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Organization of the Congress

The recommendation to hold the 1978 International Congress of Mathematicians
in Helsinki was made by the Site Committee of the International Mathematical
Union during the Vancouver Congress in August 1974. Final decision was taken a
few days Jater when the Congress at its closing session accepted the invitation to
Helsinki, which was presented by Professor Rolf Nevanlinna on behalf of the Finnish
National Committee for Mathematics.

Before Finland offered to be host for the ICM 78, the support of the Finnish
Government had been secured. The Congress was particularly honoured by the fact
that Dr, Urho Kekkonen, President of Finland, consented to be its Patron.

The scientific program was the responsibility of the International Mathematical
Union through the Consultative Committee, whose members were Professors
A. Borel (chairman), J. F. Adams, S. Chern, Y. Kawada, O. Lehto, I. S. Louhivaara,
B. Malgrange, S. M. Nikolskii and C. Olech. After preparatory work which took
about a year, the Committee decided in June 1976 to divide the mathematical program
into 19 sections and appoinied the cores of the panels for these sections. The panels
completed themselves and submitted their suggestions, whereupon the Consultative
Committee in October 1977 chose 17 mathematicians io give one-hour plenary
addresses and 121 to give 45-minute addresses in sections. Two more names were
added later. Of the 136 who accepted the invitation, 119 were present at the Congress.

The Fields Medals Committee, consisting of Professors D. Montgomery (chairman
ex officio), L. Carleson, M. Eichler, I. M. James, J. Moser, J. V. Prohorov. B. Szdke-
falvi-Nagy and J. Tits, arrived at its decisions in early 1978.

Other preparations of the Congress were in the hands of the Finnish Organizing
‘Committee. Its chairman was Olli Lehto who took direct responsibility of all
arrangements. With time, the number of mathematicians involved in the organization
increased, and the Committee split into several project groups. In these a great
amount of work was performed by Heikki Apiola, Elja Arjas, Heikki Bonsdorff,
Timo Erkama, Heikki Haario, Matti Lehtinen, Olli Lokki, Ilppo Simo Louhivaara,
Olli Martio, Marjatta Nadtdnen, Rolf Nevanlinna, Seppo Rickman, Arto Salomaa,
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Jukka Sarvas, Onerva Savolainen, and others. In all, about 100 Finnish mathema-
ticians gave some assistance to the Congress. A lot of voluntary work was also done
by the staff of the University of Helsinki. A small Congress Bureau with salaried staff
was set up in late 1975. It expanded considerably during the half year preceding
the Congress and assumed then a rapidly increasing share of the arrangements.
A particularly important role was played by Leena Kahlas and Tuulikki Mékeldinen,
both engaged from the very beginning. Accommodation was handled by Area
Travel Agency Ltd., which saved the organizers a great deal of work.

The Congress had several sources of revenue: (1) annual grants in 1974—78 from
the Ministry of Education of Finland; (2) a subvention from the International
Mathematical Union; (3) donations, both in the form of direct grants or of facilities
placed at its disposal without charge (a list of donors is given on p. 14);
(4) membership fees, which were $60 for ordinary members registered before 15 May
1978, $70 after that, and $35 for accompanying members.

The International Mathematical Union gave travel grants to young mathematicians
from developing countries or from countries with currency difficulties. The Congress
waived their fees and, thanks to aid from the Finnish Government, was able to give
them free accommodation.

A short preliminary announcement about the Helsinki Congress was sent out in
the autumn of 1976 to all countries of the world where some mathematical organi-
zation could be located. The First Announcement was dispatched in July 1977 to
these same addresses with the request that copies of it be further distributed among
the mathematical community of the respective country. Those mathematicians
wishing to receive the Second Announcement were asked to return an attached form.
The Second Announcement contained detailed information about the Congress, in-
structions about short communications and poster sessions, and the registration form.
Its mailing began in November 1977, and it was sent in all in 7000 copies, mostly to
individual addresses. Registration started immediately in November, reached its
peak in May 1978 and continued even during the Congress. The Third Announcement,
which contained a list and a rough schedule of invited lectures, was prepared as
soon as the organizers had received answers from all invited speakers. Its mailing to
registered members started in April 1978.

There were 3038 registered ordinary members and over 900 accompanying members.
Of these all were not present; on the other hand, lectures and seminars were also
attended by a number of non-registered mathematicians.

Mathematical activities of the Congress took place in the centre of Helsinki.
Reports on the work of the Fields medallists and the plenary one-hour addresses
were given in Finlandia Hall, where the opening and the closing sessions were also
held. All other mathematical events took place at the University of Helsinki, which
also housed the Congress Bureau.

In addition to the invited lectures, about 500 ten-minute communications were
given and 40 mathematicians spoke about their work in poster sessions. Abstracts of
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these were published in a book distributed to members at registration in Helsinki.
Unofficial mathematical activities also included a three-day symposium organized
by the International Commission on Mathematical Instruction, a number of
spontaneous seminars, and special sessions and films in two evenings. A book
exhibijtion organized by Suomalainen Kirjakauppa was open throughout the Congress.

The City of Helsinki showed hospitality 1o all participants. Since the City Hall
was not big enough for all 1o attend at the same time, iwo receptions were held, in
the evenings of August 16 and 17.

The Organizing Committee arranged various social events. An open-air gathering
featuring Finnish folklore took place on the island of Seurasaari on August 19, It
was atiended by well over 3000 people. On Sunday, August 20, the members were
able to choose between itwo excursions. One was a four-hour cruise in the Gulf of
Finland, the other a tiwelve-hour visit to Turku, the old capital of Finland. Both
events were attended by about 1500 persons. Two passenger ships were needed for
the cruise and 36 buses for the trip to Turku. Two piano conceris were also arranged.
One by Minna Pélldnen was in Temppeliaukio Church on August 17, the other by
Andrei Gavrilov in Finlandia Hall on August 22,



Opening Ceremonies

The opening ceremonies of the Helsinki Congress took place in Finlandia Hall on
August 15, 1978, at 9.30. After a musical performance by the Helsinki Philharmonic
Orchestra, Professor Deane Montgomery, President of the International Mathe-
matical Union, opened the proceedings by proposing that Professor Olli Lehto be
elected President of the Congress by acclamation. Following his election, Professor
Lehto gave his presidential address to the Congress.

It is my pleasant duty to declare the 1978 International Congress of Mathematicians opened.
This is a great moment for the Finnish mathematical community on whose behalf I would like to
cordially welcome all our foreign guests. This is a gathering of one huge mathematical family and not
of delegations or representatives of countries, but just to illustrate its world-wide character, I mention
the fact that there are participants here from 83 different countries.

Organizing a meeting of this magnitude would not have been possible without the support of the
Finnish government. We greatly appreciate the fact that the President of Finland, Dr. Urho Kekkonen
accepted to be the patron of the Congress, and only regret that, owing to his absence from Finland
at the moment, he could not personally attend these opening ceremonies as he had intended to do.

At a very early stage, even before the IMU, the International Mathematical Union, had made the
final decision in favour of Finland, the Ministry of Education explicitly promised to back the Con-
gress in case it was to be held here. Its financial support was then indispensable throughout the
early period of preparations. I have the pleasure to extend our thanks to Mr. Jaakko Numminen,
Secretary General of the Ministry of Education, who in the absence of the Minister represents the
Finnish Government here.

The Congress will enjoy the hospitality of the City of Helsinki. The City has the reputation of
being friendly to scientific conferences, but I guess that this time it took more than the customary
friendliness when the size of our Congress was revealed. I am pleased to thank Mr. Teuvo Aura, the
Lord Mayor of Helsinki, on behalf of the Congress.

We would scarcely have ventured to take the responsibility for an ICM without hints from the
IMU that Finland would not be a disagreeable choice to its Site Committee. This we interpreted as
a kind of appreciation of the mathematical research carried out in this country. Now Finland has
the privilege of possessing, since well over half a century, an unparalleled mathematical ambassador:
I am speaking of course of Professor Rolf Nevanlinna. I propose that Professor Nevanlinna be
elected Honorary President of this Congress.

The proposal was warmly accepted by the Congress. and Professor Rolf Nevanlinna
was elected Honorary President by acclamation.



Opening Ceremonies 9

Professor Nevanlinna in his opening address of the Stockholm Congress in 1962 and Professor
Coxeter four years ago in Vancouver both pointed out the unique role of the ICM’s as the only
meetings where surveys are presented over the whole range of mathematics. They emphasized the
great importance of this tendency for unification at a time when ever-expanding research threatens
to lead our science to a dangerous ramification. These views are in full agreement with the instruc-
tions given by the IMU to the Consultative Committee for planning and composing the mathematical
program of the ICM’s,

A careful analysis of the reasons for holding ICM’s not only serves as a motivation for the fairly
difficult and expensive organization, It is also required if we wish to preserve the present character
of these congresses. The mathematicians form a big active group, and it is only natural to try to
associate all sorts of activities with a gathering as important as an ICM. No matter how important
these activities are as such, and some clearly are, like promoting mathematics in developing countries
and various questions related 1o the teaching of mathematics, at an ICM they can only play a
secondary role, subjected to the official mathematical program.

Since the Stockholm Congress 1962, the official mathematical program results from international
collaboration governed by detailed rules issued by the IMU. Well over a hundred of the world’s
leading mathematicians are involved in the work, the panels make proposals about invited speakers,
and the Consultative Committee creates the final list. In my opinion, this international cooperation,
which goes on for over two years in each four-year period, is very important for our science as
such, and I cannot see any essentially better procedure for a neutral and authoritative appraisal of
current mathematical research.

This time the Consultative Committee had seven members appointed by the IMU, namely
Professor Borel as chairman and Professors Adams, Chern, Kawada, Malgrange, Nikolskii and
Olech. Besides, there were two members from the host country. The committee eventually reached
almost all its decisions unanimously. Its foreign members also went far beyond their liabilities in
giving unobtrusively many valuable pieces of advice to the Organizing Committee. This applies in
particular to its chairman, Professor Borel. May I propose a vote of thanks to the Consultative
Committee.

The Organizing Committee spent about one year in trying 1o solve as best it could the not quite
trivial problem of informing all mathematicians of the world about the Congress, That the final
result was quite satisfactory was largely due to the help obtained from many institutions and indi-
viduals. The American Mathematical Society widely advertised the Congress, and more locally, the
same was done by several other mathematical societies and national committees.

We were particularly lucky in that the newly established African Mathematical Union, under the
leadership of its President, Professor Hogbe-Nlend, practically eliminated our problems with Africa,
In Latin America, good results were due to the personal eflforts of Professor D’ Ambrosio. Much to
our pleasure, there are members in this Congress from a higher number of countries than ever
before.

The work of the Organizing Committee has been carried out at the University of Helsinki, where
also a considerable part of the activities of the Congress will take place. The University has given
assistance in so many direct and indirect ways that I am certainly unable to count them all, and the
palpably friendly attitude of the administration has made the period of preparations very pleasant
to the organizers. I would like to thank the Rector of the University, Professor Exnst Palmén, and
the whole central administration.

We had no high hopes when we started fund-raising for the Congress. But in spite of hard times
and the fact that after its divorce from computer science, mathematics has virtually no direct contacts
here with industry, the end result is very good. The long list of donors is printed in the Program Book,
and there is no exaggeration in the text which says that their contributions have been essential for
the Congress. I hope this generosity means that society at large still esteems the inirinsic value of
mathematics and understands that useful applications are possible only if backed and connected by
theories on a more abstract level.
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After this, Mr. Jaakko Numminen, Secretary General of the Ministry of Education,
representing the Finnish Government, Mr. Teuvo Aura, th¢ Lord Mayor of Helsifiki,
and Professor Ernst Palmén, Rector of the University of Helsinki, gave short addresses
welcoming members of the Congress to Finland.

Professor Montgomery, chairman of the Fields Medals Committee, then presented
the following report.

The medals presented at each International Congress of Mathematicians were first proposed by
Professor J. C. Fields, who was President of the Congress held in Toronto in 1924. The fund for the
medals was obtained from funds remaining after the financing of the Toronto Congress. The proposal
was accepted in 1932 and the first two medals were given in 1936. Each medal carries with it a cash
prize of 1500 Canadian doHars.

As usual, the Executive Committee of the International Union appointed a committee to select
the medalists for this Congress. The Committee consisted of Professors L. Carleson, M. Eichler,
1. James, J. Moser, J. V. Prohorov, B. Sz8kefalvi-Nagy, J. Tits, and myself as Chairman. The Com-
mittee decided to follow the well-established tradition of considering only people of age 40 or
under. Even with this limitation, the list of those seriously considered numbered several dozen.

After much deliberation and consultation and after considering advice from many outside the
Committee, the Committee has selected four individuals for the award. They are, in alphabetical
order, P. Deligne, C. Fefferman, G. A. Margulis, D. Quillen. I offer them our warm congratulations.

Information has been received that, unfortunately, G. A. Margulis is unable to be present, o his
award will be presented to him later. I now ask Professor Rolf Nevanlinna, Honorary President of
the Congress, to come forward to give the medals to the other three.

When Professors Deligne, Fefferman and Quillen had received the prizes from
Professor Nevanlinna, it was announced that after the opening session, Professor
N. Katz would speak on the work of Deligne, Professor L. Carleson on Fefferman,
Professor J. Tits on Margulis and Professor I. M. James on Quillen.

The opening session ended with the Helsinki Philharmonic Orchestra playing
Finlandia by Jean Sibelius, and the National Anthem.



Closing Ceremonies

The closing session of the Helsinki Congress took place in Finlandia Hall on August
23, 1978, at 15.00. Professor J. W. S. Cassels, Vice-President of the International
Mathematical Union, presented the {ollowing report:

It is traditional that the General Assembly of the Iniernational Mathematical Union should be
held immediately before the Congress and that the President of the Union should report briefly on
it at this closing session. Unfortunately Professor Montgomery is unable to be here and so I have
been asked to take his place.

First, I must report the names of the members of the new Executive Committee who were elected
to hold office for four years from 1 January 1979. They are:

President Professor L. Carleson
Vice-Presidents Professor M. Nagata
Professor J. V. Prohorov
Secretary Professor J. L. Lions
Members-at-large Professor E. Bombieri
Professor J. W. S. Cassels
Professor M. Kneser
Professor O. Lehto
Professor C. Olech

In addition, Professor D. Montgomery, who becomes Past-President, will remain a member,
though without a vote.

I can give only a brief informal report on the work of the General Assembly. A fuller account
will appear in the Bulletin of the IMU which is sent to all National Adhering Organizations. The
General Assembly had before it the report of the outgoing Executive Commitiee. Amongst other
things, they listed the 19 Symposia and Conferences which have been co-sponsored by the Union
during the past four years. The direct financial aid which the Union gives is necessarily small but it
also helps with advice on the scientific programme and in other ways: and on occasion the moral
support is also useful. Two of the meetings were jointly sponsored with the Physics Union, IUPAP,
and two with the Mechanics Union, IUTAM.

A problem of continued concern to the Union is that some mathematicians are prevented from
attending meetings sponsored by the Union. This can happen in two ways. The first is that mathe-
maticians may be refused entry by the country in which the meeting is held: this has caused difficulties
in the past 1o our Union but is not, we hope, now a great problem. The other way in which mathe-
maticians may be prevented from attending is that their own country may refuse permission 1o
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attend. This is a continuing problem, as the present Congress has again demonstrated. These problems
are not, of course, peculiar to our own Union but are common to the scientific community and have
greatly occupied the attention and energies of ICSU (International Council of Scientific Unions).
The General Assembly endorsed the stand of ICSU on this important matter and requested the
incoming President to report on the situation to the next General Assembly.

Another problem which our Union shares with most of the Unions of the ICSU family is that the
Peoples’ Republic of China is not a member. There are difficult issues here, to which ICSU and its
Unions have devoted much attention and which I shall not go into now. It is fair to say that there is
a general wish for the Peoples’ Republic of China to become a member, but only if this can happen
in a way which does not impair the principles on which our Union is based. The General Assembly
urged the new Executive Committee to take positive steps to this end.

The General Assembly also considered the organization of our Congresses and, in particular,
the machinery for the selection of speakers. The organization of a Congress, other than its scientific
programme, is in the hands of the Organizing Committee, which is appointed by the host country
— and, in parenthesis, may I say how much we admire the excellent job the Finns have done this
time. The selection of speakers is, however, in the hands of the so-called Consultative Committee,
which is appointed jointly by the Executive of the Union and the Organizing Committee, with a.
chairman appointed by the President of the Union. This Committee seeks the advice of a large
number of subject panels with a wide international membership. Some dissatisfaction was expressed
by delegations at the working of this system, but many declared themselves happy with it. It was
agreed that National Committees should be asked to make suggestions to the Executive Committee
as to how it might be yet further improved and that the Executive should report if it felt that changes
were degirahle

The General Assembly paid much attention to the fostering of mathematics in developing countries.
In the first place, I should report that the Executive Committee, following the precedent for Vancouver
set up a fund to give travel grants to well-qualified young mathematicians from developing countries,
and also from countries where there are severe monetary restrictions, so as to enable them to attend
this Congress. The money for this came mainly from the Union’s own resources but we also received
subventions from UNESCO, COSTED and the computer firm ICL, for which we are most grateful.
Enquiries were made on a wide basis and nearly 50 young mathematicians were helped in this way:
there were more deserving cases where the Committee administering the fund would have wished
to help had more resources been available. There was one very welcome innovation. The Organizing
Committee waived the congress fee for the grantees and together with the Government of Finland
provided accommodation for them at no cost. The General Assembly welcomed this generous
action and agreed to commend it to the Organizing Committees of future Congresses.

In this connection I should like also to mention the Union’s Fellowships which were established
some time ago to assist mathematicians from developing countries to work at institutions elsewhere.
The Italian government made a generous grant which was announced to the General Assembly four
years ago at Vancouver. Disappointingly little use has been made of these Fellowships. T must
hasten to add that funds are limited and so all proposals have to be submitted to the most rigorous
examination.

This is the appropriate place to mention the Commission on Exchange. It was initially set up to
foster visits in general by mathematicians from one country to another. However in many cases
existing channels work well without the intervention of the Union and so the emphasis has moved
towards visits to and from developing countries. This has been in particular the case in the last four’
years under the energetic chairmanship of Professor Coleman. Particularly noteworthy is that the
Commission has obtained generous support from the Canadian Government for the All-African
Mathematical Conference which was held at Rabat in 1976, when the African Mathematical Union
was founded, and also for a forthcoming conference on pre-university mathematics in Africa.

So much for what has happened so far in relation with development: now for the future. The
General Assembly decided to recognize the importarnce of mathematics for development by replacing
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the old Commission on Exchange with a new Commission with new terms of reference. The new
Commission will be called the Commission on Development and Exchange and the new chairman
will be Professor Hogbe-Nlend. Further, it was decided to make a special appeal for contributions
to finance development activities. It is hoped that member countries will subscribe generously and
several delegations were already in a position to make promises of support,

Last but not least I come to our other Commission: ICMI (International Commission on
Mathematical Instruction) which has, in fact, a history antedating that of our Union. Under the able
guidance of its chairman, Professor Iyanaga, and its secretary, Professor Kawada, it has continued
and expanded its valuable role. Its activities are recorded in some detail in ICMI’s own Bulletin and
in a more summary form in the Bulletin of IMU. They are too varied to be described here: it is
sufficient to remind you of the successful conference at Karlsruhe two years ago. The new chairman
will be Professor Whitney.

In conclusion, I am sure that you will join me in wishing the new Executive Committee and the
new Commissions all success in the coming four years.

Professor O. Lehto, as a member of the Committee to select the site for the 1982
Congress, then invited Professor K. Urbanik to speak on behalf of the Polish National
Committee for Mathematics.

Professor Urbanik spoke as follows:

On behalf of the Polish National Committee of Mathematics I have the honour to invite you to
the next International Congress of Mathematicians in Warsaw.

Poland, the home country of Banach, is eager to receive the world-wide mathematical community.
For a long time Polish mathematicians have carried deep in their hearts the desire to organize an
international congress and we are very happy that we shall now have this opportunity.

We are all well aware that it is going to be a difficult task to organize such a big meeting, the
more so as the memory of this splendid Helsinki congress will still be fresh. However, taking into
account the help of the International Mathematical Union and the promised support of the Polish
Academy of Sciences, we feel optimistic.

Hoping that you will accept our invitation, I welcome all of you to the next International Congress
of Mathematicians to be held in August 1982 in Warsaw.

The invitation was accepted by acclamation.

Speaking on behalf of the members of the Congress, Professors K. Chandra-
sekharan and B. Sz8kefalvi-Nagy expressed their thanks to the Finnish hosts.

In his reply, Professor Lehto thanked the members of the Congress, particularly
all speakers and the 140 chairmen of the various sessions. He passed on the words
of thanks of Professors Chandrasekharan and Szdékefalvi-Nagy to the Finnish
mathematicians who had participated in the arrangements and to the members of
the Congress Bureau, and closed his address as follows:

Our organizational task was greatly facilitated by the wealth of advice and material we received
from the organizers of the Vancouver Congress. We in turn are more than willing to pass our ex-
perience, if it is requesied, to our Polish colleagues. I wish best success to the ICM 82, and declare
the 1978 International Congress of Mathematicians closed.
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Invited Addresses

Most of the speakers who accepted the invitation gave their addresses in the
Congress themselves and submitted manyscripts for printing. If this was not the case,
a number (1), (2), (3) or (4) appears after the speaker’s name in the list below. These
numbers have the following meaning:

(1) The speaker did not attend the Congress. His manuscript was read there, and
it is printed in the Proceedings.

(2) The speaker did not attend the Congress. His lecture was cancelled, but his
manuscript is printed in the Proceedings.

(3) The speaker delivered the address in the Congress but did not submit a
manuscript for the Proceedings.

(4) The speaker did not attend the Congress and did not send a manuscript.

Invited one-hour plenary addresses

L. V. Aurrors: Quasiconformal mappings, Teichmiiller spaces, and Klginian

BIOUPS .« v tvtvestersssasnneesssannnnnssnnnannneess heer e 71
A. P. CALDERON: Commutators, singular integrals on Lipschitz curves and
ApPPHCALIONS « . oo vttt e 85
A. Conngs: von Neumann algebras ...........coviniiiiiiniiinnnniine, 97
R. DoBRUSHIN (4): Classical statistical mechanics as a branch of probability
11117
R. D. EDwARDS: The topology of manifolds and cell-like maps ............. 111
D. GorenstEIN: The classification of finite simple groups ................... 129
M. KASHIWARA: Micro-local analysis ..........ooevieieiininrerennnnnn. 139
N. N. Krasovskif (2): Control under incomplete information and differential
421 P 151
R. P. LaNGLANDS: L-functions and automorphic representations .......... 165
Ju. I. MANIN (1): Modular forms and number theory ..........oevvvnninn, 177

$. P. Novixov: Linear operators and integrable Hamiltonian systems ........ 187
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R. PeNrOSE: The complex geometry of the natural world ................... 189
W. ScaMiD: Representations of semisimple Lie groups ..................... 195
A. N. SHIRYARV: Absolute continuity and singularity of probability measures

in functional SPAcCES . ... c.v e ciairee et iiiaetaianaeeenean, 209
W. P. THURSTON (3): Geometry and topology in dimension three ............
A. WeIL: History of mathematics: why and how .......................... 227

S.-T. Yau: The role of partial differential equations in differential geometry 237

Invited 45-minute addresses in sections
Section 1. Mathematical logic and foundations of mathematics

J. H. ConwAy (3): Arithmetical operations on transfinite numbers ...........
L. HARRINGTON (3): Definability theory ...........covieiiiiiiiiinenn...

A. MacINTYRE: Nonstandard number theory .............ceveiiienenennn. 253
I'. C. MakaumH: VpaBHEHHS B CBOOOJHOM MOJYIPYIIIE . vvvuuuenenenn.. 263
D. A. MARTIN: Infinite games ..........c.cooeiiineernnnenennnnnnnnnnnnns 269
R. I. SOARE: Recursive enumerability ..............cccoiiiiiiiiiiia.... 275

Section 2. Algebra

M. AscHBACHER: A survey of the classification program for finite simple groups

of even characteristic ...........covviiiiiiieiiiiiiiiinnennnns 281
K. S. BRowN: Cohomology of infinite Sroups ......oevvveeieerrninninnenns 285
B. Fiscuer (3): Sporadische endliche einfache Gruppen ....................
M. HocasTeR: Cohen-Macaulay rings and modules ........................ 291
V. G. KAc: Highest weight representations of infinite-dimensional Lie algebras 299
W. VAN DER KALLEN: Generators and relations in algebraic K-theory ........ 305
V. P. PLATONOV: Algebraic groups and reduced K-theory .................. 311
A. V. ROITER: MatriX problems . ........c.uiiiieiiieeennsnerninnnneneanns 319
A. A. Cycnun: IlpobieMa COKpamieHHs Ui NPOEKTHBHBIX MOJAYICH H

(9171397 (I :0) 117103 5 SR 323

G. C. WrAITH: Intuitionistic algebra: some recent developments in topos theory 331

Section 3. Number theory

G. V. CHUDNOVSKY: Algebraic independence of values of exponential and
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The Work of Pierre Deligne

N. M. Katz

My purpose here is to convey to you some idea of the scope and the depth of the
work for which we are today honoring Pierre Deligne with the Fields Medal.
Deligne’s work centers around the remarkable relations, first envisioned by Weil,
which exist between the cohomological structure of algebraic varieties over the
complex numbers, and the diophantine structure of algebraic varieties over finite
fields.

I. The Weil conjectures. Let us first consider an algebraic variety Y over a finite
field F,. For each integer n=1 there is a unique field extension F, of degree
n over F,. We denote by Y(F,) the (finite) set of points of ¥ with coordinates
in F,, and by 4 Y(F,) the cardinality of this set. The zeta function of Y over
F, is the formal series defined by

Z(YJF,, T) = exp (gl Ty (Fq..)] .
Knowledge of the zeta function is equivalent to knowledge of the numbers {3 Y(F,.)}-

After the pioneering work of E. Artin, W. K. Schmid, H. Hasse, M. Deuring and
A. Weil on the zeta functions of curves and abelian varieties, Weil in 1949 made
the following conjectures about the zeta function of a projective non-singular
n-dimensional variety Y over a finite field F,.

(1) The zeta function is a rational function of T, i.e. it lies in Q(T).

(2) There exists a factorization of the zeta function as an aliernating product
of polynomials Py(T), ..., Py, (T),

Py(T)Py(T)... Py (T)
Z0Fe 1) =" @Y Py(T) . P (D)
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of the form
b;
P(T) = _]]l(l—ai,jT),
j=

such that the map a~-g"/a carries the «;; bijectively to the ay,—; ;.
(3) The polynomials P;(7) lie in Z[T'], and their reciprocal roots «; ; are
algebraic integers which, together with all their conjugates, satisfy

I“i,jl =g

This is the “Riemann Hypothesis™ for varieties over finite fields.

(4) If Y is the “reduction mod p” of a projective smooth variety Y in charac-
teristic zero, then the degree b; of P; is the ith Betti number of Y as complex
manifold.

Underlying these conjectures was Weil’s belief in the existence of a “cohomology
theory”, with a coefficient field of characteristic zero, for varieties over finite fields.
In this theory, the polynomial P;(7) would be the “inverse” characteristic poly-
nomial det (1 —TF) of the “Frobenius endomorphism™ acting on H'. Conjectures
(1) and (2) would then follow from a Lefschetz trace formula for F and its iterates,
and from a suitable form of Poincaré duality. Conjecture (4) would follow if the
cohomology of the “reduction mod p” Y ot a projective smooth variety ¥ 1n
characteristic zero were (essentially) equal to the topological cohomology of Y as
complex manifold.

The next years saw the systematic introduction of sheaf-theoretic and cohomolo-
gical methods into algebraic geometry. By the mid—1960s, M. Artin and A. Grothen-
dieck had developed the étale cohomology theory of arbitrary schemes, along the
lines foreseen in Grothendieck’s 1958 Edinburgh address. For each prime number /,
this gives a cohomology theory, “/-adic cohomology”, with coefficients in the field
Q, of l-adic numbers, which is adequate to give parts (1), (2) and (4) of the Weil
conjectures for projective smooth varieties over finite fields of characteristic p##1.
In their theory, the cohomology of the “reduction mod p”* Y of a projective smooth
Y in characteristic zero is just the singular cohomology, with coefficients in Q,,
of “Y as complex manifold”. In the case of curves and abelian varieties, these
constructions agree with those already given by Weil.

For a given projective smooth Y/F,, we now have, for each l#p, a factoriza-
tion of the zeta function as an alternating product of l-adic polynomials P;,(T).
There is, however, no assurance that the P;, have coefficients in Q rather than
in @,, much less that their reciprocal zeros are algebraic integers with the predicted
absolute values. Of course, if one could prove directly that the reciprocal zeros of
P;; were algebraic integers which, together with all their conjugates, had the correct
absolute value g“2, then the polynomials P;, could be described intrinsically
in terms of the zeros and poles of the zeta function itself, and hence would have
rational coefficients independent of /. But how could one even introduce archi-
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medean considerations into the /-adic theory without first knowing the rationality
of the cofficients of the P;, ?

Let me now try to indicate the brilliant synthesis of ideas involved in Deligne’s
solution of these problems.

Initially, he tries to prove & priori that the P;, have rational coefficients inde-
pendent of /. The idea is to proceed by induction on the dimension of Y. If Y is
n-dimensional, then Poincaré dualily and the fact that the zeta function is itself
rational and independent of [/ reduce us to treating the polynomials P;, for
i<n—1. Now leit Z be a smooth hyperplane section of ¥. The “weak” Lefschetz
theorem assures us that Y and Z have the same P;, for i<n—2, and that the
P,_;,; for Y divides that for Z. This alone is enough to show inductively that the
reciprocal zeroes of the P;,; are algebraic integers.

In order o go further, and show that the P;; actually have rational coefficients
independent of /, the idea is o show that P,_,, for Y is a generalized “greatest
common divisor” of the P,_;; of all possible smooth hyperplane sections. Un-
fortunately, this “g.c.d.”” argument, which itself depends on the full sirength of the
monodromy theory of Lefscheiz pencils, works only when Y satisfies the “hard”
Lefschetz theorem (existence of the “primitive decomposition” on its cohomology),
otherwise the “g.c.d.” will be too big al some stage of the induction. But Deligne will
later prove the bard Lefschetz theorem in arbitrary characteristic as a consequence
of the Weil conjectures. What is to be done?

With characteristic daring, Deligne simply ignores the preliminary problem of
establishing independence of /. Fixing one /#p, he turns to a direct attack on the
absolute values of the algebraic integers which occur as the reciprocal roots of the P, ,.

Consider a smooth projective even dimensional Y, and a Lefschetz pencil Z, of
hyperplane sections, ‘“fibering” Y over the t-line. Factor the P,_,, of each
Z, asthe product of the “g.c.d.” of all of them, and of the “variable” part. Deligne
shows a priori that these “variable” parts are each polynomials with rational
coefficients whose reciprocal zeroes all satis{fy the Riemann Hypothesis

|“u —1, variable | =4q (=D,

Deligne’s proof of this is simply spectacular; no other word will do. He first uses
a theorem of Kazdan-Margoulis, according to which the monodromy group of
a Lefschetz pencil of odd fibre dimension is “as big as possible, 1o establish the
rationality of the coefficients of the “variable” parts. Then he considers the L-function
over the 7-line whose Euler factors are the reciprocals of the ‘“variable” parts. This
L-function has rational Dirichlet coefficients. Deligne realizes that Rankin’s method
of estimating Ramanujan’s function 7(n) by “squaring” might be applied in this
context to estimate the reciprocal poles of the individual Euler factors (i.e. the
reciprocal zeroes of the “‘variable” parts!). The problem is to control the poles
of all the L-functions obtained from this one by passing to even tensor powers
(“squaring™). Deligne gains this control by ingeniously combining Grothendieck’s
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cohomological theory of such L-functions, the Kazdan-Margoulis theorem, and the
classical invariant theory of the symplectic group!

Once he has this & priori estimate for the variable parts of the P,_,; of the
hyperplane sections Z,, a Leray spectral sequence argument shows that in the
P,, for Y itself, all the reciprocal zeroes are algebraic integers which, together
with all their conjugates, satisfy the apparently too weak estimate

l“n,jl = q(n+1)/2 (instead of q"/z).

But this estimate is valid for Y of any even dimension n. The actual Riemann
hypothesis for any projective smooth variety X follows by applying this estimate
to all the even cartesian powers of X.

II. Consequences for number theory. That there are many spectacular consequences
for number theory comes as no surprise. Let us indicate a few of them.

(1) Estimation of 3 Y(F,) when Y has a “simple” cohomological structure.
For example, if Y is a smooth n-dimensional hypersurface of degree d, we get

1y 2 (L 1\t _

{2) Estimates for expenential sums in several variables, e.g
(a) if f is a polynomial over F, in n variables of degree d prime to p, whose
part of highest degree defines a nonsingular projective hypersurface, then

< @-1p";

2> exp(%f(xl, ey x,,)]

x;GFP
(b) “multiple Kloosterman sums’:

Z’exp[%[x1+...+x,,+ ! )J

< (n+1).-p"2
x,GF,’,‘ xl...x,, ( )p

(3) The Ramanujan—Petersson conjecture. Already in 1968 Deligne had combined
techniques of /-adic cohomology and the arithmetic moduli of elliptic curves with
earlier ideas of Kuga, Sato, Shimura and Ihara to reduce this conjecture to the Weil
conjectures. Thus if 3 a(n)q" is the g-expansion of a normalized (a(1)=1) cusp
form on I'y(N) of weight k=2 which is a simultaneous eigenfunction of all Hecke
operators, then

la(p)] < 2p"-V2 for all primes p{N.

III. Cohomological consequences; weights. As Grothendieck foresaw in the 1960s
with his “yoga of weights™, the truth of the Weil conjectures for varieties over
finite fields would have important consequences for the cohomological structure of
varieties over the complex numbers. The idea is that any reasonable algebro-geo-
metric situation over C is actually defined over a subring of C which, as a ring,
is finitely generated over Z. Reducing modulo a maximal ideal m of this ring,
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we find a situation over a finite field, and the corresponding Frobenius endomorphism
F(m) operating on this situation. This Frobenius operates by functoriality on the
l-adic cohomology, which is none other than the singular cohomology, with Q,-
coefficients, of our original situation over C. This natural operation of Frobenius
imposes a previously unsuspected structure on the cohomology of complex algebraic
varieties, the so-called “weight filtration”, or filtration by the magnitude of the
eigenvalues of Frobenius.

In a remarkable tour de force in the late 1960’s and early 1970’s, Deligne developed,
independently of the Weil conjectures, a complete theory of the weight filtration
of complex algebraic varieties, by making systematic use of Hironaka’s resolution of
singularities, of the notion of differential forms with “logarithmic poles” (i.e. pro-
ducts of dt/t’s), and of his own earlier work on cohomological descent. The result-
ing theory, which Deligne named “mixed Hodge theory”, should be seen as a far-
reaching generalization of the classical theory of “differentials of the second kind”
on algebraic varieties, as well as of “usual” Hodge theory.

Consider, for example, a smooth affine variety U over C. By one of Hironaka’s
fundamental results, we can find a projective smooth variety X and a collection of
smooth divisors D; in X which cross transversally, such that U= X— UD,. Deligne
shows that the Leray spectral sequence, in rational cohomology, of the inclusion
map Uc, X, degenerates at E,, and that the filtration it defines on the cohomology
of U is independent of the choice of the compactification. This is the desired weight
filtration; its smallest filirant is the image of H*(X) in H"(U), i.e. the space of
“differentials of the second kind on U”.

One of the many applications of this theory is to the global monodromy of families
of projective smooth varieties. Given a projective smooth map X—~ S of smooth
complex varieties, and a point ' s€ S, the fundamental group (S, §) acts on each
of the cohomology groups H'(X,, C) of the fibre X,. Deligne shows that these
representations are all completely reducible, and that each of their isotypical com-
ponents, especially the space of invariants, is stable under the Hodge decomposition
into (p, g)-components.

By means of an extremely ingenious and difficult argument drawing upon Grothen-
dieck’s cohomological theory of L-functions and the ideas of the Hadamard-de la
Vallée Poussin proof of the prime number theorem, Deligne later established an
I-adic analogue of this theorem of complete reducibility for /-adic “local systems”
in characteristic p over open subsets of the projective 7-line P, provided that all
of the “fibres” of the local system satisfy the Riemann Hypothesis (with a fixed

power of ﬁ). Once he had proven the Riemann Hypothesis for varieties over
finite fields, he could apply this theorem to the local system coming from a Lefschetz
pencil on a projective smooth variety over a finite ficld. The resulling complete
reducibility is easily seen to imply the hard Lefschetz theorem. This theorem, pre-
viously known only over C, and there by Hodge’s theory of harmonic integrals,
is thus established, in all characteristics as a consequence of the Weil conjectures.
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Other outgrowths of Deligne’s work on weights include his theory of differential
equations with regular singular points on smooth complex varieties of arbitrary
dimension, which yields a new solution of Hilbert’s 21st problem, and his affirmative
solution of the “local invariant cycle problem” in the local monodromy theory of
families of projective smooth varieties.

Still another application of “weights” is to homotopy theory. Deligne, Griffiths,
Morgan and Sullivan jointly apply mixed Hodge theory to prove that the homotopy
theory (®Q) of a projective smooth complex variety is a “‘formal consequence”
of its cohomology.

IV. Other work. We have passed over in silence a considerable body of Deligne’s
work, which alone would be sufficient to mark him as a truly exceptional mathe-
matician; duality in coherent cohomology, moduli of curves (jointly with Mumford),
arithmetic moduli (jointly with Rapoport), the Ramanujan—Petersson conjecture
for forms of weight one (jointly with Serre), the Macdonald conjecture (jointly with
Lusztig), local “roots numbers”, p-adic L-functions (jointly with Ribet), motivic
L-functions, “Hodge cycles’” on abelian varieties, and much more.

I hope that I have conveyed to you some sense, not only of Deligne’s accomplish-
ments, but also of the combination of incredible technical power, brilliant clarity,
and sheer mathematical daring which so characterizes his work.

PRINCETON UNIVERSITY
PrinceETON, N.J. 08540, U.S.A.
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The Work of Charles Fefferman

Lennart Carleson

There was'a period, in the 1940s and 1950s, when classical analysis was considered
dead and the hope for the future of analysis was considered to be in the abstract
branches, specializing in generalization. As is now apparent, the rumour of the
death of classical analysis was greatly exaggerated and during the 1960s and 1970s
the field has been one of the most successful in all of mathematics. Briefly, I think
that one can say that the reasons for this are the unification of methods from har-
monic analysis, complex variables and differential equations, the discovery of the
correct generalizations to several variables and finally the realization that in many
problems complications cannot be avoided and that intricate combinatorial argu-
ments rather than polished theories often are in the centre.

This general description of classical analysis also suinmarizes the work of Charles
Feflferman. In an eminent way he masters these techniques and has contributed
1o the success of our common field and it is with real joy and pride, as a friend and as
co-worker in the field, I shall try to sketch some lines in the development with emphasis
on certain of Fefferman’s many contributions.

It is natural 1o starl with the Hardy spaces H?,1i.e. functions f(z) holomorphic
in [z]<1 and belonging L? on the boundary of |z|=1. Through the work of
Marcel Riesz we know that H” is the dual of H? for conjugate exponenis p and
q for 1<p<-oo, and tihe theory becomes similar to the LF, L%theory. There was,
however, no analogy to the L*, L*-duality and special methods were necessary
for every situation for H?'. Ii was therefore a greal sensation when Fefferman in
1971 showed that the dual of H' was a space that had been used a few years earlier
by John and Nirenberg, the space BMO of functions of bounded mean oscillation.
This is the space of functions which on every interval differs in the mean from its
mean value by a bounded quantity. A canonical non-bounded example is the
logarithm of the absolute value. Many problems for H! now become concrete,
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constructive problems for this class. As a simple illustration of the force of the
method, consider Hardy’s theorem that if f(z)=3)c,z"€¢H* then J|c,|n1<co.
Dually this means that S 8,n-1¢" ¢ BMO, 5, = 1,

and this is essentially trivial to verify.

The idea, however, carries much further. The result from 1971 by Gundy, Burk-
holder and Silverstein that a harmonic function u(z) in |z|<1 is the real part of
an H'-function if and only if sup u(z)€ Lt
z€EV,
where V, is the Stolz angle at €", also gets a natural explanation as a representa-
tion problem for BMO. The interesting result appears that we need only take
the sup over the radius. It is clear how this generalizes to several dimensions and we
have in this theory one of the most rapidly expanding branches of analysis. In parti-
cular, I should like to mention the recent theory of Muckenhaupt, Wheeden and
others, where also Fefferman has contributed essentially, generalizing the LP-theory
of conjugate functions to weighted LP-spaces. The culmination is Calderon’s recent
work on singular integrals on C-curves which you will hear more about during the
congress.

In the centre of this development is the theory of singular integrals and different
maximai versions of these integrais. In pariiculai, ibe maximal pariial sum operator
for a Fourier series is essentially such a maximal operator

—int
5*() = swp 8,16 = swp [ L2t

Fefferman has given a direct combinatorial proof in the spirit of Kolmogorov that
Sy (%) for arbitrary choice of n(x) is uniformly bounded on L? and hence a new
proof of the a.e. convergence of the Fourier series of a continuous function. We have
of course similar formulas in several variables. It is remarkable that Fefferman was
the first to find a counterexample showing that no similar result holds for rectangular
partial sums in several variables, even if we make strong restrictions on the ratio
of the sides of the rectangles. This is a result that should have been proved 100 years
ago!

We have seen here how the interplay between ideas in real and complex analysis
has given striking and deep new results and that singular integrals and Fourier
analysis were the main tools. These tools are also, as you all know, closely tied to
partial differential equations with constant coefficients because of the algebraic
way in which Fourier transform reflects derivations. In a similar way one can also
treat differential equations with variable coefficients — the idea is to introduce in
the Fourier transform a function p — the symbol — which also depends on the

space variables:  (puy(x) = [f =9 tp(x, &, y)u(y) dy dE.

We can make the theory still more general by replacing (x—y)+¢ in the exponent
by more general functions. This will be important for us later.
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The theory becomes highly technical and a careful classification of symbols
p in terms of estimates of derivatives is necessary. In joint work with R. Beals,
Fefferman has introduced a new weighted classification. The main application is
a new proof of a result of Nirenberg and Tréves for the local solvability of a partial
differential equation of principal type. Using these methods Fefferman and Phong
recently showed a best possible version of the sharp Garding inequality, ie. if
p(x, &)=0 and is at most of second order in ¢ tihen

(p(x, Dyu, u) = —Cllull;.

There is a natural connection back from partial differential equations to complex
analysis in the classical Cauchy-Riemann equations. In several variables, these are
really a system of equations and an important difference between one and several
complex variables is that certain of these equations 9, /=0 also make sense on the
boundary of the domain €. In particular, if f is given on the boundary there is
a natural L2-projection on solutions of these equations. This projection is realized
by a kernel, the Szegd kernel. Similarly, the projection corresponding to L? for
the volume of  is given by the Bergman kernel K(z, (). Clearly, in the centre
of interest, we have the regularity of K as the points approach the boundary.
It was shown by Kerzman that for strictly pseudo convex domains, the singularities
appear as z—~{ and the case z={ is particularly interesting.

If Q is a strictly pseudo convex domain given by a smooth plurisubharmonic
function ¥ so that Q:yY <0, then Hormander proved in 1965 that for z,€0Q

o
0z,
_ (2%
. - n! A= (azvaz_,,] n!
Jim Y(z)'"1K(z, 2) = Fdet o = ?L(Ill).
9z,
oy oy
l/l —5—ZT “ee azl

By a direct very ingenious consiruction Fefferman (1974) obtained a complete asym-
ptotic formula which to everybody’s surprise contained a logarithmic singularity:

(—Y)"*1K(z, 2) = F(2) +G(2)(—y)" * log (—¥)
with F and G smooth. As was shown later by Boutet de Monvel and Sjostrand
this singularity can be best understood in the context of Fourier integral operators.

Let y(z,{) be a convenient, explicit continuation of ¥(z, z)=y/(z) from the diagonal
in Q to C"XC". Then K(z,{) is essentially a Laplace transform of the type

[ e=0k(z, {1t
0

where k has a singularity al = of the type " which just produces singularities
of Fefferman’s type at the boundary where ¥=0.
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Fefferman’s interest in the Bergman kernel originated in his desire to show the
regularity of biholomorphic mappings up to the boundary of smoeoth domains. The
metric

0%log K

. —
ds? = Z-——azv P dz,dz,

is invariant under the mapping and its geodesics G are therefore natural bases for
a geometric description of the eorrespondence between the boundaries of the domains,
i.e. if we can show that G approaches a definite boundary point and that directions
correspond smoothly to the boundary. Since we have a precise knowledge of the
behavior of the metric at dQ all becomes concrete differential geometric problems.
The difficulties are however very serious because of the singular behavior of K at 9Q
but were mastered by Fefferman in a remarkable way.

Through Fefferman’s result we now have a foundation for a discussion of the
mapping on the boundary. The fundamental problem is to classify domains which
are biholomorphically equivalent or locally so. We shall only consider the local
problem and then need a set of local invariants. Inthe case n=2 all local invariants
were formed already by Eli Cartan and Chern and Moser gave a complete theory.
In particular they found certain invariant curves; the chains. You will hear more
about this in Jiirgen Moser’s lecture. Fefferman has given a differential geometric
description of the Chern-Moser-chains derived from certain geodesics for a me-
tric, which is related to the Bergman kernel function. He has also started the big
program to find algebraic descriptions of the local invariants. In all probability
we are here at the beginning of a completely new theory in several complex
variables.

I should like to finish by pointing to an alternative approach which is very attractive
to a classical analyst. The most important tool in one complex variable is the
harmonic functions. The class is invariant under conformal mappings because
A(uof)=|f’|2P4u. The natural analogue in several variables is the Hessian
determinant

o 0?u

|[4]u = det [_32‘, 32—,,]
We have already seen A in Hoérmander’s formula Lu for K(z,z) and actually
A and L are related by the change u--logu. The study of the equation Au=¢
has started but basic estimates are still missing. Fefferman has made the important
observation that the equation Lu=1, u=0 on 9, can be solved approximately,
again with regularity until the critical singularities enter for the nth derivative.
I am sure that we see here another example of the beginning of an important theory.

I hope this brief survey has convinced you of the vitality of classical analysis and
of the great contributions of Charles Fefferman.

INSTITUT MITTAG-LEFFLER
(18262) DJURSHOLM, SWEDEN
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The Work of Gregori Aleksandrovitch Margulis

J. Tits

The work of Margulis belongs to combinatorics, differential geometry, ergodic
theory, the theory of dynamical systems and the theory of discrete subgroups of
real and p-adic Lie groups. In this report, I shall concentirate on the last aspect
which covers his main results.

1. Discrete subgroups of Lie groups. The origin. Discrete subgroups of Lie groups
were first considered by Poincaré, Fricke and Klein in their work on Riemann surfaces:
if M is a Riemann surface of genus =2, its universal covering is the Lobatchevski
plane (or Poincaré half-plane), therefore the fundamental group of M can be
identified with a discrete subgroup I' of PSL, (R); the problem of uniformization
and the theory of differentials on M lead to the study of automorphic forms rela-
tive to I

Other discrete subgroups of Lie groups, such as SL, (Z) (in SL,(R)) and the
group of “units” of a rational quadratic form (in the corresponding orthogonal
group) play an essential role in the theory of quadratic forms (reduction thcory)
developed by Hermite, Minkowski, Siegel and others. In constructing a space
of moduli for abelian varieties, Siegel was led to consider the “modular group”
Sps,(Z), a discrete subgroup of Sps,(R).

The group SL,(Z), the group of units of a rational quadratic form and the modular
group are special instances of “arithmetic groups”, as defined by A. Borel and
Harish-Chandra. A well-known theorem of those authors, generalizing classical
results of Fricke, Klein, Siegel and others, asserts that if I’ is an arithmetic sub-
group of a semi-simple Lie group G, then the volume of G/I' (for any G-invariant
measure) is finite; we say that I' has finite covolume in G. The same holds for
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G=PSL,(R) if I' is the fundamental group of a Riemann surface “with null
‘boundary” (for instance, a compact surface minus a finite subset).

Already Poincaré wondered about the possibility of describing all discrete sub-
groups of finite covolume in a Lie group G. The profusion of such subgroups in
G=PSL,(R) makes one at first doubt of any such possibility. However, PSL,(R)
was for a long time the only simple Lie group which was known to contain non-
arithmetic discrete subgroups of finite covolume, and further examples discovered
in 1965 by Makarov and Vinberg involved only few other Lie groups, thus adding
credit to conjectures of Selberg and Pyatetski-Shapiro to the effect that “for most
semisimple Lie groups” discrete subgroups of finite covolume are necessarily arith-
metic. Margulis’ most spectacular achievement has been the complete solution of
that problem and, in particular, the proof of the conjectures in question.

2. The noncocompact case. Selberg’s conjecture. Let G be a semisimple Lie
group. To avoid inessential technicalities, we assume that G is the group of real
points of a real simply connected algebraic group % which we suppose embedded
in some GL,(R), and that G has no compact factor. Let I' be a discrete sub-
group of G with finite covolume and irreducible in the sense that its projection in
any nontrivial proper direct factor of G is nondiscrete. Suppose that the real
rank of G is =2 (this means that G is not a covering group of the group of motions
of a real, complex or quaternionic hyperbolic space or of an “octonionic” hyper-
bolic plane) and that G/I' is not compact. Then, Selberg’s conjecture asserts that
I' is arithmetic which, in this case, means the following: there is a base in R* with
respect to which ¢ is defined by polynomial equations with rational coefficients and
such that I' is commensurable with %(Z)=Gn GL,(Z) (i.e. I'n¥%(Z) has finite
index in both I' and %(Z)). Selberg himself proved that result in the special case
where G is a direct product of (at least two) copies of SL,(R).

A first important step toward the understanding of noncompact discrete subgroups
of finite covolume was the proof by KaZdan and Margulis [2] of a related, more
special conjecture of Selberg: under the above assumptions (except that no hypothesis
is made on rkzG), I' contains nontrivial unipotent elements of G (i.e. elements all
of whose eigenvalues are 1). This was a vast generalization of results already known
for SL,(R) and products of copies of SL,(R) (Selberg); in view of a fundamental
theorem of Borel and Harish—Chandra (““Godement’s conjecture”), it had to be
true if I' was to be arithmetic. Let us also note in passing another remarkable
byproduct of Ka?dan-Margulis’ method: given G, there exists a neighborhood
W of the identity in G such that for every I' (cocompact or not), some conjugate
of T intersects W only at the identity; in particular, the volume of G|I' cannot
be arbitrarily small (for a given Haar measure in G). For G=SLy(R), the last
assertion had been proved by Siegel, who had also given the exact lower bound
of vol (G/T’) in that case. A. Borel reported on those results of KaZdan and Maigulis
at Bourbaki Seminar [26].

The existence of unipotent elements in I" was giving a hold on its structure. In
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[6], Margulis announced, among others, the following result which was soon re-
cognized by the experts as a crucial step for the proof of Selberg’s conjecture:

in the space of lattices in R", the orbits of a one-parameter unipotent subsemi-
group of GL,(R) ““do not tend to infinity” (in other words, a closed orbit is periodic).

For a couple of years, Margulis’ proof remained unpublished and every attempt
by other specialists to supply it failed. When it finally appeared in [9], the proof
came as a great surprise, both for being rather short and using no sophisticated
technique: it can be read without any special knowledge and gives a good idea of the
extraordinary inventiveness shown by Margulis throughout his work.

Using unipotent element, it is relatively easy to show that, G and I' being as
above, there is a Q-structure % on G such that I'c%(Q). The main poini of
Selberg’s conjecture is then to show that the matrix coefficients of the elements of
I' have bounded denominators. In [15], Margulis announced a complete proof of
the conjecture and gave the details under the additional assumption that the Q-rank
of @ isatleast 2. Another proof under the same restriction was given independently
by M. S. Raghunathan. The much more difficult case of a Q-rank one group is
treated by Margulis in [19], by means of a very subile and delicate analysis of the
set of unipotent elements contained in I'. The main techniques used in [15] and [19]
are those of algebraic group theory and p-adic approximation.

3. The cocompact case. Rigidity. Margulis was invited 1o give an address at thf
Vancouver Congress, no doubt with the idea that he would expose his solution oe
Selberg’s conjecture. Instead, prevented (as this time) from attending the Congress,
he sent a report on completely new and totally unexpected results on the cocompact
case [18].

That case, about which nothing was known before, presented two great additional
difficulties which nobody knew how to handle. On the one hand, if G/I" is compact,
I’ contains no unipotent element, so that the main technique used in the other case
is not available. But there is another basic difficulty in the very notion of arithmetic
group: let G,I" be as in §2 excepl that G/I" is no longer assumed to be non-
compact; then I' is said to be arithmetic if there exist an algebraic linear semi-
simple simply connected group # defined over Q@ and a homomorphism o : #(R) ~G
with compact kernel such that I' is commensurable with «(3#(Z)). The point is
chat in the non-cocompact case, a is necessarily an isomorphism. In the general
case, there is a priori no way of knowing what J# will be (in fact, for a given G, #
tan have an arbitrarily large dimension). A conjecture, more or less formulated
by Pyatetski-Shapiro at the 1966 Congress in Moscow, 1o the effect that also in
the cocompact case, assuming again rk, G=2, I had to be arithmetic, was certainly
more daring atl the time and seemed completely out of reach. It was the proof of
that conjecture that Margulis seni, without warning, to the Vancouver Congress.

Arithmetic subgroups of Lie groups are in some sense “rigid”; intuitively, this
follows from the impossibility 1o alter an algebraic number continuously without
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destroying the algebraicity. On the other hand, theorems of Selberg, Weil and
Mostow showed that in semi-simple Lie groups different from SL,(R) (up to
local isomorphism) cocompact discrete subgroups are rigid, and Selberg had observed
that rigidity implies a “certain amount of arithmeticity”: in fact, it is readily seen
to imply that I' is contained in %(K) for some algebraic group ¢ and some number
field K. As before, the crux of the matter is the proof that the matrix coefficients
of the elements of I' have bounded denominators. This is achieved by Margulis
through a “superrigidity”” theorem which, for groups of real rank at least 2, is a vast
generalization of Weil’s and Mostow’s rigidity theorems:

Assume 1k G=2, let F be alocally compact nondiscrete field and let o: I ~GL, (F)
be a linear representation such that o(I') is not relatively compact and that its Zariski-

closure is connected; then F=R or C and @ extends to a rational representation
of 4.

The proof of this theorem is relatively short (considering the power of the result),
but is a succession of extraordinarily ingenious arguments using a great variety of
very strong techniques belonging to ergodic theory (the “multiplicative ergodic
theorem”), the theory of unitary representations, the theory of functional spaces
(spaces of measurable maps), algebraic geometry, the structure theory of semi-
simple algebraic groups, etc. In 1975-1976, 1 devoted my course at the Collége
de France to those results of Margulis; I believe that I learned more mathematics
during that year than in any other year of my life. A summary of the main ideas
of that beautiful piece of work is given in [27].

Another, quite different proof of the superrigidity theorem and its application to
arithmeticity (both in the cocompact and the noncocompact case)—using the work
of H. Furstenberg—can be found in [20].

4. Other results.

4.1. S-arithmetic groups. Let K be a number field, S a finite set of places of
K including all places at infinity, o the ring of elements of K which are integral
at all finite places not belonging to S, #C%%, a simply connected semisimple
linear algebraic group defined over K and #(0)=H#nGL,(0). Then, (o)
injects as a discrete subgroup of finite covolume in the product H=JJ ., #(K,),
where K, denotes the completion of X at v.

(Example: if o is the ring of rational numbers whose denominator is a power
of 2, SL,(v) is a discrete subgroup of finite covolume of SL,(R)XSL,(Q;)). Now
let G be a direct product of simply connected semi-simple real or p-adic Lie
groups. A discrete subgroup I' of G is called S-arithmetic if there exist X, S, o
as above and a homomorphism o: H-~G with compact kernel such that I and
a(# (o)) are commensurable. All results of [18], stated above for ordinary Lie
groups and arithmetic groups, are in fact proved by Margulis in the more general
framework described here. In particular, he shows that if G is as above, if the
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rank of G (i.e. the sum of the relative ranks of its factors) is at least 2 and if I is
a discrete subgroup of finite covolume in G, which is irreducible (as defined in n°2),
then I' is S-arithmetic.

4.2. “Abstract’ isomorphisms. The very general and powerf{ul superrigidity theorem
(in the framework of 4.1) has far-reaching consequences besides the arithmeticity.
For instance, it enables Margulis to solve almost completely the problem of ‘““abstract
isomorphisms” between groups of points of algebraic simple groups over number
fields or arithmetic subrings of such fields; his result embodies, in the arithmetic
case, all those obtained before on that problem by Dieudonné, O’Meara and his
school, A. Borel and me, and goes considerably further.

4.3. Normal subgroups. Lel G be as in 4.1 and let I' be an irreducible discrete
subgroup of G of finite covolume. Margulis was able to show (cf. [27]) that if
tk G=2, then every noncentral normal subgroup of I' has finite index. (In fact,
the conditions of Margulis’ theorem are more general: under suitable hypotheses,
G is allowed 1o have factors defined over locally compact local fields of finite
characteristic.) So far, the only results known in that direction—results of Mennicke,
Bass, Milnor, Serre, Raghunathan—were connecied with the congruence subgroup
problem and valid only in the cases where that problem has a positive solution.

4.4. Action on trees.In a paper which appeared in the Springer Lecture Notes, no 372,
Serre showed that the group of integral points of a simple Chevalley group-scheme
of rank =2 cannot act without fixed point on a tree; this also means that such a group
is not an amalgam in a nontrivial way. Serre points out that his method of proof
does not extend 1o congruence subgroups and asks whether the result generalizes to
such subgroups or to other arithmetic groups. With his own methods, Margulis
was able 10 solve at once the problem in its widest generality: if G is as in 4.1,
of rank at least 2, and if I' is an irreducible discrete subgroup of finite covolume
in G, then I’ cannot act without fixed point on a tree.

5. Conclusion. Margulis has completely or almost completely solved a number
of important problems in the theory of discrete subgroups of Lie groups, problems
whose roots lie deep in the past and whose relevance goes far beyond that theory
itself. It is not exaggerated to say that, on several occasions, he has bewildered the
experts by solving questions which appeared 1o be completely out of reach at the
time. He managed that through his mastery of a great variety of techniques used
with exiraordinary resources of skill and ingenuity. The new and most powerful
methods he has invented have already had other important applications besides
those for which they were created and, considering their generality, I have no doubt
that they will have many more in the future.

I wish to conclude this report by a nonmathematical comment. This is probably
neither the time nor the place 1o stari a polemic. However, I cannotl but express



62 J. Tits

my deep disappointment—no doubt shared by many people here—in the absence
of Margulis from this ceremony. In view of the symbolic meaning of this city of
Helsinki,! I had indeed grounds to hope that I would have a chance at last to meet
a mathematician whom I know only through his work and for whom I have the
greatest respect and admiration.
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The Work of Daniel Quillen

I. M. James

D. G. Quillen’s contributions to algebra are outstanding in their inventiveness,
conceptual richness and technical virtuosity. He is the prime architect of the higher
algebraic K-theory, and this is perhaps his finest achievement. But before dealing
with this I would like to say a few words about some of his other contributions 1o
mathematics.

I will begin with the cohomology of groups. First consider the mod p cohomology
ring of a finite group. It was long conjectured that the dimension of this ring,
in the sense of commutative algebra, was the same as the rank of a maximal abelian
p-subgroup. Quillen established the conjecture by a method which was very original,
elegant and powerful. An essential point was that, to prove a purely algebraic
result, he enlarged the context by studying a more general problem which brought
in topology by having the group act on a space.

Among the most interesting groups, from the cohomological point of view, are
the classical groups over finite fields. These occupy a central position in Quillen’s
work and he has obtained much important information about them. Moreover he
has shown how such purely algebraic information can be used to prove deep results
in topology.

An example of this is Quillen’s proof of the Adams conjecture in topological
K-theory. Suppose we consider real vector bundles over a compact Hausdorfl
space X. These bundles generate the Grothendieck group KO (X), and this group
admits a family of operators, called the y-operations. In homotopy theory it is
important to know when a bundle, or rather its associated sphere-bundle, is trivial
in the sense of fibre homotopy type. Bundles which are trivial in this sense generate
a subgroup of KO (X). Adams, around 1965, made the bold conjecture that this
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subgroup could be constructed purely algebraically. Specifically he gave a formula
for constructing elements of the subgroup in terms of Y-operations. Adams verified
his conjecture for combinations of line bundles and plane bundles.

Despite much. effort it was not until 1970 that the conjecture became a theorem.
Quillen’s proof introduced completely new methods into the subject, based on
Brauer’s work in representation theory. He begins with the case where the structural
group of the bundle can be reduced from the full general linear group to a finite
subgroup. Using the Brauer induction theorem he reduces this case to that of
bundles with rank not greater than two, where Adams’ methods suffice. Then he
shows that the finite case exercises enough control over the general case to solve the
problem. This was a real tour de force since it involved the use of the Frobenius
map x--x? in characteristic p (which corresponds to the operator /?) to solve
a difficult problem in topology. Another proof was given by Sullivan about the same
time, but it was not until several years later that Becker and Gottlieb found a proof
using conventional algebraic topology.

Another of Quillen’s contributions to topology relates to the cobordism theory
of Thom. Here manifolds are classified modulo boundaries—those manifolds which
bound manifolds with boundary. The classification of manifolds in this sense can be
reduced to a homotopy-theoretic problem. Earlier methods of solving this problem
required difficult calculations but Qullen discovered an entirely new approach,
involving formal groups, which bypassed the difficulties in a spectacular manner and
gave a beautiful and satisfying conclusion to this important theory.

Now for one of Quillen’s most recent achievements. About twenty years ago Serre
showed that vector bundles over a space X could be interpreted as projective modules
over the ring of condtinuous realvalued “functions on X. Trivial bundles correspond
to free modules. On the basis of this connection Serre formulated the plausible
conjecture that all projective modules over a polynomial ring are free. The experts in
commutative algebra found this an irresistible challenge but despite great efforts
progress towards establishing the conjecture was very limited. Then, a couple of
years ago, Quillen came up with a simple direct proof of a few pages, disposing
of the whole problem. About the same time the Russian mathematician Suslin
also found a proof.

I hope I haven’t been placing too much emphasis on Quillen’s phenomenal suc-
cesses in solving outstanding problems. These are not isolated achievements but
appear rather as spectacular features of the new breed of mathematics he has been
creating. Itis algebraic K-theory, more than anything else, which occupies the central
position in his work.

The development of K-theory first in algebraic geometry and then in topology
led many to search for a more general algebraic theory which would apply to any
ring and especially to the ring of integers. This would be cohomological in form,
with groups in all non-negative dimensions. The right definition in dimension zero
was well-known, and various proposals were made for the definition in dimension
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one. However it was Quillen, in 1972, who found the general definition and thereby
opened up this major new area of research, of which the full potential has yet to be
realized.

Quillen’s definition involves a simple but novel idea, known as the plus construc-
tion, which has since found many applications. For the construction one needs a per-
fect normal subgroup E of the fundamental group =,(X), where X is a complex.
By attaching 2-cells and 3-cells to X, in a cerlain way, Quillen constructs a complex
X+ such that the inclusion X—X* induces an isomorphism in homology while
killing precisely E in the fundamental group. In ihe application X is the classifying
space BGL{4) of the stable general linear group GL (4) of a given ring A.
The commutator subgroup FE(4) of GL (A4) is known to be perfect. Quillen
applies his construction, using the corresponding subgroup of the fundamental
group of the classifying space, and obtains a space BGL (4)*. The higher K-groups
of A are defined 1o be the higher homotopy groups =, (BGL (4)*). It required
extraordinary insight to realize that this gave the correct formulation.

Quillen’s work has had a great influence on the thinking and perceptions of the
present generation of topologists and algebraists. His papers are not merely infor-
mative, but edifying and exciting to read. They bring into clear view a mathematical
landscape of great richness and beauty that many others have vainly siriven to
approach.

UNIVERSITY OF OXFORD
Oxrorp OX1 3LB, ENGLAND






One-hour Plenary Addresses.






Proceedings of the International Congress of Mathematicians
Helsinki, 1978

Quasiconformal Mappings, Teichmiiller Spaces,
and Kleinian Groups

Lars V. Ahlfors*

I am extremely grateful to the Committee to select hour speakers for the great
honor they have bestowed on me, and above all for this opportunity to address
the mathematicians of the whole world from the city of my birth. The city has changed
a great deal since my childhood, but I still get a thrill each time I return to this place
that holds so many memories for me. I assure you that today is even a more special
event for me.

I have interpreted the invitation as a mandate to report on the state of knowledge
in the fields most directly dominated by the theory and methods of quasiconformal
mappings. I was privileged to speak on the same topic once before, at the Congress
in Stockholm 1962, and it has been suggested that I could perhaps limit myself
to the developments after that date. But I feel that this talk should be directed to
a much wider audience. I shall therefore speak strictly to the non-specialists and let
the experts converse among themselves at other occasions.

The whole field has grown so rapidly in the last years that I could not possibly
do justice to all recent achievements. A mere list of the results would be very dull
and would not convey any sense of perspective. What I shall try to do, in the limited
time at my disposal, is to draw your atiention io the rather dramatic changes that
have taken place in the theory of functions as a direct result of the inception and
developmenti of quasiconformal mappings. I should also like to make it clear that
I am not reporting on my own work; I have done my share in the early stages, and
I shall refer to it only when needed for background.

* This work has been supported by the National Science Foundation of the United States under
Grant number MCS77 07782
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1. Historical remarks. In classical analysis the theory of analytic functions of
complex variables, and more particularly functions of one variable, have played
a dominant role ever since the middle of the nineteenth century. There was an obvious
peak around the turn of the century, centering about names like Poincaré, Klein,
Picard, Borel, Hadamard. Another blossoming took place in the 1920s with the
arrival of Nevanlinna theory. The next decade seemed at the time as a slackening
of the pace, but this was deceptive; many of the ideas that were later to be fruitful
were conceived at that time.

The war and the first post-war years were of course periods of stagnation. The
first areas of mathematics to pick up momentum after the war were topology and
functions of several complex variables. Big strides were taken in these fields, and
under the leadership of Henri Cartan, Behnke, and many others, the more-dimen-
sional theory of analytic functions and manifolds acquired an almost entirely new
structure affiliated with algebra and topology. As a result of this development the
gap between the conservative analysts who were still doing conformal mapping
and the more radical ones involved with sheaf-theory became even wider, and for
some time it looked as if the one-dimensional theory had lost out and was in danger
of becoming a rehash of old ideas. The gap is still there, but I shall try to convince
you that in the long run the old-fashioned theory has recovered and is doing quite well.

The theory of quasiconformai mappings is almost exacily fifty years old. They
were introduced in 1928 by Herbert Grétzsch in order to formulate and prove a
generalization of Picard’s theorem. More important is his paper of 1932 in which
he discusses the most elementary but at the same time most typical cases of extremal
quasiconformal mappings, for instance the most nearly conformal mapping of one
doubly connected region on another. Grétzsch’s contribution is twofold: (1) to have
been the first to introduce non-conformal mappings in a discipline that was so
exclusively dominated by analytic functions, (2) to have recognized the importance
of measuring the degree of quasiconformality by the maximum of the dilatation
rather than by some integral mean (this was recently pointed out by Lipman Bers).

Grotzsch’s papers remained practically unnoticed for a long time. In 1935 essentially
the same class of mappings was introduced by M. A. Lavrentiev in the Soviet Union
whose work was connected more closely with partial differential equations than
with function theory proper. In any case, the theory of quasiconformal mappings,
which at that time had also acquired its name, slowly gained recognition, originally
as a useful and flexible tool, but inevitably also as an interesting piece of mathe-
matics in its own right.

Nevertheless, quasiconformal mappings might have remained a rather obscure
and peripheral object of study if it had not been for Oswald Teichmiiller, an ex-
ceptionally gifted and intense young mathematician and political fanatic, who
suddenly made a fascinating and unexpected discovery. At that time, many special
extremal problems in quasiconformal mapping had already been solved, but these
were isolated results without a connecting general idea. In 1939 he presented to the
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Prussian Academy a now famous paper which marks the rebirth of quasiconformal
mappings as a new discipline which completely overshadows the rather modest
beginnings of the theory. With remarkable intuition he made a synthesis of what
was known and proceeded to announce a bold outline of a new program which he
presents, rather dramatically, as the result of a sudden revelation that occurred
to him at night. His main discovery was that the extremal problem of quasiconformal
mapping, when applied to Riemann surfaces, leads automatically to an intimate
connection with the holomorphic quadratic differentials on the surface. With this
connection the whole theory takes on a completely different complexion: A problem
concerned with non-conformal mappings turns out to have a solution which is
expressed in terms of holomorphic differentials, so that in reality the problem
belongs to classical function theory. Even if some of the proofs were only heuristic,
it was clear from the start that this paper would have a tremendous impact, although
actually its influence was delayed due to the poor communications during the war.
In the same paper Teichmiiller lays the foundations for what later has become
known as the theory of Teichmiiller spaces.

2. Beltrami coefficients. It is time to become more specific, and I shall start by
recalling the definition and main properties of quasiconformal (g.c.) mappings.
To begin with I shall talk only about the two-dimensional case. There is a correspond-
ing theory in several dimensions, necessarily less developed, but full of interesting
problems. One of the reasons for considering q.c. mappings, although not the most
compelling one, is precisely that the theory does not fall apart when passing to
more than itwo dimensions. I shall return to this at the end of the talk.

Today it can be assumed that even a non-specialist knows roughly what is meant
by a q.c. mapping. Intuitively, a homeomorphism is q.c. if small circles are carried
into small ellipses with a bounded ratio of the axes; more precisely, it is K-g.c.
if the ratio is < K. For a diffeomorphism f this means that the complex derivatives
fi=5(fi—if) and f=%(f,+if;) satisfy |fjl<k|f,| with k=(K—1)/(K+1).

Already at an early stage it became clear that it would not do to consider only
diffeomorphisms, for the class of diffeomorphisms lacks compactness. In the begin-
ning rather arbitrary restrictions were introduced, but in time they narrowed down
to two conditions, one geometric and one analytic, which eventually were found
to be equivalent. The easiest to formulate is the analytic condition which says
that f is K-q.c. if it is a weak L2-solution of a Beltrami equation

M : =M.

where p=p,, known as a Beltrami coefficient, is a complex-valued measurable
function with ||u|_<k.

The equation is classical for smooth p, but there is in fact a remarkably strong
existence and uniqueness theorem without additional conditions. If p is defined
in the whole complex plane, with |p|<k<1 a.e., then (1) has a homeomorphic
solution which maps the plane on itself, and ﬂle:so]ution is unique up to conformal
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mappings. Simple uniform estimates, depending only on k, show that the class
of K-q.c. mappings is compact.

It must be clear that I am condensing years of research into minutes. The fact
is that the post-Teichmiiller era of quasiconformal mappings did not start seriously
until 1954. In 1957 1. N. Vekua in the Soviet Union proved the existence and uni-
queness theorem for the Beltrami equation, and in the same year L. Bers discovered
that the theorem had been proved already in 1938 by C. Morrey. The great difference
in language and emphasis had obscured the relevance of Morrey’s paper for the
theory of q.c. mappings. The simplest version of the proof is due to B. V. Boyarski
who made it a fairly straightforward application of the Calderén-Zygmund
theory of singular integral transforms.

As a consequence of the chain rule the Beltrami coefficients obey a simple
composition law:

_ | Hs—Hr _
Hgop-1= -1_-—.;_7—”1_,- (fz/'le)2] of %
The interesting thing about this formula is that for any fixed z and f the dependence
on p (z) is complex analytic, and a conformal mapping of the unit disk on itself.
This simple fact turns out to be crucial for the study of Teichmiiller space.

3. Extremal length. The geometric definition is conceptually even more important
than the analytic definition. It makes important use of the theory of extremal length,
first developed by A. Beurling for conformal mappings. Let me recall this concept
very briefly. If L is a set of locally rectifiable arcs in R2, then a Borel measurable
function ¢: R?—~R™ is said to be admissible for L if f ,@ds=1 for all y€ L. The
module M(L) is defined as inf f¢?dx for all admissible g; its reciprocal is the
extremal length of L. It is connected with q.c. mappings in the following way:
If f is a K-q.c. mapping (according to the analytic definition), then M(fL)<
KM(L). Conversely, this property may be used as a geometric definition of
K-q.c. mappings, and it is sufficient that the inequality hold for a rather restrictive
class of families L that can be chosen in various ways. This definition has the
advantage of having an obvious generalization to several dimensions.

Inasmuch as extremal length was first introduced for conformal mappings, its
connection with q.c. mappings, even in more than two dimensions, is another
indication of the close relationship between q.c. mappings and classical function
theory.

4. Teichmiiller’s theorem. The problem of extremal g. c. mappings has dominated
the subject from the start. Given a family of homeomorphisms, usually defined by
some specific geometric or topological conditions, it is required to find a mapping
S in the family such that the maximal dilatation, and hence the norm |u.. is
a minimum. Because of compactness the existence is usually no problem, but the
solution may or may not be unique, and if it is there remains the problem of describing
and analyzing the solution.
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I1 is quite obvious that the notion of q.c. mappings generalizes al once o mappings
{from one Riemann surface 1o another, each with its own conformal structure, and
that the problem of extremal mapping continues to make sense. The Beltrami
coefficient becomes a Beltrami differential p(z)dz/dz of type (—1,1). Note that
1u(z) does not depend on the local parameter on the target surface.

Teichmiiller considers topological maps f: S,—~S from one compact Riemann
surface to another. In addition he requires f io belong to a prescribed homotopy
class, and he wishes to solve the exitremal problem separately for each such class,
Teichmiiller asserted that there is always an extremal mapping, and that it is unique.
Moreover, either there is a unique conformal mapping in the given homotopy class,
or there is a constant k, 0<k<1, and a holomorphic quadratic differential ¢ (z)dz?
on S, such that the Beltrami coefficient of the extremal mapping is u,=k®/|p|.
It is thus a mapping with constant dilatation K=(1+k)/(1—k). The inverse
JS~1 is simultaneously exiremal for the mappings S—.S;, and it determines an
associated quadratic differential ¥ (w)dw? on S. In local coordinates the mapping
can be expressed through

Ve wydw =Vo(2)dz+kVd (z) dz.

Naturally, there are singularities at the zeros of ¢, which are mapped on zeros
of Y of the same order, but these singularities are of a simple explicit nature. The
integral curves along which 1/5 dz is respectively real or purely imaginary are
called horizontal and vertical trajectories, and the extremal mapping maps the
horizontal and vertical trajectories on S, on corresponding trajectories on S.
At each point the stretching is maximal in the direction of the horizontal trajectory
and minimal along the vertical trajectory.

This is a beautiful and absolutely fundamental result which, as I have already
iried to emphasize, throws a completely new light on the theory of g.c. mappings.
In his 1939 paper Teichmiiller gives a complete proof of the uniqueness part of
his theorem, and it is still essentially the only known proof. His existence proof,
which appeared later, is not so transparent, but it was put in good shape by Bers;
the result itself was never in doubt. Today, the existence can be proved more
quickly than the uniqueness, thanks to a {ruitful idea of Hamilton. Unfortunately,
time does notl permit me io indicate how and why these proofs work, except for
saying that the proofs are variational and make strong use of the chain rule for
Beltrami coefficients.

5. Teichmiiller spaces. Teichmiiller goes on to consider the slightly more general
case of compact surfaces with a finite number of punctures. Specifically, we say
that S is of finite type (p,m) if it is an oriented topological surface of genus p
with m points removed. It becomes a Riemann surface by giving il a conformal
structure. Following Bers we shall define a conformal structure as a sense-preserving
topological mapping ¢ on a Riemann surface. Two conformal structures o; and
o, are equivalent if there is a conformal mapping g of ¢,(S) on 06,(S) such
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that o, 'ogoo; is homotopic to the identity. The equivalence classes [¢] are
the points of the Teichmiiller space T(p, m), and the distance between [oy] and
[o5] is defined to be

d([o4], [03]) = loginf K(f)

where K(f) is the maximal dilatation of f, and f ranges over all mappings homo-
topic to gy007 ™. It is readily seen that the infimum is actually 2 minimum, and
that the extremal mapping from a,(S) to 63(S) is as previously described, except
that the quadratic differentials are now allowed to have simple poles at the punctures.

With this metric T(p, m) is a complete metric space, and already Teichmiiller
showed that it is homeomorphic to R®?—%*2" (provided that 2p—2+m=0).

Let f be a self-mapping of S. It defines an isometry f of T(p, m) which takes
[6] to [6of]. Thisisometry depends only on the homotopy class of f and is regarded
as an element of the modular group Mod (p, m). It follows from the definition that
two Riemann surfaces ¢4(S) and o¢,(S) are conformally equivalent if and only
if [o,] is the image of [oy] under an element of the modular group. The quotient
space T(p, m)/Mod (p, m) is the Riemann space of algebraic curves or moduli.
The Riemann surfaces that allow conformal self-mappings are branch-points of
the covering.

6. Fuchsian and quasifuchsian groups. The universal covering of any Riemann
surface S, with a few obvious exceptions, is conformally equivalent to the unit
disk U. The self-mappings of the covering surface correspond to a group G of
fractional linear transformations, also referred to as Mébius transformations, which
map U conformally on itself. More generally one can allow coverings with a signa-
ture, that is to say regular covering surfaces which are branched to a prescribed
order over certain isolated points. In this case G includes elliptic transformations
of finite order. It is always discrete.

Any discrete group of Mobius transformations that preserves a disk or a half-
plane, for instance U, is called a Fuchsian group. It is a recent theorem, due to
Jorgensen, that a nonelementary group which maps U on itself is discrete, and
hence Fuchsian, if and only if every elliptic transformation in the group is of finite
order. Assoon as this condition is fulfilled the quotient U/G is a Riemann surface S,
and U appears as a covering of S with a signature determined by the orders of
the elliptic transformations. The group acts simultaneously on the exterior U* of
U, and S*=U*/G isamirrorimage of S. G is determined by S up to conjugation.

A point is a limit point if it is an accumulation point of an orbit. For Fuchsian
groups all limit points are on the unit circle; the set of limit points will be referred
to as the limit set A(G). Except for some trivial cases there are only two alternatives:
either A is the whole unit circle, or it is a perfect nowhere dense subset. With
an unimaginative, but classical, terminology Fuchsian groups are accordingly
classified as being of the first kind or second kind.

If S is of finite type, then G is always of the first kind; what is more, G has
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a fundamental region with finite noneuclidean area. Consider a q.c. mapping
f: Sp—~S with corresponding groups G, and G. Then f lifts to a mapping
f: U~U (which we continue to denote by the same letter), and if g,€G, there is
a g€G such that fogy=gof. This defines an isomorphism 0: G,—~G which is
uniquely determined, up to conjugation, by the homotopy class of f. Moreover,
Jextends to a homeomorphism of the closed disks, and the boundary correspondence
is again determined uniquely up 1o normalization. The Teichmiiller problem becomes
that of finding f with given boundary correspondence and smallest maximal
dilatation. The extremal mapping has a Beltrami coefficient u=k@/|p| where
¢ is an invariant quadratic differential with respect to G,.

Incidentally, the problem of extremal g.c. mappings with given boundary values
makes sense even when there is no group, but the solution need not be unique.
The questions that arise in this connection have been very successfully treated by
Hamilton, K. Strebel, and E. Reich.

For a more general siluation, let udz/dz be any Beltrami differential, defined
in the whole plane and invariant under G, in the sense that (nogy)g,/go=p a.e.
for all g,€G. Suppose f is a solution of the Beltrami equation f,=pf,. It follows
from the chain rule that fog, is another solution of the same equation. Therefore
Sfogeof ! is conformal everywhere, and hence a Mébius transformation g. In this
way p determines an isomorphic mapping of G, on another group G, but this
time G will in general not leave U invariant. For this reason G is a Kleinian
group rather than a Fuchsian group. It has two invariant regions f(U) and f(U™),
separated by a Jordan curve f(6U). The surfaces f(U)/G and f(U*)/G are in
general not conformal mirror images.

The group G=fG,f™* is said to be oblained from G, by q.c. deformation,
and it is called a quasifuchsian group. Evidently, quasifuchsian groups have much
the same structure as fuchsian groups, except for the lack of symmetry. The curve
that separates the invariant Jordan regions is the image of the unit circle under
a q.c. homeomorphism of the whole plane. Such curves are called quasicircles.
It follows by a well-known property of g.c. mappings that every quasicircle has
zero area, and consequently the limit set A(G) has zero two-dimensional measure.

Strangely enough, quasicircles have a very simple geometric characterization:
A Jordan curve is a quasicircle if and only if for any two points on the curve at.
least one of the subarcs between them has a diameter at most equal to a fixed mul-
tiple of the distance between the points. I{ means, among other things, that there
are no cusps.

7. The Bers representation. There are two special cases of the construction that
I have described: (1) If p satisfies the symmetry condition u(1/z)z%/z2=[(z),
then G is again a Fuchsian group and f preserves symmeiry with respect to the
unit circle. (2) If p is identically zero in U and arbitrary in U*, except for being
invariant with respect to G,, then f is conformalin U, and f(U)/G is conformally
equivalent lo S=U/G, while f(U*)/G is a q.c. mirror image of S.
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I shall refer to the second construction as the Bers mapping. Two Beltrami
differentials p, and pu, will lead to the same group G and to homotopic maps
fi» /2 if and only if fi=f; on dU (up to normalizations). When that is the case
we say that p, and p, are equivalent, and that they represent the same point in the
Teichmiiller space T(G,) based on the Fuchsian group G,.

In other words the equivalence classes are determined by the values of f on the
unit circle. These values obviously determine f(U), and hence f, at least up to
a normalization. One obtains strict uniqueness by passing to the Schwarzian
derivative @=S, defined in U (recall that S,=(f"/f"Y —5(f"/f")?). From the
properties of the Schwarzian it follows that ¢ (gz)g’(z)?=¢(z) forall g€G,. Further-
more, by a theorem of Nehari |[p(z)|(1—|z|*)? is bounded (actually <6). Thus
¢ belongs to the Bers class B(G,) of bounded quadratic differentials with respect
to the group G,. The Bers map is an injection 7'(G,) —~B(Gy).

It is known that the image of 7(G;) under the Bers map is open, and as a vector
space B(G,) has a natural complex structure. The mapping identifies 7(G,) with
a certain open subset of B(G,) which in turn endows 7(G,) with its own complex
structure. If S is of type (p,m) the complex dimension is 3p—3+m. The nature
of the subset that represents T'(p, m) in C*’~3*+™ jis not well known. For instancel
it seems to be an open problem whether 7°(1,1) is a Jordan region in C.

The case where G=1, the identity group, 1s ot special interest because it is so
closely connected with classical problems in function theory. An analytic function ¢,
defined on U, will belongto T'() if and only if it is the Schwarzian S, of a schlicht
(injective) function on U with a g.c. extension to the whole plane. The study of
such functions has added new interest to the classical problems of schlicht functions.

To illustrate the point I would like to take a minute to tell about a recent beautiful
result due to F. Gehring. Let S denote the space of all ¢=Sf, f analytic and
schlicht in U, with the norm |[¢|=sup (1—|z[*?|¢(z)|, and let T=T(I) be the
subset for which f has a g.c. extension. Gehring has shown (i) that T=IntS,
(ii) the closure of T is a proper subset of S. To prove the second point, which
gives a negative answer to a question raised by Bers maybe a dozen years ago,
he constructs, quite explicitly, a region with the property that no small deformation,
measured by the norm of the Schwarzian, changes it to a Jordan region, much less
to one whose boundary is a quasicircle. I mention this particular result because
itis recent and because it is typical for the way q.c. mappings are giving new impulses
to the classical theory of conformal mappings.

In the finite dimensional case 7T'(p,m) has a compact boundary in B(Gy). It
is an interesting and difficult problem to find out what exactly happens when ¢
approaches the boundary. The pioneering research was carried out by Bers and
Maskit. They showed, first of all, that when ¢ approaches a boundary point the
holomorphic function f will tend to a limit which is still schlicht, and the groups
G tend to a limit group which is Kleinian with a single, simply connected invariant
region. Such groups were called B-groups (B stands either for Bers or for boundary)
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in the belief that any such group can be obtained in this manner. It can happen
that the invariant simply connected region is the whole set of discontinuity; such
groups are said to be degenerate. Classically, degenerate groups were not known,
but Bers proved that they must exist, and more recently Jorgensen has been able
to consiruct many explicit examples of such groups.

Intuitively, it is clear what should happen when ¢ goes to the boundary. We
are interested to follow the g.c. images f(U*). In the degenerate case the image
disappears completely. In the nondegenerate case the fact that one approaches
the boundary must be visible in some way, and the obvious guess is that one or
more of the closed geodesics on the surface is being pinched 1o a poini. In the limit
f(S*) would either be of lower genus or would disintegrate to several pieces, and
one would end up with a more general configuration consisting of a “surface with
nodes”, each pinching giving rise to two nodes.

A lot of research has been going on with the intent of making all this completely
rigorous, and if I am correctly informed these attempts have been successful, but
much remains to be done. This is the general trend of much of the recent investiga-
tions of Bers, Maskit, Kra, Marden, Earle, Jorgensen, Abikoff and others; I hope
they will understand that I cannol report in any detail on these theories which are
still in status nascendi.

In a slightly different direction the theory of Teichmiiller spaces has been extended
1o a study of the so-called universal Teichmiiller curve, which for every type ( p, m)
is a fiber-space whose fibers are the Riemann surfaces of that type. A special problem
is the existence, or rather non-exisience, of holomorphic sections.

The Bers mapping is not concerned with extremal q.c. mappings, and it is rather
curious that one again ends up with holomorphic quadratic differentials. The Bers
model has a Kihlerian structure obtained from an invariant metric, the Petersson-
Weil metric, on the space of quadratic differentials. The relation between the
Petersson-Weil metric and the Teichmiiller metric has not been fully explored
and is still rather mystifying.

8. Kleinian groups. I would have preferred to speak about Kleinian groups in
a section all by itself, but they are so intimately tied up with Teichmiiller spaces that
I was forced 1o introduce Kleinian groups somewhat prematurely. I shall now
go back and clear up some of the terminology.

It was Poincaré who made the distinction between Fuchsian and Kleinian groups
and who also coined the names, much to the displeasure of Klein. He also poinied
out that the action of any Md&bius transformation extends to the upper half space,
or, equivalently, to the unit ball in three-space. Any discrete group of Mobius
transformations is discontinuous on the open ball. Limit points are defined as in
the Fuchsian case; they are all on the unit sphere, and the limitset A may be regarded
either as a set on the Riemann sphere or in the complex plane. The elementary
groups with at most two limit points are usually excluded, and in modern terminology
a Kleinian group is one whose limit set is nowhere dense and perfect. A Kleinian
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group may be looked upon as a Fuchsian group of the second kind in three dimensions.
As such it cannot have a fundamental set with finite non-euclidean volume. Therefore,
the relatively well developed methods of Lie group theory which require finite Haar
measure are mostly not available for Kleinian groups. However, the important
method of Poincaré series continues to make sense.

Let G be a Kleinian group, A its limit set, and Q the set of discontinuity, that
is to say the complement of A in the plane or on the sphere. The quotient manifold
Q/G inherits the complex structure of the plane and is thus a disjoint union of
Riemann surfaces. It forms the boundary of a three-dimensional manifold M (G)=
=B()v Q/G.

What is the role of q.c. mappings for Kleinian groups? For one thing one would
like to classify all Kleinian groups. It is evident that two groups that are conjugate
to each other in the full group of Mdbius transformations should be regarded as
essentially the same. But as in the case of quasifuchsian groups two groups can also
be conjugate in the sense of g.c. mappings, namely if G’=fGf~* for some q.c.
mapping of the sphere. In thatcase G’ is a q.c. deformation of G, and such groups
should be in the same class.

But this is not enough to explain the sudden blossoming of the theory under the
influence of q.c. mappings. As usual, linearization pays off, and it has turned out
that infinitesimal g.c. mappings are relatively easy to handle. An infinitesimal g.c.
mapping is a solution of f,=v where the right-hand member is a function of class L>.
This is a non-homogeneous Cauchy-Riemann equation, and it can be solved quite
explicitly by the Pompeiu formula, which is nothing else than a generalized Cauchy
integral formula. In order that f induce a deformation of the group v must be
a Beltrami differential, v€Bel G, this time with arbitrary finite bound. There is
a subclass N of trivial differentials that induce only a conformal conjugation of G,
and the main theorem asserts that the dual space of Bel G/N can be identified
with the space of quadratic differentials on Q(G)/G which are of class L.

This technique is particularly successful if one looks only at finitely generated
groups. In that case the deformation space is finite dimensional, so that there are
only a finite number of linearly independent integrable quadratic differentials.
This result led me to announce, somewhat prematurely, the so-called finiteness
theorem: If G is finitely generated, then S=Q(G)/G is a finite union of Riemann
surfaces of finite type. I had overlooked the fact that a triply punctured square
carries no quadratic differentials. Fortunately, the gap was later filled by L. Green-
berg, and again by L. Bers who extended the original method to include differentials
of higher order. With this method Bers obtained not only an upper bound for the
number of surfaces in terms of the number of generators, but even a bound on the
total Poincaré area of S.

It was not unreasonable to expect that finitely generated Kleinian groups would
have other simple properties. For instance, since a finitely generated Fuchsian
group has a fundamental polygon with a finite number of sides one could hope that
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every finitely generated Kleinian group would have a finite fundamental polyhedron.
All such hopes were shattered when L. Greenberg proved that a degenerate group
in the sense of Bers and Maskit can never have a finite fundamental polyhedron.
Groups with a finite fundamental polyhedron are called geometrically finite, and
it has been suggested that one should perhaps be content to study only geometrically
finite groups. With his constructive methods that go back to Klein, Maskit has been
able to give a complete classification of all geometrically finite groups, and Marden
has used three-dimensional topology to study the geometry of the three-manifold.
These are very farreaching and complicated results, and it would be impossible for
me to try to summarize them even if I had the competence to do so.

9. The zero area problem. An interesting problem that remains unsolved is the
following: Is it true that every finitely generated Kleinian group has a limit set with
twodimensional measure zero?

The most immediate reason for raising the question is that it is easy to prove the
corresponding property for Fuchsian groups of the second kind, two-dimensional
measure being replaced by one-dimensional. How does one prove it? If the limit
set of a Fuchsian group has positive measure one can use the Poisson integral to
construct a harmonic function on the unit disk with boundary values 1 a.e. on the
limit set and O elsewhere. If the group is finitely generated the surface must have
a finitely generated fundamental group, and it is therefore of finite genus and connec-
tivity. The ideal boundary components are then representable as points or curves.
If they are all points the group would be of the first kind, and if there is at least one
curve the existence of a nonconstant harmonic function which is zero on the boundary
violates the maxium principle. Therefore the limit set must have zero linear measure.
The proof is thus quite trivial, but it is trivial only because one has a complete
classification of surfaces with finitely generated fundamental group.

For Kleinian groups it is easy enough to imitate the construction of the harmonic
function, which this time has {o be harmonic with respect to the hyperbolic metric
of the unit ball. If the group is geometrically finite this leads rather easily to a proof
of measure zero. For the general case it seems that one would need a better topolo-
gical classification of three-manifolds with constant negative curvature. Itis therefore
not suprising that the problem has come to the attention of the topologists, and
I am happy o report that at least two leading topologists are actively engaged in
research on this problem. I believe that this pooling of resources will be very fruitful,
and it would of course not be the first time that analysis inspires topology, and vice
versa.

Some time ago W. Thurston became interested in a topological problem concerning
foliations of surfaces, and he proved a theorem which is closely related to Teichmiiller
theory. I have not seen Thurston’s work, but I have seen Bers’ interpretation of
it as a new extremal problem for self-mappings of a surface. It is fascinating, and
I could and perhaps should have talked about it in connection with the Teichmiiller
extremal problem, but I am a little hesitant to speak about things that are not yet
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in print, and therefore not quite in the public domain. Nevertheless, since many
exciting things have happened quite recently in this particular subject, I am taking
upon myself to report very informally on some of the newest developments, including
some where I have to rely on faith rather than proofs.

Thurston has now begun to apply his remarkable geometric and topological
intuition and skill to the problem of zero measure. I certainly do not want to preempt
him in case he is planning to talk about it in his own lecture, and I have seen only
glimpses of his reasoning, but it would seem that he can prove zero area for all
groups that are limits, in one sense or another, of geometrically finite groups. This
would be highly significant, for it would show that all groups on the boundary of
Teichmiiller space have limit sets with zero measure. It would neither prove nor
disprove the original conjecture, but it would be a very big step. Personally, I feel
that a definitive solution is almost imminent.

Very recently there was a highly specialized conference on Riemann surfaces in
the United States, and there was an air of excitement caused not only by what Thurston
had done and was doing, but also by the presence of D. Sullivan who had equally
fascinating stories to tell. Sullivan, too, has worked hard on the area problem, and
he has come up with a by-product that does not solve the problem, but is extremely
interesting in itself. He applies the powerful tool of what has been called topological
dynamics. If a irausformaiion gioup acts on a imeasuie space, the space splits into
two parts, a dissipative part with a measurable fundamental set, and a recurrent
part whose every measurable subset meets infinitely many of its images in a set of
positive measure. This powerful theorem, which goes back to E. Hopf, does not
seem to have been familiar to those who have approached Kleinian group from the
point of view of gq.c. mappings. The dissipative part of a finitely generated group is
the set of discontinuity, and nothing more; this is a known theorem. The recurrent
part is the limit set, and it is of interest only if it has positive measure. But even if
the area conjecture is true Sullivan’s work remains significant for groups whose
limit set.is the whole sphere.

Sullivan has several theorems, but the one that has captured my special interest
because I understand it best asserts that there is no invariant vector field suppotted on
the limit set. If the limit set is the whole sphere there is no invariant vector field, period.
In an equivalent formulation, the limit set carries no Beltrami differential. It was
known before that there are only a finite number of linearly independent Beltrami
differentials on the limit set of a finitely generated Kleinian group, but that there are
none was a surprise to me, and Sullivan’s approach gives results even for groups that
are not finitely generated. Sullivan’s results, taken as a whole, give a new outlook on
the ergodic theory of Kleinian groups. They are related to, but go beyond the results
of E. Hopf which were already considered deep and difficult, and as a corollary
Sullivan obtains a strengthening of Mostow’s rigidity theorem. I cannot explain
the proofs beyond saying that they are very clever and show that Sullivan is not only
a leading topologist, but also a strong analyst.
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10. Several dimensions. In the remaining time I shall speak briefly about the gene-
ralizations to more than two dimensions. There are two aspects: g.c. mappings
per se, and Kleinian groups in several dimensions.

The foundations for q.c. mappings in space are essentially due to Gehring and
J. Viisild, but very important work has also been done in the Soviet Union and
Roumania. I have already mentioned, in passing, that correct definitions can be
based on modules of curve families, and the modules give the only known workable
technique. Otherwise, the difficulties are enormous. It is reasonably clear that the
Beltrami coefficient should be replaced by a matrix-valued function, but this function
is subject to conditions that were known already to H. Weyl, but which are so
complicated that nobody has been able to put them to any use. Very little is known
about when a region in n-space is g.c. equivalent to a ball, and there is not even an
educated guess what Teichmiiller’s theorem should be replaced by. On the positive
side one knows a little bit about boundary correspondence.

In two dimensions there is not much use for mappings that are locally q.c. but
not homeomorphic, for by passing to Riemann surfaces they can be replaced by
homeomorphisms. In several dimensions the situation is quite different, and there
has been rapid growth of the theory of so-called quasiregular mappings from one
n-dimensional space o another. It has been developed mostly in the Soviet Union
and Finland, and this is perhaps a good opportunity to congratulate the young
Finnish mathematicians to their success in this area. In the spirit of Rolf Nevanlinna
they have even been able to carry over parts of the value distribution theory to
quasiregular functions. In fact, less than a month ago I learned that Rickman
has succeeded in proving a generalization of Picard’s theorem that I know they
have been looking for for a long time. Ii is so simple that I cannot resist quoting the
result: There exists g=q(n, K) such that any K-q.c. mapping f: R"-~R"—
{a1, ..., a,} is constant. (They believe that the theorem is true with g=2.)

As for Kleinian groups, they generalize trivially 1o any number of dimensions,
and the distinction between Fuchsian and Kleinian groups disappears. Some pro-
perties that depend purely on hyperbolic geomeiry will carry over, but they are not
the ones that use q.c. mappings. However, infinitesimal q.c. mappings have an
interesting counterpart for several variables. There is a linear differential operator
that takes the place of f;, namely Sf=+(Df+Df")—(1/n)tr Df-1, which is a sym-
metric matrix with zero trace. It has the right invariance, and the conditions under
which the Beltrami equation Sf=v has a solution can be expressed as a linear
integral equation. The formal theory is there, but it will take time before il leads
to tangible resulis.

My survey ends here. I regret that there are so many topics that I could not even
mention, and that my report has been so conspicuously insufficient as far as research
in the Soviet Union is concerned. I know that I have not given a full picture, but
I hope that I have given you an idea of the extent to which gq.c. mappings have
penetrated function theory.
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Commutators, Singular Integrals
on Lipschitz Curves and Applications

A. P. Calderon

The topics discussed in this lecture had their origin in the theory of linear partial
differential equations. In order to explain how the problem of the so-called commu-
tators and that of the Cauchy integral on Lipschitz curves arose, I will recall and
analyze some of the modern methods employed in the theory of linear partial dif-
ferential equations, and in particular that of the pseudodifferential operators which
became widely used in the last decade.

Let us consider the basic idea of the method of pseudo-differential operators.
Every linear partial differential operator is a sum of monomial operators

<1) a@ (2],

and the operator (d/0x)* applied to the function f(x) can be thought of as multipli-
cation of the Fourier transform f(£) of f by the function (—i&)% that is,

a(x)@/0x) = a(x)K,, where (K.f)" =/f(&)(-i&)"

Consequently, a linear differential operator L can be expressed as

If = Zaxx)K,f, K f) =T Qi or
= g Z W ire Q) .

@

Now, pseudo-differential operators are obtained by replacing the function

©) 2 a,(x) (—ig)"

in the preceding expression, which in the case of differential operators is a polynomial
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in &, by more general functions p(x, £) in such a way that the resulting class of
operators be closed under composition, adjunction, inversion if possible, etc. One
should observe here that if the class is to be closed under composition, differential
operators contained in it should be freely composable. As is well known, a differen-
tial operator can be freely composed with itself only if its coefficients are infinitely
differentiable. Thus, classes of pseudo-differential operators which are closed under
composition cannot possibly contain differential operators with non-smooth co-
efficients.

Another method, which preceded chronologically the one above and avoids this
obstacle, is that of the singular integral operators. It consists in writing the poly-
nomial in (3) as '

ﬁ 2 4,(0)(=ily = [q(x, ) +rx, Hlp )"

where m is the degree of the polynomial, ¢@(£) is a positive infinitely differentiable
function such that @(&)=|¢| if |¢|=1, and

q(x, &) = ™" 2 a,(x)(—i&)"

a|=m

Then if
@ Kf = [ a(x, e~ f(@) de+f,

Sf = [rx, e~ f(Q) dg, -
we have

® Lf = KA"f, where (Af)" = ¢(®) [ ().

The function g¢(x, &) is homogeneous of degree zero in &, and, as is readily
verified, the operators S and S(9/0x) are bounded in L2, or more generally in
L?, 1<p<eo, provided the coefficients a,(x) are bounded. Now the operators
K are generalized in the following manner: one replaces ¢(x, £) by a function which
is homogeneous of degree zero in ¢ and bounded but otherwise arbitrary, and
S by any operator with the properties described above. Evidently, g(x, £) cannot
be assumed to be more regular, as a function of x, than the coefficients of the
differential operators we want to be included in the theory. On the other hand, if
one considers general differential operators whose coefficients have a certain degree
of regularity, it seems reasonable to exclude those whose terms of highest order
have coefficients not satisfying at least a Lipschitz condition. This becomes clear
if one considers the case of first order operators. If one allows the coefficients not
to satisfy a Lipschitz condition there can arise pathologies such as the nonuniqueness
of trajectories of the associated vector fields. This suggests restricting the generali-
zation to the operators K in (4) to those for which the function ¢q(x, &) is bounded
homogeneous of degree zero and regular in ¢ and Lipschitzian in x. Then every
differential operator whose coefficients are bounded and Lipschitzian for the highest
order terms and merely bounded for the remaining ones can be represented as in
(5) withsucha q(x, £). However, in order that this description be useful the operators
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K in (4) thus generalized should form an algebra under composition. This is indeed
the case, and this algebra becomes an instrument which allows us to manipulate
effectively general linear differential operators and obtain for them results on exist-