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PREFACE

The Proceedings of the International Congress of Mathematicians, 1986, are
printed in two volumes,

Volume 1 contains the official record of the Congress held at Berkeley from
August 3 to August 11, 1986, the list of Ordinary Members, the reports on the
work of the Fields Medalists and the Nevanlinna Prize Winner, the Plenary
addresses, and the addresses in sections 1-8. Volume 2 contains the addresses
in sections 9-19,

The Short Communications made by members at the Congress are not in-
cluded in the Proceedings, but the names of the communicators and the titles
of their papers will be found by section in the scientific program. Summaries
of these contributions, if received in time, were printed in Abstracts, issued to
members during the Congress.

Berkeley, 1986
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PAST FIELDS MEDALISTS AND NEVANLINNA PRIZE WINNERS
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John Milnor
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Sergei Novikov
John Thompson

1974 Enrico Bombieri
David Mumford

1978 Pierre Deligne
Charles Fefferman
Gregori Margulis
Daniel Quillen

1982 Alain Connes
William Thurston
Shing-Tung Yau

Nevanlinna Prize Winner

1982 Robert Tarjan






ORGANIZATION OF THE CONGRESS

The National Academy of Sciences of the United States, through the U.S.
National Committee for Mathematics, invited the International Mathematical
Union to hold the 1986 International Congress of Mathematicians in the United
States at the University of California, Berkeley. The invitation was accepted
by the International Mathematical Union at the Warsaw Congress in August,
1983. Final action was taken a few days later when the Warsaw Congress at its
Closing Ceremonies accepted the invitation to Berkeley, which was presented by
Professor Jack K. Hale on behalf of the mathematical community of the United
States of America.

The Academy, in turn, asked the American Mathematical Society to handle
the organizational aspects of the Congress, The Society organized the Congress
as a nonprofit corporation, ICM-86, and Jill P. Mesirov was appointed Executive
Director. ICM-86 used the services of the American Mathematical Society’s
Meetings Department headed by H. Hope Daly, who served as Congress Manager.

The scientific program was organized by a Program Committee appointed
by the International Mathematical Union, Its members were Enrico Bombieri,
Lennart Carleson, Friedrich E. P. Hirzebruch (Chairman), David Mumford, Louis
Nirenberg, Michael O. Rabin, J. A. Rozanov, David P. Ruelle, and 1. M. Singer.
The committee divided the program of the Congress into 19 sections and ap-
pointed a panel to nominate speakers in each section. The committee also ap-
proved the inclusion of sessions for ten-minute Short Communications in the
Congress. In October of 1985 the Program Committee selected 16 mathemati-
cians to give Plenary Addresses and 148 to give lectures in sections. Invitations
were issued over the following weeks. Of the 164 invited, 14 plenary and 132
section speakers were present at the Congress. ‘

The Fields Medals Committee, consisting of P. Deligne, J. Glimm,
L. Hormander, K. Ito, J. Milnor, J. Moser (Chairman), S. Novikov, and C. S.
Seshadri arrived at its decisions in early 1986. The Nevanlinna Prize Committee,
whose members were S. Cook, L. D. Faddeev (Chairman), and S. Winograd, also
completed its work early that year.

The Board of Directors of ICM-86 appointed a Steering Committee, chaired
by Andrew M. Gleason of Harvard University, to oversee the arrangements.
There were several subcommittees of the Steering Committee. The Local Ar-
rangements Committee was chaired by John W. Addison Jr. of the Univer-
sity of California, Berkeley; the Scheduling and Abstracts Committee consisted
of Kenneth A. Ross of the University of Oregon and Hugo Rossi of the University
of Utah; the Committee on Special Funds was chaired by Richard D. Anderson,
Louisiana State University; and the Public Information Committee was chaired
by Yousef Alavi of Western Michigan University.

Late in 1984, preliminary announcements of the Congress were sent out to all
countries where some mathematical organization could be located, requesting
information on the number of copies of the First Announcement they required.
The First Announcement, prepared in English, French, German, and Russian,
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was sent to these mathematical organizations in early 1985. The Second An-
nouncement contained detailed information about the Congress, instructions
about submitting abstracts for Short Communications, and the preregistration
and housing form. It was sent to over 8,000 individuals starting in December
of 1985. The Third Announcement, which contained a preliminary version of
the scientific program, was distributed with the acknowledgment of preregistra-
tion between March and June of 1986. In all, 3,586 Ordinary Members, 340
Accompanying Members, and 69 Child Members registered for the Congress. Of
these 721 Ordinary Members, 24 Accompanying Members, and 7 Child Members
registered on site.

The Congress had several sources of revenue. A subvention was received
early on from the International Mathematical Union. Grants were later received
from the Air Force Office of Scientific Research, Army Research Office, Office of
Energy Research, Office of Naval Research, National Science Foundation, Alfred
P. Sloan Foundation, and the Vaughn Foundation Fund. Through the efforts of
the staff and the Committee on Special Funds, donations in the form of cash,
goods, and services were received from a number of both public and private
individuals and corporations. It is especially interesting to note that nearly
9,000 members of the American Mathematical Society made contributions to
the Congress totaling over $30,000. Registration fees were $125 for Ordinary
Members registered before May 15, 1986, and $163 thereafter; $60 and $78 for
Accompanying Members; and $30 for Child Members.

The International Mathematical Union gave travel grants to 32 young mathe-
maticians from developing countries or from countries with currency difficulties.
The Congress waived their registration fees, and, thanks to funds received from
the Sloan Foundation and GTE Laboratories Incorporated, was able to give them
room and board in the residence halls.

All sessions of the Congress took place on the campus of the University of
California, Berkeley. The Opening Ceremonies were held in the Greek Theater.
All other plenary sessions were held in Zellerbach Auditorium. These sessions
were simultaneously broadcast over closed circuit television to several large lec-
ture halls. Video tapes of the plenary lectures were shown in the evenings. The
lectures in the sections were given at a number of locations on the campus.

In addition to the invited lectures, about 700 ten-minute Short Communi-
cations were given and a large number of informal seminars were arranged by
participating mathematicians. Abstracts of the Short Communications were
published in a book distributed to all Ordinary Members. An educational mate-
rials exhibition consisting of 40 booths representing 26 exhibiting firms was open
throughout the Congress.

The Steering Committee arranged various social events. The Chancellor of
the University of California, Berkeley hosted an outdoor reception in the Faculty
Glade on the first evening of the Congress, Sunday, August 3. A western-style
barbecue and rodeo was held Thursday evening, August 7, in the Cow Palace
in San Francisco, where 2,800 members attended. A jazz concert was presented
on Saturday, August 9, and a classical concert on Sunday, August 10. Each of
these concerts was attended by approximately 1,500 participants.
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The City of Berkeley extends a hearty welcome to the participants and their
accompanying persons to the International Congress of Mathematicians and
wishes them success in their science, happiness in their personal lives, and the
satisfaction of helping in the development of science for peace and human well-
being.

Eugene “Gus” Newport
Mayor of Berkeley

It is a pleasure to extend warm regards on the occasion of your 1986 Congress.
Mathematics plays an increasingly significant role in every aspect of our lives.
This prestigious conference provides a fine opportunity for participants to share
ideas regarding important services which involve mathematical concepts and
theory. The impressive array of speakers and participants promises to provide a
comprehensive examination of mathematics in today’s world. As you gather to
exchange information, may reflection on past achievements provide strength to
meet the challenges of the future. Please accept my best wishes for an informative
conference. Should you find time between sessions to explore the beautiful San
Francisco Bay area, I am sure you will find the pleasant hospitality of this great
state awaiting.

Most cordially,
George Deukmejian.
Governor of California



OPENING CEREMONIES

The opening session of the Congress was held in the Greek Amphitheatre of
the University of California, Berkeley, at 9 a.m. on August 3, 1986.

The New Albion Brass Quintet played “Mini Overture for Brass Quintet” by
Witold Lutoslawski.

Professor Jiirgen Moser, President of the International Mathematical Union,
opened the Congress with the following words:

On behalf of the International Mathematical Union I wish to welcome
you to the International Congress of Mathematicians 1986. It is one of the
primary functions of the IMU to support and promote the International
Congress that is held every four years.

It may be good to recall that these Congresses have a long history going
back to the last century. The first one was held in Zurich in 1897, the sec-
ond in Paris in 1900. However, the sequence of Congresses was broken by
the two World Wars. Now, since the Congress of 1950 in Cambridge, Mas-
sachusetts, at which the IMU was founded, we have been in the fortunate
position to have had a long, uninterrupted sequence of Congresses. Today
we are here to begin the tenth Congress in this series, and I am sure we are
all united in the fervent hope that this series will continue uninterrupted
well into the next century.

At the first Congress there were 216 participants; today more than 3000
mathematicians are attending this Congress. But regardless of this impres-
sive increase, the Congress is still guided by the same principle: to foster
personal relationships between mathematicians from different, countries and
to present a survey of the present state of science.

At a time of increasing specialization and of rapid proliferation of mathe-
matics into many subfields, these Congresses play a particularly important
role in bringing together mathematicians of different interests and back-
grounds. The danger of fragmentation of our science into many separate
branches cannot be overemphasized. It is our hope that this Congress will
help to counter this divisive tendency and give us a wide perspective of
mathematics.

I am happy to greet mathematicians from about seventy countries here
in Berkeley. I hope that the coming week will provide many occasions
for fruitful exchanges of ideas as well as for lasting scientific and personal
contacts.

The organization of the Congress 1986 lies in the competent hands of
the Organizing Committee associated with the American Mathematical
Society. The Chairman of its Steering Committee is Professor Andrew
Gleason. I propose that we elect, here and now, by acclamation, Professor
Gleason as President of the Berkeley Congress 1986.
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Opening Ceremonies, Gleason, President of the Congress



OPENING CEREMONIES XXI1I
Professor Gleason was elected and spoke as follows;

It is truly an honor to preside over this, the twentieth International
Congress of Mathematicians. It is also a great pleasure to welcome you all
to the City of Berkeley, a city made famous by the University of California
and a city where the weather is almost always as pleasant as it is this
morning. Speaking on behalf of the National Academy of Sciences and on
behalf of the entire mathematical community I extend a special welcome
to all those who have come from other countries. May your trip to the
United States be a pleasant one, may you learn some new mathematics,
make some new friends, and enjoy some of the marvelous sights in this vast
country.

As you know, the Congress has been organized into nineteen sections.
The Program Committee, under the able chairmanship of Professor Fritz
Hirzebruch and with the aid of numerous subcommittees, has prepared
an extraordinary scientific program with 16 plenary speakers and over 140
sectional speakers. In addition there are more than 400 contributed papers,
and several specialized seminars have already been set up. We regret that
a few of the invited speakers have been unable to come and that we have
had to make some last-minute changes in the schedule. We will keep you
informed of all the changes through the daily newsletter.

Mathematics has always been useful. Many of the oldest written records
of human civilization are accounting documents, and in fact today account-
ing still is the largest application of mathematics. But we are rapidly mov-
ing into a period in which more and more applications of mathematics are
being found. New mathematical questions are being asked by scientists,
engineers, and managers—often questions of an entirely different sort from
those previously considered. New mathematical answers are being found
often involving ideas previously thought to be entirely abstract and utterly
nonutilitarian. As mathematicians we can justly be proud that the con-
cepts we have worked so hard to develop are helping people to understand
the real world just as they have helped us to understand our platonic world.
There is a lesson in this, I think, and it is that, as we enter this new era
dominated by computers, we should not fall into the trap of utilitarianism,
but remember that the greatest progress in mathematics is always made by
trying to understand the fundamental structures that underlie the subject
rather than attempting to solve purely utilitarian problems.

He then recognized Professor Mary Ellen Rudin, Chairman of the United
States National Committee for Mathematics, who said:

I would like to welcome all of you for the United States also. Exactly
fifty years ago at the Congress held in Oslo, Norway, the first Fields Medals
were awarded. The two 1936 Medals went to Jesse Douglas, who is no
longer living, and to Lars Ahlfors, who was then a young man not yet
thirty years of age. In special celebration of the fiftieth anniversary of the
Fields Medal and of Professor Ahlfors’ fifty years of continued contributions
to mathematics, I would like to nominate Professor Lars Ahlfors to be
Honorary President of the Congress.
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OPENING CEREMONIES XXV
Professor Ahlfors was elected by acclaim and came to the lectern and said:

I accept this great honor with a good conscience because I consider
myself a link between this International Congress and the one in 1936, fifty
years ago, the occasion on which the I'ields Medals were given for the first
time. I understand that my only duty here will be the pleasure of handing
out the Fields Medals and the Nevanlinna Prize.

At that time the circumstances were quite different; the idea of the
medals had been approved in Zurich in 1932, but there had been no pub-
licity about it and when I arrived in Oslo I did not know that the Medal had
become a reality, and if I had known it I would not have considered myself
the right candidate. As a matter of fact, I had not been told anything -
officially until I entered the room where the opening ceremony would take
place, but there I was shown a place somewhere in front, and I may have
had my suspicions. Well, I had more than that. I had been warned before-
hand by somebody who by mistake congratulated me a day before. But up
to that point it had been a secret at least officially, even to myself. There
was no tradition to go by and no protocol to follow. As was mentioned
here, two medals were given, one to me and one to Jesse Douglas, who was
then at MIT while I happened to be a visiting lecturer at Harvard. In that
way it so happened that both medals went to Cambridge, Massachusetts.
Unfortunately Douglas could not accept his medal in person because ac-
cording to the Congress record he was too tired. I don’t know, but maybe
he had good reason to be tired after a long and strenuous journey. I would
not expect that to happen today. His medal was then accepted by Norbert
Wiener as representative of MIT.

There are two traditions that go back to the very beginning. In the
first place, the Committee to select the winners should consist of the top
brass of contempory mathematics. In 1936 the members of that Committee
were G,D. Birkhoff, Caratheodory, Elie Cartan, Severi, and Takagi. Truly I
would call that a panel of Olympian heroes. And I think that this tradition
has been continued at subsequent Congresses. The other {radition is that
the works of the winners should be commented on by prominent persons
in the field. In 1936 both prizes were explained by Caratheodory.

As was mentioned there was no Congress until 1950, fourteen years
later. On that occasion, which took place at Harvard, the medals were
given to Atle Selberg and Laurent Schwartz, both known and admired by
all mathematicians. From then on the Fields Medals have become more
and more prestigious and it is a safe bet that many dream of getting it.
Whether true or not that the existence of the medal has contributed to the
phenomenal growth of mathematics both in quantity and qualily during
the last fifty years must remain anybody’s guess.

Today it is safe to congratulate the winners in advance and I use this
occasion to offer them my sincerest compliments to their success. I share
their feeling of pride and accomplishment and I know that their continued
success is guaranteed. I also share the disappointment of the many who
may feel that they have been passed by. I wish them better luck next time
or, if there is not a next time, that posterity will prove them right and the
Committee wrong. Thank you.



XXVI OPENING CEREMONIES

The brass quintet then played selections from “A Brass Menagerie” by John
Cheetham.

Professor Gleason then introduced Professor Calvin C. Moore, Associate Vice
President for Academic Affairs of the University of California, who spoke as
follows:

The President of the University of California, David Gardner, asked me
to convey his regrets that he could not be here in person and to tell you
how pleased he is that the University of California is hosting this distin-
guished International Congress. I am delighted to represent him on this
occasion for at least two reasons. First of all, I am a mathematician myself,
so it is a special pleasure to help with the official ceremony of a week of
addresses, lectures, and opportunities for discussion with the most distin-
guished mathematicians in the world. As President Gardner noted in his
message in the program of this opening ceremony, international cooperation
has expanded in most diciplines, but nowhere has such cooperation flour-
ished more than in the field of mathematics. Indeed, mathematics today
is brimming with new ideas and developments; so this Congress promises
more than its share of stimulation and excitement. Second, in my capacity
as Associate Vice President for Academic Affairs of the University of Cal-
ifornia, I am pleased to welcome you to the University of California. I am
also a faculty member here on the Berkeley campus and I can assure you
that, even though the founders of the City of Berkeley named it after a
philosopher rather than a mathematician, Berkeley has been a hospitable
environment for mathematicians. The University is proud of its highly re-
garded Department of Mathematics and of the newly created Mathematical
Sciences Research Institute, and I should add that Berkeley is situated in
one of the most interesting and lively areas in the United States. I hope
very much that you will take the time to explore some of the cultural and
other highpoints of the San Francisco Bay area during your stay. I think
you will find it a stimulating and fascinating place. But my duty is not
just to welcome you to the Berkeley campus, but to the entire University of
California. Therefore, on behalf of the University and its Board of Regents,
its Presidents, its Chancellors, its 9 campuses, and 150 Centers, Institutes,
Laboratories, and Bureaus throughout California, its 148,000 students and
9,000 faculty members, including an aggregate of mathematics faculty of
450, 1 bring you greetings and warmest good wishes for a pleasant visit and
a most successful conference.

Professor Gleason then read from a proclamation by Eugene Gus Newport,
Mayor of the City of Berkeley, and a message from George Deukmejian, Governor
of the State of California. He then introduced Richard Johnson, Acting Science
Advisor to the President who spoke as follows on behalf of President Ronald
Reagan:

On behalf of the American people, I am pleased to welcome you to
the United States. For only the second time in the twentieth century—
the century that history will remember best for the remarkable discoveries
and tremendous advances made in science and technology-this country
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is privileged to host the best mathematicians from some seventy nations
around the world. I would like to use this occasion to congratulate, in
advance, the winners of the Fields Medals and the Nevanlinna Prize. You
recipients know who you are, but the suspense is beginning to wear on the
rest of us, who are eager for the announcement and the opportunity to give
you the accolades and recognition you so richly deserve.

Here in the United States, and I'm sure in your countries as well, my
colleagues in science and technology engage in a certain friendly rivalry
between our various disciplines. For example, I might say: “Physics is the
most important of the sciences because it seeks to uncover the secrets of
the tiniest particles of matter which make up our universe.” The biologist
might reply, “What could be more significant to humanity than understand-
ing the building blocks of life itself.” Or the chemist: “Don’t underestimate
the value of chemistry.” But we scientists are not a contentious bunch by
nature, and I can think of at least two points on which American scientists
would echo resounding accord; First, science and technology are essential
to improving the quality of life for all mankind, and second, mathematics
is essential to every field of science and technology.

Of course, for me, it is ample honor to stand before this august gathering
as a representative of the United States government, but I derive great
personal pride and pleasure from the opportunity this event provides me,
as a representative of the American scientific community, to express the
gratitude of my fellow scientists to the mathematicians of the world, whose
tireless efforts and manifold contributions form the very foundation upon
which our work is built. We owe a large measure of our success to you. As
science and technology progress at a breakneck pace—with mathematics as
the fundamental driving force—we will continue to look to you for guidance,
direction, and assistance. But today, I would also like to urge you to
take on a role beyond solely enhancing your own research capabilities and
contributions.

Throughout the world, science and technology increasingly are acknowl-
edged to be essential to a nation’s economic strength, industrial produc-
tivity, national security, and overall quality of life. While science is never
static, right now we are in the midst of an unprecedented era of revolu-
tion in virtually every field of science and technology—a revolution that we
created, and one which we have a responsibility to sustain and, indeed, to
lead. The most important point, and the principal source of my concern,
is that we must also possess the ability to respond to the opportunities
afforded by this rapidly progressing scientific environment. To do so will
require a strong base of talent—men and women, like you, who will lead
the world’s science and technology talent enterprise into the unforeseeable
reaches of the twenty-first century. The pressing question is whether or
not we will have the science and technology talent base adequate to meet
the challenges of the future. Looking at current statistical indicators, the
alarming answer, in most countries, is no.

We in the United States recognize that we have a serious problem. Fewer
and fewer young people are studying science, mathematics, engineering,
and technology; fewer and fewer young people are pursuing advanced de-
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grees in these disciplines; and fewer and fewer young people are choosing
careers in the scientific and technological fields. If this trend is allowed to
continue, this country, and others similarly afflicted, will be unequipped to
maintain the level of scientific leadership on which our improving standard
of living, and the more general quality of life, depends.

To my mind, the most important aspect of this Congress is its inter-
national nature. Like mathematics itself, it transcends the barriers of
language and ideology, the boundaries of geography, and the adversarial
climate of competition. You are convened here this week, in the spirit of
cooperation, to share your latest discoveries and to learn about new devel-
opments, and to pursue your mutual interests and the solutions to common
problems. Perhaps that is what compels me to share this growing problem
of an inadequate talent base with you, and to turn to you for help in solving
it.

All of us who are not mathematicians feel a keen sense of envy at the abil-
ities you possess. The intrinsic beauty (especially as now seen in 3-D color),
the coherence, the elegance of mathematics makes it an entirely worthwhile
pursuit in its own right. You have the rare talent to appreciate fully the
depth and power of your subject. But, with ability and talent come obli-
gations and responsibilities, especially to those not so blessed. What you
do in your laboratories, at your computer terminals, and in your studies is
remarkable—indeed, it has changed the course of the world. But you must
do more. It is no longer enough to be practitioners of science. You must
also become citizens of science—leaders of a uniquely gifted community,
bound by the common goal of assuring that the progress you have made
and the improvements you have wrought for humanity will continue. Es-
pecially, you must help to assure that there is an expanding, well-qualified
generation of scientists, engineers, and technologists to succeed you.

What the young students of the world need most, in my view, is someone
to imbue them with the excitement and enthusiasm that brought you here
today, someone to communicate to them the importance of science and
technology to society, to demonstrate to them that mathematics, physics,
biology, chemistry, and their sister disciplines are challenging pursuits, wor-
thy of their highest interest and attention. Many young teachers, I hasten
to add, need to hear this as well. No one is better qualified to carry those
messages than the individuals who have made eminently successful careers
out of the quest for knowledge. In short, the best spokesmen for math-
ematics, physics, biology, and chemistry are mathematicians, physicists,
biologists, and chemists.

Unfortunately, too many students, especially at the grammar school
level, still regard science and mathematics as “too hard,” too difficult. To
them, these subjects look ponderous, abstract, and impenetrable, and many
children dismiss them before they’ve had a chance to appreciate the fun
and excitement inherent in the challenge of discovery. At that moment, a
potential scientist or mathematician is lost—for now, more than ever be-
fore, the attitudes and academic foundations developed in the early school
years determine the future course of a student’s education and career. In
the current scientific and technological climate, with a growing demand
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for an expanded talent base, we cannot afford to lose these students in
grammar school—well before there is a need for a carefully weighed career
choice.

Therefore I believe it is incumbent upon you to become active partici-
pants in the community of science, to help others to grasp the broad im-
portance of science and technology to the very fabric of our daily lives—to
help them understand the momentous potential of science and technology
to enhance the quality of life for all mankind, Cerlainly you can point
with pride to the eradication of diseases, to the agricultural revolution,
to hurricane forecasts, to the transportation, automation, electronics, and
information revolutions, as examples. We must, of course, recognize and
limit the risks associated with modern uses of science and technology. But,
further, we must convey to our young students not only factual information
on the present extensive benefits, but also the great challenges, personal
opportunities, and potential future benefits associated with the scientific
and technological disciplines.

I urge you to get involved in developing the talent bases needed in the
twenty-first century for expanding the contributions of science and tech-
nology to humanity. On a small scale, you can, of course, accomplish a
great deal simply by going to your local schools and talking to the teachers
and the children about the contributions that they have the power to make
through science. On a larger scale, you can work through existing mecha-
nisms, like your professional societies, and enlist the help of your colleagues
in devising innovative solutions to this set of perplexing problems. That,
after all, has been your mission within the discipline of mathematics; now
I challenge you with this added responsibility to mankind.

Individuals of the highest caliber must be sought out, trained, nurtured,
and encouraged by every means possible to carry on the tradition of ex-
cellence you represent. I can think of none better suited to the task than
you, who, by your example, your actions, and your words can express the
merit and rewards of a life in science.

In closing, I have a personal message from a man who is himself excited
by science and technology and firm in his commitment to their invaluable
role in international health and prosperity. [The text of President Reagan’s
message may be found on page XXXIIL]

Professor Gleason thanked Dr. Johnson and asked him to convey the thanks
of the meeting to President Reagan. Then the brass quintet played “Fanfare”
by David Amram. Professor Gleason announced that Professor Ahlfors would
present the medals, and then called on Academician Ludwig Faddeev, the Chair-
man of the Committee to Award the Nevanlinna Prize, who responded as follows:

The Nevanlinna Prize has a much shorter history than the Fields Medal,
as we have heard from Professor Ahlfors. It was established to a great ex-
tent due to the efforts of our past president, Lennart Carleson, with the aim
of stressing the importance of the applied aspects of mathematics. Helsinki
University generously provided necessary funds, so it is only appropriate
that it is called the Nevanlinna Prize. More exactly, the prize is to be
awarded to a young mathematician for outstanding work in the mathe-
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matical aspects of information science. “Young” means the same as for
Fields Medals. The Prize is awarded for the second time. The first award
was given in the Warsaw General Assembly. The Committee for the award
for this year consisted of Professor Cook, University of Toronto; Professor
Winograd, IBM; and myself. Let me inform you of our decision. The 1986
Nevanlinna Prize is awarded to Leslie Valiant, Harvard University, USA. I
will ask Professor Ahlfors to present the Prize.

Professor Valiant then came forward to receive the Nevanlinna Prize from
Professor Ahlfors.

Professor Gleason then recognized Professor Moser in his capacity as Chair-
man of the Committee to Award the Fields Medals and Professor Moser reported
as follows:

In the early 1930s the organizers of the Toronto Congress decided to
award at each Congress two gold medals for outstanding achievements in
mathematics. The driving force behind this resolution was John Charles
Fields who expressed the wish that this prize be given, I quote, “in recogni-
tion of work already done and also as an encouragement for further achieve-
ments on the part of the recipients and as a stimulus to renewed efforts on
the part of others.” It is interesting to note that Fields insisted “that the

Musicians at the Opening Ceremonies
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medals be of a character as purely international and impersonal as possi-
ble.” As a matter of fact, Fields’ name does not appear on the medals. As
we heard today already, the first medals were awarded at the 1936 Congress
in Oslo, four years after Fields’ death. Looking at the impressive list of
Fields Medalists over the past fifty years, it is obvious that Fields’ vision
has been realized most successfully,

Since the Congress in Stockholm in 1962, the International Mathemat-
ical Union has been entrusted with the selection of the Fields Medal win-
ners, The Committee for the Fields Medalists for this Congress consisted of
P. Deligne, J. Glimm, L., Hérmander, K. Ito, J. Milnor, S. Novikov, C. S.
Seshadri, and myself as Chairman, The Committee had the difficult task
of making a selection from an impressive list of brilliant mathematicians.
It goes without saying that such a decision has no unique solution and that
all the excellent mathematicians considered could be awarded the prize.
On behalf of the International Mathematical Union, I want to thank the
members of the Committee for their efforts to reach the decision in a spirit
of responsibility and cooperation.

The Committee followed the tradition of limiting the awards to mathe-
maticians under forty years of age. After long deliberation and extensive
consultation it was decided that three young mathematicians be selected
for this award. We are all deeply impressed by their exceptional achieve-
ments and I am happy to report that the Committee was unanimous in
its support of the three Fields Medalists for 1986, Their names are Simon
Donaldson, Gerd Faltings, Michael Freedman. I offer them our warmest
congratulations. I now ask the winners to come up to the podium.

The winners came forward and received their medals from Professor Ahlfors,
and then the brass quintet played selections from “Three Pieces for Brass Quin-
tet” by Minoru Fujishiro.

Professor Gleason congratulated the winners and announced that talks con-
cerning their work would be given in Zellerbach Auditorium.

The session adjourned at 11:30 a.m.
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I extend a warm welcome to the thousands of mathematicians
from around the globe who are attending the quadrennial
International Congress of Mathematicians. All of us are
pleased and, indeed, honored that the United States was
chosen to host this prestigious meeting.

Mathematics is the enabling force for the revolutionary
advances being made throughout the world in science and
technology. The fundamental role of mathematics is
becoming increasingly apparent in business, industry, and
government. Modern mathematicians are giving new meaning
to the famous tenet of the ancient Pythagoreans that "all

is number."

I am gratified to note that this Congress will be the

occasion for the awarding of Fields Medals to outstanding
members in recognition of their contributions to mathemat-
ics. I wish to extend my congratulations to the winners.

It is appropriate that these honors be presented at an
international meeting, for mathematics is intrinsically
international, cutting across geographical and cultural
boundaries with its own language. International competition
is a concept alien to the study of mathematics. Indeed,
cooperation between mathematicians of different nations has
been a long-standing tradition.

I wish you the best for a successful meeting. God bless

you.
@ ol



The Rodeo



CLOSING CEREMONIES

The final session of the Congress was held in Zellerbach Auditorium at 11
a.m. on August 9.

Professor Gleason opened the meeting and called upon Professor Moser for
a report on the International Mathematical Union. Professor Moser spoke as
follows:

We have come to the end of this Congress with a rich and interesting
program, At this occasion it is a tradition for the President of the Interna-
tional Mathematical Union to address the Congress and to report on the
work and the decisions taken at the General Assembly.

Before doing so, it is my privilege to greet here Professor Marshall Stone,
one of the past presidents of the International Mathematical Union, It was
Professor Stone who played a decisive role in reestablishing the IMU in
1950 after it ceased to exist in 1932. Professor Stone, we are happy to have
you with us at this Congress.

Since 1962 the IMU has been responsible for preparing the scientific
program of the Congresses. This task lies in the hands of the Program
Committee, which is appointed in part by the IMU and in part by the
host country. For the present Congress this Program Committee consists
of Fritz Hirzebruch (chairman), Enrico Bombieri, Lennart Carleson, David
Mumford, Louis Nirenberg, Michael Rabin, Yuri Rozanov, David Ruelle,
and Isadore Singer. I would like to express our thanks to Professor Hirze-
bruch and his Committee for presenting us with an excellenl program of
great diversity.

It was a great disappointment for all of us, however, that many of the
invited speakers from the Soviet Union did not come to Berkeley; in fact,
almost half of the Soviet speakers were not present. This is a serious loss for
everybody concerned and defeats the purpose of the Congress. It is most
important for any Congress that the invited speakers are able to attend in
order to deliver their lecture in person and to take part in the exchange of
ideas.

We are aware that our Soviet colleagues worked very hard at resolving
this problem, and we appreciate their efforts. Also, most of the manuscripts
of the absent speakers were made available and could be presented by other
mathematicians.

Regardless of circumstances, it is always a disappointment if invited
speakers from any country are unable to attend, and let me express our
hope that at the Congress 1990 all invited speakers from all countries will
be present.

As you may know, the IMU is a member of the International Council of
Scientific Unions (ICSU) and as such is committed to the ICSU principle
of free circulation of scientists. I am happy to report that to the best of my
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knowledge the host country has granted all visas which have been applied
for. In some difficult cases the help from ICSU was indeed essential. This
again demonsirates the importance of the ICSU principle for our Union.
Let me add that two weeks ago at the General Assembly of the IMU a
resolution was adopted reaffirming an ICSU article on nondiscrimination.

I will now give a brief report on the General Assembly of the IMU. On
July 31 and August 1, the General Assembly met in Oakland, California,
and I want to inform you about the main decisions taken there.

Two new members were accepted by the General Assembly, and Ivory
Coast as well as the People’s Republic of China belong now to the IMU.
Let me mention that the question of the China membership has a long and
complicated history. Here I want to thank especially the Secretary of the
IMU, Professor Olli Lehto, for his untiring efforts to bring this problem to
a successful solution. We also want to express our appreciation to China-
Taiwan for its cooperation in helping to solve this problem.

The total number of IMU members is now fifty-three. Furthermore, the
General Assembly elected new Committees and I want to report to you the
outcome. I begin with the new IMU Executive Committee for 1987-1990.
It consists of the President, Ludwig Faddeev; the Vice-Presidents, Walter
Feit and Lars Hormander; the Secretary, Olli Lehto; and the members,
John Coates, Hikosaburo Komatsu, L4szlé Lovész, Jacob Palis, Jr., and C.
S. Seshadri. To this is to be added the Past President as ex officio member.

Now I come to the subcommissions, The IMU has two subcommissions:
the International Commission on Mathematical Instruction (ICMI) and
the Commission on Development and Exchange (CDE). The new Execu-
tive Committee of ICMI is as follows: the President, Jean Pierre Kahane;
two Vice-Presidents, Peng-Yee Lee and Emilio Lluis Riera; the Secretary,
A. G. Howson; and the three members are Hiroshi Fujita, Jeremy Kil-
patrick, and Mogens Niss. The new CDE consists of the Chairman, M.
S. Narasimhan, and the members Jean Pierre Bourguignon, Phillip Grif-
fiths, M. Immanaliev, A. O, Kuku, Lé Diing Tréng, Shingo Murakami, and
Giovanni Vidossich. To the ICMI Executive Committee and the CDE, the
IMU President and Secretary have to be added as ex officio members.

Finally, the Site Committee made its proposal to the General Assembly
about the location and time of the next Congress.

Before giving the word to the next speaker, let me conclude with some
personal remarks. In my work during the past four years as President, I was
fortunate to have the advice and support from many colleagues throughout
the world. I would like to thank all of them—in particular, the members of
the Executive Committee and the Fields Medals Committee. The strongest
support, however, came from Olli Lehto, who together with his secretary,
Mrs. Tuulikki Mékeldinen, was always ready to help at any time in every
difficulty. Without his encouragement and sensitive judgment I would not
have carried out this task. To both of them go my warmest thanks.

Professor Moser then yielded the floor to Professor Nagata who invited the
audience to the next International Congress with these words:

On behalf of the Japanese Committee for Mathematics, I have the honor
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of inviting you to the next International Congress of Mathematicians in
Kyoto. Kyoto had been the capital of Japan for about one thousand years
and can show you some of the old Japanese culture.

We are quite aware that it must be a difficult task to organize such a big
meeting. However, taking into account the help of the International Math-
ematical Union and also the cooperation of the mathematical community
of the world, I believe that we will be able to overcome the difficulties.

Hoping that you will accept our invitation, I welcome all of you to the
next International Congress of Mathematicians to be held in August 1990
in Kyoto.

Professor Gleason then recognized Professor Adams who said:

Ladies and gentlemen, on such occasions it is right and proper for guests
to thank their hosts.

We, the mathematicians of the world, have come to Berkeley from our
many countries. We have had a most successful conference, and we wish
to express our appreciation. We have had the chance to meet and speak to
each other; we have heard many splendid lectures and thanked the speakers
with our applause. To arrange all this has taken many people much work.

As Professor Moser has explained, to choose the speakers was the task of
a committee structure set up by the IMU, and presided over by Professor
Hirzebruch. We know that mathematicians of all countries give their ser-
vices in this most gladly; we still thank them again for making an informed
choice on our behalf.

Almost all the work, however, falls upon the hosts. For this purpose the
American Mathematical Society set up a committee structure presided over
by Professor Gleason, and we thank all those involved. We also thank the
permanent staff of the American Mathematical Society, whom you may
have seen at the Congress Bureau. These people have had to book ac-
commodation, arrange all the things that need arranging, and assume the
responsibility of running a fair-sized business. (By the way, there are still
a few cowboy hats left for sale ....) The praise and gratitude due to them
will best be estimated by those who have tried anything of the sort before,
for example Professors Czeslaw Olech, Olli Lehto, and Maurice Sion. If the
rest of us would regard smaller exercises of the kind with apprehension,
our applause will start on the right foot.

I ask all the mathematicians of other countries to join me in thanking
our American hosts, and all of us to thank those who have done the work.

After thanking Professor Adams, Professor Gleason spoke as follows:

There are two principal ingredients in a successful Congress, the sci-
entific program and the physical arrangements. The Program Committee
chose an excellent roster of speakers, a very distinguished roster indeed,
and I thank them for doing so. And I thank the speakers, many of whom
came from afar to share their insights with us. The lectures were exception-
ally fine. The program was further enriched by several special seminars and
many contributed papers. The organizers and speakers deserve our thanks.
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The success of a scientific meeting depends on the participants. Over 3500
mathematicians attended.this Congress. The total registration was 3970,
Thank you all for coming, Speaking for the American mathematical com-
munity, I want to thank particularly those who came from other countries.
We were honored by your presence and we wish you great success in solving
the problems that we have heard about in the lectures.

There are many members of the American mathematical community
who worked hard for this Congress during the past two years—the list is
so long that I cannot mention them all—but I would like to express my
personal thanks and also to relay the generous words of Professor Adams,
which I believe truly represent the feelings of the membership. I do want
to mention the Steering Committee and, in particular, Kenneth Ross and
Hugo Rossi, who were in charge of scheduling; the Board of Directors,
under the chairmanship of Ronald Graham; the Committee on Special
Funds, chaired by Richard Anderson; the Public Information Committee,
chaired by Yousef Alavi; and the Local Arrangements Committee, chaired
by John Addison. All of these Committees have pulled more than their
weight and the results are manifest.

Among the mathematicians who worked for this Congress is one who
deserves very special mention, Jill Mesirov, the Executive Director of ICM-
86, who has been in daily contact with the preparations for the Congress
since the beginning; we owe her a special vote of thanks.

I want to acknowledge here the outstanding contribution of the organiz-
ers of the Warsaw Congress. They received our Congress Manager most
cordially in 1983 and shared their experiences with her. Their advice was
invaluable.

Finally, I want to thank the Congress Manager, Hope Daly. She has been
our field marshal for the past four years, directing all of the preparations,
yet never shrinking from the minor tasks when an extra hand was needed.

Professor Gleason then presented Ms. Daly with a silver pendant and a bou-
juet. There was much applause, after which he continued:

This Congress is part of a long tradition of internationalism. At least
since the days of Archimedes, mathematicians have corresponded with one
another and traveled great distances to study, teach, and confer. As the
expense of printing and traveling has declined, the tradition has strength-
ened. Now hundreds of mathematical books and journals are published
every year. These pass freely over international boundaries and propagate
new mathematical ideas throughout the world. Mathematicians travel ever
more frequently from one university or institute to another. As we think
of this Congress, let us resolve to maintain and expand our great tradition
of freedom to study, travel, and confer so that the Kyoto Congress will be
even more truly international.

Professor Gleason then declared the Congress closed.
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Denmark 14 Portugal 7
Egypt 2 Romania 3
England 94 Saudi Arabia 6
Ethiopia 1 Scotland 12
Federal Republic of Germany 119 Senegal 2
Finland 19 Singapore 5
France 117 South Africa 11
German Democratic Republic 4 South Korea 6
Ghana 1 Spain 18
Greece 6 Sweden 29
Guatemala 2 Switzerland 33
Hong Kong 16 Thailand 1
Hungary 12 Trinidad 1
Iceland 6 Turkey 4
India 21 US.A. 2324
Indonesia 1 U.S.S.R. 57
Iran 31 USV.I 1
Iraq 4 Uruguay 2
Ireland 4 Venezuela 3
Israel 34 Vietnam 3
Italy 47 Wales 5
Ivory Coast 9 West Indies 1
Jamaica 1 Yugoslavia 10
Total 3711
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The Work of the Medalists

The works of the Fields Medalists and the Nevanlinna Prize Winner
were presented as follows:

Fields Medalists

On the Work of Simon K. Donaldson by Michael Atiyah

On Some of the Mathematical Contributions of Gerd Faltings by B. Mazur
The Work of Michael H. Freedman by John Milnor

The Nevanlinna Prize Winner
The Work of Leslie G. Valiant by V. Strassen
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Valiant, Freedman, Faltings, Donaldson
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On the Work of Simon Donaldson

MICHAEL ATIYAH

In 1982, when he was a second-year graduate student, Simon Donaldson
proved a result [1] that stunned the mathematical world. Together with the
important work of Michael Freedman (described by John Milnor), Donaldson’s
result implied that there are “exotic” 4-spaces, i.e., 4-dimensional differentiable
manifolds which are topologically but not differentiably equivalent to the stan-
dard Euclidean 4-space R*. What makes this result so surprising is that n = 4
is the only value for which such exotic n-spaces exist. These exotic 4-spaces
have the remarkable property that (unlike R?) they contain compact sets which
cannot be contained inside any differentiably embedded 3-sphere!

To put this into historical perspective, let me remind you that in 1958 Milnor
discovered exotic 7-spheres, and that in the 1960s the structure of differentiable
manifolds of dimension > b was actively developed by Milnor, Smale (both Fields
Medalists), and others, to give a very satisfactory theory. Dimension 2 (Riemann
surfaces) was classical, so this left dimensions 3 and 4 to be explored. At the
last Congress, in Warsaw, Thurston received a Fields Medal for his remarkable
results on 3-manifolds, and now at this Congress we reach 4-manifolds. I should
emphasize that the stories in dimensions 3, 4, and n > 5 are totally different,
with the low-dimensional cases being much more subtle and intricate.

Although I have highlighted the exotic 4-space as a spectacular corollary of
the Freedman/Donaldson results, this is a by-product; their work is actually
devoted to studying closed 4-manifolds. To such a 4-manifold, one associates
standard topological invariants, In particular, for an oriented manifold, one
gets a symmetric integer matrix of determinant +1 defined by the intersection
properties of the 2-cycles (and depending on a choice of basis). Freedman showed
that all such matrices can occur for topological 4-manifolds. Donaldson’s result
was that, among positive definite matrices, only those equivalent to the unit
matrix can occur for differentiable 4-manifolds.’ This is a severe restriction and
shows that the differentiable and topological situations are totally different.

1 Actually, in [1] Donaldson restricted himself to simply-connected manifolds, but more
recently he has succeeded in removing this restriction.
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The surprise produced by Donaldson’s result was accentuated by the fact that
his methods were completely new and were borrowed from theoretical physics,
in the form of the Yang-Mills equations. These equations are essentially a non-
linear generalization of Maxwell’s equations for electro-magnetism, and they are
the variational equations associated with a natural geometric functional. Dif-
ferential geometers study connections and curvature in fibre bundles, and the
Yang-Mills functional is just the L2-norm of the curvature. If the group of the
fibre bundle is the circle, we get back the linear Maxwell theory, but for non-
abelian Lie groups, we get a nonlinear theory. Donaldson uses only the simplest
nonabelian group, namely SU(2), although in principle other groups can and will
perhaps be used.

Physicists are interested in these equations over Minkowski space-time, where
they are hyperbolic, and also over Euclidean 4-space, where they are elliptic. In
the Euclidean case, solutions giving the absolute minimum (for given boundary
conditions at 0co) are of special interest, and they are called instantons.

Several mathematicians (including myself) worked on instantons and felt very
pleased that they were able to assist physics in this way. Donaldson, on the other
hand, conceived the daring idea of reversing this process and of using instantons
on a general 4-manifold as a new geometrical tool. In this he has been brilliantly
successful: he has unearthed totally new phenomena and simultaneously demon-
strated that the Yang-Mills equations are beautifully adapted to studying and
exploring this whole new field.

Of course, the use of differential equations in geometry is not new; the study
of geodesics or minimal surfaces are classical examples. However, in these cases
a solution of the differential equation (e.g., a minimal surface) is used as a geo-
metrical object. Donaldson’s use of instantons is quite different. I should explain
that instantons as solutions of a minimization problem are not unique but typi-
cally depend on a finite number of continuous parameters, and it is the nonlinear
space of these instanton parameters that Donaldson uses as a geometrical tool.
The closest prior example of such an approach is the (linear) Hodge theory of
harmonic forms. In fact, Hodge was directly motivated by Maxwell’s equations,
and instantons are a natural nonlinear generalization of harmonic forms. In the
linear case the parameter space is of course linear and determined by its dimen-
sion, but in the nonlinear case there is much more information embodied in the
parameter space, which is a topologically interesting manifold.

The success of Donaldson’s program depends on having a thorough under-
standing of the analysis of the Yang-Mills equations. One needs existence, regu-
larity, and convergence theorems, all of which are quite delicate, involving both
local and global aspects. Fortunately, C. H. Taubes [6, 7] and K. Uhlenbeck
[8, 9] have provided these analytical foundations, and so one can proceed to use
instantons as an effective geometric tool. However, instantons cannot be bought
off the shelf: to use them one has to understand and become involved with the
full details of the analysis, and Donaldson has had to do this in order to put
them to geometric use.
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The Yang-Mills equations depend on fixing a background metric on the 4-
manifold and, as in Hodge theory, Donaldson has to study the effect of varying
the metric in order to derive results which depend only on the underlying man-
ifold. Because of the nonlinearity, this is a more serious problem than in Hodge
theory and great care is needed.

In fact, the Yang-Mills equations depend only on the conformal class of the
metric and this conformal invariance is fundamental in physics where it implies
the absence of a basic length scale, Analytically it is a source of difficulty making
the equations a delicate border-line case where certain compactness arguments
just fail, so that a sequence of instanton solutions can pick up Dirac delta func-
tions in the limit. It is, however, just this delicate failure that Donaldson exploits
geometrically: instead of the delta functions being regarded as undesirable sin-
gularities, they provide the key link between the 4-manifold and the instanton
parameter space, One might say that the physicist’s ambivalence to particles
and fields is the essence of Donaldson’s theory.

When Donaldson proved his first result it was by no means clear if this
was some isolated case or whether instantons could be used more generally.
Since then, however, Donaldson has, with great insight and skill, developed and
exploited instantons with remarkable success. He has extended his results to
the case of indefinite intersection matrices, providing further constraints on the
topology of differentiable 4-manifolds. He has also, in the other direction, pro-
duced new invariants of 4-manifolds which can be used to distinguish smooth
manifolds which are topologically equivalent. In particular, he has shown that
complex algebraic surfaces (of complex dimension 2 and so of real dimension 4)
appear to play a key role. In a very elegant paper [2] he proved an existence
theorem which showed that, on an algebraic surface, instantons (or rather their
parameter spaces) have a purely algebraic description, coinciding with what al-
gebraic geometers call stable vector bundles. His new invariants can then be
calculated algebraically and he used this [3] to exhibit two algebraic surfaces
which are homeomorphic but not diffeomorphic. One of these surfaces is ratio-
nal and his results strongly suggest that the rationality of an algebraic surface
may be a differentiable property (it is not topological).

I indicated earlier that mathematicians had been working on the original
physicists’ problem of explicitly finding all instantons on Euclidean 4-space. In a
short but decisive paper [4] Donaldson linked this problem with algebraic,vector
bundles on the complex projective plane (viewed as a compactification of R* =
C?). He also applied similar ideas [5] to solve a related but more difficult physical
problem, that of magnetic monopoles. He proved the remarkably simple result
that the parameter space of monopoles of magnetic charge k can be identified
with the space of rational functions of a complex variable of degree k. o

When Donaldson produced his first few results on 4-manifolds, the ideas were
so new and foreign to geometers and topologists that they merely gazed in be-
wildered admiration. Slowly the message has gotten across and now Donaldson’s
ideas are beginning to be used by others in a variety of ways.
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From what I have said you can see that Donaldson has opened up an entirely
new area; unexpected and mysterious phenomena about the geometry of 4 di-
mensions have been discovered. Moreover, the methods are new and extremely
subtle, using difficult nonlinear partial differential equations. On the other hand,
this theory is firmly in the mainstream of mathematics, having intimate links
with the past, incorporating ideas from theoretical physics, and tying in beau-
tifully with algebraic geometry. It is remarkable and encouraging that such a
young mathematician can understand and harness such a wide range of ideas
and techniques in so short a time and put them to such brilliant use. It is an
indication that mathematics has not lost its unity, or its vitality.
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On Some of the Mathematical Contributions
of Gerd Faltings

B. MAZUR

One of the recent great moments in mathematics was when Gerd Faltings
revealed the circle of ideas which led him to a proof of the conjecture of Mordell
([1]; see also [2, 3]).

The conjecture, marvelous in the simplicity of its statement, had stood as a
goad and an elusive temptation for over half a century: it is even older than the
Fields Medal! In modern language it takes the following form:

If K is any number field and X is any curve of genus > 1 defined over K,
then X has only a finite number of K -rational points.

To get a feeling for our level of ignorance in the face of such questions, consider
that, before Faltings, there was not a single curve X (of genus > 1) for which we
knew this statement to be true for all number fields K over which X is defined!

Already in the twenties, Weil and Siegel made serious attempts to attack
the problem. Siegel, influenced by Weil’s thesis, used methods of diophantine
approximation, to prove that the number of integral solutions to a polynomial
equation f(X,Y) = 0 (i.e., solutions in the ring of integers of a number field K)
is finite, provided that f defines a curve over K of genus > 0, or a curve of genus
0 with at least three points at infinity.

In his thesis, Weil generalized Mordell’s theorem on the finite generation of
the group of rational points on an elliptic curve, to abelian varieties of any
dimension. Weil then hoped to use this finite generation result for the rational
points on the jacobian of a curve to go on to show that when a curve of genus
> 1 is imbedded in its jacobian, only a finite number of the rational points of the
jacobian can lie on the curve. Not finding a way to do this, he decided to call
his proof of finite generation (the “theorem of Mordell-Weil”) a thesis, despite
Hadamard’s advice not to be satisfied with half a result!

~“After this work of Weil and Siegel there waslittle progress for thirty years: It -
was in the sixties and early seventies that several new developments occurred in
algebraic geometry and number theory which were to influence Faltings (work of
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Grothendieck, Serre, Mumford, Lang, Néron, Tate, Manin, Shafarevich, Parsin,
Arakelov, Zarhin, Raynaud, and others).

These developments, which enter in an essential way in the work of Falt-
ings, encompass three grand mathematical themes, and Faltings proved the con-
jecture of Mordell, by first establishing the truth of some other outstanding
conjectures—fundamental to arithmetic and to arithmetic algebraic geometry.
In the next few minutes I should like to try to convey some sense of the sweep of
Faltings’s accomplishment by touching on those themes, and those conjectures.

1. The arithmetization of geometry and the geometrization of arith-
metic. Nowadays the analogy between number fields and fields of rational func-
tions on algebraic curves (over finite fields) is so well imprinted upon our view of
both number theory and the theory of algebraic curves that it is hard to imag-
ine how we might deal with either theory, if deprived of that analogy. A firm
understanding of the power of such analogies was present already in the work
of Kronecker, and of Dedekind and Weber at the end of the last century. This
understanding was deepened by the development of algebraic number theory,
in the hands of Artin and Chevalley, of algebraic geometry, via the founda-
tions developed by Zariski, Weil, and Serre, and more recently, of arithmetic
algebraic geometry, whose foundations are given by the language of schemes, of
Grothendieck.

In the language of schemes, a smooth curve over a finite field and the ring
of integers in a number field are not merely analogous: they are two instances
of the same notion (regular schemes of dimension one, of finite type over Z).
Similarly, a family of curves over a “base” curve over a finite field and a curve
over the ring of integers in a number field are companion instances of the same
notion.

This is not to say that this analogy is thoroughly understood! Why, it has
only been relatively recently, thanks to the groundbreaking work of Arakelov,
that we have begun to see a format for bringing the archimedean places of a
number field into the geometric picture.

Moreover, this “synthetic view,” extraordinarily efficacious for carrying prob-
lems and conjectures from the realm of function fields to the realm of number
fields and back again, is far less satisfactory when it comes to carrying the proofs
of those conjectures from one realm to the other.

For example, the analogue of Mordell’s conjecture in the function field case
was first settled by Manin back in 1963. A different proof was given by Grauert
in 1965. Arakelov (using a beautiful idea of Parsin) found another proof in 1971.
Yet another proof, also using Parsin, was given by Zarhin in 1974.

Even when we were armed with these approaches to the function field case,
the number field case seemed intractable for almost a decade until Faltings dis-
covered a method, analogous to that of Parsin-Zarhin, which established the
classical conjecture of Mordell over number fields. To this day we lack num-
ber field analogues of the other approaches to the problem—say, of Manin’s
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original proof, or of Arakelov's (Do they exist?). Judging from Faltings’s pub-
lished contributions to Arakelov’s theory [4] one might imagine that he himself
had been simultaneously pursuing two approaches to the Mordell conjecture in
the number field case: one suggested by Arakelov’s work, and the other by
Zarhin’s. The problem yielded, in 1983, to the second approach.

Faltings’s method in the number field case, and Zarhin’s in the function field
case, was to settle Mordell’s conjecture by first answering a more “geometric”
question:

Kodaira had raised the problem of studying, or perhaps “classifying,” all
(truly varying) families of smooth curves of a given genus over a fixed (not
necessarily complete) base curve. It was Shafarevich, at the 1962 International
Congress, who first brought attention to the analogue of Kodaira’s problem in
arithmetic, and to its significance. One version of this analogue, now known as
Shafarevich’s Congecture for Curves, states that

There are only a finite number of nonisomorphic curves of a given genus > 1
defined over a fized number field and possessing good reduction outside a fized
finite set of primes in the ring of integers of that number field.

One way of paraphrasing Kodaira’s original problem is by formulating the
“function field analogue” of Shafarevich’s conjecture, where the ring of integers
in a number field is replaced by a base curve over a finite field. By an ingenious
argument which happily worked as well in the number field case as in the func-
tion field case, Parsin had shown in 1968 that Mordell’s conjecture follows from
Shafarevich’s conjecture.

Very roughly, Parsin’s idea is as follows: Fix g > 1. Given a curve X of
genus g and a rational point P on X over a number field K, Parsin produced
a convering Y of X which is ramified only above P, and whose number field of
definition and set of bad primes are “uniformly bounded” in terms of the data:
g, the number field of definition of X and P, and the set of bad primes of X.
Since Y determines the pair (X, P) up to finite ambiguity, it follows that if there
are only finitely many such Y’s (Shafarevich’s conjecture) then there only finitely
many such P’s (Mordell’s conjecture).

In their respective contexts, both Zarhin’s and Faltings’s attack on Mordell’s
conjecture is to prove Shafarevich’s conjecture for curves (over function fields,
and over number fields, respectively), and then to appeal to Parsin’s idea.

2. Curves and abelian varieties. It was Weil, in his proof of the “Rie-
mann hypothesis for curves over finite fields,” who first made essential use of
the passage from curves to abelian varieties to derive important consequences
for the arithmetic of curves. -

The “geometric” insight, that in pursuing questions about curves it sometimes
pays to appeal to their jacobians, goes further back. Indeed, the fact that we see
such a close relationship between curves and their jacobians is one of our many
legacies from the Italian school of algebraic geometry.
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With the trend towards the arithmetization of geometry, it was natural to
study closely models for the jacobians of curves, or more generally for abelian
varieties, over the rings of integers of number fields. Néron, in 1964, discovered
the remarkable, and remarkably useful, fact that any abelian variety over a
number field has a “best” model over the ring of integers of the number field—
“best,” from the point of view of niceness of the reduction of the model modulo
prime ideals in the ring. Although N’eron, at the time he did his work, was not
aware of Kodaira’s contributions in the complex analytic case, one may view
Néron’s theory as a far-reaching amplification and arithmetization of a program
initiated by Kodaira.

Néron models now play an important role in any close arithmetic study of
abelian varieties, and in particular, they play a role in the detailed analysis of
compactifications of moduli spaces for abelian varieties. The systematic arith-
metic study of moduli spaces and their compactifications—a study initiated by
the magnificent work of Mumford—in turn plays a key role in Faltings’s ap-
proach. Compactification of moduli spaces of abelian varieties over Z, inciden-
tally, is a subject to which Faltings has returned more recently: By refining, in
certain respects, the work of Ching-Li Chai, Faltings has clarified some questions
of arithmetic compactifications, and has thereby significantly simplified, and ren-
dered more natural, the logical structure of his proof of Mordell’s conjecture. In
his initial proof [1] Faltings took a somewhat more circuitous route, using moduli
spaces of curves rather than of abelian varieties (and the published account of
the technical issues was supremely succinct, requiring a certain expertise on the
part of the reader).

Thanks to the close relationship between curves and their jacobians (the clas-
sical theorem of Torelli plus a finiteness result concerning polarizations), Sha-
farevich’s conjecture for curves (of genus > 1) reduces to a similar conjecture
(also called Shafarevich’s conjecture) for abelian varieties:

There are only a finite number of abelian varieties of fized dimension over
a fized number field whose Néron models possess good reduction outside a fized
finite set of primes of the number field.

This conjecture was also settled affirmatively by the work of Faltings. It was
settled in tandem with another basic arithmetic question:

3. Abelian varieties and Galois representations. It was by consider-
ing number-theoretic analogies of the classical conjectures of Hodge (concern-
ing algebraic cycles) and geometric analogues of the conjecture of Birch and
Swinnerton-Dyer that Tate in 1963 formulated the following conjecture, which
links the problem of classifying abelian varieties (up to isogeny) to that of clas-
sifying the Galois representations to which they give rise:

Let | be a prime number. Let K be a number field, and K an algebraic closure
of K. An abelian variety A over K 1is determined up to isogeny (over K) by the
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natural representation of Gal(K/K) on the Q;-vector space
Vi(A) = Hom(Qu, Ai(K)),
where A;(K) denotes the group of K -valued points of A, of l-power order.

This clearly basic ‘link’ between abelian varieties (denizens of algebraic ge-
ometry) and Galois representations (ostensibly more ‘elementary’ creatures) was
proved by Tate himself in 1967 for a finite field K, but over number fields it was
not even known to be the case for elliptic curves, before the work of Faltings.

By a beautiful argument (which makes crucial use of two theories upon which
we shall comment in a moment, and) which shuttles back and forth between
the conjecture of Shafarevich for abelian varieties and the conjecture of Tate,
Faltings showed that both of these conjectures are true. The phrase “shuttles
back and forth” is quite inadequate to characterize Faltings’s mode of argument,
which captures in its weave all the mathematical themes upon which I have
touched.

The “two theories” referred to are the Theory of Heights and the Theory of
p-Divisible Groups (and, more generally, of Group Schemes of Ezponent p).

The Theory of Heights was initiated by Weil in 1928 as a technique for “count-
ing” rational points on abelian varieties and was used in an essential manner in
his proof of the theorem “of Mordell-Weil.” This theory was further developed
by Néron, by Tate, and more recently was given a new twist in the work of
Arakelov.

The Theory of p-Divistble Groups was invented by Serre and Tate, and, in-
dependently, by Barsotti in the mid-sixties to provide a technique to analyze
the way in which p-power torsion points on abelian varieties “degenerate” when
specialized to characteristic p. In 1966 Tate proved the analogue of his conjec-
ture on abelian varieties for p-divisible groups over a local field of characteristic
0. Faltings uses this theorem, and, moreover, makes essential use of an impor-
tant refinement of it (covering the case of group schemes of exponent p) due to
Raynaud.

Even the above recitation does not completely exhaust the list of longstand-
ing conjectures established by Faltings in the course of his work on the Mordell
conjecture. For example, an important adjunct to the conjecture of Tate con-
cerning the representations of the Galois group Gal(K/K) on l-power torsion
points of an abelian variety A defined over a number field X is the assertion of
semisimplicity of the representation of Gal(K/K) on Vi(A). This Semisimplicity
Congecture has also been proved by Faltings (as its “function field analogue”
had been proved by Zarhin in the course of his work). Moreover the proof of
semisimplicity plays a structural role in the proof of the other conjectures.

The above Semisimplicity Congecture had been formulated by Grothendieck
Galois representations acting on the d-dimensional l-adic cohomology of irre-
ducible smooth projective varieties over number fields, for any d). One could
find support for Grothendieck’s conjecture, at the time he made it, in the work
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of Serre concerning the richness of the action of Galois on the torsion points of
elliptic curves defined over number fields. Thanks to Faltings, we now know the
Semisimplicity Congecture of Grothendieck to be true for d = 1. This result of
Faltings, incidentally, together with a technique coming from Faltings’s proof,
has very recently been used by Serre in a deep study of the action of Galois on
torsion points of abelian varieties of arbitrary dimension g, defined over number
fields.

The general case of Grothendieck’s conjecture (i.e., for d > 1) is still open.

We have been discussing only Gerd Faltings’s approach to the conjecture of
Mordell, but his other mathematical contributions, whether they be concerned
with moduli spaces of abelian varieties, the Riemann-Roch theorem for arith-
metic surfaces, or p-adic Hodge theory, all immediately impress one as the work
of a marvelously original mind from which we may expect similarly wonderful
things in the future.
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The Work of M. H. Freedman

JOHN MILNOR

Michael Freedman has not only proved the Poincaré hypothesis for 4-dimen-
sional topological manifolds, thus characterizing the sphere S4, but has also given
us classification theorems, easy to state and to use but difficult to prove, for much
more general 4-manifolds. The simple nature of his results in the topological
case must be contrasted with the extreme complications which are now known
to occur in the study of differentiable and piecewise linear 4-manifolds.

The “n-dimensional Pioncaré hypothesis” is the conjecture that every topolog-
ical n-manifold which has the same homology and the same fundamental group
as an n-dimensional sphere must actually be homeomorphic to the n-dimensional
sphere. The cases n = 1, 2 were known in the nineteenth century, while the cases
n > b were proved by Smale, and independently by Stallings and Zeeman and
by Wallace, in 1960-61. (The original proofs needed an extra hypothesis of dif-
ferentiability or piecewise linearity, which was removed by Newman a few years
later.) The 3- and 4-dimensional cases are much more difficult.

Freedman’s 1982 proof of the 4-dimensional Poincaré hypothesis was an ex-
traordinary tour de force. His methods were so sharp as to actually provide a
complete classification of all compact simply connected topological 4-manifolds,
yielding many previously unknown examples of such manifolds, and many pre-
viously unknown homeomorphisms between known manifolds. He showed that
a compact simply connected 4-manifold M is characterized, up to homeomor-
phism, by two simple invariants. The first is the 2-dimensional homology group

Hy=H,M;Z2)=Z® - & Z,
together with the symmetric bilinear intersection pairing
w: H 2 ® H2 — Z,

This pairing, which is defined as soon as we choose an orientation for M, must
have determinant 1 by Poincaré duality. The second is the Kirby-Siebenmann
obstruction class, an element

o€ HY(M;Z/2) = Z/[2

that vanishes if and only if M is stably smoothable. In other words, o is zero
if and only if the product M x R can be given a differentiable structure, or
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equivalently a piecewise linear structure. These two invariants w and o can be
prescribed arbitrarily, except for a relation in one special case. If the form w
happens to be even, that is if w(z,z) = 0 (mod2) for every z € Hj, then the
Kirby-Siebenmann obstruction must be equal to the Rohlin invariant:

o = signature(w)/8 (mod 2).

(Freedman’s original proof that these two invariants characterize M up to home-
morphism required an extra hypothesis of “almost-differentiability,” which was
later removed by Quinn.)

If the intersection form w # 0 is indefinite or has rank at most eleven, then
it follows from known results about quadratic forms that M can be built up
(nonuniquely) as a connected sum of copies of four simple building blocks, each
of which may be given either the standard or the reversed orientation. One needs
the product S2 x S2, the complex projective plane C P2, and two exotic manifolds
which were first constructed by Freedman. One of these is a nondifferentiable
analogue of the complex projective plane, and the other is the unique manifold
whose intersection form w is positive definite and even of rank eight. (This w can
be identified with the lattice generated by the root vectors of the Lie group Es.
Asnoted by Rohlin in 1952, a 4-manifold with such an intersection form can never
be differentiable.) By way of contrast, if we allow positive definite intersection
forms, then the number of distinct simply connected manifolds grows more than
exponentially with increasing middle Betti number.

Freedman’s methods extend also to noncompact 4-manifolds. For example, he
showed that the product §2 x R can be given an exotic differentiable structure,
which contains a smoothly embedded Poincaré homology 3-sphere and hence
cannot be smoothly embedded in euclidean 4-space [11, 16]. His methods apply
also to many manifolds which are not simply connected [22]. For example, a
“flat” 2-sphere in 4-space is unknotted if and only if its complement has free cyclic
fundamental group; and a flat 1-sphere in $3 has trivial Alexander polynomial
if and only if it bounds a flat 2-disk in the unit 4-disk whose complement has
free cyclic fundamental group.

The proofs of these results are extremely difficult. The basic idea, which had
been used in low dimensions by Moebius and Poincaré, and in high dimensions by
Smale and Wallace, is to build the given 4-manifold up inductively, starting with
a 4-dimensional disk, by successively adding handles. The essential difficulty,
which does not arise in higher dimensions, occurs when we try to control the
fundamental group by inserting 2-dimensional handles, since a 2-dimensional
disk immersed in a 4-manifold will usually have self-intersections. This problem
was first attacked by Casson, who showed how to construct a generalized kind of
2-handle with prescribed boundary within a given 4-manifold. Freedman’s major
technical tool is a theorem which asserts that every Casson handle is actually
homeomorphic to the standard open handle, (closed 2-disk) x (open 2-disk). The
proof involves a delicately controlled infinite repetition argument in the spirit of
the Bing school of topology, and is nondifferentiable in an essential way.
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The Work of Leslie G. Valiant

V. STRASSEN

Theoretical computer science is very young, when compared for instance to
number theory, geometry, or topology. While these classical fields are like mag-
nificent old oaks, whose growth takes place at dizzying heights and is therefore
not easy to follow, theoretical computer science resembles a fast-growing young
tree, whose fresh green may be perceived and enjoyed by everyone coming near.

Leslie G. Valiant has contributed in a decisive way to the growth of almost
every branch of this young tree. In order to convey some impression of the scope
of his work and the impetuous pace of its creation, I shall first discuss three
early papers, published within a single year, which contain spectacular advances
in three very different areas. Then I will turn to what is perhaps Valiant’s most
important and mature work, centering around his theory of counting problems.

Languages. Context-free grammars were introduced by N. Chomsky in 1956
as a means of analyzing natural languages. They are now being used extensively
for describing the structure of programming languages. The central algorithmic
problem is to recognize sentences of the language defined by such a grammar.
For a number of years recognition algorithms which run in a time proportional
to n3 on sentences of length n had been known, but in spite of much effort no
significant improvement had been obtained except in special cases.

In a coup de main Valiant showed in 1975 that the recognition problem can
be solved in less than cubic time by reducing it to integer matrix multiplication.
He has never come back to this subject, but ingenious algorithmic reductions
from combinatorial to algebraic problems have become one of the main themes
of his work.

Graphs. Let m be a positive integer. An m-superconcentrator is a directed
graph with m input and m output nodes, such that for every r < m any r
input nodes may be connected to any r output nodes in some order by r disjoint
directed paths. By the size of an m-superconcentrator, one means its number of
edges.

Superconcentrators first appeared in algebraic complexity theory: Any
straightline algorithm for computing the Discrete Fourier Transform of order m
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yields an m-superconcentrator of a size proportional to the length of
the algorithm. In particular, the Fast Fourier Transform provides examples
of m-superconcentrators of size const -mlogm and any improvement of the Fast
Fourier Transform would lead to m-superconcentrators of still smaller size. Aho,
Hopcroft, and Ullman, among others, stated the problem of proving or disprov-
ing that the minimal size of m-superconcentrators grows like mlogm. By the
previous remarks a positive answer would yield an optimality proof for the Fast
Fourier Transform up to order of magnitude.

Valiant dashed such hopes by showing that there exist m-superconcentrators
of size linear in m. Considering the flexibility of these graphs the result is almost
unbelievable. Valiant’s proof, which is based upon previous work of Pinsker,
combines a counting argument with an elegant recursive construction. (Let me
note that Margulis and Gabber-Galil have succeeded in replacing the counting
argument by an explicit construction as well.) In the decade after their discovery
superconcentrators of linear size have become useful tools in the information and
communication sciences far beyond their original purpose.

This work is just one example of Valiant’s systematic and penetrating study
of efficient imbedding and routing properties of graphs, leading in recent years to
a theory of the general purpose parallel computer (the so-called supercomputer).

Turing machines. Since their invention by A. Turing in 1936 Turing ma-
chines have been the principal theoretical model on which notions of computa-
bility and computational complexity have been based. Often a Turing machine
is used as a decision procedure for some property of numbers, graphs, logical
formulas, etc., which by a suitable encoding are presented to the machine as
binary strings. While recursion theory is concerned with the decidability of de-
cision problems, complexity theory also considers the amount of time and space
needed to reach a decision.

Given a function ¢: N — N, let TIME(t) be the class of all decision problems
(i.e., sets of binary strings) that can be decided by a multitape Turing machine
using only O(t(n)) computational steps on inputs of length n. Define SPACE(t)
similarly in terms of the number of tape squares visited. Obviously TIME(t) C
SPACE(t), since in one step a Turing machine can reach at most a constant
number of new tape squares.

The dualism of time and space, which to a large extent shapes the physical
sciences, is also present in the discrete world of idealized computers. As a first
but fundamental question we may ask whether the above inclusion is strict:

TIME(t) G SPACE(t)? (A)

- Computing experience overwhelmingly indicates that this is indeed the case, but —
there does not seem to exist an easy proof. It was a scientific sensation when
Hopcroft, Paul, and Valiant showed that in fact one has

TIME(t) C SPACE(t/ log?), (B)
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which implies (A), since SPACE(t/logt) is strictly contained in SPACE(t) by
a standard diagonalization argument. (Alluding to H. Weyl’s classic the result
might be stated: Space or time—it matters.)

Hopcroft, Paul, and Valiant reduced the proof of (B) to finding a good strategy
for a certain game on graphs, the “pebble game,” which had been invented earlier
by Paterson and Hewitt for a different purpose. This strategy was later shown to
be optimal by Paul, Tarjan, and Celoni, so that no improvement of (B) may be
expected by the same method. (It is a pleasant coincidence that this optimality
proof uses linear sized superconcentrators as an essential ingredient.)

The result of Hopcroft, Paul, and Valiant is weak in the following sense: The
complexity classes TIME(t) and SPACE(t) depend on the Turing maching model
of computation and therefore the validity of (A) or (B) may be lost by a change
of models. A more robust formulation of the problem of time and space involves
the complexity classes

PTIME = | JTIME(n*) and PSPACE = |_J SPACE(n*)
k k
of all problems decidable in polynomial time or space. There is no doubt that

the inclusion
PTIME c PSPACE

is also strict, but this has not yet been proven.

The class PTIME, or simply P, as it is called, has gained a central position in
complexity theory, since it appears to be best suited for distinguishing between
what can be and what cannot be computed in practice. For brevity I shall call
the problems in P easy, those not in P hard.

Complete problems. Consider a map f: N — 2N such that

{(z,9): y € f(z)} is easy, (1)
y € f(z) = |yl < |z (2)

for a suitable constant k. (|z| denotes the binary length of ). The set of all num-
bers z such that f(z) is nonempty is called a search problem. The complement
of the set of primes is an example: f(z) may be taken to consist of all proper
divisors of z. The name “search problem” refers to the possibility of searching
through all y satisfying the inequality in (2) for an element of f(z). However,
although each test of membership is easy by (1), such an exhaustive search may
use exponential time due to the number of tests to be conducted.

The class NP of all search problems lies between P and PSPACE. It turns
out that a great number of decision problems occurring in mathematics and its
applications belong to NP, when suitably encoded. Here are a few examples: to
decide

if a propositional formula is satisfiable,

if a graph is isomorphic to a subgraph of another,

if a graph has a Hamilton circuit,
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if a graph has a 3-coloring,

if a diophantine equation of the form F(Xji,...,X,) = ¢, where ¢ and the
coefficients of F' are natural numbers, has a solution in natural numbers.

In his seminal paper, “The Complexity of Theorem Proving Procedures,”
S. Cook in 1971 showed that the satisfiability problem as well as the subgraph
problem are complete in the class NP under polynomial reduction, in short, NP-
complete. Roughly speaking, NP-complete problems have maximal degree of
difficulty among all search problems. It follows that if either the satisfiability or
the subgraph problem is easy, then every search problem is easy.

A more precise formulation of Cook’s theorem implies an even stronger state-
ment; namely, that a fast algorithm for deciding the satisfiability or the subgraph
problem would create a fast decision procedure for any effectively given search
problem in a completely mechanical way. Thus it could be used as a masterkey
for search problems from all branches of mathematics. For instance, no addi-
tional competence in number theory would be needed for designing a fast test
of primality or of representability of a number by any given positive polynomial.
This appears so unlikely that there is little doubt about the validity of what we
call Cook’s hypothesis; namely, that the satisfiability and the subgraph problems
are indeed hard, or equivalently that

P #NP.

The list of problems proved NP-complete was significantly extended by R. Karp
in 1972 to include among others the Hamilton circuit and the graph coloring
problems above. By now, most of the naturally occurring search problems have
been classified as either easy or NP-complete. (The solvability of positive dio-
phantine equations is NP-complete, even if it is restricted to binary quadratic
polynomials, as has been shown by Manders and Adleman.)

Let me turn to Valiant’s work on the subject. Given a map f: N — 2N
as in the definition of a search problem, we may not only ask whether f(z) is
nonempty, but may inquire about its size. Valiant calls the function z — #f(z) a
counting problem and shows that the class of all counting problems also contains
complete members, for instance, the counting problems corresponding to the
NP-complete search problems of our list. Since counting solutions is at least as
difficult as deciding whether a solution exists, complete counting problems are
hard under Cook’s hypothesis. Most exciting is Valiant’s discovery in 1979 of
various complete counting problems that correspond to easy search problems,
thereby considerably enlarging the scope of the theory of NP-completeness. I
give three examples:

(I) Counting subtrees of a directed graph. Note that if “subtrees” is replaced
by “spanning subtrees,” the counting problem becomes easy in view of a variant
of a classical theorem of Kirchhoff (1847).

(II) Evaluating the probability of failure of an unreliable connecting network.
According to Laplace’s definition of probability as a proportion, this is tanta-
mount to a counting problem.
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(I1I) Counting perfect matchings of a bipartite graph. Here the corresponding
search problem is not trivial as in I and II, but it is easy by a well-known
algorithm of M. Hall.

In Valiant’s treatment III is the critical example. The proof of completeness of
this problem intricately combines ideas belonging to mathematical logic, graph
theory, and algebra.

The number of perfect matchings of a bipartite graph is equal to the value
of the permanent function at the zero-one-matrix representing the graph—over
the ring of integers. What happens if we replace Z by Z/mZ? When m = 2
the permanent coincides with the determinant and is therefore easy to compute.
When m is any fixed power of 2, Valiant shows that the problem remains easy.
In contrast, he obtains the wonderful result that the existence of a fast algorithm
for the permanent modulo m for some m that is not a power of 2 implies that
any polynomially bounded number-theoretical function, whose graph is easy to
decide, is itself easy to compute. (“Polynomially bounded” is to be understood
in terms of lengths.) It can be deduced that if the permanent modulo 3 (say) is
easy, then so is prime factorization of integers.

The permanent is a polynomial function of the entries in the matrix. Thus
Valiant was naturally led into algebraic complexity theory, which we have al-
ready touched upon when discussing superconcentrators. Here the basic model
is that of a straightline algorithm, i.e., a finite sequence of arithmetical in-
structions, to be executed over a suitable algebraic structure. For a number
of years it had seemed that this subject would remain unaffected by the notion
of NP-completeness. Motivated by his work on the permanent, however, Valiant
developed a convincing analogue of the theory of search and counting prob-
lems entirely in the algebraic framework. The new theory differs considerably
from its model, and it will not be possible to describe even its main features
here. However, the counterpart of Cook’s hypothesis—let us call it Valiant’s
hypothesis—may be sandwiched between two succinct statements of a classical
algebraic flavor: Fix a field F of characteristic # 2 and let ¢{(n) be the smallest
number r such that the permanent of size n may be obtained from the deter-
minant of size r by a simple substitution, i.e., one in which variables may be
replaced only by variables or elements of F. Then Valiant’s hypothesis implies
that t(n) grows faster than any power of n. In turn, if ¢(n) grows even faster than
e(1°87)? for some ¢ (for instance, if it grows exponentially), Valiant’s hypothesis
is true over the field F.

For some of you it may seem that the theories discussed here rest on weak foun-
dations. They do not. The evidence in favor of Cook’s and Valiant’s hypotheses
is so overwhelming, and the consequences of their failure are so grotesque, that
their status may perhaps be compared to that of physical laws rather than that
of ordinary mathematical conjectures. Nevertheless a traditional proof would be
of great interest, and it seems to me that Valiant’s hypothesis may be easier to
confirm than Cook’s (for example, by using the powerful methods of algebraic
geometry).
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The selection of Valiant’s works that I have presented to you does not do
justice to many of his other achievements of comparable importance: dealing
with boolean complexity, probabilistic algorithms, monotone and parallel com-
putation, artificial intelligence. They all give ample evidence of his astuteness,
originality, and taste.

Theoretical computer science is in the stage of formulating its central prob-
lems and devising the proof techniques for their solution. Valiant has been emi-
nently involved in this process, not only by answering a number of recalcitrant
open questions, but above all by developing important new concepts, which have
led him to discover deep and beautiful connections between problems that had
seemed to be totally unrelated.

In every scientific discipline, finding fruitful concepts is a most demanding
task. This is especially true for a new field, since there exist so many conceptual
possibilities. But the rewards balance the difficulties: the young shoots of the
sapling will become the main boughs of the full grown tree.

I have no doubt that this applies to the work of Leslie Valiant. Let me wish
him, and the three Fields medalists, futures as bright as their scientific pasts.
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Underlying Concepts in the Proof
of the Bieberbach Conjecture

LOUIS DE BRANGES

Most mathematical events are exciting only to a few experts who have the
necessary knowledge to understand and appreciate what has occurred. The proof
of the Bieberbach conjecture has been a welcome exception to this usual pattern.
The result has found a wider, but also a less homogeneous, audience. For this
reason there is need for still another account of the discovery.

A calendar of events. This discussion begins with the Riemann mapping
theorem because everyone knows it: Every proper simply connected subregion
of the complex plane is the image of the unit disk under a Riemann mapping
function, a power series which converges in the unit disk and represents a function
with distinct values at distinct points of the disk.

Riemann stated but did not find an acceptable proof of the Riemann mapping
theorem. It is proved by an approximation argument which requires estimates of
Riemann mapping functions. Any Riemann mapping function can be estimated
in the unit disk from the value of the function and its derivative at the origin.
The Bieberbach conjecture arises in the search for best possible estimates.

A Riemann mapping function will be normalized so that the constant coeffi-
cient is zero and the coefficient of z is positive. The mapping thus has a fixed
point at the origin. The positivity of the derivative at the origin allows the map-
ping function to be uniquely determined by the region onto which it maps the
unit disk.

An example of a Riemann mapping function is the Koebe function

z/(1 —wz)? = 2+ 2wz? + 3w + -,
where w is a constant of absolute value one. It maps the unit disk onto a region
which is obtained from the complex plane on deleting a radial slit starting at
distance 1/4 from the origin.
The Bieberbach conjecture [4] states that the inequality
lan| < naq
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holds for every positive integer n when f(z) = )_ a,2™ is a Riemann mapping
function. The conjecture also states that equality holds for some n > 1 only
when f(z) is a constant multiple of the Koebe function.

Bieberbach proved the Bieberbach conjecture only for the second coefficient.
Despite the meager evidence in its favor, the conjecture attracted the attention
of leading mathematicians. A memorable event was the proof of the Bieberbach
conjecture for the third coefficient by K. Lowner [25] in 1923. The solution
contains a general method which applies in principle to all coefficients. But
the resulting calculations are very difficult. When a proof of the Bieberbach
conjecture for the fourth coefficient was found in 1954 by P. R. Garabedian and
M. Schiffer [19], another method was used.

The Bieberbach conjecture was actively pursued as a research aim in the
following decade. A proof of the Bieberbach conjecture for the sixth coefficient
was obtained in 1968 by M. Ozawa [34] and by R. N. Pederson ([35]. In 1972,
Pederson and Schiffer [36] succeeded in proving the Bieberbach conjecture for
the fifth coefficient.

The same methods become very difficult with larger coefficients, and more
than ten years passed without another case of the Bieberbach conjecture being
verified. What then happened was that the author obtained a proof of the
Bieberbach conjecture for all coefficients.

The proof was concluded with the help of Walter Gautschi [20] in February
1984. A curious situation then arose in that no one could at first be found to
confirm the argument. But the author was scheduled for a visit to the Steklov
Mathematical Institute in Leningrad in April, May, and June of 1984 under
the exchange agreement between the National Academy of Sciences and the
Academy of Sciences of the USSR. The correctness of the proof was confirmed
by the Leningrad Seminar in Geometric Function Theory during the course of
the visit.

The verification of the proof has been reported by three participants. One is
the author [10]. The other two are the senior members of the Leningrad Seminar
in Geometric Function Theory, G. V. Kuz’'mina [18] and 1. M. Milin [27].

The author expresses his thanks to the National Academy of Sciences and to
the Academy of Sciences of the USSR for the exchange agreement which made
the visit possible.

Interpolation theory. The reason why the Bieberbach conjecture is inter-
esting is because of interpolation theory. All mathematical calculations, whether
or not they are machine assisted, are necessarily finite. Therefore infinite pro-
cesses need to be approximated by finite ones. Interpolation theory does this in
the context of analytic function theory.

A function which is analytic in the unit disk is represented by a power series.
The values of the function, especially on the boundary of the disk, can be very
complicated. But the coefficients of the power series provide a natural means of
finite approximation.
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Some properties of the function are however not easily seen from the coeffi-
cients. A good example is boundedness. How should the coefficients of a power
series be chosen so that the resulting function is bounded by one in the unit
disk? The answer to the question was given in 1911 by C. Carathéodory and
L. Fejér [17].

Boundedness is an important property of analytic functions because of the
relation between the factorization of bounded analytic functions and invariant
subspaces, a relation which first made its appearance in fundamental papers of
A. Beurling [3] and M. S. Livgic and V. P. Potapov [24]. The interpolation the-
ory of bounded analytic functions was developed within an invariant subspace
context by D. Sarason [40]. It was translated into the Sz.-Nagy-Foiag formula-
tion of invariant subspace theory [45] by Sz.-Nagy and Foiag [46], where it was
generalized to power series whose coefficients are operators on a Hilbert space.

A related but different invariant subspace theory is due to James Rovnyak
and the author [16]. This theory offers a natural context in which to formulate
and prove the Carathéodory-Fejér result [7). Some preliminaries from the theory
of square summable power series [15] are needed.

The notation C(z) is used for the Hilbert space of square summable power

series f(2) =) anz™,

17212 = laal*.

A power series B(z) represents a function which is bounded by one in the unit
disk if, and only if, multiplication by B(z) is a contractive transformation in
C(2).

Direct use of the contractive property of the transformation requires a concept
called complementation. This is a generalization of orthogonality which was
introduced by James Rovnyak and the author [16].

If a Hilbert space P is contained contractively in a Hilbert space X, then a
unique Hilbert space Q exists, which is contained contractively in ¥ and which
has these properties: The inequality

el < llall + 1ol

holds whenever ¢ = a + b with a in P and b in Q. Every element ¢ of ¥ admits
a decomposition for which equality holds.

The Hilbert space Q is called the complementary space to P in ¥. Minimal
decomposition is unique. The element a of P is obtained from ¢ under the
adjoint of the inclusion of P in ¥. The element b of Q is obtained from ¢ under
the adjoint of the inclusion of Q in ¥.

If B(z) is a power series which represents a function which is bounded by
one in the unit disk, then the range M(B) of multiplication by B(z) in C(z) is
considered a Hilbert space in the unique norm such that multiplication by B(z)
is a partial isometry of C(z) onto M(B). The complementary space ¥(B) to
M(B) in C(2) is invariant under the difference-quotient transformation, taking
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f(2) into [f(z) — f(0)]/z. The inequality for difference-quotients
I1£(2) = £0))/2ll5s) < N ()3 m) — £ O

is satisfied.

If B'(2) = 2B(z), then a space ¥(B') exists and the space ¥(B) is contained
contractively in the space ¥(B’). The complementary space B(B) to ¥(B) in
H(B') is a Hilbert space which has dimension zero or one. Consider the complex
numbers C as a Hilbert space with absolute value as norm. Then multiplication
by B(z) is a partial isometry of C onto B(B).

The Carathéodory-Fejér theorem can be formulated in a localization of the
above structure. If r is a given nonnegative integer, define power series f(z) and
g(z) to be r-equivalent if the coefficient of 2" in f(z) is equal to the coefficient of
2" in g(z) forn=0,...,r — 1. Define C,(2z) to be the finite-dimensional Hilbert
space of r-equivalence classes of power series f(2) = )_ a,2™,

r—1
I (IZ, ) = 2_ lanl®.

n=0
If B(z) is a power series which represents a function which is bounded by one in
the unit disk, then multiplication by B(z) is contractive in C,(2).

A modern formulation of the Carathéodory-Fejér theorem states that this
property characterizes the r-equivalence class of a power series which represents
a function which is bounded by one in the unit disk. A power series B(z) such
that multiplication by B(z) is contractive in C,(z) is r-equivalent to a power
series which is bounded by one in the unit disk.

The proof of the theorem proceeds by an inductive construction of the co-
efficients. Assume that r is positive and that A(z) is a power series such that
multiplication of A(2) is contractive in C,_1(2). Then a power series B(z) exists,
which is r-equivalent to A(z), such that multiplication of B(z) is contractive in
Cr(2).

The inductive step is made by working out the relationship between associated
spaces. Define M,_1(A) to be the range of multiplication by A(z) in C,—1(2). It
is considered a Hilbert space in the unique norm such that multiplication by A(z)
is a partial isometry of Cr_1(2) onto M,_1(A). Then the space M,_1(A) is con-
tained contractively in the space C,_1(z). Define ¥,_;(A) to the complementary
space to My_1(4) in C,—1(2).

Let A’(z) = zA(z). Then multiplication by A’(z) is a contractive transfor-
mation in C,(2). Define M,(A’) to be the range of multiplication by A’(2) in
Cr(z). Consider M,(A’) in the unique norm such that multiplication by A’(z) is
a partial isometry of C,(z) onto M,(A’). The M,(A’) is contained contractively
in C,(2). Define ¥,(A’) to be the complementary space to M,(A4’) in C,(2).
Then ¥,(A’) is the set of r-equivalence classes of power series f(z) such that
[f(2) — f(0)]/z belongs to M,_1(A). The identity

ILf(2) = FO)/2I1%,_, 4y = £ ()34, ary — |F O
holds for every element f(z) of M,(4’).
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The construction of the desired power series B(z) is made by constructing
any Hilbert space ¥, that is contained contractively in ¥,(A’) such that the
transformation which takes every element of ¥, into its (r — 1)-equivalence class
is a partial isometry of X, onto X,_1(A). Let B, be the complementary space to
Xy in ¥, (A’). Then B, contains a power series B(2) of norm zero or one which
is (r — 1)-equivalent to A(z). Multiplication by B(z) is contractive in C,(2).

This formulation of the Carathéodory-Fejér theorem also applies to power
series whose coefficients are operators on a Hilbert space. It can be used to obtain
information about the relation between factorization and invariant subspaces
[14].

The relationship between the Sz.-Nagy-Foiag invariant subspace theory and
the present theory of square summable series is discussed by N. K. Nikol'skii and
V. L Vasyunin [33] and by D. Sarason [41]. The relation can also be formulated
in the language of systems theory [12].

A proof of the Carathéodory-Fejér theorem outside of the present theory of
square summable power series is given by M. Rosenblum and J. Rovnyak [39].
See also N. K. Nikol'skii [32] for another modern treatment of interpolation
theory.

An indefinite generalization of the Hilbert space concept was introduced into
interpolation theory by R. Nevanlinna [28, 29, 30, 31]. A generalization of
complementation theory applies in these spaces [13].

An alternative to the Carathéodory-Fejér method for the interpolation theory
of bounded functions is given by the Schur algorithm. D. Alpay and H. Dym
[1] show that similar Hilbert spaces of analytic functions are the outcome of the
theory.

Bounded Riemann mapping functions. The interpolation problem for
bounded analytic functions acquires added interest when the function is required
to be a Riemann mapping function. This condition is interesting because it is
‘compatible with the interpolation problem for bounded functions.

A Hilbert space which is relevant to the study of bounded Riemann mapping
functions is the set of power series

f(z) = Z an2"
n=1

with constant coefficient zero which have finite Dirichlet norm,

oo

175 = D_ nlanl.

n=1
The elements of the space are convergent power series in the unit disk. The
Dirichlet norm is important because it is computable from the integral square of
the derivative in the unit disk,

19I5 =3 [[ 1r@P dsd.
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If B(z) is a normalized Riemann mapping function for a subregion of the unit
disk, then

I1£BEIE = [[ 11BEREEP dd

= o O ey

by the change of variable theorem for multiple integrals because |B’(2)|? coin-
cides with the Jacobian of the mapping by the Cauchy-Riemann equations. Since
the image B(A) of the unit disk is contained in the unit disk A by hypothesis,

the inequality
[ ir@rads ([ 11@r e
B(A) N

is satisfied. It follows that the inequality

IF(BEIG < £

holds for every element f(z) of the space §.

The inequality states that B(z)-substitution, the transformation which takes
f(2) into f(B(z)), is contractive in the Dirichlet norm. This observation leads
to several different preliminaries to the proof of the Bieberbach conjecture [5, 6,
8], which will now be presented.

Consider the range N (B) of B(z)-substitution as a Hilbert space in the unique
norm such that B(z)-substitution is an isometry of G onto N (B). Then the space
N(B) is contained contractively in §G. Define §(B) to be the complementary
space to N(B) in §. Then G(B) is a Hilbert space which has a computable
reproducing kernel function.

Indeed the reproducing kernel function of the space § is

log = o0+ 5(20) + )+,

1—-z2w
the reproducing kernel function of N (B) is
1

1-B(z)Bw)’
and the reproducing kernel function of G(B) is
1 - B(z)B(w 1
%’lﬂ() = log 31— 5 o8 1—- B(2)B(w)’

This result is to be compared with the calculation of the reproducing kernel
function of the space ¥(B). The reproducing kernel function of C(z) is

1
1—zw’

log

log

the reproducing kernel function of M(B) is

B(z)B(w)

1—zw °’
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and the reproducing kernel function of ¥ (B) is

1-B(2)Bw) _ 1 B(z)B(w)
1—z0  1—2zw 11—z

Note that the reproducing kernel function of the space ¥ (B) is the exponential
of the reproducing kernel function of the space G(B). An inequality is now a
consequence of the theory of reproducing kernel functions. If f(z) belongs to
G(B), then exp f(2) belongs to ¥ (B) and the inequality

llexp f(2)[15(m) < expll f(2)II5(m)

is satisfied. Equality holds when f(2) is the reproducing kernel function of the
space §(B) corresponding to some point of the unit disk. If f(z) is an element
of §(B) for which equality holds, then the identity

(exp f(2),exp g(2))u(B) = exp(f(2),9(2)) g(B)

holds for every element g(2) of G(B).

These relations support the appropriateness of the Dirichlet norm for the
estimation theory of Riemann mapping functions. Now a natural generalization
of the Dirichlet norm exists for Laurent series. The quadratic forms which then
arise are indefinite. But similar methods still apply. In fact it is possible to
introduce generalizations of power series in which the exponents are not integers.

If v is a given real number, define §* to be the set of generalized power series

f(z) = Z ap2’tr
n=1

such that

o]
(F(2), F(@) g = (v +n)anf

n=1
is finite. Note that only a finite number of squares appear with negative coeffi-
cients. The infinite sum is therefore meaningful.

If B(z) is a normalized Riemann mapping function for a subregion of the

unit disk, then the substituted series f(B(z)) has a natural interpretation as an
element of §” whenever f(z) belongs to §¥, and the inequality

(f(B(2)), (B(2))g» < (f(2): (2)) g

is satisfied.

The inequality has a long history. When v = —2, the inequality is a strength-
ening of the area theorem, discovered by T. H. Gronwall [22] and used by Bieber-
bach [4] to prove the Bieberbach conjecture for the second coefficient. The area
~ theorem is a limiting case of the present inequality which applies to unbounded
Riemann mapping functions. . ) S

In 1939, H. Grunsky [23] obtained a generalization of the area theorem. Again
the result is stated for unbounded normalized Riemann mapping functions. It is a
limiting case of the present inequality when v is a negative integer. The Grunsky
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inequality was instrumental in the proof of the Bieberbach conjecture for the
fourth, fifth, and sixth coefficients. Another reason for interest in the Grunsky
inequality is that it characterizes normalized Riemann mapping functions.

A postwar generation of analysts found a stronger form of the inequality,
which applies to normalized Riemann mapping functions for subregions of the
unit disk. In fact, the inequality characterizes these functions. This information
has been used by Tammi [47, 48] to characterize the first four coefficients of a
bounded Riemann mapping function. The inequality is equivalent to the above-
stated inequality for negative integers v, but it is not stated in that form. The
observation that normalized Riemann mapping functions for subregions of the
unit disk are characterized by contractive properties of substitution transforma-
tions with respect to indefinite scalar products is due to the author [15].

These results make use of the space G” only for integer values of v. The
discovery that a variant of the area theorem holds for noninteger values of v is
due to Prawitz [37].

Adjoints are another consideration in the proof of the Bieberbach conjecture.
A bounded linear transformation of a Hilbert space into itself has an adjoint.
If the transformation is in some way computable and if the Hilbert space norm
is well related to the transformation, then the adjoint can be expected to be
computable in an analogous way.

These expectations are fulfilled for substitution transformations considered
with the Dirichlet norm and its indefinite generalizations. Consider spaces G*
and G” such that u+ v + 1 is a negative integer. If g(z) belongs to G#, define
P,g(1/z) to be the unique element of f(z) of §” such that f(z) = ) anz’t"
and g(2) = Y_ bp2#**™, where a,, = b, whenever u + v+ m + n = 0 for positive
integers m and n and such that a,, = 0 otherwise. If f(z) belongs to G” and if
g(z) belongs to G#, then the identity

(f(2), Pug(1/2)) gv = —(Puf(1/2), 9(2)) gn

is satisfied.

Assume that B(z) = )_ B,2" is a normalized Riemann mapping function for
a subregion of the unit disk. Then a normalized Riemann mapping function
B*(z) for a subregion of the unit disk is defined by B*(z) = Y, B,z". The
region onto which B*(z) maps the unit disk is the reflection in the real axis of
the region onto which B(z) maps the unit disk.

If f(2) is an element of G¥ and if g(z) is an element of G#, then the identity

(f(2), Pg(1/2)) g» = (f(B(2)), P,g(B*(1/2))) g~
is satisfied. The identity is proved using Cauchy’s formula.

As a result of the identity, B(z)-substitution has a computable adjoint, at
least on those elements of G¥ of the form P,g(B*(1/z)) where g(z) belongs to
G". The action of the adjoint of B(z)-substitution on such an element of G is
P,g(1/z). Thus the adjoint of B(z)-substitution in G” corresponds to the inverse
of B*(z)-substitution in G#. By the arbitrariness of u, this result computes the
adjoint of B(z)-substitution on a dense set of elements of G¥.
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These considerations allow a new synthesis of the theory of Riemann mapping
functions [15]. It is interesting to compare the approach taken here with that
of I. Schur [42, 43, 44], who was a founder of operator theory and who made
appropriate calculations with formal power series and indefinite scalar products.
But Schur did not have available the methods of the theory of square summable
power series for describing what is happening. This conceptual advantage was
instrumental in the proof of the Bieberbach conjecture.

Localization of estimates. The mechanism which has been constructed for
estimating the coefficients of Riemann mapping functions suffers from a defi-
ciency, namely, that the estimates make use of all the coefficients of a power
series. By analogy with the Carathéodory-Fejér theorem, it is interesting to find
related estimates which depend only on the first » coefficients of a power series
for some given positive integer . Truncation does not however now produce best
possible estimates. The proof of the Bieberbach conjecture makes use of a more
delicate localization technique.

The source of the new estimates is the theory with which K. Lowner proved
the Bieberbach conjecture for the third coefficient.

Subordination is a key idea in the Léwner theory. A power series f(z) with
constant coefficient zero is said to be subordinate to a power series g(z) with
constant coefficient zero if f(z) = g(B(2)) for a power series B(z) with constant
coefficient zero which represents a function which is bounded by one in the
unit disk. When f(2) and g(z) are Riemann mapping functions, an equivalent
condition is that the region onto which f(2) maps the unit disk is contained
in the region onto which g(z) maps the unit disk. The series B(z) so obtained
is then a Riemann mapping function, and it is normalized if f(z) and g(z) are
normalized.

A Loéwner family of Riemann mapping functions is a maximal family of nor-
malized Riemann mapping functions which is totally ordered in the sense of
subordination. Such a family has a natural parametrization. The parameter is
the coefficient of z in the power series. All positive numbers appear as parame-
ters.

Lowner made the interesting discovery that a Lowner family of Riemann map-
ping functions F(t, 2) satisfies a differential equation,

t%F(t,z) - tp(t,z)z(%F(t,z).

The equation states that a time derivative is proportional to a space derivative.
The constant of proportionality ¢(,2) is a Herglotz function, a power series

_ with constant coefficient one which represents a function with positive real part
in the unit disk. The family of Herglotz functions is measurable in the sense that
the coefficient of 2™ in p(t, z) is a measurable function of ¢ for every nonnegative
integer n. The time derivative in the Lowner equation is taken in the sense of
absolute continuity for coefficients.
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A converse result is also true. Assume that a measurable family o(¢,2) of
Herglotz functions is given. Then a unique Léwner family of Riemann mapping
functions exists which has the given family (¢, 2) as coefficient function in the
Lo6wner equation.

In principle all information about Riemann mapping functions is obtainable
from calculations with the Lowner equation. But these calculations become very
difficult when a precise goal like the Bieberbach conjecture is set. A convenient
form of coding is needed to propagate estimates in time. Quadratic forms which
are well behaved with respect to the propagation are the natural answer. The
propagation should either preserve the quadratic forms or be dissipative with
respect to them.

The Bieberbach conjecture is not itself a quadratic estimate, but a related
quadratic estimate was conjectured in 1936 by M. S. Robertson [38]. The state-
ment of the conjecture makes use of a construction for powers of Riemann map-
ping functions which can be made for any real exponent v. If F(2) is a normalized
Riemann mapping function, then the formal expression F(z)” can be expanded
as a series whose first term is f/(0)”2”. A convenient way to write the remaining
terms in the expression is

F(z2) - F’(O)" Zanz

In the limiting case v = 0, the expression on the left is interpreted by continuity

as
F(z)

zF! (0)
When v is not an integer, a meaning is given to the expansion by dividing each
side of the equation by 2¥ and choosing the unique vth power of F(z)/z, which
is a power series with positive constant coefficient.

In this notation the Robertson conjecture states that the inequality

las]? + -+ +|ar|? < 4rF'(0) '

log ——=

holds for every positive integer r when v = %. It is easily seen that equality

holds when F(z) is a constant multiple of the Koebe function, and Robertson
conjectured that equality holds only in that case. An elementary estimate shows
that the inequality implies the Bieberbach conjecture for the (r+1)st coefficient.
Robertson verified the cases of the Robertson conjecture corresponding to the
Bieberbach conjecture for the second and third coefficients. Thus he showed that
all of the then available evidence for the Bieberbach conjecture was matched by
evidence for the stronger Robertson conjecture. And his method of proof was
the Lowner equation. In retrospect this combination of quadratic forms with
the Lowner equation is seen as a remarkable penetration into the estimation
theory of Riemann mapping functions. More information related to the Bieber-
bach conjecture would have been obtained at that time if the method had been
further pursued. But the necessary effort was not made because there was then
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insufficient belief in the Bieberbach conjecture. When new evidence in its favor
was later obtained, attention was drawn away from the Lowner equation because
the new results were obtained by other methods.

A return to the quadratic ideas of Robertson was made in 1965 when Lebedev
and Milin [26] observed that the inequality

r r
don(r+1-n)an]* <4(r+1)Y 1/(n+1)

n=1 n=1
in the case v = 0 implies the Bieberbach conjecture for the (r + 1)st coeffi-
cient. In fact they show that the inequality implies the corresponding case of
the Robertson conjecture. The Milin conjecture states that the inequality is al-
ways satisfied, and that equality holds only for a constant multiple of the Koebe
function.

The Robertson and Milin conjectures suggest the construction of a new space,
whose elements are (equivalence classes of) generalized power series f(2) =
Yome 1 an2”T™. Assume that o, is a given real-valued function of positive in-
tegers n which is eventually zero. Define

[o o]
((2), F(@) gz = D_ (v + n)onlanl®.
n=1
Equivalence of two such generalized power series f(2) and g(z) here means that
the coefficient of 21" in f(2) is equal to the coefficient of 21" in g(z) when
(v + n)oy, is not zero.
The Robertson and Milin conjectures are now estimates of the same form.
The problem is to estimate the expression

<F(z)" — F'(0)*2" F(2)" - F'(O)”z">
H

v ’ v
where F(2) is a normalized Riemann mapping function. The question is whether
the expression is maximized, for a given choice of F/(0), with F(z) equal to a
constant multiple of the Koebe function.

The answer can be expected to depend on the choice of o, and two-dimensional
examples show that this is indeed the case. The question then is what weights
make the optimization problem have the anticipated solution.

An answer is suggested by the above characterization of bounded Riemann
mapping functions. The estimation theory can be expected to be a limiting case
of an estimation theory applying to Riemann mapping functions for subregions
of the unit disk. The feature of o which makes it have the desired property is
the contractive property of related substitution transformations.

The answer is further complicated by an unexpected twist which has no ana-
logue in the Carathéodory-Fejér theory. This is that the weights o must be
allowed to change during the substitution process. The contractive property of
the transformation is obtained in passing from one space g2 to another. The
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need to make such weight changes and the precise way in which they should be
made is one of the more subtle aspects of the proof of the Bieberbach conjecture.

Assume that 2v is not a negative integer. A family of spaces gg(t), t>1,
is said to be admissible if (v + n)o,(t) is an absolutely continuous function of ¢
which is nonincreasing when 2v + n > 0 and nondecreasing when 2v + n < 0,
and if the differential equation

ton(t)
v+n

holds for every positive integer n. Solutions will be considered in which oy, (2) is
eventually identically zero.
These conditions are carefully chosen to imply the inequality

(f(B(2)), f(B())) g ,, < (f(2) f(2)) g,

for every element f(2) of gg(,,), when B(z) is a normalized Riemann mapping
function for a subregion of the unit disk and 1 < a = bB’(0). The proof of
the inequality from the stated hypotheses is a straightforward application of the
Léwner differential equation [11, 15].

Once the result has been obtained, the question arises whether it is possible
to obtain an estimate of the desired expression

<F(z)” - F'(0)¥z¥ F(2)¥ - F’(O)"z">
g

tony1(t)

o)+ 5 n+1

= 0on+41(t) —

v ’ v Y
a(a)

when F(z) is a normalized Riemann mapping function. The desired maximum of
the expression, obtained when F'(z) is a constant multiple of the Koebe function,
is

I'(2v + n)?
J 2v
4F(0) Z o+ )iz & T onla)

It is sufficient to obtam the estimate for bounded functions. A stronger es-
timate can be expected in that case. Indeed another application of the Lowner
equation shows that the inequality

<B(z)" BV | gy, BEL O f(B(z))>

v v

9:;(0,)

<UDz, + L T et 570+ Ml on @) = ¥0n 0]
n=1

holds for every element f(z) of G ,, when B(2) is a normalized Riemann map-
ping function for a subregion of the unit disk and 1 < a = 4B’(0). Furthermore
the proof shows that equality holds if, and only if, a complex number w of abso-
lute value one exists such that
B(z) _ B'(0)z
(1+wB(2)?  (1+wz)?
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and such that the coefficient of 2“™ in f(z) is equal to the coefficient of 21"
in

2Y zY
vl +w2)?* v

when oy, () is not identically zero.

Thus the cases of equality are related to the Koebe function. The desired
estimate of unbounded Riemann mapping functions is obtained in the limit of
large b. The cases of equality do occur only when the Riemann mapping function
is a constant multiple of the Koebe function.

These considerations supply the desired estimates of Riemann mapping func-
tions at the cost of information about the existence of monotone solutions of
differential equations.

A solution of the system of differential equations for the coefficient functions
is obtained of the form
on(t) = Bpuan(t) + ZEABAII DAt

+ 2v+n)2v+n+1)2v+2n+3)(2v + 2n + 4)
(=1)(-2)(n+1)(n+2)

where Agyyn(t) is a solution of the elementary differential equation

Agyynia(t) +--,

tA’2u+n(t) = _(2'/ + n)A2V+ﬂ(t)'

The solution is
A2V+n(t) = A2y+n(1)t_2u_n.

Examples of solutions are given in terms of hypergeometric series. The nota-
tion
ab ala+1)b(b+1) ,
1t T 2oy 2 F
is used for the hypergeometric series. A generalization of the hypergeometric
series is

F(a,bje;2) =1+

abe a(a+1)b(b+1e(c+1) 4
Tde” T 1 2dd1 Dele+n) © T

F(a,b,c;d,e;2) =1+

An identity due to Clausen states that
F(a,b;c;2)? = F(2a,2b,a + b;c, 2¢ — 1; 2)

when a + b+ % =c.

A nonnegative parameter A will be used in constructing solutions of the dif-
ferential equations for the coefficient functions. Let r be a given positive integer.
Choose

47T (n+ 02w + 20 + 1 +n+ 1)
Fv+n+1)’'v+A+n+1)L2v+n+1)I(r+1—n)

A2u+n(1) =
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forn=1,...,r,and Agy4,(1) =0 for n > r. Then the identity
4" T(n+1)I2v+22+r+n+1)
Tv+n+1)T(v+A+n+1)I'2v+n)L'(r+1—n)
XFn—r20+2 +r+n+1lv+n+3;
v4A+n+1,20+2n+ ;¢ )"

~t7,(t) =

holds forn =1,...,r
The polynomial

F(n—r,2u+2/\+r+n+1,u+n+%;u+/\+n+1,2u+2n+1,a:)

is nonnegative for z < 1 by an inequality due to R. Askey and G. Gasper [2] if
v > —32. In the case A = 0, the inequality is due to Clausen’s identity. When
A > 0, the inequality follows from an expansion

T(2v+2 +r+n+1)
Fv+A+n+1)T(r+1—-n)
XFn—r2v+2X +r+n+1lv+n+3;
v+A+n+1,20+2n+1;2)

T

T L“Tw+n+DI(k+1-n) "

XFn-k2v+k+n+Lv+n+i04+n+1,20+2n+1;2),

where the numbers ¢ are nonnegative. Indeed ¢, = 0 where n has opposite
parity to r, and

Tw+A+ir+in+3)(v+n+1i)
T(v+3r+3n+3)
T(A+ 37— 3n)
T(A(1+ 37— 3n)

cn = 222

when 7 has the same parity as r.

It follows that an admissible family of spaces is obtained when v > —%.
The resulting estimates are rather complicated to state except in the case A =
%. Assume that o,, is any real-valued function of positive integers n such that
lim,, o 6, = 0 and such that

I'v+n+1)

Pn = —m[an — On+1]

is nonnegative, nonincreasing, and has limit zero at infinity. If F(z) is a normal-
ized Riemann mapping function and if

F(z)ll F/(O)V v Z anz
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then

[> ]
Z(V + n)anla'n|2
n=1
= I'(2v +n)?
< ! 2v
<4F(0) n; (2 + 1)T(n 1 1)?

(v +n)oy,.

Equality holds with o, not identically zero if, and only if, F'(2) is a constant
multiple of the Koebe function.

This result contains the Milin conjecture in the case v = 0, and it completes
the proof of the Bieberbach conjecture.

Remarks. What has been presented here as a proof of the Bieberbach con-
jecture is in reality a general estimation theory for the coefficients of Riemann
mapping functions. The Bieberbach conjecture is only significant as a historical
marker. It is a test to be applied to an estimation theory to measure its strength.
The result is interesting principally because it is difficult to obtain. The value of
the work lies in the resulting estimation theory of Riemann mapping functions
rather than in the Bieberbach conjecture itself.

The present proof of the Bieberbach conjecture proceeds through the verifi-
cation of a conjecture of Milin, which implies the Robertson conjecture, which
implies the Bieberbach conjecture. It is very likely that other routes will be
found to prove the Bieberbach conjecture from the same estimation theory. The
contractive properties of substitution transformations in the spaces G§ where
2v is a negative integer are likely to be useful for this purpose. These cases
are more complicated because of singularities in the differential equations for
coefficient functions. Another complication is due to the fact that the Askey-
Gasper inequalities do not apply when v < —%. The estimation theory has to
be considered afresh for these values of v.

A time can be expected to come when interest in the Bieberbach conjecture
itself will fade and more fundamental problems will again be considered. One of
these is the interpolation problem for Riemann mapping functions. The prob-
lem is to characterize the first r coefficients ay,...,a, of a normalized Riemann
mapping function f(z2) = ) an2™. Computer calculations may be significant in
testing the consequences of inequalities which are proposed for the coefficients.

The proof of the Bieberbach conjecture suggests that a less traditional prob-
lem may be even more fundamental. The problem is to characterize the first
r coefficients a4, ...,a, of a normalized Riemann mapping function Y a,2" for
a subregion of the unit disk. If the coefficients of bounded functions can be
characterized, then a characterization of coefficients of unbounded functions is
deduced as a corollary.

The above estimation theory produces a large number of inequalities satisfied
by the coefficients of a normalized Riemann mapping function for a subregion of
the unit disk. The inequalities assert the contractive properties of substitution
transformations in spaces of power series equipped with a scalar product. It is
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natural to conjecture that the inequalities which apply to the first  coeflicients
of a bounded Riemann mapping function characterize these coefficients.

The proof of such a conjecture is difficult at present because there are too
many inequalities. Some insight is needed as to what are the important inequal-
ities. The choice of v equal to a negative integer is likely to be important.

It may not be possible to determine, in any explicit way, all solutions of the
differential equations for the coefficient functions with the desired monotonicity
properties. But a characterization of coefficients will surely have to take all such
solutions into account. That is a complicating feature of the analysis which has
to be made.

An extension problem, similar to the one in the Carathéodory-Fejér theorem,
can be expected as the main obstacle in coefficient characterization. Computer
exploration may be necessary to determine whether the desired extendability is
possible with proposed characterizing inequalities.

Finally the relation of the interpolation problem for bounded Riemann map-
ping functions to the Carathéodory-Fejér problem needs to be examined. Ex-
ponential relations are known to exist between the two interpolation theories
before localization [15]. Exponential relations between the local theorems are
needed. The Lebedev-Milin inequality [26], which is used in the proof of the
Bieberbach conjecture, should be examined in that light. Perhaps a new proof
of the inequality can be found which generalizes to related situations.

This paper was written while the author was on sabbatical leave from Purdue
University as an Alexander von Humboldt fellow at the University of Heidelberg
in March, April, May, June, and July of 1986. He thanks his hosts, Professors
A. Dold and E. Freitag.
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The Geometry of 4-Manifolds

SIMON K. DONALDSON

I. Introduction. The title of this lecture is appropriate because, while the
results we describe lie in the field of differential topology, the methods used are
geometrical, exploiting the “instantons” or “Yang-Mills fields” introduced by
physicists. Before going on to a detailed survey of results and techniques we will
first contrast these developments with the general pattern of manifold topology.

A topological n-manifold is constructed from domains in n-dimensional Eu-
clidean space, pieced together by homeomorphisms. The manifold is provided
with a differentiable or smooth structure if these homeomorphisms are differ-
entiable. The basic equivalence relation among topological manifolds is that of
homeomorphism and among smooth manifolds is diffeomorphism (homeomor-
phism defined by smooth functions). In the 1960s and 1970s topologists devel-
oped a comprehensive theory of manifolds in dimension 5 or more. This theory
explained the relationship between the smooth and topological categories [28];
and for many classes of manifolds it gave a complete classification in terms
of invariants from algebraic topology [3, 26, 33]. The coarsest of these are
homotopy invariants, for example, the homology groups. Next most impor-
tant are the Pontrayagin classes p;(X) in H*(X;Z) of a smooth manifold X—
characteristic classes of the tangent bundle. Let us focus on four facts from this
high-dimensional theory:

(1) Simply connected smooth manifolds of dimension 5 or more are diffeomor-
phic if they are h-cobordant.

(2) The homotopy type and Pontrayagin classes of a compact simply connected
manifold of dimension 5 or more determine the smooth structure up to a finite
number of possibilities.

(3) The reductions of the Pontrayagin classes to H*(X;Q) are topological
invariants.

(4) A contractible topological manifold of dimension 5 or more has a unique
smooth structure.

In high dimensions the hA-cobordism technique gives an effective method for-
constructing equivalences between manifolds, and the classification of smooth
and topological manifolds differ by only a “finite amount.”
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In 1982 Freedman [16] showed that the basic constructions used in high di-
mensions could be carried out with topological 4-manifolds. The sole classical
invariant of a compact simply connected 4-manifold is the intersection form on
2-dimensional homology. By Hirzebruch’s theorem the first Pontrayagin number
p1(X*)[X?] is 3 times the signature bj —b; , where b and b; are the dimensions
of the positive and negative parts of this quadratic form. Freedman'’s theory as-
serts that, up to a finite ambiguity, the topological classification of 4-manifolds
mimics the algebraic classification of forms.

Now among recent results for smooth 4-manifolds we have:

(1)! There are simply connected, smooth 4-manifolds which are h-cobordant
but nondiffeomorphic.

(2) There is a countably infinite family of smooth, simply connected 4-
manifolds, all mutually homeomorphic but with distinct smooth structures.

(3)" There are rational cohomology invariants of smooth 4-manifolds which
(unlike the Pontrayagin classes) depend essentially on the smooth structure.

(4)' There is an uncountable family of smooth 4-manifolds, each homeomor-
phic to R* but with mutually distinct smooth structures.

(See §III below for more precise statements and references.) These facts, all com-
ing from Yang-Mills theory, emphasize the very different picture we are beginning
to see in four dimensions.

II. Techniques.

(i) The first order Yang-Mills equations. These equations in 4-dimensional
geometry are in some ways analogous to the Cauchy-Riemann equations in di-
mension 2. In place of the functions on a Riemann surface the basic geometric
objects we take are the connections on a bundle E over an oriented Riemannian
4-manifold X. The structure group of E is some compact Lie group G, for exam-
ple SU(2) or SO(3). In place of the splitting of the derivative of a function into
holomorphic and antiholomorphic parts we have the splitting of the curvature
F4 of a connection A into self-dual and anti-self-dual parts: Fsq = F;{ + Fy.
These are the components in the eigenspaces of the Hodge * operator, acting
on bundle-valued 2-forms. In place of the holomorphic functions we have the
anti-self-dual connections (or instantons), solutions of the equation Ff = 0. Ge-
ometrically this condition means that the curvature F4 takes opposite values on
any pair of orthogonal 2-planes in the tangent space of X.

This anti-self-dual equation is a first-order partial differential equation for the
connection A. It has a large group of symmetries: the group of automorphisms
or “gauge transformations” of the bundle E. When this is taken into account
(by identifying solutions which differ by a gauge transformation) the equation
becomes elliptic. It depends only on the conformal class of the Riemannian
metric on X. Many of its special features spring from a fundamental identity
linking the “energy” of a solution with the topology of the bundle E. If X is
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compact and A is anti-self-dual, then
[ VAl du = e(@) - KB, (1)

where ¢(G) is a normalizing constant and k(E) is an integer—a characteristic
number of E. For example, if G is SO(8), then k is minus the first Pontrayagin
class of E, evaluated on X. Again, analogous identities hold for the energy of
holomorphic maps.

(i) Nonlinear Fredholm theory. Differential topology in infinite-dimensional
manifolds provides a convenient language to describe many properties of the
Yang-Mills instantons, primarily those stemming from the implicit function the-
orem in Banach spaces. This is applied to nonlinear differential operators be-
tween suitable Sobolev spaces. For a fixed bundle £ — X one defines a space Bg
of all gauge equivalence classes of connections, orbits under the group of gauge
transformations of E. An open dense subset By of Bg is an infinite-dimensional
manifold; its complement, the singular set of Bg, represents reducible connec-
tions with holonomy group a subgroup of G whose centralizer properly contains
the center of G.

The second stock of ideas which can be applied are those based on Sard’s
theorem and transversality. As Smale observed [30] these basic constructions of
differential topology carry over to infinite-dimensional problems involving Fred-
holm mappings: smooth maps whose derivatives have finite-dimensional kernels
and cokernels. As an illustration (particularly relevant to the definition of the
invariants in §III(iv) below) consider a Fredholm map ¢: E — F between Ba-
nach spaces whose indez (the integer dim(ker dp), — dim(coker dp),, calculated
for any z in E) is zero. Generic points y in F' are regular values of ¢ and for
these o~ !(y) is a discrete subset of X. If ¢ is a proper map, then this set is
finite. We can attach a sign to each point, in such a way that the algebraic sum
over the fibers yields an integer invariant, independent of y. The proof in the
general case is not significantly different from that in finite dimensions. In the
same way this integer—the “degree” of p—is a deformation invariant unchanged
by proper Fredholm homotopies. More generally, if £ is replaced by a Banach
manifold B we can associate homology classes in Hq(B;Z) to suitable Fredholm
maps ¢, where d is the index of .

The anti-self-dual equations fit into this framework. The moduli space Mg
(space of equivalence classes of the equation FA" = 0) is defined by a Fredholm
mapping whose index was calculated by Atiyah, Hitchin, and Singer [2] (applying
the Atiyah-Singer index theorem to the linearized operator). They gave a general
formula:

dim Mg = 2ag - k(E) — dim G(1 — by (X) + b7 (X)), (2)

where ag is an integer depending only on G (equal to 1 when G = SO(3), for
example). This is the “virtual dimension” of M, and typically one expects the
part of the moduli space in Bf; to be a smooth manifold of this dimension. More
precisely, Freed and Uhlenbeck prove in [15] that for nontrivial SU(2) and SO(3)
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bundles E this is the case for typical metrics on X. In general one can achieve
the same end by making small perturbation of the anti-self-duality equations.
Note here that the parity of dim Mg is independent of the bundle E.

The same kinds of ideas can be applied to the reducible connections, the
nonmanifold points in 8. That is, we can describe the behavior of the moduli
spaces there in typical situations. The important reductions are those with
abelian structure group S!, and these can be studied by Hodge theory. As the
Riemannian metric on X varies, these reducible solutions to the anti-self-dual
equations appear on subsets of codimension b'{. So we can avoid them in families
of metrics of dimension less than b3. In families of dimension b7 we encounter
a fundamental singularity in the associated moduli spaces. For example, if X
has a negative definite intersection form, so b;" = 0, the singularities are always
present and, for typical metrics, are cones on complex projective spaces.

(iii) Compactification. The Yang-Mills moduli spaces are not, in general, com-
pact, but a theorem of Uhlenbeck singles out a natural compactification. This
control “at infinity” in the space Bg of connections stands in for the properness
of the Fredholm map defining the moduli spaces, which holds only in special
cases.

Uhlenbeck’s theorem [37] supplies information on connections given bounds
on their energy. For anti-self-dual connections these come from the identity
(1). Let us restrict for simplicity to SO(3) bundles E, which are determined
topologically by characteristic classes p;(E) in H4(X;Z) = Z and wy(E) in
H?(X;Z/2) with w? = p; mod 4. So if we fix wy = U there is a family of moduli
spaces, M; = M; y say, with 7 > 0. Then one can define a topology on

M;UX x M;_4US*(X)x Mj_gU---

such that the closure M of M is compact. Here the S*(X) denote the symmetric
products of ¢ points in X. The points in the lower “strata” S*(X) x M;_4
represent “ideal connections” whose energy density |F4|? is augmented by &-
functions at 1 points in X.

Thanks to work of Taubes [34], extended in [7], we have a good hold on the
structure of neighborhoods of the lower strata in My, that is, of the “ends”
of the moduli spaces. By making a detailed analysis of the relevant implicit
function theorem one describes neighborhoods of S*(X) X M;_4; in M; in terms
of a connection in M;_4;, % copies of the “fundamental instanton” at points of
X, and “glueing data” which identifies these component parts. For example, the
link of X x M;_4 in M is typically a copy of the structure group SO(3).

Ideas of this kind, describing the behavior of differential operators “at infinity”
in a function space, have appeared recently in a number of different geometric
problems. In gauge theory, Taubes has used them to construct a calculus of
variations—see Taubes’s lecture at this Congress.

(iv) The anti-self-dual equations and holomorphic geometry. Suppose the base
space X is a 2-dimensional complex surface with a Hermitian metric. If E
is a complex vector bundle over X (with structure group a subgroup of the
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unitary group), any connection defines an almost complex structure on E. If
the connection is anti-self-dual its curvature has type (1,1) and this implies that
the structure is integrable. We get, in this way, a map from the anti-self-dual
connections over X to the holomorphic bundles, the latter depending only on
the complex geometry of X,

A holomorphic bundle is, by definition, locally trivial whereas there are many
local solutions to the anti-self-dual equations. However globally we can recon-
struct the connection from its holomorphic bundle. There is nothing special here
about the dimension of the base space. If (Y,w) is any compact Kahler mani-
fold and E — Y a holomorphic bundle with structure group SL(r, C) (say), any
metric on E determines a reduction of the structure group to SU(r) and also a
preferred SU(r) connection. We look for metrics such that the curvature F' of
this connection satisfies

F-w=0 3)

at every point of Y. This is a second-order elliptic equation for the metric on E.
On the other hand, in algebraic (or holomorphic) geometry there is a notion of
a stable vector bundle, introduced by algebraic geometers in moduli problems.
We have:

PROPOSITION. The holomorphic bundle E 1s stable if and only if it carries an
trreductble solution of the differential equation (3). The solution is then unique.

This was proved recently by Uhlenbeck and Yau [38]. The result had been
conjectured (independently) by Hitchin and Kobayashi; in the simplest case when
Y is a complex curve, it is equivalent to a theorem of Narasimhan and Seshadri,
and this was developed from the point of view of Yang-Mills theory by Atiyah
and Bott [1]. For an algebraic surface Y the result was proved in [6].

So on compact Kahler manifolds of any dimension, this theorem of Uhlenbeck
and Yau gives a holomorphic description of the unitary connections whose curva-
ture is of type (1,1) and perpendicular to the Kahler form. The special feature of
complex surfaces is that these are precisely the anti-self-dual connections. Thus
for algebraic surfaces the moduli spaces Mg can be described using algebraic
geometry. They are quasi-projective complex varieties. From this point of view
the best algebraic construction is that of Gieseker [20].

III. Results and applications.

(1) Realizing intersection forms. Here we discuss results forbidding the con-
struction of smooth 4-manifolds with given intersection forms. They can be seen
alternatively as obstructions to smoothing the topological manifolds constructed
by Freedman. Equally, they imply that it is impossible to do smooth surgery on
homology classes in many existing manifolds.

The first theorem of this kind asserted that nonstandard (nondiagonalizable)
definite forms cannot be realized by smooth, simply connected 4-manifolds [5].
The proof used a 5-dimensional moduli space of SU(2) connections. The result
has since been extended in two different ways.
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On the one hand, Fintushel and Stern found a rather simple proof for negative
definite forms which represent —2 or —3. They considered SO(3) connections,
choosing wg and p; to get moduli spaces of low dimensions [12]. Their proof
dealt with manifolds with no 2-torsion in H;. In both proofs the moduli spaces
are truncated to give manifolds with a known boundary. Boundary contribu-
tions come from the links of singularities at reducible connections and from the
lower strata in the compactified moduli space. Then one asserts that the mod-
uli manifold gives a cobordism, and a fortiori homology, in Bj between these
boundaries.

On the other hand, the proof of [5] was extended by Furuta [18] and the author
[8] to take account of fundamental group. This required a more extensive use of
transversality and also a detailed study of the orientation of the moduli spaces.
The upshot is the optimal result for definite forms:

THEOREM 1 [8]. If a smooth, compact, oriented 4-manifold has a definite
intersection form, then the form can be diagonalized over the integers.

There are also results for some indefinite forms [7]. These are proved in a
similar way, using more complicated analysis and topology. One can define a
map

p: Hy(X;Z) — H?(Bg; Z) (4)
by decomposing the 4-dimensional characteristic class of the “universal” bundle
over Bf, x X. For indefinite manifolds the moduli spaces typically avoid the
reductions, so, by restricting u, we construct cohomology classes over the moduli
spaces. For the same reason the only boundary contributions are now those from
the lower strata. There are further, mod 2, cohomology classes which detect the
links of the lower strata in the homology of Bg. The best result so far is

THEOREM 2 [7]. If a smooth, compact, oriented 4-manifold has no 2-torsion
tn H1 and an even intersection form with a positive part of rank 2, then the form

” (3)e(2 )

The method appears to run out of steam as b;,r grows because the relative size
of the contributions to the ends from different lower strata changes.

(ii) Orbifolds and the representation of homology classes. Fintushel and Stern
began the study of Yang-Mills equations on 4-dimensional orbifolds: spaces with
a discrete set of singularities modelled on finite quotients of R*. These occur nat-
urally as the quotients of smooth 4-manifolds by finite groups or of 5-manifolds
by circle actions. They are rational homology manifolds, and analysis on them
is quite similar to that on smooth manifolds—the chief modification is the ap-
pearance of extra terms in the index formula (2) owing to the singularities.
Using variants of their argument for manifolds, Fintushel and Stern obtained
restrictions on the existence of orbifolds with certain intersection forms and sin-
gularities. Their results have many applications, notably to the group 63, of
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homology 3-spheres modulo homology cobordism. Before Fintushel and Stern’s
work it had seemed possible that this group was rather small, perhaps of order
2. In fact we have

THEOREM 3 [13]. The Poincaré homology sphere P has infinite order in
03, (i.e., no connected sum P#---#P bounds an acyclic smooth 4-manifold).
Moreover 6%/ (P) is nonzero.

(By contrast, the Poincaré sphere itself bounds an acyclic topological 4-
manifold [16].)

Another application was to give an alternative proof of a theorem of Kuga.
Any 2-dimensional homology class in a 4-manifold can be represented by a
smoothly embedded surface. It is an interesting general problem to find lower
bounds on the genus of such a representative. Kuga’s theorem considers classes
in Hy(S? x §%), written in the standard basis as pairs (p, q) of integers.

THEOREM 4 [23]. The class (p,q) tn Hy(S? X S?) can be represented by a
smoothly embedded 2-sphere if and only if either p or q is 0, +1, or —1.

(By contrast, if p and ¢ are co-prime the class can be represented by a topo-
logically flat embedded sphere.)

Kuga’s original proof was indirect, applying the results of §III(i).

(Similar arguments for other manifolds have been made by Lawson [25] and
Suciu [31].) Fintushel and Stern gave a simpler proof using orbifolds. If a
2-sphere, embedded in a 4-manifold with nonzero self-intersection number, is
collapsed to a point, the resulting space is an orbifold (whose singularity is a
cone on a lens space). Later Furuta [19] gave an even more direct proof using
other moduli spaces on these orbifolds. In another direction Lawson [24] used
these techniques to study embedded projective planes.

The techniques in Fintushel and Stern’s first paper have recently been ex-
tended by Fintushel, Lawson, and Stern. One application yields results on the
exceptional orbits of circle actions on S°, partially proving a conjecture of Mont-
gomery and Yang [14].

(iii) Ezotic structures on R?. Freedman’s theory asserts that direct sum de-
compositions of the intersection form of a 4-manifold can be realized, by surgery,
as topological decompositions of the manifold. The results of §III(i) prevent
these being made smoothly. This conflict implies that there exist “exotic R*’s”:
smooth manifolds homeomorphic but not diffeomorphic to Euclidean space [21].
The first examples were open subsets of §2 x S2? or CP2. The proofs of their
exotic nature were indirect. Later Gompf found a countably infinite family of
exotic R*’s in this way.

Dramatic further progress was made by Taubes [85], carrying out a program
suggested by Freedman. Taubes extended the fundamentals of Yang-Mills theory
to “end-periodic” 4-manifolds. These are noncompact manifolds whose end has
a periodic configuration Wy UWo U ---UW, U- -, where the W; are overlapping
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copies of an open manifold W. The simplest examples are manifolds whose end
is a tube Y3 x (0,00) and W is Y x (0,1). Taubes showed that given conditions
(1) on the homology of W and
(2) on the representations m (W) — SU(2),
these behave like compact manifolds from the point of view of the anti-self-dual
equations. By substituting the resulting theorems on the intersection forms of
end-periodic manifolds into Freedman’s analysis of the failure of smooth surgery
Taubes proved:

THEOREM 5 [22, 35]. There exists a family Rs: of smooth 4-manifolds,
parametrized by (s,t) € R2, each homeomorphic to R* but no two diffeomorphic.

Thus there are “moduli” of smooth structures on the topological manifold R*.
Moreover Taubes’s family does not contain all exotic R*’s. None of the R, ; can
be embedded in the standard R*, but the failure of the A-cobordism theorem
(§I1I(iv)) implies that examples with this property do exist.

In a similar spirit to this work of Taubes, the author and Sullivan have ex-
tended the fundamentals of Yang-Mills theory to quasi-conformal 4-manifolds,
whose local co-ordinates compare by quasi-conformal maps of domains in R4
[11]. The work is allied to that of Teleman on Lipschitz manifolds [36]. Essen-
tially all the results proved for smooth 4-manifolds and diffeomorphisms, using
the anti-self-duality equations, extend to quasi-conformal manifolds and quasi-
conformal maps. (In particular there are exotic quasi-conformal structures on
R*.) A fortiori the results extend to Lipschitz 4-manifolds. This is in sharp
contrast with the theorem of Sullivan [32]: in high dimensions every topological
4-manifold has a unique Lipschitz structure.

(iv) New invariants. The results here are the other side of the coin displayed in
§ITI(i). Many compact topological 4-manifolds cannot be smoothed: those that
can may carry many different smooth structures. This is established by con-
structing differential topological invariants from the Yang-Mills moduli spaces,
along the lines indicated in §II(i).

Let us restrict attention to simply connected 4-manifolds. For any bundle
over X the rational cohomology of By, is generated as a ring by classes ¢/a, where
c is a rational characteristic class of the universal bundle on the product Bz x X
and « is a homology class in X. In particular, all the rational cohomology of
By, lies in even dimensions. For example, if G is SO(3), then H*(B;;Q) is a
polynomial algebra, generated by the image of the map 4 in (4) and a further
class in H%. Since the invariants we expect to see with the ideas of §II(ii) lie,
roughly speaking, in the homology of B, we anticipate good results in cases when
the moduli spaces are even-dimensional, and by (2) this happens exactly when
bF (X) is odd.

Manifolds with b'{ = 1 form a rather special class here, since reducible so-
lutions appear in the moduli space for a codimension 1 family of metrics. We
consider the two-dimensional moduli space of SU(2) connections with Chern class
1 (SO(3) connections with Pontrayagin class —4) over such a manifold X. This
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will not always be compact, but there is a way to introduce a correction term
for the boundary. Then one can associate to generic metrics on X a homology
class in By, which changes only through the appearance of reducible solutions.
In the end one obtains a differential topological invariant of X having the form
of a map:

Ix: Cx — H*(X;Z),

where Cx is a set of “chambers” in H2(X;R) [9].

For algebraic surfaces X one can hope to calculate this invariant using the
holomorphic description of anti-self-dual connections via stable bundles. Any
rational surface has b'z" = 1, but there are also irrational examples, in particular,
a family Dy, 4 (p,q coprime integers) constructed by Dolgachev. The difference
in the complex geometry of the rational and irrational manifolds is reflected in
the stable bundles and so in the moduli spaces and the invariant I". This gives

THEOREM 6 (9]. A Dolgachev surface D, 4 is homotopy equivalent (hence
homeomorphic and h-cobordant) but not diffeomorphic to a connected sum cp?
——9
#9CP".
So the h-cobordism theorem does not extend to smooth 4-manifolds. Going

further, Friedman and Morgan and Okonek and Van de Ven used the I'-invariant
to prove:

THEOREM 7 (17, 27]. There are z'nﬁnitély many diffeomorphism types
among the homotopy equivalent manifolds Dy 4.

When b'{ is odd and bigger then 1, many other invariants can be defined.
For any bundle E the moduli space is of even dimension 2d(E). The classes
u(a), for @ in Hy(X), can be represented by cochains with “small” support in
Bg. Our description of the end of the moduli space then allows the construction
(in a stable range k(E) 3> 0) of a pairing between the powers u(a)? and the
fundamental class of Mg. Considering SO(3) connections one gets:

THEOREM 8 [10]. Let X be a simply connected, smooth, oriented 4-manifold
with bf (X) = 2p + 1, p > 0. Fiz an orientation of a mazimal positive subspace
for the intersection form on H?. Then for any u in H%(X;Z/2) with u?> = a
mod 4 and for j > jo(p) the homology class of the SO(3) moduli space M, ;
defines a polynomial

Gu,g,x: S*(Hz(X)) — Z
of degree d = 7 — 3(1 + p), independent of the metric on X.

(Here the orientation of the positive subspace orients the moduli space Mg.)
So for roughly “half” of the possible simply connected 4-manifolds we can define
infinitely many new invariants. At present they are very hard to calculate; their
main application has come from the tension between two general properties of



52 S. K. DONALDSON

the moduli spaces. On the one hand, we have for connected sums a “vanishing
theorem”:

THEOREM 9 [10]. If the 4-manifold X of Theorem 8 is a connected sum
X 1#Xo with each b'{(X,-) > 0, then all the invariants g, j x are 0.

On the other hand, if X is a projective algebraic surface there is a preferred
“hyperplane” class [H| in H(X). For large values of 7 the moduli spaces are
quasi-projective varieties of the “proper” dimension. Gieseker’s construction
shows that u(H) is the first Chern class of an ample line bundle over the moduli
space. So (u(H)?, M) is positive and we deduce

THEOREM 10 [10]. If a stmply connected compact complez algebraic surface
can be written as a connected sum, then the intersection form of one of the
summands 13 negative definite.

This immediately gives many more examples of manifolds, with the same
classical invariants, distinguished by the new invariants g, ; x.

IV. Problems. The techniques described here are a long way from becoming
a systematic theory. One notable feature is that, while the only known proofs
of the ten theorems in §III use Yang-Mills instantons, there are, in most cases,
a number of alternative proofs available (arguing with different moduli spaces,
etc.). This suggests that there may be some more fundamental principle, relat-
ing 4-manifold topology with Yang-Mills theory, of which these arguments are
different manifestations. If we could find such a principle, it might point the way
to attack problems which seem to lie beyond the methods discussed above. The
most obvious general questions are:

(1) Which even indefinite forms are the intersection forms of smooth, simply
connected 4-manifolds? (The simplest open case is the rank 38 form 4Eg &
3(30)")

(2) In which homotopy types are there compact, simply connected, 4-mani-
folds with distinct smooth structures?

For (oriented) manifolds with b2 odd there are many new invariants with
which one can hope to distinguish smooth structures, so we are led to ask:

(3) Are there homotopy equivalent, simply connected, 4-manifolds with b;‘
even having distinct smooth structures? The smooth 4-dimensional Poincaré
conjecture is an instance of this.

On the other hand many problems to do with our new invariants for manifolds
with b7 odd present themselves:

(4) Are there universal relations among the invariants g, x?

(5) Can we systematically calculate the invariants given some standard de-
scription of a 4-manifold?

Two avenues seem to be promising. First we have the holomorphic description
of the moduli spaces when the base manifold is a complex surface. Perhaps there
are general relations between our invariants and the usual algebro-geometric
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invariants of surfaces. A concrete question is:

(6) If X is a minimal algebraic surface, are the invariants gg,u,x of Theorem
8 all polynomials in the canonical class ¢1(Kx) and the intersection form of X?

An extreme possibility is that they are given by universal polynomials in these
two variables, with coefficients depending on k.

Second, a new slant on the picture in 4 dimensions may come from the work of
Casson [4]. He defines an integer invariant for homology 3-spheres Y using the
representations 71 (Y3) — SU(2). The Casson invariant can be calculated from
a Dehn surgery description of Y. Now these representations also come to the
fore in Taubes’s extension of Yang-Mills theory to noncompact (end periodic)
4-manifolds. Recently, Taubes has shown that Casson’s invariant can be put into
the same framework of Fredholm maps over Banach manifolds described in §II
(ii). Moreover Casson and Taubes found different proofs, as corollaries of their
work, of

THEOREM 11 [4, 35]. There exist topological 4-manifolds which are not
homeomorphic to a simplicial complez.

These two proofs are circumstantial evidence for the existence of some link
between Casson’s invariant and the anti-self-dual equations over 4-manifolds.
Perhaps there is a path through Casson’s work which will allow our new invari-
ants to be defined using more familiar methods of geometric topology.
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Neuere Entwicklungen in der
arithmetischen algebraischen Geometrie

GERD FALTINGS

Ich mochte einige Hohepunkte in der Entwicklung der arithmetischen alge-
braischen Geometrie in den letzten vier Jahren darstellen darstellen. Naturgem-
af ist die Auswahl rein subjektiv, und die Darstellung erhebt keinen Anspruch
auf Vollstandigkeit. Wir konzentrieren uns auf die folgenden vier Themen:

(a) Die Formel von Gross-Zagier,

(b) Die Vermutungen von Tate, Schafarevitsch, und Mordell,
(c) Hodge-Tate Strukturen auf der p-adischen Kohomologie,
(d) Die Beilinson-Vermutung.

Zu zweien von den obigen Themenkreisen habe ich personlich Beitrige geleis-
tet, und ich darf daher vielleicht mit einigem Recht versuchen, die Ergebnisse
vor diesem grofien Kreis von Zuhérern darzustellen. Bei den beiden anderen Ge-
bieten mufl mich darauf beschrianken, das wiederzugeben, was ich in letzter Zeit
aus verschiedenen Quellen gelernt habe. Meine Entschuldigung fiir diese sicher-
lich unvollkommene Darstellung besteht darin, daf die Plenar-Vortrége doch fiir
einen weiteren Zuhorer-Kreis als die Sektions-Vortriage bestimmt sind. Fiir eine
kompetentere Darstellung kann ich aber nur auf diese verweisen.

1. Die Formel von Gross-Zagier. Als Hintergrund dienen zwei Schwierig-
keiten, die oft in der diophantischen Geometrie auftreten. Die eine ist die Bes-
timmung der Nullstellen-Ordnung von L-Reihen. Dies sind Verallgemeinerun-
gen der klassischen L-Reihen. Es handelt sich um Dirichlet-Reihen ) ay, - n™°,
welche in einer Halbebene Re(s) > sp konvergieren. Die L-Reihe gehort zu einer
arithmetischen Varietdt X, und die Koeffizienten a, berechnen sich aus dem
Reduktions-Verhalten von X in den endlichen Stellen. Es wird vermutet, da8
die L-Reihen sich zu meromorphen Funktionen auf der ganzen komplexen Ebene
fortsetzen, und sogar eine Funktional-Gleichung erfiillen. Dies ist gezeigt worden
fiir eine Reihe von arithmetischen Varietdten X, vor allem fiir gewisse Shimura-
Varietdten. Weiter gibt es Vermutungen, dafl die Ordnungen der Nullstellen
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beziehungsweise Pole der L-Reihe an ganzzahligen Stellen mit geometrischen In-
varianten zusammenhéngen. Es handelt sich um die Vermutung von Birch und
Swinnerton-Dyer und allgemeiner um die Tate-Vermutung.

Da numerische Berechnungen stets mit einem Fehler behaftet sind, kann man
mit ihnen nie direkt zeigen, daB eine analytische Funktion an einer bestimmten
Stelle verschwindet, sondern hochstens das Gegenteil. Dies macht es schwierig,
die oben angefiihrten Vermutungen zu testen. Dies andere Schwierigkeit betrifft
rationale Punkte auf abelschen Varietéten, speziell auf elliptischen Kurven. Man
beweist relativ einfach, da8 es sich um Torsionspunkte handelt, doch das Gegen-
teil ist etwas schwieriger. Dabei mdchte man oft gerne zeigen, da8 die Mordell-
Weil Gruppe positiven Rang besitzt, zum Beispiel falls dies von der Vermutung
von Birch und Swinnerton-Dyer vorausgesagt wird. Die Formel von B. Gross und
D. Zagier erlaubt es nun in einigen Fillen, beide Probleme zu 16sen. Sie liefert
némlich die Gleichheit zwischen der Néron-Tate Hohe gewisser rationaler Punkte
auf speziellen elliptischen Kurven (Heegner-Punkte auf Weil-Kurven), und der
Ableitung einer zugehérigen L-Reihe an der Stelle s = 1. Dies kann in beiden
Richtungen ausgenutzt werden: Ist der rationale Punkt ein Torsionspunkt (leicht
zu zeigen), so verschwindet die Ableitung der L-Reihe (schwierig). Umgekehrt:
Ist die Ableitung der L-Reihe verschieden von Null (leicht), so haben wir einen
Punkt unendlicher Ordnung gefunden (schwierig).

Die bekannteste Anwendung bis jetzt ist die Bestimmung effektiver unterer
Schranken fiir die Klassenzahlen imaginir quadratischer Zahlkorper. Dies folgt
aus einer dlteren Arbeit von D. Goldfeld, vorausgesetzt man findet eine L-Reihe
wie oben mit einer Nullstelle der Ordnung mindestens drei. Dieses aber leistet
gerade die Formel von Gross und Zagier.

Alles in allem handelt es sich um eine schéne Entdeckung, welche wir aber
leider noch nicht “erklaren” konnen: Warum ist sie richtig?

Literatur: [G1, G2, O, Zg]|.

2. Die Mordell-Vermutung. Kommen wir zum Themenkreis der Mordell-
Vermutung. Diese besagt, daBl auf einer Kurve vom Geschlecht gréfler als eins
ilber einem Zahlkorper nur endlich viele rationale Punkte liegen. Dies wurde
1922 von L. Mordell vermutet, in der Arbeit in welcher er bewies, daf§ die ratio-
nalen Punkte auf einer elliptischen Kurve ein endlich erzeugte abelsche Gruppe
bilden. Allerdings schreibt Mordell selbst, dafl er keinen Beweisansatz kennt,
und nicht einmal plausibel machen kann warum dies so sein sollte. Die er-
sten Fortschritte erzielten A. Weil and C. L. Siegel: Der erste verallgemeinerte
Mordell’s Satz auf abelsche Varietiten, wihrend Siegel mit Hilfe der diophantis-
chen Approximation und A. Weil’s Satz die Vermutung fiir ganze Punkte zeigen
konnte. Allerdings fiihrten diese Ansétze im Weiteren nicht mehr zu so grofen
Fortschritten, und interessanterweise benutzt der endgiiltige Beweis ganz andere
Methoden.

Diese wurden entwickelt zum Beweis der Mordell-Vermutung iiber Funktio-
nenkorpern. Dies gelang zuerst J. Manin und H. Grauert, und die fiir uns
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wichtige Methode geht zuriick auf A. N. Parshin, der die Behauptung reduzierte
auf die Schafarevitsch-Vermutung: Uber einem Zahlkérper gibt es bis auf Iso-
morphie nur endlich viele abelsche Varietdten vorgegebener Dimension, welche
gute Reduktion aufierhalb einer festen endlichen Menge von Stellen des Korpers
haben. Die Verbindung zwischen beiden Vermutungen geschieht, indem man
zu einem rationalen Punkt auf einer Kurve zunéchst eine I"Jberlagerung konstru-
iert, welche genau tiber diesem Punkt verzweigt. Auf diese Weise erhélt man eine
neue Kurve, die schlechte Reduktion hochstens an den Stellen haben kann, wo
dies der Fall ist fiir die urspriingliche Kurve, plus eventuell einige weitere Stellen
(zum Beispiel alle Stellen der Charakteristik zwei). Die Isomorphieklasse dieser
I"Jberla,gerung bestimmt den rationalen Punkt, und man benétigt nur noch den
Satz von Torelli sowie die Vermutung von Schafarevitsch fiir die Jacobi-Varietéat
der Uberlagerungskurve. Diese Methode liefert iibrigens auch den Satz von Siegel
iiber ganze Punkte auf affinen elliptischen Kurven.

Wie aber zeigt man nun die Vermutung von Schafarevitsch? Sie erschien
zunédchst recht unwahrscheinlich, da tiber Funktionenkérpern wohl die Mordell-
Vermutung gilt, aber nicht diese stirkere Aussage. Trotzdem kommt man bei
Zahlkorpern zum Ziel, da man die Tate-Vermutung benutzen kann: Diese re-
duziert das Problem auf eine Frage iiber l-adische Darstellungen, und diese kann
man einfacher 16sen als das urspriingliche Problem.

Fir alles dies benétigt man etwas Information iiber den Modulraum der
prinzipal polarisierten abelschen Varietiten, insbesondere iiber seine Kompakti-
fizierungen. Genauer gesagt geht es um die Bestimmung der Hohe einer abelschen
Varietdt, das heifit des zugehdrigen rationalen Punktes im Modulraum. Dazu
benotigt man eine Kompaktifizierung des Modulraums, ein amples Geradenbiin-
del darauf, sowie eine hermite’sche Metrik fiir das Geradenbiindel. Dies er-
forderte zunachst einige Tricks, doch mittlerweile besitzen wir eine befriedigende
Theorie: Zunédchst konstruiert man die toroidale Kompaktifizierung iiber den
ganzen Zahlen. Uber dieser dehnt sich die universelle abelsche Varietét aus zu
einer semiabelschen Varietit, und man erhalt ein Geradenbiindel w, das Deter-
minantenbiindel der, relativen Differentiale dieser semiabelschen Varietdt. Die
globalen Schnitte der Potenzen von w sind gerade die Siegel’schen Modulformen
mit ganzzahligen Fourierkoeffizienten. Mit Hilfe von Theta-Reihen ergibt sich,
daf eine Potenz von w global erzeugt ist, und das Bild der korrespondieren-
den Abbildung von der toroidalen Kompaktifizierung in den projektiven Raum
ist die arithmetische Version der minimalen (oder Satake-, oder Baily-Borel-)
Kompaktifizierung. Nach Konstruktion gibt es darauf ein kanonisches amples
Geradenbiindel, und es bleibt die Definition einer guten Metrik. Wieder gibt es
nur eine kanonische Wahl, ndmlich Quadratintegration von Differentialen. Lei-
der hat diese Metrik Singularitdten im Unendlichen, doch sind diese so mild, da§
sie den Gang der Dinge nicht behindern.

Auf diese Weise erhilt man eine einfache Definition der Héhe einer abelschen
Varietdt, mit der sich arbeiten 148t. Es handelt sich im Wesentlichen um das
Quadrat-Integral eines Erzeugenden der ganzzahligen Differentiale. Dies liefert
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eine numerische Invariante der abelschen Varietit, so daf es bis auf Isomorphie
nur endlich viele abelsche Varietiten gibt, fiir die diese Invariante nicht grofier als
ein fester vorgegebener Wert ist. Erwdhnen wir noch daf§ die arithmetische Kom-
paktifizierung des Modulraums auch andere Anwendungen besitzt. Insbesondere
ist sie sehr niitzlich fiir eine arithmetische Theorie der Siegelschen Modulformen.

Bleibt schliefllich der Beweis der Tate-Vermutung. Genauer gesagt handelt es
sich nur um einen Spezialfall der allgemeinen Vermutung, betreffend Endomor-
phismen abelscher Varietdten. Der Beweis geht zuriick auf J. Tate und J. G.
Zarhin, und man braucht als neue Ingredienz nur noch die Kompaktifizierung
des Modulraums der abelschen Varietdten sowie einige Resultate von J. Tate
und M. Raynaud iiber p-divisible Gruppen. Genauer gesagt betrachtet man eine
[-divisible Untergruppe der abelschen Varietit, und dividiert sukzessiv durch die
verschieden Stufen dieser Untergruppe. Dies liefert eine Folge von abelschen Va-
rietdten, und man muf} zeigen, dafl unendlich viele dieser isomorph sind. Dazu
betrachtet man die zugehoérige numerische Invariante, wie weiter oben definiert.
Es reicht wenn die Folge dieser reellen Zahlen stationir wird. Es geht also darum,
wie sich die Hohe einer abelschen Varietit (so wie oben definiert) bei Isogenien
andert. Man zeigt daf§ die Variation der Hohe in einer Isogenieklasse beschrankt
ist, sogar mit einer ganz effektiv berechenbaren Schranke.

Alles in allem zeigen diese Resultate aufs neue die ungeheure Kraft der Gro-
thendieck’schen Methoden in der algebraischen Geometrie. Man hat aber das
Gefiihl da88 diese Satze gewissermafBlen den vorliufigen Abschlufl einer Entwick-
lung darstellen, und dafl wir neue Methoden benétigen, etwa um rationale Punkte
auf Varietdten hoherer Dimension zu studieren. Dieses wird sicher einiges Exper-
imentieren erfordern, genau wie ehedem die Verhéltnisse bei Kurven erarbeitet
werden muften.

Literatur: [D, F2, F3, F4, FW, S1, S2, 71, Z2].

3. P-adische Darstellungen. Es handelt sich um das Studium der p-adis-
chen étalen Kohomologie einer algebraischen Mannigfaltigkeit iiber einem p-
adischen Korper. Man findet Beziehungen zur kohirenten Kohomologie, und
erhilt so eine Art von p-adischer Hodge-Theorie. Auflerdem gibt es Zusam-
menhénge mit der kristallinen Kohomologie. Es geht dabei um A. Grothendieck’s
“mysterious functor.”

Versuchen wir zu erkldren, worum es sich handelt. Sei K ein p-adischer
Korper, etwa eine endliche Erweiterung der p-adischen Zahlen Q,. Mit C,
bezeichnen wir die Komplettierung des algebraischen Abschlusses K von K,
Darauf operiert stetig die Galois-Gruppe § = Gal(K/K), und C,(n) bezeich-
net den Twist mit der n-ten Potenz des zyklotomischen Charakters § — Z;.
Als erstes bemerken wir, dafl der ungeheuer groe Korper C, einer Behandlung
zuganglich ist: Er enthilt den Zwischenkorper, der durch die Einheitswurzeln
von p-Potenzordnung erzeugt wird, und ist fast unverzweigt iiber diesem. Des-
halb kann man viele Probleme auf den kleineren Korper zuriickfiihren, wo man
sie durch direkte Rechnung l6st. Tate und Raynaud haben gezeigt, daf fiir eine



ARITHMETISCHE ALGEBRAISCHE GEOMETRIE 59

eigentliche glatte K-Varietit X gilt:
H'(X,2,) ® Cp = H(X, 0x) ® C, ® HO(X, Ox) ® Cp(—1) (als §-Moduln).

Dazu sei bemerkt dafi die verschiedenen Twists Cp(m) nicht isomorph sind,
und daB ein C,-Vektorraum mit semilinearer §-Aktion einen gréBten Unterraum
besitzt, welcher isomorph zu einer direkte Summe von C,(m)’s ist.

Es wurde auch vermutet, und kann inzwischen beweisen werden, dafl allge-
meiner gilt:

H'(X,2,)®C, = ) H*(X,05) ®Cy(-b).
a+b=n
Insbesondere kann man damit einen rein algebraischen Beweis fiir das Degener-
ieren der Hodge Spektral-Sequenz geben. Es folgt auch die Symmetrie der
Hodge-Zahlen, zumindest fiir projektive Varietdten. Bekanntlich reicht dies
schon, um viele Resultate zu beweisen, fiir die man {iblicherweise analytische
Methoden benutzt. Ein Beispiel ist des Verschwindungssatz von Kodaira.

Die Beweismethode benutzt eine Art von intermediérer Kohomologie, in die
sich die Kohomologien auf beiden Seiten der obigen Abbildung natiirlich ab-
bilden. Dies reicht, da beide Seiten alle iiblichen Axiome erfiillen, wie etwa
Kiinneth-Formel oder Poincaré-Dualitdt. Die Details sind etwas kompliziert,
doch im Wesentlichen kann man die intermediire Theorie wie folgt beschreiben:

Sei R ein affiner Ring der Varietét, R die p-adische Komplettierung der max-
imalen unverzweigten Erweiterung von R. Dann betrachte man die Galois-
Kohomologie von R. Die Galois-Kohomologie von Z, bildet sich da hinein ab,
und dies ergibt die eine natiirliche Transformation. Die andere erhilt man durch
Betrachtung der Differentiale. Einige Details: Wir nehmen an daf R geniigend
viele Einheiten besitzt. Durch Adjungieren der p-Potenzwurzeln dieser Ein-
heiten erhalten wir eine gut zu kontrollierende Erweiterung R von R, welche
unverzweigt ist in Charakteristik 0. Uber R ist R fast unverzweigt in Kodimen-
sion < 2, und man kann mit einiger Miihe Resultate von R auf R iibertragen.
Sei zum Beispiel V die Komplettierung des ganzen Abschlusses des diskreten
Bewertungsringes V von K. Die exakte §-lineare Sequenz

0— QV/V ®-‘7R—» Q'E/R — QE/RV — 0,

zusammen mit der Bestimmung des ersten Terms durch J. Fontaine, fiihrt zu
der gesuchten zweiten Abbildung, das heifit zu einer Beziehung zwischen Diffe-
rentialen und Galois-Kohomologie.

In einigen speziellen Féllen kann man noch mehr aussagen: Man findet eine
Beziehung zwischen der p-adischen étalen Kohomologie und der kristallinen Ko-
homologie, so dal die eine die andere eindeutig bestimmt. Dies ist ein Fall des
“mysterious functor,” nach dem schon A. Grothendieck gesucht hat. Der Beweis
von J. Fontaine und W. Messing benutzt die “syntomic topology,” und wird
sicher in einem der Spezialvortriage ausfiihrlicher dargestellt werden.

Auflerdem sei erwahnt, da8 Fontaine kiirzlich eine weitere Vermutung von
Schafarevitsch bewiesen hat: Es gibt keine abelsche Varietdt iiber Q, welche
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iiberall gute Reduktion hat. Der Beweis benutzt die Theorie der endlichen Grup-
penschemata, und natiirlich p-adische Darstellungen.

Literatur: [F5, F'6, Fo).

4. Arithmetische Schnitt-Theorie. Beim Studium der Zahlkorper hat
es sich gezeigt, dal man am besten versucht, die unendlichen Stellen und die
endlichen dhnlich zu behandeln. Wenn man nun Varietéten tiber Zahlkoérpern be-
trachtet, so ist es klar was man an den endlichen Stellen zu tun hat: Man bendtigt
gute Modelle iiber den entsprechenden diskreten Bewertungsringen. Was aber
entspricht dem im Unendlichen? Die Erfahrung zeigt, dafl man die algebraischen
Objekte mit Metriken versehen mufl. Wenn man zum Beispiel Geradenbiindel
auf einer algebraischen Kurve (iiber dem Zahlkorper) betrachtet, so bendtigt
man zunichst eine Ausdehnung auf ein Modell iiber den ganzen Zahlen. Dies
erledigt die endlichen Stellen. Fiirs Unendliche versieht man die Geradenbiindel
mit Metriken. Auf diese Weise hat S. Arakelov eine Schnitt-Theorie fiir arith-
metische Flachen entwickelt, und man kann zeigen, dalein Teil der Theorie der
algebraischen Flichen sich auf diesen Fall iibertrigt. Dies gilt etwa fiir den Satz
von Riemann-Roch oder fiir den Indexsatz von Hodge.

Man macht dabei die folgenden Uberlegungen: Zunichst definiert man Vol-
umenformen auf der Kohomologie eines metrisierten Geradenbiindels. Dies ist
ein Resultat iiber Riemann’sche Flichen, also rein lokal an den unendlichen
Stellen. Die Definition des Volumens ist so gemacht, dafl der iibliche Beweis
des Satzes von Riemann-Roch fiir algebraische Flichen {ibertragen werden kann.
Aus dem Riemann-Roch leitet man eine Beziehung her zwischen Schnitt-Theorie
und Néron-Tate Hohen, und der Satz von Hodge folgt. AuBlerdem gelten einige
weitere Resultate, insbesondere ist bei Kurven vom Geschlecht grofler als Eins
das Quadrat des dualisierenden Geradenbiindels w kleiner oder gleich Null. Was
aber etwa fehlt, ist ein Analogon zur Hodge-Theorie oder zum Frobenius.

Es stellt sich nun die Frage, was man bei hGheren Dimensionen tun soll. Schon
an den endlichen Stellen treten neue Schwierigkeiten auf, da die Theorie der
minimalen Modelle fehlt, Trotzdem haben A. Beilinson, H. Gillet, und C. Soulé
eine Schnitt-Theorie entwickelt. Es handelt sich um eine sehr schne Mischung
aus Analysis und Algebra, und meiner Ansicht nach liegt hier ein reiches Feld
fiir kiinftige Forschungen.

Ein verwandtes Feld sind die Beilinson-Vermutungen iiber spezielle Werte von
L-Reihen. Dabei scheint mir ein sehr wichtiger Punkt die Frage nach der Kon-
struktion von Motiven. Ihre Existenz wurde von A. Grothendieck vermutet, und
diente als Leitmotiv fiir viele kohomologische Untersuchungen. Sie sollten eine
Art von universeller Kohomologie-Theorie bilden. Zur Zeit kennen wir eigentlich
nur 1-Motive, und dies sind im Wesentlichen semiabelsche algebraische Gruppen.
Beilinson hat mit Hilfe der algebraischen K-Theorie einige Kandidaten fiir Mo-
tive hoherer Dimension gefunden.

Literatur: [B1, B2, B3, F1, GS].
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Topics in Quasiconformal Mappings

F. W. GEHRING

I. Introduction.

1. Notation. For n > 1 we let R™ denote euclidean n-space, and for z € R"
and 0 < r < 0o we let B"(z,r) denote the open n-ball with center z and radius r,
§"(z,r) = 9B"(z,r), B* = B"(0,1), and $"~! = §"~1(0,1). We also denote
by R™ = R" U {oo} the one point compactification of R" equipped with the
chordal metric

a(z,y) = |p(z) — p(y)|, (L.1)

where p denotes stereographic projection of R™ onto the sphere $" in R™*!.
Throughout this paper, all notions of topology and convergence will be taken
with respect to this metric.
Suppose that D and D’ are domains in R™ and that f: D — D' is a homeo-
morphism. We let
Hy(z) = limS:.)lpr({L', T) (1.2)
r—!

for z € D\{oo, f~1(00)}, where for 0 < r < dist(z, D)

_ max{|f(z) - fW)l: |z —yl=r}
1) = Sl @) = f@)l: le =2l =1}

and we extend Hy(z) to the points oo and f~1(oco) by setting Hy(00) = Hog4(0)

and Hy(f~1(00)) = Hyos(f~1(00)), where g(z) = z/|z|>. When n > 2, we call

x(={

the linear dilatation of f in D. For the purposes of this lecture, we say that
f is quasiconformal if K(f) < oo and K-quasiconformal if K(f) < K, 1 <
K < 00. Thus a homeomorphism is quasiconformal if it distorts the shape of an
infinitesimal (n — 1)-sphere about each point by at most a bounded factor; it is
K-quasiconformal if, in addition, this factor does not exceed K at almost every
point.

The following result shows that the class of quasiconformal mappings is, as
the name suggests, an extension of the family of conformal mappings.

(1.3)

00 if supyep Hy(z) = o0,

esssup,cp Hy(z) if sup,cp Hy(z) < 00 (14)
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1.5. THEOREM. Suppose that D, D’ are domains inR™ and that f: D — D'
18 a homeomorphism. If n = 2, then f 1s 1-quasiconformal if and only if f or
its complex conjugate i3 a meromorphic function of a complex variable in D. If
n > 3, then f 18 1-quasiconformal if and only if f is the restriction to D of a
Moébius transformation, i.e., the composition of a finite number of reflections in
(n — 1)-spheres and planes.

When n = 2, Theorem 1.5 is simply a restatement of a theorem due to Men-
choff [M3]. When n > 3, Theorem 1.5 is an extension of a well-known result of
Liouville to a context which requires no a prior: hypotheses on the smoothness
of f [G3, R3].

2. Historical remarks. Plane quasiconformal mappings have been studied for
almost sixty years. They appear in the late 1920s in papers by Groztsch, who
considered the problem of determining the most nearly conformal homeomor-
phisms between pairs of topologically equivalent plane configurations with one
conformal invariant [G14]. They occur later under the name quasiconformal in
a paper by Ahlfors on covering surfaces [A1].

In the late 1930s Teichmiiller vastly extended the study of Grétzsch to map-
pings between closed Riemann surfaces and obtained a very natural parameter
space for surfaces of fixed genus g, a space which is homeomorphic to R69—6
[T1]. At about the same time, Lavrentieff and Morrey generalized a classical
result due to Gauss on the existence of isothermal coordinates by establishing
versions of what is now known as the measurable Riemann mapping theorem for
quasiconformal mappings [L1, M4].

In recent years, Ahlfors, Bers, and their school have greatly expanded the
results of Teichmiiller and applied plane quasiconformal mappings with success
to a variety of areas in complex analysis, including kleinian groups and surface
topology [A5, B8, E1, K2]. Sullivan’s recent solution of the Fatou-Julia problem
shows that this class can also be used very effectively to study problems on the
iteration of rational functions [S3, S4].

Higher dimensional quasiconformal mappings were already considered by Lav-
rentieff in the 1930s [L2]. However, no systematic tool for studying this class was
available until 1959 when Loewner introduced the notion of conformal capacity
to show that R™ cannot be mapped quasiconformally onto a proper subset of
itself [L7].

Subsequently, Gehring, Viiséld, and many others applied Loewner’s method
and its equivalent extremal length formulation to develop the initial results for
quasiconformal mappings in R” [G3, V1]. Then in the late 1960s, Reshetnyak
and the Finnish school initiated a series of papers which extended the higher di-
mensional theory to noninjective quasiconformal, or quasiregular, mappings [M1,
R2, V4], a study which recently resulted in Rickman’s remarkable extension of
the Picard theorem [R6].

3. Role played by quasiconformal mappings. Plane quasiconformal mappings
constitute an important tool in complex analysis and they are particularly
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valuable in the study of Riemann surfaces and discontinuous groups. Bers’s
theorem on simultaneous uniformization [B3] is a beautiful application of the
measurable Riemann mapping theorem, while Drasin’s solution of the inverse
problem of Nevanlinna theory [D2] illustrates how this theorem can be used
to attack problems of complex analysis in a manner similar to the way the 0-
equation has been applied in harmonic analysis and several complex variables.

The geometric proofs usually required to establish quasiconformal analogues
of results for conformal mappings sometimes yield new insight into classical the-
orems and methods of complex function theory [L3]. Quasiconformal mappings
also arise in exciting and unexpected ways in other parts of mathematics, for
example, in harmonic analysis in connection with functions of bounded mean os-
cillation and singular integrals [B1], and in geometry and elasticity in connection
with the injectivity and extension of quasi-isometries.

Higher dimensional quasiconformal mappings offer a new and nontrivial exten-
sion of complex analysis to R™ which is distinct from [N2] and perhaps more ge-
ometric and flexible than the analytic theory through several complex variables.
These mappings have been applied to solve problems in differential geometry,
and they constitute a closed class of mappings, interpolating between homeo-
morphisms and diffeomorphisms, for which many results of geometric topology
hold regardless of dimension. Finally, some of the methods developed to study
higher dimensional quasiconformal mappings have found important applications
in other branches of mathematics, for example, reverse Holder inequalities in
partial differential equations [G13].

4. Comments on the above definition. The quasiconformal mappings studied
by Grotzsch and Teichmiiller were assumed to be continuously differentiable at
all but a finite number of points. Later Ahlfors [A2] and Bers [B2] observed
that it was more natural to work with mappings f: D — D’ for which one has
the important inequality

K(f) < liminf K(f;), (4.1)

when {f;} is a sequence of homeomorphisms which converge to f locally uni-
formly in D. Indeed, we defined K(f) as in (1.4), rather than by means of the
simpler formula

K(f) = sup Hy(z), (4.2)
z€D

just so that (4.1) would hold.

Inequality (4.1) implies that the class of K-quasiconformal mappings is closed
with respect to locally uniform convergence. Moreover, when n = 2, the mea-
surable Riemann mapping theorem implies that every homeomorphism f with
K(f) < K is the locally uniform limit of continuously differentiable homeomor-
phisms f; with K(f;) < K [L3]. When n = 3, a quite different argument yields
the same conclusion with K(f;) < K where K depends only on K [K1]. The
situation when n > 3 appears to be open.
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If f: D — D' is a homeomorphism with K(f) < oo, then the Rademacher-
Stepanoff theorem and an argument similar to that used by Menchoff imply
that f is differentiable with Jacobian Jy # 0 a.e. in D, that f belongs to the
Sobolev class W, (D), and that K(f~') = K(f) [G3]. Thus the inverse of
a K-quasiconformal mapping is K-quasiconformal; similarly, the composition
of a K;- and a Kj-quasiconformal mapping is K1 Kso-quasiconformal. Though
1-quasiconformal mappings are real analytic, there exists for each K > 1 a
K-quasiconformal self mapping f of R™ which is not differentiable in a set of
Hausdorff dimension n.

5. Remark. Since there are several excellent expository articles on plane qua-
siconformal mappings and their connections with Teichmiiller spaces [A6, B4,
B5, B7], the remainder of this lecture will emphasize the less developed theory
in higher dimensions. In Chapter II we consider some basic results and open
problems for quasiconformal mappings, comparing what is known for n = 2
and for n > 2. Then in Chapter III we mention several instances where these
mappings arise naturally in other areas of mathematics.

II. Some results and open problems.

6. Tools for studying quasiconformal mappings. A homeomorphism f: D —
D' is quasiconformal if the distortion function Hy in (1.2) is bounded. This is
a local restriction and we must find some way to integrate it over D in order
to obtain global properties of f. In classical complex function theory, this is
accomplished by means of the Cauchy integral formula. Though Pompeiu’s ana-
logue is sometimes useful in treating plane quasiconformal mappings, the tool
most often used to replace the Cauchy formula is the method of extremal length,
formulated by Ahlfors and Beurling [A 8], and its extension to higher dimensions
[F3, V3.

7. Modulus of a curve family. Suppose that I' is a family of curves in R™ and
let adm(I") denote the collection of all Borel measurable functions p: R® — [0, 00]
such that f"/ pds > 1 for each locally rectifiable curve « in I'. Then

mod(T') = inf / p"dm and A(T) = mod(T")Y/ (-7 (7.1)
p€adm(T) /gn
are the conformal modulus and extremal length, respectively, of T'.

It is not difficult to see that mod(T') is an outer measure on the space of all
curve families in R™. Alternatively, if we regard the curves in I as homogeneous
wires, then we may think of A(T') as the resistance of the family I. In particular,
mod(T) is large if the curves in I" are short and plentiful, and small otherwise.

The importance of the conformal modulus in the present context is due to its
quasi-invariance with respect to quasiconformal mappings.

7.2. THEOREM. If f: D — D' is K-quasiconformal and if T is a family of .
curves which lie in D, then

K" mod(T) < mod(f(I")) £ K™~ mod(T"). (7.3)
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Inequality (7.3) plays a key role in the study of quasiconformal mappings. For
this reason it is customary to refer to

e mod(f(T)) mod(T")
() = (s () o (e 74
as the mazimal dilatation of f and say that f is K-quasiconformalif K*(f) < K;
here the supremum in (7.4) is taken over all curve families I' in D for which
mod(T") and mod(f(T')) are not simultaneously 0 or co. The inequality
K(f)"? <K*(f) < K(H)"* (75)

shows that this definition yields the same class of quasiconformal mappings and
that K*(f) = K(f) whenever n =2 or K(f) = 1.
A homeomorphism f: R® — R" is quasiconformal if and only if there exists
a constant ¢ such that
lim sgp Hg(z,r)<c (7.6)
r—

for all z € R™. We illustrate the use of (7.3) by establishing a global form of this
inequality.
7.7. THEOREM. If f: R® — R" is K-quasiconformal, then
Hg(z,r)<c (7.8)
for all z € R™ and 0 < r < 0o, where ¢ = ¢(K,n).

The proof depends on two estimates for the conformal moduli of certain curve
families (G2, G12, V1].
7.9. LEMMA. If0 < a < b < oo and if T is a family of open arcs in R™
which join $"~1(0,a) to S"~1(0,b), then
mod(T') < wn_1(log 2)1-7,
where wy—1 denotes the (n — 1)-measure of $"~1.

7.10. LEMMA. If C; and C; are disjoint continua in R™ which join 0 to
§"71(0,a) and oo to S"~1(0,b), respectively, and if T' is the family of all open
arcs which join Cy to Cy in R"\(Cy UCy), then

mod(T") > wn—1(log(An (2 +1)))*—™,
where A\, depends only on n.

7.11. COROLLARY. Ifn > 2, if Cy and Cy are disjoint, linked continua in
R™ and if T is the family of all open arcs which join C; and Cy in R™\(C1UC,),
then mod(T') > ¢ where ¢ = ¢(n) > 0.

PROOF OF THEOREM 7.7. By performing preliminary translations, we
may assume that z =0 and f(0) = 0. Let m and M denote the minimum and
maximum values assumed by |f| on $"~!(0,r) and suppose that m < M. Next
set

Ci={zeR":|f(z)l <m}, Cy={zeR":|f(z)|>M}U{co},
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and let T be the family of open arcs which join C; and Cy in R™\(Cy U C3).
Then the above estimates and (7.3) imply that

Wn—1(10g 2Xp) ™" < mod(T") £ K™ ! mod(f(T)) < K™ wy—1(log(M/m))1—™

and we obtain (7.8) with ¢ = (2),)¥.

8. Mapping problems. A basic question in this area is to decide when two
domains in R™ are quasiconformally equivalent, i.e., if one can be mapped qua-
siconformally onto the other. Since the general case is quite difficult even when
n = 2, we consider here the simpler problem of characterizing the domains D
in R” which are quasiconformally equivalent to the unit ball B”. The Riemann
mapping theorem and the estimates in Lemmas 7.9 and 7.10 yield a complete
answer when n = 2.

8.1. THEOREM. A domain D in R? < is quasiconformally equivalent to B2
if and only if 8D i3 a nondegenerate continuum.

No such characterization exists in higher dimensions. Indeed, the domains
D3 and Dy in (8.6) below show that when n > 2, there is no way to decide
whether the image of B™ under a self homeomorphism of R” is quasiconformally
equivalent to B™ by looking only at its boundary.

The following sufficient condition is a consequence of methods used to treat
the higher dimensional Schoenflies problem [G5, M2].

8.2. THEOREM. A domain D in R™ is quasiconformally equivalent to B™ if
there exist closed sets E C D, E' C B™ and a quasiconformal mapping g: D\E —
B™\E' such that |g(z)| — 1 as z — 8D in D.

As in the topological case, localized versions of Theorem 8.2 can be established
when D is a Jordan domain in R", i.e., when 8D is homeomorphic to $"~! [B10,
G1].

8.3. COROLLARY. If D is a domain in R"™ and if D is diffeomorphic to
§"~1  then D is quasiconformally equivalent to B™.

It is easy to construct a domain in R” which is quasiconformally equivalent
to B"™ and does not have a tangent plane at any point of its boundary [G12].
Thus the sufficient condition in Corollary 8.3 is far from necessary.

A necessary condition for quasiconformal equivalence to B™ depends on the
following refinement of the notion of local connectivity. A set E C R™ is said to
be linearly locally connected if there exists a constant ¢, 1 < ¢ < oo, such that
for each z € R"” and 0 < r < 00

ENB™(z,r) lies in a component of E NB™(z,cr),

E\B"(z,r) lies in a component of E\B"(z,r/c). (8.4)

Then an argument based again on inequality (7.3) and the estimates in Lemma
7.9 and Corollary 7.11 implies the following result [G7, G12].
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8.5. THEOREM. Ifn > 2 and if D in R™ is quasiconformally equivalent to
B", then R™\D is linearly locally connected.

Theorem 8.5 yields many simple domains in R™ which are homeomorphic, but
not quasiconformally equivalent, to B". For example, let
Dy ={z€eR":r<1,|z,| < 0},
Dy ={z €R": r < 00,|z,| <1},

D3 = {z € R": z, > min(r'/2,1)}, (8.6)
D4 = {z € R": z,, < min(r'/2,1)},
where z = (21,...,2n) and r = (z3+ ---+32_;)'/2. Then explicit constructions

yield homeomorphisms which map D and D3 quasiconformally onto B”. On the
other hand when n > 2, R™\D; and R™\D, are not linearly locally connected
and hence Dy and Dy are not quasiconformally equivalent to B™.

The necessary condition in Theorem 8.5 is not sufficient and the problem
of finding sharp geometric criteria for testing quasiconformal equivalence to B™
remains a most interesting open question.

9. Homeomorphic and quasiconformal extensions. Suppose that D and D’ are
domains in R™ and that f: D — D’ is quasiconformal. We consider next under
what circumstances f admits a homeomorphic extension to D or a quasiconfor-
mal extension to R™.

9.1. THEOREM. If D and D' are simply-connected domains of hyperbolic
type in R2, then each quasiconformal f: D — D' has a homeomorphic extension
to D if and only if D and D' are Jordan domains.

The sufficiency in Theorem 9.1 follows from a theorem of Ahlfors [A2] and
the necessity from [E3]. In higher dimensions we have the following result [V2].

9.2. THEOREM. If D and D' are Jordan domains in R™ and if D is qua-
siconformally equivalent to B™, then each quasiconformal f: D — D' has a
homeomorphic extension to D.

When n = 2, the second hypothesis in Theorem 9.2 is superfluous since every
Jordan domain is conformally equivalent to B2. When n > 2, this is not the case
as seen by the examples in (8.6), and Theorem 9.2 does not hold without this
additional restriction [K3].

As to the problem of quasiconformal extension to R™, we say that a set E in
R 2 is a K-quasidisk or K-quasicircle if it is the image of B? or $!, respectively,
under a K-quasiconformal self mapping of R 2. By a theorem of Ahifors, a Jordan
domain D is a quasidisk if and only if there exists a constant ¢ such that

min dia(7;) < clz1 — 2 (9.3)
-7= ?

for each 71,22 € dD, where v; and ~y, denote the components of dD\{z1, 23}
[A3].
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9.4. THEOREM. If D and D' are Jordan domains in R2, then each quasi-
conformal f: D — D' has a quasiconformal extension to R? if and only if D
and D' are quasidisks.

A simply-connected domain D in R? is a quasidisk if and only if it is linearly
locally connected. Hence this notion also arises in connection with quasiconfor-
mal extension.

The sufficiency in Theorem 9.4 is due to Ahlfors [A2] and the necessity to
Rickman [R5]. A higher dimensional analogue of this result is as follows [G4,
V5]

9.5. THEOREM. Ifn > 2 and if D is a Jordan domain in R™, then each
quasiconformal f: D — B™ has a quasiconformal extension to R™ if and only if
D* =R™\D is quasiconformally equivalent to B".

Thus the problem of quasiconformal extension in higher dimensions differs
from the plane case in two respects. First, when n = 2, the exterior D* of
every Jordan domain D is quasiconformally equivalent to B2; this is not true
when n > 2 as we observed above. Second, when n > 2, each quasiconformal
f: D — B" has a quasiconformal extension to R™ whenever D* is quasiconfor-
mally equivalent to B”; this is not true when n = 2 since there exist Jordan
domains D which do not satisfy condition (9.3) and hence are not quasidisks.

10. Boundary correspondence. We turn to the problem of characterizing the
boundary mappings induced by quasiconformal self mappings of balls and half-
spaces. For n > 2 let H" denote the upper halfspace {x € R": z,, > 0}. Then
each quasiconformal f: H® — H™ has a quasiconformal extension f to R™ whose
restriction to OH" is a self homeomorphism ¢ of R”~1. The problem of studying
such boundary correspondences was initiated by Beurling and Ahlfors [B8].

10.1. THEOREM. A homeomorphism o: R — R with p(o0) = 00 18 the
boundary correspondence for a quasiconformal self mapping f of H? with f(oco) =
oo if and only if there exists a constant ¢ such that

.1_ < g(a:—f—r)——-go(a:) <c (10.2)
¢ p(z)-p(z-r)
for allz € R! and 0 < r < oo.

Inequality (10.2) is equivalent to the requirement that H,(z,r) < c¢. This
condition is replaced by its local form H,(z) < ¢, or that ¢ is quasiconformal,
in the higher dimensional analogue of Theorem 10.1.

10.3. THEOREM. When n > 2, a homeomorphism p: R*~1 — R"1 s the
boundary correspondence of a quasiconformal self mapping f of H™ if and only
if © 18 itself quasiconformal.

The necessity in Theorems 10.1 and 10.3 follows, respectively, from inequali-
ties (7.8) and (7.6) and the fact that

Hy(z,r) < Hf(z,r) and Hy(z) < Hp(z) (10.4)

for relevant z and r.
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Beurling and Ahlfors established the sufficiency in Theorem 10.1 by showing
that the formula

farm) = 5o /0  (oler + ) + plar — 1)) dt 0

| + 2272 /Oh(go(ml +t)—p(z1 —t))dt

defines a quasiconformal extension of ¢ to H2.

Ahlfors [A4] modified this construction and used the fact that each quasi-
conformal p: R?2 — R’ can be written as the composition of mappings with
small dilatation (see Corollary 11.4) to obtain a quasiconformal extension of ¢
to H3 and thus prove the sufficiency in Theorem 10.3 when n = 3. Next Car-
leson [C1] employed quite different methods from three-dimensional topology
to extend each quasiconformal p: R° — R° to H?. Finally, Tukia and Vaisili
[T5) started from an idea of Carleson’s and applied results of Sullivan’s [S1] to
establish the sufficiency in Theorem 10.3 for general n.

After composition with suitable Mobius transformations, (10.2) yields a cross
ratio characterization for the boundary mappings ¢: 8D — 0D induced by ar-
bitrary quasiconformal self mappings of a disk or halfplane D in R?, and (10.5)
gives an explicit quasiconformal extension T(p): D — D of each such corre-
spondence p. Tukia [T4] recently settled an important problem in Teichmiiller
theory by showing that if G is a subgroup of Méb(D), the group of all Mdbius self
mappings of D, then each G-compatible boundary correspondence ¢: 3D — dD
has a G-compatible quasiconformal extension to D. Douady and Earle [D1] ex-
tended this work by exhibiting a conformally natural quasiconformal extension
operator Ty such that

goTo(p)oh="To(gowoh) (10.6)

for each homeomorphism ¢: @D — D and all g, h € M&b(D). This beautiful
operator should yield many new results in the area; see [E2].

If D is a ball or halfspace in R® where n > 2, then the method of Douady
and Earle assigns to each homeomorphism ¢: 3D — 3D a continuous extension
To(w): D — D for which (10.6) holds. However, Ty () will, in general, be neither
quasiconformal nor injective except when K () is small, i.e., K(p) < K,, where
K, depends only on n. It would be interesting to know if every quasiconformal
© has a conformally natural quasiconformal extension.

11. Measurable Riemann mapping theorem and decomposition. If f: D — D'
is quasiconformal, then f has a nonsingular differential df : R® — R™ at almost
all z € D. At each such z, df = df(z) maps an ellipsoid Ef = Ef(z) about 0
with minimum axis length 1 onto an (n — 1)-sphere about 0. Then H(z) is the
maximum axis length of E¢(z) and the maximum stretching under f at z occurs
in the directions of the smallest axes of Ef(z). If g: D' — D" is quasiconformal,
then g is conformal if and only if Egoy = Ey a.e. in D by Theorem 1.5, and Ey
determines f up to postcomposition with a conformal mapping.
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When n = 2 and f is sense preserving, Ey is determined by the Beltrami
coefficient or complex dilatation

pr(@) = falfar = =21 +1i23, (11.1)
of f at z. In particular, uy is measurable with
Hy(z) -1 K(f)-1
TSR o = ———0 <1, 11.2
s ()] Hy(z) +1 llaslle K(f)+1 (11.2)

and pgoy = py a.e. in D if and only if g: D' — D" is conformal. Moreover, in
dimension two it is possible to prescribe the dilatation uy, and hence the ellipse
Ej, at almost every = € D [AT)].

11.3. MEASURABLE RIEMANN MAPPING THEOREM. If u is measurable
with |||l < 1 in R?2, then there exzists a quasiconformal self mapping f = f,
of R? with pr = p a.e. If f is normalized to fix three points, then [ is unique
and depends holomorphically on .

Theorem 11.3 is of fundamental importance in studying the complex structure
on Teichmiiller space. It can also be a powerful tool for attacking other problems
of complex analysis. One example is the solution of the inverse problem of
Nevanlinna theory [D2] where Drasin first constructed a locally quasiconformal
function g with prescribed defects, and then applied Theorem 11.3 to obtain a
quasiconformal self mapping f of R? so that g o f was meromorphic with the
same defects as g. A second example is Sullivan’s recent solution [S3] of the
Fatou-Julia problem on wandering domains where Theorem 11.3 was used to
construct a large real analytic family of quasiconformal deformations of a given
rational function.

The following is an important consequence of Theorem 11.3.

11.4. COROLLARY. Ifn =2 and € > 0, then each quasiconformal f: D —
D' can be written in the form f = fio -+ o fr, where K(f;) < 1+ ¢ for
j=1,...,m and m = m(e, K(f)).

There is no analogue of Theorem 11.3 in higher dimensions. Moreover, when
n > 2, examples show that Corollary 11.4 is almost certainly not true without
further restrictions on the domain D. It is an important open problem to decide
if some higher dimensional form of this result holds, even for the case where
D=D'=R"

12. Quasiconformal groups. A group G of self homeomorphisms of R” is said
to be discrete if G contains no sequence of elements which converge to the identity
uniformly in R”, and K-quasiconformal if K (9) £ K for each g in G. Though
the family of quasiconformal groups contains all Mobius groups, Theorem 11.3
can be used to show that this larger family does not exhibit new phenomena
when n = 2 [S2, T2].

12.1. THEOREM. When n =2, each quasiconformal group G can be written
in the form G = f~loHo f, where H is a Mibius group and f a quasiconformal
self mapping of R2.
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The situation is different in higher dimensions, and for each n > 2 there exists
a quasiconformal group which is not even isomorphic as a topological group to
a Mobius group [T3]. Nevertheless, the following convergence property allows
one to establish quasiconformal analogues of many basic properties of Mébius
groups [G10].

12.2. THEOREM. If G is a discrete quasiconformal group, then for each
infinite sequence of distinct elements in G there exists a subsequence {g;} and
points zg, Yo in R™ such that g; — yo locally uniformly in R™\{zo} and gj"1 — Tg
locally uniformly in R™\{yo}.

Suppose that G is a group of self homeomorphisms of R”. We say that G is a
discrete convergence group if it satisfies the conclusion of Theorem 12.2, and that
an element g of G is elliptic if it is of finite order or periodic, and parabolic or
lozodromic if it has infinite order and one or two fixed points, respectively. The
limit set L(G) is the complement of the ordinary set O(G), the set of z € R™
which have a neighborhood U such that g(U) NU # & for at most finitely many
g € G. Finally, G is properly discontinuous in an open set O if for each compact
F C O, g(F)NF # < for at most finitely many g € G [G10].

12.3. THEOREM. Suppose that G i3 a discrete convergence group. Then
each element of G is elliptic, parabolic, or loxodromic, and the limit set L(G)
is nowhere dense or equal to R™. Moreover if card(L(G)) > 2, then L(G) is
perfect, L(G) lies in the closure of each nonempty G-invariant set, and the set
of fized point pairs of lozodromic elements in G i3 dense in L(G) x L(G).

Though discrete convergence groups resemble Mdbius groups in many re-
spects, examples exist which show that they need not be topologically conjugate
to Mébius groups [F'2, G10]. They also occur quite naturally in situations which
have nothing to do with Mdbius or quasiconformal groups.

12.4. THEOREM. A group G of self homeomorphisms of R™ is a discrete
convergence group if it is properly discontinuous in R™\E, where E is closed and
totally disconnected.

It will be interesting to see how much of the classical theory of kleinian groups
carries over for this general class of groups.

13. Holder continuity and integrability. Theorem 12.2 can be deduced from
(4.1) and the following estimate for change in the chordal distance ¢ in (1.1)
under a quasiconformal mapping [G7].

13.1. THEOREM. If f: D — D' is K-quasiconformal and if R™\D # @,
then

q(f(2), f(®))a®™\D') < e(g(z,9)/a(z, 0D))"/¥ (13.2)
for z,y in D, where q(E) denotes the chordal diameter of E and ¢ = c(n).

Theorem 13.1 is a consequence of (7.3) and Lemmas 7.9 and 7.10. When
D, D' c R, it implies that each K-quasiconformal f: D — D’ is locally Holder
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continuous with exponent 1/K and hence that these mappings interpolate be-
tween diffeomorphisms and homeomorphisms for 1 < K < oo. This fact is also
reflected in the integrability of the Jacobian J; of f.

13.3. THEOREM. If f: D — D’ is K-quasiconformal where D, D’ C R",
then Jy 18 locally LP-integrable in D for 1 < p < p(K,n), where

P(K, n) < K/(K - 1), Il{l_I—'nl p(K, n) = 00, (13'4)

Bojarski [B9)] established the existence of the exponent p(K,n) for n = 2 by
applying the Calderén-Zygmund inequality to the Beurling transform in (14.7).
The proof for n > 2 was based on the fact that g = |Jy| satisfies the reverse
Holder inequality

i foaim<e (s | rim) , e=dkm),  (185)

for each n-cube @ in D with dia(f(Q)) < d(f(Q),8D’), and on a lemma to the
effect that if (13.5) holds for all n-cubes @ contained in an n-cube @', then g
belongs to LP(Q') for 1 < p < p(c,n) [GB). These results were sharpened in [I2,
R4] to obtain the second part of (13.4); the example

f@=lel"s, o= (K-1)/K, (13.6)

gives the first part of (13.4). There is reason to suspect that one can take
p(K,n) = K/(K — 1) in Theorem 13.3. However, this has not been established
even for the case n = 2.

ITI. Connections with other areas of mathematics.

14. Harmonic and functional analysis. Quasiconformal mappings are encoun-
tered in harmonic analysis through their connections with functions of bounded
mean oscillation and singular integrals.

A function u is said to be of bounded mean oscillation in a domain D C R™,
or in BMO(D), if u is locally integrable and

1
lullBMO(D) = SUD ) /B |u — upg|dm < oo, (14.1)

where the supremum is taken over all n-balls B with B C D and

up = —rr_L_(IIT)_LUdm' (14.2)

The class BMO was introduced by John and Nirenberg [J3] in connection with
John’s work in elasticity [J1], and it gained great prominence when Fefferman
showed that BMO(R™) is the dual of the Hardy space H(R™) [F1].

The following relations between the class BMO and quasiconformal mappings
are due to Reimann [R1].
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14.3. THEOREM. If f: D — D’ is K-quasiconformal where D,D' C R",
then || log J¢|lBMo(p) < ¢ where ¢ = ¢(K,n).

14.4. THEOREM. Suppose that f: D — D' is a homeomorphism where D,
D' C R™. Then [ is quasiconformal if and only if there exists a constant ¢ such
that

1
- llullamo(e) < llu e fllmo(e) < cllullamoar) (14.5)
for each subdomain G of D and each u continuous in G' = f(G).

Theorem 14.3 and the necessity in Theorem 14.4 follow from the fact that
g = |Jy| satisfies the reverse Holder inequality in (13.5). The sufficiency in
Theorem 14.4 is a variant, due to Astala [A9], of Reimann’s original result.

Theorem 14.4 characterizes quasiconformal mappings as the homeomorphisms
which preserve the class BMO. The following result [J4] characterizes quasidisks
in terms of extension properties for BMO.

14.6. THEOREM. If D i3 a simply-connected domain of hyperbolic type in
R2, then each function u in BMO(D) has a BMO extension to R? if and only if
D is a quasidisk.

Next the best possible exponents for Jacobian integrability and area distortion
for plane quasiconformal mappings are closely connected with sharp constants
in two inequalities for the Beurling transform

Tg(z) = -% i (x-"fy;)z dm. (14.7)

For example, T is a bounded operator on L?(R?) with

ITgll > (r2) ( 1 )
T|l, =8up ———— >max{p—1,— 14.8
Il yp lgllzerzy ~ P p—1 (14.8)

for 1 < p < oo and ||T||2 =1, and there is reason to believe that
1
lim inf =||T||, = 1. 14.9
iminf Il (14.9)

If true, this would yield the sharp upper bound p(K,2) = K/(K — 1) for the
integrability of the Jacobian of a plane quasiconformal mapping discussed in §13
[I1].

Next, one can show that there exist constants a and b such that

/ |Txe(z)| dm < am(E)log(r/m(E)) + bm(E) (14.10)
B2
for each measurable E C B2. This inequality can be combined with Theorem

11.3 to prove that
K—G
@ <c (@) , (14.11)

c=c(K)=1+O0O(K —1) as K — 1, for each K-quasiconformal f: B2 — B?
with f(0) = 0 and each measurable set E C B? [G11]. Moreover, the above
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reasoning can be reversed to show that if (14.11) holds for a given constant a,
then so does (14.10). It is conjectured that both hold with a = 1. If so, this
would again imply that p(K,2) = K/(K —1).

Finally, the problem of quasiconformal equivalence of domains can be refor-
mulated in terms of function algebras. Given a domain D in R"™, we let A(D)
denote the algebra of functions u € C(D) "W, (D) with norm

lull = llullLeo(py + Vel Ln (D), (14.12)
the so-called Royden algebra of D. We then have the following result [L5, L6).

14.13. THEOREM. Two domains D and D' in R™ are quasiconformally
equivalent if and only if A(D) and A(D') are isomorphic as algebras.

Little is known about the structure of these algebras and it may be that
geometric methods used to determine quasiconformal equivalence will yield more
information about them than vice versa.

15. Quasi-isometries and elasticity. A mapping f: E C R® — R™ is an L-
quasi-isometry in E if

Zlo1 =2l < 1(e1) ~ J(22)] < Ll — 2 (15.1)

for z;,29 € E; f is a local L-quasi-isometry in E if for each L' > L,each z € £
has a neighborhood U such that f is an L'-quasi-isometry in ENU.

If f is quasi-isometric in a domain D, then f is quasiconformal by (1.2) and
(1.4); the mapping in (13.6) shows that the converse is false. Nevertheless,
quasiconformal homeomorphisms arise in questions concerning extension and
injectivity of these mappings.

15.2. THEOREM. If n # 4, then a quasi-isometry f of E has a quasi-
1sometric extension to R™ if and only if f has a quasiconformal extension to
R"™.

Theorem 15.2 [T8] gives a criterion for extension in terms of the mapping f.
There is also a criterion in terms of the set E when E is a Jordan curve [G9].

15.3. THEOREM. If C is a Jordan curve in R?, then each quasi-isometry f
of C has a quasi-isometric extension to R? if and only if C is a quasicircle.

For each domain D C R™ let L(D) denote the supremum of the numbers
L > 1 with the property that each local L-quasi-isometry f in D is injective
there. The constant L(D) has a physical interpretation if we think of D as an
elastic body and f as the deformation experienced by D when subjected to a
force field. Requiring that f be a local L-quasi-isometry bounds the strain in
D under the force field and L(D) measures the critical strain in D before D
collapses onto itself.

Little is known about this constant except that 21/4 < L(D) < 2'/2? whenever
D is a ball or halfspace [J2]. However, we can characterize a large class of plane
domains for which L(D) > 1 [G8].
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15.4. THEOREM. If D is a simply-connected proper subdomain of R2, then
L(D) > 1 if and only if D is a quasidisk.

15.5. COROLLARY. If f is a local L-quasi-isometry of a bounded simply-
connected domain in R? and if L < L(D), then f has an M -quasi-isometric
extension to R? where M = M (L, L(D)).

Corollary 15.5 says that the shape of a deformed simply-connected plane elas-
tic body is roughly the same as that of the original provided the strain does not
attain the critical value. It would be interesting to obtain a higher dimensional
analogue of this result.

16. Complez analysis. Quasiconformal mappings sometimes arise in function-
theoretic problems which appear to be completely unrelated to this class. An
excellent example is Teichmiiller’s theorem [T1] which relates the extremal qua-
siconformal mappings between two Riemann surfaces with the quadratic differ-
entials on these surfaces.

For a more elementary example, suppose that f is meromorphic in a simply-
connected domain D of hyperbolic type in R? and let

e (5)-3(5)"

By a theorem of Nehari [N1], f is injective whenever D is a disk or halfplane
and |Sy| < 2p% in D. Here pp is the hyperbolic metric in D given by

pp(2) = lg'(2)|(1 - lg(2)1") ™ (16.2)

where g: D — B? is conformal. It is natural to ask: for which other domains
D does such a result hold? That is, for which D is o(D) > 0, where o(D)
denotes the supremum of the numbers a¢ > 0 such that f is injective whenever f
is meromorphic with |S¢| < ap? in D?

The answer involves quasiconformal mappings and yields a new characteriza-
tion of Bers’s universal Teichmiiller space [B5].

16.3. THEOREM. o(D) > 0 if and only if D is a quasidisk.

17. Differential geometry and topology. Some of the results mentioned in
Chapter II have important applications in differential geometry. For example,
Theorem 1.5 and the necessity in Theorem 10.3 are key steps in the original
proof of Mostow’s rigidity theorem [MS5].

17.1. THEOREM. Ifn > 2 and if M and M' are diffeomorphic compact
Riemannian n-manifolds with constant negative curvature, then M and M’ are
conformally equivalent.

Similarly, the equicontinuity property for quasiconformal mappings implied
by Theorem 13.1 is an important tool in establishing the following conjecture of
Lichnerowicz [L4].
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17.2. THEOREM. Ifn > 2 and if M 1s a compact Riemannian n-manifold
not conformally equivalent to a sphere, then the group C(M) of conformal self
mappings of M 1is compact in the topology of uniform convergence.

The work of Earle and Eells [E1] on the diffeomorphism group of a surface and
Bers’s proof [B8] of Thurston’s theorem on the classification of self mappings of
surfaces illustrate how quasiconformal mappings can be applied to problems in
surface topology. Sullivan showed [S1] that the Schoenflies theorem, the annulus
conjecture and the component problem hold for quasiconformal mappings in all
dimensions. The results of this fundamental paper suggest that quasiconformal
mappings may prove to be an important, intermediate category of maps between
homeomorphisms and diffeomorphisms.
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Soft and Hard Symplectic Geometry

M. GROMOV

1. Basic definitions, examples, and problems.

1.1. Symplectic forms and manifolds. An exterior differential 2-form w on a
smooth manifold V is called nonsingular if the associated homomorphism be-
tween the tangent and cotangent bundles of V', denoted I,,: T(V) — T*(V') and
defined by I,,(r) = w(r,-), is an isomorphism. In this case, the dimension of
V is necessarily even (we assume that V' is finite-dimensional and all connected
components of V have the same dimension), say dimV = m = 2n, and the
exterior power w™ (which is a top-dimensional form on V) does not vanish on
V. Conversely, if w™ does not vanish, then w is nonsingular. For example, every
(oriented) area form on a surface is nonsingular.

A form w on V is called symplectic if it is nonsingular and closed, that is,
dw = 0. Then (V,w) is called a symplectic manifold.

EXAMPLES. Every surface with an area form is a symplectic manifold. If
(Vi,w;) are such surfaces for ¢ = 1,...,n, then the Cartesian product (V,w) =
(VixVax -+ XVp,w1 Qwe® - Dwy,) is a 2n-dimensional symplectic manifold.
The symplectic area w(S) = [, g w of every surface S in this V' equals the sum of
the (oriented!) areas of the projections S — V.

An important special case is the symplectic space (R*™,w = Y"1 | dz; Ady;);
that is, the sum of n copies of the (z,y)-plane R? with the usual area form
dz Ady.

A less obvious example is the complex projective space CP™ which admits a
unique (up to a scalar multiple) 2-form w which is invariant under the action
of the unitary group U(n + 1) on CP". This form is (easily seen to be) sym-
plectic, and the symplectic area of every surface S C CP"™ equals the average
number of the intersection points (counted with algebraic multiplicity) of S with
hyperplanes p C CP",

w(8) = /P #(S N p) dp,

where P is the (dual) projective space (= CP™) of hyperplanes p in CP™ and
dp is a U(n + 1)-invariant measure on P.
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1.2. Symplectic (diffeo)morphisms. A C'-map f: (Vi,w1) — (V2,w2) is called
symplectic if the pull-back of ws equals wy; that is, f*(wz) = wy. Every such
[ necessarily is an immersion; that is, the differential Dy: T(V1) — T(V3) is
injective on the tangent space T,(V;) for all v € V;.

The group SympV of symplectic diffeomorphisms of every symplectic man-
ifold V = (V,w) is infinite-dimensional for dimV > 2. Indeed, the space {2
of closed 2-forms on V essentially is {1-forms/d(functions)} which makes “the
functional dimension” of ) equal m — 1 (for m = dim V'), while “the functional
dimension” of Diff V' is m since every diffeomorphism V' — V is determined by
m functions on V. Hence, the expected “functional dimension” of the group
Symp(V, w), which is the isotropy subgroup of w € 1 for the natural action of
Diff V on (), is one. This heuristic argument (which, in fact, can be made precise)
suggests some correspondence between functions V — R and symplectic diffeo-
morphisms of V. (Notice that for “sufficiently nondegenerate” forms w of degree
between 3 and m — 2, the automorphism group of (V,w) is finite-dimensional,
and the same is true for symmetric differential forms of degree > 2.)

Symplectic vector fields. A vector field X on (V,w) is called symplectic if the
Lie derivative Xw vanishes. Since

Xw = dI,(X) 1)

for all fields X and closed 2-forms w, the condition Xw = 0 is equivalent to
dI,(X) = 0. Therefore, for every closed 1-form ! on V, the field I 1(l) is
symplectic. In particular, for every smooth function (Hamiltonian) h: V — R,
the field X = I;1(dh), called a Hamiltonian field, is symplectic. Integrable
Hamiltonian fields X (e.g., those where h has compact support) give us one-
parametric subgroups X; C Symp(V,w). This confirms the largeness of SympV
predicted by the above dimension argument.

Another property of Symp(V, w) which can be seen by looking at Hamiltonians
is the transitivity of SympV on k-tuples of disjoint points in V for every k =
1,2,..., where we assume that V is connected. In particular, Symp V is transitive
onV.

COROLLARY (DARBOUX). Ewvery two symplectic manifolds V1 and Va of the
same dimension are locally isomorphic.

PROOF. If U; Cc V;, © = 1,2, are sufficiently small neighborhoods, then
there obviously exists a connected symplectic manifold V', such that U; are
symplectically diffeomorphic to some neighborhoods U} C V.

Ezamples of symplectic diffeomorphisms of (R*",w = ) dz; Ady;). (1) Every
parallel translation of R?" is symplectic.

(2) Let 2z; = z; + v/—1y; and identify R2" with C". Then the form w can be
expressed with the Euclidean scalar product by

w(r1,73) = (r1,V/—1r2)
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for all (tangent) vectors r; and 75 in R2", Therefore w is invariant under unitary
transformations of C™. In fact, the group Sp(2n) of linear symplectic transfor-
mations of R?" strictly contains U(n), as

dim U(n) = n? < n(2n + 1) = dim Sp(2n).

(3) Split R?" into the sum of n copies of (R%,dzAdy) and let f; fori =1,...,n
be area-preserving transformations of R?. Then the Cartesian sum of f; is
symplectic on R2",

(4) Identify R?™ with (the total space of) the cotangent bundle of R™ with
coordinates z1,...,Z,. Then the natural action of diffeomorphisms of R™ on
T*(R"™) = R?" is symplectic. Thus Diff R® embeds into Symp R2".

One can compose diffeomorphisms in (1)-(4) and also compose them with
the above Hamiltonian diffeomorphisms X;. Thus one obtains symplectic dif-
feomorphisms of R2” which may look arbitrarily complicated. Yet, there is no
f € SympR?" sending U; into Uy, where U; and U, are open subsets in R2",
such that Vol Uy > Vol U,. In fact, VolU = [, w™ is invariant under Symp R?".

PROBLEM. Are there further obstructions besides VolU; < VolU, for the
existence of symplectic diffeomorphisms of R?" mapping U; into Uy?

It is easy to see that no essentially new obstruction exists for volume-preserving
diffeomorphisms of R2". Namely, if U; is relatively compact, the sets R2"\U;
and U, are connected, and

VolU; < Vol Uy (%)

(the strict inequality removes an irrelevant problem of the boundary behavior of
the maps), then there exists a smooth (even real analytic) diffeomorphism f of
R?2" sending U; into U, and satisfying f*(w™) = w™. However, such obstructions
do exist for symplectic maps as seen in the following

EXAMPLE. Let U; be the round ball in R?” of radius =, and let U be the
e-neighborhood of a linear subspace L C R?" with dim L < n. Then there is no
symplectic diffeomorphism (for w = Y.~ ; dz; Ady;) sending Uy — U, for e < r.

The proof (indicated in §4.1) relies on the geometry of holomorphic curves
for some (nonintegrable) almost complex structure in R2". No “soft” proof is
known at present.

REMARK. If L is the n-dimensiona] linear subspace in R2" given by the equa-
tions z; = 0, for 1 = 1,...,n, then the unit ball U; goes to the e-neighborhood
U, of L by the symplectic maps (z;,y;) — (ezi,e'y;). However, if L is given
by the equations z; = 0 and y; = 0 (here dim L = 2n — 2), then no symplectic
diffeomorphism Uy — Us exists for r > ¢ (see §4.1).

1.3. Isotropic immersions and Lagrange submanifolds. A C'-map f: W —
(V,w) is called isotropic if f*(w) = 0. We are especially interested in the case
where dimW = n for 2n = dimV and f is an immersion. These f are called
Lagrange immersions. Similary, a submanifold W C V is called Lagrange if
w|V =0

EXAMPLES. (1) Let f: (V1,w1) — (Va,ws) be a symplectic map and (V,w) =
(Vi X Va,w1 ® —wg). Then the graph I'y: Vi — V for T'y(v1) = (v, f(v2)) is
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an isotropic immersion. In fact, the graph of every map is an embedding and
I's(V1) is a Lagrange submanifold in V' if dimV; = dim V5.

(2) fdimV =2 and W C V has dimW = 1, then obviously W is Lagrange
for every area form w on V. The Cartesian product of n copies of these,

Wix o xWpC(Vix - XVpw1 @ - ®wy),

also is Lagrange. In particular, the torus 7" = {z;,y; | 2 +y? = 1} is Lagrange
in (R2*, 30 | dz; A dy;).

(3) Let V be the (total space of the) cotangent bundle, V = T*(X) for some
n-dimensional manifold X. Denote by o the canonical 1-form on V defined by
the identity

a*(o) = a, ()

where a: X — T*(X) =V is an arbitrary C-section and where the same « on
the right-hand side of (*x) is viewed as a 1-form on X. It is easy to see that
the form w = do is symplectic and that for X = R™ this V is symplectically
isomorphic to (R?" Y | dz;Ady;). Now, a section X — T*(X) =V is Lagrange
if and only if the corresponding 1-form on X is closed. In particular, dh: X —
T*(X) is Lagrange for every smooth function A on X. (Notice that every W C
T*(X), whose projection on V is a diffeomorphism of W onto V, is of this kind;
W = a(X) for a unique 1-form a: X —» T*(X)=V.)

(4) The real projective space RP™ C CP" is Lagrange for the above U(n+1)-
invariant form w on CP". If V C CP" is a nonsingular complex algebraic
subvariety, then the induced form w’ = w | V clearly is nonsingular, and hence,
symplectic on V. Furthermore, if V is defined over R, then the real locus W =
V N RP™ is isotropic in (V,w'). This W is Lagrange if W is nonsingular and
dimW = dimc V.

We shall see in §2.2 that the existence problem for Lagrange immersions
p: W =V, for given W and V = (V,w), belongs with the soft geometry. But
the apparently similar problem of a possible topology of the image (W) C V
seems (at the present moment) of hard nature.

EXAMPLE (SEE §3.5). For every Lagrange immersion of a closed manifold
into R2" = C",

n
o: W — (RZ",UJ = dei /\dy,-) )
=1

there exists a nonconstant holomorphic disk in C” with boundary in (W).
It easily follows that the relative cohomology class

[w] € H2(R?™,W,R)

does not vanish. In particular, if H*(W;R) = 0, then W admits no Lagrange
embedding into (R?",w).



SOFT AND HARD SYMPLECTIC GEOMETRY 85

2. Symplectic immersions and embeddings.

2.1. Topological obstructions for symplectic immersions. We consider two
symplectic manifolds (V,w) and (W,w') and ask ourselves when a given contin-
uous map ¢: W — V is homotopic to a symplectic map f: W — V. There
are two obvious obstructions for the existence of f. First, ¢ must respect
the cohomology classes represented by w and w’. That is, the homomorphism
©*: H3(V;R) — H%(W;R) should send [w] to [w].

To see the second obstruction we observe that the differential of f, which is a
fiber-wise linear map between tangent bundles Dy: T(W) — T(V'), is symplectic
in so far as f is symplectic. Here, we call a continuous fiber-wise linear map
A: T(W) — T(V) symplectic if A*(w) = w'. (Note that f*(w) = D}(w) by the
very definition of f*(w).)

Next we consider the space {A} of all symplectic fiber-wise linear maps
T(W) — T(V) and the space {¢} of continuous maps W — V. It is easy
to see that the projection {A} — {}, which sends each A to the underlying p,
is a Serre fibration. Hence, the existence of a homotopy between ¢ and f (where
[/ lifts to Dy € {A}) implies the existence of a lift of ¢ to some A € {A}. Note
that such a lift is given by a symplectic homomorphism of bundles over W, say
by

8: (T(W),w') — ©*(T(V),w)

(here ©*( ) denotes the induced bundle and the symplecticity of § is understood in
the obvious sense), and these § are sections of the fibration over W whose fiber at
w € W consists of linear symplectic maps Ty, (W) — Tio(w) (V). Then we observe,
for example, that every ¢ lifts to some A if the manifold W is contractible and
dimW < dimV. (This discussion depends only on the nonsingularity of w and
w’. On the contrary, the earlier condition ¢*|w] = [w’] only needs the forms to
be closed.)

2.2. IMMERSION THEOREM (SEE [Gr2], [Gr4]). Let p: V = (V,w) —
W = (W,w') be a continuous map which admits a lift to a symplectic map
T(W) — T(V) and which satisfies o*[w] = [w']. Then in the foll