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J. F. A d a m s 

A SURVEY OF HOMOTOPY-THEORY 

This lecture will be purely expository. It will try to explain to 
the non-specialist what homotopy-theory is about, and what appli­
cations can be expected from it. 
1. Basic definitions and scope of homotopy-theory. Typical prob­

lems; some applications. 
2. Functors like homotopy groups; fiberings, suspension theory. 
3. Functors like cohomology groups; cofiberings. Spectral se­

quences and their uses. 
4. Conclusions. 

M. Ar t i n 

THE ETALE TOPOLOGY OF SCHEMES 

The etale topology on a variety is obtained by replacing the notion 
of open set by that of etale (= flat and unramifiëd) map. It was in­
troduced by Grothendieck in order to obtain a cohomology theory 
which one could use to state Weil's analogues to the Riemann Hypo­
thesis for higher dimensional varieties over finite fields, and to prove 
the rationality of the zeta functions of such varieties. Various basic 
properties of the etale topology, such as its relationship with the clas­
sical topology for a variety over the complex numbers, and the nature 
of the cohomology theory to which it gives rise, are now fairly well 
understood. We will discuss the recent work of various authors (Grot­
hendieck, Lubkin, Mazur, Tate, Verdier and others) in this area. 

M. A t i y a h 

GLOBAL ASPECTS OF THE THEORY OF ELLIPTIC 
DIFFERENTIAL OPERATORS 

INTRODUCTION 

The subject matter of this talk lies in the area between Analysis 
and Algebraic Topology. More specifically, I want to discuss the 
relations between the analysis of linear partial differential operators 
of elliptic type and the algebraic topology of linear groups of finite-
dimensional vector spaces. I will try to show that these two topics 
are intimately related, and that the study of each is of great import­
ance for the development of the other. 



The theory of elliptic differential equations has of course a long 
and rich history, with its origins in the study of the Laplace 
equation and of the closely-associated Cauchy—Riemann equa­
tions. Its connection with topology, via the theory of holomorphic 
functions and Riemann surfaces, is equally classical. Its develop­
ment in the last fifty years or so has however followed two rather 
separate courses. 

On the one hand there has been the purely analytical development, 
the qualitative study of general elliptic operators. Here the empha­
sis has been on extending the basic theory of the Laplace operator 
to general operators of the same type—what we now call elliptic 
operators. The questions studied include regularity of solutions, 
boundary conditions and more recently the extension to suitable 
classes of integro-differential operators—now called pseudo-differ­
ential operators. On the whole this sort of work was carried out for 
domains in Euclidean space, though the extension to more general 
manifolds presents nothing essentially new. 

The second development has been the more detailed or quanti­
tative study of the classical operators and their associated structures. 
This essentially includes the whole of algebraic geometry treated by 
topological and transcendental methods. The pioneering work in 
this field was of course done by Hodge some thirty years ago. 

Roughly speaking we might say that the analysts were dealing 
with complicated operators and simple spaces (or were only asking 
simple questions), while the algebraic geometers and topologists were 
only dealing with simple operators but were studying rather general 
manifolds and asking more refined questions. 

In recent times, the last five years or so, some serious attempts 
have been made to integrate these two different developments. Each 
seems now to have reached such a stage of maturity that it can con­
fidently offer its services to the other half. For example, some of the 
ideas and techniques developed in the general theory of partial dif­
ferential equations have been very successfully applied by Hör-
mander [12] to the study of complex manifolds. My own interests, 
however, have been in the reverse direction and I would like to spend 
the rest of my time discussing the Riemann—Roch or Index Problem. 

1. Till- RIEMANN -ROCII THEOREM 

The classical Riemann -Roch theorem is concerned with giving 
a forum Ici for the dimension of the space of meromorphic functions 
on a compact Rieiiiann surface having poles of orders <IVj at points 
Ph If P ^v,/', then the dimension / (P) is given by: 

/ ( P ) - i ( P ) = d e g / > - £ + l 

where de^ P ilv,. Here i (P) is in effect / (Q) for a suitable Q so 
that what is computed is a difference of two numbers of the same sort. 



This is in the nature of the problem because as we vary P (i.e. if we 
vary Pz) the number / (P) can jump, but the difference / (P) — / (P) 
remains constant. Moreover one can, in certain circumstances, 
prove that / (P) = 0 (this happens if deg P > 2g — 2) and one then 
has a genuine formula for / (P). 

The Riemann—Roch theorem is one of the basic theorems of 
algebraic geometry. It is an example of a quantitative or "refined" 
result. Considerable effort was devoted to extending it to higher 
dimensions, and success was achieved first by Hirzebruch [91 in 1954 
and then (purely algebraically) by Grothendieck [6] in 1957. 

On the other hand analysts had been independently studying the 
"index problem" for elliptic operators [81. If D is an elliptic operator 
on a compact manifold (without boundary for simplicity) then the 
space of solutions of Du = 0 is finite-dimensional. If one wants a for­
mula for this dimension / (D) one finds that / (D) can jump, but that 

indexD = /(D) — l(D*) 

(where D* is the adjoint problem) is constant under continuous 
variation of D. The problem therefore is to find a formula for index 
D. The analogy with the Riemann—Roch theorem is obvious. More­
over since holomorphic functions are solutions of du = 0 we can 
easily set up the Riemann—Roch problem as an index problem. 
To solve the index problem in general is therefore to extend the Rie­
mann—Roch theorem from the domain of holomorphic function 
theory to that of general elliptic systems. 

In low dimensions, when the number of independent variables 
is 1 or 2, explicit answers were obtained by fair-ly elementary methods. 
In general, however, one is faced with two serious problems: 

(A) We have to find suitable topological invariants of the pair 
(X, D) where X is the base manifold and D the elliptic opera­
tor. 

(B) We have then to find the explicit formula for index D in terms 
of these invariants. 

For example in the case of the classical Riemann—Roch theorem the 
topological invariants are just the genus g and deg (P). 

2. TOPOLOGY OF THE LINEAR GROUPS 

For the classical structures (Riemannian and complex) an exten­
sive theory of topological invariants, called characteristic classes, 
has been developed (cf. [9J). These classes are all generalizations of 
the Euler number, i.e. the number of singularities of a vector field. 
Roughly speaking, one considers the cycles where a given number of 
vector fields become linearly dependent. Fundamentally these homology 
invariants stem from the homology of the linear groups GL (n, /?) 
and GL (n, C). The Riemann—Roch theorem of Hirzebruch gives 
a formula in terms of these characteristic classes, the actual formula 



being a very complicated one going back to Todd and involving the 
generating function x/(l —e~x) of the Bernouilli numbers. 

It is a remarkably fortunate fact that an elliptic operator D also 
defines invariants of the characteristic class type. It is not difficult 
to see how these arise. Let us recall that a homogeneous constant 
coefficient N X N matrix of differential operators 

' - O G s T ' • • • ' - £ • • ) ] • ' . ' - I . . . . . * , 
is elliptic ill^O (and real) => det P (^ ,. . ., ln) =£ 0. Then P de­
fines a map £ -> P (£) of S71"1 -> GL (N, C), where S71'1 is the unit 
sphere in Rn. This shows at once that the homotopy and hence the 
homology of GL (N, C) enters into the study of elliptic operators. 
Now according to a fundamental theorem of Bott [7] the homotopy 
groups 

*„_! {GL (N, C)) 
are 0 for n odd and isomorphic to the integers for n even (provided 
2N>n). Thus if n is even and 2N>n, P defines an integer which 
may be called its degree. This is a generalization of the obvious de­
gree in case N = 1, n = 2 and it may be computed explicitly as the 
value of an integral \ CD (P) where co (P) is a differential expression 

sn-i 

in P generalizing the well-known formula ^- \ 
- i 

1 f dP 
P ' 

si 
Using these invariants of a general elliptic operator D (together 

with the ordinary characteristic classes of X) one can then give an 
explicit formula for index D which is remarkably similar to that 
occurring in the Riemann—Roch formula. This is not accidental 
and has a quite deep significance. Very roughly one can say that, 
as far as the topology goes, the classical operators are just as compii1 

cated as the most general ones so that the Riemann—Roch formula 
gives a fair indication of the general case. 

Let me make some very general remarks about the nature of the 
proof*) of the general index theorem. First of all, when X is a simple 
space like a sphere we can use Bott's theorem to deform D into a stand­
ard operator whose index may be computed directly. In the case 
of a complicated X we embed X in a sphere S and construct an ellip­
tic operator D' on S with 

index D = index D'.] 
We are then reduced to the preceding case. It is important to note 
that even if we start with a nice D on X (e.g. coming from a complex 

*) There are now two proofs of the index theorem. The first, modelled on 
Hirzebruch's proof of the Riemann—Roch Theorem, appears in [4], [15]. The 
second, which is closer to the work of Grothendieck, will appear in [5]. The 
remarks here refer to the second proof. 
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structure it is not in general possible to get a nice D'. Thus it is not 
possible to restrict oneself to nice or classical operators. To prove the 
Riemann—Roch theorem for arbitrary compact complex mani­
folds one needs to go outside this category. The reason why the case 
of (projective) algebraic varieties is easier is because one can use the 
very special holomorphic embedding X cz PN (C), whereas in gener­
al we have no alternative but to use the non-holomorphic embedding 
X czS. 

3. INTEGRAL FORMULAE 
Characteristic classes have a representation by differential forms 

which is a generalization of the Gauss—Bonnet formula 

: - S * 
expressing the Euler number as the integral of the scalar curvature 
(suitably normalized). The integral formula for the (local) degree 
of an elliptic operator mentioned in § 2 is of the same type. Using 
such expressions it is possible in principle (though very complicated 
in practice) to express the index D as an integral \ œ (D). Here co (D) 

*) 
x 

depends on the coefficients of D and on a choice of Riemannian met­
ric on X. Although this formula is algebraically complicated it is 
analytically fairly simple, in the sense that it involves only the first 
few derivatives of the coefficients of D (and the metric). 

There is, however, an entirely different and purely analytical 
approach to the index problem which leads to another formula for 
index D as an integral. Unfortunately this formula is extremely com­
plicated and it involves approximately n derivatives where n is the 
dimension of X. Only for low values of X it is easy to identify it with 
the curvature-type formula given by the other method. 

This analytical method is essentially very classical except that 
no-one seems to have considered using it on the index problem. The 
idea is as follows. Suppose first that A is a self adjoint positive ellip­
tic operator. Then, by the spectral theorem, we can define A~s for 
s Ç C and consider the "Zeta-function" 

g(s) = Trace A-S = 2 r s 

where X runs over the (discrete) eigenvalues of A. This converges if 
Re (s) is large and £ (s) can be analytically continued as a meromor-
phic function on the entire s-plane. Moreover s = 0 turns out not to 
be a pole, and the value £ (0) can be computed explicitly in terms of 
A. For the Laplace operator these results are due to Minakshisundaran 
and Pleijel [14J. Their extension to the general case can be done 
by pseudo-differential operator techniques (cf. [161). Alternatively 
£ (0) can be interpreted as the constant term in the asymptotic expan-
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sion of trace (e-At) as t->• 0, where e~At (for t > 0 ) denotes the solu­
tion of the generalized Heat equation 

Suppose now that D is elliptic. Introducing metrics we can con­
sider D* the adjoint of D. Then 

A0=l+DD*, A 1 = l +D*D 

are positive self-adjoint operators. Let 

£f(s) = Trace Ar*, î = l , 2. 

Then it is not difficult to show that 
to (s) — £1 (s) = index D 

is independent of s. Hence putting s = 0 and using the explicit for­
mula mentioned we get a formula for index D. In fact one can use 
other integer values of 5, besides 0. Each will give a formally different 
expression of index D as an integral. However s = 0 is the simplest. 

4. GENERALIZATIONS 

4.1. B o u n d a r y p r o b l e m s 

For elliptic operators with "coercive" boundary conditions [11] 
one also has an index problem. It turns out that these boundary con­
ditions have a beep topological significance. For instance if D admits 
any coercive boundary conditions then the local degree of D must 
be zero. In view of this it is not surprising that one ends up (cf. [2]) 
with an explicit index formula of much the same type as in the case 
of manifolds without boundary. Moreover, as a by-product, the exami­
nation of the topological meaning of the boundary conditions led to 
a new and elementary proof [1] of the basic periodicity theorem of 
Bott for jt« (GL (N, C)). 

4.2. L e f s c h e t z f i x e d - p o i n t f o r m u l a 
Suppose / : X -> X is a differentiable map which "commutes" with 

a given D (one may think of a holomorphic map as the typical exam­
ple). Then we can define x) a kind of "Lefschetz number": 

L (f) = Trace (/1 Ker D) - Trace (/1 Coker D). 

If f has isolated fixed points of multiplicity ± 1 one has a formula 
of the following type [3] 

L(/) = Sv(P) 
1) Coker £)s=Ker D* but this involves a metric and / need not preserve 

a metric. Thus / acts naturally on Coker D, but not on Ker D*. 

12 



where P runs over the fixed points of f and v (P) is a complex num­
ber depending only on the differential (df)P. This may be regarded 
as a generalization of the classical Lefschetz fixed-point formula. 
The proof is by thè method of § 3, using Zeta-functions 

£ (s) = Trace (A"so/*) 
which depend on D and /. The point is that because of the hypothesis 
on the fixed points off it turns out that these Zeta-functions have 
no poles and £ (0) is then very easily computed. In fact it depends 
only on f and not on A. 

4.3. G r o u p - s i t u a t i o n s 
Assume G is a compact group of automorphisms of (X, D). Then 

Ker D and Coker D are G-modules and g ->- L (g) is a virtual character 
of G. Since the characters of G are a discrete set we can again use defor­
mation methods and one obtains a theorem that expresses L (g) as a sum 
over the fixed components of g, each term being an integral of similar 
type to that occurring in the index formula. These formulae (and 
also the formula of (4.2)) applied to a homogeneous space X = G/H 
include the Hermann Weyl character formula. They also lead (cf. [10]) 
to the Langland 's formula [13] for dimensions of spaces of automorphic 
forms. 

4.4. R e a l o p e r a t o r s 

So far we have discussed only invariants which are integers or 
complex numbers and these may, if we wish, be expressed as integrals. 
It is therefore interesting to point out that there are analytical invar­
iants which are not of this type. Thus let D be a real skew-adjoint 
elliptic operator. Then index D = 0 is not interesting but it is not 
difficult to see that dim (Ker D) mod 2 is a deformation invariant. 
This is a consequence of the fact that the non-zero eigenvalues of 
D occur in conjugate pairs ( ± i\i). It turns out that this invariant 
can be viewed as a kind of index and by methods similar to those 
above we can express this mod 2 invariant in terms of suitable invar­
iants. Here what are relevant are the homotopy groups nt (GL (N, /?)). 
For N large these are (cf. [7]) periodic with period 8 and jtf is of order 
2 if i = 1 or 2 mod 8. These mod 2 homotopy invariants give what 
is required. 

CONCLUSION 

I have presented things so far in the form of topology being used 
to assist in computing an analytic invariant. The relation of the topol­
ogy to the analysis however is very intimate indeed—as I have 
indicated in connection with boundary problems. There are in fact 
parts of the theory where the analysis has to be used to help the topo­
logy. For example the G-equivariant homotopy classes of maps 

S(V)->GL(W), 
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where V, W are representation spaces of G (with W "large") and 5 (V) 
denotes the unit sphere of V, can be determined by use of ellip­
tic operators. So far there is no other method. 

The situation here is analogous to that in Mouse's theory of crit­
ical points. In the first place one would tend to say that the number 
of critical points of a real-valued function f on a manifold X could 
be estimated in terms of the topological invariants of X. The theory 
has however been used extensively the other way round: one constructs 
suitable functions and obtains information on X from the critical 
points of X. All the modern structure theory of differentiable mani­
folds is based on this point of view. 

I would like to conclude with some philosophical remarks. In my 
view the close relation between topology of linear groups and the 
analysis of elliptic operators stems from the following three basic 
properties they have in common: 

(i) Linearity 
(ii) Stability (under deformation) 
(iii) Finiteness. 
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R. B e l l m a n 

DYNAMIC PROGRAMMING AND MODERN CONTROL THEORY 

The report includes following parts: 
1. Introduction. 
2. Dynamic programming. 
3. Analytic aspects. 
4. Approximation in policy space. 
5. Positive operators. 
6. Quasilinearization. 
7. Realizations and applications. 
8. The calculus of variations and control processes. 
9. The calculus of variations as a continuous dynamic programming 

process. 
10. Analytic aspects. 
11. Dynamic programming processes of stochastic type. 
12. Dynamic programming processes of adaptive type. 
13. Intelligent machines, artificial intelligence and combina­

torics. 
14. Invariant imbedding and mathematical physics. 

L. C a r l e s o n 

CONVERGENCE AND SUMMABILITY OF FOURIER SERIES 

Let / (x) be an integrable function on (—jt, JT) and denote by sn (x) 
the partial sums of the Fourier expansion of / (x). A classical example 
of Kolmogorov shows that sn (x) can diverge everywhere. This result 
can easily be improved to sn (x) ^ 0 e (n) log log n). I have recently 
proved that if f (log+1 f |) *+* is summable for some Ô > 0, then sn (x) = 
= o (log log n). For f Ç L2, sn (x) even converges. 

The background for the validity of these theorems seems to be 
a combinatorial property of the Fourier system which aslo gives some 
insight why there is an arrangement of the terms of the Fourier series 
for which an L2-series diverges a.e. A brief outline of the proofs of the 
above results will be presented and a survey of the open problems 
will be given. 

H a r i s h-C h a n d r a 

HARMONIC ANALYSIS ON SEMISIMPLE LIE GROUPS 

Let G be a locally compact, separable and unimodular group, 
K the left-regular representation of G on L2 (G) and g the set of all 
equivalence classes of irreducible unitary representations of G. A class 
co Ç % is called discrete if there exists a closed, invariant and irre­
ducible subspace g of L2 (G) such that the restriction of K on ^ lies 
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in co. Let %d denote the set of all discrete classes. Then %d is also 
called the discrete series for G. Let JT be an irreducible unitary re­
presentation of G on a Hilbert space ig and co the class of JI. Then co is 
discrete if and only if 

\ | (<p, jt (x) i|)) |2 dx < oo 
G 

for all 9, if Ç ig. Moreover then there exists a number d (co) > 0 , 
called the formal degree of co (or Jt) such that 

J |(<p, J tWo| ; ) | 2 ^ = |(p|2|x|)|2d(û))-i (cp, i ^ g ) . 
G 

Now suppose G is a connected semisimple Lie group with finite 
centre. 

T h e o r e m 1. In order that %d should not be empty, it is neces­
sary and sufficient that G should have a compact Cart an subgroup. 

Let / = rank G and D (x) the coefficient of tl in det (t + 1 — 
— Ad (x)) (x Ç G), where t is an indeterminate. Then D is an analytic 
function on G which is not identically zero. Let G' be the set of all 
x 6 G such that D (x) =/= 0. Fix a maximal compact subgroup K of 
G and let 3 denote the algebra of all differential operators on G which 
commute with both left and right translations. A distribution T on 
G is said to be ß-finite if the space of all distributions of the form 
zT (z 6 3) has finite dimension. Similarly it is called /(-finite if 
the left and right translates of T under K span a vector space of finite 
dimension. It is easy to see that if T is both /(-finite and 3-frm-
te then it is an analytic function. We say that T is invariant if it is 
left fixed by all inner automorphisms of G. 

T h e o r e m 2. Let 0 be an invariant and ^-finite distribution 
on G. Then 0 is a locally summable function on G which is analytic on G'. 

Let Jt be an irreducible unitary representation of G and co the 
class of Jt. For any f £ CT (G), define 

tt(f)= \ f (x) jt (x) dx. 

Then Jt (/) is of the trace class and there exists a distribution 0fû on 
G such that 

e„(/) = trji(fl (f£C?(G)). 
It follows from Theorem 2 that 0^ is a locally summable function 
which is analytic on G'. 

For any y Ç G, let Gv denote the centralizer of y in G. It is not dif­
ficult to show that Gv is unimodular and therefore the factor space 
G = G/Gy has an invariant measure dx. Put 

yx = xyx~x (x g G) 



where x -> x is the projection of G on G. An element y Ç G is said to 
be elliptic if it lies in some compact Cartan subgroup of G. 

T h e o r e m 3. (The Selberg Principle). Let y be a semisimple 
element of G and f a K-finite and ^-finite function in L2 (G). Then 
the integral 

I f(y'x)dJ 
G/Gy 

is well-defined and if y is not elliptic, its value is zero. 
Now suppose G has a compact Cartan subgroup B which we may 

assume to be contained in i(. Let @, 35 be the Lie algebras of G and 
B respectively and Gc the simply connected complex analytic group 
corresponding to the complexification @c of <S. We assume that 
G is the real analytic subgroup of G corresponding to @. Let P be the 
set of all positive roots of (@, 35) and put 

S = [I Ha, A (exp H) = [J (e«(*>/2 - e-a<H>/2) (// ç 95). 
a£P a£P 

Let g be the space of real-valued linear functions on (—1)V2 sg and 
L the lattice of those X Ç g for which there exists a character g* of 
ß given by £*, (exp H) = eK(H) (H £ 35). CD can be considered as a dif­
ferential operator on B as ,well as a polynomial function on g. Put 
WG = BIB where B is the normalizer of B in G. Then WG is a sub­
group of the Weyl group of (@, 95). Let U denote the set of all X £ L 
such that lo (X) =^ 0. 

T h e o r e m 4. ^or am/ X g U there exists exactly one invariant 
eigendistribution 0*, of 3 such that 

1) sup|D(*)|V2|e;U*)|<oo, 
x£G' 

2) A (6) 0 , (6) = J B (s) ls% (b) (b g B n G'). 
s£WG 

Put e(X) = signcû(A,)(A,£Z/) and ^ =-i-dim G//C. 

T h e o r e m 5. For each X£L', there exists a unique class 
©W€Sd such that S(ù(%) = (— l)q&(X) Bx. The mapping X->(d(X) 
of V into %d is surjective and co(Àj = co(X2) (Xi, X2Ç:Lr) if and only 
if X2 = sXt for some s^WG. 

Define 
Ff (b) = A (b) J / (xfer1) dx (6 6 ß D G') 

G 
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for f£C?(G). Then there exists a number c>0 such that 

lim $>Ff){b) = (-I)*cf (I) 
b->l 

for all f£C?(G). It is possible to compute c explicitly. Moreover 

d((ù(X)) = c-1[WG]\Z(X)\. 

T h e o r e m 6. Let f be a K-finite and ^-finite function in 
L2(G). Then the integral 

\f®Kdx (X£L') 

is well-defined. Let @%(f) denote its value. Then 0^(/) = O for 
almost all X^L' and 

(-l)*c/(l) = 2 ffl(*)6x(/). 
%£L' 

J. S c h r ö d e r 

UNGLEICHUNGEN UND FEHLERABSCHÄTZUNGEN 

Gegeben sei eine Gleichung 
Mu = r 

mit einem Operator M, der eine Teilmenge D eines halbgeordneten 
Raumes R in einen halbgeordneten Raum S abbildet. Man möchte 
obere und untere Schranken für eine Lösung u* dieser Gleichung 
ermitteln. Bei vielen Problemen ist dies mit Hilfe eines Schlusses 
folgender Art möglich: 

Mw fg r ^g Mv =$ w ^ u* rg v. 

Ist die Existenz einer Lösung u* £D gesichert, so genügt es, 
daß für alle u Ç.D und die gewählten Elemente v, w £D gilt: 

Mw^Mu=$>w^u, Mu^Mv=^u^v. (*) 

Wir werden uns hier mit hinreichenden (und notwendigen) Bedin­
gungen für die Eigenschaft (*) beschäftigen, ohne genauer auf das 
Existenzproblem einzugehen. Die Eigenschaft (*) wurde für viele 
Typen von Operatoren mit z. T. sehr verschiedenartigen Methoden 
nachgewiesen und praktisch ausgenutzt. Wir berichten hier über 
eine sehr einfache abstrakte Theorie für Operatoren M mit der Eigen­
schaft (*). Diese Theorie gestattet es, verschiedenartige Typen von 
Gleichungen in einheitlicher Weise zu behandeln. 

Obwohl gerade diese verschiedenartigen Anwendungsmöglichkei­
ten ein charakteristischer Vorteil der abstrakten Theorie sind, wollen 
wir uns hier auf ein Anwendungsgebiet beschränken. Und zwar be-
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trachten wir im wesentlichen nur Randwertaufgaben mit einer ellip­
tischen Defferentialgleichung zweiter Ordnung. Jedoch zeigt ein 
kurzer Abschnitt, wie sich parabolische Differentialgleichungen 
einordnen lassen, und ein anderer Abschnitt berichtet über einige 
Ergebnisse bei gewöhnlichen Randwertaufgaben vierter Ordnung. 

Für die numerische Anwendung der Monotonie-Eigenschaft (*) 
gibt es verschiedenartige Beispiele. Wir berichten über ein Programm 
zur Lösung der ersten Randwertaufgabe mit einer Differentialgleichung 

— Au = f(x, y, u). 
Das Programm liefert eine Näherungslösung und eine zugehörige 
Fehlerabschätzung. 

K. S c h ü t t e 

RECENT RESULTS IN PROOF THEORY 

Proof theory has been developed in order to prove the consistency 
of mathematical theories. In general, consistency proofs are estab­
lished by inductions on certain well-orderings. The stronger the theory, 
the higher are the well-orderings needed. Therefore, the strength of 
a mathematical theory can be characterized by a transfinite ordinal. 
In this way, according to Gentzen, pure arithmetic is characterized 
by the smallest e-number; and according to Feferman and Schütte, 
predicative analysis by the smallest "strongly criticar' ordinal k0. 
By induction up to kQ, Feferman proved the consistency of a system of 
predicative analysis based on Kreisel's hyperarithmetic comprehen­
sion rule. By a still higher ordinal, W. Howard characterized a sub­
system of intuitionistic analysis. The strongest subsystems of clas­
sical analysis so far have been proved consistent by Takeuti, e.g. 
a system of simple type theory on arithmetic with jrj-comprehen-
sion rule. The inductions used by Takeuti are justified by generalized 
inductive definitions. 

S. S m a 1 e 

DIFFERENTIABLE DYNAMICAL SYSTEMS 

Although motivated ultimately by ordinary differential equations 
and continuous flows, we concentrate mainly on studying the discrete 
dynamical system generated by a diffeomorphism T : M -> M of 
a smooth manifold. One way of expressing our framework is saying 
that we aim to give a non-linear global spectral theory (finite dimen­
sional) for T. In fact, we show that under fairly general conditions, M 
decomposes into a finite number of invariant indecomposable sub-
spaces. These subspaces form a lattice under a boundary relation and 
generalize the cell decomposition of a generic gradient flow. The furth­
er study of these spaces, most remarkably, forces the introduction 
of group theory and compact homogeneous spaces. 
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C h. S t e i n 
SOME RECENT DEVELOPMENTS IN MATHEMATICAL 

STATISTICS 

The development of mathematical statistics in recent years has 
been strongly influenced by Wald's statistical decision theory. Recent 
work on the comparison of experiments and on the refinement of 
Wald's complete class theorems and conditions for admissibility 
fits into the general framework of modern mathematical analysis. 
In addition, a fair number of special results on admissibility and 
minimax properties have been obtained. Some of these results have 
implications for statistical practice and, perhaps, cast some light on 
the controversy over the foundations of statistics. Classical large sam­
ple theory, in which, roughly speaking, we consider large samples in 
an otherwise fixed problem and ignore small probabilities, has been 
studied by a number of people. Some recent work applies the theory 
of probabilities of large deviations to the study of order of magnitude 
of small probabilities of errors. In sequential analysis, the general 
theory has been further studied, and moderately concrete results 
have been obtained in some special cases, mainly by letting the cost 
per observation go to 0. Recently, Linnik solved a problem that has 
been outstanding for a long time by showing that for the reduced 
Behrens-Fisher problem, no similar tests exist that are reasonable 
(in a meaningful, precisely defined sense). Many important topics 
will have to be omitted or treated very briefly because of limitations 
of time and space. These include the design of experiments, time 
series analysis, and nonparametric statistics. 

H. M. B H H o r p a A O B , A. I \ ü O C T H H K O B 

0 PA3BHTHH 3A ïlOCJIEflHHE rOßbl AHAJIHTHHECKOB 
TEOPHH HHCEJI 

JXoKJiaji nocTpoeH TaK, q-ro pe3yjibTaTHBHan qacTb JIHIIIB B MHHH-
MajibHoô cTeneHH nepeKpbmaeTCH c oÔ30paMH, KOTopbie HMeioTCH 
B MHpoBOÖ jiHTepaType. OcoöeHHoe BHHMaHHe oópameHO na CBH3H 
TeopHH ^Hceji c ÄPyrHMH oöjiacTHMH MaTeMaTHKH. O pe3yjibTaTax, 
nojiy^eHHbix #o 1962 r., roBOpHTCH Jiuuih B cjiy^ae HCOOXOAHMOCTH 
H KpaTKo. 063op ne npeTeimyeT Ha nojmoTy. 

1. TEOPHJI MyjIbTHnJIHKATHBHbJX OYHKLtHB 
a) CyMMHpoBaHHe 3naqeHHH MyjibTHnJiHKaraBHbix CJ^HKUHH. npHMe-

HeHHe MeTOßOB BepOHTHOcTHoö TeopHH MHceji K 3THM BonpocaM. CyM-
MHpOBailHC MyjIbTHnJIHKaTHBHblX (})yHKUHH B pH^e CJiy âeB MOJKeT 6bITb 
cBê eHo K acHMnTOTĤ ecKHM 3aKOHaM pacnpe^ejieHHH npocTbix qnceji 
c ocTaTomibiM qjieHOM. 
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6) nporpecc B TeopHH xapaKTepoB j3,HpHXjie (TeopHH L-pn^oB 
JXwpuxjie. rijiOTHOCTHan B cpe^HeM rnnoTe3a 06 L-pfljjax. npHMeHe-
HHH K aOTHTHBHbiM 3a£aqaM. 

2. ÄHOOAHTOBbI nPHBJIH)KEHHfl H nPHMEHEHHfl 
TPHrOHOMETPH^ECKHX CYMM 

a) nporpecc B Hccjie^OBaHHH ixejiux To^eK B oojiacrnx. IJejibie 
TO^ïKH H acHMnTOTHqecKHe npoôjieMbi TeopHH coöcTBeHHbix 3HaqeHHH. 

6) 3HaqeHHeaproÄmecKoö TeopHH #JIH ÄHO(J3aHTOBbix npHÔjnoKeHHH. 
B) 3cjx|)eKTHBHbie MeTO b̂l TeopHH ÄHO(f)aHTOBbIX npHÔJIHJKeHHH. 

3. flHOOAHTOBbl 3AÄA4H C flOITOJIHHTEJIbHWMH YCJlOBHflMH 

a) FtpHMeHeHHH xapaKTepoB TeKKe K sa^a^e 0 pacnpeßejieHHH 
uejibix To^eK Ha aJireópanqecKHx KpHBbix H noBepXHOCTnx. Hcnojib-
30BaHHe TeopeMbi A. O. rejib^OH^a 0 npnôjnoKeHHH oTHomeHHH Jiora-
pH({)MOB ajireöpanqecKHx raceji. 

6) ßa^a^a XapßH — JlHrrjibByAa B ceKTOpax H ee oôoômeHHH. 
IlpHMeHeHHe apro^H^ecKoro MeTo.ua H MeTO#a TpHroHOMeTpnqecKHX 
cyMM. 

B) nporpecc B spro^H^ecKOH TeopHH ajireöpanqecKHx qnceji. 

H. B. E (J) H M O B 

rHnEPEOJlHHECKHE 3A/JAHH TEOPHH nOBEPXHOCTEft 

TeMa AOKjia^a OTHOCHTCH K oömeß npoôjieMe o CBH3HX MejK/iy 
BHyTpeHHeö MeTpHKoö H BHeuiHHMH cBoflcTBaMH noBepXHocreH. Toraee 
roBopH, HMeeTCH B BH#y npoöjieMa H30MeTpHqecKHX norpyjKeHHH 
^ByMepHoro rayccoßa MHoroo6pa3HH B TpexMepHoe eBKjiHßOBO npo-
cTpaHCTBO. H3BecTH0, ^To 3Ta npoöjieMa MoaœT 6biTb CBe^eHa K HC-
CJieÄOBaHHK) CHCTeMbI ÄByX KBa3HJIHHeÖHbIX ypaBHeHHH B qacTHbix 
npoHSBo^Hbix nepßoro nopHßKa. ECJIH rayccoßa KpHBH3Ha MHoro-
o6pa3HH Bcio^y nojioscHTejibHa, TO yKa3aHHan cHcreMa HBjmeTCH 
sjijiHnTHqecKoö Ha JIIOöOM cßoeM pemeHHH; ecjin rayccoßa KpHBH3Ha 
MHoroo6pa3HH OTpHî aTejibHa, cncTeMa 6y#eT rnnepôojîHqecKOH. 
CoOTBeTCTBeHHO 3THM ^ByM CJiy âHM pa3JIHqaK)TCH SJIJIHnTH êCKHe 
H rnnepóojiHqecKHe 3a£a™ TeopHH noBepxHoereS. npe^MeTOM #o-
Kjia^a CJiyîKaT ranepöojiHqecKHe 3aßa™. 

B ÄOKjia^e 6y#yT H3JiosceHbi: 
1) TeopeMbi rnjiböepTOBa THna 0 HeB03Mo^HocTH peryjiapHbix 

norpy^KeHHH uinpoKHx KjiaccoB nojiHbix MHoroo6pa3HH oTpHuaTeji fa­
non KpHBH3Hbi. O^HOBpeMeHHo 3T0 ecTb TeopeMbi o HeH3Öe5KHOM Hapy-
uieHHH peryjinpHocTH nojiHbix noßepXHOCTeö OTpHuaTejibHofi KpH-
BH3HM npH yCJIOBHHX, HaJIOJKeHHblX TOJIbKO Ha BHyTpeHHIOK) MeTpHKy. 

21 

http://MeTo.ua


2) flHcjx^epeHUHajibHbie HepaßeHCTBa, npn KOTopbix OToßpasceHHe 
o^Hoö njiocKOCTH B ^pyryio HBjineTCH roMeoMop(})HbiM (STOT Bonpoc 
HMeeT TecHyio CBH3b e npeßbmymHM). 

3) TeopeMbi cymecTBOBaHHH peryjinpHbix norpyaceHHH HeKOTopbix 
KjiaccoB HenojiHbix MHoroo6pa3HÖ OTpHijaTejibHon KpHBH3Hbi. 

4) TeopeMbi o TonojiornqecKOM cTpoeHHH cera xapaKTepncraK. 
5) TeopeMbi o peryjinpHOCTH noBepxHocTeö oTpnuaTejibHofi Kpn-

BH3HH B 3aBHCHMOCTH OT peryjIHpHOCTH HX BHyTpeHHeft MeTpHKH. 

M. r. K p e ü H 

AHAJIHTHHECKHE nPOBJIEMbl H PE3YJlbTATbI TEOPHH 
JIHHEftHblX OnEPATOPOB B THJIbBEPTOBOM nPOCTPAHCTBE 

B Te^eHHe nocjie/uiHx 25 JieT BJIHHHHC TeopHH jiHHeÖHbix onepa-
TOpOB B THJIbÖepTOBOM npOCTpaHCTBe SHâ HTeJIbHO paCLÜHpHJIOCb 
H ynpo^Hjiocb, c O^HOH cTopoHbi, 6jiaro,napfl ee pa3HOo6pa3HbiM npn-
JIOSCeHHHM B ÄaJieKO OTCTOHIUHX Äpyr OT ßPyra OÖJiaCTHX MaTeMaTHKH 
(TeopHH AH(J)(})epeHUHajibHbix ypaBHeHHH, TeopHH npeßCTaBjieHHH rpynn, 
TeopHH BepoHTHOcTeö, rapMOHHqecKOM aHa;iH3e H #p.), c ÄPyrofl 
CTopoHbi, ojiaro^apn TOH HCKjnoqHTejibHOH pojiH, KOTopyio 3Ta TeopHH 
npHOÖpeJia B COBpeMeHHOH KBaHTOBOH (})H3nKe. 

O^HOBpeMeHHo 3a STOT nepnoß TeopHH oöorarajiacb HOBHMH (})yH-
ĵ aMeHTajibHbiMH pa3^ejiaMH. Cpe^n HHX OTMCTHM cjie/jyiomHe: 

I. TEOPHH KAHOHHHECKHX IIPEÄCTABJIEHHK 3PMHTOBHX 
OnEPATOPOB 

3^ecb, B qacTHOCTH, HMCIOTCH B BH#y HOBbie pe3yjibTaTbi H npoöjieMbi, 
B03HHKuiHe B TaKOM, KaK Ka3ajiocb, npocTOM H 3aKOH*ieHHOM Bonpoce, 
KaK pacuiHpeHHe spMHTOBbix onepaTopoB. Bbijia pa3pa6oTaHa Teopnn 
oöoßmeHHbix pe30JibßeHT H pe30JibBeHTHbix MaTpnu;. Bbiji oÖHapy>KeH 
H Hccjie^oBaH 3aMeqaTejibHbiß Kjiacc — ufiAbtx apMumoebix onepaTopoB. 
BbijiH nojiyqeHbi npe^cTaBJieHHH spMHTOBbix onepaTopoB c noMombio 
KaHOHHqecKHX ^H(j3(})epeHunaJibHbix onepaTopoB. 

C 3THMH pe3yjibTaTaMH cBH3aiibi oöuiHpHbie Hccjie^OBaHHH no Tan 
na3biBaeMbiM oöpaTiibiM 3a^aqaM cneKTpajibHOH TeopHH ßH(J)(|)epeH-
unajibHbix onepaTopoB. B pane cjiyqaeß B STHX Hccjie^OBaHKHx KOHeq-
Han uejib Aocrarajiacb c noMombio MeTô OB H H^eö aöcTpaKTHofi Teopnn 
onepaTopoB. TeopHH uejibix spMHTOBbix onepaTopoB H HX KaHOHHqe-
CKHX npe^cTaßjieHHH /jajia OTBCT Ha pn# Tpy^Hbix BonpocoB TeopHH 
HHTepnojiHUHH H sKcrpanojiHUHH cjiyqaÖHbix cTaunoHapHbix npoueccoB. 

TeopHH KaHOHHqecKHX npe^cTaBjieHHH SPMHTOBMX onepaTopoB 
no3BOJineT no-HOBOMy ocßeTHTb TeopHio oöoßmeHHbix coßcTBeHHbix 
sjieMeHTOB caMoconpHHceHHbix onepaTopoB c ee MHoroqHCJieHHbiMH 

BblXO âMH B aHajIH3. 
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BaHŒyio pojib B KJiaccHcJwKaijHH uejibix SPMHTOBHX onepaTopoB 
cbirpajiH uejibie onepaTopbi, cooTBeTCTByiomne Heonpe^ejieHHOMy cjiy-
qaio npoôjieMbi MOMCHTOB H npoôjieMbi npojjojDKeHHH spMHTOBO-nojio-
JKHTeJIbHOH (̂ yHKUHH. 

B Teppnn uejibix spMHTOBbix onepaTopoB n no^aBHO B oômefi TeopHH 
KaHOHHqecKHX npeACTaBjieHHH spMHTOBbix H caMoconpHHceHHbix one-
paTopoB no HacTonmee BpeMH ocTajincb HepemeHHbiMH HeKOTOpbie 
c})yHAaMeHTajibHbie Bonpocbi. Heoscn^aHHO OKa3ajiocb,qTO STH Bonpocbi 
MoryT ôbiTb nepe(})opMyjiHpoBaHbi KaK HeKOTOpbie npoôjieMbi TeopHH 
HecaMoconpHJKeHHbix onepaTopoB. 

IL TEOPHH B03MyiU,EHHÏÏ OnEPATOPOB 

jCUaœ B TeopHH B03MymeHHH onepaTopoB npocTeöniero Kjiacca — 
caMoconpHHceHHbix onepaTopoB MaTeMaTHKaMH H (J)H3HKaMH ôbijio oÓHa-
pyjKeHO MHoro HOBoro H no^qac napa^oKcaJibHoro c ToqKH 3peHHH 
jiHHeHHoft ajireópbi (oôbiqHo STH napa^oKcbi cBH3aHbi c B03MoxŒOCTbio 
HajinqHH aôcojiioTHo HenpepbiBHoro cneKTpa y caMoconpnxceHHoro one-
paTopa — HBJieHHe, He HMeiomee aHajiora B jiHHeÖHon ajireöpe). 

B CBH3H c 3a,naqaMH KBaHTOBOH TeopHH paccenHHH, TeopHH KBaH-
TOBaHHbix nojien, KBaHTOBOH cTaTHCTHKH (})H3HKaMH 6biji pa3BepHyT 
H ^aJieKO npoABHHyT c})opMajiH3M TeopHH B03MymeHHH. B HacTonmee 
BpeMH 3T0T (})0pMajIH3M BO MHOrHX CJiyqaHX B paÔOTaX MaTeMaTHKOB 
nojiyqnji cTporoe oôocHOBaHHe H ^ajibHefiinee pa3BHrae (nocTpoeHa 
oôman H cTporan TeopHH BOJiHOBbix onepaTopoB, onepaTopoB H cyóone-
paTopoB paccenHHH äJIH KBaHTOBOH 3a,zjaqH o^HOKaHajibHoro paccen­
HHH, nojiyqeH pn,n ToqHbix pe3yjibTaTOB no MHoroKaHajibHofl 3a^aqe 
paccenHHH, pa3JiHqHbiM BonpocaM BTOpnqHoro KBaHTOBaHHH H pp.). 
OÔHapyHceHbi HOBbie MaTeMaTHqecKHe CBH3H: TeopHH paccenHHH — 
TeopHH eraijHOHapHbix cjiyqaÖHbix npoueccoB — TeopHH pacnDKeHHH 
H xapaKTepHCTHqecKHx (})yHKUHH onepaTopoB oKaran. Be^yTCH 
Hccjie^oBaHHH no oooômeHHio STHX pe3yjibTaTOB Ha cjiyqan HecaMo-
conpHHceHHbix B03MymeHHH caMoconpHHceHHbix onepaTopoB. 

B ^oKJia^e HHKaK He ocBemaioTcn Bonpocbi TeopHH B03MymeHHH, 
AonycKaioiuHe TpaKTOBKy B ôojiee uinpoKOM njiaHe oómefi TeopHH one-
paTOpOB B ÔaHaXOBblX npOCTpaHCTBaX (B pa3BHTHH KOTOpblX TaoKe 
HMeeTCH pHA cymecraeHHbix ycnexoß). 

III. TEOPHH HECAMOCOnPH^EHHblX OnEPATOPOB 

ÜJIH Bnojme HenpepbiBHbix onepaTopoB H HeorpaHHqeHHbix one-
paTopOB c AHCKpeTHbiM cneKTpoM pa3paéoTaHbi MeTOßbi ycTaHOBJieHHH 
TeopeM o nojiHOTe cncTeMbi coécTBeHHbix H npHcoe;pmeHHbix BeKTopoB, 
MeTo^bi nojiyqeHHH oöoömeHHbix cneKTpajibHbix pa3JioxceHHH, MeTo^bi 
cyMMauHH 3THX pa3JiOHceHHH. AHaJiornqHbie Bonpocbi pa3pa6oTaHbi 
H pa3pa6aTbiBaioTCH äJIH nojiHHOMHajibHbix onepaTopHbix nyqKOB 
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HeKOTOpblX KJiaCCOB. TeOpHH III pa3BHBaeTCH B TeCHOM KOHTaKTe 
c TeopneH II. n o cymecTBy AocraToqHo nojiHbie pesyjibTara y^aeTcn 
nojiyqHTb TOJibKo p n Tex HecaMoeonpnxceHHbix onepaTopoB, KOTopbie 
B KaKOM-TO CMbICJie ÔJIH3KH K CaMOCOnpHHCeHHblM, yHHTapHbIM HJIH 
BOOÖLUe HOpMaJIbHblM. 

ycTaHOBJieHbi cHjibHbie npH3HaKH cymecTBOBaHHH y jiHHefiHoro 
onepaTopa MaKCHMajibHbix HHBapHaHTHbix no^npocrpaHCTB, cooTBeT-
CTByiomnx TOH HjiH HHOH qacTH ero cneKTpa. 

H3 3THX HccjieÄOBaHHH uejiecoo6pa3HO ocoöo Bbî ejiHTb rpynny, 
o6-be^HHHeMyio Ha3BaHHeM: 

IV. TEOPHH OnEPATOPOB B nPOCTPAHCTBAX 
C HHflEcDHHHTHOH METPHKOß 

Pa3BHTa reoMeTpHH STHX npocTpaHCTB, B OCOOCHHOCTH TaK Ha3biBae-
Mbix J-npocTpaHCTB. YcTaHOBJieHbi pa3Hoo6pa3Hbie TeopeMbi o cymecT-
BOBaHHH HHBapHaHTHblX MaKCHMaJIbHblX ße(f)HHHTHbIX no^npoerpaHCTB 
y onepaTopoB Toro HJIH HHoro KJiacca. 

OöbiqHo noj^epKHBaiOT pojib TeoperaKO-MHOHcecTBeHHbix H ajire-
öpanqecKHx H^eä B co3,naHHH c})yHKUHOHajibHoro aHajiH3a. B Hacron-
mee BpeMH B TeopHH onepaTopoB HaßjnoßaeTcn Bee pacniHpmomeecn 
Hcnojib30BaHHe H^eft, MeTo^oB H annapaTa TeopHH aHajiHTHqecKHx 
ĉ yHKUHH O^HOH H MHorax KOMnjieKCHbix nepeMeHHbix. MHorne BascHbie 
oe^eKTbi TeopHH onepaTopoB no onpe^ejieHHio HMeiOT «rnopH^HbiH» 
xapaKTep — OHH HBJIHIOTCH anaAummecKUMu (J)yHKu;HHMH, npHTOM 
c onepamopHbiMU 3HaqeHHHMH (oôoômeHHan pe30JibBeHTa, pe30JibBeHT-
Han MaTpHua, xapaKTepHcraqecKan onepaTop-(J)yHKixHH, cyôonepaTop 
paccenHHH H #p.). BbincHeHHe pojiH.srax oêteKTOB H cBH3eö Mexyjy 
HHMH cocTaBjineT o^Hy H3 rjiaBHbix 3a/jaq ^oKjia^a. 

nojiyqeHbi cneKTpajibHbie pa3JioxceHHn /yin «/-caMoconpnxœHHbix 
H J-yHHTapHbix onepaTopoB npn HeKOTopbix orpaHHqeHHnx. nojiyqeH 
pan; pe3yjibTaTOB no TeopHH npeAcraBJieHHH rpynn H ajireôp B npo-
CTpaHCTBaX C HH£e4)HHHTHOH MeTpHKOH. BbIHCHHeTCH pOJIb 3T0H TeOpHH 
B pa3JinqHbix Bonpocax MaTeMaraqecKOH (J)H3HKH (TeopHH ycToflqH-
BOCTH, TeOpHH #eMn(J)HpOBaHHbIX KOJieÔaHHH, TeOpHH KaHOHHqecKHX 
npeo6pa30BaHHH, raMHjibTOHHaHOB KBaHTOBaHHbix nojiefl H #p.). 

OrpaHHqHBancb nepeqHCJieHHHMH pa3#ejiaMH I — IV, Heoôxo^HMo 
no^qepKHyTb, qTO O^HHM H3 KpynHeöuiHx ^ocTH^eHHH TeopHH onepa-
TopoB B rHjiböepTOBOM npocTpaHCTBe HBjineTcn co3AaHHe B Haine BpeMH 
TeopHH öaHaxoBbix ajireöp onepaTopoB (AeficTByiomHx B TaKOM npo-
cTpaHCTBe) BMecTe c ee MHoroqHCJieHHbiMH npHjioxteHHHMH B TeopHH 
npeßCTaBJieHHH (rpynn H ajireôp) H KBaHTOBOH cf)H3HKe. 3Ta TeMa 
HBjineTcn npê MeTOM /pyx cneuHajibHbix ^oKjia^oB H 3#ecb ne óy/jeT 
3aTparHBaTbcn. 

KaK yme oTMeqajiocb, B TeopHH B03MymeHHH caMoconpn>KeHHbix 
onepaTopoB npnnuiocb cTOjiKHyTbcn c $aKTaMH, H e HMeiomHMH aHa-
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jioroB B jiHHeÖHOH ajireöpe. C ßpyrofi CTopoHbi, cpaBHHTejibHO He/jaBHO 
6biJio oÖHapyaceHo, qTO äJIH HeKOTopbix xopoiuo H3BecTHbix nocTpoeHHH 
JiHHeÖHOH ajireöpbi eme He Haö^eHbi HX KOHTHHyajibHbie aHajiorn. 
BMecTe c TeM pa3BepTbraaHHe TeopHH TaKHx aHajioroB coßepnieHHO 
Heoôxo^HMo H OTKpbiBaeT HOBbie nepcneKTHBbi. HMeioTcn B BH/jy cjie/jyio-
mne nocTpoeHHn: 

A. npHBe/jeHHe BemecTBeHHoft cHMMeTpnqecKOH MaTpnubi c npo-
cTbiM cneKTpoM c noMoiubio opToroHajibHoro npeo6pa30BaHHn K HKO-
ÖHeBOH c[)opMe. 

B. npHBe^eHHe npOH3BOJibHOH MaTpHijbi yHHTapHbiM npeo6pa30-
BaHHeM K TpeyrojibHOMy BH^y. 

B. npHBe^eHHe 3pMHT0B0H (})OpMbI K CyMMe KBa^paTOB MeTÔ OM 
JlarpamKa (HJIH öojiee oöman 3a^aqa npe/jcTaBjieHHH MaTpHUbi B BH/je 
npoH3BejneHHH TpeyrojibHbix). , 

Pa3BHTHe KOHTHHyajibHbix aHajioroB nocTpoeHHn A npHBO/jHT 
K TeopHH KaHOHHqecKHX npeßCTaBJieHHH SPMHTOBHX onepaTopoB 
H K TeopHH ijejibix spMHTOBbix onepaTopoB. 

Pa3BHTHe KOHTHHyajibHbix aHajioroB nocTpoeHHn B npHBO^HT 
K TeopHH aöcmpaKmnoao mpeyeoAbuoao unmeapaAa. C STHM HHTerpajioM 
CBH3aHo uejioe HcqncjieHHe, nrpaiomee BaxcHyio pojib B TeopHH KaK 
HecaMoconpnjKeHHbix, TaK H caMoconpnsceHHbix onepaTopoB (nocjie/j-
Hee oöcTOHTejibCTBo oKa3ajiocb HeojKH/jaHHbiM). 

Hccjie^OBaHHH no aöcTpaKTHOMy TpeyrojibHOMy HHTerpajiy no3BO-
jiHjiH B CBOK) oqepe^b pa3pa6oTaTb KOHTHHyajibHbift aHajior nocTpoe­
HHn B — TeopHio (pafcmopusatçuu onepamopa no daunoü içenomce npo-
eKmopoe. 

CßH3yiomHM 3BeH0M pa3BHTHH KOHTHHyajibHbix aHajioroB nocTpoe­
HHH A, B, B HBHjiocb (jDyH/jaMeHTajibHoe noHHTHe xapaicmepucmmecKou 
onepamop-cpyHKiifUU HecaMoconpnjKeHHoro onepaTopa. 3Ta CJ^HKUHH 
xapaKTepH3yeT oTJinqne onepaTopa OT ero conpnHteHHoro. Ee 3Haqe-
HHHMH HBJIHIOTCH OnepaTOpbl QKaTHH nO OTHOHieHHIO K HeKOTOpOH, 
Boo6in,e roßopn, HĤ ecfìHHHTHOH MeTpHKe. 3TO noHHTHe npeTepneßaeT 
3BOJIKDUHIO, KOTopan eme He 3aBepniHjiacb. 

BaxŒyio pojib B TeopHH onepaTopoB HrpaioT BceB03M05KHbie Myjib-
THnjiHKaTHBHbie CBOHCTBa xapaKTepncTHqecKOH onepaTop-^yHKUHH. 
JXo He/jaBHero BpeMeHH KOHTHHyajibHoe MyjibTHnjiHKaTHBHoe npe#-
CTaBJieHHe xapaKTepncTHqecKOH onepaTop-^yHKUHH y#aßajiocb nojiy-
qHTb TOJibKo Ha ocHOBe npe^BapHTejibHbix qncTO aHajiHTHqecKHX 
H Tpy^HHX HCCJieÄOBaHHH no TeopHH aHaJIHTHqeCKHX MaTpHU-cJtyHKUHH. 
B HacTonmee BpeMH, HaoöopOT, MHorne H3 STHX pe3yjibTaT0B TeopHH 
MaTpHu-ĉ yHKUHÖ nojiyqaioTCH KaK cjie/jCTBHe pa3JinqHbix oömnx 
nojiojKeHHÖ TeopHH onepaTopoB. 3Ta KOHKypeHUHn npo/jojixtaeTcn. 

CymecTBeHHyio pojib B yKa3aHHOM c^BHre cbirpajio nocTpoeHHe Teo­
pHH a6cTpaKTHoro TpeyrojibHoro HHTerpajia H TeopHH (J)aKTOpH3aii;HH 
onepaTopa no ßaHHoß uenoqKe npoeKTOpOB. 

HcKjnoqHTejibHan pojib npHHa/yie^KHT xapaKTepHcraqecKOH one-
paTop-(|)yHKi];HH B nocTpoeHHH KOHTHHyajibHbix aHajioroB TeopHH sjie-
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MeHTapHbix ÄGJiHTejiefl. noHHTHio KjieTKH >KopÄaHa H3 JiHHeÖHOH ajireö-
pbi B TeopHH onepaTopoB cooTBeTCTByeT noHHTHe odnoKAemoHuoao one­
paTopa. jOUiH onepaTopoB pn^a BascHbix KJiaccoB ycTaHOBJieHbi KpHTe-
pHH HX OßHOKJieTOqHOCTH'. JX^^ OnepaTOpOB HeKOTOpblX KJiaCCOB 
y^aeTcn ycTaHOBHTb B03M0HCH0CTb HX pa3Jio)KeHHH B «Kocyio cyMMy» 
oAHOKjieToqHbix. 

YcTaHOBjieH pH£ npH3HaKOB no^oÖHH onepaTopoB. Haö/jeHbi pa3-
jinqHbie KpHTepHH noÄOÖHn cHcaTHH (AHccHnaTHBHoro onepaTopa) 
yHHTapHOMy (caMOconpn>KeHHOMy) onepaTopy; HeKOTOpbie H3 HHX 
BecbMa 3aMeqaTejibHbi. 

A. H. M a Ji b u e B 

0 HEKOTOPblX norPAHHHHMX BOnPOCAX AJirEBPbl 
H MATEMATH H EC KO ft JIOrHKH 

1. npHMeHeHHe cpe^cTB MaTeMaraqecKoft jiorHKH H TeopHH ajiro-
pHTMOB K pemeHHio npoöjieM ajireópbi: 

a) npHMeHeHHH O6IH,HX TeopeM TeopHH H3biKa 1-fi cTyneHH, B qacT-
HocTH TeopeMbi KOMnaKTHocTH, K TeopHH rpynn H TeopHH H^eajiOB. 
HeoöxoÄHMocTb Bbixo^a 3a npe/jejibi H3biKa 1-S cryneHH. Cneunajib-
Hbie TeopHH 2-H CTyneHH. HeKOTOpbie OTKpbiTbie npoôjieMbi. 

6) npHMeHeHHe TCXHHKH nojiHbix Teopno H yjibTpanpOH3Be,neHHH. 
BMXOJJ B TeopHio nojieö H TeopHio KBa^paTHqHbix cj)opM. 

B) npHMeHeHHH TeopHH ajiropHTMOB. CTpoeHHe 3JieMeHTapHbix 
TeopHH H TeopHH OieUHaJIbHblX THnOB. 

2. Bo3iniKnoBenHe HOBbix ajireöpanqecKHx cTpyKTyp B jiorHKe 
H TeopHH ajiropHTMOB. Pa3BHTHe oömeft ajireöpbi KaK yqeHHn o CBOH-
CTBax KJiaccoB ajireôpanqecKHx CHCTCM H (J)opMajibHbix H3biKOB, Ha KOTO-
pbix onHCbiBaiOTcn. KJiaccbi. KJiaccbi cneunajibHbix THnoB. MHoro-
o6pa3HH H KBa3HMHoroo6pa3HH. HTepaTHBHbie ajireópbi H MHoro-
o6pa3Hn nocTa. TepMajibHan SKBHBajieHraocTb MHoroo6pa3HH. TeopHH 
KJIOHOB H KjiaHOB. npoöjieMa (f)opMajibHoro H3biKa AJIH STOH TeopHH. 

H. H. n a T e ii K n M - 111 a n n p o 
ABTOMOP4>HbIE 4>YHKUHH H APH4>METHHECKHE rPYnnbl 

He^aBHO (CM. [1] H [2]) ôbijio £0Ka3aH0, qTO nojie (J^HKUHH, 
aBTOMop(f)Hbix OTHOCHTejibHO J11060H apHcJMeraqecKOH rpynnbi, Bcer^a 
HBjineTcn nojieM ajireöpanqecKHx (f)yHKUHÖ. O^HaKo HeH3BecTHbi 
noßpoÖHOCTH cTpoeHHH TaKHx nojieö. KaK npaBHjio, HeT OTBCTOB 
Ha Bonpocbi, name caMbie nepBOHaqajibHbie c ToqKH 3peHHH cneunajiH-
CTa no ajireöpanqecKOH reoMeTpHH. HanpHMep, HeH3BecTHO, Kor^aTaKoe 
nojie HBJineTCH nojieM pauHOHajibHbix (J^HKUHH OT n He3aBHCHMbix 
nepeMeHHbix HJIH me Kor#a TaKoe nojie ecTb nojie oömero nojiosceHHH, 
T. e. HeKOTopan KpaTHOCTb KaHOHHqecKoro Kjiacca onpe^ejineT Heoco-
6yio Mo^ejib nojin. 
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Cjie/jyeT oTMeraTb, qTo B TeopHH aBTOMop(})Hbix rJtyHKijHH OT o#Horo 
nepeMeHHoro OTBCT Ha STH Bonpocbi xopomo H3BecreH. 

B nocjie^HHe ro^bi noHBHjiHCb MeTo^bi (MeTOß A. Cejiböepra äJIH 
noflcqeTa pa3MepHOCTH npocTpaHCTBa aBTOMop(J)Hbix (})opM, a TaKHce 
KOHCTpyKUHH HeOCOÖOH KOMnaKTH^HKaUHH), C nOMOIUbK) KOTOpblX 
M O ä H O oscH^aTb 3HaqHTejibHoro nporpecca B STOH oôjiacTH (CM., Hanpn-
Mep, [3]). 

KaK xopomo H3BecTHO, BCHKoe nojie aJireópanqecKHx (J^HKUHH 
OT o^Horo nepeMeHHoro MoxceT 6biTb yHH(})opMH3HpoBaHo, T. e. HBJineTCH 
HeKOTopbiM nojieM aBTOMop(J3Hbix 4>yHKUHH. B TeopHH aJireöpanqecKHX 
(})yHKUHH OT HecKojibKHx nepeMeHHbix nojio>KeHHe coBceM ^pyroe . 

YHH(})OpMH3HpyeMbie nOJIH HBJIHIOTCH pe^aÖUIHMH HCKJIIOqeHHHMH. 
npoöjieMa BbiHCHeHHH, KaKHe nojin yHH(})opMH3HpyeMbi, a KaKHe HeT, 
npe^cTaBJineTCH Tpy^HeHHiefl sa^aqeo , pemeHHe KOTOpofi, BeponTHO, 
cMoxceT ocBeTHTb no-HOBOMy pojib H MecTO coBpeMeHHOH TeopHH aBTO-
Mop(|)Hbix 4)yHKUHH MHorHx KOMnjieKCHbix nepeMeHHbix. EcTb Bee 
ocHOBaHHH oHŒ/jaTb, qTo JiioSan AHCKpeTHan r p y n n a aHajraraqecKHx 
aBTOMOp(})H3MOB CHMMeTpHqeCKOH OÓJiaCTH (c KOHeqHbIM 06"beM0M (})aK-
TOp-npOCTpaHCTBa) 3a TpHBHaJIbHbIM HCKJIIOqeHHeM pa3MepHOCTH 1 
HBJineTCH apHcJMeraqecKOH rpynnoft. ECJIH 6bi STO öHJIO ÄOKa3aHO, 
TO c(J)opMyjiHpoBaHHan Bbiuie npoöjieMa cBejiacb 6bi K cjie^yiomeft: 
onHcaTb Bee nojin, yHH(})opMH3HpyeMbie apH(f)MeTHqecKHMH rpynnaMH. 
B03MOÄH0, qTo xapaKTepncTHKa TaKHx nojieft COCTOHT B TOM, qTO OHH 
oójia^aioT Mo^ejiHMH, y KOTopbix Hepa3BeTBjieHHbie HaKpbiTHH B HeKO-
TOpOM CMblCJie OßHOpOßHbl [4 ] . 

B HacToninee BpeMH o6e STH 3a^aqn: BbincHeHHe, Bee JIH ^HCKpeTHbie 
rpynnbi c ecrecTBeHHbiMH #onojiHHTejibHbiMH ycjioBHHMH HBJIHIOTCH 
apH(})MeTHqecKHMH, H KaKOBa cTpyKTypa nojieö, yHH(J)opMH3HpyeMbix 
apH(})MeTHqecKHMH rpynnaMH, Ka>KyTcn o^HHaKOBo Tpy^HbiMH. 
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S h. S. A b h y a n k a r 

ON THE PROBLEM OF RESOLUTION OF SINGULARITIES 

The Resolution Problem can be stated thus: Given a function 
field K over a pseudogeometric dedekind domain k does there exist 
a nonsingular projective model of K over ki 

By a pseudogeometric dedekind domain we mean a noetherian 
integral domain k such that: k is integrally closed in its quotient 
field; every nonzero prime ideal in k is maximal; and the integral 
closure of k in any finite algebraic extension of the quotient field 
of k is a finite ^-module. Note that every field is a pseudogeometric 
dedekind domain and so is the ring of ordinary integers. By a func­
tion field over a noetherian integral domain k we mean a finitely 
generated field extension K of the quotient field of k; by a projective 
model of K over k we mean a set X of local rings for which there exists 
a finite number of nonzero elements xQ, Xi . . ., xm in K such that K 
is the quotient field of k [xjxo,. . -, JCm/jc0]andX = F0U Vi U •••U^m 
where V* is the set of all quotient rings of k [x^lx^xjxu • • -, xm/Xi] 
with respect to the various prime ideals in& lx0/xi, xjx%, . . ., xmlx{[\ 
X is said to be nonsingular if every element in X is a regular local ring. 

Let K be a function field over a pseudogeometric dedekind domain 
k, let n' be the transcendence degree of K over k, and let n be the 
absolute dimension of K over k, i.e., n = n' if k is a field, and n = 
= n' + 1 if k is not a field. The Resolution Problem has been settled 
affirmatively, so far, in the following cases: For n = 1 the solution 
is classical. For n = 2 when k is field of complex numbers by Alba­
nese, Levi, Walker, and others. For n < 3 when k is a field of charac­
teristic zero by Zariski. For n arbitrary when k is a field of cha­
racter ise zero by Hironaka. For n = 2 when kIP is perfect for 
every maximal ideal P in k by Abhyankar; note that the second 
condition is satisfied if k is a perfect field and also if k is the ring of 
ordinary integers. For n = 3 when k is an algebraically closed field of 
characteristic different from 2, 3, and 5 by Abhyankar. 

H. B a s s 

WHITEHEAD GROUPS AND GROTHENDIECK GROUPS 
OF GROUP RINGS 
1. INTRODUCTION 

The Whitehead group, Wh (n), of a group u was introduced by 
J. H. C. Whitehead (see [16]) in connection with his theory of simple 
homotopy types. Until quite recently the 1940 thesis of G. Higman 
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[7] remained the only source of effective calculations of these groups. 
The last few years have witnessed not only a substantial extension 
of Higman's work, but also an expanded geometric significance of 
Wh (JT), deriving from the A-cobordism classification theorem of 
Barden-Mazur-Stallings (see, e.g., [8, §§ 10-11], or [9, exposé 7]). 

The algebraic theory of Wh (JT) is now seen to be closely tied up 
with that of KoZn, the "Projective class group" of Zn (see definitions 
and Theorem 5.6 below). Quite independently of this connection, 
C. T. C. Wall [15] and L. Siebenmann [11] have introduced geometric 
invariants in KoZn which suggest some analogy with Whitehead's 
torsion in Wh (jt). Consequently, to determine Wh (jt) it is both tech­
nically necessary and geometrically interesting to study KoZn as well. 

I propose to survey here the few cases in which reasonably comp­
lete calculations of Wh(jt) and KoZn have been made. These cases 
are, essentially, when jt is finite, abelian, or a free product. We begin 
with the relevant definitions, for which one can consult [1, Ch. Ill] 
or [81 for further details. 

If A is a ring KQA denotes the "Grothendieck group" of finitely 
generated projective left A -modules, and the quotient modulo the 
subgroup generated by free modules is denoted by KQA . 

GL (A) = (Jn:>i GLn (A), the infinite general linear group, and 
E (A) is the subgroup generated by "elementary matrices". We have 
the commutator formula of Whitehead, E (A) = [E (A), E (A)] = 
= [GL( A), GL ( A)], and we write 

KiA = GL(A)/E(A). 

The definition supplies homomorphisms GLn (A) ->• K±A, and for 
n = 1 we write U (A) = GL± (A) -> K±A. If A is commutative then 
det: GLn (A) -> U (A) induces a splitting, 

KiA = U{A) + SKiA; SKiA = SL (A)IE (A). 

If jt is a group then ± jt cz U (Zn) so we can define 

Wh (jt) = coker ( ± n -> KiZn) 

Thus, in case JT is abelian, Wh (jt) = (U (Zn)/± jt) + SKiZn. 

2. FINITE GROUPS 

Throughout this section JT is a finite group. 

T h e o r e m 2.1 (Swan [13]). A finitely generated projective 
left Zn-module is isomorphic to the direct sum of a free module and 
a projective ideal. KoZn is a finite group. 

Swan has obtained further, and more precise, information on KoZn 
in [14]. To indicate the flavor of the problem we mention: 
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E x a m p l e 2.2. (Reiner-Rim, see [10] and [11, appendix]). 
If jt is cyclic of prime order p then KoZn is isomorphic to the ideal 
class group of the field of pth roots of unity. 

Next we discuss Ki- Let p : JT -•- GLn (R) be a real representation 
of jt.p extends to a ring homomorphism p : ZJT ->- Mn (R) (n X n 
matric algebra) which yields 

KlZn _i^L> KWn (/?) ~ ^ U (/?) - g i > /?. 

The composite of this with ± jt -> KiZn is trivial (R is torsion free) 
so we obtain an induced homomorphism fp: Wh (jt) —>/?. Let p4, . . . , pr, 

resp., 01? . . . , Gg denote the distinct (up to isomorphism) 

irreducible real, resp., rational representations of at, and^ define 
nij by at = + titjpj. Let 

/ = ( A y . . . , /p r ) :Wh(j t )^>/? ( r ) . 

T h e o r e m 2.3 (cf. [2, Theorem 1]). ker f is a finite group and 
im f is a lattice of rank r — q in the subspace defined by the equations 

2 nijXj = 0, 1<*'<<7. 

We - have the following determinations of r and q: 

T h e o r e m 2.4 (see [6, Theorem 42.8]). 
(a) (E. Artin) q = the number of conjugacy classes of cyclic sub­

groups of Jt. 
(b) (S. D. Berman, E. Witt) r = the number of conjugacy clas­

ses of unordered pairs {x, x'1}, x £ JT. 
We next give generators and relations for a subgroup of finite 

index in Wh (jt). This result was formulated, conjectured, and 
proved for cyclic groups of prime order, by Milnor. Milnor relied on 
(2.3) and on a theorem of Franz (see [9, expose 1]), and the general 
case was proved in [2] by generalizing Franz's theorem. 

Suppose t £ jt and s = f both have order m. If / > 0 is a multiple 
of cp (m) (Euler (p) then 

[*//]'=(i +t+... + ^ i ) ' + - L = ^ (i + t+... + r - i ) 

is a unit in Zjt. 

T h e o r e m 2.5 (cf. [2, Theorem 5]). Suppose n has exponent 
e (i.e., xe = 1 for all x Ç Jt) and that f is a multiple of (p (e). Let S de­
note the set of all (sit) = the image in Wh (jt) of IsltV £ U (Zn). Then 
S generates a subgroup of finite index in Wh (jt), and a complete set 
of relations between these generators is: For each, s, t, u £n generating 
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the same cyclic subgroup, and for each x 6 Jt, 

(s-i/t) = (s/t), 

(slt)(tlu) = (slu), 
(xsx^/xtx'1) = (s/t). 

3. FINITE ABELIAN GROUPS 

Let Jt be finite and abelian, so that 
Wh (m) = (U (Zn)l± Jt) + SKiZn. 

P r o p o s i t i o n 3.1 (G. Higman [7]). U(Zn/±n) is tor-
s ion free. 

C o n j e c t u r e 3.2. SKiZn = 0, so Wh (jt) = U (Zn)/± n. 
This conjecture is almost certainly true. It would follow (see [8, 

appendix]) from the fact that, if A is the ring of integers in a cyclo-
tonic field then, for sufficiently large n, a subgroup of finite index in 
SLn (A) contains a "congruence" subgroup». Various efforts of Men-
nicke, Milnor, Serre, and the author have almost succeeded in pro­
ving the latter, and have at least proved enough to imply that SK\Zn 
is a finite 2-group. 

Combining (2.3), (2.4), (2.5), (3.1), and (3.2) we get a fairly clear 
picture of Wh (jt) = U (Zn)/± n for finite abelian Jt. The missing 
ingredient is a description of U (Zn) modulo the group generated by 
the units of Theorem 2.5. This appears to be a rather delicate arith­
metic problem. 

A natural question suggested by (3.1) and (3.2) is: Is Wh (jt) 
torsion free for any finite group n? By virtue of Theorem 2.3 a special 
case of this question is: Is Wh (jt) = 0 for n a symmetric group? 

4. FREE PRODUCTS 

The situation when Jt = nt * jt2 is a free product is quite satis­
factory. 

T h e o r e m 4.1 (Stallings [12]), Wh (jtt * jt2) = Wh (nj + 
+ Wh (Jt2). 

T h e o r e m 4.2 (G. Higman [7]), Wh (Z) = 0. 
C o r o l l a r y 4.3. Wh (n) = 0 if n is a free group. 
Only 4.3 has been generalized to Ko-

T h e o r e m 4.4 ([3]). / / Jt is a free group then projective Zn-
modules are free, so Ko Zn = 0. 

Q u e s t i o n : Is Ko (Z [jt2 * Jt2]) ^ KoZni + KoZn2? This seems 
to be rather plausible. 
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5. ABELIAN GROUPS 

The calculations for abelian groups reduce, after a simple direct 
limit argument, to the finitely generated case. Finite groups were 
handled in §§ 1—2 above, so we are led to study the passage from 
jt to Jt x T, T a free abelian group. If A = Zn then Z [n X T] = 
= A [T]; this explains the formulation of some of the results to 
follow. 

Let A be a commutative ring with no non-trivial idempotents, 
e.g. Zjt for any abelian Jt. Then a finitely generated projective module 
P has a well-defined "rank»" r > 0 (see, e.g. [1, § 15]) and we write 
det P = ArP. This induces a canonical epimorphism 

det:/Co4->Pic(i4), 

where Pic (A) denotes the group, under x A> of projective /1-modules 
of rank one. 

T h e o r e m 5.1 (Bass—Murthy [5]). For any abelian group 
jt, KoZn->- Pic (Zjt) is an isomorphism. 

T h e o r e m 5.2 (Bass—Murthy [5]). Let n be a finite abelian 
group of order m and let T be a free abelian group of rank r > 0. Then 

Pic (Z [Jt x T]) = Pic (Zjt) + N0 (jt, T) 

where No (n, T) is a group of exponent a power of m, and 
= 0 if m is square free 

, is not finitely generated, otherwise. 
An explicit description of N0 (n, T) is given in [5]. 
C o r o l l a r y 5.3. If n is a finitely generated infinite abelian 

group then KoZn is a torsion group of bounded exponent, and it is fi­
nitely generated if, and only if, torsion subgroup of n is cyclic of square 
free order. 

Next we consider Wh (jt). 
P r o p o s i t i o n 5.4. ([2, § 11]). Let n be an abelian group 

with torsion subgroup nQ. Then 
U(Zn)/± n^U(Zjt0)/± Jt0, 

a torsion free group (cf. (3.1.)). 
P r o p o s i t i o n 5.5 ([1], 4.2 (b) and 11.1). Let n be a finite 

and let T be a free abelian group of rank r > 0 . For n >> r + 1 the 
natural map GLn (Z {n x T]) -> Wh (jt x T) is surjective. 

T h e o r e m 5.6 (see Bass—Heller —Swan [4]). Let A be 
a ring and let T be an infinite cyclic group with generator t. 

(a) There is a natural isomorphism 
KiA [T] G* KiA + K0A + Ni (A) 
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where Ni (A) is the group generated by images in K\A (T) of all 
matrices I + (t±i—1) Y, where Y is a nilpotent matrix over A. 

(b) / / A is left noetherian and if every finitely generated left A-mod-
ule has a finite projective resolution then the same is true of A [T], and 
every unipotent matrix in GL (A) represents zero in K\A. Moreover 
KoA IT] = KoA. 

If A = Zn is left noetherian then the remaining condition in (b) 
means that jt has finite cohomological dimension. 

Using Theorems 5.1, 5.2, and 4.6 plus a slight additional argument 
we obtain the following description of Whitehead groups of finitely 
generated abelian groups. It settles, in particular, a question of 
Milnor (see [2, § 11]) about their finite generation. 

T h e o r e m 5.7. (Bass—Murthy [5]). Let n be a finite abelian 
group of order m and let T be a free abelian group of rank r. Then there 
is a natural decomposition of the form 

Wh (jt x T) = Wh (Jt) + (T x Pic (Zjt)) + Ni (Jt, T). 
Moreover, 

(a) Each element of Ni (n, T) has order dividing a power of m; 
(b) N± (n, T) = 0 if Jt - 0 or if r = 0; and 
(c) // r > 2 and if m is not square free then Ni (n, T) is not fi­

nitely generated. 
Note that Wh (jt) = U (Zn)/± n plus a finite 2-group, probably 

zero (3.2), and that U (Zn)/± n is a torsion free group (Proposi­
tion 3,1) of known rank (Theorems 2.3 and 2.4). Moreover Pic (Zjt) ^ 
^ K0Zn (Theorem 5.1) and it is a finite group (Theorem 2.1). Conse­
quently Wh (jt) and Wh (jt x T) have the same rank. In view of 
Theorem 5.2 it is tempting to conjecture that, for r > 0, Wh (JT x T) 
is finitely generated if, and only if, m is square free, and perhaps even 
that Ni (JT, T) = 0 in this case. 
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B. J. B i r c h 

RATIONAL POINTS ON ELLIPTIC CURVES 

Let C be an elliptic curve defined over the rationals with at least 
one rational point; so C is an abelian variety of dimension 1. The 
set of rational points of C form a subgroup, call it C (Q), of the group 
of points of C; Mordell has shown that C (Q) is finitely generated. 
There are effective methods of determining the points of C (Q) of 
finite order; the problem is, how may one determine g, the number of 
independent generators of infinite order? Apparently there is a consid­
erable theory waiting to be discovered; at any rate, there are many 
interrelated conjectures as to what such a theory should be. 

At the Stockholm congress, Cassels described certain conjectures 
due to Swinnerton — Dyer and the speaker, by which g was related to 
the zeta function of the curve C. Let Np be the number of points on 
the modulo p reduction of C; then tp (s) = £> (s) £ (s—1)/L(s),& where 
t(s) is the Riemann zeta function and 

L(s)=U(i+(NP-p-i)p-s+pi-2sri 

is an infinite product taken over primes for which C has a good reduc­
tion. Hasse has conjectured that L (s) may be continued meromorphically 
over the whole plane—we conjectured that L (s) has a zero of order 
precisely g at s = 1. When g = 0, we interpreted L (1) in terms of the 
order | UI| of the Tate—Safarevic group (conjectured to be finite!). 
I will report on some subsequent history of this conjecture. 

Four years ago, we were unable to interpret L^(\) for g > 0 , 
essentially because there was no canonical measure available for the 
height of a point on an elliptic curve. Shortly afterwards, such a mea­
sure was provided by Tate and Néron; the appropriate extension of 
our conjecture is 

L.{s)„\m\*««\{a_l)tttS8-+i. (A) 

Here, L*(s) is L (s) modified by appropriate factors for the primes 
for which C has a 'bad' reduction; / is the number of points of finite 
order of C(Q); and H is the matrix of the quadratic form on C (Q) given 
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by the Néron height. As is natural, the formula is exceedingly similar 
to Ono's evaluation of the Tamagawa number of algebraic tori. As 
an important first step, Cassels has proved the fairly deep result that 
(A) is compatible with isogenies. On the computational side, (A) has 
been verified by N. M. Stephens for a large number of cases when C 
has the form y3 = x3 — A; unfortunately these seem to be the only 
direct verifications with g>l. 

It is straightforward to generalize (A) to the case where C is re­
placed by a general abelian variety V over a number field K\ in fact, 
the situation is clarified, since one now makes a proper distinction 
between V and its dual variety V. By the Mordell—Weil theorem, 
the group V (K) of /("-rational points is still finitely generated, say 
with g generators; to generalize (A), we replace f2 by // ' where f is 
the number of points of V (K) of finite order and f is the number of 
/("-rational points of finite order of V'\ and we replace the matrix H 
by the matrix of a bilinear form on V' (K) X V (K) induced by the 
Néron height. The formula has reasonable functorial properties rela­
tive to taking products, changing the ground field, and (according to 
Tate) isogeny. There is practically no direct evidence for it except in 
the case of an elliptic curve over the rationals; however, Tate has 
generalised it further, and he and M. Artin have had considerable 
success in attacking the geometric analog when the ground field K is 
a function field of characteristic p. For instance, as a very particular 
case, they are able to show that two abelian varieties over a finite 
field kq are isogenous if and only if they have the same zeta function. 

Recent work of Shimura and Weil gives hope of progress in the 
original case of an elliptic curve C over the rationals. Using Néron 's 
theory of the miçiimal model of C, we may define an arithmetic invari­
ant, the conductor N of C; this is essentially the product of the primes 
p for which the minimal model has a bad reduction modulo p, raised 
to powers which measure how bad the reduction is. Weil has strength­
ened Hasse's conjecture: he supposes that the zeta function of C 
and all the L-functions of C have meromorphic continuations, and that 
they satisfy appropriate functional equations involving N. He shows 
that if this is so, then the zeta function of C must be a transform of 
a holomorphic differential on HIT0 (N) (the upper half plane factored 
by T0 (N), the subgroup of the modular group represented by matri­
ces (a . j with c = 0 (N)). Accordingly, in attempting to verify our 

conjecture, it is reasonable to restrict oneself to curves which are 
uniformised by modular functions. The situation immediately becomes 
more hopeful: it becomes relatively easy to show that L* (1) is 
rational, and the actual computation of L* (1) is greatly simplified. 
For a large class of curves, it may be proved that if | III | is finite then g 
has the same parity as the order of the zero of L* (s) at s = 1. It may 
even be possible for certain classes of curves to show that g>\, 
without having to display a generator explicitly. 
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E. B i s h o p 

THE CONSTRUCTIVE DEVELOPMENT OF ABSTRACT ANALYSIS 

It is generally thought that a constructive development of mathe­
matics would entail a great sacrifice, due to the invalidation of many 
results and the complication of many proofs. A thorough examination 
of large portions of abstract analysis indicates this is not the case. 
Of course it is true that those results — for instance results depending 
on the existence of ultra filters — which make essential use of trans-
finite methods are not to be saved. However it is interesting to note 
that these results fail in the constructive system because they involve 
a sweeping use of the law of the excluded middle, not because they 
use the axiom of choice. A choice function does exist constructively, 
because the assertion of an existence implies a choice has already 
been made. 

Constructive in the sense we are using it means computable, and 
affirmative. No essential use is made of negation. It has nothing to do 
with recursive functions or dinky systems which purport to formalize 
the notion of constructivity. The meaning of "constructive" can be 
obtained by taking the term as used by Brouwer and subtracting his 
calculus of negation and his metaphysics. 

Results that have been proved constructively (more accurately, 
have been constructivized) include various compactness results (such 
as Ascoli's theorem), complex analysis through the Riemann mapping 
theorem (this is simple), the Riesz representation theorem, the Lebes-
gue integral including Fubini's theorem, the theory of differentiation 
of set functions (including differentiation of functions of bounded 
variation and the ergodic theorem), the Hahn—Banach theorem, the 
spectral theorem, the Krein—Milman theorem, the existence of Haar 
measure (after Cartan), the theory of locally compact Abelian groups 
(Pontryagin duality and Fourier transform), and the theory of Banach 
algebras (where means must be found to circumvent the non-compact­
ness of the spectrum and the non-existence of maximal ideals). 

No attempt has been made to treat the nonseparable case. While 
this could be done in principle, it does not seem worthwhile to develop 
a constructive theory whose set of constructive applications is 
almost void. 

W. B r o w d e r 

ON THE EMBEDDING PROBLEM FOR SMOOTH MANIFOLDS 

If Mn is a smooth 1-connected manifold of dimension n and Wn+k 

is another of dimension n + k, and important problem is to give 
conditions for the embeddabrlity of M in W and to classify these 
embeddings. The basic results of Whithey and Haefliger have given 
a significant start in this direction, for large codimensions k. In this 
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talk I shall indicate a way of reducing such questions to problems in 
homotopy theory for codimensions k =fc 2. For simplicity we shall 
restrict ourselves to the case where dM = dW = 0, although analog­
ous theorems hold with non-empty boundaries, with additional 
hypotheses. 

First we consider k = 1. 

T h e o r e m A. Let X and Y be two spaces with Hn (X) = 
= Hn (Y) = 0, and let Q be a space satisfying Poincaré duality in 
dimension n, n > 5 , Q 1-connected, and QczX and Q cz Y so that 
(X, Q) and (Y, Q) satisfy the homotopy extension property, and 
X fi Y = Q. Let Wn+1 be a closed smooth 1-connected manifold and 
h : W -+• X [} Y be a homotopy equivalence. Further suppose 
^2 (X, Q) = n2 (Y, Q) = 0. Then h is homotopic to k such that 
fc-i (Q) = N, kr1 (X) = A, kr1 (Y) = B, A and B are submanifolds of 
W with A(]B = dA = dB = N and k restricted is a singular homo­
topy equivalence of A with X, B with Y and N with Q. Further, A, B 
and N are unique up to pseudo-isotopy of W. 

(J. Wagoner in his thesis showed how to weaken the hypothesis 
on n2, and D. Sullivan subsequently showed how to remove it alto­
gether.) 

The proof of Theorem A depends on the process of exchanging 
handles inside W to simplify the inverse images, in a way similar to 
my paper "Structures on M X Rn in Proc. Camb. Phil. Soc. 1965. 
The ability to find disks depends on a theorem of I. Namioka in Proc. 
L.M.S. 1962. In the middle dimension, a modification of technique 
is nesessary due to the inability to find non-singular disks. 

Theorem A gives a starting point for studying the embedding prob­
lem for other codimensions, namely we may first try to embed up to 
homotopy a disk bundle and sphere bundle over M, and then try 
to embed M in these subspaces. With the aid of Haefliger's theorems 
this gives us results immediately in the metastable range. Specializ­
ing to W = Sn+k and combining our results with a theorem of M. 
Hirsch in Topology 1966 we get the following generalization of a 
theorem of J. Levine (in Bui. A.M.S. 1963). 

T h e o r e m B. Let Ni71 be a closed smooth 1-connected manifold, 

and let k>^- . Let I be a (k—l)-spherical fibre space over M with 

Hn+k (T(l)) consisting of spherical classes (where T (I) = M [} 
U C (E, I)) is the Thorn complex of l, E (I) the total space of £). 
Then Mn embeds in Sn+k, with normal bundle v such that v is fibre 
homotopy equivalent to | . 

Below the metastable range we may employ Theorem A together 
with the techniques of surgery developed by J. Levine in Annals of 
Math. 1965, to prove existence and pseudo-isotopy theorems for 
embedding. We indicate one such: 
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T h e o r e m C. Let (W, Mi) and (W, M2) be two embeddings 
of a closed smooth 1-connected n-manifold M in a closed smooth 
1-connected (n + A)-manifold W, with normal bundles v± and v2. 
Let EQ (Vì) be the Rk — 0 bundle associated to vt. Suppose that 
n2 (W — Mi, E0 (Vì)) = 0, n is even, n>6 and k > 2 . Then 
the pairs (W, Mi) and (W, M2) are pseudo-isotopie (A-cobordant) if 
and only if there exists a linear bundle map b : v4 -*• v2 covering a 
homotopy equivalence e : M i - > M2, and a homotopy equivalences' : 
W—Mi^-W — M2 such that (1) the diagram 

(1) the diagram 

£o (vi) —^-> E0 (V2) 

W-Mi —^->W~M2 

commutes up to homotopy, where the vertical maps are inclusions, and 
(2) the map of W ->- W induced by e, bo, g is homotopic to the 

identity. 
For n odd a similar theorem holds, up to the action of a subgroup 

of the group of knotted homotopy n-spheres in Sn+k. 
These theorems and the analogous existence theorems generalize 

the results of Levine's paper on differentiable knots in the Annals 1965. 
Using the strengthening of Theorem A due to Wagoner or Sullivan, 
one may remove the hypothesis on n2 in these theorems. 

A. P. C a l d e r o n 

ESTIMATES FOR SINGULAR INTEGRAL OPERATORS 

A discussion of metric and algebraic properties of singular integ­
ral operators in various functional spaces in terms of metric proper­
ties of their symbols and kernels. 

J. C e r f 

ISOTOPIE ET PSEUDO-ISOTOPIE 

1. ÉNONCÉ DU RÉSULTAT 

Soit V une variété differentiable de classe C°°. Le groupe S des 
difféomorphismes de V X [0, 1] qui induisent l'identité sur V X {0} 
s'appelle groupe des pseudo-isotopies de V; *§ est muni de la topolo­
gie C°°. 

T h é o r è m e . Si V est compacte, sans bord, si ni (V) = n2 (V) = 
= 0, et si dimension F > 9 , alors & est connexe. 
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C o r o l l a i r e . Pour n > 9 , jt0(Diff Dn+1) = 0, n0 (Diff Sn) 
est isomorphe à Tn+i, et nt (Diff Sn) est une extension de Tn+2. 

R e m a r q u e s . 1) Je ne connais pas de contre-exemple lorsque 
Jtt (V) ou n2 (V) sont =£ 0. 

2) Les premiers exemples de nt (Diff Sn) non triviaux pour i> 1 
sont dus à S. P. Novikov; à ma connaissance on ne sait rien sur 
Jtf {S) pour / > 1. 

2. MÉTHODE 

Soit g? l'espace des fonctions différentiables: V X ([0, II, 0, 1) ->• 
-^ ( [0 , 1], 0, 1). Le groupe 1§ est homéomorphe au produit d'un 
espace contractile (le groupe des isotopies de V) et du sous-espace % 
de g? formé des fonctions qui n'ont aucun point critique. L'espace jf 
étant convexe, on est ramené à montrer jt± (jf, %) = 0, ce qui appa­
raît comme une généralisation à un paramètre de la théorie de Smale 
sur le A-cobordisme des variétés. 

L'espace^7 est muni d'une «subdivisionco-cellulaire» J^0, j ^ 1 , ...; 
jf° est l'ouvert dense de jp formé par les fonctions de Morse; ^ r l est 
la partie de ÇjF formée des fonctions qui ont une singularité de codimen-
sion 1. Chaque composante connexe o1 de epx est une sous-variété de 
codimension 1 de jF; on lui associe une famille de «chemins élémen­
taires de traversée» définie à l'aide d'un modèle de la singularité 
correspondante. L'espace des lacets relatifs de (g0 (J <fx, %) qui 
sont élémentaires par morceaux définit un système de générateurs 
de JiiC^, %). 

On montre la nullité de ces générateurs par étapes, en utilisant 
la filtration classique de l^

r0 par le sous-ensemble JT formé des foncti­
ons de Morse ordonnées («nice functions») et par les sousensembles JTîJ 
de JT formés des fonctions dont les indices des points critiques sont 
compris entre les entiers i et /. 

On montre (sans aucune hypothèse sur l'homotopie ni sur la 
dimension de V) que chacune des deux opérations suivantes: naissance 
de deux points critiques à un niveau donné; croisement de deux points 
critiques consécutifs ct et c2 tels que / (Ci) > / (c2) et indice ct < indi­
ce c2, ne peut se faire que d'une seule manière à homotopie près. On 
déduit de là la première étape de la démonstration, c'est-à-dire la 
nullité de JC0 («iO» 

Les étapes suivantes utillisent essentiellement deux lemmes 
relatifs à une triade (W, Vu V2) et à une fonction de Morse f : (W, 
Vu V2)-+([0, 1], 0, 1): 

Lemme de croisement des singularités de même indice. On suppose 
que / a en tout q + 1 points critiques, tous d'indice /, tels que 
f (co) >f (Ci) > . . . > / (cq). Soit % l'espace des chemins d'origine / 
dans . ^ U J F \ réalisant le croisement successif de c0 avec ci9 ..., cq. 
Si «i (W) = 0 et si 3<i<dirnW—3, alors n0 (%) est isomophe à 
la somme directe de q copies de Z. 
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Lemme d'unicité des morts. On suppose f^JT. Soient Ci et c2 deux 
points critiques consécutifs de f, tels que ct et c2 puissent être tués 
l'un par l'autre. Soit % l'espace des chemins d'origine / dans jF° U ^ \ 
réalisant cette mort. Si nt (Vt) et n2 (Vi) sont nuls, et si dim Vi>9 , 
alors n0 (%) = 0. 

R e m a r q u e s . La preuve de ce dernier lemme utilise: 
a) une généralisation à un paramètre du théorème de Whitney 

sur la suppression des points doubles; c'est le seul point de toute la 
démonstration du théorème où intervient la nullité du n2. 

b) une généralisation à k paramètres des théorèmes de plonge-
ment de Haefliger; c'est le seul point de toute la démonstration du 
théorème où intervient la condition dim V>9; il semble qu'elle 
puisse être affaiblie ( d i m F > 7 suffit vraisemblablement). 

P. J. C o h e n 

THE INDEPENDENCE OF THE AXIOM OF CHOICE 
AND THE CONTINUUM HYPOTHESIS 

In 1963 the author proved that the statements mentioned in the 
title cannot be proved from the Axioms of Zermelo—Fraenkel set 
theory. This complemented the work of Godei who showed that they 
could not be disproved. The form of the proof is such that it extends 
quite obviously to "higher" systems of set theory obtained by adjoining 
axioms of infinity as well as to Godei—Bernays set theory (which 
as is well-known is essentially equivalent to Zermelo—Fraenkel), 
and to extensions of it by allowing quantification over classes. Thus, 
it would seem that the Continuum Hypothesis is the first example of 
an absolutely undecidable proposition, although various philosoph­
ical viewpoints are possible. 

The method used is the idea of "forcing". This is an inductive 
definition of when a statement in set theory should be considered as 
true in a stronger sense than the usual notion of truth. The defini­
tion is relative to a certain construction and by varying the construc­
tion, models of set theory can be obtained with various properties. 
Several authors have used the method to solve many independence 
questions in set theory. A brief review of these results will be given 
as well as an heuristic account of the origins of forcing. 

J. D i x m i e r 

ESPACE DUAL D'UNE ALGÈBRE OU D'UN GROUPE 
LOCALEMENT COMPACT 

Soit G un groupe localement compact. Si G est commutatif, 
l'espace localement compact G des caractères de G est très connu. 
Dans le cas général., on désigne par G l'ensemble des classes de repré-

43 



sentations unitaires topologiquement irréductibles de G dans des 
espaces hilbertiens, et on munit G d'une topologie (définie par la 
convergence compacte des fonctions de type positif associées aux 
représentations). On peut calculer G dans divers cas simples (groupe 
diédral infini, SL(2, C), certains groupes résolubles par exemple). 
En passant à la C*—algèbre de G, l'étude de G est un cas particulier 
de calle du spectre A d'une C*-algèbre quelconque A. La topologie 
de A peut être définie par plusieurs procédés équivalents; notamment 
c'est la topologie de Jacobson. L'espace A est localement quasi-com­
pact. Si A est de type I, l'espace Â est presque séparé. Lorsque G est 
un groupe de Lie, il y a diverses relations entre G et l'algèbre de 
Lie de G. Lorsque G admet un grand sous-groupe compact, il y a une 
topolpgie raisonnable sur l'ensemble des classes de représentations 
complètement irréductibles de G dans des espaces de Banach. 

A. D o u a d y 

QUELQUES PROBLÈMES DES MODULES EN GÉOMÉTRIE 
ANALYTIQUE COMPLEXE 

1. NOTATIONS 

Le corps de base est le corps C des nombres complexes. 
Les anneaux locaux des espaces analytiques considérés peuvent 

avoir des éléments nilpotents. Si S est un espace analytique, on apelle 
espace analytique au dessus de S un espace analytique X muni d'un 
morphisme p: X -*• S. Si (X, p) et (X', p') sont deux espaces analyti­
ques au dessus de S, on appelle morphisme au dessus de S tout mor­
phisme h de X dans X' tel que p = p' o h. 

Soit X un espace analytique au dessus de S. Pour tout point 
s Ç S, on appelle fibre de X en s et on note Xs l'espace analytique 
p'1 (s). Pour tout ouvert U de S, on appelle restriction de X à U et on 
note Xu l'espace analytique p~1([/) au dessus de U. Si /: S' -> S est 
un morphisme, on note /* X le produit fibre Sr x gX, considéré comme 
espace analytique au dessus de S', et on dit que f*X se déduit de 
X par changement de base. 

On dit que X est propre sur S si le morphisme p est propre; c'est 
une condition topologique qui ne fait intervenir que l'application sous-
jacente à p. On dit que X est plat sur S si le morphisme p est plat, 
c'est à dire si, pour tout point x £ X, l'anneau local öx,x de X en x 
est un module plat sur l'anneau 0s , s , où s = p (x). 

2. LE PROBLÈME DES MODULES LOCAUX POUR UN ESPACE 
ANALYTIQUE COMPACT 

Soient S un espace analytique muni d'un point de base s0 et X0 
un espace analytique compact. On appelle déformation de X0 au 
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dessus de S tout espace analytique X au dessus de S, propre et plat 
sur S, muni d'un isomorphisme i: X0->XS 0 . Soient U et U' deux 
voisinages ouverts de s0 dans S, X et X' des déformations de X0 au 
dessus de U et V respectivement; on dit que X et X' sont locale­
ment isomorphes s'il existe un voisinage V de s0 dans S et un isomor­
phisme h de Xy sur X'\v au dessus V tel que i' = h o i. 

On dira que X est une déformation localement semiuniverselle 
(resp. universelle) de X0 si, pour tout espace analytique pointé S' 
et pour toute déformation X' de X0 au dessus S', il existe un germe de 
morphisme (resp, un germe de morphisme et un seul) / de S' dans S tel 

que X' soit localement isomoprhe à f*X pour un représentant / de /. 
C o n j e c t u r e 1. Tout espace analytique compact X0 admet 

une déformation semi-universelle. 
C o n j e c t u r e 1'. Si X0 est un espace analytique compact 

dont le groupe des automorphismes infinitésimaux H° (X0, GvYo) est 
réduit à 0, X0 admet une déformation universelle. 

Ces conjectures ont été démonstrées dans le cas où X0 est lisse, 
i.e. est une variété, par Kodaira—Nirenberg—Spencer [6] sous l'hypo­
thèse H2(X0, Gzo) = 0 (on trouve alors une variété de modules S 
lisse), puis par Kuranishi [8] sans cette hypothèse. La question est 
toujours ouverte dans le cas général. 

3. LE PROBLEME DES MODULES POUR LES SOUS-ESPACES 
ANALYTIQUES COMPACTS D'UN ESPACE ANALYTIQUE DONNÉ 

Etant donné un espace analytique X, nous appellerons famille 
analytique de sous-espaces analytiques compacts de X paramétrée 
par un espace analytique S tout sous-espace analytique F de S X X 
propre et plat sur S. Si Y cz S X X est propre et plat sur S, pour tout 
morphisme f: S' -> S, l'espace analytique f*Y est propre et plat sur 
Sf et s'identifie à un sous-espace analytique de S' X X, donc constitue 
une famille analytique de sous-espaces analytiques compacts de X 
paramétrée par S'. On dit que Y est une famille universelle de sous-
espaces analytiques compacts de X si, pour tout espace analytique S' 
et toute famille analytique Y' de sous-espaces analytiques compacts 
de X paramétrée par S', il existe un morphisme f: S' -> S et un seul 
tel que Y' = f*Y. Si Y est une famille universelle, on voit, en prenant 
pour S' un espace réduit à un point, que l'ensemble sous-jacent à S 
s'identifie à l'ensemble des sous-espaces analytiques compacts de X. 

Nous avons obtenu [1J le résultat suivant: 

T h é o r è m e 1. Pour tout espace analytique X, il existe une 
famille universelle de sous-espaces analytiques compacts de X. 

Le problème des modules pour les sous-vari étés analytiques com­
pactes d'une variété analytique donnée était beaucoup plus facile 
que le problème résolu par Kodaira—Nirenberg—Spencer et Kurani­
shi. Il était donc naturel de commencer par là l'étude des problèmes de 
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modules pour des espaces analytiques (éventuellement avec singu­
larités). 

Pour résoudre ce problème, nous avons été amené à sortir du cadre 
des espaces analytiques de dimension finie pour considérer des espaces 
analytiques «banachiques». Cette méthode était déjà employée par 
Kuranishi [2], bien que cela n'aparaisse pas explicitement dans la 
première démonstration qu'il a publié de son théorème. Les espaces 
analytiques banachiques ne sont que des intermédiaires, l'espace X 
d'où l'on part et l'espace de modules que l'on construit sont, bien 
entendu, de dimension finie. 

4. LE PROBLÈME DES MODULES LOCAUX POUR LES CLASSES 
DE FIBRES ANALYTIQUES PRINCIPAUX DE BASE ET DE FIBRE 

DONNÉES 

Soit G un groupe de Lie complexe. Pour tout espace analytique X, 
notons Gx le faisceau des germes de morphismes de X dans G. L'ensem­
ble H1 (X; Gx) s'identifie à l'ensemble des classes de fibres analyti­
ques principaux de fibre G sur X. Un morphisme /: Y ->• X définit un 
morphisme f*Gx~+GY, de faisceaux sur Y, d'où une application 
/*: W(X\ GX)~»W(Y; GY). 

Soit X un espace analytique compact. Nous appellerons famille 
analytique d'éléments de H1 (X; Gx) paramétrée par un espace analy­
tique S tout élément de H° (S; R1 n^Gsxx), où JI est la projection 
S X X-+S. Pour tout point s £ S, l'injection is: X-+S X X 
définit un morphisme iî'.Gsxx**- Gx, d'où une application 
e: m (s X X; GSxx) ~> H1 (X; Gx). Si y £ H* (S; Rn*GSxx), on 
note 7s le germe de 7 en s; on a 7S 6 (R1n*Gsxx)s = H1 (s X X; 
Gsxx), et on pose 7 (s) = s (ys) G H1 (X; Gx). 

Si S est un espace analytique muni d'un point de base s0, nous 
apellerons famille analytique locale d'éléments de H1 (X; Gx) tout 
élément 7 de H1 (s0 X X; GSxx)- On dira que 7 est une famille locale 
semi-universelle (resp. universelle) si, pour tout espace analytique S' 
muni d'un point de base s'0 et tout élément 7' g H1 (s'0 X X; Gs'xx) 
tel que e (7') = e (7), il existe un germe de morphisme (resp. un germe 
de morphisme et un seul) / de S' dans «S tel que 7' = (f X Ix)* (y). 

C o n j e c t u r e 2. Pour tout espace analytique compact X, 
tout groupe de Lie G et tout élément y0 £ H1 (X; Gx), il existe une famil­
le locale semi-universelle y d'éléments de H1 (X; Gx) telle que e (7) = 70. 

Dans le cas ou G est abélien, cette conjecture se démontre facile­
ment, pour G = C*, on a mieux: il existe une famille analytique 
universelle paramétrée par le groupe de Picard de X. 

Dans le cas où X est lisse, la conjecture 2 se démontre à partir d'une 
formule de Malgrange et Koszul [7], par des méthodes analogues 
à celles de Kuranishi. Des démonstrations ont été publiées indépendam­
ment par Oniscik et Griffith. 

Dans le cas général, la question est ouverte. Il est vraisemblable 
que, comme cela a lieu dans le cas lisse, ce problème est plus simple 
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que le problème des modules locaux pour les espaces analytiques com­
pacts. En un certain sens, le problème résolu par le théorème 1 revi­
ent à la détermination d'un H°, tandis que les problèmes posés par 
les conjectures 1 et 2 reviendraient à la détermination d'un H1. 
C'est pourquoi nous pensons qu'une démonstration de la conjecture 2 
serait un pas vers celle de la conjecture 1. 

B I B L I O G R A P H I E 

[1] D o u a d y A., Le problème des modules pour les sous-espaces analytiques 
compacts d'un espace analytique donné, Annales de VInstitut Fourier, 
1966, à paraître. 

[2] D o u a d y A., Le problème des modules pour les variétés analytiques 
compactes (d'après M. Kuranishi), Séminaire Bourbaki, n° 277, dec. 1964, 
Institut Henri Poincaré, Paris. 

[3] G r o t h e n d i e c k A., Technique de construction et théorèmes d'exis­
tence en géométrie algébrique, IV: les schémas de Hilbert, Séminaire 
Bourbaki, n° 221, mai 1961, Institut Henri Poincaré, Paris. 

[4] C r o t h e n d i e c k A., Techniques de constructions en géométrie analy­
tique, IX, Quelques problèmes de modules, Séminaire Henri Cartan, 1960— 
1961, Exposé 16, Ecole Normale Supérieure, Paris. 

[5] K o d a i r a K-, S p e n c e r D. C , On the deformation of complex analy­
tic structures, Ânnals of Math., 67, 328—460 (1958). 

[6] K o d a i r a K., N i r e n b e r g L. and S p e n c e r D. C , On the exis­
tence of deformations of complex analytic structures, Annals of Math.y 
68, 450—459 (1958). 

[7] K o s z u 1 J. L. at M a 1 g r a n g e B., Sur certaines fibrées complexes, 
Archiv der Mathematik, 9, 102—109 (1958). 

[8] K u r a n i s h i M., On the locally complete families of complex analytic, 
structures, Annals of Math., 75, 536—577 (1962). 

P. E l i a s 

GAUSSIAN CHANNELS AND FEEDBACK SYSTEMS 

The paper discusses networks (directed graphs) having one input 
node, one output node, and an arbitrary number of intermediate nodes, 
whose branches are noisy communications channels, in which the 
input to each channel appears at its output corrupted by additive 
Gaussian noise. Each branch is labeled by a non-negative real param­
eter which specifies how noisy it is. A branch originating at a node 
has as input a linear combination of the outputs of the branches 
terminating at that node. 

The channel capacity of such a network is defined. Its value is 
bounded in terms of branch parameter values and procedures for 
computing values for general networks are described. Explicit solu­
tions are given for series-parallel and simple bridge networks. 

The general results are applied to the particular networks which 
arise from the decomposition of a simple feedback system into succes­
sive forward and reverse (feedback) channels. When the feedback 
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channels are noiseless, the capacities of the forward channels are 
shown to add. Some explicit expressions and some bounds are given 
for the case of noisy feedback channels. 

F. W. G e h r i n g 

EXTENSION THEOREMS FOR QUASICONFORMAL MAPPINGS 
IN «-SPACE 

Suppose that D and D' are domains in Rn, finite Euclidean n-space 
plus the point oo, and that / is a homeomorphism of D onto D'. Next 
for each point P in D—{oo}—{f~1 (co)} let 

sup \f(X)-f(P)\ 

^ = itoyp^nri/(xw(P)r 
\x—P\=r 

The mapping f is said to be quasiconformal if H is bounded in 
D - {OO }-{/"! (OO)}. 

A domain D is said to be a quasiconformal ball if there exists 
a quasiconformal mapping / of D onto the open unit ball B. The fol­
lowing extension theorem shows that a domain is a quasiconformal 
ball if it has a sufficiently regular boundary. 

T h e o r e m 1. If D and U are domains with C (D) a U and if 
there exists a homeomorphism f of D f| U into B which is quasiconformal 
in D Ç] U such that f (x) ->• dB as x->- dD, then D is a quasicon­
formal ball. 

This result can be extended in the special case where n = 3 as 
follows. 

T h e o r e m 2. If D is a Jordan domain and if each point P of 
dD has a neighbourhood U such that D (]U is a quasiconformal ball, 
then D is a quasiconformal ball. 

A set S is said to be a quasiconformal sphere if there exists a quasi­
conformal mapping / of Rn onto itself which carries S onto the unit 
sphere dB. The above two theorems can be used to give local character­
izations for quasiconformal spheres. 

E. D e G i o r g i 

HYPERSURFACES OF MINIMAL MEASURE IN 
PLURIDIMENSIONAL EUCLIDEAN SPACES 

At first I consider the ordinary surfaces in /?n + 1 represented by 
a real function / on a domain of Rn (n>3), which have minimal 
measure. I will discuss boundary value problems with regard to 
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regularity questions, removable singularities, and the extension of 
Bernstein's theorem. Then I will make a few comments on a more 
general formulation of the Plateau problem for higher dimensional 
manifolds embedded in euclidean space and related results. 

H. G r a u e r t, R. R e t n m e r t 

ON NON-ARCHIMEDEAN ANALYSIS 

In 1961 J. Tate gave a Seminar at Harvard, in which he laid the 
basic concepts of a general theory of analytic functions over 
a completely valued, non-archimedean field. Based on Tate's Seminar 
notes (which were published by the Institute des Hautes Etudes 
Scientifiques in Bures-sur-Yvette) authors (in collaboration to a large 
extent) continued the work in a slightly different context and obtained 
further results which lead to a simpler definition of analytic space 
and a simpler sheaf theory. 

1. Assume that k is a field which carries a non-archimedean valu­
ation: \a\ for a £ k. Assume that k is complete with respect to the 
valuation. Now, go over to the algebraic closure of k, extend th« 
valuation and complete again, obtain k. The field k is algebraical­
ly closed. 

We denote by E the valuation ring of k, by t (E) its maximal ideal 
and put x = Elt(E), which is an algebraically closed field, x: E ->• x 
denotes the quotient projection, x gives also a mapping En = E X 
X... X E-*~ = K x ... X x, which again will be denoted by x. The 
image x = x(k[\E) is a subfield of x. 

Because kn = k X ... X k (n times) is totally disconnected 
(good) analytic functions cannot be defined just by saying: / is ana­
lytic in an open subset B cz kn if it locally can be developed in a pow­
er series. For such functions no identity theorem would be valid. 
However, over En a good concept can be introduced (and moreover 
the field k can be used): 

D e f i n i t i o n . A function / over En with values in k is called 
a affinoid function if there is a power series 2 a v x . . .v z?1 • • - ^ 
with Avi.. .v 6 k, which converges over En against /. 

The ^-algebra Tn of affinoid functions over En is a noetherian 
ring (as was proved by Tate), x induces a projection t* : Tn —> Tn = 
= x [zi, ..., zn\. This t* is an essential tool in the whole theory, it 
brings everything near to algebraic geometry and is responsible for 
many differences to complex analysis. 

k serves as ground field. Because the algebraic closure of k is of 
infinite degree over k, in general, one cannot restrict oneselves to 
algebraically closed ground fields. 
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2. A good sheaf theory has to be build up over En. Denote by 0 
the sheaf of germs of analytic functions (e.g. of convergent power se­
ries over k). Tn is a &-subalgebra of the ^-algebra of cross-sections 
r (En, 0). The pair (0, Tn) determines the "structure" of En and is 
called the structure sheaf of En, Tn is the structure ring. 

Assume that S is a analytic sheaf, e.g. a sheaf of O-modules over En. 
Because En is totally disconnected Y (En, S) is too big. We have to 
give a Tn-submodule M cz T (En, S). The pair (S, M) then is called 
a (k-) affinoid sheaf. It is possible now to introduce the notion of 
"coherence" and it follows very simply from the theory of noetherian 
rings that the structure sheaf is coherent (in the complex case the 
proof of the analoguous statement is not so simple). 

Assume that J cz 0 is a analytic subsheaf and that I cz V (En, J) 
is a 7Vsubmodule of Tn. Assume moreover that the pair (J, I) is 
coherent. We put X = {J = 0} = {x £ En : Jx =£ Ox}, H = 

def 

= (OIJ)\X and A = TJI. The sheaf H over X is a sheaf of local 
^-algebras, A can be considered as a Â-subalgebra of V (X, H) (of 
course, that has to be proved!). The triple (X, H, A) is called a affi­
noid space. Sheaf theory can be done over affinoid spaces like over E71. 
in future we shall call more generally a triple (X, H, A) consisting of 
a topological space X, a sheaf of local A-algebras H and a &-subalgebra A 
a affinoid space if it is isomorphic with a affinoid space embedded in En. 

A triple (X', H', A') is said to be a affinoid subdomain of a affi­
noid space (X, H,A) if (X', H'', A') is a affinoid space and moreover 
X' c: X open, W = H\X\ A \ X' cz A'. It follows very easily 
from a result of Nastold that the structure ring A' is uniquely deter­
mined by X', so that it is possible to ask: When is a open X' cz. X 
a affinoid subdomain? In case X = E the (irreducible) affinoid subdo-
mains are just closed discs {z:\z—z0\^e} minus finitely many 
open discs. 

A result hard to obtain is: 

T h e o r e m . Every finite covering U with affinoid subdomains 
of an affinoid space is acyclic with respect to any coherent affinoid 
sheaf (S, M), that means: 

Zo(U, 5, M) = M, Hv(% S, M) = 0 for v^l. 
In order to obtain this result one has to pass over from k to k, from A 
to A ® k and to consider in the case k = k the rings A = {/ £ A: 
\J(x)\<lîorxeX}, t(A)= {feA:\f(x)\< 1} andA = À It (A). 
A is an affine ring. Denote by X an affine model of A.X is called the 
algebraic model of X. It follows that X has the same dimension_as 
X and the same algebraic degree (which is false in general if k ^= k). 
One has a mapping x : X->X. By using x and subrings of k with 
discrete valuation (so called B-rings) one obtains results for X from 
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results for X (of algebraic geometry). This finitely leads to the proof 
of the acyclicity of affinoid coverings. 

3. Finitely good analytic spaces are glued together out of affinoid 
ones. These are called rigid analytic spaces. Assume that X is a Haus-
dorff space, assume that H is a sheaf of local ^-algebras over X. 
A affinoid map in X is a affinoid space (X', // ' , A') such that X' cz X 
open, H' = H \ X'. Two affinoid maps (Xv, HV1 Av) with v = 1, 2 are 
compatible if Xi2 = Xt (] X2 = 0 or Xi2 is a affinoid subdomain 

o 

of Xi and of X2 and the functions of Av | X12 generate Al2, the struc­
ture ring of Xi2, topologically (this latter property is a global Hausdorff 
axiom). A collection {(Xv, Hv, Av) : v = 1, 2, 3, ...} of affinoid maps 
is called a atlas if 1) U *v = X, 2) (Xv, Hv, Av), (X», H», A J are 
always compatible, 3) {\x: Xv (] X^ =£ 0} finite, 4) "a neighbourhood 
of the (closed) set Xv is covered by Xu" (this property can be expressed 
in exact terms). Now t'he compatibility of atlasses can be defined. 
A maximal system of compatible atlasses is a rigid analytic structure 
and (X, H) equipped with such a structure a rigid analytic space. 

And now the theory of these spaces begins. You can define closed 
spaces, Hopf manifolds, Stein spaces and so on and prove results. 

U. G r e n a n d e r 

A METRIC GRAMMAR OF PATTERNS 

The report gives a mathematical model for the analysis and recogni­
tion of patterns. Patterns are studied in simple and basic terms such 
as signs, compositions and images and using the basic relations simi­
larity and synonymity. In this way the analysis can be formulated 
as a discrimination problem for pure images. In most practical cases 
the pure images are deformed and the question arises how the deformed 
images can be used to arrive at reasonable decisions concerning 
the generating patterns. A number of special cases are studied with 
the purpose of illustrating the concepts introduced and to point to 
problems of relevance. The statistical properties of images are studied, 
especially for the important class of contrast patterns. The paper will 
be published elsewhere. 

A. H a e f l i g e r 

KNOTTED SPHERES AND RELATED GEOMETRIC PROBLEMS 

The different kinds of groups of knotted spheres occur in many geo­
metrical problems: classification of manifolds, smoothing of embe'd-
dings, and so on. 

As an example, we consider the problem of the classification of 
regular neighbourhoods. Let V be a piecewise linear manifold of dimen­
sion n. A regular neighbourhood of codimension q of V is a piecewise 
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linear manifold N of dimension n + q, containing F as a submanifold, 
and which is collapsible on V. 

Isomorphisms classes of regular neighbourhoods of codimension 
q of V are in 1—1 correspondence with homotopy classes of V in 
a classifying space BPLq, where PLq is a simplicial group. For regu­
lar neighbourhoods, one can define Whitney sum, quotient, comple­
ment, induced neighbourhood, and so on. There is a complete analogy 
with the theory of vector bundles over V, the orthogonal group Oq 
being replaced by the group PLq. 

The homotopy group nn (PLq) is isomorphic to the group Fv of 
concordance classes of smoothings of the sphere Sn in Sn+q with a nor­
mal framing; for q > 2 and n > 4, this group is isomorphic to the 
group of knotted homotopy ^-spheres in Sn+q with a normal framing. 
Other groups of knotted spheres occur in the problem of existence of 
a smooth neighbourhood of V. 

Parts of these results have been obtained independently by B. 
Sanderson and E. C. Zeeman. 

J. K. H a l e 

A CLASS OF LINEAR FUNCTIONAL EQUATIONS 

This report is a summary of some unpublished results of K. Meyer, 
C. Perelló and the author concerning a class of autonomous linear 
functional equations which includes as special cases autonomous linear 
functional differential equations of retarded and neutral type as well 
as functional difference equations. 

Let Rn be a real or complex n-dimensional linear vector space of 
column vectors with norm | • | and let Cr ( I—r, 0], Rn) be the Banach 
space of continuous functions mapping [—r, 0] into Rn with the 
norm ||cp||r for cp in Cr defined by ||cp||r = max { | cp (8) | , 8 in [—r, 0]. 
If g, f are continuous linear mappings of Cr into Rn, then there exist 
n X n matrices (x, r\ whose elements are of bounded variation on 
[—r, 0] such that 

o 
*(<P)= I [^(9)]<P(9), 

7 <n 
/ (q>)=$ [^ (9)1 9(9) 

for all cp in CT. We shall suppose that the measure fx is nonatomic at 0 
and more specifically that there is a continuous nondecreasing func­
tion 8(s), 0 ^g s sgr, such that 6(0) = 0 and for all cp in Cr 

o 
| J [d(i(6)](p(e)|:gô(s)||<p||,. (2) 



For any (p in Cr, define y (cp) = cp (0) — g (cp). For any continuous 
function h mapping [0, oo) into Rn and any fixed element cp in Cr, 
consider the functional integral equation 

*(0 = <P(0. -r^t^O, 
t t \6> 

x(t) = y(y) + g(xt)+\f(xs)ds+\ h(s)ds, t^O, 
0 0 

where, for each fixed t J> 0, xt is in Cr and is defined by xt (8) = 
= x(t + 8), —r ^g 8 fg 0. By a solution of (3), we will always 
mean a continuous function satisfying the above relation. 

For g = 0, equation (3) is equivalent to the functional differen­
tial equation of retarded type 

*(t) = f(xt) + h(t) (4) 

with the initial condition at t = 0 given by cp. If / = 0 and h = 0, 
equation (3) is a functional difference equation of retarded type and, 
in particular, includes difference equations. For both / and g not 
identically zero, equation (3) corresponds to a retarded equation of 
neutral type. In fact, formal differentiation of the equation yields, 

x(t) = g(xt) + f(xt) + h(t) (5) 

where xt is defined as xt (8) = x (t + 8), —r ^g 8 ^S 0. Also, if 
one begins with (5) and defines a solution with initial function cp 
at 0 to be a continuous function satisfying (5) almost everywhere, 
then an integration yields (3) with 7 (cp) = cp (0) —g (cp). 

This latter remark is precisely the reason for considering the 
equation (3) rather than (5). If one attempts to discuss equation (5) 
directly, then the first problem that is encountered is a precise defi­
nition of a solution and a precise definition of the topology to be 
induced on the space in which the solution will lie. Such a topology 
will necessarily include the first derivative of x in some way; where 
as, if we consider equation (3), the simpler space CT can be employed. 

If h in (3) is identically zero, we will say equation (3) is homogene­
ous and, otherwise, it is nonhomogeneous. 

T h e o r e m 1. For any given cp in Cr, there is a unique func­
tion x (cp) defined and continuous on [—r, 00) such that x (cp) satisfies 
(3) on [0, 00). Furthermore, there is a constant ß > 0 such that 

t 

| | Jc ( («p) | | ^eP ' [ | |q> | |+J |A(s) |ds ] , tèzO. (6) 
0 

This theorem is proved by using the nonatomic property of fx at 0 
together with the contraction mapping principle to first show that (3) 
has a solution on a small interval to the right of t = 0. An applica-
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tion of a result on the continuation of the solution then allows one to 
obtain the estimate (6) for t ^ 0. 

If h is identically zero and x = x (cp) is a solution of the homoge­
neous equation 

*0 = (P' t (7) 

x(t) = y(<p) + g(*t)+ I f(xs)ds, t^O, 
b 

then it follows from the uniqueness of the solution that xt (cp) is 
a continuous linear mapping of Cr into Cr for each fixed t^O, and 
xt (cp) satisfies the semigroup property. If we define the linear operator 
T{f) by 

def 

**(q>) = F(0q), ' ^ 0 , (8) 
then we can prove 

T h e o r e m 2. The family of linear operators {T (t), t ^ 0} 
mapping Cr into Cr is a strongly continuous semigroup on [0, oo) 
with T (0) = /. // , in addition the function 8(s) in (2) satisfies 
lims-̂ o a(s)/s = 0, then the infinitesimal generator A of T (t) is given by 

(^)(e) = j * ( 9 ) ' - ^ e < o , 

and the domain of A, % (A) consists of all functions cp in CT with 
a continuous first derivative and cp (0) = g (cp) + f (cp). 

It is interesting to note that if cp is in ® (̂ 4), then T (t) cp is 
actually a continuously differentiable solution of the functional 
differential equation (5) with h = 0. 

It is easy to show that the spectrum of A, a (A), consists of only 
point spectrum and that A, is in o (A) if and only if X satisfies the 
characteristic equation 

o o 
det A (X) = 0, A(X) = XI-\ %e™ d\i (8) - \ e™ dx\ (8). (9) 

— r — r 

Also, because A is a closed operator and a root A,0 of (8) has finite 
multiplicity, one can show that the resolvent operator (A — X/)"1 

has a pole of finite order at X0 and, thus, the generalized eigenspace of 
X0 has finite dimension. If 9Ï (A) and 9$ (.4) denote, respectively, 
the null space and range of an operator A and the generalized eigen­
space of io is given by 9t (A—KQI)11, then it can be shown that the 

del 

space Cr is decomposed as a direct sum of the subspaces P = 
def 

= 91 (A—k0I)
k, Q = m (A—X0I)

k each of which is invariant 
under both A and T (t), t ^ 0. When Cr is decomposed in this way, 
54 



we shall say Cr is decomposed by XQ as Cr = P © Q and write any 
element cp in Cr as cp = cpp + cpQ, cpp in P, cpQ in Q. If O is a basis 
for P, then there is a matrix B such that ,4® = Oß and, thus, O (8) = 
= 0) (0) em, - r < e < 0 . Also, one easily shows that T (t) O (8) = 
= 0> (0)ß*<*+e>, - r < 8 S 0 , which implies that the solutions of (3) 
on the generalized eigenspace of a solution of (9) can be defined on 
(—oo, oo) and that the action of the semigroup T (t) on this subspace 
is essentially the same as an ordinary differential equation. The 
decomposition outlined here plays the same role as the Jordan canon­
ical form in ordinary differential equations. 

In the applications, it is necessary to have an explicit representa­
tion for the projection operator E%Q associated with the above decom­
position. This can be obtained from the formula 

C 

where c is a circle in the complex plane which contains no point in 
G (A) except V As in the case of retarded functional differential 
equations (see [1] or [2]) the projection operator E%0 can also be 
obtained in the following way. Let Rn be n-dimensional real or com­
plex space of row vectors and define operator A* with ® (A*) cz 
czC ([0,r], Rn) given by all ib in C([0, r], Rn) which are continuously 

o o 

differentiate with ^ (0)= \ ij> ( — 8)dfi(8) — \ if ( — 6) x dx\ (8) 

and for i|> in ® (A*), 
— ip(s) f o r 0 < s ^ r , 
o o 
\ ^ (_8)d j i (8) + \ i|3(--8)dT|(8) fors = 0. 

(A^)(s)= . 

For any ip in C ([0, r], Rn), i|) continuous, and any cp in 
C ([-/-, 0], Rn), define 

o £ 
(ip, cp) = * ( 0 ) q ) ( 0 ) - J [~ J ^(s~Qdlx(Q)cp(s)ds]^=Q~ 

o e 

- J J i|)(s —8)dTi(8)<p(s)ds. 
- r 0 

For i|> in ®(4*), cp in ®(i4), it follows that (if, Ap) = (i4*ip, cp). 
To obtain the projection operator £\0, one proceeds as follows: if we 
let CD = (cpi, ... cpp) be a basis for the generalized eigenspace P = 
= 9l(i4 — l0I)

k of ^o and let W = col ( ^ , ..., i|>p) be a basis for 
sji(^*_^o/) f e , then £ 0̂cp = O (W, cp) for all cp in C ([—r, 0], /?")• 
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Another important relation in ordinary differential equations 
is the variation of constants formula. By using the fact the solution 
x* (t, h) of (3) with cp = 0 is a continuous linear mapping of C([0, t], 
Rn) into Rn and the Riesz representation theorem, it follows that 

t 

**(t,f)=\ld.W(t,s)]h(s) 
0 

where W (t, t) = 0, W (t, s) is of bounded variation in s for s in [0, t] 
and W (t, s) is continuous from the right in 5 for s in (0, t). One can 
also show that W (t, s) is continuous from the right at s = 0, 
W (t, s) = W (t—s, 0) and — W (t, 0) is the matrix solution of (3) 
with cp = 0 and / equal to the identity matrix. Because equation (3) 
is linear, it follows that the solution x = x (cp) satisfies 

t 

x (t) = [T (t) cp] (0) + J [dsV (t-s)] h (s) 
o 

where we have defined V (t) = W (t, 0). Using the fact that V (t) = 
= 0 for —r < t fg 0, we also obtain 

xt (9) = [T (t) cp] (8) + J [dsVt-s (8)] h (s), -r =g 0 =g 0, 
o 

which can be written more compactly as 
t 

xt = T(t)v+ \[dsVt-s]h(s). (10) 
o 

Equation (10) is called the variation of constants formula for (3). 
If k0 is a solution of (8) and C is decomposed by ^0 as P © Q, 

then it can also be shown that 

xf = T(t)q>P+^ [dsVi.s]h(s), 
o 

t 

x? = T(t)yQ+ l[dsVls]h(s). 

If g is identically zero in (3), then we have seen that equation (3) is 
equivalent to (4) and the variation of constants formula (10) can 
be written as 

t 

xt = T(t)y+l T(t-s)Kof(s)ds 
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where T (f)Ko is the solution of (4) with initial value at 0 given by 
K0 (8) = 0 for — r < 8 < 0, Ko (0) = /, the identity matrix. This 
is the standard manner of writing the variation of constants formula 
for (4) as given in [3] and [4]. For the equation of neutral type, i.e., 
/, g not identically zero, this formula also coincides with the one 
given for some special cases in [3]. 

To apply these results in special applications, it is necessary to 
obtain precise estimates of T (f)<pQ and Vt

Q. We are in the process 
of obtaining these estimates by using the general representation 
theorems for a semigroup in terms of the inverse Laplace transform of 
the resolvent of the infinitesimal generator. An easier way would be 
to prove that 

ö(T(t)) = eJ^Ä) + {0}i 

a fact which seems to be true for the particular A given above. 
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M. W. H i r s c h 

SMOOTHINGS OF PIECEWISE LINEAR MANIFOLDS 

Two smoothings a, ß of a PL manifold M are concordant if M X R 
has a smoothing y making Ma X {0} and Mß X {1} smooth submani-
folds of (M X R)v. 

A homeomorphism / : M -*• Mß is PD isotopie to 1 if there is 
a smooth triangulation F : M X / ->• Mß X / of the form F (x, t) = 
= (Ft (x), /),'such that FQ = f and Fi = identity. 

The following result was found independently by James Munkres. 

T h e o r e m 1. Smoothings a, $ of M are concordant if and only 
if there is a homeomorphism Ma ->• Mß which is 

a) PD isotopie to 1, and 
b) a diffeomorphism Ma -*- Mß. 
The following theorems, clarifying the nature of the set T (M) 

of concordance classes of smoothings of M, grew out of joint work 
with Barry Mazur. Similar results for the special case of manifolds 
of finite homotopy type are due to R. Lashof and M. Rothenberg. 
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Let r) = (p, E, B) be a vector bundle over a polyhedron B together 
with an atlas (Ut, ft) of local trivializations f% : p"1 Ut-* Ut x R71 

such that: 
1. Vi is an open cover of B; 
2. each fjff1: (Ut (] Uj) X Rn ~+ (Ut (] Uj) X Rn comes from 

a piecewise smooth map (/* f) Uj-*- 0 (n). 
Let | be a PL bundle with fibre Rn and base B. A linearization 

g : g-»- ri is a bundle map such that for each £ the map f̂ g : pf1 Ut->-
->- Ui X Rn is a smooth triangulation. Two linearizations g"z : g ~>-
->• "Hf (I = 0,1) are concordant if there exists a linearization of S X / 
reducing to fi on g X {*}. The set of concordance classes of lineariza­
tion of g is A0 (g). Put A (g) = lim* A0 (g © efe). 

Let xM be the PL tangent bundle of M. If a is a smoothing of M, 
a Riemann metric for Ma induces a linearization L (a) of tM . 

T h e o r e m 2. TAe map L induces an injection V (M) ->• A0 (tM) 
and a bijection T (M) ->• A (xM). 

Let PDn be the semisimplicial complex whose &-simplices are 
linearizations 8pL (àk) -^ ej1 (AÄ). Let On be the group subcomplex 
coming from piecewise smooth maps AÄ-^Ö (n). Put T = lim (PDnIOn). 

Let g be a PL bundle over B. Denote by Z^ (I) (respectively, F (i) 
the associated semisimplicial bundle with fiber PDn/On (resp., V). 

T h e o r e m 3. The set A0 (g) is naturally isomorphic to the set 
SF0 (I) of homotopy classes of sections ofF0 (I). Likewise A (l) œ SF (g). 

Let i?°° = lim Rh. 

T h e o r e m 4. (a) T is a connected H-space with a homotopy 
commutative and homotopy associative multiplication induced by 
a vector space isomorphism Rœ © R°° ->• Rœ. 

(b) F (1) is an "H-principal" fibration. Each element of SF (g) 
induces an isomorphism from the set SF (g) to the Abelian group IB, TI. 

F. J o h n 

THE EFFECT OF GEOMETRY ON THE BEHAVIOUR 
OF AN ELASTIC SOLID 

Using only the general non-linear equations for a perfectly elastic 
three-dimensional solid in equilibrium and the appropriate boundary 
conditions, one deduces the constraints that develop automatically 
in the solid if its shape is that of a thin plate or shell. A priori esti­
mates are given for the degree to which these constraints (essentially 
the Kirchoff hypotheses) are valid and interior differential equations 
are derived. 
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W. K l i n g e n b e r g 

MORSE THEORIE AUF DEM RAUM DER GESCHLOSSENEN 
KURVEN 

1. Sei X ein bogenweise zusammenhängender topologischer Raum. 
Dann ist diesem Raum zugeordnet ein Raum A (X) von parametrisier-
ten geschlossenen Kurven, etwa, indem man die Menge der stetigen 
Abbildungen f: S1-*- X des mit [0, l]/{0, 1} parametrisierten Krei­
ses S1 in dem Raum X mit der kompakt offenen Topologie versieht. 
Die natürliche Operation von O (2) auf S1 induziert eine stetige 
Operation auf A (X), den Quotientenraum II (X) wird man als Raum 
der unparametrisierten geschlossenen Kurven von X bezeichnen. 

Indem man einem f = (f (t)), 0 < £ < 1 , aus A (X) den Punkt 
f (0) = f (1) in X zuordnet, erhält man eine Serre Faserung von 
A (X) über X mit Q (X), dem Schleifenraum, als Faser. Diese Bemer­
kung hat Svarc [7] benutzt, um die Homologie von A (X) mit der 
Methode der spektralen Sequenzen zu untersuchen. Die Homologie 
von II (X) läßt sich dann mit den Hilfsmitteln der kompakten Trans­
formationsgruppen studieren. 

Wenn X speziell eine kompakte differenzierbareMannigfaltigkeit M 
ist, dann läßt sich zu M ein ebenfalls mit A (M) bezeichneter Raum 
von parametrisierten geschlossenen Kurven erklären, der die Struk­
tur einer Hilbert-Mannigfaltigkeit trägt—wir verwenden wieder die 
Bezeichnung A (M), da die beiden Räume denselben Homotopietyp 
haben. Eine Riemannsche Metrik auf M gibt Anlaß zu einer Riemann-
schen Metrik auf A (M) und zu einer differenzierbaren Funktion, 
für welche die Voraussetzungen der von Palais [5] und Smale [6] 
entwickelten Übertragung der Theorie von Morse auf Hilbert Mannig­
faltigkeiten gelten. Damit haben wir also ein weiteres Hilfsmittel an 
der Hand, die Homologie von A (M) und II (M) zu studieren. Um 
seine Durchschlagskraft zu demonstrieren, bestimmen wir die bislang 
nicht bekannte Z2-Homologie-des Raumes U(Sn), mit dem sich schon 
Morse [4] und Bott [1] befaßt haben. Mit derselben Methode läßt 
sich auch die Homologie von A (P)undü(P) bestimmen, wenn P ein 
projektiver Raum über den reellen oder komplexen Zahlen oder über 
den Quaternionen oder Cayleyschen Zahlen ist. 

2. Sei also jetzt M eine kompakte differenzierbare Mannigfaltig­
keit. Unter A (M) verstehen wir den Raum der absolut stetigen Abbil­
dungen f: S 1 - ^ ^ , welche in lokalen Koordinaten quadrat-integrier­
bare erste Ableitungen besitzen. Die auf diesem Raum mit Hilfe von 
lokalen Koordinaten erklärte 1-Norm bestimmt auf A (M) die Struk­
tur einer Hilbert Mannigfaltigkeit, vgl. Palais [5]. II (M) erklären wir 
wie eingangs als Quotientenraum A (M)IO (2) bezüglich der natürli­
chen Operation von O (2) auf A (M), jt : A->II bezeichne die Projek­
tionsabbildung. 
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Offenbar hängen A (M) und II (M) nur ab vom Homotopie-
typ von M. 

Sei jetzt auf M eine Riemannsche Metrik, ( , ), gegeben. Diese 
liefert auf A (M) eine Riemannsche Metrik, <( , )), wie folgt: 

i ê 

«X, X> = J (<X (0, X (0> + <ÖX (0/*. ÖX (t)ldt)) dt, 
o 

wobei X = (X (t)), 0 < * < 1 , ein Tangenti al vekt or an A (M) ist, 
das heißt, ein absolut stetiges Vektorfeld längs eines f = (f (f)), 
0 < £ < 1 , aus A (M) mit quadrat-integrierbaren ersten Ableitun­
gen. D/dt ist die kovariante Ableitung. 

Man zeigt, daß A(M) mit dieser Metrik vollständig ist. 
Ferner liefert (,) eine differenzierbare Funktion E : A(M) -»- R, 

das sogenannte Energie integral: 
X 

£(/) = ! J (df(t)ldt,df(t)ldt)dt. 

Für das zugehörige negative Gradientenfeld —grad E gilt dann die 
Bedingung (C) von Palais [5] und Smale [6], unter welcher sich die 
Theorie von Morse übertragen läßt auf Hilbert Mannigfaltigkeiten. 

Für ein c>0 setzen wir E~x ([0, c]) = Ac und E~x ( [0, c[) = Ac~. 
Für alle t>0 sind die Integralkurven des Vektorfeldes—grad E 
erklärt. Wir erhalten eine Halbgruppe von Deformationen <p*: A -> A, 
t>0, indem wir einem / denjenigen Punkt zuordnen, den die in / 
mit t = 0 beginnende Integralkurve zur Zeit t erreicht hat. Da E und 
(,) mit der Operation von 0(2) verträglich sind, wird durch 0(2) 
das Feld —grad E in sich transformiert. Die Deformationen <pf sind 
also verträglich mit der Operation von 0(2) und sie induzieren 
daher eine Halbgruppe von Deformationen %: U -> II, t>0, des 
Raumes der unparametrisierten Kurven. 

Beachte, daß cp* und a|̂  ZT-vermi'ndernde Deformationen sind, 
welche kanonisch definiert sind und nicht von irgendwelchen Hilfskon­
struktionen, wie etwa Unterteilungen der f, abhängen —sehr zum 
Unterschied von der bisherigen Methode, ^-vermindernde Deformatio­
nen auf Kurvenräumen zu erklären. 

3. Ein Element / Ç A (M) heißt kritisch, wenn grad E (f) = 0. 
Mit einem Argument der klassischen Variationsrechnung zeigt man, 
daß f genau dann kritisch ist, wenn es eine geschlossene Geodätische 
ist, mit Parameter proportional zur Bogenlänge. 

Insbesondere sind die konstanten Abbildungen / : S1 -> M kri­
tische Punkte. Wir nennen diese auch die trivialen kritischen Punkte. 
Sie bilden eine nicht-entartete kritische Untermannigfaltigkeit A° (M) = 
= E'1 (0) vom Index 0 in A (M), im Sinne von Bott [1 ], welche natür­
lich isomorph ist zu M. 
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Wenn f kritisch ist, so ist auch der Orbit von f unter 0 (2) kritisch. 
f heißt nicht-entartet, wenn sein Orbit eine nicht-entartete kritische 
Untermannigfaltigkeit im Sinne von Bott [II ist. 

Für jedes / 6 A ist die Isotropiegruppe erklärt als diejenige Unter­
gruppe von 0 (2), die auf / als Identität operiert. Wenn die Isotropie­
gruppe von f die zyklische Untergruppe Zq der Ordnung q von SO (2) 
ist, dann nennen wir f eine Kurve der Multiplizität q. Kurven der 
Multiplizität 1 nennen wir auch einfach. Falls / = (/ (t)) die Multipli-
zität q hat, dann ist auch (f (tlq)) ein Element von A, die sogenannte f 
unterliegende einfache Kurve. 

4. Sei f eine nicht-entartete geschlossene Geodätische, sei G 
sein Orbit und sei g = jt (f) = jt (G) die zugehörige unparametrisierte 
geschlossene Geodätische. Dann ist E (f) = c positiv. Sei q die Mul­
tiplizität von /. G ist dann isolierte kritische Untermannigfaltigkeit, 
und es gibt eine unter 0 (2) invariante offene Umgebung U = U (G) 
von G, deren Kurven ausschließlich eine Multiplizität q' haben, 
wo q'q teilt. Wir können sogar annehmen, daß U ein Hilbert Dis­
kus-Bündel über G ist. 

Der Index j von f bzw. G ist die Dimension des von den zu negativen 
Eigenwerten der Indexform (eingeschränkt auf den Normalenraum 
von G) gehörigen Eigenvektoren aufgespannten Raumes. Diese 
Eigenvektoren bilden das sogenannte negative Bündel über G. Durch 
die Exponentialabbildung ist ein Diskus-Bündel D3 (G) dieses nega­
tiven Bündels in natürlicher Weise mit einem /-dimensionalen 
Diskus-Unterbündel des Hilbert Diskus-Bündels U (G) über G identi­
fiziert. 

Setze U (G) - G = U0 (G) und Dj (G) — G = D{ (G). Wie 
in der klassischen Morse Theorie zeigt man, daß U (G) sich äquiva-
riant (d. h., auf mit der Operation von 0 (2) verträgliche Weise) 
auf U (G)c = U (G) fi Ac deformieren läßt und daß sich (U (G)c, U0 (G)c) 
äquivariant auf (Di (G), Di (G)) deformieren läßt. 

Unter der Projektion jt liefert dies eine Deformation von V (g) = 
= jt ([/ (G)) auf V (g)c = 7t(U (G)c) und von (V (g)c, V0 (g)c) auf 
(nD3 (G), nDi (G)): 

Wir wollen nD3 (G) bestimmen. Dazu faktorisieren wir n \ D3 (G) 
wie folgt: 

z
q . 0(2)/Z 

D3 (G) -> D3 (G)/Zq > D3 (g)IZq. 

Das heißt, wir dividieren zunächst durch die Operation der Isotropie­
gruppe Zq und dann durch die induzierte Projektion. Der Quotient 
D1 (G)IZq bedeutet, daß wir das DJ-Bündel D3 (G) durch die Opera­
tion der Isotropiegruppe Zq auf den Fasern D3 dividieren. Der zweite 
•Quotient ist eine triviale Faserung, mit 0(2)IZq, isomorph 0(2) , 
als Faser, jt (D3 (G)lZq) = D3 (g)lZq ist also isomorph dem Quotienten 
D3 lZq einer Faser Dj von Dj (G) nach Zq. 
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Wir erkennen auf diese Weise, wie zuerst von Svarc [7] bemerkt 
wurde, daß für die relative Homologie H* (V (g), V (g)c~)=H*(D3(g)/Zq 
D{ (g)lZq) die Operation der Isotropiegruppe Zq auf dem «negativen» 
Diskus DJ in Betracht zu ziehen ist. Man findet, für die Homolo-
giegru.ppe mit Z2-Koeffizienten, damit folgendes, vgl. Svarc [7]: 

Falls q ungerade, so Hi (V (g), V (g)c~~) = Z2 für i = j und = 0 
sonst. 

Falls q = 2Q°qi gerade, mit q± ungerade, so Hi (V (g), V (g)c~) = Z2 
für i (<7i) + 2 <*"</ , und =0 sonst. Hierbei ist i (qt) der Index 
der qi-fachen Überlagerung der g unterliegenden einfachen Geodätischen. 

5. Die Morse Theorie stellt eine Beziehung der zwischen der 
Homologie von A (M) und II (M) einerseits und den geschlossenen 
Geodätischen g und ihren Typenzahlen (d. h., lokalen, relativen Homo­
logiegruppen Hi (V (g), V (g)c~)) andererseits. Insbesondere kann 
man aus der Homologie von A (M) und II (M) auf die Existenz einfa­
cher geschlossener Geodätischer schließen, vgl. dazu [3]. 

Wir pollen hier umgekehrt aus den Eigenschaften der geschlosse­
nen Geodätischen Information über die Homologie von A (M) und 
insbesondere von II (M) gewinnen. Die Schwierigkeit hierbei ist, 
daß die geschlossenen Geodätischen und ihre Typenzahlen in hohem 
Maße abhängen von der Wahl der Metrik (,) auf M, während A (M) 
und II (M) ja nur abhängen vom Homotopietyp von M. 

Falls es jedoch in der Homotopieklasse von M eine Mannigfal­
tigkeit mit einer augezeichneten Metrik gibt, wie etwa wenn M in 
der Homotopieklasse einer Sphäre oder eines allgemeineren symmetri­
schen Raumes liegt, dann kann man erwarten, mit Hilfe der Morse 
Theorie Information über die Homologie von A (M) und II (M) gewin­
nen zu können. 

6. Wir wollen dieses am Beispiel der Sphäre zeigen. Es sei also 
jetzt M = Sn, mit der Metrik konstanter Krümmung K = 2n2. 
Wir beschränken uns auf die Z2-Homologie. 

Die nicht-trivialen kritischen Punkte auf A = A (Sn) sind die 
q-fach durchlaufenen parametrisierten Großkreise. Das Energieintegral 
eines solchen Großkreises ist q2. Die q-fach durchlaufenen parametri­
sierten Großkreise bilden eine kritische Untermannigfaltigkeit Fq, welche 
isomorph ist zur Stiefel-mannigfaltigkeit V (2, n—1) der orthonormalen 
2-Beine im Rn+1. 

Das Bild Gq = Jt (Eq) in II = 11 (Sn), also die q-fach durchlaufenen 
unparametrisierten Großkreise, ist isomorph zur Grassmann Mannigfal­
tigkeit G (2, n — 1) der 2-Ebenen im Rn+1. 

Über G (2, n — 1) haben wir einerseits das kanonische (n — l)-Vek-
t or räum-Bündel t,71"1 und ferner das Tangentialbündel x2n~2. Die 
durch jt: V (2, n — 1) -*• G (2, n — 1) über V (2, n — 1) induzierten 
Bündel bezeichnen wir mit vf1'1 bzw. o2n~2. 
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Wir bemerken, daß o2n"2 eine komplexe Struktur trägt, d.h., 
die Strukturgruppe 0 (2n — 2) kann auf U (n — 1) reduziert werden. 
Dasselbe trifft zu für die 2-fache Oberlagerung G (2, n—1) von 
G (2, n — 1), also für die orientierte Grassmann Mannigfaltigkeit. 
Es folgt, daß die Strukturgruppe von G (2, n — 1) reduziert werden 
kann auf die Erweiterung der Ordnung 2, 0 (n — 1), von U (n — 1) 
mit dem Element, welches den Übergang zum Konjugiert-Komplexen 
beschreibt. Beachte, daß das Zentrum von 0 (n — 1) dasselbe ist wie 
von U (n—1), nämlich U (\). 

Die kritische Untermannigfaltigkeit Fq der q-fach durchlaufenen 
parametrisierten Großkreise ist nicht-entartet. Das negative Bündel 
über Fq = V (2, n — 1) ist gegeben durch 

rf-1, für <7= 1 (*) 

T i n - i @ ( J 2 n + 2 @ ! _ 0 a 2 n + 2 j für (7 > 1. 

(q— 1) Summanden 
Es folgt, daß 

/UA*2(Sn), A^-(Sn)) = H^{2q^Hn^)(V(2i n - 1 ) ) . 

Ferner gilt: 
Die Inklusion Ac (Sn) ->- A (Sn) induziert einen injektiven Homo-

mophismus. 
Damit folgt: 

H* (A (Sn), A° (Sn)) ist die direkte Summe, über alle q>l von 
Hi,_(2q_ìHn__i)(V(2,n-l)). Vgl. Bott [11. 

B e m e r k u n g : Wenn wir die Serre Faserung Q (Sn) -> A (Sn) -> 
->• Sn betrachten, ist die zugehörige spektrale Sequenz trivial, und 
es gilt sogar multiplikativ H* (A (Sn)) = H* (Sn) <g> H* (Q (S71)), 
vgl. Svarc [7]. 

Um das Bild des negativen Bündels (*) über Fq unter 3t zu bestim­
men, müssen wir, wie schon in 4. bei der Bestimmung von D'(G), 
untersuchen, wie die Isotropiegruppe Zq auf den Fasern des Bündels 
operiert. Es stellt sich heraus, daß diese wie die Identität auf r\n~1 

operiert und wie die Multiplikation mit e2niv/q auf dem p-ten Sum­
manden a2n"2 von (*), l*Cp*Cq—1. Dabei benutzen wir, daß 
das Zentrum der Strukturgruppe U (n— 1) von o2n~2 gleich U (1) 
ist. 

Wir bezeichnen den Quotienten von o2n 2 nach dieser Operation 
von Zq mit G2n~2/Zq. Wir lassen hierauf die induzierte Projektion jt 

p 
wirken, d.h., wir bilden den Quotienten nach 0(2)/Zq. 

Diese Gruppe wirkt effektiv auf o2n"2lZq, das Bild x2n"2IZq 
v v 

ist also die'Basis einer Faserung von o2n~2/Zq mit Faser 0 (2)/Zq, 
p 
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isomorph zu 0(2). Diese Operationen sind verträglich mit der Fase­
rung G2n~2 ->• Fq, wir erhalten also das kommutative Diagramm 

z o m/z 
G2n-2 > 02n~2/Zq > X2n-2/Zq 

P P 

V v Y 

id 0 ( 2 ) / Z < 2 
Fq > Fq > Gq 

r 2 n - 2 t lIZq ist das Bündel über Gq = G (2, n — 1), das aus dem 
v 

Tangentialbündel x2n~2 durch Quotientenbildung mit der Operation von Zq 
auf der Faser (Multiplikation mit e2nip/Q) entsteht. Hier benutzen wir, 
daß das Zentrum der Strukturgruppe Ü (n— 1) von t2n~2 U (1) ist. 

Wir finden also: Das «negative» Bündel über dem Raum Gq = 
= G (2, n — 1) der q-fach durchlaufenen unparametrisierten Großkreise 
ist gegeben durch: 

tn-\ für 9 = 1 , (**) 

T - 1 © x 2n~2/ Zq©...© x271'21 Zq, für q > 1. 
1 g - l 

Die relative Kohomologie H* (II*2 (Sn), m2~ (Sn)) im kritischen 
Niveau q2 ist also durch die Kohomologie des Thom Raumes T (**) 
des negativen Bündels (**) über Gq = G (2, n — 1) gegeben. 

Für q = 1 findet man H* (TZ>n~2) = u^uH* (G (2, n — 1)), 
vgl. Morse [4], Bott [11. 

Für q > 1 bestimmen wir zunächst die Kohomologie des Thom 
Raumes der einzelnen Summanden in (**): 

H* (Tx2n~2IZq) = 
p 

u2n~2 u H* (G (2, n— 1)), falls plq in 
der gekürzten Form keine 2 im Nenner hat, 

S uiuH*(G(2,n-\)) sonst. 
2 ^ i ^ 2 n - 2 

Hier ist dim ul = i, ul ist also eine i-dimensionale Thom Klasse. 
Die Kohomologie des Thom Raumes T (**) ist gleich der Kohomo­

logie des smash-Produktes der Thom Räume der Faktoren in (**). 
Man hat also alle möglichen Produkte aus q Thom Klassen, je eine 
aus einem der q Summanden von (**), zu bilden und mit 
H* (G (2, n — 1)) zu multiplizieren. 

Es gilt nun wiederum: Die Inklusion U° (Sn) -* U (Sn) induziert 
einen injektiven Homomorphismus in der Homologie. 

Folglich haben wir: 
Die Z2" H omologie von U (Sn) mod TP (Sn) ist die direkte Summe, 

über alle q>\, von H* (IT«2 (Sn), W2~ (Sn)), wobei jeder dieser Sum-
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manden gegeben ist durch die Homologie des Thom Raumes des nega­
tiven Bündels (**) über Gq = G (2, n — 1), die oben beschrieben wurde. 

B e m e r k u n g : Damit ist ein altes Problem gelöst, das schon 
von Morse [4] und Bott [5] in Angriff genommen wurde, das aber 
wie Svarc 1956 hier in Moskau bemerkte, von diesen Autoren nicht 
korrekt beantwortet wurde. 

7. Wir schließen mit der Bemerkung, daß sich mit genau derselben 
Methode die Homologie von 

AP(X) und UP(X) 

bestimmen läßt, wenn P (X) ein projektiver Raum ist über den 
reellen Zahlen (X = 1), den komplexen Zahlen (X = 2), den Quater-
nionen (X = 4) oder den Cayleyschen Zahlen (X = 8). 

Man benutzt für diese symmetrischen Räume P (X) vom Range 1 
wiederum die Tatsache, daß bei der kanonischen Metrik die nichttri­
vialen kritischen Punkte von A (P (X)) aus den 9-fach durchlaufenen 
Großkreisen bestehen, und daß diese eine nicht-entartete kritische 
Mannigfaltigkeit Fq bilden, q = 1, 2 Großkreise von P (X) sind 
die Großkreise auf den 1-dimensionalen projektiven Unterräumen, 
welche isometrisch zu den À-dimensionalen Sphären Sl sind. 

Das negative Bündel über F läßt sich wiederum explizit bestimmen, 
und die Inklusionen Ac (P (X)) -> A (P (X)) und IIe (P (X)) - • 
-> Il (P (X)) induzieren wiederum einen injektiven Homomorphismus 
in der Homologie. 

Es wäre interessant zu untersuchen, ob diese Tatsachen sich auch 
auf allgemeinere symmetrische Räume übertragen. Die Dissertation 
von Eliasson [2], wo die geschlossenen Geodätischen auf der Grass­
mann Mannigfaltigkeit G (2, n — 1) untersucht werden, scheint 
darauf hinzudeuten, daß hier ein allgemeineres Prinzip herrscht. 
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J. J. K o h n 

DIFFERENTIAL COMPLEXES 

Let M be a differentiable manifold and E, F and G vector bundles 
over M. Let, %, Jf and 13 be the spaces of C°° sections of E, F and G 
respectively. We are given first order differential operators A: % -> Jf 
and B: JF ->• S such that BA = 0. 

Given f Ç ff we are interested in finding conditions under which 
there exists u £% such that Au = f. The question of how u depends 
on f is also of importance. The case of the Cauchy-Riemann] equa­
tions where A is the d operator on forms of type (p, q) and B is the d 
operator on forms of type (p, q+l) is of special interest, it leads to the 
so called d-Neumann problem; which in turn has applications in 
the theory of several complex variables. 

Restricting our attention to compact manifolds (with or without 
boundary), we set 

Q (u, v) = (A*u, A*v) + (Bu, Bv) + (u, v), 

where (, ) denotes an appropriate L2 inner product on %, & and & 
and where A* is the L2 adjoint of A. The following was proven by 
L. Nirenberg and the author. 

T h e o r e m . If Q is compact (i.e., a set which is bounded relative 
to Q is pre-compact in L2) and if the boundary of M is non-character­
istic then the equation 

Au = f 

with f Ç g? has a solution u£% if and only if Bf = 0 and f is orthog­
onal to "jr. Where JT = {ç Ç JT |̂ 4*cp = 0 and 5cp = 0}. 

D e f i n i t i o n . Q is coercive if there exists a constant c> 0 
such that 

\\u\\\<cQ(u,u) 

for all u g 3)A* fi ^-
It is easily seen that on compact manifolds without boundary Q 

is coercive if and only if the symbol sequence 

0(A,r\) <J(B,T| ) 

Ü > £x > fx >(jx > 0 

is exact for all x Ç M and all r\ g T% — {0}. Where Ex, Fx and Gx 
are the fibers of E, F and G over x and where T% is the co-tangent 
space at x. 

In case Q is coercive the above theorem follows from the theory 
of regular boundary value problems for elliptic systems of equations. 
However, in many important examples coerciveness fails. In the 
case of manifolds with boundary, Q need not be coercive even if the 
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above sequence is exact. An example of this is provided by the d 
operator. 

In the address, some conditions under which the hypotheses of 
the above theorem hold (without coerciveness) will be presented. 

E. R. K o 1 c h i n 

PROBLEMS IN DIFFERENTIAL ALGEBRA 

The report will discuss a number of unsolved problems and will 
describe their present state. These problems are concerned with 
singular solutions of an algebraic differential equation, with differ­
ential specializations, with the size of an irreducible component 
of a system of algebraic differential equations, with the Galois group 
of a homogeneous linear ordinary differential equation, and with 
rational approximations to solutions of algebraic differential equations. 

P. D. L a x 

SCATTERING THEORY 

The following is a rather general formulation of the scattering 
process: Let U (t) be a one-parameter group of operators, not necessarily 
linear, such that for every f in the domain of this operator U (t) f 
has a simple description for t large positive and t large negative; the 
scattering operator simply relates these two descriptions. We shall 
attempt,to give such descriptions for solutions of the Korteweg—de 
Vries equation 

ut + uux + uxxx = 0. (1) 

This equation has for every given positive speed c solitary wave 
solutions, i.e. a solution of the form 

u (x, t) = s(x — ct, c), 

s (x) tending to zero as x tends to ± oo. Following the very suggestive 
work of N. J. Zabusky and M. D. Kruskal [1J we conjecture that 
every solution of (1) which tends to zero properly as x tends to ± oo 
can be represented for large t as a superposition of solitary waves: 

u(x, 0 — S s (x—"cjt — 9/> cj) (2) 
where the sequence {CJ} of characteristic speeds tends to zero. Numer­
ical calculations of Kruskal and Zabusky suggest that the character­
istic speed Cj which appear in the asymptotic description of u (x, t) 
for large positive t are the same ones which appear in the asymptotic 
description of u for large negative t. The phase shifts Qt are different, 
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and they would be related to each other by the scattering operator. 
These conjectures are supported so far by numerical calculations 
and by perturbation calculations but no rigorous proof. 

The second part of my talk is a summary of joint work with Ralph 
Phillips on linear scattering. A summary report of this work has been 
given in [2] with applications to the wave equation in exterior 
domains. A further application is the Schrödinger equation presented 
by Ralph Phillips in his talk at this Congress. A monograph on this 
subject will be published by Springer, hopefully by the end of this 
year. 
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O. L e h t o 

QUASICONFORMAL MAPPINGS IN THE PLANE 

During the past decade decisive progress has been made in the 
general theory of quasiconformal mappings in the plane. For many 
years the study of the relations between the various possible defini­
tions for quasiconformality was one of the principal objects of research. 
Today, this part of the theory seems to be a fairly closed chapter. 
Therefore, the beginning of this survey, which deals with the defini­
tions, is more of an historical nature. In the second part, attention 
is called to the important work of Ahlfors on quasiconformal reflection 
and to some new problems which have arisen in this connection. The 
concluding section contains some remarks on the parametric represen­
tation of quasiconformal mappings. 

1. DEFINITIONS 

The first quasiconformal mappings introduced by Grötzsch and 
Lavrentieff can be regarded as immediate generalizations of con-
formal mappings. In 1938 Morrey, on studying partial differential 
equations of elliptic type, defined a more general class of mappings. 
These were characterized as weak homeomorphic solutions of a Beltra­
mi differential equation 

w- = kwzi (1) 
where k is measurable and sup | k | < 1. 

Grötzsch mappings are continuously differentiable solutions of 
(1) with non-zero Jacobian, and so for Grötzsch mappings k in (1) 
is continuous. However, not every continuous k yields a Grötzsch 
mapping. It is a classical result that uniform Holder-continuity 
of k is a sufficient condition, and it is also well known that Holder-con­
tinuity can be replaced by weaker integral conditions. But it seems 
to be difficult to characterize Grötzsch mappings in terms of k. 
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In contrast to this, Lavrentieff mappings are weak homeomorphic 
solutions of exactly those equations (1) in which k is continuous 
(Bojarski). It is a beautiful result that, apart from constants, Morrey 
mappings constitute the closure of Grötzsch and Lavrentieff mappings 
under uniform convergence on compact sets. 

In the early fifties, Ahlfors and Pfluger defined quasiconformality 
with the help of the conformai modulus M (Q) of a quadrilateral Q: 
A sense preserving homeomorphism /: D -> D ' is quasiconformal 
in D, if M (f (Q))/M (Q) is bounded for all quadrilaterals QczD. 
If the bound does not exceed K, f is called /("-quasiconformal. It was 
one of the fundamental discoveries in the theory, about ten years 
ago, that this class of quasiconformal mappings coincides with the 
class of Morrey mappings. 

Today many other definitions for quasiconformality are known. 
One way to obtain definitions is as follows: Take a conformai invar­
iant (modulus of a quadrilateral, modulus of a ring domain, extremal 
length of a curve family, harmonic measure, hyperbolic measure, 
angle, etc.), consider its change under a K- quasi conformai mapping, 
and study whether a homeomorphism with this property is /("-quasi­
conformal. For detailed results in this direction, we refer to a recent 
survey by Gehring. 

2. QUASICONFORMAL CONTINUATION 
Let / be a quasiconformal mapping of a domain D, and let F cz D 

be a compact set. Then there always exists a quasiconformal mapping g 
of the plane such that g \ F = f. The extension g can be so constructed 
that in every component of the complement of the closure of D, g 
is a linear transformation. 

In contrast to the above, it is not always possible to find a quasi­
conformal mapping g of the plane such that g \D = f. If D and 
/ (D) are bounded by a finite number of Jordan curves, such an exten­
sion is possible, if every boundary component of D and / (D) is a so-
called quasiconformal curve (quasiconformal circle), i.e. the image of 
a circle under a quasiconformal mapping of the plane. Ahlfors has 
given a very simple characterization of quasiconformal curves in 
geometric terms: If C 3 oo and zu z2, z3 are any three successive 
finite points of C, then C is quasiconformal if and only if there exists 
a finite number M such that 

Zi— z2 

Zl—Z3 

<M. (2) 

Let now C be a Jordan arc. We call C quasiconformal if it is the 
image of an interval under a quasiconformal mapping of the plane. 
The problem of characterizing quasiconformal arcs has recently been 
solved by Rickman. Suppose in the following that C is bounded. 
If C is a closed arc, the validity of the Ahlfors condition (2) is necessary 
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and sufficient for C to be quasiconformal. If C is open and condition 
(2) is fulfilled, then C has two endpoints and the closure C satisfies 
the same condition (2) as C. Hence, again C is quasiconformal. In this 
case the converse is not true: there exist bounded open quasiconformal 
arcs which do not satisfy any global condition (2). For open arcs 
a geometric characterization is obtained in local terms: an open arc C 
is quasiconformal if and only if the condition (2) is locally valid 
with a uniformly bounded M. 

There are still open problems concerning quasiconformal conti­
nuation, e.g., how the maximal dilatation of an extended mapping 
depends on the properties of the boundary of the original domain. 

3. CONTINUOUS DEFORMATION 

Let D be the unit disc and SK the family of all /("-quasiconformal 
homeomorphisms f: D-*D, such that / (0) = 0, f (1) = 1. Every 
/ Ç SK can be extended as a /("-quasiconformal mapping to the whole 
plane by reflection. SK is a metric space if the distance p (/, g) of the 
mappings f, g £ SK is defined by p (f, g) = max | / (z) — g (z) |, 
z£D. 

Let us consider a mapping f Ç SK and denote its complex dilata­
tion by k. Let kt be a measurable function in D such that | kt (z) | < 
< ( / ( — l)/(/C + 1) and such that kL(z) is continuous with respect 
to the real parameter t on the interval / = {t | 0 < ^ < T } , uniform­
ly for z £ D. Furthermore, we require that k0 (z) = 0, kT (z) = 
= k (z). Let ft be the (uniquely determined) mapping in SK whose 
complex dilatation equals kt (z) for almost all z £ D. If /, t' Ç /, 
we have for the complex dilatation k of the mapping /V°/r\ 

\k(z)\ = 
kt(z) — kt,(z) 

l-kt{z)kt,(z) (3) 

a.e. This implies, by Teichmüller's distortion theorem, that p (ft, 
fi') -> 0 as f ->• t. In other words, {fj, 0 < ^ < T, is a continuous 
transformation in SK of the identily mapping to the mapping f. 
(For deeper results in this direction, see Ahlfors and Bers.) 

There are, of course, many possibilities to construct the homotopy 
ft, 0 < ^ < T . For instance, we can choose kt such that the point 
kt (z) moves with constant velocity along the radius from the point 0 
to the point k (z), as t moves from 0 to T with constant velocity. 
In the£-plane length can be measured either with respect to the euclid-
ean metric or the non-euclidean metric of the unit disc. In the latter 
case, it follows from (2) that % (z) depends on the difference t' — t 
but not on the value of t. In particular, if we take t = 772, the abso­
lute values of the complex dilatations of the mappings fr/2 and 
/ ° /T/2 are the same. This implies the (well-known) result, that f 
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admits a representation 
f = W i . (4) 

where fi9 f2 £ S VË. 
Bojarski has proved that for every f 6 SK and for every measur­

able set A c: D, m (f (A)) = 0 (m (A)b), where m denotes the two-
dimensional Lebesgue-measure and ô > 0. Application of the above 
deformation technique yields information about 6. At first the simple 
formula (4) alone was applied, while recently, Gehring and Reich 
have made a more profound use of the parametric representation 
in this connection. 

L. M i c h e l 

THÉORIE DES GROUPES ET PARTICULES ÉLÉMENTAIRES 

On rappelle la nature des applications de la théorie des groupes 
aux spectres atomiques et à la physique nucléaire (notion d'isospin). 
Une particule est décrite par une représentation continue, unitaire, 
irréductible de la composante connexe du groupe de Lorentz inhomo­
gène (les autres composantes sont exclues par l'expérience). L'étude 
détaillée des produits tensoriels de ces représentations permet l'analyse 
phénoménologique des expériences sur les particules élémentaires. 
Celles ci sont de plus classées par des représentations de SU3 (remar­
quable confirmation expérimentale de prédictions). L'hypothèse 
récente: les champs quantiques de particules engendrent des algèbres 
de Lie, semble féconde. 

A. N é r o n 

DEGRÉ D'INTERSECTION EN GÉOMÉTRIE DIOPHANTIENNE 

1. INTRODUCTION 

Soit K un corps. On notera additivement les valeurs absolues v 
de K- Autrement dit, si, pour x £ K on représente par | x \ v la valeur 
de v en x, avec la notation multiplicative habituelle, on posera 
v (x) = log xv. 

On appellera corps global un corps K muni d'un système propre M 
de valeurs absolues de K au sens de [1] vérifiant la «formule du pro­
duit», i.e. tel qu'on ait 2u £ Mu (X) = 0 quel que soit x 6 K-

On a, en particulier, les deux exemples fondamentaux suivants 
de corps globaux: 

(a) Corps de nombres algébriques: K est alors une extension algébri­
que de degré fini du corps Q des rationnels, et M est l'ensemble des 
valeurs absolues de K, normées de façon que 

rv (x) = log | x | pour x réel, si v est archimédienne 
<v (p) = —log p si v prolonge la valeur absolue p-adique 

(b) Corps de fonctions algébriques d'une variable sur un corps k 
(on supposera pour simplifier que k est algébriquement clos): K peut 
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alors être regardé comme le corps des fonctions sur une courbe complète 
sans point multiple W définie sur k. On sait que toutes les valuations 
de K, triviales sur k, sont discrètes. On peut alors prendre pour M 
l'ensemble des opposées de ces valuations (chacune d'elles étant 
normée de façon que l'ensemble de ses valeurs soit Z). 

Rappelons la définition habituelle de la notion de hauteur d'un 
point. Soit x = (XQ, . . ., xn) un point de l'espace projectif Pn. 
Supposons d'abord x rationnel sur K (et prenons x% 6 K pour tout /). 
On appelle hauteur de x le nombre réel 

h(x)= 2 sup v(Xi). 
v £ M i 

Ce nombre ne dépend que de x, en vertu de la formule du produit. 
Plus généralement, supposons x algébrique sur /C, i.e. x% Ç K! pour 
tout i, où K' est une extension algébrique de degré fini d de /(. On 
appelle alors hauteur de x le nombre réel 

Ä ( * ) = w~2 n™ supro(*i)> 
i 

w £M' 
où w parcourt l'ensemble M' des valeurs absolues de /( ' prolongeant 
les valeurs absolues v Ç M, et où l'on note nw le degré local de l'exten­
sion K'IK relativement à w. Dans le cas de corps de nombres, on 
montre qu'il n'existe qu'un nombre fini des points qui sont de degré 
borné et de hauteur bornée dans Pn. 

Si V est une variété algébrique définie sur /C; et si q>: V -> Pn 
est un morphisme défini sur /C, à valeurs dans Pn, on pose h^= ho y. 

On dit d'autre part que deux fonctions f et g sur un ensemble E, 
à valeurs réelles, sont équivalentes, ce qu'on écrit / ^ g, si la diffé­
rence \ f (x) — g (x) | est bornée. 

L'une des propriétés essentielles des hauteurs est la suivante: 
Ac ne dépend, modulo la relation » , que de la classe, pour l'équi­
valence linéaire, du système linéaire L sur V associé à cp. Pour cette 
raison, le symbole hy est également noté hL, ou encore hx, si X est 
un élément de L; on prolonge par linéarité la définition du symbole hx 
au cas où X est un diviseur quelconque sur V, rationnel sur /(. 

La notion de hauteur joue, comme on sait, un rôle essentiel dans 
diverses questions de géométrie diophantienne, par exemple dans 
la méthode de descente infinie, intervenant dans la démonstration 
du théorème de Mordeil — Weil et de ses variantes. 

Cependant, on ne peut manquer d'observer le caractère artificiel 
de la définition de la hauteur h, et le fait que le symbole hx est une 
notion «grossière», en ce sens qu'elle n'intervient que par sa classe 
modulo la relation » . Dans le but de mettre au point une théorie 
plus précise des hauteurs, il était naturel de commencer par appro­
fondir les propriétés du symbole hx dans le cas le plus simple, à savoir 
le cas (b), celui des corps de fonctions. En effet, pour a 6 VK, hx (a) 
est alors un nombre entier, qu'on peut interpréter par la théorie 
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des intersections, au sens le plus classique en géométrie algébrique. 
Dans certains cas où V = A est une variété abélienne, on peut faire 
le calcul explicite de ce symbole pour tous les a £ A rationnels sur /(. 
Il en est ainsi, par exemple, lorsque A est la courbe générique d'un 
pinceau de courbes elliptiques convenable; certains résultats dans 
ce sens, implicitement contenus dans [5] et [6], ont été développés 
de façon détaillée, et complétés par d'autres analogues, dans un 
article récent de Manin [4]. On observe dans chaque cas que hx (a) 
est une fonction quadratique de a, à l'addition éventuelle près de 
termes linéaires, et de termes «périodiques». 

On sait maintenant développer une théorie englobant ces derniers 
résultats, valable pour un corps global quelconque, et possédant, 
en un certain sens, le même degré de précision dans le cas des corps 
de nombres que dans celui des corps de fonctions. 

On a, en premier lieu, le théorème fondamental suivant 

T h é o r è m e 1 (caractère quadratique de la hauteur). Soit A 
une varieté abélienne définie sur un corps global K, et soit X un diviseur 
sur A, rationnel sur /(. Notons A^ le groupe des points de A rationnels 
sur la clôture algébrique K de K. Il existe une forme quadratique qx 
et une forme linéaire fx sur A%, uniquement déterminées, à valeurs 
réelles, telles qu'on ait 

hx&qx + lx. 

(on appelle «forme quadratique» une fonction de la forme f (x, x), 
où f est bilinéaire) 

La première démonstration de ce théorème, et de loin la plus 
simple, est due à Tate; pour cette démonstration, nous renvoyons 
à [2], [3], [4]. Une autre démonstration est donnée ci-dessous, au n° 4. 
A titre d'application de ce théorème, on retrouve les résultats que 
j'avais énoncés ou conjecturés dans [71, concernant une valeur appro­
chée du nombre des points rationnels sur A dont la hauteur admet 
une borne donnée (cf. [9], 11, n° 16, th. 6). 

Compte tenu des propriétés des hauteurs, on déduit du théorème 
précédent que la fonction gx = qx + lx ne dépend que de la classe 
de X pour l'équivalence linéaire, et qu'elle est birationnellement 
invariante sur /(. Autrement dit, gx possède un caractère intrinsèque, 
et constitue en fait la «bonne» notion de hauteur, appelée sans aucun 
doute à supplanter l'ancienne notion hx. 

Mais il est possible également de généraliser l'interprétation signa­
lée plus haut de la hauteur comme degré d'intersection. J'ai montré 
dans [9] que gx (a) peut, dans tous les cas, être exprimé sous forme 
d'une somme de termes locaux, i.e. respectivement associés aux 
différentes valeurs absolues v £ M. Désignant par A une variété 
abélienne définie sur K, par X un diviseur sur A, par a un cycle de 
dimension et de degré nuls sur A, tous deux rationnels sur K, l'outil 
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utilisé est un certain symbole local (X, a)v, appelé degré d'intersec­
tion de X et a. relatif à v; il s'agit d'un certain nombre réel attaché 
au couple (X, a)v et à la valeur absolue v, et birationnellement inva­
riant sur K- La suite de cet exposé est essentiellement consacrée 
à l'énoncé de la définition de ce symbole, et à une étude de ses 
propriétés résumant les principaux résultats de [91. D'une part, on peut 
définir ce symbole de façon axiomatique, et prouver son existence 
par une méthode de passage à la limite, valable pour un corps global 
quelconque, puis prolonger sa définition au cas d'une variété complète 
sans point multiple arbitraire. D'autre part, on peut interpréter 
ce symbole (et, en même temps, redémontrer son existence) grâce 
à l'introduction des modèles minimaux des variétés abéliennes au 
sens de [8] (dans le cas d'une valuation discrète) ou à celle des 
fonctions thêta (dans le cas d'une valeur absolue à l'infini, i.e. archi-
médienne). 

L'introduction du symbole (X, a)v semble constituer un premier 
pas vers une sorte de théorie globale des intersections valables pour 
des schémas sur Z (bien qu'à vrai dire la structure de schéma ne soit 
pas seule en cause, en raison du rôle essentiel joué par les valeurs 
absolues à l'infini). Parmi les problèmes à résoudre, signalons en tout 
cas celui de l'extension de la définition du symbole pour les cycles 
de dimension intermédiaire. 

2. SYMBOLE (X, a)„ (CAS D'UNE VARIÉTÉ ABELIENNE) 

Dans ce n°, on considère un corps /C, algébriquement clos, et muni 
d'une valeur absolue v. 

Si V est une variété définie sur K, on désigne par VK l'ensemble 
des points de V rationnels sur /C, par D (V)K le groupe des diviseurs 
sur V rationnels sur /C, par Da (V)K (resp. Di (V)K) le sous-groupe 
de D (V)K composé de ceux de ses éléments qui sont algébriquement 
resp. linéairement) équivalents à zéro. L'équivalence linéaire pour 
les diviseurs est représentée par le signe ~ . Si X est un diviseur sur V, 
l'ouvert complémentaire du support de X est notéU(X). Le groupe 
des cycles sur V qui sont de dimension 0 et rationnels sur K est noté 
Z (V)K- L'élément a de ce groupe ayant pour composants les points 
a>i 6 VK, respectivement affectés des coefficients mi Ç Z, est noté 
a = 2 f m i ( a0- La somme m = \\nii est appelée le degré de a. Le sous-
groupe de Z (V)K composé de ceux de ses éléments qui sont de degré 0 
est noté Z0 (V)K• On dira que deux cycles sont étrangers si leurs supports 
sont sans point communs. 

Soient X £ Dx (V)K, et a 6 Z0 (V)K. Si V est complète, il existe, 
d'après [12], IX, 4, th. 8, coroll. 2, une fonction f sur V, définie sur 
K, telle que div (f) = X. Si a = 2,m, (at), l'élément f (a) = U f {aiT1 

i 

de K ne dépend que de X et de a, mais non de f. On le désigne 
par X(a). 
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Si A est une variété abélienne, et si X est un cycle sur A, le cycle 
déduit de X par la translation définie par u Ç A est noté Xu. Le trans­
formé de X par la symétrie x\-> x est noté X~. 

T h é o r è m e 2. Soit A une variété abélienne définie sur K-
A tout couple (X, a) composé d'un diviseur X ÇZ) (A)K et d'un cycle 
a 6 Z0 (A)K, mutuellement étrangers, on peut, d'une et d'une seule 
façon, faire correspondre un nombre réel (X, a)v, de sorte que les con­
ditions suivantes soient satisfaites: 

(i) (X, a)« dépend bilinéairement de X et de a. 
(ii) Pour X ~ 0, on a (X, a)„ = —v (X (a)). 
(iii) (X, a)„ est invariant par toute translation sur A rationnelle 

sur /C. 
(iv) Pour a 6 U (X), fixé, l'application % : U (X)K->~ R obtenue 

en posant X (a) = (X, (a) — (a0))v est localement bornée, i.e. est 
bornée sur tout sous-ensemble borné (pour la métrique définie par v) 
de l'ensemble U (X)K. 

(En abrégé: on pose (X, a)D = —v (X (a))1) lorsque X ~ 0, et on 
affirme qu'il existe une et une seule manière «raisonnable» de prolon­
ger cette définition pour X Ç D (A)K quelconque): 

Pour la démonstration de l'existence de (X, a)c, nous renvoyons 
à [91 ou, pour un bref résumé, à [3]2). La méthode employée consiste 
à définir le symbole comme limite d'une certaine suite réelle; elle 
comporte l'introduction de la notion de quasi-fond ion, constituant 
une version modifiée de la notion de distribution au sens de Weil. 

Nous nous bornons ici à reproduire la démonstration de l'unicité 
de (X, a)ü. Supposons qu'il existe deux symboles (X, a)Ket(X, a)i 
vérifiant les conditions du théorème, et posons g (X, a) = (X, a)i — 
— (X, 3L)V. On voit immédiatement que l est bilinéaire en X et a, 
et s'annule pour X ~ 0. Donc, si X' ~ X, le nombre g (Xf, a) ne 
dépend pas du choix de X', et ceci permet de définir | (X, a) même 
si X et a ne sont pas étrangers, en faisant «bouger» X. On peut recou­
vrir V par un nombre fini d'ouverts de la forme U (Xi), avec X\ ~ X 
pour tout i. Compte tenu de la condition (iv), on en déduit que 
È (X, (a) — (a0)) est une fonction bornée de a. Montrons que l s'annule 
lorsque X 6 Da (A)K et a f V 0 (A)K. En effet, supposons d'abord 
que A appartient au noyau d'Albanese de A, i.e. qu'on a ^ m ^ = 0-
Comme K est algébriquement clos, les at sont rationnels sur K) on se 

*) J 'a i commis une faute de signe dans [9]: dans, les prop. 3 et 5 du n° 6 du 
chap. I l l , il faut remplacer deg (X.a.) par —deg (X.a). Pour que la terminologie 
soit compatible avec celle de la théorie usuelle des intersections, il faut donc 
modifier la définition, et poser (X, a)v = — v (X (a)) comme ci-dessus, au lieu 
de (X, a)D = v (X (a)). 

2) Dans [3], il n'était question que du cas où X est algébriquement équi­
valent à zéro; mais il est facile de passer de là au cas général. 
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ramène, par linéarité, au cas où a est de la forme a = (a + b) — (a) — 
— (b) + (0) avec a et b 6 AK. Compte tenu de (iii), on a alors l (X, a)= 
= l (X-h — X, (a) — (0)); comme X_& — X ~ 0, on a donc bien 
l (X, a) = 0, en vertu de (ii). Soit toujours X Ç Da (A)K, et prenons 
a É Z o (A)K quelconque. Pour tout entier m, notons mb l'homomorph-
isme de multiplication par m sur A. Le cycle (mô) (a) — ma appar­
tient au noyau d'Albanese, et on a donc g (X, (mô)(a)) = ml (X, a). 
Pour a fixé, le premier membre est borné quel que soit m, d'après 
ce qui précède. On a donc encore nécessairement | (X, a) = 0. 

Pour traiter enfin le cas où X 6 D (A)K est quelconque, on distingue 
à nouveau le cas où a appartient au noyau d'Albanese, qu'on ramène 
à celui, plus particulier, où a est de la forme (a + b) — (a)(b) + (0). 
On utilise cette fois la relation X_& — X Ç Da (A)K; pour passer de là 
au cas général, on introduit encore l'entier m, et on répète le raisonne­
ment fait plus haut. 

3. SYMBOLE (X, a)0 (CAS D'UNE VARIÉTÉ COMPLÈTE SANS 
POINT MULTIPLE QUELCONQUE) 

On considère toujours un corps /C, qu'on ne suppose plus ici nécessai­
rement algébriquement clos, et une valeur absolue propre v de /C. 

Soit V une variété complète sans point multiple, définie sur /( . 
Introduisons un morphisme canonique a: V-* A (défini sur la clôture 
algébrique K de K) de V dans sa variété d'Albanese A. Il est nécessai­
re ici de considérer, au lieu du groupe D (V)K de tous les diviseurs sur 
V, rationnels sur /C, le sous-groupe de ce dernier, qu'on note D (V)K, 
composé des diviseurs dont un multiple entier est linéairement équi­
valent à un diviseur de la forme a"1 (Y), avec Y £ D (A)K. On voit 
facilement qu'on a toujours Da (V)K cr D (V)K. Lorsque V est une 
variété abélienne, ou lorsque V est une courbe de genre au moins égal 
à 1, on a D (V)K = D (V)K, mais ceci n'a pas lieu dans tous les cas: 
c'est faux, en particulier, pour les courbes de genre 0, car alors D (V)K 

est le groupe des diviseurs de degré nul, qui est distinct de D (V)K-

T h é o r è m e 3. A toute variété V complète sans point multiple, 
définie sur K, et à tout couple (X, a) composé d'un diviseur X £ D (V)K 
et d'un cycle a 6 2Q(V)K, mutuellement étrangers, on peut, d'une et 
d'une seule façon, faire correspondre un nombre réel (X, a)w, de sorte 
que les conditions suivantes soient satisfaites: 

(i) (X, a)u est bilinéaire en X et a. 
(ii) Pour X ~ 0, on a (X, a)„ = —v (X (a)). 
(iii) Pour tout K-morphisme cp: V -> V, et pour X 6 D (V)K, 

a' 6 ZQ (V')K, on a 

(<p-i(X), a); = (X,cp(a,))ü, 

toutes les fois que les deux membres ont un sens. 
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(iv) Pour a0 6 U (X)K fixe, l'application À«: U (X)K-> R obtenue 
en posant X (a) = (X, (a) — (ao))v est localement bornée, au sens intro­
duit dans le th. 2. 

Ce théorème se ramène au précédent, par passage à la variété d'Al­
banese de V. On peut compléter son énoncé par les précisions suivantes: 

(a) Le symbole (X, a)D ainsi défini généralise celui du th. 2. 
(b) Il est birationnellement invariant sur K (d'après (iii)). 
(c) Il ne dépend pas du corps iC, i.e. il est invariant lorsqu'on rem­

place K par un sous-corps et v par la valeur absolue induite sur ce sous-
corps. 

(d) Si K est un corps global, on a (X, a)v = 0 pour presque toute 
v 6 M (cf. les notations du n° 1), i.e. pour toute v n'appartenant pas 
à un certain sous-ensemble fini de M. 

4. SYMBOLE GLOBAL (X, a). LIEN AVEC LA NOTION DE HAUTEUR 

Supposons à nouveau que K est un corps global, et reprenons les 
notations du n° 1. Pour X CD (V)K, et a 6 Z0 (V)K, mutuellement 
étrangers, considérons la somme 

(X, a) = 2ueM(X, a)0. 

Cette somme est définie, d'après la remarque (d) ci-dessus. En outre, 
le symbole (X, a) dépend bilinéairement de X et a, et s'annule lorsque 
X ~ 0. Ceci permet, en faisant «bouger» X, de prolonger la définition 
de (X, a) au cas où X et a sont quelconques, non nécessairement 
étrangers. 

Nous pouvons maintenant, en utilisant ce qui précède, retrouver 
le th. 1, et montrer que la fonction gx intervenant dans ce dernier n'est 
autre que 

gx(a) = (X,(a)-(0)). (1) 

En effet, désignons le second membre par g' (a) = g'x (a). Nous 
allons d'abord montrer que g' est la somme d'une fonction quadratique 
et d'une fonction linéaire. Pour cela, remarquons que l'expression 

(a, b)x = (X, (a + b) - (a) - (b) + (0)) 

est bilinéaire symétrique en a et b, donc que 

g'(a)+g'( — a)= — -j(a, —a)x 

est quadratique en a. D'autre part, on a, d'après (iii), 

* ' ( - a ) = (Xf ( - a ) - ( 0 ) ) = (X-, (a)-(0)) . 
On a donc 

g'(a)=-\(a, -a)x + (X-X-, (a)-(0)). 
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Or on sait que X — X" et algébriquement équivalent à zero, donc 
linéairement équivalent à un diviseur de la forme Xc — X, avecc 6 AK 
et on en déduit que le second terme de cette expression est linéaire 
en a. Notre assertion est donc démontrée. 

Il reste à prouver qu'on ahx œ g'x. On peut supposer que A est 
plongée dans l'espace projectif Pn, et que X est une section hyperplane 
de A. Pour a 6 AK, de coordonnées homogènes a0, . . ., a^, on 
a h (a) = 2>v sup* v (ai/ai0), l'indice i0 étant choisi tel que ai0 ¥= 0. 
Quitte a effectuer un changement de coordonnées linéaire, on peut 
supposer que l'origine sur A est le point de coordonnées 1, . . ., 1. 
Pour tout i, notons Xz- la section hyperplane de A obtenue en annulant 
la coordonnée d'indice /. On a, pour tout i, 

v(ai/aiQ)=^(Xi — Xi0, (a) — (Q))v, 
d'où 

hx(a)= 2 snp(Xi,(a)-(0))v+gx(a). 
v £ M i 

Les ouverts U (Xt) étant sans point commun, on déduit de la con­
dition (iv) du th. 2 que le premier terme du second membre est borné. 
On a donc bien démontré le th. 1, ainsi que la formule (1). 

5. INTERPRÉTATION DE (X, a)„ (CAS D'UNE VALUATION DISCRÈTE) 

Dans ce n°, nous considérons un corps K muni d'une valeur absolue 
de la forme v = —a), où CD est une valuation discrète de /(, normée 
de façon que l'ensemble de ses valeurs soit Z. Nous désignons par R 
l'anneau de valuation correspondant, par p son idéal maximal, et par 
K° le corps résiduel. Si V est une p-variété définie sur /C, au sens de 
Shimura [10] (par exemple une variété projective définie sur /C), 
on peut parler du cycle réduit V° = p (V) de V (mod p). Considérons 
un point a 6 VK, tel que le point réduit a0 = p (a) soit simple sur V°, 
et soit / une fonction sur V, définie sur K. On dit que X est représenté 
par f en a0 si a0 n'appartient pas à l'ensemble réduit du support du divi­
seur X — div (/), et s'il n'appartient pas non plus au support du p-di-
viseur de / (au sens de [8], 1, n° 12) i.e. si fest génériquement inversib­
le sur la composante de V° qui contient a0. Si / représente X en a, le 
nombre entier — V (f (a)) = co (/ (a)) ne dépend que de X et de a, 
mais non de /. On l'appelle v-multiplicité d'intersection de X et a, 
et on le note i (X, a) ou iv (X, a). On note d'autre part Z' (V)K 
(resp. Z'Q(y)K) le sous-groupe de Z (V)K (resp. de Z0 (V)K) formé des 
cycles dont tous les composants sont rationnels sur K. Pour tout cycle 
a g Z' (V)K, on définit i (X, a) = iv (X, a) en prolongeant par linéa­
rité définition précédente. 

R e m a r q u e 1. Examinons le cas particulier où K est un corps 
de fonctions d'une variable sur un corps k, et prenons pour modèle 
de l'extension K/kune courbe W complète sans point multiple définie 
sur k (cf. n° 1). On a K = k (x), où x est un point générique de Wsur k, 
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et la valeur absolue v correspond à un point x° de W, rationnel sur k. 
La variété V peut être regardée comme l'élément générique d'une famil­
le paramétrée par W. Si V est le graphe de cette famille, on a une projec­
tion canoniques: l/-> W. La variété F s'identifie à la «fibre générique» 
n'1 (x), tandis que V° s'identifie à la «fibre spéciale» Jt"1 (x°). A toute 
sous-variété V de V définie sur K (resp. à tout cycle X sur V rationnel 
sur /C), de dimension r, il correspond une sous-variété V de V, définie 
sur k (resp. un cycle X sur V, rationnel sur k, et n'admettant pas 
de composantes «verticales»), de dimension r + l, telle qu'on ait 
V = V-V (resp. X = X-V). On voit, dans ces conditions, que iv (X, 
a) est le degré de la contribution des points de la fibre spéciale V° dans le 
cycle produit d'intersection X-a, ce dernier étant entendu au sens clas­
sique des «Foundations» de Weil. 

Soit maintenant A une variété abélienne définie sur /C, faiblement 
p-simpla p-minimale au sens de [8], i.e. telle que les conditions sui­
vantes soient satisfaites: 

(a) A est faiblement p-simple, i.e. tout point rationnel p-adique 
de À (donc, en particulier, tout point 6 AK) se réduit en un point simple 
de A0. 

(b) A vérifie la propriété d'application universelle suivante: Si V 
est une p-variété définie sur /C, toute application rationnelle cp: V ->• A, 
définie sur K est p-morphique en tout point simple de V° = p (V). 

Rappelons que toute variété abélienne définie sur K admet un 
/("-modèle de ce type ([8], II, th. 2). Rappelons aussi que l'ensemble 
G0 des points simples de A0 = p (A) est alors canoniquement muni 
d'une structure de groupe algébrique sur le corps résiduel /C°. Dans ces 
conditions, quels que soient X £ D (A)K et a 6 Z'0 (A)K, le symbole 
iv (X, a) est toujours défini. 

Lorsque le groupe G0 est connexe (i.e. ne possède qu'une composante) 
on a la formule 

(X,a)B = /8(X,a). (2) 

En effet, dans le cas particulier où X ~ 0, cela résulte triviale­
ment des définitions; on passe facilement de là au cas général en mont­
rant que le second membre iv (x, a) vérifie toutes les conditions du th. 2. 

Dans le cas où G0 n'est pas connexe, la formule (2) n'est plus vraie 
en général, mais si on pose 

(X, a)D = *\,(X, a) + /ö(X, a), (3) 

il est possible d'interpréter d'une manière simple le terme complé­
mentaire / (X, a) = /„ (X, a). Pour cela, posons a = J J ^ K ^ O (ai € AK) 
Dans le cas où X ~ 0, X est le diviseur d'une fonction / définie sur /C, 
et on trouve / (X, a) = 2*m*Vf ' e n désignant par v* le coefficient, dans 
le p-diviseur de f, de la composante G? de G0 contenant a? (dans le cas 
particulier des corps de fonctions (cf. remarque 1 ci-dessus), / (X, a) 
peut encore être interprété comme le degré du produit d'intersection 
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F0-a, en désignant par Y0 la contribution de la fibre spéciale dans 
le diviseur de la fonction / obtenue en étendant f à V). On voit ensuite 
que cette interprétation peut être prolongée de façon naturelle au cas 
où X est un élément quelconque de D (A)K. On observe en même 
temps que / (X, a) est un nombre rationnel, et que c'est une fonction 
«périodique» de chacun des composants de a (i.e. ne dépendant que 
de la classe de chacun d'eux modulo un sous-groupe d'indice fini du 
groupe de Mordeil — Weil). 

Dans le cas d'un corps de fonctions algébriques d'une variable, on 
en déduit que le symbole (X, a)„ (sur une variété V complète sans point 
multiple quelconque) est toujours un nombre rationnel, dont le dénomi­
nateur ne dépend pas en outre du couple (X, a), mais seulement de V 
et de K. Il en résulte en particulier que le nombre gx (a) défini au n° 1 
est alors aussi un nombre rationnel, dont le déterminateur ne dépend pas 
du couple (X, a). 

R e m a r q u e 2. On peut, sous certaines hypothèses, considérer, 
dans les définitions qui précèdent, des cycles a g Z0 (V)K n'apparte­
nant pas nécessairement à Z'0 (V)K, i.e. ayant des composants algébri­
ques (non nécessairement rationnels) sur K (cf. [9], III). Les résultats 
exposés ci-dessus suffisent cependant pour l'interprétation que nous 
avions en vue: pour a donné, on peut en effet agrandir K de sorte que 
les composants de a deviennent rationnels sur /C. 

R e m a r q u e 3. II existe différentes situations, concernant les 
variétés complètes sans point multiple, et dans lesquelles la formule 
(1) ci-dessus est encore valable ([9], III, 5, th. 3). 

6. INTERPRÉTATION DE (X, a)D (CAS D'UNE VALEUR ABSOLUE 
ARCHIMÉDIENNE). LIEN AVEC LES FONCTIONS THÊTA 

On peut alors supposer que K est le corps des nombres complexes C. 
Toute variété abélienne A définie sur C peut être identifiée à untore, 
i.e. à un quotient de la forme C /A, où A est un sous-groupe discret 
maximal de Cn- Notons alors JJI l'application canonique Cn-*A. 
On sait que, pour tout diviseur X £ D (A)c, on peut trouver une fon­
ction thêta 8 sur Cn admettant pour diviseur jx_1 (X). On sait en outre 
(cf. [13], IV, 5) qu'il existe une forme hermitienne H sur Cn telle 
que, pour u £ C°, l'expression 

^(u)=z\og\<ò(u)\—H(u, u) 

soit invariante par A. Il existe donc une et une seule application (p: 
Ac -> R telle que cpôx = if. Par linéarité, on peut étendre cp à une 
application cp *: Z(À)C-+R. Pour a.£ZQ(A)c, on voit de plus que le 
nombre réel cp* (a) ne dépend que de X et de a, mais non du choix de 9. 
On peut désigner ce nombre par (X, a)*. Les propriétés des fonctions 
thêta permettent de vérifier que ce symbole vérifie toutes les condi­
tions du th. 2. On a donc dans ce cas (X, a)v = (X, a)*. 
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T. O n o 

ON TAMAGAWA NUMBERS 

We shall use C as a universal domain when we consider the topolog­
ical properties of the variety defined over Q. Let G be a connected 
semi-simple algebraic group defined over Q and % (G) be the Tama-
gawa number. The most important fact about x (G) is that this number 
is closely related to the fundamental group zti (G). In fact, Weil has 
conjectured that 

nl(G) = 0=ïx(G) = l. (W) 
Let us now consider a variety X defined over Q on which acts an 

algebraic group G transitively. Examples we have in mind are: 
(1) X = Cn — {0}, G = SL (n)c, (2) X = Sn (complex n-sphere), 
G = 0+ (n+ l)c. Observe that n± (X) = jt2 (X) = 0 if n > 2 in 
(1) and n>3 in (2). Note also that if X = G, a group, JC2 (G) = 0 
is automatically satisfied. Hence it will be natural to define x (X) 
for certain class of homogeneous spaces so that one can expect the 
following generalization of (W): 

jti (X) = jt2 (X) = 0=$ x (X) = 1. (W) 

In fact, we shall define x (X) as a number which measures a deviation 
from the validity of the mean value theorem for the algebraic transfor­
mation space (G, X). Let G be a connected algebraic group over Q 
which has no non-trivial characters, let X be a variety defined over Q 
on which G acts transitively. We assume that for x £ X, the isotropy 
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group Hx is also connected and without characters, that XQ # 0 
and that XQ is discrete in the adele space XA. One can then define a 
canonical measure dXA on XA. For a function / on XA which is 
continuous with compact support, consider the following integrals 

\fdXA 
I Fd (GA/GQ) 

I d (GA/GQ) (•) 

where F = 2 / (g>î) is a function on GA/GQ. We shall call (*) the 

Tamagawa number of X, written x (X), if it is finite and does not de­
pend on the choice of /. If, in particular, X=G, this definition coincides 
with the ordinary definition of x (G). Anyway, x (X) = 1 and the 
mean value theorem for (G, X) are synonymous. In order that x (X) 
is well-defined, for example, the existence of a rational Q-section for 
the fibering G-* X is sufficient, which are the case for (1), (2). For 
such case, one can derive (W) from (W). 

It seems to us interesting that the vanishing of the first two homoto­
py groups of the underlying complex manifolds is the reason for the 
validity of the mean value theorem in the geometry of numbers. 

G. P a p y 

LA GÉOMÉTRIE DANS L'ENSEIGNEMENT MODERNE 
DE LA MATHÉMATIQUE 

Le programme de l'expérience belge pour les cinq premières années 
du cycle secondaire (12 à 17 ans) est conforme aux voeux unanimes émis 
par toutes les réunions de mathématiciens purs et appliqués que se 
sont penchés sur le problème de l'enseignement: 
1. La mathématique actuellement utile est la mathématique moderne. 

Elle a le plus de chances d'entrer en résonance avec l'esprit des 
enfants d'aujourd'hui. 

2. Il faut apprendre à mathématiser des situations. 
3. Les programmes du cycle secondaire doivent comporter: ensembles, 

relations, graphes, groupes, espaces vectoriels (y compris les vecto­
riels à produit scalaire euclidien), les débuts de l'analyse mathé­
matique et du calcul différentiel et intégral. 
Le point le plus central, le plus fondamental du programme précé­

dent est sans conteste: 
ESPACES VECTORIELS 

La mise en évidence systématique des espaces vectoriels sous-jacents, 
dans les branches les plus variées, est un des traits caractéristiques 
du vrai visage de la mathématique d'aujourd'hui. L'étude de problè­
mes difficiles de topologie utilise notamment la structure d'anneau-
module, qui généralise celle d'espace vectoriel. 
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Qui ne voit l'impossibilité actuelle de développer honnêtement un 
cours d'analyse mathématique sans utiliser de manière fondamentale 
les espaces vectoriels [DU. Est-il admissible de dissimuler que diffé­
rentielles et intégrales sont des exemples importants d'applications 
linéaires? 

Gustave Choquet a indiqué avec combien de force et de raison que 
les vectoriels à produit scalaire constituent la Voie Royale de la Géomé­
trie. La théorie des vectoriels à produit scalaire est le cadre naturel du 
précieux legs de la tradition euclidienne! 

Est-il possible d'étudier les espaces vectoriels sans introduire la 
structure de groupe... alors qu'un vectoriel est, avant tout, un groupe 
commutatif... et qu'apparaîtront inévitablement les groupes de trans-, 
formations linéaires? 

La plupart des groupes envisagés sont des groupes de permutations. 
Il s'agira de distinguer les permutations parmi les transforma­
tions. 

L'ensemble des classes latérales de tout sousvectoriel constitue une 
partition. 

Et nous n'avons pas encore évoqué le champ des coefficients. Les 
vectoriels considérés sont réels: il s'agit donc d'introduire le champ 
ordonné des nombres réels, dans lequel la structure d'ordre joue un 
rôle tout à fait fondamental. 

Inutile de prolonger cette enumeration en cascade, un bon ensei­
gnement des éléments des vectoriels utilise inévitablement tous les con­
cepts de la théorie élémentaire des ensembles, des relations et des 
groupes. 

L'inscription de l'étude du vectoriel réel au programme de l'en­
seignement secondaire, impose les grandes lignes de ce programme que 
nous allons examiner ci-dessous de manière plus détaillée, en suivant 
l'ordre chronologique, et en polarisant nos observations sur la géomé­
trie et le vectoriel euclidien plan. 

* * * 
En 1961, au moment même où l'entreprise belge de rénovation 

de l'enseignement de la mathématique démarrait dans les classes de 
6ème (12—13 ans), j 'ai pris une classe de 3ème scientifique (élèves 
de 15 à 16 ans, 7 périodes de 45 min. par semaine) pour voir s'il n'y 
avait pas moyen d'enseigner directement la théorie des vectoriels à des 
élèves de 15 ans ayant suivi un enseignement traditionnel. 

Cette expérience m'a amené à la conclusion que voici: 
1. L'enseignement traditionnel avant 15 ans, avait déjà condition­

né les élèves dans un sens opposé à l'esprit de la mathématique moderne. 
De grands efforts devaient être consentis pour les désintoxiquer. Le 
conditionnement antérieur n'avait rien de naturel ni de spontané: 
des trésors de pédagogie et d'abnégation traditionnelles avaient été 
dépensés pour arriver à ce résultat... qu'il convenait maintenant de 
détruire. Quelle perte de temps et d'énergie! 
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2. Les notions fondamentales concernant ensembles et relations 
s'enseignent plus aisément à 12 ans qu'à 15. Elles embouteillent le 
cours de la classe de 15 ans où trop de concepts doivent s'introduire 
simultanément. 

3. Ensembles, relations, groupes... étant enseignés dès 12—13 
ans, il est possible d'utiliser harmonieusement ces concepts comme 
outils-moteurs de la construction même de l'édifice mathématique et 
en particulier de la géométrie. Il en résulte un énorme gain de temps 
et de motivation et la mathématique apparaît ainsi dans une vision 
unitaire. 

C l a s s e d e s i x i è m e (12—13 ans) (4 périodes hebdomadai­
res de 45 min) *) 

La première moitié de cette année est réservée aux ensembles et 
relations, enseignés en s'aidant des représentations géométriques 
par diagrammes de Venn et graphes multicolores. 

Tous ceux qui ont procédé de la sorte — et ont pris leur temps pour 
cet enseignement — ont pu constater, les années ultérieures, que les 
principales notions de cette théorie élémentaire et naïve étaient défi­
nitivement assimilées et faisaient même partie de la connaissance 
acquise immédiatement disponible. 

L'usage des diagrammes de Venn et des graphes apprend subsidi-
airement à dessiner des schémas et à schématiser des situations, ce qui 
est fondamental pour toutes les études ultérieures. 

On aborde la géométrie au cours de la deuxième moitié de cette 
année en utilisant à la fois les notions ensemblistes acquises et la métho­
de axiomatique des sciences expérimentales. Le plan est regardé comme 
un donné que l'on idéalise de manière harmonieuse lorsque l'expérien­
ce proprement dite cesse de donner des réponses. Le maître choisit des 
situations qui provoquent l'expression de certaines affirmations plus 
ou moins descriptives. C'est parmi celles-ci que l'on choisit les axiomes 
d'incidence de la géométrie plane. 

Il est souvent difficile de raisonner sur des figures parce que l'on 
y voit les réponses sans raisonner. On obvie à cet inconvénient par l'uti­
lisation des diagrammes de Venn ([MM1] pp 68—71) et notamment en 
demandant de dessiner dans le plan des situations primitivement décri­
tes par des diagrammes. 

L'axiome des parallèles est introduit sous forme globale ([MMll 
pp 73—75). 

Les chaînes de parallélogrammes conduisent tout naturellement 
à la notion de couples équipollents. Le caractère arguésien du plan est 
contenu dans l'axiome affirmant la transitivité de l'équipollence. 

*) Certaines classes belges de sixième disposent de 5 à 6 périodes hebdo­
madaires. C'est l'idéal. Personnellement, nous avons mené V expérience dans 
des classes à quatre périodes. 
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Les translations ou vecteurs (classes d'équivalence de l'équipollen-
ce), apparaissent d'emblée comme permutations du plan. L'indentifi-
cation délibérée de vecteur et translation à une permutation du plan 
économise des concepts et évite des distingues subtils mais 
inutiles. 

En ce qui concerne la géométrie, le cours de sixième se termine par 
la mise en évidence du groupe commutatif des vecteurs auquel s'inden-
tifie le plan II dès la fixation d'une origine. Les élèves effectueront 
des calculs dans le groupe Ho, + qui est en lui-même une prodigieuse 
situation pédagogique. 

En plus des translations, on considère dans cette classe les pro­
jections parallèles du plan sur une droite et l'une des premières démon­
strations dignes de ce nom consiste à prouver que les projections paral­
lèles de couples équipollents sont équipollentes, premier pas vers 
le théorème de Thaïes. On utilisera, à cet effet, le moyen pédagogique 
des bandes dessinées pour marquer les étapes de la démonstration 
([MM1] p 362). 

Une telle présentation de la géométrie est possible parce que nos 
élèves ont étudié au préalable ensembles et relations, et notamment 
les permutations. 

C l a s s e de c i n q u i è m e (13—14 ans) (4 périodes hebdomadaires 
de 45 min.) 

Cette année est presque entièrement consacrée à la genèse simul­
tanée du champ ordonné des réels et de la structure vectorielle plane. 
Le fait important à retenir ici, est qu'il existe au moins une méthode 
permettant d'introduire ces notions importantes, de manière à la fois 
rigoureuse et intuitive, à des enfants de 13 à 14 ans. 

Cet enseignement a pu réussir grâce à la présentation antérieure 
des éléments de géométrie sous forme ensembliste, axiomatique et 
relationnelle. La numération de position joue un rôle essentiel dans 
l'introduction de l'ensemble ordonné des réels. Pour plus de détails, 
nous renvoyons le lecteur intéressé à [FI], petit ouvrage destiné aux 
enseignants, où à [MM2], manuel destiné aux élèves et écrit après 
l'expérience. 

Un patient cheminement nous a conduit des axiomes originels 
de caractère intuitif à la structure de vectoriel réel de dimension deux. 
Au fur et à mesure du développement du cours, on invoque de moins 
en moins les axiomes originels et les propositions intermédiaires 
et de plus en plus les propriétés qui caractérisent la structure de vecto­
riel réel du plan. 

Le cours culmine par la mise en évidence de cette structure et se 
termine par son utilisation systématique. On prépare ainsi le retourne­
ment psychologique du début de la classe de troisième où la structure 
vectorielle est la base axiomatique de départ. 
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C l a s s e d e q u a t r i è m e (14—15 ans) (4 périodes hebdomadai­
res de 45 min) 

«Le cadre du vectoriel euclidien plan est la voie royale pour 
l'enseignement de la géométrie». Encore convient-il d'accéder sans 
heurt à cette voie. Tel est le but de notre enseignement de la géométrie 
métrique dans la classe de quatrième. 

A partir de la notion bien intuitive de symétrie orthogonale, on 
introduit ou l'on retrouve déplacements (rotations ou translations) 
et retournements (symétries glissées ou non). 

Le moyen pédagogique des droites numérotées facilite l'accès 
au groupe des isométries et à celui des déplacements ([GP] et [MM3]). 

L'utilisation simultanée de ces groupes et des repères affins des 
droites introduit la notion de distance sous sa forme moderne comme 
application de 11 X 11 dans R+, ce qui sous-entend de choix préalable 
de l'unité. Il n'y a aucune objection à la fixation de celle-ci, puisque 
le changement d'unité pose un problème dont la solution est banale. 

Le groupe commutatif des rotations de centre donné conduit au 
groupe des angles. Comme la mesure des angles ne joue aucun rôle en 
géométrie élémentaire, le problème que pose son introduction est re­
porté à la classe de seconde où il est résolu dans le cadre de la théorie 
des fonctions circulaires. La préhension numérique de l'angle se fera 
d'abord par l'intermédiaire du cosinus. 

Distance et cosinus introduisent le produit scalaire. Sa commutati-
vité et sa bilinéarité entraînent théorème de Pythagore, inégalité 
de Cauchy-Schwartz et inégalité triangulaire. 

Le cours culmine par la mise en évidence de la structure de vecto­
riel euclidien plan et se termine par son utilisation systématique. 

C l a s s e d e t r o i s i è m e s c i e n t i f i q u e (15—16 ans) 
(7 périodes hebdomadaires de 45 min) 

Les élèves ont eu l'occasion de se rendre compte de l'importance 
de la structure de vectoriel ce qui motive une petite étude intrinsèque 
dont le point crucial est le théorème de la base: 

Si un vectoriel admet une base de n éléments 
Alors toute base de ce vectoriel comprend n éléments. 
Ce théorème est mis à la portée des élèves de 15 ans grâce à un 

moyen pédagogique qui matérialise les subtitutions dans le passage 
d'une base à une autre. Ce procédé est décrit de manière schématique 
dans [F2] pp 32—33. 

Ce point acquis, le moment est venu d'effectuer le retournement 
psychologique auquel nous avons déjà fait allusion. La fin des cours 
des classes de cinquième et de quatrième a déjà appris à se servir, en 
fait, des axiomes de définition de la structure de vectoriel euclidien 
plan. 

Les élèves qui ont parcouru avec nous le chemin menant des axio­
mes originels à cette structure ont souvent une certaine angoisse 
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à l'idée cfe ne pas retenir le détail de l'itinéraire parcouru. Le retour­
nement psychologique vient à son heure: il est apaisant et réconfortant 
de savoir que l'on a le droit de ne plus retenir que les axiomes de 
définition des réels et ceux de la structure de vectoriel euclidien 
plan. 

La dimension n'intervient pas dans les démonstrations concernant 
le carré scalaire d'une somme et le théorème de Pythagore. On fait 
d'une pierre deux coups, puisque ces résultats restent valables dans 
l'espace. 

La plus grande partie du cours de troisième, en ce qui concerne 
la géométrie, est néanmoins consacrée à une étude plus systématique 
du vectoriel euclidien plan. Il serait navrant de n'utiliser cette impor­
tante structure que pour établir de manière nouvelle des résultats 
déjà acquis dans l'enseignement antérieur et notamment dans la 
classe de quatrième. Le déroulement du cours de troisième doit con­
vaincre les élèves que le vectoriel euclidien plan est une formidable 
base de départ pour la conquête de notions absolument fondamentales 
de la mathématique de toujours. 

La linéarité des projections parallèles, des homothéties et des 
symétries parallèles (et orthogonales) mise en évidence dans les clas­
ses de 5ème et 4ème, motive l'étude des transformations linéaires du 
vectoriel plan. 

Toute transformation linéaire est déterminée par l'image des élé­
ments d'une base. On devine aussitôt le bénéfice que l'on pourra 
tirer d'une utilisation adéquate de la méthode des graphes, dont 
l'intérêt rebondit ici de manière subite. A chacun de ces graphes par­
tiels est associée la matrice de la transformations dans la base consi­
dérée. Cette étude met en évidence l'anneau des transformations 
linéaires (et subsidiairement celui des matrices R2x2, + , •) et le groupe 
linéaire général (voir [A7], Ch. 2). 

On a vu, dans les classes antérieures, que les isométries centrées 
sont linéaires. D'où le problème inverse: quelles sont les transforma­
tions orthogonales (ou transformations linéaires qui conservent le 
produit scalaire)? On est heureux d'établir que les seules transforma­
tions orthogonales sont celles que l'on connaît déjà: symétries et 
rotations. L'étude des matrices de ces transformations dans une base 
orthonormée conduit au cosinus d'une rotation ainsi qu'au demi-tour 
et aux deux quarts de tour. 

Le groupe des similitudes et le sous-groupe des similitudes directes 
s'obtiennent en composant homothéties et transformations orthogona­
les. On établit enfin que l'ensemble des similitudes directes est un 
champ (ou corps commutatif). 

Une des manières d'orienter le vectoriel consiste à décider d'appeler 
i l'un des quarts de tour. Toute similitude directe s'indentifie au 
nombre complexe a + bi. La partie réelle a ne dépend pas de l'orien­
tation contrairement au signe de sa partie imaginaire b. Dans le plan 
orienté, on définit le sinus d'une rotation ou d'un angle. 
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Les angles sont introduits comme éléments d'un groupe additif 
isomorphe au groupe composi ti onnel des rotations ou au groupe multi­
plicatif des nombres complexes de module 1. 

Il est facile de déduire les quelques formules trigonométriques 
importantes des propriétés des nombres complexes. 

Pour plus de détails, nous renvoyons au bel ouvrage [D] de Jean 
Dieudonné écrit à l'intention des enseignants intrépides et à [GP] 
directement destiné aux élèves. 

Dans la classe de seconde (16—17', la géométrie dans l'espace est 
développée à partir du vectoriel euclidien de dimension trois. 

1. (A) Artin 

2. (Dl) Dieudonné 

3. (D2) Dieudonné 

4. (G) Papy 

5. (EE) Papy 

6. (FI) Papy-Debbaut 

7. (F2) Papy 

8. (MM1) Papy 

9. (MM2) Papy 

10. (A7) Papy 

B I B L I O G R A P H I E 

O u v r a g e s 

: — Geometrie Algebra (Interscience Publishers— 
New-York 1957) (Gauthier-Villars, 1966) 

: — Foundations of Modern Analysis (Academic 
Press inc., New-York, 1960) 

— Fondements de l'Analyse Moderne (Gauthier-
Villars, Paris 1963) 

: — Algèbre linéaire et Géométrie élémentaire 
(Herman-Paris, 1964) 

: — Groupes (Presses Universitaires de Bruxelles 
Bruxelles-Dunod, Paris 1961) 

— Groups (Macmillan, London 1964) 
— I gruppi (Feltrinelli Editore, Milano, 1964) 

: — Erste Elementen der Moderne Mathematik 
(Otto Salle Verlag, Frankfurt — Hamburg 
1962—1963) 

: — Géométrie affine plane et nombres réels 
(Presses Universitaires de Bruxelles Bruxel­
les, Gauthier-Villars, Paris 1962) 

: — Ebene Affine Geometrie und reelle Zahlen 
(Vandenhoeck & Ruprecht, Göttingen, 1965) 

: — Initiation aux Espace Vectoriels (Presses 
Universitaires de Bruxelles — Bruxelles, 
Gauthier-Villars, Paris 1963) 

— Einführung in die Vectorraumlehre (Vanden­
hoeck & Ruprecht, Göttingen, 1965) 

: — Mathématique Moderne 1 (Editions Didier — 
Bruxelles — Paris 1963) 

— Moderne Wiskunde 1 (Didier, Bruxelles — 
Paris 1965) 

— Matematica Moderna 1 (Edutura Tineretului, 
Bucaresti 1965) 

— Modem Mathematics 1 (Collier-Macmillan, 
London — New-York 1965) 

: — Mathématique Moderne 2 (Didier — Bruxel­
les, Paris 1965) (avec la collaboration des 
Assistants du C.B.P.M.) 

: — Arlon 7. Documentation pour l'enseignement 
du Vectoriel euclidien plan. (Centre Belge 
de Pédagogie de la Mathématique — 183, 
avenue Brugmann — Bruxelles 6) 



11. (GP) Papy : -—Géométrie Plane (Labor Bruxelles, Nathan, 
Paris, 1966) 

12. (MM3) Papy : •— Mathématique Moderne 3 (Didier — Bru­
xelles, Paris 1966) 

A r t i c l e s 

13. Papy : — Introduction aux espaces vectoriels (La 
math, du 20e siècle. Vol. II — Bruxelles 
1961 (33 pages) 

14. Papy • : — Méthodes et techniques de présentation des 
nouveaux concepts de mathématiques dans 
les classes du premier cycle de l'enseigne­
ment secondaire (Mathématique moderne. 
OCDE Athènes 1963) 

— Médios y técnicas para exponer los conceptos 
de matematica moderna. (Elementos n° 9, 
Nov. Die. 1964, pp. 73—80 n° 10 En. Feb. 
1965 pp. 99—104, n° 11 Mar. Abr. 1965, 
pp. 127—130) 

— Method and techniques of explaining new 
mathematical concepts in the lower forms 
of secondary schools. (The Mathematics 
Teacher-Vol. LVIII n° 4 April 1965, pp. 
345—352, n° 5, May 1965, pp. 448—453) 

15. Papy : —Comment introduire les notions d'ensembles 
et de relations (Publications de l'Unesco) 

16. Papy : — L'enseignement de la géométrie aux enfants 
de 12 à 15 ans. (Publications de l'Unesco) 

V. P o n o m a r e v 

ON SPACES WHICH ARE CO-ABSOLUTE WITH METRIC SPACES 

All spaces are supposed regular 7Vspaces, all mappings are con­
tinuous. 

Two spaces will be said co-absolute if they have homeomorphic 
absolute. It is proved that the co-absoluteness of two spaces X and Y 
is necessary and sufficient for the existence of an irreducible perfect 
(but in general multivalued) mapping of the one space onto the other. 

In a multivalued mapping /: X -*• Y to each x Ç X corresponds 
a closed fx s Y. Continuity is supposed in the sense of uppersemicon-
tinuity: to each neighbourhood V (fx) corresponds a neighbourhood Ux 
such that / (Ux) s V (fx). Counter-images f'1 y are defined as 
f^y = (x, fxiy). 

A (multivalued) mapping /: X-> Y is perfect, if f is continuous 
(in the above sense), closed and bicompact in both directions, what 
means that all images fx and all counter-images f~xy are bicompact. 
For any perfect multivalued mapping f: X->• Y (and only for such 
a mapping) a space Z and two single-valued mappings g: Z-> X and h: 
Z-+Y can be found such that / = hg'1. 
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If the mappings g and h can be chosen to be irreducible single 
valued (in the sense that no proper closed subset of Z be mapped by 
them on the whole of X resp. of Y) then f is called an irreducible (mul­
tivalued) mapping. 

D e f i n i t i o n . The family 2 , whose elements are open sets 
of the given topological space X is called dense in X if in every open 
set of X a set of the family 2 is contained. 

The minimal cardinality of a dense family of open sets in the space 
X is called the n-weight of X. 

T h e o r e m 1. In order that a space X allows a single valued 
perfect irreducible mapping onto a metric space it is necessary and 
sufficient that X be a paracompact p-space satisfying any one of the 
following two conditions: 

1) There exists in X a dense a-locally finite family of open sets. 
2) There exists in X a dense family 2 of open sets which is the 

union of a countable system of disjoint and locally finite sub-families. 
The so-called p-spaees are defined and studied by A. Arkhangelsk. 

The paracompact p-spaces (the only which are of importance for us 
in the present paper) are exactly those spaces which allow univalued 
perfect mappings onto metric spaces. A paracompact space complete 
in the sense of Cech is necessarily a p-space. 

T h e o r e m 2. If the p-space X allows a multivalued perfect 
irreducible mapping onto a metric space Y then X allows also a single-
valued perfect irreducible mapping onto a metric space Y' (which 
is in general different from Y). 

T h e o r e m 3. A space X allows a single valued perfect irre­
ducible mapping onto a separable metric space if and only if it is 
finally compact (-Lindelof) and of a countable Jt-weight. If the p-space 
X allows a multivalued perfect irreducible mapping onto a separable 
metric space Y then the Jt-weight.of X is countable and there exists 
a singlevalued perfect irreducible mapping of X onto a metric space 
Y' (in general different from Y). 

T h e o r e m 4. A bicompactum (-bicompact Hausdorff space) 
X allows a singlevalued irreducible mapping onto a compactum 
(-compact metric space) Y if and only if the jt-weight of X is countable. 
If the space allows a multivalued irreducible perfect mapping onto 
a compactum Y then it allows a singlevalued mapping of the same 
kind onto a compactum Y'. 

From Theorem 4 follows the answer on a problem posed by 
P. Alexandroff, namely: 

T h e o r e m 5. A perfectly normal bicompactum X is co-absolute 
with a metric space (and allows therefore a single valued mapping 
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onto a compactum) if and only if X is separable (i. e. contains an 
everywhere dense countable point set). 

T h e o r e m 6. A bicompactum X is co-absolute with the Cantor 
perfect set if and only if X has a countable Jt-weight and contains 
no isolated points. 

T h e o r e m 7. The space X allows a singlevalued perfect irre­
ducible mapping onto a complete metric space if and only if X is 
a paracompact space which is complete in the sense of Cech and satis­
fies one of the conditions 1), 2) of Theorem 1. Moreover we have in 
this Theorem and in the following one the same equivalence between 
the existence of single- and multivalued mappings as in Theorems 2 
and 4. 

T h e o r e m 8. A bicompactum X with the Jt-weight x allows 
an irreducible mapping onto a bicompactum of the ordinary topolog­
ical weight. 

T h e o r e m 9. The Jt-weight of a dyadic bicompactum equals 
its topological weight. 

T h e o r e m 10. Let a dyadic bicompactum X contain a dense 
point set Xi which is co-absolute with a metric space, Y^. Then all 
of the three spaces X, Yt and (of course Xi) have countable bases. 

T h e o r e m 11. An extremally disconnected bicompactum X 
contains a subspace Xi allowing a closed irreducible mapping onto 
a metric space in the case and in that case only when there exists 
in X a dense o-disjoint family of open sets. 

The following theorem gives a positive answer on a well known and 
old problem of P. Alexandroff: 

T h e o r e m 12. Let X be an uncountable perfectly normal bicom­
pactum. Then every class of the Borei classification of point sets 
in X is non void. 

•A space is called extremally disconnected if the closure of every 
canonical open set in it is open. The extremally disconnected spaces 
are precisely spaces satisfying the condition (6) of Urysohn. 

H. R o s s i 

DIFFERENTIABLE SUBMANIFOLDS OF COMPLEX 
EUCLIDEAN SPACE 

Let Mk be a real differentiable submanifold on Cn. We may con­
sider the tangent bundle T to M as a (real) subbundle of the tangent 
bundle M X Cn to Cn along M. We assume that the fibers of the distri-
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bution S = T(] Y—1 (T) all have the same dimension. Each fiber 
of 5 inherits the structure of a complex manifold. If k > n, then the 
minimal possible (complex) dimension of Sx is k — n; we say the 
distribution is regular if this is the dimension. A differentiable func­
tion on M is called holomorphic if its differential is complex linear 
when restricted to each Sx. The collection of holomorphic functions 
H (M) forms a ring which is not unifojmly dense in all continuous 
functions and which contains the restrictions of functions holomorphic 
in Cn. One central problem is to describe intrinsically this ring of 
functions. Another is the study of the possibility of analytic extension 
of the functions in H (M) into some set in Cn, and description of that 
set. These problems are completely solvable in the case k = 2n — 1 
by the Levi form of M. An attempt is made to define an analogue in 
the case of higher codimension, and to determine its influence on the 
behavior of the functions in H (M). 

Problems of this nature have been considered by various authors: 
Hartogs, Poincaré, E. E. Levi, Krzoska, Sommer, R. Hermann, 
R. O. Wells and most significantly Hans Lewy and E. A. Bishop. 
These works will be discussed. 

The structure described above can be abstractly formulated and, 
in the real analytic case, it is shown that nothing new is added. It is 
also shown in the real analytic case that if T f| V—1 (T) = {0} 
everywhere then M is holomorphically convex. The differentiable case 
appears to be very difficult. 

I. E. S e g a 1 

FUNCTIONAL INTEGRATION AND NON-LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS 

Probability measures in infinite-dimensional linear spaces arise 
naturally in the theory of stochastic processes, in quantum field theory, 
and in quantum statistics. Quite frequently, these measures are count-
ably additive only relative to finite-dimensional spaces; the linearity 
of the space compensates in a way for the lack of full countable addi-
tivity. Such a measure may be extended to a fully countably additive 
one on a larger space in an infinite variety of ways, whose relative 
utility is a function of the analytical role and origin of the measure 
in question. 

For example, there is a virtually unique such (weak, probability) 
distribution on an infinite-dimensional Hilbert space which is invar­
iant under its full isomorphism group (i.e., orthogonal or unitary 
group); it is a mixture of the isotropic normal distributions centered 
at the origin, of arbitrary variances; it is fully countably additive 
only in the trivial case of zero variance. For any suitable concrete 
realization of the Hilbert space H, for example as the space L2 (M) 
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of all square-integrable functions on a measure space M of an appro­
priate nature, there will be a countably additive extension of the 
measure; thus, for H = L2(0, 1), the map f-* F, F (x) = \%f (t) dt, 
carries H into the space C ([0, 11) of all continuous functions on 
[0, 1] which vanish at 0, i.e. Wiener space; the naturally induced 
measure on C([0, 1]) is countably additive, and indeed identical 
with Wiener measure. As is typical, this attainment of countable 
additivity in a concrete space has involved the loss of simple invari­
ance features. 

Many difficult and important questions remain in the area of 
linear functional integration theory, but the foundations of the subject 
have been effectively studied in the past twelve years, and are now 
basically quite well understood. We might summarize the situation 
as follows: countable additivity plays an essential role for measures 
on locally compact or similar spaces; it can also play a quite important 
technical role for measures on infinite-dimensional spaces, but inte-
gration-theoretically, these spaces appear most naturally as limits 
of finite-dimensional ones. 

The clarification of this general question is important in order 
to proceed to the case of non-linear spaces, e. g. the solution manifold 
of a non-linear equation of evolution. In general, the probability 
distributions of particular interest on these manifolds are likely 
to have distinguished group-invariance properties, which are correlat­
ed with weakened regularity and countable-additivity, which in 
turn leads to difficulties in the definition of non-linear functionals 
and transforms on the manifold. While there is in general no great 
difficulty in approximating even a non-linear manifold by a finite-
dimensional one, it is difficult to do so in a fashion which commutes 
with the respective actions of the temporal translation or other groups 
on the manifolds. Since potential applications to the treatment of 
stochastic and quantized partial differential equations have been 
the major source of recent developments in functional integration 
theory, it seems appropriate and perhaps essential, at this stage, 
to develop the theory further in close relation to the theory of 
the partial differential equations in question,— as well as in 
abstracto. We turn therefore to the consideration of the solution 
manifold of a given non-linear evolutionary partial differential equa­
tion. In so doing, we concentrate on equations of the type considered 
in the heuristic study of quantum-fields (i.e. operator-valued distri­
butions satisfying certain prescribed commutation or similar rela­
tions), for mathematical rather than physical purposes; namely, the 
breadth and depth of the mathematical difficulties of non-linear 
functional integration theory may well be at their greatest in this 
direction. Indeed, physically there has been a long-term trend away 
from the belief that local partial differential equations in Minkowski 
space form an appropriate basis for the analysis of microscopic ele­
mentary particle phenomena. However, the really fundamental ideas 
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of quantum field theory are quite possibly largely independent of 
localization of the field in Minkowski space, and should be mathemat­
ically realizable in such a framework, even if its physically validity 
is uncertain. In macroscopic physics there is little doubt about the 
importance of hyperbolic partial differential equations; and mathemat­
ically, models are provided for the study of a number of key problems 
of non-linear functional analysis (among them the treatment of non­
linear functions of generalized functions; and the theory of infinite-
dimensional symplectic and hermitian manifolds). 

The basic partial differential equations of quantum mechanics 
are naturally taken in the evolutionary form 

u' = Au+K(u, t); (1) 

here u = u (t) has values in a function space; K (u, t) is a given non­
linear function of u and t\ in this form the basic equations of fluid 
mechanics are also essentially included. An important special case, 
to which we confine ourselves, partly for brevity, is that of a time-
independent second-order equation; this may conveniently be taken 
in the form 

®f' + B2® = J(<3}), (2) 

where B is a given non-negative self-adjoint operator in a Hilbert 
space H, and J is a given non-linear operator from the completion 
[DBi of the domain of B, relative to the inner product: (x, y)B = 
= (Bx, By), to H. For example, the equation 

D (p = m2(p + F ( p ; ( a = A - a f ; F(0) = F(0 ) = 0) (3) 

in a flat space-time of dimension n + 1, is subsumed by taking 
H = L2 (S), S=space, B = (m2I — A)1*, <D (t) = cp (., t) (.= space 
variable), and J: <P-* F (ç); J is then an unbounded non-linear 
operator, in general. The point of the formulation of J as an operator 
from IDB] to H appears in the reformulation of the equation as one 
of first order: u is a vector in the space H'= [DB] + H,Ai$ the skew-
adjoint operator in H ' whose matrix is L 2 A and K (u, t) is the 
map, u = (f,g)->(0, J (/)); this equation is of the form (1) with A 
a skew-adjoint operator and K (u, t) a non-linear time-independent 
operator in H'. Combining classical methods and functional analytic 
ideas, one may show 

T h e o r e m I. If J is locally Lipschitzian from [DB] to H, then 
the Cauchy problem for the equation (2); O (t0) = f, ®'(^0) = g, 
(/» S) € H\ has a unique local solution in time (to its integrated form). 
If additionally there exists a non-positive Frechet-differentiable function 
E on H such that dvE (v) = (J (v),.), then the solution exists (and 
is unique) globally in time. 
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For example, the equation 
Dcp = m2cp+£(p*> ( g > 0 , podd, > 1 ) (4) 

has unique global solutions in one and two space dimensions, and also 
when p = 3 in three space dimensions, as first shown by K. Jörgens 
by a classical (non-abstract) treatment; here E (v)= —c \ vp+1 d x, 

c a positive constant. On the other hand, in n = 3 and p > 3, or 
if n > 3 and p > 1, the mapping o->- vp carries DB outside of //, 
and Theorem 1 does not apply. Nevertheless, by approximation with 
"cut-off" equations, to which Theorem 1 is applicable, and applying 
a compactness argument, one may show 

T h e o r e m 2. The Cauchy problem for equation (4) with arbitrary 
finite-energy initial data, has a global weak solution, (in any number 
of space dimensions, for arbitrary odd p). 

It seems difficult to determine whether the solution is unique; 
or whether it is globally regular if initially so; these questions lead 
to problems concerning the singular differential operators A — V, 
where the non-negative potentials V lie in the Lebesgue space L1+e 
for small values of e. On the other hand, the dispersion (also called 
'scattering' or 'collision') theory of these equations is in some respects 
simpler than that for equations which are better behaved from the 
standpoint of uniqueness and regularity of solutions. 

General dispersion theory results are fairly complicated in their 
statement; for succinctness, we merely describe them as being depend­
ent on: 1) the use of an auxiliary norm or norms N, which in practice 
are taken as Lq norms of the "field" O for q = oo or q near oo; 2) the 
use of a priori bounds and | or decay estimates (as 11 | ->- oo) on the 
solutions of the original non-linear equation; 3) sharper estimates 
on the decay of N (O) for suitably regular solutions O of the associat­
ed linear, or "free", equation <P" + B2<b = 0. Representative of the 
type of results which may be derived in this fashion is 

T h e o r e m 3. The forward wave operator (from solutions of 
the free to solutions of the non-linear equation) exists and is unique 
within a specified regularity class for the equation (3) provided: 
F (k) vanishes to a sufficiently high order r (n) near X = 0; either 
n> 1 or m > 0; the initial datum (free solution) is sufficiently regu­
lar; F is of class C1. 

The required order r (n) decreases as n increases; for n > 3, any 
order > 3 is sufficient, showing that the wave operator exists for the 
equations (4) in more than 3 space dimensions; when n = 3, p > 3 
is sufficient if m > 0, but if m = 0, p > 5 is required; when n = 1, 
the hypothesis m > 0 is clearly essential, and it is sufficient if p > 5. 
The total energy of the non-linear solution equals in all cases the 
energy of the initial free solution. For the existence of the wave opera-
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tor it is irrelevant whether g > 0 or p is odd, but if these conditions 
are not satisfied the solution of the non-linear equation which is the 
image under the wave operator of a given free solution need exist 
only for all sufficiently early times. 

The question of the existence of the wave operator from solutions 
of the non-linear equation to solutions of the free equation proceeds 
somewhat differently; again the existence holds for a rather general 
class of functions F, but for brevity only the case of equation (4) is 
considered in 

T h e o r e m 4. Any finite-energy weak solution of the (integrated 
form of the) equation (4) is weakly asymptotic as t -> oo to a unique 
finite-energy solution of the free equation, if n > 3 or if n = 3 and 
m > 0. 

C o r o l l a r y 4.1. If cp0 is a solution of the free equation 
• 9o = m2cpo of finite energy and whose Fourier transform has compact 
support, there exists a solution (p of equation (4) which is strongly 
asymptotic to q)0ast-* oo; (p is in turn weakly asymptotic to a unique 
finite-energy solution of the free equation, provided n>3, m > 0. 

In recent work with W. Strauss, it has been shown that strong 
asymptoticity is valid as £-*• oo for the equation Q <P = g<P3; since 
solutions of this equation should be expected to have a slower rate 
of decay than in the case of any of the equations considered in Corol­
lary 4.1, it seems probable that the indicated weak convergence is 
actually strong, at least in the case n = p = 3. 

The set of all solutions to a second-order hyperbolic partial differ­
ential equation may be regarded as an infinite-dimensional analogue 
to the phase space of a dynamical system. The existence of a suitable 
wave operator makes it possible to transform an adequately regular 
temporally invariant (weak) probability distribution on the solution 
manifold of the free equation into a temporally invariant (weak) 
measure on the solution manifold of the non-linear equation, which 
forms a partial analogue to Liouville's measure. The analogy with the 
Liouville theory is strongly reinforced by the existence of a natural 
fundamental second-order differential form playing a role similar 
to that of the fundamental form in the finite-dimensional case. 

T h e o r e m 5. If in equation (2) J is infinitely (Frechet) differ­
entiable, the manifold of all finite-energy solutions is of class C°°> 
and its tangent vectors at any solution <P (t) may be naturally represent­
ed by solutions ty of the first-order variational equation; on defining, 
for any two such tangent vectors 

Q is a closed, non-degenerate, temporally-invariant, C°° differential 
form. It is transformed into the corresponding form in the free solution 
manifold by the wave operator, and this free differential form is inva-
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riant under the dispersion operator, when these operators exist and are 
sufficiently regular. 

In the case of a relativistic equation such as (3), Q is invariant 
under the Poincaré group, when restricted to solutions and tangent 
vectors which are infinitely differentiable and of compact spatial 
support. 

The relativistic invariance of the theory is further manifested by 
its development on a general curved space-time manifold from the 
local viewpoint taken in the work of Leray on the foundations of the 
general theory of hyperbolic equations, as initiated by Y. Choquet-
Bruhat and A. Lichnerowicz. The formulation of the fundamental 
differential equation as an abstract equation of evolution is here quite 
inconvenient, and the fundamental form Q must be defined differently 
as follows, treating for brevity the case of the equation: • cp = F ((p) 
on a Lorentzian space-time manifold, and restricting consideration 
to C°° solutions. A tangent vector to the solution manifold at a solu­
tion cp may be identified with a solution % of the equation: 
Q X = F' (cp) X. The commutator distribution D^ (x, x') may be defined 
as a solution of this equation as a function of x whose Cauchy data are 
specified by the requirements that relative to any local space-time 

coordinates, D (x, t; x', t') = 0 and dtD (x, t; x', f) = ô (x — x') 
when t = t' (more invariantly, it is the difference of the advanced and 
retarded elementary solutions given by the Leray theory). According 
to a result of Choquet-Bruhat, every tangent vector X is of the form: 
X (x) = \ D (x, x') f (xr) dx\ for some C°° function f of compact sup­
port; now defining 

£2q> (h, h)=l I Ap (x, x') fi (x) f2 (x') dx dx', 

we may state 

T h e o r e m 6. Q is a closed, non-degenerate, C°° differential 
form on the manifold of all local solutions of equation (3) in the vicinity 
of any point on the given Lorentzian manifold, and is invariant under 
local automorphisms of the manifold. 

In terms of the commutator function D^ (x, x') it is possible to 
express in closed form the commutator of the vector fields on the solu­
tion manifold which generate vector displacements in the Cauchy data 
space, as given on any two space-like surfaces; the algebraic treatment 
of domains of dependence and regions of influence is thereby facili­
tated. The commutator function also represents the commutator of the 
Bose-Einstein quantization of the field defined by the first-order 
variational equation. 

Up to this point the results indicated have been entirely classical, 
i.e. concerned with solutions of partial differential equations whose 
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values are numerical or in a finite-dimensional vector space. They 
are however applicable to the treatment of stochastic and quantized 
partial differential equations, i.e. equations whose solutions have 
values which are random variables or operators in Hilbert space; 
in general, however, these solutions will be generalized functions, 
non-linear functions of which have no a priori meaning. 

One line of mathematical development proceeds from the earlier 
observation of the classical significance of the quantum-mechanical 
commutator, and may be indicated by the 

T h e o r e m 7. Let M be the solution manifold of the partial 
differential equation: D<P = m2cp + V (x) F (cp), where F is as above 
and V is a given C°° function (possibly constant). Then there exists 
a generalized function cp on space-time whose values are first-order 
linear differential operators on the space C°°(M) of all infinitely dif­
ferentiable functionals on M which satisfies: (i) the canonical commuta­
tion relations, (ii) a partial differential equation related to the given 
one (and formally identical to it in case F is linear), (iii) invariance 
relative to the group of the equation, under the natural representation 

—»• 
of the group on C°° (M) (in particular, Lorentz invariance in case V (x) 
is constant). 

The interpretation of the field operators O (/) as self-adjoint opera­
tors in a Hilbert space, in accordance with the usual quantum phenom­
enology, derives from the introduction of a suitable invariant meas­
ure on M; in the non-linear case, the only presently known method 
of establishing the existence of this measure is via the dispersion theory 
indicated above. The condition on F given in the next result will 
probably be weakened soon to cover cases i n which F is a po­
lynomial. 

C o r o l l a r y 7.1. For the relativistic equation D<P = m2cp + 
+ F (cp), the field operators <P (f) are self-ad joint as operators in 
L2 (M, (i), where \i is the image under the induced action of the wave 
operator of suitable time-independent normal distributions in the free 
equation solution manifold, which can be chosen so that their character­
istic functions are arbitrarily close to that of the normal distribution 
associated with the free "'vacuum", provided F (X) vanishes near X {= 0, 
and is of class C1 with F' (X) bounded. 

The free "vacuum" normal distribution in a Hilbert space 7/^may 
be defined for brevity as that whose characteristic function is 
e-(V4)IUii2 (z£H). The formal "physical vacuum" distribution 
is the transform of this distribution under the wave operator, but the 
distribution is too singular and the wave operator of a relativistic 
equation too strongly non-linear for this transform to exist in the 
usual mathematical sense. The difficulty of dealing with non-linear 
functions of weak distributions arises also in a second line of mathe-
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matical development, which deals only with finite times. The funda­
mental problem is that of giving an effective meaning to non-linear 
functions, of a random generalized function; due to "local commutativ-
ity", a quantized field at a particular time, relative to the presumptive 
physical vacuum, constitutes such a random function. The "Wick 
product" provides, relative to the "free vacuum", an approach to these 
matters. It is possible to define powers cp (x)n for a general class 
of non-linear random generalized functions cp (x) in one dimension, 
uniquely determined by normalization and transformation properties 
under displacement in function space cp (x) ->• cp (x) + / (x), where 
/ (x) is a non-random, numerical function), which generalize the 
Wick powers, and moreover by virtue of the stochastic interpretation 
provide their simultaneous spectral resolution. Such generalized powers 
provide a relatively direct approach to the problem of giving a mean­
ing to equations such as (4) for a random generalized function cp. 

Both lines of development are effective in providing a simple 
rigorous formulation of linear quantum field theory; even for the 
simple linear equation n<p = m2q> + V (x) cp, the quantum field 
dynamics are in general not unitarily implementable relative to the 
free-field system defined by the equation nq> = m2y, so that it is 
not trivial to adapt conventional heuristic treatments to a precise 
one. For suitable V, for example of compact support, the quantum-
mechanical dispersion operator for the quantized field defined by the 
indicated equation is identical with the induced action of the classical 
dispersion operator, on the subspace of those square-integrable function­
a l which are holomorphic, relative to a V-dependent complex struc­
ture in the solution manifold. The analysis of such holomorphic 
functions is in some respects much simpler than that of general func-
tionals; it would be interesting to determine an invariant holomorphic 
structure in the solution manifold of a non-linear equation which 
is similarly compatible with its symplectic structure; there are results 
pointing in the direction of a canonical such structure invariant under 
the dispersion operator. 
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G. S h i m u r a 

NUMBER FIELDS AND ZETA FUNCTIONS ASSOCIATED WITH 
DISCONTINUOUS GROUPS AND ALGEBRAIC VARIETIES 

1. INTRODUCTION 

Let T be an arithmetically defined discontinuous group operating 
on a bounded symmetric domain H, and cp a holomorphic mapping 
of H into a projective space which induces a biregular morphism 
of HIT onto a Zariski open subset F of a projective variety. Then one 
can set the following problems. 

(A) ]Find a model V defined over an algebraic number field. 
(B) With suitably chosen V and cp, characterize number-theoreti­

cally the field generated by the coordinates of cp (z0) for an elliptic 
fixed point z0 of an analytic automorphism a oî H such that afa"1 

is commensurable with T. 
(C) Find a connection between the zeta function of V and the 

Hecke operators defined for the automorphic forms with respect to T. 
A typical example is the case where V is a principal congruence 

subgroup of the modular group SL2 (Z) and H is the upper half plane. 
Then one finds a curve V so as to be defined over the rational number 
field Q. The classical theory of complex multiplication solves Prob­
lem (B). The last problem (C) has been investigated by Eichler [1] 
and the author [2]. 

The main purpose of this lecture is to answer the above questions 
for all {possible arithmetic Y (at least up to commensurability) acting 
on the upper half plane. This provides a complete analogue to the 
results obtained for SL2(Z). It turns out especially.that the maximal 
abelian extension of a totally imaginary quadratic extension of a total­
ly real algebraic number field F can be generated, over the maximal 
abelian extension of F, by the special values of automorphic functions 
of one variable. Although the principal part is thus concerned with 
the one-dimensional H, we shall first discuss Problems (A) and (B) 
in the higher dimensional case, because it will give a clear sight 
in the whole theory. 

2. THE MODULI-VARIETY FOR A FAMILY OF ABELIAN VARIETIES 

In many cases, we can attach to H and V a family 2 = {Qz \ z £//}, 
parametrized by the points on H, of structures Qz, each of which is 
formed by an abelian variety Az, a polarization of Az, endomorphisms 
of Az, and points of finite order on Az. Two members Qz and Qw 
of 2 are isomorphic if and only if y (z) = w for some y Ç V. We say 
that HIT is of type (P), if the members of 2 can be characterized only 
by the type of polarization, endomorphisms, and points of finite 
order. In such a case, one can approach Problems (A) and (B) as fol­
lows. First the algebro-geometric characterization of the members 
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enables us to show the existence of an algebraic number field k with 
the property that, for every Qz Ç 2 and an automorphism a of C, ö 
is the identity mapping on k if and only if (QZ)G is isomorphic to 
a member of 2 . Then one can choose V and cp so that the following 
conditions are satisfied [6]. 

(2.1) V is defined over k. 
(2.2) If Q and Q' are structures isomorphic to members Qz and Qw 

of 2 respectively, and if Q' is a specialization of Q over k, then (q> (w), Q ') 
is a specialization of (cp (z), Q) over k. 

For a given 2 , such V and (p are unique up to biregular morphisms 
over k. The field A(cp (z)), for each point z £ H, has an invariant 
meaning for the structure Qz, since it can be characterized by the 
following property. We call k (qp (z)) the field of moduli of Qz: 

(2.3) An automorphism a of C is the identity mapping on k (9 (z)) 
if and only if (Qz)

a is isomorphic to Qz. 
Now if z is an isolated fixed point of an analytic automorphism 

of H described in (B), then Az has sufficiently many complex multi­
plications. Therefore the determination of the number field k (cp (z)) 
can be essentially done by applying the theory of complex multipli­
cation of abelian varieties [7] to Az. However it is not always a simple 
task but actually an interesting research problem to determine the 
structure of Az. The study of some special ones among these Az is very 
effectively employed to characterize k number-theoretically [5]. 

It should be observed that this recognition of HIT as moduli-variety 
does not necessarily give the ultimate answer to our problems, for 
some reasons which will be explained in the following section. Never­
theless, by this means, one can obtain at least the first approximation 
to the solution, which is really the best possible in a number of cases, 
as is seen in the classical case of SL2 (Z) and elliptic curves. 

3. REFLEXIONS TO THE IDEA OF SECTION 2 

There are some spaces H'IT' which are not of type (P), but can be 
embedded into HIT of type (P) through injections H'-*H and 
r ' ~ > T. In such a case, one can still show that H'IT' has a model 
defined over an algebraic number field. To show this, first we take V 
and cp for HIT so as to satisfy (2.1) and (2.2), and then choose a point z 
on H' so that Az has sufficiently many complex multiplications. The 
points w on H' such that Aw is isogenous to Az form a dense subset 
X of H'. Since k (9 (w)) is the field of moduli of Qw, we see that the 
coordinates of the points in (p (X) are all algebraic numbers. Therefore, 
if a is an automorphism of C over the algebraic closure of Q, then one 
has cp (X) = (p (X)° cz cp (H'Y, so that tp (// ')= (p (H')°. It follows 
that cp (H'), a model for H'IT' is defined over an algebraic number 
field. In this way, we know that HIT has a model defined over an 
algebraic number field, so far as there is a family of abelian varieties 
attached to HIT in the sense of Kuga and Satake. A careful analysis 
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of the special members Qz and the fields k (cp (z)) may yield a more 
precise result. 

The field k determined for the family 2 of § 2 is not necessarily 
the smallest field of definition for the field of automorphic functions 
with respect to T. In reality k is a number field which has an essential 
meaning for the family 2 of abelian varieties, but not always so for 
HIT. For example, to a certain HIT one can attach infinitely many 
distinct families of abelian varieties. This can happen both in the 
cases of type (P) and not of type (P). Therefore if we ask for "absolute" 
statements concerning HIT without reference to abelian varieties, 
the answer, of § 2 to our questions may be considered incomplete in 
such a case. However, by studying these families more closely, it is 
possible to obtain an "absolute result" for the one-dimensional H, 
which is our object in the following sections. 

4. CONSTRUCTION OF CLASS-FIELDS BY AUTOMORPHIC FUNCTIONS 
WITH RESPECT TO AN ARITHMETIC FUCHSSIAN GROUP 

Let B be a quaternion algebra over a totally real algebraic number 
field F of degree g. If r is the number of archimedean primes of F 
unramified in B, one can identify BR = B ®QR with the product 
M2 (R)rX K9~r of r copies of the total matrix ring M2 (R) of degree 
2 over the real number field R, and g — r copies of the division ring 
of real quaternions K- For every a Ç BR let a = (au . . ., ag) with 
«v € M2 (R) or K according as v ^ r o r v > r . If det (av) > 0 for 
v ^g r, the action of a on the product !gr of r copies of the upper half 
plane g = {z 6 C | Im (z) > 0} is defined by 

a(zu . . . , zT) = (wi, . . . , wr), 

wv = (avzv -f bv)l(cvzv + dv), 

av bv 

av = 

Let o be a maximal order in B, and c an integral ideal in F. Let 
T (o, c) denote the set of all units 7 in 0 such that 1 — 7 6 co and det 
(Yv) > 0 for v fg r. Then T (0, c) can be considered as a discontinuous 
group acting on &. It is well-known that <Qr/T (0, c) is compact 
if B is a division ring, especially if r < g. Hereafter let us assume that 
r = 1, and the archimedean prime of F corresponding to the unique 
factor M2 (R) of BR is obtained from the identity mapping of F. 

L e m m a . Let M be a totally imaginary quadratic extension of 
F which is isomorphic to a quadratic subfield of B over F. Then the 
following assertions hold. 

(1) If f is an F-linear isomorphism of M into B, every element in 
f (M) — F has exactly one fixed point on $ which is common for all 
elements of f (M) — F. 
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(2) / / pM denotes the ring of integers in M, then there exists an 
F-linear isomorphism f of M into B such that f ($M) cz o. 

For an algebraic number field K of finite degree and an integral 
ideal a in K, we denote by C (/C, a) the abelian extension of K in 
which a prime ideal n of /C, prime to a, decomposes completely if and 
only if n = (b) with b £ K, b = 1 mod a and b is positive at every 
real archimedean prime of K. 

T h e o r e m 1. The notation and assumption being as above, 
there exists a complete non-singular algebraic curve V and a holomorphic 
mapping cp of ig to V satisfying the following conditions. 

(1.1) V is defined over C (F, c). 
(1.2) cp gives a biregular isomorphism of !Q/T(O, C) into V. 
(1.3) Let M and f be as in (2) of Lemma, and Z the fixed point of the 

elements of f (M)—F on ig. Then C (M, c) is the composite of 
M (q> (z)) and C (F, c). 

We call such a (V, <p) a canonical model for Q/T (o, c). If (V, cp) and 
(V, cp') are two canonical models for ig/r (o, c), then one can show 
the existence of a biregular morphism / of V to V, defined over C (F, c), 
such that /ocp = (p'. In this sense, (V, cp) is uniquely determined for 
ig/r (a, c). 

The reciprocity-law for the extension C (M, j)/Af can be described 
explicitly by means of algebraic correspondences on V. For simplicity, 
let us consider the case $ = (1). We denote by N (a) the reduced norm 
(to F) of an element a of B. Let us classify all the right o-ideals with 
respect to the left multiplication by the elements a of B such that 
N (a) is totally positive. Let {pit . . ., pn} be a set of representatives 
for the classes of right o-ideals in this sense. Let Oi be the left orders 
of Px. Set pkll = Pxpiï1. Let Af (pXli) denote the ideal in F generated 
by the elements N (Q for all | g p^- We notice that, for each 
m {N (?IM)> • • •» N (Pha)} is a set of representatives for the ideal-
classes modulo the product u of all archimedean primes in F, and 
h = [C (F, 1) : Fl 

T h e o r e m 2. The notation being as above, there exists a system 
{VK, (p*, (A, = 1, . . ., h)} satisfying the following conditions. 

(2.1) (Vk, (p̂ )j is a canonical model for !Q/T (o^, 1) for each X. 

(2.2) v.-VJB.-C-^t^ 
(2.3) Let M and f be as in Lemma, undera the condition f (xM) cz ô ,. 

Let z be the fixed point on ig of the elements of f (M) — F. Let h be an 
ideal in M. Then there exists an element a of B and a unique K such that 
abk\i = f (6) *>n and N (a) is totally positive. With such an element a 
and x = ^ ' '' , one has cp̂ , (z)x = cp*, (a-1 (z)). 

E x a m p l e . Let d = either 7 or 9 or 11, and let F = Fd = 
= Q (S + C"1) with £ = e2Ki/d. Then there exists a quaternion 
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algebra B over F which is unramified at exactly one archimedean 
prime of F corresponding to the identity mapping of F, and unramified 
at every finite prime spot of F. Such a B is unique up to isomorphisms 
over F. In this case h = 1 and C (F, 1) = F. Let o be a maximal order 
in B. For every maximal order o' in B, there exists an element [x of 
B such that o' = jxofx-1 and N (\y) is totally positive. One can show 
that T (o, 1), modulo the center, is a triangle group with three classes 
of elliptic elements of order 2, 3, d, hence ig/r (o, 1) is of genus 0. 
Let z2, z3, Za be corresponding elliptic points on ig which are unique 
modulo T (o, 1). Then there is an automorphic function ç on ig with 
respect to T (o, 1) which can be characterized by the property that 
cp (z2) = 0, cp (z3) = 1, cp (zd) = oo and cp gives a biregular map 
of ig/T (o, 1) onto the complex projective line V. Then it can be shown 
that this (V, cp) is a canonical model for ig/T (o, 1). In this case, for 
every totally imaginary quadratic extension M of F, there exists an 
F-linear isomorphism f of M into B such that f (xM) cz o. Let {zi, . . . 
. . ., zq)} be a set of representatives for the T (o, Inequivalence clas­
ses of the fixed points of / (M) — F for all such f. Then q is exactly 
the class number of M, and from the statements (1, 3) and (2.3) one 
obtains the following assertion. 

The values cp (zi), . . ., cp (zq) form a complete set of conjugates 
of cp (zi) over M, and M (qp (zt)) is the maximal unramified abelian 
extension of M for each i. 

Therefore (p affords a complete analogue of the classical modular 
function / (x), with the field Fd in place of Q. 

5. THE ZETA-FUNCTIONS OF B AND V 

Let V%, cp*, and 0* be as in Theorem 2. Set I \ = T (o*,, 1). We 
regard ß as a subring of M2 (R) through the projection of BR to 
M2 (R). Then N (a) = det (a) for every a £ B. For every I = 
= [ ^ ] 6 GL2 (R) with det (I) > 0, and for z 6 Q, set / (I, z) = 

_ i 
= det (I) 2(cz + d). Let Sm(I\) , for a positive integer m, denote 
the vector space of all cusp forms of weight m with respect to I \ . 
Every element of Sm (I\) is a holomorphic function f (z) on ig such 
that / (y (z)) = f (z) j (y, z)m for all Y 6 I \ . If a 6 fl and det (a) < 0, 
one can define a linear map (iyxl\)m : Sm(Tk) ->• Sm(rjx) as follows. 

i 

Let rM,arÄ,= 2 Vi^K be a disjoint union. Then 

( IVaI \ ) m /= 2 / ( a r ^ W a r 1 , z)~m. 
i=l 

For an integral ideal a in F, let TVLK(<t)m=^ (T^aT^m the sum being 
taken over all T^ar^ such that ap^ is integral and N (ap^) = 
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It should be observed that X and a determines \i uniquely. Further 
let Ryv (a)m = (r |xßrv)m with an element ß £ B such that ßyVM. = <*<V 
Then we let T(a)m resp. R (a)m denote the linear transformation on 

Sm^Sm(Ti)+...+Sm(Th) 
whose restriction to Sm (I\) coincides with T^fa)™ resp. R^fa)™-
Now define a Dirichlet series Dm(s) by 

Dm(s) = ^T(a)mN(a)-8, 
where a runs over all integral ideals in F. It can be shown that Dm (s) 
converges for sufficiently large Re(s) and has an Euler product. 

Dm(s)=l[{l-~T(p)mN($)-*]-1X 

x J l n - r (W« # (w-+R (p)m N (py-**)-1, 
where the first product is taken over all the prime ideals p ramified 
in B, and the second over all p unramified in B. Moreover, Dm(s) 
is holomorphieally continued to the whole s-plane and satisfies a func­
tional equation [41: 

Rm (s) = Tm (s) Dm (s) = ZY • Rm (2 - 5) • Y'\ 
Tm (s) = (2n)~9sds/2T (s) « T ( s - 1 + m/2), 

where Z and Y are certain invertible linear transformations on Sm> 
and d is a certain integer. 

Let (V, cp) be as in Theorem 1. Let p be a prime ideal in F, and 5ß 
a prime ideal in C (F, 1) dividing $. Let us denote by $ (F) the reduc­
tion of V modulo *J5, and assume that ^(V) is a non-singular 
curve. The zeta function Zçp(a) of the curve ^(V), over the residue 
field mod *ß, has the form 

Z^(u) = Z\ç(u)l[(\-u)(\~-N (%)u)l 

where Z|$ (u) is a polynomial in u of degree 2f, if t denotes the genus 
of V. 

T h e o r e m 3. The notation being as above, for almost all p which 
is unramified in B, one has 

r b 1 P 4 ( N ( * ) • • ) = d e t 1 i - T ( w ^ w + K M*N (p)1-"]-

It follows that if we define the global zeta function £ (s, V) of 
V, in the sense of Hasse and Weil, by 

the product being taken over all $ with good reduction, then 
£ (s, V) differs from, det [D2 (s)] only by a finite number of p-factors. 
Therefore £ (5, V) can be continued holomorphieally to the whole 
s-plane and satisfies a functional equation. 

105 



6. SKETCH OF PROOFS 
One can attach two types of families of abelian varieties to 

ig/T (a, c) of § 4—5. Let K be a totally imaginary quadratic extension 
of F and let x±, . . ., xg be isomorphisms of K into C such that 
{x±, . . ., Xg, tip, . . ., Xgp} is the set of all isomorphisms of K 
into C, where p means complex conjugation. Let L = B®FK* We 
consider an abelian variety A of the following type. 

(I) dim (A) = 2g; and there exists an isomorphism 8 of K into 
Endç 04) such that the analytic representation of 8 (a) is equivalent 

g 
to x± + X±Q + 2 2 Tv. 

v = 2 
(II) dim (A) = 4g; and there exists an isomorphism 6 of L into 

EndQ (A) such that the analytic representation of 8 (a) for a 6 K is 
g 

equivalent to 2 (x± + t1p)-f-4 2 Tv-
v=2 

With a suitable polarization and points of finite order, one obtains 
a family 2 = {Qz \ z Ç ig} of the type described in § 1, with r = T (o, c). 
For the families of type (I), one has to assume that B splits over K. 

g 
Let K' denote the field generated over Q by 2 x%v f°r all^Ç/C. Define 

v=2 
the field k as in § 1 for this 2 . It can be shown that k cz C (Kr, c). 
Here and in the following, we assume that c is generated by a rational 
integer. (The general case can be easily reduced to this case). Take V 
and cp satisfying (2.1—2) for the present 2 . Let M and z be as in (1.3). 
Then either B ®FKM or KM is contained in the endomorphism algebra 
of the special member Qz according as Qz is of the above type (II) 
or (I). In any case Qz has sufficiently many complex multiplications. 
The general theory [71 tells us that the field of moduli of Qz, which 
coincides with k (cp (z)) by virtue of (2.3), is an abelian extension E 
of K'M. The nature of the class-field E has been investigated in [3]. 
Up to this point, we have chosen one K, and constructed (V, cp) with 
respect to this fixed K. Now there are infinitely many choices of K-
The class-field C (M, c) can be obtained as the intersection of the 
composite E-C (K\ c) for all K- This fact enables us to apply Weil's 
criterion to lower the field of definition to C (F, c), and then to find 
a new model (V, cp) satisfying (1.1—3). Theorem 2 can be proved by 
investigating more closely the isogenies between Qz and its transforms 
by Frobenius automorphisms of E. 

To explain the proof of Theorem 3, let us first define some alge­
braic correspondenses. Let {V%, cp*,} be as in Theorem 2, and let 

Xv*. (W = {<P* (2) X y» (a (z)) | z g £} C V% x l^, 
*^v (P) = {cpv (Z) X cp̂  (ß (Z)) | Z G fi} C ^v X Vy» 

with elements a and ß of B such that a j ^ is integral and iV (aï^) = 
= P, $£vn=zPQn' Further let %-+X' be a permutation of {1, . . ,, h} 
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such that N (px) and N (px1) belong to the same ideal class modulo u 
in F, and let ô*. be an element of B such that 6%%x = N(px) ixf 

(cf. [4, p. 2571). Let 

Ux = {cp* (z) X <pv (6X (z)) | z £ <g} C V* X Vv. 

Then X,a(p), F ^ P ) and Ux are algebraic correspondences, and 
Ux is birational. The operators T^x (P)2 and /?ULV(P)2 are nothing but 
the representations of X^(p) and Y^vip) by differential forms of the 
first kind on the curves. Let *ß be a prime ideal in C (F, 1) dividing p. 
Denote by tilde the reduction modulo $. Then one has 

X»x(P) = tn» + Ü»ioUx.oÜxi (5.1) 

Yllx(P) = Ü»ioÜ%{p). (5.2) 

Here it* denotes the locus oï x X xN (p) on 1^ X V% (p\ and f% its 
transpose. These congruence relations are obtained from the recipro­
city law (2.3). By a simple computation, one can easily derive Theo­
rem 3 from (5.1—2). 
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R. S t e i n b e r g 

CLASSES OF ELEMENTS OF SEMISIMPLE 
ALGEBRAIC GROUPS 

If C is a conjugacy class of elements of a semisimple algebraic 
group G, it is natural to ask for the structure of C and its closure (as 
an algebraic variety and as a union of conjugacy classes), for a con­
venient set of regular functions determining this closure, and for 
a canonical representative for C; and to ask how the various classes 
fit together to form G. Answers to some of these questions and to some 
related ones have been obtained for certain classes of elements, 
e. g. regular and semisimple classes, but for other classes, in particu-
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lar unipotent ones, very little is known. (We recall that an element 
is regular if its class has maximal dimension, semisimple if it is 
diagonaljzable, and unipotent if its characteristic values are all 1.) 
Our aim is to discuss the results so far obtained and the problems yet 
to be solved. 

V. S t r a s s e n 

DER SATZ MIT DEM ITERIERTEN LOGARITHMUS 

Sei Xi die /-te Rademacherfunktion auf [0, 1] und Sn = 2 ^ -

Borel's starkes Gesetz der großen Zahl (Sn = o(n) außerhalb einer 
Menge vom Lebesguemaß 0) eröffnete 1909 eine Folge von Arbeiten 
von Hausdorff, Hardy—Littlewood, Steinhaus und Khintschin, die 
1924 durch Khintschin's brillianten Satz mit dem iterierten Logarith­
mus abgeschlossen wurde: 

l i m (n log log n)~V*Sn = ]/"2 (1 ) 

außerhalb einer Menge vom Lebesguemaß 0. 
Ich möchte hier über einen Teil der seitdem erzielten Fortschritte 

berichten. 
In den ersten beiden Abschnitten werden einige Verschärfungen 

behandelt, wobei der oben betrachtete diskrete stochastische Prozeß 
(Sn)n^i aus Gründen der leichteren Formulierung durch den konti­
nuierlichen Prozeß der Brownschen Bewegung (£ (t))t^o ersetzt 
wird. Im letzten Abschnitt werden Verallgemeinerungen des zugrun­
deliegenden Prozesses diskutiert. 

1. DER KOLMOGOROV—PETROVSKU—ERDÖS TEST 

Khintschin's Satz lautet für die Brownsche Bewegung: 

lim (t log log 0"1/2 £ (0 = V2 fastsicher, 
also 

Pr {£ (t) < (et log log t)1/2 schließlich für * --> co} = 0 oder 1, 

je nachdem c < 2 oder c > 2. Sehr viel weiter geht der Kolmogorov — 
Petrovskij — Erdös Test (Kolmogorov's Beweis ist nicht veröffent­
licht, Petrovskij [16], Erdös [5], Feller [6], Motoo [15]): 

Sei cp: R+-+ R+ stetig und so, daß trxi* qp (/) mit / wächst. Dann 
ist 

Pr{E(0<<P(0 schließlich für *->oo} = 0 oder 1, 
je nachdem 

oo 

\ r3/2cpe-<P2/(2i) dt = oo oder < oo. (2) 
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Man hat heute eine Reihe von O-1-Kriterien ähnlicher Bauart für die 
Brownsche Bewegung in einer oder in mehreren Dimensionen. Hierzu 
sei auf Ito-McKean [11] verwiesen (S. 33—38, 161—164, 255—261, 
266—269; siehe auch Chung [3], Barndorff-Nielsen [1], Shepp [17], 
V, 19). Konvergiert (2), so ist fastsicher schließlich £<q>, von welcher 
Stelle an, hängt natürlich vom Zufall ab. Sei 

T(p = sup{^: £(t)>cp(t)}. 

P. Levy [14], S. 271—276 erhält eine Reihe von oberen Abschät­
zungen für Pr {Ttp > s}, die sich als Spezialfälle der eleganten 
Ungleichung 

oo 

Pr {T̂ p > s} < 2 J (2nt*)-1/2 ye-v2«2» dt 
S 

in Ito—McKean [11], S. 34 erweisen (gültig unter einer zusätzlichen 
Monotoniebedingung an cp). 

Ist nun (p sogar stetig differenzierbar mit 

cp'(s)—VW für s — t, t—>cQ, 

und ist fastsicher T^ < oo, so hat T^ außerhalb 0 eine stetige Dichte 
Dçp und es gilt 

Ap (0 ~ <p' (0 (2ró)"~1/2 e-* ( W ) für t - > oo (3) 

([21], Theorem 3.6). Innerhalb der zugelassenen Funktionenklasse 
haben übrigens cp' und (p/t die gleiche Größenordnung, so daß man 
den Integranden in (2) auch durch die rechte Seite von (3) ersetzen 
kann. (3) liefert dann eine einfache wahrscheinlichkeitstheoretische 
Deutung (und einen neuen Beweis) für den Kolmogorov — Petrov­
skij — Erdös Test. Ein Beispiel für (3): 

^.o.ov.-o^y'"'-'«^)-«, (4) 
wenn c > 2. 

2. DAS VERHALTEN DER GANZEN PFADE 

Sei C der Banachraum der stetigen Funktionen x auf [0, 1] 
mit x (0) = 0, und für t > 0 sei £>t die durch] 

tt(s) = £(st) (sg[0, 1]) 

definierte Zufallsvariable mit Werten in C. Z>t spiegelt das Verhalten 
von £ bis zum Zeitpunkt t wieder. Khintschin's Satz kann (unwesent­
lich verschärft) so formuliert werden: Fastsicher ist (t log log0~1/2 £* (1) 
ìiìrj ->• oo beschränkt und die Menge seiner Limespunkte ist [—]/¥, 
1/2Ì. 
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Eine analoge Aussage läßt sich für die £>t als ganze machen ([19], 
Corollary 1, siehe auch Chover [2]): Fastsicher ist das Netz 

((tloglog0"1/2^)/>e 

relativ normkompakt, und die Menge seiner Normlimespunkte für 
t~->oo ist 

i 

x:x£C, x ist absolutstetig, y \ x2d\i^.l y 
o 

(wobei fx das Lebesguemaß in [0, 1] ist), besteht also aus genau den 
x £ C mit "mittlerer kinetischer Energie < 1". 

Dieses Ergebnis verhält sich zu Khintschin's Satz ähnlich wie 
Donsker's Invarianzprinzip [4] zum zentralen Grenzwertsatz (die für 
den Fall der Brownschen Bewegung allerdings trivial sind). Ebenso 
wie dort ergeben sich auch hier zahlreiche Folgerungen durch Anwen­
den von geeigneten Funktionalen, z.B. eine Art Gegenstück zu (4) 
für c < 2 : 

I m T p, {s : s £ [0, f], l (s) > (es log log s)1/2} = 
* _ > - t 

= l-exp {-4(4-1)} fastsicher 

([19], S. 223. Erdös [5], S. 434 hat schon bemerkt, daß die linke Seite 
fastsicher eine gewisse stetige, strikt monoton von 1 nach 0 fallende 
Funktion von c Ç [0, 2] ist, vgl. auch P. Levy [141, S. 268—271). 
Oder ein Resultat, das kürzlich in etwas anderer Gestalt von Gaposchkin 
für Summen unabhängiger Zufallsvariablen bewiesen wurde ([9], 
Theorem 3): 

oo 

lim a3/2 flog log — J 2 \ £ (s) e-as ds = 1 fastsicher 

(die linke Seite ist fastsicher 
n/a 

= lim ÏÏm<z3/2 ( loglog— ) \ t)(s)e-asds = 
n-*oo a 10 \ a y J 

1 

= lim n3/2 Hm \ (t log log t)~1/2 lt (s) e~ns ds, 

so daß man [191, S. 218 (ii) anwenden kann). Für andere Beispiele 
siehe [19]. 

Es liegt nahe, nach einer Verallgemeinerung des Kolmogorov — 
Petrovskij — Erdös Test's für das Verhalten der ganzen Pfade zu 
fragen. Vielleicht ist die folgende Problemstellung nützlich: 
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Sei für jedes t > 0 Vt cz C offen und konvex so, daß t^Wt^C 
(monoton), und sei 

i 

u, = inf { ( $ x2djx)1/2 : x£C-Vt} . 
o 

Welche zusätzlichen Bedingungen sind an die Vt zu stellen, damit: 

Pr{£*eVf schließlich für f - » o o } = l -

i 

3. ÜBERTRAGUNG AUF ANDERE PROZESSE 

Kolmogorov [13] verallgemeinert Khintschin's Satz auf eine 
große Klasse von Prozessen (Sn)n^i mit Sn = 2 Xt u n d unabhän-

gigen Xi, und P.Lévy überträgt diese Ergebnisse auf Martingale 
(siehe [14], S. 258—268). 

Im Falle unabhängiger, identisch verteilter Xt zeigen Hartman— 
—Wintner [10] etwas schärfer, daß EXX = 0, EX\ = 1 für (1) hin­
reicht. Diese Bedingung ist auch notwendig, wenn man (1) durch 

lim (/z log log n)~1/2 Sa = — yii fastsicher 

ergänzt ([20], Corollary). Dagegen gibt es (D. Freedman, siehe [20]) 
unabhängige, identisch verteilte symmetrische Xt mit unendlicher 
Varianz und positive Konstante cn so, daß 

lim cü1 Sn = 1 fastsicher, 
Feller [6] und [7] dehnt den Kolmogorov—Petrovskij—Erdös Test 
auf sehr allgemeine Klassen von Prozessen (SO^i m i t unabhängigen 
Xi aus, wo die Sn nicht einmal mehr asymptotisch normal zu sein 
brauchen. 

In [19] und [21] werden die Ergebnisse der vorangehenden beiden 
Abschnitte mit Hilfe von Fastüberall-Invarianzprinzipien verallge­
meinert. Diese sind fastsichere Gegenstücke zum Erdös—Kac—Dons-
kerschen Verteilungsinvarianzprinzip (unter einem anderen Aspekt 
betrachtet als in Abschnitt 2). Ihr Beweis beruht auf einem wichtigen 
Satz von Skorokhod ([18], Theorem auf S. 163). Als Beispiel zitieren 
wir Theorem 1.3 (4.4) in [21] (ein Spezialfall hiervon stammt von 
Dubins und Freedman). 

Sei S^ = 2 ^i e i n quadratisch integrierbares Martingale. Fastsi-

eher gelte 
Vn= JjE(Xl\Xu . . . , ^ _ 0 t o o 
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für n f oo und 

2 f(Yn)"1 l ^dPr{Xn<.x\Xu . . „ X ^ X c o , 
n^i *2>/(V"n) 

wobei / : R+ ->- i?+ monoton wächst, aber schwächer als die identische 
Abbildung. Ist dann der zugrundeliegende Wahrscheinlichkeitsraum 
reichhaltig genug, so gibt es eine Brownsche Bewegung £ mit 

Sn = £ (Vn) + o ((Vnf (Vn)f
u log Vn) f astsicher. 

Dies gestattet es leicht, den Kolmogorov—Petrovskij—Erdös Test 
und die Ergebnisse von Abschnitt 2 (auch z. B. das Resultat von 
Chung [3] und eine Version von Shepp's Dichotomie [17], V, 19) 
auf Martingale zu übertragen unter Bedingungen, die für Summen 
unabhängiger Zufallsvariablen kaum schärfer sind als Feller's Bedin­
gung auf S. 399 von [6]. Es wäre interessant, fastsichere Invarianz­
prinzipien für Prozesse zu finden, die nicht asymptotisch normal sind. 

Freedman [8] überträgt Abschnitt 2 auf Funktionale von Markoff-
schen Ketten. 

Auch (3) kann mit einigen Abstrichen durch ein geeignetes Invari­
anzprinzip verallgemeinert werden ([21] Theorem 4.8 und Corolla­
ry 4.9), und zwar auf Irrfahrten mit endlicher erzeugender Funktion 
in einer Umgebung von 0. 
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J. T. S t u a r t 

HYDRODYNAMIC STABILITY AT FINITE AMPLITUDES 
AND ITS RELATION TO TRANSITION TO TURBULENCE 

In hydrodynamic stability, nonlinear problems of partial differ­
ential equations have occurred in at least two forms. These are 
exemplified by the classic prototype configurations of (i) the boundary-
layer fluid flow on a flat plate, and (ii) the fluid flow between two 
long concentric rotating circular cylinders (or, with some similarity, 
the thermal convection between parallel planes). In the former case (i) 
we are concerned with the spatial development of (random, three-
dimensional) turbulence from initially-regular waves, and attention 
has been focussed on simple mathematical models (in the form of par­
tial differential equations) of isolated parts of this complex process-
In the latter case (ii), on the other hand, there are more-conventional 
problems of bifurcation; as a parameter is varied, the stable solution 
of the partial differential system may change abruptly from one form 
to another at critical values of the parameter. Calculations have been 
made of these critical values and of the neighbouring solutions of the 
differential system. 

In each of these two basic cases a summary will be presented of 
the present stage of the theory, and of its relevance to experiment. 

K. U r b a n i k 

INFORMATION AND THERMODYNAMICS 

The ordinary formalism of quantum theory may be described in 
hurried outline as follows.To every physical system there corresponds 
a Hilbert space SS- All elements tj? belonging to the unit sphere of SS 
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are called microstates of the physical system. Further, to every physi­
cal quantity or observable there corresponds a self-adjoint (not neces­
sarily bounded) linear operator in (pß. Let A be an operator correspond-

oo 

ing to an observable and let 4̂ = \ KQK (AÀ) be its spectral decom-
—oo 

position. It should be noted that the projector-valued spectral meas­
ure QA defined on Borei subsets of the real line is uniquely determined. 
The fundamental statistical law of quantum theory states that the 
formula p% (E) = (QA (E)^, I|>) gives the probability that a measure­
ment at a microstate i|) of the observable corresponding to the operator 
A will lie in the set E. The mean value of the observable A at a micro-

oo 

state \|), i.e., the integral \ XpA (dX), will be denoted by mA (if>), 
—oo 

provided that it exists. Further, the entropy sA (i|>) of A at the micro-
state if is defined by the formula 

n 

SA (*) = sup ( - 2 PÌ (Bk) log pi (Ek), 
k=i 

where the supremum is extended over all finite decomposition of the 
real line into Bòrei sets Ei9 Ez, . . ., En. 

We shall now quote some basic notions of macrophysics introduced 
in [2]. Two microstates cp and i(? are said to be equivalent with 
respect to the observable A, in symbols (p A i|>, if mA (cp) = rnÂ (if). 
The relation A divides the set of all microstates in which A has 
finite mean value into disjoint classes. These classes will be called 
macrostates with respect to A or shortly macrostates and denoted by 
capital Greek letters <P, W,... The macrostate containing a microstate 
cp will be also denoted by fq)]. The mean value MA (®) of the observa­
ble A at the macrostate is defined as the common value mA (cp) for 
all microstates (p belonging to <P. In order to define the entropy 
SA (O) of A at the macrostate O we apply the principle of maximum 
uncertainty formulated by Jaynes ([3]). According to this principle 
we define S (<ï>) as the maximal uncertainty concerning A when 
the mean value MA (O) is known. More precisely, we put SA ($>) = 
sup {sA (cp) : 9 6 ®}- It was proved in [2] that the entropy 5^ (O) is 
finite at every macrostate O if and only if the spectrum of A is dis­

co 
crete and if there exists a real constant c such that 2 exP (c^k) < °°» 

k=i 
where Xit X2, . . . are proper values of the operator A. Each operator A 
satisfying the last condition is called thermodynamically regular. 
The class of thermodynamically regular operators is the largest class 
of operators for which the generalized thermodynamics can be develo-
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ped. In what follows we shall consider only thermodynamically 
regular operators. 

In analogy to the usual thermodynamics we define a generalized 
temperature TA (®) corresponding to the observable A at the macro-

r dSA (CD) -i - i 
state O by the formula TA (O) = d | . This definition is justi­

fied by the remark that the entropy SA (®) is a differentiable func­
tion of the mean value MA (O) (see [2]). We note that if A is the total 
energy operator, then the generalized temperature coincides up to the 
Boltzmann constant with the usual temperature expressed in the 
Kelvin scale. One can prove the relation SA (O) ->- 0, whenever, 
TA (G>) -+ 0, which can be regarded as the Third Law of Thermody­
namics for arbitrary thermodynamically regular operators. 

The evolution of the physical system in time brings about a system­
atic and continuous change of microstates. This change is determined 
by the equation \|) (t) = exp ( -—-̂ - // ) ip (t>0), which may be writ-
ten in differential form as the Schrödinger equation of the motion 
i% _ | 1 1 _- / /^ (t) with the initial condition if (0) = if>. Here H is the 
Hamiltonian operator, i.e., the total energy operator for the system 
in question and % is an abbreviation for Planck's constant divided by 
2JT. In what follows we assume that the Hamiltonian does not 
depend on the time t, i.e., the system is conservative. The entropy 
in evolving physical systems was discussed in [4]. Since, in general, 
macrostates with respect to operators non-commuting with the Hamil­
tonian branch out during the motion of the system, it was necessary 
to introduce the concept of the entropy at an instant t for a macro-
state <P, in symbols SA (®). According to Jaynes principle SA (®) 
is defined to be the maximal uncertainty at time t concerning A 
when the initial mean value MA (O) is known, i.e. 

S^(d)) = sup{Syl([(p(0]):cp(0)ecD}. 

The following theorem can be proved ([4], [5]). 

P r i n c i p l e of i n c r e a s e of e n t r o p y . For any 
operator A, any motion of the system and any macrostate <D the inequal­
ity SA (<&)>SA (®) (t > 0) holds. Moreover, the equation SA (<£) = 
= SA (Ò) holds for all macrostates <P and t > 0 if and only if the 
operator A commutes with the Hamiltonian. 

This theorem can be regarded as an analogue of the Second 
Law of Thermodynamics ([1]). 
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R. L. V a u g h t 

MODEL THEORY AND SET THEORY 

Some results and problems in model theory will be discussed 
which lie near the borderline of model theory and set theory. 

N o t a t i o n : k, X, \i denote infinite cardinals; a, ß ordinals. 
A relational structure 501 = <M, Um, Rf)n«* (U unary) has 

type (k, X) if7T = k and [jW = X. k,X=$k',X', means that any 
countable set of elementary sentences having a model of type (k, X) 
also has a model of type (k', X'}. The language Qk is obtained from 
the elementary language by adding a new quantifier Qx meaning 
"there are at least k x such that". k-^X means that any countable 
set of Q-sentences having a Q^-model also has a Q^-model. The 
Hanf number v*. L of a language L is the smallest \i such that, for 
any set 2 of fewer than X L-sentences, if 2 has a model of power > \i, 
then 2 has arbitrarily large models. An order (X, < ) is é-like if 
X = k, but, for each x £ X, {y : y <C x} <L k. Unmarked references 
can be found in [1]. References marked [2] are all to abstracts in 
Notices, American Mathematical Society, 1964—6. To simplify, 
we adopt henceforth the GCH. 

T h e o r e m 1. (MacDowell and Specker) Let $ ' be any theory 
extending the usual elementary version *ß of Peano"s arithmetic by 
having, in addition to < , + , and -, predicates i?n(n<cû) which 
are allowed in the induction scheme. Every model 501 of $ ' has 
an elementary "end" extension 501' ("end" means that x£M and 
y^M' — M imply x<y). 

T h e o r e m 2. (a) (R. Robinson) coa+7î, coa^=> coß+n+1, ©ß. 
(b) (Vaught) If k~>X,thenk,X=$ CD^CO. (C) (Chang-Keisler) k, X => 
=» k\ X' if k>k'>X'>X. (d) (Chang) k, X=$\i+, \i if k>X, \i > co, (x 
regular, (e) (Vaught) ©a+(D, coa ==> X, \x. 

It is conjectured that, in general, (ùa+n, cua=^>cuß+7l, cop. 
The author's proof of (e) has various further consequences, e.g.: 

(e') (ùm ©i, (ù=$k, CUI, «; (e") <ùao, ..., (aan=^k0, . . . , kn, if each 
o,i>cLi+i+ co. Morley found a different proof of (e). 

Fuhrken discovered that various model-theoretic questions about 
the languages Q can be reduced to simpler questions by means of two 
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normal form theorems which he established. These say, "roughly, that 
a set 2 ' of Q-sentences has a Qk+-model (a Q^-model) iff a related set 
2 ' of elementary sentences has a model of type (k+, k) (a À-like model). 
Fuhrken established the following theorem, by using his normal form 
theorems plus 2 (b) and 2 (d) for 3 (b), 1 (for 3 (d)), and a new result 
M (for 3(c)). 

T h e o r e m 3. (a) k -/-> X if k is singular, X not; or if k is 
a successor cardinal, X not; or if k ^co, X = Cû. (b) k+ -> X+ if X is 
regular, (c) k ->- ìùì if k is inaccessible, (d) co->- k. 

Fuhrken has conjectured that k—>X holds in all cases not 
blocked by 3(a). Recently some more cases of this conjecture 
have been established: 

T h e o r e m 3. (e) (Helling [2]) k -+ X if X =/= co and k is 
weakly compact, (f) (Silver [2]) k-^-X if k is inaccessible and X sin­
gular. 

Call L complete if its valid sentences are r. e. (recursively enumer­
able); co-compact if a countable set of L-sentences has a model if all 
its finite subsets do. Using ultraproducts, Fuhrken showed that Qu 
is co-compact if k$<6<ù = {X: cf X = co} U {X+: cf X = co}. From the 
proof of 2 (b) and his normal form theorem, Fuhrken inferred that 
Qœi is co-compact. In the same way, the author inferred that Q^ is 
complete (and hence by 2 (d), so is any Qk+, if k is regular). An inter­
mediate step is that the set T of all elementary sentences true in all 
models of type (coi, co) is r. e. Keisler[2] has recently given an explic­
it set of axioms for T. For most cases not discussed above, it is 
unknown whether Qu is co-compact or complete. 

Recently Keisler 12] has obtained some nice results which include 
a strengthening of 2 (b) and (*) (or 3(c)). Let Qk^ be the language 
having two new quantifiers Q and Q', interpreted as Qk and Qx, respec­
tively. By Fuhrken's normal form theorems, Keisler's results imply, 
in particular: 

T h e o r e m 4. If a countable set 2 of Q, Q'-sentences has 
a Qk,a>-model, where k =7̂= co and k is regular, then 2 has a Q^,®-
model. 

Keisler's proof is not related to the old proofs of 2(b) and (*), but 
rather, is related to the proof of 1. 

By using stronger forms of 2(e), such as 2(e'), the author establi­
shed: 

T h e o r e m 5. (a) v(üQ(Dl = v^Q^ = to .̂ (b) Ifk = coa $ %<*, 
then v(ùQk = vk +Q f e = coa+(û. 

Morley discovered a powerful method for obtaining Hanf num­
bers, which uses a transfinite version of Ramsey's Theorem due to 
Erdös and Rado. For example: 
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T h e o r e m 6. (Morley) vmQ^ = (ùm. 
Further results on Hanf numbers were obtained from Morley's 

results or method of proof by Morley himself, Helling, and others. 
For a summary of these results and related open problems, see [1]. 

Recently, Silver [2] has obtained detailed information about the 
Hanf number of the very strong ß-language (in which < always denotes 
a well-or dering). 
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E. V e s e n t i n i 

RIGIDITY OF QUOTIENTS OF BOUNDED SYMMETRIC DOMAINS 

The aim of this lecture is to give a summary of recent results con­
cerning the rigidity of quotients of bounded symmetric domains. 

The following topics will be discussed: 
1. Curvature properties of the Bergman metric of a bounded sym­

metric domain. 
2. Holomorphic families of quotients of bounded domains by 

properly discontinuous subgroups of automorphisms. 
3. Differentiable families of compact quotients of bounded sym­

metric domains. 
4. Differentiable families, rigid at infinity, of quotients by pseudo-

concave groups. 

C h. T. C. W a l l 

HOMEORMOPHISM AND DIFFEMORPHISM 
CLASSIFICATIONS OF MANIFOLDS 

Four related problems wUl be discussed: the problem of classifi­
cation by diffeomorphism of compact smooth manifolds, by PL-homeo-
morphism of compact PL-manifolds, by homeomorphism of compact 
manifolds, and by homotopy equivalence of Poincaré complexes and 
pairs (a Poincaré complex is a CW complex, dominated by a finite 
one, which satisfies Poincaré duality; a Poincaré pair satisfies Lef­
schetz duality). There are corresponding bundle theories with (stable) 
structure groups and monoid 0, PL, Top, G: stable normal bundles 
exist and are unique. A technique of Novikov and Browder may be 
phrased as follows: given a Poincaré complex (or pair), and a reduction 
of the group of its stable normal bundle from G to 0 or PL, we can 
use surgery to study the problems of existence and classification of 
corresponding smooth or PL-manifolds. Only the PL-case (which is 
simpler) need be discussed in detail, since «Hirsch and Masur have 
shown that equivalence classes of compatible smoothings on 
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a PL-manifold correspond bijectively to classes of reductions of the 
group of its stable normal bundle from PL to 0. To pass from Poincaré 
complexes to PL-manifolds we must study nL(G, PL): this vanishes 
if i is odd, is infinite cyclic if i = 0 (mod 4) and of order 2 if i = 
r= 2 (mod 4). There is a close relation between these groups and the 
Kervaire — Milnor surgery obstructions, which throws further light 
on GIPL. The non simply-connected case will also be discussed. The 
homeomorphism problem is sandwiched between the last two: ̂  also, 
Novikov has given a proof of topological invariance of Pontrjagin 
classes which can be sharpened to show that jtn (G, PL) -*• nn (G, Top) 
is a split monomorphism. Applications of this to the Hauptvermutung 
have been given by Sullivan and Wagoner. These techniques reduce 
the first three problems to the fourth. This can be studied directly 
in low dimensions =£2 by standard homotopy theory. In higher dimen­
sions it is necessary to develop new techniques, and it is found that 
Poincaré complexes can be treated very much like smooth manifolds. 
For example, surgery can be performed and handle decompositions 
constructed. 

J. H. W i 1 k i n s o n 

A PRIORI ERROR ANALYSIS OF ALGEBRAIC PROCESSES 

INTRODUCTION 

Modern error analysis of matrix processes may be said to have 
started with the work of Goldstine and von Neumann in their analysis 
of the fixed-point elimination of a positive definite matrix [2, 4]. 
Since then a considerable number of analyses of algorithms for the 
inversion of matrices and the calculation of eigensystems have been 
made covering both fixed-point and floating-point computation. The 
stage has now been reached at which this work may be reviewed as 
a whole and the significance of a priori analyses reassessed. 

1. MATHEMATICAL PROPERTIES OF CHOLESKY FACTORIZATION 

As an example of the general type of analysis we have in mind 
we reconsider the Cholesky factorization of a positive definite matrix 
using floating-point arithmetic without accumulation of inner-prod­
ucts. The result proved here has beeri well known to the author for 
several years and I have quoted it from time to time but there does 
not appear to be an explicit proof in the literature. 

We consider first the simple mathematical properties of the factor­
ization. Let AM be a positive definite matrix of order n and L(1) 

its Cholesky factor. Writing 

"< «r 
_fli A™-

, L (u = 
' l l 

A 
o -

L ( 2 > _ 
A (i) _ " n Mi r (i) _ X1 n 1\ 
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we have 

In = Au. hih = Ai. W* + Lm (^(2))T = ^ (1.2) 
and we may define ß ( 2 ) by the relation 

Bm = L(2) (L(2))T = ^l(2) - hll. ( 1.3) 

T h e o r e m 1. ß<2> is positive definite and 

l |ß<2, | |2<M<2, | |2<||^ (1 , | l2, 

Il Ul h = Il h \\l = || a, HJ/flS'< || A™ | | 2 < || ^ ' ||2. 
The final inequality in each group is an immediate consequence of the 
classical separation theorem for symmetric matrices. 

If we assume that B^ is not positive definite then there exists an 
x =£0 such that 

xTB?<0, 
giving 

xTA™x - xThi[x = xTAmx - {alxfla^ < 0. 

Taking yT = (cue1) we have 

yTAa)y = a£a2 + 2a {afx) + A:T'^(2)X. 

With a = — (ajx) la™ this gives 

(1.4) 

(1.5) 

(1.6) 

yTAa)y--- -(aix)2/a(^ + xTA(2ix^0 (1.7) 

by (1.5), contradicting the positive definiteness of Aa), and hence 
the hypothesis that 5<2) is not positive definite is false. 

Now for any z we have # 

zTB(2)z = zTAmz—(lT
xzy^zTA™z. (1.8) 

Hence || S<2> ||2<ll ^ ( 2 ) l |2 . Finally if x is defined by 

X = U\\ll\\2 (||*||2=1) (1-9) 

then xT BWx = xTAWx -WUWI <\\Am ||2 —1 | / t ||J 

giving 

!Mill2<)l^(2)ll2-^Tß(2^<ll^(2)ll2 (l.io) 

since ß(2) is positive definite. 
We observe that the Cholesky decomposition of AM of order n 

consists of 
(i) The determination of the first column of LM. 
(ii) The Cholesky decomposition of the matrix ß<2> of order (n— 1). 
In the same way after finding the first column of L(2> we required 

the Cholesky decomposition of a matrix 5 ( 3 ) of order (n —2), etc. 

120 



2. ERRORS IN FLOATING-POINT ARITHMETIC 

We shall make certain assumptions about the rounding errors made 
in the basic operations. These differ a little from one computer to 
another [10] but not in such a way as to alter materially any of our 
results. Specifically we assume 

fl (a±b) = a(l+si)±b(l + z2), 
fi (axb) = ab(l +s 3 ) . } | B * ] < 2 - < (2.1) I 
fl (a/b) = a(l + B,)/b, J 

where a mantissa of t binary digits is used. The notation fl (a + b) etc. 
denotes the result of adding two floating-point numbers a and b using 
standard floating p3int arithmetic. 

An analysis of repeated additions, multiplications etc. leads to 
bounds involving terms of the type (1± 2~')r which are somewhat 
inconvenient. If r2~*<;0.1 it is easy to show that 

(1 + 2 " 0 r < 1 +(1.06)r2-* = l + r2~ f l, (2.2) 

( l - 2 - f ) r > l - ( 1 . 0 6 ) r 2 - t = l - r 2 " ' 1 (2.3) 

where ti = t — log2(1.06). 
N3tice that ^ is only marginally different from t. In practice storage 
considerations and time limitations always ensure that the restric­
tion on r is met in any case. 

The only other error bound we shall require is that for the square 
root. This bound depends to some extent on the procedure which is 
used; we shall assume that if 

x = fl(sqrta) (2.4) 
then 

x2 = a(l+E) with | 8 | < 2 - 2 ~ ü . (2.5) 

This result is not critical in our analysis. 

3. THE PRACTICAL CHOLESKY PROSESS 

We now turn to the computational process itself. For simplicity 
Uh t>ij{2) will be used to denote the actual computed quantities. 
No confusion need arise because we do not compare these quantities 
with those arising in the exact Cholesky factorization of AM. The 
elements of LM may be determined column by column the relevant 
equations being 

ljj = tt[$qrt(a$-ljilji — lnln— ... — lu ^ Ij^-i)], (3.1) 

HÌ = fl [(ttij —h i l j i— Ii2'j2— • ' • — h , j - \ h,j-i)<hj] (3-2) 

where, of course, the previously computed lpq are used when evaluat­
ing the right-hand sides. 
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We may express the computation of the right hand side of (3.2) say 
in the form 

b% = tl(aW-ltihi), », ; = 2, . . . , n , 
b$ = îl(b%-ti2lj2). i, / = 3 n, 

b%+i) = fl (bW -ltklJk), i, j = k + 1, . . . , n, 

(3.3) 

where the btj^ are the computed elements of the B(k) discussed at 
the end of section 1. 

The full practical factorization of AM j s therefore computationally 
equivalent (including equivalence of rounding errors) to the computa­
tion of the first column of LM and the computation of BM followed by 
the practical factorization of the computed ß ( 2 ) , a matrix of order 

T h e o r e m 2. If A is a positive definite digital matrix of order 
n then provided 

Am in=l / | | i4- 1 | |2>l^ / l2- ' 1 | | i4 | | a (3.4) 

the Cholesky factor L can be computed without breakdown and the com­
puted L satisfies the relation 

LLT = A + E, | | £ | | 2 <2.2~ ' 1 [ l + (n 1 / 2 -2 .2 )2 - f l fx 

x[^(n+lf2+l.ln] MHa. (3.5) 

In other words L is the exact Cholesky factor of some matrix A + E 
where E satisfies the given bound. 

The condition (3.4) ensures that A+E is positive definite. 
It may be written in the form 

2/23/22~ t l | |^||2 | |A-1 | |2<0.1 (3.6) 

i.e. 

2n3/*2~tlk(A)*C0.l. (3.7) 

Since k(A)<£l for any matrix relation (3.7) gives a fortiori 

2n/22~h<C0.l. 

The condition n2~t<.0A is therefore certainly satisfied. 
The proof is by induction. Assume that the result is true for 

matrices of order n— 1. 
Consider now the computation of the first column of L(1) and 

of the matrix Bi2) for the matrix Aa) of order n. We have 

lii«fl[sqrt(ag>)] giving l\x = aS )(l+e1 1) (| sH | < 2.2"'1) (3.9) 
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from (2.5). The remaining elements of the first column of L(1) are 
defined by 

lH = fl (flliV/it) = off (1 + e*i)//ii (| 6ii | < 2-'1), (3.10) 
Wii = ûï?(H-Bfl) (i = 2, ...,n). (3.11) 

Equations (3.9) and (3.11) state that ln, ...,lni are exact for the 
matrix Aa) + Fa) where Fa) is defined by 

/iï = û4¥di. /îî> = /î¥ = al?eii, / # = 0 otherwise. (3.12) 
We therefore have certainly 

\\Fa) | | 2 <| | | Fai 11|2<2.2-^ || | Aa) | ||2<2nV2 2" f l || Aa) \\2. (3.13) 

It follows from (3.4) that Aa) + Fa) is positive definite and hence 
from Theorem 1 

l|MiT||2 = Mi | | I< | |^ ( 1 ) + /r(1M|2<(l + 2n1/22-^)|]^i)||2. (3.14) 

The elements of ß(2) are defined by 

blff=ii(a^-liihi) 
= a # (1 + Btj) - lHlH (1 + T|„) (| Eij | < 2-\ | TI„ | < 2.2"'1) 

— (aij -{-aijEij— luljit\ij) — liihi- (3.15) 
Hence we can say that the computed first column of L(1) and the 
computed B{2) would be obtained exactly with the matrix Aa) + E<v 

where Ea) is defined by 
ß11=i-11e11, eu — eu^auEii (o.lo) 

e^) = al))Bij — liilH^j (i, / = 2, . . . , /i). (3.17) 
From the bound on the epq and the r\pq 

|^ ) |<2.2- / l |ai1
1

) | , \e\1>\ = \ela)\<2~tl\a$\, (3.18) 
|«iy|<2-'1 |flïy| + 2.2"'1 | / l l | | / J 1 | , (3.19) 

and hence 

|| £(1> | | 2 <| | |£ (1) | | | 2<2.2- f l || | A™ | Ü2 + 2.2-'11| | /, \ \ l\ | ||2 

= 2.2-^| | | A™\ 112 + 2.2-^111 / i | ||* 

<2 .2" ' 1 (nVi + 1 + 2/iVi 2""""'1) || yl(1) ||2. (3.20) 
since || I/i| ||2 = |j/il|2-

Again applying Theorem 1 we have 
| |ß ( 2 ) | |2<| |^ ( 2 ) + G(1)||2 (3.21) 

where G(1) is the matrix £ (1) without its first row and column. 
Clearly 

| |ß ( 2 ) | | 2 <| |^ ( 2 ) | | 2 + | l |G ( 1 ) | | |2< 

< || A{2) ||2 + 2~h [|| | A™ 11|2 + 2 (1 + 2nV*2-h) || Aw |[2] 

< II ^ (1 ) Hz {1 + [nV2 + 2 ( 1 + 2«1/22-i1)] 2-'1}. (3.22) 
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We may use the overall bound given in (3.8) to simplify these 
results. The relations (3.20), (3.22) become certainly 

|| E(i) | | 2 <2.2- t l (nVi + 1.1) || A(i) ||2 (3.23) 

and 

II ß ( 2 ) | | 2 < H ( 1 ) | | 2 [l + (/iVs + 2.2) 2~% (3.24) 

From our inductive hypothesis we know that L(2) which is the 
computed Cholesky factor derived from the computed ß (2 ) satisfies 
the relation 

L ( 2 )(L ( 2 ))T=ß ( 2 ) + £ (2 ) (3.25) 
where 

|| £ (2) | | 2<2.2- f l {1 + [(n- l)1/2 + 2.2] 2~tl}n~i x 

X [|n3/2 + ( l . l ) (n - l ) ] | | ß ( 2 ) | | 2 . (3.26) 

Combining the first column of L(1) with L(2) we obtain the comput­
ed L(1) and this satisfies 

L(1)(L(1))T = ^ l ( 1 ) f£ ( 1 ) + £(2), (3.27) 

where EM is EM augmented by a null first row and column and 

| |£ ( 1 ) + L ( 2 ) | |2<| |£ ( 1 ) | |2 + | |£ (2 ) | |2 . (3.28) 

A little manipulation gives certainly 

| |£ (1) + £ ( 2 ) | | 2<2.2-< 1 [ | - ( /z+l) 3 / 2+l. l^] X 

[1 +(n1 /2 + 2.2) 2~tl]n\\Aii) ||2 (3.29) 
which is the required result. 

For values of n greater than 10 satisfying condition (3.8) the result 
(3.29) can be expressed in the simpler form 

LLT = A + E, H£||2<2.5n3/22^1 | |^ (1 ) | |2. (3.30) 

The constant 2.5 has not been computed with any great care but could 
not be reduced to less than (say) 2.3. 

4. ACCURACY OF A COMPUTED INVERSE 

To invert A the most convenient procedure is to compute L_1 

and then (L_1)T L~x, the full computation including that of L requir­
ing 1/2n

3 multiplications. Error analyses of the two remaining steps 
have been given elsewhere [10, 12]. They show that when A is not 
well-conditioned the error made in the Cholesky decomposition is 
easily the most damaging. If the other two parts were performed exact-
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ly the computed inverse would be X = (A + E) x and we have 
HX-i4-i||2 l|£||2 | |4-i|l2 

||A-i||2 ^ l - | | £ | | 2 |M- i | | 2 ^ - 1 ; 

provided | |£ IUI A'1 ||2 < 1. Since we have 
| |£ | |2 | |^-1 | |2<2.5n3 /22- f i |m|2 | | / l -1 | |2<0.125 (4.2) 

by condition (3.6) the existence of (A + L) - 1 is assured. Provided 
(3.6) is satisfied (4.1) can be written in the form 

\\X-A~1 \y\\ A'1 ||2<2.86n3/22-flfe (,4). (4.3) 

To put the result in perspective the result obtained by Goldstine and 
von Neumann [4] for the fixed point inversion of a positive definite 
matrix was effectively 

|| X - A-11|2/|| A-11|2< I4.24n22~hk (A) (4.4) 
so that (4.3) is significantly sharper. 

As far as I know it is the sharpest bound so far attained though great­
er attention to trivial details would obviously reduce the factor 2.86 
to some extent. This seems scarcely worth considering. 

A similar analysis based on the use of floating-point arithmetic 
but with accumulation of inner-products gives the bound 

|| X -A-1 \\2/\\ A'1 ||2<:3.14n1/a2"*1/fe (A). (4.5) 

5. COMMENTS ON THE ERROR BOUNDS 

The first comment one might make is that in one sense the bounds 
can scarcely be regarded as a priori bounds since one cannot make 
practical use of them without a knowledge of k(A). This is certainly 
true but I feel that this objection reduces to a mere argument about 
words. My claim is that the bound does relate the accuracy of the com­
puted result with the inherent sensitivity of the original problem and 
we cannot expect a general result to do more than that. 

The analysis has been carried out in the now classical tradition. 
The result is completely rigorous and covers all errors arising from 
second and higher order effects. In this respect it has followed the model 
established by Goldstine and von Neumann in their pioneering paper. 
In my opinion the time has now arrived when this policy might well 
be reconsidered. 

At the time when the Goldstine—von Neumann paper was written 
very pessimistic views were widely held on the cumulative effect of 
rounding errors in matrix processes. In order to dispel this pessimism 
it was essential that the analysis should be completely above suspicion. 
Moreover it was desirable that the final result should give a clear con­
cise and unequivocal statement concerning the overall limitations 
of the algorithm since few would have time to read the details of the 
analysis. 
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In the light of experiences over the last twenty years I doubt 
whether present-day error analysts ever carry out such a meticulous 
analysis for their own benefit. For example, the bare essentials of the 
result given above were established on a single sheet of paper and left 
no doubt that a bound of the form 

| |£ | | 2<^ 3 /22- f | |^ | | 2 (5.1) 

(where k was some suitable constant) could be rigorously established. 
The rigour was added afterwards and was a tedious but, by now, rou­
tine process. 

Again, in my opinion, it is quite common for too much weight 
to be attached to the precise bounds that have been attained. Before 
elaborating on this point it is illuminating to make the following 
comments on the bounds given in (4.3) and (4.5) respectively. 

Consider the upper bounds of the errors caused by replacing A 
by A + F where F satisfies 

(i) | / „ | < 2 . 8 6 / i | a „ | 2 - ' \ (5.2) 

(ii) | / „ | < 3 . 1 4 | a „ | 2 - \ (5.3) 

It is immediately obvious that in the first case we have 

|| (A+Fyi—A-1 \\2/\\ A'1 \\2^2.86n3^2~hk (A)/(l ~2Mn3^k (A)) (5.4) 

and in the second 

[1(4 f F)-^^A-i\\2/\\A-1\\2K3A4n1^2~tlk(A)/(l--3A4n1/2k(A)). (5.5) 

These are essentially the same bounds as in (4.3) and (4.5) respectively. 
Notice that in (5.2) and (5.3) the bound on each element of F is pro­
portional to the corresponding element of A. 

If the matrix A is not exactly representable by t digit binary num­
bers then ab initio we must work with A + G where 

\guK\atj 12-' (5.6) 

Comparing (5.6) with (5.3) we see that the effect of rounding errors 
made during the solution are unlikely to be significantly more impor­
tant than the effect of the initial digital representation. In (5.2) we 
have the additional factor n which is not surprising since the ann 
element at least is involved in n independent operations involving 
roundings. These considerations suggest that it is rather unlikely that 
either of our overall bounds can be improved upon in any significant 
way. 

6. INADEQUACY OF THE OVERALL BOUNDS 

Experiments in which the computed errors are compared with 
the upper bounds given above seem to be becoming increasingly 
common. Inevitably they lead to the conclusion that even the bounds 
given above are much too pessimistic. This should occasion no surprise. 
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Indeed a study of the error analysis itself as distinct from a concen­
tration on the final result leads one to expect this. 

For example, in the analysis no account is taken of the statistical 
distribution of the rounding errors. Unless n is small one might expect 
that for this reason alone the factors n3^ and n1^ in (4.3) and (4.5) 
could safely be replaced by n3/4 and n1/* respectively. Again in order 
to obtain a succinct result the quantities ||ß(r) | |2 have been replaced 
by HA^I^ for all relevant r thoughthis will obviously be a severe over­
estimate in general. 

When we turn to special classes of matrices further reductions can 
often be made. For example if A is positive | A \ = A and therefore 
|| \A 11|2 H|;4||2. In the analysis || |̂ 4| ||2 has been replaced everywhere 
by n1/* \\A\\2 so that there is an unnecessary factor of n1^. When A is 
a band matrix with band-width s, L is also a band matrix and the error 
matrix E is of the same width as A. A simple modification of the anal­
ysis shows that the factor n3/2 in (4.3) can certainly be replaced by 
n1/2 s and if s is small compared with n this is a substantial reduction. 

These remarks are of course trivial and yet the errors made when 
working with matrices belonging to these special classes are often com­
pared with those given in (4.3) and (4.5), or rather with the somewhat 
poorer overall bounds currently available in the literature! Compar­
isons of this kind are extremely misleading and may give the impres­
sion that the analysis leading up to the quoted bounds is suspect. 

The finite segments of the Hilbert matrix are often used for test 
purposes. For such matrices the errors in the computed inverses are 
particularly small compared with the bounds we have given especially 
when accumulation of inner-products is used. A study of the error 
analysis shows immediately why this should be. In the first instance 
such matrices are positive and hence there is a superfluous factor of 
n1;2 in the bounds. Secondly, ignoring higher order effects, the analy­
sis shows that when inner products are accumulated the computed L 
satisfies the relation 

LLT = ,4 + £ (6.1) 

where 

\eu\<2-t\lu\\ljj\ ( *> / ) . (6.2) 

Hence if many of the'elements of L are very small the corresponding 
elements of E are also particularly small. Now in the factorization 
of a Hilbert segment the Uj do indeed get progressively smaller as i 
and / increase. This compensates to some extent the ill-conditioned 
nature of A. Indeed the ltj become progressively smaller precisely be­
cause A is so ill-conditioned. Careful study of the details of the error 
analysis enables us to forecast the behaviour quite accurately and the 
overall bound in terms of ||i4||2 and ||i4_1||2 is clearly seen to be irrele­
vant. 
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7. GENERAL CONCLUSIONS 

The following tentative conclusions may be drawn from the above 
discussion. The main purpose of an a priori analysis is to reveal the 
strengths and weaknesses of an algorithm. It is not worthwhile expend­
ing too much effort on the production of concise overall bounds since 
there are certain to be severe overestimates in general. 

The essential points revealed by the analysis of sections 1—4 is 
that the Cholesky factorization will give satisfactory inverses for 
a useful range of condition numbers and values of n and that this is 
achieved without any form of pivoting. Although the accuracy attain­
able may be expected to vary from one choice of pivot to another this 
is in general a secondary effect, though with special types of matrices 
a certain choice of pivots might give an inverse of unexpectedly high 
accuracy having regard to the condition of the matrix. This contrasts 
with the situation for general matrices for which elimination methods 
without pivoting may fail to give any accuracy even for perfectly 
conditioned matrices (i.e. matrices for which k (A) = 1) of low order! 
Finally it shows that for all positive definite matrices the effect of 
rounding errors is unlikely to be more important than the ini­
tial rounding of the coefficients when innerproducts are accumulated. 
For matrices of Hilbert type the error will generally be far less than 
that resulting from the initial roundings. 

The overall upper bound itself should not be taken too seriously 
and it is important to study details of the error analysis in order to 
determine whether matrices of special classes can be expected to give 
exceptionally accurate results. 

Only in rare cases will an a priori bound be of practical use. The 
best examples of such algorithms are those based on the unitary reduc­
tion of hermitian matrices. For several of these it may be shown that the 
effect of rounding error is equivalent to an initial hermitian perturba­
tion E of A where the bound for \\E\\2 is of the form 2~* / (n) \\A\\2. 
Here / (n) represents a simple function of n which depends on the algo­
rithm and the type of arithmetic being used. The bound for E implies 
that if XI and Xi are the computed and true eigenvalues of A then 

\Xi-X'i\^2-tf(n)\\A\\2 = 2-tf(n)max\Xi\. (7.1) 

For several algorithms of this type / (n) is sufficiently small for the 
bound given in (6.1) to be quite usable as it stands for many practical 
purposes [1, 3, 9, 11, 12, 13]. 

However, it is my opinion that in practice one should use a poste­
riori bounds for error estimates and not the overall a priori bounds, 
since the former take full advantage of the special nature of the matrix 
involved and of the distribution of rounding errors that have occurred. 
Discussion of such bounds has been given in [10, 12] for the linear 
equation problem and in [8, 12] for the algebraic eigenproblem. 
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L. A. Z a d e h 

RESEARCH ON SOME NON-CLASSICAL CONTROL 
PROBLEMS IN THE UNITED STATES 

This expository report survey some recent work in the United States 
dealing with non-classical control problems and decision processes. 
The questions to be discussed will center on one or more of the follow­
ing topics: A) optimization under vector valued criteria employing 
dynamic programming and other techniques; B) optimization under 
fuzzy constraints; C) algorithms for the estimation of characteristic 
functions of fuzzy sets; D) algorithms for the estimation of the maxi­
mum of a unimodal function when the observatings carry a cost and 
there is a penalty associated with the error in estimation; E) extensions 
and applications of the theory of fuzzy sets. 
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E. C. Z e e m a n 

KNOTS OF SPHERES IN SOLID TORI 

An interesting problem in geometric topology is to study the embed-
dings of one manifold in another, and to classify them in terms of 
homotopy. In the piecewise linear category the results that we have 
so far in codimension>3 look simple, and ought to belong to a lar­
ger algebraic pattern, including an obstruction theory. 

Let Mm be a closed manifold, and Qq without boundary, m < # — 
— 3. Let E denote the space of embeddings of M in Q and F the space 
of maps from M to Q. The inclusion (p: E cz F induces homomorphisms 
of homotopy groups cp̂  : itj (E) -> jt£ (F). Do the (p* belong to an exact 
sequence? So far we only have information about cp0» which maps iso-
topy classes of embeddings to homotopy classes of maps. 

T h e o r e m 1. cp0 is one-one if M is (2m — q + \)-connected and 
Q is (2m — q + 2)-connected. 

What happens when Q is not sufficiently connected for Theorem 1 
to apply? The simplest case is when Q is a solid torus. 

T h e o r e m 2. Let M = Sm, Q = Sr X E<*-r where 2m — q + 
+ 2 > r , and suppose JT0 (F) ̂  jtm (Sr) is stable (m<2r — 2). Then 
jt0 (£)<Jtg_r Sq-m-i and cp0 is the suspension homomorphism. 

M. A. A H 3 e p M a H, 3 . M. B p a B e p M a H, 

JI. H. P 0 3 0 H 0 3 p 

aKCTPAnOJIflUHOHHblE 3AflAHH ABTOMATHHECKOrO 
ynPABJIEHHfl H METOß nOTEHUHAJIbHblX d>yHKUH«( 

ripH npoeKTHpOBaHHH H HCCJie^OBaHHH CaMOHaCTpaHBaiOIUHXCH 
H oöyqaiomHxcfl CHCTCM aBTOMaTHqecKoro ynpaBjieHHH (B qacraoc™, 
ooyqaiou^HxcH pacno3HaBaHHio o6pa30B) B03HHKaioT npoôjieMbi, KOTO-
pbie MOJKHO noHHMaTb KaK npoôjieMbi SKCTpanojinuHH H HHTepnojinijHH 
4)yHKu,HH. B sa^a^ax TaKoro po#a qacTo OKa3bmaeTCH BOSMOJKHMM 
BBecTH npocTpaHCTBO X (onpe^ejineMoe ycjiOBHHMH KOHKpeTHoft sama­
ra) H HeKOTOpyio rj)yHKi],Hio / (x), 3a^aHHyio Ha X TaK, ^TO npouecc 
oöyqeHHH MOJKHO HHTepnpeTHpoBaTb KaK noHBjieHHe TO^eK x1, x2,. . ., 
X71,. . . H3 X C O^HOBpeMeHHblM COOÖlHeHHeM HeKOTOpOH HHf|)OpMaiJ,HH 
o 3Ha*ieHHHX / (x) B 3THX TO^Kax. Pe3yjibTaTOM oóyqeHHH npn STOM 
HBJineTCH nocrpoeHHe (f)yHKUHH, B TOM HJIH HHOM cMbicJie 6JIH3KOH Kf(x). 

OöbiqHbie MeTOßH SKCTpanojinuHH qacTo OKa3bmaiOTCH npaKTime-
CKH HenpHMeHHMblMH £JIH peilieHHH TaKHX 3SLJXan TJiaBHblM 06pa30M 
nOTOMy, qTO TO^KH X1 nOHBJIHIOTCH He3aBHCHMO OT HaC HeKOTOpbIM 
HeperyjiHpHbiM o6pa30M (HanpHMep, B COOTBCTCTBHH C HeH3BecTHbiM 
3apaHee BepOHTHocrabiM 3aK0H0M). KpoMe Toro, npocTpaHCTBO X 
qacTo HMeeT BbicoKyio pa3MepHOCTb, H STO TaKxœ 3aTpy#H5ieT npHMe-
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neHHe oöbmHbix MeTOßOB sKCTpanojiHUHH. HaKOHeu, cooömaeMan 
npn oöyqeHHH HH(})opMaijHH o 3HaqeHHHX (f)yHKij,HH / (x) B TO^Kax xl 

uomeT 6biTb HenojiHoß (HanpHMep, MOJKCT cooömaTbcn JiHiiib 3HaK 
/ (xl) HjiH 3HaqeHHe / (xl) BMecTe c noMexoö), B STOM cjiyqae 6JIH-
30CTb npHÔJIH^aiOmeH (ftyHKUHH K / (x) nOHHMaeTCH B COOTBeTCTByiOIHeM 
cMbicJie (HanpHMep, B cMbicJie coBna^eHnH 3HaKOB HJIH B cMbicjie CXOäH-
MOCTH nO BepOHTHOCTH). B ÄOKJiaße npHBOflHTCH npHMepbl TOTOblX 
nocTaHOBOK 3a£aq TaKoro po^a. 

Oôman cxeMa nocTaHOBKH H pemeHHH TaKHx sajjaq HMeeT cjie^yio-
iHHH BHä- riycTb (fi (x), i = 1, 2, . . ., — HeKOTopan nojman (He 
OÖH3aTeJIbHO OpTOHOpMHpOBaHHafl) CHCTeMa (|)yHKUHH, 3a^aHHbix 
Ha X. npeOTOJiaraeTCH, *ITO BOCCTaHaBjiHBaeMan (JDyHKUHH / (x) npe^-
CTaBHMa pasJiosceHHeM1) 

oo 

/ W = S c * ( 4 (1) 

Pa3yMeeTCH, Koscjx̂ HUHeHTbi et 3apaHee HeH3BecTHbi. npe^nojia-
raeTCH, ^TO (JDyHKUHH f (x) —«AocraToqHO rjiaßKan», T. e. *ITO KOSCJ)-

(|)HUHeHTbI Ci yÖblBaiOT ÄOCTaTOTOO öbicTpo. 
B paccMaTpHBaeMbix 3a,uaqax TO^KH xl

 HOHBJIHIOTCH nocjie^OBa-
TejibHO, mar 3a uiaroM H He3aBHCHMo, B cooTBeTCTBHH c HeH3BecTHOH 
njioTHOCTbK) BepoHTHOcTH p (x). Kaxcßbift TaKoö mar Ha3biBaeTcn 
«noKa30M». Uejib paöoTbi COCTOHT B nocTpoeHHH peKyppeHTHoro npo-
uecca, nocjie^OBaTejibHO npnójiHjKaiomero B HyxtHOM CMbicJie (})yHK-
UHK) / (x) c pocTOM qncjia noKa30B Ha noÄMHOHtecTBe H3 X, r^e p (x) > 0. 

JXJIH pemeHHH cf)opMyjiHpyeMbix ^ajiee 3a£aq Hcnojib3yeTCH O^HH 
H TOT xce MeTO ,̂ Ha3BaHHbiß aBTopaMH MeTOßOM noTeHunajibHbix 
(})yHKUHH 2). BBO^HTCH B paccMOTpeHHe 4)yHKii,HH /iByx nepeMeHHbix 
(«noTeHUHajibHan r̂ yHKUHH») 

oo 

K (*> y) = S ^hi W % (y), (2) 
i=l 

r%e ^eflcTBHTejibHbie qncjia Xt BbiöpaHbi TaK, *ITO (})yHKUHH K (x, y) 
orpaHHqeHa. n p n n-u noKase CTPOHTCH (n — l)-e npHÓjiHHteHHe (f)yHK-

*) npH HeöoJibiuHX H o^eBHÄHbix BHÄOH3MeHeHHHX npe^jiaraeivibie HHJKC 
KOHCTpyKiiHH npHroÄHbi H B cnyqae, Korjia / (x) npeÄCTaBHMa HHTerpajioM / {x) = 

= \ CCùÇû) (x) dû). JlJin npOCTOTbl H3JIO}KeHHH BAOKJia^e, OÄHaKO, HMeeTCH B BH^y 

npeÄCTaBJieHHe (1). 
2) KaK noKa3a;i fl. 3 . L^biriKHH, 3a;i.aqH, pemaeMbie S-THM MCTO/JOM, 6JIH3KH 

no CBoeMy xapaKTepy K sajiaqaM TeopHH CToxacTHqecKofi annpoKCHMauHH,'H, B 
qacTHOcTH, HeKOTOpbie H3 npHBOÄHMbix HH»e ajiropHTMOB CBOAHTCH K npoueccy 
PoÔHHca-MoHpo. 
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IIVLU f (x) c noMombio peKyppeHTHoro cooTHomeHHH *) 

fn (x) = fn-i (x) + rnK (x, x»); f0 (x) = 0. (3) 

3^ecb rn onpe^ejineTCH HHcJDOpMauHeH 06 f (xn), nojiyqeHHOH npn 
n-M noKa3e, H 3HaqeHHeM /„_! (xn). npHMeHeHHe peKyppeHraoö npo-
ije#ypbi (3) B pa3JinqHbix 3a^aqax oTjraqaeTCH jinnib KOHKpeTHbiM 
cnocoöoM Bbiôopa rn. B JHO6OM cjiyqae Bbiöop TaKOB, qToßbi fn (xn) 
jiyqme, qeM fn-i (x71), npnöJiH^ajio / (xn), T. e. qTOÖbi #o6aBjieHHe 
qjieHa rnK (x, x ) yjiyqmajio npHÔjiHHceHHe B ToqKe, BbiôpaHHoft 
npn oqepe^HOM noi<a3e. Pa3yMeeTCH, npH STOM npHÖjiH>KeHHe (})yHK-
UHH B HHbix ToqKax (B TOM qHCJie H noKa3aHHbix paHee) MomeT yxyjj-
HiaTbcn; HO HecMOTpn Ha STO, BO Bcex paccMaTpHBaeMbix 3a,naqax HMeeT 
MecTO cxo^HMocTb npouecca. 

J\QKR2LJ\ coÄep>KHT TeopeMbi, ycTaHaBjiHBaiomHe cxo^HMocrb npo-
uecca H oueHHBaiomHe 6bicTpoTy CXO^HMOCTH. MeTO£ noTeHUHajibHbix 
4>yHKUHH Hcnojib30BajicH aBTOpaMH npn pemeHHH 3a#aq 06 oôyqeHHH 
MauiHH pacno3HaBaHHK) o6pa30B, 0 BoccraHOBjieHHH cTeneHH /JOCTO-
BepHOCTH npHHaAJIOKHOCTH TOqeK H3 X HeKOTOpblM MHO>KeCTBaM, 
flJIH BOCCTaHOBJieHHH fj)yHKII,HH MHOrHX nepeMeHHbix nO HX 3HaqeHHHM 
npn HajiHqHH noMex H J\JW BOCCTaHOBJieHHH jiHHeÖHbix ^H(J)4)epeH-
UHajibHbix ypaBHeHHH no HaöjnoßaeMbiM 3HaqeHHHM npaBbix qaereH 
H pemeHHH. 

Oco6o paccMaTpHBaeTCH 3a,naqa 06 aBTOMaraqecKOM pas^ejieHHH 
ToqeK H3 HenepeceKaiomHxcH oöjiacTeö npocTpaHCTBa X B cjiyqae, 
Korjja HHKaKOH HHĉ opMauHH o rpaHHue STHX oöjiacTeö H O npHHaß-
jieacHOCTH HM OT^ejibHbix ToqeK He cooôiuaeTCH (3a#aqa 0 caMooöyqeHHH 
MaUIHH). 

Huen H annapaT MeT0#a noTeHunaJibHbix (J)yHKUHH ycnemHO ncnojib-
30BaJiHCb äJIH aBT0MaTH3au,HH npouecca BbipaöoTKH Ha MamHHax npo-
CTefimHX nOHHTHH H npH3HaK0B. 

fl. B . A H O C O B 

AHHAMHHECKHE CHCTEMbI C TPAHCBEPCAJIbHblMM 
CJIOEHHflMH 

AKCHOMaTH3Hpyn CBOHCTBa HeycToßqHBOCTH, npncymne reo#e3H-
qecKOMy noTOKy Ha 3aMKHyT0M pHMaHOBOM MHoroo6pa3HH 0TpHu,a-
TeJIbHOH KpHBH3HH, aBTOp BBejI nOHHTHe Y-CHCTeMbl, T. e. /JHHaMHqe-
CKOH CHCTeMbI, nOBe^eHHe TpaeKTOpHH KOTOpOH B OKpeCTHOCTH J11060H 
(})HKCHpoBaHHOH TpaeKTopHH HanoMHHaeT noBe^eHHe TpaeKTOpHH B03Jie 
ce#jia. Bojiee oèmHM HBJineTCH noHHTHe ^HHaMHqecKOH cHCTeMbi 

x) ü J I H pemeHHH HeKOTopbix 3a/i.aq MeTo^oM noTeHunajibHbix (J)yHKu,HH 
HCCJie^yeTCH óojiee o6m.ee, HOKCJIH (3), peKyppeHTHoe cooTHomeHHe. O/iHaico 
B STOM AOKJia^e paccMaTpHBaiOTCH jinmb Taxne 3a;iaqH, jyin pemeHHH KOTopbix 
ÄOCTaTo^Ho npon.eji.yp H (3). 
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C TpaHCBepCaJIbHblM CJIOeHHeM, T. e. HHBapHaHTHblM OTHOCHTeJIbHOH 
3T0H cHCTeMbi cJioeHHeM, B cjiOHX KOToporo noj\ êficTBHeM npeoópa-
30BaHHH CHCTeMbi npOHcxo^HT öKaTHe HjiH paciiiHpeHHe. B AOKjia^e 
6y#eT #aH 0630p paôoT aBTopa no TeopHH Y-cHcreM H cMeaŒbix pe3yjib-
TaTOB /jpyrnx aBTOpOB o pa3JiHqHbix cncreMax c TpaHCBepcajibHbiMH 
CJIOeHHHMH. 

B. H. ApHOJibA 

nPOBJIEMbl yCTOKHHBOCTH H 3PrO/JHHECKHE CBOÏÎCTBA 
KJIACCHHECKHX flHHAMHHECKHX CHCTEM 

B £OKJia,ne oöcyÄ^aioTCH pemeHHbie H HepemeHHbie 3a^aqH o xa-
paKTepe ßBHxceHHH ÄHHaMHqecKHx CHCTCM CO MHorHMH creneHHMH 
CB060ÄH, ÖJIH3KHX K coBepmaioiu,HM ycjiOBHO-nepHOßHqecKoe JiBume-
une cHCTeMaM KjiaccnqecKOH MexaHHKH. 

A. A. BopOBKOB 
OB yCJIOBHflX CXOAHMOCTH K AH0>0>y3HOHHbIM nPOLJECCAM 

H ACHMI1TOTHHECKHX METOflAX TEOPHH MACCOBOrO 
OBCJiy>KHBAHHfl 

1. XloKjia^ co^epscHT jipa pa3^ejia. B nepBOM paccMaTpHBaeTcn 
cxo^HMocTb nocJie^OBaTejibHocTeö npoueccoB K pa3JinqHbiM #H(jxf)y-
3HOHHbiM npoueccaM, B TOM qHCJie c ycjioBHHMH Ha rpaHHiie. BTopoö 
pa3^eji cymecTBeHHo CBH3aH c nepBbiM H nocBnmeH H3Ji05KeHHK> pe3yjib-
TaTOB acHMnTOTHqecKoro aHaJiH3a mnpoKHx KJiaccoB CHCTCM MaccoBoro 
oöcjiy^HBaHHH. npH 3T0M, KaK npaBHjio, H3yqaioTCH He noBe^eHHe 
xapaKTepncTHK B HeKOTopbift MOMeHT BpeMeHH, a npoueccbi, onH-
cbiBaioinne CHCTeMbi Ha BceM 3a/*aHHOM HHTepBajie BpeMeHH. 

XapaKTep BXOäHMX H BHXOäHHX noTOKOB, BcrpeqaiomHxcH B Teo­
pHH MaccoBoro oôcjiyaŒBaHHH, cymecTBeHHo noBJiHHji Ha BH# ycjio-
BHH CXÔ HMOCTH B nepBOM pa3£eJie, KOTOpbie npH BCeM 3T0M Mbl CTpe-
MHJIHCb C^ejiaTb MHHHMaJIbHblMH. 

2. PaccMaTpHBaiOTCH npoueccbi Z (t) B nojiHOM MeTpnqecKOM npo-
cTpaHCTBe f̂ yHKUHH Ha [0, T], T -> 00. 3HaqeHHe Z (t) onpe^ejineTCH 
KaK (J)yHKu,HOHaji OT TpaeKTOpHH HeKOToporo ßpyroro npouecca 
{X (t), 0<; t^CT}, 3a^aHHoro, BO3MO>KHO, Ha ôojiee CJIOHœOM <^SL3O-
BOM npocTpaHCTBe (cp. c TaK Ha3bmaeMbiM ^onojiHeHHeM #o MapKOBo-
CTH B TeOpHH MaCCOBOrO OÔCJiyJKHBaHHH). CxOßHMOCTb K ^H^ySHOH-
HOMy npoueccy {w (t), 0 < ^ < 1 } noHHMaeTCH KaK cxo^HMocrb 
pacnpe^ejieHHH H3MepHMbix, HenpepbiBHbix B paBHOMepHofl MeTpHKe 
B «ToqKax» C (0, 1) r|)yHKUHOHaJiOB OT HopMHpoBaHHoro HyscHbiM o6pa-
30M npouecca Z (tT) K pacnpe^ejieHHio STHX 4)yHKHHOHajiOB OT W (t). 

CyiAHocTb ycjiOBHH TaK onpe^ejieHHofi CXO^HMOCTH, rpyôo roBopn, 
cocTOHT B OTbicKaHHH TaKHx cr-no;jajire6p coôbiTHH, OTHOCHIUHXCH K Tpa-
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eKTOpHHM {X (t), O^Ct^CT}, OTHOCHTeJIbHO KOTOpblX yCJIOBHbie 
MaTeMaTHqecKHe o>KH,naHKH Z (t + u) — Z (t) H [Z (t + U) — Z (t)]2 

npn u -> oo, a = o (T) Be^yT ce6n acHMnTOTHqecKH AocraToqHo n p a -
BHJIbHblM 06pa30M (KaK yCJIOBHbie MOMeHTbl npHpaiUeHHH £H(})(f)y3H0H-
Horo npouecca) . ,3[o6aBJiHeTCH TaKMe ycjiOBHe «KOMnaKTHOCTH», 3anpe-
iuaioiuee CJIHIUKOM oojibinne Bbiöpocbi Ha TpaeKTopnnx Z(t). 

X U H CXO^HMOCTH K npoueccaM c ycjiOBHHMH Ha rpaHHue BBO^HTCH, 
KpoMe Toro, ecTecTBeHHbie orpaHHqeHHH Ha noBe^eHHe Z (t) B OKpeer-
HOCTH rpaHHUbi. 

J\ji9L CXO^HMOCTH, HanpHMep, K BHHepOBCKOMy npoueccy yKa3aHHbie 
ycjiOBHH BbinojiHeHbi H jierKO npoBepnioTCH #JIH pa3Horo po^a 0606-
iueHHbix npoueccoB BOCCTaHOBJieHHH H HX cyMM (BpeMeHa Boccra-
HOBJieHHH H npHpaiueHHH jxojvKUhi HMeTb KOHeqHbie MOMeHTbi nopH^Ka 
2 + 7, Y > 0), BKJiioqaH cjiyqan 3aBHCHM0CTH npnpaiueHHH OT Bpe-
MeH BOCCTaHOBJieHHH. 3 T O me OTHOCHTCH K cyMMaM cjia6o3aBHCHMbix 
BeJIHqHH C yCJIOBHHMH 3aBHCHMOCTH, HaJIOJKeHHbIMH Ha MOMeHTbi; 
K cyMMaM cjiyqaÖHbix BejinqHH, 3a^aHHbix Ha KOHeqHoft uenn MapKOBa, 
H Zp. 

3 . PaCCMOTpHM CHCTeMbi O^HOKpaTHOrO OÖCJiySCHBaHHH, KOTOpbie 
onpe^ejiHiOTCH 3a#aHHeM Tpex npoueccoB: v (t) — qncjia nocTynHBiiiHx 
BM30BOB, u (t) — qncjia oécjiysœHHbix BH30BOB H S (t) — qncjia Bbi30-
BOB, nojiyqHBmnx OTKa3 K MOMeHTy BpeMeHH t. (B cncreMax c oqe-
pe/jbio 5 (t) = 0.) OôbiqHo B peajibHbix 3a^aqax y/joBJieTBOpHTejibHo 
3a^aeTCH jinuib npouecc v (t), a u (f) H S (t) onncbraaiOTCH KOCBCHHO, 
yKa3aHHeM «ajiropHTMa oöcjiyxaiBaHHH». H a cero^HH TeopHH Macco-
Boro o6cjiy>KHBaHHH, no-BH^HMOMy, Hcqepnajia noqTH Bee cjiyqan 
«HBHOH pa3pemHM0CTH» TaKHx cHCTeM, cKaxceM, cjiyqan, Kor^a B 3aBH-
CHMOCTH OT xapaKTepa CHCTCM y^aeTCH Haß™ npejjejibnoe npn t ->- 00 
pacnpe^ejieHHe v (f) — u (t) — s (t), s (t)/v (t) HJIH / jpyrnx xapaK-
TepHCTHK. 3 T O BecbMa y3KHH Kjiacc, oqepqeHHbiH oqeHb qacTHbiMH npe^-
nojiosceHHHMH. MHoroqHCJieHHbie nonbiTKH pacmnpeHHH 3Toro Kjiacca 
ynnpaiOTCH B npHHUHnnajibHbie Tpy^HOCTH. 

C Äpyroö CTopoHbi, uejibiH pH# cf)aKTOB yKa3bmaeT Ha TO, qTo 
oTcyTCTByioiune Hbme oôiune no^xo^bi, T. e. MCTO^H H3yqeHHH CHCTCM 
oöiuero BH^a, Ha#o HCKaTb Ha nyTH acHMnTOTHqecKoro aHajiH3a. 
n o noßo^y nocJieAHero yMecTHO 3aMeTHTb, qTo cefiqac npe/jejibHbie 
TeopeMbi qacTO npHMeHHiOTCH äJIH OTbicKaHHH pacnpeßejieHHH cyMMbi 
name nnTH-ceMH cjiyqaÖHbix cjiaraeMbix. 

a) CucmeMu e uumeucuenuM exodnuM nomoKOM v (t). PaccMOTpHM 
nocjie^OBaTejibHocTb CHCTCM C HOMepaMH n = 1, 2, . . ., #JIH KOTopbix 
Mvn (i) ~ ant, a qncjio JIHHHH oocjiyaŒBaHHH npH HeKOTopoM e > 0 

to 

6ojibme, qeM an (1 + e)\ Q (t0 — z) dz, rj\e 1 — Q (t) — (|)yHKUHH 
b 

pacnpe^ejieHHH BpeMeHH oöcjiyaaiBaHHH. Tor/ja ecjiH npouecc [vn (t) — 

— ant]lYn H a [0, tQ] npH n —> 00 CXO^HTCH K #H(})(})y3HOHHOMy npo­
ueccy {W (t), 0 < ^ < ^ o } > TO OTHOCHTeJIbHO qHCJia 3aHHTbIX JIHHHH 
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Zn (t) =5 vn (t) — un (t) — sn (t) cnpaBejyiHBO cjie^yioiuee: Flpot^ecc 
t 

[?n (0 — an \ Q (t — z) dzWYn (e D (0, t0)) cxodumcn npu n -> oo 
o 

t 

K npoupccy Q(t)=\ Q (t — z) dw (z) + Y a y (t), r^e y (t) — eayccoe-
o 

cKuu npouecc, ne saeucnu^uu om nepeoeo cAaeaemoeo, c KoppeAHi^uoHHou 
{pyHKUfUeu 

t 

My(t + u)y(t) = ^Q(t + u-z)(l-Q(t-z))dz. 

Orcio^a cJie^yeT, B qacTHOCTH, qTO ecJiH w (t) — BHHepoBCKHH npo­
uecc (CM. npHMepbi B KOHue n. 2), TO 0 (t) pacnpe^ejieHo HopMajibHO 

t t 

c napaMeTpaMH (0, Mw2 (1) \ Q2 (t — z) dz + a \ Q (t — z)(l — 
b b 

CO 

— Q (t — 2)) dz). ECJIH \ Q (t) dt < oo, TO npn t -> oo 8 (t) 6y^eT 
«3 
0 

cxo^HTbCH K CTauHOHapHOMy npoueccy. 
3^ecb Mbi HMeeM npHMepbi npe^ejibHbix TeopeM, «coönpaTejibHbix» 

no Bxojjy H «He coönpaTejibHbix» no BpeMeHH oócjiy^HBaHHH. 
6) Heoöxo^HMbiM äJIH MapKOBOCTH cTauHOHapHoro npouecca 0 (t) 

HBJineTCH ycjiOBHe Q (if) = e~at. B STOM cjiyqae, Kor#a qncjio JIHHHH 
oo 

o6cjiy}KHBaHHH paBHO an \ Q (t) dt-\-cYn, HopMHpoBaHHbiö npouecc 
b 

£>n (t) 6yj\eT cxo^HTbCH K MapKOBCKOMy Ĥ(J)(f)y3HOHHOMy npoueccy 
c OTpasœHHeM OT rpaHHUbi, onpe^ejineMoô napaMeTpoM c. HH(})HHH-
Te3HMaJibHbiö onepaTOp npejjejibHoro npouecca JierKO onpe^ejineTCH 
no napaMeTpaM a, a H onepaTOpy npouecca w (t). 

B) ECJIH S (t) = 0 (cncreMa c oqepe^bio), TO B ycJiOBHHX n. 6 MM 
6y#eM HMeTb cxo^HMocTb K HeorpaHHqeHHofl ÄH4xf)y3HH, HO KOSCJXJDH-
uneHTbi HH(})HHHTe3HMajibHoro onepaTopa 6y#yT Ha rpaHHue HMeTb 
H3JIOM. 

r) £ (t) MOJKeT npHHHMaTb óojibuine 3HaqeHHH T a œ e H B cjiyqae 
HeHHTeHCHBHbix Bxo^Hbix noTOKOB v (t). HanpHMep, äJIH «HarpyjKeH-
HblX» CHCTeM B HHTepBaJie BpeMeHH [0, T], T—>00 (HBJieHHH B nyHK-
Tax a, r pa3JiHqaiOTCH rjiaBHbiM o6pa30M MacnrraooM BpeMeHH). ECJIH 
Iv (tT) — atTVYT CXO^HTCH K ÄH(f)(f)y3HOHHOMy npoueccy Ha [0, 1 ], 

TO HopMHpoBaHHbiH npouecc £ (tT) TaK>Ke 6y#eT cxo^HTbcn K /JHC})-
(})y3HH, HO C OTpaJKeHHeM OT HyjieBOH rpaHHUH. HH(})HHHTe3HMajIbHbIH 
onepaTOp npe^ejibHoro npouecca 6e3 Tpyjja BbiqHCJineTCH no napaMeT­
paM CHCTeMbi. 
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Bo Bcex 3THX 3a#aqax ycjiOBHH Ha BXO^HOH noTOK 6JIH3KH K MHHH-
MaJIbHblM. 

rio^oÓHbie pe3yjibTaTbi npn 6ojiee cjiaôbix orpaHHqeHHHX Ha v (t) 
MoryT 6biTb nojiyqeHbi OTHOCHTeJIbHO «BepoHTHOcra 0TKa3a» s (t)/v (t). 

A. T. B H T y i U K H H 

0 B03M0ÄH0CTH nPEACTABJIEHHfl 4>yHKUHfil CynEPn03HUHflMH 
4>yHKU[Hft OT MEHbllIErO HHCJ1A nEPEMEHHblX 

C noMoiubio ajireöpanqecKOH no/jcraHOBKH, Ha3biBaeMofi npeoôpa-
30BaHHeM MnpHrayseHa, oöiuee ajireöpanqecKoe ypaBHeHHe n-ü ere-
neHH xn + üiX71'1 + a2x

n~2 + ... + an = 0 npHBO^HTcn K BH/jy 
yn + 64 yn~* + b5y

n~5 ... + bn^y —|— 1 = 0- ^aJibHeömHe nonwTKH 
ajireöpancTOB CBecTH pemeHHe oöiuero ajireöpanqecKoro ypaBHeHHH 
K pemeHHK) ypaBHeHHH, co^epJKaiUHX no BO3MO>KHOCTH MeHbinee qncjio 
napaMeTpoB, #ojiroe BpeMH ocTaBaJincb 6e3ycnemHbiMH. B CBOHX 
«MaTeMaTHqecKHx npoöjieMax» J\. THjibóepT no-HOBOMy B3rjiHHyji 
Ha 3Ty 3a,naqy, ccJDopMyjinpoBaB ee no# N2 13 B cjie^yioiueM BH#e: 
«HeB03MOÄHocTb pemeHHH oöiuero ypaBHeHHH 7-fi cTeneHH npn noMO-
iUH (})yHKUHH TOJibKo £Byx nepeMeHHbix». JXJIR /joKasaTejibCTBa 3Toro 
J\. TnjiböepT cqHTaji HeooxoßHMbiM ßOKasaTb, qTo «ypaBHeHHe 7-H cre-
neHH f7 + x-f3 + y-f2 + z-f + 1 = 0 He pa3peuiHM0 npH noMomn 
jnoöbix HenpepbiBHbix 4>yHKUHft TOJibKo jißyx nepeMeHHbix». 

Pa3JinqHbie MaTeMaTHKH no-pa3HOMy noHHJiH 13-KD npoójieMy 
H OTHOCHJIH K neu pe3yjibTaTbi pa3JinqHoro xapaKTepa. A. OCTPOBCKHH 
(1920) noKa3aji, qTo aHajiHTHqecKan c})yHKUHH jißyx nepeMeHHbix 

00 

l (x, y) = 2 xnlny He HBJIHCTCH KOHeqHoö cynepno3HUHefi 6ecKo-
n=l 

HeqHo ^H(})(})epeHUHpyeMbix ^yuKu.uu o^Horo nepeMeHHoro H ajireöpan-
qecKHx c})yHKUHH jiioéoro qncjia nepeMeHHbix. JX. THJiböepT (1926) ßOKa-
3aji, qTo pemeHHe ypaBHeHHH 9-H CTeneHH MOMCHO npe^craBHTb B BH^e 
KOHeqHoö cynepno3HUHH ajireöpanqecKHx (})yHKUHH 4-x nepeMeHHbix. 

B 1955 r. aBTopoM ^oKasaHO, qTo cyiuecTByeT p pa3 ^HcJx^epeH-
UHpyeMan ^ H K U H H n nepeMeHHbix, KOTopyio Hejib3H npeßeraBHTb 
B BH#e KOHeqHoö cynepno3HUHH p' pa3 ßHcjxjjepeHUHpyeMbix cJ)yHKUHÖ 
n' nepeMeHHbix, ecJiH TOJibKo nlp> n lp'. «71. Bn6ep6ax nbiTajicn 
#0Ka3aTb, qTo cyiuecreyioT HenpepbiBHbie ^ H K U H H Tpex nepeMeHHbix, 
He npe^cTaBHMbie B BH#e cynepno3HUHH HenpepbiBHbix (})yHKUHH 
ÄByx nepeMeHHbix. Ho He 3pn JI. Bn6ep6ax Ha3BaJi 13-io npoójieMy 
«HecqacTHOÖ». B 1957 r. coBMecTHbiMH ycHJiHHMH A. H. KojiMoropoBa 
H B. H. ApHOJib^a óbijio ^OKa3aHO oöpaTHoe: BCHKan HenpepbiBHan 
(})yHKUHH n nepeMeHHbix MoxteT 6biTb npe/jeraBJieHa cynepno3HUHefl 
BH^a 

2n+l n 
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r#e Bee (})yHKUHH HenpepbiBHbi, a BHyTpeHHHe (f)yHKUHH {a^- (XJ)} 
3apaHee (JDHKcnpoBaHbi. H3 STOH TeopeMbi cjie^yeT, B qacTHOcTH, qTo 
pemeHHe ypaBHeHHH 7-fl CTeneHH Mo>KeT 6biTb npe^cTaBJieHO B BH#e 
cynepno3HUHH HenpepbiBHbix ^yuKu^uu o^Horo nepeMeHHoro H onepa-
UHH cJioateHHH, T. e. rnnoTesa JX- TnjibôepTa OKa3ajiacb ouiHÖoqHOH. 
B CBH3H c npoôjieMaTHKOH pH^OB Oypbe H. K. BapH eiue B 1930 r. 
^OKa3ajia, qTO BCHKan HenpepbiBHan cf)yHKUHH ojjHoro nepeMeHHoro 

3 
npe^cTaBHMa BBnj\ef(x) = 2 ft (gt (x))> i\zje Bce{fi} u {gt} aöcojnorao 

i = i 

HenpepbiBHbi. üosTOMy BCHKan HenpepbiBHan cfjyHKUHH n nepeMeH­
Hbix npe^cTaBHMa B BH#e cynepno3HUHH aöcojnoTHo HenpepbiBHbix 
cj)yHKUHH o/jHoro nepeMeHHoro H onepauHH CJIOJKCHHH. B nocJie^HHe 
ro^bi nojiyqeH pn^ pe3yjibTaTOB («Jl. A. Baccajibiro, P . JXocc, T. T. «JIo-
peHu, n . A. OcTpaH^, B. M. THXOMHPOB, F. M. XCHKHH, JX. Illnpexep 
H pp.), ^onojiHHiomHx TeopeMy A. H. KojiMoropoBa. 

npH paccMOTpeHHH cynepno3HUHH jjHcJx^epeHUHpyeMbix c})yHKUHH 
xapaKTep pe3yjibTaTOB, no-BH^HMOMy, cyiuecTBeHHo MeHneTCH. HanpH­
Mep, H3 paöoT aBTopa H I \ M. XeHKHHa cjie^yeT, qTo #JIH BCHKHX 
HenpepbiBHbix (})yHKUHH pm (xu x2, • • -, xn) H HenpepbiBHO ancjxjrepeH-
UHpyeMbix c|)yHKUHH qm (xu x2, • • ., xn), n > 2 (m =• 1, 2, . . ., N) 
MHOJKecTBO cynepno3HUHH BH#a 

n 

2J Pi (Xi* x2, . . . , xn) ft (qi (Xi, x2, . . ., xn)), 

rjie {fi(t)} — npoH3BOJibHbie HenpepbiBHbie (3pyuKU}iu o^Horo nepe­
MeHHoro, HHi\a,e He njiOTHO B npocrpaHCTBe HenpepbiBHbix (})yHKUHH n 
nepeMeHHbix. 

B 3aKjnoqeHHe OTMCTHM, qTO H^en JX. TnjiboepTa £OKa3braaTb 
«HeB03M0)KH0CTb pemeHHH oóiuero ypaBHeHHH 7-H CTeneHH npH noMo-
iUH (J)yHKUHH TOJibKo ßßyx nepeMeHHbix» MOJKeT nojiyqHTb ^ajibHeft-
mee nojioxarrejibHoepasBHTHe. HMeioiunecHB HacToniuee BpeMH pe3yjib-
TaTbi He npoTHBopeqaT, HanpHMep, TOMy, qTo dpyuKujà^ f (x, y, z), 
onpe^ejineMan ypaBHeHHeM f7 + xf3 + yf2 + zf + 1 = 0, He HBJIHCT-
CH KOHeqHoö cynepno3HUHeö aHajiHTHqecKHX c})yHKUHH ßßyx nepeMeH­
Hbix. 

M. H. B H m H K 

aJIJIHnTHHECKHE yPABHEHHfl B CBEPTKAX B OrPAHHHEHHOft 
OBJIACTH H HX nPHJIO)KEHHfl 

XloKjia^ nocBHiueH oÖ30py coBMecTHbix paôoT T. H. 3cKHHa H j\OKJiaj\-
qHKa no ypaBHeHHHM B cBepTKax. 

1. nycTb A (x, l) G C°° (Rn, Rn\0) H A (X, tQ = taA (x, Q, upmeu 
#JIH npocTOTbi A (x, I) He 3aBHCHT OT x npn I x \> R, R>1. O603-
HaqHM qepe3 Au onepaTOp B CBepTKax (nceß^ßHcfxjDepeHUHajibHbiH), 
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OTBeqaioiuHH 3T0My cHMBOjiy, 
Au = A (x, z)*u (z) \Z==X1 

r%e cBepTKa 6epeTCH no z, u — (jDHHHTHan (J)yHKUHH, A (x, z) = 
= F^zA(x, l), F — onepaTOp npeo6pa30BaHHH Oypbe (CM. [1], 
[2], [3]). 

OnepamopoM e ceepmmx e oepaHunennou oÖAacmu G cz Rn c rjia^-
KOH rpaHHueß T Ha3bmaeTCH onepaTop A±u+ = P+Au+, r#e u+ o6pa-
iuaeTCH B Hyjib BHe G, P+ — onepaTOp cyxœHHH o6o6iueHHofi cf)yHKUHH 
Ha oöjiacTb G. Tpyôo roBopn, TaKoö onepaTOp MOJKHO npe^craBHTb 
B BH^e 

P+Au+ =\^ A(x, x — y)u+ (y) dy, 

x£G, rjiß A (x, z), Booôiue roBopn,— oöoöiueHHan (})yHKUHH z. 

2. OnepaTop THna CBepTKH AiU+ B oôjiacra G Ha3braaeTCH eAadtcuM, 
ecjiH Rjin jiioöoro s 

\\Au+\\s-a<Cs\\u\\s, 

rue || ||r — HopMa CoôojieBa — Cjio6o#euKoro no oôjiacTH G. 
CHMBOJI A onepaTopa B CBepTKax AtU+, 3anHcaHHbiH B jiOKajibHofl 

cHCTeMe Koop^HHaT (Xi, x2, . . ., xn) (JI. c. K.) , r/je xn =0 — ypaB-
HenHe qacTH rpaHHUbi T, npHHaAJiexŒT Kjiaccy D°a, ecjiH A (x, £'', %n) 
y^oBjieTBopneT cooTHomeHHio 

-^A(x, 0, _ l ) = ( - l ) 1 V a ^ - ^ r A(x, 0, +1) 

jyiH Jiioóoro k =:(ki, . . ., kn). 

T e o p e M a. ECAU e Atoöoü A. c. K. CUMôOA A onepamopa AiU+ 
npuHadAejtcum KAaccy D™ mo onepamop AiU+ neAnemcn SAadKUM e oÔAa-
cmu G. 

3. OnepaTOp Atu+ y^OBjieTBopneT B G ycjiOBHio dAAunmmnocmu, 
ecjiH ero CHMBOJI A (x, £) npHHa;yie}KHT %a, T. e. ecjiH A (x, Q =^= 0 
npn g =£ 0, x £ G. BCHKHH CHMBOJI A (x, Q, y^OBjieTBopnioiUHH 
onpe^ejieHHbiM ycjiOBHHM nia^KOCTH, ^onycKaeT oßHopo^Hyio c}>aKTO-
pH3aUHK) nO ln 

A(X, r , ln) = A+(X, r , ln)Ä-(X, Ê'i |„) , 

meA+ (x,lf, ln)=£0(A-(x,î', U ^ 0 ) ä J I H Im ln > 0 (lm ^ < 0 ) , 
T4+ (i4_) — aHajiHTHqecKan 4>yHKUHH npH Irn ln > 0 (Im ^ < 0), H 
HMeeT no I nopn^OK OäHOPOäHOCTH x (a — H) ([1 ]; CM. TaraKe [4], [5]). 
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ECJIH A £ D^ 0 Ea, TO X — uejioe B KajK^oo ToqKe x £ T H no-
CTaHOBKa rpaHHqHbix 3a^aq #JIH onepaTopa Atu+ + Tu+, r#e T — 
rjiaÄKHÖ onepaTop B G nopn^Ka < a, 3aBHCHT OT 3HaqeHHH x: 

a) ECJIH X > 0 , TO Ha T 3aßaeTCH x rpaHHqHbix ycJiOBHH BH#a 

ß}u+ = yP+BJu+ = gj(x% x'^T, ß ^ D ^ , (1) 

7 — onepaTop cy»ceHHH âpynvjxnn na T. ECJIH CHMBOJIH .4 (x, I) 
H ß 7 (x, g) Ha T yAOBJieTBopniOT ajireópanqecKOMy ycJiOBHio IIIanH-
po — «JIonaTHHCKoro, TO onepaTOp AiU+ + Tu+ HBJIHCTCH nemepoe-
CKUM, T. e. 3a#aqa o pemeHHH ypaBHeHHH 

. AìU+ + Tu+ = f, f£Hs-a(G) (2) 

npn rpaHHqHbix ycJiOBHHX (1) HOpMajibHO pa3pemHMa B HS (G) npn 
(f, ft) € (//.-a (G), H i (r))(cM. [1], [6]). 

s-aj-Y 

6) ECJIH x < 0, TO B 3TOM cjiyqae eerecTBeHHOH HBJineTCH 3a#aqa 
O HaXOÄßeHHH (f)yHKUHH (U+ (x), Pi (Xf), . . ., P|X| (x')) H3 ypaBHeHHH 

A2 (u+, Qj) = PMw+ + S P+G,- (Qj (x
f) ®6 (F))-+ P+T (K+ , Qy) = / (x), (3) 

3=1 

r%e Gj (x, l) Ç Dß0?, ô (r) — ô-cJ)yHKUHH, cocpe^OToqeHHaH Ha T. 

ECJIH CHMBOJIM A, Gj yAOBJieTBopniOT npH x £ T ô HOMy ajireöpan-
qecKOMy ycjiOBHio, TO onepaTop A2 HBJineTCH nemepoecKUM H ypaB­
HeHHe (3) B cooTBeTCTByioiUHx npocTpaHCTBax HopMajibHO pa3pemHMO 
(CM. [1]). 

4. ECJIH onepaTop AiU+ ne y^OBJieTBopneT ycjiOBHio rjia^KocTH, 
TO qncjio x MOJKeT 6biTb jnoóbiM. JXnn ypaBHeHHH (2) Bcer^a HopMajibHO 
pa3pemHMa nepBan KpaeBan 3a,naqa, cocToniuan B HaxojKAeHHH peme-

o 

HHH u+ £ # x +ô (G), I ô I < 1 /2 , ypaBHeHHH (2) npH f £ HK+ô-a (G). 
ECJIH nopn^OK rjiaÄKocra f (x) óojibiue x — a + 1 /2 , TO nopnßOK 
rjia^KocTH pemeHHH u+ Ha T, Booôiue roBopn, He npeßocxoÄHT x + 1/2-
MOîKHO Jinmb yTBepjK^aTb, qTo ypaBHeHHe (2) pa3pemHMo B npo-

o 

cTpaHCTBe Z/^+ô, N (G) ^pynKUM^ u+ (x), HMeiomnx BHyTpn G rjia^KocTb 
nopn^Ka x + ô + iV, a Ha T — rjia^KOCTb nopanKa x + ô ([7]). 

B cjiyqae Heuejioro x ecrecTBeHHO TaKxce H3yqaTb oôiuyio 3a/jaqy 
c jiioôbiM qncjiOM noTeHunajiOB B ypaBHeHHH (2) H C JHOôHM qncjioM 
rpaHHqHbix ycJiOBHH : 

M 
Atu+ + S P+Gj (QJ (xf) ® ô (r)) = / (x), x £ G, (4) 

3 = 1 

l 

B'ku++^EkjQj(x')=gk(x') (k=l, ..., I), (5) 
3=1 

rj\e Ekj — onepaTopbi THna cBepTKH no T. npH BbinojiHeHHH COOT-
BeTCTByioiuero ajireôpanqecKoro ycJiOBHH Ha T 3a^aqa o HaxojKßeHHH 
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(u+, Pj) no 3a^aHHbiM (/, gk) HopMajibHO pa3pemHMa, npnqeM u+ £ H^-I^M 
o 

(G) (HJIH U+ 6 HK-I^M,N (G)), T. e. Hajinqne cjiaraeMbix rana noTeH-
unajiOB yBejiHqHBaeT nopn^oK rjia^KocTH u+ na M CZJHHHU, a / rpa­
HHqHbix ycJiOBHH BH^a (5) yMeHbinaiOT nopn^oK rjia^KocTH u+ Ha / e^H-
HHU ([7]). 

5. AHajiornqHbie 3a,naqH H3yqeHbi #JIH CHCTCM ypaBHeHHH B CBepT­
Kax, y KOTopbix CHMBOJI A (x, £) — KBa^paraan MaTpnua nopn^Ka p. 
B 3T0M cjiyqae nccjie^OBaHa oöinan 3a#aqa BH^a (4), (5) ([8]). 

6. AHajiorHqHbie 3a^aqn H3yqeHbi äJIH ypaBHeHHH B CBepTKax 
nepeMeHHoro nopH/jKa, T. e. äJIH TaKHx ypaBHeHHH, y KOTopbix CHM­
BOJI A (x, tQ = ta(x) A (x, I), iyje a (x), Booßiue roBopn, 3aBHCHT 
OT* ([8]). 

7. B KaqecTBe npHjioxceHHO MO>KHO yKa3aTb pe3yjibTaTbi äJIH HHTC-
rpaJibHbix ypaBHeHHH nepBoro po^a: 

AiU+ + Tu+= \ ? lXZ-a u+(y)dy + Tu+~=f(x), x£G, a > 0 , 
g \x — y\ 

y KOTopbix CHMBOJI A (x, I) HMeeT no I nopn^oK —a. ,D,JIH TaKHx ypaB­
HeHHH KoppeKTHbiMH HBJiHiOTCH 3a/jaqH, yKa3aHHbie B nyHKTax 3 H 4, 
B 3aBHCHMOCTH OT CBOHCTB CHMBOJia A B TOqKaX X £ T. 

C noMoiubio ypaBHeHHH B CBepTKax Hccjie/jOBaHa 3a#aqa AJIH sJiJinn-
THqecKoro ypaBHeHHH 2m L2mu+ = f (x) nopnjjKa npn pa3pbiBHbix rpa­
HHqHbix yCJIOBHHX 

BV)u+ = g{P{x') (*'er,), B]2)u+=g]2)(x') (x'£T2), 

Ti U T2 = T. BbiHCHeH xapaKTep ocoôeHHOcra pemeHHH u+ (x) 
BÓJIH3H MHoroo6pa3HH 7 == T± fl T2 (CM. [7], [8], [9], [10]). 

8. AHaJiornqHbie 3a;jaqH nccjie^oBaHbi äJIH napaôojinqecKHx ypaB­
HeHHH B CBepTKax ([11]). 
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B. M. TjiyiUKOB 

ABTOMATHO-AJITEBPAHHECKHE ACnEKTbï OriTHMH3AUHH 
MHKPOnPOrPAMMHblX YIlPABJïflïOIHHX CHCTEM 

B ^oKJia^e onHCbiBaeTCH HOBHH no^xo^ K (})opMajibHOMy npeoöpa-
30BaHHK) ajiropHTMOB, no3BOJiHK)Lü;HH peuiaTb MHorne HHTepecHbie 
B npaKTHqecKOM OTHOineHHH 3a,naqH. HanpHMep, 3anncaB ajiropHTM 
yMHOMeHHH uejibix qnceji, B COOTBCTCTBHH C ero onpe#ejieHHeM, KaK 
MHoroKpaTHoe cjioxceHHe qwcjia c caMHM coöoio, MOäHO npeo6pa30-
BaTb 3T0T ajiropHTM B Ty qbopMy, KOTOpan oôbiqHO ynoTpeôjineTCH Ha 
npaKTHKe. OCHOBOH /yin TaKHx nocrpoeHHH HBJineTCH paccMOTpeHHe 
ocoôoH napbi ajireôp (A, B), TaK qTo ajieMeHTbi nepBOH ajireôpbi OTO-
xĉ ecTBJiHioTCH c HeKOTopbiMH onepauHHMH BTOpoH ajireßpbi H HaoôopoT. 
Ajireöpbi 3a#aioTCH c noMombio o6pa3yiom,Hx H onpe^ejiHiomHx COOT-
HouieHHH, KOTopbie H Hcnojib3yioTCH äJIH qbopMajibHoro npeo6pa30BaHHH 
ajiropHTMOB. npeo6pa30BaHHH, 3a,naBaeMbie ajiropHTMaMH, OTO-
jK êcTBJiHioTCH npn 3T0M c sjieMeHTaMH ajireöpbi A, a KOHKpeTHbie 
peajiH3auHH ajiropHTMOB BbipamaioTCH pa3JiHqHbiMH npe#cTaBjieHHHMH 
3THX sjieMeHTOB qepe3 o6pa3yioinHe. ÎIojiyqeHHbie pe3yjibTaTbi npn-
MeHHKDTCH K OnTHMH3aii;HH MHKponporpaMMHblX ynpaBJIHK)IH,HX CHCTeM, 
T. e. CHCTeM, cBOÄHmHxcH K BsaHMo^eftcTBHio #Byx aBTOMaTOB, no Kpaß-
Hefi Mepe O^HH HS KOTopbix KOHeqeH (MauiHHa TbiopHHra, BbiqncjiH-
TejibHan MauiHHa H T. n.). 

XlaeTCH TaKHce aBTOMaTHan HHTepnpeTauHH pe3yjibTaTOB IO. H. JIHO-
Ba o npeo6pa30BaHHHX cxeM nporpaMM, no3BOJiniomaH cymecTBeHHO 
ynpocTHTb ^OKa3aTejibCTBa H nocrpoHTb ^ocTaToqHo 3(jx|)eKTHBHbie 
npHeMbi MHHHMH3au;HH 3anHceft nporpaMM H MHKponporpaMM. 
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E. C. r o Ji o ä 

0 HEKOTOPbîX nPOEJIEMAX EEPHCAftAOBCKOrO THIIA 

JXano oTpHuaTejibHoe pemeHHe HeKOTOpbix npoöjieM öepHcafi^oB-
cKoro THna c «HeorpaHHqeHHbiM noKa3aTejieM». J^oKa3aTejibCTBO OCHO-
BbmaeTCH Ha jieMMe o 6ecK0HeqH0MepH0CTH accounafHBHOH ajireôpu, 
B KOTopoH ÄOcraToqHO Majio onpe^ejiHiomHx cooTHonieHHH. 

A. A. T o H H a p 

CKOPOCTb nPHBJIHÄEHH5! PAlJHOHAJIbHblMH APOE5IMH 
M CBOftCTBA 4>yHKUHÏÏ 

floKjia^ npejjnojiaraeTCH nocBHTHTb 0630py pe3yjibTaTOB, OTHOCH-
IUHXCH K cjie^yioiUHM BonpocaM: 

1. 3aBHCHM0CTb ^H^epeHUHaJIbHblX CBOHCTB (f)yHKUHH H MeTpH-
qeCKHX CBOHCTB HCKJIIOqHTejIbHblX MHOJKeCTB He^H^epeHUHpyeMOCTH 
OT CKOpOCTH npHÔJIHJKeHHH (JDyHKIJHH paiJHOHaJIbHblMH ßpoÖHMH. 

2. CßOHCTBa (JtyHKUHH, npe#cTaBHMbix ÄOCTaTOqHO ÖbICTpO CXOAH-
IU,HMHCH (co cKopocTbK) reoMeTpHqecKofi nporpeccHH H ôbicTpee) nocjie-
AOBaTeJIbHOCTHMH paiJHOHaJIbHblX (J)yHKUHH: CBepXCXOßHMOCTb, KBa-
3HaHajiHTHqecKHe KJiaccbi H KBa3HaHajiHTHqecKoe npoßOJiaceHHe qbyHK-
UHH KOMnjieKCHoro nepeMeHHoro. 

M. H. r p a e B, A. A. K H p H JI JI O B 

npEflCTABJiEHHfl r p y n n 

1. B nocjie^HHe ro#bi npoH30injio 3aMeTHoe cMemeHHe HHTepecoB 
B TeopHH npe/jcTaBjieHHH — OT H3yqeHHH npe^cTaBjieHHH KOMnjieKc-
Hbix H BemecTBeHHbix rpynn JIH K H3yqeHHio npeßCTaBjieHHÖ ajireöpan-
qecKHx rpynn GK na^ npoH3BOJibHbiM nojieM /C. H3yqeHbi npe#-
cTaBJieHHH rpynnbi MaTpHu, 2-ro nopn^Ka c sjieMeHTaMH H3 Henpepbm-
Horo jioKaJibHO-KOMnaKTHoro nojin K. ZIJIH STOH rpynnbi ycTaHOBjieHo, 
qTo ocHOBHbie c[)aKTbi TeopHH npe^CTaBJieHHH (cTpyKTypa HenpHBO#H-
Mbix npe/jcraBJieHHH, xapaKTepbi STHX npe^cTaBjieHHH, Mepa H/iaHme-
pejiH, B03HHKaioiiJ,aH npn pa3Jio;»œHHH peryjinpHoro npeßCTaBjieHHH 
rpynnbi GK) MoryT 6biTb ccJjopMyjiHpoBaHbi B TepMHHax, eßHHbix ^JIH 
Bcex nojien K. IlycTb Tenepb G — npoH3BOJibHan ajireopanqecKan 
rpynna, onpe^ejieHHan Ha^ nojieM k. Mbi Ha^eeMcn, qTo AJIH uinpoKoro 
Kjiacca pacuiHpeHHH K nojin k MOJKHO nocTpoHTb TeopHio npeÄCTaßjie-
HHH rpynn GK, B KOTopoH Ha nepBbiö njiaH BbicTynaeT CTpyKTypa 
HCXO^HOH ajireöpanqecKOH rpynnbi G, a nojie K HrpaeT pojib napa-
MeTpa. npH nocTpoeHHH TaKoö TeopHH B03HHKaiOT 3aßaqH HOBoro THna: 
onncaTb MHo^ecTBO 3HaqeHHH «napaMeTpa» /C, npH KOTopbix TeopHH 
npe#CTaBjieHHH rpynnu GK y^OBjieTBopneT TeM HJIH HHHM Tpeöoßa-
HHHM. HanpHMep, npHHaMencHOCTb rpynnbi GK THny I cBH3aHa, 
no-BH^HMOMy, c caMo^yajibHOCTbio ajWHTHBHOH rpynnbi nojin K. 
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2. Cjie^yiomHH Kpyr BonpocoB cBH3aH c Teopneo npe#cTaBJieHHH 
rpynn GA, iyje A — KOJibuo a^ejien (HJIH BOo6m,e HeKOTopoe KOJibuo 
TsHTa). OeraHOBHMCH Ha cjie^yiomeH 3a,naqe. nycTb G — pe^yKTHBHan 
ajireopanqecKan rpynna, onpe^ejieHHaH na% nojieM k, GA — ee rpynna 
a^ejien. TpeôyeTCH H3yqHTb cneKTp npe^cTaBJieHHH rpynnbi GA B npo-
CTpaHCTBe L2 (Gk\GA). JXJIH HiHpoKoro Kjiacca rpynn G, BKJiioqaioinero 
Bee rpynnbi llleBajiJie — ÜHKcoHa, pemeHHe STOH 3a#aqH MOJKCT 
6biTb npoBe^eHO Ha ocHOBe MeTo^a opnccJDep. nycTb Z — yHHnoTeHT-
HbiH pa^HKaji KaKOH-HHOŷ b napaôojiHqecKoft no/jrpynnbi rpynnbi G. 
TpaeKTopHH noArpynnbi ZA B OAHOPO^HOM npocTpaHCTBe X rpynnbi GA 

Ha3biBaioTCH opnc(|)epaMH sToro npocTpaHCTBa. 06o3HaqHM qepe3 Q 
TpaH3HTHBHoe ceMeftcTBo KOMnaKTHbix opHccJDep. MeTOA opHc^ep 
cocTOHT B H3yqeHHH ecTecTBeHHbix oTOÖpaMceHHH npocTpaHCTBa 
L2 (X) B npocTpaHCTBO (J^HKUHH Ha Q. OKa3bmaeTCH, qTO npe^cTaB-
jieHHe rpynnbi GA B npocTpaHCTBe L2 (Q) nMeer npocTyio cTpyKTypy. 
B qacTHOCTH, ecJiH Q — npoerpaHCTBO KOMnaKTHbix opHccf)ep MaK-
cHMajibHofl pa3MepHOCTH, TO KOJibuo onepaTopoB B L2 (Q), nepecTaHO-
BoqHbix c onepaTopaMH npe^cTaßjieHHH, HBJineTCH TeH30pHbiM npo-
H3Bê eHHeM KOMMyTaTHBHoro KOJibua H rpynnoBoro KOJibua rpynnbi 
BeftjiH HcxoAHOH ajireöpanqecKoö rpynnbi G. 

3. Bo MHornx Bonpocax TeopHH npe^CTaBJieHHH ecTecTBeHHO BBO^HTb 
HeKOTopoe npocTpaHCTBO G, ßBOHCTßeHHoe K rpynne G. B cjiyqae 
Koryja G — ajireopanqecKan rpynna, B KaqecTBe G MO>KHO B3HTB COBO-
KynHocTb npocTbix ÄBycropoHHHx H^eajiOB oöepTbiBaiomeß ajireöpbi 
U (G) rpynnbi G. 3TO MHOxtecTBO Ha^eJieHO ecTecTBeHHofl cTpyKTypoö 
HeKOMMyTaTHBHoro KOJibuoBaHHoro npocTpaHCTBa. KteyqeHHe TaKHx 
npOCTpaHCTB H CBH3aHHbIX C HHMH HeKOMMyTaTHBHblX KOJieil, H TeJI, 
HaqaToe B caMoe nocjie^Hee BpeMH, oöemaeT 6biTb oqeHb HHTepecHbiM. 

J I H T E P A T Y P A 

[1] T e JI b(j)a H ä H. M., r p a e B M. H., Ü H T e u K H Ö - I H a n H -
p o H. H., TeopHH npeÄCTaBJieHHH H aBTOMopcjmbie (jjyHKHHH («OôoômeHHbie 
c})yHKHHH», Bbin. 6). TaM me npHBe£eHa noApoOHan 6HÔJiHorpa(j)HH. 

[2] G e 1 f a n d I. M., K i r i 1 1 o v A. A., Sur les corps liés aux algébres 
enveloppants de l'algébres de Lie, Pubi. Math. I.H.E.S., 1966. 

K). Jl. E p m o B 

3JIEMEHTAPHME TEOPHH nOJIEft 

3jieMeHTapH0H Teopneö Toro HJIH HHOTO Kjiacca ajireöpanqecKHx 
oô'beKTOB Ha3biBaeTCH coBOKynHocTb Bcex npe;yio}KeHHH y3Koro Hcqnc-
jieHHH npe^HKaTOB (WHÌ), HCTHHHHX Ha Bcex oô-beKTax (Mo^ejinx) 
3aAaHHoro Kjiacca. OCHOBHHMH BonpocaMH B H3yqeHHH ajieMeHTapHbix 
TeopHH HBJIHIOTCH BOnpOCbl HaXOJKßeHHH CHCTeMbi aKCHOM ßJIH 3Jie-
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MeHTapHofi TeopHH, sjieMeHTapHOH KJiaccH^HKauHH MOÄejieft 3ajjaH-
Horo Kjiacca H pa3peuiHM0CTH sjieMeHTapHbix TeopHH. 

ElepeqHCJiHM KOPOTKO ocHOBHbie pe3yjibTaTbi, nojiyqeHHbie npn H3y-
qeHHH sjieMeHTapHbix TeopHH nojieö. A. TapcKHH ßOKa3aji pa3peuiH-
MocTb TeopHH ajireöpanqecKH 3aMKHyTbix H BemecTBeHHO 3aMKHyTbix 
nojieö. CymecTBeHHo öojiee npocTbie £OKa3aTejibCTBa STHX pe3yjibTaTOB 
#aji A. POôHHCOH. Pa3pa6oTaHHan HM TexHHKa OKa3ajiacb oqeHb nojie3-
HOH H npn peuieHHH jxpyrnx BonpocoB. JX. POôHHCOH noKa3ajia, qTo 
TeopHH nojin pauHOHajibHbix qnceji H jnoôoro nojin ajireôpanqecKHx 
qHceji, a TaKaœ Teopnn Kjiacca Bcex nojieft Hepa3peuiHMbi. A. H. Majib-
u,eB jjoKa3aji Hepa3peuiHMocTb TeopHH nojin pauHOHajibHbix c})yHKUHH 
OT OAHOH nepeMeHHOH naj\ BemecTBeHHO 3aMKHyTbiM apxHMê OBO yno-
pH^oqeHHbiM nojieM. A. TapcKHH H JX. POôHHCOH pacnpocTpaHHjin 
3T0T pe3yjibTaT Ha nojin pauHOHajibHbix (J)yHKUHÖ OT ô HOH nepeMeHHOH 
Ha# JiioöbiM BemecTBeHHO 3aMKHyTbiM nojieM. P. POôHHCOH ÄOKa3aji 
Hepa3peuiHM0CTb TeopHH nojin pauHOHajibHbix (})yHKUHH najx JHOôHM 
<})opMajibHO BemecTBeHHbiM nojieM. A. H. MajibueB ßOKa3aji Hepa3peuiH-
MocTb nojin c})opMajibHbix CTeneHHbix pn^OB najx nojieM c Hepa3peuiH-
MOH TeopneH npn HeKOTopbix orpaHHqeHHHX Ha nocjie/uiee. J^OKjia^HK 
H He3aBHCHMo JX- AKC ÄOKa3ajiH 3T0T pe3yjibTaT äJIH Jnoöbix nojieö 
c Hepa3peuiHMOH Teopneö. J^oKjia^HK noKa3aji Hepa3peuiHM0CTb Teo­
pHH nojin pauHOHajibHbix (^ynKiinü OT OäHOH nepeMeHHOH HaßjnoobiM 
KOHeqHbiM nojieM xapaKTepHCTHKH =^= 2, a TaoKe Hepa3peniHMOCTb 
TeopHH Kjiacca Bcex nojieö (JDHKcnpoBaHHOH KOHeqHofl xapaKTepHCTHKH 
¥=2. 

B nocjie^Hee BpeMH JX. AKCOM H C. KoqHHbiM H He3aBHCHMo ^OKjia^-
qHKOM AOKa3ano, qTo ajieMeHTapHan Teopnn nojin p-a£HqecKHX qnceji 
AJiH jnoôoro p HMeeT pa3peniHMyio TeopHio. JX- AKC H C. KoqHH #OKa-
3ajiH TaKHce, qTo nojie (})0pMajibHbix CTeneHHbix pn^OB OT O^HOH nepe­
MeHHOH HaA nojieM xapaKTepHCTHKH 0, HMeiomHM pa3peuiHMyio Teo­
pHio, HMeeT pa3peuiHMyio TeopHio. ÄOKjia^HK HccjießOBaji sjieMeHTap-
Hbie TeopHH MaKCHMajibHbix HOpMHpoßaHHbix nojieö H Hauieji, qTo 
B cjiyqae, Kor^a HMCIOTCH onpe;jejieHHbie TeopeMbi ê HHCTBeHHocTH 
äJIH MaKCHMajibHbix HOpMHpoßaHHbix nojieö, sjieMeHTapHan TeopHH 
TaKoro nojin onpcuejineTcn o^H03HaqHO sjieMeHTapHoö Teopneö nojin 
BbiqeTOB H sjieMeHTapHOH Teopnen rpynnbi HopMHpOBaHHH. B STOM 
cjiyqae Han^eHo noHHTHe, KOTOpoe c ToqKH 3peHHH ajieMeHTapHbix Teo­
pHH SKBHBaJieHTHO nOHHTHK) MaKCHMaJIbHOrO HOpMHpOBaHHH — nOHH-
THe ajireôpanqecKH nojiHoro HOpMHpOBaHHH (BbinojiHHMocTb jieMMbi 
TeH3ejiH H paßeHCTBa n =ze-f), nojiyqeHbi HeooxoßHMbie H /jocTaToq-
Hbie ycJiOBHH sjieMeHTapHOÖ aKBHBajieHTHOCTH ajireópanqecKH noji­
Hbix HOpMHpOBaHHH. TIpOBeÄeHHOe HCCJiê OBaHHe n03BOJIHJIO AOKa-
3aTb pHÄ BecbMa OôHJHX TeopeM o pa3peuiHM0CTH ajieMeHTapHbix Teo­
pHH pa3JinqHbix KjiaccoB ajireôpanqecKH nojiHbix HOpMHpoßaHHbix 
nojieö. HanpHMep, ecJiH g — Kjiacc nojieö xapaKTepHCTHKH 0, HMeio-
uinn pa3peuiHMyio TeopHio, @ — Kjiacc jiHHeÖHO ynopH£oqeHHbix aôe-
jießbix rpynn, HMCKHUHH pa3peuiHMyio Teopnio, TO H Kjiacc Bcex MaK-
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CHMajibHbix HOpMHpoßaHHbix nojieß, y KOTopbix nojie BbiqeTOB npHHa£-
JiescHT g, a rpynna HOpMHpOBaHHH npHHa£Jie5KHT @, TaKme HMeeT 
pa3peuiHMyio Teopnio. TeopeMa JX. AKca H C. KoqHHa o nojinx CTe­
neHHbix pH^OB ecTb oqeHb qacTHbiö cjiyqaö STOH TeopeMbi. YKâ KeM 
eni,e o^Hy TeopeMy TaKoro po^a: nycTb % — KJiacc coßepuieHHbix 
nojieö xapaKTepHCTHKH p — 0, HMeiomnS pa3peuiHMyio TeopHio, 
Tor/ja Kjiacc KOJieu; BeKTOpOB BHTTa Haß nojiHMH H3 $ HMeeTpa3peuiHMyio 
TeopHio. Hcnojib3yH STH TeopeMbi, MOHCHO yKa3aTb ôojibinoe qncjio 
KJiaccoB nojieö c pa3peuiHM0H TeopneS, B TOM qncjie H nojieö xapaK­
TepHCTHKH ¥=0. Cjie^yeT OTMeTHTb, qTo B A0Ka3aTejibCTBax He ncnojib-
30Bajiacb KOHTHHyyM-rHnoTe3a, KaK STO ôbijio c^ejiaHo B paôoTax 
JX- AKca H C. KoqHHa. 

npHMeqaTejibHbiM 4>aKT0M HBJineTCH nojiyqeHHe qncTo ajireôpanqe-
CKHX pe3yjibTaT0B Hcnojib30BaHHeM TexHHKH TeopHH Mo^ejieH. R. AKC 
H C. KoqHH AOKa3ajiH cnpaBeAJiHBOCTb rnnoTe3bi ApTHHa o npeAcraBH-
MocTH HyjiH (|)0pMaMH naj\ p-aAHqecKHMH nojiHMH AJiH noqTH Bcex p 
(npn (|)HKCHpoBaHHOH CTeneHH (f)opMbi). Hcnojib3yn npH3HaKH sjieMeH-
TapHOH sKBHBajieHTHOCTH ajireôpanqecKH nojiHbix nojieö, AOKjia^HK 
A0Ka3aJi rHnoTe3y C. JleHra o nojie cf)opMajibHbix CTeneHHbix pHAOB 
naj\ CrnojieM B cjiyqae nojin xapaKTepHCTHKH 0. H3 3Toro pe3yjibTaTa 
6e3 Tpy^a cjie^yeT HOBoe AOKa3aTejibCTBO (6e3 Hcnojib30BaHHH B AOKa-
3aTejibCTBe KOHTHHyyM-rHnoTe3bi) H yToqHeHHe TeopeMbi JX. AKca 
H C. KoqHHa o rnnoTe3e ApTHHa. 

CjieAyioman TeopeMa, nojiyqeHHan coBceM He^aBHo AOKJia£qHKOM, 
ecTb oôoômeHHe TeopeMbi A. TapcKoro o pa3peuiHM0CTH TeopHH ajireô-
panqecKH 3aMKHyTbix nojiefi: 

Kjiacc Bcex cenapaôejibHO 3aMKHyTbix nojieö, KJiacc Bcex cenapa-
ôejibHO 3aMKHyTbix nojieö (|)HKCHpoBaHHOH xapaKTepHCTHKH, jiioôoe 
cenapaôejibHO 3aMKHyToe nojie HMCKDT pa3peuiHMbie TeopHH. 

H. A. HôparHMOB 

HEKOTOPblE ACnEKTbï CnEKTPAJIbHOfil TEOPHH 
CTAUHOHAPHblX nPOIJECCOB 

1. riyCTb X (t), —OO < £ < 0 0 , — CTaiXHOHapHblH B HIHpOKOM CMbICJie 
npouecc c HenpepbiBHHM HJIH AHCKperabiM BpeMeHeM. Oj\na H3 OCHOB-

Hbix 3a^aq TeopHH TaKHx npoueccoB, HccjieAOBaHHe KOTOpoö ôHJIO Haqa-
To A. H. KojiMoropoBbiM H H. BnHepoM (CM. [1 ]), — 3a^aqa Hanjiyq-
iuero (B cpe^HeM KBaAparaqHOM) jiHHeßHoro nporH03HpoBaHHH 3Ha-
qeHHH npouecca x (x) B ôy^ymeM, t > 0, no ero 3HaqeHHHM x (t) 
B npouijioM, £ < 0 . ECJIH BBecTH nopo^AeHHoe npoueccoM x (t) rnjib-
ôepTOBO npocTpaHCTBO H = H-™ cjiyqaÖHbix BejinqHH co cKajinp-
HbiM npoH3BeAeHHeM (l, TJ) = E^v), TO HanjiyquiHH nporH03 x (T) 
ecTb npoeKUHH x (T) Ha no/uipocrpaHCTBO / /L œ , nopojKAeHHoe BejiH-
qHHaMH x (s), —oo < s < / . 
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EcTecTBeHHbiM oôpa30M BbiAejineTCH Kjiacc npoueccoB, AJIH KOTO-
pbix ouiHÔKa nporH03a o (T) = ||A;(T) — X(X) || ->- || A; (0)11 =E 1 /2 |x (0) | 2. 

X—>oo 

TaKHe npoueccbi Ha3biBaK)TCH peayAnpmiMu. JJJIH HHX fi#-oo = 0, 
H, cjieAOBaTejibHO, HopMa npoeKUHH Ê (I \ HZx

œ) jnoôoro sjieMeH-
Ta g 6 H™ Ha HZlo cTpeMHTCH K Hyjno, Koryja % ->oo. 

PeryjinpHOCTb npouecca 03HaqaeT OTcyTCTBHe cBH3efl Mem^y JHOôMM 

sjieMeHTOM l £ H™ H AajieKHM npouijibiM HZlo. OßHaKO He HCKjiioqeHO, 
qTo Jiame npH oqeHb oojibuinx x MoryT HaÖTHCb g £ H™, xopouio npn-
ôjiHscaeMbie sjieMeHTaMH H3 HZlo. 

2. npouecc x (t) Ha3bmaeTCH enonw peeyAHpHMM (TepMHHOJiorHH 
K). A. Po3aHOBa), ecjin 

Q (T) = sup | Eli] | > 0, 

iyje E I I I2 = E | r\ |2 =: 1. ^ J I H BnojiHe peryjinpHbix npoueccoB 
HopMa || Ê (l)\ //Zœ) || paBHOMepHO Majia (x -> oo) AJIH Bcex l £ H™ 
c y I II = 1. C reoMeTpHqecKoS ToqKH 3peHHH nojiHan peryjinpHocTb 
03HaqaeT, qTo MHHHMajibHbifl yroji uemjxy nojuipocTpaHCTBaMH HZ.^, 
H™ npn x -> oo CTpeMHTCH K npnMOMy (K03(jxj)HUHeHT peryjiHpHocTH 
p (x) KaK pa3 paBeH KOCHHycy 3Toro yrjia). fljin rayccoBCKHx npo-
ueccoB ycjiOBHe nojiHofi peryjinpHoera coBnajjaeT c ycjiOBHeM cHjibHoro 
nepeMeuiHBaHHH M. Po3eHÔjiaTTa (A. H. KojiMoropoB, K). A. Po3a-
HOB [2]). 

3. KaKHe orpaHHqeHHH HajiaraioT Ha cneKTpajibHyio njiOTHOcTb 
/ (X) npouecca x (t) ycJiOBHH peryjinpHocTH, nojmofi peryjinpHOCTH? 

Cjiyqaö peryjinpHbix npoueccoB nojmocTbio HccjieAOBaH B OCHOBO-
nojiaraioiuHX paôoTax A. H. KojiMoropoBa H M. T. KpeÖHa, HaÖAeH-
Hbie HMH Hbme xopomo H3BecTHbie HeoôxoAHMbie H AocTaToqHbie ycjio-

BHH peryjinpHOCTH 3aKJiioqaiOTCH B cyMMHpyeMocTH In f (k) (-r^ßAj 

H, cJieAOBaTejibHO, HajiaraioT orpaHHqeHHH (AOBOJibHO cjiaôbie) jiHHib 
Ha nopHAOK Hyjieö f (K). 

ïlpn HccJieAOBaHHH cneKTpajibHbix ycJiOBHH peryjinpHOCTH, KpoMe 
OTMeqeHHoS reoMeTpnqecKOH HHTepnpeTauHH, uinpoKo Hcnojib3yiOTCH 
aHaJIHTHqeCKHe MeTOAbl. B OCHOBe HX HCnOJIb30BaHHH — H30MeTpHH 
x (t) -> eitK Mê cAy H-Z n npocrpaHCTBOM L2 (/) (J^HKUHH cp (X), HHTe-

rpnpyeMbix c KBa/jpaTOM c BecoM / (X) (|| cp ||| == \ | cp (X) |2 / (X) dX), 

conocTaBjiHioiuaH 3a^aqe cjiyqaÖHbix npoueccoB HeKOTopyio 3a#aqy 
TeopHH (f)yHKUHH (KaK npaBHjio, 3a^aqy BecoBbix npHÔjiHsœHHH). 

TaK, peryjinpHocTb x (t) SKBHBajieHraa HenojmoTe B L2 (/) CHCTCMH 
dpyuKupn eiU, t^.0. 

H3yqeHHe cTpyKTypbi no^npocTpaHCTB, nopoacAeHHbix TeqeHHeM 
npouecca x (t), Koryja t £ A, sKBHBajieHTHo H3yqeHHio cTpyKTypbi 
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3aMbiKaHHH B L2 (/) ceMeöcTBa eit%, t £ A. (OqeHb HHTepecHbie H rjiy-
ôoKHe pe3yjibTaTbi B STOM HanpaBJieHHH coAepacaTCH B HeAaBHefi 
paôoTe H. JleBHHcoHa H X. MaKKHHa [3].) 

Ko3(})(J)HUHeHT peryjinpHOCTH B TepMHHax c. n. BbirjiHAHT cjieAyio-
iUHM o6pa30M: 

Q(T) = sup I [ cp(X)o|)(X) e^f (X)dx\, ( 1 ) 
iIq>ll/HI*ll/=i ' J 

iyje sup ôepeTCH no BceM rpaHHqHbiM 3HaqeHHHM c})yHKUHH Kjiacca D 
B Kpyre HJIH BepxHen nojiynjiocKOCTH (CM. H. H. n p H B a JI O B, 
TpaHHqHbie cBOHcrea aHajiHTHqecKHx ^pyuKujAu). 

TaKHM o6pa30M, aHajiHTHqecKH npoöjieMa nojmofi peryjinpHOCTH 
CBOAHTCH K onHcaHHio Kjiacca HeoTpHuaTejibHbix cyMMHpyeMbix tf)yHK-
UHH, A^IH KOTopbix npaBan qacTb (1) CTpeMHTCH K Hyjiio c pocTOM x. 

A. H. KojiMoropOB n K). A. Po3aHOB [2] noKa3ajiH, qTo npoöjieMa 
nojiHofi peryjinpHOCTH sKBHBajieHTHa xaKme HeKOTopofl cBoeo6pa3-
HOH 3a^aqe paBHOMepHbix BecoBbix npHÔjiHaœHHH. 

4. B cjiyqae Bnojme peryjinpHbix npoueccoB orpaHHqeHHH Ha Hyjin 
(cp. 3°) MHoro MecTqe: nocjieAHHe, no cymecTBy, AOJUKHM HMeTb 
uejibiH qeTHbiS nopHAOK. KpoMe Toro, B03HHKaiOT AonojiHHTejibHbie 
orpaHHqeHHH Ha rjiaAKOCTb f (X): OHa, HanpHMep, He MoxœT HMeTb 
pa3pbiBOB nepBoro poAa. Bee STH pe3yjibTaTbi cyTb cjieACTBHH cjieAyio-
iueö TeopeMbi: 

CneKmpaAbHdR nnomuocmb f (X) enoAne peayARpuoeo npouecca c due-
KpemnbiM epeMeneM neoöxoduMo npedcmaeAHemcn e eude 

M) = |P(e")|»*(X), (2) 

ade P — noAUHOM, a nepeooopcßHan G (k) cpyHKmiu g (X) matcoea, urno 

sun \G(X + h) + G(X-h)-2G(%)\ . , 0 fi Q 

CxoAHoe npeACTaBjieHHe HMeeT MecTO H RJIK BnojiHe peryjinpHbix 
npoueccoB c HenpepbiBHbiM BpeMeHeM. 

JXJIH npoueccoB c AHCKpeTHbiM BpeMeHeM cyiuecTBOBaHHe pa3Jio-
sceHHH (2) AOBOJibHO 6jiH3KO K AOCTaToqHbiM ycjiOBHHM. Bojiee Toro, 
qToôbi p (T) yôbiBaji AocTaToqno ôbicTpo, cTeneHHbiM o6pa30M, sKcno-
HeHUHaJIbHblM HJIH ÔbICTpee JIIOÔOH SKCnOHeHTbl, HeOÔXOAHMO H AOCTa-
ToqHO, qTOÔbi B npeACTaBJieHHH (2) cf)yHKUHH g (X) ôbijia obi cTporo 
nojiojKHTejibHan H AocraToqHO rjiaAKan (HyxtHoe qncjio pa3 jinfyfyepen-
unpyeMa, aHajiHTHqHa B nojioce, uejian). 3TH pe3yjibTaTbi B 3Haqn-
TejibHofi CTeneHH 6a3HpyioTCH Ha TeopeMax JJxceKCOHa — C. H. Bepu-
HITeÖHa H3 TeopHH npHÔJIHJKeHHH (cp. 3°). 

5. riocjieAHHe pe3yjibTaTbi He HMeioT nojiHofi aHajiornn B cjiyqae 
npoueccoB e HenpepbiBHbiM BpeMeHeM, AonojiHHTejibHbie TpyAHOCTH 
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B03HHKaioT npn H3yqeHHH noBeAeHHH / (X), KorAa X -> oo. (HanpHMep, 
npouecc c uejioft aHajiHTHqecKoö cneKTpaJibHoö njiOTHocTbio e~K2 

jxame ne peryjinpeH.) 
HeKOTopoe npeACTaßjieHHe o B03HHKaioiueH cneuHc})HKe AaiOT cJie-

Ayiomne pe3yjibTaTbi: 
IJycmb c. n. npoqecca x (t) e nenpepuenuM epeueneu npedcmmuma 

e eude f (X) = | B (X) |2 g (X), ade B (X) — oapanunennaH vuzAcm (pyHK-
t^UH KoneHHou cmenenu, a g (X) oÖAadaem cAedywu^umu ceoücmeaMu: 

oo 

a) \ » i A<-; 
— OO 

6) 0yHKiiun In g (X) paenomepuo uenpepuena na (—oo, oo), u ecAu 
oo 

a (s)—ee ModyAb nenpepuenocmu, mo \ T^T\ ds <. œ. 
o 

Toada npouficc x (t) enoAHe peayAnpeu. 
riycmb c. n. f (X) npo\\ecca x (t) umeem eud f (X) = | B (X) |~2, ade 

B (X) — t^eAüH (pyHKi$UH KoneHHoü cmenenu, nyAU Zj Komopoü ydoeAem-
oo 

eopmom mpeöoeanuto 2 Im — < oo. Toada 2 P (2J) < °° e moM 

u moAbKo moM cAynae, ecAu sup 2 
—oo<Â,<oo . 

Im 
Zj — X <C oo. 

6. nycTb x (t) — BeKTOpHbiö n-Mepnhin npouecc, T. e. x (t) = 
=z(Xi(t), . . ., xn(t)). Tenepb cneKTpajibHan njioTHOCTb ecTb MaT-
pHua-4)yHKUHH/(A,) = || ftj (X) ||. PacnpocTpaHeHHe pe3yjibTaTOB KOJI-
MoropOBa — KpeÖHa (n. 3°) Ha STOT cjiyqaö BecbMa HeTpHBHajibHO 
H ôbijio npeAMeTOM rjiyôoKHx HccjieAOBaHHÖ 3acyxHHa, K). A. Po3a-
HOBa, H. BHHepa H Ma3aHH, P. O. MaTBeeBa (CM. [1]). OKa3bmaeTCH, 
qTo MaTpnua / (X) HMeeT nocTOHHHbifi paHr m < / z . J],JIH HeBbipoxcAeH-
Hbix npoueccoB (m =s n) peryjinpHocTb npouecca aKBHBajieHTHa cyMMH-

pyeMOCTH (J)yHKUHH In det / (X) f " i ^ L ) • ECJIH m < n, TO Bee 

sjieMeHTbi MaTpnubi / (X) MOäHO Bbipa3HTb qepe3 ee MaKCHMajibHyio 
HeBbipOÄAeHHyio qacrb H c[)yHKUHOHajibHbie KostJxJmuHeHTbi apq(X); 
B peryjiHpHOM cjiyqae Bce apq (X) cyTb rpaHHqHbie 3HaqeHHH (f)yHKUHH 
orpaHHqeHHofl xapaKTepHCTHKH B Kpyre (B BepxHeö nojiynjiocKocTH). 

Ko3cf)4)HUHeHT peryjinpHOCTH B paccMaTpHBaeMOM cjiyqae HMeeT 
BHA 

Q(T) = SUpK(/(À)cp(^), q(X))dX 
q j , ojj I «J 

me sup HaAo ôpaTb no n-MepHbiM BeKTOp-c})yHKUHHM <p (X), tf (X), 
KOMnoHeHTbi KOTopbix cyTb rpaHHqHbie 3HaqeHHH (J)yHKUHH Kjiacca D. 
YcJiOBHe Q (x) -> 0 no-npe}KHeMy HaJiaraeT orpaHHqeHHH Ha rjiaA-
KocTb ftj (X) H Ha nopHAOK Hyjiefi det î (X) ([8]). 
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YcjiOBHe nojiHOH peryjinpHOCTH HaJiaraeT BecbMa jKeenme orpa­
HHqeHHH Taose Ha K03(|)(f)HUHeHTbi CBH3H apq (X). JXJW npoueccoB C AHC-
KpeTHblM BpeMeHeM OHH AOJI5KHbI ÔbITb paUHOHaJIbHblMH 4>yHKUHHMH 
ei%, a B cjiyqae HenpepbiBHoro BpeMeHH — oTHOiueHHeM orpaHHqeHHbix 
uejibix (})yHKUHH KOHeqHoö CTeneHH, npnqeM Ha HyjiH 3HaMeHaTejin cjie-
AyeT HajioscHTb orpaHHqeHHH THna paccMOTpeHHbix B n. 5. 

7. nepeqncjieHHbie Bbiuie pe3yjibTaTbi AaioT AOCTaToqHO nojiHoe 
npeACTaBjieHHe o cTpyKType cneKTpa Bnojme peryjinpHbix npoueccoB. 
OAHaKo npoöjieMa OTbicKaHHH HeoôxoAHMbix H AOCTaToqHbix ycjiOBHH 
OCTaeTCH OTKpbITOH. B CBH3H C 3THM OCOÔeHHO HHTepeCHO OTMeTHTb, 
qTo B paôoTe XejibcoHa H Cere [4] HaÖAeHbi HeoôxoAHMbie H Aoera-
ToqHbie ycjiOBHH AJIH TOTO, qTOÔbi p (1) < 1 (BpeMH AHCKperaoe). 
B [5] A. M. HrjioM noKa3aji, qTo M% pauHOHajibHbix cneKTpaJibHbix 
njIOTHOCTeH 3HaqeHHe p (T) eCTb MaKCHMaJIbHblH KOpeHb HeKOTOpOTO 
AeTepMHHaHTHoro ypaBHeHHH. 
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O. A. J l a A U H t e i f C K a s i 

O HEKOTOPblX HEJIHHEflHblX 3AAAHAX TEOPHH 
CIIJIOlIIHblX CPEA 

nepBan qacTb AOKJiaAa ôyAeT nocBHiueHa JiHHefiHbiM ;H KBa3H-
jiHHeÖHbiM ypaBHeHHHM napaôojinqecKoro THna. BTOpan — HccjieAOBa-
HHHM nocjieAHero BpeMeHH no ypaBHeHHHM HaBbe — GroKca, B TOM 
qncjie KOHeqHo-pa3HOCTHbiM cxeMaM RJIH. HaqajibHo-KpaeBoft 3aAaqn. 

K). H. M a H H H 

PAIJHOHAJIbHblE nOBEPXHOCTH H KOrOMOJIOrHH TAJIYA 

PauHOHajibHbie noBepXHOCTH HaA coBepuieHHbiM nojieM H KOTOMOJIO-
THH Tajiya rpynnbi KpeMOHbi. IIpHBeAeHHe K craHAapTHOMy BHAy: 
noBepXHOCTH c pauHOHajibHbiM H 3JijiHnTHqecKHM nyqKOM. TeopeMa 
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eAHHCTBeHHOCTH RJ191 paUHOHaJIbHblX nyqKOB. Topbl, CBH3aHHbie 
c noBepxHOCTbio. HUCJIO TaMaraBbi KaK ÔHpauHOHaJibHbifi HHBapnaHT. 
KoHeqHbie H qncJiOBbie ocHOBHbie nojin. npHHunn Xacce RJIK rpynnbi 
KpeMOHbi. Bonpoc o cyiuecTBOBaHHH paunoHajibHbix ToqeK HaA HOJIH-
MH Ci. 

T. H. M a p H y K 

BblHHCJIHTEJIbHblE METOflbl B TEOPHH nEPEHOCA 

TeopHH nepeHoca H3JiyqeHHH npe^Ae Beerò OAHa H3 BeAyiUHx npo-
6jieM coBpeMeHHofi HayKH, ôypHo pa3BHBaioiuaHCH Ha ocHOBe AOCTH-
HceHHH TeopeTHqecKofl C})H3HKH H ôbicTpo npoHHKaioiuaH B caMbie pa3-
jinqHbie oôjiacTH ecTecTB03HaHHH H TexHHKH. B HacTOHiuee BpeMH 
TeopHH nepeHoca nocTeneHHo CTaHOBHTcn qacTbio MaTeMaTHqecKofi 
4>H3HKH. riepBOHaqajibHyio BeAyiuyio pojib B pa3pa6oTKe TeopHH nepe­
Hoca H3JiyqeHHH nrpajia acTpocJ)H3HKa, a HaqHHan c 40-x TOAOB 3Ta 
pojib nepenijia K aTOMHofi (f)H3HKe. HeoôxoAHMo OTMeTHTb, qTo HMCHHO 

B CBH3H C npoÔJieMaMH aTOMHOH (J3H3HKH ÔbIJIH pa3paÔOTaHbI MOIUHbie 
MaTeMaTHqecKHe MCTOAH penieHHH 3aAaq TeopHH H3JiyqeHHH, B qaerao-
CTH, MaiHHHHbie MeTOAH. OÔ30p HCCJieAOBaHHH B 3T0H OÔJiaCTH MOHCHO 
HaÖTH B paôoTax [1], [2], [3], [4]. 

BecbMa oôiuan MaTeMaTHqecKan (J)opMyjiHpoBKa CTaunoHapHbix 
3aAaq TeopHH nepeHoca H3JiyqeHHH AaeTcn e noMoiubio HHTerpoAHc})-
4)epeHUHajibHbix ypaBHeHHH BojibUMaHa 

± i | . + QVq> + 2q> — \ dv' \ dfl'q) (2, fl', v')w(Q'->Q, v'~->v)=f. 

K-Jiaccbi (})yHKUHH, B KOTopbix paccMaTpHBaioTCH AaHHbie 3aAaqn, H3y-
qaJiHCb B paôoTax [5], [6]. 

BaxcHoe 3HaqeHHe HMeeT conpnxeHHoe ypaBHeHHe 

~-\ dv' \ d f l V ( 2 , Ö', v')w(Q->Q', v->v')=p, 

rAe p — cytuecTBeHHan xapaKTepncTHKa HccjieAyeMoro (|)yHKUHOHajia 
3aAaqn. TeopHH conpHJKeHHbix ypaBHeHHH, nepBOHaqajibHO pa3pa-
óoTaHHan RJW oAHopoAHbix ypaBHeHHH [7], [8], B AaJibHeôuieM ôbijia 
oôoôiueHa Ha cjiyqaft ypaBHeHHH HeoAHOpoAHbix [9], [10]. Hcnojib-
30BaHHe conpHsceHHbix ypaBHeHHH no3BOJiHJio B oôiueM BHAe aJDOpMyjiH-
poBaTb TeopHio B03MyiueHHH M% JiHHeflHbix (J)yHKUHOHajiOB 3aAaq 
TeopHH nepeHoca H nojiyqHTb ôojibinoe qncjio npaKTiiqecKH BaxHbix 
CJieACTBHH. 

Bo MHornx cjiyqanx AJIH peuieHHH oAHOMepHbix 3aAaq TeopHH 
nepeHoca Hcnojib3yioT MeTOA c^epnqecKHx rapMOHHK [2], [5], no3BO-
jiHioiUHH KHHeTHqecKoe ypaBHeHHe CBecTH K cHCTeMe oôbiKHOBeHHbix 
AH(J)4)epeHUHajibHbix ypaBHeHHH RJIX K03(})cf)HUHeHT0B Oypbe. BBOAH 
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B paccMOTpeHHe BeKTOp-rj)yHKUHH A^IH ^erabix H Heqerabix KOSC^H-
UHeHTOB Oypbe, M05KHO npHHTH K CHCTCMe AByX BeKTOpHO-MaTpHqHblX 
ypaBHeHHH c cooTBeTCTByioiUHMH rpaHHqHbiMH ycjiOBHHMH. PeuieHHe 
KOHeqHO-pa3HOCTHoro aHajiora STOH CHCTeMbi HaxoAHTCH c noMoiutio 
MeTOAa BeKTOpHO-MaTpnqHOH (J)aKTopH3auHH [3]. 

HHTepec npeACTaBjineT Apyroß qncjieHHbiH MCTOA pemeHHH ypaB­
HeHHH oJ)epHqecKHx rapMOHHK, ocHOBaHHbiô Ha opToroHajiH3auHH 
COÔCTBeHHblX BeKTOpOB 3aAaqH [11]. yKa3aHHblfi MeTOA COCTOHT 
B peuieHHH KpaeBOH 3aAaqn RJW CHCTCMH ypaBHeHHH cr^epnqecKHx rap-
MOHHK c noMoiUbio 3aAaq c HaqajibHbiMH AaHHbiMH. YcTOHqHBbiH ajiro-
pHTM cqeTa AOcraraeTCH npHMeHeHHeM cneuHajibHoro MeTOAa àpnjih-
TpauHH OIHHôOK, B03HHKaioiuHX B npouecce cqeTa. Oôa yKa3aHHbix 
MeTOAa HBJIHIOTCH 6e3bITepaUHOHHbIMH. 

IIlHpoKoe npHMeHeHHe B TeopHH nepeHoca HauijiH pa3JinqHbie HTe-
pauHOHHbie MeTOAbi: MCTOA xapaKTepHCTHK [12], Sn-MeTOA [13], pa3-
JIHqHbie HX MOAH(})HKaUHH [14], [15] H AP- CyiUHOCTb 3THX MeTOAOB 
COCTOHT B nocJieAOBaTejibHOM ocyiuecTBjieHHH peajiH3auHH pHAa Hefi-
MaHa no CTOJIKHOBCHKHM qacrau. Pa3JiHqne MCTOAOB COCTOHT B cnoco-
ôax oôpaïueHHH AH^epeHUHajibHofi qacTH ypaBHeHHH nepeHoca. 
3TH MeTOABi 3(J>4)eKTHBHO peajiH3yioTCH Ha MauiHHax H ycneuiHo Hcnojib-
3yioTCH AAR peiueHHH oAHOMepHbix H MHoroMepHbix 3aAaq TeopHH 
nepeHoca. 

B CBH3H c peuieHHeM ypaBHeHHH nepeHoca Baamyio pojib nrpaeT 
AH(J)(J)y3HOHHoe npHÔjiHjKeHHe. Ocoôoe MecTO npH STOM 3aHHMaK)T 
MHoroMepHbie AH(̂ 4)y3HOHHbie npoôjieMbi B Kjiacce pa3pbiBHbix 4>yHK-
UHH. ÂJirOpHTMbl nOCTpOeHHH pa3H0CTHHX cxeM A-HH yKa3aHHbix ypaB­
HeHHH AaHbi B paôoTax [16], [17]. 

3(f)(j)eKTHBHbie MeTOAbi pemeHHH MHoroMepHbix pa3H0CTHbix ypaBHe­
HHH 3JiJiHnTHqecKoro THna, cBH3aHHbie c MCTOAOM nonepeMeHHbix Hanpa­
BjieHHH, ÔbIJIH paCCMOTpeHbl B pHAe HCCJieAOBaHHH [18], [19], [20] H AP-
IIlHpoKoe pa3BHTHe nojiyqnjiH MCTOAH SKOHOMHqHoro cqeTa, OCHO-
BaHHbie Ha cxeMax paciuenjieHHH CJIOJKHHX 3aAaq Ha npocreSuiHe. 
riepBbie pe3yjibTaTbi B STOM HanpaBjieHHH ôHJIH nojiyqeHbi B paôoTax 
[21], [22], [23] H AP- OÔ30p ocHOBHbix pe3yjibTaTOB AaHHoro HanpaB­
jieHHH coAepjKHTCH B paôoTax [24], [25], [26] H AP- MeTOAbi nonepe-
MeHHoro HanpaBjieHHH, a TaKJKe MCTOAH, ocHOBaHHbie Ha cxeMax pac-
iuenjieHHH, TecHO CBH3aHbi c npoôjieMofi yHHBepcajibHoro ajiropHT-
Ma[27]. 

B nocjieAHHe TOABI ôHJIH pa3paôoTaHbi HOBbie MCTOAH pemeHHH HecTa-
UHOHapHbix H cTauHOHapHbix 3aAaq TeopHH nepeHoca, cBH3aHHbie 
c paciuenjieHHeM HHTerpo-AH^epeHUHajibHbix onepaTopoB 3aAaq Ha 
npocTefiiHHe [28], [29], [30], [14]. MeTOA paciuenjieHHH KHHeTHqe-
cKoro ypaBHeHHH Tarage TecHO cBH3aH c yHHBepcaJibHbiM aJiropHTMOM. 
Bo3HHKaioiuHe B npouecce paciuenjieHHH napaMeTpbi no3BOJinjiH nocra-
BHTb, a B pHAe cjiyqaeB HaflTH nyTH onTHMH3auHH BbiqncjiHTejibHoro 
ajiropHTMa. B pe3yjibTaTe pemeHHe cTaunoHapHbix H HecTauHOHapHbix 
3aAaq TeopHH nepeHoca oKa3ajiocb BO3MOJKHHM cßecTH K peaJiH3auHH 
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npocTeßiHHx BbiqHcjiHTejibHbix ajiropHTMOB H yHHBepcaJibHOMy noA-
xoAy K pemeHHK) uinpoKoro Kjiacca oAHOMepHbix H MHoroMepHbix 
3aAaq. 

K HanpaBJieHHK) paôoT, cBH3aHHbix c HTepaunoHHbiMH ajiropHT-
MaMH, OTHOCHTCH TaKTKe pHA ApyrHX HCCJieAOBaHHH. CyiUHOCTb ajiro­
pHTMOB, paccMaTpHBaeMbix B STHX paôoTax, COCTOHT B Hcnojib30BaHHH 
Aßyx onepauHH: npocTofl HTepaunn no cTOJiKHOBeHHHM — Ha nepBOM 
3Tane peajiH3auHH ajiropHTMa H HaxoxcAeHHio rjiaBHOÖ qacTH omHÔKH 
B npnôjiHîKeHHOM pemeHHH — Ha BTopoM. B nepBbix paôoTax STOTO 
HanpaBjieHHH [31 ] ôHJIH yKa3aHH HeKOTOpbie cnocoôbi nocTpoeHHH 
ypaBHeHHH RJIH BbiqncjieHHH omHÔKH HTepaunoHHoro npouecca. Bo MHO-
THX cjiyqanx OHH 0Ka3ajincb 3cj)(})eKTHBHHMH. B AaJibHefimeM B paôoTe 
[32] ôHJIH HccjieAOBaHH HeKOTOpbie HejiHHeÖHbie HTepauHOHHbie 
cxeMH. 
• OôiUHH noAXOA K nocTpoeHHio ypaBHeHHH RJIK OUIHôOK ôHJI ccJ)op-

MyjiHpoßaH B paôoTe [33 ] Ha ocHOBe Hcnojib30BaHHH cneunajiajibHbix 
KOHCTpyKUHH, CBH3aHHHX C npHMeHeHHeM CHJIbHO-SJIJIHnTHqeCKHX 
onepaTopoB (KP-MCTOA). HapHAy c BecbMa nojiHHM TeopeTHqecKHM 
oôocHOBaHHeM MeTOAa af)OpMyjiHpOBaHH KOHKpeTHbie noAXOAH K onTH-
MH3auHH BbiqHCJiHTejibHoro ajiropHTMa. KP-MCTOA Momer ôbiTb Hcnojib-
30BaH AJiH pemeHHH OAHOMepHbix H MHoroMepHbix 3aAaq TeopHH 
nepeHoca. 

CyiuecTBeHHoe pa3BHTHe B nocjieAHHe TOABI nojiyqnjiH craTHCTH-
qecKHe MCTOABI pemeHHH ypaBHeHHH nepeHoca — MCTOABI MoHTe-Kapjio 
[34], [35], [36], [37]. BjiaroAapn Hcnojib30BaHHio Bce ôojiee coßep-
meHHOH BbiqHCJiHTejibHOH TexHHKH MeTOAH MoHTe-Kapjio npHoôpeTaioT 
ôojibmoe 3HaqeHHe B pemeHHH 3aAaq TeopHH nepeHoca. MOHCHO npeA-
nojioHŒTb, qTo yme B 6JIH3KOM ôyAyiueM MCTOABI MaTeMaTHqecKoro 
MOAejiHpoBaHHH, ocHOBaHHbie Ha MeTOAe MoHTe-Kapjio, oKascyTCH 
MoiUHHM MaTeMaraqecKHM annapaTOM Rjin pemeHHH Hanôojiee cjiom-
HHX 3aAaq TeopHH nepeHoca. üporpecc, KOTOpbiö yme HMeeTcn B cno-
coôax yMeHbmeHHH AHcnepcHH, a räume HOBbie noAXOABi MOAejiHpoßa-
HHH cjiyqaÖHbix BejinqHH B CBoeM pa3BHTHH npHÔjraxtaioT (})OpMHpo-
BaHHe BecbMa yHHBepcajibHbix H sKOHOMHqHbix MeTOAOB pemeHHH 
3aAaq. 

OpHrHHajibHbifi noAXOA K pemeHHio ypaBHeHHH nepeHoca H3Jiy-
qeHHH, ocHOBaHHHH Ha npHHUHnax HHBapnaHTHocTH, ôHJI npeAJioaœH 
B paôoTe [38] H pa3BHT BO MHornx HanpaBJieHHHX [39], [40], [41]. 
3TOT MeTOA no3BOjineT cßecTH pemeHHe ypaBHeHHH nepeHoca H3Jiy-
qeHHH K pemeHHio jiHHeÖHbix HJIH HejiHHeHHbix ajibôeAHbix ypaBHeHHH 
npocTbix KOHCTpyKUHH. MeTOA Hameji cyiuecTBeHHoe npHMeHeHHe B 3a-
AaqaX aCTpO(})H3HKH H HeÖTpOHHOH (J3H3HKH. 

CyiuecTBeHHHH HHTepec RJIH. TeopHH nepeHoca HMeioT Bapna-
UHOHHbie MeTOAH pemeHHH 3aAaq. BnepBbie npHMeHeHHbie A-ZIA peme­
HHH ypaBHeHHH flaöepca, OHH no3BOJiHjiH nojiyqHTb pnA Baxmbix 
pe3yjibTaTOB KaK B HeÖTpOHHOH (f)H3HKe, TaK H B ApyrHX HayqHbix 
HanpaBJieHHHX [42], [43]. BaHŒbift 3Tan ôHJI AOCTHrayT npn (})0pMyjiH-
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poßaHHH BapnauHOHHoro npHHUHna HenocpeACTBeHHO ßjin KHHeTHqe-
CKoro ypaBHeHHH [44]. 

npOrpeCC B OÔJiaCTH pa3BHTHH BbiqHCJIHTeJIbHHX MeTOAOB TeopHH 
nepeHoca eraBHT nepeA MaTeMaTHKaMH KOMnjieKc TeopeTHqecKHx npo-
ôjieM, pa3BHTHe KOTopbix 6yAeT CTHMyjinpoBaTb nporpecc B co3AaHHH 
HOBHX BbiqHCJIHTeJIbHHX MeTOAOB. CyiUeCTBeHHbie pe3yJIbTaTH B 3T0M 
HanpaBjieHHH yme nojiyqembi B paôoTax [5], [6], [45], [46], [47] H Ap. 
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B. C. M H T fl r H H, A. nejIHHHCKHH 

flAEPHblE OnEPATOPbl H AnnPOKCHMATHBHAfl PA3MEPHOCTb 

HHBapnaHTbi THna annpOKCHMaTHBHoä pa3MepHOCTH (A. KojiMoro-
pOB, A. riejiqHHCKHH) no3BOJiHjiH B nocjie/jHee BpeMH nojiyqHTb pn/i, 
pe3yjibTaTOB B TeopHH jiHHeÖHbix TonojiornqecKHx npocTpaHCTB, 
TeopHH 4>yHKUHH H T. #• Hx Hsy^eHHe cocTaBJineT Bamnun pa3ßeji 
B aÓCTpaKTHOH TeOpHH npHÖjIHHCeHHH. npOCTeHUIHH TaKOH HHBapHaHT 
c Kasc^biM jiHHefiHbiM onepaTopoM T : X ->• Y H3 o^Horo 6aHaxoBa 
npocTpaHCTBa B ppyroe cBH3bmaeT TOcnoByio nocjie^oBaTejibHOCTb 

a(T, n)= inf sup inf \\Tx — yi\\. 
Vl, . . .,yn£f 11*11̂ 1 i^i^n 

PaccMaTpHBaeTCH HecKOJibKo (npHMbix H ÄBOHCTBeHHbix) TaKHx xapaK-
TepncTHK, onpe^ejiHeMbix no cxopocTH npHÔjiHaœHHH o6pa3a e^HHHq-
Horo uiapa (HJIH caMoro onepaTopa) KOHeqHbiMH MHoxcecTBaMH, KOHCTOO-
MepHbiMH noAnpocTpaHCTBaMH (HJIH onepaTOpaMH). OöjiacTb npHMe-
HHMOCTH KaHCAoro HHBapHamra, B qacTHOCTH K (a), onpe^ejineTCH KaK 
coBOKynHocTb Tex onepaTopoB T : X —> Y, jyia KOTopbix a (T, n) —» 
—» 0 (n —> oo). TeopeMbi cJioxœHHH (A. ^ H H H H , B. MHTHTHH, T. Xen-
KHH, A. EIHTHI) ^aioT, HanpHMep, oueHKH nocjie^oBaTejibHOCTH 
a (ST, •) no a (S, •) n a(T, •); npaB.ua, p n MHornx HHBapnaHTOB 
TaKHx oueHOK eme HeT. 

^HCJieHHbifl noAC^eT HHBapHaHTOB (A. KojiMoropOB, A. ITejwHH-
CKHH, A. BHTyiHKHH, B. THXOMHpOB, K- BaÖeHKO, B. MHTHrHH). 
XapaKTepHCTHKH pa3JiHqHbix KJiaccoB onepaTopoB H B3aHMHbie CBH3H 
memjxy HHBapnaHTaMH (A. EIHTIH, A. IlejraHHCKHH, B. MHTHFHH, T. Xen-
KHH). HaHMeHee H3y*ieHHbiMH HBJIHIOTCH HHBapnaHTbi 

d(T, n)= sup inf \\Tx\\, 
EdX, dim E=n x£E 

e(S, n)= sup inf \\Sx\\. 
rangqy=T&ngqx=n |[gxac||=i 

q*=qyS 
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KJiaccbi K (d) n K (e) co^epacaT KJiaccbi HHTerpajibHbix H p-aöcojnoTHO 
cyMMHpyiomHX ( l < p < 2 ) onepaTopoB. OHH co^epscaTcn B KJiacce 
cTporo cHHryjiHpHbix (T. KaTo) onepaTopoB, H AJIH HHX BepHa TeopHH 
Pncca; K (e) co^epacHTCH B KJiacce CTporo KocHHryjinpHbix onepaTopoB 
(A. riejraHHCKHH). 

npHjiosceHHH K npoôjieMe KJiaccH^HKaijHH. HHBapnaHTbi jiHHeâ-
Hbix TonojiorH^ecKHX npocTpaHCTB (A. KojiMoropOB, A. üeji^HHCKHÖ). 
KpHTepHH H êpHOCTH B TepMHHaX annpOKCHMaTHBHOH pa3MepHOCTH 
(B. MHTHrHH). Be3ycjioBHbie H aócojnoTHbie 6a3HCbi (A. JXhinnn 
H B. MHTHrHH, A. neJÎ HHCKHH H H. 3HHTep). AnnpOKCHMaTHBHa« 
pa3MepH0CTb paBHOMepHbix npocTpaHCTB (H. Beccara). HepeuieHHbie 
3a#aqH H Bonpocbi. 

H. H. M o H c e e B 

HHCJIEHHblE METOAbI, HCnOJIb3yK)mHE BAPbHPOBAHHE 
B nPOCTPAHCTBE COCTOflHHft, H HEKOTOPblE BOnPOCbl 

yiïPABJIEHHfl BOJIbUIHMH CHCTEMAMH 

OcHOBHoe co^epHcaHHe AOKjia^a — H3Jio}KeHHe qncjieHHbix MeTO-
AOB pemeHHH aMHTHBHbix 3a#aq onTHMajibHoro ynpaBJieHHH npH HajiH-
qHH 4)a30Bbix orpaHHqeHHH. 

1. IJeHTpajibHbiM HBJineTCH noHHTHe sjieMeHTapHofi onepauHH, 
KOTOpan AByM 6JIH3KHM ToqKaM Px H P 2 c})a30Boro npocTpaHCTBa H OT-
pe3Ky BpeMeHH t craBHT B cooTBeTCTBHe onTHMajibHyio TpaeKTOpHio 
x (t), coeÄHHHiomyio STH jpe TOHKH, cooTBeTcreyiomHe eu ynpaBJieHHe 
u (t) u 3HaqeHHe (j)yHKu;HOHajia I(x, u). B npocTpaHCTBe x (t) CTPOHTCH 
ceTKa, BepuiHHbi KOTopofl o6pa3yioT MHOscecTBO, Ha3biBaeMoe npo-
cTpaHCTBOM COCTOHHHH. FIpH noMomn sjieMeHTâpHOH onepaipm 3a#aqa 
OTbicKaHHH onTHMajibHoro ynpaBJieHHH CBOAHTCH K OTbicKaHHio KpaT-
qaöinero nyTH Ha rpa(})e, BepuiHHaMH KOTOporo HBJIHIOTCH TOHKH 
npocTpaHCTBa COCTOHHHH. JXJinna 3BeHa, coe^HHHiomero TOMKH P4 

H P 2 ,— STO 3HaqeHHe cf)yHKUHOHajia, cooTBeTCTByiomee onTHMajib-
HOMy nepexoAy CHCTeMbi H3 COCTOHHHH P± B P2 3a BpeMH x, rjoß x — 
AJiuua mara no BpeMeHHofi nepeMeHHOH. 

2. Pe^yKUHH 3a#aqH K TeopHH rpa(J)OB no3BOJineT H3ÔexcaTb TpyA-
HOCTefi, cBH3aHHbix c HajinqneM (J)a30Bbix orpaHHqeHHH. OnncbmaioTCH 
TpH MeTOAa OTbicKaHHH KpaTqaöniero nyTH Ha TOM rpa^e cneinnajibHoro 
BH^a, KOTOpbiH 6biji nocTpoeH npH noMomn sjieMeHTapHofl onepaunn: 
MeTOA rjioöajibHoro nepeöopa, MeTOA nocjie£OBaTejibHbix npHÓjiHsce-
HHH H MeTOA JiOKajibHbix BapnaijHH B npocTpaHCTBe COCTOHHHH. MeTOA 
rjioôajibHoro nepeöopa sKBHBajieHTeH MeTo/jy AHHaMHqecKoro npo-
rpaMMHpOBaHHH £JIH AHCKpeTHOH MHOrOHiarOBOH 3aAaqH, K KOTOpOH 
cBOßHTCH HcxoAHan 3a^aqa nocjie 3aAaHHH npocTpaHCTBeHHo-BpeMeH-
HöH ceTKH H peajiH3auHH sjieMeHTapHofi oneparjHH. 3TH MCTOABI craH-

AapTH3HpOBaHbI. 
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3 . riocTpoeHHe sjieMeHTapHoä onepa ipw CBOAHTCH K pemeHHio 
HeKOTOpoö CHCTeMbi TpaHcijeHAeHTHbix ypaBHeHHH. npHBOAHTCH oôman 
cxeMa ee cTaHAapTH3au,HH H p e u e m y p a 3(Jxf)eKTHBH0H peajiH3au;HH sjie-
MeHTapHOH onepau,HH RJin pa3jraqHbix KJiaccoB 3a^aq onTHMajibHoro 
ynpaBJieHHH. 

4. ripHBOAHTCH HCCJieAOBaHHe yCTOflqHBOCTH pa3BHBaeMbix KOHeq-
Ho-pa3HOCTHbix cxeM npH ycJiOBHH, qTo m a r ceTKH cTpeMHTcn K Hyjno. 
j],OKa3biBaioTCH ABe r p y n n u TeopeM. B nepBofi, HCXOAH HS anpnopHbix 
npeAnojiosceHHH o AH^epeHUHajibHbix cBoflcTBax (JDyHKijHH BejiJiMaHa, 
<}}OpMyjiHpyioTCH HeoôxoAHMbie H AOCTaToqHbie ycjiOBHH ycToSqHBOCTH. 
B o BTOpofl ycTaHaBJiHBaeTCH cBH3b CBOHCTB npaBbix qacTefi H3yqaeMofi 
CHCTeMbi ypaBHeHHH H cfìyHKijHOHajia c RnfyäpepennjäajihUhmn CBOH-
CTBaMH (})yHKii,HH BejiJiMaHa. 3 T H TeopeMbi aHajiornqHbi TeopeMaM BJIO-
xceHHH B TeopHH KpaeBbix 3aAaq MaTeMaTHqecKofi C|)H3HKH. I IOA ycTOH-
qHBOCTbio paccMaTpHBaeMbix pa3HOCTHbix cxeM noHHMaeTCH TOT (J)aKT, 
qTo nocjieAOBaTejibHocTb (J)a30Bbix TpaeKTopnö, nojiyqaeMan npn 
ApOÖJieHHH CeTKH, paBHOMepHO CXOAHTCH K OnTHMaJIbHOH TpaeKTO-
pHH. nocjieAOBaTejibHocTb ynpaBJieHHH ut CXOAHTCH cjiaöo B CMbicJie 
CXOAHMOCTH nOCJieAOBaTeJIbHOCTH (ftyHKUHOHaJIOB / (Xi, Ut). 

5. npHBOAHTCH pa3Hoo6pa3Hbie npHMepbi AHHaMHqecKHx 3aAaq, 
penieHHbix H3JiaraeMbiMH MeTOAaMH. 3 T H npHMepbi OTHOCHTCH rjiaBHbiM 
o6pa30M K AHHaMHKe KocMHqecKHx annapaTOB, caMOJieTOB H Kopaöjieö, 
ABHHCeHHe KOTOpblX CTeCHeHO pa3JIHqHbIMH (J)a30BbIMH orpaHHqeHHHMH. 
PaCCMaTpHBaeTCH B03MOJKHOCTB HCnOJIb30BaHHH AaHHblX MeTOAOB 
npn pemeHHH KpaeBbix 3äAaq A^IH CHCTCM oöbiKHOBeHHbix AH^epeH-
UHajibHbix ypaBHeHHH H 3aAaq Ha coócTBeHHbie 3HaqeHHH A ^ H caMo-
conpHÄeHHbix onepaTopoB. UPHBOAHTCH npHMepbi, AeMOHCTpnpyiomHe 
3(jxf)eKTHB HOCTb MeTOAOB. 

6. PaccMaTpHBaeTCH mnpoKHH Kjiacc 3aAaq onTHMajibHoro njia-
HHpoßaHHH (B qacTHOcTH, AßyxHHACKCHbie 3aAaqn jiHHeÖHoro npo-
rpaMMHpOBaHHH), AJIH KOTOpblX MOryT ÖblTb HCnOJIb30BaHbI MeTOAH, 
ocHOBaHHbie Ha noHHTHH BapnauHH B npocTpaHCTBe COCTOHHHH. EioKa-
3aH0, qTo 3aAaqn ceTeßoro njiaHHpoßaHHH TaKsœ HopMajibHO yKjia-
AHBaiOTCH B paccMaTpHBaeMyio cxeMy. 

7. PaccMOTpeH KJiacc KpaeBbix 3aAaq H 3aAaq Ha coöcTBeHHbie 
3HaqeHHH, KOTOpbie CBOAHTCH K MHHHMH3aUHH (JtyHKUHOHaJIOB BHAa 

\ F (U, UX, Uy, UXy, UXX,Uyy)dQ / | \ 
Q 

npn HajiHqHH orpaHHqeHHH Ha (JDyHKumo a H Ha ee npoH3BOAHbie, 3Aecb 
Q — HeKOTOpan nJiocKan oôjiacTb. n p n noMomn annpoKCHMauHH 
no OAHOMy H3 nepeMeHHbix 3aAaqa MHHHMH3auHH (})yHKii,HOHajia (1) 
MosceT ôbiTb cßeAeHa K OAHOMepHofl 3aAaqe, A^IH KOTopoö pa3BHTbie 
MeTOAH AaiOT eraHAapTHyio npoueAypy pemeHHH. 
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MeTOA JiOKajibHbix BapnamiH MOJKCT 6biTb HenocpeACTBeHHO nepe-
HeceH Ha MHoroMepHbie BapnaijHOHHbie 3aAaqn. PaccMOTpeH pHA 
njiocKHx 3aAaq MaTeMaTHqecKofi (J)H3HKH, KOTopbie CBOAHTCH K OTH-
CKaHHK) MHHHMyMa (JtyHKIJHOHaJia (1), B qaCTHOCTH, H3THÖ MeMÓpaHbi, 
KpyqeHHe ynpyro-njiacTHqecKHx cTepxcHefi, pacqeT (J)Hryp paBHOBe-
CHH, ÄHAKOCTH, nOABepJKeHHOH AeHCTBHK) CHJI nOBepXHOCTHOrO, H AP-

8. OöcyscAaeTCH B03Mo>KHOCTb coqeTaHHH MCTOAOB BapbHpoBa-
HHH B npocTpaHCTBe COCTOHHHH c npHeMaMH SBpHCTHqecKoro npo-
rpaMMHpoBaHHH. BBOAHTCH noHHTHe AHcneTqepcKoro pemeHHH. Pa3-
BHTbie MeTOAH no3BOJiHK)T SKOHOMHbiM o6pa30M ocymecTBJiHTb npo-
ueAypy «yToqHeHHH AHcneTqepcKoro pemeHHH». B AHHaMHqecKHx 
3aAaqax, rAe cymecTByeT ecreeTBeHHoe noHHTHe OKpecTHOCTH (J>a3o-
BOH TpaeKTOpHH, MeTOAbi JiOKaJibHoro BapbHpoBaHHH H MeTOA nocjie-
AOBaTejibHbix npHÖjiHjKeHHH no3BOJiHioTonpeAejiHTbJioKaJibHbiH SKcrpe-
MyM. B 3aAaqax njiaHHpoBaHHH (HanpHMep, B 3aAaqax THna pacnpe-
AejieHHH pecypca) MOHCHO TOBOPHTB TOJIBKO O jioKajibHOM MHHHMyMe 
OTHOCHTeJIbHO HeKOTopofi TonojiorHH. TaK me KaK H noHHTHe AHcneT-
qepcKoro pemeHHH, noHHTHe OKpecTHOCTH B TaKHx 3aAaqax HOCHT 
SBpncTHqecKHH xapaKTep. Ha npHMepax aHaJiH3a OOJIMHHX cHcreM 
noKa3biBaeTCH n,ejiecoo6pa3HOCTb TaKoro noAXOAa H oöcyxcAaioTCH 
B03MOÄHbie nocTaHOBKH MaTeMaTHqecKHx 3aAaq. 

JXoKJiaR HBJineTCH oÔ30poM paôoT rpynnbi coTpyAHHKOB Bbiqnc-
jiHTejibHoro aeHTpa AKaAeMHH HayK, B KOTOpofi, KpoMe aBTopa AOKjia 
Aa, yqacTBOBajiH H. 5L BaraeBa, H. B. BaîiHHpcKHH, H. A. KpwjioB 
H O. «Jl. ^epHoycbKo. 

C. u . H O B H K O B 

XAPAKTEPHCTHHECKHE KJIACCbl IIOHTPJirHHA 

1. PaixHOHajibHbie KJiaccbi noHTpnrHHa H HX CBH3b c cf)yHAaMeH-
TajibHoS rpynnoft. TeopeMa o TonojiornqecKOH HHBapnaHTHOCTH. 
CjieACTBHH. npoöjieMa roMOTonnqecKOH HHBapHaHTHocTH STHX Kjiac-
coB. HepemeHHbie npoôjieMbi. Pe3yjibTaTbi onyöjiHKOBaHbi B paôoTax 
aBTopa [1—4] H B. A. PoxjiHHa [5]. B paôoTe [4], npHjiosceHHe 2, 
yKa3aHbi OTKpbiTbieBonpocbi. OCHOBHOH HS HHX: nycTb x 6 # 4 Ä (M n+ 4 f e ,0 
H Dx =: y i o ... o yni y i £ H1 (M, Q). H3yqHTb cKaJinpHoe npo-
H3BeAeHHe (Lk (Mn+4f t), x) c ToqKH 3peHHH roMOTonnqecKHx HHBa-
pHaHTOB (Ha HaKpbIBaiOHJ,HX). 

2. KJiaccbi noHTpnrHHa — Xnpijeöpyxa no KOHeqHbiM MOAyJiHM; 
H3BeCTHO, qTO OHH, BOOÖlUe TOBOpH, KOMÖHHaTOpHO HeHHBapHaHTHbl 
(MHJIHOP). JIJIH roMOJiornqecKHX MHorooöpa3HÖ HaA Qm aBTopoM 
H PoxjiHHbiM BBeAeHbi KJiaccbi aÂ/Â g / /4 k (M, Zm), r%e Qm — pauno-
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HajibHbie qncjia co 3HaMeHaTejieM, He AGJIHU^HMCH Ha m (3Aecb ak — 
uejibieqHCJia, 3aBHCHmne JIHUIB OT k), npnqeM aklk = akLk (pu . . ., ph) 
B rjiaAKOM cjiyqae. JI,OKa3aHa TonojiornqecKaH HHBapHaHTHOcTb 
(lk, x)eZm, xeH,k(M

ih+i, Zm) npn ycjiOBHH (D$x)2 ==0, rAe 
ß—roMOMopcj)H3M BoKmTefiHa. ZIJIH rjiaAKHX MHorooöpa3HÖ Mn aBTopoM 
HecKOJibKo no3AHee AOKa3aHa (Ha ocHOBe onpeAejieHHH ipiaccoB /* 
aBTopa H PoxjiHHa, HO ApyrHM MeTOAOM) TonojiornqecKaH HHBapnaHT-
HOCTb KJiaccoB aklk = akLk (pu . . ., pk) A^IH Bcex k, n. 

OrcioAa BbiTeKaeT TeopeMa: cymecreyioT TaKHe qncjia Xq, qTO 
craÖHjibHbiH KacaTejibHbiH nyqoK x (Mq) 6 KO (Mq), yMHOxœHHbïfi 
Ha Xq, TonojiornqecKH HHBapnaHTeH. 3TH qncjia Kq, 3aBHCHT jinnib 
OT g H He 3aBHCHT orMq. 
H3 3THX pe3yjibTaTOB BbiTeKaiOT cjieACTBHH o TonojiornqecKOM pa3jinqe-
HHH KjiaccHqecKHx JIHH3 pa3MepHOCTH > 5, ecJiH OHH roMOTonnqecKH 
SKBHBaJieHTHbi: 

CjieACTBHe. Bee 5-MepHbie KjiaccnqecKHe JIHH3H M5, rAe Jii (M5) = 
= Z 5 , HeroMeoMopc})Hbi, ecJiH HX KJiaccbi noHTpnrHHa pa3JinqHbi 
(TaKHe cymecTByioT, npnqeM roMOTonnqecKH sKBHBajieHTHbie Apyr 
Wyry) . 
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B. n . r i a j i a M O A O B 

OEIIPIE CBOftCTBA JIHHEftHblXJ AH<I>4>EPEHUHAJIbHbIX 
OnEPATOPOB C nOCTOflHHblMH K034>«I>HUHEHTAMH 

B AOKjiaAe H3JiaraeTCH TeopeMa oö SKcnoHeHixHajibHOM pa3JioHce-
HHH pemeHHH OöHJHX OAHopoAHbix CHCTeM jiHHefiHbix RufydpepenuMaJih-
Hbix ypaBHeHHH c nocTOHHHbiMH KOSfJxJiHUHeHTaMH H ee BaÄHefimHe 
CJieACTBHH. 

1. OOPMYJIHPOBKA TEOPEMbI 

nycTb p (iD) — AH^epeHiiHajibHbiH onepaTOp c nocTOHHHbiMH 
K03(|x})Hii;HeHTaMH oömero BHAa, npeACTaBJiHiomnfi coöofi MaTpHijy 
pa3Mepa t X s, oöpa30BaHHyio MHoroqjieHaMH OT onepaTopoB iD = 

=z i ~— , . . ., ÌQ— , AeÖCTByiOmHX B Rn. PaCCMOTpHM COOTBCT-

CTByiomyio OAHOpOAHyio cHCTeMy ypaBHeHHH 

p(iD)u = 0, (1) 
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rAe u — HeH3BecTHan BeKTOp-cftyHKijHH, npHHaAJiescaman [3)n (Q)]s 

(Q — oójiacTb B Rn). TeopeMa oö SKcnoHemjHajibHOM pa3Jio)KeHHH 
coAepJKHT onHcaHHe Bcex pemeHHH STOH CHCTCMM B cjiyqae, KorAa 
oöjiacTb Q BbinyKjia. 

nycTb oP — KOJibuo Bcex MHoroqjieHOB OT n nepeMeHHbix z 6 Cn , 
p' (z) — MaTpnua, TpaHcnoHHpoBaHHan no OTHomeHHio K MaTpnue p (z), 
a p" ëP* = poH •••CïPi — npHMapHoe npeACTaßjieHHe oP-noAMO-
AyJiH p'oP' CZGPS. JXJW Ka^Aoro X paccMOTpHM paAHKaji Y^ù noAMO-
AyjiH pi cz # s H accou,HHpoBaHHoe c HHM ajireöpanqecKoe MHoro-
oépa3He Nx cz Cn. HocHTejib MOAyJin M = oPs Ip'oP1 paßeH N =z [} Nx 

JÏJIH KascAoro X cTpOHTCH cneuHajibHbiH AHcJ^epeHijHajibHbiH onepaTOp 
d%(z, D): &s -> 8*lì> C nOJIHHOMHaJIbHblMH KOSCfxJDHUHeHTaMH, TaKOH, 
qTo nocjieAOBaTejibHocTb 

0 - > ^ - > ^ S ^ [ ^ / ^ ( P , ) ] ^ 

ToqHa. 

O c H O B H a n T e o p e M a (3peHnpafic [1 ], najiaMOAOB [2] — 
[6]): 

BcHKoe petuenue u cucmeMU (1), npuHaÒAemawpe [SS" (Q)]s (oÖAacmb 
Q ßbinyKAa), HßAnemcH (pyHKt^uouaAOM euda 

(u, <p) = 2 \ dK (z, D) ç (z) |xx> cp G \3) (Q)]8, (2) 

TAC fx̂  ( 0 < X < / ) — m e p a , cocpedomoHennan na N^ u maKan, nmo 
4>yHKl{UOHaA 

(t>x, 1 0 = \$(z)\H\, * € [ ^ ( Q ) ] I X 

npunadAeoicum [3) (Q)]l*>, npmem (MHoeo3HaHHoe) omoöpamenue 
u -> {t;*,} nenpepueno. Oöpamno, OCHKUü (pynKt^uonaA euda (2), sde 
jwepö/ fXA, ydoeAemeopntom dmouy ycAoeuto, npunadAeMum 13) (Q) Y 
u HßAHemcn pemeHueM cucmeMbt (1). 

2. JIOKAJIbHblE CBOßCTBA PEIIIEHHH CHCTEMbI (1) 

npeACTaßjieHHe (2) HeMeAJieHHO CBOAHT H3yqeHHe jioKaJibHbix 
CBOHCTB pemeHHH ypaBHeHHH (1) K HccjieAOBaHHio ocoöeHHOCTefi B pac-
nojio)KeHHH MHOJKecTBa N B Cn. Ha STOM nyTH npeACTaßjieHHe (2) 
no3BOJiH6T nojiyqHTb (H oöoömHTb Ha cjiyqaö oömefi CHCTCMH (1)) 
JIIOöOH H3 MHoroqncJieHHbix H3BecTHbix ceöqac pe3yjibTaTOB, Kacaio-
IHHXCH JIOKaJIbHblX CBOHCTB pemeHHH CHCTeMbi (1). 

B cjiyqae KorAa oöjiacTb Q HeorpaHHqeHa, yAaeTCH ycraHOBHTb 
3aBHCHMocTb MexAy cKopocTbio pocTa pemeHHH Ha öecKOHeqHOCTH 
H noBeAeHHeM cooTBeTCTByiomnx Mep | [x̂ , I npH | z \ —> oo. 3TO 
oöcTOHTejibCTBo no3BOJiHeT H3yqHTb cBH3b MeacAy rjiaAKOCTbK) peme-
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HHH H cKopocTbio ero pocTa Ha öecKOHeqHocTH. B qacTHOCTH, ecJiH 
onepaTop p HBJIHCTCH rnnosjiJinnTHqecKHM no nepeMeHHbiM x' = 
= (Xi, . . ., xk) B CMbicJie TopAHHra — MajibrparoKa (MH HMeeM 

B BHAy oqeBHAHoe oöoömeHHe 3Toro noHHTHn), TO npn onpeAejieHHbix 
orpaHHqeHHHX pocTa Ha ÖecKOHeqHocTH SKcnoHeHunajibHoro THna 
pemeHHH CHCTeMbi (1) OKa3bmaiOTCH aHajiHTHqecKHMH no x'. nosTOMy 
AonojiHHTejibHbie ycjiOBHH 

Di'tt U'=o = 0, Vi 

BjieKyT 3a coöoö TpHBHaJibHOCTb pemeHHH, H 3TOT c|)aKT B ero TOqHOH 
c})opMe HBJineTCH oöoömeHHeM TeopeMbi Tejib^aHAa — IIInjioBa o Kjiac-
cax eAHHCTBeHHOCTH 3aAaqn KOIHH. 

3. OEJIACTH CymECTBOBAHHH, HEIlPEPblBHOK 
3ABHCHMOCTH H TJIAflKOCTH PEIHEHHÏÏ CHCTEMBI (1) 

npocTefiman 3aAaqa o npoAOJDKeHHH penieHHÔ CHCTeMbi (1) c})op-
MyjinpyeTCH TaK. nycTb Q — HeKOTOpan oöjiacTb B Rn, a K cz Q — 
KOMnaKT. TpeóyeTCH Haö™ ycjiOBHH, npH KOTopbix AaHHoe pemeHHe 
CHCTeMbi (1) B oöjiacTH Q\K HBJineTCH cysceHHeM HeKOTOporo peme­
HHH TOH me CHCTeMbi B oöjiacra Q. OTBCT Ha STOT Bonpoc MOJKHO 
ccJ)opMyjiHpOBaTb B cjieAyiomnx TepMHHax. nycTb S c})aKTOpnpocTpaH-
CTBO npocTpaHCTBa Bcex pemeHHH CHCTeMbi (1) B oöjiacTH Q\K no 
noAnpocTpaHCTBy pemeHHH, npoAOJiacaeMbix B oöjiacTb Q nocjie COOT-
BeTCTByiomero HcnpaBJieHHH B CKOJIB yroAHO Majiofi oKpeeraocTH K. 
OKa3biBaeTCH, qTo ecjiH KOMnaKT K BbinyKjibift, TO npocTpaHCTBO S, 
xapaKTepHsyiomee «HeycTpaHHMbie ocoöeHHOcTH» pemeHHH CHCTCMH (1), 
H30Mopc})HO npoeKTHBHOMy npeAejiy lim Ext1 (M, &) ® JD W (CO), B3H-

TOMy no c})HjibTpy Bcex oKpecTHOCTefi co ID /C. J U H ypaBHeHHH KOHIH — 
PnMaHa 3T0T H30M0pcJ)H3M coBnaAaeT c H3BecTHbiM npeoöpa30BaHHeM 
BopejiH. 

B cjiyqae s = t = 1 yKa3aHHbifi H30Mopcf)H3M B HecKOJibKo HHOH 
c})OpMe paHee öHJI ycTaHOBJieH B. B. TpymHHbiM [7], onnpaBrnHMcn 
Ha pe3yjibTaTbi [3]. ECJIH Ext1 (M, &) = 0, TO HS c<j)OpMyjiHpoBaH-
HOH TeopeMbi oö H30Mopc})H3Me cjieAyeT, qTo S =: 0. 3TOT qacTHbifi 
cjiyqaö öHJI ycTaHOBJieH BnepBbie MajibrpaHXceM [8] H AOKJiaÂ HKOM 
[9]. fleTajibHoe H3yqeHHe npocTpaHCTBa lim Ext1 (M, ®)®*p%' (co) 

npHBOAHT K AaJibHefimHM pe3yjibTaTaM. 
BoJiee cjiOÄHbie 3aAaqn o npoAOJDKHMoera pemeHHH CHCTCMH (1), 

HanpHMep 3aAaqa o npoAOJiHteHHH c ocTOBa nojiHSApa BHyTpb, He HMeeT 
noKa cTOJib Hcqepnbmaiomero pemeHHH. H3BecTHbi JIHIHB AoeraToq-
Hbie yCJIOBHH B03M05KHOCTH TaKOTO npOAOJDKeHHH B TepMHHax MOAy-
jiefi Ext1 (M, &). 

B Tex me TepMHHax MOXCHO H3yqaTb 3aAaqy o HenpepbiBHoft 3aBH-
CHMOCTH pemeHHH. ECJIH n — nojiH3AP B Rn, a Tn~k — ero OCTOB 
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pa3MepH0CTH n — k, TO npn BbinojmeHHH cooTHomeHHH Ext1 (M, &) = 
= 0 (i =5 0, . . ., k— 1) BCHKoe pemeHHe CHCTeMbi (1), onpeAejieH-
HOe B OKpecTHOCTH JI, HenpepbIBHO 3aBHCHT OT CBOHX 3HaqeHHH B OK­
pecTHOCTH Tn~h. B qacTHOCTH, ecJiH OHO npHHaAJiexcHT C°° B OKpecT-
HOCTH Tn~k, TO HBJineTCH öecKOHeqHo AH^epeHunpyeMbiM B oKpecT-
HOCTH Beerò nojiH3Apa Jt. nocjieAHee CBOHCTBO cnpaBeAJiHBO naKme 
npn öojiee cjiaöbix npeAnojioxœHHHX, qTo Horn (M, ÌP) =: 0, a MOAyjiH 
Ext£ (M, oP)(i = 1 , . . ., k— 1) — THnosjiJinnTHqecKHe. B aHajio-
rnqHbix TepMHHax c})OpMyjiHpyK)TCH laKme TeopeMbi eAHHCTBeHHOCTH. 

4. HEOflHOPOflHblE CHCTEMbI YPABHEHHÏÏ 

H3yqeHHe HeoAHopoAHbix CHCTCM BHAa p (iD)u = co yAOÖHo npo-
BOAHTb B CJieAyiOmHX TepMHHax. nyCTb M — npOH3BOJIbHbIH â̂ -MO" 
AyJIb C KOHeqHbIM Öa3HCOM H 

HeKOTopan cBOÖoAHan pe30JibBeHTa 3Toro MOAyJin. nycTb AaJiee cl) — 
HeKOTopoe npocTpaHCTBO pacnpeAejieHHÖ B oöjiacTH Q, Ha KOTopoM 
onpeAejieHo H HenpepbiBHo AeficTBHe onepaTopoB D. PaccMOTpHM 
nocjieAOBaTejibHocTb HenpepbiBHbix OTOÖpaaceHHÖ 

a ^ j a ^ i Ä . . . . (4) 

npocTpaHCTBO <I> Ha30BeM M-BbinyKJibiM, ecjiH 3Ta nocjieAOBaTejibHocTb 
ToqHa, a Bce ee OTOÔpajKeHHH — TonojiornqecKHe roMOMopc})H3Mbi. 
CKa)KeM, qTo npocTpaHCTBO cD cHjibHO M-BbinyKJio, ecJiH OHO M-BbinyK-
jio H, KpoMe Toro, SKcnoHeHixnajibHbie nojiHHOMbi, npHHaAJieHcamne 
noAnpocTpaHCTBy B <ps, oôpa30BaHHOMy pemeHHHMH CHCTCMH (1), 
njiOTHbi B 3T0M noAnpocTpaHCTBe. CBOHCTBO (cHJibHofi) M-BbinyKJiocTH 
He 3aBHCHT OT BblÖOpa pe30JIbBeHTbI (3). 

BßeAeHHoe HaMH noHHTHe M-BbinyKJiocTH HecKOJibKO OTJinqaeTCH 
OT ÖJIH3KHX noHHTHH, Hcnojib30BaHHbix XepMaHAepoM H MajibrpaHHceM. 
KaK HenocpeACTBeHHO BbiTeKaeT H3 OCHOBHOH TeopeMbi, npocTpaHCTBa 
3)' (Q) H % (Q) CHjibHO M-BbinyKJibi, KaKOBbi öbi HH ôHJIH BbinyKjian 
oöjiacTb Q H MOAyJib M. HanpHMep, RJIK npOBepKH ToqHocTH nocjie-
AOBaTejibHocTH (4) BO BTOPOM qjieHe npn O =, 3)f (Q) AOcraToqHO 
B OCHOBHOH TeopeMe 3aMeHHTb p Ha pi H, yqHTbiBan ToqHocTb nocjie-
AOBaTejibHocTH (3), nojioxŒTb d0 (z, D) = p ' (z), N0 — C u H di(z,D) = 
= 0, KorAa X > 0. 

OTMeTHM, qTO B qacTHOM cjiyqae s =z t = 1 3Ta TeopeMa öbijia 
nojiyqeHa B 1952—1959 rr . B uHKjie paôoT MajibrparoKa H Spernipafi-
ca. B oômeM BHAe 3Ta TeopeMa öbijia onyöjiHKOBaHa AOKjiaAqHKOM 
[ 4 ] — [6] H MajibrparoKeM [8], [10] %jin npocTpaHCTBa g(Q) . 

Oöman 3aAaqa oô onncaHHH (cHjibHo) M-BbinyKjibix npocTpaHCTB <P 
npH 3aAaHHOM MOAyJie M AajieKa OT CBoero nojiHoro pemeHHH. B qacT-
HOM cjiyqae s = f = 1, 0 = g ( Q ) , 3)' (Q) sua 3aAaqa noApoÖHO 
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H3yqeHa B paôoTax SpeHnpaöca, MajibrparoKa, XepMaHAepa. B oömeM 
cjiyqae H3BecTHo [12], qTo RJIK (CHJIBHOH) M-BbinyKJiocra npocTpaHCTBa 
3b' (Q) HJIH g(Q) HeoöxoAHMo, qTOÖbi Hl (Q, C) == 0 (H1 (Q, C) = 
= C B cjiyqae i = 0) RJIH. Bcex i > d(i > d), rAe d-=dimcA/'. 3TOT 
cf)aKT HBJineTCH oöoömeHHeM H3BecraoH TeopeMbi Ceppa o TonojiorHH 
oöjiacTeö PyHre. 

C Apyrofl CTopoHbi, HMeioTcn pa3JiHqHbie AOCTaToqHbie ycjiOBHH 
M-BbinyKJiocTH npocTpaHCTBa 3)' (Q) [n Booöme TpHBHajibHOCTH MOAy-
jieö Ext1 (M, 3)f (Q))]: RJIK oöjiacTeft rojioMopcfmocra (MajibrpaHÄ 
[11], AOKJiaA^HK [12]), B TepMHHax BbinyKJibix noKpbiTHÖ Q, B Tep­
MHHax ^-BbinyKJiocTH (aHajior TeopeMbi KOHeqHOCTH AHAPCOTTH — 
TpayspTa H Ap. [12], [6]). 
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C. JI. C o 6 o JI e B 

TEOPHfl IIPHEJIH)KEHHfl HHTETPAJIOB 4>yHKUHfii 
MHOrHX nEPEMEHHblX 

HHTerpaji OT (^HKLCHH n nepeMeHHbix cp (x) no oójracTH Q 

\ %& (x) cp (x) dx 

npHÓjiHJKeHHO BbipascaeTCH B BHAe 

2 CÄcp (*<*>) =^^}Ckô (*-*<*>) cp (x) dx 

OuiHÖKa npnójiHxceHHH 

(l, q>) = l(%a(x)-^Ckö(x-xW)q>(x)dx 

HBJineTCH JIHHeÖHblM c})yHKUHOHaJIOM HaA COOTBeTCTByiOmHM JIHHeH-
HblM npOCTpaHCTBOM c})yHKII,HH (p. 
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n p n m > n/2 aBTop paccMaTpHBaeT cJtyHKUHOHajibi (/, cp) H3 L2
(m)*, 

onpeAejieHHbie HaA npocTpaHCTBOM L|m) c HopMoft 

?!!/.(-) = {\ 2 {D\fdxy\ 

HHBapnaHTHOH OTHOCHTeJIbHO opToroHajibHbix KoopAHHaTHbix npeoöpa-
30BaHHH. 

YcJiOBHe, ^TO / £ L2
( m )*, 03Ha*iaeT, B qacraocTH, 

(/, xa) = 0 npn ] a | < m. 

B AOKjiaAe paccMaTpHBaiOTCH cjjyHKUHOHajibi e y3JiaMH B TO*iKax 
pemeTKH T 

T = E{x:x = xM+hHy), 

rj\e H — MaTpnua c onpeAejiHTejieM, paBHbiM eAHHHixe, x — npoH3-
BOJIbHblH BeKTOp, y— npOH3BOJIbHbIH UeJIO*IHCJieHHbIH BeKTop, h — 
MajibiH napaMeTp. 
HccjieAyioTCH onTHMajibHbie c})opMyjibi, T. e. c})opMyjibi e HaHMeHbineö 
HOpMoö c})yHKUHOHajia norpeiHHOCTH. 

OcHOBHbie pe3yjibTaTbi cjieAyiomne: 

1. OUEHKA norPEUIHOCTH 

a) npH HHTerpnpoBaHHH dpyuKJxnü cp (x), nepnoAHqecKHx c MaT-
pHueö nepHOAOB co, KpaTHoß MaTpnue hH, rAe 

(ù = hHKi K = \ . . . | , kj~ uejibie qncjia, 

,0 0 kn 

onTHMajibHbiMH 6yAyT nocTOHHHbie K03(})c})HUHeHTbi C = hn. 
HopMa c})yHKHHOHajia norpeiHHOCTH B STOM cjiyqae HMeeT BHA 

! | / | | L ( m ) * = / Q ( A ) m ^ ( / / - i | 2 / n ) . (1) 

3Aecb 

G (ff"1! 2*0 = 2 7 ^ ' 

rjxe ry — paccTOHHHH OT Ha^ajia KoopAHHaT AO nepeMeHHOH TO*IKH 
peuieTKH Hy. 
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OyHKUHH 

£(ff-i 12m) 

Ha3HBaeTCH c})yHKUHeH PHMaHa AJIH peiueTKH H~x, B3aHMHofi c peuieT-
KOH H. 

6) JXjlft BCeX (})HHHTHbIX (|)yHKUHH Cp (x) C CJDHKCHpOBaHHbIM HOCH-
TejieM Q HMeeT MecTo HeyjiymnaeMan oueHKa 

| (/, q>) | < J /Q ( A ) ' " / £ ( / / - i | 2m) || cp !| L<m) + 0 (A"»i). (2) 

B) ,H,jm npoH3BOjibHOH oöjiacTH ß c AOCTaTOHHo rjiaAKOH rpaHHueö 
cnpaBeAJiHBa c})opMyjia 

i n f | | / | | L ( ^ = l A Q ( ^ - J / £ ( / / - * | 2 m ) + 0 (A™). (3) 

2. HAXOÄflEHHE OriTHMAJIbHblX K0300HUHEHTOB 

a) HaflAeH Kjiacc cfjopMyji, Ha3bmaeMbix c{)opMyjiaMH c peryjmpHbiM 
norpaHH^HbiM cjioeM, RJIH. KOTopbix 

|| / \\L<fl)* = V& ( ^ ) m VUH'x\2m) -0 (h™). 

O H H aHajiornqHbi (})0pMyjiaM TperopH, HBJIHK)UJ,HMC5I acHMnTOTHqecKH 
onTHMajibHbiMH B cjiyqae OAHOH He3aBHCHMOH nepeMeHHOH. 

B 3THX (})OpMyjiaX BCe KOSCĵ HUHeHTbl Ck, OTHOCHHJ,HeCH K TOHKaM, 
yAajieHHbiM OT rpaHHUbi ôojibine qeM Ha Lh, vue L — HeKOTopan 
nocTOHHHan, Ha3biBaeMan TOJIIUHHOH CJIOH, paBHbi h'\ a B ocTajibHbix 
ToqKax, npHHaAJiescaiUHx K «norpaHHraoMy CJIOIO», BbmncjiHiOTCH 
c noMombio onpeAejieHHoro aJiropHcf)Ma. H x BbmncjieHHe TpeöyeT 
Kh~m+l AeficTBHH, qTo Ha nopHAOK MeHbuie qncjia AGHCTBHH, HCOöXOAH-
Mbix Rjin noAc^eTa caMoro HHTerpajia no BHyTpeHHOCTH oöjiacTH. 

6) yKa3aH ajiropHcfm c KOHe*mbiM qncJioM AGHCTBHH, He3aBHCHin,HM 
OT h, RJin HaxojKACHHH K03(f)(f)Hij,HeHT0B peryjmpHoro norpaHHqHoro 
cjiOH B cjiyqae, KorAa Q ecTb MHororpaHHHK e rpaHHMH, paunoHajib-
HblMH OTHOCHTeJIbHO peUieTKH. 

HccjieAOBaHHe HaHjiyquinx peuieTOK npHBeAeno, TaKHM o6pa30M, 
K saAa^e TeopHH raceji: HccjieAOBaHHio MHHHMyMOB £-cf)yHKi],HH npn 
pa3JinqHbix m n n. 

AcHMnTOTHqeCKH AJIH ÔOJIbIHHX m 

r%e K nocTOHHHan H, cjieAOBaTejibHo, HaHJiyquiHMH 6yAyT peiueTKH, 
rAe H'1 — peineTKa HannjioTHeHineH ynaKOBKH. HHMMH cJiOBaMH, 
peiueTKa H öyAeT B3anMHoft c peineTKOH HannjioTHeHiueH ynaKOBKH. 

Bonpoc o BO3MO>KHOCTH nojiy*ieHH5i jiyquiHx c})opMyji npn xh, 
ne o6pa3yioiiJ,Hx peuieTKy, ocraeTCH oTKpbiTbiM. 
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3. CXOÄHMOCTb HA K/IACCAX >KEBPEfl BECKOHE^HO 
^HOOEPEHUHPyEMblX OYHKUHft ITPH IlEPEMEHHOft 

TOJIIIiHHE nOrPAHMMHOrO CJIOH 

<KAìaì\a\®-VAaì 

JXJin nepHOAH^ecKHX c})yHKUHH H3 KjiaccoB ^KeBpen & (A, ß ) ( ß > l ; 
A > 0), yAOBjieTBopniomHx cooTHOiueHHio 

Dacp 
a! 

npH J11060M a, jiana oueHKa norpeiHHOCTH t})opMyji c peryjmpHbiM 
norpaHH^HbiM cJioeM 

TojimHHa CJIOH nopHAKa L ^ f ^ ) • ^ b I BHAHM, *ITO Ha STHX KJiac-

cax cxoAHMOcTb 3HaqHTejibH0 jiyqme creneHHOH. 
MeTOA aBTopa npeACTaßjineT COöOH AH(}x})epeHUHajibHoe HccjieAO-

BaHHe (J3yHKUHOHajiOB H3 U2
,1L\ O H COCTOHT B npeACTaßjieHHH cJDyHKuno-

HajioB cyMMaMH cjiaraeMbix, HMeioiunx Majibie HOCHTejiH. 
FlycTb ly(y) TaKoö cf)yHKUHOHaji, HTO 

supp l^(y)czE(y:\y\< L), || ly (y) |] L(?n) < A. 

IlocJie H3MeH6HHH MacuiTaöa H nepeHoca Hanajia B TO*iKy hHy 
nojiyqHM cf)yHKUHOHaji 

c MajibiM HOCHTejieM. JXJIK Hero cnpaßeAJiHBbi oueHKH 

supp/v (-^- — Hyj czE(x\ \x — hHy \<Lh); 

L(m)* 

OueHKa noKa3biBaeT ôbicrpoe yóbraaHHe CKajinpHbix npoH3BeAeHHH 
Aßyx (J)yHKUHOHajiOB no Mepe yAajieHHH HX HocHTejieß Apyr OT Apyra. 
OTCioAa RJin Ka>KAoro c^yHKUHOHajra BHAa 

lo(x)= 2 ^ ( T - ^ O (4) 
hHyEQ 

nojiyqaeTCH oueHKa HopMbi 

| | / oW| | L (m)*<K/z m Kß, 

TAe K 3aBHCHT TOJIbKO OT L H A, Q — HOCHTejIb (f)yHKUHOHaJia /. 
HeB03M0ÄH0CTb yjiyquieHHH STOH OUCHKH noKa3aHa H. C. BaxBajiOBbiM. 

TaKoe me npeACTaßjieHHe B BHAe cyMMbi cf)yHKUHOHaJiOB c MajibiMH 
HocHTejiHMH AonycKaeT nepHOAH êcKHH (JDyHKUHOHaji 

l(x) = l ~^hnö(x-hHy), (5) 
Y 
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HeorpaHHqeHHbiH B L(
2

m), HO onpeAejiemibiH HaA ßceMH cJ)HHHTHbiMH 3Jie-
MeHTaMH L2

m>. J],OKa3biBaeTCH onTHMajibHOCTb 3Toro c})yHKUHOHajia 
AJiH Bcex cj)HHHTHbix c})yHKUHH. BbiqucjieHHe ero MHHHMyMa c noMou;bK) 
npeo6pa30ßaHHH Oypbe AaeT c})opMyjiy (1). 

OTbicKaHHe onTHMajibHbix KyôaTypHbix cJDopMyji paBHOCHJibHo OTH-
cKaHHK) npoeKUHH cJ)yHKUHOHajia % Q (x) Ha MHoroo6pa3He Bcex jiHHefi-
HblX KOMÖHHaUHH 

J\Cyl(x-hHy), 
o6pa3yioiUHX jiHHeHHoe noAnpocrpaHCTBO Jg cz H2

m\ ^oKasbmaeTcn 
SKHBaJieHTHOCTb ig H /(

2
m\ npOCTpaHCTBa K03(j)Cf)HUHeHT0B Cy. 

3jieMeHTbi ig c MajibiM HOCHTejieM aHajiornqubi AHcJ)(f)epeHUHajibHbiM 
onepaTopaM B qacTHbix npoii3BOAHbix nopHAKa m. JXnn HHX cnpa-
BeAJiHBbi npaßHjia cyMMHpoBaHHH no qacTHM, no3BOjmioiUHe npeoöpa-
30BbißaTb KyóaTypHbie OopMyjibi c pa3JiHqHbiMH AH4 )4 ) eP e H I*H a j I b H b I M H 

sjieMeHTaMH. 
OopMyjibi c peryjinpHbiM norpaHHqHbiM cjioeM CTPOHTCH KaK 4>op-

Myjibi, y KOTopbix Bee BHyTpeHHHe AHt^epeHUHajibHbie tJ)yHKUHOHaJibi, 
BxoAHiUHe B BbipajKeHHe (4), coBnaAaiOT c ToqHOCTbio AO CABHra. 

H3 OopMyjibi (5), nepenHcaHHOH B BHAe 

to(x)= 2 '.(-*—"v) + 2 l*(i-Hy)> (6) 
hHy£Q hlly^Q 

nojiyqHM npeACTaßjieHHe RJIK t})opMyji c peryjmpHbiM norpaHHqHbiM 
cjioeM 

l(x) = l0(x) — li(x), 

rAe li (x) — HeKOTopbiH cJ)yHKUHOHaji c peryjinpHbiM norpaHHqHbiM 
CJIOeM RJIK BHeiHHOCTH oöjiacTH Q. 

rioAcqeT KBaApaTa HopMbi / (x) B BHAe 

{l(x),l0(x)-li(x)}, (7) 

rAe { } — peajiH3auHH cKajinpHoro npoH3BeAeHHH B L 2
m \ MCTOAOM 

AH(}x})epeHUHaJIbHbIX c})yHKUHOHaJIOB C MaJIbIM HOCHTejieM npHBOAHT 
K (J)opMyjie (2). 

AcHMnTOTHqecKan onTHMajibHOCTb c})opMyji c peryjinpHbiM norpa­
HHqHbiM cjioeM ycTaHaBJiHßaeTCH cpaBHeHHeM norpeiHHOCTH «cf)opMyji 
c peryjiHpHbiM norpaHHqHbiM cjioeM» c norpeuiHOCTbio onTHMajibHbix 
(J)opMyji. JXJW 3Toro Hcnojib3yeTcn TeopeMa BaóyuiKH. 

ECJIH cj)opMyjia (4) onTHMajibHa npH 3aAaHHbix y3Jiax, TO SKcrpe-
MajibHan cf)yHKUHfl, Ha KOTopon c})yHKUHOHaji / (x) AOCTHraeT cßoero 
MaKCHMajibHoro 3HaqeHHH, HMeeT HyjiH BO Bcex y3Jiax peiueTKH. 

CKajiHpHoe npoH3ßeAeHHe cfjyHKUHOHajioß BHAa (6) nopo>KAaeT 
B npocTpaHCTBe Ck HeKOTOpyio KBaApaTHqHyio cf)opMy. B3aHMHan 
c Hen pa3H0CTHan tf)opMa no3BOJineT nocTpoHTb pa3HOCTHbifl onepaTOp 
nepexoAa OT 3HaqeHHH sKcrpeMajibHofi C^HKUHH yp (x^h)) KyóaTypHOH 
OopMyjibi B y3Jiax peiueTKH K K03c})c})HUHeHTaM Ck. 
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BMeere c TeopeMoô BaöyuiKH, npeAcraBJieHHOH (7), STO no3BOJineT 
npoBecTH oueHKH, AOKa3biBaioiUHe c})opMyjiy (3). 

n p n 3(})c})eKTHBH0M HaxoJKAeHHH KoscjxJwuHeHTOB norpaHHqHoro 
cjiOH A^IH MHororpaHHHKOB AOKa3bmaeTCH cHaqajia, qTo STH KO3(JK})H-

UHeHTbl OnpeAeJIHIOTCH TOJIbKO JIOKaJIbHblMH CBOHCTBaMH rpaHHUbl H, cjie-
AOBaTejibHo, coBnaAaiOT B ToqKax, oAHHaKOBO OTCTOHIUHX OT rpaHefl. 

OTbicKaHHe HX BejinqHH yAOÓHO npoH3BOAHTb npn noMoiUH npeoôpa-
30BaHHH Oypbe. 

A. H. T H X O H O B 

O METOAAX PELIIEHHfl HEKOPPEKTHO nOCTABJIEHHWX 3AflAH 

HeoAHOKpaTHO BbicKa3biBajiacb ToqKa 3peHHH, qTo KoppeKTHoeTb 
BbipascaeT (J)H3HqecKyio onpeAejieHHOCTb 3aAaqn H HBJIHCTCH npHH-
UHnnajibHbiM ycJiOBHeM KaK A-AH npHMeHHMOCTH 3aAaqn K HBJICHHHM 
npHpOAbi, TaK H AJifl BO3MOäHOCTH nojiyqeHHH npHÔJiHxceHHoro peme­
HHH. rioAOOHan ToqKa 3peHHH HajioscHjia coMHeHHe Ha uejiecoo6pa3-
HocTb H3yqeHHH peuieHHH HeKoppeKTHo nocTaBjieHHbix 3aAaq. 

OAHaKO MOJKHO npHBeCTH MHOrO KJiaCCOB HeKOppeKTHO nOCTaBJIßH-
Hbix 3aAaq, KaK BCTpeqaioiUHxcn npH H3yqeHHH HBJieHHH npnpoAbi, 
TaK H npeACTaBJiHKHUHX OCHOBHOH annapaT MaTeMaTHKH. CioAa OTHO-
CHTCH: 

1) onpeAejieHHe paBHOMepHoro npHÖjiHateHHH RJIX npoH3BOAHOH 
Z =z U' no npHÔJIHXCeHHHM AaHHblM B MeTpHKe C. 

2) OnpeAejieHHe cyMMbi pnAa Oypbe B 3aAaHHOH ToqKe no npnôjin-
xceHHbiM B l2 3HaqeHHHM K03(}x})HUHeHT0B Oypbe. 

3) PaBHOMepHbie npHÔjiHsceHHH pemeHHH HHTerpajibHbix ypaB­
HeHHH 1-ro poAa H MHorne 3aAaqn, K HHM npHBOAHiUHe (aHajiHTHqecKoe 
npoAOJDKeHHe, onepauHOHHoe HcqncjieHHe B AeocTBHTejibHoft oojiacra) 
npH B03MymeHHH BXOAHblX AaHHbix B MeTpHKe L2. 

4) JlHHeÖHbie 3aAaqn Ha cneKTpe npH oôbiqHbix AonojiHHTejibHbix 
ycjioBHHX, onpeAejiHioiuHx eAHHCTBeHHoe pemeHHe. (ELJIOXO oôycjiOB-
jieHHbie ajireöpanqecKHe cHcreMbi, TpeTbH TeopeMa OpeArojibMa.) 

5) K 3T0My Kpyry BonpocoB TaKme OTHOCHTCH HeycTonqHBbie 
3aAaqn onTHMH3auHH (HeycToflqHBbie 3aAaqn onTHMajibHoro ynpaBJie­
HHH, jiHHeÖHoro H AHnaMHqecKoro nporpaMMHpoBaHHn). 

TnnHqHbiM KJiaccoM HeKoppeKTHo noeraBjieHHbix 3aAaq, Bcrpe-
qaioiUHxcH npn H3yqeHHH HBJieHHH npnpoAbi, HBJIHIOTCH «oöpaTHbie 
3aAaqn». n p n H3yqeHHH oöteKTOB HJIH HBJieHHH npnpoAH z, HeAoeryn-
Hbix A-Tin HenocpeACTBeHHoro H3MepeHHH, MH qacTO nojib3yeMcn H3y-
HeHHeM HX (J)H3HqeCKH AeTepMHHHpOBaHHblX npOHBJieHHH u = Az 
(A — oôbiqHO BnojiHe HenpepbiBHbiô onepaTOp), TaK qTo onpeAejieHHe 
z cBH3aH0 c «oôparaoft 3aAaqeft» (HeKoppeKTHo nocTaBjieHHOH) onpe-
AejieHHH z no u n 3aAaHHOMy npHOjiHxœHHio. Bce B03pacTaioiuee 3Ha-
qeHHe HMeeT 3aAaqa H3BJieqeHHH Hanôojiee nojiHOH HHc})opMauHH 
H3 pe3yjibTaTOB SKcnepHMeHTOB c noMoiubio MaTeMaTHqecKHX MCTOAOB 
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(H aBT0MaTH3auHH ee pemeHHH) BMecTO Toro, HTOöH 3Ty HHc})opMauHio 
nojiyqaTb npH noMoiun ycJiOHŒeHHH sKcnepHMeHTajibHoft TexHHKH. 

B HacTOHiuee BpeMH onpeAejrajiocb ABa noAXOAa K pemeHHio HeKop­
peKTHo nocTaBjieHHbix 3aAaq. 

nepBbiH noAXOA cBH3aH c npeAnojioaœHHeM, qTo HMeeTCH Aonoji-
HHTejibHan HHc})opMauHH, orpaHHqHBaioiuaH Kjiacc BO3M05KHMX peme­
HHH Z (z £ Z) H no3BOJiHK)iuaH cAejiaTb 3aKjnoqeHHe o KOMnaKTHo-
CTH Z. 

B 3T0M cjiyqae pemeHHe oôpaTHOH 3aAaqn Az = u ycTOHHHBO. 
H3Jio»ceHHe STOTO noAXOAa K pemeHHio HeKoppeKTHo nocTaBjieHHbix 
3aAaq H cBOAKa pe3yjibTaTOB AaHa B MOHorpacJ)HH M. M. JlaBpeHTbeBa, 
TAG H3yqeH naKme Bonpoc, KorAa BxoAHbie AaHHbie 3aAaqn BHXOAHT 
H3 U = AZ. K 3T0My HanpaBJieHHK) npnnajiJiemm: noHHTHe «KBa3H-
pemeHHH», BBeAeHHoe B. H. HßaHOBbiM. npH TaKOM noAXOAe OCHOBHMM 
BonpocoM npH pemeHHH KOHKpeTHbix 3aAaq HBJIHCTCH ycTaHOBJieHHe 
AonojiHHTejibHbix orpaHHqeHHH Ha Kjiacc pemeHHH, AejiaioiUHH ero 
KOMnaKTHHM. 

BTOpoft noAXOA TpaKTyeT pemeHHe HeycTofiqHBbix 3aAaq. ripn STOM 

nepBbiM BonpocoM HBJineTCH onpeAejieHHe Toro, KaK MOJKHO noHHMaTb 
npHÔJiHîKeHHoe pemeHHe HeycTofiqHBOH 3aAaqn. npH 3aAaHHH npnôjiH-
meHHbix BXOAHbix AaHHbix Uà oôbiqHO 3aAaeTCH HX ToqHocTb, T. e. BejiH-
qHHa Ô B03MOJKHOTO yKJIOHCHHHHô OTTOqHblX 3HaqeHHH u : Pu (uô, u) < ô. 
B KaqecTBe npHÓjiHsceHHoro 3HaqeHHH z AJIH HeKoppeKTHo nocraB-
jieHHbix 3aAaq Hejib3H 6paTb ToqHoe pemeHHe 3aAaqn c BXOAHHMH 

AaHHbiMH u : z =z R (u). OAHaKo Hajinqne AonojiHHTejibHoro napaMeT-
pa ô no3BOJineT HCKaTb npnöjiroKeHHoe pemeHHe npn noMoiun napaMeTpH-
pHqecKHx onepaTopoB z = R (u, a), ecjiH 3HaqeHHe napaMeTpa a corjia-
coBaHo c TOHHOCTbio ô 3aAaHHH uô : a = a (ô). 

llapaMeTpHqecKHH onepaTop R (u, a) Ha3bmaeTCH peryjiHpH3Hpyio-
iUHM onepaTopoM %jin JR (U), ecjiH (1) R (u, a) onpeAejieH AJIH Bcex 
U £U, Tflß C7—KJiaCCB03MO>KHbIX npH6jIHHCeHHbIX3HaqeHHH u, H ecjiH 
(2) H3 cooTHomeHHH z = R (u) cjieAyeT cyiuecTBOBaHHe c})yHKUHH a (ô), 
TaKOH, qTo H3 pu (u6, u) < ô cjieAyeT, HTO pz (Z0, Z) < 8 (ô) (8 (ô) -> 0, 
ô~>0) , rAe z =:R(uô, a (à)). 

TaK, HanpHMep, npH BbiqncjieHHH npoH3BOAHOÖ oöbiqHoe pa3HOcr-
Hoe OTHomeHHe R (u, a) = 1 /a lu (x + a) — u (x) ] HBJIHCTCH pery-
jiHpH3HpyioLUHM onepaTopoM npn ô/a (ô) -> 0. TaKHM o6pa30M, Bbiôop 
B KaqecTBe npHÔjiroKeHHoro pemeHHH z0 npeAcraBJineT MCTOA onpeAe-
jieHHH ycTofiqHBoro npHÔjiHsceHHH K Z, XOTH 3aAaqa H HBJIHCTCH 

HeyCTOHqHBOH. 
PeryjinpH3HpyioiUHe onepaTopbi RJIH mnpoKoro Kpyra oóparabix 

3aAaq MoryT 6biTb nojiyqeHbi npn noMoiuH eraÖHjiH3auHH MHHHMyMa 
yKJIOHeHHH pu (Az, u). 
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riycTb Ha MHOJKecTBe Z npocTpaHCTBa BO3M05KHHX pemeHHH Z onpe-
AejieH (cTa6HjiH3HpyioiUHH) ĉ yHKUHOHaji Q lz], TaKOH, qTo MHOHCCCTBO 
Zc, onpeAejieHHoe ycJiOBHeM Q lz] < C ( z c z Z ) , KOMnaKTHo B Z. 
B 3T0M cjiyqae 3HaqeHHe peryjiHpH3Hpyioiuero onepaTopa za =^R (u, a) 
Mo>KeT 6biTb onpeAejieHo KaK sjieMeHT za, peajiH3HpyioiuHH MHHHMyM 
c})yHKUHOHajia 

Ma [z, A, u] = QU (Äz, uf + cxQ (z) (z£Z). 

IlycTb ypaBHeHHe Az = u HMeeT pemeHHe z £ Z, n nycTb npHOjiHxœHHbie 
3HaqeHHH u6 n A0 TaKOBbi, qTo p (uò, u) < ô, p (A6 z, Az) <: Y] ( ô ) X 
X / (Q (z)) (r\ (ô) ->- 0, ô -> 0) H / (Q) — B03pacTaioiuaH cf)yHKUHH. 
YcTaHaBJiHBaeTCH 3aBHCHMocTb a (ô) (a (ô) -> 0 npn ô ~> 0) H cyiueer-
BOBaHHe ô0 (e), TaKoro, HTO p (za<ô\ z) < 8 npn ô < ô0 (e). 

HeycToßqHßbie 3aAaqn onTHMH3auHH HaxoAHTcn B TCCHOH CBH3H 
C paccMOTpeHHbiMH Bbime 3aAaqaMH. üycTb 3aAaHa HenpepbiBHan cj)yHK-
UHH F (z), onpeAejieHHan B MeTpnqecKOM npocTpaHCTBe Z. flycTb cyiuecT-
ByeT eAHHCTBeHHbiH sjieMeHT z0, peajiH3yioiUHH MHHHMyM F (z) : 
F (z0) = F0. By^eM roßopHTb, qTo 3aAaqa onTHMH3auHH F (z) ycTofi-
qHßa, ecjiH H3 F(zn)—>F0 cjieAyeT p (zn, z 0 ) ->0, H HTO 3aAaqa 

n->oo 

onTHMH3auHH HeycToflqHßa (HJIH HeKoppeKTHo nocTaßjieHa), ecjiH nocjie-
AOBaTejibHocTb zn MoxceT pacxoAHTbCH. FlycTb Q [z] — c})yHKUHOHaji, 
yAOBJieTBOpHIOIUHH Ha3BaHHbIM Bbime yCJIOBHHM H ZQ 6 Z. 3aMeHHH 
4)yHKUHOHaji F (z) Ha 

Ma(z,FT1) = FT1(z) + aQ[z], | F(z)-F^ (z) | < r ) (Q (z) + C), 

MM nojiyqHM ycTOÖqHByio BapHauHOHHyio 3aAaqy, npn noMoiUH KOTO-
poö cTpoHTCH nocjieAOBaTejibHOCTH za(Ti>, TaKHe, qTo p (za(Ti), z) -> 0 
npH r] -> 0. 

MOJKHO yKa3aTb ecTecTBeHHbiö Kjiacc 3aAaq onTHMajibHoro ynpaB­
JieHHH, a TaoKe 3aAaq jiHHeÖHoro H AHHaMHqecKoro nporpaMMHpoßaHHH, 
HBJIHKHUHXCH HeyCTOftqHBblMH 3aAaHaMH, Â IH KOTOpblX npHBeACHHblH 
Bbime MeTOA no3BOJineT HaxoAHTb ycTOHHHBbie npHÖJiroKeHHH. 

npHßeAeHHbie Bbime MCTOAH jierKO peajiH3yioTCH Ha 3JieKTpoHHbix 
BbiHHCJiHTejibHbix MamHHax n npeACTaBJiniOT 3(})c})eKTHBHbiH MCTOA 
pemeHHH mnpoKoro Kjiacca 3aAaq. 

B. A. T o n o H o r o ß 

OAHA TEOPEMA 0 PHMAHOBblX nPOCTPAHCTBAX, 
COAEPÄALUHX ÜPflMblE JIHHHH 

PaccMaTpHBaeTCH nojiHoe n-MepHoe TpHxcAbi HenpepbiBHo AHcf)c})e-
peHunpyeMoe pHMaHOBO npocTpaHCTBO Rn, KpHBH3Ha KOToporo B Kaxc-
AOH TOHKe H B KâKAOM AßyMepHOM HanpaBjieHHH He OTpnuaTejibHa. 
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TIpHMOH jiHHHeH Mbi 6yAeM Ha3bmaTb reoAe3HqecKyio JIHHHIO, Kamjiun 
0Tpe30K KOTOpoH ecTb" KpaTqaftmaH. 

ÜOKa3bmaeTCH cjieAyioiuan TeopeMa: 
ECJIH B Rn cyiuecTByeT XOTH 6bi oAHa npHMan JIHHHH, TO TorAa Rn 

H30MeTpHqH0 npHMOMy MeTpnqecKOMy npoH3BeAeHHio npnMoft JIHHHH 
H HeKOToporo piiMaHOBa npocTpaHCTBa i ? n _ 1 . 

T. C. U e Ü T H H , H. A- 3 a c j i a B C K H f t , H. A. Ill a H H H 

OCOBEHHOCTH KOHCTPYKTHBHOrO MATEMATH H EC KOrO 
AHAJIH3A 

1. KOHCTpyKTHBHblH MaTeMaTHHeCKHH aHaJIH3 HBJIHCTCH OAHHM 
H3 pa3AejiOB KOHCTpyKTHBHOH MaTeMaTHKH (KOHCTpyKTHBHoro HanpaB­
jieHHH B MaTeMaTHKe). TOJIHKOM K B03HHKHOBeHHIO HAeft KOHCTpyKTHB­
HOH MaTeMaTHKH nOCJiyJKHJIO BbICKa3aHHOe HeKOTOpblMH MaTeMaTHKaMH 
coMHeHHe B npneMjieMocTH aöerpaKUHH aKTyajibHoß ÖecKOHeqHocTH 
B KaqeCTBe OCHOBbI CJDOpMHpOBaHHH MaTeMaTHHeCKHX nOHHTHH H TeopHH. 
OopMHpOBaHHK) KOHCTpyKTHBHOH MaTeMaTHKH B COBpeMeHHOM BHAe OIO-
coôcTBOBaJiH B nepByio oqepeAb cjieAyioiUHe oöcTOHTejibCTBa: a) 060-
raiueHHe MaTeMaTHKH HOBHMH tf)yHAaMeHTajibHbiMH noHHTHHMH — Toq-
HbiM noHHTHeM ajiropHTMa H cBH3aHHbiM c HHM TOHHbiM noHHTHeM nopo-
jKAaeMoro (nepequcJiHMoro) MHOxœcTBa, n 6) BbipaöoTKa ocoóoro 
noAXOAa K HCTOJiKOBaHHio cyjKAeHHH o KOHCTpyKTHBHbix oöteKTax. 

2. KoHCTpyKTHBHan MaTeMaTHKa CTpOHTCH Ha ocHOBe óojiee «OCTO-
pOÄHbix» HAeajiH3auHH, qeM KJiaccHqecKan. OHa xapaKTepH3yeTCH cjie-
AyiomHMH ocHOBHbiMH qepTaMH: a) B KaqecTBe Oô^CKTOB H3yqeHHH pac-
GMaTpHBaiOTCH jiHmb KOHCTpyKTHBHO onpeAejineMbie oô-beKTbi; B npH­
MeHeHHH K TaKHM oö'beKTaM AonycKaeTCH aöcTpaKUHH noTeHunajibHOH 
ocyiuecTBHMocTH, HO coBepmeHHo He AonycKaeTCH Hcnojib30BaHHe 
aöcTpaKUHH aKTyajibHOH 6ecKOHeqHocra; 6) MaTeMaTHqecKHe cyjKAe-
HHH nOHHMaiOTCH B KOHCTpyKTHBHOM CMblCJie — Ha 0CH0B6 npaBHJI 
KOHCTpyKTHBHOH pacmH(})pOBKH cyJKAeHHH (npaBHJI BblHBJieHHH KOH­
CTpyKTHBHOH 3aAaqn). 

HeKOTOpbie jiornqecKHe aKCHOMbi n npaBHjia BbiBOAa KJiaccnqecKOH 
jiorHKH (HanpHMep, 3aKOH HCKJiioqeHHoro TpeTbero, npaBHJio OTpnua-
HHH BCeOÖlUHOCTH H AP-) OKa3bIBaK)TCH HeCOBMeCTHMbIMH C KOHCTpyK-
THBHblM nOHHMaHHeM cy^KA^HKH. KoHCTpyKTHBHaH MaTeMaTHKa OCHO-
BbiBaeTCH Ha KOHCTpyKTHBHOH jiorHKe, cyiuecTBeHHo oTJiHqaioiueöcH 
OT KjiaccHqecKOH. 

B KOHCTpyKTHBHOH MaTeMaTHKe noHHTHe ajiropncjMa (BMecTe c noHH-
THeM nopOJKAaeMOrO MHOJKeCTBa) HBJIHeTCH OCHOBOH CJDOpMHpOBaHHH 
pa3BeTBJI6HHOH HepapXHH pa3H006pa3HbIX MaTeMaTHHeCKHX nOHHTHH, 
T. e. nrpaeT TaKyio me cf)yHAaMeHTajibHyio pojib, KaKyio B c})opMHpoBa-
HHH nOHHTHH KJiaCCHHeCKOH MaTCMaTHKH HrpaiOT nOHHTHH MHOXCeCTBa 
H Kjiacca. B qacTHocra, B KOHCTpyKTHBHOM MaTeMaTHqecKOM aHajiH3e 
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noHHTHe ajiropHTMa HBJIHCTCH OCHOBOH onpeAejieHHH pa3JinqHbix Bapn-
aHTOB nOHHTHH KOHCTpyKTHBHOTO BeiUeCTBeHHOTO HHCJia H nOHHTHH 
KOHCTpyKTHBHOH (J)yHKUHH BeiuecTBeHHOH nepeMeHHOH. 

Pa3BHTHe KOHCTpyKTHBHOH MaTeMaTHKH nOKa3bIBaeT, HTO, HeCMOTpH 
Ha ynoMHHyrae (B nyHKTe a) orpaHHqeHHH, Kacaioiunecn THna «o6i>eK-
TOB paCCMOTpeHHH», KOHCTpyKTHBHaH MaTeMaTHKa OÔJiaAaeT 3HaHHTeJIb-
HblMH B03MOJKHOCTHMH RJIH. OnHCaHHH AeÖCTBHTejIbHOCTH. Flo-BHAH-
MOMy, noTeHunajibHo STH BO3MO>KHOCTH He MeHbiue, qeM B KjiaccnqecKOH 
MaTeMaTHKe. 

3 . KoHCTpyKTHBHan MaTeMaTHKa B03HHKjia Ha TOH me KpHraqecKOH 
noHBe, qTo H HHTyHUHOHHCTCKan MaTeMaTHKa, OHa MHoroe 3aHMCTBO-
Bajia y HHTynuHOHHCTCKOH MaTeMaTHKH H HMeeT pHA OöIUHX qepT 
c nocjieAHefl. OAHaKo B uejioM KOHcrpyKTHBHan MaTeMaTHKa cymecTBeH-
HO oTjiHqaeTCH OT HHTynuHOHHCTCKOH (npeìKAe Beerò OTKa30M cqHTaTb 
coAepscaTejibHO ocMbicjieHHbiM noHHTHe CBOöOAHO cTaHOBHiueöcn nocjie-
AOBaTeJIbHOCTH H pOJIbK), OTBOAHMOH TOHHOMy nOHHTHK) aJiropHCJDMa). 

B KOHCTpyKTHBHOH MaTeMaTHKe HMeeTCH pHA mKOJI, MeîKAy KOTO-
pbiMH no HeKOTOpbiM BonpocaM ecTb pa3HorjiacHH (B qacTHOCTH, no BO-
npocy o KpHTepHHX npHMeHHMOCTH ajiropHTMa K HcxoAHOMy AaHHOMy). 
Hume peqb 6yAeT HATH jinmb o TOM Bapnamre KOHCTpyKTHBHOH MaTe­
MaTHKH (H B qacTHOCTH, jiHmb o TOM BapnaHTe KOHCTpyKTHBHoro 
MaTeMaTHqecKoro aHajiH3a), B KOTOPOM npHHHMaioTCH BbiABHHyraH 
A. A. MapKOBbiM «jiornqecKHH» KpHTepHH npHMeHHMoera ajiropHTMa 
K HCXOAHOMy AaHHOMy H BblTeKaiOIUHH H3 3T0T0 KpHTepHH npHHUHn 
KOHCTpyKTHBHoro noAÖopa. 

4 . KOHCTpyKTHBHaH MaTeMaTHKa (H B qacTHOCTH, KOHCTpyKTHBHHH 
MaTeMaTHqecKHH aHaJiH3) npeAHa3HaqaeTcn ee cTopoHHHKaMH npe^gje 
Beerò A^IH oöcjiyscHBaHHH Tex me npHJioxceHHH, Rjin KOTopbix Hcnojib-
3yeTCH KjiaccHqecKan MaTeMaTHKa. H o KOHcrpyKTHBHan MaTeMaTHKa 
onHCbiBaeT AeöcTBHTejibHOCTb Ha ocHOBe HHOH CHCTCMH HAeaJiH3auHH, 
HTO npHBOAHT K HHOH CHCTeMC nOHHTHH, B HeKOTOpblX OTHOmeHHHX 
CyiUeCTBeHHO OTJIHqaiOIUeHCH OT TpaAHUHOHHOH. OnbIT pa3BHTHH KOH­
CTpyKTHBHOH MaTeMaTHKH (H B qacTHOCTH, KOHCTpyKTHBHoro MaTe­
MaTHqecKoro aHajiH3a) noKa3aji, HTO Te nOHHTHH, oTAejibHbie TeopeMbi 
H uejibie pa3Aejibi KJiaccnqecKOH MaTeMaTHKH, KOTopbie njioAOTBopHO 
«paôoTaiOT» B npHjiOÄeHHHX MaTeMaTHKH, yAaeTCH nepeocMbicjiHBaTb 
B paMKaX KOHCTpyKTHBHOH MaTeMaTHKH. 

n p H TaKOM nepeocMbicjiHBaHHH BO MHOTHX cjiyqanx oÖHapyxtHBaeT-
CH HeKoppeKTHocTb nocTaHOBOK HeKOTOpbix BbiHHCJiHTejibHbix 3aAaq, 
«noACKa3HBaeMbix» TeopeMaMH KjiaccnqecKoo MaTeMaTHKH — OKa3H-
BaeTCH, HTO aJiropH(J)MH C TpeÖyeMHMH CBOÖCTBaMH HeB03MO»CHH. 

Booöiue npHHUHnHajibHbie Bonpocbi BbiqncjiHMocTH npeACTaBJiniOT 
C060H CneUHt})HqeCKyiO OÖJiaCTb B03MOJKHHX npHJIOXteHHH KOHCTpyK­
THBHOH MaTeMaTHKH (B qacTHOCTH, KOHCTpyKTHBHoro MaTeMaTHqecKoro 
aHajiH3a). B Tex cjiyqanx, KorAa npH paccMOTpeHHH STHX BonpocoB 
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BbiqHCJiHTejibHHMH npoueccaMH HHTepecyioTcn jiniub Ha ypOBHe noTeH-
UHajibHofl ocyiuecTBHMocTH, caMo cyiuecTBO AeJia TpeóyeT oópaiueHHH 
K nOHHTHHM KOHCTpyKTHBHoro aHaJIH3a, KOTOpHH AaeT B 3THX cjiyqanx 
061UHÖ H nocJieAOBaTejibHHH noAXOA-

3anpocbi TeopHH BbiqHCJIHTeJIbHHX MCTOAOB cnocoöcTByioT pacuiH-
peHHK) Kpyra MaTeMaTHKOB, HHTepecyioiuHxcH nocTaHOBKaMH 3aAaq 
H TOqKaMH 3peHHH, B03HHKaiOIUHMH B KOHCTpyKTHBHOM MaTeMaTHHe-
CKOM aHajiH3e. 

5. 3jieMeHTH KOHCTpyKTHBHoro noAXOAa BcrpeqaioTCH n B uare-
MaTHqecKHx paôoTax KjiaccnqecKoro HanpaBjieHHH. HeKOTopne aBTopbi 
TpaKTyiOT nOHHTHH KOHCTpyKTHBHOH MaTeMaTHKH C TOHKH 3peHHH 
KjiaccnqecKOH MaTeMaTHKH, BKJiioqan HX B paccMOTpeHHe Ha npaBax 
qacTHbix cjiyqaeB onpeAejieHHbix nOHHTHH KjiaccnqecKOH MaTeMaTHKH 
(noHHTHe ajiropHcf)Ma TpaKTyeTCH KaK qacTHbiö cjiyqaö nOHHTHH OTOÓpa-
mennn OAHOTO MHOJKecTBa B Apyroe, noHHTHe BbiqHCJiHMoro BeiuecTBeH-
Horo qncjia — KaK qacTHbiö cjiyqaft nOHHTHH BeiuecTBeHHoro qncjia 
H T . n . ) . 3jieMeHTH KOHCTpyKTHBHoro noAXOAa K noHHMaHHio cyjKAeHHH 
npOHBJiHioTCH, HanpHMep, B TOM, HTO npH AOKa3aTejibCTBax «TeopeM 
cym,ecTBOBaHHH» HHorAa AonojiHHTejibHo paccMaTpHBaeTCH Bonpoc 06 
«3(f)(f)eKTHBHOCTH» 3THX TeopeM. (BnpoqeM, H B 3THX CJiyqaHX KOHCTpyK-
THBHHH noAXOA He BcerAa npOBOAHTCH nocjieAOBaTejibHO, H nosTOMy 
<oc}K|)eKTHBH0CTb» TeopeMbi cyiuecTBOBaHHH eiue He 03HaqaeT AOKa3ye-
MOCTb COOTBeTCTByiOIUeH TeopeMbi B KOHCTpyKTHBHOH MaTeMaTHKe.) 
B TaKHX paÔOTaX nOHHTHH H npOÓJieMaTHKa KOHCTpyKTHBHOH MaTeMa­
THKH BHCTynaioT KaK AonojiHHTejibHHH HCToqHHK cBoeo6pa3Hoft npoójie-
MaTHKH B paMKax KJiaccHqecKOH MaTeMaTHKH. KOHCHHO, TaKHe paccMo-
TpeHHH BHXOAHT 3a paMKH KOHCTpyKTHBHOH MaTeMaTHKH. 

6. OAHO H3 HanpaBjieHHH pa3pa60TKH KOHCTpyKTHBHOH MaTeMaTHKH 
(H B qacTHOCTH, KOHCTpyKTHBHoro MaTeMaTHqecKoro aHajiH3a) — STO 
pa3pa6oTKa TeopHH, no BO3MO>KHOCTH aHajiorHqHbix TeopHHM, yme 
nOCTpoeHHHM B KJiaCCHHeCKOH MaTeMaTHKe. B OCHOBe TaKOH paÓOTH 
no KOHCTpyKTHBHOMy nepeOCMHCJIHBaHHK) KJiaCCHHeCKOH MaTeMaTHKH 
jiemaT noHCKH ecTecTBeHHbix KOHCTpyKTHBHbix aHajioroB noHHTHH, 
OTHomeHHH onepauHH H TeopeM KjiaccnqecKOH MaTeMaTHKH. B oöjiacTH 
MaTeMaTHqecKoro aHajiH3a HccjieAOBaHHH B ynoMHHyTOM HanpaBjieHHH 
npOBOAHJiHCb MHorHMH aBTOpaMH. B HacTOHiuee BpeMH yme B 3na-
HHTejIbHOH CTeneHH pa3pa60TaHH OCHOBH HeKOTOpblX TeopHH KOHCTpyK­
THBHOH MaTeMaTHKH, HMeiOIUHX CBOHMH OO^eKTaMH H3yqeHHH KOHCTpyK-
THBHbie aHajiorn Bamnenmnx noHHTHH KjiaccnqecKoro MaTeMaTHqecKoro 
aHajiH3a, B TOM qncjie noHHTHÖ: «BeiuecTBeHHoe (KOMnjieKCHoe) qncjio», 
«HHCJIOBOH KOHTHHyyM», «nOJIHHOM C BeiUeCTBeHHHMH (KOMnJieKCHHMH) 
K03(Jx})HUHeHTaMH», «c})yHKUHH BeiuecTBeHHOH nepeMeHHOH», «Henpe­
pbiBHan (paBHOMepHo HenpepbiBHan, AHcJx^epeHUHpyeMan, paBHOMepHO 
AHc})c})epeHUHpyeMaH, HHTerpHpyeMan no PnMaHy, orpaHHqeHHOH Bapna-
UHH, aócojnorao HenpepbiBHan) cf)yHKUHH BeiuecTBeHHOH nepeMeHHOH», 
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«MeTpHqecKoe (HOpMHpoBaHHoe, rHJiböepTOBo, jioKajibHo" BbinyKJioe 
TonojiornqecKoe) npocTpaHCTBO», «HenpepbiBHHH (jiHHeHHbiö) onepaTop 
H3 OAHoro npocTpaHCTBa B Apyroe», «H3MepHMoe no J leôery MHOxtecTBo», 
«HHTerpHpyeMan no J leôery (c 3aAaHHOH cTeneHbio) CJ^HKUHH» H AP-
HaqaTo H3yqeHHe KOHcrpyKTHBHbix aHajioroB noHnraö : «oöjiacTb >Kop-
AaHa», «AHc}x})epeHUHpyeMaH (HenpepbiBHO AHc})(})eHUHpyeMaH, paBHO-
MepHO HenpepbiBHO AHcfx^epeHUHpyeMan) c})yHKUHH n nepeMeHHbix», 
«aHajiHTHqecKan c})yHKUHH», «o6o6iueHHan c})yHKUHH». H a oqepeAH CTOHT 
Bonpoc o pa3pa6oTKe KOHCTpyKTHBHbix aHajioroB TeopHH npnöjiroKeH-
Horo npeACTaBJieHHH {^ynKujAU, TeopHH onepaTopoB H ypaBHeHHH 
B pa3JIHqHHX CJ)yHKUHOHaJIbHHX npOCTpaHCTBaX, OCHOB TeopHH BepoHT-
HOCTeH, OCHOB TOnOJIOrHH. 

7. 0 6 i u a n KapTHHa, BbipncoBbraaioiuaHCH npH aHajiH3e OCHOBHHX 
qepT KOHCTpyKTHBHOH MaTeMaTHKH H yme pa3pa6oTaHHbix qaereö 
KOHCTpyKTHBHoro MaTeMaTHqecKoro aHajiH3a no3BOjmeT OTMeTHTb pnA 
OCOÖeHHOCTeÖ KOHCTpyKTHBHoro aHajiH3a. 

a) XUH BBCAeHHH KOHKpeTHHX THnOB KOHCTpyKTHBHHX OÓteKTOB 
(T. e. KOHKpeTHHX noHHTHH) B KOHCTpyKTHBHOH MaTeMaTHKe ynoTpeô-
JiHiOTCH cjieAyioiUHe cpeACTBa: I) yKa3bmaeTCH OIHCOK HCXOAHHX oö^eK-
TOB H OIHCOK npaBHji nocTpoeHHH HOBbix oöteKTOB Ha ocHOBe yme 
nocTpoeHHbix, B pe3yjibTaTe qero BBOAHTCH B paccMOTpeHHe KOHcrpyK-
THBHbie oö'beKTH HeKOToporo «6a3HCHoro» THna; II) AonojiHHTejibHo 
momei 6biTb 3aAaHO HeKOTopoe ycjiOBHe c OAHHM napaMeTpoM (t})opMy-
jiHpyeMoe Ha KaKOM-jiHÔo npneMJieMOM B KOHCTpyKTHBHOH MaTeMaTHKe 
H3HKe), BHAejiHKHuee cpeAH «6a3HCHbix» oÓTbeKTOB o6i»eKTbi onpeAejine-
Moro THna. O ö H H H O BBeAeHHe noHHTHH AonojmneTCH BBeAeHHeM j\jin 
oöteKTOB paccMaTpHBaeMoro THna OTHomeHHH paßeHCTBa, 3aAaBae-
Moro nocpeACTBOM HeKOToporo AByxnapaMeTpnqecKoro ycjiOBHH. 

6) MHorne noHHTHH, BBOAHMHC B KOHCTpyKTHBHOH MaTeMaTHKe, 
«noxoxcH» Ha noHHTHH KJiaccnqecKOH MaTeMaTHKH, conocraBjinioTCH 
B npHJIO^eHHHX CTeMH JKepeaJIbHHMHCHTyaUHHMH, HTO H COOTBeTCTByiO-
iune noHHTHH KJiaccnqecKOH MaTeMaTHKH, H öojiee HJIH MeHee 6JIH3KH 
K nocjieAHHM no CBOHM cBOHCTBaM. OAHaKo 3TH noHHTHH HMeioT Apy-
ryio ocHOBy H B STOM CMbicJie npeACTaBjmiOT CO6OH npHHUHnnajibHO 
HOBbie noHHTHH. 3 T O npHBOAHT K TOMy, HTO HapHAy c aHajiorHefi B pHAe 
cjiyqaeB npOHBJinioTCH rjiyôoKHe OTJIHHHH STHX noHHTHH OT COOTBCT-
CTByiOIUHX nOHHTHH KJiaCCHHeCKOH MaTeMaTHKH, H K nOHBJieHHK) 
B KOHCTpyKTHBHOH MaTeMaTHKe TaKHX TeopeM OO 3THX nOHHTHHX, RJ191 
KOTopbix HeT aHajioroB B KJiaccnqecKOH MaTeMaTHKe. 

B) TepMHH «MHOHcecTBo» B KOHCTpyKTHBHOH MaTeMaTHKe 03HaqaeT 
TO me caMoe, qTo H «THn KOHCTpyKTHBHbix OóT^KTOB», T. e. MHOJKCCTBO 
noHHMaeTCH KaK cHCTeMa npaBHji nopomjienuH KOHCTpyKTHBHbix oóteK-
TOB, 6biTb Momei c npHcoeAHHeHHHM BHACJIHIOIUHM ycJiOBHeM. B npeAe-
JiaX KOHKpeTHOH TeopHH KOHCTpyKTHBHOH MaTeMaTHKH pa3Hoo6pa3He 
MHOHcecTB, no cyiuecTBy, onpeAejineTCH pa3HOo6pa3HeM ycjiOBHH, 
KOTopbie MoryT 6biTb ccJ)opMyjiHpoBaHH Ha H3HKe STOH TeopHH. B MeTa-
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TeopHH, (JDOpMHpyeMOH A-Hfl AaHHOH TeOpHH, H3HK 3T0H TeOpHH nOJiy-
qaeT ToqHoe onncaHHe, cfjopMyjrapoBKH ycjiOBHH (a TeM caMHM H 3aAa-
HHH MHOSœCTB) CTaHOBHTCH KOHCTpyKTHBHO onpeAejiHeMHMH o6-beKTa-
MH H noHHTHe MHowecmea, onpedeAUMoao e dannoü meopuu, craHOBHTCH 
KOHCTpyKTHBHHM nOHHTHeM. H e CyiUeCTByeT TOHHOrO nOHHTHH MHO-
HCeCTBa eAHHOTO RJin BCeB03MOJKHHX TeOpHH KOHCTpyKTHBHOH MaTe­
MaTHKH. 

r) Hcnojib3yeTCH KOHCTpyKTHBHoe noHHMaHHe JiornqecKHX CBH30K 
H HX KOMÖHHauHH. JXnn cyjKAeHHH (n ycjiOBHH), coAepacaiunx KBaHTop 
cyiuecTBOBaHHH (qacTO Ha3bmaeMHH B KOHCTpyKTHBHOH MaTeMaTHKe 
KeaumopoM nomenUfUaAbHou ocyu^ecmeuMocmu) HJIH AHSTJIOHKUHIO, STO 
noHHMaHHe npHBOAHT, Booôiue roBopn, K nocTaHOBKe onpeAejieHHOH 
KOHCTpyKTHBHOH 3aAaqn (3adanu, conpHJfceHHOü c daHHbiM cyotcdeuueM), 
pemeHHe KOTopofl HBJineTCH HeoöxoAHMHM sTanoM oöocHOBaHHH cyjKAe-
HHH. HaHÖojiee npKo cneuHc})HKa KOHCTpyKTHBHoro noHHMaHHH npoHB-
JIHeTCH npH HCTOJIKOBaHHH cymjiennn BHAa 

VX3YR(X,Y). (*) 

3Aecb X — nepeMeHHan RJIK OOTJCKTOB HeKOToporo THna P («P-oöteK-
TOB»), Y—nepeMeHHan AJIH o6i>eKTOB rana Q («Q-oö^eKTOB»). ECJIH 
P-oö-beKTH BBOAHJiHCb KaK «6a3HCHbie» oó-beKTH (6e3 AonojiHHTejibHoro 
BHAejiHioiuero ycjiOBHH), TO TaKoe cy^KAeHHe noHHMaeTCH KaK yTBepsc-
AeHHe 06 ocyiuecTBHMocTH ajiropHTMa, nepepaöaTbmaioiuero Ka^AHH 
P-OÖTaeKT B HeKOTOpblH Q-OÔ^beKT, CBH3aHHHH C AaHHHM P-OÖ'beKTOM 
oTHomeHHeM R. ECJIH me B onpeAejieHHH P-oôteKTOB yqacTByeT HeKo-
TOpoe BHAejiHioiuee ycjiOBHe, TO noHHMaHHe paccMaTpHBaeMoro cymne-
HHH 3aBHCHT OT TOTO, COnpHXCeHa JIH C 3THM BHAeJIHIOIUHM yCJIOBHeM 
KOHCTpyKTHBHan 3aAaqa. ECJIH C BHACJIHIOIUHM ycJiOBHeM He conpnjKeHa 
KOHCTpyKTHBHan 3aAaqa (B STOM cjiyqae noHHTHe P Ha3HBaeTCH nop-
MaAU30eCLHHblM), TO npHMeHHM TOT me CnOCOÓ HCTOJIKOBaHHH, HTO H npn 
OTcyTCTBHH BHAejiHioiuero ycjiOBHH. ECJIH me c BHACJIHIOIUHM ycjiOBHeM 
conpHHceHa KOHerpyKTHBHan 3aAaqa, TO HCTOJiKOBaHHe cyncAeHHH (*) 
npoH3BOAHTCH no ôojiee CJIOJKHHM npaBHjiaM — 0Ka3braaeTCH, HTO (*) 
03HaqaeT yTBepscAeHHe 06 ocyiuecTBHMocTH ajiropHTMa, nepepaöa-
THBaiOIUerO KaJKAHH P'-OÔ-beKT B HeKOTOpblH Q-o6l>eKT, CBH3aHHHH 
c «rjiaBHHM qjieHOM» AaHHoro P'-oô-beKTa OTHomeHHeM R. KaxcAbifl 
oôteKT THna P ' — STO napa , cocToniuan H3 HeKOToporo P-o6-beKTa 
H, Ha3bmaeMoro eAaenbiM HAenoM paccMaTpHBaeMoro P'-oô^eKTa, 
H HeKOToporo oô-beKTa, npeAcraBJinioiuero COôOH pemeHHe KOHCTpyK­
THBHOH 3aAaqn, conpHsœHHOH c yTBep^KAeHHeM «H ecTb oô-beKT THna 
P» (noHHTHe P ' Ha3bmaeTCH noAHoü HopMaAusatçueu nonnmun P). 

A) OcOÖeHHOCTH KOHCTpyKTHBHoro nOHHMaHHH CyîKAeHHH H ycjio-
BHH 0Ka3bmai0T rjiyöoKoe B03AencTBHe Ha npoueccn cfjopMHpoBaHHH 
KOHCTpyKTHBHbix aHajioroB noHHTHH, OTHomeHHH H onepauHH KJiaCCH-
qecKoro MaTeMaTHqecKoro aHajiH3a. JXBa cyjKAeHHH (ycjiOBHH), SKBH-
BajieHTHbie npn «KjiaccnqecKOM npoqTeHHH» (T. e. sKBHBajieHTHbie 
C TOHKH 3peHHH JIOrHHeCKHX CpeACTB KJiaCCHHeCKOH MaTeMaTHKH), 
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MoryT OKa3aTbCH HesKBHßajieHTHHMH npn «KOHCTpyKTHBHOM npoqTe-
HHH» (T. e. C TOHKH 3peHHH KOHCTpyKTHBHoro nOHHMaHHH). B pe3yjib-
TaTe 3Toro 

Ai) B HeKOTOpbix cjiyqanx OKa3bmaeTCH uejiecoo6pa3HHM BBeAe-
HHe HecKOJibKHx pasJiHHHbix KOHCTpyKTHBHbix aHajioroB AJifl OAHoro 
noHHTHH (oTHomeHHH, onepauHH) KJiaccnqecKOH MaTeMaTHKH (npaBAa, 
oöbiHHO 0Ka3bmaeTCH, HTO njiOAOTBopHOCTb pa3JiHqHbix aHajioroB 
HeoAHHaKOBa); HHorAa Hanóojiee njioAOTßopHbifi KOHCTpyKTHBHHH aHa-
jior paccMaTpHBaeMoro noHHTHH (oTHomeHHH, onepaunn) noACKa3bmaeT-
CH He 6yKBajibH0 TOH (J)opMyjiHpOBKOH onpeAejieHHH, KOTopan ynoTpe-
ÖHTejibHa B KJiaccnqecKOH MaTeMaTHKe, a HeKOTopoö ee pa3HOBHAHO-
cTbio, SKBHBajieHTHOH eö npH «KjiaccHqecKOM npoqTeHHH». 

CneUHCf)HKa KOHCTpyKTHBHOH MaTeMaTHKH npOHBJIHeTCH OCOÖeHHO 
cßoeo6pa3HO npn noncKax KOHCTpyKTHBHbix aHajioroB HeKOTOpbix one­
pauHH, (J)HrypHpyK)iUHX B KjiaccnqecKOM MaTeMaTHqecKOM aHajiH3e. 
B KJiaccnqecKOH MaTeMaTHKe qacTo ynoTpeßjineTCH cjieAyioiuHÖ npneM. 
ECJIH B HeKOTopoö TeopHH AJIH npeAHKaTa R nojiyqeHo yTBep>KAeHHe 
BHAa (*), TO BBOAHTCH B paccMOTpeHHe onepauHH CD, o KOTopoH npeA-
nojiaraeTCH, HTO OHa CTaBHT B cooTßeTCTBHe Ka^AOMy AonycTHMOMy 
3HaqeHHK) nepeMeHHOH X oß-beKT CD (X), HBJIHKHUHHCH AonycraMHM 
3HaqeHHeM nepeMeHHOH Y, H HTO 

VXR(X,<b(X)). 

BoJiee Toro, BßeAeHHan TaKiiM cnocoöoM onepauHH <& HHorAa «BHTec-
HneT» H3 TeopHH npeAHKaT R, Ha ocHOBe KOTOporo OHa öbijia BBeAeHa — 
npoHcxoAHT nepexoA OT npeAHKaTHoro BapnaHTa TeopHH K onepaTOp-
HOMy. TaKoö nepexoA, 6e3oroßopoqHo AonycKaeMbiö B KJiaccnqecKOH 
MaTeMaTHKe, B KOHCTpyKTHBHOH MaTeMaTHKe B03MO»ceH He BcerAa — 
3TO CBH3aHO C OTMeHeHHOH Bbime OCOÖeHHOCTbK) HeHOpMaJIH30BaHHHX 
noHHTHH H c orpaHHqeHHHMH, HaKJiaAHBaeMHMH oTHomeHHHMH paßeH-
cTBa, BBeAeHHHMH A-HH KOHCTpyKTHBHbix oo^eKTOB paccMaTpHBaeMbix 
THnOB (MOJKeT OKa3aTbCH, HTO cyiUeCTByeT ajirOpH(f)M, CTpOHIUHH 
no BCHKOMy P-oß-beKTy TpeöyeMHH Q-oö'beKT, HO HeB03Mo»CHa onepauHH 
e TaKHM me CBOHCTBOM: ajiropn^M Ha3bmaeTCH onepat^ueü jiHuib TorAa, 
KorAa OH corjiacoßaH c OTHomeHHHMH paßeHCTBa A-HH P-oö-beKTOB 
H Q-oö-beKTOß). B pe3yjibTaTe 3Toro 

A2) B HeKOTOpbix cjiyqanx B KaqecTBe KOHCTpyKTHBHoro aHajiora 
onepauHH <X>, BßeAeHHoft B KjiaccnqecKyio MaTeMaTHKy onncaHHHM 
Bbime cnocoöoM, paccMaTpHBaeTCH HJIH KOHCTpyKTHBHHH aHajior OTHO-
meHHH R, HJIH (ecJiH BO3MO>KHO) HeKOTopan ajiropH(f)MHqecKaH onepa­
uHH <£>', AJIH KOTOpOH HCXOAHHMH AaHHHMH HBJIHIOTCH He OÖteKTH 
THna P , a o6i>eKTH THna P' (CM. nyHKT «r»). 

e) B KOHCTpyKTHBHOM MaTeMaTHqecKOM aHajiH3e paccMaTpHBaeTCH 
HecKOJibKo KOHCTpyKTHBHbix aHajioroB noHHTHH BeiuecTBeHHoro HHCJia. 
Pa3JinqHH MejKAy HCKOTOPHMH H3 STHX aHajioroB HOCHT TexHHqecKHH 
xapaKTep, a Memjjy HeKOTopbiMH — ôojiee rjiyöoKHH xapaKTep (HanpH­
Mep, HeKOTopne H3 3THX aHajioroB npeACTaßjinioT COöOH nojiHbie HopMa-
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JIH3aUHH ApyrHX). B CBH3H C 3THM B03M05KHO HeCKOJIbKO pa3JIHqHHX 
KOHCTpyKTHBHbix aHajioroB noHHTHH (J)yHKUHH BeiuecTBeHHOH nepeMeH­
HOH, «noxojKHx» Ha noHnrae cf)yHKUHH, Hcnojib3yeMoe B KjiaccnqecKofl 
MaTeMaTHKe. OAHaKo KOHCTpyKTHBHbie noHHTHH 3Toro poAa HeAOCTaToq-
Hbl RJ1H. BBeAeHHH KOHCTpyKTHBHbix aHaJIOTOB pHAa Ba^CHHX (})yHKUHO-
HaJibHbix npocTpaHCTB, H3yqaeMbix B c})yHKUHOHajibHOM aHajiH3e. 
B CBH3H C 3THM B KOHCTpyKTHBHOM MaTeMaTHHeCKOM aHaJIH3e BBOAHTCH 
«annpoKCHMaTHBHO onpeAejieHHbie» KOHCTpyKTHBHbie ^yuKU^nn pa3Jinq-
HHX THnOB, npeACTaBJIHIOIUHe C060Ö KOHCTpyKTHBHbie OO^eKTH HHoro 
THna, qeM TOJibKo qTo ynoMHHyTbie «ToqeqHO onpeAejieHHbie» ^yuKu^nn. 

m) n p H noHCKe KOHCTpyKTHBHbix aHajioroB TeopeM KJiaccnqecKOH 
MaTeMaTHKH HeoÔXOAHMO HMeTb B BHAy ÖOJIblHOe pa3HOOÖpa3He B03-
MOJKHHX cHTyauHH. HHorAa OAHa JiHmb 3âMeHa B tjx)pMyjiHpOBKe pac­
cMaTpHBaeMOH TeopeMbi KJiaccnqecKOH MaTeMaTHKH BcrpeqaioiUHXCH 
nOHHTHH, OTHOmeHHH H OnepaUHH HX nOAXOAHIUHMH KOHCTpyKTHBHHMH 
aHajioraMH npHBOAHT K BepHOMy yTBepjKAeHHio KOHCTpyKTHBHOH 
MaTeMaTHKH; HHorAa HCOóXOAHM npeABapHTejibHbifl nepexoA K cj)opMy-
jinpoBKe, SKBHBajieHTHOH paccMaTpHBaeMOH TeopeMe npH «KJiaccnqe-
CKOM npoqTeHHH», HO He 3KBHBajieHTH0H efi npn «KOHCTpyKTHBHOM npoq-
TCHHH»; HHOTAa K HHTCpeCHOMy KOHCTpyKTHBHOMy aHaJIOTy npHBOAHT 
TaKan 3aMeHa noHHTHH (OTHOUICHHH, onepaunfi), npn KOTopoä B OAHHX 
MecTax TeKCTa HeKOTopoe noHHTHe (oTHomeHHe, onepaunn) 3aMe-
HneTCH OAHHM KOHCTpyKTHBHHM aHajioroM, a B ApyrHX MecTax — Apy-
THM. HHOTAa npHXOAHTCH AOBOJIbCTBOBaTbCH KOHCTpyKTHBHHM aHa-
jioroM, JiHmb «6JIH3KHM no cMbicjiy» K paccMaTpHBaeMOH TeopeMe. 

B Tex cjiyqanx, KorAa noHCKH «AOCTaTOHHO 6JIH3KHX» KOHCTpyKTHB­
Hbix aHajioroB He npHHOCHT ycnexa, npHXOAHTCH KOHCTaTHpoBaTb HajiH-
qne cymecTBeHHoro pacxomzennn Memjiy paccMaTpHBaeMHM cJ3parMeH-
TOM KOHCTpyKTHBHoro MaTeMaTHHeCKOrO aHajIH3a H COOTBeTCTByiOIUHM 
cf)parMeHTOM KJiaccnqecKoro aHajiH3a. B HacTOHUi.ee BpeMH H3BecTH0 
3HaqHTejibHoe HHCJIO pacxojKAeHHH TaKoro poAa. 

A. B. Ill HAJIOBCKHM 

TPAHCUEHAEHTHOCTb H AJITEEPAHHECKAfl HE3ABHCHM0CTb 
3HAHEHHÄ £-4>yHKUHH 

B 1929—1930 r r . K. 3nrej ib onyöjiHKOBaji MeTOA, KOTOpHH no3BQ-
jineT ycTaHaBjiHBaTb TpaHcueHAeHTHocTb H ajireopanqecKyio He3aBH-
cHMocTb 3HaqeHHH B ajireßpanqecKHx TOHKax OAHOTO Kjiacca c{)yHKUHH, 
Ha3BaHHHX HM Zi-cftyHKUHHMH, HBJIHIOIUHXCH pemCHHHMH JIHHeHHHX 
AH(f)(f)epeHUHaJIbHHX ypaBHeHHH C nOJIHHOMHaJIbHHMH K03(J3Cf)HUHeHTaMH. 
Zi-c^yHKUHH — STO uejibie C ^ H K U H H , HMeioiune ajireôpanqecKHe KOSC})-
c})HUHeHTbi pHAa Tefljiopa, yAOBjieTBopnioiUHe HeKOTopbiM apHcfweTH-
qecKHM cooTHomeHHHM. 3 T O T MeTOA HBJineTCH HenocpeACTBeHHHM 0606-
iueHHeM H3BecTHbix KjiaccnqecKHx pe3yjibTaTOB III.. 3pMHTa o TpaHc-
ueHAeHTHOCTH qncjia e n O . JlHHAeMaHa 0 TpaHcueHAeHTHOCTH H ajire-
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ôpanqecKOH He3aBHCHMocTH 3HaqeHHH noKa3aTejibHofi c})yHKUHH B ajire-
ôpanqecKHx TOHKax, a TaKxœ Hcnojib3yeT oooôiueHHe HAeS A. T y s 
H3 TeopHH npHÓJiHMeHHn ajireöpanqecKHx qnceji pauHOHajibHHMH 
APOÖHMH. 

CBOH MeTOA 3nrej ib npHMeHHji K (J)yHKUHHM 

^( Z ) = S n\(X+l)... (X + n) ( 1 ) "? ^¥—h - 2 , . . . , 
n=0 

HBjinioiUHxcn pemeHHHMH jiHHeâHoro AHc})(j)epeHUHajibHoro ypaBHeHHH 

2-ro nopnAKa H oTjinqaioiUHMCH TOJIBKO MHOflŒTejieM ., f ~ j 

OT cJ)yHKUHH Beccejin c cooTBeTCTByioiUHM HHAeKcoM Ä,. O H AOKa3aji, 
HTO ecJiH À — pauHOHajibHoe HHCJIO, OTjiHHHoe OT Hyjin H nojiOBHHbi 
HeqeTHoro qncjia, TO A-TIH Jnoôoro ajireöpanqecKoro 3HaqeHHn z=^= 0 
qncjia K% (z) n K% (z) ajireôpanqecKH He3aBHCHMH, a TaiöKe OöOöIUHJI 
STO npeAJiojKeHHe Ha cjiyqaô coBOKynHocTH 3HaqeHHH C ^ H K U H H c pa3-
jinqHHMH 3HaqeHHHMH napaMeTpa X u pa3jraqHHMH 3HaqeHHHMH 
apryMeHTa z. 

B 1949 r . K. 3nrej ib H3JIOJKHJI CBOH MeTOA B c})opMe oôiuefi TeopeMbi 
06 ajireôpanqecKOH He3aBHCHM0CTH 3HaqeHHH coBOKynHocTH E-$ynK-
UHH, cocTaBjinioiueH pemeHHe CHCTCMH jiHHeÖHbix OAHOPOAHHX AHcf)cf)e-
peHUHajibHbix ypaBHeHHH nepBoro nopnAKa. H3 STOH TeopeMbi jierKO 
cjieAyeT TeopeMa JlHHAeMaHa, a npn noMOiUH AonojiHHTejibHbix BOIO-
MoraTejibHbix npeAJioaceHHH H ynoMHHyTbie Bbiiue pe3yjibTaTH 3Hrejin. 
KaKHX-JiHÔo HOBbix pe3yjibTaTOB 3Ta paôoTa He coAepxcajia. S T O O6T>HC-
HneTcn TeM, HTO oöiuan TeopeMa CBOAHT apnc})MeTHqecKyio npoöjieMy 
AOKa3aTejibCTBa aJireopanqecKofl He3aBHCHMocTH 3HaqeHHH coBOKyn-
HOCTH £-(J)yHKUHH K npoBepKe HeKOToporo aHajiHTHqecKoro ycjiOBHn 
HopMaJibHOCTH pa3JiHqHbix npoH3BeAeHHH cTeneHeft STHX JS-t^yHKUHH, 
a nocjieAHnn BecbMa 3aTpyAHHTejibHa H AO CHX nop yAaeTcn TOJibKo 
AJIH f-C^yHKUHH, OCHOBHbie H3 KOTOpblX HBJIHÏOTCH pemeHHHMH JIHHefi-
HHX AH(J)(J)epeHUHajibHbix ypaBHeHHH nopnAKa He Bbime 2-ro. üosTOMy 
MeTOA 3nrej in n ero oöiuan TeopeMa, HecMOTpn Ha HX KajKyiuyiocn 
OÖlUHOCTb, HMeJIH MaJIO npHJIOSCeHHH K KOHKpeTHHM (f)yHKUHHM. 

B 1953 r . aBTop ycraHOBHJi TeopeMy, aHajiornqHyio TeopeMe 3Hrejin, 
HO npn MeHee cTecHHTejibHbix npeAnojioaœHHnx, n pacnpocrpaHHJi ee 
Ha cjiyqaö C ^ H K U H H , yAOBJieTBOpnioiuHX cncTeMe JIHH£HHHX HCOAHO-
pOAHbix AHc})(f)epeHUHajibHbix ypaBHeHHH. n p n noMoiUH STOH TeopeMbi 
yAaJiocb ycTaHOBHTb TpaHCueHAeHTHOCTb H ajireöpanqecKyio He3aBH-
CHMOCTb 3HaqeHHH HeKOTOpHX f-C^yHKUHH, HBJIHIOIUHXCn pemeHHHMH 
jiHHeHHbix AHc}x})epeHUHajibHHx ypaBHeHHH 3-ro n 4-ro nopHAKOB. 

06o6iuan MCTOA K. 3Hrejin, aBTop B 1954 r . Hameji HeoôxoAHMoe 
H AOCTaTOHHoe ycJiOBHe, npn KOTOpOM BepHa noAOÔHan TeopeMa. TaKHM 
ecTecTBeHHHM ycJioBHeM HBjineTcn ajireópanqecKan He3aBHCHM0CTb 
paccMaTpHBaeMOH coBOKynHocTH f-c^yHKUHH HaA nojieM pauHOHajibHbix 

c})yHKUHH. 
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H3 oöiueö TeopeMbi cpa3y cjieAyeT TpaHcueHAeHTHocrb 3HaqeHHÖ 
JIIOôOH TpaHcueHAeHTHOÖ E-apynmxun, HBJinioiueHCH pemeHHeM jiHHeö-
Horo AH(|)c})epeHUHajibHoro ypaBHeHHH nepBoro nopnAKa c nojiHHO-
MHaJIbHHMH K03(|)C|)HUHeHTaMH, B JIIOÖOH aJireÖpaHHeCKOÖ TOHKe, OTJIHH-
HOH OT Hyjin H ocoóbix ToqeK sToro ypaBHeHHH. B qacraocTH, STO AaeT 
TpaHCUeHAeHTHOCTb 3HaqeHHH (JtyHKUHÖ 

0 0 

<M2) = I1 (>,+i).z"(x+>.)' a , ^ - i . - 2 , . . . . 
n=0 

C paUHOHaJIbHHMH 3HaqeHHHMH X B JIIOÖOH aJireÖpaHHeCKOH TOHKe Z =7̂  0. 
n p n X =s 0 HMeeM cpo (z) = ßz- TeopeMa JlHHAeMaHa faKme cjienyeT 
H3 STOH TeopeMbi, H jierKo ycTaHaßjiHBaeTcn oöoöiueHHe TeopeMbi 
«JlHHAeMaHa Ha c/iyqaö npoH3BOJibHOÖ TpaHcueHAeHTHOÖ f-c^yHKUHH, 
yAOBJieTBOpmoiuefl jiHHeÖHOMy AHt})c})epeHUHajibHOMy ypaBHeHHio nep-
BOrO nOpHAKa C nOJIHHOMHaJIbHHMH KOS(jxf)HUHeHTaMH. ^[OKa3aTeJIbCTBO 
Bcex pe3yjibTaTOB 3Hrejin OTHOCHTeJIbHO ^yuKujnn KK (Z) npn noMoiuH 
STOH TeopeMbi TaK)Ke ynpoiuaeTcn. 

npHMeHeHHe oöiueö TeopeMbi K KOHKpeTHHM ß-c^yHKUHHM He npeA-
CTaßjineT BbimeynoMHHyTbix TpyAHoereö, cBH3aHHbix c TeopeM OH 
3Hrejin, TaK KaK ycTaHOBJieHHe ajireöpanqecKoö He3aBHCHMOCTH COBO-
KynHOCTH (J)yHKUHÖ BO MHornx cjiyqanx HBjineTcn He TaKOÖ CJIOXHOH 
3aAaqefl. Upn noMoiun ee MOJKHO ycTaHaßjiHBaTb TpaHcueuAeHTHOCTb 
H ajireöpanqecKyio He3aBHCHM0CTb 3HaqeHHÖ £-tf)yHKUHä, HBJinioiUHXcn 
pemeHHHMH jiHHeÖHbix AHcjxjrepeHUHajibHHx ypaBHeHHH JIIOôHX 
nopnAKOB* 

HanpHMep, ecjin nojioxcHTb 

Û) (z)=l + 2 snp. 5 = 0, 1, . . . , k; k>0; 
n=i 

1 /" y \ ^n 

71=0 

TO C})yHKUHH CùÂ (z) H l|)Ä (z) HBJIHÏOTCH pemeHHHMH JIHHeÖHHX AHt})Cj)e-
peHUHajibHbix ypaBHeHHH nopnAKa k. JlerKO AOKa3aTb, HTO npn JIIOöOM 
ajireöpanqecKOM 3HaqeHHH z =£ 0 -KaK qncjia co0 (z), Cû! (Z ) , . . . 
. . . ,(ok (z), TaK H qncjia I | > ä ( Z ) , I | 4 (z), . . ., % ( f t - 1 ) ( z ) ajireöpanqecKH 
He3aBHCHMH. 

B npHJiosceHHnx TeopHH TpacueHAeHTHbix qnceji öojibmoe 3HaqeHHe 
HMeiOT KOJIHqeCTBeHHbie XapaKTepHCTHKH TpaHCUeHAeHTHOCTH HJIH 
ajireopanqecKOH He3aBHCHM0CTH qnceji B BHAe HepaBCHCTB, oueHHBaio-
iUHx cHH3y TaK Ha3bmaeMyio Mepy TpaHcueHAeHTHOCTH HJIH Mepy B3aHM-
HOH TpaHcueHAeHTHOCTH qHceji. MeTOA 3Hrejin n ero oöoöiueHHe no3-
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BOJiHKxr nojiyqaTb noAOÖHbie oueHKH. TaK 3nrejib nojiyqnji oueHKy 
Mepn A^IH c})yHKUHH Beccejin J0 (z) n ee npOH3BOAHOÖ. Hcnojib3yn paöo-
Ty 3nrejin npH noMOiun oöiueö TeopeMbi aBTopa, HeTpyAHo nojiyqHTb 
oöiuyio TeopeMy oö oueHKe Mepbi B3aHMHOÖ TpaHcueHAeHTHOCTH jxjin 
JHOÖOÖ coBOKynHocTH f-c^yHKUHÖ, ajireöpanqecKH He3aBHCHMbix HaA 
nojieM pauHOHajibHbix cf)yHKUHä. TaKan oueHKa öbijia nojiyqeHa B 1962 r. 
C. JlsHroM. 

B 1955 r . aBTop nojiyqnji pnA TeopeM o TpaHcueHAeHTHOCTH H ajireö-
panqecKoö He3aBHCHMocTH 3HaqeHHÖ coBOKynHocTH E-c^yHKUHÖ npH 
HajiHHHH MescAy HHMH OAHoro ajireöpanqecKoro ypaBHeHHH B nojie 
pauHOHajibHbix c})yHKUHÖ, a B 1956 r .— oôiune TeopeMbi o TpaHcueH­
AeHTHOCTH H ajireöpanqecKoö He3aBHCHMocTH 3HaqeHHÖ B ajireöpanqe-
CKHX TOqKaX y COBOKynHOCTH jE-CJDyHKUHÖ npH HaJIHHHH MexcAy HHMH 
Jiioöoro qncjia ajireöpanqecKHx ypaBHeHHÖ B nojie pauHOHajibHbix 
c})yHKUHÖ (noApoÖHbie AOKa3aTejibCTBa onyöjiHKOBaHH B 1962 r . ) . 
B qacTHOCTH, oKa3aJiocb, HTO TpaHcueHAeHTHan E-$yuKj\n%, yAOBjieT-
Bopnioiuan JiHHeÖHOMy AHt}x|)epeHUHajibHOMy ypaBHeHHio c nojiHHO-
MHaJibHHMH KOSc})(|)HUHeHTaMH, npHHHMaeT TpaHcueHAeHTHoe 3HaqeHHe 
B JIIOöOH ajireöpanqecKoö ToqKe, 3a HCKJiioqeHHeM KOHeqHoro qncjia 
TaKHx ToqeK. HcKJiioqHTejibHbie ajireöpanqecKHe TOHKH, B KOTopbix 
He HMeeT Meero TpaHcueHAeHTHOCTb 3HaqeHHÖ, onpeAejiniOTcn H3 ajireö-
panqecKHX AHcf)(J)epeHUHajibHbix ypaBHeHHH, KOTOpHM yAOBJieTBOpneT 
3Ta (})yHKUHn. 

n p H nO l̂OLUH STHX OÖIUHX TeopeM MOJKHO yCTaHaBJIHBaTb TpaHCUeH-
AeHTHOCTb H ajireöpanqecKyio He3aBHCHMocTb 3HaqeHHÖ B ajireöpanqe-
CKHX TOqKaX y KOHKpeTHHX tJtyHKUHÖ, HBJIHIOIUHXCn pemeHHHMH JIHHeÖ­
HHX AH(}x|)epeHUHajibHbix ypaBHeHHÖ JIIOöHX nopnAKOB n cBH3aHHbix 
jiioöbiM HHCJioM ajireöpanqecKHX ypaBHeHHÖ B nojie pauHOHajibHbix 
(})yHKUHÖ. HeCKOJIbKO TaKHX npHJIOSCeHHÖ K KOHKpeTHHM tJ)yHKUHHM 
onyöjiHKOBaHO aBTopoM. 

yKa3aHHbie oöiune TeopeMbi CBOAHT npoôjieMbi oTcyTCTBHn HJIH HajiH-
qnn ajireöpanqecKHX cBH3eö MeacAy paccMaTpHBaeMHMH 3HaqeHHHMH 
c})yHKUHÖ K OTcyTCTBHio HJIH HajiKHHio ajireöpanqecKHx cBH3eö Memjxy 
COOTBeTCTByiOmHMH Ĝ yHKUHHMH B nOJie paUHOHaJIbHHX (})yHKUHÖ. 
nosTOMy Bamnon 3aAaqeö HBjineTcn pa3paöoTKa MCTOAOB, no3BOJinio-
iUHX ycTaHOBHTb ajireöpanqecKyio He3aBHCHMOCTb 3aAaHHbix äpyniuiuu 
HJIH OTbicKaTb Bee ajireöpanqecKHe ypaBHeHHH, cBH3HBaioiUHe HX B nojie 
pauHOHajibHbix tf)yHKUHÖ. Oöiuero MeTOAa, no3BOJinioiuero pemaTb STH 
npoôjieMbi AJiH JIIOöHX uejibix ^yuKJinn, yAOBJieTBopnioiuHX jiHHeÖHHM 
AH(})(})epeHUHajibHHM ypaBHeHHHM,.noKa He HMeeTcn. B pnAe paöoT aBTO-
pa oöoöiuaiOTcn panee H3BecTHbie q a c r a n e MCTOAH, npHMeHHMbie 
K HeKOTOpbIM KJiacCaM (f)yHKUHÖ, yAOBJieTBOpHIOIUHX JiHHeÖHHM AHcf)-
(J)epeHUHajibHHM ypaBHeHHHM JIIOöHX nopnAKOB. B nocJieAHee BpeMn 
B . A. OjieÖHHKOB pa3paöoTaji MCTOA, KOTOpbiö no3BOjineT pemaTb 
yKa3aHHyio 3aAaqy AJIH pemeHHÖ jiHHeÖHbix AHc})c})epeHUHajibHHx ypaB­
HeHHÖ 3-ro nopnAKa, H npHMeHHji ero K AOKa3aTejibCTBy ajireöpanqe-

CKOÖ He3aBHCHMOCTH 3HaqeHHÖ HeKOTOpHX KOHKpeTHHX (})yHKUHÖ. 
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A. n. K) LU K e B H H 

HCCJIEflOBAHHfl IIO HCTOPHH MATEMATHKH B CTPAHAX 
BOCTOKA B CPEAHHE BEKA: HTOrH H lïEPCIIEKTHBbl 

PaÖOTH no HCTOpHH MaTeMaTHKH B cTpaHax BocTOKa B cpeAHHe 
seKa, BbinojiHeHHbie 3a nocjieAHHe AecHTHjieTHH, 3HaqHTejibHO oôora-
THjiH HaïuH 3HaHHn B STOÖ oöjiacTH. MHorne pyKonHCH ôHJIH BnepBbie 
onyójiHKOBaHH Ha H3HKe opnrHHajia HJIH B nepeBOAe Ha eßponeöcKHe 
H3HKH, • Apyrne noApoÖHo H3JioHceHH, TpeTbH noAßeprHyTH HOBOMy 
aHajiH3y. 3 T O OTHOCHTCH K TpyAaM yqeHbix cpeAHeBeKOBoro KHTan, 
HHAHH H ocoöeHHO CTpaH apaöon3biqHOÖ KyjibTypn (cTpaH HcjiaMa). 
TaK ö H J I HeAaBHo oOHapyaœH uejibiö pnA KpynHbix AOCTHXCCHHO 
B TeopeTHqecKOÖ apnc})MeTHKe (yqeHHe oö oTHomeHHnx H qHCJie),-ajireó-
pe, TpnroHOMeTpHH, reoMeTpHH (Teopnn napajuiejibHbix), B npneMax 
npHÖJIHHCeHHHX BbiqHCJieHHH H HH(J)HHHTe3HMajIbHOä MaTeMaTHKe 
(HHTerpauHH, pasjioaœHHH B creneHHbie P H A H ) . 

B pe3yjibTaTe öbijia cyiuecTBeHHo yTOHHeHa nocjieAOBaTejibHocTb 
B pa3BHTHH OTAejibHbix HanpaßjieHHÖ H npoöjieM MaTeMaTHKH, BbinBjie-
HH HeCOMHeHHbie HJIH BepOHTHbie B3aHMOAeÖCTBHH Me»CAy pa3JIHqHHMH 
CTpaHaMH A3HH H Acf)pHKH, oÖHapyjKeHH HOBbie CBH3H nporpecca MaTe­
MaTHKH c 3anpocaMH MaTeMaTHqecKoro ecTecTB03HaHHn, npexcAe Beerò 
acTpOHOMHH. Bce STO He TOJibKo BHecjio Ba5KHbie nonpaBKH B npemune 
oueHKH ypoBHn BOCTOHHOö cpeAHeßeKOBoä MaTeMaTHKH, HO H BnepBbie 
no3BOJiHjio paccMOTpeTb Becb cpeAHeBeKOBbiö nepnoA ee pa3BHTHn KaK 
HacToniuee eAHHoe uejioe, a He KaK nepHOA öojiee HJIH MeHee cxoAHoro, 
HO, no cymecTßy, He3aBHCHMoro H jiHirib napajiJiejibHoro pa3BHTHn 
3aMKHyTHX MaTeMaTHHeCKHX KyJIbTyp. 3AGCb B03HHKaeT HeCKOJIbKO 
npoöjieM: AocraTOHHO TOHHOTO BbiAejieHHn OôIUHX xapaKTepHCTHK 3Toro 
nepHOAa, a HapnAy c STHM — OCOöHX xapaKTepncTHK HayKH pa3JiHqHbix 
CTpaH B pa3JiHqHbie BpeMeHa; yTOHHeHHH pojiH aHTKHHOO HayKH H cra-
pHHHHX perHOHaJIbHHX TpaAHUHÖ B (J)OpMHpOBaHHH MaTeMaTHKH AaH-
Horo nepHOAa; BbincHeHHe B3aHMooTHomeHHÖ c HayKoö BH3aHTHH; 
pacKpbiTHH npHHHH noA^eMa H, B KOHue cpeAHeBeKOBbn, ynaAKa 
MaTeMaTHHeCKHX HayK B CTpaHax BocTOKa. HayqHoe pemeHHe STHX 
npoöjieM B03MOHCHO c xopouiHM npHÖjiHHceHHeM yme npn HbmemHeM 
COCTOHHHH HCTOpHHeCKHX 3HaHHH. CyiUeCTByiOT HeKOTOpbie rHnOTe3H 
no STHM npoöjieMaM. HecoMHeHHo, HTO npaBHjibHbiö oTßeT He MosceT 
ÖHTb nojiyqeH B npeAejiax H3yqeHHn TOJibKo caMoö HCTOpHH MaTe­
MaTHKH: A«™ 3Toro HeoöxoAHMo npHBJieqb AaHHbie counajibHOÖ H nojiH-
THqeCKOH HCTOpHH, HCTOpHH KyjibTypn B uejioM. 

Pa3BHTHe MaTeMaTHKH B Eßpone nocjie ynaAKa PnMa HBjineTcn KOM-
noHeHTOö ee oöiuero nporpecca B cpeAHHe BeKa. MaTeMaTHKa B Eßpone 
SToro nepHOAa c caMoro Haqajia oöjiaAaJia cneuHc})HqecKHMH qepTaMH, 
CBH3aHHHMH C COXpaHHBmHMHCH 3AeCb TpaAHUHHMH, npHOÖpejia HOBbie 
OCOÖeHHOCTH B XOAe yCBOeHHH H nepepaÖOTKH BOCTOHHOrO H aHTHHHOrO 
HacjieAHH B couHajibHOÖ H KyjibTypHOÖ cpeAe, cyiuecTBeHHO OTJIHHHOö 
OT BOCTOHHOÖ. OrpoMHoe 3HaqeHHe ynoMHHyToro HacjieAHH oôiue-
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H3BecTH0, HO ero AeöcTßHTejibHbiö oö'beM H3yqeH Bee eiue HeAocra-
TOHHO. 

npHBJieqeHHe HOBHX pyKonncHbix MaTepnajiOB öyAeT npoAOJDKaTbcn 
H AaJiee; KaK noKa3bmaeT npaKTHKa, STO HeoöxoAHMan npeAnocnjiKa 
öojiee nojiHoro pacKpHTHH cyiUHOCTH HCTopnqecKoro npouecca H ero 
oo^eKTHBHoro oo^HCHeHKH. HeoöxoAHMO — H STO onHTb-TaKH noKa-
3bmaeT Ham OöIUHö onbiT — uiHpe npHBJieqb nepBOHCTOHHHKH no MaTe-
MaraqecKOMy ecTecTB03HaHHio — acTpoHOMHH, MexaHHKe, onTHKe, Teo­
pHH My3HKH, a TaoKe cf)Hjioccx})CKHe H cneunajibHO HaTypc})Hjioco4)CKHe 
coHHHeHHH, coAepxtaiUHe ueHHbie CBCACHKH no MaTeMaTHKe. OAHaKO 
paöoTa B STOM HanpaBjieHHH conpnsceHa c öojibmHMH TpyAHOcTHMH. 
Bojibiuyio noMOiub B STOM A^Jie OKamei cocTaBjieHHe CBOAHHX öHöJIHO-
rpacJ)HqecKHX KaTajioroB, c OAHOö CTopoHbi, H noAroTOßjieHHoro KOMne-
TeHTHHMH cneuHajiHCTaMH cnncKa coHHHeHHÖ, B nepByio oqepeAt» 
noAJiexcaiUHX H3yqeHHio n nepeBOAy,— c Apyroö. 
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