2)— k4 (2)
1—ks (2) Ry (2)

IE(Z)I=t 3)

a.e. This implies, by Teichmiiller’s distortion theorem, that p (f:,
ft) > 0 as ¢ — ¢. In other words, {f:}, 0<¢ < T, is a continuous
transformation in Sk of the identily mapping to the mapping f.
(For deeper results in this direction, see Ahlfors and Bers.)

There are, of course, many possibilities to construct the homotopy
f:» 0t T. For instance, we can choose k; such that the point
k: (2) moves with constant velocity along the radius from the point 0
to the point % (2), as ¢ moves from 0 to T with constant velocity.
In the k-plane length can be measured either with respect to the euclid-
ean metric or the non-euclidean metric of the unit disc. In the latter
case, it follows from (2) that % (z) depends on the difference ¢’ — ¢
but not on the value of ¢ In particular, if we take ¢t = T'/2, the abso-
lute values of the complex dilatations of the mappings fr,» and
f o f7y2 are the same. This implies the (well-known) result, that f
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admits a representation

f:f2°f17 (4)
where fi, fz E SVI_{"

Bojarski has proved that for every f € S and for every measur-
able set A < D, m (f (A)) = O (m (A)®), where m denotes the two-
dimensional Lebesgue-measure and 8 > 0. Application of the above
deformation technique yields information about 8. At first the simple
formula (4) alone was applied, while recently, Gehring and Reich
have made a more profound use of the parametric representation
in this connection.

L. Michel
THEORIE DES GROUPES ET PARTICULES ELEMENTAIRES

On rappelle la nature des applications de la théorie des groupes
aux spectres atomiques et & la physique nucléaire (notion d’isospin).
Une particule est décrite par une représentation continue, unitaire,
irréductible de la composante connexe du groupe de Lorentz inhomo-
géne (les autres composantes sont exclues par ['expérience). L’étude
détaillée des produits tensoriels de ces représentations permet I’analyse
phénoménologique des expériences sur les particules élémentaires.
Celles ci sont de plus classées par des représentations de SUj; (remar-
quable confirmation expérimentale de prédictions). L’hypothése
récente: les champs quantiques de particules engendrent des algébres
de Lie, semble féconde.

A. Néron

DEGRE D’INTERSECTION EN GEOMETRIE DIOPHANTIENNE
1. INTRODUCTION

Soit K un corps. On notera additivement les valeurs absolues v
de K. Autrement dit, si, pour x € K on représente par | x |, la valeur
de v en x, avec la notation multiplicative habituelle, on posera
v (x) = log x,.

On appellera corps global un corps K muni d’un systéme propre M
de valeurs absolues de K au sens de [1] vérifiant la «formule du pro-
duity, i.e. tel qu'on ait Zyem v (x) = 0 quel que soit x € K.

On a, en particulier, les deux exemples fondamentaux suivants
de corps globaux:

(a) Corps de nombres algébriques: K est alors une extension algébri-
que de degré fini du corps Q des rationnels, et M est 1’ensemble des
valeurs absolues de K, normées de facon que

{v (x) = log | x| pour x réel, si v est archimédienne

v (p) = —log p siv prolonge la valeur absolue p-adique

(b) Corps de fonctions algébriques d’une variable sur un corps k

(on supposera pour simplifier que % est algébriquement clos): K peut
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alors étre regardé comme le corps des fonctions sur une courbe compléte
sans point multiple W définie sur 2. On sait que toutes les valuations
de K, triviales sur &, sont discrétes. On peut alors prendre pour M
I’ensemble des opposées de ces valuations (chacune d’elles étant
normée de facon que 1’ensemble de ses valeurs soit Z).

Rappelons la définition habituelle de la notion de hauteur d’un
point. Soit x = (xo, ..., X;) un point de 1’espace projectif P,.
Supposons d’abord x rationnel sur K (et prenons x; € K pour tout i).
On appelle hauteur de x le nombre réel

h (%) =UEEM sup v (x:).

Ce nombre ne dépend que de x, en vertu de la formule du produit.
Plus généralement, supposons x algébrique sur K, i.e. x; € K’ pour
tout i, ott K’ est une extension algébrique de degré fini d de K. On
appelle alors hauteur de x le nombre réel

h(x) =73 X nw sup w (x),

wEM’

oit w parcourt 1’ensemble M’ des valeurs absolues de K’ prolongeant
les valeurs absolues v € M, et o1 1’on note n,, le degré local de 1’exten-
sion K'/K relativement & w. Dans le cas de corps de nombres, on
montre qu’il n’existe qu’un nombre fini des points qui sont de degré
borné et de hauteur bornée dans P,.

Si V est une variété algébrique définie sur K; et si ¢: V— P,
est un morphisme défini sur K, a valeurs dans P,, on pose Ay = hoq.

On dit d’autre part que deux fonctions f et g sur un ensemble E,
a valeurs réelles, sont éguivalentes, ce qu’on écrit f ~ g, si la diffé-
rence | f(x) — g (x) | est bornée.

L’une des propriétés essentielles des hauteurs est la suivante:
hy ne dépend, modulo la relation &, que de la classe, pour 1’équi-
valence linéaire, du systéme linéaire L sur V associé a ¢. Pour cette
raison, le symbole A, est également noté Az, ou encore hy, si X est
un élément de L; on prolonge par linéarité la définition du symbole Ax
au cas ott X est un diviseur quelconque sur V, rationnel sur K.

La notion de hauteur joue, comme on sait, un réle essentiel dans
diverses questions de géométrie diophantienne, par exemple dans
la méthode de descente infinie, intervenant dans la démonstration
du théoréme de Mordell — Weil et de ses variantes.

Cependant, on ne peut manquer d’observer le caractére artificiel
de la définition de la hauteur 4, et le fait que le symbole %x est une
notion «grossiére», en ce sens qu’elle n’intervient que par sa classe
modulo la relation ~. Dans le but de mettre au point une théorie
plus précise des hauteurs, il était naturel de commencer par appro-
fondir les propriétés du symbole A5 dans le cas le plus simple, a savoir
le cas (b), celui des corps de fonctions. En effet, pour a € Vg, hx (q)
est alors un nombre entier, qu’on peut interpréter par la théorie
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des intersections, au sens le plus classique en géométrie algébrique.
Dans certains cas ott V = A est une variété abélienne, on peut faire
le calcul explicite de ce symbole pour tous les a € A rationnels sur K.
Il en est ainsi, par exemple, lorsque A est la courbe générique d’un
pinceau de courbes elliptiques convenable; certains résultats dans
ce sens, implicitement contenus dans [5] et [6], ont été développés
de facon détaillée, et complétés par d’autres analogues, dans un
article récent de Manin [4]. On observe dans chaque cas que iy (a)
est une fonction quadratique de a, a 1’addition éventuelle prés de
termes linéaires, et de termes «périodiques.

On sait maintenant développer une théorie englobant ces derniers
résultats, valable pour un corps global quelconque, et possédant,
en un certain sens, le méme degré de précision dans le cas des corps
de nombres que dans celui des corps de fonctions.

On a, en premier lieu, le théoréme fondamental suivant

Théoréme 1 (caractére quadratique de la hauteur). Soit A
une variete abélienne définie sur un corps global K, et soit X un diviseur
sur A, rationnel sur K. Notons A le groupe des points de A rationnels
sur la cloture algébrique K de K. Il existe une forme quadratique qx
et une forme linéaire fx sur Az, uniquement déterminées, a valeurs

K’
réelles, telles qu’'on ait
hx =~ qx+ lx.

(on appelle «forme quadratique» une fonction de la forme f (x, x),
ot f est bilinéaire)

La premiére démonstration de ce théoréme, et de loin la plus
simple, est due a Tate; pour cette démonstration, nous renvoyons
a[2], [3], [4]. Une autre démonstration est donnée ci-dessous, au n° 4.
A titre d’application de ce théoréme, on retrouve les résultats que
j’avais énoncés ou conjecturés dans [7], concernant une valeur appro-
chée du nombre des points rationnels sur A dont la hauteur admet
une borne donnée (cf. [9], 11, n° 16, th. 6).

Compte tenu des propriétés des hauteurs, on déduit du théoréme
précédent que la fonction gx = ¢gx + Ix ne dépend que de la classe
de X pour 1’équivalence linéaire, et qu’elle est birationnellement
invariante sur K. Autrement dit, gx posséde un caractére intrinséque,
et constitue en fait la «bonne» notion de hauteur, appelée sans aucun
doute & supplanter 1’ancienne notion Ax.

Mais il est possible également de généraliser 1’interprétation signa-
lée plus haut de la hauteur comme degré d’intersection. J’ai montré
dans [9] que gx (a) peut, dans tous les cas, étre exprimé sous forme
d’une somme de termes locaux, i.e. respectivement associés aux
différentes valeurs absolues v € M. Désignant par A une variété
abélienne définie sur K, par X un diviseur sur A, par a un cycle de
dimension et de degré nuls sur A, tous deux rationnels sur K, 1’outil
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utilisé est un certain symbole local (X, a),, appelé degré d’intersec-
tion de X et a relatif a v; il s’agit d’un certain nombre réel attaché
au couple (X, a), et a la valeur absolue v, et birationnellement inva-
riant sur K. La suite de cet exposé est essentiellement consacrée
a 1’énoncé de la définition de ce symbole, et a une étude de ses
propriétés résumant les principaux résultats de [9]. D une part, on peut
définir ce symbole de facon axiomatique, et prouver son existence
par une méthode de passage a la limite, valable pour un corps global
quelconque, puis prolonger sa définition au cas d’une variété compléte
sans point multiple arbitraire. D’autre part, on peut interpréter
ce symbole (et, en méme temps, redémontrer son existence) grace
a l'introduction des modéles minimaux des variétés abéliennes au
sens de [8] (dans le cas d’une valuation discréte) ou a celle des
fonctions théta (dans le cas d’une valeur absolue a 1'infini, i.e. archi-
médienne).

L’introduction du symbole (X, a), semble constituer un premier
pas vers une sorte de théorie globale des intersections valables pour
des schémas sur Z (bien qu’a vrai dire la structure de schéma ne soit
pas seule en cause, en raison du role essentiel joué par les valeurs
absolues a 1’infini). Parmi les problémes a résoudre, signalons en tout
cas celui de l’extension de la définition du symbole pour les cycles
de dimension intermédiaire.

2. SYMBOLE (X, a), (CAS D'UNE VARIETE ABELIENNE)

Dans ce n°, on considére un corps K, algébriquement clos, et muni
d’une valeur absolue wv.

Si V est une variété définie sur K, on désigne par Vg 1’ensemble
des points de V rationnels sur K, par D (V)x le groupe des diviseurs
sur V rationnels sur K, par D, (V) (resp. D, (V)k) le sous-groupe
de D (V)x composé de ceux de ses €léments qui sont algébriquement
resp. linéairement) équivalents & zéro. L’équivalence linéaire pour
les diviseurs est représentée par le signe ~. Si X est un diviseur sur V,
1’ouvert complémentaire du support de X est noté U (X). Le groupe
des cycles sur V qui sont de dimension O et rationnels sur K est noté
Z (V)g. L'élément a de ce groupe ayant pour composants les points
a; € Vg, respectivement affectés des coefficients m; € Z, est noté
a = Yim;(a;). La somme m = ) ;m; est appelée le degré de a. Le sous-
groupe de Z (V)x composé de ceux de ses éléments qui sont de degré 0
est noté Z, (V)x. On dira que deux cycles sont étrangers si leurs supports
sont sans point communs.

Soient X € D; (V)x, et a € Z, (V)K Si V est compléte, il existe,
d’aprés [12], IX, 4, th. 8, coroll. 2, une fonct1on f sur V, définie sur

K, telle que div (f) = X. Sia = Xm; (a;), ’élément f (a) =]] f (@)™

de K ne dépend que de X et de a, mais non de f. On lel désigne
par X (a).
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Si A est une variété abélienne, et si X est un cycle sur A, le cycle
déduit de X par la translation définie par u € A est noté X,,. Le trans-
formé de X par la symétrie x |- — x est noté X~.

Théoréme 2. Soit A une variété abélienne définie sur K.
A tout couple (X, a) composé d’un diviseur X €D (A)k et d’un cycle
a €Zy (A)k, mutuellement étrangers, on peut, d’une et d’une seule
facon, faire correspondre un nombre réel (X, a),, de sorte que les con-
ditions suivantes soient satisfaites:

(i) (X, a), dépend bilinéairement de X et de a.

(ii) Pour X ~ 0, on a (X, a), = —v (X (a)).

(}éi) (X, a), est invariant par toute translation sur A rationnelle

sur K.
(iv) Pour a € U (X), fixé, 'application ) : U (X)g — R obtenue
en posant A (@) = (X, (@) — (ao))» est localement bornée, i.e. est
bornée sur tout sous-ensemble borné (pour la métrique définie par v)
de 1’ensemble U (X)gk-.

(En abrégé: on pose (X, a), = —v (X (a))') lorsque X ~ 0, et on
affirme qu’il existe une et une seule maniére «raisonnable» de prolon-
ger cette définition pour X € D (A)x quelconque):

Pour la démonstration de I’existence de (X, a), nous renvoyons
a [9] ou, pour un bref résumé, a [3]?). La méthode employée consiste
a définir le symbole comme limite d’une certaine suite réelle; elle
comporte 1’introduction de la notion de quasi-fonction, constituant
une version modifiée de la notion de distribution au sens de Weil.

Nous nous bornons ici a4 reproduire la démonstration de l’unicité
de (X, a),. Supposons qu’il existe deux symboles (X, a)xet (X, a),
vérifiant les conditions du théoréme, et posons & (X, a) = (X, a), —

— (X, a)p. On voit immédiatement que & est bilinéaire en X et a,
et s’annule pour X ~ 0. Donc, si X' ~ X, le nombre § (X', a) ne
dépend pas du choix de X', et ceci permet de déiinir § (X, a) meéme
si X et a ne sont pas étrangers, en faisant «bouger» X. On peut recou-
vrir V par un nombre fini d’ouverts de la forme U(Xj), avec X; ~ X
pour tout i. Compte tenu de la condition (iv), on en déduit que
€ (X, (a) — (ao)) est une fonction bornée de a. Montrons que & s’annule
lorsque X € D, (A)x et a € V, (A)x. En effet, supposons d’abord

que A appartient au noyau d’Albanese de 4, i.e. qu’on a Y ;m;a; = O.
Comme K est algébriquement clos, les a; sont rationnels sur K; on se

1) J’ai commis une faute designe dans [9]: dans, les prop. 3 et 5 dun® 6du
chap. III, il faut remplacer deg (X.a) par —deg (X.a). Pour que la terminologie
soit compatible avec celle de la théorie usuelle des intersections, il faut donc
modifier la définition, et poser (X, a), = — v (X (a)) comme ci-dessus, au lieu
de (X, a), = v (X (a)).

2) Dans [3], il n’était question que du cas ot X est algébriquement équi-
valent a zéro; mais il est facile de passer de 14 au cas général.
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rameéne, par linéarité, au cas ott a est de la forme a= (a + b) — (@) —
— (b)) +(0) avecaet b € Ag. Compte tenu de (iii), on a alors § (X, a)=
=E (X_p — X, (@) — (0)); comme X_p — X ~ 0, on a donc bien
E (X, a) = 0, en vertu de (ii). Soit toujours X € D, (A)k, et prenons
a € Z, (A)k quelconque. Pour tout entier m, notons md 1’homomorph-
isme de multiplication par m sur A. Le cycle (md) (a) — ma appar-
tient au noyau d’Albanese, et on a donc § (X, (md)(a)) = m§ (X, a).
Pour a fixé, le premier membre est borné quel que soit m, d’apres
ce qui précede. On a donc encore nécessairement § (X, a) = 0.

Pour traiter enfin lecas ot X € D (A4)x est quelconque, on distingue
a nouveau le cas oil a appartient au noyau d’Albanese, qu’on ramene
a celui, plus particulier, ot a est de la forme (a + 5) — (a)(b) + (0).
On utilise cette fois la relation X_, — X € D, (A)xk; pour passer de 1a
au cas général, on introduit encore 1’entier m, et on répéte le raisonne-
ment fait plus haut.

3. SYMBOLE (X, a), (CAS D’UNE VARIETE COMPLETE SANS
POINT MULTIPLE QUELCONQUE)

On consideére toujours uncorps K, qu’on ne suppose plus ici nécessai-
rement algébriquement clos, et une valeur absolue propre v de K.

Soit V une variété compléte sans point multiple, définie sur K.
Introduisons un morphisme canonique a: V— A (défini sur la cléture
algébrique K de K) de V dans sa variété d’Albanese A. 11 est nécessai-
re ici de considérer, au lieu du groupe D (V)i de tous les diviseurs sur
V, rationnels sur K, le sous-groupe de ce dernier, qu’on note D (V)g,
composé des diviseurs dont un multiple entier est linéairement équi-
valent a un diviseur de la forme a1 (Y), avec Y € D (A)x. On voit
facilement qu’on a toujours D, (V)g = D (V)k. Lorsque V' est une
variété abélienne, ou lorsque V est une courbe de genre au moins égal
al,onaD (V)g =D (V)k, mais ceci n’a pas lieu dans tous les cas:

c’est faux, en particulier, pour les courbes de genre 0, car alors D Nk
est le groupe des diviseurs de degré nul, qui est distinct de D (V)x.

Théoréme 3. A toute variété V compléte sans point multiple,
définie sur K, et a tout couple (X, a) composé d’un diviseur X € D (V)g
et d’un cycle a € Zy(V)g, mutuellement étrangers, on peut, d’une et
d’une seule fagon, faire correspondre un nombre réel (X, a),, de sorte
que les conditions suivantes soient satisfaites:

(i) (X, a), est bilinéaire en X ef a.

(i) Pour X ~ 0, on a (X, a), = —v (X (a)).

(iii) Pour tout K-morphisme ¢: V' —V, et pour X € D (V)g,
a’'€Zy(V)k, ona

((P-l (X)a a);? = (Xi P (a’))v;
toutes les fois que les deux membres ont un sens.
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(iv) Pour ay € U (X)x fixe, l’application A: U (X)x — R obtenue
en posant A (a) = (X, (@) — (o)), est localement bornée, au sens intro-
duit dans le th. 2.

Ce théoréme se raméne au précédent, par passage a la variété d’Al-
banese de V. On peut compléter son énoncé par les précisions suivantes:
(a) Le symbole (X, a), ainsi défini généralise celui du th. 2.

(b) 11 est birationnellement invariant sur K (d’apreés (iii)).

(c) Il ne dépend pas du corps K, i.e. il est invariant lorsqu’on rem-
place K par un sous-corps et v par la valeur absolue induite sur ce sous-
corps.

(d) Si K est un corps global, on a (X, a), = 0 pour presque toute
v € M (cf. les notations du n° 1), i.e. pour toute v n’appartenant pas
a un certain sous-ensemble fini de M.

4. SYMBOLE GLOBAL (X, a). LIEN AVEC LA NOTION DE HAUTEUR

Supposons & nouveau que K_est un corps global, et reprenons les
notations du n° 1. Pour X € D (V)k, et a € Z, (V)x, mutuellement
étrangers, considérons la somme

(Xs a) ZZUE M(X’ a),,.

Cette somme est définie, d’aprés la remarque (d) ci-dessus. En outre,
le symbole (X, a) dépend bilinéairement de X et a, et s’annule lorsque
X ~ 0. Ceci permet, en faisant «bouger» X, de prolonger la définition
de (X, a) au cas ot X et a sont quelconques, non nécessairement
étrangers.

Nous pouvons maintenant, en utilisant ce qui précéde, retrouver
le th. 1, et montrer que la fonction gx intervenant dans ce dernier n’est
autre que

gx (@) = (X, (a)—(0)). M

En effet, désignons le second membre par g’ (a) = g'x (a). Nous
allons d’abord montrer que g’ est 1a somme d’une fonction quadratique
et d’une fonction linéaire. Pour cela, remarquons que 1’expression

(@ b)x = (X, (a+b)— (a) — (b) +(0))
est bilinéaire symétrique en a et b, donc que
’ ’ 1
g @+g (—a)= — 5 —a)x
est quadratique en a. D’autre part, on a, d’aprés (iii),

g (—a)=(X, (—a)—(0) = (X", (a)—(0)).
On a donc

g (@)= —5 (@, —a)x+(X—X", (@)—(0)).

77



Or on sait que X — X~ et algébriquement équivalent a zero, donc

linéairement équivalent a un diviseur de la forme X, — X, avecc € Ax
et on en déduit que le second terme de cette expression est linéaire
en a. Notre assertion est donc démontrée.

I1 reste a prouver qu’on a Ay &~ g'x. On peut supposer que A est
plongée dans 1’espace projectif P,, et que X est une section hyperplane
de A. Pour a € Ak, de coordonnées homogénes aq, ..., @,, oOn
a h (@) = Z, sup; v (a;/ai), ’indice i, étant choisi tel que a;, % 0.
Quitte a effectuer un changement de coordonnées linéaire, on peut
supposer que 1’origine sur A est le point de coordonnées 1, ..., I.
Pour tout 7, notons X; la section hyperplane de A obtenue en annulant
la coordonnée d’indice i. On a, pour tout £,

v (ai/aie) = (Xi — Xioy (@) —(0)oy
d’ou

hy (a) :vEZM sup (Xi, (@) — (0))o +&x (@)-

Les ouverts U (X;) étant sans point commun, on déduit de la con-
dition (iv) du th. 2 que le premier terme du second membre est borné.
On a donc bien démontré le th. 1, ainsi que la formule (1).

5. INTERPRETATION DE (X, a), (CAS D’'UNE VALUATION DISCRETE)

Dans ce n°, nous considérons un corps K muni d’une valeur absolue
de la forme v = —w, ol ® est une valuation discréte de K, normée
de fagcon que 1’ensemble de ses valeurs soit Z. Nous désignons par R
I’anneau de valuation correspondant, par p son idéal maximal, et par
K° le corps résiduel. Si V est une p-variété définie sur K, au sens de
Shimura [10] (par exemple une variété projective définie sur K),
on peut parler du cycle réduit V°= p (V) de V (mod p). Considérons
un point a € Vg, tel que le point réduit a® = p (a) soit simple sur V?,
et soit f une fonction sur V, définie sur K. On dit que X est représenté
par fena®sia® n’appartient pas a 1’ensemble réduit du support du divi-
seur X — div (f), et s’il n’appartient pas non plus ausupport du p-di-
viseur de f (au sens de [8], 1, n® 12) i.e. si fest génériquement inversib-
le sur ]la composante de V° qui contient a°. Si f représente X en a, le
nombre entier —V (f (@)) = o (f (a)) ne dépend que de X et de a,
mais non de f. On I’appelle v-multiplicité d’intersection de X et a,
et on le note i (X, a) ou i, (X, a). On note d’autre part Z’ (V)&
(resp. Z’¢(V)k) le sous-groupe de Z (V)k (resp. de Z, (V)x) formé des
cycles dont tous les composants sont rationnels sur K. Pour tout cycle
a €272 (V)g, on définit i (X, a) = i, (X, a) en prolongeant par linéa-
rité définition précédente.

Remarque 1. Examinons le cas particulier ott K est un corps
de fonctions d’une variable sur un corps k&, et prenons pour modéle
de ’extension K/k une courbe W compléte sans point multiple définie
sur &£ (cf.n° 1). On a K =k (x), olt x est un point générique de Wsur &,
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et la valeur absolue v correspond a un point x° de W, rationnel sur k.
La variété V peut étre regardée comme 1’élément générique d’une famil-
le paramétrée par W. Si V est le graphe de cette famille, on a une projec-
tion canonique : V— W. Lavariété V s’identifie a la «fibre générique»
n! (x), tandis que V°s’identifie a la «fibre spéciale» ™ (x%). A toute
sous-variété V' de V définie sur K (resp. a tout cycle X sur V rationnel
sur K), de dimension r, il correspond une sous-variété V' de V, définie

sur k (resp. un cycle X sur V, rationnel sur &, et n’admettant pas
de composantes «verticales»), de dimension r 4 1, telle qu’on ait
V' =V'-V (resp. X = X-V). Onvoit, dans ces conditions, que i, (X,
a) est le degré de la contribution des points de la fibre spéciale V° dans le
cycle produit d’intersection X -a, ce dernier étant entendu au sens clas-
sique des «Foundations» de Weil.

Soit maintenant A une variété abélienne définie sur K, faiblement
p-simpla p-minimale au sens de [8], i.e. telle que les conditions sui-
vantes soient satisfaites:

(a) A est faiblement p-simple, i.e. tout point rationnel p-adique
ge AA(donc, en particulier, tout point € Ag) se réduit en un point simple

e A°.

(b) A vérifie la propriété d’application universelle suivante: Si V
est une p-variété définie sur K, toute applicationrationnelle ¢: V — A4,
définie sur K est p-morphique en tout point simple de V® = p (V).

Rappelons que toute variété abélienne définie sur K admet un
K-modéle de ce type ([8], II, th. 2). Rappelons aussi que 1’ensemble
G° des points simples de A° = p (A) est alors canoniquement muni
d’une structure de groupe algébrique sur le corps résiduel K°. Dans ces
conditions, quels que soient X € D (A)k et a € Z'y (A)k, le symbole
i (X, a) est toujours défini.

Lorsque le groupe G° est connexe (i.e. ne posséde qu’une composante)
on a la formule

(X, a), =iy (X, a). @)

En effet, dans le cas particulier ot X ~ 0, cela résulte triviale-
ment des définitions; on passe facilement de 13 au cas général en mont-
rant que le second membre i, (x, a) vérifie toutes les conditions du th. 2.

Dans le cas oi1 G° n’est pas connexe, la formule (2) n’est plus vraie
en général, mais si on pose

(X, a)y =i (X, )+ /» (X, ), 3

il est possible d’interpréter d’une maniére simple le terme complé-
mentaire j (X, a) = j, (X, a). Pour cela, posons a = ,;m;(a;) (a; € Ag)
Dans le cas oit X ~ 0, X est le diviseur d’une fonction f définie sur K,
et on trouve j (X, a) = Ylim;v;, en désignant par v; le coefficient, dans
le p-diviseur de f, de la composante G} de G° contenant af (dans le cas
particulier des corps de fonctions (cf. remarque 1 ci-dessus), j (X, a)
peut encore étre interprété comme le degré du produit d’intersection
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Y®-a, en désignant par Y° la contribution de la fibre spéciale dans

le diviseur de la fonction f obtenue en étendant f a V). On voit ensuite
que cette interprétation peut étre prolongée de fagon naturelle au cas
oit X est un élément quelconque de D (A)x. On observe en méme
temps que j (X, a) est un nombre rationnel, et que c’est une fonction
«périodique» de chacun des composants de a (i.e. ne dépendant que
de la classe de chacun d’eux modulo un sous-groupe d’indice fini du
groupe de Mordell — Weil).

Dans le cas d’un corps de fonctions algébriques d’une variable, on
en déduit que le symbole (X, a), (sur une variété V compléte sans point
multiple quelconque) est toujours un nombre rationnel, dont le dénomi-
nateur ne dépend pas en outre du couple (X, a), mais seulement de V
et de K. Il en résulte en particulier que le nombre g, (a) défini aun® 1
est alors aussi un nombrerationnel, dont le déterminateur ne dépend pas
du couple (X, a).

Remarque 2.On peut, sous certaines hypothéses, considérer,
dans les définitions qui précedent, des cycles a € Z, (V)x n’apparte-
nant pas nécessairement a Z; (V)g, i.e. ayant des composants algébri-
ques (non nécessairement rationnels) sur K (cf. [9], III). Les résultats
exposés ci-dessus suffisent cependant pour 1’interprétation que nous
avions en vue: pour a donné, on peut en effet agrandir K de sorte que
les composants de a deviennent rationnels sur K.

Remarque 3. II existe différentes situations, concernant les
variétés compléetes sans point multiple, et dans lesquelles la formule
(1) ci-dessus est encore valable ([9], III, 5, th. 3).

6. INTERPRETATION DE (X, a), (CAS D’UNE VALEUR ABSOLUE
ARCHIMEDIENNE). LIEN AVEC LES FONCTIONS THETA

On peut alors supposer que K est le corps des nombres complexes C.
Toute variété abélienne A définie sur C peut étre identifiée a un tore,
i.e. & un quotient de la forme C /A, ot A est un sous-groupe discret
maximal de Cn- Notons alors w [’application canonique C"— A.
On sait que, pour tout diviseur X € D (A4)¢, on peut trouver une fon-
ction théta 0 sur C" admettant pour diviseur p™* (X). On sait en outre
(cf. [13], IV, 5) qu’il existe une forme hermitienne H sur C* telle
que, pour u € C° 1’expression

¥ (u) =log [0 (u) | —H (u, u)

soit invariante par A. Il existe donc une et une seule application ¢:
Ac — R telle que gop = . Par linéarité, on peut étendre ¢ a une
application ¢ * : Z(A)¢ - R. Pour a€ Zy(A4)¢, on voit de plus que le
nombre réel ¢* (a) ne dépend que de X et de a, mais non du choix de 0.
On peut désigner ce nombre par (X, a)*. Les propriétés des fonctions
théta permettent de vérifier que ce symbole vérifie toutes les condi-
tions du th. 2. On a donc dans ce cas (X, a), = (X, a)*.
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ON TAMAGAWA NUMBERS

We shall use C as a universal domain when we consider the topolog-
ical properties of the variety defined over @. Let G be a connected
semi-simple algebraic group defined over Q and © (G) be the Tama-
gawa number. The most important fact about t (G) is that this number
is closely related to the fundamental group =, (G). In fact, Weil has
conjectured that

0 ()=0=1(G)=1. (W)

Let us now consider a variety X defined over @ on which acts an
algebraic group G transitively. Examples we have in mind are:
(1) X=0C"— {0}, G=SL (n)c, (2) X = S™ (complex n-sphere),
G = 0*(n+ 1)¢c. Observe that my (X) =my (X) =0 if n>2 in
(1) and n>3 in (2). Note also that if X = G, a group, @, (G) = 0
is automatically satisfied. Hence it will be natural to define 7 (X)
for certain class of homogeneous spaces so that one can expect the
following generalization of (W):

1y (X) =1 (X) = 0= 7(X) = 1. (W)

In fact, we shall define v (X) as a number which measures a deviation
from the validity of the mean value theorem for the algebraic transfor-
mation space (G, X). Let G be a connected algebraic group over @
which has no non-trivial characters, let X be a variety defined over Q
on which G acts transitively. We assume that for x € X, the isotropy
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group H, is also connected and without characters, that Xqo =@

and that Xgq is discrete in the adele space X,.One can then define a

canonical measure dX, on X,. For a function f on X, which is

continuous with compact support, consider the following integrals

_ § Fd (Ga/Gg)
§d(Ga/Gq)

where F = )} f(g,t) is a function on Ga/Gg. We shall call (*) the

EEXQ

g FdX, (#)

Tamagawa number of X, written t© (X), if it is finite and does not de-
pend on the choiceof f. If, inparticular, X=G, this definition coincides
with the ordinary definition of © (G). Anyway, t (X) = 1 and the
mearn value theorem for (G, X) are synonymous. In order that © (X)
is well-defined, for example, the existence of a rational Q-section for
the fibering G — X is sufficient, which are the case for (1), (2). For
such case, one can derive (W’) from (W).

It seems to us interesting that the vanishing of the first two homoto-
py groups of the underlying complex manifolds is the reason for the
validity of the mean value theorem in the geometry of numbers.

G. Papy

LA GEOMETRIE DANS L’ENSEIGNEMENT MODERNE
DE LA MATHEMATIQUE

Le programme de 1’expérience belge pour les cing premiéres années
du cycle secondaire (12 a 17 ans) est conforme aux voeux unanimes émis
par toutes les réunions de mathématiciens purs et appliqués que se
sont penchés sur le probléme de 1’enseignement:

1. La mathématique actuellement utile est la mathématique moderne.
Elle a le plus de chances d’entrer en résonance avec 1’esprit des
enfants d’aujourd’hui.

2. 1l faut apprendre a mathématiser des situations.

3. Les programmes du cycle secondaire doivent comporter: ensembles,
relations, graphes, groupes, espaces vectoriels (y compris les vecto-
riels & produit scalaire euclidien), les débuts de 1’analyse mathé-
matique et du calcul différentiel et intégral.

Le point le plus central, le plus fondamental du programme précé-
dent est sans conteste:

ESPACES VECTORIELS

La mise enévidence systématique des espaces vectoriels sous-jacents,
dans les branches les plus variées, est un des traits caractéristiques
du vrai visage de la mathématique d’aujourd’hui. L’étude de proble-
mes difficiles de topologie utilise notamment la structure d’anneau-
module, qui généralise celle d’espace vectoriel.
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Qui ne voit I’impossibilité actuelle de développer honnétement un
cours d’analyse mathématique sans utiliser de maniére fondamentale
les espaces vectoriels [D1]. Est-il admissible de dissimuler que diffé-
rentielles et intégrales sont des exemples importants d’applications
linéaires?

Gustave Choquet a indiqué avec combien de force et de raison que
les vectoriels a produit scalaire constituent la Voie Royale de 1a Géomé-
trie. La théorie des vectoriels a produit scalaire est le cadre naturel du
précieux legs de la tradition euclidienne!

Est-il possible d’étudier les espaces vectoriels sans introduire la
structure de groupe... alors qu’un vectoriel est, avant tout, un groupe
commutatif... et qu’apparaitront inévitablement les groupes de trans-
formations linéaires?

La plupart des groupes envisagés sont des groupes de permutations.
Il s’agira de distinguer les permutations parmi les transforma-
tions.

L’ensemble des classes latérales de tout sousvectoriel constitue une
partition.

Et nous n’avons pas encore evoque le champ des coefficients. Les
vectoriels considérés sont réels: il s’agit donc d’introduire le champ
ordonné des nombres réels, dans lequel la structure d’ordre joue un
role tout a fait fondamental.

Inutile de prolonger cette énumération en cascade, un bon ensei-
gnement des éléments des vectoriels utilise inévitablement tous les con-
cepts de la théorie élémentaire des ensembles, des relations et des
groupes.

L’inscription de 1’étude du vectoriel réel au programme de 1’en-
seignement secondaire, impose les grandes lignes de ce programme que
nous allons examiner ci-dessous de maniére plus détaillée, en suivant
1’ordre chronologique, et en polarisant nos observations sur la géomé-
trie et le vectoriel euclidien plan.

L S

En 1961, au moment méme ot 1’entreprise belge de rénovation
de 1’enseignement de la mathématique démarrait dans les classes de
6éme (12—13 ans), j’ai pris une classe de 3éme scientifique (éléves
de 15 a 16 ans, 7 périodes de 45 min. par semaine) pour voir s’il n’y
avait pas moyen d’enseigner directement la théorie des vectoriels a des
éléves de 15 ans ayant suivi un enseignement traditionnel.

Cette expérience m’a amené a la conclusion que voici:

1. L’enseignement traditionnel avant 15 ans, avait déja condition-
né les éléves dans unsens opposé a 1’esprit de 1amathématique moderne.
De grands eifforts devaient etre consentis pour les désintoxiquer. Le
conditionnement antérieur n’avait rien de naturel ni de spontané:
des trésors de pedagogle et d’ abnegatlon traditionnelles avaient été
dépensés pour arriver a ce résultat... qu’il convenait maintenant de
détruire. Quelle perte de temps et d’ energle‘
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2. Les notions fondamentales concernant ensembles et relations
s’enseignent plus aisément a 12 ans qu’a 15. Elles embouteillent le
cours de la classe de 15 ans ol trop de concepts doivent s’introduire
simultanément.

3. Ensembles, relations, groupes... étant enseignés dés 12—13
ans, il est possible d’utiliser harmonieusement ces concepts comme
outils-moteurs de la construction méme de 1’édifice mathématique et
en particulier de la géométrie. Il en résulte un énorme gain de temps
et de motivation et la mathématique apparait ainsi dans une vision
unitaire.

. Classe de sixiéme (12—13 ans) (4 périodes hebdomadai-
res de 45 min)?)

La premiére moitié de cette année est réservée aux ensembles et
relations, enseignés en s’aidant des représentations géométriques
par diagrammes de Venn et graphes multicolores.

Tous ceux qui ont procédé de la sorte — et ont pris leur temps pour
cet enseignement — ont pu constater, les années ultérieures, que les
principales notions de cette théorie élémentaire et naive étaient défi-
nitivement assimilées et faisaient méme partie de la connaissance
acquise immédiatement disponible.

L’usage des diagrammes de Venn et des graphes apprend subsidi-
airement a dessiner des schémas et & schématiser des situations, ce qui
est fondamental pour toutes les études ultérieures.

On aborde la géométrie au cours de la deuxiéme moitié de cette
année en utilisant a la fois les notions ensemblistes acquises et 1a métho-
de axiomatique des sciences expérimentales. Le plan est regardé comme
un donné que 1’on idéalise de maniére harmonieuse lorsque 1’expérien-
ce proprement dite cesse de donner des réponses. Le mafitre choisit des
situations qui provoquent 1’expression de certaines affirmations plus
ou moins descriptives. C’est parmi celles-ci que 1’on choisit les axiomes
d’incidence de la géométrie plane.

I1 est souvent difficile de raisonner sur des figures parce que 1’on
y voit les réponses sans raisonner. On obvie a cet inconvénient par 1'uti-
lisation des diagrammes de Venn ([MM1] pp 68—71) et notamment en
demandant de dessiner dans le plan des situations primitivement décri-
tes par des diagrammes.

L’axiome des paralléles est introduit sous forme globale ([MM1]
pp 73—75).

Les chaines de parallélogrammes conduisent tout naturellement
a la notion de couples équipollents. Le caractere arguésien du plan est
contenu dans 1’axiome affirmant la transitivité de 1’équipollence.

1) Certaines classes belges de sixiéme disposent de 5 a4 6 périodes hebdo-
madaires. C’est 1’idéal. Personnellement, nous avons mené 1’ expérience dans
des classes & quatre périodes.
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Les translations ou vecteurs (classes d’équivalence de 1’équipollen-
ce), apparaissent d’emblée comme permutations du plan. L’indentifi-
cation délibérée de vecteur et translation & une permutationdu plan
- économise des concepts et évite des distingues subtils mais
inutiles.

En ce qui concerne la géométrie, le cours de sixiéme se termine par
la mise en evidence du groupe commutatif des vecteurs auquel s’inden-
tifie le plan II des la fixation d’une origine. Les éleves effectueront
des calculs dans le groupe 1I,, + qui est en lui-méme une prodigieuse
situation pédagogique.

En plus des translations, on considére dans cette classe les pro-
jections paralléles du plan sur une droite et [’'une des premiéres démon-
strations dignes de ce nom consiste a prouver que les projections paral-
léles de couples équipollents sont équipollentes, premier pas vers
le théoréme de Thalés. On utilisera, a cet effet, le moyen pédagogique
des bandes dessinées pour marquer les étapes de la démonstration
(IMM1] p 362).

Une telle présentation de la géométrie est possible parce que nos
éléves ont étudié au préalable ensembles et relations, et notamment
les permutations.

Classe de cinquiéme (13—14ans) (4 périodes hebdomadaires
de 45 min.)

Cette année est presque entiérement consacrée a la genése simul-
tanée du champ ordonné des réels et de la structure vectorielle plane.
Le fait important a retenir ici, est qu’il existe au moins une méthode
permettant d’introduire ces notions importantes, de maniére a la fois
rigoureuse et intuitive, d des enfants de 13 a 14 ans.

Cet enseignement a pu réussir grace a la présentation antérieure
des éléments de géométrie sous forme ensembliste, axiomatique et
relationnelle. La numération de position joue un réle essentiel dans
I’introduction de I’ensemble ordonné des réels. Pour plus de détails,
nous renvoyons le lecteur intéressé a [F1], petit ouvrage destiné aux
enseignants, oit & [MM2], manuel destiné aux éléves et écrit aprés
1’expérience.

Un patient cheminement nous a conduit des axiomes originels
de caractére intuitif a la structure de vectoriel réel de dimension deux.
Au fur et a mesure du développement du cours, on invoque de moins
en moins les axiomes originels et les propositions intermédiaires
et de plus en plus les propriétés qui caractérisent la structure de vecto-
riel réel du plan.

Le cours culmine par la mise en évidence de cette structure et se
termine par son utilisation systématique. On prépare ainsi le retourne-
ment psychologique du début de la classe de troisiéme ott la structure
vectorielle est la base axiomatique de départ.
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Classe de quatriéme (14—15 ans) (4 périodes hebdomadai-
res de 45 min)

«Le cadre du vectoriel euclidien plan est la .voie royale pour
I’enseignement de la géométrie». Encore convient-il d’accéder sans
heurt & cette voie. Tel est le but de notre enseignement de 1a géométrie
métrique dans la classe de quatriéme.

A partir de la notion bien intuitive de symétrie orthogonale, on
introduit ou I’on retrouve déplacements (rotations ou translations)
et retournements (symétries glissées ou non).

Le moyen pédagogique des droites numérotées facilite [’accés
au groupe des isométries et a celui des déplacements ([GP] et [MM3]).

L’utilisation simultanée de ces groupes et des repéres affins des
droites introduit la notion de distance sous sa forme moderne comme
application de 11 X 11 dans R*, ce qui sous-entend de choix préalable
de 1'unité. Il n’y a aucune objection & la fixation de celle-ci, puisque
le changement d’unité pose un probléme dont la solution est banale.

Le groupe commutatif des rotations de centre donné conduit au
groupe des angles. Comme la mesure des angles ne joue aucun role en
géométrie élémentaire, le probléme que pose son introduction est re-
porté a la classe de seconde ot1il est résolu dans le cadre de la théorie
des fonctions circulaires. La préhension numérique de 1’angle se fera
d’abord par I'intermédiaire du cosinus.

Distance et cosinus introduisent le produit scalaire. Sa commutati-
vité et sa bilinéarité entrainent théoréme de Pythagore, inégalité
de Cauchy-Schwartz et inégalité triangulaire.

Le cours culmine par la mise en évidence de la structure de vecto-
riel euclidien plan et se fermine par son utilisation systématique.

Classe de troisiéme scientifique (15—16 ans)
(7 périodes hebdomadaires de 45 min)

Les éléves ont eu 1’occasion de se rendre compte de I’importance
de la structure de vectoriel ce qui motive une petite étude intrinséque
dont le point crucial est le théoréme de la base:

Si un vectoriel admet une base de n éléments

Alors toute base de ce vectoriel comprend n éléments.

Ce théoréme est mis a la portée des éléves de 15 ans grice a un
moyen pédagogique qui matérialise les subtitutions dans le passage
d’une base a une autre. Ce procédé est décrit de maniére schématique
dans [F2] pp 32—33.

Ce point acquis, le moment est venu d’effectuer le retournement
psychologique auquel nous avons déja fait allusion. La fin des cours
des classes de cinquiéme et de quatriéme a déja appris a se servir, en
fait, des axiomes de définition de la structure de vectoriel euclidien
plan.

Les éléves qui ont parcouru avec nous le chemin menant des axio-
mes originels a cette structure ont souvent une certaine angoisse
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a ’idée de ne pas retenir le détail de 1’itinéraire parcouru. Le retour-
nement psychologique vient & son heure: il est apaisant et réconfortant
de savoir que 1’on a le droit de ne plus retenir que les axiomes de
définition des réels et ceux de la structure de vectoriel euclidien
plan.

La dimension n’intervient pas dans les démonstrations concernant
le carré scalaire d’une somme et le théoréme de Pythagore. On fait
d’une pierre deux coups, puisque ces résultats restent valables dans
’espace.

La plus grande partie du cours de troisiéme, en ce qui concerne
la géométrie, est néanmoins consacrée a une étude plus systématique
du vectoriel euclidien plan. Il serait navrant de n’utiliser cette impor-
tante structure que pour établir de maniére nouvelle des résultats
déja acquis dans 1’enseignement antérieur et notamment dans la
classe de quatriéme. Le déroulement du cours de troisiéme doit con-
vaincre les éléves que le vectoriel euclidien plan est une formidable
base de départ pour la conquéte de notions absolument fondamentales
de la mathématique de toujours.

La linéarité des projections paralléles, des homothéties et des
symétries paralléles (et orthogonales) mise en éviderice dans les clas-
ses de 5éme et 4éme, motive 1’étude des transformations linéaires du
vectoriel plan.

Toute transformation linéaire est déterminée par 1'image des élé-
ments d’une base. On devine aussitot le bénéfice que 1’on pourra
tirer d’une utilisation adéquate de la méthode des graphes, dont
I’intérét rebondit ici de maniéresubite. A chacun de ces graphes par-
tiels est associée la matrice de la transformations dans la base consi-
dérée. Cette étude met en évidence 1'anneau des transformations
linéaires (et subsidiairement celui des matrices R2%2, 4-,.) et le groupe
linéaire général (voir [A7], Ch. 2).

On a vu, dans les classes antérieures, que les isométries centrées
sont linéaires. D’ot1 le probléme inverse: quelles sont les transforma-
tions orthogonales (ou transformations linéaires qui conservent le
produit scalaire)? On est heureux d’établir que les seules transforma-
tions orthogonales sont celles que 1’on connait déja: symeétries et
rotations. L’étude des matrices de ces transformations dans une base
orthonormée conduit au cosinus d’une rotation ainsi qu’au demi-tour
et aux deux quarts de tour.

Le groupe des similitudes et le sous-groupe des similitudes directes
s’obtiennent en composant homothéties et transformations orthogona-
les. On établit enfin que 1’ensemble des similitudes directes est un
champ (ou corps commutatif).

Une des maniéres d’orienter le vectoriel consiste & décider d’appeler
i I'un des quarts de tour. Toute similitude directe s’indentifie au
nombre complexe a +- bi. La partie réelle a ne dépend pas de 1’orien-
tation contrairement au signe de sa partie imaginaire b. Dans le plan
orienté, on définit le sinus d’une rotation ou d’un angle.
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Les angles sont introduits comme éléments d’un groupe additif
isomorphe au groupe compositionnel des rotations ou au groupe multi-
plicatif des nombres complexes de module 1.

Il est facile de déduire les quelques formules trigonométriques
importantes des propriétés des nombres complexes.

Pour plus de détails, nous renvoyons au bel ouvrage [D] de Jean
Dieudonné écrit a 1’intention des enseignants intrépides et a [GP]
directement destiné aux éléves.

Dans la classe de seconde (16—17°, la géométrie dans 1’espace est
développée a partir du vectoriel euclidien de dimension trois.
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V. Ponomarev

ON SPACES WHICH ARE CO-ABSOLUTE WITH METRIC SPACES

All spaces are supposed regular Ty-spaces, all mappings are con-
tinuous.

Two spaces will be said co-absolute if they have homeomorphic
absolute. It is proved that the co-absoluteness of two spaces X and Y
is necessary and sufficient for the existence of an irreducible perfect
(but in general multivalued) mapping of the one space onto the other.

In a multivalued mapping f: X — Y to each x € X corresponds
a closed fx = Y. Continuity is supposed in the sense of uppersemicon-
tinuity: to each neighbourhood V (fx) corresponds a neighbourhood Ux
such that f(Ux) = V (fx). Counter-images f'y are defined as
[ty =(x, fx3y). ) )

A (multivalued) mapping f: X — Y is perfect, if f is continuous
(in the above sense), closed and bicompact in both directions, what
means that all images fx and all counter-images f~'y are bicompact.
For any perfect multivalued mapping f: X - Y (and only for such
a mapping) a space Z and two single-valued mappings g: Z— X and h:
Z —Y can be found such that f = kgL
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If the mappings g and 4 can be chosen to be irreducible single
valued (in the sense that no proper closed subset of Z be mapped by
them on the whole of X resp. of Y) then f is called an irreducible (mul-
tivalued) mapping.

Definition. The family X, whose elements are open sets
of the given topological space X is called dense in X if in every open
set of X a set of the family X is contained.

The minimal cardinality of a dense family of open sets in the space
X is called the m-weight of X.

Theorem 1. In order that a space X allows a single valued
perfect irfeducible mapping onto a metric space it is necessary and
sufficient that X be a paracompact p-space satisfying any one of the
following two conditions:

1) There exists in X a dense o-locally finite family of open sets.

2) There exists in X a dense family 2 of open sets which is the
union of a countable system of disjoint and locally finite sub-families.

The so-called p-spaces are defined and studied by A. Arkhangelski.
The paracompact p-spaces (the only which are of importance for us
in the present paper) are exactly those spaces which allow univalued
perfect mappings onto metric spaces. A paracompact space complete

in the sense of Cech is necessarily a p-space.

Theorem 2. If the p-space X allows a multivalued perfect
irreducible mapping onto a metric space Y then X allows also a single-
valued perfect irreducible mapping onto a metric space Y’ (which
is in general different from Y).

Theorem 3. A space X allows a single valued perfect irre-
ducible mapping onto a separable metric space if and only if it is
finally compact (-Lindelof) and of a countable n-weight. If the p-space
X allows a multivalued perfect irreducible mapping onto a separable
metric space Y then the m-weight.of X is countable and there exists
a singlevalued perfect irreducible mapping of X onto a metric space
Y’ (in general diiferent from Y).

Theorem 4. A bicompactum (-bicompact Hausdorff space)
X allows a singlevalued irreducible mapping onto a compactum
(-compact metric space) Y if and only if the n-weight of X is countable.
If the space allows a multivalued irreducible perfect mapping onto
a compactum Y then it allows a singlevalued mapping of the same
kind onto a compactum Y’. ’

From Theorem 4 follows the answer on a problem posed by
P. Alexandroff, namely:

Theorem 5. A perfectly normal bicompactum X is co-absolute
with a metric space (and allows therefore a single valued mapping
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onto a compactum) if and only if X is separable (i. e. contains an
everywhere dense countable point set).

Theorem 6. A bicompactum X is co-absolute with the Cantor
perfect set if and only if X has a countable m-weight and contains
no isolated points.

Theorem 7. The space X allows a singlevalued perfect irre-
ducible mapping onto a complete metric space if and only if X is

a paracompact space which is complete in the sense of Cech and satis-
fies one of the conditions 1), 2) of Theorem 1. Moreover we have in
this Theorem and in the following one the same equivalence between
the(zi existence of single- and multivalued mappings as in Theorems 2
and 4.

Theorem 8. A bicompactum X with the m-weight t allows
an irreducible mapping onto a bicompactum of the ordinary topolog-
ical weight.

Theorem 9. The n-weight of a dyadic bicompactum equals
its topological weight.

Theorem 10. Let a dyadic bicompactum X contain a dense
point set X; which is co-absolute with a metric space, Y. Then all
of the three spaces X, Y, and (of course X,;) have countable bases.

Theorem 11. An extremally disconnected bicompactum X
contains a subspace X, allowing a closed irreducible mapping onto
a metric space in the case and in that case only when there exists
in X a dense o-disjoint family of open sets.

The following theorem gives a positive answer on a well known and
old problem of P. Alexandroff:

Theorem 12. Let X be an uncountable perfectly normal bicom-
pactum. Then every class of the Borel classification of point sets
in X is non void.

-A space is called extremally disconnected if the closure of every
canonical open set in it is open. The extremally disconnected spaces

are precisely spaces satisfying the condition (8) of Urysohn.

H. Rossi

DIFFERENTIABLE SUBMANIFOLDS OF COMPLEX
EUCLIDEAN SPACE

Let M* be a real differentiable submanifold on C». We may con-
sider the tangent bundle T to M as a (real) subbundle of the tangent
bundle M X C"to C" along M. We assume that the fibers of the distri-
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bution S=T0 ¥V —I1 (T) all have the same dimension. Each fiber
of S inherits the structure of a complex manifold. If £ > n, then the
minimal possible (complex) dimension of S, is &2 — n; we say the
distribution is regular if this is the dimension. A differentiable func-
tion on M is called holomorphic if its differential is complex linear
when restricted to each Sy. The collection of holomorphic functions
H (M) forms a ring which is not uniformly dense in all continuous
functions and which contains the restrictions of functions holomorphic
in C™. One central problem is to describe intrinsically this ring of
functions. Another is the study of the possibility of analytic extension
of the functions in H (M) into some set in C*, and description of that
set. These problems are completely solvable in the case 2 = 2n — 1
by the Levi form of M. An attempt is made to define an analogue in
the case of higher codimension, and to determine its influence on the
behavior of the functions in H (M).

Problems of this nature have been considered by various authors:
Hartogs, Poincaré, E. E. Levi, Krzoska, Sommer, R. Hermann,
R. O. Wells and most significantly Hans Lewy and E. A. Bishop.
These works will be discussed.

The structure described above can be abstractly formulated and,
in the real analytic case, it is shown that nothing new is added. It is

also shown in the real analytic case that if TN} —1 (T) = {0}
everywhere then M is holomorphically convex. The differentiable case
appears to be very difficult.

I.E.Segal

FUNCTIONAL INTEGRATION AND NON-LINEAR PARTIAL
DIFFERENTIAL EQUATIONS

Probability measures in infinite-dimensional linear spaces arise
naturally in the theory of stochastic processes, in quantum field theory,
and in quantum statistics. Quite frequently, these measures are count-
ably addilive only relative to finite-dimensional spaces; the linearity
of the space compensates in a way for the lack of full countable addi-
tivity. Such a measure may be extended to a fully countably additive
one on a larger space in an infinite variety of ways, whose relative
utility is a function of the analytical role and origin of the measure
in question.

For example, there is a virtually unique such (weak, probability)
distribution on an infinite-dimensional Hilbert space which is invar-
iant under its full isomorphism group (i.e., orthogonal or unitary
group); it is a mixture of the isotropic normal distributions centered
at the origin, of arbitrary variances; it is fully countably additive
only in the trivial case of zero variance. For any suitable concrete
realization of the Hilbert space H, for example as the space L, (M)
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of all square-integrable functions on a measure space M of an appro-
priate nature, there will be a countably additive extension of the
measure; thus, for H = Ly(0, 1), the map f— F, F (x) = {¢f (¢) dt,
carries H into the space C ([0, 1]) of all continuous functions on
[0, 1] which vanish at 0, i.e. Wiener space; the naturally induced
measure on C ([0, 1]) is countably additive, and indeed identical
with Wiener measure. As is typical, this attainment of countable
additivity in a concrete space has involved the loss of simple invari-
ance features.

Many difficult and important questions remain in the area of
linear functional integration theory, but the foundations of the subject
have been effectively studied in the past twelve years, and are now
basically quite well understood. We might summarize the situation
as follows: countable additivity plays an essential role for measures
on locally compact or similar spaces; it can also play a quite important
technical role for measures on infinite-dimensional spaces, but inte-
gration-theoretically, these spaces appear most naturally as limits
of finite-dimensional ones.

The clarification of this general question is important in order
to proceed to the case of non-linear spaces, e. g. the solution manifold
of a non-linear equation of evolution. In general, the probability
distributions of particular interest on these manifolds are likely
to have distinguished group-invariance properties, which are correlat-
ed with weakened regularity and countable-additivity, which in
turn leads to difficulties in the definition of non-linear functionals
and transforms on the manifold. While there is in general no great
difficulty in approximating even a non-linear manifold by a finite-
dimensional one, it is difficult to do so in a fashion which commutes
with the respective actions of the temporal translation or other groups
on the manifolds. Since potential applications to the treatment of
stochastic and quantized partial differential equations have been
the major source of recent developments in functional integration
theory, it seems appropriate and perhaps essential, at this stage,
to develop the theory further in close relation to the theory of
the partial differential equations in question,— as well as in
abstracto. We turn therefore to the consideration of the solution
manifold of a given non-linear evolutionary partial differential equa-
tion. In so doing, we concentrate on equations of the type considered
in the heuristic study of quantum-fields (i.e. operator-valued distri-
butions satisfying certain prescribed commutation or similar rela-
tions), for mathematical rather than physical purposes; namely, the
breadth and depth of the mathematical difficulties of non-linear
functional integration theory may well be at their greatest in this
direction. Indeed, physically there has been a long-term trend away
from the belief that local partial differential equations in Minkowski
space form an appropriate basis for the analysis of microscopic ele-
mentary particle phenomena. However, the really fundamental ideas
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of quantum field theory are quite possibly largely independent of
localization of the field in Minkowski space, and should be mathemat-
ically realizable in such a framework, even if its physically validity
is uncertain. In macroscopic physics there is little doubt about the
importance of hyperbolic partial differential equations; and mathemat-
ically, models are provided for the study of a number of key problems
of non-linear functional analysis (among them the treatment of non-
linear functions of generalized functions; and the theory of infinite-
dimensional symplectic and hermitian manifolds).

The basic partial differential equations of quantum mechanics
are naturally taken in the evolutionary form

u' =Au+K (u, t); (1)

here u = u (f) has values in a function space; K (u, ?) is a given non-
linear function of « and #; in this form the basic equations of fluid
mechanics are also essentially included. An important special case,
to which we confine ourselves, partly for brevity, is that of a time-
independent second-order equation; this may conveniently be taken

in the form
Q"+ B*®=J (D), )

where B is a given non-negative self-adjoint operator in a Hilbert
space H, and J is a given non-linear operator from the completion
[Dgl of the domain of B, relative to the inner product: (x, y)p =
= (Bx, By), to H. For example, the equation

O¢=mPp-+Fg (O=A—a}; F(0)=F (0)=0) (3)

in a flat space-time of dimension n 4 1, is subsumed by taking
H=1L,(S), S=space, B = (m2] — A)*2, @ (t) = ¢ (., ) (.= space
variable), and J: ® - —F (¢); J is then an unbounded non-linear
operator, in general. The point of the formulation of J as an operator
from [Dgl to H appears in the reformulation of the equation as one
of first order: u is a vector in the space H'= [Dy] + H, A is the skew-

adjoint operator in H’ whose matrix is (gz é), and K (u, t) is the

map, u = (f, g)— (0, J (f)); this equation is of the form (1) with A
a skew-adjoint operator and K (u, f) a non-linear time-independent
operator in H’. Combining classical methods and functional analytic
ideas, one may show

Theorem 1. If J is locally Lipschitzian from [Dgl to H, then
the Cauchy problem for the equation (2); @ (to)) = f, D'(to) = g,
(f, @ € H', has a unique local solution in time (to its integrated form).
If additionally there exists a non-positive Frechet-differentiable function
E on H such that 0.E (v) = (J (v),.), then the solution exists (and
is unique) globally in time.
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For example, the equation
Oe=m’p+ge" (g=>0, podd, >1) 4)

has unique global solutions in one and two space dimensions, and also
when p = 3 in three space dimensions, as first shown by K. J6rgens

by a classical (non-abstract) treatment; here E (v)= —CS Pt d x,

c a positive constant. On the other hand, in n =3 and p > 3, or
if n >3 and p>1, the mapping v — vP carries Dy outside of H,
and Theorem 1 does not apply. Nevertheless, by approximation with
“cut-off” equations, to which Theorem 1 is applicable, and applying
a compactness argument, one may show

Theorem 2. The Cauchy problem for equation (4) with arbitrary
finite-energy initial data, has a global weak solution, (in any number
of space dimensions, for arbitrary odd p).

It seems difficult to determine whether the solution is unique;
or whether it is globally regular if initially so; these questions lead
to problems concerning the singular differential operators A —V,
where the non-negative potentials V lie in the Lebesgue space Lyi¢
for small values of e. On the other hand, the dispersion (also called
‘scattering’ or ‘collision’) theory of these equations is in some respects
simpler than that for equations which are better behaved from the
standpoint of uniqueness and regularity of solutions.

General dispersion theory results are fairly complicated in their
statement; for succinctness, we merely describe them as being depend-
ent on: 1) the use of an auxiliary norm or norms N, which in practice
are taken as L, norms of the “field” @ for ¢ = oo or ¢ near oo; 2) the
use of a priori bounds and |or decay estimates (as | t | = o0) on the
solutions of the original non-linear equation; 3) sharper estimates
on the decay of N (®) for suitably regular solutions @ of the associat-
ed linear, or “free”, equation @"” 4 B2® = 0. Representative of the
type of results which may be derived in this fashion is

Theorem 3. The forward wave operator (from solutions of
the free to solutions of the non-linear equation) exists and is unique
within a specified regularity class for the equation (3) provided:
F (A) vanishes to a sufficiently high order r (n) near A = 0; either
n>1or m >0; the initial datum (free solution) is sufficiently regu-
lar; F is of class C.

The required order r (n) decreases as n increases; for n > 3, any
order > 3 is sufficient, showing that the wave operator exists for the
equations (4) in more than 3 space dimensions; when n =3, p>3
is sufficient if m > 0, but if m = 0, p > 5 is required; when n = 1,
the hypothesis m > 0 is clearly essential, and it is sufficient if p > 5.
The total energy of the non-linear solution equals in all cases the
energy of the initial free solution. For the existence of the wave opera-
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tor it is irrelevant whether g > 0 or p is odd, but if these conditions
are not satisfied the solution of the non-linear equation which is the
image under the wave operator of a given free solution need exist
only for all sufficiently early times.

The question of the existence of the wave operator from solutions
of the non-linear equation to solutions of the free equation proceeds
somewhat differently; again the existence holds for a rather general
class of functions F, but for brevity only the case of equation (4) is
considered in

Theorem 4. Any finite-energy weak solution of the (integrated
form of the) equation (4) is weakly asympfotic as t — oo to a unique
finite-energy solution of the free equation, if n >3 or if n = 3 and
m > 0.

Corollary 4.1. If @o is a solution of the free equation
o = m2qo of finite energy and whose Fourier transform has compact
support, there exists a solution ¢ of equation (4) which is strongly
asymptotic to @y as t — — oo; ¢ is in turn weakly asymptotic to a unique
finite-energy solution of the free equation, provided n>3, m > 0.

In recent work with W. Strauss, it has been shown that strong
asymptoticity is valid as ¢ — oo for the equation []¢ = g¢3?; since
solutions of this equation should be expected to have a slower rate
of decay than in the case of any of the equations considered in Corol-
lary 4.1, it seems probable that the indicated weak convergence is
actually strong, at least in the case n = p = 3.

The set of all solutions to a second-order hyperbolic partial differ-
ential equation may be regarded as an infinite-dimensional analogue
to the phase space of a dynamical system. The existence of a suitable
wave operator makes it possible to transform an adequately regular
temporally invariant (weak) probability distribution on the solution
manifold of the free equation into a temporally invariant (weak)
measure on the solution manifold of the non-linear equation, which
forms a partial analogue to Liouville’s measure. The analogy with the
Liouville theory is strongly reinforced by the existence of a natural
fundamental second-order differential form playing a role similar
to that of the fundamental form in the finite-dimensional case.

Theorem b. If in equation (2) J is infinitely (Frechet) differ-
entiable, the manifold of all finite-energy solutions is of class C*»
and its tangent vectors at any solution @ (f) may be naturally represent-
ed by solutions { of the first-order variational equation; on defining,
for any two such tangent vectors

Qd) (q’i? 1P2) = ('qu’ ‘P;) - (11)27 1|’;>7

Q is a closed, non-degenerate, temporally-invariant, C* differential .
form. It is transformed into the corresponding form in the free solution
manifold by the wave operator, and this free differential form is inva-
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riant under the dispersion operator, when these operators exist and are
sufficiently regular.

In the case of a relativistic equation such as (3), Q is invariant
under the Poincaré group, when restricted to solutions and tangent
vectors which are infinitely differentiable and of compact spatial
support.

The relativistic invariance of the theory is further manifested by
its development on a general curved space-time manifold from the
local viewpoint taken in the work of Leray on the foundations of the
general theory of hyperbolic equations, as initiated by Y. Choquet-
Bruhat and A. Lichnerowicz. The formulation of the fundamental
differential equation as an abstract equation of evolution is here quite
inconvenient, and the fundamental form © must be defined differently
as follows, treating for brevity the case of the equation: (J ¢ = F (9)
on a Lorentzian space-time manifold, and restricting consideration
to C> solutions. A tangent vector to the solution manifold at a solu-
tion ¢ may be identified with a solution A of the equation:
(OA=F’(9) A. The commutator distribution Dy, (x, x") may be defined
as a solution of this equation as a function of x whose Cauchy data are
specified by the requirements that relative to any local space-time

coordinates, D (x, ¢; x’, ¢) =0 and 9:D (x, ¢; x', ') =6 (x — x')
when ¢ = ¢’ (more invariantly, it is the difference of the advanced and
retarded elementary solutions given by the Leray theory). According
to a result of Choquet-Bruhat, every tangent vector A is of the form:

A(x) = g D (x, x') f (x') dx'. for some C= function f of compact sup-
port; now defining

Qo (b &)= { { Do (x, %) 2 (0) fa (') dx d,

we may state

Theorem 6. Q is a closed, non-degenerate, C> differential
form on the manifold of all local solutions of equation (3) in the vicinity
of any point on the given Lorentzian manifold, and is invariant under
local automorphisms of the manifold.

In terms of the commutator function Dg (x, x’) it is possible to
express in closed form the commutator of the vector fields on the solu-
tion manifold which generate vector displacements in the Cauchy data
space, as given on any two space-like surfaces; the algebraic treatment
of domains of dependence and regions of influence is thereby facili-
tated. The commutator function also represents the commutator of the
Bose-Einstein quantization of the field defined by the first-order
variational equation.

Up to this point the results indicated have been entirely classical,
i.e. concerned with solutions of partial differential equations whose
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values are numerical or in a finite-dimensional vector space. They
are however applicable to the treatment of stochastic and quantized
partial differential equations, i.e. equations whose solutions have
values which are random variables or operators in Hilbert space;
in general, however, these solutions will be generalized functions,
non-linear functions of which have no a priori meaning.

One line of mathematical development proceeds from the earlier
observation of the classical significance of the quantum-mechanical
commutator, and may be indicated by the

Theorem 7. Let M be the solution manifold of the partial

differential equation: [Jo = m?p 4V (x) F (¢), where F is as above
and V is a given C* function (possibly constant). Then there exists
a generalized function ¢ on space-time whose values are first-order
linear differential operators on the space C*(M) of all infinitely dif-
ferentiable functionals on M which satisfies: (i) the canonical commuta-
tion relations, (ii) a partial differential equation related to the given
one (and formally identical to it in case F is linear), (iii) invariance
relative to the group of the equation, under the natural representation
of the group on C* (M) (in particular, Lorentz invariance in case V (x)
is constant).

The interpretation of the field operators @ (f) as seli-adjoint opera-
tors in a Hilbert space, in accordance with the usual quantum phenom-
enology, derives from the introduction of a suitable invariant meas-
ure on M; in the non-linear case, the only presently known method
of establishing the existence of this measure is via the dispersion theory
indicated above. The condition on F given in the next result will
probably be weakened soon to cover cases in which F is a po-
lynomial.

Corollary 7.1. For the relativistic equation (o = m?*p +
+ F (¢), the field operators @ (f) are self-adjoint as operators in
Ly (M, n), where wn is the image under the induced action of the wave
operator of suitable time-independent normal distributions in the free
equation solution manifold, which can be chosen so that their character-
istic functions are arbitrarily close to that of the normal distribution
associated with the free “vacuum”, provided F (A) vanishes near A'= 0,
and is of class C* with F’ (\) bounded.

The free “vacuum” normal distribution in a Hilbert space H/may
be defined for brevity as that whose characteristic function is
e~/ollzl12 (2 € H). The formal “physical vacuum” distribution
is the transform of this distribution under the wave operator, but the
distribution is too singular and the wave operator of a relativistic
equation too strongly non-linear for this transform to exist in the
usual mathematical sense. The difficulty of dealing with non-linear
functions of weak distributions arises also in a second line of mathe-
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matical development, which deals only with finite times. The funda-
mental problem is that of giving an effective meaning to non-linear
functions, of a random generalized function; due to “local commutativ-
ity”, a quantized field at a particular time, relative to the presumptive
physical vacuum, constitutes such a random function. The “Wick
product” provides, relative to the “iree vacuum”, an approach to these
matters. It is possible to define powers ¢ (x)® for a general class
of non-linear random generalized functions ¢ (x) in one dimension,
uniquely determined by normalization and transformation properties
under displacement in function space ¢ (x) = @ (x) 4+ f (x), where
f (x) is a non-random, numerical function), which generalize the
Wick powers, and moreover by virtue of the stochastic interpretation
provide their simultaneous spectral resolution. Such generalized powers
provide a relatively direct approach to the problem of giving a mean-
ing to equations such as (4) for a random generalized function ¢.
Both lines of development are effective in providing a simple
rigorous formulation of linear quantum field theory; even for the

simple linear equation [Jo = m?¢ + V (x) ¢, the quantum field
dynamics are in general not unitarily implementable relative to the
free-field system defined by the equation [J¢ = m?p, so that it is
not trivial to adapt conventional heuristic treatments to a precise
one. For suitable V, for example of compact support, the quantum-
mechanical dispersion operator for the quantized field defined by the
indicated equation is identical with the induced action of the classical
dispersion operator, on the subspace of those square-integrable function-
als which are holomorphic, relative to a V-dependent complex struc-
ture in the solution manifold. The analysis of such holomorphic
functions is in some respects much simpler than that of general func-
tionals; it would be interesting to determine an invariant holomorphic
structure in the solution manifold of a non-linear equation which
is similarly compatible with its symplectic structure; there are results
pointing in the direction of a canonical such structure invariant under
the dispersion operator.
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G. Shimura

NUMBER FIELDS AND ZETA FUNCTIONS ASSOCIATED WITH
DISCONTINUOUS GROUPS AND ALGEBRAIC VARIETIES

1. INTRODUCTION

Let I' be an arithmetically defined discontinuous group operating
on a bounded symmetric domain H, and ¢ a holomorphic mapping
of H into a projective space which induces a biregular morphism
of H/T onto a Zariski open subset V of a projective variety. Then one
can set the following problems.

(A) Find a model V defined over an algebraic number field.

(B) With suitably chosen V and ¢, characterize number-theoreti-
cally the field generated by the coordinates of ¢ (z,) for an elliptic
fixed ppoint 2o of an analytic automorphism a of H such that al'a™®
is commensurable with T'.

(C) Find a connection between the zeta function of V and the
Hecke operators defined for the automorphic forms with respect to I'.

A typical example is the case where I' is a principal congruence
subgroup of the modular group SL, (Z) and H is the upper half plane.
Then one finds a curve V so as to be defined over the rational number
field Q. The classical theory of complex multiplication solves Prob-
lem (B). The last problem (C) has been investigated by Eichler [1]
and the author [2].

The main purpose of this lecture is to answer the above questions
for all [possible arithmetic I' (at least up to commensurability) acting
on the upper half plane. This provides a complete analogue to the
results obtained for SL, (Z). It turns out especially that the maximal
abelian extension of a totally imaginary quadratic extension of a total-
ly real algebraic number field F can be generated, over the maximal
abelian extension of F, by the special values of automorphic functions
of one variable. Although the principal part is thus concerned with
the one-dimensional H, we shall first discuss Problems (A) and (B)
in the higher dimensional case, because it will give a clear sight
in the whole theory.

2. THE MODULI-VARIETY FOR A FAMILY OF ABELIAN VARIETIES

In many cases, we can attach to H andI" a family ¥ = {Q,|z €H},
parametrized by the points on H, of structures Q,, each of which is
formed by an abelian variety A,, a polarization of A,, endomorphisms
of A,, and points of finite order on A,. Two members Q, and Qu
of 2 are isomorphic if and only if y (2) = w for some y € I'. We say
that H/T is of type (P), if the members of = can be characterized only
by the type of polarization, endomorphisms, and points of finite
order. In such a case, one can approach Problems (A) and (B) as fol-
lows. First the algebro-geometric characterization of the members
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enables us to show the existence of an algebraic number field 2 with
the property that, for every Q, € £ and an automorphism o of C, o
is the identity mapping on £ if and only if (Q.;)® is isomorphic to
a member of £. Then one can choose V and ¢ so that the following
conditions are satisfied [6].

(2.1) V is defined over k.

(2.2) If Q and Q' are structures isomorphic to members Q. and Qu
of 2 respectively, and if Q' is a specialization of Q over k, then (¢ (w), Q')
is a specialization of (¢ (2), Q) over k.

For a given Z, such V and ¢ are unique up to biregular morphisms
over k. The field % (¢ (2)), for each point z € H, has an invariant
meaning for the structure Q,, since it can be characterized by the
following property. We call & (¢ (2)) the field of moduli of Q.:

(2.3) An automorphism o of C is the identity mapping on k (¢ (2))
if and only if (Q,)° is isomorphic to Q,.

Now if z is an isolated fixed point of an analytic automorphism
of H described in (B), then A, has sufficiently many complex multi-
plications. Therefore the determination of the number field & (¢ (2))
can be essentially done by applying the theory of complex multipli-
cation of abelian varieties [7]to A,. However it is not always a simple
task but actually an interesting research problem to determine the
structure of 4,. The study of some special ones among these A, is very
effectively employed to characterize 2 number-theoretically [5].

It should be observed that this recognition of H/I' as moduli-variety
does not necessarily give the ultimate answer to our problems, for
some reasons which will be explained in the following section. Never-
theless, by this means, one can obtain at least the first approximation
to the solution, which is really the best possible in a number of cases,
as is seen in the classical case of SL,(Z) and elliptic curves.

3. REFLEXIONS TO THE IDEA OF SECTION 2

There are some spaces H’/T'* which are not of type (P), but can be
embedded into H/I' of type (P) through injections H'— H and
I'"—T. In such a case, one can still show that H’/T'' has a model
defined over an algebraic number field. To show this, first we take V
and ¢ for H/T so as to satisfy (2.1) and (2.2), and then choose a point 2
on H' so that A, has sufficiently many complex multiplications. The
points w on H' such that A, is isogenous to A, form a dense subset
X of H'. Since % (¢ (w)) is the field of moduli of Q,, we see that the
coordinates of the points in ¢ (X) are all algebraic numbers. Therefore,
if 0 is an automorphism of C over the algebraic closure of @, then one
has ¢ (X) = ¢ (X)° < ¢ (H')%, so that ¢ (H')= ¢ (H')°. It follows
that ¢ (H’), a model for H'/T'’ is defined over an algebraic number
field. In this way, we know that H/T' has a model defined over an
algebraic number field, so far as there is a family of abelian varieties
attached to H/T in the sense of Kuga and Satake. A careful analysis
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of the special members Q, and the fields £ (¢ (2)) may yield a more
precise result.

The field & determined for the family = of § 2 is not necessarily
the smallest field of definition for the field of automorphic functions
with respect to I'. In reality % is a number field which has an essential
meaning for the family 2 of abelian varieties, but not always so for
H/T. For example, to a certain H/I' one can attach infinitely many
distinct families of abelian varieties. This can happen both in the
cases of type (P) and not of type (P). Therefore if we ask for “absolute”
statements concerning H/I' without reference to abelian varieties,
the answer. of § 2 to our questions may be considered incomplete in
such a case. However, by studying these families more closely, it is
possible to obtain an “absolute result” for the one-dimensional H,
which is our object in the following sections.

4. CONSTRUCTION OF CLASS-FIELDS BY AUTOMORPHIC FUNCTIONS
WITH RESPECT TO AN ARITHMETIC FUCHSSIAN GROUP

Let B be a quaternion algebra over a totally real algebraic number
field F of degree g. If r is the number of archimedean primes of F
unramified in B, one can identify B = B ® ¢ R with the product
My (R)"X K°-" of r copies of the total matrix ring M, (R) of degree
2 over the real number field R, and g — r copies of the division ring
of real quaternions K. For every o € Bg let o = (a4, . . ., ag) with
ay € My (R) or K according as v=r or v > r. If det (ay) > 0 for
v = r, the action of a on the product §" of r copies of the upper half
plane § = {z€ C|Im (2) > 0} is defined by

G(Zi, c ey Z,-) (wi, LI | wr)v
Wy = (avzv + bv)/(cvzv + dv)v

ay, by
a‘v - cv dv .
Let o be a maximal order in B, and ¢ an integral ideal in F. Let
T (0, ¢) denote the set of all units y in o such that 1 — ¢ € c¢o and det
(yv) > O0forv =r. Then I (0, ¢) can be considered as a discontinuous
group acting on §". It is well-known that §"/T' (s, ¢) is compact
if B is a division ring, especially if r << g. Hereafter let us assume that

r = 1, and the archimedean prime of F corresponding to the unique
factor M, (R) of Bg is obtained from the identity mapping of F.

Lemma. Let M be a totally imaginary quadratic extension of
F which is isomorphic to a quadratic subfield of B over F. Then the
following assertions hold.

(1) If f is an F-linear isomorphism of M into B, every element in
f (M) —F has exactly one fixed point on @ which is common for all
elements of [ (M)—
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(2) If ypu denofes the ring of integers in M, then there exists an
F-linear isomorphism f of M into B such that [ (py) < o.

For an algebraic number field K of finite degree and an integral
ideal ¢ in K, we denote by C (K, a) the abelian extension of K in
which a prime ideal n of K, prime to 4, decomposes completely if and
only if n = (b)) with b € K, 6 = 1 mod a and b is posmve at every
real archimedean prime of K.

Theorem 1. The notation and assumption being as above,
there exists a complete non-singular algebraic curve V and a holomorphic
mapping ¢ of § toV satisfying the following conditions.

(1.1) V is defined over C (F, c).

(1.2) ¢ gives a biregular isomorphism of $H/T'(v, ¢) into V.

(1.3) Let M and | be as in (2) of Lemma, and Z the fixed point of the
elements of f(M)—F on ©. Then C (M, c) is the composite of
M (9 (2)) and C (F, ).

We call such a (V, 9) a canonical model for $/T (v, c). If (V, ¢) and
(V', @) are two canonical models for $/T' (v, ¢), then one can show
the existence of a b1regular morphism j of Vto V', defined over C (F, ¢),
such that jop = ¢’. In this sense, (V, ¢) is uniquely determined for
$/T (a, ©).

The reciprocity-law for the extension C (M, 3)/M can be described
explicitly by means of algebraic correspondences on V. For simplicity,
let us consider the case § = (1). We denote by N (o) the reduced norm
(to F) of an element a of B. Let us classify all the right s-ideals with
respect to the left multiplication by the elements o of B such that
N (a) is totally positive. Let {g(, . . ., ta} be a set of representatives
for the classes of right o-ideals in this sense. Let o, be the left orders
of pa. Set pan = 2apn’. Let N (ga,) denote the ideal in F generated
by the elements N () for all & € pay. We notice that, for each
u, {N (1), - N (#ry)} is a set of representatives for the ideal-
classes modulo the product u of all archimedean primes in F, and
h=I[C(F, 1):F]L

Theorem 2. The notation being as above, there exists a system

{Va, oo (A =1, ., h)} satisfying the following conditions.
2.1) (Vs cp;,)) is a canonical model for Q/T (oa, 1) for each M.
- C(F, 1)F
2.2) Va=VS if a_< o }

(2.3) Let M and f be as in Lemma, under, the condition f (tp) < .
Let z be the fixed point on § of the elements of f (M) — F. Let b be an
ideal in M. Then there exists an element a of B and aunique A such that
aby, = [ (6) o, and N (o) is totally positive. With such an element o
and ©v = gLM,B_I)/_A_/g’ one has @y ()T = @y (™ (2)).

Example. Let d =either 7 or 9 or 11, and let F = F; =
= Q (¢ + &Y with § = e2m/d, Then there exists a quaternion
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algebra B over F which is unramified at exactly one archimedean
prime of F corresponding to the identity mapping of F, and unramified
at every finite prime spot of F. Such a B is unique up to isomorphisms
over F. In thiscase h = 1 and C (F, 1) = F. Let o be a maximal order
in B. For every maximal order o’ in B, there exists an element p of
B such that 9" = pop™ and N (p) is totally positive. One can show
that T' (s, 1), modulo the center, is a triangle group with three classes
of elliptic elements of order 2, 3, d, hence §/T' (v, 1) is of genus 0.
Let 25, 23, z4 be corresponding elliptic points on § which are unique
modulo I' (o, 1). Then there is an automorphic function ¢ on § with
respect to I' (v, 1) which can be characterized by the property that
Q(22) =0, o(25) =1, ¢ (25) =00 and ¢ gives a biregular map
of $/T' (s, 1) onto the complex projective line V. Then it can be shown
that this (V, ¢) is a canonical model for $/T' (v, 1). In this case, for
every totally imaginary quadratic extension M of F, there exists an
F-linear isomorphism f of M into B such that f (ta) <. Let {2y, ...
. . ., 29)}be a set of representatives for the I' (v, 1)-equivalence clas-
ses of the fixed points of f (M) — F for all such f. Then ¢ is exactly
the class number of M, and from the statements (1, 3) and (2.3) one
obtains the following assertion.

The values @ (21), . . ., ¢ (24q) form a complete set of conjugates
of ¢ (21) over M, and M (9 (2;)) is the maximal unramified abelian
extension of M for each i.

Therefore ¢ affords a complete analogue of the classical modular
function j (v), with the field F; in place of Q.

5. THE ZETA-FUNCTIONS OF B AND V

Let V,, ¢ and o, be as in Theorem 2. Set ', =T (04, 1). We
regard B as a subring of M, (R) through the projection of Br to
M; (R). Then N (a) = det (a) for every a € B. For every § =

= Z] €GL, (R) with det(§) >0, and for z€ &, set j (&, 2) =
1

=det (§) 2(cz + d). Let Sn(Ts), for a positive integer m, denote

the vector space of all cusp forms of weight m with respect to T';.

Every element of Sn (I'3) is a holomorphic function f (z) on § such

that f(y ?)) =f (@) j(y, 2" forally €T, If a € B and det (a) < 0,
one can define a linear map (F'pal'a)m : Sm(Ta) = Sm (T'y) as follows.

l
Let I‘uml‘,,=§]1 oI be a disjoint union. Then

(Cualn f= 3} F (@5 @) (@, 97

For an integral ideal 4 in F, let Tya(a)m= 2, (Twol's)n the sum being
taken over all T'yal'y such that agy, is integral and N (afay) =
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It should be observed that A and a determines p uniquely. Further
let Ry (80)m = (T'ufI's)m with anelement B € B such that ey, = aoy.
Then we let T(a)m resp. R (4)» denote the linear transformation on
Sm=sm (F1)+ e +Sm (Fh)
whose restriction to S, (I')) coincides with Ty, (6)m tesp. Rus (6)m-
Now define a Dirichlet series Dn(s) by
D (s)=2T (6)m N (0)%,
where g runs over all integral ideals in F. It can be shown that D, (s)
converges for sufficiently large Re(s) and has an Euler product.

Dr(s)=[] [1—T (0)m N (0)*1% X
X [T 11 =T (P)m N (B)*+ R (P)m N ()21,

where the first product is taken over all the prime ideals p ramified
in B, and the second over all p unramified in B. Moreover, Dy, (s)
is holomorphically continued to the whole s-plane and satisfies a func-
tional equation [4]:

Rn(5)=Tm (5) D (s) = ZY -Rm (2—3) - Y,

T (8) = (2m)79%ds/2T (s) 1T (s — 1 + m/2),
where Z and Y are certain invertible linear transformations on S,
and d is a certain integer.

Let (V, @) be as in Theorem 1. Let p be a prime ideal in F, and B

a prime ideal in C (F, 1) dividing B. Let us denote by B (V) the reduc-
tion of V modulo B, and assume that P (V) is a non-singular
curve. The zeta function Zg (u) of the curve P (V), over the residue
field mod B, has the form

Zgg (1) = Zgp (w)/[(1—u) (1—N (%) w)],

where Z%B () is a polynomial in « of degree 2¢, if ¢ denotes the genus
of V.

Theorem 3. The notation being as above, for almost all » which
is unramified in B, one has

Il o2 (N (B)*) =det[1—T (92N (P)*+R (02N ()21

It follows that if we define the global zeta function T (s, V) of

V, in the sense of Hasse and Weil, by

L, V) =[] pZp V(B

the product being taken over all §§ with good reduction, then
€ (s, V) differs from, det [D; (s)] only by a finite number of p-factors.
Therefore € (s, V) can be continued holomorphically to the whole
s-plane and satisfies a functional equation.
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6. SKETCH OF PROOFS

One can attach two types of families of abelian varieties to
/T (a, ¢) of § 4—b5. Let K be a totally imaginary quadratic extension
of F and let 7, ..., 7, be isomorphisms of K into C such that
{Tiy « ooy Tgy TiPy - .., Tgp} is the set of all isomorphisms of K
into C, where p means complex conjugation. Let L = B®rK. We
consider an abelian variety A of the following type.

(I) dim (4) = 2g; and there exists an isomorphism 0 of K into
Endq (4) such that the analytic representation of 6 (a) is equivalent

to 171—}—119-!—2 ZTV

(II) dim (4) = 4g, and there exists an isomorphism 6 of L into
Endg (A4) such that the analytic representatlon of 6 (@) for a € K is

equivalent to 2 (v 4 T,0) 44 E Ty.

With a suitable polarization and pomts of finite order, one obtains
afamily 2 = {Q.|z € §} of the type described in § 1, withI' = T’ (o, ¢).
For the families of type (I), one has to assume that B splits over K.

Let K’ denote the field generated over Q by 2 x% for all x € K. Define

the field & as in § 1 for this 2. It can be shown that £ = C (K, o).
Here and in the following, we assume that ¢ is generated by a rational
integer. (The general case can be easily reduced to this case). Take V
and ¢ satisfying (2.1—2) for the present 2. Let M and z be as in (1.3).
Then either B ® KM or KM is contained in the endomorphism algebra
of the special member Q, according as Q, is of the above type (II)
or (I). In any case Q. has sufficiently many complex multiplications.
The general theory [7] tells us that the field of moduli of Q,, which
coincides with & (¢ (2)) by virtue of (2.3), is an abelian extension E
of K’M. The nature of the class-field E has been investigated in [3].
Up to this point, we have chosen one K, and constructed (V, ¢) with
respect to this fixed K. Now there are infinitely many choices of K.
The class-field C (M, ¢) can be obtained as the intersection of the
composite E-C (K’, ¢) for all K. This fact enables us to apply Weil’s
criterion to lower the field of definition to C (F, ¢), and then to find
a new model (V, @) satisfying (1.1—3). Theorem 2 can be proved by
investigating more closely the isogenies between Q. and its transforms
by Frobenius automorphisms of E.

To explain the proof of Theorem 3, let us first define some alge-
braic correspondenses. Let {V3, ¢a} be as in Theorem 2, and let

Xua () = {92 (2) X @u (@ (2)) [2€ 8} CVa XV,

Yiw () ={pv (2) X pu (B (2)) [2€ 9} CVy XV,
with elements a and f of B such that ayy, is integral and N (agy,) =
=9, Prvy =Po,. Further let A — A’ be a permutation of {1, . . ., 4}
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such that N (gs) and N (¢3) belong to the same ideal class modulo u
in F, and let 6, be an element of B such that &z, = N(ra) 2’
(cf. [4, p. 257]). Let

Un={ga (2) X ¢r- (82 (2)) [ 2€ 8} CVa X V.

Then Xy (), Yuw(p) and U, are algebraic correspondences, and
U,, is birational. The operators T (9)2 and Ryuv(b): are nothing but _
the representations of X, (p) and Yy, (b) by diiferential forms of the
first kind on the curves. Let 8 be a prime ideal in C (F, 1) dividing ».

Denote by tilde the reduction modulo . Then one has
Xur (p) ="+ 05 o Ty 0 T, (5.1)
P (0) =Tt o OF @, (5.2)

Here m;, denotes the locus of x X x¥(® on V, x VN (), and ‘'m, its

transpose. These congruence relations are obtained from the recipro-
city law (2.3). By a simple computation, one can easily derive Theo-
rem 3 from (5.1—2).
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R. Steinberg

CLASSES OF ELEMENTS OF SEMISIMPLE
ALGEBRAIC GROUPS

If C is a conjugacy class of elements of a semisimple algebraic
group G, it is natural to ask for the structure of C and its closure (as
an algebraic variety and as a union of conjugacy classes), for a con-
venient set of regular functions determining this closure, and for
a canonical representative for C; and to ask how the various classes
fit together to form G. Answers to some of these questions and to some
related ones have been obtained for certain classes of elements,
e. g. regular and semisimple classes, but for other classes, in particu-
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lar unipotent ones, very little is known. (We recall that an element
is regular if its class has maximal dimension, semisimple if it is
diagonalizable, and unipotent if its characteristic values are all 1.)
Our aim is to discuss the results so far obtained and the problems yet
to be solved.

V. Strassen

DER SATZ MIT DEM ITERIERTEN LOGARITHMUS
Sei X; die i-te Rademacherfunktion auf [0, 1] und S, = D X.

i<n
Borel’s starkes Gesetz der grofien Zahl (S, =o0 (n) aullerhalb einer
Menge vom LebesguemaRl 0) erdifnete 1909 eine Folge von Arbeiten
von Hausdorff, Hardy—Littlewood, Steinhaus und Khintschin, die
1924 durch Khintschin’s brillianten Satz mit dem iterierten Logarith-
mus abgeschlossen wurde:

“lim (n log log n)~v2S,=}2 (1)

auBlerhalb einer Menge vom l.ebesguemal§ 0.

Ich mochte hier iiber einen Teil der seitdem erzielten Fortschritte
berichten.

In den ersten beiden Abschnitten werden einige Verschiriungen
behandelt, wobei der oben betrachtete diskrete stochastische Prozef
(Sn)n=1 aus Griinden der leichteren Formulierung durch den konti-
nuierlichen Proze der Brownschen Bewegung (L (¢)):>0 ersetzt
wird. Im letzten Abschnitt werden Verallgemeinerungen des zugrun-
deliegenden Prozesses diskutiert.

1. DER KOLMOGOROV—PETROVSKIJ—ERDOS TEST
Khintschin’s Satz lautet fiir die Brownsche Bewegung:
Iim (¢ log logt) 2L ({)=V'2 fastsicher,
also
Pr {{ (¢) < (ct log log #)*/* schlieBlich fiir f —> oo} =0 oder 1,
je nachdem ¢ << 2 oder ¢ > 2. Sehr viel weiter geht der Kolmogorov —
Petrovskij — Erdds Test (Kolmogorov's Beweis ist nicht verdffent-
licht, Petrovskij [16], Erdos [5], Feller [6], Motoo [15]):
Sei ¢: Rt — R* stetig und so, daB ¢—/2 ¢ (f) mit ¢ wichst. Dann
ist
Pr{C (t) <@ (¢) schlieBlich fiir {— o0}=0 oder 1,
je nachdem

172 pe—9%/(2) dt = co oder << co. 2

e 8
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Man hat heute eine Reihe von 0-1-Kriterien dhnlicher Bauart fiir die
Brownsche Bewegung in einer oder in mehreren Dimensionen. Hierzu
sei auf [t6 —McKean [11] verwiesen (S. 33—38, 161—164, 255—261,
266—269; siehe auch Chung [3], Barndorff-Nielsen [1], Shepp [171],
V, 19). Konvergiert (2), so ist fastsicher schliefilich { << ¢, von welcher
Stelle an, hidngt natiirlich vom Zufall ab. Sei

To=sup {t:;(t) > ()}

P. Lévy [14], S. 271—276 erhilt eine Reihe von oberen Abschét-
zungen Tiir Pr {Ty > s}, die sich als Spezialfdlle der eleganten
Ungleichung

Pr{To>sh<2 | (@2a1%) 7/ g2t dt
in It6 —McKean [11], S. 34 erweisen (giiltig unter einer zusitzlichen

Monotoniebedingung an ).
Ist nun ¢ sogar stetig differenzierbar mit

@ ()~ (¢) fiir s~¢, ¢— o,

und ist fastsicher Ty << o0, so hat T, aulerhalb O eine stetige Dichte
Dg und es gilt

Dy (t) ~ @' (£) (2mut) "2 =0 2421 fiir ¢ — oo 3)
([21], Theorem 3.6). Innerhalb der zugelassenen Funktionenklasse
haben {ibrigens ¢’ und @/ die gleiche GroBenordnung, so da man
den Integranden in (2) auch durch die rechte Seite von (3) ersetzen
kann. (3) liefert dann eine einfache wahrscheinlichkeitstheoretische

Deutung (und einen neuen Beweis) fiir den Kolmogorov — Petrov-
skij — Erd6s Test. Ein Beispiel fiir (3):

clog log t\1/2 ,_ —c/2
Dt 10g 108 112~ <_§R— £ (log )%, (4)

wenn ¢ > 2.

2. DAS VERHALTEN DER GANZEN PFADE

Sei C der Banachraum der stetigen Funktionen x auf [0, 1]
mit x (0) = 0, und fiir t >0 sei ; die durch]

Ce(s)=C(st) (s€l0, 1])

definierte Zufallsvariable mit Werten in C. ; spiegelt das Verhalten
von { bis zum Zeitpunkt ¢ wieder. Khintschin’s Satz kann (unwesent-
lich verschérit) so formuliert werden: Fastsicher ist (¢ log log #)=/2 ¢; (1)

fiir £ — oo beschriankt und die Menge seiner Limespunkte ist [—)/2,
V2l
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Eine analoge Aussage 148t sich fiir die ; als ganze machen ([19],
Corollary 1, siehe auch Chover [2]): Fastsicher ist das Netz

((tloglog#)™ 2 L) >e

relativ normkompakt, und die Menge seiner Normlimespunkte fiir
t— oo ist

1
{x:xEC, x ist absolutstetig, —;— S X2 dp<l}
0

(wobei p das LebesguemaB in [0, 1] ist), besteht also aus genau den
x €C mit “mittlerer kinetischer Energie <17.

Dieses Ergebnis verhilt sich zu Khintschin’s Satz dhnlich wie
Donsker’s Invarianzprinzip [4] zum zentralen Grenzwertsatz (die fiir
den Fall der Brownschen Bewegung allerdings trivial sind). Ebenso
wie dort ergeben sich auch hier zahlreiche Folgerungen durch Anwen-
den von geeigneten Funktionalen, z.B. eine Art Gegenstiick zu (4)
flir c<2:

i {0, 4, £(5)> (esloglog )"} =

=1—exp {—4 <—3—— 1>} fastsicher

(1191, S. 223. Erdos [5], S. 434 hat schon bemerkt, dafl die linke Seite
fastsicher eine gewisse stetige, strikt monoton von 1 nach 0 fallende
Funktion von ¢ € [0, 2] ist, vgl. auch P. Lévy [14], S. 268—271).
Oder ein Resultat, daskiirzlich in etwas anderer Gestalt von Gaposchkin
fiir Summen unabhingiger Zufallsvariablen bewiesen wurde (|9],
Theorem 3):

}liflg a’/2 <Iog log %>—1/2 S) ¢ (s)e~®sds=1 fastsicher

(die linke Seite ist fastsicher

=lim lim %2 <log log = 1 > S C(s)e—asds=

n—oo a0

=1im n®: lim S (t log log £)™2 ¢, (s) e=s ds,

Nn—»00 t—o0

0

so dafl man [19], S. 218 (ii) anwenden kann) Fiir andere Beispiele
siehe [19].

Es liegt nahe, nach einer Verallgemeinerung des Kolmogorov —
Petrovskij — Erdés Test’s fiir das Verhalten der ganzen Pfade zu
fragen. Vielleicht ist die folgende Problemstellung niitzlich:
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Sei fiir jedes £ > 0V; < C offen und konvex so, dall ¢£%2V;1C
(monoton), und sei

ve=inf {(i xzdp,y/2 : xEC——Vt} .
0

Welche zusdtzlichen Bedingungen sind an die V; zu stellen, damit:

Pr{C; €V, schliefilich fiir {— w}=1<>

e P
S 10,0 gt < o0?
1

3. UBERTRAGUNG AUF ANDERE PROZESSE

Kolmogorov [13] verallgemeinert Khintschin’s Satz auf eine
grofle Klasse von Prozessen (S,),>; mit S, = 2 X; und unabhéin-

i<n
gigen X;, und P.Lévy iibertrdgt diese Ergebnisse auf Martingale
(siehe [14], S. 258—268).
Im Falle unabhingiger, identisch verteilter X; zeigen Hartman—
—Wintner [10] etwas schérfer, dal EX, = 0, EX? = 1 fiir (1) hin-
reicht. Diese Bedingung ist auch notwendig, wenn man (1) durch

lim (nloglogn)™/2S,= —V2 fastsicher

ergianzt ([20], Corollary). Dagegen gibt es (D. Freedman, siehe [20])
unabhingige, identisch verteilte symmetrische X; mit unendlicher
Varianz und positive Konstante ¢, so, dafl

lim ¢zt S,==1 fastsicher,

Feller [6] und [7] dehnt den Kolmogorov—Petrovskij—Erdos Test
auf sehr allgemeine Klassen von Prozessen (S,),>; mit unabhéngigen
X; aus, wo die S, nicht einmal mehr asymptotisch normal zu sein
brauchen.

In [19] und [21] werden die Ergebnisse der vorangehenden beiden
Abschnitte mit Hilfe von Fastiiberall-Invarianzprinzipien verallge-
meinert. Diese sind fastsichere Gegenstiicke zum Erdés—Kac—Dons-
kerschen Verteilungsinvarianzprinzip (unter einem anderen Aspekt
betrachtet als in Abschnitt 2). Ihr Beweis beruht auf einem wichtigen
Satz von Skorokhod ([18], Theorem auf S. 163). Als Beispiel zitieren
wir Theorem 1.3 (4.4) in [21] (ein Spezialfall hiervon stammt von
Dubins und Freedman).

Sei S, = D] X; ein quadratisch integrierbares Martingale. Fastsi-

i<n

cher gelte
Vo= D E(X3| Xy, ..., Xi) b oo

isn
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fiir n4 co und

M FVa S RAPr{X, < x| X, nvy Xng) < o0,

n>1 x2>(V'n)
wobei f : R+ — R+ monoton wichst, aber schwicher als die identische
Abbildung. Ist dann der zugrundeliegende Wahrscheinlichkeitsraum
reichhaltig genug, so gibt es eine Brownsche Bewegung { mit

Sn="C (V)40 ((Vaf (Vo)) logV,) fastsicher.

Dies gestattet es leicht, den Kolmogorov—Petrovskij—Erdos Test
und die Ergebnisse von Abschnitt 2 (auch z. B. das Resultat von
Chung [3] und eine Version von Shepp’s Dichotomie [17], V, 19)
auf Martingale zu iibertragen unter Bedingungen, die fiir Summen
unabhingiger Zufallsvariablen kaum schérfer sind als Feller’s Bedin-
gung auf S. 399 von [6]. Es wire interessant, fastsichere Invarianz-
prinzipien fiir Prozesse zu finden, die nicht asymptotisch normal sind.

Freedman [8] iibertrdgt Abschnitt 2 auf Funktionale von Markoff-
schen Ketten.

Auch (3) kann mit einigen Abstrichen durch ein geeignetes Invari-
anzprinzip verallgemeinert werden ([21] Theorem 4.8 und Corolla-
ry 4.9), und zwar auf Irrfahrten mit endlicher erzeugender Funktion
in einer Umgebung von 0.
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J. T. Stuart

HYDRODYNAMIC STABILITY AT FINITE AMPLITUDES
AND ITS RELATION TO TRANSITION TO TURBULENCE

In hydrodynamic stability, nonlinear problems of partial differ-
ential equations have occurred in at least two forms. These are
exemplified by the classic prototype configurations of (i) the boundary-
layer fluid flow on a flat plate, and (ii) the fluid flow between two
long concentric rotating circular cylinders (or, with some similarity,
the thermal convection between parallel planes). In the former case (i)
we are concerned with the spatial development of (random, three-
dimensional) turbulence from initially-regular waves, and attention
has been focussed on simple mathematical models (in the form of par-
tial differential equations) of isolated partsof this complex process.
In the latter case (ii), on the other hand, there are more-conventional
problems of bifurcation; as a parameter is varied, the stable solution
of the partial differential system may change abruptly from one form
to another at critical values of the parameter. Calculations have been
made of these critical values and of the neighbouring solutions of the
differential system.

In each of these two basic cases a summary will be presented of
the present stage of the theory, and of its relevance to experiment.

K. Urbanik

INFORMATION AND THERMODYNAMICS

The ordinary formalism of quantum theory may be described in
hurried outline as follows.To every physical system there corresponds
a Hilbert space . All elements ¢ belonging to the unit sphere of %
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are called microstates of the physical system. Further, to every physi-
cal quantity or observable there corresponds a self-adjoint (not neces-
sarily bounded) linear operator in (#. Let A be anoperator correspond-

ing to an observable and let 4 = \ AQx (AA) be its spectral decom-

position. It should be noted that the projector-valued spectral meas-
ure Q4 defined on Borel subsets of the real line is uniquely determined.
The fundamental statistical law of quantum theory states that the
formula p§ (E) = (Qa (E) ¥, ¥) gives the probability that a measure-
ment at a microstate ¢ of the observable corresponding to the operator
A will lie in the set E. The mean value of the observable 4 at a micro-

[ee)

state v, i.e., the integral S ApY (d)), will be denoted by my4 (V),

provided that it exists. Fu;toﬁer, the entropy s4 () of A at the micro-
state ¢ is defined by the formula

sa (p) =sup (— Ei Py (Ex) log p (Ex),

where the supremum is extended over all finite decomposition of the
real line into Borel sets E,, E,, . . ., E,.

We shall now quote some basic notions of macrophysics introduced
in [2]. Two microstates ¢ and ¢ are said to be equivalent with
respect to the observable A, in symbols @ A vy, if ma (¢) = ms ().
The relation A divides the set of all microstates in which A4 has
finite mean value into disjoint classes. These classes will be called
macrostates with respect to A or shortly macrostates and denoted by
capital Greek letters @, ¥, ... The macrostate containing a microstate
¢ will be also denoted by [¢]. The mean value M4 (®@) of theobserva-
ble A at the macrostate is defined as the common value m, (¢) for
all microstates ¢ belonging to ®. In order to define the entropy
Sa (D) of A at the macrostate @ we apply the principle of maximum
uncertainty formulated by Jaynes ([3]). According to this principle
we define S (@) as the maximal uncertainty concerning A when
the mean value M4 (@) is known. More precisely, we put Ss (@)=
sup {sa () : ¢ € @}. It was provedin [2] that the entropy Sa (D) is
finite at every macrostate @ if and only if the spectrum of 4 is dis-

crete and if there exists a real constant ¢ such that 2 exp (cAp) << oo,

k=1
where A4, Ay, . . . are proper values of the operator A. Each operator 4
satisfying the last condition is called thermodynamically regular.
The class of thermodynamically regular operators is the largest class
of operators for which the generalized thermodynamics can be develo-
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ped. In what follows we shall consider only thermodynamically
regular operators.

In analogy to the usual thermodynamics we define a generalized
temperature T4 (@) corresponding to the observable A at the macro-

dS 4 (@
state @ by the formula T4 (@) = [dMA (@) —| . This definition is justi-

fied by the remark that the entropy SA (CD) is a differentiable func-
tion of the mean value M4 (D) (see[2]). We note that if A is the total
energy operator, then the generalized temperature coincides up to the
Boltzmann constant with the usual temperature expressed in the
Kelvin scale. One can prove the relation S, (®) — 0, whenever,
T4 (@) — 0, which can be regarded as the Third Law of Thermody-
namics for arbitrary thermodynamically regular operators.

The evolution of the physical system in time brings about asystem-
atic and continuous change of microstates. This change is determined

by the equation ¢ (f) = exp (—— H> P (¢> 0), which may be writ-
ten in differential form as the Schrédinger equation of the motion
in 220 — Hp (¢) with the initial condition ¥ (0) = . Here H is the

Hamlltonian operator, i.e., the total energy operator for the system
in question and % is an abbreviation for Planck’s constant divided by
2n. In what follows we assume that the Hamiltonian does not
depend on the time ¢, i.e., thesystem is conservative. The entropy
in evolving physical systems was discussed in [4]. Since, in general,
macrostates with respect to operators non-commuting with the Hamil-
tonian branch out during the motion of the system, it was necessary
to introduce the concept of the entropy at an instant ¢ for a macro-
state @, insymbols 8% (@). According to Jaynes principle Sk (®)
is defined to be the maximal uncertainty at time # concerning 4
when the initial mean value M4 (@) is known, i.e.

S (@) =sup {Sa ([# ()]) : ¢ (0) € @}
The following theorem can be proved ([4], [5]).

Principle of increase of entropy. For any
operator A, any motion of the system and any macrostate ® the inequal-
ity S4 (@) >S4 (@) (t > 0) holds. Moreover, the equation S'4 (@) =
= S, (@) holds for all macrostates @ and t>0 if and only if the
operator A commutes with the Hamiltonian.

This theorem can be regarded as an analogue of the Second
Law of Thermodynamics ([1]).
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R.L.Vaught
MODEL THEORY AND SET THEORY

Some results and problems in model theory will be discussed
which lie near the borderline of model theory and set theory.
Notation: k, A, p denote infinite cardinals; a, p ordinals.

A relational structure M=(M, UM, _R?B?)Mm (U unary) has

type (k, A) if M = £ and UM=A. k,A=k', A", means that any
countable set of elementary sentences having a model of type (k, A)
also has a model of type (k’, A"). The language Q. is obtained from
the elementary language by adding a new quantifier Qx meaning
“there are at least 2 x such that”. £ — A means that any countable
set of Q-sentences having a Q,-model also has a Qj-model. The
Hanf number v, L of a language L is the smallest p such that, for
any set X of fewer than A L-sentences, if 2 has a model of power > p,
then ¥ has arbitrarily large models. An order (X, <) is k-like if
X =k, but, for each x € X, {y : y << x} < k. Unmarked references
can be found in [1]. References marked [2] are all to abstracts in
Notices, American Mathematical Society, 1964—6. To simplify,
we adopt henceforth the GCH.

Theorem 1. (MacDowell and Specker) Let B’ be any theory
extending the usual elementary version B of Peano’s arithmetic by
having, in addition to <<, -+, and -, predicates R, (n << w) which
are allowed in the induction scheme. Every model SR of B’ has
an elementary “end” extension W' (“end” means that x€ M and
YEM — M imply x <y).

Theorem 2. (a) (R. Robinson) wgin, ©0gF=> Oginsi, Op.
(b) (Vaught) If k > A, thenk, .= 0;,0. (c) (Chang-Keisler) 2, A =
=k, A if R>k >A >A (d) (Chang) &, A=p*, pif e >A p> o, p
regular. (e) (Vaught) wgie, 0 = A, P

It is conjectured that, in general, Wgin, ©g= Opin, ©p.

The author’s proof of (e) has various further consequences, e.g.:
€) 0y, @1, 0=k, 04, ©; (") ©gp ... Ogn =Ko, ..., Ry, il each
@; > Qi+ @. Morley found a different proof of (e).

Fuhrken discovered that various model-theoretic questions about
the languages Q can be reduced to simpler questions by means of two
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normal form theorems which he established. These say, Toughly, that
aset 2’ of Q-sentences has a Qr+-model (a Q;-model) iff a related set
2’ of elementary sentences has a model of type (&+, &) (a A-like model).
Fuhrken established the following theorem, by using his normal form
theorems plus 2 (b) and 2 (d) for 3 (b), ! (for 3 (d)), and a new result
(*) (for 3 (c)).

Theorem 3. (a) & + A if k is singular, A not; or if k is
a successor cardinal, A not; or if kB 20, A=w. (b) &+ — At if A is
regular. (c) k — o, if k is inaccessible. (d) o— k.

Fuhrken has conjectured that 2-—A holds in all cases not
blocked by 3(a). Recently some more cases of this conjecture
have been established:

Theorem 3. (e¢) (Helling [2)k—>AifA 20 and &k is
weakly compact. () (Silver [2]) & — A if & is inaccessible and A sin-
gular.

Call L complete if its valid sentences are r. e. (recursively enumer-
able); w-compact if a countable set of L-sentences has a model if all
its finite subsets do. Using ultraproducts, Fuhrken showed that Qg
is o-compact if £¢8,={A: cf A=0} U {A*:cf A=0}. From the
proof of 2 (b) and his normal form theorem, Fuhrken inferred that
Qo, is w-compact. In the same way, the author inferred that Q, is
complete (and hence by 2 (d), so is any Qg+, if % is regular). An inter-
mediate step is that the set T of all elementary sentences true in all
models of type (w;, ) isr. e. Keisler[2] has recently given an explic-
it set of axioms for 7. For most cases not discussed above, it is
unknown whether Qp is w-compact or complete.

Recently Keisler 2] has obtained some nice results which include
a strengthening of 2 (b) and (*) (or 3(c)). Let Qg, 1 be the language
having two new quantifiers Q and Q’, interpreted as Q and Q», respec-
tively. By Fuhrken's normal form theorems, Keisler’s results imply,
in particular:

Theorem 4. If a countable set 2 of Q, Q'-sentences has
a Qr, ,-model, where k ~w and k is regular, then £ hasa Qquy, o-
model.

Keisler’s proof is not related to the old prooifs of 2 (b) and (=), but
rather, is related to the proof of 1.

By using stronger forms of 2 (e), such as 2 (e’), the author establi-
shed:

Theorem 5. () vyQu = Ve,Qu; = 0p. (b) If2 = wq & 6o,
then voQr=vir + Qr = Og+to-

Morley discovered a powerful method for obtaining Hanf num-
bers, which uses a transfinite version of Ramsey’s Theorem due to
Erdés and Rado. For example:
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Theorem 6. (Morley) vyQu= 0.

Further results on Hanf numbers were obtained from Morley’s
results or method of proof by Morley himself, Helling, and others.
For a summary of these results and related open problems, see [1].

Recently, Silver [2] has obtained detailed information about the
Hanf number of the very strong p-language (in which << always denotes
a well-ordering).
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E.Vesentini
RIGIDITY OF QUOTIENTS OF BOUNDED SYMMETRIC DOMAINS

The aim of this lecture is to give a summary of recent results con-
cerning the rigidity of quotients of bounded symmetric domains.

The following topics will be discussed:

1. Curvature properties of the Bergman metric of a bounded sym-
metric domain.

2. Holomorphic families of quotients of bounded domains by
properly discontinuous subgroups of automorphisms.

3. Differentiable families of compact quotients of bounded sym-
metric domains.

4. Differentiable families, rigid at infinity, of quotients by pseudo-
concave groups.

Ch.T.C. Wall

HOMEORMOPHISM AND DIFFEMORPHISM
CLASSIFICATIONS OF MANIFOLDS

Four related problems will be discussed: the problem of classifi-
cation by diffeomorphism of compact smooth manifolds, by PL-homeo-
morphism of compact PL-manifolds, by homeomorphism of compact
manifolds, and by homotopy equivalence of Poincaré complexes and
pairs (a Poincaré complex is a CW complex, dominated by a finite
one, which satisfies Poincaré duality; a Poincaré pair satisfies Lef-
schetz duality). There are corresponding bundle theories with (stable)
structure groups and monoid O, PL, Top, G: stable normal bundles
exist and are unique. A technique of Novikov and Browder may be
phrased as follows: given a Poincaré complex (or pair), and a reduction
of the group of its stable normal bundle from G to O or PL, we can
use surgery to study the problems of existence and classification of
corresponding smooth or PL-manifolds. Only the PL-case (which is
simpler) need be discussed in detail, since-Hirsch and Masur have
shown that equivalence classes of compatible smoothings on
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a PL-manifold correspond bijectively to classes of reductions of the
group of its stable normal bundle from PL to 0. To pass from Poincaré
complexes to PL-manifolds we must study n;(G, PL): this vanishes
if i is odd, is infinite cyclic if i =0 (mod 4) and of order 2 ifi =
== 2 (mod 4). There is a close relation between these groups and the
Kervaire — Milnor surgery obstructions, which throws further light
on G/PL. The non simply-connected case will also be discussed. The
homeomorphism problem is sandwiched between the last two: also,
Novikov has given a proof of topological invariance of Pontrjagin
classes which can be sharpened to show that =z, (G, PL) — n, (G, Top)
is a split monomorphism. Applications of this to the Hauptvermutung
have been given by Sullivan and Wagoner. These techniques reduce
the first three problems to the fourth. This can be studied directly
in low dimensions 42 by standard homotopy theory. Inhigher dimen-
sions it is necessary to develop new techniques, and it is found that
Poincaré complexes can be treated very much like smooth manifolds.
For example, surgery can be performed and handle decompositions
constructed.

J.H. Wilkinson

A PRIORI ERROR ANALYSIS OF ALGEBRAIC PROCESSES
INTRODUCTION

Modern error analysis of matrix processes may be said to have
started with the work of Goldstine and von Neumann in their analysis
of the fixed-point elimination of a positive definite matrix [2, 4].
Since then a considerable number of analyses of algorithms for the
inversion of matrices and the calculation of eigensystems have been
made covering both fixed-point and floating-point computation. The
stage has now been reached at which this work may be reviewed as
a whole and the significance of a priori analyses reassessed.

1. MATHEMATICAL PROPERTIES OF CHOLESKY FACTORIZATION

As an example of the general type of analysis we have in mind
we reconsider the Cholesky factorization of a positive definite matrix
using floating-point arithmetic without accumulation of inner-prod-
ucts. The result proved here has been well known to the author for
several years and I have quoted it from time to time but there does
not appear to be an explicit proof in the literature.

We consider first the simple mathematical properties of the factor-
ization. Let A be a positive definite matrix of order n and L)
its Cholesky factor. Writing

a? of lyy O
A(D:[ail A(;)j|, Lm:[h L® (1.1)
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we have

12=0a?, lyli=a, ULIj+L®(LP)"=A° (1.2)
and we may define B® by the relation
B® _[® (L(z))T —A® _ ld;r. (1.3)

Theorem 1. B® s positive definite and
| B® o<l A% [o<|| AP Iz,

0l =11 [l = [l s |/ < | A o< || A” [l

The final inequality in each group is an immediate consequence of the
classical separation theorem for symmetric matrices.

If we assume that B is not positive definite then there exists an
x =0 such that

xTBY <0, (1.4)
giving
ATA®x — xT1, T x = xTA®x — (a7 %) /a® < 0. (1.5)
Taking y7= (axT) we have
YTAVy = aa? 420 (a] x) + T A®x. (1.6)
With @ = —(alx)/aY  this gives
YTAYy = —(a[x)af +xTAx <0 (1.7)

by (1.5), contradicting the positive definiteness of A, and hence
the hypothesis that B is not positive definite is false.

Now for any z we have '
2TB®z = 2TAz— (11 2)2 < 2T A2, (1.8)
Hence || B®@ ||s< || A®)]||y. Finally if x is defined by
x=U/ll]z  (lx[=1) (1.9)
then x7 B@x=xTA®x —|| 1y ||} <||A® |a— 1|2
giving
11 ]<] A% [z —x"B®x < [| A® |2 (1.10)

since B® is positive definite.

We observe that the Cholesky decomposition of A®M) of order n
consists of

(i) The determination of the first column of L.

(ii) The Cholesky decomposition of the matrix B® of order (n—1).

In the same way after finding the first column of L(2) we required
the Cholesky decomposition of a matrix B®) of order (n — 2), etc.
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2. ERRORS IN FLOATING-POINT ARITHMETIC

We shall make certain assumptions about the rounding errors made
in the basic operations. These differ a little from one computer to
another [10] but not in such a way as to alter materially any of our
results. Specifically we assume

fl (at+b)=a(l+e) £ b(l+e),
fl (axb)=ab(l +¢&3). 1 le; | <27t 2.1
fl (a/b)=a(1+&,)/b,

where a mantissa of ¢ binary digits is used. The notation il (a 4 ) etc.
denotes the result of adding two floating-point numbers a and b using
standard floating point arithmetic.

An analysis of repeated additions, multiplications etc. leads to
bounds involving terms of the type (1+ 27%)" which are somewhat
inconvenient. If 727! << 0.1 it is easy to show that

(1427 <14+(1.06)r2t =14r271, (2.2)
(1—2">1—(1.06)r2t=1—r27" (2.3)

where ¢, =1¢ — logy(1.06).
Notice that ¢, is only marginally different from ¢. In practice storage
considerations and time limitations always ensure that the restric-
tion on r is met in any case.

The only other error bound we shall require is that for the square
root. This bound depends to some extent on the procedure which is

used; we shall assume that if -

x=1{1 (sqrta) (2.4)
then

xt=a(l+e) with |e|<2-27" (2.5)

This result is not critical in our analysis.

3. THE PRACTICAL CHOLESKY PROSESS
We now turn to the computational process itself. For simplicity
lij, b;® will be used to denote the actual computed quantities.
No confusion need arise because we do not compare these quantities
with those arising in the exact Cholesky factorization of A(). The
elements of L) may be determined column by column the relevant
equations being
lig=1l[sart (@i — Lsljy—ljaljo— - - - — 15,51 Ui 5-0)1s (3.1)
Ly=111(@} — luljn— lisljo— - .. — i, j-1 1, j-1) /155 (3.2)

where, of course, the previously computed /54 are used when evaluat-
ing the right-hand sides.
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We may express the computation of the right hand side of (3.2) say
in the form

b§§’=f1 (a(l. —liyly), i, j=2,...,n,
b} = 11 (bi% — lial jo)- i, j=3, ..., n,

VETD =11 (B8P —linlyn), i, j=k+1, ..., 0,

where the b;;%) are the computed elements of the B® discussed at
the end of section 1.

The full practical factorization of A() is therefore computationally
equivalent (including equivalence of rounding errors) to the computa-
tion of the first column of L) and the computation of B2 followed by
the practical factorization of the computed B®, a matrix of order
(n —1).

(3.3)

Theorem 2. If A is a positive definite digital matrix of order
n then provided

hain = 1| A7 o> Val* 27| A (3.4)

the Cholesky factor L can be computed without breakdown and the com-
puted L satisfies the relation

L"=A+E, ||E[2<2-27%[1+(n"2—2.2)27"]" %
% [%(n—{— 1)3/2—{—1.1n] [All.  (3.5)

In other words L is the exact Cholesky factor of some matrix A + E
where E satisfies the given bound.

The condition (3.4) ensures that A--E is positive definite.
It may be written in the form

2n%2 27" || A || A [<0.1 (3.6)
ie.
2n*22 "k (4)<O0.1. (3.7)
Since k(A) <1 for any matrix relation (3.7) gives a fortiori
2n"2 271 <0.1.

The condition n27* << 0.1 is therefore certainly satisfied.

The proof is by induction. Assume that the result is true for
matrices of order n—1.

Consider now the computation of the first column of L and
of the matrix B® for the matrix A of order n. We have

ly=1l{sqrt (@)] giving £ = al (1 +eu) (len] <2277 (3.9)
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from (2.5). The remaining elements of the first column of L™ are
defined by

iy =11 (@P/ly) = ai? (1+.‘=,u)/z11 (e | << 27, (3.10)
Lilyy = af? (1 4 &) i=2,...,n). (3.11)
Equations (3.9) and (3.11) state that 4, ..., [, are exact for the
matrix A® 4+ F® where F is defined by
D=aley, f=FfP=aley, [fi}=0 otherwise. (3.12)
We therefore have certainly
|| F© < Il | Fo | ||2\ <9971 “ I AW | (|2<2n1/2 2_t1H AD l; (3.13)

It follows from (3.4) that A® + F® is positive definite and hence
from Theorem 1

| L o=l L 2] AP +F® ||, < (1 +2n2271) | A® |5, (3.14)
The elements of B® are defined by
b =11 (afy — 1;l54)

=aff (1 +&5) — luljs (1 + 1rlu) (o] <27 |myl<<227™)
= (aif + aifei; — luljMig) — lulp.  (3.15)

Hence we can say that the computed first column of L® and the

computed B® would be obtained exactly with the matrix A® - E®
where E® is defined by

e = L{Pey, efi—el} = a“l’su (3.16)
eig’zag’s,, Lylimi; (@, j=2, ..., n). (3.17)
From the bound on the e,, and the 7y,
leu) ‘ <. 2—-11 l au) , qu) | __Ie(n I <2—t1 | a 1)1 (3.18)
|6 | <27 ol [4-2.27" | Ly | | L), (3.19)

and hence
FE® o<ITE®|[p<2.27 || AP [l +-2.27" |} | £y | IlTlH
=2.27 || [A® ||| +2.27|[ [ 1y ||
<2.27% (nV2 14202271 | A ||, (3.20)

Since H |l1 I ”2 = || 11 ”2.
Again applying Theorem 1 we have

1B o< | A%+ GV ||y (3.21)

where G is the matrix EY without its first row and column.
Clearly

| B <[ A? ]2+ 11 G| o<
<IN AP |+ 27 | AP |||, + 2 (1 +2n22278) [ AV ]3]
<N AP [ {1+ 22 (14202271271 (3.22)
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We may use the overall bound given in (3.8) to simplify these
results. The relations (3.20), (3.22) become certainly

| ED |, <2.27" (nt2 + 1.1) || AV, (3.23)
and
1BD o< | AP [l [1+ (a2 4 2.2) 27, (3.24)

From our inductive hypothesis we know that L® which is the

computed Cholesky factor derived from the computed B® satisfies
the relation

L@ (L(z))T —B® + E® (3.25)
where

|E®[p<2.27 {1+ [(n— 1) 4-2.21 27" x
x [ Fn%+10) (=1 ]| B?[.  (3.26)

Combining the first column of LY with L’ we obtain the comput-
ed L and this satisfies

LY (LT = 40 L D L ED) (3.27)
where E® is E® augmented by a null first row and column and
IED 4+ ED <[ EDlo 4 E? [l (3.28)

A little manipulation gives certainly
| E® - E®|,<2.270 [%(n—l— D72+ 1.1n ] x

[1+4(n¥242.2) 277" | AV )], (3.29)
which is the required result.
For values of n greater than 10 satisfying condition (3.8) the result
(3.29) can be expressed in the simpler form

LL" =A+E, |E|s<2.5n*227 | AD |, (3.30)

The constant 2.5 has not been computed with any great care but could
not be reduced to less than (say) 2.3.

4. ACCURACY OF A COMPUTED INVERSE

To invert A the most convenient procedure is to compute L™t
and then (L™1)T L1, the full computation including that of L requir-
ing 1/,n® multiplications. Error analyses of the two remaining steps
have been given elsewhere [10, 12]. They show that when A is not
well-conditioned the error made in the Cholesky decomposition is
easily the most damaging. If the other two parts were performed exact-
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ly the computed inverse would be X = (4 + E)* and we have
WX—Atly ~_NE2llA |l
A7 e S 1—[Efl2l| AL}z
provided || E [[5]] A7 ||; << 1. Since we have
| E|l2|| At |2 < 2.5n%22- 1 || A|lp|| A1 []2 << 0.125 (4.2)

by condition (3.6) the existence of (A 4 E)™ is assured. Provided
(3.6) is satisfied (4.1) can be written in the form

| X — A1 {|y/|| A ||, < 2.86n%227 "1k (A). (4.3)

To put the result in perspective the result obtained by Goldstine and
von Neumann[4] for thefixed point inversion of a positive definite
matrix was effectively

|| X — At [of|| A2 < 14.240%27 "% (A) (4.4)

so that (4.3) is significantly sharper.

As far as [ know it is the sharpest bound sofar attained though great-
er attenfion to trivial details would obviously reduce the factor 2.86
to some extent. This seems scarcely worth considering.

A similar analysis based on the use of floating-point arithmetic
but with accumulation of inner-products gives the bound

| X — At jo/|| A |o< 3.14nV22 7"k (A). (4.5)

(4.1)

5. COMMENTS ON THE ERROR BOUNDS

The first comment one might make is that in one sense the bounds
can scarcely be regarded as a priori bounds since one cannot make
practical use of them without a knowledge of k(A4). This is certainly
true but I feel that this objection reduces to a mere argument about
words. My claim is that the bound does relate the accuracy of the com-
puted result with the inherent sensitivity of the original problem and
we cannot expect a general result to do more than that.

The analysis has been carried out in the now classical tradition.
The result is completely rigorous and covers all errors arising from
second and higher order effects. In this respect it has followed the model
established by Goldstine and von Neumann in their pioneering paper.
In my opinion the time has now arrived when this policy might well
be reconsidered.

At the time when the Goldstine—von Neumann paper was written
very pessimistic views were widely held on the cumulative effect of
rounding errors in matrix processes. In order to dispel this pessimism
it was essential that the analysis should be completely above suspicion.
Moreover it was desirable that the final result should give a clear con-
cise and unequivocal statement concerning the overall limitations
of the algorithm since few would have time to read the details of the
analysis.
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In the light of experiences over the last twenty years I doubt
whether present-day error analysts ever carry out such a meticulous
analysis for their own benefit. For example, the bare essentials of the
result given above were established on a single sheet of paper and left
no doubt that a bound of the form

|E o< kn®227t | Al 5.1y

(where k& was some suitable constant) could be rigorously established.
The rigour was added afterwards and was a tedious but, by now, rou-
tine process.

Again, in my opinion, it is quite common for too much weight
to be attached to the precise bounds that have been attained. Before
elaborating on this point it is illuminating to make the following
comments on the bounds given in (4.3) and (4.5) respectively.

Consider the upper bounds of the errors caused by replacing A
by A + F where F satisfies

() |/11<2.86na;; 127", (5.2)
(i) | fiy]<3.14|a;; ] 27" (5.3)
It is immediately obvious that in the first case we have
|| (A4 F)yt— A1y/|| A1 ||, < 2.86n%22 1k (A)/(1 — 2.86n%2k (A)) (5.4)
and in the second :
[ (A +F) 1 — A7 ||/|| A ||, < 8.14n%227 "k (A)/(1 — 3.14n*2k (A)). (5.5)

These are essentially the same bounds as in (4.3) and (4.5) respectively.
Notice that in (5.2) and (5.3) the bound on each element of F is pro-
portional to the corresponding element of A.

If the matrix A is not exactly representable by ¢ digit binary num-
bers then ab initio we must work with A + G where

lgijl <]ai| 27 (5.6)

Comparing (5.6) with (5.3) we see that the effect of rounding errors
made during the solution are unlikely to be significantly more impor-
tant than the effect of the initial digital representation. In (5.2) we
have the additional factor n which is not surprising since the a,,
element at least is involved in n independent operations involving
roundings. These considerations suggest that it is rather unlikely that
either of our overall bounds can be improved upon in any significant
way.
6. INADEQUACY OF THE OVERALL BOUNDS

Experiments in which the computed errors are compared with

the upper bounds given above seem to be becoming increasingly

common. Inevitably they lead to the conclusion that even the bounds
given above are much too pessimistic. This should occasion no surprise.
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Indeed a study of the error analysis itself as distinct from a concen-
tration on the final result leads one to expect this.

For example, in the analysis no account is taken of the statistical
distribution of the rounding errors. Unless n is small one might expect
that for this reason alone the factors n®2 and n'/2 in (4.3) and (4.5)
could safely be replaced by n®*2 and n'/s respectively. Again in order
to obtain a succinct result the quantities ||B("||, have been replaced
by [JAM)|], for all relevant r thoughthis will obviously be a severe over-
estimate in general.

When we turn to special classes of matrices further reductions can
often be made. For example if A is positive |A| = A and therefore
[I1A ||l =||Allo. In the analysis |||A]|[|], has been replaced everywhere
by n'/2 ||A||; so that there is an unnecessary factor of n%/2. When 4 is
a band matrix with band-width s, L is also a band matrix and the error
matrix E is of the same width as A. A simple modification of the anal-
ysis shows that the factor n®2 in (4.3) can certainly be replaced by
n*2 s and if sis small compared with n this is a substantial reduction.

These remarks are of course trivial and yet the errors made when
working with matrices belonging to these special classes are often com-
pared with those given in (4.3) and (4.5), or rather with the somewhat
poorer overall bounds currently available in the literature! Compar-
isons of this kind are extremely misleading and may give the impres-
sion that the analysis leading up to the quoted bounds is suspect.

The finite segments of the Hilbert matrix are often used for test
purposes. For such matrices the errors in the computed inverses are
particularly small compared with the bounds we have given especially
when accumulation of inner-products is used. A study of the error
analysis shows immediately why this should be. In the first instance
such matrices are positive and hence there is a superfluous factor of
n'2 in the bounds. Secondly, ignoring higher order effects, the analy-
sis shows that when inner products are accumulated the computed L
satisfies the relation

LL"=A+E (6.1)
where
lei | <27 Ll |15 (@ >7). (6.2)

Hence if many of the elements of L are very small the corresponding
elements of E are also particularly small. Now in the factorization
of a Hilbert segment the /;; do indeed get progressively smaller as i
and j increase. This compensates to some extent the ill-conditioned
nature of A. Indeed the /;; become progressively smaller precisely be-
cause A is so ill-conditioned. Careful study of the details of the error
analysis enables us to forecast the behaviour quite accurately and the
overall bound in terms of ||4]|; and {|A7Y|| is clearly seen to be irrele-
vant.
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7. GENERAL CONCLUSIONS

The following tentative conclusions may be drawn from the above
discussion. The main purpose of an a priori analysis is to reveal the
strengths and weaknesses of an algorithm. It is not worthwhile expend-
ing too much effort on the production of concise overall bounds since
there are certain to be severe overestimates in general.

The essential points revealed by the analysis of sections 1—4 is
that the Cholesky factorization will give satisfactory inverses for
a useful range of condition numbers and values of n and that this is
achieved without any form of pivoting. Although the accuracy attain-
able may be expected to vary from one choice of pivot to another this
is in general a secondary effect, though with special types of matrices
a certain choice of pivots might give an inverse of unexpectedly high
accuracy having regard to the condition of the matrix. This contrasts
with the situation for general matrices for which elimination methods
without pivoting may fail to give any accuracy even for perfectly
conditioned matrices (i.e. matrices for which & (4) = 1) of low order!
Finally it shows that for all positive definite matrices the effect of
rounding errors is unlikely to be more important than the ini-
tial rounding of the coefficients when innerproducts are accumulated.
For matrices of Hilbert type the error will generally be far less than
that resulting from the initial roundings.

The overall upper bound itself should not be taken too seriously
and it is important to study details of the error analysis in order to
determine whether matrices of special classes can be expected to give
exceptionally accurate results.

Only in rare cases will an a priori bound be of practical use. The
best examples of such algorithms are those based on the unitary reduc-
tion of hermitian matrices. For several of these it may beshown that the
effect of rounding error is equivalent to an initial hermitian perturba-
tion E of A where the bound for ||E]|; is of the form 27t f (n) ||A]l,.
Here f (n) represents a simple function of n which depends on the algo-
rithm and the type of arithmetic being used. The bound for E implies
that if A; and A; are the computed and true eigenvalues of A then

| A — AL [ <27 (n) || A l|lz=27"f (n) max | A |. (7.1)

For several algorithms of this type f (n) is sufficiently small for the
bound given in (6.1) to be quite usable as it stands for many practical
purposes [1, 3, 9, 11, 12, 13].

However, it is my opinion that in practice one should use a poste-
riori bounds for error estimates and not the overall a priori bounds,
since the former take full advantage of the special nature of the matrix
involved and of the distribution of rounding errors that have occurred.
Discussion of such bounds has been given in [10, 12] for the linear
equation problem and in [8, 12] for the algebraic eigenproblem.
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L. A. Zadeh

RESEARCH ON SOME NON-CLASSICAL CONTROL
PROBLEMS IN THE UNITED STATES

This expository report survey some recent work in the United States
dealing with non-classical control problems and decision processes.
The questions to be discussed will center on one or more of the follow-
ing topics: A) optimization under vector valued criteria employing
dynamic programming and other techniques; B) optimization under
fuzzy constraints; C) algorithms for the estimation of characteristic
functions of fuzzy sets; D) algorithms for the estimation of the maxi-
mum of a unimodal function when the observatings carry a cost and
there is a penalty associated with the error in estimation; E) extensions
and applications of the theory of fuzzy sets.
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E.C. Zeeman

KNOTS OF SPHERES IN SOLID TORI

An interesting problem in geometric topology is to study the embed-
dings of one manifold in another, and to classify them in terms of
homotopy. In the piecewise linear category the results that we have
so far in codimension >3 look simple, and ought to belong to a lar-
ger algebraic pattern, including an obstruction theory.

Let M™ be a closed manifold, and Q¢ without boundary, m<¢g —
— 3. Let E denote the space of embeddings of M in Q and F the space
of maps from M to Q. The inclusion ¢: E — F induces homomorphisms
of homotopy groups ¢; : m; (E) - =; (F). Do the ¢; belong to an exact
sequence? So far we only have information about ¢,, which maps iso-
topy classes of embeddings to homotopy classes of maps.

Theorem 1. @ is one-one if M is (2m — g + 1)-connected and
Q is (2m — g + 2)-connected.

What happens when Q is not sufficiently connected for Theorem 1
to apply? The simplest case is when Q is a solid torus.

Theorem 2. Let M = 8™, Q= S8" X E®" where 2m — g +
+ 22>r, and suppose ny (F) = mtp, (S7) is stable (m<2r — 2). Then
7 (E) <7 Sqm—1 and g is the suspension homomorphism.

M. A. Aiizepman, 3. M. BpaBsepmaHt,
Jl. . Po3oHo3p

3KCTPANIOJMSALUIUOHHBIE 3AJAYU ABTOMATHYECKOIO
YNPABJIEHUSI U METOJX NOTEHUMUAJIBHBIX ®YHKLMH

IIpy npOEKTHPOBAaHMHM M HCCJAENOBAHHH CAMOHACTPAWBAIOLINXCS
H 00yYalolUXCs CHCTEM aBTOMATHYECKOrO YIpPaBJIeHHS (B YaCTHOCTH,
ofydJarouuxcsi pacrno3HaBaHHI0 00pa3oB) BO3HHKAIOT npOoseMbl, KOTO-
pble MOXKHO NOHHMATh KaK NPo6JeMbl SKCTPAIIONANHE H HHTEPIIO KM
¢yukuuu. B 3ajauax Takoro pojpa 4acro OKasbiBAeTCSl BO3MOKHBIM
BBECTH IpocTpaHcTBO X (ompejensieMoe YCIOBHSIMM KOHKPETHOH 3ajia-
YY) U HEKOTOpyl (yHKOHIO [ (x), 3ajaHHy0 Ha X Tak, 4To Ipolecc
o6y4eHHs MOKHO HHTEPIPETHPOBATh KaK MOSIBJEHHE TOUekK x!, x2,. . .,
x",. .. H3 X c OZHOBPEMEHHBIM COOOIIeHHEM HEKOTOpOH HHGpOpMalnuH
0 sHaueHHsiX f (X) B 3THX ToukKaX. PesyjbraToM oOydyeHHs HPH 3TOM
SIBJISIETCSI TOCTPOEHHE QYHKIIMH, B TOM HJIX HHOM cMbIc/Ie 6JIM3KOH K | (X).

O6blunble METOAbl SKCTPANOJSILIMH YacTO OKasblBAIOTCS INpaKTHye-
CKH HENPHUMEHHUMBIMH JJIs1 pelleHHs] TaKuX 3ajad IJaBHbIM o6pasoM
IIOTOMY, YTO TOYKHM X! IOSIBJSIOTCS HE3aBHUCHMO OT HAC HEKOTODBEIM
HeperyJspHeIM 00pa3oM (HampHUMep, B COOTBETCTBHHM C HEH3BECTHBIM
3apaHee BEpPOSITHOCTHBIM 3akoHOM). Kpome Toro, mpocrpanctso X
4acTO HMeeT BHICOKYIO PasMePHOCTb, H 3TO TaKkKe 3aTPYAHSIET IpHUMe-
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HeHue OOBIYHBIX MeTONOB 3KcTpanonsiuuu. Hakosen, coobmaeMast
npu obydeHHH HHGbOpManusi O 3HaueHHUsX (QYHKIHM [ (x) B ToYKax x*
MoxeT ObIThb HENOJIHOM (HampuMep, MOXKeT coofaTbes JHUIIb 3HAK
f (x!) wau sHauenue [ (x!) BMecTe c moOMeXoH), B 3TOM caydae O.H-
30CTh NpHUbIMKaomel GyHKIHUHY K f (X) IOHMMaeTcst B COOTBETCTBYIOLIEM
CMBICJIe (HalpUMep, B CMEIC/IE COBIAleHHsI 3HAKOB HJIM B CMBICJIE CXOIH-
MOCTH IO BEPOSITHOCTH). B foK/Iajne NpHUBOIATCS NpPHMEPHl TOYHBIX
MOCTaHOBOK 3aJa4y TaKoro poja.

Ofmas cxeMa IOCTAHOBKM M pelleHHs] TAKHX 3aJjay HMeeT Clefylo-
muit Buxg. Ilyers @; (x), { =1, 2, ..., — Hekoropass mnosHas (He
00513aTeTbHO OPTOHOPMHpOBaHHasl) CHcTeMa (YHKUOHH, 3alaHHBIX
Ha X. Ilpemnosaraercsi, 4To BOcCTaHaB/uBaeMasi pyHKuus | (x) npex-
CTaBUMa pasJioxeHHeM?!)

oo

fx)= 2 e (%) (D

i=1

Pasymeercsi, koadbuuHeHTH ¢; 3apaHee Heu3BecTHHI. [IpexpmoJa-
raercsi, 4To QyHKUHUSA [ (X) —«IZOCTATOYHO IJajKasy, T. €. 4YTO Ko3g-
(GUIUEHTH ¢; YOBIBAIOT JOCTATOYHO OBICTPO.

B paccmaTpuBaeMblX 3ajjauyax TOUYKHM x! IOSBJSIOTCS IOCJE0Ba-
TeJbHO, LAl 3a IIaroM H He3aBHUCHMO, B COOTBETCTBUH C HEH3BECTHOH
IJIOTHOCTBIO BepPOSiITHOCTH p (x). Kaxaplii TakoH 1uar HasblBaeTcs
«moka3oM». lleqb paboTbl COCTOHT B NOCTPOEHHUH DEKYPPEHTHOro INpo-
mecca, NOCAENOBaTeNbHO MPUOMHUKAIONETO B HYXKHOM CMBIC]E (PYHK-
uno f (X) ¢ pocToM uHKc/a IOKA30B Ha MOAMHOXKecTBe U3 X, re p (x) > 0.

Jnst pellenuss ¢opMyJUpyeMBIX Jajee 3afad HCIOJIb3YeTCs OAMH
U TOT K€ MeTOZ, Ha3BaHHBIH aBTOpPAMHU METOIOM IOTEHIHAJbHBIX
dyukuuit ?). Beomurcst B paccMoTpeHue (GyHKIHsS IBYX N€pEMEHHBIX
(«moTeHuMaNbHAS (DYHKUHUSY)

K(x, y)= igi Mg (%) 9: (%), @)

rhe JefCTBUTe/NbHble YHMcsIa A; BEIOpaHB Tak, 4To QyHKRuus K (X, y)
orpanuuesa. Ilpu n-m nokase crpoutcs (n — 1)-e npubnuxenue GpyHk-

1) Ilpu HeGoJBMINX H OYEBHIAHLIX BHJOM3MEHEHHSIX INpelJaraeMble HHXe
KOHCTDYKIHH NPHUTONHH U B clyuyae, Korja f (x) npeacraBuMa uurerpaiom f (x) =

= S CoPe () do. Jlns mpocTOTH H3/0XKEHHUS B JOK/IaJe, OLHAKO, HMEETCS B BUAY

npeicrasnenue (1).

?) Kak mokasan §I. 3. LlmnkuH, 3a7ayu, pelaeMble 5THM METOAOM, GJH3KH
10 CBOEMY XapaKTepy K 3ajayaM TeOPHH CTOXAaCTHYECKOH amnpOKCHMAalMH, H, B
YaCTHOCTH, HEKOTOpbie M3 NPHUBOAMMBLIX HHXKe aJFOPHTMOB CBOAATCA K I poLueccy
Po6unca-Monpo.
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oud f (x) C MOMOIIbI0O PEKYPPEHTHOrO COOTHOLIEHHS 1)
fr (%) = fre1 (¥) + 12K (%, x); fo(x) =0. (3)

3pech r, onpenensercs HHpopManued o6 [ (x™), moOJydeHHOH npH
n-M mokase, U 3HaueHHeM f,_, (x"). [IpuMeHeHHe peKyppPEHTHOH mpo-
Heaypbl (3) B pasiMuYHBIX 3ajayaxX OTJIMYAeTcsl JHIUb KOHKPETHBIM
cnocoboM Bribopa r,. B usobom ciyuyae BeiGop TakoB, 4TOObl [, (x™)
Jgyuuie, 4eM f,—; (x"), mpubauxkano f(x"), T. e. urobbl ngoGaBJEHME
yireHa 1, K (x, x") yJayumano npuOJMKEeHHe B TOYKe, BHIOpPAHHOH
OpH OYepeqHOM Mokase. Pasymeercs, npu atoM npub.auxkeHue ¢GyHK-
UK B UHBIX TOYKax (B TOM UUC/IE€ W MOKa3aHHBIX paHee) MOKET YXYI-
maThCs; HO HECMOTPSI Ha 3TO, BO BCEX paccMaTpPHBaeMBbIX 3ajadyaX HMeeT
MECTO CXOAHMMOCTH Mpolecca.

JIOK/Ia] CONEPIKUT TEOPEMbl, YCTAHABJHBAIOIIHE CXOXUMOCTH IPO-
mecca ¥ OleHHBalollHe GLICTPOTY CXOLMMOCTH. MeTox HOoTeHIHa bHBIX
¢hyHKUMHE HCronb30BaJICs aBTOPAaMM DU pellleHHH 3ajay o6 oOyueHHH
MallMH paclo3HABaHHIO 00pa3oB, O BOCCTAHOBJIEHHH CTENEHH JHOCTO-
BEPHOCTH NPHHAIIEXKHOCTH To4eK H3 X HEKOTOPHIM MHOXKeCTBaM,
ILISl BOCCTAHOBJIEHHUS] (DYHKIMH MHOTHX MEPEMEHHBIX 110 HX 3HAUEHHSM
OpY HAaJHYUM T[OMeX M JJisi BOCCTAHOBJIEHHS JIHHEHHBIX JubdepeH-
IHa/bHBIX yPaBHEHHH MO Ha0/MOfaeMbIM 3HAUEHHSM MOpPaBbIX Hacrel
U peleHHH.

Ocobo paccmaTpuBaercsi 3afada 06 aBTOMAaTHUYECKOM pasjesleHHH
TOYEK M3 Hemepecekawlluxcsi obsacredl npocrpaHctBa X B ciayuae,
Korja HUKaKo# HMHpOpManuH O rpaHHIe 3TUX ofJjacrefl U O NMpHUHAA-
JIEXXHOCTH UM OTJeJIbHBIX TOUEK He coolllaercs (3agaya o caMooOyUeHUH
MallI}H).

Wpeun u anmapat MeTOJja NOTEHIIHAIbHBIX (DYHKIHH YCIIEMIHO UCIIOb-
30BaJIMCh JJIs1 aBTOMATH3AIMH Iponecca BBIPAGOTKH HAa MallMHAX HpPO-
CTEHINNX MOHSTHH ¥ NPHU3HAKOB.

A.B.AHocosB

AWHAMUYECKHE CHUCTEMbBI C TPAHCBEPCAJIbH bIMU
CJIOEHUSIMH

AKcHoMaTH3Hpys CBOHCTBA HEYCTOHUYHBOCTH, INIPUCYIIHE Te0fe3H-
YeCKOMY IOTOKY Ha 3aMKHYTOM PHMaHOBOM MHOroo6pasHM OTpHIA-
TeJbHOH KPHBH3HBI, aBTOP BBeJ IIOHSITHE Y-CHCTEMBI, T. €. HHHaAMHYe-
CKOH CHCTEMEI, [OBeJleHHe TPAaeKTOPHH KOTOpOH B OKPECTHOCTH J000H
(UKCHpPOBAaHHOH TPAEKTOPHU HAMOMHHAET MOBEJEHNE TPAEKTOPHUH BO3JIe
cefyia. Dosee oOmuM sIBJSIETCS MOHSATHE JHHAMHYECKOH CHCTEMBI

1) Jas peumleHuss HEKOTOPHIX 3aJay METONOM MOTEHUUATbHBIX (YHKIHH
HccaelyeTcs GoJee ofwee, Hexenu (3), pekyppeHurHoe cooTHoweHnue. OfHaKo
B 3TOM JIOKJajJie pacCMaTpHBAIOTCH JHIIL TaKue 3afayd, LJsl pelieHHs KOTOPBIX
JIOCTaTOYHO MNpoueAypsl (3).
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C TpaHCBepCaJbHbIM CJIOEHHEM, T. €. HHBADMAHTHBIM OTHOCHTEJbHOH
3TOH CHCTEMBI CJIOEHHEM, B CJOSX KOTOPOro moj jAeHcTBueM mpeobpa-
30BaHMH CHCTEMbl NPOUCXOIUT CXKaTHE WJM pacluupenue. B nokaage
6yner faH 0630p paboT aBTOpa MO TEOPUH Y-CHCTEM M CMEXKHBIX Pe3yJlb-
TATOB JAPYTHX aBTOPOB O Pa3/MUHBIX CHCTEMaX C TPaHCBEPCaJbHBIMH
CJIOEHUSIMH.

B. H. ApHoasj

NPOBJIEMbl YCTOWYHBOCTH W 3PTOAHYECKHE CBOHCTBA
KJIACCHYECKHUX NTUHAMHUYECKHX CHCTEM

B JIOKJage oécymnaro'rca peleHHble U HepPeIIeHHbIe 3ajaiyd O Xa-
pakrepe ABUXKEHHA JUHAMHUECKHX CHUCTEM CO MHOTHMHU CTENEHSAMH
CBO60}H:>I, 6JU3KUX K COBEpPILAIOUIUM YCJOBHO-NIEPHOJHUECKOE IBHIKE-
HHE CHCTeMaM KJaCCHUeCKOH MeXaHHKH.

A. A. BopoBkoB

Ob YCJOBHUAX CXOAMMOCTH K JHPPY3HUOHHBIM NMPOLIECCAM
H ACHMITOTHYECKHX METOJAX TEOPHH MACCOBOIoO
OBCJIY)KUBAHMU S

1. Joknan copepxuT JBa pasfena. B mepBoM paccmaTpuBaercs
CXOJMMOCTb IIOCJENOBATENBLHOCTEH MPOLECCOB K PAasJHYHBIM Au(dy-
3HOHHBIM IIPOLleCccaM, B TOM YHCJe C YCJIOBHSIMH Ha rpasnune. Bropoi
pasjies1 CyLleCTBEHHO CBSI3aH C NIEePBEIM U TOCBSIIILEH H3JI0XKEHHIO pPe3yJib-
TATOB 2CHMIITOTHYECKOrO aHaJU3a IIHPOKHX KJaCCOB CHCTEM MacCOBOTO
obcnyxuBanusi. [Ipu aToM, Kak IpaBUJO, H3Yy4alOTCs HE IIOBEJeHHe
XapakKTepUCTHK B HEKOTODPbHIH MOMEHT BpEMeHH, a IIPOLecChl, OIH-
ChiBalollfie CHCTEMBbl Ha BCeM 3aJaHHOM HHTEpBajie BPEMEHH.

XapaKkTep BXOZHBIX ¥ BBIXOJHBIX ITOTOKOB, BCTPEYAIOMIHMXCH B TE€O-
PHH MaccoBOro OOC/Y:KHBaHMS, CYLIECTBEHHO IIOBJIHSJI Ha BHJ YCJO-
BHH CXOJMMOCTH B II€PBOM pasjieie, KOTOPbIE NPH BCEM 3TOM MBI CTpe-
MHJIHCh CJelaTh MUHHMAaJbLHBIMH.

2. PaccmatpuBatorcst nponecchl Z (£) B MOJHOM METPHYECKOM IIPO-
crpauctee ¢yukuui Ha [0, T], T — oo. 3nauenue Z (f) onpenensercs
KaK (YHKLIHOHAJA OT TPAaeKTOPHHM HEKOTOPOro APYroro mnpomecca
{X (), 0K ¢t< T}, sagaHHOro, BO3MOXKHO, Ha 0oJiee CJIOXKHOM (a3o-
BOM IIPOCTPAaHCTBe (CP. C TaK Ha3blBAeMbIM IOMNOJHEHHEM JI0 MapKOBO-
CTH B TEOPHM MaccoBoro obcayxuBanus). CxomuMocTb K AUG(y3HOH-
Homy mnporeccy {w (f), 0<¢{<1} noHuMaercs KaK CXOZHMOCThb
pacHpefe/eHHH H3MeDHMBIX, HENpEpPHIBHBIX B DPAaBHOMEPHOH MeTpHKe
B «roukax» C (0, 1) dyHKuHOHAJIOB OT HOPMHPOBAHHOI'O HYKHBIM 06pa-
som npouecca Z (¢T) K pacnpefiesieHHIO 3THX (YHKUHOHAJIOB OT @ (f).

CyImHOCTb YCIOBHH TakK ONpelesNeHHOH CXOAHUMOCTH, rpybo roBops,
COCTOHT B OTBICKaHHH TaKHX O-oJanare6p coObITHH, OTHOCSLINXCS K TPa-
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ekropusim {X (f), 0<t< T}, OTHOCHTENBHO KOTOPHIX YCJOBHBIE
MaTeMaTHueckue oxujanusi Z (t +u) — Z (f) u [Z (t + u) — Z (§)]?
npu u — oo, u =0 (T) BenyT cebs acCUMNTOTHYECKH AOCTATOYHO Ipa-
BUJIbHBIM 00pa3oM (KakK yCJIOBHBIE MOMEHTH NpHpaIeHHH Auddy3HoH-
Horo mpouecca). Jlo6aBisieTcsi TakxKe yCJOBHE KKOMIAKTHOCTHY», 3ampe-
1lamolee CJIUIIKOM OoJsbllive BbIOpOchl Ha TpaekTtopusx Z ().

JLJ1s1 CXOZMMOCTH K IpoLieccaM C YCJIOBHSIMH Ha I'paHHUIlE BBOASTCS,
KPOMe TOTO, €CTeCTBEHHbIe OTPaHHUYeHHs Ha noseneHue Z (f) B OKpecT-
HOCTH TPaHHIHI.

s cX0nUMOCTH, HanpuMep, K BHHEPOBCKOMY TIPOIECCY YKa3aHHbIE
YCJIOBHS BBINIOJIHEHBI U JIETKO NPOBEPSIIOTCS IS pPasHOro pojaa 06o6-
IIeHHbIX IPOLECCOB BOCCTAHOBJIEHHSI M HX CyMM (BpeMeHa BOCCTa-
HOBJIEHHS] U NPHpPAIIEHHS NOJKHbl MMETh KOHEYHble MOMEHTH MOpSIKa
2 + v, y>0), Bkao4ass cayyau 3aBHCUMOCTH INpHpAIIeHHH OT Bpe-
MEH BOCCTaHOBJIEHHS. DTO K€ OTHOCHUTCS K cyMMaM cJaG03aBHCHMBIX
BEJHYHH C YCJIOBHUSMH 3aBUCHMOCTH, HAJIOKEHHHIMH Ha MOMEHTHI;
K CyMMaM cJyyaliHblX BeJUUYHMH, 33JaHHBIX Ha KOHeUHOH Ienu MapkoBa,
u Jp.

3. PaccMoTpuM cHCTeMbl OJHOKDAaTHOTO OOCIyXKHBaHHSI, KOTOpBIE
ONpENeNSIOTCST 3alaHHeM TPeX MPoLeccoB: v (f) — YHC/Ia MOCTYIHBLIMX
BBI30BOB, U (f) — uHcJja 00C/HyKEeHHBIX BBI3OBOB H § (f) — 4HC/a BBI30-
BOB, MOJYYHBIIHX OTKa3 K MOMeHTy BpeMeHH f. (B cucremMax c oue-
peneio s (f) = 0.) O6bUHO B peasNbHBIX 3aJayaXx yAOBJETBOPUTENBHO
3ajilaeTcs JHlb nponecc v (f), a u (f) u s (f) onHUCHIBAIOTCA KOCBEHHO,
yKasaHUeM «a/JroputMa obcayxuBaHHs». Ha cerogHs Teopusi Macco-
BOro oOC/]yXHBaHHs, MO-BUAHMOMY, HcUepNaja IIOYTH BCe CJAydaH
«IBHOH Pa3peluMOCTH» TAKHX CHCTEM, CKaxKeM, cJydaM, KOrja B 3aBH-
CHMOCTH OT XapaKTepa CHCTEM YAAeTcs HaHTH NpelenbHOe HpPH f — co
pacnpenenenre v (1) — u (£) — s (f), s (f)/v (f) uaum Apyrux xapax-
TEPHCTHK. ITO BecbMa Y3KHH KJsacc, OuepUYeHHBIH OYeHb YACTHBIME Npej-
HOJIOKEHUSIMI. MHOTOUHC/IEHHbIe MONBITKA PacLIMPeHHus 3TOro KJjacca
yIHpawTCcs B NPHHIUMHATIbHBIE TPYXHOCTH.

C gpyrofi CcTOpOHBI, LeJblH psg (GAKTOB YyKa3blBaeT Ha TO, 4TO
OTCYTCTBYIOI[HE HbIHE OOLIME NMOAXOAbI, T. €. METOAbl H3yYEeHUs CHCTEM
ofmero BHAa, HAJO HCKATb HA MNYTH AacUMITOTHYECKOI'O aHaJIk3a.
[To moBoAy mMOC/JERHEr0 YMECTHO 3aMeTHThb, 4TO ceHuac mpeaesbHbEE
TEOpEMBI YacTO NMPHMEHSIOTCS IJIsi OTHICKAHMS paclpeleseHHs] CyMMbl
Jaxe ISTH-CEMH CJAy4YaHHBIX CJaraeMblX.

a) Cucmemol ¢ unmercusHom 8xo0Hoim nomoxom v (£). PaccMoTpuMm
[OC/IEN0BATENBHOCTh CHCTEM C HOMepaMu n = 1, 2, . . ., LJs KOTOPBIX
Muo, (f) ~ ant, a yucio JItI/IHI/Iﬁ o0cy:KUBaHUs NP HeKOTOpoM & > ()

0
Gonbire, uyem an (1 + 8)\ Q (ty — 2) dz, toe 1 — Q (f) — dbyHKUUSA
0

pacnpeneneHus BpeMenu oGcayxuBanusi. Toraa ecau npouecc [v, () —

— antl/V'n na [0, t,] npu n — oo cxogutcss K nU(DY3UOHHOMY MPO-
ueccy {w (f), 0<t<t;}, TO OTHOCHTENbHO YMCJIA 3aHATHIX JHUHHH
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Cn (£) = vp (£) — un () — s, (f) cnpaBemnuBo caenywomiee: I1poyecc
t

[Tn (£ —ani Q(t—2) dzl/V'n (8 D (0, t5) cxodumes npu n — oo
0

k

—

K npoyeccy 8 (f) =

Q(t—2)dw (2)+Vay (¢, rae y (f) — eayccos-
0

CKUll npoyecc, He 3a8UCAULULL OM Nepeozo CAA2AeM020, C KOPPEAAYUUOHHOL
Pyrryueti

t

My(t+u)y @)= QU +u—2)(1—Q(t—2) dz.

0

OTciofa ciefyer, B 4acCTHOCTH, 4TO eciu w (f) — BHHEPOBCKHH IIpoO-
mecc (cM. mpuMephl B KoHIe I. 2), To 0 (f) pacnpeneneHo HOpMaJbHO
t

Q(t—2detal QUt—20 —

)

¢ napamerpamu (0, Mw? (1)

oD

o

—Q(t—2) dz). Ecn { Q(f) df < oo, 1o mpu ¢ o0 6 (£) Gyger

0
CXOAUTbCS K CTallMOHApHOMY IIpOLecCy.

31ecb Mbl MMeeM NpPHUMEPH! IPEJeJbHbIX TeOpeM, «COOHpaTeSbHBIX»
[0 BXOAY U «HE COOHpATENbHBIX» 10 BPeMeHH OOC/TyXKHBaHHS.

6) Heo6xoguMmbeIM [Jisi MApKOBOCTH CTallMOHapHOro mpomuecca 0 (f)
siBasiercst ycaoBue Q (f) = e~%. B artoM ciayyae, Korja YMCJIO JHHHUH

oo
obcnyxusanusi paBHo an \ Q () dt+ c)/ n, HopMHDPOBaHHbIH IpoLECC
0
Cn (f) OynmeT CXOmMTbCS K MapKOBCKOMY Ju((hY3HOHHOMY IpoLeccy
C OTpaXKeHHeM OT TpPaHHUIbl, OnpejenasieMod mapaMmerpoM c¢. WHduHH-
TE3UMaJIbHBIA OIepaTop NpPeJeNbHOro IIPOLecca JIErKO OIpenessieTcs
10 mapaMmeTpaM @, o U omepaTopy mpouecca w (f).

B) Ecau s (f) = 0 (cucrema c ouepefpio), TO B YCJIOBUSX 1. 6 MbI
OyJneM HMeTb CXOIMMOCTb K HEOTpaHWYeHHOH Iuddy3HH, HO Ko3hdH-
{{HeHTbl HH(QHUHUTE3NMaJbHOrO omepatopa OyAyT Ha TpaHHIe HMETb
U3JIOM.

r)  (f) MmoxeT nmpuUHUMATb GOJIbIIHE 3HAUEHHS TaKXKe H B ciaydae
HEHHTEHCHBHBIX BXOJHBIX NMOTOKOB v (f). Hanpumep, 1msi «HarpysxeH-
HBIX» cucTeM B HHTepBaJse BpeMenu [0, T'], T —> oo (sBJIEHHS B NYHK-
Tax a, T pasjH4aloTCcs IVIaBHBIM o6pasoM MacuitaboM BpeMenu). Ecmu
[v (¢T) — atT /Y T cxomutcs k auddysnonHomy mpoueccy Ha [0, 1],
TO HopMmHpoBaHHBIH mpouecc § (¢T) Takxke OyIeT CXOOUTbCA K IHQ-
(ysuH, HO ¢ OTpaxKeHHEeM OT HYJIeBOH rpaHulbl. MHOHHUTE3UMAbHbIH
onepaTop IpeAeabHOro npouecca 6e3 TpyJAa BBIYUC/ISETCS MO MapaMer-
paM CHCTEMSI. :
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Bo Bcex 3THX 3ajayax yc/JI0BHS Ha BXOXHOH NOTOK GJIM3KH K MHHH-
MaJIbHbIM.

ITonpo6Hble pesynbraTel Npu Gosee c1alblX OrpaHUYeHHsX HA U (f)
MOryT GBITh NMOJyYeHbl OTHOCHTENbHO «BEpPOSITHOCTH OTKasar s (f)/v (f).

A T.BurTymkuH

0 BO3MO)XHOCTH NMPEACTABJIEHHS ®YHKLHUHA CYNEPMO3ULHUSAMU
®YHKLUHUHA OT MEHBLWIErO YUCJA NMEPEMEHHBIX

C nomompio anrebpanyecKoH MOACTAHOBKH, HasblBaeMo#l npeobpa-
3oBaHueM YupHrayseHa, ofinee ajrebpandeckoe ypaBHeHHE n-H cTe-
negn x" + ax™ 1 + ax"?* + ... + a, =0 npuBogUTCI K BHAY
Y+ b y"t + by ... + by + 1 =0. [anpHeluiue MONBITKY
aJare0pauCTOB CBECTH pelleHHe OOIEro anre6pauueckoro ypaBHEHHUS
K DelIeHHI0 yPaBHEHWH, COJEepIKaIlKX 10 BO3MOXKHOCTH MeHblllee YHCJI0
napaMeTpoB, JOJIrOe BpEMsl OCTaBajuch Oe3ycnellHHIMH. B cBoux
«MaremaTtnueckux mnpobaemax» JI. Tuian6epT M0-HOBOMY B3TJISHYJI
Ha 3Ty 3ajady, chopMmy.upoBaB ee nof Ne 13 B caepymwolleM BHIe:
«HeBo3MoxXHOCTD pelileHHs1 o0llero ypaBHEeHHs 7-H CTelleHH NPU IOMO-
WH QYHKUHHA TOJBKO JBYX mepeMeHHbIX». [lJis JoKasaTenbcTBa 3TOTO
JL. Tuasbept cuntan HeOOGXOAUMBIM J0Ka3aTh, YTO «ypaBHeHHe 7-# cre-
neau f* + x-f* + y-f2+ z-f + 1 =0 He paspemMMo NpPH NOMOLIH
JIOOBIX HENpPEpLIBHBIX (YHKIHUHE TONBKO JBYX IEepPEMEHHBIX.

Pasinunble MarteMaTHKH 110-pasHOMy IOHsIH 13-10 npobJemy
U OTHOCHJIM K HeH pe3y/ibTaThl pasjuyHoro xapakrepa. A. OcTtpoBckHi
(1920) mnokasan, uyTo aHaJMTHYeCKas (QYHKUHsS JABYX IepeMeHHBIX

(o]

E(x,y) = 21 x"/nY He sIBJsIeTCS KOHEUHOH cymeprosunuei Gecko-
n—

He4yHO AudpepeHIUpYyeMbIX (GYHKUHUHA ONHOrO IepeMeHHOro H ajarebpau-
YecKHX (YHKUHH Jro0oro yucaa nepemeHHslx. J1. I'uasbept (1926) noka-
3aJ/, UTO pellleHHe ypaBHEHHsS 9-H cTeneHH MOMXKHO NPEACTaBUTb B BHJE
KOHEYHOH Cyneprnosuuyuu ajreOpanuecknx (QyHKIHH 4-X nepeMeHHbIX.

B 1955 r. aBTOpPOM J0KasaHO, YTO CYIIECTBYeT p pa3 AudpepeH-
uupyeMmasi GYHKUUS 7 NEpeMeHHbIX, KOTOPYIO HeJb3sl MPEACTaBUThb
B BHJe KOHEUHOH Cynepnosuuuu p’ pas AuddepeHHHpyeMbIX (hyHKUHH
n' nepeMeHHbIX, ecau TolbKO n/p >>n'/p’. JI. DBubepbax melTajncs
JI0Ka3aTb, YTO CYLIECTBYIOT HeNpephBHbIE (QYHKUHH TPeX IepPeMEHHBIX,
He IIpeJcTaBHMble B BHJAE CYNEPNO3HLHUH HENPepbIBHBIX (YHKIHH
1Byx nepemenusix. Ho ue 3psi JI. buGepbax HasBasn 13-10 mpobaemy
«gecyacTHOH». B 1957 r. coBMectHbiME ycunusmu A. H. Koamoroposa
u B. M. ApHosnbaa 6bl10 JOKasaHO oOpaTHOe: BCsiKasi HeNpephiBHAs
GYHKUUsl 7 IepeMeHHBIX MOMKeT ObITb IpejcTaB/eHa CyNeprno3unue

BHUJAa
2n+41 n

gi fi (j;i @y (%)),
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rge Bce (YHKUMH HeNpephIBHBI, a BHyTpeHHHMe ¢yHruuu {o;; (x;)}
3apaHee (MKCHDPOBaHBI. V3 3TOH TeopeMsl cieyeT, B YaCTHOCTH, UYTO
pellleHHe ypaBHEHHSI 7-H cTelneHH MoxeT ObIThb NpEACTaBJEHO B BHJIE
CYNEepNO3UIHHY HeNpepelBHEIX (YHKUMH OZHOrO IMepeMeHHOro W omnepa-
IUH CJOXKeHHus, T. e. runote3a JI. I'masbepTa 0Kasajach OLIHOOUHOM.
B cBsa3u ¢ npobunematukoit psgoB @ypre H. K. Bapu eme B 1930 r.
JIoKasaJja, 4TO BCsSIKasl Heng)epbmnaﬂ (YHKIHS OXHOTO IepEMEHHOro

npescTaBuMa B BHAe f (¥) = ) f; (g: (x)), rae Bee {f;} u {g;} a6comoTHO
i=1

HenpepolBHEL. [JoaTOMy Bcsikasi HenpepbiBHast (YHKUHS 72 IepeMeH-
HBIX ITIPeACTaBHMMa B BHJE CYIEepPHO3UIUH abCOJIOTHO HeNpephIBHLIX
(GYHKIHUHA OJHOTO MNEepEeMEHHOTO M Omepanyu CloXKeHHs. B mocnennue
rofipl mosiyueH psj pesyabtatos (JI. A. Baccansiro, P. Hoce, I'. T. Jlo-
penu, I1. A. Ocrpang, B. M. Tuxomupos, I'. M. Xenkun, 1. Illnpexep
u Jap.), pomoJnsiomux teopemy A. H. Kosamoroposa.

Ilpu paccMoTpeHuH cynepnosuuui AuddepeHIHpYyeMbIX (QYHKIHH
XapakKTep pe3yJbTaToB, IO-BUAUMOMY, CyILlecTBEHHO MeHsieTcsi. Hanpu-
Mep, U3 pabor aBtopa u I'. M. XeHKkuHa c/enyeT, 4TO IJisi BCSKHX
HeNnpephIBHBIX PYHKUUH p,, (X4, X2, . . ., X,) ¥ HENPePLIBHO quddepeH-
HUPYeMBIX GYHKUHE @¢p, (X4, X2y - - ., Xp), R >2(m =1, 2, ...,
MHOXKECTBO CYIEPNO3UIHH BHAA

21 Pi (X1, Xay « ey Xn) [i (G (K15 X20 + oy Xn)),s

rae {f: ({)} — npousBosbHBIE HempephiBHbIE (YHKIHH ONHOTO Iepe-
MEHHOTO, HHUTJ€e He IJIOTHO B NPOCTPAHCTBE HENPEephIBHBIX (QYHKUHME 72
nepeMeHHbIX.

B 3akimouenuve ormeruM, uto uges J. [mipbepra HOKasbBaTh
«HEBO3MOXKHOCTb pellleHHs] OOIIero ypaBHEHHS 7-H CTENeHH NpPH IOMO-
WK (QYHKUUH TONBKO ABYX IIEPEMEHHBIX» MOXET IMOJYYHTh JaJjbHeH-
Iee MOJIOXKHUTENbHOE pa3BUTHe. VIMelomuecs B HacTosilee BpeMs pe3yJib-
TaThl He NPOTHUBOpEYAT, HampHUMep, TOMy, YTo ¢yHKuus [ (x, y, 2),
onpenensieMasi ypasuenueM [7 4 xf® + yf* 4+ zf + 1 =0, He sBAser-
Cs KOHEUHOH cynepnosuuuell aHaJUTHYeCKUX (DYHKIHUH ABYX INepeMeH-
HBIX.

M. .. Bnmucx

3JUIMNITUYECKUE YPABHEHHSI B CBEPTKAX B OTPAHHYEHHOM
OBJIACTU W HX MNPHJIO)XEHHUSA

JlokJsaz nocBsitieH 0630py coBMecTHbIX pabor I'. M. Dckuna u foknan-
YHKa 10 YPaBHEHHSIM B CBepTKax.

1. Tycts /Tix, E)€C® (R", R™\0) u A (x, &) = 124 (x, E), npuuem

nas npoctotsl A (x, E) He 3aBucHT oT x npd [ x [> R, R>1. O603-
HauuM uepe3 Au omepaTop B cBepTKax (mceBAoAHGGdEpeHIHANbHbIN),
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OTBeYalolNi 3TOMY CHMBOJY,
Au=A(x, 2)* U (2) |z=xs

roe ceeptka Oepercs no 2, u — ¢uHHTHas ¢yHKuusg, A (x, 2) =
E]I:ETI;% (x, ), F — oneparop mnpeoGpasoBanusi Dypne (cMm. [1],

,Onepzzmopom 8 ceepmKax 8 ozparuyertol obracmu G — R™ ¢ raag-
Ko# rpanuneit I' HaseiBaercss omepartop A,u, = P*Au,, rpe u, obpa-
maetcs B HyJIb BHe G, P* — omepaTop cyeHHs 0600IIEHHOM (hyHKIHH
Ha obsactb G. I'py6o roBopsi, TaKOH OmepaTtop MOMKHO NPEACTaBHTH
B BHJE

P*Au, = S A(x, x—y)u, (y)dy,
G
x€G, roe A (x, 2), BooOue rosopsi,— 000OmEeHHAasE GYHKIHA 2.

2. Omneparop tuna cBepTkH A u, B obsactu G HasblBaeTCs 24a0KUM,
€CJIM AJ1s1 JII6Oro §

HAiuq—lIs -a< G HuHs,

rie || |l» — nopma CoGoseBa — CioGogenkoro mo obsaacta G.

CumBos1 A onepatopa B cBepTKax Ajui, 3anNMCaHHBIA B JIOKAJIbHOH
CHCTeMe KOOpIHHAT (X, X2, . . ., Xp) (1. ¢. K.), rae x, =0 — ypas-
HeHHe yacTd rpanuubl I', npuHaamexur kaaccy Dy, eciu A (x, &, &)
YIOBJIETBOPSIET COOTHOILEHUIO

1) = IRl ,—ani _ 9" _
ag'hA(x’ , — )= (—1)%ec ag A(x, L 1)

s Jgoboro k = (ky, ..., k).

Teopewma. Ecau 6 moboti 2. c. k. cumeor A onepamopa Au.
npunadaexcum gaaccy DG mo onepamop Au, asisemcs enadkum 8 06.4a-
cmu G.

3. Onepatop A,u, ynosnaersopsier B G YCJIOBUIO IAAUNMULHOCTU,
ecau ero cumBon A (x, §) npuHapIexut &, T. e. ecau Ax, &) =0

mpu E<~0, x€G. Beskuii cumBon A (v, E), yHOBJIETBOPSIOMIHE
ONpeNeJeHHbIM YCIOBHSIM TJIaJKOCTH, JIOMYyCKaeT OZHOPOZHYIO (aKTo-
pH3anuo mno &,

Ax, 8, 8) =4, (1, &, &) A (%, &, En)s

rneA+ (x, &, &)~ 0 (A (v, &, &) = 0) a1 ImE, >0 (Im §n\0)
A, (A.) — ananuTuueckas dyukums npu Im &, > 0 (Im§&, < 0),
HMeer 1o § nopsigok ogHopoxHocTH % (a — %) ([11; cM. Takxke [4], [5 ])
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Ecin A € DY E,, TO % — 1negoe B KaxAod Touke x € I' M mo-
CTaHOBKa TpPaHUYHBIX 3ajau Aasi omeparopa A,u, + Tuy, rne T —
rnaakuii onepatop B G nopsifika << @, 3aBHCHT OT 3HAUeHHsS X!

a) Ecim >0, 1o Ha T 3ajaercs ® rpaHHYHBIX YCJOBHH BHAA

Bjus = yP*Byu, = g; (x'), x' €T, B;€ DY), (1)
v — onepatop cyxeHus ¢pynkuuu ma I. Ecanm cumBosbl A (x, B
u B; (x, § va I' ynoBnerBopsitor anre6pauueckoMmy ycmaosuio Ilamu-

po — Jlomatunckoro, To oneparop A,uy + Tu, siBIAsieTcss Hemepos-
CKum, T. €. 3ajaya O pelIeHHH YyPaBHEHHUS

Ay 4Tuy =, [€H o (G) (2)

npyu rpasudHBIX ycaoBusix (1) HopmanwHO paspemiuMa B H; (G) mpu
(f, &) €(Heo (G), H 1 () (em. [1], [6]).
2

J
6) Eciu % << 0, TO B 3TOM cJ/ly4ae eCTeCTBEHHOH sBJsieTCs 3ajada
0 HaxoOXJAeHUH GYHKUUH (44 (), Py (X'), . . ., P (x')) U3 ypaBHeHHUSH

%]

Ay (us, @j) = P Au, +;§1 P*G; (e; (x") @8 () + P°T (4, @) = [ (%) (3)

rie G, (x, &) € Dg}, &(T) — d-pynkuus, cocpenoroueHHass Ha I.

Eciu cumBonnl A, G; ynosaerBopsitor npu x € I' ogHoMy asre6pau-
4YeCKOMY YCJOBHIO, TO omnepaTop A, SIBJISIETCS HEmeposckum W ypas-
HeHHe (3) B COOTBETCTBYIOMIMX IPOCTPAHCTBAX HOPMaJbHO Pa3peliuMo
(cm. [1]).

4. Ecnu onepatop Aju; He YJOBJETBOPSET YCJOBHIO TJIaAKOCTH,
TO YUCJIO % MOXKeT ObITh JIOOBIM. [I/1s ypaBHeHHU S (2) Bcerfa HOPMaJbHO
paspeludMa nepBasi KpaeBasi 3ajlaya, COCTOSAINAs B HaXOXAEHHH pellie-

Hust uy € Hyws (G), |8 | <<'/y, ypaBuenus (2) npu [ € Hyis-o (G).
Ecaun mopsjgok raagkoctd [ (x) Gosblie % — o + /5, TO mOpPSAOK
TJIaIKOCTH peleHus u, Ha I, BooOlue roBopsi, He MPEBOCXOMHUT % —+ /.
MoxHo JulIb yTBepXKAaTh, YTO ypaBHeHHe (2) paspemiuMo B IpO-

O
crpanctBe Hyys, v (G) dyHRUHE ©y (x), uMeromux BHYTpH G riafKkocThb
nopsagka » + 8 + N, a ma T — ramagkocts mopsaka = + & ([7]).
B ciydae Hemesmoro » ecrecTBEHHO TaKxKe H3yyaTb OOLLYIO 3ajauy
¢ JoObIM YHCJIOM MOTEHIHAJOB B ypaBHEHHH (2) H ¢ JIOObBIM YHCJIOM
rPaHUYHBIX YCJIOBHUH:

M

A+ ]2]1 PG, (; (x) ® 8(I))=[(x), x€G, (4)
{

Bhru,+ '§1 Evjo; (x)=gn(x) (k=1, ..., 1), (5)

rae Ej; — onepatopnt Timna cBeptkH no I'. Ilpu BhImosHEHHHM C€OOT-
BETCTBYIOLIEr0o aJjre6panyeckoro ycjaoBus Ha I' 3ajjaya o HaXOXJeHUH
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o
(u+, 0;) Mo 3ajaHHbIM (f, g,) HOPMaJILHO pasperunuMa, npudeM Uy € Hy 1y
O
(G) (wnu uy € Hy_1iu, v (G)), T. €. HaMuMe claraeMbIX THIA TOTEH-
[[HaJIOB YBEIWYHBAET NOPSJOK IVIaJKOCTH u+ Ha M emunuu, a [ rpa-
HUYHBIX YCJIOBHH BHJA (D) YMEHBIIAIOT NOPSAOK [JIaAKOCTH U4 Ha [ elu-
uun ([7)).

5. AHajoruusble 3ajia4y M3y4yeHbl AJIs CHCTEM ypaBHEHUH B CBEpT-

KaX, y KOTOPHIX cuMBOI A (x, E) — KBajpaTHas MaTpHuA NOPSAKA p.
B atoM ciyyae uccnenoBana obmas sagaua suaa (4), (5) ([8]).

6. AHajoruuHble 3ajaud H3yYeHBl /s ypaBHEHHH B CBepTKax
mepeMeHHOro Mopsiika, T. €. JJIS TAKHX YpaBHEHHH, Yy KOTOPHIX CHM-
Bo1 A (x, tE) = ™ A (x, E), rme a (x), BooOLUlE TrOBOPs, 3aBUCHT
or x ([8]).

7. B kauecTBe NPHJIOKEHHH MOXKHO YKa3aTb Pe3yJbTaThl JJIs1 HHTE-
rpajbHBIX YypaBHEHHH NepBOro poja:

, K x,
Ay +Tu, = ( IX—J|> ui(y)dy +Tu, =f(x), x€G, a>0,

y|"~®

y KoTopuix cumBoa A (x, &) umeer no & nopspok —a. s TaKUX ypas-
HEHHMH KOPPEKTHbIMH SIBJISIIOTCSl 3alayM, yKasaHHble B IYHKTax 3 H 4,
B 3aBHCHMOCTH OT cBOHcTB cuMBOsa A B Toukax x € I

C noMolbl0 ypaBHEHHH B CBePTKax HCCIeNOBaHa 3ajaya JJIsl 3JJIHII-
THYECKOTO ypaBHeHHs 2m Ly, uy = [ (x) mopsifika np¥ pasphIBHBIX Tpa-
HUYHBIX YCJIOBHSIX

Bu, =g (') (x'€T), Bfu, =g (x') (x'€T),

T, UT, =T. BoisicHen XapaKTep OCOGEHHOCTH peLIeHHs i (X)
B6JH3M MHOroo6pasust y = L'y | T3 (em. [71, [81, [9], [10]).

8. Anajiornunble 3ajaud HCCJEJOBaHBI A5 MapaboJHYeCKHX ypaB-
HeHuii B cBeprkax ([11]).
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B. M. Tnymkos

ABTOMATHO-AJITEBPAHYECKHUE ACHEKTbI ONTUMHU3ALHUH
MHUKPOIIPOTPAMMHBIX YINPABJISIOUIUX CHCTEM

B noknaje onuchiBaeTcss HOBBIA MOAXOJ K (opMajbHOMY npeobpa-
30BAaHHUIO Aa/TOPUTMOB, IO3BOJSIONMH pellaTh MHOI'ME HHTEepecHbIe
B NPaKTHYECKOM OTHOLIEHMH 3ajayd. Hanpumep, 3amucaB anroput™
YMHOXEHHSI LeJbIX YHCeJ, B COOTBETCTBHH C €ro OnpeleseHHeM, Kak
MHOTOKDATHOE CJOXKEHHe Yucaa ¢ caMuM co060l0, MOXKHO mpeobpaso-
BaTh 3TOT aJrOPUTM B Ty (OpPMy, KOoTopasi OOBIYHO ymoTpebJsiercsi Ha
npaktike. OCHOBOH IJIsi TAKUX IIOCTPOEHHH SIBJSETCS PAacCMOTpeHHe
oco6o#t mapnl anrebp (A, B), Tak 4TO 3/e€MeHThl NepBOH anrebpbl OTO-
¥KJECTBJISIIOTCS ¢ HEKOTOPBIMH OIEPAISIMH BTOPOH are6pel H HA060POT.
Aurebpbl 3aHalOTCS C IIOMOIIBIO 0OPa3yIOMUX U ONPeeasiolUX COOT-
HOLIEHHH, KOTOpPble H HCIOJAB3YI0TCS A5 (OpPMaJbHOrO NpeoObpa3oBaHUs
anroputMoB. [Ipeo6pasoBanusi, 3ajaBaeMble aJrOPUTMAaMH, OTO-
JKJECTBJISIOTCS NPH 3TOM C 3JeMeHTaMH anire6pbsl A, a KOHKpETHble
peasv3alnKy aJrOPUTMOB BHIPAXKAIOTCS PA3JHYHBIMH HDENCTABJEHUSMHU
3THX 3JIEMEHTOB uepe3 obOpasyiomue. [losyueHHble pe3ysabTaThl NPH-
MEeHSIIOTCS K ONTHMM3alMH MHKPOIPOIPAMMHBIX YIIPABJISIIOIIMX CHCTEM,
T. €. CHCTEM, CBOJSIIUXCS K B3aUMOZAEHCTBHIO IBYX aBTOMATOB, 110 Kpak-
Hell Mepe OJHH M3 KOTOPbIX KOHeueH (MamuHa ThIOpHHTa, BBIYHC/IH-
TeJbHAas MalllMHA U T. II.).

Jlaercst TakxKe aBTOMaTHasl HHTepnperanus pesyasrartos 0. M. flxo-
Ba 0 npeoOpa30BaHUSIX CXeM NPOrpPaMM, IIO3BOJSIONIAS CYLIECTBEHHO
VIPOCTHTh JAOKAa3aTesJbCTBA U IMOCTPOUTb JOCTATOUHO 3(pdeKTHBHbLIE
npHeMbl MHHHMH3aIUM 3alMHCed NpOrpaMM M MHKPOIPOIPAMM.
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E. C. Toaonpn
0 HEKOTOPbIX NPOBJEMAX BEPHCAWJIOBCKOIO0 THUIIA

JlaHO OTpHUATeNbHOE pellleHHe HEeKOTOpbIX npobseM OepHcalnoB-
CKOTO THIa C «HEOTPaHHUeHHBIM INOKasaTeseMy». J{0Ka3aTesbCTBO OCHO-
BhIBAeTCsl Ha JieMMe O OeCKOHEUHOMEPHOCTH acCOIMaTHBHOU aJfrebphl,
B KOTOpPOH JOCTaTOYHO MaJiO ONPENeNSIIOIUX COOTHOLIEHHH.

A.A.Tonuap

CKOPOCTb MNPUBJIHU)XEHHSI PALUOHAJIBHBIMH JPOBSIMH
U CBOMICTBA ® YHKLUHA

Joksan mpennosaraercss NOCBSITHTb 0030py pe3yJbTaTOB, OTHOCS-
IHUXC K CJAEAYIOMMM BONpOCaM:

1. 3aBucumMocTh AHddhepeHIHaJbHBIX CBOHCTB (PYHKUMH U MeTpH-
YECKHX CBOHCTB HCKJ/IOYHTENbHBIX MHOXKECTB HeAHddepeHIHpyeMOCTH
OT CKOpPOCTH TpUOJMKEHHs (YHKUUH paunuoOHaJbHBIMH JApOOSIMH.

2. CpofictBa (DyHKIHUH, NPEACTaBUMBEIX JOCTATOYHO OBICTPO CXOAS-
HIUMHCS (CO CKOPOCTBIO T€OMETPUUECKON Iporpeccuy U OricTpee) mocie-
JIOBaTeNIbHOCTSIMH pAllMOHAJbHBIX (DYHKIHH: CBEPXCXOAMMOCTb, KBa-
3MaHaJMTHYeCKHe KJacChl U KBa3HaHAJHTHUYECKOE NPOJOKEeHHUE QYHK-
IMH KOMIIJIEKCHOTO IIepEMEHHOrO.

M. U.Tpaes, A. A. Kupuaaos
NMPEACTABJIEHU A TPYIN

1. B nocnexsue rogsl NPOH3OIIJIO 3aMETHOE CMEIleHHE HHTEPECOB
B TEOPHH INpENCTABJEHHH — OT HM3y4YeHHs] NpPeICTaBJIEHHH KOMILIEKC-
HBIX U BelLeCTBEHHBIX IPyNn JIM K H3y4YeHHMIO NpeACcTaBJeHuH anrebpau-
yeckux rpynn (g Hax npousBosbHeIM mnojeM K. Hayuensl npen-
CTaBJIEHUSI TPYNINBl MaTPHUI[ 2-T0 NOPSJKA C 3JeMEeHTaMH H3 HenpephiB-
HOTO JIOKaJIbHO-KOMIAKTHOro nojist K. [lyist 3Tol rpynnbl yCTaHOBJIEHO,
4TO OCHOBHBIE (paKThl TEODHH IPEJCTaBJEHHH (CTPYKTypa HENpHBOIH-
MBIX NpEeACTaBJEHHH, XapaKTepbl 3THX NpeJcTaBJeHHH, Mepa IlnaHiue-
pensi, BO3HHKAWILAs IDH DAasJjIOXEHHH DEeryJsipHOro INpeACcTaBJeHHs
rpynnsl Gg) MoOryT ObITb chHOPMYJIHpPOBAaHbl B TEPMHMHAX, €IUHBIX /s
Bcex mnosed K. Ilycte Temepr G — mpousBoJbHAst anrebpanyeckas
rpynmna, onpejesneHHast Haj noJjeM k. Mbl HajeeMcst, YTO JJIs1 HIHPOKOTO
KJacca pacliupeHuit K moJsi 2 MOXKHO HOCTPOUTDH TEOPHIO NpPEACTaB.JIe-
Hu#l rpynn Gg, B KOTOPOH Ha MNEepBBIH IJIaH BBICTYNAeT CTPYKTypa
UCXOnHOH anrebpauueckor rpynmsl G, a moje K urpaer ponab mapa-
MeTpa. [Ipu mocTpoeHUH TaKOH TeOpHH BO3HMKAIOT 3aJayd HOBOI'O THIA:
OnmucaTh MHOXECTBO 3HayeHHH «mapaMerpa» K, NpPH KOTOPBIX TEOpHs
npencraByeHuii rpymnsl Gyx yAOBJETBOPSIET TeM HJIM HHBIM TpeboBa-
uusM. Hanpumep, npunamnexuocts rpynnsl Gy tuny | cBsizaHa,
NO-BHAMMOMY, C CaMOAya/JbHOCTBIO aAIHTHBHOH rpynmbl moas K.
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2. Crepyromui Kpyr BONPOCOB CBSI3aH C TeOpUeH IpeacTaBJeHUH
rpynn G,, rtae A — KoJablo ajenedl (M BooOIle HEKOTOPOE KOJbIIO
Taiita). OcTaHoBUMCS Ha caenyomed 3anade. I1ycte G — penyKTHBHAS
ajsreOpanueckasi rpymnna, omnpejejeHHas Hajg noseM k, G, — ee rpynna
aneneld. TpebyeTcss H3y4YHUTh CIEKTP NpejcTaBJjeHHs: rpynnsl G4 B mpo-
crpanctBe L2 (Gy\G,). s mupoKoro Kjaacca rpynn G, BKIIOYAIOMETO
Bce rpynnbl IlleBanne — JIuKCOHa, pellleHHe 3TOH 3ajaud MOXKeET
ObITb MPOBEJEHO HAa OCHOBe Meroja opHuctep. IlycTb Z — yHUIOTEHT-
HBIH pajuKasn KakoH-HUOYIb mapabosnuecKod moarpynnsl rpynnsl G.
TpaekTopuu moarpynnsl Z, B OFHOPOAHOM mpocTpaHcTBe X rpymimbl Gy
HasbIBAIOTCSl opucdepamu storo npocrpaHctBa. O603HauuM yepes €2
TPaH3UTHBHOE ceMeHcTBO KOMIAKTHBIX opHchep. Metox opuchep
COCTOMT B H3yYEHHH eCTeCTBEHHBIX OTOOpaxKeHHH IpOCTPaHCTBa
L? (X) B npocrpancTBo GyHKiuMHA Ha Q. OkasbiBaercsi, YTO IPeICTaB-
Jenue rpynnsl G, B npocrpaHcTBe L? () uMeeT NpocTyi0 CTPYKTYpY.
B wuacrHoctH, ecniM 2 — MpPOCTPAaHCTBO KOMIAKTHBIX OpHcdep Mak-
CHMaJIbHOH pasMepHOCTH, TO KOJbIo onepatopoB B L2 (), nepecraHo-
BOYHBIX C OIlepaTOpaMH IIPeJCTaBJIEHHs, SIBJISETCS TEH30PHBIM IIPO-
U3BeJleHHEM KOMMYTATHBHOIO KOJIbIIa W TPYNIOBOrO KOJbIla TPYIIIbE
Beltns wucxomHolt anre6pauueckodt rpynnsl G.

3. BoMHOrux Bonpocax TeOpHH IPEACTaBJIEHHH eCTeCTBEHHO BBOAUTD
HeKoTopoe npoctpaHcTBo G, japoiictBeHHoe K rpymne G. B cayuae

Korja G — aare6panueckasi rpynna, B Kadectse (G MOXKHO B3SITb COBO-
KYIIHOCTb IIPOCTHIX ABYCTODOHHHX HJeasoB obepThIBalolleH aJre6phl
U (G) rpynnsl G. DT0 MHOXKECTBO HaJeJE€HO €CTECTBEHHOH CTPYKTYypOH
HEKOMMYTATHBHOI'O KOJIBIIOBAHHOTO MpOCTpPaHCTBAa. V3yueHue Takux
IPOCTPAHCTB U CBSI3aHHBIX C HHUMH HEKOMMYTaTHBHBIX KOJel M Tel,
HayaToe B caMoe IocjefHee BpeMsi, obelaeT ObITb O4eHb MHTEPECHBIM.

JUTEPATYPA

[I]Teasdpanxg U M, Tpaer M. U, Iarteuxuni-Uann-
p o U. U., Teopus npexncraBienuii u aBroMopdusie pyHkuun («O6o6umeHHbIe
¢yHKuKH», Bhn. 6). Tam e npuBeleHa noapo6Has GubGauorpadus.

[2) Gelfand I. M., Kirillov A. A., Sur les corps liés aux algébres
enveloppants de 1’algébres de Lie, Publ. Math. I.H.E.S., 1966.

0. JI. Epmos
3JIEMEHTAPHBIE TEOPHUM MOJIEN

DiieMeHTapHOH TeopHeHl TOrO WJHM HMHOTO KJjacca aJjrebpanyecKux
00BEKTOB HAa3bIBAETCSl COBOKYITHOCTb BCeX MPENJIOXKEHHH Y3KOro HCUHC-
nenust npegukartos (YUII), ucTtuHHBIX Ha Bcex oOBbekTax (MOZENsiX)
sajaHHoOro KJjaacca. OCHOBHBIMH BONPOCAMH B HU3yUeHHH 3JileMEHTapHBIX
TEOPUH SIBJSIOTCS BONPOCH HAaXOXJEHHS CHCTEMbl aKCHOM MJIs 3Jie-
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MEHTapHOH TEOpHH, 3JIeMEHTAapHOH KJ/acCH(pUKaUHM Mojesned 3ajaH-
HOTO KJlacca U pPa3peliuMOCTH 3JIeMEHTapHBIX TEOpHH.

[TepeuncaiuM KOPOTKO OCHOBHbIE Pe€3yJ/ILTaThl, MOJNyUYEHHbIE IPH H3Y-
YeHUH 3JeMeHTapHbIX Teopud moseit. A. Tapcku#i Hokasan paspeliu-
MOCTb TEOpHUI aJjirebpauueckKd 3aMKHYTHIX H BELIECTBEHHO 3aMKHYTHIX
noJielt. CylecTBeHHO 6osiee NPOCThle JIOKA3aTebCTBA 3TUX Pe3yJ/IbTaTOB
nan A. Po6uncon. PaspaboranHasi UM TeXHHKa OKasaJjach OYeHb I0JIe3-
HOU U NpH pelleHUU APyrux Bompocos. [I. PobuHcoH mokasana, 4To
TEOpUs TOJSI PAallHOHAJBHBIX YHCeNT W Jo6oro monas ajrebpanyecKux
yKcesl, a TAKKe TEOPHUs KJjacca Beex Iojied Hepaspewumsel. A. M. Masb-
IleB J0KasaJ HepaspelIMMOCTb TEOPHH IOJISI PalMOHAJBHBIX (QYHKIHH
OT OJHOH IepeMeHHOH Haj BeIleCTBEeHHO 3aMKHYTBHIM apXHMeJ0BO YIIO-
psanouenubiM noseM. A. Tapckuit u JI. Pobuncor pacnpocTpaHH/IH
3TOT pPe3yJ/IbTaT Ha MOJIsi PAIlHOHAJBHEIX (PYHKIUH OT OAHON nepeMeHHOH
Haj JiFoObIM BEIIECTBEHHO 3aMKHYTHIM InojeM. P. PobuHcoH nokasan
HEPa3peLINMOCTb TEOPHH IOJsi PallHOHAJbHBIX (PYHKUMH HaX JiroObIM
¢opMaJIbHO BellecTBeHHbIM nosieM. A. M. MasbueB nokasas Hepaspellu-
MOCTb TOJIsI (JOPMasbHBIX CTENEHHBIX PSJOB Haj IOJIEM C Hepaspelld-
MOH TeopHel NPH HEKOTOPLIX OrPaHHUYEHHSX Ha nociaenHee. JlokJaguMK
u HezaBucuMo [I. AKc JoKasaju 3TOT pe3yJ/bTaT AJs JIOObIX mHoJed
C HepaspellMMoH Teopuell. JIOK/JIafuUK I0KA3aJ Hepa3peluMoCTb Teo-
pPHUH TOJSI pPAlHOHANBHBIX (DYHKIHHE OT OLHOH NepeMeHHOH HaJ JIo6HIM
KOHEYHBIM II0JIEM XapaKTepHCTHKH 7 2, a TaKxKe Hepas3pellHMOCTb
TEOPHH KJjacca Bcex noJied (MKCHpOBAHHOH KOHEUHOH XapaKTePHCTHKHU
5= 2.

B nocnennee BpeMsi 1. Akcom u C. KOUHHBIM H HE3aBHCHMO JOKJAJ-
YUKOM J0Kas3allo, YTO 3JIeMeHTapHAasl TEOPHs IOJSl p-aJUYecKUX YHCel
1151 ioboro p uMeer paspewmuMyo teopHio. JI. Akc u C. Kouun noka-
3aJM TakxkKe, 4TO IoJe (GopMasbHBIX CTENEHHBIX PsJIOB OT OXHOH mepe-
MeHHOH Haj mnoJjeM XapakTepUCTHKH (, HMEIOIHM paspeliuMylo Teo-
pHIO, UMeeT paspelinMylo TeopHuio. JOKJaIuMK HCC/IeoBaJs 3/1eMeHTap-
Hble TEODHH MaKCHMaJbHbIX HOPMHMPOBAHHBIX IOJEH M Hamena, 4To
B ciyyae, KOTAAa HMEIOTCS OIpeJeseHHble TeopeMbl eIMHCTBEHHOCTH
JJs MakKCHUMaJbHbIX HODMHDOBAHHBIX MOJIeH, 3JeMeHTapHas TeopHs
TAKOrO IOJISI ONpeNessieTcss OAHO3HAYHO 3JeMEHTApHOH TeopueH moJst
BBIUETOB H 3JIEMEHTAapDHOH TeOpHeH TpyNIbl HOPMHPOBaHHA. B 3ToMm
caydyae HaHAeHO MOHSTHE, KOTOPOEe C TOUKH 3PEHUS 3JIEMEHTAPHBIX TEO-
pud 3KBHMBAJIEHTHO IOHSITHIO MaKCHMaJbHOTO HODMHPOBAaHHUS — IIOHS-
THe anrebpadyecKd II0JHOTO HOPMHUPOBAHHS (BBINOJHUMOCTb JIEMMBI
['eHsenss U paBeHCTBA 7 = e-f), MOJyYeHb HEOOXOQUMbIE M JOCTATOU-
Hble YCJOBHSl 3/JE€MEHTAPHOH 3KBHUBAJIEHTHOCTH asrebpadyeckd IOJ-
HBIX HOpPMHpOBaHMH. IIpoBefeHHOe HccieOBaHHE MO3BOJUJIO JOKa-
3aTh PsiJi BeCcbMa OOMHX TeOpeM O Pa3pelIMMOCTH 3JeMEHTapHBIX Teo-
pUH DpasJMUHBIX KJaccoB ajreOpaHyeckHd IIOJHBIX HOPMHDPOBAHHBIX
noJeid. Hanpumep, ecnu § — Kiacc nosell xapaktepucTuku 0, umeio-
YA paspelruMyio Teopuio, 8 — Kjacc JUHEHHO ymopsiioueHHBIX abe-
JIEBBIX TPYII, MMEIOIMH Pa3peliuMylo TeOPHUIO, TO M KJacc BCeX Mak-
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CUMaJ/bHBIX HOPMHMPOBaHHBIX IIOJIEeH, Y KOTOPHIX IOJI€ BHIUETOB NPUHA-
JIEXKHUT , a TPynma HODMHDOBaHHUsI NPHUHAANEXKHUT &, Takke HMeeT
paspemuMyto Teopuo. Teopema [I. Axca u C. Kounna o moasix cre-
IeHHBIX PSANOB €CThb OYEeHb YACTHBIA ciydall 3TOH TeopeMbl. Y KaxeM
ellle OJHY TEeOpeMy TaKOro poOjAa: MNYCTh § — KJIAaCC COBEPIIEHHBIX
noned XxapaKTeDUCTHKH p =0, UMEOMHH paspeliuMyio TEOpHIo,
TOTJia KJiacc KoJIell BeKTOPOB BHTTa HaJl O/ISIMHU U3 {§ UMeeT paspeluMyio
TeopHio. Mcmosnb3yss 3TH TeopeMBl, MOXHO YyKasaTb OOJBIIOE YHCJIO
KJ1accoB IoJied ¢ paspeliuMoll Teopuel, B TOM 4ucJe W NoJedl Xapak-
Tepuctikd #0. Clenyer OTMETHTb, YTO B J0KAa3aTeTbCTBAX HE HUCIOJb-
30BajJlacb KOHTHHYYM-THIOTe3a, KakK 3To ObLIO cAenaHo B paborax
. Axca u C. Kouuna.

[IpuMeuaTeNbHEIM (aKTOM fABJSIETCS IOJTy4YeHHe YHCTO ajrebpaude-
CKHMX pe3yJbTaTOB HCIIOJb30BAHHEM TeXHHKH TeopHH Mogesned. JI. Axkc
u C. KounH Jo0KasaJju cnpaBelJHBOCTL THIIOTE3b APTHHA O IPEACTABH-
MOCTH HyJsl (OpMaMH Haj p-aJU4ecKUMH INOJSMH MJIsi IOYTH BCeX p
(npu uKcUpoOBaHHOH cTemeHH ¢opMbl). Mcmosb3ysi NpU3HAKH 3JeMeH-
TADHOH SKBUBAJIEHTHOCTH ajreOpanuyecKd IOJHBIX IOJel, HOKJaguuK
nokaszaa runoresy C. Jlenra o mnoje (opMasbHBIX CTENEHHBIX PsJIOB
Hax C;-mosieM B ciayvae nossi xapakrtepucruku 0. V3 aToro pesyJbraTa
6e3 TpyJa clemyeT HOBOe J0KasaTesbCTBO (6€3 HCIONb30BaHUS B JIOKa-
3aTeJbCTBE KOHTHHYYM-THUIIOTE3B) M yTouHeHHe TeopeMul JI. Akca
u C. Kounna o runorese ApTuHa.

Crenyromas TeopeMa, MOJy4eHHass COBCEM HENABHO JOKJIaJUHKOM,
ecTb ob6obieHne TeopeMbl A. Tapckoro o paspelruMoCcTd TEOPHH aJred-
pauuecKd 3aMKHYTHIX IIOJIEH:

Knacc Bcex cenapabenbHO 3aMKHYTHIX INOJIeH, Kjacc BceX cemapa-
6eJbHO 3aMKHYTHIX MOJeH (UKCHDOBAaHHOH XapaKTEepHCTHKH, Joboe
cenapabe/qbHO 3aMKHYTOE II0JIe MMEIOT paspeliuMble TEOPHH.

U. A. U6parumos

HEKOTOPBIE ACNIEKThbI CHEKTPAJIbHOH TEOPUH
CTALIMOHAPHDBIX NPOLIECCOB

1. Ilycts x (£), —oo0 << t<C oo, — CTalMOHAPHBLIH B ITHPOKOM CMBICJIE
IIPOIIECC C HENPEPHIBHLIM HJIH JUCKPeTHBIM BpeMeHeM. OfHa M3 OCHOB-
HBIX 3a][a4 TEOPHUHU TAKHX IIPOIECCOB, HCCIeLOBAHHE KOTOPOH ObIIO Haya-
to A. H. KonmoroposeiM u H. Bunepom (cM. [1]), — 3anava nawmmyu-
mero (B CpeiHEM KBaJPATHYHOM) JHHEHHOIO IPOrHO3MPOBAaHHMS 3HA-
yeHus mpouecca x (t) B OyaymeM, t >0, no ero 3HaueHUsiM x (f)
B npouwioM, ¢<0. Eciu BBeCTH IOpOXAEHHOE IporeccoM X (f) r/b-
GeptoBo mpoctpanctBo H = H_g5 ciyyaliHBIX BEJIMYMH CO CKaJsip-
HeIM npousBenenueM (&, m) = EEm, TO HAWIy4YmMH HPOrHOo3 x (T)

¢
€CTb NPOEKIHs X (T) Ha MOANPOCTPAHCTBO H_ o, NOPOXKAEHHOE BEJH-
yuHaMH x (S), —oo << s £.
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EcrecTBeHHBIM 06pa3oM BBIIEJSIETCS KJACC IPOLECCOB, AJAS KOTO-
pBIX omnbKa nporHosa o (1) = || x (t) — x () Hr_> | x (0)]| =E2|x(0)] 2.

Taxue mpoueccel HasblBawOTCs pesyaapHomu. JLas HUX ) Ht_w=0,
H, ClefoBaTeJbHO, HopMa mnpoeknud E (§ | HZ%) mo6oro siemen-
Ta £ € H® Ha HZY CTPEMHTCS K HYJIO, KOrZla T —»00.

PeryasipsocTb nporecca 03Ha4aeT OTCYTCTBHE CBsI3el MEXY JIOObIM
asieMeHTOM § € HP 1 manekuM npowssiM H_ 5. OfHAKO He HCKJIOUEHO,
4TO JaXke IPH O4YeHb OOMBIINX T MOTYT HalTHCh § € HY, XOpolo npH-

6aMKaeMble 3JIeMeHTaMu U3 H_w.

2. Ilpounecc x (f) Ha3blBaeTcst 6noAHe pecyaspHoim (TEPMHHOJIOTHUS
IO. A. PosanoBa), ecau

e()=_ sup |EEN| -0,
geH__m,TIEHO
rie E|E|? =E|n|? =1. [as BHoaHe peryJsipHbIX IIPOLECCOB

nopma || E (§)| HZ%) || paBHOMepHO Mana (T — oo) aas Bcex § € HY
c | £]] = 1. C reomeTpHyecKoll TOYKH 3DEHHs] IOJIHAS DPEryJ/sIPHOCTb

03HAYaeT, YTO MHHUMAJbHBIE YroJ MeXay MoanpocTpaHcTBaMu H_Y,,
H$ npu t — oo crpeMurcs K npsMoMy (Kos(hdHUIHUEHT DPeryasipHOCTH
p (T) XaK pa3 paBeH KOCHHyCy 3TOro yrJa). [lgsi rayccoBCKMX IIpO-
LIECCOB YCJIOBHE MOJHOH PEryJ/sipHOCTH COBIALAET C YCIOBUEM CHIBHOTO
nepeMeiniuBaniss M. Posenbaarra (A. H. Koamoropos, 0. A. Posa-
HoB [2]).

3. Kakue orpaHHYeHHMs Ha/jaralT Ha CHEKTPaJbHYIO MJOTHOCTb
f (A) mpouecca x (f) ycJOBHSI DeryJsipHOCTH, IIOJHOH PEryJsipHOCTH?

Cnydyal peryJ/sipHbIX IPOLECCOB IIOJHOCTBIO HUCC/IEHOBAH B OCHOBO-
nonarawomux paborax A. H. Kommoroposa u M. I'. Kpeiina, Haiigen-
Hble UMH HBIHE XODPOIIO H3BeCTHble HeoOXOJUMble U JOCTATOYHBIE YCJIO-
In f(A)
14-A2
H, CJeI0BaTENIbHO, HAJAaraloT OrpaHHYeHHUs (LOBOBLHO cialble) JIHIIb
Ha TOPsOK HyJaed [ (A).

[Ipu HcclenoBaHMM CNEKTPAJBHBIX YCIOBHH PEryJsIPHOCTH, KPOMe
OTMEUEHHOH TeOMEeTPHUYECKOH MHTepNpeTAlUH, LIMPOKO HCIOJb3YHOTCS
aHaJUTHYECKHe MeTOAbl. B OCHOBe HMX MCIO/Nb30BaHHUS — H30METPHS

x (f) — eit» mexay H_% unpocrpanctBoM L, (f) dyukuuit ¢ (A), unte-
rpupyeMsix ¢ kBaapatom c BecoM f (A) (|| @ [} :5 [ (A) |2 () dr),

COMOCTaBJSIOMas 3ajade CAyuyalHBIX IPOLECCOB HEKOTOPYIO 3ajauy
TeopHH (GYHKIHMH (KaK HpPaBH/IO, 3afauyy BECOBBIX NPHOIHKEHHH).
Tak, peryJsipHocTb x (f) SKBUBaJIeHTHA HenoJHOTe B L, (f) cucreMsl
oyuruui  eM, ¢<O0.
V3yueHue CTPYKTYPhl IOINPOCTPAHCTB, IIOPOXKJECHHBIX TeUEeHHEM
npouecca x (f), xorga ¢ € A, 5KBHBAJEHTHO M3YUYEHHIO CTPYKTYDHI

BUsS PETYJSPHOCTH 3aKJIOYaloTcs B cyMMHpyeMocTd 1n f (A) (
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3aMbikanus B L, (f) cemefictBa eith, ¢ € A. (OueHb MHTEPECHBIE H IJIy-
GoKHe pe3y/bTaThl B STOM HamnpaBJIEHHH COJepKaTcs B HelaBHeH
paGore H. JleBuncona u X. Makkuna [3].)

Koa(hhuiuueHT peryasipHOCTH B TEPMHHAX C. II. BHITVISAHT CJeAYIO-
UM o0pasoM:

e@=_sup | e@mvmerydi], 1)
Holl =1l =1

rae sup Oepercss NO BCeM I'DAHHYHBLIM 3HaueHHsIM (QYHKUMH Kiacca D
B Kpyre uau BepxHedl mnoaymjaockoctd (cM. M. M. Ilpusamnos,
['pannunble cBOMCTBA aHAIMTHYECKHX (YHKIHH).

TakuMm o6pasoM, aHaJIUTHUECKH HpobJjeMa IOJHOH pPeryJspHOCTH
CBOJUTCS K ONMCAHMIO KJacca HEOTPHIATEeNbHEIX CYMMHPYEMBIX (yHK-
HUH, s KOTOPHIX HpaBasi YyacTh (1) CTPEMHTCS K HYJIO C POCTOM T.

A. H. Koamoropos u 0. A. Pozanos [2] nmokasanu, uto npobiema
[IOJIHOH DEeryJsiPHOCTH 5KBHBAJIEHTHA TaKkKe HEKOTOpOH cBoeobpas-
HOM 3ajjaue pPaBHOMEPHBIX BECOBBIX NPHOJIMMKEHUH.

4. B coryyae BoJiHe pery/sipHBIX IPOIECCOB OTPAHHUEHHS HA HYJIH
(cp. 3°) MHOro XecTue: NOC/HEIHHE, MO CYLIECTBY, HNOMKHBEI HMEThb
Hesabld 4eTHBIH mOpsfoK. Kpome Toro, BO3HUKAIOT JONOJHUTETbHBIE
OTpaHMYEHUs] HAa IJIafKocThb [ (A): OHA, HampuMep, He MOXKET UMeThb
PaspeIBOB I1EPBOrO poja. Bce TH pe3yJbTaThl CyTh CJIEACTBUS CIERYIO-
meHd TeopeMsl:

Cnexmpanvras naomuocms | (M) noane peeyasproeo npoyecca ¢ Ouc-
KpemmHbim 8pemerem Heobxodumo npedcmasasemcs 6 6ude

fA)=|PE™|g®), (2)
20e P — noaurom, a nepsoobpasras G (A) ¢pynkyuu g (A) makosa, umo

sup |GA+m)+GA—h)—2G (M) |
A, 1RO GA+h)—G M)

CxonHoe mpelcTaB/eHHe MMeET MECTO H JJIsl BIIOJIHE PEryJsipHbIX
IIPOLIECCOB C HENpPEpLIBHBIM BpPEMEHEM.

J7si mpoueccoB ¢ JUCKPETHHIM BpPEMEHEM CYIIECTBOBAHHE pasJio-
KeHHsl (2) JoBOJBHO GJIM3KO K JOCTATOYHBIM ycsioBHsM. Bosee Toro,
yTOOBl O (T) YOBIBAJ JOCTATOYHO OBICTPO, CTEHNEHHBIM 0GPasoM, 3KCIO-
HEHIHaJ/IbHBIM HJIH OblcTpee J0GOH KCIIOHEHTHI, HEOOXOAMUMO M JIOCTa-
TOYHO, 4TOOBI B npefcraBieHHH (2) ¢yukuus g (A) Oblia G cTPOro
NOJIOXHUTEJbHAST M JOCTATOUHO IIafiKasi (Hy»KHOe 4HCsIo pas auddepeH-
HupyeMa, aHaJqHTHYHA B IIOJIOCe, ILieJast). DTH pe3y/bTaThl B 3HAUH-
TeJbHOH creneHu Gasupytorcs Ha TeopeMax J[xekcona — C. H. Bepn-
mreiHa U3 Teopuu npuOmmkeHud (cp. 3°).

=wg(6)40, § — 0.

5. ITocaennue pe3ysbTaThl He MMEIOT INOJHOH aHAJIOTHH B ciaydae
IPOLECCOB C HENPEpHIBHEIM BpEMEHEM, JAONOJHHUTEIbHBIE TPYAHOCTH
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BO3HUKAIOT NIPH H3ydYeHHHU noseneHus f (A), korga A — co. (Hanpumep,
npomece ¢ LeJOoH aHATMTHYECKOH CIEKTPATbHOH IIOTHOCTBIO e—M
Jaxe He DeryJsipeH.)

HekoTopoe npencraB/ieHyie 0 BO3HHKaloOmed crenuduke Na0T cle-
IyiollHe DPe3yJ/bTaThl:

ITycme c. n. npoyecca x () ¢ HenpepoisHbIM BpeMeHem npedcmasuma
6 6ude f(A) =|B (M) |*g (M), 2de B (M) — oepanutennas yeran QyHk-
yus KoHedrol cmeneru, a g (M) obaadaem caelyrouumu ceolicmsamu:

T |ng®
a) S Alneg®| ;’ﬂ@)‘ dh << oo;

6) @ynxyus In g (A) pasHomepro HenpepoisHa Ha (—oo, o), U ecAu

a (s)—ee MoOyab HenpepuisHOCmU, MO S 1a fs)z ds << co.
0
Toe0a npoyecc x (f) snoaxe pezcyssapen.
ITycmo c. n. f (M) npoyecca x (f) umeem 6ud f (A) = | B (A) |2, 2de
B (M) — yesran Ppyrkyus KoHedHol cmenenu, Hyau 2; Komopoti yoosaem-

8opsom  mpebosaruio lIm%l < . Tozda D) p (2') < o0 6 mom
j j=1

1
U MOALKO MOM CAyHae, ecAu  Sup E:’ Im—— \ < oo.
—oo< A <Loo 3 2j—

6. ITycts x (f) — BeKTOpHBIH 7-MepHBIH IHpolecc, T. €. X (f) =
= (x4(#), . .., %, (¢)). Temepp cHexkTpanbHas INJOTHOCTb €CTb Mart-
puna-oyuxuust f (A) = || fi; (A) ||. Pacnpocrpanenue pesynbratoB Kosm-
MoropoBa — Kpeftna (m. 3°) Ha aroT ciaydyall BecbMa HETPHBHAJBHO
u ObLIO IpeaMeToM IyGoKHX HcciaemoBaHuit 3acyxuua, 0. A. Posa-
HoBa, H. Bunepa u Masauu, P. ®. MatseeBa (cMm. [1]). OxaseiBaercs,
yto MatpHna f (A) uMeer HOCTOSHHBIA paHT m<n. {151 HeBBIPOXKIEH-
HBIX NPOLECCOB (M = 1) PEryJaspHOCTb IIPOLecca SKBUBAJIEHTHA CYMMH-
pyemoctH ¢yHKuu# 1n det f (A) (————m f:f;;o") ) . Ectu m << n, To Bce
3JIeMeHTEl MaTpHUEl f (A) MOXHO BHIDa3UThb Yepe3 ee MaKCHMaJbHYIO
HEBBIPDOXKJEHHYIO YacTb H (YHKIHOHAJbHbIE KO3(DGMOHUIHEHTHl dpg (A);
B PEryJsIPHOM clydae BCe pq (A) CyTb rpaHHYHbIE 3HAUEHHS QYyHKUHH
OrpaHHYEHHOM XapaKTepUCTHKH B Kpyre (B BepXHeH MOJYIJIOCKOCTH).

KoapgumnueHr pery/asipHOCTH B paccMaTpHBaeMOM cJydae HMeeT
BHJ

e@=sup| { M) @, wON A,
rae sup Hago 6paThb IO 7-MEPHBIM BeKTOp-pyHKuHsM ¢ (A), P (A),
KOMIIOHEHTBl KOTODHIX CyTh I'DaHHYHBIE 3HaueHHsl QYHKIHUH KJjacca D.

YciaoBue @ (1) — 0 mo-mpexHEMy HajaraeT OrpaHHYeHHs] Ha TJaj-
KoCTh f;; (A) ¥ Ha nopsigox myse#t det T (A) ([8]).
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YcnoBre NOJHOR PeryJasipHOCTH HaJjaraeT BecbMa XECTKHE orpa-
HHYEHHUS TaKXKe Ha KOa(hUIUEHTH CBSA3HU Gpq (A). JLas mpomeccoB ¢ AuC-
KDETHHIM BpDeMeHeM OHM JOJ/IKHBI OBITh palMOHANbHBIMHM (DYHKIHAMH
eth, a B cIyyae HeNpepHIBHOIO BPEMEHH — OTHOLIEHHEM OrpaHHYeHHBIX
HeJbIX GYHKIMH KOHEYHOH CTeNeHH, NpHYeM Ha HyJ/M 3HaMeHaTeJs cJe-
JIyeT HaJIOXKHUTb OTPAHHYEHHS] THIA PAaCCMOTPEHHBIX B II. 5.

7. IlepeuncienHble BBIIE pPe3yJbTaThl JAIOT AOCTaTOUYHO IOJHOE
IpeicTaBJeHNe O CTPYKType CIeKTpa BIIOJHE PeryJsipHLIX IPOLECCOB.
Onnako npobyeMa OThICKaHHSI HEOOXOZMMBIX M JOCTaTOYHBIX YCJOBHH
ocTaeTcsl OTKPHLITOH. B CBSI3M ¢ 3TUM OCOGEHHO HHTEPECHO OTMETHTE,
yTo B pabote Xeancona H Cere [4] Halinenbl HeoOXOAUMBIE H JOCTa-
TOUHblE YCJIOBHS Jisi Toro, 4tobel p (1) << 1 (BpeMss HXHCKpeTHOE).
B [5] A. M. SIrjioM mokasaj, YTO AJIsi PANHOHANBHBIX CHEKTPANbHBIX
IJIOTHOCTeH 3HaueHHe P (T) eCTh MaKCHMAJlbHBIE KOpEHb HEKOTOPOTO
JIETeDMHHAHTHOTO yDaBHEHHUS.
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0. A. JlagmmxeHcKkad

0 HEKOTOPbIX HEJIMHEAHBIX 3AJAYAX TEOPUHU
CIJIOUWIHBbIX CPEJ

Ilepas uacTe JHok/aana OyneT NOCBsIleHA JHHEHHBIM M KBasu-
JIMHEHHBIM ypaBHEHHsIM napabosiHdeckoro THna. Bropas — wuccienosa-
HHSIM TOC/IeHEr0 BpeMeHH mo ypaBHeHHsM Hasbe — CTokca, B TOM
yHcjge KOHEYHO-DAa3HOCTHBIM CXeMaM JJisi Hauya/JbHO-KpaeBOH 3ajayi.

0. U. Maunun
PAUHMOHAJIBHBIE MNOBEPXHOCTH M KOI'OMOJIOTHM TAJIYA

PanvonanbHble TOBEPXHOCTH HaJl COBEPIIEHHBIM MOJIEM ¥ KOTOMOJIO-
rud lanya rpynnel Kpemonwl. IlpuBefeHde K CTaHZapTHOMY BHAY:
[IOBEPXHOCTH C DAlMOHAJIbHBIM H 3JJHINTHYECKHM NyYKOM. Teopema
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€IMHCTBEHHOCTH JJIs palHOHAJBHBIX NYYKOB. TOpH, CBsi3aHHBIE
¢ noBepxHocTbio. Uneno TamaraBbl Kak GMpanHOHATbHBIN HHBapHAHT.
Koneunsle ¥ 4ucioBble OCHOBHbIE Noast. IlpunHuun Xacce misi rpynimsi
erl\g)HbI. Bompoc 0 cyIiecTBOBaHHH palMOHAJbHBHIX TOYEK Haj IOJIs-
MU 1.

I I. Mapuyxk
BbIYHUCJIUTEJbHBIE METOA bl B TEOPUH NEPEHOCA

Teopust mepeHoca M3aydeHHS IpexXje BCero OfHA M3 BeAYIIUX IPO-
6/1eM COBpPEMEHHOM HayKH, OypPHO DasBHBAIOIIAsICS HAa OCHOBE JOCTH-
JKeHHH TeopeTHYecKoH (M3MKH U ObICTPO NPOHHKAIOmAsi B CaMble pas-
JIHYHble 00JTaCTH ecTeCTBO3HAHHUS M TEXHHKH. B Hacrosimee Bpems
TeOpUsi TNEpeHOca MOCTENEeHHO CTAHOBUTCSI YaCThIO MaTeMaTHYeCKOH
¢usuky. [lepBoHauaibHYIO BEAYyIIYI0 POJIb B Pa3pabOTKe TEOPHH Iepe-
HOCAa H3Jy4YeHHs Hrpasa acTpodusuka, a HauuHas ¢ 40-x romos sTa
poJIb mepellia K aToMHOH ¢usnke. Heo6X0aUMO OTMETHTH, YTO HMEHHO
B CBS3H C Npo6/eMaMH aTOMHOH (DM3HKH ObLTH pa3paboTaHbl MOIIHEIE
MaTeMaTUUYeCKHEe MEeTOJpbl PEeIleHHs 3afay TEOPUHU M3JydYeHHsI, B UacCTHO-
CTH, MallMHHbIe MeToxbl. O630p HcCIeNOBaHHA B 3TOH 00/1aCTH MOXKHO
Hadti B paborax [1], [2], [3], [4].

Becbma ofmass Matematuyeckass (OpPMYJHPOBKa CTallMOHAPHBIX
3324 TEOPHH IlepeHOoca H3JMy4YeHHs HaeTcsl C IIOMOLIBI0 HHTErPOLH(-
(depeHIMaNbHEIX ypaBHeHH# BosbnMana
S avp4Se— S dv’ g Qe (2, @, v)w(Q —Q, v —>v)—f.
Kuacchl pyHKuMH, B KOTOPEIX PAcCMATPUBAIOTCS JAHHEIE 3aJauH, H3Y-
vajguce B paGorax [5], [6].

BaxHoe sHaueHHe HMEET CONpPSIKEHHOe ypaBHEHHE

1 Op*

oo TRV 29—

— S dv’ S dQ'e* (2, @', v)w (R — Q', v—> ') =p,

rie p — CyLleCTBEHHAasi XapaKTepHUCTHKAa HCCIEAyeMOro (pyHKIHOHaJa
3afaud. TeopHsi cOnpsiKeHHBIX YPaBHEHHH, NePBOHAYaJbHO paspa-
GoTtaHHast JJsi OXHOPOAHBIX ypaBHenuit [7], [8], B manpHefimem Gblia
obobiena Ha ciyuall ypasHenu#i neoxguopomueix [9], [10]. Hcnoas-
30BaHUE CONMPSTKEHHBIX YPaBHEHHH [T03BOJIHIIO B 00IeM BUAe chopMyiu-
poBaTh TEOPHIO BO3MYIIEHHH IJs1 JHHEHHBIX (QYHKUHMOHAJNOB 3afay
TEOpHU HepeHoca M IONYYUTb OOJbLIOE YHUCAO NPAKTHUYECKH BaXKHBIX
CJIeICTBHH.

Bo MHOrHX ciy4asx MAJs pelleHHs ONHOMEPHHIX 3ajai TeOopHH
IepeHoca MCNoJb3yloT MeTon cdepuyeckux rapmoruk [2], [5], mosBo-
JISIIOIME KHHETHYEeCKOe ypaBHEHHe CBECTH K cHCTeMe OOBIKHOBEHHBIX
JuddepeHHalbHBIX YpaBHEHHH 1 Koapoduuventos Pypne. Bpoas
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B pacCMOTpeHHe BEKTOP-OYHKIMH JIJIs1 YeTHBIX M HeUeTHHIX Ko3addu-
nueHToB Pyphe, MOXKHO NMPHATH K cHCTeMe JBYX BEKTOPHO-MaTPHYHBIX
ypaBHEHHH C COOTBETCTBYIOIIMMH TI'DaHHYHBIMHM YCJIOBHsIMH. Pemmenue
KOHEUHO-PAa3HOCTHOI'O aHaJ/ora 3TOH CHCTeMbl HAXOAUTCS C IOMOILLBIO
MeToJla BEKTOPHO-MaTpHuHOH ¢(akTopusauuu [3].

HHTepec npeacraBisieT APYTOH YHC/IEHHBIH METOJ PeEIIeHHs ypaB-
HEHHH cdepHyecKHX TIapMOHHK, OCHOBAaHHBIH Ha OPTOrOHAJIH3aLHUH
coOCTBEHHBIX BeKTOpPOB 3ajaud [11]. Vkasauubiii Meroj COCTOHT
B PelIeHUH KpaeBoH 3ajauu JJIs CUCTeMbl YpaBHEHUH chepuuecKHX rap-
MOHHK C IIOMOIILbIO 3aJay C HayaJbHBIMH JNaHHBIMH. Y CTOHUYUBBIH ajro-
PUTM cueTa JOCTHUraercssi NpPUMEHEHHEM CIEeNHaJbHOIO MeToja (GHJb-
TpauMd OWHOOK, BO3HHMKawIUX B nporecce cyera. Ob6a ykasaHHBIX
MeToAa SIBJSIOTCS Oe3blTepalHOHHEIMH.

[Iupokoe npHMeHeHHEe B TEODHH II€PEHOCA HALILIH Da3/jMuHbBIE HTe-
paLMOHHEIE METOfbl: MeTol Xapakrtepuctuk [12], S,-merox [13], pas-
JguyHble HX Momudpukauuu [14], [15] u gp. CymuocTe 3THX MeTonOB
COCTOUT B IIOCJEROBATENbHOM OCYIIECTBJEHHH peanusanuu psja Hei-
MaHa IO CTOJIKHOBEHHMSM uacTul[. Pasiuuue MeTOZOB COCTOMT B CIIOCO-
6ax oOpamenuss nuddepeHNUaNbHON YacTH YpaBHEHHH IlepeHoca.
Stu Metofpl 2h(hEKTUBHO PeasH3yIOTCs Ha MallliHAX U YCIELIHO HCIoJb-
3yIOTCS JJIsI DelIeHHsT OXHOMEPHbIX H MHOTOMEPHBIX 3ajad TeOpHH
nepeHoca.

B cBsi3u c pemreHueM ypaBHEHHH NepeHOCA BaXKHYIO POJb HUrpaer
nupdysuonnoe mnpubamxkenue. Ocofoe MecTo NpPH 3TOM 3aHMMAIOT
MHOTOMepHBle IU(dy3HOHHbIE IPOGJEMbl B KJacce PasphiBHBIX (DyHK-
1ui. AJTOPHTMBEL IOCTPOEHHUSI PA3HOCTHBIX CXEM Il YKasaHHBIX ypaB-
HeHH# nanbl B paGorax [16], [17].

DddeKTHBHbIE METOAB! PEIIEHHS] MHOTOMEDPHBIX Pa3HOCTHHIX ypaBHe-
HHH 3JIJIMIITHIECKOTO THIA, CBSI3aHHBIE C METOJIOM NOIEPeMeHHBIX Hanpa-
BJIEHHH, GBI paccMOTpeHHl B psifie Hceaenoanuit [18], [19], [20] u mp.
llupokoe pasBuTHE MOJYYUIM METOABI SKOHOMUUYHOIO CYeTa, OCHO-
BaHHbIE HA CXeMax pacllelseHus CJIOKHBIX 3ajay Ha IpocTeHIIHe.
IlepBBle pe3yJsbTaThl B 3TOM HampaBJIeHHH ObLIH IOJY4YeHHl B paboTax
[21], [22], [23] u np. O6G30p OCHOBHHIX PE3yJLTATOB JAHHOTO HAIPaB-
JIEHHsI cofiepxuTcs B pabortax [24], [25], [26] u xp. Metoxel nomepe-
MEHHOTO HanpaBJIeHHs], a TaKxke METOZbl, OCHOBAHHbIE Ha cXeMax pac-
HIenJIeHNusl, TECHO CBSI3aHbl C NPOOJIEMOH YHHBEPCAJbHOTO aJrOpHUT-
Ma [27].

B nocaenuue rogpl 66114 pa3paboTaHEl HOBBIE METOABI PEIleH s HecTa-
IUOHAPHBIX M CTAalHOHADHBIX 3ajad TEeOpUH IepeHoca, CBSI3aHHBIE
¢ paculen/ieHHeM HHTerpo-zudepeHIHa bHEIX ONEpAaTOPOB 3ajad Ha
npocrefimne [28], [29], [30], [14]. Merox pacwennenuss KHHeTHYe-
CKOTI'O yPaBHEHHS TaKiKe TeCHO CBSI3aH C YHHUBEPCAJbHBEIM aJTOPUTMOM.
Bosnukaromye B nporuecce paciienieHns napaMeTpsl 03BOJIH/IM 10CTa-
BUTb, a B Pffe C/lyyaeB HaHTH NYyTH ONTHMH3ALUU BHEIYHCJIHTEIBLHOIO
ajqroput™a. B pesysbTaTte pellleHHe CTauMOHAPHBIX H HECTallHOHAPHBIX
3ajlay TEOPHH IlepeHoca 0Ka3aoch BO3MOXKHBIM CBECTH K peasH3alHH
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IpOCTeHIINX BBHIYHCAHTENbHEIX aJTOPHTMOB M YHHBEPCAJbHOMY IIOJ-
XOAy K PpeLIeHHI0 LIMPOKOro KJjacca OJHOMEPHBIX M MHOIOMEPHBIX
3azad.

K wHampaBienuio paboT, CBSI3aHHBIX C MTEpPAlHOHHBIMH aJTOPHT-
MaMH, OTHOCHTCS TaKke DS APYTHX HccienoBaHMH. CyllHOCTB aJjro-
PHTMOB, pacCMaTPHBAaeMbIX B 3THX PaboTaX, COCTOMT B HCIOJb30BAHUH
JBYX Olepanuii: MpOCTOH HTepalMH IO CTOJTKHOBEHHSIM — Ha IEePBOM
JTane peajM3alMH ajJrOpHTMa M HaXOXKJIEHMIO IJIaBHOH 4acTd OMHOKH
B npuOJMKEHHOM pelleHHH — Ha BTOpoM. B mepBhix pabortax 3TOro
HanpaBseHdst [31] ObliM ykasaHbl HEKOTOpblE CHOCOOHI MOCTPOEHHS
ypaBHEHHU S 17151 BHIUHC/IEHU S OIIHOKY HTEPallHOHHOTO nporecca. Bo MHO-
THX CIy4YasiX OHH OKasaiuch 3¢p¢deKTUBHEIMU. B jpanbHefimmem B pabote
[32] ObuM HcciemoBaHBI HEKOTOPblE HEJHHEHHBIE HTEPAlHOHHHIE
CXeMEl.

OO6muil mogXo4 K MOCTPOEHHI0 ypaBHEHHUs IJjist OHOOK Obl cdop-
MyJupoBaH B pabore [33] Ha ocHOBe Hcno/b30BaHMSI ClEMaNaTbHBIX
KOHCTDYKUHH, CBSI3aHHBIX C TPUMEHEHHEM CHJbHO-3JITMITHYECKHX
onepatopoB (KP-meron). Hapsizy c BecbMa HOJHBIM TeOpETHUECKHM
o6ocHOBaHHMeM MeToja cOpMYIHPOBAHBI KOHKPETHBIE NMOAXOAB! K OITH-
MH3alHH BEIUHCAUTENBHOTO anroputMa. KP-MeTox Moxer ObITH HCIIONb-
30BaH JJI DeIleHHs OJHOMEePHBHIX M MHOIOMEDHHIX 3aJad TeOpHH
nepeHoca.

CymecTBeHHOE pas3BHUTHE B IIOCTEIHHE TOABI NOJYYHJIH CTATHUCTH-
YyecKHe MeTOJbl pellleHHs] ypaBHeHUH nepeHoca — Metoapl MonTe-KapJo
[34], [35], [36], [37]. Buaaromapsi ucmosan3oBaHHI0 Bce 6oJiee COBEp-
LIEHHOH BBIUHCJIUTENBbHON TeXHUKU MeToas! MonTe-KapJso npuobperaior
GoJibllIoe 3HaYeHHE B pelIeHHH 3ajad TeOpHH nepeHoca. MoxHO npex-
IIOJIOXKHTD, YTO yiKe B O/M3KOM OyAmyleM MeTOAbl MaTeMaTHYecKOro
MOZe/IUDOBAaHHs, OCHOBaHHHle Ha Mertoge MonTte-Kapao, okaxyTtcs
MOIHEIM MaTeMaTHYeCKHM amlapaToM MJIs pellieHHs] HauboJiee CJI0K-
HBIX 3ajlad TeOpUH nepeHoca. IIporpecc, KOTOPHIH yKe HMEETCSl B CIO-
cobax yMeHBIUEHHsI JUCIEPCHH, a TaKKe HOBBIE IOJXOABI MOAETHPOBA-
HHUS CHy4YalHBIX BEJHYHMH B CBOEM Da3BHUTHH NPHOIUKAIOT (GOPMHPO-
BaHHE BeCbMa YHHBEDCAJbHBIX H SKOHOMHYHBIX METOJOB pelleHHs
3ajad.

OpuruHaAbHBIH IOAXOJ K pelIeHHI0 YpPaBHEHHs NepeHoca H3Jy-
4eHHs!, OCHOBAHHBIH Ha NPHHIHUIAX MHBAPHAHTHOCTH, OBLI NpeNIokKeH
B paGore [38] u pasBur Bo MHorux Hamnpasienusx [391], [40], [41].
STOT MeToJ NO3BOJISIET CBECTH pelleHHe YpaBHEHHs NepeHoca H3Jy-
YeHHs K DeUIeHHIO JUHEHHBIX MU HeJHHeHHBIX anbOelHBIX ypaBHEHHH
IPOCTBIX KOHCTPYKUMH. MeTox Halles cyllecTBeHHOe NpUMEHEHHE B 3a-
Jayax acTpPopH3UKU U HEHTPOHHOH (H3MKH.

CylecTBeHHbIH HHTepec M/ TEOPHH IepPeHoca HMEIT BapHa-
IMOHHEIE METOAbI pellleHusl 3ajad. Brepsrle NpHMeHeHHble AJs pelle-
HHsl ypaBHeHUH Ilaliepca, OHHM TO3BOJIMJIHM TNOJAYYUTH DsJ BaXKHBIX
pe3yabTaToB Kak B HEHTPOHHOH (hH3UKe, TaK M B JIPYTHX HayYHBIX
HanpaBneHusix [42], [43]. Baxubiil aTan GBLT JOCTUTHYT NPU GOPMYJIH-
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POBaHMH BapHANMOHHOTO NPHHIMIA HENOCPEJCTBEHHO JJis KUHETHYe-
ckoro ypaBHeHus [44].

[porpecc B 06JacTH Pa3BUTUS BHIYUCIUTENbHBIX METOJOB TEODHH
IepeHoca CTABUT Iepe]] MaTeMaTHKAMH KOMILIEKC TEOPETHUEeCKHUX Mpo-
6/1eM, pa3BHTHE KOTODPHIX OYJAET CTHMYJMPOBAaTh IPOTPecc B CO3JAHHH
HOBBIX BBIYHC/IMTENbHBIX MeTOA0B. CyIIECTBEHHbIE PE3Y/bTAThl B 3TOM
HanpaBJIEHHH y3Ke II0Jy4YeHbl B pabotax [5], [6], [45], [46], [47] u mp.
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B.CCMursarun, A.lledquunnckui
SIAEPHBIE ONEPATOPbI U ANMNPOKCUMATHUBHASA PA3SMEPHOCTHb

VluBapHaHTHl THIIA anIpOKCHMATHBHOH pasMepHocTH (A. Koamoro-
poB, A. TleryuHcKHi) MO3BOMUIM B MOCHEJHee BPeMsi NOJYYHTb DPSL
pe3y/JbTaTOB B TEOPUHM JHMHEHHBIX TOMOJIOTHYECKHX IIPOCTPAHCTB,
TeOpUH (QYHKHME M T. 1. VX u3yueHUe cocTaBssieT BaXKHBIH pasjesn
B abcTpakTHOH Teopud npubirmkenud. [IpocTefiuil Takodl HMHBApUAHT
¢ KaxJpIM JHMHeHHbIM onepatopoM T : X — Y u3 omHoro GanaxoBa
NPOCTPAHCTBA B JPYroe€ CBs3bIBAET YHCJIOBYIO HOC/EJOBATEJbHOCTD

a(T, n)=  inf sup inf ||Tx—y;].
uL, ..., yneY |lxlIst isisn

PaccmatpuBaeTcs: HECKOMIBKO (IPSIMBIX M JBOHCTBEHHBIX) TaKHX Xapak-
TEPUCTHUK, ONpeJie/sieMbIX MO CKOPOCTH NpHOJMKeHHs ob6pasa eIuHHY-
HOTO II1apa (HJIM caMoro oIepaTopa) KOHedHBIMU MHOXKECTBAMH, KOHEUHO-
MepHBIMH TNOANpPOCTpaHcTBaMH (MM omepatopamu). O6jacTb mpHMe-
HHMOCTH Ka)KJOro MHBapHaHTa, B yacTHocTH K (@), ompenensieTcs Kak
COBOKYIHOCTb Tex omnepartopos T : X — Y, mnasa xoropeix a (T, n) —
— 0 (n — o0). Teopems! cnoxenns (A. Ooiug, b. Mutsarun, I'. Xen-
kuH, A. Ilutm) paoT, HanpuMep, OLEHKH IIOCJAEN0OBATENbHOCTH
a(ST, -) mo a(S, -) u a(T, -); upaBga, A1 MHOTHX HHBapHaHTOB
TaKHX OIEHOK €Ie HET.

Yucnenusl nopcuer uuapuantoB (A. Koamoropos, A. Ilemuun-
ckuii, A. Burymkun, B. Tuxomupos, K. BaGenko, B. Mursrumn).
XapaKTePUCTHKH DasJUYHBIX KJIACCOB ONEpPaTOPOB M B3aMMHEIE CBSI3H
Mmexny HuBapuantaMu (A. ITurui, A. Tlerunsckuit, B. Mutarun, I'. Xen-
KuH). HanMeHee H3yuYeHHBIMH SIBJISIIOTCSI MHBapHaHThHI

d(T, n)=  sup inf [[Tx|,
ECX,dim E=n x€E
llxl]<t
e(S, n)= sup inf |[|Sx].
rang ¢, =rang g,=n ||g,x||=1
95x=9,S
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Kaaccht K (d) 1 K (e) comep:ar KJacchl HHTETPaJIbHBIX H p-a6CoOMIOTHO
cymmupyomux (1< p << 2) oneparopoB. OHH cojepxaTcss B KJacce
crporo cuuryaspueix (T. Karto) omepatopos, ¥ A HEX BepHa TeOPHs
Prucca; K () conep:XuTcs B KJacce CTPOro KOCHHTYJISIPHBIX OlepaTopoB
(A. ITemuuHCKUE).

[Npunoxkenuss K npobieMe KaaccupukanuH. VHBapHaHTH JHHEH-
HBIX TOmoOJIorMyeckux mpocrpascts (A. Kosmoropos, A. IlemunHckuil).
Kputepuil sigepHOCTH B TEPMHMHAX aNlIPOKCHMATHBHOH pa3MepHOCTH
(Bb. Mursirun). BesycioBHele u a6comoTHble 6asucel (A. JIbIHHH
u B. Mutarun, A. [lequunckuit u WM. 3unrep). AnnmpokcHMaTHBHAsK
pasmepHOCcTh paBHOMepHBHIX mpocrpaHcTB (U. Beccara). Hepemennsle
33Ja44 H BOIDOCHI.

H. H. Moucees

YHUCJEHHBIE METOABI, HCHNOJb3YIIHE BAPbHPOBAHHE
B MPOCTPAHCTBE COCTOSIHUH, U HEKOTOPBIE BOITPOCHI
YNPABJIEHHS BOJIBIIMMH CHCTEMAMH

OcHOBHOe cofiep:KaHHe JOKJaja — H3JI0XKEHHe UYHCIEHHBIX MeTo-
JIOB pellleHHs aJJuTHBHBIX 33/a4 ONTHMAaJIbHOIO yNpaBJEHHS DU HaJH-
491U (pa3oBEIX OTpPaHHYEHHH.

1. LlenTpanbHeM sIBJsIETCSl IOHSATHE 3JIEMEHTAapHOH olepanuy,
KoTopas JByM Oau3KuM ToukaM P, u P, ¢asoBoro mpocrpaHcTsa M OT-
pPE3Ky BpPEMEHH T CTaBUT B COOTBETCTBHE OINTHMAJbHYIO TPAaE€KTOPHIO
x (f), COENUHSIONLYIO 5TH JBe TOYKH, COOTBETCTBYIOIIME €l ympaBJjieHHe
u (f) u sHaueHue ¢yHkuuoHana I(x, u). B npocrpaHcTBe x (f) cTpoUTCs
CeTKa, BEpIIMHBI KOTOPOH 00pasyioT MHOMXKECTBO, HaskIBaeMOe Ipo-
CTPaHCTBOM cocTOSIHHH. IIpu momomu 3s/eMeHTapHOH omepaiuy 3ajaya
OTHICKAHHUSI ONTHMAaJIbHOTO YIPAaBJIEHUS] CBORUTCS K OTHICKAHHIO KpaT-
yajimero nyTd Ha rpade, BepUIMHAMH KOTOPOTO SIBJSIIOTCS TOYKH
OPOCTPAHCTBA COCTOSTHHU. J[IJIMHA 3BeHa, COENUHSIONIEr0 TOYKH P,
U P, — 370 3HaueHHe (YHKIHOHAA, COOTBETCTBYIOIIEE ONTHMAaJIb-
HOMY IIepeXofy CHCTeMBl U3 cocTosiHust Py, B Py 3a BpeMst T, TJe T —
JUIMHA 1Iara 10 BpeMEHHOH NepeMeHHOH.

2. Penykuus 3ajadyd K Teopuu rpacoB N03BOJseT U30exXaTb TPYI-
HOCTeH, CBSI3aHHBIX C Ha/Ju4yueM (a30BBIX orpaHudeHHH. OnuckBaoTCS
TPH MeTOJa OThICKaHMS KpaTyaHIlero nNyTH Ha TOM rpade croenyajbHOrO
BHJA, KOTOPHIH OBbLI MOCTPOEH NPH HOMOIIM 3JEMEHTapPHOH onepamyu:
MeTtoJ, rnobanbHOro mepe6opa, METOX IOCJAENOBATEIbHBIX IPUOIUKe-
HUH U MeTOX JIOKaJbHBIX BapHalMil B NPOCTPaHCTBE COCTOSTHHH. MeToj
rno6anbHOrO Inepebopa 3KBHBAJIEHTEH METOAY AHHAMHYECKOro Ipo-
rPaMMHDOBAHHUSI JJIs JUCKPETHOH MHOIOIIArOBOH 3ajaud, K KOTOPOH
CBOJMTCSl MCXOJHAs 3ajaya Iocje 3alaHusi MPOCTPaHCTBEHHO-BpEMEH-
HOH CEeTKH M peasM3alluH 3JIeMeHTapHOH omepanud. DTH METOAbl CTaH-
JapTU3NPOBaHHI.
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3. IlocTpoenue 3JeMeHTAapPHOH ONEpPalUH CBOXUTCS K pEIIeHHIO
HEKOTOPOH CHCTeMbl TPaHCIEHAEHTHBIX ypaBHeHui. IIpuBogurcs obuias
cxeMa ee CTaHJapTH3alUMH U penentypa 3hpeKTHBHOH peasHsaluu sJe-
MEHTapHOH omepanyH IS Pas3IHYHBIX KJIacCOB 3ajay OINTHMAJbHOTO
yIpaBJeHHs.

4. TlpuBomuTcs MccefOBaHHE YCTOHUMBOCTH Pa3BHBAaeMBIX KOHeU-
HO-Pa3HOCTHBIX CXeM IIPH YCJOBHH, UTO 1Al CETKH CTPEMHUTCS K HYJIO.
JHokassiBaloTcst e Tpynnsl TeopeM. B mepBoli, HCXOAs1 U3 aOpPHOPHBIX
npeanosaoxeHuil o AuddepeHnuaabHbIX cBoiicTBaX GyHKIuN besnMana,
($OpMyIHPYIOTCSH HEOOXOAHUMBIE H JIOCTATOUHBIE YCJOBHSI YCTOHUHUBOCTH.
Bo BTopo# ycranaB/HBaeTcs cBsI3b CBOHCTB NIPAaBBIX HacTed H3ydaeMoil
CHCTEMBl ypaBHEHMHA U (yHKUHOHana ¢ AuddepeHIHaJbHBIME CBOH-
cTtBaMu QyHKiUH DennMana. DTU TeOpeMbl aHAJOTUYHEI TEOpeMaM BJIO-
JKEeHHSI B TEOPHH KpaeBbIX 3ajad MaTeMatuueckod ¢usuku. ITox ycroii-
YHBOCTbIO paccMaTPHUBAeMBIX PAa3HOCTHBIX CXeM IOHMMaeTcs TOT (PakT,
YTO IIOC/EeJOBaTeJbHOCTb (Da30BBIX TPaeKTOpHH, IosydaemMas NDH
JApoOJIeHHH CEeTKH, DaBHOMEDHO CXOJHUTCA K ONTHMAJbHOH TPaeKTo-
pun. IlocnenoBaTenbHOCTb YIpaBJeHUH #; CXONHTCSA c1abo B CMEICIE
CXOJIMMOCTH IOCJIeJI0BATENbHOCTH (DYHKUHOHAMOB [ (X, U;).

5. IlpuBomaTcs pasHOOOpasHble MpPHUMEPHl AWHAMHYECKHX 3ajad,
pELleHHbIX H3/1araeMbIMH METOJaMH. DTH NPUMEDPE OTHOCSTCS I'VIaBHBIM
0o6pa3oM K JMHaMHKe KOCMHYECKHX allapaToB, CaMoJIeTOB H KopabJei,
JBHMKEHHE KOTOPHIX CTECHEHO Pas3/IHYHBIMH (pa30BBIMH OrpaHHYEHHSIMH.
PaccmaTpuBaeTcss BO3MOXKHOCTb HCIIOJB30BAHHSI JAaHHBIX METOJLOB
IpU peUIeHHH KpaeBbIX 3&nau Jysi cCHCTeM OOBIKHOBEHHBIX AudepeH-
[HUaJbHBIX ypaBHEHMH M 3ajad Ha cOOCTBEHHBIE 3HAUEHHsS JIJsI CaMo-
CONPSIKEHHBIX onepaTopoB. IIpuBoAsTCS MpUMeEpPHI, AEMOHCTPHPYIOUHE
3((eKTHBHOCTb METOHOB.

6. PaccMarpuBaeTcss LIHPOKHH KJjacc 3afad ONTHMAJbHOTO IJia-
HUpOBaHHsS (B YaCTHOCTH, JBYXHHICKCHBIE 3ajaud JIHHEHHOrO mpo-
rpaMMHPOBaHHUs), AJsT KOTOPHIX MOI'YT ObITh HCIOJB30BAHBI METOJHI,
OCHOBAHHBIE Ha IOHSITHH BapHalMH B IpOCTPaHCTBE cocTostHU. [Toka-
3aHO, YTO 3ajJaUH CETEBOTO IJIAHMPOBAHHUS TaKkKe (OPMabHO YKJa-
JbIBAIOTCSI B PAacCMaTPUBAEMYIO CXEMY.

7. PaCCMO'I‘peH KJjacC KpaeBhlX 3ajJa4 K 3a4a4 Ha coOCTBEHHEBIE
3HaYe€HHUs, KOTOpBI€ CBOJSATCSA K MHUHHHMH3ALUH q)y}IKIII/IOHaJIOB BHJa

S Fu, tx, Uy, Uny, Uax,Uyy) dQ (1)
Q
[IpY HAJHYMH OrpaHUYeHUH HA QYHKIHIO 4 U HA €€ IPOMU3BOJHEIE, 3/€Ch
€2 — Hekoropas mJaocKas o6sacTb. [IpH IOMOLIM annpOKCHMAIHH
[0 OJHOMY H3 NEpPEMEHHBIX 3ajaua MHHUMH3aluH ¢yHKiuonama (1)
Moxer ObITb CBelleHa K OXHOMEpHOH 3ajaue, NJIsi KOTOPOH PpasBUTHIE
MeTO[bl JAIOT CTAHAAPTHYIO NPOLELYPY peLIeHHs.

157



Merox nokKanbHBIX BapHuanui MoxkKeT ObITh HEIOCPELCTBEHHO mepe-
HeceH Ha MHOTOMepHble BapHalHOHHbIe 3ajayd. PaccMoTpeH psig
IJIOCKHX 3ajad MaTeMaTHYecKOoH (H3WKH, KOTOPHIE CBOAATCS K OTHI-
CKaHHIO MHHHMyMa ¢yHKIHOHaJa (1), B yacTHOCTH, M3TH6 MeMOpaHHI,
KpYUYeHHe YIpYro-MJacTHYecKUX cTepxkHeH, pacuer GHryp paBHOBe-
cusl, XKHUIKOCTH, MOJBEPKEHHOH JeHCTBHIO CHJI IOBEPXHOCTHOrO, U JAp.

8. OGcyxkpaaercss BO3MOXKHOCTH COYETAHHSI METOAOB BapbHUpOBa-
HUSI B IPOCTPAHCTBE COCTOSHHH C NpPHEMaMH 3BPHCTHYECKOTO IIPO-
rpaMMHpOBaHHs. BBoAuTCSI MOHATHe AHcHeTYepcKoro pemneHusi. Pas-
BUTbIe METOZBI IO3BOJISIIOT SKOHOMHBIM 00pPa30M OCYIIECTBJASTH HpO-
HEeLypPY <(YTOUHEHHS JUCIETUEPCKOTO pelleHUs». B  IUHaAMHYECKHX
3ajayax, TAe CYIIECTBYET €CTECTBEHHOE INOHSITHE OKPECTHOCTH (haso-
BOH TpaeKTOpHH, METOIbl JIOKAJbHOTO BapbHPOBAHHS M METOJ IOcJje-
JIOBaTeIbHBIX IPHOIHIKEHU TTO3BOJISIOT ONIPERETHTD JJIOKAAbHBIH 3KCTpe-
MyM. B sajauax miaHupoBaHHs (HampuMep, B 3ajayax THIA paclipe-
JieJIeHUsI pecypca) MOXKHO TOBOPHTb TOJBKO O JIOKaJbHOM MHHHMyMe
OTHOCHTEJILHO HEKOTOPOH TOMOJIOTHH. Tak e KaK W NOHSITHE JHUCIET-
YEPCKOrO peIleHHUs], MOHSITHE OKPECTHOCTH B TaKHX 3ajayaX HOCHT
SBpUCTHUECKHH Xxapakrep. Ha npumepax aHajmwsa GONBIIKX CHCTEM
IIOKa3bIBaeTCsl IL1eJ1eco00pa3HOCTh TAaKOro IOAXOJa M 0OCYyXKAAloTCs
BO3MOXKHEIE IIOCTAHOBKHM MaTeMaTHYeCcKHX 3ajad.

Jokman sBasiercss 0630poM pabGoT T'pyHNbl COTPYAHHKOB Brrumc-
JIUTETBHOrO eHTpa AKajeMHH HayK, B KOTOPOH, KpOMe aBTopa JOoKJja
Ia, yuacrsoeaau H. §I. Baraesa, M. b. Banuspckuit, M. A. Kpruios
u @. JI. YepHoycbKo.

C.II. HoBsukos
XAPAKTEPUCTHYECKHE KJIACChI ITOHTPSATHHA

1. Panuonanburie Kmacchl [ToHTpsrHHa W MX CBS3h ¢ (yHAaMeH-
TanbHOH rpynnod. TeopeMa O TOMONOrHMYeCKOM HHBApHUAHTHOCTH.
Canencreusi. [IpobseMa roMoTonH4ecKod HHBapHAHTHOCTH 3THX KJjac-
coB. Hepemennsle npobsemel. PesaynbraTtel ony6sukoBaHbl B paborax
aBTopa [1—4] u B. A. Poxnuna [5]. B paGore [4], npunoxenue 2,
yKasaHbl OTKphIThIe Bonpockl. OcHOBHOH U3 HUX: [TycTh x € H,p (MM H4k,Q)
U Dx =yjo...04,, y; € H* (M, Q). W3yuutp ckajspHOe ImpO-
usBefieHne (L, (M"+4R), x) c TOYUKH 3peHHs T'OMOTONHMYECKHX HHBa-
pHaHTOB (Ha HaKpHIBAIOLIKX).

2. Kunaccel ITontpsruna — XupueOpyxa IO KOHEUHBIM MOLYJISM;
H3BECTHO, YTO OHM, BOOOLIe TOBOpsi, KOMOMHATOPDHO HeHHBapHaHTHBI
(Munnop). [Has roMosiorHueckKHx MHoOroobpasufi Haj @Q,, aBTOPOM
u Pox/uHEIM BBefeHbl Kaacchl aply € H* (M, Zn), rae Qm — pauuo-

158



HaJIbHBIE YHC/Ia CO 3HAMEHaTeJeM, He JeNsUUMCS Ha m (3%ech Oy —
Iesble YHCIa, 3aBUCSIINE JIUIID OT k), npuueM axly = apLly (p4, . - -, pr)
B TIyajkoM caydae. [lokasaHa Tomosioruueckasi HHBapHaHTHOCTb
(Ipy X) € Zpm, x € Hyp (M1, Z,) npu ycnoBuun (Dfx)? =0, rze
p—romomopdusm Bokmrelina. [Iis riagkux MHOroo6pasuii M™ aBTopoM
HECKOJIbKO TO3JiHee JoKasaHa (Ha OCHOBE ONpeJesieHHs KJacCoB [p
aBTopa ¥ PoxsuHa, HO ApyrEM MeTOZOM) TOIOJIOTHYECKasl HHBapHaHT-
HOCTBb KJaccoB 0Oply = azLy (py, . . ., pr) IANd Bcex &, n.

Orciona BHITEKaeT TeOpeMa: CYIIECTBYIOT TaKHe YHCIa Ag, UYTO
CTabM/JIBHBIH KacaTeJdbHBIH mnydok T (M?) € KO (My), yMHOMXKEHHBIR
Ha Ag, TONOJOTHYECKH WHBapHaHTEH. DTH 4YHCJIA A,, 3aBHUCAT JHIIb
OT g ¥ He 3aBUCAT OT M9.

W3 3TuX pe3ysbTaTOB BHITEKAIOT CJIEACTBHUS O TOMOJOTHYECKOM pasJjinye-
HHH KJIACCHUECKHUX JIHH3 Pa3MepHOCTH > 5, €C/IH OHHM I'OMOTONHYECKH
3KBUBAJIEHTHEI !

Caencreue. Bee 5-Mepuble Kaaccuueckue JuH3e M8, rae ity (M®) =
= Z5, HeroMeoMOp(hHBbI, €clMH HX KJjacchl IIOHTpSrMHA pasHYHBI
(Takue CyIeCTBYIOT, NIpPHYEM TIOMOTONHMYECKH SKBUBAJIEHTHBIE APYT

ApYTY).
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B.II. Manamopaosn

OBIIME CBOWCTBA JIMHEWHbBIX% IH®PEPEHLHAJNBHBIX
ONMEPATOPOB C MOCTOSIHH bBIMH KO3®®HIIUEHTAMH

B noknagme uanaraercsi TeopeMa 00 3KCIOHEHIHAJIbHOM pasyoxe-
HUHU pellleHHH OOLIUX ONHOPOIHBIX CHCTEM JIMHEHHBIX AH(depeHInalb-
HBIX YPaBHEHHH C IOCTOSIHHBIMH KO3(pUIMEeHTaMH H ee BaxHeHIIHe
CJIe[ICTBHSI.

1. @OPMYJIMPOBKA TEOPEMbI

Ilycts p (iD) — puddepeHuuanbHbI omepaTop € IOCTOSHHBIMH
KoaduiueHTaMu oOLIero BHAA, IPENCTaBJSIOMHUE cOO0H MaTpHIy
pasmepa ¢ X s, o0pa3OBaHHYIO MHOrOYJEeHaMH OT omepatopoB iD =

d

= iaT R ¥ Pl JelictBylomux B R™. PaccMorpuMm coorBer-
1 n
CTBYIOLIYI0O ORHOPOZHYIO CHCTEMY YpaBHEHHH
p(iD)u=0, (n
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rIe U — HeusBecTHas BeKTOp-OyHKuMs, npuHajgiexamas [P’ (Q)]°
(Q — obacte B R™). Teopema 00 3KCIOHEHIHAJBHOM PasJOXKEHHH
COlepXKUT ONHCAHHEe BCeX peLIeHHH 3TOH CHCTeMBl B ciydae, Korja
objactb & BBHINyKJIA.

[lIycte & — KOJBIO BCEX MHOTOUYJIEHOB OT /1 NEepeMeHHBX z € C™,
p’ (2) — MaTpHUa, TPAaHCIOHUPOBAHHAS 10 OTHOLIEHHUIO K MaTpHie p (2),
a p" & =poM ...N\p; — NpuUMapHOe NpeACTaBJeHHE & -IOAMO-
ayas p'&t < &°. [Ias kaxgoro A paccMorpuM pagukaa }/ (pa) moamo-
Iynas P, < §° U accomUHPOBaHHOE C HHM ajrebpauueckoe MHOTO-
obpasue N, — C". Hocurens mogynss M = &°/p'@t pasen N = | N,,
Jlas Kaxkaoro A CTPOUTCS cllenHaNbHBIH AH(dhepeHHalbHEIH onepaTop
dy, (2, D): &° — &' ¢ nosuHOMHAJIBHBEIMH Ko03(h(dHULIHMEeHTaMH, TaKoH,
4YTO IOC/JEN0BATENbHOCTD

d 1
0—>p—8* 5[ 2ve) "

TOYHA.

: ]O cHOBHas Teopema (dpeunpaiic [1], [Tanamonos [2] —
6]):

Bcskoe pewenue u cucmemst (1), npunadsexcawee [D" (Q)]° (064acme
Q eunykaa), ssasemces QYHKYUOHAIOM BUOG

e = | di D@ wm 9612 @F, @
A N,

rae Wy, (0KAKI) — mepa, cocpedomouennas Ha N, u makas, 4mo
QyHKYUOHAN

(o 9= {$@ ml, verz @1*

Ny,

npurnadsexcum [D (Q)I'h, npuvem (mHO203HauHOE) omobpaxcerue
u — {v)} Henpepwgro. O6pamno, 6cakuil (yukyuonar euda (2), ede
mepol Py, yoosaemsopsiom dmomy ycaosuto, npuradaexwcum [D'(RQ) P
u seasemcs peweruem cucmemot (1).

2. JIOKAJIbHBIE CBOYMICTBA PEIIEHUI CUCTEMBI (1)

IIpencraBnenue (2) HeMeIJ€eHHO CBOAUT H3YUYEHHE JIOKAJbHBIX
cBolicTB peleHult ypaBHeHus (1) K HccienoBaHU0 ocoOeHHOCTER B pac-
noJjoxeHun MHoxectBa N B C™. Ha stoM nytu mpencraBienue (2)
II03BOJISIET MOJAYYHTH (M 0000mHUTL Ha caydyad obuiedl cucremsl (1))
Jro0oft M3 MHOTOYHMC/IEHHBIX H3BECTHBIX ceHyac pe3yJbTaToB, Kacalo-
IMUXCS JIOKAJbHBEIX CBOHCTB pelleHHH cucTeMbl (1).

B ciaydae korza obgacte 2 HeorpaHWYeHa, YHAeTCs YCTaHOBUTh
3aBHUCHMOCTb MEXJY CKODOCTBIO pOCTa pelleHHs] Ha OecKOHeYHOCTH
U IOBEJEHHEM COOTBETCTBYIOUHX Mep | Wy | mpH |2z | — oco. 310
0OCTOSITENIbCTBO MO3BOJISIET M3YUYHTH CBSI3h MEXKIY IVIAAKOCTBIO pelle-
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HHSL M CKODOCTBIO €ro pocra Ha OeckoHeuHocTH. B wacTHOCTH, ecsid
omepaTtop p SBJSETCS THIO3UIMNTHYECKHM [0 IIEPEMEHHBIM X' =
= (%, ..., X) B cMelcie [opausra — MaJjbrpanka (Mel HMeeM
B BHJY OueBHIHOe 0000IIeHHe 3TOro NMOHSTHS), TO IIPH ONMpeaejeHHbIX
OrpaHMYeHHSX pocTa Ha OGECKOHEYHOCTH 3KCIIOHEHIIHAaJbHOTO THIA
pelienus: cucreMs! (1) oKasblBalOTCS aHaJUTHYeCKHMH 1o x’. [Tostomy
IOMOJIHUTENbHBIE YCJIOBHS

Dyu

x'=0= 01 Vi

BJIEKYT 3a cOOOH TPUBHAJbHOCTb PellleHHs, U 3TOT (PAaKT B €ro TOYHOH
topMe siBJIsieTcs: obobmenyeM TeopeMsl Iesbhanna — IllunoBa o kiac-
cax eJUHCTBEHHOCTH 3afaud Koiuu.

3. OBJIACTH CYIIECTBOBAHMUSI, HEIPEPbLIBHOU
3ABHCHMOCTH U T'JIADKOCTH PEMIEHHWHN CUCTEMEL (1)

Ilpocrefimas 3agaua o0 Npojo/KeHHH pelieHu#t cucremnl (1) dop-
Mmyaupyercst Tak. [Iycrs Q@ — HekoTopasi obmacte B R", a K < Q —
Komnakr. Tpebyercst HalTH YC/IOBHsI, IPH KOTOPHIX JAHHOE pelleHHe
cucreMul (1) B obmactu Q\ K sBJsIeTCS CyXKEeHHEM HEKOTOPOro pere-
Hus TOH Ke cucreMbl B ofjactu 2. OTBeT Ha 3TOT BONPOC MOXKHO
chopMyIHPOBATh B CIeAyOIKX TepMuHax. [Iyctb S pakropnpocrpaH-
CTBO NPOCTPAHCTBA Bcex pewieHuil cucteMel (1) B obmactu Q\ K no
HOMIPOCTPAHCTBY PelleHHH, MPOZOIKAEMEIX B 06/acTh 2 mocse cooT-
BETCTBYIOLIEFO HCIPABJIEHHS B CKOJMb YTOOHO Majiof okpecTHOcTH K.
OkasbiBaeTcsl, 4TO e€cJH KOMNakT K BEIIYKJ/bIH, TO NPOCTPAHCTBO S,
XapakTepH3ylolllee «HeyCTPaHHMble OCOGEHHOCTHY pelieHHi cucreMs! (1),
u3oMophHO npoekTuBHOMY mpeneay lim Ext' (M, &) ® » & (v), B3s-

<

ToMy 110 QUIBTPY BeeX okpecTHocTel @ D K. s ypaBHenus Komu —
Pumana 3TOT H30MOpP(HU3M cOBMajaeT C HU3BECTHBIM INpeoOpasoBaHHEM
Bopens.

B cayuae s = f = 1 ykasaHHBIH H30MOP(HH3M B HECKOJIbKO HHOH
topme paHee Obl1 ycraHoBieH B. B. I'pymunbiM [7], onupaBILIHMCs
na pesynabtatel [3]. Ecnu Ext! (M, &) =0, T0 u3 chopMyTHPOBaH-
HOH TeopeMbl 06 H3oMoppuaMe cienyer, uto S = 0. Dror UacTHBIH
cayyait Gel1 ycraHoBjieH BrepBbie ManbrpamxkeM [8] u jpoknamunkom
[9]. Heranbhoe usyuenue npocrpanctsa lim Ext! (M, &) @ » &’ (o)

<__-—

IPUBOAUT K JasbHEHIIHM pe3y/bTaTaM.

Bonee cioxHbIE 3aaYd O IPONO/IKHMOCTH pelileHUil cucteMmsl (1),
HanpHuMep 3ajaya O NPOJOJIKEHHH C OCTOBA NOJH3APa BHYTPb, He HMeeT
[OKa CTOJb HCUEPNBLIBAIONEro pelleHHs. laBecTHnl JHIIL AOCTaTOY-
Hble YCJOBHS BO3MOXHOCTH TaKOTO NPORO/KEHHS B TEDMHHAX MOJLY-
aeit Extt (M, &).

B Tex e TepMHHaX MOXHO H3ydyaTh 3afady O HeNpPEpLIBHOH 3aBH-
cumoctd pemenuii. Ecin m — noausgp B R™, a I'™™* — ero ocros
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pPasMepHOCTH 7 — k, TO IIpHU BBIIIOJIHEHHH cooTHolenu# Extt (M, &) =
=0 (i =0, ..., k—1) Bcaxkoe pemenue cucreMs! (1), ompeznesnen-
HOe B OKPECTHOCTH U, HENPePhIBHO 3aBHCHT OT CBOMX 3HAaUeHHUH B OK-
pecrHoctd I'"™™". B uacTHOCTH, €c/iM OHO NpPUHALIEKHT C® B OKpecT-
Hoctd I'™*, 10 sBAsieTcss GeCKOHEUHO AU((EPEHIHPYEMBIM B OKPECT-
HOCTH Bcero mogudfpa . IlocnenHee cBOHCTBO cHpaBefJIMBO TaKXKe
npu Gosee cnabbix npeanonoxenusx, uro Hom (M, &) = 0, a Mmogyau
Extt M, &) (@ =1, ..., k— 1) — runosanuntuueckue. B awnano-
TMYHBIX TePMHHAX (DOPMYJHPYIOTCS TaKkKe TeOpPeMbl €JUHCTBEHHOCTH.

4. HEOJHOPOOHBIE CHUCTEMbI YPABHEHUH

W3ayueHne HeOZHOPOZHBIX cucTeM BHAa p (iD)u = w ymobHo mpo-
BOOUTh B caefymomux TtepmuHax. [Iycts M — npoH3BOMBHBEIE &°-Mo-
OyJb C KOHEYHbIM 0asucoM Hu

pi tp' s
PSP —->M—0 3)

HeKoTopasi cBoGojaHAsl pe3osibBeHTa 3TOro MoayJs. Ilycrs namee @ —
HEKOTOpPOEe MPOCTPAHCTBO paclpeneneHuil B objactd £, Ha KOTOPOM
OIpefieleH0 M HenpephlBHO JefictBHe omepatopoB D. PaccMorpum
I10C/IEI0BATETIBHOCTh HENPEPHIBHLIX 0TOOpaMeHui

@ P2 @ 2O (4)

[TpoctpancTBo @ HazoBeM M-BEIIYKJIBIM, €CJIH 3Ta MOCIEL0BATENBHOCTD
TOYHA, a BCe €e OTOOpaxKeHHs — TOIOJOTHYECKHE T'OMOMOP(H3MEL.
CkaxeM, uyto npoctpaHcTBo @ cunbHO M-BHIYKJIO, ec/IM OHO M-BBIIYK-
JIO ¥, KpOME TOro, 3KCIIOHEHIHaJibHble IMOJHUHOMHI, MpHUHAIJIeXKaIHe
nopnpoctpanctsy B @°, oOpasoBaHHOMY pelueHHsIMH cHcTeMbl (1),
IJIOTHHL B 3TOM moAnpocrpaHcTBe. CBoHCTBO (CHIBbHOH) M-BBRIIYKJIOCTH
He 3aBHUCAT OT BEIOOpA PE30JbBEHTH (3).

BBenenHoe HaMu HOHsATHE M-BBITYKJIOCTH HECKOJBKO OTJIHYAETCS
oT O6JIM3KUX NOHSTHH, UCIIONb30BAHHBIX X epMaHAepoM U MaJsibrpaHkeM.
Kak HemocpejncTBEHHO BEITEKA€T U3 OCHOBHOH TEOpPEMBI, IIPOCTPAHCTBA
D’ (RQ) u & (Q) cuabHO M-BHINYKJbI, KAKOBbl Obl HH ObLIH BBITYKJast
obsacte Q u moxyap M. Hanmpumep, Aasi OpOBEPKH TOUHOCTH IIOCJE-
JoBaTebHOCTH (4) Bo BTopoM ujieHe nmpd @ = P’ (Q) mpocraTtoyHo
B OCHOBHOH TeopeMe 3aMeHHTb p Ha p; ¥, YUHUTHIBAsi TOUHOCTh MOCJE-
noBaTeabHOCTH (3), mosnoxuts dy (2, D) =p’ (2), Ny =C" u dy(2,D)=
=0, xorma A > 0.

OTMeTuM, 49TO B 4YacTHOM cayyae S = { = 1 3ra TeopeMa Ohlja
nonyuena B 1952—1959 rr. B nukse pabor ManbrpaHxa u dpeunpaii-
ca. B ofmem Bupme 3Ta TeopeMa Oblia ONMyGJHKOBaHA JOKJIAUHKOM
[4] — [6] u Manerpamxkem [8], [10] mas npocrpaHctBa & (Q).

O6mas 3ajaya 06 onucaHuH (CHJIBHO) M-BBIMYKJBIX mpoctpancts @
IpH 3alaHHOM MojyJie M Jajieka OT CBOETo MOJIHOTrO pelleHus. B yact-
HOM cayyae s =1t =1, @ =& (Q), P’ (Q) sra 3amaya noapobGHO
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u3yuyeHa B paborax dpennpaiica, Majssrpanxa, Xepmauznepa. B obmem
caydae usBecTHO [12], uto gist (cuipHOM) M-BHINYKJIOCTH IPOCTPAHCTBA
D' (Q) unu 8(9) Heo6xouMo, utober H' (Q, C) =0 (H! (Q, C) =
= C B ciaydae i = 0) qns Bcex i > d (i > d), rae d=dim.N. 3ror
¢dakT saBiasiercs obobmeHueM HsBecTHOH TeopeMbl Ceppa O TONOJOTHH
obnacret PyHre.

C 1pyro¥f CTOPOHBI, HMEIOTCSI DPasJHYHLIE JOCTATOYHBIE YCJOBHS
M-BBITyKIOCTH NPOCTPAHCTBA Z' (Q) [1 BoOOILE TPHBHATBHOCTH MOZY-
aeit Ext' (M, &' (Q))]: ana obaactell rosoMOpGHOCTH (Ma.nbrpanm
[11], noknmapuuk [12]), B TepMHHAX BEINYKJbIX MOKPHITHH £, B Tep-
MHMHaX @-BBIIYKJIOCTH (aHAJOT TeOPEMBl KOHEYHOCTH AH}IPGOTTI/I—

payspra u ap. [12], [6]).
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C.JI.CoGoaesB

TEOPUS NPHUBJUXEHUSA WHTETPAJIOB ¢YHKUHH
MHOT'MX NEPEMEHH bBIX

Wurterpan or QyHKUMH 7 MepeMeHHBIX @ (x) mo obsacta Q
| €0 @ () dx
NPUOJHIKEHHO BBIPAXKaeTCs B BHAE
3 Crp (x0) = 3 B Cab (x—x) @ (x) dx
Omubxa npubIuxKeHus
9= { Eam— 3 b (x—x®) g (x) dx

ABJISIeTCS JIMHEHHBIM (DYHKIMOHAJOM HaJ COOTBETCTBYIOLLUM JIHHEfl-
HBIM IIPOCTPAHCTBOM (YHKUHE @.
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[Tpu m > n/2 aBTOp paccMaTpuBaer GpyHKUHOHAb! ([, @) U3 LM*,
olpefiesIeHHble HAXl TPOCTPAHCTBOM L{™ ¢ HOopMO#

ol {1 3 wrerasl

|a)==m

HHBapI/IaHTHOI?I OTHOCHTE/IbHO OPTOrOHAJbHBIX KOOPJAHHATHBIX npeo6pa-

30BaHUH.
Yecnosue, uto [ € Ly("*, o3HayaeT, B YaCTHOCTH,

({[,x)=0 mnpu |a|<<m.

B nokaapme paccmarpuBarTCs (DYHKUMOHAJBl C y3JaMH B TOYKax
pemerku I’

'=E(x:x=x"-"+ hHYy),

rge H — Marpuua c onpefejureseM, PaBHBIM eJUHHIE, X — IMPOH3-
BOJIbHBIH BEKTOP, Y — NPOU3BOJIBHLIM IeJ0YUC/AEHHbIH BeKTOp, A —
MaJibli mapamerp.
Hccnepyrorcst ontuMasbHble (GOPMYJbl, T. €. (OPMYJbl C HaHMeHbIIeH
HOpPMOH (yHKUHOHAJA NOTrPELIHOCTH.

OcHoOBHBIE pe3ysbTaThl CJEAYIOLIHe:

1. OHUEHKA TIOTPEIHOCTH

a) Ilpu unTerpupoBanuu (yHKUME ¢ (X), MepHOJHYECKHX C Mart-
puuell nepuogoB ®, KpaTHOR Matpuue hH, rae

ke 0 ... 0
o=hHK, K= 0 1?2 0 , kj—uenbe uucra,
0 0  ky

ONTHMAaJbHBIMH OynyT mNocTosiHHBle Koadduuuentsr C = h".
Hopma c¢yHKUHOHANA IOrpelIHOCTH B 3TOM cCJydae MMeeT BHJ

|l =V @ ()" VEE2m). (1)

3nech

G 2m) = 3

y#0 Y

rie ry — PaccTOsiHUSl OT Hayaja KOOPAUHAT JAO NEepPeMeHHOH TOYKH
pemerku Hy.
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OyHKIHUS
C(H™[2m)

HasblBaeTcs QyHKuued Pumana pas pemerku H™!, B3aUMHOH c peliet-
Kol H.

6) Jns1 Bcex (GUHUTHBIX (QYHKIUH @ (X) ¢ (UKCHDOBAHHBIM HOCH-
TeqeM €2 HMMeeT MecTO HeyJsyulllaeMasi OLEHKa

@<V (5 )" VIET2m) |9 1gn+0 (0™, (2)

B) Jluis mpoH3BOJIbHOIN objacTH 2 ¢ ZOCTATOYHO TJIaAKOH rpaHuiled
crnpaBefJuBa (opMyJia

inf (1] ygw = V'@ ()" VEET [2m) 0 (0™ (3)

2. HAXO)XIEHHE OIITHMAJIbHBIX KO2¢®UIIMEHTOB

a) Halinen xnacc ¢opmy.1, HasbiBaeMbIX (QOPMYJIaMH C PETyJIspHBIM
MOrPaHMYHBIM CJIOEM, JJsi KOTOPBIX

H l ”Lgm)* = Vﬁ <%>m VW —0 (hm+1).

Onu aHasoruyssl ¢gopmynam ['peropu, sIBJISIIOUIUMCS aCHMITOTHUECKH
ONTHMAJIbHBIMH B CJyYae OXHOH HE3aBHCHMOH NepeMeHHOH.

B atux ¢opmynax Bce koadduurentsl Cp, OTHOCALLHECS K TOYKaM,
yZaJeHHbIM OT TpaHHUubl GoJsblle yeM Ha LA, rie L — Hekoropas
IIOCTOSIHHAs, HasblBaeMas TOJIIMHOH /1051, paBHbl A", a B OCTa/JbHBIX
TOYKaX, NPHUHAJIEXKAMHUX K <(IOTPAHHYHOMY CJOIO», BBIYHCISIOTCS
C IOMOIIBIO ONpefeseHHoro anropudpma. Vx BhumciaeHue Ttpebyer
Kh~="*1 neficTBMH, 4TO Ha MOPSJOK MEHblle Uncsa AefcTBUl, HeoOXoau-
MBIX JJIsi TIOJACYETa CaMOr0 HHTErpaja II0 BHYTPEHHOCTH O00JIACTH.

6) YxaszaH ajaropuM ¢ KOHEYHbIM YHCJIOM JAeHCTBHH, He3aBHCAILINM
OT h, IJIS HaXOXKIEHUs KO3((HUIHEHTOB DPEryJsipHOrO MNOrPAHHYHOTO
c0sl B ciydae, Korja £ ecTb MHOTOTPAHHHK C T'DaHsMH, palMOHaJb-
HbBIMH OTHOCHTEJIBHO peLIeTKH.

UccnenoBanre HaUJAyylIMX PELIETOK NpPUBENEHO, TaKMM 06pasoM,
K 3a3jade TEODMH YMCeJ: HCCJAEeJOBAHHIO MHHMMYMOB (-QyHKUHH NpH
pas3JUuUHLBIX m U n.

Acumnroruueckd At GOJIBIIHX M1

L [ 2m) =

min

rae K mocrosiHHast M, CJIeNOBaTeNlbHO, HAWJAYYLIMMH OYAyT PEIUeTKH,
rae H™! — pemerka HaumJIOTHeHIIeHd yNaKOBKH. WHpIMH  clI0BaMmu,
pemerka f OyleT B3aMMHOH ¢ pelIeTKOH HaHMJIOTHeHIIe# YNaKOBKH.

Bonpoc 0 BO3MOMKHOCTH TOJYYeHUS Jydmux ¢opMysa mnpu x°,
He 00pa3ylollUX peIleTKy, OCTAeTCss OTKPHITHIM.
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3. CXOJMMOCTb HA KJIACCAX >XEBPESI BECKOHEUHO
IUOPEPEHIVPYEMbIX ©®YHKUUN ITPU NNEPEMEHHOU
TOJIIKMHE NOTPAHWYHOIO CJIOA

st mepropuueckux GyHKuu# u3 kmaaccos )Kespes G (4, B)(p > 1;
A > (), yIOBJIETBOPSAIOMHUX COOTHOLIEHHIO

D* —1
a!CP }<KAlaJla'(ﬂ Blof

npu Jo6oM o, JaHa OLEHKAa MOTPelHOCTH (GOPMYJ C PeryJsipHbIM
HOTPAHUYHLIM CJIOEM

Ll @) |[<Kh™ /"expL——<2m - _1/6].

) Ml BHUJHM, YTO HA 3THX KJlac-

Tonmuna cnos nopsaaka L= <2nermm

caxX CXOJUMOCTb 3HAYHTEJIbHO Jydlle CTeIeHHOH.
Merox aBTOpa mpexcraBiasier coboi nudepeHnIHaNbHOe HCCIeN0-
BaHHe QYyHKIHOHAIO0B U3 L{™). OH COCTOUT B IPEACTaBJEHUH (DYHKIHO-
HaJIOB CYMMaMH CJaraeMblX, HUMEIOMUX MaJjble HOCHTEJH.
Ilycrs Iy (y) TakoH QyHKIHOHAJ, YTO

supp Ly (1) = E(y:[y[ <L), [y ()] om <A.

ITocne usmeHenuss Maciitaba M nepeHoca Hadaja B TOYKy hHy
noJayyuM GyHKIHOHAJ
X
Ly (‘h“ —H Y>

C MaJibIM HOCHTEJIEM. JIJIH HEro CrnpaBelJIUBbl OLEHKH

supp ly <%—HV> c E(x:|x—hHy|<<Lh);

Hl <75_HY> Hmn)* AR

OneHka nokasbiBaeT ObiCTpoe yObIBAHHE CKaJsSPHBIX IIPOU3BENEHUH
JIBYX (YHKIIMOHAJIOB II0 Mepe yIaJsieHHs HX HOCHTe/]eH Apyr or Apyra.
Orciona 1sst KaxJAoro (yHKIHOHaJa BHAA

D b (F—Hy) 4)
hHyEQ
NoJIy4aeTcsi OL€HKa HOPMbI

1o () [| gye < KR™V'Q,

raie K saBucur Ttoiibko ot L u A, Q — Hocureab (yHKIHOHaMa [.
HeBoamoxHOCTS yayuiieHus 3Tol ouenky nokasasa H. C. baxsasosbiM.

Takoe e npejicraBjeHue B BHAE CyMMbl (DyHKIMOHAJIOB C MaJbIMH
HOCHMTEJNSIMU JONMyCKaeT IepPUOAHYECKHH (QyHKIHOHAJ

l(x)=1 —g B"8 (x — hHY), (5)
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HeorpaHHYeHHBIA B L{™), HO ompe/e/eHHbIH HaJll BCeMH (GUHUTHLIMH 3J1e-
MeHtaMH L{™. JloKa3bIBaeTCs ONTHUMAaJbHOCTh 3TOrO (PYHKIHOHAJA
17151 BeeX (PUHUTHBIX QyHKUMH. BeluncieHue ero MUHUMyMa C IIOMOILBIO
npeobpasoBanusi ®ypee paer dopmyay (1).

OTblcKaHHe ONTHMAaJbHBIX KyOaTypHEIX (JOPMYJI PABHOCHJBHO OThI-
CKaHHMIO NPOeKI UK (PyHKIHOHAMa & €2 (x) Ha MHOroo6pasue BceX JIHHel-
HbIX KOMOHHAIHH

Z C'\’l ()C - hHY)v

ofpasyiolux JuHeHHOe NoanpocTpancTBo £ < L{m. JlokaseiBaercs
SKHBaJeHTHOCTh § M [{™, npoctpaHctBa Ko3dduuueHtoB Cy.

DyieMeHTHl § ¢ MaJbIM HOCHTEJNEM aHaJOrM4Hbl JuddepeHuaabHbIM
ornepaTopaM B YacTHBIX NPOH3BOAHBLIX NOpsiaka m. [lasi HUX copa-
BeJIMBBL TIPABHJIA CYMMHDOBaHHSI N0 4acTsM, NO3BOJSsIOMIHE npeobpa-
30BBIBaTh KybaTypHble (OPMYJbl C pa3JMYHBIMH JH(depeHIHaIbHEIMH
3JIEMEHTaMH.

@opMyJibl ¢ peryJ/sipHbIM NOrPAHHYHBIM CJIOEM CTPOSATCS Kak ¢op-
MYJIBl, Y KOTOPBEIX Bce BHYTpPeHHHe auddepeHnyanbHble QyHKIHOHAL,
BXOJslNYe B BhlpaxeHue (4), cOBHAZAIOT C TOYHOCTBIO JO CHABHra.

W3 ¢opmyasl (5), mepenucaHHO#l B BHJE

b= 3 1 <%—Hy>—|— DA (%—H@, (6)

hHyEQ hHygQ

[OJIyIUM MpEACTaBJIeHHe IJs (POPMyJ C PeryJsipHbIM MOTPaHHYHBIM
coeM

L(x)=1o(x)— 1y (%),

rie Iy (x) — HeKOTOpEIl (DYHKIHOHAJ C PEryJsiPHBIM IOTPaHUYHBIM
CJIOEM JJIsi BHEUIHOCTH obsactd K.
[Toncuer kBajgpaTa HOpMBI [ (x) B BHAE

{L(x), Lo (%) — L1 ()}, (7)

rae { } — peasusanus CKaJspHOrO NpousBefeHHst B L{™), MeropoM
gudpepeHnHaJbHBIX (DYHKIMOHAJIOB C MaJibIM HOCHTEJNEM IPHBOJLUT
K dopmyse (2).

AcumntoTHuecKasi ONTHMaJbHOCTb (DOPMYJ C DEryJsipHBIM Iorpa-
HHYHBIM CJIOEM YCTAHABJIMBAETCS CPaBHEHHEM IIOTPELIHOCTH «(HOpMYJI
C peryJ/sipHbIM HOTPAaHHYHBIM CJIOEM» C IIOTPEIHOCTHIO ONTHMAaJbHBIX
tdopmya. asi aToro ucnoabsyercss TeopeMa baGyiku.

Ecan dopmysa (4) ontuManbHa NMPH 3aJJaHHBIX y3/aX, TO IKCTpe-
MaJjibHasi (PyHKUHsI, HAa KOTOpoH ¢yHKuuoHasa [ (x) ZOcTHraeT CBOEro
MaKCHMaJIbHOTO 3HAUE€HHsI, UMeEeT HYJH BO BCEX y3/aX DeLIeTKH.

CkasnsipHoe mnpousBeleHHe (YHKIHOHAIOB BHAa (6) mnopoxiaaer
B npocrpadctBe Cp HEKOTOPYIO KBajpaTHuHyl0 ¢opMy. Bsaumuas
¢ Hell pasHOcTHasi (popMa INO3BOJISIET NOCTPOMTh PA3HOCTHBIH OIepaTop
mepexoja OT 3HAaUeHHH 3KcTpeMatbHOH dyHKuuu P (x(M) KybaTypHOH
dopMyJsiBl B y3sax pelleTKH K KoaddunuentaM Chy.
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BwMmecte ¢ Teopemo#i Ba6Gymku, npeacraBieHHOH (7), 3TO MO3BOJIsIET
NPOBECTH OLEHKH, AOKasbiBaiolmue (opMmyny (3).

Ilpn 3}dheKTHBHOM HaXOXJEHHH KO3(pGDHIHEHTOB MNOIPAHHYHOIO
CJIOSl IJisi MHOTOIDAaHHUKOB JOKasblBaeTcsi CHayaja, YTo 3TH Ko3adhu-
L{HEHTHI OIPeIe/ISIOTCS TOJIBKO JIOKAJIbHBIMU CBOHCTBAaMHU TPaHHUIIEI H, CJle-
JOBaTeIbHO, COBNAJAIOT B TOYKAaX, ONHHAKOBO OTCTOSIIUX OT TpaHed.

OTbIcKaHHe HX BeJTWYUH YAOOHO NPOM3BOAUTE IIPU NOMOLILY npeobpa-
soBaHHA Dypbe.

A. H. TuxoHoB

O METOJAX PEHIEHHS HEKOPPEKTHO ITOCTABJIEHHBIX 3AJJAY

HeonHoKkpaTHO BbICKashblBaJach TOYKA 3DEHMs, UYTO KOPPEKTHOCTh
BhIpaxkaeT (M3HUYECKYIO OIPENeNEHHOCTb 3ajaud H SBJISeTCS IPUH-
LUIIMAJbHEIM YCJIOBHEM KaK JJisi NMPUMEHHMOCTH 3aJaud K SIBJEHHSM
HOPHPOJBI, TAK U JJIsI BO3MOXKHOCTH TOJY4eHHs] NPUOIHKEHHOTO pellie-
nusi. [logo6Has Touka 3peHMs] HaJIOXKMJa COMHEHHe Ha Iesecoobpas-
HOCTh M3YYEHHUs pelIeHHH HEKOPPEKTHO IIOCTaBJIEHHBIX 3ajad.

OpHako MOXKHO NPHUBECTH MHOTO KJ1aCCOB HEKOPPEKTHO MOCTaBJIEH-
HBIX 3afia4, KaK BCTPEYAIOMIUXCS [PH H3YUYEeHHU SIBJIEHUH IPUDPOMHI,
TaK ¥ NPEACTaBJSIONUX OCHOBHOHM ammnapart Matematuku. Cioia OTHO-
cATc:

1) onpezneneHHe paBHOMEPHOTO NPHUOJMKEHUS JJisT IPOU3BOAHOH
2z = u’ 10 NpHUOJMKEHHBIM JAaHHbIM B MeTpuke C.

2) Onpegnenenue cyMMmbl psiia ®ypbe B 3afaHHOM TOYKe 1O NPHUB/IH-
JKEHHbIM B [ 3HaueHHUsIM KoapduunueHtoB Oypoe.

3) PaBHoMepHble NpHOJMMKEHHS pelLIeHHH WHTerpajbHbIX ypaB-
HeHu# 1-ro pojia ¥ MHOTHe 3aJaudl, K HUM NPHBOZSIINE (aHAJUTHUECKOE
NPOROJ/IKEHHUE, ONlepPallHOHHOe HCYHMC/IEHHE B JeHCTBUTENBHOH 00/acTH)
IpH BO3MYIIEHHH BXOJHBIX JaHHBIX B MeTpHKe L.

4) JluHeliHble 3ajjlaud Ha CIEKTPe NPHU OObIYHBIX JOMOJHUTENbHBIX
VCJIOBHSIX, ONpele/siomux efuHcTBeHHOe pewenue. ([lmoxo obycnos-
JIEHHblEe asnrebpanyecKHe CHCTEMBI, TPeTbsi TeopeMa DpexarosbMa.)

5) K 3ToMy Kpyry BOIpPOCOB TaKXe OTHOCATCSI HeyCTOHYHBLIE
3aJjaud ONTHMHU3aUUM (HEyCTOHYMBBIE 3aJaudl ONTHMAJBHOTO YIIpaBJie-
HUSI, JUHEHHOTO M JHHAMHYECKOro IpOrpaMMHpPOBaHHS).

TUNHYHBIM KJIACCOM HEKOPPEKTHO IIOCTaBJIEHHBIX 3ajay, BCTpe-
YAIOIUXCSl NPH HM3YYEHHH SIBJIEHMH NPHUPOJBI, SIBJSIOTCS «0oOpaTHBIE
3afaun». [IpH u3yuyeHHH 0OBEKTOB HJIH SIBJIEHHH NPHUPOABI 2, HENOCTYII-
HBIX JISl HENOCPEJCTBEHHOIO H3MEepeHHs, Mbl YacTO MNOJb3yeMCs H3Y-
yeHHeM HX (GH3UUEeCKH JeTEePMUHUDOBAHHBIX MPOSIBJEHUH u = Az
(A — oOBIYHO BNOJIHE HEMPEpHIBHBIA OMepaTop), TaK YTO ONpeneseHHe
z cBsI3aHO ¢ «o0OpaTHOH 3ajaueii» (HEKOPPEKTHO IIOCTaBJIEHHOH) ompe-
JleJIeHHsl 2 TI0 ¥ Y 3aflaHHOMY npHuO/MxKeHHI0. Bce Bospacraromee 3Ha-
yeHHe HMeeT 3ajlaya H3BJIeYeHHs] HauOoJjee IOJHOH HH(bOpMaLUH
U3 pe3y/bTaTOB 3KCIEDHMEHTOB C IOMOLIbI0 MaTeMaTHUYeCKHX METOIOB
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(¥ aBTOMaTH3aUHUs ee pelleHHs) BMECTO TOTO, 4TOOH 3Ty HHAOPMAUHIO
noay4aTb HPH IOMOLIM YCJOXKHEHHS 3KCIIEPUMEHTAbHOH TEXHHKH.

B Hacrosiee BpeMs onpegenuoch JBa MOAX0Ja K PelIeHHI0 HEKOp-
PEKTHO IIOCTAaBJIEHHBIX 3ajady.

IlepBolfi MOAXOJ CBSASaH C IPEANOJONKEHHEM, UTO HMEETCs JOIOJ-
HHUTeNbHas MH(OpManus, OrpaHHYUBAIOMAs KJacC BO3MOXKHBIX pellie-
HUH Z (2 € Z) u nosBojsomlasl ceaTbh 3aKJoueHHe O KOMIAKTHO-
ctd Z.

B sToM cayuae pemenne ofpaTHOH 3amauu Az = u YCTOHYHBO.
Wsnoxenrne 3TOro mojxoja K peIIEeHHI0 HEKOPPEKTHO IOCTaBJIEHHBIX
3ajlad 4 CBOJAKA pe3y./1bTaToB JaHa B MoHorpaduu M. M. JlaBpenTneBa,
riae nsyqu TaKXe BONMPOC, KOrja BXOJAHbIE NaHHBIE 3alayll BHIXOAST
3 U = AZ. K 3ToMy HanpaBJeHHIO NPUHALIEKHT IOHSTHE (KBA3H-
pemrenus», seefenHoe B. . MiBanoBbiM. [Ipu TakoM noaxoje OCHOBHBIM
BOIIPOCOM TIPH pElIeHHH KOHKPETHBIX 3aflau SIBJSIETCS YCTaHOBJIEHHE
JIOIIOJIHUTENbHEIX OrPaHUYEHUH Ha KJjacc pelleHHH, Jenaiolud ero
KOMIIaKTHEIM.

BTopo#i noaxox TpakTyeT pellleHHe HeyCTOHYHMBHIX 3ajad. IIpu stom
IepBLIM BONPOCOM SIBJISIETCSI ONpeEJe/IeHHe TOr0, KaK MOXKHO NOHHMAaTh
npuOJIHKEHHOe pellleHHe HeyCTOHUMBOH 3afauu. [1pu 3ajanuu npubnu-
JKEeHHBIX BXOAHBIX JAHHBIX s OOBIYHO 3aJa€TCsi KX TOUHOCTH, T. €. BEJIH-
4HHa 0 BO3MOKHOIO YKJIOHEHHS ud OT TOUHBIX 3HaUeHu u : 0, (U8, u) < 6.
B kauectBe npuONMKEHHOTO 3HAUEHHS 2 JJIs HEKOPPEKTHO MOCTaB-
JIEHHBIX 33aJlau HeJb3sl OpaTh TOUHOE pelleHHe 3ajaydl C BXOZHBIMHU
JaHHBIMU 4 : 2 = R (u). OgHako Ha/juuyue JOIOJHUTEJILHOI'O Iapamer-
pa 0 no3BossieT HcKaTh NPHOJIHKEHHOE PEellleHHe [IPY IIOMOIILY [TapaMeTpH-
PHUYECKHX orepaTopoB 2 = R (u, a) €CJIM 3HAUeHHE TapaMeTpa a corJya-
COBaHO C TOYHOCTHIO O 3ajaHus ud : o = « ().

ITapamerpuueckuit onepatop R (4, «) HasbiBaeTcs peryJspH3UPYIO-
muM onepatopoM anast R (u), ecim (1) R (u, o) ompeneneH Ajsi Bcex
u € U, roe U—xnacc BO3MOXKHBIX NPHOIHKEHHBIX 3HAUEHHH U, U ec/IH
(2) U3 coOTHOIIEHHS 2 = R (4) caenyer CYILeCTBOBAaHHE (PYHKIHH @ (8),
TakKoMH, 4To U3  Ou (ud, u) < 0 caenyer, uTo p, (#,2) < €(8) (e (8) =0,
8§ —0), re z = R (48, o (9)).

Tak, HanpuMmep, NpH BEIYHCJAEHHH IIPOU3BOJHOH OOBIYHOE PasHOCT-
Hoe oTHomeHHe R (4, a) = 1/a [u (x + o) — u (x)] sBAsTeTcs pery-
JISIPU3HPYIOIKM onepaTopoM npu 8/a (8) — 0. Takum obpasom, BeIGOD
B KayecTBe NPUOJIIKEHHOrO pellieHHsd 28 mpelcTraBJisieT MeTOZ ompeje-
JIeHUS] YCTOHUYMBOTO MNPUOJMKEHHSI K 2, XOTS 3ajaya H sBJAETCH
HeyCTOHYHBOH.

Peryasipusupyomue onepaTopbl IJsi IIHPOKOTO Kpyra oOOpaTHBIX
3aa4 MOTYT OBITb HOJY4eHbl NPH MOMOIIM CTaOWJIM3alHH MHHHMyMa
yKJIoHeHHud 0, (Az, u).
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[Tycts Ha MHOXKecTBe Z POCTPAHCTBA BO3MOXKHBIX pelueHuil Z omnpe-
neJieH (craGunusupyromuil) dynkuuonan 2 [z], Takoll, uTo MHOXKECTBO

Zc, onpenenennoe ycaopuem Q [2] < C (2 C Z), xomnakTtio B Z.
B 5TOM cayuae 3HaueHHe PeryJIspH3HPYIOIEro onepatopa 2¢ = R (i, a)
MOXKeT GbITh ONpENeNeHO KaK 3JEMEHT 2%, peaJH3HpPYIOUHHl MHHHMYM
(yHKUMOHA/NA

M2, &, ul =0, (Az, up+aQ(2) (2€2).
{lycts ypaBHenue Az = uumeer pemenue z€ Z M ITyCThb npubIUuKeHHbIE

snavenus ud u A® takoswl, uto p (u8, u) < 8, p (A% 2z, A2) < M ()X
X F(RQ(2) (n(8) —~ 0, 8-> 0) u f (L) — Bo3pacraromas (pyHKLmH.
Y cranapauBaercs 3aucumoctb o (8) (a (8) — 0 mpu & — 0) u cymecr-

BoBaHue O, (&), Takoro, 4to P (29 2) < & mpu O < 9§, ().
HeycroliuuBble 3afaud ONTHMH3AlUH HAXOISITCS B TECHOH CBSI3H

C PaccMOTPEHHBIMH BhIlLe 3afauaMu. [1ycTh 3ajjana HenpepeiBHAsT QYHK-

uus F (2), onpenesenHas B MeTpHueckoM npocrpanctse Z. [1ycts cyinect-

BYeT eJHHCTBEHHBIH 3JIEMEHT 2(, peaJusyIIHHd MHHHMyM F (2) :

F (z9) = Fy. Byzem roBoputh, uTo 3ajaua onTuMHsanuu F (2) ycroi-

uyuBa, eciu us F(z,)— F, caepyer o (z,, 29)—0, u uT0 3anaya

n—>o0

ONTHMH3aLMHU HeYyCTOHYUBA (MJIH HEKOP PEKTHO IIOCTABJIEHA), EC/IH HOCe-
JIOBaTeJNbHOCTb 2, MOXeT pacxomuTbesi. Ilycte Q [2] — dyukuuonad,
VAOBJIETBOPSIIOIUH Ha3BaHHEIM BBIIIE YCJIOBHAM H 2, € Z. 3aMeHss
¢yuxunonan F (2) Ha

M (2, F})=Fp(2)+-aQl2l, |F(@)—Fqy(2)|<n(Q2)+0),

MbI IIOJYYHUM yCTOﬁ‘lHByD BapHAHOHHYIO 3ajauy, NpU IMOMOUIH KOTO-
POl CTPOSITCS IOC/IENOBATENLHOCTH 2%M, TakHe, uTo P (2%, 2) — 0
npua n — 0.

MoxHO yKasaTh ecTecTBeHHBIH KJjacc 3ajad OINTHMAaJbHOrO yIpas-
JIEHUs], a TaKxKe 3a]]ay JIHHEHHOro U JHHAMHYeCcKOro IPOrpaMMHUpPOBaHH,
SIBJISIIOIIMXCS HEeyCTOHUMBBIMH 3aJiauaMH, A5 KOTOPBIX NpPHBENEHHBIHR
BhIIIE METOJ II03BOJISIET HAaXOAUTb YCTOHYHMBBIE NPHOJHKEHHS.

[TpuBeneHHble Bbille METOAB! JIETKO PEeaJIM3YIOTCS Ha 2JEKTPOHHBIX
BBIUHC/HTEJIbHBIX MallMHaX H IPEJCTaBJASIOT 3(hGEeKTHBHBIA MeTOx
pellleHHusT IHPOKOro KJjacca 3ajay.

B.A. TonoHoros

OJHA TEOPEMA O PHUMAHOBBLIX IPOCTPAHCTBAX,
COJEP)XAIUX IMNPSIMBIE JIMHUH

PaccmaTpuBaercsi IOJHOe rn-MepHOe TPHMKIBI HempephBHO audidpe-
PEHIHPYeMOe PEMaHOBO NPOCTPAaHCTBO R", KPHBH3HA KOTOPOTrO B KaxK-
JIOA TOYKE H B KaxKJOM JBYMEPHOM HalpaBJ/IeHHH He OTPHLATENbHA.
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[IpsiMo#i nMHKeH MBI OyJleM HasblBaTb I'eONE3HYECKYI0 JHHUIO, KamAblil
OTpPE30K KOTOpPOH ecTh KpaTdailuas.

JlokasbiBaercsi cjenyolias Teopema:

Ecam B R" cymectByer xots Obl oHa npsiMasi JIHHHUsI, TO Torga R™
H30METPHYHO NPSIMOMY METPHUYECKOMY IPOH3BEAEHHIO IPSIMOH JIMHUH
¥ HEKOTOPOro PHMaHOBa npocrpaHcTBa R™1.

IC.Uediitun, U . O. 3acaasckui, H. A, llanun

OCOBEHHOCTH KOHCTPYKTHBHOI'O MATEMATHYECKOrO
AHAJIU3A

1. KOHCTDYKTUBHBIH MaTeMaTHYeCKHH aHaJ/HM3 SIBJAsSETCS OJXHHM
H3 paslesoB KOHCTPYKTHBHOH MaTeMaTHKH (KOHCTPYKTHBHOTO Halpas-
JieHusl B MaTeMaTHKe). TOMYKOM K BOBHHKHOBEHHIO HJeH KOHCTPYKTHB-
HOHM MaTeMaTHKH NOC/YKHUJIO BbICKa3aHHOEe HEKOTOPBIMH MaTeMaTHKaMu
COMHEHME B IpHEMJIEMOCTH aOCTpPaKUUU aKTyaJbHOH OGeCKOHEUHOCTH
B KayecTBe OCHOBH! (JOPMHPOBAHHUSI MATEMATHUECKUX MOHSITHH U TEOpPHUH.
@®opMHPOBaHHIO KOHCTPYKTUBHOM MaTeMaTHKU B COBPEMEHHOM BHJE CIIO-
coOCTBOBAJIM B MEPBYIO OYEpelb CJEAYIONIHe 0O0CTOSITeJNbCTBA: a) 000-
raiieHHe MaTeMaTHKH HOBHIMH (DyHIAMEHTAJbHBIMH MOHATHSIMH — TOY-
HBIM NTOHSITHEM aJTOpU(Ma U CBSI3aHHBIM C HUM TOYHBIM NOHSTHEM MHOPO-
JKJaeMoro (IepeuucauMOro) MHOXKecTBa, U 6) BelpaboTKa oco6oro
NOJXO0JAa K HCTOJNKOBAHUIO CYXKJEHHH O KOHCTPYKTHBHBIX OOBEKTaX.

2. KoHCTPYKTHBHasi MaTeMaTHKa CTPOUTCSI Ha ocHoBe 6oJjiee «OCTO-
POXHBIX» HeasU3alul, ueM Kjaaccuueckasi. OHa xapakrTepusyercs cie-
QYIOLMMH OCHOBHBIMM YepTaMH: a) B KauecTBe OOBEKTOB HM3Yy4eHHs pac-
CMAaTpHUBAIOTCS JIMIIb KOHCTPYKTUBHO ONpefiesisieMble OOBEKThbl; B HpPH-
MeHEeHHH K TaKHUM o0beKTaM JonycKaercsl aGCTpakiusi NMOTeHIHaJbHOH
OCYLIECTBUMOCTH, HO COBEpLIEHHO He JONycKaeTcss MCIOJAb30BaHHE
abCcTpaKUHUK aKTya/JbHOH OecKOHeUHOCTH; 0) MaTeMaTHUecKHe cyxKie-
HUSl TIOHHMAIOTCSl B KOHCTDYKTHBHOM CMBIC/IE — Ha OCHOBE IPaBHJI
KOHCTPYKTHBHOH pacliN(ppPOBKH CYXKAEHHH (IpaBHUJ BBISIBJIEHHS KOH-
CTPYKTHUBHOH 3ajauH).

Hexkotoprie JiorHuecKkHe aKCHOMBI U IpaBHJa BBIBOJA KJACCHYECKOH
JIOTHKH (HampuMep, 3aKOH HCKJ/IOYEHHOTO TPEThbero, IpaBHJIO OTPHLA-
HHUSI BCEOOIIHOCTH M JIp.) OKasbIBAIOTCSI HECOBMECTHMBIMU C KOHCTPYK-
THUBHBIM IIOHHMaHHeM cyxJeHHH. KOHCTpYKTHBHas MateMaTHKa OCHO-
BbIBa€TCS Ha KOHCTPYKTHBHOH JIOTHKe, CYIIECTBEHHO OTJ/IHYalomeics
OT KJIacCHYecKOH.

B KoHCTPYKTHBHOH MaTeMaTHKe [IOHSITHE ajropudma (BMecre c NOHS-
THEM MOPOXKJAeMOr0 MHOMKECTBA) SBJSETCS OCHOBOH (hOPMHPOBaHHUS
pPasBeTBJIEHHOH HepapXUHu pasHOOOpa3HBIX MaTeMaTHUeCKHX IOHSTHH,
T. €. HTPaeT Takylo Xe QyHAaMeHTaJbHYIO POJb, KaKyl0 B (POPMHPOBA-
HUM MOHSATHUH KJacCHYeCKOH MaTeMaTHKH MIPAIOT NOHATHS MHOXECTBA
H KJjacca. B 4acTHOCTH, B KOHCTPYKTHBHOM MaTeMaTHYECKOM aHaJ/H3e
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HOHSATHE aJropugMa sIBJIsI€TCS OCHOBOH onpejiesieHHsl pa3jMYHBIX BapH-
aHTOB IOHSITUSI KOHCTPYKTHBHOTO BEIIECTBEHHOrO0 4YMCJa U IOHATHS
KOHCTPYKTHBHOH (YHKUHH BelleCTBEHHOH IepeMeHHOH.

PasBuTHe KOHCTPYKTHBHOH MaTeMaTHKH MOKa3bIBaeT, 4YTO, HECMOTPS
Ha YIOOMSIHyTble (B MYHKTE a) OrpaHHYeHHs], Kacalolyecs THIa «00beK-
TOB PacCMOTPEHHsI», KOHCTPYKTHUBHAsI MaTeMaTHKa 00/1ajjaeT 3HauUTe ] b-
HBIMH BO3MOXKHOCTSIMH JJI ONMCaHHs JAeficTBUTeJabHOCTH. Ilo-BHAH-
MOMY, NOTEHI[HAJbHO 3TH BO3MOXKHOCTH He MeHbllle, YeM B KJ1aCCHYeCKOH
MaTeMaTHUKe.

3. KoHcTpyKTHBHAs MaTeMaTHKa BO3HMKJ/A Ha TOH e KPUTHUECKOH
NIOYBe, YTO M HHTYHULHMOHHCTCKAas MaTeMaTHKa, OHa MHOTOe 3aHMCTBO-
Baja y HHTYHIHOHHCTCKOH MaTeMaTHKH H HMeeT psjf OOLUIHX 4epT
c nocefHell. OHAKO B L[e/JOM KOHCTPYKTHBHASI MaTeMaTHKa CYILIeCTBEH-
HO OTJIHYaeTcsl OT MHTYMIHOHHCTCKOH (Impexje BCero OTKa3oM CUHUTATh
CoJiepKaTebHO OCMBIC/IEHHBIM TOHSITHE CBOOOLHO CTaHOBSILEHCS moce-
JOBATEJIbHOCTH M POJIBbIO, OTBOAMMOH TOYHOMY IIOHSITHIO aJropudgma).

B KOHCTPYKTHBHOH MaTeMaTHKe MMeeTCsl Psijfi LIKOJ, MeXAy KOTo-
PBIMH II0 HEKOTOPHIM BONpPOCAM ecTh pasHoryacus (B YaCTHOCTH, IO BO-
npocy O KPUTEPHUSIX NPUMEHUMOCTH aJropudMa K UCXOAHOMY LaHHOMY).
Huxe peup GyleT HATH JIHIIb O TOM BapHaHTe KOHCTPYKTHBHOH MaTe-
MaTHKM (M B YacCTHOCTH, JHIIb O TOM BapHaHTe KOHCTPYKTHUBHOTIO
MaTeMaTH4YeCKOro aHaJu3a), B KOTOPOM INPHUHHMAIOTCS BBIABHHYTHIH
A. A. MapKOBBIM «JIOTHYECKHH» KPUTEpHUH NPHUMEHHMOCTH ajropHdma
K HMCXOJHOMY JaHHOMY H BBHITEKAIOI[HH M3 3TOr0 KPUTEPHS NPHHLHMII
KOHCTPYKTHBHOro mnoabopa.

4. KoHCTpYKTHBHasi MaTeMaTHKa (M B YaCTHOCTH, KOHCTPYKTHBHBIH
MaTeMaTHUecKHH aHaJ/u3) NpeJHa3HayaeTcsl €e CTOPOHHUKaMM MNpexje
BCEro JJ1s1 OOCHYKHMBAHHUS TeX K€ MPHUJIOKEHUH, AT KOTOPBIX HCIOJb-
3yercs KJjaccuyeckass MaTeMaTHKa. Ho KOHCTPYKTHUBHAasi MaTeMaTHKa
OIMCHIBAET AEHCTBHTEIBHOCTh HA OCHOBE HHOH CHCTEMBl HJeasu3allHi,
YTO NPHUBOAMUT K HHOH CHCTEMe MOHSITHH, B HEKOTOPHIX OTHOLIEHHSIX
CYIIECTBEHHO OT/IMYalolielicss OoT TpaguiuoHHOH. OmBIT pasBUTHS KOH-
CTPYKTHBHOH MaTeMaTHKH (M B YaCTHOCTH, KOHCTPYKTHBHOIO Mare-
MaTHYECKOTO aHasu3a) [oKasaJ, YTO Te MOHSITHS, OTIeJbHbIe TEOpPEeMbI
U Uefble pasfiebl KJacCHYeCKOH MaTeMaTHKH, KOTOPble IJIOOTBOPHO
«paboTaloT» B NPHJOXKEHUSIX MaTeMaTHKH, YIaeTcs MepeoCMBbICAHBATDH
B DaMKaX KOHCTPYKTHMBHOH MaTeMaTHKH.

IIpu TakoM nepeocMBEICIHBaHHU BO MHOTHX CJydyasiX oOHapyKHBaeT-
€A HEKOPPEKTHOCTb NOCTAHOBOK HEKOTOPBIX BBIUHCJIHTENbHBIX 3ajad,
«IOJICKA3bIBAEMBEIX» TEOpPEMaMH KJacCUYecKOH MaTeMaTHKH — OKasbl-
Baercsl, YTO aJrOpH(MBI ¢ TpeOyeMbIMH CBOHCTBAMH HEBO3MOXKHBI.

Boo6iuie npuHUMOHAJbHEIE BONPOCH BBIYHCIHMOCTH IPEACTABJSIOT
coboit crenupuyecKyro 00J1aCTh BO3MOMKHBIX IIPUIOMKEHHH KOHCTPYK-
THBHOH MaTeMaTHKH (B YACTHOCTH, KOHCTPYKTHBHOTO MaTeMaTHYeCKOro
aHanusa). B Tex ciyuasx, Korga npu pacCMOTPEHHH 3THX BOIPOCOB
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BBIUMCJIUTEIbHBIMU NPOLECCAMH HHTEPECYIOTCS JIMIIbL Ha YPOBHE IOTEH-
[HaJbLHOH OCYIIEeCTBUMOCTH, CaMO CYIIECTBO jJena TpebyeT obpalieHus
K MOHSITUSIM KOHCTPYKTHBHOTO aHAaJ/M3a, KOTOPHIH AaeT B 3TUX CJaydasx
OOIUH M MOC/JeN0BaTEJbHBIH TMOAXOM.

3anpockl TEOPHH BHIYUC/AUTETHHBIX METOHOB CIIOCOOCTBYIOT pacliH-
PEHHIO Kpyra MaTeMaTHKOB, HHTEPECYIOIIMXCS IOCTaHOBKaMM 3ajay
H TOYKAMH 3peHHUsi, BO3HUKAIOUIUMH B KOHCTPYKTHUBHOM MaTeMaTHYe-
CKOM aHaJIH3e.

5. DyeMeHTbl KOHCTPYKTHBHOI'O MOAXOJA BCTPEYAOTCST U B MaTe-
MaTHYecKHX paboTax K/accH4ecKoro HampaBJjeHHsi. HekoTopele aBTOPHI
TPaKTYIOT MOHATHS KOHCTPYKTHBHOH MaTeMaTUKH C TOYKH 3PeHHS
KJ/JIaCCHYECKOH MaTeMaTHKH, BKJ/IOYasi UX B PAacCMOTPeHHe Ha mpaBax
YACTHBIX CJIyYaeB ONpPeJeJeHHBIX NOHSTHH KJaCCHUECKOH MaTeMaTHKH
(moHsITHe anropudMa TpaKTyeTcst KaK YacTHBIH ciydyall MOHATHS oToOpa-
JKEHHsI OJHOI'O MHOXKECTBA B APYToe, NOHSTHE BEIYMCIHMOrO BElleCTBEH-
HOrO 4Hc/la — KakK YacTHBIH c/ydall MOHSITHS BeIeCTBEHHOrO 4YHMcJa
U T. I.). DI1eMeHTh KOHCTPYKTHBHOIO NOAXOAA K HOHUMAHHIO CyXIeHHH
NpPOSIBJSIOTCS, HAapuMep, B TOM, YTO HpPH JOKA3aTeJNbCTBAX «TeOpeM
CYIIECTBOBAHUSY WHOTAA IONMOJHUTENLHO paccMaTpUBaercsi Bonpoc o0
«3((eKTHBHOCTH» 3THX TeopeM. (BrmpoueM, U B 3THX c/1ydasiX KOHCTPYK-
THUBHBIH IIOJXOJ He Bcerja NPOBONUTCS IOCTEN0BATENLHO, U IO3TOMY
«3(HEeKTHBHOCTb? TEOPEMBI CYIECTBOBAHHS €llle He O3HAauaeT JoKasye-
MOCTb COOTBETCTBYIOI[EHl TeopeMsl B KOHCTPYKTHBHOH MaTeMaTHKE.)
B Takux paboTax mOHATHS M mpobJeMaTHKa KOHCTPYKTHBHOH MarteMa-
THKH BBHICTYIIAIOT KaK JONOJHUTENbHBIH HCTOUHHK CBOeoOpa3Hol nmpob.ie-
MaTHKHU B PaMKaX KJaccudyecKod MareMaTUKH. KoHeuHO, TakHe paccMo-
TPEHHS BBLIXOASAT 32 PAMKH KOHCTPYKTHBHOH MaTeMaTHKH.

6. OnHO U3 HanpaBJ/ieHHH paspaGOTKH KOHCTPYKTHBHOH MaTeMaTHKH
(1 B 4aCTHOCTH, KOHCTPYKTHBHOTO MaTeMaTHYECKOTO aHaJH3a) — 3TO
paspaboTKa TeOpHH, IO BO3MOXKHOCTH aHAJOTMYHBIX TEOPHSM, yXkKe
TIOCTPOEHHBIM B KJaccuyeckol MaTtemaThHke. B ocHoBe TakoH paboThI
[0 KOHCTPYKTHBHOMY INEPEOCMbICJAMBAHHIO KJ/AaCCHYECKOH MaTeMaTHKH
JIeKaT IIOMCKHM €eCTeCTBEHHBIX KOHCTPYKTHBHBEIX AHAJIOTOB IOHSITHH,
OTHOILEHHH onepauui ¥ TeopeM KjaccHyeckod MaTeMaTHKH. B obsactu
MaTeMaTHYECKOrO aHaJkM3a HCCIENOBaHHS B YIOMSHYTOM HAlpaBJ/eHHH
NPOBOJMJIMCE MHOTHMH aBTOpaMH. B Hacrosimee BpeMsi yxXe B 3Ha-
YMTEJbHOH CTeleHH pa3paboTaHbl OCHOBBI HEKOTOPLIX TEOPUH KOHCTPYK-
THBHOH MaTeMaTHKH, UMEIOIIUX CBOMMH OOBeKTaMH U3y4YeHHs] KOHCTPYK-
THUBHBIE aHAJIOTH BaXKHEHLINX MOHSTHH KJIaCCHYECKOI'0 MaTeMaTHuecKoro
aHaJ/H3a, B TOM YHCJIe MOHSATHH: «BelleCcTBEHHOe (KOMILJIEKCHOE) YHCIIO0,
«UHCJIOBOH KOHTHHYYM», [IOJIHHOM C BEIECTBEHHBIMH (KOMIIJIEKCHBIMH)
KosduneHTaMu», «)YHKIHS BelIeCTBEHHOH IepeMeHHOH», «Hempe-
peiBHasi (PaBHOMEDHO HempephiBHasI, AHGbGdepeHIHpyeMasi, PaBHOMEPHO
audbepeHnHpyemMas, HHTerpupyeMasi no PuMany, orpaHuueHHO# Bapua-
MK, abCOIOTHO HeNpephiBHAs) (YHKUHKSI BeleCTBEHHOH epeMeHHOMH,
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«MeTpHUecKoe (HOPMHPOBaHHOE, T'HJIBOEPTOBO, JIOKAJIbHO BHIYKJIO0E
TOMOJIOTHYECKOE) IPOCTPAHCTBO», KHEIPEPEIBHEIN (MHHEHHBIH) onepaTop
U3 OJHOTO NPOCTPAHCTBA B APYTroe», <u3MepHMoe 110 Jlebery MHOXKECTBOY,
«uHTerpupyeMas no Jlebery (c 3ajaHHOH cTeneHbI0) QyHKOUS» U OP.
Hauaro n3yueHue KOHCTPYKTHUBHBIX aHAJIOTOB NOHATHH: «obsacTs JKop-
nauay, «pupdepennupyemMass (HenpepblBHO IuddeHuNpyeMasi, paBHO-
MepHO HemnpepeiBHO auddepeHnypyemas)) (GyHKUUS 7 TEPEMEHHBIXY,
«aHaJHUTHUecKasl GyHKUUs», «o0obmenHas pyHKuus». Ha ouepenu crour
BOIIPOC 0 pa3paboTKe KOHCTPYKTHUBHBIX aHAJIOTOB TEOPUH IPHUOJIMMKEH-
HOTO INpeJcTaBJeHHUss (YHKUHH, TEODHH ONEpPaTopoB H ypaBHEHUH
B Pa3/IMYHBIX (DYHKIHOHAJIBHEIX [IPOCTPAHCTBAX, OCHOB TEOPHH BEPOST-
HOCTeH, OCHOB TOIIOJIOTHH.

7. O6uiast KapTHHA, BEIPHCOBLIBAIOMIASICS IPH aHAJH3e OCHOBHBIX
YepT KOHCTPYKTHBHOH MaTeMaTHKH H yXKe paspaboTaHHBIX uYacreil
KOHCTPYKTHBHOIO MaTeMaTH4YeCKOTO aHaJ/H3a IO03BOJISET OTMETHUTb PSijJ
0cOGeHHOCTEH KOHCTPYKTHBHOTO aHaJsH3a.

a) Jlna BBefeHHS KOHKDETHBIX THUIIOB KOHCTPYKTHBHBIX OOBEKTOB
(T. e. KOHKPETHBIX MOHSATHH) B KOHCTPYKTHBHOH MaTeMaTHKe yIOTpes-
JISIIOTCS CIeNyIolue cpeacTBa: 1) yKashiBaeTcst CIHCOK UCXOAHBIX 06bEK-
TOB H CIHCOK INPaBHUJ IOCTPOEHHUsI HOBBIX OOBEKTOB HA OCHOBE YiKe
NOCTPOEHHBIX, B pe3yJbTaTe Yero BBOASTCS B PACCMOTPEHHE KOHCTPYK-
THBHBIE OOBEKTHl HEKoToporo «GasucHoro» THna; II) momomHHTenbHO
MoxeT OBITh 33JaHO HEKOTOPOe YCJIOBHE ¢ ORZHHM IapaMerpoM (¢hopmy-
JIUDYEMOe Ha KaKOM-JH0O IpHUeMJIEMOM B KOHCTPYKTHBHOH MaTeMaTHKe
sI3bIKE), BhIAEJSIONEE cpequ «0a3UCHBIX» OOBEKTOB OOBEKTHI ONpefie/isie-
Moro tuna. O6bIYHO BBeJeHHE IOHSATHS JOIOJHSIETCS BBEIEHHEM JJIsi
00BEKTOB paccMaTpUBAaeMOro THIA OTHOUIEHHWS paBeHCTBa, 3ajaBae-
MOT'O TIOCPEJCTBOM HEKOTOPOTO JBYXIapaMeTPUUECKOr'0 YCJIOBHSI.

6) MHorue mOHSITHSI, BBOAUMBIE B KOHCTPYKTUBHOH MaTeMaTHKE,
«IIOXOXH» Ha NOHSITUS KJACCHUECKOH MaTeMaTHKH, COIOCTaBJISIOTCS
B NPHUJIOXKEHHU SIX C TEMH K€ peaJIbHBIMU CHTYalUsIMH, YTO ¥ COOTBETCTBYIO-
LIHe MOHATHS KJacCHUECKOH MaTeMaTHKH, U 0oJjiee MJIH MeHee OJH3KH
K NOCTENHUM MO CBOHUM cBoicTBaM. OZHAKO 3TH MOHATHS HMEIOT JpY-
T'VIO OCHOBY M B 3TOM CMBICJIE TPENCTaBJSIOT COGON MPUHIUINAIBHO
HOBBIE MOHSITHSA. DTO MPUBOAUT K TOMY, UTO HAPSAAYy C aHAJOTHEl B psije
cIydaeB NPOSIBJSIOTCS TVIYOOKHE OTJIMUHS 3THX IIOHATHH OT COOTBET-
CTBYIOUIUX TOHSITHH KJIaCCHYECKOH MaTeMaTHKH, U K [OSBJEHHIO
B KOHCTPYKTHBHON MaTeMaTHKe TaKHX TeOpeM 00 3THX NOHSATHUSX, IJIsi
KOTOPBIX HET aHAJIOrOB B KJIACCHUUECKOH MaTeMaTHKe.

B) TepMHH «MHOXECTBO» B KOHCTPYKTHBHOH MaTeMaTHKe O3HayaeT
TO € CaMoe, YTO U «THI KOHCTPYKTUBHBEIX OOBEKTOB», T. €. MHOXKECTBO
[IOHMMaeTrcst KaK CHCTeMa NPaBUJI MOPOXKJEHUS] KOHCTPYKTUBHBIX OOBEK-
TOB, ObITh MOXKET C IPHCOEJUHEHHBIM BBIAEJSIONIUM ycaoBHeM. B npene-
Jax KOHKDETHOH TEODHHM KOHCTPYKTHBHOH MaTeMaTHKH pa3Hoobpasue
MHOXECTB, IO CYIIeCTBY, oOnpeie/nsercs pasHOOOpasHeM YCJIOBHH,
KOTOpPbIe MOI'yT GBITh CHOPMYTHPOBAHE! HA sI3bIKE 3TOH Teopud. B Mera-
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TEOpHH, (HOPMHUPYeMOH I/l JaHHOH TEOpHH, S3BIK TOH TEOPUHU IONY-
yaeT TOUHOE OHmHcaHMe, GOPMYJIMPOBKH YCJIOBHH (a TEM CaMbIM H 3aja-
HHUSI MHOXKECTB) CTAHOBSITCSI KOHCTPYKTHBHO ONpENEIsieMBIMH OOBLEKTa-
MH U HOHSITHE MHOXCECMBA, 0npedeaumozo 8 OaHHOL meopuu, CTaHOBUTCS
KOHCTPYKTUBHBIM MNOHATHEM. He cymecTByeT TOYHOrO NOHSITHS MHO-
JKeCTBa EeJUHOTO MIJIsI BCEBO3MOXKHBIX TEOPHUH KOHCTPYKTHUBHOH MaTe-
MaTHKH.

r) Mcnonpayercsi KOHCTPYKTHBHOE NMOHHMaHHE JIOTHYECKUX CBSI30K
U uXx KoMOuHamu#. s cyxaeHu# (4 yc/IoBHH), colepKalliX KBaHTOP
CYIIEeCTBOBaHUs (YacTO HasblBaeMbli B KOHCTPYKTHBHOH MaTeMaTHKe
KBAHMOPOM NOMEHYUAALHOL OCYUECMBUMOCMU) UIH JUSBIOHKIIHIO, 3TO
IIOHMMaHHe IPUBOJHUT, BOOOILe I'OBOPsi, K IIOCTAHOBKE ONpEJeeHHO
KOHCTPYKTHUBHOH 3a1auu (3a0a4u, conpsaxceHHoll ¢ 0aHHbIM cyxcOeruem),
pellleHHe KOTOpOH sIBJsieTcst HEOOXOJUMEIM 3TaroM 000CHOBaHHS CYXje-
uus. Haubonee sipko crenH¢rKa KOHCTPYKTHBHOTO MOHMMAaHHSI MPOSIB-
JIsleTcsl IPH MCTONIKOBAaHMH CYXIeHMH BHAa

VX3YR (X, Y). (+)

3necb X — nepemeHHas AJsi 00beKTOB HeKoToporo Tumna P («P-o00bek-
TOB»), Y — mepeMeHHasi AJs 00beKTOB THna @ («Q-o6bekToB»). Ecau
P-06beKTEl BBOZUIHCh KaK «0a3UcHBIE» 00beKThl (6€3 JOMOTHUTENBHOTO
BBIJIEJISTIONIETO YCJIOBHUS), TO TAKOE CYkKJAeHHEe IIOHUMAeTcsi KaK yTBepXK-
JIeHde 00 OCYIIecTBUMOCTH ajaropudMa, mepepabaThBAIOMIETO KaXKIblH
P-06beKT B HEKOTOPHIH Q-00BEKT, CBSI3aHHBIH C JAaHHBIM P-00beKTOM
orHomeHHeM R. Eciu xe B onpejesnenny P-06beKTOB y4acTBYET HEKO-
TOpOE BBLAEJISIONIEE YCJAOBHE, TO IOHNMaHNe PacCMaTPUBAEMOro CyKJe-
HHUSI 3aBUCHUT OT TOrO, CONpPSXKEHa JIH C 3THUM BBLIEJSIONUM YCJIOBHEM
KOHCTPYKTHBHas 3afiaya. Ecyin ¢ BBIIEJSIONUM YCIOBHEM He COMpPsIKeHa
KOHCTPYKTHBHAsl 3ajaua (B 3TOM cJydae NOHsiTHe P HasblBaeTcs HoOp-
MAAU30BQHHBIM), TO IPUMEHHM TOT e CIOco0 HCTONKOBaHUS, YTO U IIPH
OTCYTCTBHH BBIIEJSIOIETO YCAOBUS. EciH e ¢ BRIAEISIONINM YCIOBHEM
CONpsiKeHa KOHCTPYKTHBHAs 3ajiaua, TO HCTONKOBAHME CYKIEHHsS ()
NPOU3BOAUTCS 1O OOJiee CJAOXKHBIM NPAaBHJIAM — OKasblBAETCS, UTO (*)
03HaYaeT yTBepxkJeHHe 00 OCYIIeCTBUMOCTH aJropugma, mnepepaba-
THIBAIOIIET0 KaxIblil P’-00heKT B HEKOTOPBIH (Q-O0BEKT, CBS3aHHBIN
C «JIaBHBIM 4JIeHOM» gaHHoro P’-o6bekta orHomieHueM R. Kaxnueii
o0bekT THHAa P’ — 370 mapa, cocrosmasi W3 HeKoToporo P-o6nekTa
H, HasbiBaeMOro éAaéHuim 4aeHom paccMatpuBaeMoro P’-o0bexra,
H HEKOTOpPOoro o6bheKTa, MPENCTaBJISIOMETO COOOH pelleHHe KOHCTPYK-
THBHOHM 3ajlay¥, CONpPSIKEHHOH C yTBepxkiaeHHeM «H ecTb 0OBEKT TuIa
P» (mousitie P’ HasblBaeTcsl noAHou Hopmaaudayueid nonsmus P).
I) Ocob6eHHOCTH KOHCTPYKTHBHOTO IIOHMMAaHHSI CYXKAEHHH H yCJO-
BUH OKashBaloT IM1y60Koe BO3lelcTBHE Ha mpolecchl (OPMHPOBAHUSA
KOHCTPYKTHBHBIX aHAJOrOB TOHSTHH, OTHOLIEHUH W Omepanuil KJaccH-
YEeCKOr0 MaTeMaTHYeCcKOro aHaJuusa. JlBa CyxaeHHsl (yCJIOBHS), SKBHU-
BaJIEHTHbIE IIPH (KJACCHYECKOM IpOYTEHHH» (T. €. SKBHBAJIEHTHEHIE
C TOUKH 3pEHHs] JIOTHUECKUX CPEICTB KJAacCHUeCKOH MaTeMaTHKH),
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MOT'YT OKa3aTbCS HEIKBHUBAJEHTHBIMU IIPH KOHCTPYKTHBHOM HpOYTeE-
HUU» (T. €. C TOYKU 3PEHHUsI KOHCTPYKTHBHOTO NOHUMaHHMs). B peaysb-
TaTe 3TOTO

;) B HekoTOpbIX c/yyasix OKasblBaeTCs lejiecoo0pasHbM BBEJE-
HHE HECKOJbKHUX Pa3/JMUHBIX KOHCTPYKTHUBHBIX aHAJOrOB ISl OJHOIO
nouaTHst (OTHOLIEHHUS, OMepaliy) KJacCHuecKoH MaTeMaTHKH (mpaBja,
OObIYHO OKa3bIBAETCH, YTO IJIOJOTBOPHOCTb pasJHYHBIX aHAJOTrOB
HEOJMHAKOBA); MHOrAA HauboJsee MJIOLOTBOPHEIH KOHCTPYKTHBHBLIM aHa-
JIOT PacCMaTpPHUBAEMOTO NOHATHS (OTHOLIEHHUS, OllepalM1) NOACKA3bIBAET-
cs1 He GYKBaJBHO TOH (OPMYJ/IMPOBKOH ompeleseHusl, KOTopas yHoTpe-
OuTesbHa B KJIACCHUECKOH MaTeMaTHKe, a HEKOTOPOH ee pa3HOBUAHO-
CTblO, SKBUBAJEHTHOH el NpPH «K/JIaCCHYEeCKOM INPOUYTEHUHUY.

Crneundrka KOHCTPYKTHBHOH MaTeMaTHKH NpPOSBJsSETCS OCOOEHHO
¢cB0e00PAasHO MPU MOMCKAaX KOHCTPYKTHBHBIX aHAJOrOB HEKOTOPHIX Ome-
pauu#, (QUrypUpymOMUX B KJacCH4eCKOM MaTeMaTHYecKOM aHaJIH3e.
B xsaccuueckoll MaTeMaTHKe 4acTo ynoTpebJsieTcs: CJAeNYIOMUE IpHeM.
Ecau B HeKOTOpOH TeOpuH 15l mpeiuvkKaTa R NOJy4YeHO yTBepXKJAeHHe
Buja (*), TO BBOZUTCA B paccMoTpeHue onepanust @, o KOTOpo# npen-
roJjiaraercsi, YT0 OHa CTABUT B COOTBETCTBHE KaXAOMY JOMYCTHMOMY
sHaueHnio nepeMeHHod X o6bekT @ (X), sBASOMHUACT JONYCTHMBIM
3HayeHHeM mepeMeHHOH Y, u 4TO

VXR (X, @ (X)).

Bosee Toro, BBegeHHasi TakiM crnocoboM omnepanusi @ HHOrOa «BHITEC-
HsIeT» U3 TEOPHH MpeauKaT R, Ha OCHOBE KOTOPOro oHa Obl/Ia BBEJeHA —
NPOUCXOQUT MEPEXO] OT NPEJUKATHOrO BapHaHTA TEOPHH K ONepaTop-
HoMy. Takoli mepexos, 6e30rOBOPOYHO JONYCKaeMblll B KJ/acCHYECKOH
MaTeMaTHKe, B KOHCTPYKTHBHOI MaTeMaTHKe BO3MOXKEH He Bcerja —
3TO CBSI3aHO C OTMEYEHHOH BbIIIe OCOOEHHOCTHIO HEHOPMAaJIM30BAHHBIX
NOHSITUH U C OTPaHUYEHHSIMH, HaK/aJblBAEMBIMH OTHOLIEHUSIMH paBeH-
CTBa, BBEJEHHBIMH [/l KOHCTPYKTHBHbIX OOBEKTOB PacCMaTpHBAEMBIX
THIIOB (MOXET OKasaTbCs, YTO CYILIECTBYeT aJropudM, CTPOSIIHE
10 BCAKOMY P-00beKTy TpeOyeMblil Q-00beKT, HO HEBO3MOKHA Olepaitst
C TAKHM 3X€e CBOHCTBOM: a/ropu(M HasbIBaeTCsl onepayueti JUIIb TOrAA,
KOTJla OH COIJIACOBAH C OTHOLIEHHSIMH paBeHcTBa 171 P-o6bexkToB
u Q-o6bekToB). B pesysbrarte atoro

I;) B HekoTopeIX ciay4asix B KauecTBe KOHCTPYKTHBHOI'O aHaJjora
onepanun @, BBeIEHHOH B KJACCHYECKYI0 MAaTEMAaTHKY ONHUCAHHBIM
BHILIE CIIOCOO0M, paccMaTpUBAEeTCs UM KOHCTPYKTHBHBIH aHAJOr OTHO-
ntenuss R, unu (ec/M BO3MOXKHO) HeKOTOpasi anropupMuyeckass omepa-
uust @', 419 KOTOPOH HCXOAHBIMH JAHHBIMH SIBJISIIOTCS HE OGBEKTHI
tuna P, a o0beKTsl THIA P’ (CM. HYHKT «I'»).

e) B KOHCTpYKTHBHOM MaTeMaTHYeCKOM aHaJ/M3e paccMaTpHBaercs
HECKOJIbKO KOHCTPYKTHBHBIX 2HAJIOTOB ITOHSITHS BEIECTBEHHOrO YHCJIA.
Paznuuus MexAy HEKOTOPHIMH M3 3THX aHAJIOTOB HOCAT TEXHHUYECKHH
Xapakrep, a MexXJy HeKOTOpPLIMH — OoJee r1y6oKuil Xapakrep (Hampu-
Mep, HEKOTODble U3 3THX aHaJIOrOB MPeACTaBJISIIOT COO0H MOJHbIE HOpMa-
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JIM3alHd APYyTuXx). B cBsI3W ¢ 3THM BO3MOXHO HECKOJBKO Pa3JHYHBIX
KOHCTPYKTHBHBIX aHAJIOTOB NOHATUS (DYHKIMH BElLECTBEHHOH IepeMeH-
HOM, «IOXOXKHX» HA IOHsITHE (DYHKIUH, HCHO/Ib3yeMOe B KJaccHyecKou
MmateMaTKe. OJJHAKO KOHCTPYKTHBHBIE IIOHSITHS 3TOTO POjJa HEAOCTaTOU-
HHI JIJIsI BBEJEHHUS KOHCTPYKTHBHBIX aHAJOTOB Psijia BaXXHBIX (YHKIMO-
HaJbHBIX INPOCTPAHCTB, H3yYyaeMblX B (YHKIHOHAJbHOM aHaJ/HM3e.
B cBsi3¥ ¢ 3TUM B KOHCTPYKTUBHOM MaTeMaTHUeCKOM aHaJjiu3e BBOJATCH
«anIPOKCHMATHBHO ONpeReeHHble» KOHCTPYKTHBHEIE (DyHKIMH Da3any-
HBIX THIIOB, NPEJCTABJSIONIHE CO00H KOHCTPYKTHBHbIE OOBEKTH HHOIO
THIA, YeM TOJBLKO YTO YIIOMSIHYTHIE KTOUEYHO ONpejiesieHHble» QYHKLMH.

%) [Ipu moOMCKe KOHCTPYKTHBHBIX aHAJOrOB TEOPeM KJacCHYeCKOH
MaTeMaTHKH HeoOXOHUMO HMeThb B BHAYy GoJjbllIoe pa3HooOpasue BO3-
MOXKHBIX cHTyauui#l. MHorja opHa JHIIb 34MeHa B (DOPMYJIHDOBKE pac-
CMaTpUBaeMOH TeOpeMB! KJacCHYeCcKOH MaTeMaTHKHM BCTPEUYalolMXCs
[OHSITHH, OTHOLIEHUH U onepanuil HX NOAXOASIUMHE KOHCTPYKTHBHBIMH
aHaJOraMH IIPUBOJUT K BEPHOMY YTBEPKIEHHIO KOHCTPYKTHBHOMN
MaTeMaTUKH; HMHOTJAa HEOOXOJUM IpeABAapUTENbHBIH Iepexol K ¢opMy-
JUPOBKE, 3KBHUBAJIEHTHOH paccMaTpHBaeMOH TeopeMe NpPH «KJaccHye-
CKOM IIDOYTEHHU», HO HE SKBUBAJIEHTHOH €l IPU «KOHCTPYKTHBHOM ITPOY-
TEHHH»; MHOTAA K MHTEPECHOMY KOHCTPYKTHBHOMY aHAaJOTy NPHBOXUT
TaKasl 3aMeHa NMOHATHH (OTHOIIEHMH, omepauuil), IpH KOTOPOH B OFHUX
MecTax TeKCcTa HEKOTOpOe IIOHsTHe (OTHOIIEHHWe, Olepanus) 3aMe-
HsIeTCSl OJHHMM KOHCTDYKTHBHBIM aHAaJIOr'OM, a B APYTHX MecTaX — JApy-
ruM. MHorzaa npuxozuTcs IOBONBCTBOBATbCS KOHCTPYKTHBHBIM aHa-
JIOTOM, JIMIIb «OJIM3KHM IIO CMBICAY®» K paccMaTpHBaeMOH TeopeMe.

B Tex ciydasix, KOrAa MOUCKH «I0CTATOUHO OJIM3KUX» KOHCTPYKTHB-
HBIX aHAJO0rOB He NIPHHOCST yclieXa, NPUXOIUTCS KOHCTaTHPOBATh HaJIH-
4ye CYLIECTBEHHOTO PacXOXKAEHHUS MEXJY paccMaTpUBaeMbIM ¢parmeH-
TOM KOHCTPYKTHBHOT'O MaTEMAaTHYECKOr'0 aHaJ/M3a U COOTBETCTBYIOLUIUM
(parMeHTOM KJacCH4eCKOrO aHa/jH3a. B Hacrosimee BpeMsl M3BECTHO
3HAYUTEJbHOE YHCJIO DPAaCXOXKJIEHHH TaKOro poja.

A.b. luagnoBckuit

TPAHCUEHAEHTHOCTb M AJITEBPAMYECKASI HE3ABHUCHUMOCTb
3HAYEHUH E-®YHKLHH

B 1929—1930 rr. K. 3urens onyG/JaHKOBaJ METOH, KOTOPHIH MO3BO-
JIsIeT yCTaHaBJIMBATh TPaHCIEHAEHTHOCTb M aarebpanyecKyro He3aBH-
CHMOCTb 3HaUeHHH B anrebpaHdyecKHX TOUYKAaX OLHOTO KJacca (GpyHKIHH,
Ha3BaHHBIX UM E-(QyHKUHSIMH, SBJSIOIUXCSA PELIEHHSIMH JMHEHHBIX
ArddepeHnaNbHEIX YPAaBHEHHH ¢ IOJTHHOMHANBHBIME KO3(DhHUIIHEHTAMH.
E-dynkuny — 310 1esble QYHKUHH, HMeollue anreSpanueckie Kosd-
¢uunentsl psiga Teitsopa, yRoBJETBOpPSIONME HEKOTOPHIM apH(METH-
YECKMM COOTHOIIEHHSIM. DTOT METOJ SIBJISIETCS HENOCPENCTBEHHBIM 0606-
IEHUEeM H3BECTHbIX KJaccHYecKMX pesynabraTtoB III. Dpmura o Tpamc-
LeHAEHTHOCTH uYucsa e ¥ P. JIunneMana o TpaHCUEHAEHTHOCTH M aJjre-
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6pandeckoll He3aBHCHMOCTH 3HaUeHHMH IOKa3aTeJbHOH (PYHKIMHU B ajre-
OpanyecKMX TOYKAaX, a TakKXKe HCIOJb3yeT obobmenue upedt A. Tys
U3 TEODHH TPHOJHXKEHHs ajreOpaMyecKHX 4YHCEJ pPalHOHAJIbHBIMH
JIpOGSIMH.

Cpo#l MeTox 3uresb NPUMEHUN K (QyHKIIAAM

=y (=1 z\an,
K"(z)—z_‘onl(h—i—l)...(h+n)<7> P A#E—L =2,

SIBJISIOIUXCSA PELIeHUsIMH JHHEHHOro AuddepeHnHalbHOr0 ypaBHEHUS
)
2-ro MOpsiiKa M OTJIMYAIOLIMMCS TOJNbKO MHOXKHTEIEM m(%)

ot ¢yHKuui DBeccenss ¢ coorBercTByOIMUM HHAeKcoM A. OH JoKasal,
YTO eClM A — palMOHAJbHOe HHCJO, OTAMYHOE OT HYJSI U II0JIOBHHBI
HEe4YeTHOro 4Mcsia, To AJs Joboro anrebpanyeckoro 3HauyeHHs z 5= 0
uncaa Ky (2) u K3 (2) anreGpanueckd He3aBHUCHMBI, a TaKxKe 0GOGLIHJI
3TO NIpejJIoKeHHe Ha cJydall cOBOKYNHOCTH 3HaueHHH (QyHKIHH ¢ pas-
JUYHBIMM 3HAUeHHSIMM HapaMeTrpa A M DasJNYHBIMH 3HAUEHHSIMH
apryMeHnra z.

B 1949 r. K. 3urens u3noxun cBoi MeTox B ¢opMe oOIIel TeOpEME
00 anre6pauuecKod He3aBHCHMOCTH 3HAaUeHHH COBOKYNHOCTH E-(yHK-
IUH, COCTaBJSIONEH pellleHHe CHCTeMbI JHHEHHBIX OJHODOIHBIX Aupde-
peHIHaJbHBEIX YpaBHEHHH mepBoro nopsjaka. VI3 3Tofi TeopeMnl Jierko
cl1enyer TeopeMa JIMHAeMaHa, a IPH IOMOLIH JOIOJHHUTENIbHBIX BCIIO-
MOTaTesNbHBIX MPEIJNOKEeHNH H YIIOMSIHYTHE BbIIIE Pe3yJbTaThl 3UTEIS.
Kakux-mu60 HOBHIX pe3y/IbTaTOB 3Ta paboTa He cofepxkaJa. T 06bsc-
HSIeTCS TeM, 4To ofliasi TeopeMa CBOAUT apHpMeTHUECKyIo mpob/eMy
JOKa3aTeqbCTBa aJrefpandeckod HE3aBHCHMOCTH 3HAYEHHH COBOKYII-
HocTH E-pyHKUIHA K NpOoBepKe HEKOTOPOrO aHAJMTHUECKOI'O YCJIOBHS
HOPMAaJIbHOCTH DPas3J/IMYHLIX NPOM3BeJNeHUH cTeneHedl 3TuX E-pyHKuuH,
a nocsefHsAsl BechbMa 3aTPyAHHTeJbHA M [0 CHX IIOP yJAaeTcs TOJBKO
st E-QyHKIUHA, OCHOBHBIE M3 KOTOPHIX SIBJSIOTCS PELIEHUSIMH JIMHEH-
HBIX AH(bepeHnHalbHEIX YPaBHEHHH NopsAKa He Boe 2-ro. ITostomy
Meron 3urens U ero ofmasi TeopeMa, HeCMOTPS Ha HX KaXyIyIOCs
OOIIHOCTb, HMEJH MaJjo MPHUJIOKEHHH K KOHKPETHHIM (YHKIUSIM.

B 1953 r. aBTOp YCTaHOBHJI TEOPEMY, aHAJOTHUHYIO TeopeMe 3UreJs,
HO IIPH MeHee CTECHHUTEIbHBIX IPENNOJOXKEHHSIX, U PACHPOCTPAHHU] ee
Ha ciaydall ¢yHKUUH, YIOBJIETBOPSIOUUX CHCTEMe JHHEHHBIX HeoIHO-
pomHBIX AuddepeHHaTbHEX ypaBHeHHH. [Ipu momomu 3Tolf TeopeMs
YAAJOCh YCTAHOBHTH TPAHCUEHAEHTHOCTH M a/jrebpandyecKyi0 He3aBH-
CUMOCTh 3HaueHHH HeKOTOphIX E-(pyHKIHMH, SBJASIOMMXCS pPelleHHsIMH
JIMHEHHBIX AuddepeHIHadbHBIX YpaBHEeHUH 3-10 U 4-T'0 IOPSIIKOB.

OGo6masn merox K. 3urenst, aBrop B 1954 r. Hamen HeoGXonuMOe
U JIOCTATOYHOE YCJIOBUE, IPHU KOTOPOM BepHa nojobHas TeopeMa. Takum
€CTeCTBEHHHIM YCJOBHEM sBJseTcss aJjrebpaudeckasi He3aBHCHMOCTb
paccMaTpuBaeMoll cOBOKynHocTH E-(QyHKUMH Haj MMoJieM panHoHaTbHBIX

QyHKIHUH.
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W3 obmell TeopeMel cpa3y CJaeAyeT TPAaHCLEHICHTHOCTb 3HAUEHHH
J10608 TpaHCIeHAeHTHO! E-(QYyHKIUH, SIBJSIOMENCS pelleHHeM JHHeH-
HOro JaMdpepeHnHaJpbHOI0 yDaBHEHHsI NEPBOrO IOPSfKAa C IOJMHO-
MHaJbHBIME KO3(pHreHTaMH, B JIoOOH anrebpanyeckoil TOUKe, OTJIHY-
HOH OT HyJIsl U 0COOBIX TOUEK ITOr0 YpaBHeHHs. B yacTHOCTH, 3TO Aaer
TPaHCUEHAEHTHOCTh 3HAueHHH (YHKIMH

zn
o1 (2) = D) GFD ... 0Fn)’ A£E—1, —2,...,

n=0

C palMOHaIbHBIMH 3HaYeHUIMH A B /06 0# anrebpandeckoit Touke z 7= 0.
IIpu A =0 umeeM @, (2) =¢*. Teopema JIunpgemMaHa TaKxKe CIeLyeT
U3 5TOH TeOpeMBl, H JIEFKO YyCTaHABJUBaeTcsl 00OOLIeHHEe TeoPEMBI
Jlunnemana Ha ciay4yall ImpOU3BOJBHOH TpaHCUeHAeHTHOH E-¢(yHKUMH,
VIOBJIETBODSIOIIEH JHHEHHOMY Au(depeHIHaJibHOMY YpaBHEHHIO Iep-
BOTO NOPSAKA C MOJHHOMHAJIBHBIMU KO3(dunuenTamu. [oKkasaTenbCcTBO
BCeX Pe3yJbTaTOB 3Uressi OTHOCUTENbHO (QyHKuuE K (Z) npu NOMOILH
9TOH TeOpeMbl TaKXKe YIpOIlaeTcs.

IIpumeHeHue ofumell TeopeMbl K KOHKPETHHIM E-QyHKIHUSIM He mpej-
CTaBJISIeT BBIIIEYNIOMSIHYTHIX TPYAHOCTEH, CBSI3aHHBIX C TeOpeMoH
3uresisi, Tak KaK yCTaHOBJIEHHE a/re6pauyeckoil He3aBHCHMOCTH COBO-
KYIHOCTH (PYHKUIMH BO MHOTHX CJIyYasix SIBJISIETCS HE TAKOH CJIOXKHOH
3ajauedl. [Ipy moMomM ee MOXKHO yCTaHABJHBATH TPAHCIEHAEHTHOCTb
u anre0pavyecKylo He3aBHCHMOCTb 3HaUeHUl E-(QyHKUUH, SBASIOMUXCA
pelleHHsIMH  JIHHEHHBIX  AH(pdepeHIHaNbHBIX  ypaBHEHHH  JIOOBIX
HOPSIAKOB.

Hamnpumep, eciu nosoxuThb

2n

0, (2)=1+ ) e S=0, L ..., k5 k>0;
n=1

> 1 Rn
Pr (2) = Z (n!)k <%> ’ k>1,
n=0

TO QYHKUMH ®p (2) H VPp, (2) SBJASIOTCS pELIEHUSIMH JIHHEHHBIX Iude-
peHIHaNbLHEIX yPaBHEHUH mopsiaka k. JIerko JoKasaThb, YTO IPHU JIOO0M
aiqre6panyeckoM 3HaueHUH 2z % 0 .KaK uHcIa o, (2), o (2), .. .
..., (2), Tak ¥ yucaa Py (2), $r (2), . . ., Ppr—1)(2) anrebpanuecku
HEe3aBHUCUMEI.

B npusoxeHusix TeOPHH TpaCHEHIEHTHBIX YHces GOJbIIOe 3HAUEHHE
HMEIOT KOJHMYeCTBEHHble XapaKTEPHCTHKH TPAHCLEHAEHTHOCTH HJIH
anre6panyeckodl He3aBHCHMOCTH YHCE/J B BHJE HEPABEHCTB, OLEHHUBAIO-
IHX CHU3Y TaK Ha3bIBaeMYIO Mepy TPaHCUEHJEHTHOCTH UM Mepy B3aUM-
HOH TpaHCUEHJEHTHOCTH uucena. Mertoxq 3urenss U ero oGobLieHHe 1103~
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BOJIIIOT TOJy4aTh MOROOHbIE OUEeHKH. Tak 3Hresb MOJYYHJ OLEHKY
Mepsl st dyHKiuu beccens J, (2) 1 ee npousBogHo#. Mcnonssyst pa6o-
Ty 3urens npH oMoy ofmed TeopeMbl aBTOpPa, HETPYAHO NMOJYYHTh
ofmylo TeopeMy 00 OIEHKE MePbl B3aUMHOH TPaHCIEHAEHTHOCTH HJIs
J000# COBOKYMHOCTH E-(QyHKUHH, anre6pavuecKd HE3aBHCHMBIX HaJ
TI0JIEM pallMoHaNbHEIX (GyHKUHH. Takas onenka Oblia nmoaydyena B 1962 r.
C. Jlssrom.

B 1955 r. aBTOp MOJMyYHJ PSII TEOPEM O TPAHCUEHAEHTHOCTH U aJre6-
paMuecKoH HEe3aBHUCHMOCTH 3HAaYeHHMH COBOKYMHOCTH E-GyHKUMH npH
Ha/IMYMH MeX]Jy HHMH OXHOTO a/jre6pauyeckoro ypaBHEHHS B IoOJe
painuoHaNbHEIX QyHKiUE, a B 1956 r.— ofiiue TeopeMbl O TpaHCIEH-
JIeHTHOCTH M aJjre6paHyecKoll He3aBUCHMOCTH 3HaueHHH B asnrebpauue-
CKHX TOYKaX y COBOKYMHOCTH E-DyHKUMH [IPH HAJHYHH MEXIY HHUMH
Mo6oro yucna anrebpaudyecKMX YypaBHEHHH B IOJe PalMOHAJIBHBIX
¢yuruui (mogpobHBle [OKasaTelbcTBa ony6aHKoBaHl B 1962 r.).
B uacrHocTH, OKaszasoch, 4TO TpaHcueHjeHTHast E-QyHKuus, ynoBJeT-
BOpAIOIMAs JHHEHHOMY JHdbepeHIHalbHOMY YPaBHEHHIO C IIOJHHO-
MHaJ/IbHBIME KO3(h(dUIMEeHTaMH, IPHHHUMAaET TPAHCLEHJEHTHOE 3HauYeHHe
B J000H a/jreOpanyeckod TOUYKe, 32 HCKJIOUEHHEM KOHEYHOrO YHcJa
TaKHX To4eK. VckirounTenbpHble ajareOpadHdeckHe TOYKH, B KOTOPBIX
He MMeeT MeCTO TPaHCLUEHJEHTHOCTb 3HaUeHHH, ONpefesioTcs U3 anreb-
panyeckKux AudbepeHIHAIbHBIX YDaBHEHHH, KOTOPHIM YIOBJETBOPSET
3Ta (YyHKUIHA.

Ilpu moMomiy 3THX OOLIMX TEOPEM MOKHO YCTaHABJHBATb TPAHCIEH-
JEHTHOCTb U ajre0pavyecKyio HE3aBHCHMOCTb 3HaueHHH B asirebpanue-
CKHX TOYKaX Y KOHKDETHBIX (DYHKIHH, SIBJSIOMUXCS PEIleHUsIMH JHHeH-
HBIX JAuddepeHuUanbHEIX YpaBHEHUH JIOOBIX NOPSIAKOB M CBSI3aHHBIX
JIOObIM YHCJIOM anareOpauyecKUX YpaBHEHHH B IOJie palHOHAJIbHBIX
¢yukuii. HeckonbKO TakKHX NPHJIOKEHHH K KOHKDETHBIM (DYHKUIHAM
ony6JINKOBaHO aBTOPOM.

YkasaHHbIe 00I[HE TEOPEMBI CBOAAT NPOOJIEMBI OTCYTCTBHS UJIH HAJIH-
yust asnreOpaMyecKkux CBsized MexAy pacCMaTpHMBAeMbIMH 3HAYeHUSIMH
GyHKUME K OTCYTCTBHIO HJIM HAJMYHIO ajireOpaHyecKUX CBsi3eH MexnIy
COOTBETCTBYIOIIUMH (YHKUUSAMHU B IIOJI€ DPalMOHAJNbHBIX (YHKLHH.
IToatoMy BaxHOH 3ajauell siBJsieTcst pa3paboTKa METOAOB, I0O3BOJISIO-
IHX YCTAaHOBHTH ajre6panyecKylo He3aBHCHMOCTb 3aJaHHBIX (yHKLHH
UJIM OTHICKATh BCe aJrebpanueckye ypaBHEHHUs], CBSI3bIBAIOIIHE HX B ITOJI€
paruoHa bHBIX (YyHKUUH. OOIero MeTosa, MO3BOJSIONIEr0 pellaTh 3TH
npobJ/ieMbl 151 JIOObIX LEbIX (YHKIHH, YJOBJETBOPSIOMIUX JIHHEHHBIM
nuddepeHnyaJbHEIM YDaBHEHUSM, IOKA He HMeeTcsi. B psine pabort aBTO-
pa ob6oflaloTcsi paHee H3BECTHbIE YaCTHblE METONBl, NpPHUMEHHMMbIE
K HEKOTOPHIM KJsaccaM (YHKUHH, YAOBJIETBOPSIOUIMX JIMHEHHBIM IH(D-
(hepeHIIHAaNbHEIM YpaBHEHUSM JIOOBIX NOPSIKOB. B mocienHee BpeMs
B. A. OumnefinukoB paspaboraj MeTOf, KOTODHIHl IO3BOJISIET pellaTh
YKa3aHHYIO 3afiauy JAJs1 pelleHuH JuHeHHbIX AudbepeHHaabHbIX ypaB-
HeHu# 3-ro mopsjxa, ¥ NPUMEHHJ ero K J0Kas3aTeJbCTBY aJjrebpanye-
CKOH He3aBHCHMOCTH 3HAaUeHHH HEKOTOPbIX KOHKPETHBIX (YHKIHUH.
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A. M. Owkesuny

HCCJEIOBAHHUSA IO HCTOPHUH MATEMATHKH B CTPAHAX
BOCTOKA B CPEAHHUE BEKA: UTOT'M U NEPCNIEKTHB bl

PaGotbl mo HcTopuHM MaTeMaTHKH B cTpaHax Bocroka B cpennue
BeKa, BBIIOJHEHHble 32 NOCJIEJHME JEeCSITUJIETHs, 3HAYHTEeJbHO obora-
THJIM HAllK 3HaHMs B 3TOH obJjacTd. MHOrne pykomnucu ObLJIM BIIEpBBIE
onyOJIMKOBaHBEl Ha SI3blKE OpPHMI'MHA/Ja HJIM B IEePeBOJe Ha eBpOmelcKue
SI3BIKH, - IPYTHEe MOAPOOHO H3JIOKEHEl, TPETbH MOABEPrHYTHl HOBOMY
aHaqaM3y. DTO OTHOCHTCS K TPYAaM Yy4eHbIX cpeiHeBeKoBoro Kurtas,
Wupuu 1 ocobeHHO cTpaH apabosi3blyHOH KyJabTypel (cTpan Hciama).
Tak Obl1 HeHaBHO OOHADYXKEH MEJbIH pPsii KPYIHBIX JOCTHMXKEHHH
B TeopeTHuecKod apupMeruke (yuyeHue o6 OTHOLIEHUSX H YHCJE), -Aared-
pe, TPUTOHOMETPHUH, TeOMETPUHU (TeOpHsl MapaJljiesbHBIX), B NpHeMax
ONpUOJIMKEHHBIX BBIYHCIEHHH M HHQUHHATE3MMAJbHOH MaTeMaTHKe
(MHTErpalyy, Pas3jiOKeHUs B CTENEHHEIE PSIIb).

B pesyabraTe OblJIAa CYIIECTBEHHO YTOYHEHA IOCJENOBATENHHOCTD
B Pa3BHUTHU OTHEJbHBIX HANpaBJeHHH U MpoOJieM MaTeMaTHKH, BhISBJIE-
HBl HECOMHEHHble HJIM BEPOSITHbIE B3aHMOJEHCTBUS MeXAY pas3/IMYHbIMH
crpanamu Asuu u Adpuku, o6HapyKeHH HOBbIe CBSI3H HpOTpecca MaTe-
MaTHKH C 3aIPOCaMH MaTeMaTHYeCKOrO €CTECTBO3HAaHMS, NPEXIEe BCErO
acTpOHOMHH. Bce 3T0 He TOTBKO BHECJO BaXKHBEIE MONPABKH B IIPEXKHHUE
OLIEHKH YPOBHSI BOCTOYHOH CpeJHEeBEKOBOH MaTEMaTHKH, HO ¥ BIIEDBHIE
II03BOJIMJIO PACCMOTPETh BeCh CPEJHEBEKOBLIH NEPHOJ ee Pa3BUTHS KakK
HacToslee efUHOE I[eJI0e, a He KaK nepHof GoJiee HIH MeHee CXORHOTO,
HO, N0 CYILIECTBY, HE3aBHCHMOTrO ¥ JIMIIb [ApaJ/IelbHOTO PAa3BHTHS
3aMKHYTHIX MaTeMaTHYeCKHX KYJbTYp. 31echb BO3HHKa€T HECKOJbKO
npo6JsieM: HOCTATOYHO TOYHOTO BBHIAENEHHsT OOMUX XapaKTEPHCTHK 3TOrO
nepuona, a Hapsny C 3THM — OCOOBIX XapaKTePHCTHK HAYKH Pas3IMUHBIX
CTpaH B pas/jMYHbE BpEMeHa; YTOUHEHHUSI POJIM aHTHYHOH HAayKM U cTa-
PHHHBIX PErHOHAJNbHBEIX TPagulyui B (OPMHUPOBAHUM MATEMATHKH JaH-
HOTO IepHOZA; BHISICHEHHE B3aHMOOTHOLIEHMH C HayKoH Busantuu;
DPAacKpBHITHS NPHYUH MHOEbEMA H, B KOHIE CPEIHEBEKOBBbS, YIajKa
MaTeMaTHUYeCcKHX HayK B crpaHax Bocroka. Hayunoe pelnenue sTux
npo6JjieM BO3MOXKHO C XOPOLIMM NPHOJIMKEHHEM yKe NPH HbIHEIIHEM
COCTOSIHHH HCTOpPHYecKHX 3HaHuH. CyllecTBYIOT HEKOTOPble THIIOTE3El
no stuM npobsieMaM. HecoMHeHHO, YTO NMpaBUJIbHBIE OTBET He MOXKET
ObITh NOJMYYeH B IpelenaxX U3yueHHs TONLKO CaMOH HCTOPHH MaTte-
MAaTHKH: JJIs 3TOr0 HeoOXONUMO IPHUBJIEUb JaHHEIE COIHAIbHOH H IOJH-
THYECKOH HCTODMH, MCTOPHHM KYJBTYPHl B IIEJIOM.

Passurtue matematuku B EBpone nocse ynanka Puma aBisieTcs KoM-
NIOHEHTOH ee obliero mporpecca B cpenuue Beka. MaremaTtrka B EBpone
3TOrO IepHoja C caMoro Hayana obJajajia crelupHIecKUMH YepTaMH,
CBSI3aHHBIMH C COXPAaHSBIIHMMHCS 3Jech TPaJUIUsAMH, NpHoOpesa HOBHE
OCOOEHHOCTH B XOJ€ YCBOEHHS H MepepabOoTKH BOCTOYHOI'O H aHTHYHOTO
Hac/efHs B COUHAJBHOH M KyJbTYpHOH cpelie, CYIIeCTBEHHO OTJIHYHOH
or BocToyHOH. OrpoMHOe 3HaUeHHE YMOMSHYTOro Hacjaenus oble-
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U3BECTHO, HO ero JAeHCTBHTEJNbHBIH 00BbEM M3yueH BCE ele HeJoCTa-
TOYHO.

IlpuBJieyeHHe HOBBIX PYKONHCHBIX MaTepHaJ/ioB OYeT IPOfO/KATHCS
U Jajee; KaK [OKasblBaeT NPaKTHKAa, 3TO HeOOXOAUMAS NPEeANOChlIKa
6oJiee MOJHOTO PACKPBITHS CYIIHOCTH HCTOPHYECKOrO Ipolecca U ero
00BbeKTHBHOro OObsicHeHHusi. HeoOXoAMMO — M 3TO ONATb-TAKH IIOKa-
3bIBaeT Halll OOIMHA ONBIT — IIHpe NPHUBJIEYb IEPBOUCTOUHUKH MO MaTe-
MaTHYeCKOMY €CTECTBO3HAHHIO — aCTPOHOMHH, MeXaHHKe, ONTHKE, Teo-
pHUM MY3BEIKH, a TaKXe (QUI0CO(CKHEe H CHeNHaJbHO HaTypduaocopckue
COYMHEHHsI, COAepKalllie IeHHble cBeleHUs Mo MarteMaTuke. OmHaKO
paboTa B 3TOM HampaBJIEHHM CONpsiKeHa ¢ OOJNBIIUMH TPYAHOCTSIMH.
Bonblryio noMorb B 3TOM Jiesie OKaXKeT COCTABJIEHHE CBOXHBIX GuO.HO-
rpapuyecKux KaTaJoros, C OJHOH CTOPOHBI, U IMOATOTOBJEHHOrO KOMIIe-
TEHTHBIMH CIIe[[HaJUCTaAMU CIIMCKa COYMHEHHH, B IIepBYI0 oO4epenb
HOAJIeXKALIUX H3yUYEHHUIO U IIepeBoay,— ¢ APYToH.
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