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C 1 - TOPOLOGIE GENERALE ET ALGÉBRIQUE 

K-THEORY, SIMPLICIAL COMPLEXES 

AND CATEGORIES 

by D .W. ANDERSON 

Recently, there has been quite a bit of activity centered around the problem 
of directly constructing spaces which are infinite loop spaces. Boardman and 
Vogt [2] constructed the classifying space BF for sphere fibrations, as well as 
other classifying spaces, in such a way that they were naturally infinite spaces. 
More recently, Barratt [1] and Quillen independently have shown how to cons­
truct QTZ^X, for any simplicial set X. Finally, G. Segal [3] has shown how to 
fit the Barratt-Quillen construction into the framework of a category-theoretic 
construction which is motivated by standard AT-theoretic constructions. Segal 
obtains also the Boardman-Vogt results in a particularly simple fashion, and 
obtains some new results. 

Our approach to the problem can be described as follows. We construct func­
tors of the form $ : $ . $ . - + 8 . $ . where S . S . is the category of simpli­
cial sets (c.s.s. sets). These functors have the property that X t+ it ®(X) is a ho­
mology theory. Furthermore, the simplicial sets &(X) are automatically infinite 
loop spaces, as $(X) = ß $ ( 2 J f ) . This is a major advantage over taking functors 
which define cohomology theories, where the relationship between £2 and S is 
reversed. 

The functors <ï> which we construct will give rise to most of the well known 
homology theories, except for bordism theory. As mentioned before, stable 
homotopy theory is of this form. Also, the homology theories associated to 
connective /IT-theory for real, complex, and PL bundles, as well as for sphere 
fibrations is of this form. Ordinary homology theory arises from a particularly 
degnerate type of functor. Other types of homology theories can also be cons­
tructed using functors arising from algebraic geometry. These may prove to 
be quite interesting, especially as some of them are closely related to the theories 
which arise out of Quillen's work on the Adams conjecture on the order of the 
image of the /-homomorphism. 

Our method for producing the functors *$ breaks into steps as follows. First, 
we begin with a suitable simplicial category <B, which has a monoid structure of 
a suitable sort. Next, we define, for a simplicial set X, a new simplicial category 
S(Z) , which also has a suitable monoid structure. Next, we apply the "morphism 
complex" functor M and obtain a simplicial monoid M(&(X)). Finally, we let 
$CY) be the group completion of M(Q(X)). 

To obtain various homology theories, we choose the categories <B as follows. 
For stable homotopy, 6 is the category with one object [n] for each positive 
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integer n, with Hom([n], [k]) = 0 if n =£ k, and Hom([w], [«]) the symmetric 
group 2„ on n letters. 

If we replace 2W by the signed permutations (the wreath product Sn /(Z/2)), 
we obtain the homology theory "stable homotopy with RP°° coefficients", where 
RP°° is the infinite dimensional real projective space. 

If we replace 2 n by the unimodular group of n x n matrices, we obtain a 
homology theory, which might be called the Whitehead homology theory for 
Z, as the Odimensional group of a point is the group K0(Z[Z]). 

If we replace 2„ by the singular complex of the general linear group GL(n, (X) 
for a Banach algebra (X we obtain the homology ka*(X), the connective AT-theory 
whose Spanier dual cohomology theory is the connective ^-theory obtained from 
Ä-bundles with finitely generated projective fibers. Other forms of Af-theory 
are defined analogously. 

Finally, if we replace 2„ by the group with one element, we obtain ordinary 
integral homology. 

1. Simplicial Categories. 

The category A of ordered simplicies has as its objects the sets « = { 0 , 1 , . . . , « } 
for n > 0, and as its morphisms the order preserving set maps. If 6 is any category, 
a simplicial G-object is a contravariant functor A -> ß . For example, a simplicial 
category is a contravariant functor A -> 6 (St 3 = the category of small categories 
and functors. 

As an elementary example of a simplicial category, every simplicial monoid 
and every simplicial group may be considered as a simplicial category. 

Notice that if X is a simplicial set and ß is a category, one can easily define a 
simplicial category X x <B, by letting the set of morphisms be given by 

Mor((* x e) («)) = X(n) x e, 

and letting (xl, ax) (x2 , a2) be defined and equal to (xt , a1 , a2) if and only 
if Xi = x2 , and « ^ 2 is defined. Similarly one can define the product 6 a x 62 
of two simplicial categories Ql and 6 2 . The product above is a special case of 
this product if we consider X to be a simplicial category in which all morphisms 
are identity maps, and 6 to be the same in each degree. 

The «-simplex A(w) is defined by A(n) (k) = HomA(^, n). 

Remark. — Notice that if M is a simplicial monoid, A(l) x M is a simplicial cate­
gory. A map of simplicial sets A(l)xM->-JV into a simplicial monoid N is 
what is called a loop homotopy if and only if it is a simplicial functor. Most 
ideas involving simplicial monoids can be organized to fit into the framework 
of simplicial categories in a reasonable way. 

The W construction for simplicial monoids can be extended to simplicial cate­
gories. There are two forms of the W construction, one homogeneous and one 
inhomogeneous. (The homogeneous form is a fibering over the inhomogeneous 
form with contractible fiber for a simplicial group). In most accounts, W is used 
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for the inhomogeneous construction, so we shall use M to denote the homogeneous 
form of this construction. 

An elegant description of M(&) for a simplicial category Q can be given as 
follows. Regard n as the category with objects 0 , . 1 , . . . , n> and a morphism 
/ ->/" if and only if i < /. Then A is the category of functors between the «'s, 
Define a bisimplicial set (a A x A-set)M(e) by M[ß) (/,/) = S.F. [A(0 x_£,ß] , 
where S.F. is the set of simplicial functors. 

From the bisimplicial set M(6), we can extract a simplicial set, which we also 
write as M(3), by taking the diagonal A -* A x A. 

Remark. — There are two obvious ways to obtain a simplicial set from a bisimpli­
cial set (as well as some less obvious ways). One is to take the diagonal as we 
have done here. The second is condensation, where one takes the disjoint union 
of simplicial set A(/) x A(/), one for each bisimplex of bidegree ( / , / ) , and 
make identifications by means of the horizontal and vertical face and degeneracy 
operators. It is an elementary, though tedious, matter to verify that the two 
resulting simplicial sets are the same. 

Notice that M(ß) ( - , 0) is the set of objects of 6 , and M(e) ( - , 1) is the set 
of morphisms of e . If n > 1, M(Q) ( - , n) is the set of strings of morphisms 
(a, , . . . ,an) so that each otiOLi+1 is defined. Notice that if ot{Oii+1 is defined, 
both at and <xi+l have the same degree. 

If S and d> are two simplicial categories, and 3>0 , $i : 6 -* CD are two sim­
plicial functors, a simplicial natural transformation from $ 0 to $! is a simplicial 
functor $ : ô x J_-+0), such that (1 x df) (4>) = 4>, for / = 0 , 1. Since M 
carries products of simplicial categories into products of simplicial sets, and 
since M(\) = A(l), M(&) defines a homotopy from M(<b0) to M($i). Not 
all such homotopies are of the form M(<b) - for example, every homotopy of 
functors gives rise to a homotopy on M. Homotopies on the M's give the defi­
nition for natural transformation of simplicial functors, which generalizes the 
notion of simplicial natural transformation. We shall hot study this more general 
concept here. 

2. Multiplications on Categories. 

If e is a category, a multiplication on 6 is a functor // : S x S - ^ G . We shall 
only consider associative multiplications unless we specifically say otherwise. If 
ß is a simplicial category, we assume that p is a simplicial functor. 

Notice that M(ß) : M(e) x Af(ß)-+M(ß) defines the structure of an asso­
ciative simplicial monoid on M(ß). 

Let /i2 = /i, //„ : ßM "^ß for n > 2 be defined by /in = / i ( | i n- i x 1). We 
will say that /x is «-isomorphism commutative if p is (n - 1) isomorphism com­
mutative and if there is a function 6n from the symmetric group Sn on n letters 
into the natural transformations of \kn to itself, satisfying the following properties 

0 , > i " 2 ) = M » i ) ön(*a). M D = identity (2.1) 
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if 7T1G2W , ïï2G2k, and ^ xir2 (2.2) 

is their product in 2 n + f c , ön + /k(7r1 x 7T2) = p(Sn(ir1), dk(7r2)). We say that 
p is isomorphism commutative if /x in «-isomorphism commutative for all n. 

The most obvious examples of isomorphism commutative structures are pro­
vided by categories of sets with p being either disjoint union of Cartesian product 
(defined in such a way as to be strictly associative). Then the permutation groups 
act either by interchanging the order of subsets (in the case of disjoint union) 
or interchange the coordinates (in the case of Cartesian product). More generally, 
if e is a category with either direct sums or direct products defined (in such a 
way as to be associative), the direct sum (resp. the direct product) are isomorphism 
commutative. 

Finally, suppose 6 is a category with an isomorphism commutative product, 
ß ' is a category with multiplication, and T : ß ' -> ß is a functor of categories 
with multiplication. Then if T is faithful, and if every d(ir) lies in the image 
of T, ß' inherits an isomorphism commutative structure. 

As an example of this last phenomenon, let 3 be the category whose objects 
are the spheres Sn for n > 1, and whose morphisms are the basepoint homotopy 
equivalences S"-> Sn. Then if we consider Sn to be the one point compactifica-
tion of Rn, there is a faithful functor to sets given by Sn »-> underlying set of Rn. 
If we define a multiplication in $ by Sn * Sk = Sn+k, the functor to sets pre­
serves products, if the product on sets is Cartesian product. However, the per­
mutations of factors certainly define homotopy equivalences, so they lie in 3 -
Thus gp has an isomorphism commutative multiplication. 

3. Free Categories. 

If e is a simplicial category with a multiplication, the set of morphism Mor( 6 ) 
is a simplicial monoid. We shall say that ß is a free category if Mor(ß) is a free 
monoid (without neutral element), and if Horn(£,{") is empty unless when £ 
and f are written as a product of indécomposables, they differ only by order. 
The following two results are elementary. 

PROPOSITION 3.1. — If <B is a free category, the objects of <3 form a free monoid. 

PROPOSITION 3.2. — If S is a free category, M. (ß) is a free monoid. 

The concepts "free monoid" and "free simplicial monoid" agree for simpli­
cial monoids without neutral element (for any element). To see this, we need 
to know that the set of indecomposable elements of a simplicial monoid which 
is free as a monoid is closed under face operators. However, if st(a) = o1*o2, 
a = dist (a) = (dtai) * (d/a2), so a indecomposable implies ty (a) indecompo­
sable. 

If e is a free category, and Cx, C2 are two objects, then the product defines 
an injection End(CO x End(C2) -• End(Ci * C2), where End(Q) = Hom(C,, Q). 
To see this, suppose y{, 7/ G End(Q), and that y1 * y2 = y[ * y2. Since Mor(6) is 
free, either yx divides 7 J or 72 divides 72 . However, 
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Cj = source (7j) = source (7J) 

does not divide itself (as there is no identity for any element), so yx does not 
divide y[. Similarly, 72 does not divide y2, so yf = yf

f for / = 1,2. 

If e is a free monoid category with an isomorphism commutative sum, we 
can define, for any set X a new category ß ( Z ) as follows. The objects of &(X) 
are the elements of the free monoid generated by the pairs (*/, Q) , where 
Xf SX, C/e Ob(e), Ct indecomposable. If x G Xt CS OZ?(ß), C = Cj * . . . * C„, 
with each C indecomposable, we write (x , C) for (x , Ct) * (x , C2) * . . . * ( # , Cn). 

We define morphisms in &(X) as follows. If £ = (x, C), End(x, C) = End( ). 
If £ = (x11 C,) * . . . * (xn , C„), where all of the xt are distincts, 

End(f) = End(Cj) x . . . x End(C„) 

(to be thought of as a subset of End(C, * . . . * C„)). If 

J = ( ^ 1 , C 1 ) * . . . * ( ^ , C „ ) , 

let 7T be a permutation of n objects which puts £ into the form 

TT(£) = ? = (x, ,Bt) * . . . * (xk,Bk), 

where the xt are distinct. Then End(f) is the subset 0(7r-1) End (f) 0 0 0 of 
End(C1 * . . . * Cn). 

We let Hom(J!,f2) be empty, unless there is a permutation which trans­
forms £j, written as a product of indécomposables, into £2. If 7r(£j) = £2, we 
let Horn«! , £2) be the "coset" 0(?r) End(£,). If 

* , « i ) = f2 = * 2 (£ i ) , Ö(7rir
1 0(7T2) = din-1 Tr^GEnd« , ) . 

The category Q(X) has an obvious multiplication, and is easily seen to be free. 
If ß is a simplicial category, ß (X) is also a simplicial category. Ignoring the com­
ponents in X, we have a faithful functor ß (JO -> ß whose image contains the 
d(Tr)'s. Thus ßtY) also has an isomorphism commutative product. 

PROPOSITION 3.3. — If X, Y are two sets, there is an isomorphism, natural 
in all three variables, between <S(X) (Y) and Q(Y x X). 

Proof. - The indecomposable objects in the first case have the form (y, (x f ß)), 
and in the second, ((y, x), ß) . The correspondence is obvious. 

Given a free category <B, we can form a new category ß 0 obtained from ß 
by adjoining a neutral object 0, with End(0) consisting of the identity ob­
ject only, Hom(C,0 = 0 = Hom(0 , C) if C =£ 0. Products are defined by 
C * 0 = C = 0 * C . Then Mor(ß0) is just Mor(ß) with a neutral element, the 
identity of 0, adjoined. 

If * is a set with basepoint x09 we define S (JO = &(X, x0) to be e(X-{x0 })0 . 
Notice that <50 and &0(X, x0) are free categories with neutral objects, in the 
sense that they are the disjoint union of a free category with 0. 

If X and Y are sets with basepoint, we can form the one point union X v Y. 
The inclusions X, Y -> X v Y define a functor of categories with multiplication 
ë(X v7)-> ë(X) x ë(Y). 
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PROPOSITION 3.4. - If ß is a free isomorphism commutative (simplicial) ca­
tegory, Q,(X v Y) -• ß(Z) x ß(Y) is an equivalence of categories (resp. simpli­
cial categories). Furthermore, the inverse functor and the natural transforma­
tions are natural in all three variables S, X, and Y. 

Proof. - Define ß (* ) x ë(Y) -> ß(Z v Y) by (£ , f) -> £ * f, where ß(Z) and 
S(y) are included in S(Z v 7) by means of the projections. Then the composition 
of this with the functor above is the identity, so that S(X) x ß(K) is a retract 
of S(X v Y). 

The composition <S(X v7 ) -> ß(AT v Y) is given on objects by taking any 
sequence of indécomposables, and rearranging them so that all the terms invol­
ving X — (basepoint) occur first, followed by all the terms involving Y — (base-
point). As internal order of the X-terms and the F-terms is preserved, there 
is a well defined permutation which does this. For any object £, let 7r(£) be this 
permutation. Then (•-• 0(7r((|)) defines a natural equivalence from the identity 
to the composition of the two functors above. Since £ H- 7r(£) is simplicial» 
£ -> 0(7r(£)) is simplicial. 

There is an obvious map of simplicial categories I x e 0 ^ S ( f l 0 given by 
(x, C) -• (x, C) if x is not the basepoint, C # 0, (x , C) -> 0 if x is the basepoint 
or C = 0. 

PROPOSITION 3.5. — If f0 , fx : X -> Y are nomotopic relative to the basepoint, 
where X, Y are simplicial sets ß(/0) is homotopic to e(/j) as simplicial functors 
from Q(X)0, to ß(5O0 by a product preserving homotopy. 

Proof - Let / = A(1)UA(0). Then there is a map F : X A / - * Y which provi­
des a homotopy form f0 to / i . Composing ß (F) with the functor 

/ x ß(Z)0 -> ß(*) (/)0 = e ( l A / ) 0 , 

we obtain the desired homotopy. 

4. The Simplicial Groups $ . (ß , X). 

Let ß be a free isomorphism commutative simplicial category. Then for any 
set X with basepoint, M(fë(X)) is a free simplicial monoid with neutral element. 
If X is a simplicial set, $+ ( e , X) = Af(fì(X)) is a trisimplicial free monoid with 
neutral element. We define 3>(6,Z) to be the group completion of &+(<S,X). 
Since &+(&,X) is free, this is well defined. The simplicial group <I> . (ß , X) 
is the diagonal part of 3>«B, X). 

Recall that there was a functor X xS0^ &(X). Since M(X) = X, where 
X is considered as a cetegory with only identity maps, we have an induced map 
XxM.(e0)^M.($(X)). Since ß0 = S(5°), where S° = A(0)UA(0) is the 
0-sphere, this defines a map I x $ . ( ß , 5 0 ) - > $ . ( Ö , Z ) . A little observation 
will convince the reader that this map is constant on the axes, and so defines 
a map X A $ . (e , S°) -> <ï> . (ß , X) . Thus we have a map 
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THEOREM 4.1. - The map $ . (ß , Sü) -+ £2$ . (CE , S1) is a homotopy equiva­

lence. 

To prove this theorem, we need a result which follows from 3.4, and some 
slight additional arguments. We will discuss the proof of this proposition later. 

PROPOSITION 4.2. - If X, Y are two sets with basepoint, the natural map 
$ ( 6 J v Y) -* $ (<B, X) x $ (ß , Y) is a homotopy equivalence. 

To return to our theorem, observe that Sl (n) contains n + 1 objects, one 
of which is the basepoint. Thus $ . «S , S^n)) « $ . (ß , 5,0(«))'?, since S°(«) 
contains two objects. 

We can consider * (ß ,5 ' 1 ) to be a bisimplicial complex, with the vertical 
complexes the $ . ((2, S1 («)). Thus the vertical homotopy groups of $ ( ß , 5 ' 1 ) 
are the (7r* ( $ ( ß , 5°)))". The horizontal face operators correspond to the face 
operators in S1. 

It is not a difficult matter now to see that the horizontal homotopy groups 
of the vertical homotopy groups vanish, except for those whose horizontal degree 
is equal to 1. By a theorem of Quillen [5], this implies that 

»,(*•(©,51)) = 7r/_1«E>.(e,S0)). 

By checking the constructions, one sees that the maps 

are isomorphisms, so that 4>. (<5 , S°) = $ . (ß , S1). 

COROLLARY 4.3. - The spaces $ . (ß , S°),.. . , $ . ( ß , Sn),.. . form an ft-
spectrum Spec (6). 

If X is any space, we have maps X A 4>. (6 , Sn) -• $ . (ß , Sn A X). Thus, 
we have a natural transformation of functors 

£ (X : Spec (ß)) -> TT. <* (ß , JO) (4.4) 

where the left hand side is defined as in the paper of G. Whitehead [6]. If we 
knew that the right hand side defined a cohomology theory, since the map is 
an isomorphism for X = S°, it is an isomorphism for all X. 

PROPOSITION 3.5. - Implies that 7r„($(ß , X)) satisfies the homotopy axiom for 
a homology theory. The homotopy exact sequence for a pair provides a sui­
table sort of definition for relative homology groups and for the long exact 
homology sequence of a pair. What remains to check is the excision axiom -
that $ . (<5 , - ) carries cofibrations into quasifibrations. 

There are several approaches to the excision axiom. We outline two of them 
here. 

The first approach was suggested to me by D. Kan. The functors $ ( ß , —) 
are degreewise convergent functors from simplicial sets to bisimplicial groups, 
in the sense of [4], which carry one point unions into products, up to homotopy 
type. If we argue as in [4], we see that such functors carry cofibrations into 
quasifibrations, and we are finished. 
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A second approach is suggested by Barratt's talk at the recent meeting in 
Madison [1]. Notice that $ . (ß , A(0)) = A(0). Thus, if -¥(_/) = A(0) (/) for 
/ < «, $ (<B , X) (i, J) contains only one element for / < «, so that 

* . < © , * ) ( / ) = A(0)(/) for / < « . 

Thus 4?. ( 6 , S") is (« — 1) connected. Indeed, we see that without changing 
its homotopy type, we way assume that ß0(iS") (/) = A(0) for / < «. 

By suitably adapting Barratt's argument, one can prove that for an «-connected 
category ß , X A $> . (ß , 5°) -> $ . (ß , X) is a homotopy equivalence in the stable 
range (< 2«). This shows that (4.4) is an isomorphism. 

THEOREM 4.4. - H*(X : Spec(e)) = 7r,(ß , X)). 
We now consider 4.2. We know that $ + (ß , X) x $>+(e, Y) is a deformation 

retract of $ + ( S , I v Y), though not necessarily as a simplicial monoid. Because 
3>+(ß,JO is homotopy abelian, ir = ir0($

+(&,X)) is abelian. Thus it is anabelian 
monoid, and can be considered to be a semi-directed set, by x 4- y > x all 
xt y, and a suitable quotient 7r' a directed set. The homology groups of <ï>+(<2 , X) 
are indexed by 7r, using representatives as basepoints and using the homotopy 
commutativity. In fact, they are indexed by irf, because right translation by 
elements of ir makes the homology groups into a semidirected set. 

By a slight modification of a theorem of J. Moore, 

lim { # „ ( $ + ( ß , X), p) : p G 7T'} = //„ ( $ ( e , Z ) , identity). 

Thus the map in 4.2 induces an isomorphism on reduced homology. It clearly 
induces an isomorphism on ir0. Thus it is a homotopy equivalence. 

5. Examples. 

Let 25 be the category whose objects are the positive integers, all of whose 
morphisms are identity maps. Then g has an obvious product : « * k = « + k. 
This is clearly isomorphism abelian. 

The morphism complex Af(g) is the simplicial set with the positive integers 
in each degree, with the face operator s0 always an isomorphism. Thus $(c> ,S°) 
is the simplicial group Z x A(0), where Z denotes the integers. Thus 

^•($(3,5°)) = 0 if / * 0 , 

Z if i = 0. Thus the theory defined by g satisfies the dimension axiom, and 
so is ordinary integral homology. Notice that if X^S0, &(!£,X) does not 
equal C* (X ; Z), but is a fibering over it with acyclic fiber. 

If QL is Banach algebra, let V(<%) be the category whose objects are the ft-modules 
&, CX© CX,... , etc, and whose morphisms are the singular simplices of the 
group of cX-linear automorphisms of the objects. Then, up to homotopy type, 
$+(V(<2C)^S°) is the disjoint union of the classifying spaces BGL(n , CX) for 
« > 0. Thus $(V(QL) ,S°) can be seen to be Z x 5GL(«>, d) . 

If &(<%) is the category whose objects are the projection operators on the 
A, CX © QC,. .. etc., $ (£ (&) ,S°) = K0(<3L) x BGL(°° ,<%).Thus, for dimensions 


