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HANS FREUDENTHAL

ALLOCUTION DU PREMIER
CONGRES INTERNATIONAL DE L’ENSEIGNEMENT
MATHEMATIQUELYON, 24-31 AOUT 1969

Le 29 juillet 1654 un Frangais écrivait & un autre: “Je vois bien que la
vérité est la méme a Toulouse et & Paris.” Lyon est & distance égale de ces
deux, et il me semble que la vérité ne doit pas étre autre ici et aprés trois
siécles.

Les correspondants dont je vous parlais, étaient Pascal et Fermat. Cest
une grande découverte de constater certaines propriétés d’invariance de la
vérité, mais & vrai dire, cette correspondance traitait d’une découverte plutot
technique, du calcul des probabilités, ou Pascal et Fermat venaient de faire
leurs premiers pas. Pascal fut I'interpréte de ce sentiment de surprise extréme
que chaque mathématicien a éprouvé maintes fois quand deux méthodes
conduisaient au méme résultat, quand deux mathématiciens développaient
indépendamment des idées équivalentes.

La correspondance tournait autour de deux problémes dont on dit qu’ils
avaient €té posés par le fameux Chevalier de Méré. Ce joueur savait — peut-
€tre c’était une vieille expérience — qu’il était favorable de parier sur I’appa-
rition d’au moins un six en quatre coups de dé et il se sentit dupé quand
avec deux dés il apparut défavorable de parier sur au moins un six double
dans 24 coups. En effet c’était un résultat étrange. Avec deux dés il y a six
fois le nombre de possibilités qu’avec un seul et par conséquent si un seul
dé demande une série de quatre pour un pari paritaire, elle devrait six fois
quatre avec deux dés. C’est simple comme bonjour, d’apreés la régle de trois.
Le calcul effectif des probabilités montrait que la probabilité d’un six au
moins en quatre coups avec un seul dé, est de 1—(2)*~0.516, celle d’un six
double au moins en 24 coups avec deux dés est de 1 —(3£)%*~0.491, ce que
de Méré appela un scandale. L’autre probléme du Chevalier de Méré était
celui “des partis”. Deux joueurs ont contracté une série de jeux; la proba-
bilité¢ de gagner un seul est un demi pour chacun des joueurs; celui qui
accumulerait le premier cinq jeux gagnés, recevrait la mise en jeu. Par force
majeure la série doit &tre interrompue au moment ot 4 a gagné quatre et B
trois jeux. La question se pose de partager la mise. Les uns proposaient le
partage de 4:3 pour A contre B, les autres insistaient sur (5—3):(5—4). En
supposant la série continuée, Pascal montra que les chances de 4 et de B
d’aboutir & 5 jeux étaient de 3:1, et C’est alors la proportion juste d’aprés
la mise doit étre partagée. Une autre fois la régle de trois a échoué.

Jaime cette histoire parce qu’elle jette une lumiére éclatante sur le grand
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probléme de ’enseignement mathématique. De Méré et ses camarades de la
table de jeu qui appliquaient la mathématique aux jeux, étaient sans doute
des gens bien instruits. Ils connaissaient le calcul arithmétique et la régle de
trois, et il est bien naturel qu’ils appliquaient ce qu’ils avaient appris. On
sait bien qu’il y a des cas ou, au lieu de la régle de trois directe, on doit se
servir de sa version inverse, mais en somme c’est toujours, pour ainsi dire,
une fonction linéaire. Méme aujourd’hui le physicien qui doit expliquer
théoriquement une fonction empirique, commencerait avec la supposition
qu’elle soit linéaire, ce qui en bien des cas sera approximativement vrai.
Dans le cas des deux dés ’extrapolation linéaire est méme trés bonne, mais
la déviation, quelque faible qu’elle soit, suffisait pour que de Méré perdit
sont argent. Il faisait 'erreur de se fier aux mathématiques faites qu’il avait
apprises; s’il en avait appris moins, il se serait fié aux mathématiques a
faire, c’est-a-dire au bon sens. Voila le grand probléme de I’enseignement
mathématique: d’unir les forces de la mathématique faite qu'on apprend,
et de la mathématique  faire qu’on doit créer lui-méme.

Je continue en anglais.

In fact I think this has been and still is the big problem of mathematical
education. Mathematics involves general principles and universal techniques.
Teachers like teaching techniques, because students like learning techniques,
trustworthy techniques that never fail. Techniques are necessary as a means
of mastering nature and society, but techniques are also dangerous if their
validity is overestimated. Nobody can teach and nobody can learn enough
prefabricated mathematics to meet all possible mathematizable situations.
Moreover a mathematical subject that has reached the state of a technique,
can with more efficiency be handled by machines than by man.

Mathematics is more than a technique. Learning mathematics is acquiring
an attitude of mathematical behaviour. Mathematics was granted a place
in education because educators valued it as a whetstone of wit, as powerful
as Latin or even more powerful. Meanwhile mathematics has become an
indispensable tool in our civilization. Mathematicians are inclined to teach
mathematics as an aim in itself because they know and cultivate mathe-
matics as such. But as soon as they look around they will notice that mathe-
matics as an aim in itself counts for a very small minority only. For all
others mathematics is important enough to play a part in their education.
Mathematics should be taught to be fully integrated by the learner, which
means that he should enjoy it and know how to use it if need be. Mathe-
matics should not be taught as an aim in itself but with a view to its edu-
cational consequences. Mathematics should not be taught to fit a minority,
but to everybody, and they should learn, not only mathematics but also
what to do with mathematics. This does not mean teaching applied mathe-
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matics, but rather creating an attitude, the attitude of discovering mathe-
matics whereever it applies.

Il n’est pas douteux que de toutes les branches de I’éducation, la mathé-
matique marche en téte du renouvellement. Ce fut d’abord une réforme des
programmes. On découvrit que Ienseignement ne devait pas ignorer les
grands principes que la mathématique avait développés pendant un siécle.
Bientdt la discussion se déplaga aux méthodes. On découvrit que les nou-
veaux programmes demandaient et favorisaient de nouvelles méthodes didac-
tiques. On apprit qu’il faut subordonner le programme et la méthode au but
général de I’éducation mathématique et intégrer I'’éducation mathématique
a I’éducation générale. On s’attacha a la rééducation des maitres qui doivent
enseigner cette nouvelle mathématique avec de nouvelles méthodes, les yeux
fixés sur des buts nouveaux dans une société se renouvelante.

Vous vous &tes réunis au premier Congrés International de I’Enseigne-
ment Mathématique, mais depuis le début de ce siécle la CIEM a exercé une
activité internationale et comme la mathématique méme le mouvement ré-
cent de renouvellement de ’enseignement n’a pas connu de frontiéres. La
mathématique fut la premiére science de ’humanité et elle est devenue la
premiere dans l'histoire de beaucoup de nations nouvelles. Il y a alors des
mathématiciens presque partout ou vivent des hommes. C’est notre tiche
de les aider a faire des recherches et a élever de jeunes mathématiciens.

Evidemment la vérité est la méme & Toulouse et & Paris. Mais le monde
s’est élargi. On peut substituer a ces deux cités frangaises quelqu’autre paire
d’endroits du globe terrestre. Ou ne serais-je pas plus actuel, si je parlais
de la vérité qui est la méme sur la Terre et la Lune? Quand-méme j’ai insisté
a Paris et Toulouse, cités d’un pays qui depuis des siécles a contribué non
seulement a la mathématique, mais aussi a la culture de son enseignement.
Pour le passé il suffit de rappeler le nom de Clairaut, grand pédagogue de la
géométrie et premier renovateur depuis ’antiquité. Pour le présent chaque
mathématicien sait dans quelle mesure I’école mathématique frangaise a
contribué a donner a la mathématique cette forme ol elle peut &tre enseignée
a plus de monde que jamais, a tout le monde, et chaque homme actif dans
I’enseignement mathématique connait les noms de ses collégues frangais qui
se sont battus en premiere ligne pour les idéaux du renouvellement.

Par droit de primogéniture la France était destinée de loger ce Premier
Congrés International de I’Enseignement Mathématique. Nous sommes
heureux que nos collégues frangais aient voulu se charger de cette tiche
lourde, mais pleine de promesse. Je vous assure que ce n’était pas une siné-
cure d’organiser ce congres.

By coming to this place in such a large number you have proved that mathe-
matical education is a big thing. I am sure this congress will prove that it is
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a great thing, too. On behalf of those who have worked hard to make this
congress a success I welcome you and I invite you to use this week of scientific
and social events as a great opportunity to exchange experiences and ideas,
to meet people from nearby and far away, and to enjoy all good things this
country and this city can offer you.



BENT CHRISTIANSEN

INDUCTION AND DEDUCTION IN THE
LEARNING OF MATHEMATICS
AND IN MATHEMATICAL INSTRUCTION

I. INTRODUCTION

I appreciate very much having been invited to give an address to this first
international congress. I hope that my remarks — being of a rather general
nature — may have the interest of the audience.

It is my belief that the very necessary changes in the millions of class-
rooms with regard to the approach to mathematical education will not take
place unless we explain ourselves at many levels of language. At one level
we will have to convince the students at universities and training colleges
of the necessity of using new means. At other levels of communication, we
will have to motivate for debate the participants in the in-service training,
the students in the schools and certainly also the parents and the authorities.
While the research increases with regard to mathematical teaching, thereby
providing sharper and stronger answers to important educational problems,
it is thus in my opinion — for implementation purposes — still necessary to
discuss in a general way the philosophy of mathematical education.

II. THE PREPARATION OF THE USE OF THE AXIOMATIC METHOD

Let me begin my address by stating a view on mathematics in the following
way:

The foremost goal of mathematics on scientific level is the study of struc-
tures.

The most important means for the attainment of this goal is the axiomatic
method.

If this is accepted — and I think general acceptance is at hand among
mathematicians — what are then the consequences for school teaching? My
own answer is, that even if the use of the deductive method has been domi-
nant in all teaching of mathematics up to our days, and even if deduction
is an indispensable part of any axiomatic development, then the relevant
preparation of the use of the axiomatic method — on any level of school
teaching — consists in an application of the inductive approach to a degree
that goes far beyond what is at present customary [1].

It is to-day generally accepted that the speed with which our knowledge
is increased implies that one of the foremost aims of any teaching is to
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enable students to gain further knowledge on their own, or — put in another
way — it is an all important goal for education in school in general to teach
students how to learn [2]. The meeting of this goal will strongly influence the
whole organization of the teaching of mathematics. Its obtainment will in
my opinion through all grades in school make the use of the inductive ap-
proach indispensable.

III. DEVELOPMENT OF LEARNING ABILITY

When we agree that it is a most important task of the teacher to give the
individual student the best possible conditions for developing learning ability
we will have to promote certain views and attitudes and certain working
methods in the student himself. In order to establish such views and attitudes
in the individual student special measures must certainly be taken with
regard to the planning of the whole teaching situation. Thus, if we — for the
sake of the argument — accept both the inductive approach and the deductive
method as important means for the student himself in his learning of mathe-
matics, then it becomes conclusive in what way these two themes are pre-
sented by the teacher in the mathematical instruction.

In the preceding remarks I have loosely pointed to the interrelationship
between the general question of goals and means in the teaching of mathe-
matics and the four themes of this address: The inductive approach, the
deductive method, the mathematical instruction, and the learning of mathe-
matics. I shall now try to characterize each of these themes individually:

IV. THE INDUCTIVE APPROACH

The inductive approach [3] is for me a special working method applicable by
any human being trying to obtain cognition with regard to any field of know-
ledge. The situation in which the inductive approach is used may be a nar-
row one, as is the case if the person is occupied with some clearly specified
problem in some specified context, or the situation may be wide, as is the
case if the person is occupied with a complex of unspecified and vaguely
stated problems without any known connection to well established fields of
knowledge for the person in question. The characteristics of the inductive
approach may now be stated in the following schematic way:

(1) The person engage himself in experiments with or within the situation
at hand. The experiments may be concerned with objects of a physical
nature or with objects created by the mind as concepts, structures or whole
theories. Further the experiments may be of a trial-and-error type, or they may
from the start (or at least nearly so) be carried out after some system or plan.
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(2) During the experimentation the person observes the result of each
experiment. In some cases no conscious recording is made of the obser-
vations, but all the same a transfer is taking place from the basic (and often
perceptual) level of the experiments to some higher and clearly conceptual
level. In other cases the observations are recorded in the memory, and in
still other cases a conscious recording takes place by use of tables or reports;
also in these cases the observations give rise to conceptual activity.

(3) The observations — and the thought-processes in connection with the
observations — may now give rise to an awareness of (or even a formulation
of) some hypothesis regarding the situation. The person guesses about the
problem in consideration. In many cases the hypothesis has the form of a
generalization including all the examples observed as special cases.

(4) Further experiments may now be carried out in order to test the
hypothesis. For instance it could be observed if necessary consequences of
the premisses are fulfilled under the hypothesis, or it may be observed if a
generalization covers the result in new special cases.

(5 A deductive framework is sought, inside which a proof may be given
of the hypothesis. Such a proof may be given in some axiomatic theory
having a model (practical or theoretical) comprising the original problem.

In short, the inductive approach (in one of its forms) may be characterized
in the following four steps: (1) Experimentation. (2) Observation. (3) Form-
ing of a hypothesis. (4) Further experimentation in order to test the hy-
pothesis.

The deductive reasoning described in (5) above does not belong to the
inductive approach. However, it should be observed that the inductive ap-
proach forms a strong motivation for a subsequent use of deduction with
regard to verification (or falsification) of the hypothesis (relative to some
mathematical model).

V. THE DEDUCTIVE METHOD

The use of the deductive method could be passed by at this occasion on the
ground that the theme is well-known by this audience. However, let me give
a few comments: First, let us regard the concept of proof in some formal
axiomatic theory. A formula “7” may in such a setting be recognized as
proved, if and only if a column of strings (of symbols of the theory) may be
established such that each string is a formula of the theory, and such that
the formula “T™ is the last line in the column, while each other line is either
an axiom of the theory or a consequence of one or more preceding lines (by
rules of inference belonging to the axiomatic theory). Now, clearly, this idea
of deduction is very far apart from the deduction belonging to the field of
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elementary mathematics as treated in schools to-day. What do we mean by
the deductive method, if we argue that this method should be used in the
teaching of mathematics at secondary level?

During the primary school the child collects lots of experiences with regard
to the nature of its surroundings. On a perceptual basis of reference con-
cepts are formed and conceptual processes are started regarding predicates
which shall later become a part of mathematics, even if at that later stage
the cognition will have been carried much further, and the “nature” of the
objects of space and of intellect much changed. This whole phase is clearly
governed by the inductive approach, even if this is not always recognized
and, therefore, not sufficiently taken into account in the planning of the
education in schools. In these years the child especially acquires a large
amount of knowledge about numbers and operations on numbers and also
about geometric concepts. The knowledge is “stored” as general statements
(of the form: “Vx € E:P(x)”) which are accepted as true mostly by generali-
zation from observation of examples. If the mathematics curriculum was
more extensive the experiences and the acquired knowledge would also com-
prise elements of probability theory, or regarding algebraic structures or
topology.

When “explanations” are given in later grades of the primary school, and
in the early grades of secondary school, they mostly consists of references
to such statements accepted by the child to be generally true. Also arguments
are given in order to demonstrate that a statement “Q” is true in all cases
where (for instance) two statements “P,” and “P,” are both true. Again,
such arguments may consist of references to “facts” known from earlier
stages; but furthermore statements are often used as being true without any
reference to background knowledge. That this is the case you may realize
by thinking through how the traditional proof is given for a theorem such
as “The opposite sides in any parallelogram are of equal length”.

However, we should not show any respect for such reasoning. If a student
is motivated to follow the argumentation — or better to give his own argu-
ments — his cognition of the “objects” under consideration may become
deeper and broader, and links may be formed among general statements of
different nature. If we do not accept the “intuitive arguments™ at the inter-
mediate level we run a serious risk of turning out students about whom it
might at later stages be said: “They have no intuition at all! Why can’t they
see this — it’s so obvious!” At the intuitive level we shall not in all cases feel
obliged to prove things to be true. Often it is really our primary object to
convince students by very informal arguments that something has to happen
in all situations of a certain type. Also, we should recognize that the informal
arguments have important features common with the deductive method
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as used at later stages, for instance in connection with an axiomatic
theory.

Just as other fields of elementary mathematics has been reoriented in the
last decades, such that the whole presentation has become “saner”, it is
possible to give students at the primary level (and certainly at the inter-
mediate level) manifold occasions to follow shorter arguments, where the
similarity to proving on later levels is quite clear. One topic to be mentioned
in this connection is the solution of open statements. Moreover, in connec-
tion with problem solving (still utilizing the inductive approach) it will over
and over be the case that the learner thinks analytically: “If I had a solution,
then this would also be the case. Hence, the only possible solution is ...” Or:
“I cannot use this as a solution, because then I would have that, which would
not be true under the conditions given.” This means that one of the most
important features of deductive reasoning becomes thoroughly familiar to
the student. On such grounds the first steps may be taken for a proper treat-
ment of elements of logic including dealing with truthfunctions, equivalences,
and also some few rules of deduction [4].

VI. THE MATHEMATICAL INSTRUCTION

The mathematical instruction covers for me a more narrow field than the
teaching of mathematics. The latter comprises all kinds of activities by which
the teacher tries to impart information and attitudes to the learner. The
former is more directly concerned with the furnishing of necessary infor-
mation and skills. In the traditional setting the teacher’s role as instructor
was rather prominent. The presentation of the subject-matter, the explana-
tion of difficult points, the indoctrination of modes of speaking and writing,
the preparation of exercises etc. belonged in many cases to the most impor-
tant tasks of the teacher, and they were performed normally for the whole
class at a time. To-day, however, these phases of the teacher’s job are of
decreasing importance. More and more weight is placed upon the teacher’s
ability to inspire the students to personal activity or to create informal dis-
cussions about mathematical situations in the classroom. All the same, when
asking for means to the attainment of goals for the teaching of mathematics
it is still relevant to point out such measures that may be taken in connection
with the mathematical instruction.

VII. THE LEARNING OF MATHEMATICS

Finally a few comments on the learning of mathematics: It has already im-
plicitly been stated that one thing is the view on the organization of the
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teaching of mathematics to a class of students as seen from the teacher, and
quite another thing is the situation in the classroom as seen from the indi-
vidual learner. In order to ensure that learning of mathematics can take place
special measures must be taken by the teacher, such that each student ac-
quires working methods by which he is able to enlarge his knowledge of
mathematics independent of the teacher. The motivation of students to
personal activity with mathematical situations becomes highly important,
while reproduction of definitions and proofs of theorems (all important in
connection with the traditional mathematical instruction) may be without
much value.

VIII. GENERAL GOALS FOR THE TEACHING OF MATHEMATICS

I shall now — in order to have a proper setting for my discussion of the rdle
of the inductive approach and the deductive method — give an outline of
goals of the teaching of mathematics which are in my opinion relevant with
regard to our own time. I shall start by stating the primary aims in a most
general way as a two-fold aim, which in its first part (a) takes into consid-
eration the need of the individual, and in its second part (b) the need of
society [5]:

(a) An adequate contribution to the preparation of the individual student
for his own life taken in narrow sense.

(b) An adequate contribution to the preparation of the individual student
for subsequent education taken in broader sense.

I remark at once that obviously extensive fields are common to (a) and
(b), and further, that this two-fold aim in my opinion could be adopted by
any school subject whatever.

In accordance with (a) the teaching of mathematics to-day must be or-
ganized in such a way that the individual can have easy access to such phases
of mathematics that can give him personal satisfaction or enrichment; and
moreover — in accordance with (b) — in such a way that he is best possibly
prepared to gain further knowledge. Thus the need of society for categories
of persons having special training is obviously taken into account under the
heading (b).

IX. PRIMARY GOALS AND SECONDARY GOALS

Asking for the means to the attainment of the two-fold aim I arrive at several
derived aims, still of a general nature. In Table I I have listed the primary
goals (a) and (b) in a more extensive version, and then several secondary (or
derived) goals. Each of these goals may now be regarded as a goal in its
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own right for the teaching of mathematics, but it has been set down as a
means of obtaining the goals (a) and (b). Clearly, the derived goals have
also extensive common ground, and - therefore — in many cases the work
for fulfilment of one of these goals will also serve towards the fulfilment of
one or more of the others.

X. THE HIERARCHY OF GOALS

The outline shows that the goals form a hierarchy. This would become still
more obvious if we now did proceed by asking what means could serve to
the obtainment of the derived aims. We would then be brought into contact
with special mathematical topics, and we would have to make a choice of
mathematical procedures and pedagogical methods permitting the attain-
ment of the goals.

If we, for instance, want to give students at the intermediate level under-
standing of mathematics, we have to ask for unifying concepts and structures.
Hence we end by advocating the use of the language of sets, relations, and
functions, as well as the use of structures like groups and vector spaces. If
we want to give joy and insight into the aesthetic values of mathematics we
end (presumably) by advocating the use of the inductive method. Wanting
to show mathematics as an open field leads to the necessity of leaving some
topics open for further discussion, and indicates that it is poor pedagogy to
“deliver” all mathematics considered in nice finished packets. Wanting to
show the special réle of language, as well as wanting to teach how to read
mathematics, calls for a treatment of some parts of logic, but also rises the
need of pedagogical means that can motivate young children to personal
activity with mathematical text-material. Having as a goal that students
may be able to communicate in and about mathematics most certainly calls
for new pedagogical approaches. The need of understanding the réle of the
deductive method calls for knowledge of other parts of logic. The need of
showing how to apply mathematics calls for knowledge of numbers and
operation on numbers, knowledge of geometry, of analysis, of statistics,
etc. etc., and ultimately for insight into the axiomatic method.

XI. THE SUBJECTIVE NATURE OF THE DIDACTICAL DISCUSSION

In the preceding part of my address I have made general comments on the
didactics of mathematics, that is on the relation between goals for the teach-
ing of mathematics and means that might be used to the attainment of these
goals. I should like to stress that my remarks have been of a very personal
nature. Obviously most comments on the goals of the teaching of mathe-
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matics in general must be of a subjective nature. One person may state what
he finds to be the most important general goals of the teaching of mathe-
matics. Furthermore this person may point out what are — in his opinion —
the relevant means for the attainment of such goals. He may then write his
own textbook in accordance with the views stated, and he may develop such
teaching materials that can be used for the approaches to the various topics
in his curriculum. In my opinion there exists no collection of goals that can —
in relation to a general teaching situation — be called objectively the proper
goals, and no means that can — at the present state of the research in the
field of the didactics of mathematics — be said objectively to be the most
relevant means. It has been argued that mathematics of to-day comprises
some all important topics and some indispensable structures that should
certainly be a part of any modern curriculum for school teaching. There
again I disagree. An association of teachers, an experimental project, a
group of influential mathematicians can each state what is regarded as
the goals and the proper means. Still, such views are of a subjective
nature.

It could in this light be asked if the didactical discussion is of any impor-
tance. The answer is obviously affirmative. At any time “one” can through
arguments and discussions arrive at a collection of goals and means that
can be agreed upon by a majority of mathematicians and mathematics
teachers — or at least by a substantial number of such persons. If such goals
are accepted by the authorities and laid down as rules or laws (hopefully
not in a too strict manner) they become extremely important for the develop-
ment of the practical teaching.

XII. CATEGORIES OF DERIVED GOALS

It is seen that the recognition of the value of the inductive approach and the
appreciation of the deductive method are mentioned in my outline as sec-
ondary goals, and thereby — following my model — also as means to the
attainment of other goals. The derived goals are grouped in a special way
in Table I. In the first line I have listed goals which are closely connected to
the question: What is mathematics? The working for such goals may
transfer to students certain views and attitudes with regard to the nature
and role of mathematics. In the second line I have listed goals that are re-
lated to the working methods of the learner himself. Finally, in the third
line T have listed goals of a certain “objective” type concerning rather factual
matters. It should be emphasized, however, that the goals are closely inter-
related, and that the order of presentation is not meant to be fixed or to
indicate any evaluation of the goals.
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XIII. MATHEMATICS AND THE PHILOSOPHY OF SCIENCE

From the early history there has been a very close connection between
mathematics and the philosophy of science. May I recommend that we as
mathematicians and mathematics teachers in the school of our time take
the responsibility to change the teaching of mathematics in such a way that
the epistemological aspects are emphasized [6]. Looking at my hierarchy
of goals I would accordingly recommend that all teaching of mathematics
should be given under the main view that mathematics is a means of de-
scription of practical situations, or of our thoughts about such situations,
as well as of our thought-processes in general. In this you will see my own
answer to the question: What is mathematics? I regard mathematics as a
kind of language. It is built by use of terms (including variables), predicates,
and quantifiers. It contains as larger parts the various axiomatic structures
as for instance groups, rings, fields, topological spaces, metric spaces, vector
spaces, etc. etc. I accept that this language, mathematics, in a very few persons
may have its own life. I accept that there might be some few mathematicians
for whom the activities with the formal axiomatic theories are interesting
and important. However, I feel absolutely confident that for nearly all
mathematicians the excitement of the work with mathematics is in some way
or other connected with the interrelation between some observed data and
the mathematical language, or with the interrelationship between some parts
of this language (for instance between various mathematical structures).

XIV. WHAT IS MATHEMATICS?

It is obvious that my formulation of the goals in the outline (Table I) is
strongly influenced by my answer to the question: What is mathematics?
Clearly the way a person regards mathematics will influence his selection of
goals and later of means. Really a discussion of the nature of mathematics
should precede in some way the didactical discussion of the goals or be a
part of this discussion. Even if a discussion of the question posed cannot
lead to any final clarification, I am sure that it will be valuable. If a teacher
of mathematics has the view that mathematics is a collection of (axiomatic)
structures, then his whole teaching may be influenced by this view. Such a
teacher may have accepted several goals as important, but when he is trying
to obtain these goals through his teaching he will — due to his view on the
nature of mathematics — try to draw the students’ interest towards the struc-
tures, towards the theories treated. If such a teacher has accepted as
a goal that students should be able to describe daily life situations by
means of the mathematical language, he may still feel that the “proper”
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thing does not start until you have arrived inside his mathematics.

Now let us on the other hand regard a teacher having the idea that mathe-
matics shows itself only in connection with practical situations. Such a
teacher may try to give access to various mathematical structures, but in the
presentation of such structures he may over and over again emphasize the
importance in relation to daily life, and he may come out with a mathe-
matics teaching where mathematics theories as such are never regarded
because the whole field treated reveals itself to the students as a mixture of
practical situations and mathematical terminology, a mixture of experi-
ments and thought-processes about these experiments.

My own view is — as already implicitly stated — between the two views I
have just tried to call to your attention: I am convinced that learning of
mathematics will not take place unless the student is motivated for this
learning. Hence, as I want to show mathematics as a means of description,
it becomes essential that the students themselves feel absorbed by the use of
mathematical concepts for description purposes. Further, in our cognition
of space and life the possibility of making predictions — for instance with
regard to future events of the most varied types — is of tremendous impor-
tance. Thus it becomes necessary to develop the mathematical language to
such a degree that the concept of an axiomatic theory is included in this
language. Not until this concept is thoroughly comprehended and appre-
ciated by the learner can he have true insight into the nature and role of
mathematics in our time. Hence, I have to ask for a mathematics teaching
motivating children to take personal part in the development of the mathe-
matical language from the basic concepts, met in the first years of life, up
to examples of axiomatic theories, as they may be expanded at the secondary
level.

XV. THE EPISTEMOLOGICAL ASPECTS IN THE LEARNING
OF MATHEMATICS

We do not need to look far for the necessary motivation: From the first
year of life the child enters into engagement with its surroundings, and the
growth of cognition is started. For a majority of humanity a deepening of
the cognition takes place as a more or less continuous process through the
larger part of the life span. In our attempt to obtain cognition of any object
(of physical or intellectual nature) the object changes. You look at a thing
and get a first impression of its nature. You touch the thing, and your whole
view may change. You study the thing further and you put your observations
in relationship to knowledge earlier acquired, and your conception of the
thing — and thereby the thing itself — again changes. If you describe the thing
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by a language having its own structure, you interfere once again with the
cognition of the thing. The description may not fit properly with all obser-
vations. Then you often start two processes: on the one hand you try to
adapt your choice of description, on the other hand you study the thing
further — in order to see if all observations were proper — and the thing again
is recognized in a broader or deeper way than before the formulation of the
description, that was not quite satisfying.

I have tried to call to your attention a very general theme from epistemo-
logy. However, it is my belief that we should take advantage of the deep
impulse in the young child and student to penetrate into the unknown, to
classify where there are yet no classes, to see inclusions where they are not
yet pointed out, to find relations between objects under consideration, to
clarify actions of one object upon other objects, etc. etc. Therefore, in
schools mathematics should reveal itself to the students through the process
of description. To this process belong: (1) preliminary discussions on suitable
levels of precision of the domain to be described (and this domain may
naturally itself be of conceptual type), (2) establishing of correspondences
from the domain under consideration to already known fields of mathe-
matical concepts and structures, (3) further study of the original domain in
order to verify if the description was satisfactory, and (4) certainly also the
further theoretical study of mathematical structures in order to find better
means for the description.

XVI. ON THE USE OF “PRACTICAL SITUATIONS” IN THE
TEACHING OF MATHEMATICS

The view, which I have here advocated, on the way of presentation of mathe-
matics in schools does not mean an acceptance of the view that mathematics
only shows itself in connection with practical situations. Neither is it an
acceptance of the view that mathematics is a collection of structures. My
opinion is in between these two views. First, let me state that (at least from
the secondary level) the objects for description will often be of a conceptual
nature. For instance we could engage ourselves in a feasible description of
the rational numbers and the operations on these numbers, or we could
try to describe the interrelationships between the distance-preserving map-
pings of the plane onto itself. Next, let me emphasize that considerations
on conceptual levels, or — I could say — cognitive processes in general, are
closely related to those domains of a perceptual nature that have formed
the base of reference for the abstraction of the concepts under consideration.
The most fatal mistake in mathematics teaching is the building of secondary
and higher concepts on primary concepts, for which there has been given
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none or next to none base of reference. In the teaching of children and
young students we must keep in mind that their cognition is not like ours.
They have not had our experiences, they do not have our bases of reference.
Where we may take a few steps back from one conceptual level to another
in order to get proper grounds for our “understanding” and “thinking”,
they may have to use a level of even more basic nature. Hence, the prepa-
ration of the use of the axiomatic method, which also I advocate most
strongly, must be made carefully through adolescence. The use of undefined
or primitive objects and of axioms in the building of an axiomatic theory
does not solve our problem. The primitive objects may be sets, sets of sets,
relations, functions; in that case the bases of reference for these concepts
certainly go far beyond the conceptual level, and hence, we are nof in a
purely theoretical phase. And as soon as we start interpretation of our axio-
matic theory the need of bases of reference on various levels is obvious.

XVII. SITUATIONS FOR DESCRIPTION MUST BE PROPERLY EXPLORED

If we agree to present mathematics to children as a means of description of
situations, we have the obligation to create these situations properly. Only
if this is done mathematics may be experienced to be the process of descrip-
tion. This process can give rise to joyful situations, and it can reveal aesthetic
values. When the situation for description is perceived really all tools are
allowed. One should encourage children to experiment in the base of refer-
ence. One should create domains of perceptual nature on which the primitive
concepts can be abstracted. Then the description takes place, but during
the description one sees together with the children, that it is not working
properly. Hence you have to develop your mathematical language further;
but maybe you also have to look closer at the thing you are describing. Such
a feed-back process could easily give rise to a mixture of objects for descrip-
tion and means of description, against which I have warned earlier. If, how-
ever, you are aware of a difficulty or a danger, you are able to counteract it.
In our case we shall in school discuss openly with the children the two do-
mains, which we — as mathematicians — want to separate. The child (and
certainly the student in secondary school) will be able to make the separa-
tion. In many cases the description by means of mathematical concepts or
structures will be regarded definitely as an image (a model) of the domain
for description. Moreover, a choice is often made between various possible
descriptions, and thereby it becomes even clearer, that our philosophy is
that things do not have some fixed existence, but that we try to choose
some description of them, suitable for some definite purpose, which by the
way varies from situation to situation.
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XVII. ON THE FORMATION OF PRIMARY AND SECONDARY CONCEPTS

As it is well known, Z. P. Dienes has in a number of books and articles
advocated that the formation of new concepts is promoted by experiences
gained in rather involved situations [7]. He argues that by making the learning
situation very clear and very easy in the sense that only the core of the sub-
ject matter is presented, we will not succeed in having established in the
learner a concept that can be used properly in future complicated situations.

I agree with Dienes in this view on the formation of primary concepts,
and also in the importance of having for smaller children concrete materials
and situations as base of reference for these concepts. When the question is
about the formation of secondary and higher concepts in the age group
11-up I believe, however, that this to a large extent is possible by using the
language and the primary concepts in the way that is so well-known from
traditional textbooks. It must be admitted that we have to-day arrived to a
development of mathematics penetrating the whole society. We could not
on this ground maintain that the earlier teaching of mathematics was a
total failure. Certainly not. At least mathematicians and mathematics tea-
chers have been able to pick up so much mathematics that this development
of our time could take place. But what I am interested in is really not the
part of the humanity that becomes mathematicians or mathematics teachers.
I am interested in the huge majority of people who, all over the world, are
exposed to mathematics teaching. There I hold the view that our subject
in the large majority of cases has not given proper value for the very large
amount of time spent on the teaching of mathematics.

Now, obviously, it is impossible to cover the large field of necessary mathe-
matical knowledge in such a way that subsequent learning can take place
on reasonable common ground, if we do not in many ways continue the
usual method of building mathematics in the schools. We do not have at
disposal any well described alternative. Hence we must in years to come in
most countries make extended use of instruction for a whole class, and this
instruction will rest on textbooks where subject-matter is developed.

Thus it becomes essential to improve the means of communication be-
tween the students and the teacher as well as the ability of the students to
gain knowledge from written expositions. Here again we may turn to the
idea of letting the epistemological aspects of mathematics be clearly recog-
nized. Such a recognition is possible only if the individual learner makes
extensive use of the inductive approach.

While experimenting use of languages of various types and at various
levels of precision takes place. When making basic abstractions you end up
by having at your disposal new concepts. Provided you have the relevant
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support from a teacher or a book you will also have enriched your mathe-
matical vocabulary by some new names and some new “open” names con-
nected to the concept. In other situations, where abstractions have taken
place, you feel that you have now at your disposal new mathematical
predicates.

When some part of some language in this way has become active for the
learner it may be used for the further development of language. That is,
secondary concepts might be formed without leaning too much on the time-
consuming inductive approach.

This clearly indicates that one should try to concentrate the use of the
inductive method around all such situations where new primary concepts
are formed.

XIX. THE PRESENT SITUATION

I shall now in this later part of my address give some comments on such
measures that may be taken in schools in the present situation in accordance
with my views. I have already expressed the opinion that it is necessary to
some extent to go on using the traditional planning of the teaching of mathe-
matics. I certainly agree that the teaching should be changed, such that the
needs of the individual student is taken much more into consideration than
has been possible under the old-fashioned instruction of the whole class.
Already to-day it is indicated by results of research in the educational field,
and by results from experimental mathematics programmes, that rather
radical changes should be made. However, such changes cannot possibly
be made quickly. For some years to come, say around 10 years, we will
have to depend mostly on teachers for whom even rather small reforms
may be felt like revolutions. I should here stress that I am thinking of the
changes in the educational approaches, not in the large and indispensable
changes in the syllabi, which are a much smaller problem. Further, we still
have to furnish lower and higher technical schools and economic schools
as well as other institutions of learning with students having such knowledge
of mathematics that the (often rather traditional) teaching at these institu-
tions can be carried on without too many problems.

Even if the reform in most countries was commenced “from the top”
the most relevant starting level for a programme using the inductive approach
extensively is the kindergarten or the first years in primary schools. The
reports from the Nuffield Project, and from several other experimental pro-
jects expanded at this level, indicate the tremendous impact on views and
attitudes following arrangements of learning situations, where experimenta-
tion and mathematical description are combined from the start.

Seen as a preparation for secondary school teaching it might be felt like
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a serious problem at the present stage if students did not enter secondary
school with a uniform foundation in the subject-matter. I believe that this
danger is much overestimated. However, I shall not enter into a discussion
of this theme but make my further remarks on the planning of the mathe-
matics teaching at the early secondary level, and I shall in that connection
mainly think of such cases where the students have met a rather traditional
teaching in the primary school. Such cases will for many years, in many
countries, be dominant.

As the students did not use the inductive approach in the previous years
it is necessary to give them occasions for the formation of concepts and for
the acquisition of terminology, which they are really supposed to utilize
from the start. Now the stage of intellectual development for the age group
11-13 makes a revision of formerly acquired experiences optimal at the start
of secondary school. Using a higher level of precision than in the earlier
years the fundamental mathematical concepts and structures are brought to
new and deeper recognition. In all presentations of the mathematical topics
care is taken to motivate the students for personal activities with introductory
material. Through examples, exercises, and rather easy problems the core of
the matter at hand is brought to the attention of the individual learner.
This material of examples, exercises, and problems is chosen such that
experimentation must be commenced by each student on his own, and then
carried on through observations to the possible formation of a hypothesis
according to the abilities and the attitudes of the learner. Especially, all
definitions are prepared inductively in this way. In most cases a definition
states the use of special names for concepts. Hence, it is crucial to have —
inside the learner — the awareness of the “object” to be named previous to
this naming.

XX. THE SPIRAL APPROACH IS ESSENTIAL

In many cases new bases of reference are created — at this age level — in the
learner regarding domains where he was not earlier allowed to dwell long
enough before being induced to learn by heart names, terminology, and sche-
mes for type-solutions. Therefore, the spiral approach — well-known from
traditional mathematics —is very well suited for the presentation of the subject
matter. Also, this approach goes very well in hand with the use of the in-
ductive approach on the one hand, and a systematic development of the
curriculum on the other hand. What concerns the situations used as ground
for the inductive work, I should not in any way feel it necessary that great
weight is placed upon the practical situations. It is much more important
that the base of reference created belongs to some domain where the learner
has already wide experiences. Often it is important that this base includes
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some field of objects that can be “handled” in some way. Again this need
not mean (with larger children) that the objects are of physical nature. For
instance, many types of graphical representations serve as very good grounds
for abstraction purposes. This counts for an ordinary sketch of some object,
and for symbolic diagrams as the Venn diagram, the arrow diagrams, or a
tree-diagram. But also the handling of some mathematical symbols can be
the medium, through which understanding is obtained. For instance, the
learner may be so well acquainted with the use of the set builder that looking
upon this symbol (with the various expressions belonging to it) may serve
as a rather “concrete” base of reference for students at the secondary level.

XXI. EXPERIENCES FROM DENMARK

An approach as described above may be used in courses at the early seconda-
ry level in connection with a rather traditional planning of the mathematical
instruction. This we have seen in Denmark, where in the years 1962-67
experimental teaching was carried out in the grades 6 and 7. The largest
group subjected to this experimental teaching was formed by 65 classes,
each averaging 25 students, who were taught through the 6th and 7th grade
in the years 1965-67. The teaching was organised clearly with the mathe-
matical instructor as being of main importance. Extensive textbooks were
written, following the principles just described. In the books a rather broad
text was presented in order to motivate the students for the work with each
topic in the curriculum. In this text were inserted examples (where problems
presented were solved in detail), exercises (easily comprehensible) giving rise
to inductive work, and problems of very varying degree of difficulty. A
special feature should here be mentioned. After each preparation of some
definition, made by careful use of the inductive approach, the definition
itself was stated in a rather precise mathematical language. Generally, after
passages where the student was motivated for personal work with ideas,
the text contained other passages on a level of precision much higher than
usual for the age group. Meetings were often arranged for the teachers, and
also contact was established with and between the participants through
mimeographed news sheets. Strong recommendations were given from the
organizers (The Nordic Committee on the Modernization of Mathematics
in co-operation with the Department of Mathematics at the Royal Danish
School of Educational Studies) to ensure that the instructor should not
lecture the text for the class. His rdle should be to inspire the students to
work with the textbook on their own. The teacher was supposed to solve
this task by explaining for the pupils at suitable occasions about the topics
- using his own words and giving his own examples. Such “lecture-periods”
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should be of short duration, and the teacher should wellcome interruption
from students. Moreover he should, as often as possible, induce the students
to engage in discussions about the subject-matter, or about the way of
solving a posed problem. At such occasions he should take care that ques-
tions of the role and nature of mathematics were brought to the attention
of the students. For instance the teacher should use as topics for discussion
the formulations of passages in the book, and especially the choice of formu-
lations of definitions or theorems. The experimental teaching here men-
tioned was only carried through with the object of getting informal reports
from the teachers on the experiences collected in connection with the rather
extensive change of curriculum and of educational approach. The reports
were generally optimistic, and especially so with regard to the ability of the
young students to work with the textbook on their own.

What is now the rdle of deduction in such a text [8]? Naturally, treating
the solution of open statements gives an opportunity to make a good deal
of work around the use of the implication and the biimplication. This calls
for some formal treatment of elements of logic already in grade 6-8. De-
veloping an informal geometry gives other fine occasions for deductions of
a rather clear type, where only a few steps are necessary in each proof, and
where the premisses can be stated clearly, and the means used in the proof
pointed out. Such deductive passages in the text will be covered under
guidance of the instructor, and here I have to admit that we are very near
to the traditional approach. However, you engage before the use of the
deductive approach in the usual inductive preparations, such that students
might be motivated much better for the use of deduction than earlier. Also
I would like to remind you of the former mentioned manifold occasions,
where a student is using the analytic method in reasoning connected to the
inductive work in which he has been engaged.

Later in secondary school (grade 8-9) the preparations made around
primary concepts, and around the more elementary structures of mathe-
matics, make use of the axiomatic approach possible. Also here we have in
Denmark some experiences from later years. Thus in 1967-68 the broad-
casting and the television joined in presenting a series for grade 8 covering
some part of geometry by means of an axiomatic approach using Choquet’s
axioms. The experiences from this experimental work were in a way dis-
couraging. Even if the axiomatic treatment was carefully prepared, and from
a mathematical view contained indeed very beautiful passages, the students
hardly did estimate the work with the text.

However, it seems likely that the problems were caused by the fact that
the domain for the axiomatic description in this case was not sufficiently
“known” by the students. In Denmark informal geometry at present is not
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dealt with before grade 7, and there it is treated in a very brief form. Hence,
students in the 8th grade have had hardly any time to familiarize themselves
with the distance-preserving mapping of the practical plane onto itself, and
hence, they could not at all enjoy the classification of the isometries, which
was carried through on algebraic foundation to the delight of the teacher.
In our coming books we shall diminish the part of geometry, which we are
going to treat axiomatically, and use much more time on the “intuitive”
phase, where for instance extensive experiments will be made with practical
congruence-mappings of the plane onto itself. Furthermore we shall take
care to discuss from time to time with the students if the mathematical model
created is a “reasonable” good image of the conditions in the practical
plane, and how this model has given us knowledge of practical value not
known beforehand by the students. It goes without saying that the geometry
shall not be the only topic to be treated axiomatically in our books.

In my address I have chosen to give rather general remarks on themes
which I believe to be of high importance for the learning of mathematics.
I have felt it impossible at this occasion to show examples of the use of the
inductive approach. It seems to me that, even if I had used all my time on
showing such examples, I would not have been able to demonstrate the
value of this approach as a means to the attainment of several important
goals for the teaching of mathematics in our time.

I have during my address refrained from giving references. However, I
should like now to refer to my bibliographic notes where I have pointed to
views expressed by several outstanding mathematicians and mathematics
teachers who have made contributions on the questions I have been touching
to-day. Their expositions have enriched me, as they will — I am sure — enrich
any other in this audience.
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LOGIQUE ET ENSEIGNEMENT MATHEMATIQUE

1. NECESSITE D’UNE FORMATION LOGIQUE

La logique et la mathématique sont étroitement liées. La compréhension
d’une théorie mathématique comme un systéme hypothético-déductif, pro-
cédant par démonstration et par définition & partir d’axiomes, demande une
connaissance active des principales notions logiques. La logique formelle
d’aujourd’hui est un chapitre de la mathématique.

1l est de tradition d’admettre que I’étude de la mathématique est une
école pratique de logique. Mais, dans I’enseignement traditionnel, cette
dernidre n’est pas, & de trés rares exceptions prés, Iobjet d’une prise de
conscience pour elle-méme.

Pour apprécier ce que peut donner cette formation implicite, il suffit, par
exemple, de poser & de jeunes universitaires, au début d’un cours de logique,
la question suivante: Etant admis pour vrai que

Si Jean aime Marie alors il lui fera un cadeau
et sachant que
Jean a fait un cadeau & Marie

que pouvez-vous en déduire quant aux sentiments de Jean? Une expérience
déja longue nous a appris que les jeunes filles répondent, avec une constance
émouvante:

Jean aime Marie

ce qui fait ricaner la plupart des jeunes gens.

Les premiéres veulent-elles croire & I'amour malgré la logique? Quant
aux seconds, il apparait que leur doute n’est pas lié a la solidité de leur
structure rationnelle mais plutdt a I'expérience concréte de la situation
évoquée. Passe-t-on d’une affaire de ceeur a une énigme policiére, les résul-
tats sont aussi édifiants. Admettons, avec I'Inspecteur Maigret que:

Si Joe a commis le vol alors ses empreintes digitales sont sur le
coffre-fort.

Que peut-on en déduire sachant que Joe n’a pas commis le vol? Et si les
empreintes de Joe sont sur le coffre-fort? Et si elles n’y sont pas? La récolte
des réponses est si variée qu’'elle ne manque jamais de mettre P’auditoire en
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joie. Demandez: quelle est la négation de
Toutes les Anglaises sont rousses?

et vous obtiendrez avec toute ’écrasante majorité sur laquelle se fondent
nos démocraties:

Aucune Anglaise n’est rousse.

Nous pouvons nous récrier, dire que cela est impossible. Il vous suffit de
poser ces questions anodines dans une réunion pour constater les résultats
du test.

Vous voyez ol se produit le déraillement: notions confuses au sujet de
I'implication et de la négation, maladresse dans I'usage de la quantification.
Notre enseignement traditionnel est responsable de pareilles carences perni-
cieuses.* Au moment ol tant de disciplines deviennent plus rationnelles et
s’organisent de fagcon déductive, il est indispensable que la logique, avec ses
exigences et ses limites, soit rendue plus accessible et mieux assimilée. L’ave-
nir ne fera qu’imposer cette nécessité parce que 1’usage efficace des machines
mathématiques requerra une formation logique réelle.

Le probléme de I’enseignement de la logique étant posé, comment le
résoudre de fagon adéquate?

D’ordinaire, I'initiation pratique & la science de la déduction se fait au
hasard des études et de la vie. Si une formation théorique est donnée, elle
ne l'est, sauf exception, qu’au terme de I’enseignement secondaire. Pour
enseigner la logique, on attend que I’étudiant ait une connaissance assez
sire de la langue véhiculaire abstraite, de ses ressources et de ses nuances.
11 est alors possible de faire fond sur cette base pour introduire les notions,
le langage et les symboles de la logique dont I’étude devient alors celle d’une
langue bien faite, forte de la puissance que lui donne le calcul.

De ce c6té, la voie est sans issue pour un enseignement élémentaire.

Pour enraciner en profondeur dans ’esprit une notion capitale, il faut la
semer trés tot et la cultiver longtemps de fagon progressive. Cette vérité
psychologique, liée & tout apprentissage, s’applique d’autant plus et d’autant
mieux & la logique que celle-ci est primordiale parmi nos activités.

II. LOGIQUE DES ENSEMBLES

Nous disposerons d’une voie d’accés élémentaire a la logique si nous re-
tournons & une de ses sources naturelles.

* Mme Krygovska dans son article ‘Eléments de logique dans 1’enseignement secondaire’,
paru dans le no. 251 du Bulletin de I’A.P.M. a montré, preuves 3 d’appui, les lacunes de
cet enseignement en matiére de logique.
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La logique, comme l’arithmétique et la géométrie, est issue d’activités
concrétes. Selon Pexpression de Ferdinand Gonseth, elle est d’abord “une
physique de I’objet quelconque™.

De fait, nos constatations et nos démarches relatives aux objets matériels
et aux ensembles de ces objets, nous fournissent, depuis toujours, un che-
minement naif vers les notions logiques.

Dés le jardin d’enfants, les jeux offrent une initiation & la logique concréte.

De nombreuses manipulations aménent la constitution de la notion d’ob-
jet, élément de nature quelconque capable d’étre individualisé et de con-
stituer, avec d’autres objets, des ensembles qui sont maniés & leur tour
comme des objets.

Les objets dont les particularités ne sont pas prises en considération peu-
vent étre représentés par des points. Le passage des objets a leur figuration
schématique est souvent proposé par I’enseignant. Il est utile que cette étape
soit bien comprise et il faut veiller & ’amener avec naturel.

Pour représenter un ensemble d’objets, on entoure d’une boucle I’en-
semble des points figurant ces derniers. Cette représentation est obtenue
d’ordinaire en dessinant au tableau I'image d’un contour, corde ou cerceau,
qui emprisonne les objets concrets placés sur une table ou sur le sol. Ce
procédé, si évident en apparence, peut amener a croire que les éléments d’un
ensemble sont nécessairement rassemblés dans I’espace. Le maitre devra,
dans la suite de 'apprentissage, débarrasser ’'enfant de cette idée fausse en
lui faisant inventer des ensembles d’objets dispersés. Il faut aussi dépasser
la limitation des ensembles d’objets de méme nature. Notre pédagogie, si
elle prend appui sur le concret matériel, doit étre attentive & émanciper
Pesprit de ce support.

Une évolution importante consiste & nommer les objets, c’est-a-dire a
faire usage de symboles: les termes verbaux ou écrits qui les désignent.
Comme plusieurs termes peuvent servir 8 nommer le méme objet, on est
conduit & définir I’égalité logique et & en reconnaitre les propriétés fonda-
mentales: réflexivité, symétrie et transitivité. Ici, il convient d’éviter une
confusion assez ficheuse qui consiste 3 ne pas distinguer 1'usage d’un terme
et la mention qui en est faite. Quand, parlant d’Astérix, le héros gaulois
bien connu, nous faisons usage de son nom, celui-ci n’est pas considéré
pour lui-méme: il sert & évoquer le personnage.

1l en est autrement si nous disons:

Astérix commence par un A majuscule.

Cette fois, nous parlons du nom et nous devons disposer d’un terme pour
le vocable Astérix et d’un terme pour la lettre A.
Le procédé des logiciens est celui employé dans la citation d’un texte:
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on le met entre guillemets. Nous écrirons

Astérix se joue des Romains
et
‘Astérix’ commence par un ‘A’ majuscule.

On a évidemment
Astérix # ‘Astérix’.

Cette mise au point ne serait qu’un étalage inutile de jargon pédant si on ne
trouvait, avec une fréquence non négligeable, des exemples tels que: Con-
sidérons I’ensemble

{0,1,2,3,4,5,6,7,8,9} des dix chiffres arabes.

On a malheureusement désigné I’ensemble des dix nombres et 'on voudrait
que les €léves distinguent des chiffres 0, 1, 2, ... qui les désignent.
On dit encore: I’ensemble des lettres de Paris est

{P,a,r,i,s}.

Il est clair que la ville de Paris n’est pas constituée de lettres et que ’'ensemble
des lettres de ‘Paris’ est

{‘P’, ‘a” ‘r,’ ‘i,’ ‘S’},

Si on veut faire I'économie de ces remarques syntaxiques importantes, il
suffit de renoncer simplement a de tels exemples.

Les mathématiciens emploient d’ailleurs les lettres de fagon plus utile
pour désigner, a loisir, des objets et des ensembles. La présence de I’objet
dans I'ensemble E est affirmée par la proposition a € E, son absence, par
a ¢ E. La question de savoir si un objet donné est présent dans un ensemble
déterminé n’a qu’une, et une seule, des deux réponses possibles: oui ou non.
Il s’ensuit que la présence et I’absence d’un objet a dans un ensemble E
quelconque satisfont aux deux lois:

OnnapasalafoisacEeta¢FE.
On a soit ae E, soit a ¢ E.

Ces assertions énoncent, au niveau le plus élémentaire et le plus concret
deux principes de la logique & deux valeurs: le principe de non-contradiction
et celui du tiers exclus qui régissent la vérité et la fausseté des propositions.
Mais tandis que la vérité et la fausseté sont ici des notions sémantiques liées
a la signification des propositions, la présence et ’absence sont d’abord des
constatations physiques faites sur la situation réelle  laquelle se référent,
en fin de compte, la vérité et la fausseté.
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Comme la présence d’un objet dans un ensemble doit &tre tranchée par
oui ou par non, dans la représentation schématique d’un ensemble, on con-
vient, pour éviter toute ambiguité, de ne faire passer le contour par aucun
des points figurant les objets.

Une amélioration importante de ce schéma consiste & convenir que les
points représentant les objets ne seront marqués qu’au cas ou I'on voudra
manifester leur présence de fagon expresse.

Lorsque I’on voudra, au contraire, indiquer que tous les éléments de E
sont représentés, il suffira d’inscrire “complet”. D’aprés cette convention,
les diagrammes de la Figure 1 sont respectivement ceux d’un singleton (en-
semble 2 élément unique) d’une paire ou d’un ensemble vide. Dans ce der-
nier cas, pour figurer sans équivoque I’absence de tout élément, il est trés
évocateur de couvrir de hachures la région limitée par le contour représen-
tant ensemble.

A B c
complet complet complet
A= {a] B= ialb}

Fig. 1.
A B A B
c
Fig. 2.

Certains auteurs représentent tout ensemble par le domaine plan intérieur
a une ligne fermée. Cette figuration a beaucoup moins de ressources que les
diagrammes de Venn. Grice & ces derniers, on peut représenter deux, trois,
... ensembles par des schémas généraux (voir la Figure 2) qui permettent:

(1) de figurer tous les cas possibles d’appartenance d’un objet & ces en-
sembles,

(2) de tenir compte, si on hachure les régions vides, de toutes les situations
relatives des ensembles.

Par suite, I'utilisation des diagrammes de Venn pour illustrer les défini-
tions de lintersection, de la réunion, de la différence d