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Despite this lack of consensus, publications appear that endeavor to depict the
‘state of the art’ in mathematics education research. Individuals try to construct
didactical theories. But reviewers never have trouble demonstratinggthe one-
sidedness or incompleteness of such publications. Attempts to describe researech
in mathematics education or didactique des mathématiques or whatever other
name is used may resemble the accounts of the legendary blind men exploring
the legs of a huge elephant. '

The ICMI Study What is research in mathematics education, and what are its
results? does not seek to describe the state of the art. Nor doestit intend to tell
anyone what research in mathematics education is or is notforiwhat is or is not a
result. Instead, the organizers of the study propose to'elarify the'different mean-
ings these ideas have for mathematics educators — to pinpeint the'different per-
spectives, goals, research problems, and ways (0f) approaching problems. The
study will bring together representatives of the differentgroups of researchers,
allow them to confront one another’s views/andyapproaches; and seek a better
mutual understanding of what we might be talkinghabout when we speak of
research in mathematics education.

SOME QUESTI@ONS ABOUT RESEARCH

Such a wide-ranging discussion is badly.needed in a community increasingly
divided into specialized groups and cliques that are not always tolerant of each
other. Besides mutual understanding within the community, however, there is
also a need to explain the domdinto representatives of other scientific com-
munities, among which the comimunity of mathematicians seems to be the most
important. Nicolas Balacheff has‘observed:

Most of us want to develop this| research field within the academic community of mathematicians;
this implies both the explanation of our purpose on a social ground (is there any need to develop
such research?) and its relevance within the narrow academic world. For this reason, although it is
not my sole concern, I have in mind the question of scientific standards, theses, publications, con-
gresses, the emplogiiient of youngpacademics in the field, and the connection between our research
and research done 1n othenfields.

Thus we need 4n_‘inner’ identification of the research domain of mathematics
education, as well as anouter vision from the perspective of other domains.

One external 'domain, for example, is sociology. How is mathematics educa-
tion organiZed ‘and institutionalized? Where is research on mathematics educa-
tion conducted?Where are theses on mathematics education defended? If a
mathematics educator employed by a mathematics department has acquired his
or her habilitation degree in, say, a department of pedagogy or philosophy (such
a degree being unavailable at the employing institution), is he or she accepted as
a‘full’'member of the community of mathematicians that awards doctoral or
masters.degrees in mathematics? Are mathematics educators viewed as a part of
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the mathematics community? Similar questions arise when research in math-
ematics education is surveyed from other domains, including history, philoso-
phy, anthropology, and psychology.

An approach from both within and outside the field of research in mathemats
ics education raises the following questions, among others, to be discussed:

(1) What is the specific object of study in mathematics education?

The object of study (der Gegenstand) in mathematics education might, be, for
example, the teaching of mathematics; the learning ofgmathematies; teaching—
learning situations; didactical situations; the relations between teaching, learn-
ing, and mathematical knowledge; the reality of mathematics_classes; societal
views of mathematics and its teaching; or the system of education itself.

If a mathematics educator studies mathematigsyis it the same object for him
or her as it is for a mathematician who studies mathematics? What is mathemat-
ics as a subject matter? What is ‘elementary mathematies’?¥Asnalogous questions
could be asked concerning the learner of mathematies, as anjobject of study. Is it
the same object for a mathematics educator ast is for a'psychologist or a peda-
gogue? Is the mathematics class or the process ofylearning in the school viewed
in the same way by a mathematics educator and a‘sociologist, anthropologist, or
ethnographer? Are questions of knowledge acquisition viewed the same way by
a mathematics educator and an epistemologist?

The variety of activities offered at'the IEMES certainly distinguishes these
congresses from, say, the international congeesses of mathematicians. ICME 7
was compared by some to a supermarket. Is there a unity in this variety? What
gives unity to different kinds of‘study in mathematics education? Is this the
object of research? Or is the object of research perhaps not even something held
in common? Might the commonality lie in the pragmatic aims of research in
mathematics education?

(2) What are the aims of'researchin mathematics education?

One might think of tweskinds of*aims: pragmatic aims and more fundamental
scientific aims. Among,the mote pragmatic aims would be the improvement of
teaching practicey as wellJasgof students’ understanding and performance. The
chief scientific aim might be to develop mathematics education as a recognized
academic field of research?

What might ghe'structure of such a field be? Would it make sense to structure
it along the linesyof mathematical subject matter (e.g., the didactics of algebra or
the didactics of geometry), of various theories or approaches to the teaching and
learning of*mathematics, or of specific topics or problématiques (research on
classroomyinteraction and communication, research on students’ understanding
oflaxconcept, etes)?

Bothkinds of aims seem to assume that it is possible to develop some kind of
professional knowledge, whether that of a mathematics teacher, a mathematics
educator, or a researcher in mathematics education. The question arises,
howevengWhether such professional knowledge can exist at all. Is it possible to
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provide a teacher, say, with a body of knowledge that would, so to say in-
evitably, ensure the success of his or her teaching? In other words, is teaching an
art or a profession (un métier)? Or is it perhaps a personal conquest?gAs Luigi
Campedelli used to say, ‘La didattica é, e rimane, una conquista personale’.

What does successful teaching depend on? Are there methods of teaching so
sure, so objective, that they would work no matter who the teacher and“studénts
were? Are there methods of teaching that are teacher-proof and methods of
learning that are student-proof? If not, is there anything like ebjective funda-
mental knowledge for a researcher in mathematics edfication ~something that
any researcher could build upon, something accepted and agreed,upon by all? Or
will the mathematics educational community inevitably/be divided by what is
considered as belonging to this fundamental knowledgenby philosophies and
ideologies of learning, by what is considered wotth)studying?

Many mature domains of scientific knowledge Havelbecome highly special-
ized into narrow subdomains. Is this the fatefof mathematics’education as well?
Or rather, in view of the interdisciplinary nature.of mathematics education, must
every researcher necessarily be a ‘humanist,” Knowing'something of all domains
and problems in mathematics education?

Although we aim at clarifying ghe notion of‘research in mathematics
education as an academic activity,/we should bejeareful not to fall into need-
lessly ‘academic’ debates. After all, théyultimate goal of our research may be
for a specific teacher in a specific classroomitesbe better equipped to guide his
or her students as they seek to understand the world with the help of
mathematics.

(3) What are the specific reséarch ‘questions or problématiques of research in
mathematics education? .

Mathematics education ligsat the crossroads of many well-established scientific
domains such as mathematics, psychology, pedagogy, sociology, epistemology,
cognitive science, semioties, and.economics, and it may be concerned with prob-
lems imported from these domains. But mathematics education certainly has its
own specific problématiques_that cannot be viewed as particular cases or appli-
cations of those ffom other domains. One question the ICMI study might
address is that of identifying and relating to each other the various probléma-
tiques specific to.mathematics education.

There are certainly two distinct types of questions in mathematics education:
those that stemidiréctly or almost directly from the practice of teaching and
those genefatedymore by research. For example, the question of how to motivate
students [to learn a piece of mathematics (inventing interesting problems or di-
daetic situations that generate a meaningful mathematical activity), or how to
€xplain_a,piece of mathematics belong to the first kind. The question of identify-
ingsstudents’, difficulties in learning a specific piece of mathematics is also di-
rectly linked to practice. But questions of classifying difficulties, seeing how
widespread a difficulty is, locating its sources, or. constructing a theoretical



THE ICMI STUDY CONFERENCE

framework to analyze it already belong among the research-generated questions.
The problem is, however, that a difficulty may remain unnoticed or poorly un-
derstood without an effort to answer questions of the latter type; that isgwithout
more fundamental research on students’ understanding of a topic. Is it therefore;
possible to separate so-called practical problems from so-calléd research-
generated problems?

Is it possible to admit the existence of two separate types of’knowledge: the
theoretical knowledge for the scientific community of researchers,and the practi-
cal knowledge useful in applications for teachers and students? Itymight be
helpful to reflect on the nature of these two types of knowlédge, on relations
between them, and on whether it would be possible\to ftave a“unified body of
knowledge encompassing them both.

(4) What are the results of research in mathematics'education?

Any result is relative to a problématique, to theytheoretical framework on which
it is directly or indirectly based, and to the’methodelogy through which it was
obtained. This relativity of results, though commmonplacelif science, is often for-
gotten. One often interprets findings from biology, sogiology, or mathematics
education as if they were a kind of absolute truth. The reason may be that in
these domains we really want to know the, truth ‘and not simply whether, if one
proposition is true, some other proposition is also true. Questions of biology, so-
ciology, or mathematics education can‘be of,vital importance and fundamental
to our survival and well-being.

Two types of ‘findings’ can be distinguished in mathematics education: those
based on long-term observation and experience and those founded on specially
mounted studies. Are the former less ‘scientific’ than the latter? Geoffrey
Howson offers an example:

In the seventeenth century, Spinoza set out three levels of understanding of the rule of three (which,
incidentally, can be viewed as an elaboration of the instrumental-relational model of Skemp and
Mellin-Olsen expounded overgthree centuries later). This, like the well-known levels of the van
Hieles, was based on observation/and éxperience. On the other hand, for example, CSMS [Concepts
in Secondary Mathematics andyScience] used specially mounted classroom studies to develop and
investigate similar hierarchies of understanding. Do we rule out the work of Spinoza as research in
mathematics educatiop? If we,do, then we lose much valuable knowledge, especially that resulting
from curriculum development. Ifwe do not, then it becomes difficult to find a workable definition
[of research in mathematics education].

Balacheff points out that it may be difficult to contrast, in this way, the hierar-
chies obtained by the van Hieles and the CSMS group. Besides the different
ways in Which these hierarchies were obtained, the van Hieles and the CSMS
group may. notyhave been asking the same kind of question. ‘“What are these
questions?, asks Balacheff. ‘What is the validity of the answers they provide?
How is it possible to relate them?’

Can a new formulation of an old problem be a research result? Can a problem
be a result? Or a questioning of the theory related to a problem, a methodology,
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or a whole problématique? Can a concept be a result? It might be useful to have
a definite categorization of the things we do in mathematics education, and of
the things we thereby ‘produce’.

Most people would probably agree that making empirical investigations isire-
search. But is the doing of practical things research? Is thinking researeh? Can
these activities be separated? Can a result be obtained without thinking“andythe
doing of practical things? Should mathematics education bé'considered a
science? Perhaps it is a vast domain of thought, research, andypractice. What
qualifies a domain of activity as scientific is the Kind_of Walidation and
justification methods it uses. Proofs and experiments are £onsidered scientific.
But there are thoughts not validated in either of these aays that'are valuable
because they are filled with meaning.

What examples are there of what we considef results in‘mathematics educa-
tion to be? What do we know today that we did not knowybefore? What have we
learned about the processes of learning and teaéhing? Whatldo we know about
mathematics that mathematicians were not aware.of before?

Can we identify some categories of results? One category might be economiz-
ers of thought. Any facts, laws, methodsy,procedures;,or theories that are general
enough to direct our experience and predict its results will give us increased
power over our teaching and learning:; Another catégory might be demolishers of
illusions. Results that undermine gur béliefs and assumptions are always valu-
able contributions to the field. A third categorymight be energizers of practice.
Teachers welcome research that helps them understand what they teach and pro-
vides them with ideas for teaching. The development of teaching materials, ac-
tivities, and challenging problems belongs to this category. Other categories of
results might emerge from epistemological, methodological, historical, and
philosophical studies.

(5) What criteria should¥oe used topevaluate the results of research in
mathematics education?

How do we assess thefvalidity of research findings? How do we assess their
worth? Should we use the criterion of relevance? What about objectivity? Or
originality? Should we consider the influence research has had on the practice of
teaching? What other criteria should we use?

The first problem is to‘clarify the meaning of terms such as truth, validity, and
relevance in the context of mathematics education. A related issue is the ques-
tion of what is\knewledge as such. This is an even more fundamental question
than that of validation.'If we knew what kind of knowledge mathematics educa-
tion aims/at, we would be better equipped for answering the question of methods
of validation.

It"is also‘usefiil to understand the ways in which research results are used.
How _have the results of research in mathematics education been applied? How
dorteachers use the research? How do policy-makers use it? By clarifying the
uses to which research is put, can we develop better criteria for assessing its
validity?
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PARTICIPANTS

The following people took part in the conference:

Josette Adda (France)
Gilbert Arsac (France)
Michele Artigue (France)
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(Italy)

Nicolas Balacheff (France)
Mariolina Bartolini-Bussi
(Italy)

Jerry Becker (USA)

Alan Bishop (Australia)
Ole Bjorkqvist (Finland)
Dudley Blane (Australia)
Morten Blomhgj
(Denmark)

Lenore Blum (USA)
Paolo Boero (Italy)

Guy Brousseau (France)
Margaret Brown (UK)
Ronnie Brown (UK)

Jere Confrey (USA)
Beatriz D’ Ambrosio
(USA)

Willibald Dorfler (Austria)
Tommy Dreyfus (Israel)
Nerida Ellerton (Australia)
Paul Ernest (UK)

James Fey (USA)

Claude Gaulin (Canada)
Gunnar Gjone (Norway)
Juan Godino (Spain)
Pedro Gémez (Colombia)

Koeno Gravemeijer
(Netherlands)

Miguel de Guzmén (Spain)
Gila Hanna (Canada)

Kath Hart (UK)

Yoshihiko Hashimoto
(Japan)

Gillian Hatch (UK)

Milan Hejny (Czech
Republic)

Patricio Herbst (USA)
James Hiebert (USA)
Bernard Hodgson (Canada)
Geoffrey Howson‘(UK)
Brian Hudson (UK)

Bengt Johansson (Sweden)
David Johnsen,(UK)
Christine Keitel (Germany)
Carolyn Kieran{€anada),
Jeremy Kilpatsick (USA)
Anna Kristjansdottic
(Iceland)

Colette Laborde (France)
Ewa Lakoma (Poland)
Gilah/XLeder (Australia)
Frank Lester, Jr. (USA)
Cldire Matgolinas (France)
John Mason (UK)

Eric Muller (Canada)
Roberta Mura(Canada)
Monica Neagoy (USA)

Mogens Niss (Denmark)
Iman Osta (Lebanon)
Fidel Oteizag(€hile)
Michael Otte(Germany)
Erkki Pehkonen (Finland)
David Pimm (UK)

Susan PRirie (UK)
NormaPresmeg (USA)
Thomas Romberg (USA)
LindayRosen (USA)
Toshig Sawada (Japan)
Yasuhiro Sekiguchi
(Japan)

Anna Sfard (Israel)
Shizumi Shimizu (Japan)
Christine Shiu (UK)
Anna Sierpinska (Canada)
Edward Silver (USA)
Claudie Solar (Canada)
Judith Sowder (USA)
Lynn Steen (USA)

Heinz Steinbring
(Germany)

Hans-Georg Steiner
(Germany)

Juliana Szendrei (Hungary)
Gérard Vergnaud (France)
Virginia Warfield (USA)
David Wells (UK)

Erich Wittmann
(Germany)

In addition,(invited officials from the National Academy of Sciences, the
National Science Foundation, the University of Maryland, and various organiza-
tions in the Washington;'DC, area attended plenary sessions.

WHAT IS, THE SPECIFIC OBJECT OF STUDY IN MATHEMATICS EDUCATION?

Leaders Jere, Confrey

REPORT OF WORKING GROUP 1

Réporters: Dudley Blane and Anna Kristjdnsddttir!
The work of the group started with two presentations, one by Anna Sfard and
the otheriby Christine Keitel. Sfard spoke on whether mathematics is the same
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object for the mathematics educator as it is for the mathematician.2 For a math-
ematician, she said, mathematics is a disciplina mentis, a way of understanding
and knowing. The views of mathematics educators on what mathemati€slis,have
been changing over the years: Platonism, constructivism, social constructivisig
situated cognition, and others. The question is: What are the educationahimpli-
cations of Platonism or of any other philosophy of mathematics?
‘Misconception’ makes sense within a Platonistic frame of mind;<{learning in
groups’ is a consequence of a belief in social constructivism,’and sojon. The
much-debated situated-cognition approach to the learning’and teaching’of math-
ematics views learning as ‘legitimate peripheral participation'in,a social prac-
tice’. It postulates that mathematics will be learned byjmore students if taught in
integration with other subjects and in real-world contexts and if\practical learn-
ing apprenticeships are developed. Each of these philosophies poses its own
problems and dilemmas. In particular, situated cognitionpleads to the question:
Doesn’t contextualization contradict abstraction, and isn’t mathematical thinking
based mainly on abstraction? Sfard concluded diertalkyby saying that, because
philosophical positions towards mathematics have implications for the decisions
we make in research on teaching, learing, and‘creating mathematics, we have
to be aware of these positions. We must.nake them explicit and known to our-
selves and others.

Christine Keitel spoke on common:sense,and mathematics. One of the ques-
tions she posed was: How are mathematics and common sense related? It is
known that mathematics shapes common sense (e.g., by the use of numbers in
speaking about values, so that 80% on a test means good; 20% means bad).
Does learning mathematics mean @vercoming common sense? Is it true that
scientific thinking is based on undeing commonsense thinking? On the other
hand, maybe it makes sense to speakof a mathematical common sense that
would be worthwhile develeping in students. She proposed a change from
seeing the task of mathematicsheducation as modifying, preparing, or trans-
forming (‘elementarizing)#scholarly mathematics for teachers and students to
seeing it as an investigation starting from an analysis of the social system, in-
cluding the eddcational‘system, in which the relationship between mathematics
and society is embedded. This analysis is then a basis on which a new under-
standing, organization,‘andysystematic conceptualization of the ‘objects’ of re-
search in mathematics, education could be obtained. In particular, this new
approach wouldilead us to studying ‘the literature’ of mathematics instead of its
‘grammar’.

Mathematics as an Object of Research in Mathematics Education

The themeypof the group was designed broadly, but, perhaps as a result of the
queStions raised by the two presentations in the group, the discussion focused on
whether mathematics can be regarded as an object of research in mathematics
educationy and if so, in what sense?
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The participants generally agreed with Sfard’s point that if mathematics is an
object of research in mathematics education, it is not the same object for math-
ematics educators as it is for mathematicians, philosophers, and logigians, The
discussion brought up several aspects and consequences of this difference:

Borrowing Charles Morris’s distinction between syntactics, semantics, and
pragmatics, one could say that while philosophers, logicians, and mathemat-
icians may make abstractions from the learning and uses of shathematics and
occupy themselves only with its semantic and syntactic aspeets, mathematics
educators have to practice the ‘pragmatics’ of mathematics: they have/to study
the relations between mathematics and its learners and usersiyThat implies the
necessity, in mathematics education, to take into account/the social, Cultural, and
institutional contexts of learning and teaching mathematicsylt also'requires us to
broaden the notion of mathematics to encompas§ mathematical practices that are
relevant for the society at large but are other than these of university mathemat-
icians. There is, in certain cultures, a kind of‘mathematical common sense (e.g.,
the notion of zero forms a part of it) shared by the'society. Is this common sense
worth developing, or is it so incompatible with the mathematics that we want to
teach children that it needs to be regardéd,as an ‘enemy:?

‘What is the nature of mathemati¢s?’ was a much debated question in this
group. Some participants voiced their doubts asfto whether this is a relevant
question for mathematics education,‘which challenged the opponents to formu-
late stronger arguments.

It was not obvious to everyone that the notion of mathematics should be
broadened to the extent of encompassing, for example, the mathematics of car-
penters (who, according to Wendy\Millroy’s study, reported in a 1992 mono-
graph of the Journal for Researehyin Mathematics Education, do not themselves
consider what they are doing as mathematics). But, it was said, if we see math-
ematics as ‘the science ofipattern and order’, then there is a reason to accept
certain professional practices.andytacit competences as mathematics. The debate
on the nature of mathematies contmued as the topic of situated-cognition learn-
ing theory was discussed.

Situated Cognition

The situated-cognition theory mentioned by Sfard in her presentation raised a
debate in the group. The question was: Is situated cognition a learning theory
that can be_reasonably adopted by mathematics education? What might our
reservatigns be about such a theory?

Situated=cognition theory has become known in North America through the
works of Jean Iiave. It has remained relatively unknown for example, in France.
The rea€tions of the French participants to Sfard’s presentation of its basic tenets
were the following: C. Margolinas said that similar ideas had been proposed 20
years beforg' by G. Brousseau in France (she mentioned particularly the role at-
tributed®o the milieu in Brousseau’s theory of didactic situations). G. Vergnaud
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stated that the idea of situated cognition is trivial: All knowledge is, of course,
situated, contextual. But, he said, it is not always situated in real-life situations:
There is an important part of mathematics that has to be learned not inauthentic
but in artificial situations.

Vergnaud’s statement provoked opposing arguments from somepatticipants.
For example, J. Confrey said that there is strong evidence from the history” of
mathematical discoveries that all knowledge comes into beinggin contexts that
are often real, concrete, or experimental. Confrey wrote this|summary of her
remarks:

I took Vergnaud’s statement as denying situated learning as offesing any serious challenge to the
character of mathematics, but only faddish, poor or weak mathematics. I felt he said real mathemat-
ics is abstract and decontextualized.... I tried to say that histery itselfiis rétold)through secondary
sources and as a result it supports the view of decontextualizationgtoo much.!Newton used Hooke’s
physical demonstration to create mathematics and formalize them’but later destroyed the designs and
equipment. Probability evolved as a discipline to describé what scientists.do.'We must take a critical
stance towards the view of mathematics reinforced and put forth by, mathematicians. In the US we
are constitutionally democratic even though we often fail t0 accomplishithis goal. The fundamental
inclusion of a broad set of situations into our teaching of mathematics may be necessary to en-
franchise the majority of students into mathematics, education, andfits resulting challenges to the
existing perceptions of mathematics must be taken seriously.

What Is/*Common Sense’?

The discussion revealed that people with different mother tongues have different
understandings of the phrase common sense. Participants then tried to find what is
common to all these understandingsy, views or notions that are shared in a given
culture, taken for granted, obvidussunsayable; implicit knowledge; everyday ra-
tionality? They also asked about theoretical constructs that, in different research
paradigms, have meaningsiclose to that of, common sense. The following were
mentioned: ‘the system of personal ptactice’ (by J. D. Godino); ‘connaissance’ as
opposed to ‘savoir’ (Margelinas); ‘illusion de la transparence’ (Vergnaud).
P. Ernest mentioned that ‘ethnomathematics’ can be seen as a tacit mathematical
knowledge related to commeng$ense. Sfard proposed that common sense is a so-
ciological concept analogous to the psychological concept of intuition.

M. Otte stated that the faet that, for mathematics educators, common sense is a
social phenomefion'that should be studied, and not just taken as an a priori whose
existence is to be,confirmed or as an obstacle to be overcome, indicates that math-
ematics educationiis as much a science as it is a socially oriented philosophy.

What Is the Specific Object of Research in Mathematics Education?

The question of the group was generally found as difficult, if not impossible, to
answer. It'was remarked that, in this respect, mathematics education shares the
lot“ef all human sciences. Michel Foucault’s words from The Order of Things
were eveked, in which he identifies the source of the difficulty of human sciences
in the ‘complexity of the epistemological configuration’ in which they are placed.
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One can think of the mathematical and physical sciences as forming one vector of
the space of scientific knowledge; linguistics, biology, and economics as another
vector; and philosophy as a third. The human sciences then find themselves on
none of these vectors but instead occupy the whole space spanned by all three.

What explains the difficulty of human sciences is not their precariousness, their uncertainty asysci-
ences, their dangerous familiarity with philosophy, their ill-defined reliance upefi other,domains of
knowledge, their perpetually secondary and derived character, and also their claim to universality is
not, as is often stated, the extreme density of their object, it is not the_metaphysical, status or the in-
erasable transcendence of this man they speak of, but rather the complexity of the epistemological
configuration in which they find themselves placed, their constant relation to'the three dimensions
that give them space. (Foucault, M.: 1973, The Order of Thingss A Archeologyyof the Human
Sciences, Vintage Books, New York, p. 348)

Several participants expressed in writing their viewspen the specific object of
research in mathematics education. For examplepd. Goding wréte that ‘one of the
specific objects of study for mathematics education iSithe transformation or adap-
tation of mathematical knowledge to the differént teaching institutions, from the
descriptive and prescriptive points of view’. According to H. Steinbring,

mathematics education as a scientific discipline haS\to start frem the interrelations between mathe-
matical knowledge and social demands (contextsyrequiréments) etc.). It has to ask itself what are the
theoretical perspectives on this ‘socially contextualized’ knowledge that take this dialectic relation-
ship systematically into account. The problem is notto reduce the social side to the side of mathe-
matical knowledge, nor vice versa. And then the questioniis: How could such a perspective be made
operative in didactic research?

D. Pimm wrote that ‘in trying to get one all-embracing object, we risk losing
sight of particular objects’. Oneparticular object he wanted to speak about was
related to the issue of commion sense: ‘How are we involved in enabling math-
ematics to become a commomysense (a$§ language is) while becoming increas-
ingly aware of the ways_in which'it is implicated in creating an apparently
natural (and, therefore,finvisible) overly shaping common sense?’ He added:

With regard to an ebjectgfor mathematics education, one is the relation between a human individual
and the mathematical knowledge (seen on a par with linguistic knowledge) that resides within our
community. There isalso a more obscure object of desire, that of perfect ‘understanding’ as well as
of ‘fluency’ (think 6fLeibniz’s dream of a rational calculus). My object recently is the roots of math-
ematics in the human,unconscious and its influences that are visible.

W. Dorfler attempted to pinpoint the main difference between mathematics
and mathematics‘education, and thus to obtain a definition of the object of re-
sedreh in mathematics education:

Mathematics, among other roles, provides means for making sense of the experiential phenomena.
That is, one can/look at the world through the lenses of mathematical concepts. In mathematics edu-
cation the direetion has to be reversed: One has to look at mathematics through an empathy with the
learners and the teachers. Thereby a multitude of views on mathematics will result, even a multitude
of ‘personal mathematics’. In other words, mathematics education may study the ways in which
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people use mathematical ways of thinking for organizing their personal experience and how they
organize and develop those ways of thinking and reflecting.

Sfard used a comparison, and her conclusion was that it is necessarypfor
mathematics education to clarify its position with respect to mathematical
knowledge:

Our ultimate objective is the enhancement of the learning of mathematics. However, as résearchers,
we are producing knowledge (about how people create mathematics for themselves), and as educa-
tionists, we are inducing certain knowledge in others. Therefore, we @re faced with théierticial ques-
tion: What is knowledge, and, in particular, what is mathematical knowlédgefor us? Here, we find
ourselves caught between two incompatible paradigms: the paradigm of human scierices (to which
we belong as mathematics education researchers) and the paradigm of mathematics. These two are
completely different: Whereas mathematics is a bastion of objectivity, of clear distinction between
TRUE and FALSE (for practicing mathematicians at least), there’ isgnothing like that for us. For us,
mathematics is social, intersubjectively constructed knowledge’... Butywe feel somewhat schizo-
phrenic between these two paradigms because our comfitment to teach MATHEMATICS makes us, to
some extent, dependent on [the philosophies of mathematics held by, mathematicians]. Therefore, we
must make the problem explicit and cure the illness by making clear where we stand with respect to
the issue of mathematical knowledge.

R. Mura gave a very personal riewsof théytopic of the group and the
discussions: : ‘

[ came to this group because I had written a paper for this conference on mathematics educators’
definitions of mathematics education. This experience, in a'sense, makes it more difficult for me now
to give my own definition. In general, I would say that the object of mathematics education is less
problematic than the object of mathematicsh Maybe what we want to concentrate on is the border
cases. Some of us have had our own work challenged as not being research in mathematics educa-
tion. The first issue (work not really being research) is common to all the social sciences and human-
ities. The second issue (not researchVin mathematics\education) is for us to decide. Some of us have
been criticized by people saying thatour work is in linguistics, in women’s studies, in philosophy,
and so forth, rather than in mathematicsteducation."Could we behave in a way similar to our col-
leagues in mathematics and saygthat mathematics education is what mathematics educators do?

WHAT ARE THE AIMS,OF RESEARCH IN MATHEMATICS EDUCATION?
REPORT OF WORKING GROUP 2

Leader: Olé Bjorkqvist

Reporterss Pedro.Gomez and Thomas Romberg

This,_group was asked to consider at length possible answers to the question of
aims in_order to clarify the notion of research in mathematics education as an
académic activity. In particular, the group was asked to examine ‘two kinds of
aims: pragmatic aims and more fundamental scientific aims’.
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The issue was addressed by first considering two papers; then each was dis-
cussed. The two papers served to focus the groups’ thoughts on the question.
Gilah Leder addressed the diversity of research aims in the field of mathematics
education.? She argued that the purposes for doing research have changed during
the past half century; that scholars who conduct research have diverSe, often
pragmatic, and occasionally scientific perspectives about the aims of their re-
search; that the perspectives have been shaped throughout‘history by the
Eurocentric male-dominated majority culture; and that three pragmatic consider-
ations (esteem for research within academic circles, so€ial or culturabpriorities,
and allocation or availability of resources) often shape the kinds of research
carried out.

Julianna Szendrei presented a classification of four different kinds of ‘results’
produced by research in mathematics education.(The paper had been jointly pre-
pared with Paolo Boero.* Furthermore, she related/eachatype of result to prag-
matic or fundamental scientific aims and to threejintended outcomes: energizers
of practice, economizers of thought, and demolishers of illusions. The first type
of a result, which she labeled innovative patterns, would include teaching mate-
rials, reports about projects, and so forth, Obviouslyssuch results have practical
consequences and are designed to ‘engrgize practice’. The second type of result
is quantitative information about ghe cheices concerning the teaching of a
peculiar mathematical content/generdl or specific learning difficulties,
possible relationships with factors influencing learning, and so forth. Such
results have both practical and scientific aims and are designed to both ‘ener-
gize practice’ and ‘demolish illusions’ about current practices or beliefs. The
third type of result is qualitativé information about the consequences of some
methodological or content inngvation, and so on. These results are related pri-
marily to scientific aims and designedto, ‘demolish illusions’. The final type of
result is theoretical perspéctives regarding reports that reflect on descriptions
and classifications or interpretations of phenomena, models, historical or epis-
temological analyses efgseontent; and so on. Obviously, such results have
scientific aims designed o ‘économize thought’ and perhaps to ‘demolish
illusions’.

Following thesepresentations, the members of the working group entered on
three occasions into a‘spirited discussion of the ideas presented in the conference
position paper dnd'these papers. The discussion was also fueled by the plenary
talks on the balance between theory and practice, the social and cultural condi-
tions under which each of the members of the working group operate, and the
other sessions and discussions each member participated in during the confer-
ence. The)contents of the discussions ranged over several issues related to all
fivesworking groups. Working group members submitted written comments to
S§ummarize, thoughts; a first-draft synthesis was written, points discussed, and
formiat agreed upon, and after two chances to revise the report, this final version
was'‘completed.
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Throughout the sessions some issues related to aims emerged again and again.
These can be summarized under three headings:

Research as a Human Process

The term research refers to a process — something people do, not objects ®ne
can touch or see. Furthermore, research cannot be viewed as a set‘of miechanical
procedures to be followed. Rather it is a craft practiced by seholarly \groups
whose members have agreed in a broad sense on what procedures are,to be fol-
lowed and on the criteria for acceptable work. These factsdedius to the follow-
ing assertions:

e An important aim of all research should be ‘t0 satisfy the ctifiosity of the re-
searcher about some situation’. [Note, first, that situation is used here to refer
to all the objects of study being specified/by Working“Gréup 1, and second,
that the researcher’s ‘interest’ is often influencedyby policymakers, school
boards, and so forth.]

e That curiosity should lead to an understanding of,sitiations. Many situations
involve the teaching and learning of mathematics'in classrooms with the ex-
pectation that understanding suchfsituations cotld lead to improved practice.
Other situations may be outside/schoolsand may lead to improvements in the
workplace. In this regard, we recognize thatithere are several levels of under-
standing such as describing or explaining.

e The actual situations a researcher might investigate are embedded in the insti-
tutional, social, political, and Cultural conditions in which the researcher op-
erates. The personal aims 0f different researchers will differ because of
different beliefs and their miembership,in particular scholarly groups with dif-
fering notions about dis€iplined inquiry. [Note also that these groups may
have differing aims.] And'thére may be'a difference in the aims for a particu-
lar study and a set of studies oraresearch program.

One member ofithe group proposed that Figure 1 be used to illustrate the variety
of things a scholarymay be influenced by when deciding on the aim of a
particular study.

Diversity of Aims

The teachifnig and,learning of mathematics in schools at any level in any country
is complex, When one also considers mathematics outside schools and in adult
edueation, théleomplexity is compounded. These facts, when added to individual
Curiositysginake it clear that there has been and will be a diversity of aims.
Individual'studies and even research programs conducted by different persons or
groups will inevitably have different aims. The concern of the group was that
such diyerSity might make impossible any coherent compilation of findings.
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Nevertheless, some factors were considered by the group as helpful in making
the specific understandings useful:

e The situations we aim to investigate must include mathematics.

® We need to differentiate specific aims between short-term and lon

@ We need to consider the possible alignment of personal aims wit
nal aims of professional groups, policy reports, or funding age

It became clear in the discussions that the community
education needs to become politically active in order t
tions for research.

Practical Aims or Theoret"

| Ai
th t the results of at-
of implications, both the dif-
nowledge, practical
ed. The group also un-

, pragmatically it should
en designed to have practical

In the group’s view, given the diversity of aim§jand
tempting to understand a situation can have a‘va
ferences between theoretical knowledge, prg

be obvious that some research studi
implications (i.e., energize practice)

research.
o Some studies should
o Some studies should i
the growth of research an

limits of a theory.
ibute to the elimination of obstacles to
cceptance of research results.

Q he group expressed the belief that there are, in the
of the words practice and theory corresponding
that can be summarized as follows:

Finally, one membe
present meetingidiffere
to different points

Point of vie Practice Theory
level (role) teaching researching
person teacher researcher
place classroom laboratory
oduc technique knowledge
methodolo collect data analysis
i natural experiment
short-term long-term
ge i projects fundamental
knowledge

research vs. development development research
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To paraphrase D. Lacombe in the article ‘Didactique des disciplines’ in the
Encyclopaedia Universalis: In the end, if the researcher wants ‘recognition’ for
improving practice, it is enough to become a salesperson for a brandgfyinstru-
ments, or even better, several brands of instruments put together. On the other
hand, if researchers want to leave a ‘trace’ of their intellectual contributien, they
must be prepared to see their work the object of criticism or even derisioniand to
undermine the comfort of the establishment.

Sharing the Findings of Resear¢h

One aspect of conducting a research study is that a study’is not‘complete until a
report is written explaining the results and anticipating actions of others. Thus,
one important aim must be with respect to sharing the results with others. This
aim must involve:

e deciding on an audience (or audiences), and
e considering the potential consequences of theyresults for that audience.

In conclusion, the following two questions need to be considered by all when
talking about the aims of research in‘mathematics education:

1. To whom are we (mathematics education’researchers) talking when we list
the aims of our research?

2. Are we trying to determine what the aims of mathematics education research
have been and are, or are we trying to make proposals about what the aims
could be in the future?

The first question is relevant,since there are ‘outside factors’ (funding agencies,
government bodies) that have imythe past'shaped at least partially what the aims
have been. On the otherghand;“the research community could and should
influence the way thesg,external agencies have an impact on those aims.

Researchersgéan have agprogrammatic or a descriptive approach concerning
the aims of research’in mathematics education. The former could amount to the
proposal of some kind'of tesearch agenda, whereas a descriptive approach could
require an analysis'and description of how the aims of research in mathematics
education haveleyvolved and how we can use this evolution as an indication of
their future status.

The grotip.saw, research in mathematics education as the activities and results
of a community“of scholars. Therefore, from a descriptive point of view, the
aims,of researchgn mathematics education are the aims of this community as far
as its aetivities and results. In this respect, a programmatic approach is not very
helpful if one sees the research community as a body that evolves according to
multiple interests and perspectives.

Thisemltiplicity of research perspectives tends to characterize the way re-
searchers see the aims of their work. One can see the aims as to explain, predict,
or control (empirical-analytic); or to understand (interpretive); or to improve or
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revise practice (critical). However, these perspectives are not specific to math-
ematics education research. What makes the aims of mathematics education
research specific are the phenomena and the practices we are trying togexplain,
predict, control, understand, and improve.

WHAT ARE THE SPECIFIC RESEARCH QUESTIONS OR PROBLEMATIQUES,OF
RESEARCH IN MATHEMATICS EDUCATION?

REPORT OF WORKING GROUP 3

Leader: Mariolina Bartolini-Bussi

Reporters: Bernard Hodgson and Iman Osta

A general problem of the group was the ambiguity/of the,task: Is it possible or
even meaningful to discuss ‘specific research questions’ without considering at
the same time the problems of objects of research imymathematics education,
aims of research in mathematics education, results of‘research in mathematics
education, and criteria for research ingmathematics,education? However, the
group tried to accomplish the task.

Two presentations introduced the/discussion: Nicolas Balacheff spoke on the
case of research on mathematical proof, ‘and Ed Silver spoke on research ques-
tions in the international community of résearchers. In his presentation,
Balacheff elicited three different components of a didactical situation that estab-
lish relationships with different research fields: the content (defined by a prag-
matic epistemology of proof, where researchers in mathematics education can
question mathematicians’ practiees); the learning process (where social interac-
tion can act as a catalyst for/developing,proofs or counterexamples, and hence
where psychology and sociology can provide elements of frameworks); and the
classroom situation as an abjectof study(entity) (where questions specific to di-
dactics occur, e.g. relatedsto, the“didactical contract and to the milieu; the latter
concept may lead to the idea of mathematical phenomenology, which in turn
leads one to question mathematicians).

In his presentationy, Silver discussed two sources of research questions: (a)
theory and prior researchihand (b) educational practice and problems. The rela-
tionship betweén theory and practice can make international communication
difficult (the example of the QUASAR project was presented as context-bound
research, difficult to discuss and evaluate in an international forum when com-
pared withfthe author’s research on problem posing). In mathematics education
research, (in_addition to disciplinary issues, it is necessary to consider political,
financial, and other societal issues.

Afterthe two presentations the group started the discussion. The main points
of the discussion were the following (different streams went on with continuous
intersection; what follows is not a chronicle but a kind of reconstruction of the
outcome;of'the discussion).
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Complexity of Research Questions

This point was raised by several participants: From the two examples presented
by the speakers (QUASAR and proof), it was clear that each research question
addresses a complex relationship between different components (e/g., disciplin-
ary, political, social, psychological, and didactical issues). This complexity/re-
quires making reference to and drawing upon different research*fieldsy(namely,
mathematics, epistemology, psychology, sociology, didactics, and so on).

Some research questions deal with only one of the €omnponents (e.g¢, episte-
mology in the case of proof), but most deal with relationships, among several
components. It is necessary to avoid ‘unjustified reductiofy of complexity’. What
about ‘justified reduction of complexity’?

One of the causes of complexity is, for instance{ the relationships between math-
ematics education and mathematics. We cannot reducéresearch in mathematics ed-
ucation to part of research in mathematics, as peésearchers in‘mathematics education
are responsible for their own methods, theories, and problématiques. But
mathematicians and researchers in mathematics'education share responsibility for
the relevance of the research done with respect to‘mathematics.

Considering the practice of mathenatics education in the fullest sense (plan-
ning and reflection, curriculum design andydevelopment, teacher preservice and
inservice education and not only /lassroem teaching—learning situations) pro-
vides examples of the complexity of relationships between mathematics and
mathematics education. (See also the problem‘of theory and practice below.)

ANDichotomy

A major (false?) dichotomy (THEORY \ersus PRACTICE) was included in the
Discussion Document as a'source of different sets of research questions. This di-
chotomy was a critical pointiin the group'discussion. Some participants supported
the separation betweentheory and practice (identifying them, respectively, as
RESEARCH and INNOVATION) in‘order to allow to understand their specific con-
straints and sogas to allowylinks to be built between them in a non-naive way.
Other participants eXpressed a need to consider theory and practice (without iden-
tifying them with researchyand innovation) as being in a true dialectical relation-
ship that also in€luded research problems generated by practical needs.

Examples were offered of relevant research questions raised by the links
between theory and practice (e.g., the role of the teacher, considered as central in
the teaching=learning process; the design and analysis of long-term processes; the
analysis Of the constraints on teachers that prevent them from being innovative,
andyways 10 copewith these constraints). This contrast is related to either implicit
or explicitzassumptions about paradigms. Provocative questions were posed: Are
ther€lationships between research and innovation research questions? If so, who is
i‘charge of/coping with them? Teachers? Researchers? Both in cooperation?
Other people? Is this a general question? Is it dependent on the given paradigm?
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Criteria for Judging Questions

Another point concerned criteria. Do we need criteria to judge the validity of
specific research questions? Two contrasting positions emerged in the“discus-
sion: We need criteria, and it is better not to have criteria.

Communication and Relevance Internationally

Another point concerned the problems of communicafion andirelevance with
respect to the international community. This point had begn faised by Silver as
one among several in his presentation, but it was transformed by:théygroup into a
major issue to be discussed. That was a partial shift fromythe assigned task, as
the problem of internationalization was not a spe€ific topicfor the group, but is a
general problem of research in mathematics education.)Not only research ques-
tions, but also objects, aims, results and critéridseould and should be submitted
to discussion by the international community.

A first problem concerns communication (0f specific questions) because of
the difficulty of giving all the relevanginformation,concerning contextual fea-
tures of a given research, and so on. Fhis problem ean be solved pragmatically
by publishing papers with a suitable length to allow these assumptions to be
shared with the readers. A second/majomproblem/concerns relevance: The way
the international community influences“the ¢hoice of local research questions,
the relevance of local research for the international community, and the rel-
evance of theoretical international research for local communities. Two comple-
mentary positions emerged: On the‘one hand, from the experience of the past the
international community may bé supposed to be willing to conduct only certain
kinds of discussions (related té"content ox, to theoretical issues and avoiding ques-
tions that are too contextsbeund). On the other hand, several participants under-
lined the richness of having discussion‘from different perspectives in order to
identify potential controyeisies orpoints of consensus. The interest of the interna-
tional community in sgach discassion is obvious, as recognizing differences can
lead to a bettergunderstanding« Consider the following metaphor from zoology:
The existence of kdngaroosin Australia enlarges the European knowledge of
mammals, even if it“makes/ no sense to plan the importation of kangaroos to
Europe. The imiportance of very specific (hence context-bound) questions was
also underlined\by the analogy with some ‘good ideas’ that have been developed
in science (according'to history) in very specific contexts, before becoming uni-
versals. Seffwhiether or not we have a problem of communication, we need to
make explicit and accept differences in contexts, assumptions, and paradigms.

A Proposal
Because so many problems need to be addressed by the international community

of researchérs in mathematics education, a final suggestion of this working group
was the proposal of establishing an acknowledged community of researchers in
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this field, similar to the International Group for the Psychology of Mathematics
Education or the International Study Group on the Relations Between History
and Pedagogy of Mathematics. Such a group could become a Specialglnterest
Group of the International Commission on Mathematical Instruction.’

WHAT ARE THE RESULTS OF RESEARCH IN MATHEMATICS EBUCATION?
REPORT OF WORKING GROUP 4

Leader: Susan Pirie

Reporters: Tommy Dreyfus and Jerry Becker

The working group was initiated by two introductory papers. Carolyn Kieran
made reference to accumulated research results,and dividéd,them into immediate
versus long-term results.® Long-term result§“include the“development of new
theoretical frameworks. Kieran traced the histeryof the development of such
frameworks during the past quarter century. Ferdinando: Arzarello presented a
general frame from which to view (Italian), researchlinfmathematics education.’
He described the first period of research in mathematics education in Italy as
considering static (snapshot) phenomena (includingiconcept-based didactics and
innovation in the classroom) and made the tsansition to a dynamic (movie) view
that stresses relationships between the componeiits of the static description.

The discussions of the group revolved essentially around the following ques-
tion: Under what conditions should a fact be considered a research result? The
role of questions and their position ‘Within a theoretical framework was consid-
ered, as was the role of interpretationjithe specificity to mathematics education
of these theoretical frameworks, questions and interpretations; the role of teach-
ers in the research process} and the domainlof validity of the results.

An attempt was made to categorize various results — for example, in terms of the
categories suggested in th&/Discussion Paper. This attempt, however, was not seen
as successful by the wotking group participants and was therefore discontinued.

Theoryyand the Nature of Mathematics Education

There was widegspread agreement within the group that without a question, there
can only be factsybut no'results. It was stated repeatedly that effects (e.g., statis-
tical differences in‘achievements between different groups) alone are not results.
In didactig§, we Want to explain the differences, not just show them. We need to
identify theypvariables of the didactic situation in order to combine the different
faetsrinto a‘cohérent network of reasons.

TheresWas, less agreement on how research questions may arise and how their
appropriateness should be judged. Some participants argued that questions must
arise and be tied together within a theoretical framework. Others felt that as long
as one defines what one is looking for, the framework does not matter. It was
noted that anthropologists do not necessarily start from a theory but generate a
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theory. If we borrow their research methods, can we remain with theory as pre-
requisite to result?

The content of the questions was seen as important: just about anything,that is
research based can count as a result under the condition that it informs the cifeu.
lar process of understanding the learning of mathematics and thus impreving its
teaching. (‘Research based’ means generated by disciplined scientific inquiryy)

Although some participants saw theory as necessarily underlging fesearch, it
was agreed that there are not only experimental, but also theoretical‘results. It
was suggested that a theory is a result of different réSults. Alsoa, theory on
which a piece of research is based may be modified as a resultiof the research. In
order for that modification to be admissible, it was seen as essential’that the re-
searchers know and state in advance what they are goingito do with the results.
Otherwise, they are doing exploratory researchfat) best. Iniother words, theory
should not be modified on the basis of a particulat résearch study, unless the
possible modification of theory was stated at theloutset as‘a potential outcome.

Context was also seen as relevant: the character ofyimathematics education re-
search is specified by the community and by the questions asked, not by the
results. It is not the result itself, but the,conditionspunder which it was obtained,
that make it significant. For example#‘understanding” cannot be considered as
something defined a priori. It has afplacéyin the didactic process, and must be
defined by the role it takes in the tgaching-dearning process.

The group also discussed whether ‘mathematics education was a design
science, like the engineering sciences. In a“design science, the extraordinary
idea that leads to new development and the ensuing development (or at least its
design) are considered results. Biotechnology was cited as a field in a similar
situation: one central idea might produce a technological solution of a certain
problem; the rest may be roatine. If we do not take seriously the solution of
teachers’ problems by effective design, we will fail as a field. Others objected
and claimed that while teaching,may bean art, research is not: its results must
fall within a frameworksDesign'has creative, artistic aspects; research does
not.

The questiongthus arese,ofwhether, and under what conditions, a piece of
software — or a‘textbeok —‘could be considered as a result. Again, there was a
wide range of opinions.)Most participants agreed that if design principles are
based on previ@us research results and are systematically implemented, the
product of the|design should be considered a result. In other words, not a single
piece, but a type or'¢lass of software (e.g., microworlds), may count as a result.
However«d€8ign or development in our field cannot possibly be based on
confirmed\results if only because of the extremely limited number of confirmed
results in‘théaficld. Thus, some participants concluded that an ingenious single
design was enough for a creation to count as a result of mathematics education,
wher€as others expressed doubts as to whether any designer is ever able to
explain how ja piece of software was designed.

This dis€ussion led to the emergence of yet another criterion for results,
namely that they have some predictive power. If someone is able to describe the
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pertinent variables and the effect of a piece of software on the learner under
various conditions (and only then), the software should be considered a result.

Interpretation of Results and Specificity of Mathematics Education

Can one have a result without interpretation? Several levels of interpretation Were
identified. At the lowest level, facts may exist as facts. The next levelis the re-
searcher analyzing and interpreting research data. The next is putting them into a
framework — for example, when writing a paper. A furthier)level mayloeeur when
someone else reads the paper (some disagreed that reinterpretation,was possible on
the basis of reading only). At every level there is a resuland an interpfetation.

A complementary opinion was that only the change from one theoretical
frame to another allows a real interpretation of results, This‘'view' led to the ques-
tion of how researchers from different fields look at theysame results. Can we
borrow results from other fields? Can we look ata psychelogist’s or a sociol-
ogist’s results and make them useful? Can we,interpret them in terms of our
background as mathematicians?

For instance, when a psychologist and,a mathematies' educator look at a con-
tingency table, they probably see two/different sides of the same coin; the ques-
tions they ask are completely diffefent. The mathematics educator’s question
could be ‘What mathematical meansiis there to gxplain a connection between
two phenomena?’ A model of implication ishn€eded to answer this question,
whereas the psychologist may need only correlation.

Thus, we can borrow results from another field when we already have a ques-
tion to which this result gives a (pastial) answer. In the process, we are also re-
interpreting, which is typical fofinterdisciplinary fields.

This observation naturally Jed to“the‘question of the specificity of mathemat-
ics education as a field: 18fit a scientific\discipline or only a combination of
mathematics and psychology? Here)again, there was no agreement. Some par-
ticipants pointed to a farsrapging parallelism to, say, physics education. They
saw the fields as similar, with the same types of questions and results; they saw
us as borrowingpand adaptingfmethodologies from other disciplines; and they
saw the differences only in the specific questions (e.g., naive conceptions in
physics education do not Seem to have a counterpart in mathematics education)
and in the corre$ponding results. Others felt that there is a tension between inter-
disciplinarity and, mathematics; that we have specificities; that we cannot trans-
fer directly from,'say, language education; and that the types of questions we ask
are specifi¢"to our field. It became clear that in order to attempt to discuss this
dichotomy)seriously, one needs to get down to the lower level and talk specifics.

Any discussionsof research in mathematics education must occur in a context
involvinggmathematics. This relevance of the mathematics may express itself in
thegtypes of questions asked. We have also put more mathematics into our
models of understanding than three decades ago. The extraordinary role of the
notionefré€presentation was seen as typical for mathematics education research.
We are working not only on concepts (as others do), but also on symbols (and
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other representations). In physics, much less depends on complex abstract repre-
sentations, at least at the school level. Similarly typical is the specific epistemo-
logical status of mathematical objects and their recursive structure: What are
mathematical objects? How are they being conceived by students? In mathemiat,
ics, there is hardly any distinction between objects and relationships:iselation-
ships can become objects at the next higher level: number, function, operator,
functor. We (mentally) manipulate manipulations on lower levelfobjects. Such a
recursive multilayered structure is not encountered in other topics.

We also use some theoretical frameworks that are spécifically mathematical,
such as the process—object distinction. Because our franiewerks are specific,
even if we use general terms, they describe results specific to mathematics edu-
cation. Thus, mathematics and its specificities are inherentin the research ques-
tions from the outset. One is looking at mathematics learningyfand one cannot
ask these questions outside of mathematics.

Communication and the Role.of Teachers

Communication was mentioned as a possible necessary condition: a research or
design/development outcome should jot be considered as a result unless it has
been effectively communicated to relevanttaudiences: fellow researchers (locally,
nationally, or internationally), teachers, sehiool and policy boards, and so on. An
essential part of research is that results“mustybe’ communicable and communi-
cated. In this light, attention was drawn to the'fact that researchers, teachers, cur-
riculum developers, parents, and, policy bodrds all have different questions.
Where the questions come from i$ essential to what the results are. And since the
results depend on the questions,the results are different for different audiences.
The question of how_far fesults‘must be communicated to be considered
results led to the realization(that the communication requirement was somewhat
naive; for example, does one.need. to demonstrate that 10 or 120 teachers applied
one’s research results2gPoes one need to show that teachers will further
influence other teachers to sise dne’s results? Isn’t it possible to do research, say,
on tertiary mathematics t€aching and not have any university teachers apply it?
Is this a requirementyfor something to be a result? Moreover, just by writing a
paper one does not ensurgcommunication. People may not read the paper. And
if they do, theyfmay givethe results a very different interpretation from the in-
tended one. The opinion was even expressed that what researchers find out
cannot be transmittéd'in writing. It must be transmitted face-to-face. Thus, we
need longg€xchanges, not brief one-phrase discussions. Only such direct inter-
actions can allow s to find out whether others ask the same questions we do.
€ommunication to teachers does not usually take the form of papers, but may
appear ingthe form of collections of tasks, exercises, and so forth. Such collec-
tionsfmay, for example, show future teachers what discussions about mathemat-
ies‘are, and enable them to implement similar tasks in their classrooms. We were
thus led tethe question of whether professional development is research and,
more generally, what the teachers’ role in producing research results could be.
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Although it was generally felt that professional development should be con-
sidered research, if the theoretical background is explicit, opinions and experi-
ences on teacher research ranged widely. Much research is carried out
nowadays with teacher participants. For example, in the Italian framework, the
collaboration between researchers and teachers was a critical/component
influencing the transition from snapshots to movies. Classroom observations’ by
teachers are often very revealing, but teacher participation gn“a study ‘may
significantly change the relevance and meaning of its results = which“has been
found to be the case by the Japanese, too.

One argument was that results are tied to the institution that required the
result. A teacher’s ‘result’ is attached to his or her schoel/nd is‘therefore not re-
search. On the other hand, the questions teachers can and,should ask can be
treated by researchers. But that must not be a restricting factor."The tension can
be resolved by a complete separation between, a person’syrole as teacher and as
researcher. Then teachers can produce research results.

To realize this separation, it is important to emphasize, the' connection and dis-
tinction between the responsibility of the teacher and that of the researcher.
Even if it is the same person, there mustbe a complete’ change of behavior and
responsibility: in research one has tofovercome, the inhibition to question the
question. Research provides questions, andfanswersythat allow one to construct
teaching situations. A situation can/be proposed by a researcher to a teacher, but
it will be the teacher’s responsibility to implement it in the classroom. Teachers
find themselves in a societal framework. Often they are forced to give answers
beyond the area we already know from research investigations. They are forced
to give ‘engineering answers’ without having a theory from which to draw the
answers. This phenomenon points,back to the design science aspect of math-
ematics education and, perhaps, providesiit with more credence.

Field of Validity

Finally, validity was mentioned, as a criterion for a fact to be considered as a
result, and that Jed to the question of the field of validity of a result in space and
time. The notion offfield of validity of a result was seen as essential. It was also
noted that we are not usually sensitive to determining fields of validity: Even if
we try to fully Separate teaching from researching, the tendency to generalize
results beyond their field of validity is widespread.

To what extent can research results from one environment or culture (e.g.,
Japan) be Jinkedito those from another (e.g., the USA), and to what extent are
results culture-specific? It was pointed out that whether a result is valid depends
onJthe theory within which it was obtained, not on the place where it was ob-
tained. Theyvalue of a result thus depends on the interpretation of the theoretical
(orphilosophical) climate through which it is viewed. This climate changes with
time'and location.

Resultsgate results within a certain theory. A mathematical statement is not
necessarily a result of mathematics. The statement should also be unexpected for
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the person to whom it is addressed (or at least it should be sufficiently complex
to draw the person’s attention): it needs to be within the sphere of attention of
the one to whom it is addressed.

Results cannot become nonresults; they are permanent. But while‘resuits
themselves remain, their relevance may well be ephemeral. They Camybe inter-
preted differently in view of different theories. As a consequence, they mayjlose
their interest when other theoretical frameworks become predéominant. It was
suggested that facts are perhaps more ephemeral in mathematics education than
in other sciences. But even in mathematics, results are@©hnly resultsiin,terms of a
theory. When you enlarge a theory, theorems may bgcome nontheorems.
Quaternions were mentioned as a possible example.\Something that was an es-
tablished and interesting result can disappear as a result.’Ehe fact' remains. The
theory is not there any more and the result thusf{disappears. Ifiyany case, results
are neither universal nor eternal, and we should nét 16ek for fixed answers to
what are the results of mathematics education(research.

WHAT CRITERIA SHOULD BE USED TO EVALUATE THE RESULTS OF RESEARCH IN
MATHEMATICS EDUCATION?

REPORT OEWORKING GRQUP 5 -

Leader: Bengt Johansson
Reporters: Margaret Brown and Morten Blomhgj

Significance of the Topic

Why discuss this issue now? Mathematics,education is developing toward a po-
sition of attaining a degree ofstatis asia scientific discipline. This discussion
provides the necessary baekgroundfor coherent development of the discipline of
mathematics education. Part ofithe reason is the need to attain some agreement
as to what constitutes ‘quality<Wwithin research in mathematics education. If we
see mathematics edueation“as a discipline defined sociologically by those who
claim to study it, is suchhagreement a necessary requirement (compare with the
sociology of sciénce, e.g.,;Thomas Kuhn)?

More essential than the product is the continuing process of discussing criteria
for quality withinthe research community. Nevertheless, the generation of
specific critériayn a variety of decision situations is important for making neces-
sary judgments‘that critically affect the careers of those within the community.
The ethics ofisuch judgments demands that the criteria are open and that there is
Some mechanism for renegotiation. Such situations include acceptance of
journal articles (discussed in Gila Hanna’s and Frank Lester’s presentations),?
but also judgments about funding of research proposals, evaluation during the
process.of research, final reports, conference presentations, and so forth.
Discussion of specific criteria appropriate to each situation also allows profes-
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sional development of researchers and reviewers, who may otherwise have dif-
ferent interpretations of guidelines.

Formulating a Framework

ematics education. Judgment has within it the notion of a tacit
ing from experience and personal values as well as m

dimension goes beyond the evaluation of research result involves a dis-

cussion about the nature and development of our fi€ doe! presuppose
that a set of agreed criteria are desirable, necessary, or ssible.
In this effort, we found it fruitful to take a poi:‘f the description

of the domain of mathematics education as a scienti ipline given by Hans-

(and outside) the educational system in which i
Mathematics education is a field of s
field of education and has interdisciplinary rela
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disciplines such as psychology, anthropology, history, and philosophy. But it
also has a special relationship with the discipline of mathematics itself. This re-
lationship distinguishes it from neighboring fields such as science gdumeation.
Guy Brousseau discussed this relation in referring to the irreducible mathemati-
cal part of research in mathematics education.!?

Within this domain of mathematics education, Steiner pointed to com-
plexity, interdisciplinarity, complementarity and critique’“Theystudy of
mathematics education can encompass paradigms and paradigm shifts, as in
the development of science. The matter of different ¢ontexts for mathematics
education and different cultural traditions must also be gonsidered in relation
to the framework.

Sources for Criteria for Quality in Research in Mathemati¢s Education

The framework within which mathematics education is located provides a struc-
ture for examining criteria for the quality of researchiin mathematics education.
The remainder of the report is organized around questions that were discussed
by the group, referring back to this framework.

(1) Could the relation of mathemdtics educatiomyto classroom practice gener-
ate criteria for quality in research/inmathematics/education?

The whole domain of mathematics education is,¢oncerned with the teaching and
learning of mathematics in the broadest sense, including, for example, learning
outside school, system-wide implementation, ‘and so forth. Therefore it is likely
that research within the field of/mathematics education will have implications
for the development of mathematics teaching. On the other hand, the practical
implication for a change of practice‘in'the teaching of mathematics is a danger-
ous criterion for assessingfthe quality ofyresearch; it is neither necessary nor
sufficient. Although the researchymay not’have immediate and obvious implica-
tions, benefits may appeamenly in‘the long term. Hence although it should not be
a strict criterion, it is/likely td be an important consideration for judging the
worthwhilenessgand relevanceOf the research.

(2) Could the relationdof mathematics education to MATHEMATICS generate
criteria for quality’in research in mathematics education?

MATHEMATICS {i$, written in capital letters here to indicate that it is to be under-
stood as mathematics taken in the widest sense — to include, for instance, its
history, its“philesophy, and its various applications. Whatever views are held
about the nature of MATHEMATICS will be a basis for judgments about the validity
ofiresearch immathematics education. This condition requires the research to be
specificqabout the views of mathematical knowledge and activity that underpin
it It'requires awareness of the general nature of mathematical concepts, and of
the'special difficulties that arise in acquiring these.
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(3) Could the relation of mathematics education to foundation disciplines gen-
erate criteria for quality in research in mathematics education?
Although research in mathematics education gains its autonomy in thépact of
problem posing, in considering problems in mathematics education we are able
to select and define both theories and methodologies from other foundatien dis-
ciplines (background sciences such as psychology, sociology, and philosophy).
Imported criteria for these disciplines must form part of the criteria for the
quality of research in mathematics education. For example, research‘in math-
ematics education could form the subject of articles publishable in‘joutnals related
to these disciplines. Such ‘imported’ criteria could deal withthe nature of evidence
(a point made by Paolo Boero), or with the judgmentVof #alidity..The debate on
qualitative/quantitative methods relates to their appropriate application to relevant
research questions. This point highlights the interdisciplinarity.of mathematics ed-
ucation, although the process is not only one-way. The useyof either the theory or
the methodology may produce new developments inythe parent discipline.

(4) Could the concept of progress in mathematics education generate criteria
for quality in research in mathematics education?
The aim of research in mathematics education must be to extend our understand-
ing and knowledge of some aspect gfymathematicsheducation. This requirement
means that we need criteria to enable us, to identify progression of theory.
Theory is here to be understood in a relativelyginformal sense as a network of
concepts and relationships. One aspect of progression of theory can be inter-
preted as the forming of new concepts and relations within an existing paradigm.
It is important that researchers are aware of the current state of the development
of theory at least in the paradigmpwithin which they are working. This awareness
forms a criterion for progress,and therefore for quality within that paradigm.
Much profit can arise alse, however, flom comparison of the interpretative
power of different paradigmsiin respect toa set of situations, leading perhaps to
a more general comparison or even a synthesis. Clearly such comparisons
require knowledge, understanding, and application of different paradigms. The
generation of tgtally new paradigms (‘home grown theories’) within mathemat-
ics education remainstan overall aim. Again, the criterion of interpretative power
is important in the evaluation of new paradigms.

(5) How do we,take cultural differences within mathematics education into
account?

Criteria can'be generated from the previous considerations. However, it is neces-
sary to allow for‘the fact that there are substantial differences in cultural tradi-
tiohs.relating topmathematics education, arising from different communities and
Sub-communities. In time, we would hope that there is a growth in shared
knewledge within the research community. This growth is assisted by bi-lateral
and“multi-lateral conferences in which the main agenda is to open up and
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discuss the differences between traditions. In the meantime, we can only use
criteria on which there is a broad consensus.

Criteria for Quality in Research in Mathematics Educatio

In this report we have emphasized the framework for the process of s p

criteria rather than describing the product in the form of a s ational
criteria themselves. But because it is necessary to make judg ting to
research in mathematics education, the challenge of tr& to s ch sets
of criteria does have to be faced in specific fields.

In facing this challenge, we should consider the ad es advantages
of the effects of using criteria for different purposes. F ple, there is a risk
that they might lead to stereotyping with res‘ TS p safe. For this
reason, it is important that criteria if stated are illus exemplars, and that
the exemplars are sufficiently rich to indic e ran ossible diversity
within, and not the narrowness of the criteria.

The fragility of the process of using criteria judgments within math-
ematics education requires that such criteria ha vider validity than just in
this field. Competition with other disci ple, for research funding
— calls for the use of criteria for qua esearch in general. Criteria
are needed for example in judging

research proposals
interim or final reports of research
journal or conference papers
doctoral theses

applications for jobs or pri

o)guidelthe ongoing research process. Some
o search itself, and are hence common to all
e\specifically to one item.

Related criteria are also
criteria relate to the quali
these items. Other crite
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RESEARCH, EFFECTIVENESS, AND THE PRACTITI ’
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1. INTRODUCTION
The ICMI Study Conference on Research was a w.

at event with a great
deal of significant interaction between the partic.n It energizing and

involving experience, but as one of my tasks arize’ at the end of

Emphases

analyses

critiques

talking to ourselves
political arguing (to persuade)
individual cases

local theory
well-articulated differences

ness of other audiences
arched arguing (to convince)
over-arching structures

global theory

well-articulated similarities

disagreements agreements

It seems as if the resea ing‘encourages one to analyze, to look for
holes in arguments, to Ite ve viewpoints, to challenge and so forth. Or
the pattern could refle factythat the idea of the conference itself and of this
ICMI Study waspseen nge to the participants’ authority. Certainly the

‘politics of knowle was alive and well in all its manifestations.

So what is the con this chapter? Am I seeking just a nice, warm, col-
laborative eng nt, and feeling that it is a pity that we seem to disagree so
much? I have dmit that with so much conflict in the world today I do wish
that there was ious peaceful collaboration. I also believe that with the
earch into education under attack from certain ignorant polit-

m research with the practice of teaching and learning mathemat-
ussion of this ICMI Study at the Eighth International Congress on

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 33-45.
© 1998 Kluwer Academic Publishers.
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researchers just talking to each other, and thereby ignoring the practical con-
cerns of teachers. Moreover, with the general tendency towards greater account-
ability in education, we find increasing pressures for more effective modes of
mathematics education. This pressure needs to be responded to by the research
community, and my concern is that, in general, it is not.

This chapter, then, is concerned with the researchers’ relationship ‘withythe
practitioners’ world, and it starts by considering the issues of ‘efféctivéness’.

2. EFFECTIVENESS: THE PRESSURE AND THE RESPONSES

Mathematics has increasingly become a significant part ofievery young person’s
school curriculum, and as mathematics has been growing in importance, so has
the public pressure to make mathematics teaching asyeffective as possible.
‘Mathematics for all’ (see, e.g., Damerow et al. 1986) has‘become a catch phrase
which has driven educators in many countries to.constantly’review their mathe-
matics curricula and their teaching procedures/The challenge of trying to teach
mathematics to all students, rather thans say, arithmetic, has been one element,
the other being that of teaching all students regardless of possible disadvantage,
handicap or obstacle.

The pressure for greater effectivenessyin mathematics teaching now comes
both from the application of business-oriented4approaches in education, sup-
ported by the theory of economic rationalism, and also from the increasingly
politicized nature of educational decision making, driven by the economic chal-
lenges faced by all industrialized Countries since the last world war. Education is
now seen as an expensive conSumerhof national funds, and concerns over the
perceived quality of mathematical‘competence in the post-school population
have fueled the pressure.

Research has also contributedy(pérhaps inadvertently) to this pressure, firstly
by supplying a range of.evidence’on competence, and secondly by raising ex-
pectations about the potential for achievements throughout the whole school
population. It has, also contributed to the concern for effectiveness by helping to
generate alternativglapproaches in mathematics teaching. There are now many
possible permutations ofiteaching styles, instructional aids, grouping arrange-
ments, print media’and so,forth, all available within the modern classroom and
school.

Add to these“the"possible curricular contents and emphases, curricular se-
quences, and examinations and assessment modes, which themselves have been
stimulated\by research, and the variety of potential mathematics educational ex-
periences becomes’ bewildering, not just to teachers. Moreover, these only refer
to formalnathematics education — one could continue to contemplate the further
largefnumber\of possibilities if informal and non-formal educational experiences
were included, along with the World Wide Web.

In the faCe of such a plethora of educational alternatives, the demand for
knowledge about effectiveness is easily understandable, and needs to be taken
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seriously. However, there is little evidence that researchers are addressing the
issue seriously enough.

The editor of the recent Handbook of Research on Mathematics Teaching and
‘Learning (Grouws 1992) advised:

The primary audience for the handbook consists of mathematics education researchers and others
doing scholarly work in mathematics education. This group includes college andfuniversity faculty,
graduate students, investigators in research and development centers, and staff.members at federal,
state, and local agencies that conduct and use research within the_discipline of,mathematics....
Chapter authors were not directed to write specifically for curriculum developers; staff development
coordinators, and teachers. The book should, however, be useful to all thrée groups as they set policy
and made decisions about curriculum and instruction for mathematies eduication‘in schools. (p. ix)

Indeed, nowhere in that volume are the issues of effectivenessygspecifically and
systematically addressed, although the chapters by/Bishop (1992, ch. 28) and
Davis (1992, ch. 29) do intersect with that domain,of coneern? Bishop reflects on
the critical relationship between teacher and researches, and between researcher
and the educational system. Davis argues also for greater interaction between the
education system and researchers.

The lack of relationship between mathematics edueation research and practice
is documented by many referenceés in‘the liteérature (e.g., Brophy 1986;
Crosswhite 1987; Freudenthal 19835 Kilpatrick 1981). There are, however, some
signs that research and researchers are‘relating more closely to the ideas of
reform in mathematics teaching (Grouws, Cooney & Jones 1989; Research
Advisory Committee 1990, 1993).

The pressure for effectiveness/inymathematics teaching supports and encour-
ages the ‘reform’ goal of resedich. In this sense, effectiveness is achieved by
changing mathematics teaching since the present practice is assumed to be rela-
tively ineffective. Thus\th€ often quoted dichotomy between research and
practice is becoming refocusedponto issues concerning the role of research in
changing and reforming psactice:It'is tempting to see ‘reform’ as being merely
‘change’ in line withlcertain\criteria, but that analysis loses the essential
dynamic associated with @ seform process.

3. RESEARCHERS AND PRACTITIONERS

There are several key issues to be faced here. Can research reform practice?
Should that“be ‘its role? Clearly there are other sources for knowledge with
which tol{informchange. What is the relationship of those to the knowledge
gefierated by researchers?

If weeonsider the people involved, it is clear that it is only practitioners who
havefit in"their power to change, and therefore to reform, practice. Sadly the re-
searcher/practitioner relationship has frequently not been a close one, nor has the
knowledge’each generates. As Kilpatrick (1992) says: ‘The actions of a practi-
tioner who interprets classroom events within their contexts could not be further



ALAN J. BISHOP

removed from the inferences made by a researcher caught up in controlling
variation, quantifying effects, and using statistical models’ (p. 31).

Can these two sets of activities be reconciled? More important peshaps, is
whether practitioners and researchers are dealing with such different Kindshof
knowledge that communication becomes impossible.

Furthermore, the Research-Development-Dissemination model still'lives’ in
many assumptions about the relationship between research apd“practice,” and
reflects an assumed power structure which accords the researcher’s agenda and
actions greater authority than the practitioner’s. The incfeasing movesyte'involve
teachers in research teams are to be applauded, but currengly only serve to rein-
force the existing power structure. We hear little abougres§earchers being invited
to join teaching or curriculum planning teams. If the\twopknowleédge domains
are at present so mutually exclusive, then what hope,is there for research to be
influential in reforming practice?

Researchers clearly need to take far morefsefiously than they have done the
fact that reforming practice lies in the practitioners’ domaijn of knowledge. One
consequence is that researchers need to engage more with practitioners’ knowl-
edge, perspectives, work and activity situation, withyactual materials and actual
constraints, and within actual social apd institutional contexts. We will look at a
good example of this later in the chapter.

There are some encouraging signs_that'researchers are engaging more with
actual classroom events within actual classroomssWe are learning more about the
teachers’ knowledge, perspectives and so forth, The research agendas though are
still dominated by the researchers’squestions and orientations, not the practition-
ers’. Researchers tend to be interested in communication patterns, constructivist
issues, group processes and s@yforthy any of which may produce ideas which
could have reform implications. " Butwe know precious little about teachers’
perspectives on reform-driven issues whichyresearchers could seriously address.

Dan Lortie’s (1975) conclusions $till ring true: ‘Teachers have an in-built re-
sistance to change becauseythey believe that their work environment has never
permitted them to show what they can really do’ (p. 235). Lortie’s view is that
as a result, teachers oftengse€ the proposals for change made by others as
‘frivolous’ when théyado not'actually affect their working constraints.

Schools are more thaw just a collection of one-teacher classrooms.
Consideration ofithe social dimension of mathematics education forces us to
realize the institutional/constraints which shape students’ learning. Arfwedson
(1976) analyzed'the ‘goals’ and the ‘rules’ of a school, from the teacher’s per-
spective, aiid showed that the goals of a school are not seen to be accompanied
by sanctions since they are related to the pedagogical methods and attitudes
adopted, whereas rules do carry sanctions (e.g., a teacher cannot disregard
keepingge,a timetable nor recording pupils’ attendance with impunity). He also
poinfs out that the power of the teacher is somewhat superficial since there
would appear to be inevitable conflict between rules and goals, and although the
teachershas” apparent pedagogical freedom, the rules impinge strongly. ‘On the
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one hand the teacher is a part of the hierarchical power-structure of the school
organization, on the other hand it is his duty to realize goals that are mainly
democratic and anti-authoritarian’ (pp. 141-142). Thus any desire on gh€part of
the teacher to bring about change can become inhibited or destroyed.

Much clearly depends on the other practitioners who shape mathematies edu-
cation. At the government, state, and local levels, there are curriculum and as-
sessment designers. Textbook writers who receive governmental“contracts are
equally influential. School administrators, who may be part-timéyteachers, shape
whole-school curricula and structure timetables and schedules whichy€onstrain
what classroom teachers are able to do. Add parents, local/empleyers, and polit-
icians into the mix with their different agendas, andVAufwedson’s and Lortie’s
comments assume an even greater significance.

Where is the research on the influence of different timetable’and scheduling
patterns on mathematical learning? Where arg the researehers who are prepared
to engage in the real practitioners’ world of/timeéyeonstraints, local politics, and
petty bureaucracies? There seems to be a certain"amount of coyness on the part
of many researchers, perhaps rationalized in (terms of facademic freedom’, to
join the practitioners’ world. There is alse a large amount of academic snobbery
together with plenty of wishful thinking.

If researchers are to stand any chanee of'helpingito reform practice, then they
surely must enter the practitioners’” world;‘derive more of their agendas from the
problems of that world, conform more tolpractitioners’ criteria and norms for
solving those problems, and communicate more within practitioners’ commun-
ication mechanisms, such as teachers’ journals and newspapers.

4. RESEARCH APPROACHES AND PRACTICE

Are certain kinds of research activity better suited to improving practice than
others? In Bishop (1992)ilpelaborated my ideas about the three components of
the research process:

e Enquiry, which/coneerns the reason for the research activity. It represents the
systematic quest for knowledge, the search for understanding, and gives
the dynamism-to the activity. Research must be intentional enquiry.

e Evidence, which is/necessary in order to keep the research related to the
reality of the ‘mathematical education situation under study, be it classrooms,
syllabuSes,_textbooks, or historical documents. Evidence samples the reality
on whieh the theorizing is focused.

e/ Fheory, whieh/recognizes the existence of values, assumptions, and general-
izedgrelationships. It is the way in which we represent the knowledge and
dnderstanding that comes from any particular research study. Theory is the
essential/product of the research activity, and theorizing is, therefore, its
essential goal. (p. 711)
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Of the three main traditions influencing research (see Bishop 1992), the peda-
gogue and the scholastic philosopher seem to differ most markedly in respect of
the relationship with practice (see Table 1):

Theory Goal of enquiry Role of evidence Role/of theory,

Pedagogue Direct Providing selective Accumulated and

tradition improvement of and exemplary shareable wisdom

teaching children’s behavior of'expert teachers

Empirical scientist Explanation of Objective data, Explanatory, tested

tradition educational reality offering factsyto be against the data
explained

Scholastic Establishment of Assumed to be Idealized situation

philosopher rigorously argued known. Otherwise to which

tradition theoretical position rerpains,to be educational reality
déveloped should aim

Table 1

Source: Bishop 1992, p. 713.

The pedagogue tradition is overtly concerned*with improving practice, while the
scholastic philosopher is not. The pedagogue tends to involve teachers in the
research process, whereas the scholastic philosopher tends to treat teachers as
agents of practice who are largely irrelevant to the research process. The
pedagogue tradition puts a large ptemium on ‘knowing’ the educational reality —
the scholastic philosopher tradition takes that reality as a generalized assumption
on which to base theorized possibiliti€s:

Perhaps the pressure for ificreased effectiveness is reflected in the increasing
dominance of pedagoguetinflaenced research approaches. As one example, we
now find much less reliance“on Surveys and questionnaires and much more
emphasis on case studi€s and anthropologically stimulated research.

Perhaps also_the presSure ds reflected in a tendency to choose research
methods appropriate, for ajparticular problem rather than to stay wedded to a par-
ticular research methodyBegle’s (1969) rallying call, to which many responded,
is summed up ingthis statement:

I see little hope for any, further substantial improvements in mathematics education until we turn math-
ematics education into.an experimental science, until we abandon our reliance on philosophical discus-
sion based onfdubious assumptions and instead follow a carefully correlated pattern of observation and
speculation, the pattern so successfully employed by the physical and natural scientists. (p. 242)

A’s various writers in the Handbook of Research on Mathematics Teaching and
Learning indicate, that view no longer predominates, largely because of the
failure of the experimental method to produce the benefits sought by
the providers of research funds, and by the educational system at large.

The question to reflect on is whether any one research method can meet the
demands of improving the effectiveness of mathematics teaching. Recently,
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action research has been promoted -as the only research approach which will
have lasting effects in schools (Carr & Kemmis 1986). Action research, as
described by critical-theorist proponents such as Carr, Kemmis and McTaggart,
is concerned with research by people on their own work, with the explicit‘aim'of
improvement, and following an essentially critical approach to‘scheoling:
‘Philosophers have only interpreted the world in various ways ... the pointis to
change it’ (Carr & Kemmis 1986, p. 156).

More than any other approach, action research takes ‘change’as its focus and
encourages practitioners of different kinds to research) collaboratively their
shared problems. As Kemmis and McTaggart (1988) point/outyyithe approach is
only action research when it is collaborative’ (p. 5). Aetiofl research thus empha-
sizes group collaboration by the participants rather than the,specific adoption of
any one particular method. There is also a stfong jideologicdl component to
action research, and it is thus more appropriate to réfer to,it as a ‘methodology’
rather than as one specific method (such as case study).

The action research methodology goes a stage-further towards combining re-
search and practice than other approaches whete teachers join research teams.
The latter practice, although encouraged,by many,still tends to perpetuate the
center—periphery model of educational change, defined by Popkewitz (1988) as
consisting of the following stages:

1. initial research identifies, conceptualises ‘and/tests ideas without any direct
concern for practice;

2. development moves the research findings into problems of engineering and
‘packaging’ of a program that’would be suitable for school use;

3. this is followed by dissemifiation\(diffusion) to tell, show and train people
about the uses and possibilities‘of the,program;

4. the final state is adoptien/installation.\The change becomes an integral and
accepted part of the school Systein. (p.131)

This is a model which imathematics education research has often adopted, either
deliberately or accidentally, Indeed, some projects have stayed at the first stage,
while others have moved“to Stages 2 and 3, often in the form of textbooks or
computer programs. Fewphowever, have reached Stage 4.

Partly the reasGns are“that the research has tended to focus mainly on the
learning of the\particular topic in question, or on the curriculum questions. If
this happens, thenithete is no particular reason why any teaching approaches
derived fromgonimplied by the research will be at all successful.

Choosing to focus research on school-based curriculum topics does not neces-
sarily produ€e,improvements in teaching either. The content-oriented chapters in
@rouws (1992)bear testimony to that:

1. After an exhaustive analysis of both the semantics of, and children’s under-
standing/of, rational number concepts, Behr et al. (1992) state that ‘little is
known about instructional situations that might facilitate children’s ability to
partition’ (p. 316).
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2. Concluding the chapter on algebra, Kieran (1992) says:

As we have seen, the amount of research that has been carried out with algebra_teachers is
minimal.... Teachers who would like to consider changing their structural teaching approaches
and not to deliver the material as it is currently developed and sequenced in mostitextbooks are
obliged to look elsewhere for guidance. (p. 413)

3. Concluding the chapter on geometry, Clements and Battista((1992)'say: ‘We
know a substantial amount about students’ learning of geometric concepts.
We need teaching/learning research that leads students,to construct robust
concepts’ (p. 457).

4. 1In the concluding section of the chapter on probability, Shaughnessy (1992)
says: ‘It is crucial that researchers involve teachersiimifutute research pro-
jects, because teachers are the ultimate key'topstatistical’literacy in our
students’ (p. 489).

5. Concluding the chapter on problem-solving, Sehoenfeld (1992) says: ‘There
is a host of unsolved and largely unaddressed"questions dealing with instruc-
tion and assessment’ (p. 365). As Brophy (1986) says: ‘Mathematics educa-
tors need to think more about instriletion, not justicurriculum and learning’
(p. 325).

As was stated above, theory is the way inywhich/we report the knowledge and
understanding that comes from any particular tesearch study. However, in rela-
tion to the theme of this chapter, the central issue about theory is to what extent
should it shape the research itself? This issue highlights the role of theory in
determining the research questions, in shaping the research process, and in
determining the research methods

The thrust of the argument$ so far in‘this chapter is that it should be the practi-
tioners’ problems and questions which should shape the research, not theory. So
should research be any more thangjust practical problem-solving? And to what
extent should the know}édge which is research’s outcome be any more valid as a
form of knowledge-fot=change as any other form of knowledge?

Action rese@rch hasicertainly been interpreted by some as just practical
problem-solving. However, as Ellerton et al. (1989) point out: ‘It involves more
than problem solving n thar'it is as much concerned with problem posing as it is
with problem golving’ (p/285). They go on to show that action researchers do
not

identify with"what has come to be known as ‘the problem-solving approach’ to achieving educa-
tional change. By this latter approach, a school staff identified problems which need to be addressed
in'their immediate setting: they design solutions to these problems, and in so doing, become trained
i procedures forsolving future problems. (p. 286)

For Carr and Kemmis (1986, p. 159), the term research implies that the per-
spectives of the participants in the research are changed. Thus, even in action
research; the research process should be a significant learning experience for
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the participants. In that sense, the research problems and questions need to
be couched in terms within the participants’ schemes of knowledge. Theory
enters through the participants’ knowledge schemes, and insefar as
these schemes involve connections with published theory, so will that“theony
play a part in shaping the research. It is this theory which offers the'dimensions
of generality which make the difference between research and problem-solyvifg.

This pattern is well illustrated by a powerful study of mathem@tics teaching in
first schools (Desforges & Cockburn 1987), which followedjthe analysis of
Doyle (1986). In that sense, it built on a theoretical notion coming'from earlier
work, but the research questions are centered in the practitionets’, world, particu-
larly: ‘“What factors do teachers take into consideration,in’adopting fhanagement
and teaching techniques and what factors force her to amend hergoals or behav-
iors in the day-to-day world of the classroom?’ (p.)23). The'study describes and
interprets the teachers’ behaviors in the context of the teachers’ reality and looks
generally at the activities relating to stipiulating higher-order thinking in
mathematics, e.g. in problem-solving.

After documenting the teachers’ practices in'detail, the study concludes that it
was clearly dealing with teachers of quality, who et failed to deliver many of
the aspirations which they and other mathematics educators fully endorsed. The
authors ask:

Why was there so much pencil and paper work and sollittle meaningful investigation? Why was
there so little teacher—pupil and pupil-pupil discussion? Why was there so little diagnostic work?
Why was the curriculum so dominated by formal mathematics schemes and so little influenced by
children’s spontaneous interests? Why did{teachers with such an elaborate view of children’s think-
ing cast their pupils into passive-receptive toles as learners or permit them to adopt such roles?
(p. 125)

After further analysis the researchers paint to the classroom and institutional
realities which shape the practices,.and comment that those realities are not de-
signed for the consciousfidevelopment of higher-order thinking. Indeed rather
than criticizing the teachers for\failing, they point out just how daunting it is to
establish and suStain higher=order skills in a mathematics curriculum. The teach-
ers’ achievements Aaréythereby that much more impressive. They say: ‘We con-
clude that classrooms‘as presently conceived and resourced are simply not good
places in whichte'expect the development of the sorts of higher-order skills cur-
rently desired from a mathematics curriculum’ (p. 139).

I had reached the same conclusions in Bishop (1980) when I said:

The problembis that classrooms appear not to be particularly appropriate environments in which to
leafipmathematic§yClassroom learning can be characterized by the following constraints:

(a) It must take place in a limited time

(b)gflt 1s often incomplete learning

(c)““There are multiple objectives

(d) The,onditions are ‘noisy’

(e) The atmosphere is one of mutual evaluation
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(f) Presentation sequences are a compromise
(g) Teaching is a stressful occupation

Research is developing rapidly and our knowledge of learning is becoming more and more,sophis-
ticated. Meanwhile classrooms are becoming more of a challenge for teachers and many feel thatthe
quality of teaching is declining. (pp. 339-340)

Desforges and Cockburn’s (1987) theoretical analysis led themito, conglude
that, for practice,

our prescriptions for change are directed more at those who provide —'matérially and‘especially con-
ceptually — for practice and only tangentially at those who execute it. Thatis to Say that in so far as
contemporary mathematics teaching practices in the infant schoolymay be seen to fall short of
expectations, the burden of responsibility, in the terms of our analysis, lieSiwith the educational man-
agers who — whether deliberately or by default — provide the{erucial psychological parameters of the
teaching environment to which teachers and children alike must'adapt. It is on these same groups
that the onus for change must lie. (p. 143)

The Desforges and Cockburn study demonstrates vividly’ what researchers can
contribute to the development of practice not only by contextualizing the re-
search in the classroom realities, but also by couching the whole study in terms
of practitioners’ knowledge schemes: It also demenstrates that theory develop-
ment is a goal, in that the study is/bothyan analysis of practice and a search for
explanations.

Perhaps one of the most important consequences for theory development is
that researchers should pay more attention to/synthesizing results and theories
from different studies. As was said\at the start of this chapter, the researchers at
the ICMI Study Conference illustrated the tendency of researchers everywhere
to analyze, critique and seek alternatives to each others’ ideas, rather than trying
to synthesize, build consénsus, or recognize agreements. It is no good expecting
teachers, or any other practitioners, to dgithe synthesizing, as they are frequently
not the ones with access to the'different ideas, results or approaches. An impli-
cation of a study like the one above is that it is the practitioners’ epistemologies
which should provide the,construct base of the synthesized theory.

5. RESEARCHERS’ ROLES AND THE PRACTITIONERS’ WORLD

Research is big'busifiéss in some countries, while in others it is another arm of
governmentiiIiisome situations, researchers can do whatever they like, while in
-others their practices are heavily proscribed either by external agencies or by
ethical codeshMost would probably still yearn longingly for the academic ideal of
the disinterested researcher, defining their own research in their relentless pursuit
of kiowledge. No researchers worth their salt would have any difficulty generat-
ing aresearch agenda for well into the 21st century. ‘Knowledge for knowledge’s
sake’ mayssound old-fashioned but would still find appeal with many today.
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However, the climate is changing. The days of the disinterested researcher are
both ideologically and realistically numbered. For the big-ticket researcher,
large research budgets are probably a thing of the past. In some countties, re-
searchers have been deliberately marginalized from mainstream educational
debate, while in others they have deliberately excluded themselves‘fromyit, and
have found their research aspirations severely blunted. Increasingly, educational
research and researchers are having to justify their continued existence’in a
world that is financially competitive, often politically antagonisti¢ to institution-
alized critique, and increasingly impatient with ‘timé-wasting*reflection and
questioning.

If research is to have the kind of impact on practicgyand on the practitioners’
world that many want it to have, then there is a clear need'fer much more disci-
plined enquiry into the practitioners’ situation and an urgency to grapple with
the issues of the theory/practice relationship. As a conelusion to this chapter and
as a contribution to the debate, I offer the followihg,ideas:

® Researchers need to focus more attention|on practitioners’ everyday situ-
ations and perspectives. The research,site shouldybe the practitioners’ work
situation, and the language, epistemologies, and theories of practitioners
should help to shape the research/questions, goals and approaches.

® Team research by researchers/practitioners should be emphasized. The work
and time balance of the research activity will'need to be negotiated, and the
roles of the members clarified. The team should also include practitioners
from other parts of the institution other than those whose activities are the
focus. They are often the peoplezwho set the constraints on the development
of teaching, as the study by Desforges and Cockburn (1987) showed. It seems
to be of little value to_invglve them'only at a dissemination stage, since their
activities might well have,contributed in an indirect way to the outcomes of
the research.

o The institutional contextyand constraints should be given greater prominence
in research. This is, the ‘practice’ counterpart to the ‘practitioner’ point
above. Institiitions developftheir own rules, history, dynamics and politics,
and these need t0 be.recognized and taken account of in the research.

® Exceptional situationsyshould be recognized as such, and not treated as
‘normal’ orgeneralizable. Indeed, it is better to assume that every situation is
exceptional; rather than assume it is typical. Typicality needs to be estab-
lished before its outcomes can be generalized.

® The process of educational change needs to be a greater focus in research in
mathematics teaching. It is rather surprising that, although many researchers
assume‘a goal/of change in their research, there has been relatively little
researchyfocus on the process of change itself.

e, Social and anthropological approaches to research should increase in promi-
nence. These approaches seem likely to offer the best way forward if
researehiers hope to make significant advances in how practitioners change
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their ideas and activities. Again it is no accident that they are already coming
into greater prominence.

e Conclusions and outcomes should be published in forms which are aceessible
to the maximum number of practitioners. Researchers should resist the pres;
sure to publish only in research journals, as these are rarely read by, practi-
tioners. If a team approach is adopted more frequently, then the practitioner
members of the team can, and should, help with appropriate/publication and
dissemination.

It seems appropriate to finish this chapter by quoting a few/more sentences from
Desforges and Cockburn’s (1987) study because theyPaddress the need for
researchers to enter the practitioners’ world, to admit their ignorance and to
struggle to develop new theoretical interpretations:

Rather than creating the aura that the only factor preventing the attainment offour aspirations in early
years’ mathematics teaching is the conservative practice of teacheis, experts'in the field should admit
that they have yet to equip themselves — let alone the profes§ion —with'the conceptual tools adequate
to the job.... Such an admission might draw more first schoolteachers into the kind of research work
necessary. We have shown that teachers have avast knowledgeyof children’s responses to tasks.
They are also very self-critical. Because they care about children’it is very easy to make them feel
guilty and feeling guilty they withdraw in thefface ofiself-confessed experts. In this way researchers
throw away their best resource, leave teachgrs epen,to cheap political jibes and make teaching more
difficult. (p. 154)
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JOSETTE ADDA

A GLANCE OVER THE EVOLUTION OF RESEAR
MATHEMATICS EDUCATION

O

As the aim of this ICMI Study is to examine the situation nt research
in mathematics education, I think that it could be u to loo it from the

§
perspective of an ‘old hand’ and to balance the‘lin changed and

those that remained the same. Of course, this wi & nal view; other

people may see things very differently.
As with any scientific domain, mathematics education is characterized by the re-

1. THE PROBLE

Education in Berkeley (1980) Hans as challenged to present the
‘major problems of mathematics educatio moment, as Hilbert was at the
Paris International Congress of Mathematicians in 1900 for the major mathem-

ifferent things in mathematics education from
, in mathematics, you can choose one major problem,
md disregard the remainder. In education, all major problems,
speak about, are strongly interdependent’ (Freudenthal 1983,

[P]roblems, problem solving, pr
what they mean in mathematics
say from Hilbert’s catalogue
and, in particular, those I al

p. ).

Looking at Freudentha of thirteen problems, the thing that strikes one the
most is that n ly are ‘none of them solved yet today, but they are still of
major interest ition, that they have produced important new problems.
The first s: Why can Jennifer not do arithmetic?, where ‘rather
than an a like John and Mary, Jennifer is a living child’. This is still, of
course, t blem not only for researchers, but for any teacher. A little
is kn ay about the errors done by students than what Freudenthal

talk, but many more difficulties are taken into account today.

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 47-56.
© 1998 Kluwer Academic Publishers.
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and even, in 1993, an ICMI Study was devoted to ‘Gender and Mathematics
Education’.

The second problem was: How do people learn? Not only is thisqalways a
question for mathematics educators, but this problem has now spread tomany,
other researchers in diverse domains of the cognitive sciences. H/Freudenthal
insisted on the fact that to work on this problem the greatest difficulty Was
‘learning to observe learning processes’. Presently more and piore rescarchers
are concerned with this question, as evidenced, for example, byithe existence of
the international research group called ‘Classroom Researeh’.

The third problem was: How to use progressive schematization and formal-
ization in teaching any given mathematical subject? Ehi§ is precisely the ques-
tion underlying most research done today under the heading of ‘didactic
engineering’.

The fourth problem referred to ‘insight’: How fo kéep open the sources of
insight during the training process; how to stimulate the reténtion of insight, in
particular, in the process of schematizing? We are alhaware of the many recent
books and papers on insight outlining the numerous problems entailed.

The fifth problem was: How to stimulate reflection’ on one’s own physical,
mental and mathematical activities? It looked new at that time but today many
researchers refer to metalevels, and'the theme ofymeracognition has produced
very important works — though the/problém has not'yet been answered.

The sixth problem was: How to develop amathematical attitude in students?
The existence of the working group, ‘Improving students’ attitudes and motiva-
tion’, coordinated by Gilah Ledgr at the Seéventh International Congress on
Mathematical Education in Québeg,in 1992, revealed the vitality of the theme.
Through most research papers published in the last few years we can see that the
interest of mathematics edu€ation‘isinow more on problem solving than on
mathematical knowledge'and it may even be noted that ‘problem posing’ is now
a category of the subject index’in, the mathematics education journal of reviews
and abstracts, Zentralblattifiir Didaktik der Mathematik.

The seventh problem: How is mathematical learning structured according to
levels and canghis structure-bé used in attempts at differentiation?, was quite a
political one, leadingyin many countries, to diverse kinds of experiments related
to differentiation, groupinigyor streaming (homogeneous or heterogeneous, etc.).
The results were'sometimes contradictory, and no unique solution has yet been
found.

The eighth problem was formulated as: How to create suitable contexts in
order to téachdmathematizing? We all know how vast is the research on that
problem,in particular in The Netherlands, and this problem is probably the one
inywhich ‘thedErendenthal Institute is mostly engaged (see Gravemeijer, this
volume)ln general, the interest to produce problem-situations is great but di-
dactic errors are frequent and the so-called ‘concrete situations’ are often
artificially built a-posteriori as ‘dressings’ of mathematical themes, instead of
being~a-pFiori real-life situations which can be mathematized. This leads to
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experiments linking the classroom and the environment of students’ lives. In ad-
dition, we see now the role of contexts (and specially the classroom context) in
the understanding of mathematics and many of us are engaged in analyzing the
distortions of mathematics in this classroom context.

From today’s perspective, I think that the ninth problem: Cagh one_teach
geometry by having the learner reflect on his spatial intuitions?, can be‘congid-
ered as a special case of the eighth problem above.

Hans Freudenthal was a little reticent about his tenth problem: ‘I am obliged
to say something about calculators and computers. Yéuywould protest if I did
not.” Now, many groups of researchers around the world are,involved in the
question he asked: How can calculators and computersfbe used tofarouse and
increase mathematical understanding? (see the ICMI'Study,on this theme,
Churchman et al. 1986), and the domain has had such a rapid development that
sometimes it looks as if the objectives of the mathematies,educators are inverted
and the target of study is more the computing tool,than the hifman mathematical
understanding.

The eleventh major problem was: How to design educational development as
a strategy for change? Hans Freudenthal said: ‘Cultriculum development viewed
as a strategy for change is a wrong perspective. My own view, now shared by
many people, is educational development¥I am'afraid that in many countries
this ‘wrong perspective’ is still the/standard one, and it is clear to everybody that
there is little change in this domain.

The twelfth problem focused on textbooks and teacher training. These two
aspects are still present in research, especially in ‘teacher training’. There
have been institutional changes‘and experiments in many countries and some
failures have been analyzed but.no entirely satisfactory solution has yet been
found.

The thirteenth problemjthe last of the,list, was presented as: Educational
research itself as a major problem)of mathematics education. As regards this
problem, all of us are so.eenyinced’of its present importance that we are meeting
in the current ICMI Study te work on it.

2. THE METHODS

The problemsthave deyeloped and given birth to new ones, but have the ap-
proaches to them redlly changed? For unsolved mathematical problems, the re-
search on i0Wite, solve them has at least led to changes in methods. The same
has occurred in ' mathematics education but here it is even more evident because,
in)fact, at'thelbeginning of mathematics education there was very little reflection
6n its methods. They were simply transplanted from other disciplines — mainly
fromfpsychology.

To bring the changes to light, I find it useful to refer again to Hans
Freudenthal, in particular to his book published in 1978: Weeding and Sowing —
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Preface to a Science of Mathematical Education. This book contains a very
sharp criticism of research in mathematics education at that time. Can we say
that weeding is now over? Of course not. Are the errors of the youth gone? Most
of them have resisted to change and, for example, the so-called ‘arm chair péda-
gogy’, which Freudenthal denounced, still exists. But it is less practiced today.
So many times in the past, for instance, we could see the deplorable results’ of
the creation of curricula in the offices of ministries or of uniyersities as'they
were implemented in real classrooms. We have learnt from this experience
(cf. ‘New Math’ reforms!).

One of the most frequent methods, adopted from the psyehologists, was to
ask the students questions (e.g. multiple choice questions). H-{Fréndenthal in-
sisted on showing the naiveté of the conclusions drawn from the'artifacts pro-
duced in the behaviors of students subjected t0 such tests. We all remember
the bias he brought to light in some of Piaget’s/xperiments or in the IEA
Study. Again for many years we could findjfor instanée, in Educational
Studies in Mathematics, reports of statistical research based only on counting
the answers to specific questions received froim some Specific populations in
some specific situations. Of course, it must be'saidythat some evolution at least
has taken place: we cannot find, as we did earlier, publications about answers
without the text of the questions being asked; théepresentativity of the popu-
lation tested is now less often contestable‘and the best improvement is that the
limits of the study are now often made“explicit! In fact, the ways in which to
ask questions, the role of the context, the linguistic aspects..., all these specific
difficulties of the method have given rise to ‘new fields of research. We know
now that the interpretation of arfswers to questions is not evident at all. On the
contrary, there lies all its complexity. Thus there are now papers comparing
ways of asking questions/waysioflevaluating answers, comparisons of
populations, gender, age; etc.

As the taking into account ofithe role‘of the context of questioning increased,
researchers were led to examinethe object ‘mathematics classroom’, first as ex-
ternal observers (with/an aspiration to objectivity), but, later, more and more as
ethnographers gThis evolation{came about through the increase of papers de-
scribing new methods now often influenced by sociologists more than, as
earlier, by psychologistsihThe importance is given to qualitative aspects more
than to quantiative onesy What precisely is said and in what conditions it is
said instead ofyhow mlany times it is said. Thus, for instance, in the journal
Educational Studies’of Mathematics one finds less tables of numbers and more
transcriptsfof Verbal exchange in classrooms and copies of rough drafts of the
students? work. It can be noted that, even back then, H. Freudenthal wished to
sée,more classcoom chronicles (or daily journals). New methods, however, had
to fightfer their existence against the tradition of other disciplines previously
calléd ‘sciences’: The belief that a research has to be quantitative in order for it
to be taken seriously was very strong.
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3. SCIENTIFICITY AND UNIVERSALITY

The question Is mathematics education a science? has not yet been completely
answered, and the present ICMI Study on what is research in mathematics edu-
cation could perhaps consider, as a title, ‘Preface to a Science of Mathematical
Education’, as in Freudenthal’s book of 1978. Actually the boundaries between
science and scientism are not obvious in all human sciences and*F'think that, for
still a long time, mathematics education will have to be careful to“avoid the
temptations of scientism.

At least we have some criteria for what are ‘scientific domains’. The most easy
to use is the criterion of universality. Many local actions,offinnovatiofis may be in-
teresting, politically important and so on, but have no universal, value; they are
providing a momentum for the local educational system witholit' contributing to
the growth of universal knowledge. It is an error to ¢all them ‘science’. But to be
local, selective or limited in scope, is not alwaysicontraryto universality. For in-
stance, if we consider the experiments of P. U TreiSman, (1985) with minority
students at Berkeley, it is clear that, although (lecal, they produced meaning for
every situation of the same type around the worldandare of universal interest.

Some years ago we used to hear the expressions, ‘English research’, ‘French
research’, ‘German research’, ‘Italian research’, ‘etc. I think these expressions
are beginning to be less fashionable It isiclear that if some applied research can
perhaps be national (practically ‘applied’ toga national school system, for
example), scientific research can have no frontiers and this is why, as in any
science, most of the scientific journals are international.

Of course, some historical redsons may produce a specific orientation of re-
search in one country during one,period (as can happen in mathematics research)
but, to construct a science, thé ways‘ef thinking of researchers have to be under-
stood by any member of the international\comunity. This is actually the reason
for the importance of international commissions or groups such as ICMI
(International Commidssion on Mathematical Instruction), CIEAEM
(Commission Internationale pour ’Etude et I’ Amélioration de 1’Enseignement
Mathématique), PME (ThefInternational Group for the Psychology of
Mathematics Education), etc:, and international journals, to prevent encystment
due to isolation. But‘weleannot ignore that we are then confronted with the
serious linguisticiproblem of translation. This problem exists for any scientific
domain: for instance, a/French chemist has to read many papers in English (and
perhaps in German), but he is prepared to do it when he first decides to study
chemistry®QOn 'the other hand, in France for example, people are often first
engaged in, learning and then teaching mathematics in French only. Later, they
deeide to ‘engage n mathematics education research, with the implicit condition
that theyawill stay inside the frontiers of French territory and the French lan-
guage. We still find this situation existing among doctoral students today but I
think that it will necessarily have to change in the near future.
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4. THE SPECIFICITY

At the time when L’Enseignement mathématique was the only journal empmathe-
matics education, its papers were quite mathematical; not generally offering new.
results but rather new presentations, a synthesis of different notions orsanalyses
of proofs, etc. Mathematicians engaged in mathematics education were'still
doing mathematics. Later on, psychology, its interests, its problems and its
methods, influenced mathematics education. We began to understand that if it is
a science it is only as a ‘human science’. But, as mathefaticians, it'was/difficult
for us to understand that a human science cannot be, as isgnathematics, a ‘hard
science’. At its best, it can only be considered a ‘soft science’ (see thé section on
‘Methods’ above).

But now, some people (coming often from social sciences)yare considering
mathematics education as ‘soft’ as any other ‘science of,education’. But this is
also an error because mathematics educationshasya specificity? It refers to human
thinking related to ‘hard’ objects: the mathematical objects,

This explains why there are so many misunderstandings and why neither re-
searchers in mathematics nor researchers,in generalheducation can clearly under-
stand what is considered as research in‘mathematics‘education.

5. THE RELATION WITH OTHER/DISCIPLINES

In his definition of ‘didactique des disciplines’ for the Encyclopaedia
Universalis, in 1970, D. Lacombe described ‘didactics of a discipline’ as using,
on the one hand, one ‘object-discipline’ (discipline-objet), which, for ‘didactics
of mathematics’ is the discipline“of'mathematics and, on the other hand, many
‘tool-disciplines’ (disciplines-outils). The general situation is, of course, the
same as it was in 1970 butl think)it isiinteresting to note some of the differ-
ences. Firstly, each of thegtool-diseiplines used at that time made progress, and,
secondly, we are also fising new tool-disciplines. In 1970, the tools quoted were
some parts of mathemati€s,itself (such as statistics and logic), computer science
(for statistics and alse, for the"Computer Aided Instruction), psychology (cogni-
tive and relational), sociology (namely, at that time, the place of school and stu-
dents in society);, and linguistics (for instance, the study of mathematical and of
school discourses). Today all these disciplines have evolved, especially in inter-
faces that are of particular usefulness to mathematics educators, like psycho-
sociology sandisecio-linguistics. Linguistics has developed the pragmatics and
semioticg\which help us, better than did earlier semantics, to understand the
preblems‘of communication in the classroom and especially the role of context
jn interpretation. It is now well-known that ‘The meaning is not the message’,
andgqtherefore we are now led to use other aspects of sociology, namely micro-
sociology and even ethnography, to analyze the conditions of mathematical
learning.for computer sciences, not only has CAI developed but Artificial
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Intelligence is a new tool-discipline for our research. In the papers from the 70s,
we often find references to the ‘blackbox’: What was done by the human mind
(especially in the learning of mathematics) had to be approached bygrelations
between inputs and outputs (performances in answers to questions, for instance)
Today we are just beginning to find the possibilities of learning from amew dis-
cipline, neurobiology, which, hopefully, will enable us to ‘look inside the brain’
of the learners and the problem-solvers and to know, perhaps;“how, neurons
receive and interpret mathematical messages, how solutions of problems are
found, etc. ’

Another new aspect can be noted concerning the relations bétween mathemat-
ics education and other disciplines. Mathematics educators not ofily use these
disciplines in their research, but followers of these disciplines use'the results of
mathematics educators in theirs: for instance, psychologistsiooK at the concepts
of problem-solving, cognition and metacognition, agd séeiologists study the role
of the teaching of mathematics in societal hietarchies.

6. CONELUSION

As this evolution of mathematics educatiomyis presented here from a subjective
and personal point of view, it will/be cléarer if, as'a conclusion, I briefly relate
the story of my personal itinerary in this field.

The question I met early in life, even as a‘student in high school, was: ‘Why
are there people who say that they understand nothing in mathematics?’ Later
on, I decided to teach mathematics\and to do research in order to try to answer
the questions, ‘How do we undesstand, mathematics?’ and ‘What is mathematics
understanding?’ I began_to approach'these questions with mathematical logic,
then with mathematics edueation related to logico-linguistic aspects. Then I had
to study the influence of the‘school classroom context on understanding in rela-
tion to the context of thegwhole“society in which it is embedded. The under-
standing of mathemati¢s — but, above all, the misunderstanding which was easier
to study at firstg= was\takingdplace in ‘blackboxes’ receiving and producing
messages in a specifie,environment. This could, at best, lead us to know how to
improve mathematics‘undesstanding, but not at all to know how it works in the
human brain, héw’strategies of problem-solving are created, etc. I am not so
naive as to imagine that this fundamental question will be answered during my
lifetime, but I am happy to see a great evolution and progress between what I
heard, readfor wrote in the 60s and what is presented now, especially in interdis-
ciplinary (studiesllam convinced that the development of ‘cognitive sciences’,
with,exchanges,between linguists, psychologists, computer scientists, neurobiol-
ogists, logicians and other mathematicians, will be very fruitful in the future and
if that cooperation succeeds in producing a specific science called, with the sin-
gular, “Cognijtive Science’, then I am sure that the best future to wish for mathe-
matics-education is that it becomes a part of this Cognitive Science.
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NORMA C. PRESMEG

BALANCING COMPLEX HUMAN WORLDS: MATHEMATIES
EDUCATION AS AN EMERGENT DISCIPLINE INJTS
OWN RIGHT

1. INTRODUCTION

I taught a course on informal geometry — a content course = to students at The
Florida State University who are prospective high schoolhmathematics teachers.
In the first week I asked them to bring orweamyto the next class, something
which had geometry in it, and to come to class-prepased, to tell why they had
chosen that particular item and to talk about its{geometry.

In an interview, one of the students, Dena (who hepes to teach algebra rather
than geometry), told me about her reagtions to this task, as follows.

Dena: I noticed when you said, foFus to bring something to class or wear some-
thing that had geometry in it, for a littletwhile/T was having a difficult time,
because, everything I picked up had geometry in it. And, I said, maybe there’s
something I misunderstood about the directions. Y ’know.

Interviewer: In fact, even just the shape of a piece of clothing, any clothing.
Dena: Yeah. Anything, has geometry.in it. So, for a little while I was confused. I
didn’t know what to bring to ¢lass, untilpuntil I realized that, everything is going
to have.... I said to myself;.everything, of course everything is going to have
geometry to it because, y’knowyanytime.... You’re going to make a desk. I
mean, you draw, y’knowsg¥our plans, for making the desk, involves geometry.
And everything, that isj\jjust everywhere. I think that geometry is taught as some-
thing abstract, sketching thingsfwith proofs and rules and, not as very, everyday.

Dena’s recollections ‘of hew high school geometry experiences were negative
ones. ‘I didn’t likeit at all?’, she concluded.

Implicit in this,episode are several points which are relevant to the emergence
of mathematics education as a discipline in its own right, separate from but not
unrelated t6“other, disciplines such as mathematics, psychology, sociology, phi-
losophy, linguisties, history, and (relatively recently) anthropology.

Ficstly, the diseiplines of mathematics and mathematics education differ sub-
stantiallygbecause their subject matters are different. Mathematics education is
concerned with the complex ‘inner’ and ‘outer’ worlds of human beings (Bruner
1986) as they engage in activities associated with learning of mathematics.
Dena’swagfnizing over the nature and boundaries of geometry is fruitful and

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Résearch Domain: A Search for
Identity, 57-70.
© 1998 Kluwer Academic Publishers.
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provocative subject matter to a mathematics education researcher interested in
the teaching and learning of geometry. The avenues along which this research
may lead depend not only on the data, but also on the interests and interpreta-
tions of the researcher. The tendency of such hermeneutic research to use pro-
gressive focusing rather than pre-ordinate design (Hartnett 1982) makes this
kind of research as interesting as a mystery story, even if the mystery S0 sotme
extent self-created. In this respect, mathematics education reséarchimay have
elements in common with mathematics research.

A second point is that the inner and outer worlds off@student —while in this
context specific to learning geometry — relate to the disciplines of psychology
and sociology respectively, and to the interactions between theirielements, as
they concern an individual such as Dena. A balance between elements of these
two disciplines is required in mathematics ed@ication, as‘witnessed in recent
debates on the necessity of steering a course between Piaget and Vygotsky, rep-
resenting individual and social aspects of ledrning respectivély, in constructing
theory in mathematics education (Confrey 1991,71994;,1995a, 1995b; Ontiveros
1991). It is significant that Confrey believes that neither Piaget’s nor Vygotsky’s
theory alone is adequate to model the complex processes of human learning. She
elaborated as follows: )

What 1 argue is that proposing an interaction between the two strands will constitute a significant
change in both theories, and will require a theory, which, is/neither Piagetian nor Vygotskian, but
draws heavily on both. I argue this due to Vygotsky’s rejection of the possibility of the development
of many of the basic processes of Piaget, such as the development and awareness of schemes, of op-
erations and of reflective abstraction, untilgocial interaction is established. An alternative theory will
have to propose a much stronger and more detailed description of how the ‘natural’ and the ‘socio-
cultural’ activities of the child are linke@s,allowing for the complexity of each and probably requiring
a renaming of the natural strand to reflectamore constructivist view (Confrey 1992, pp. 5-6).

In this paragraph, Confrey gave,expression to the need which is strong in the
emerging discipline of mathematies education, for its own theories and models
which take into account, but infegrate and extend theories from, other disciplines
such as sociology, and psycholegy.

A third pointimplicit in‘Dena’s pondering is that philosophy is ubiquitous in
questions which ‘are‘oflfeoncern to mathematics education researchers. The
nature of geométry is an ontological issue, while how it was taught in Dena’s
school experiengce relatgs to issues of epistemology. Both components are essen-
tial in mathematic8#€ducation theory-building, since one’s beliefs about the
nature of pidthématics and mathematical knowledge are the ‘spectacles’ through
which one Jooksatits teaching and learning.

Tension between the view that ‘Everything is mathematics’ (as Dena
€xpressed,it, ‘Everything is going to have geometry to it’), and the rigorous
mathematical position that ‘Only formal mathematics is valid’, was well ex-
pressed by Millroy (1992) in her monograph on the mathematical ideas of a
group-ef.edrpenters, as follows:
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... it became clear to me that in order to proceed with the exploration of the mathematics of an unfa-
miliar culture, I would have to navigate a passage between two dangerous areas. The foundering
point on the left represents the overwhelming notion that ‘everything is mathematics’ (like being
swept away by a tidal wave!) while the foundering point on the right represents the/constticting
notion that ‘formal academic mathematics is the only valid representation of people’symathematical
ideas’ (like being stranded on a desert island!). Part of the way in which to ensurgfa safe,passage
seemed to be to openly acknowledge that when I examined the mathematizing engaged in by thé)Car-
penters there would be examples of mathematical ideas and practices that I wouldfecognize and that
1 would be able to describe in terms of the vocabulary of conventional Western ‘mathematics.
However, it was likely that there would also be mathematics that I could not recoghize and for which
1 would have no familiar descriptive words (Millroy 1992, pp. 11-13):

On the basis of her research results, Millroy argued sttongly for‘the broadening
of traditional ideas of what constitutes mathematics. \Shewrote,” ‘We need to
bring nonconventional mathematics into classrooms, te, value‘and to build on the
mathematical ideas that students already have through theéir experiences in their
homes and in their communities’ (ibid. p. 192). Steen’s (1990) and the National
Research Council’s (1989) view of mathematigs™as_the,science of pattern and
order opens the door to this lifting of the limiting boundaries of mathematics.
Millroy’s recommendation is consonanfawith theselingthe National Council of
Teachers of Mathematics Curriculum and Evaluation Standards for School
Mathematics (1989). A related point is, that’a,‘mathematical cast of mind’ may
be a characteristic of students who"are gifted in mathematics (Krutetskii 1976).
This mathematical cast of mind enables thesel¥students to identify and reason
about mathematical elements in all their experignces; they construct their worlds
with mathematical eyes, as it wergl But unless teachers are aware of the neces-
sity of encouraging students to recognize mathematics in diverse areas of their
experience, only a few students willydevelop this mathematical cast of mind on
their own. Many more willgcontinue“to, regard mathematics as ‘a bunch of
formulas’ to be committed toyshort term memory for a specific purpose such as
an examination, and thereafterforgoetten (Presmeg 1993).

The foregoing sets thes§€eéne for a fourth point which emerges from these con-
siderations, namely, the)links which mathematics education research is building
with various brdnches of anthropology, particularly with regard to methodology
and construction ofithéory. Millroy’s (1992) study was ethnographic. Entering to
some extent into_the worlds of Cape Town carpenters in order to experience
their ‘mathematizing’ required that Millroy become an apprentice carpenter for
what she called ‘an_extended period, although the four-and-a-quarter months of
this experience might still seem scant to an anthropologist (Eisenhart 1988). But
the point i§"that the ethnographic methodology of anthropological research is pe-
culiarly fagcilitative of the kinds of interpreted knowledge which are valuable to
mathematics edueation researchers and practitioners. After all, each mathematics
Classroemimay be considered to have its own culture (Nickson 1992). In order to
undérstand the learning, or, sadly, the prevention of learning which may take
place there, the ethnographic mathematics education researcher needs to be part
of thiswerld, interpreting its events for an extended period, as in the research



NORMA C. PRESMEG

described by Schifter and Fosnot (1993). Hermeneutic methodology and con-
struction of theory are both revisited in what follows.

2. AIMS OF MATHEMATICS EDUCATION RESEARCH

In addition to the scientific goal of theory-building which is an jmportant aspect
of research in any discipline, mathematics education researchthas had and will
continue to have a pragmatic goal, namely, the imprgvement of teaching and
learning of mathematics at all levels. This pragmatic g@aliis, implicit in the
meaning of the word ‘hermeneutic’. There is a creativeftension between these
two aims, but like the complex human worlds which \aréithe subject of mathe-
matics education research, they are indivisible €xéept as a‘device for analysis.
Each aim is sterile without the other. For example, as impthe high school geome-
try experience which Dena started to describé imthe opening/transcript, it is not
uncommon for high school mathematics teachers'in'the USA and elsewhere to
teach as though geometry means the axiomatic deductive system of Euclid.
Typically, students plunge into such a gourse without the well-meaning teacher
ascertaining that students have had experiences with*“everyday’ informal geom-
etry which gradually prepare their thinkingyfor théydeductive level of geometric
thought needed for Euclidean geojnetry ‘and later for the rigorous abstract level
which the mathematician takes for granted (van Hiele 1986). What is tragic
about this state of affairs is that a teacher may thereby prevent students from
growing to higher levels in their, geometrical understanding. Once a student
starts memorizing definitions and/theorems for tests without striving to construct
personal meaning for the mathématiCs, the impetus for mathematical growth is
taken away.

The idea of five levels ofgeometrical thought (which may be characterized as
recognition, analysis, ordering,idediction and rigor) grew out of the research in
the 1950s of two high scheol mathematics teachers in The Netherlands, Pierre
van Hiele and his late wife;Dina van Hiele Geldof. Their twin doctoral disserta-
tions reflected the two'complementary aims of constructing theory and of im-
proving practice'respectively."The research problem, namely the difficulty they
perceived their students 'te,be experiencing in learning high school Euclidean
geometry, was identified in'their own classrooms.

In mathematies educadtion research as in that of other disciplines, the founda-
tional ideas of a‘constructed theory do not remain where they were, but they are
modified and €xplicated — reinterpreted — by other researchers. In the case of the
theory off the van Hieles, once the importance of their work was perceived by
English-speaking mathematics education researchers in the 1970s, following de-
gcriptions,by Freudenthal (1973) and Wirszup (1976), groups of mathematics
eduedtors in several countries took up research in this area. Following seminal
work by seyeral researchers including Burger and Shaughnessy (1986) in
Oregonyand de Villiers (1987) in South Africa, interpretations of how the levels
of geometric thought interweave in the complexities of learning geometry, are
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ongoing. An example is the ‘degrees of acquisition’ theory proposed by Jaime
and Gutierrez (1990) as a result of their research in Spain, which they contrasted
further with interpretations of US researchers (Gutierrez, Jaime, Shaughnessy &
Burger 1991; Gutierrez, Jaime & Fortuny 1991). Further reinterpretations and
connections via metaphors with other theories were taken up in Portugah(Matos
1991). Although the theories of geometric levels of thinking have received Sub-
stantial attention in mathematics education research, not muchattention has yet
been paid to the phases between the levels, which the van Hieles suggested are
necessary for students to grow from each level to the dext one."Foritheir practi-
cal classroom implications, the phases may turn out to be just as,important as the
levels (Presmeg 1990). In this way, the scientific andypragmatic aims of math-
ematics education research are illustrated to be obverse faces of the same coin.

There is much mathematics education research, however,iwhich is conducted
in classrooms but with individual students or groups‘of students, which also has
this pragmatic goal of improving teaching practiee for the purpose of fostering
students’ increased understanding and enjoyment oftmathematics, with conse-
quent ‘better performance’. The issue of more meaningful assessment of student
performance (de Lange 1993; Ginsburgyet al. 1993)issanother story which will
not be pursued here.

The work of the powerful team of CobbjYackelh& Wood (1991, 1992) repre-
sents the unity which exists not only between the twin aims of theory-building
and of improvement of mathematical pedagogysfbut also between research con-
ducted in classrooms and that conducted in interviews with individual students
or pairs of students. They are engaged in a research and development project
‘that addresses the problem of developing a coherent framework within which to
talk about both teaching and lgasning? (1991, p. 83). Basic philosophical issues
are addressed as they constrict a framework ‘that makes it possible for us to
cope with the complexity®of classroom life’ (ibid.). Their work is discussed
further in a later section of thisiehapter:“Mathematics education research which
does not aim to take integpaccount'the complexity of the worlds of teachers and
learners of mathemati¢s is/of limited value in those worlds. It follows that all
disciplines whichyrelate toshuman beings and their activities will have relevance
in this endeavor.

3. METHODOLOGY

Mathemati€al understanding may be characterized as ‘interconnected knowl-
edge’ (Fennema‘etial. 1991, p. 5). As mathematics education matures as a disci-
pline, an 1mportant component of its research, too, is the pursuit of connections.
The present qualitative research paradigm is more facilitative of the connections
helpful toteachers, between the scientific and pragmatic aims, than was the ex-
tenstve quantitative paradigm which preceded it (ibid.). The construction of
theory=isggtounded in mathematics education research with teachers and stu-
dents, and the complexities of classroom life are usually not ignored in this



NORMA C. PRESMEG

theory-building (Bauersfeld 1991; Eisenhart et al. 1993). In the USA and else-
where, there are groups of mathematics education researchers who conduct their
research programs with these complexities in mind and draw creatiyepenergy
from the interconnections between disciplines. Maher, Davis and Alston(1993)
are another team who acknowledge the complexity of elements inyolved in the
learning of mathematics. They wrote, ‘In all of this, it has literally amazed us to
see how much more complexity is involved in “simple” mathematical, thinking
than we had previously imagined’ (p. 210). They characterized their research as
studies of ‘situated concept development’ (Davis & Maher 1993%pp 54-55;
their italics), thereby emphasizing the interconnectednegs ofyinner and outer
worlds of students in such learning. They expressedythe?interconnéctedness of
elements of their research as follows:

When one goes into a school to videotape students doing mathematicsyand then analyzes these tapes
in careful detail, one is simultaneously engaged in resgarch, data collection, data analysis, theory
building, curriculum design (since you will surely try‘to find ways to aveid or remediate any ob-
served weaknesses and to take advantage of any observed p@ssibilities),pedagogical innovation (for
the same reason), and teacher education. No one of these|can be (or should be) separated off from
the others. The basic questions you are addressing, are: How dopstudents think about mathematics
and how can we make this process work better? All the components listed are necessarily a part of
this process. Indeed, there are really no definable beundarie§ybetween the various parts (Davis &
Maher 1993, p. 29).

Again, the balance of unity and complexity‘of mathematics education research is
expressed, in parallel with the complex human worlds which are its subject
matter.

Although qualitative researchers in mathematics education are aware of their
own subjectivity in this interpfetivéiendeavor (Eisner & Peshkin 1990), it is by
no means the case that\gigor is totally ‘compromised, that we make up fairy
stories — even if we sometimes,use the nagrative mode, which is valuable on oc-
casion in reporting this research (Bruner 1990). In my own research on the roles
of visual imagery in the‘t€aching and learning of high school mathematics
(Presmeg 1985, 1992b)yIthavelitried to maintain rigor in several ways. During
the period of data collection, friangulation of viewpoints of teachers, students,
and researcher, at Several stages of the research, ensured the tempering of my in-
terpretations. Inthe reporting of the research I used teachers’ and students’ own
words wherever possible, to enable readers to make their own interpretations
and compare theseywith mine. I agree that ‘It is necessary for researchers to con-
front their owa subjectivity and to be explicit regarding the role of subjectivity
in their ifterpretations’ (Research Advisory Committee 1992). But having said
this I havete,admit that I experience annoyance when a researcher is so explicit
about-his or‘her’own subjective interpretations that the reporting does not enable
me asgd reader to get close to the people in the research, be they students, teach-
ers, or grocery shoppers (Lave 1988). Again, a balance is required, in this case
between reporting of interpretations of the phenomena investigated, and of evi-
dence forthese interpretations, for instance in actual transcript data.
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I have been inspired by the viewpoint of Heshusius (1994) who sees qualita-
tive research as, in a sense, moving beyond issues of subjectivity. The re-
searcher, in an empathic encounter, becomes the child or adultgwhose
sense-making is the focus of the research. In the reporting of sensitiy€ interpre;
tations of such experience, the person interviewed or observed isfnofhlost but
found through the ‘participatory mode of consciousness’ of the researcher. This
phenomenon is reminiscent of T. S. Eliot’s description of

... music heard so deeply

That it is not heard at all, but you are the music
While the music lasts

(T. S. Eliot 1971, p. 44).

This, to me, is the pinnacle of interpretive researchi“Research in this vein is an
art rather than a science, and its artistry (to whichilaspire'without coming close)
is not attained overnight. Even on a more mundane ]evel, according to Ginsburg
et al. (1993, p. 28), ‘Piaget claimed that it required a year’s daily practice to
acquire skill in clinical interviewing’.

4. CONSTRUCTING,THEORY

The dilemma of constructing theory is thaf'any theory, by its nature, is a
simplified model which facilitatesfunderstanding of some elements of a phenom-
enon but excludes others. Thus no\theory can be complete or final, and any
theory which is put forward a$ finalgand infallible approaches what Habermas
(1978) called ideology. In the process of\constructing theory, it is easy to lose
the complexity of a human phenomenonsThis dilemma is particularly acute in
mathematics education research bygvirtue of the nature of the endeavor, which,
as I have argued in this/Chapter, is an attempt to understand the balancing of the
complex human worldsyinvolved in mathematics education, whether or not the
students believe ithis process to be one aimed at constructing mathematical
meaning.

Therefore I regard as‘particularly valuable the development of theory which
takes into account the dilemmas, tensions, and contradictions of mathematical
classrooms — mYa,phrase, ‘the paradox of teaching’ (Cobb, Yackel & Wood
1991, pp. 84-85).“This paradox arises from the ‘tension between encouraging
students to build on their current understandings on the one hand and initiating
students inte,mathematical culture of the wider community on the other’ (p. 84).
Cobb-et aliicalléd this initiation process ‘acculturation into mathematical
culture’@But since this initiation of students is not into the mathematics of a
foréign society but in most cases into the mathematics of their own, I believe with
Bishop (1988) that this process should rather be called ‘enculturation’. In fact, in
later papers Cobb (1994, 1995) does refer to this process as enculturation. Wendy
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Millroy’s (1992) apprenticeship into the mathematics of Cape Town carpenters
was in some ways an acculturation. In order to enter into the taken-as-shared
beliefs which characterized the mathematical culture of the carpentersgishe had
to suspend, to some extent, her enculturated beliefs about the natureiof mathes
matics. The carpenters did not believe they were doing ‘mathematics® atiall!

Mathematics education research traditions are still evolving (Research
Advisory Committee 1992). In line with the need to broaden/the ontological
views of what mathematics is and of what it means to ‘do mathematics’, mathe-
matics education research is concerned with both the @nculturation¥and the ac-
culturation processes. With respect to the former, that isiienculturation, some
radical constructivists have argued that the teacher’s\ol€s as mathematical en-
culturator and as facilitator of students’ construction of individual mathematical
meaning, are essentially contradictory. But some leaders ofthe radical construc-
tivist movement have moved away from this position (ifythey ever espoused it)
towards the view that a contradiction is pot necessarily the case here. Von
Glasersfeld (1993) admitted the possibility of twoiessentially different kinds of
mathematical knowledge, one of which — knowledge“of conventions — can be
constructed only in processes such as eneulturation.

This movement towards an epistemology which takes into account both en-
culturation and the personal constrgetion ‘0f, meaning, is less radical and more
acceptable to me. It is significant that'somié.mathematics education scholars have
in recent years developed perspectives whichlintegrate and move beyond these
two ‘opposing’ views; Confrey (1995a, 1995b) in her dialectic process, and
Cobb and Yackel (1995) in their ‘emergent’ perspective, have given examples of
such syntheses. I see the value of radical constructivism as lying in its role as an
antidote to the previously dominant paradigm — unfortunately still prevalent in
most American high schools”— in"which all mathematical knowledge was be-
lieved to be transmitted by'eénculturation, largely ignoring the personal construc-
tion of meaning which is at'the heart of mathematical activity. This construction
of meaning is often idiosyncratic, often involves imagery of various kinds
(Presmeg 1985, 1992a; 1992b); but these processes, complex as they are, are
only part of thesStory. I'seeme€ssential contradiction between the roles of encul-
turator and facilitator, of students’ individual constructions. As several re-
searchers have documenteédy/students can come to see the necessity for adopting
generally accepted’mathematical conventions, without compromising the intel-
lectual excitement generated as they construct and experiment with their own, in
the consensual demain of their own groups or classrooms (Lampert 1991; Cobb,
Yackel &Wo0d),1992; Schifter & Fosnot 1993; Cobb 1994, 1995; Cobb &
Yackel 1995).

The foregoing.illustrates how mathematics education theories, by their nature as
gimplifiedginodels, can generate apparent contradictions and incompatibilities
whefe none necessarily exist in the complex collective ‘webs of significance’
(Geertz 1973, p. 5) of mathematical cultures. This is not to say that theory-building
is not ‘needed; theory provides the lens through which we examine these issues.
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The point is that we cannot afford to lose sight of the complexity of the human
worlds involved in mathematics education, in our construction of theory. The
theory-building of Guy Brousseau in France, often used in analysis of glassroom
complexities by researchers such as Arsac, Balacheff & Mante (1991), demon-
strates a fine-tuned awareness of how complex classroom processes of mathemat-
ical teaching and learning are. In a similar vein, Gregg (1995) wrote aboutithe
tensions and contradictions of the school mathematics traditiongas evidenced in
the practices of a novice teacher whose coping strategies exacerbated the'situations
she was attempting to cope with. When Brousseau and{Otte_(1991) wiote about
‘the fragility of knowledge’, they epitomized the paradoxes, contradictions, and
complexities of teaching and learning mathematics in séhool situations?

With regard to the second process, acculturation in mathematics education,
there is a relatively neglected area in mathematics education‘teséarch, especially
in its theory-building aspect. The ethnomathematiés mevement (D’ Ambrosio
1985, 1987) is groping its way in this direction."Ehe work of mathematics edu-
cators such as Gerdes (1986, 1988b), and of,anthrepologists such as Saxe
(1991), is of value in sensitizing the mathematies education research community
to the evidence of non-institutional mathematicaldthinking in the activities of
people who, if asked, might not attach’mathematjcal connotations to their activ-
ities at all — like Millroy’s (1992) carpenters. Butyunlike Millroy’s and Saxe’s
studies, which characterize accultyrationlinto the /mathematical worlds of Cape
Town carpenters and Brazilian candy sellers respectively, in some ethnomathe-
matical projects there is a tendency to impose the mathematics of the researcher
on the practices of those studied — and this is not acculturation at all. In such a
project, Gerdes (1988a) studied the'sand drawings of the Tchokwe in Angola not
for the purpose of entering intg'their mathematical thinking, but to find illustra-
tions of his own. In any case) a lacunaistill exists in the construction of theory
about how insights from these important anthropological elements of mathemat-
ics education might enhanceclassroom practice, for instance in the mathematics
education of minority students (Secada 1990, 1991). Both the scientific (theory-
building) and pragmatig, (classrdom practice) aspects are required.

In the cases ©f, Millroy’spand Saxe’s anthropological mathematics education
research, the accultimation aspect was present because these researchers at-
tempted to ‘enter into’ theyunfamiliar mathematical cultures of carpenters and
candy sellers rgspectively./But acculturation on the part of the researcher is also
taking place when thefladult tries to understand in detail the mathematical
meaning-making'of a child, even if both belong to the same macroculture. When
Davis (1993) réports detailed mathematical thinking of Brian (Grade 7) and
Tony (Grade 5),'he is describing acculturation, too — his own acculturation into
théaworlds‘of these children. It is in this sense that acculturation may take place
in a teacher, or researcher at the same time that a student experiences encultura-
tionfinto the \mathematics of his or her home culture. Piagetian research has
made us aware that to an adult the ways of thinking of children at various stages
of develgpment may appear as exotic as a foreign culture.
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In concluding this section on the construction of theory, I want to mention in
passing, four further theory-building developments which I see as exciting and
full of promise for further rich research ideas. A description of the firstjof these
can be found in papers by Voigt (1995) and Yackel (1992, 1995). In these déep
papers, the balancing of the complex sociological, psychological/anthtopolo-
gical and philosophical elements of mathematics education is centered“on dis-
cussions of social interactionism, mathematical meaning, congénsualddomains,
indexicality and reflexivity, and the nature of mathematical knowledge.

Still concerned with the nature of mathematical kdowledge, butpwith more
emphasis on psychological aspects of learning mathematics,lis, Sfard’s (1991)
paper which links the history of certain mathemati¢al ¢oncepts t6' the way in
which mathematical processes become reified as mental objects to be operated
on, in turn, in mathematical processes at new levels of mathematical abstraction.
Sfard’s work in Israel resonates with the independentthéery-building in Sweden
of Bergsten (1990, 1992) who suggested a‘three-dimensional crystal model,
incorporating processes and structures, for the learningyof mathematics.

A third exciting theoretical development which bridges, inter alia, the disci-
plines of linguistics and philosophy,sis the workpen'prototypes, metaphors,
metonymies, integrated cognitive models, and imaginative rationality, by
Johnson (1987) and Lakoff (1987).Although not'developed for this purpose by
its authors, this work has tremendous significance for understanding mathemat-
ical thinking (Presmeg 1992a, 1992b), and therefore for research and practice in
mathematics education. It is not that the processes they describe are useful ad-
juncts in mathematical cognition: significance for mathematics education lies in
their claim that these processes’ and models underlie human reasoning itself,
which is a sine qua non of mathematies (Krutetskii 1976).

Finally, linking these_last/two develepments (mathematical reification, and
processes such as metaphor and metonyniy), are recent papers which use semi-
otic models as frameworks forptheory-building and analysis of research data
(Whitson 1992; Presmegpl997)."Semiosis also casts light on another vital
element of mathematical ¢ognition, namely, the use of symbolism (Cobb et al.
1997).

5. CONCLUSION

The entire thrust of this chapter has been the complexity of the interrelationships
among thé elements which are grist to the mill of qualitative mathematics educa-
tion researeh. This is an exciting time to be part of this endeavor, as theories
whieh are ‘specifi¢ to this discipline with its many facets are constructed, argued
about,a€€onstructed and negotiated by mathematics education researchers such
asgVergnaud (1990) in France, Dérfler (1991) in Austria, Dreyfus (1991) in
Israel, Goldin (1992) in the USA, and others from diverse geographical and
theoretieal backgrounds. If the diversity calls for tolerance, it is also a potential
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source of creative energy which mirrors the complexity of the diverse concerns
of our discipline.
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PAUL ERNEST

A POSTMODERN PERSPECTIVE ON RESEARC
MATHEMATICS EDUCATION

Over the past quartér century mathematics education h
world-wide as a major independent area of knowle
now has numerous dedicated journals, book serie
national and international communities of s‘l
specialist master’s and doctoral programs of stud

e established
dr . The field
nfereénces serving
ountries offer
thematics education,
n within the field
21st century it is
appropriate to engage in a period of critid on and self-scrutiny.
Thus the present volume embodyin sored inquiry into the
nature of research in mathematic ion and its products provides a
welcome opportunity for our field itself, and its outcomes and
effects.

This chapter reflects on the nature o in mathematics education and
offers a particular perspective with post ern elements. An argument is
offered for the need for, and the legitimacy of, a multiplicity and variety of
viewpoints, theories, frameworks,\methodologies, and interests within mathe-
matics education. This is a ple centered view of the subject. My claim is
that since it is an interdiscipli awing on the sciences, social sciences,
humanities and other fie f professional knowledge, such multiplicity is in-
evitable. But for all the st Itiplicity, it leads inevitably to prob-
lems concerning some qu ns that need to be addressed. In particular, it
means that no single set of criteria for evaluating the results of research
in mathematic found and that no overall consensus about the

!lucat
field can be achiey,
As a background
and issues rel o the nature of research in mathematics education that need

S
S.

iscussion, there are a number of central problems

clarification, the chapter addresses some of them. These include the
problem of the ity of the term ‘mathematics education’. There is also
that of dete ing the specific object of study in mathematics education, and

etween the object of study and the means by which it is

es the studying, and the social contexts of study. This raises
the aims of research in mathematics education, and the extent to
1d can be mapped out as a set of concerns or problems in any

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 71-85.
© 1998 Kluwer Academic Publishers.
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1. THE SPECIFIC OBJECT OF STUDY IN MATHEMATICS EDUCATION

Is there a specific object of study in mathematics education? This question is
even more difficult to answer than it first appears, because the term ‘mathemat-
ics education’ is ambiguous. It signifies both a practice (or rather a'setyof prac-
tices) and a field of knowledge. Mathematics education describes both/the
teaching of mathematics, to elementary school children for exaniple, and an aca-
demic specialism with its own Ph.D.s, conferences and journals. Evenithe term
‘mathematics educator’ commonly used to signify sonjiedne involvédyin mathe-
matics education research (such as in Balacheff et al. 1992) isyused across this
ambiguity. For the dictionary definition of ‘educatorfyis/Someone Who teaches,
trains or provides schooling. Such ambiguity is by no meéans unique to mathe-
matics education. ‘Statistics’, for example, describes both“the'data studied and
the particular mathematical field of knowledge involved.

Thus there are real differences underpinning the ambiguity. To wholly iden-
tify the object of study in mathematics education‘with, classroom teaching and
learning practices is already problematic for ajnumber-of reasons. First of all, it
is not possible to completely separategthe objectiof,study from the means by
which it is studied, from who does the studying and from the social contexts of
study. Thus even a narrow focus omythe teachinghand learning of mathematics
brings in the nature, methodology ,and sogial context of the researchers involved.
Secondly, an attempt to pre-specify the scope ofd field of study is usually a nar-
rowing move, an attempt to exclude certain kinds of theorizing about the field
which do not seem to have immediate payoffs in terms of practical knowledge
or application. But ‘relevance’ i§ anotoriously short sighted criterion and it is
often ‘blue sky’ research that tisns.out to have the greatest utility. At the turn of
the century Poincaré remarkgd that“at'last in non-Euclidean geometry we had a
theory that was truly inapplicable. A few years later Einstein published his
theory of relativity.

Although relevance isgoften used as if it were a simple adjective, it is better
viewed as a ternary relation in Which X is described as relevant by Y with refer-
ence to goal Zg(Ernest 199.1)¢ The two commonly suppressed arguments are,
who is making theljjudgment and what goal they are presupposing in their
criteria.

Despite the@above caufions, I do think it is worth trying to list (although
clearly not exhaustively) some of the immediate practices involved in mathemat-
ics education, or_in which mathematics education is involved, as a means of
indicatinggifs nature and multiplicity. In my view these include the following:

Lhe teaching,and learning of mathematics at all levels in school and college
Out ofsschool learning (and teaching) of mathematics

The design, writing and construction of texts and mathematics learning
materials

Thestudy of mathematics education in pre-service teacher education
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® The graduate study of mathematics education texts and results
® Research in mathematics education at all levels.

What is immediately apparent is that this preliminary listing of the practiceshof
mathematics education, as the objects of study of mathematics education, is re-
cursive. For these practices are defined in terms of the field of mathematics
education itself. However this recursive loop is not a vicious ecircley What it
means is that research in mathematics education studies itself; itis reflexive.

On the issue of the reflexivity of research in mathematics educationyit is inter-
esting to note that this is a property that largely distinguishes the humanities and
arts from the sciences. Traditionally the physical sciénces havenotiincluded the
cognitions of humanity amongst their objects of study. Mere recently psychol-
ogy and cognitive science treat aspects of human knowing direétly; but they are
not usually seen to be reflexive by accounting for themselves as areas of
knowing within their overall field of interest/In ¢entrast,sociology, philosophy,
anthropology, education, and social studies of*science all try to account for
themselves within their field of study. These are all reflexive fields, and indeed
Bloor’s (1976) ‘strong program’ in ghe sociology,of knowledge explicitly
includes a reflexivity criterion.

What does this mean for mathematics education? As a reflexive field of study
it suggests that it is more akin to"the humanities and social sciences than the
physical or hard sciences. This may seem-a trite,conclusion, but it is important to
bear in mind when calls are heard to identify mathematics education as a branch
of mathematics and to regard mathematicians as our natural peers and audience.
They are distinct fields of study, and, their relations are more complex.

My discussion of the reflexivity,of esearch in mathematics education may be
disturbing to some. By claiming that‘mathematics education is its own object of
study and research, and notjust the teaching and learning of mathematics, I may
have strayed beyond the boundsythat some of my fellow mathematics educators
prefer to remain within @minore‘strongly, it may be that these broader concerns
go beyond what some\woulld ¢onsider to be the legitimate objects of study of
mathematics education’ Thissis not my view, but it is necessary to note areas of
dissent, and to acknowledge their legitimacy, if mathematics education is to be a
genuine conversation whichsacknowledges the validity of multiple viewpoints.

Perhaps thergis'a useful distinction that can be drawn from a consideration of
this possible area of dissent. Perhaps I should tentatively distinguish the primary
objects of study“of mathematics education including phenomena directly con-
cerned with'thelteaching and learning of mathematics, and secondary objects of
study invelving the field of mathematics education itself. This division respects
th&metaphoriof reflection implicit in the concept of ‘reflexivity’. For the so-
called primary objects of study are in some sense direct, whereas the secondary
enesfinvolve\a further (second) level of reflection upon the primary objects. Of
course, this distinction is only of limited use, because it is not so clear how
much-usegit is or if studies or practices could be assigned unambiguously to one
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or other level. What the distinction might do, however, is to reassure those in the
mathematics education community who are concerned that research in mathe-
matics education is or might be losing touch with its central concernsgmamely
the teaching and learning of mathematics. By labeling such concerns as primarys
their priority is established; something with which I doubt anyone, would
disagree.

Different views as to what are the proper foci or objects of sfudy ofiresearch
in mathematics education might traditionally be attributed toldifferentlideolo-
gies, epistemologies, beliefs, etc. But perhaps it is mofe fruitful to'take a post-
modern perspective and consider instead what are the socidl practices, roles and
organizations that support mathematics educators inStitufionally, and to whom
they are accountable or allied. Thus, for example, full-timeresearchers in mathe-
matics education usually have to justify their projects,in terms 6f improvements
to the teaching and learning of mathematics. Reséarchers who are primarily
teacher educators can instead justify their regearch,in terms of increased knowl-
edge of or possible improvements to teacher educatiofior even as ‘energizers of
thought” for teachers or themselves. The ‘best’ jjustification for research is thus a
function of context, and by no means a transcendentjtsuth.

One immediate consequence of thefabove discussion is that according to my
perspective there is no unique object/of study,for résearch in mathematics educa-
tion. Rather there are multiple foci; someyprimary/and some secondary. What is
clear is that the ICMI enquiry into the nature offesearch in mathematics educa-
tion, represented by this volume, is unambiguously directed at the second of the
two levels. By adopting a reflective meta-level consideration of the field as its
goal, it asserts the value and iniportance of the secondary object of study of
mathematics education, namely mathematics education itself, and in particular,
research in mathematics education:

In accounting for the objects of researchyin mathematics education in terms of
the practices it refers to I'lam making a‘move to situate knowledge in concrete
practices. Such a postmedexn shift'is currently taking place in many fields of
thought. Cognitive sciénceand the philosophy of mind have suggested that mind
is modular, withy local‘knewlédges, skills and agencies taking the place of a
single controlling intelligence. Psychology, both cognitive and social, is looking
at forms of situatedilearning which emphasizes the priority of context.
Poststructuraligm elaborates on this perspective and argues that the self and
knowledge are distributed through different discursive practices in which the
discourse has a‘key role. Postmodernism has challenged epistemological meta-
narrativesgin philosophy and suggests that local practices are the sole determ-

-inants of knowledge. Wittgenstein’s late philosophy looks at meaning and
knowledge ashsituated in ‘language games’ embedded in pre-existing ‘forms of
life’. Thegphilosophy of science is looking at local practices of scientists instead
of everarching theories of scientific method which fail to describe actual labora-
tory life. The philosophy of mathematics is likewise beginning to consider the
practicesgof mathematicians instead of theories of mathematical knowledge and
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truth (Ernest 1994a). Thus, an attempt to define mathematics education in terms
of its various multicentered practices, instead of some analytic or rationally
derived prespecified mission, has strong support from many currents oficentem-
porary thought. More than that, such postmodern perspectives on knowledge
suggest that anything but a multicentered perspective on the field“would be'a
misrepresentation, forcing the multiplistic and polycentric practices of our field
onto a single Procrustean bed.

To return to the concrete, it is perhaps worth trying to list,’in a necessarily
tentative and incomplete way, some of the objects of(researchtin mathematics
education, from my perspective. These include as primary gbjects:

The nature of mathematics and school mathematical knowledge

The learning of mathematics

The aims and goals of mathematics teaching and schooling

The teaching of mathematics, including theimethods and approaches involved
The full range of texts, materials, aids and electronie,;resources employed

The human and social contexts of mathematics learning/teaching in all their
complexity

e The interaction and relationships between all of the above factors.

The secondary objects might be taken to include:

® The nature of mathematics education knowledge: its concepts, theories,
results, literature, aims and fungtion

e The nature of mathematics education research: its epistemology, theoretical
bases, criteria, methodologys methods, outcomes and goals

e Mathematics education tedching andilearning in teacher education, including
practice, technique, theoty,and research

o The social institutions of mathematics education: the persons, locations,
institutions (universitiesycolleges, research centers), conferences, organiza-
tions, networks, journals, etc, and their relationships with its overall social or
societal contexts.

My claim is that the propépobject of study of research in mathematics education
includes at leagt“all of these components, interpreted broadly. However, as has
always been the, case,/far more attention will be and should be given to the
primary components, but the secondary ones are important too, and should not
be neglectéd.

2. THE AIMS OF RESEARCH IN MATHEMATICS EDUCATION

Beyond the proper objects of study of research in mathematics education, there
are alsogth€ means by which such research is carried out. This is a central and
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essential concern when considering the process of research, its intended out-
comes, and the presuppositions on which it rests. But first, it is necessary to pay
a little attention to the concept of research itself. '

There are many views about the nature of research and of educationalire,
search in particular. Ultimately, according to postmodernism, it is the practice of
knowledge-making as it takes place in different contexts alone that specifies
what it is. However, a brief, rationalistic account of the ‘nature’*of résearch, in
mathematics education or in any other field, can serve as a useful, if‘tentative,
starting point. From this perspective it is systematic and'eriticallenquiry carried
out with the aim of producing knowledge. The key wgordsyare knowledge,
systematic, critical, and enquiry (Ernest 1994b). Whatl shall arguelbelow is that
the particular way that these are understood is not a simple,matter, but depends
on the reader or researcher’s underlying assumpfions, and, in patticular, on their
underlying research paradigm and the community practiees of which they are a
part.

The nature and basis of knowledge is one of _the eentral concerns of philoso-
phy — epistemology, in particular — but it also lies at the heart of every discipline
or field of study. Each has its own forms of knowledge, and accepted means of
justifying knowledge claims. Knowledge, in any particular area of study, is what
is known and deliberately accepted by pragtitioners,in that field. What is known
and accepted is that which is appropriately supported by evidence: by proof in
mathematics, by empirical test in science, bysargumentation and/or tests in
social sciences such as mathematics education. Each field also has its body of
theoretical knowledge, the theories, hypotheses, questions, and so on, known by
its practitioners. The practitionegs in any field also have tacit knowledge
(Polanyi 1958) which includes knowledge of the specialist language of the field,
and meta-knowledge of the field-"Kuhn'(1970) discusses this for science, Kitcher
(1984) and Ernest (1992b,7997) for mathematics.

‘Enquiry’ concerns the processes bof knowledge-getting or making. Systematic
enquiry should:

e link with apd, buildiomyexisting knowledge in the relevant educational re-
search literatur€ipthus adding to the body of knowledge, fitting into the
‘system of knowledge’s

e use organized processes of enquiry, systematic methods of research, linked to
existing methodology, providing a justification for knowledge claims;

e result in a systematically organized text, document or other public commu-
nicativeé form, so that others can access the results of the educational
research;

® )possibly eéngage in theory-building resulting in the construction of some
systematically organized body of reflective knowledge.

Of course the structure which such ‘systems’ attach to are all the while organ-
ically-evelving and growing as the associated practices and community cultures
change.
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Such enquiry needs to be critical and self-critical, which results from the sys-
tematic and warranted character of knowledge claims, according to the commu-
nity criteria of the day, and the need for the products of research to besubjected
to critical review prior to acceptance by the community. This social {processyof
critical review in any research community, such as our own, also resultsyin, oris
coupled with internal, self-critical faculties. During the research process these
are employed, to a greater or lesser extent, to look for weaknesses (lack of' con-
formity to explicit or more usually tacit community standards and expectations)
in the conduct and reports of research in progress, and'to attemptite,mold and
express the research in ways satisfying the criteria for rigor and justification of
the field.

One further aspect of educational research can be stressed. The term ‘educa-
tional research’ applies to both the process of fesearch and itsfproduct. To re-
search is to engage in the process of searching for of trying to build knowledge.
But ‘research’ is also the outcome of this progessypknowledgelitself.

Educational research rests on a number of fundamental presuppositions made
by the researcher, and these need to be considered before the aims of research in
mathematics education can be treated with any thoroughness.

Research is often understood to take place within a recognized or uncon-
sciously assumed overall theoretical, research petspective or paradigm (Kuhn
1970; Bassey 1990-91). There age“multiple research paradigms, each with its
own assumptions about knowledge and learning,(epistemology), about the world
and existence (ontology), and about how knowledge is obtained (methodology).
Following the work of Habermas (1972), educational researchers are in the habit
of distinguishing three main educatignal research paradigms: the scientific, inter-
pretative and critical-theoretighresearch paradigm (Schubert 1986; Galbraith
1991; Ernest 1994b). These vary‘in‘a‘number of significant ways, including the
research methodology theéy employ, but\a brief and simplified account is as
follows.

The scientific researchgparadigm-originates with rationalism and the scientific
method as employed in\the physical sciences, experimental psychology, etc. It is
concerned withgobjectivity,prediction, replicability, and the discovery of
scientific generalizdtions or'laws describing the phenomena in question. The
forms of enquiry usedinclude survey, comparative experimental, quasi-
experimental méthods, and so on. There is often an emphasis on quantitative
data, but qualitative data can, of course, also be used, as and when appropriate.
What is central to the'scientific research paradigm is the search for general laws
predictinggfutiire educational outcomes. Thus ‘process—product’ research in
mathematics teaching is typical work in the scientific paradigm. It examines
classroom‘andylearner variables and seeks to correlate them with mathematics
I€arning outcomes.

The second paradigm is that of interpretative (or naturalistic) research, which
developed from the methods used in sociological and social science research, in-
cludingganthropology and ethnography. It is primarily concerned with human
understanding, interpretation, intersubjectivity, lived truth (i.e. truth in human
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terms), and so on. It uses ethnographic, case study, largely qualitative forms of
enquiry, and attempts to overcome the weaknesses of subjectivity through trian-
gulating multiple viewpoints. Of course, quantitative methods are alsogused, as
and when appropriate. In mathematics education research this paradigm s espes
cially evident in the experimental work of constructivist researchers, Ayseminal
early use of the method is that of Erlwanger (1973) in his celebrated case study
of a single child’s learning (‘Benny’).

Third, there is the critical-theoretic paradigm. The central feature ofthis posi-
tion is the desire not just to find out, but to engage in §ocial critiqiesand social
and institutional change to improve or reform aspects of soéiablife. In education,
this often concerns working on social justice issues, such/as redressifg gender or
racial inequalities. To this end, it often involves partticipant engagement and
validation. One of the best known discussions of this approach applied to educa-
tional research is that of Carr and Kemmis (1986).

The critical-theoretic paradigm is closelytasSeciated “with Action Research,
which is popular among the ‘teacher-as-researcher’imovement, with teachers
working to change their teaching or school Situations to improve classroom
learning. In my view, Action Researchghowever, toe often baulks at addressing
oppression in society, to fit comfortably under the“critical-theoretic paradigm.
Such developments as Paolo Freire/s,(1972) projeet for emancipating Brazilian
peasants through literacy, although'not explicitly critical-theoretic, perhaps serve
as its best examples. Likewise, in mathemati€s education, the paradigm is
reflected in the work of Gerdes (1985) in Mozambique and researchers such as
Mellin-Olsen (1987), and Skovsmese (1985, 1994).

Habermas (1972) argues that tHere, is no such thing as pure knowledge, research
or quest for ‘truth’. He makesghe radical claim that underpinning every knowl-
edge-seeking enterprise there is a particular type of interest or desire at work, even
in the case of science wherémany maintainythat knowledge is ‘interest- and value-
free’. He distinguishes three types of interest that underlie the quest for knowl-
edge. These are: to prediet,and“control the phenomena under study (technical
interest), to understand and/make sense of them (practical interest), and to achieve
social justice (emancipatonyinterest). These correspond directly to the interests
underlying the thrgepeducational research paradigms: the desire to predict and
control educational processes (scientific paradigm), the desire to understand edu-
cational phenopiena (interpretative paradigm), and the desire to change education
and through it Society for the better (critical-theoretic paradigm).

Coupled with'these interests are the intended outcome, the type of knowledge
or other o@itcome (social change) intended to follow from the enquiry. These
include fitst, objective knowledge and scientific generalizations and truths;
s¢eond, subjéetive understanding, personal truths, and illuminating studies of
unique individuals and situations; and third, social changes and improved social
instifutions‘and conditions (respectively).

Thus a discussion of the aims of research in mathematics education should
take ingegdCcount the issue of the underlying educational research paradigm
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involved, and the interests and intended outcomes of that paradigm. Certain
different specific knowledge-types or social changes may be the planned out-
comes of mathematics education research projects.

Needless to say, this account would be seen by some to be controyersial. For
rather than acknowledging that there are multiple valid paradigms and séts of as-
sumptions underpinning research, each with different strengths and aims, some
researchers have preferred to fight for their own paradigm as the"sole one that is
valid. Scientific research paradigm supporters have argued that they‘own the
sole route to objectivity and truth. Supporters of the intérpretative research para-
digm argue that there is no objectivity and truth, and thationly, they can offer
valid understanding. Critical-theoretic research paradigm#upportersthave argued
that the others are victims of ‘false consciousness’ and thatyenly,they can reveal
the ideologically-induced distortions in educatioft and, socicty. This account may
be a caricature, but Gage (1989) has written of the “paradigm wars’ waged
between supporters of the three paradigms in théyeducational research commu-
nity in the USA.

The view of Gage, which I endorse, is that educational research paradigms are
tools that should serve our practical ends,in educations and that acknowledging
their multiplicity but judging them bytheir fruits is the best policy. Beyond this,
the postmodern view is that they representithe legitimate (but criticizable) out-
looks of communities with different practices and theoretical discourses. To
argue for one and against the others is to‘adoptsthe perspective of one commu-
nity including its antagonisms. Instead we need to acknowledge the perpetual
presence of multiple perspectives.

In a parallel way, research in mathematics education has multiple aims. These
include the development of a body.of\professional knowledge about the results
of research, including students™ thinking\and activity, mathematics teaching ap-
proaches and resources. Some of this can be systematized and organized into
theoretical structures. Some makelup ‘a‘rich body of case-knowledge which
provide exemplars and imsights. In"addition, there are a whole range of theoret-
ical concepts and frameworks that help us understand how children learn mathe-
matics, how niathematicsytexts subliminally incorporate sexist and racist
messages, how thefhidden curriculum of the mathematics classroom results in
certain learner conceptionsy6f mathematics and mathematical activity. Such in-
sights play a vjtal,’if unquantifiable, role in teacher education, sensitizing new
teachers to go beyond their unexamined assumptions about mathematics, and its
learning and teaching.

There is*alsohthe importance of mathematics education research, reflection
and theoryyfor teacher educators. The excitement of being at the leading edge of
neWathinkingJefanaking new connections, of grasping exciting new intellectual
vistas, andycontributing to them, perhaps in a modest way, serves as a vital ‘en-
ergiZer of thought’ for teacher educators, such as myself. I am sure that the en-
thusiasm such involvement generates in me is reflected in better and more
inspiratioffal teaching to my pre-service student teachers. On occasion they
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explicitly remark on the excitement of working with ideas and theories in
mathematics education from the vanguard of thought.

Overall, I am claiming that there is no unique aim that research in mathemat-
ics education should serve. To better the teaching and learning of mathematicsyis
of course a shared, if vague, goal of us all, but there are many ways/of doing this
through research in mathematics education, some well known and some as/yet
undreamed of.

3. ARE THERE SPECIFIC QUESTIONS OR PROBLEMATIQUES OE RESEARCH
IN MATHEMATICS EDUCATION?

Is there a unique and essential feature of researéh in mathematics education? Is
it that part of education and educational research whichideals primarily with the
teaching and learning of mathematics? Or is itithat partiof mathematics, or at
least of the thought and activity of mathematicians,3which primarily concerns
education in mathematics, that is its teaching(and learning? One way to try to
answer this is to enquire into the essential character,of mathematics education.
But I consider this to be largely fruitless. It seems to me that mathematics educa-
tion is defined in terms of a variety Of realized praetices, and not in terms of es-
sential characteristics. In terms of/practice, what can be said is that researchers
in mathematics education are located institutionally both in faculties of educa-
tion and in faculties of mathematics.

Thus both of the above answegs hold true‘in terms of institutional location,
and in terms of disciplinary culture. What both share is a concern with the
specific concepts, methods, modes.of thought and problems of mathematics, and
the unique ways in which mathematicalbdknowledge is structured, organized, and
validated, and how these feadtures impact upon learners when they are confronted
with mathematical activities‘andwepresentations of mathematical knowledge.

What I have listed aregpeshapsthe very well-known general issues of interest
and problem locations\in mathematics education research. Beyond these, there
are a number ofyspecific issues that arise for me from the unique characteristics
of mathematics andbits special social role, which give rise to further problem-
areas and might enlarge the,problématique of mathematics education. Of course,
the following is‘a;personal view.

Mathematic§his a discipline perhaps uniquely based solely in text and con-
cepts, which does not describe or refer to the experiential world except indi-
rectly. What problems arise from learning this uniquely imaginary and
abstractedyfield?Many are concerned with signification since meaning is defined
internally; without reference to experienced objects in the world (except at the
level where mathematics is part of everyday language and practices). Further
problems-atise from the strong objectivity of mathematical language which
excludes all reference to persons, places and events.

Mathemratics shares with the sciences an extreme precision with which its
concepts, methods and ideas are defined. Consequently it is required that mathe-
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matics learning results in very precise and narrowly defined behaviors and
capabilities, manifested in specific contexts, and learners are judged in terms of
the precision of their performances against very high standards. Suchgexpecta-
tions are very demanding and doubtless contribute to learning problemshin
mathematics.

Perhaps because of the former characteristics, there is a great disparity injthe
range of conceptions of mathematics. These vary from seeing itfas théymechan-
ical and dreary rules of book-keeping, to a language and way,of thinking of
tremendous power, which opens access to a rich universe'of beautifubstructures,
abstract concepts and patterns; a field with an overwhelming,aesthetic and a
source of fascination and wonder.

Such ranges of conceptions are held by learners and|teachers of mathematics,
and by citizens at large in society. A consequence) of this greativariation is the
lack of communication, misunderstandings and affective, problems concerning
mathematics. Mathematicians and mathematics educators.often share the latter,
aesthetically-oriented view of the discipline, but address ‘many persons with
other perceptions of mathematics. This disparity of pereeptions is a major source
of problems.

Mathematics has a unique social role as a prestige subject indicating rational-
ity and intellectual ability. It also hasian arbitrarilyphigh social status attached to
it, resulting in part from this role and itsirelationship with science and technol-
ogy, but also as a result of historical contingeney#This leads to the real problems
concerning mathematics and equity. To a significant extent, social rewards
(including wealth, status and power) and life-chances are distributed to members
of society according to success\in the learning of mathematics and its
certification. The function of mlathematics as a ‘critical filter’ in society brings
with it real social and moral fproblems;\especially with regard to gender, race,
social class and ‘ability’.

Mathematics has a unique relationship”with computing and informatics. It
gave birth to digital computing and provides the language for its operation and
comprehension. Matheématics has also been dramatically transformed by the
impact of computers in‘a' number of well-known ways. Consider, for example,
the impact of computers on number theory, numerical calculation, statistics,
operational research, ‘optimization theory, linear algebra (each transformed by
the power of computation), mathematical modeling (e.g. finite element analy-
sis), proof (elgs the 4-color theorem), symbolic manipulation (e.g. using
Derive or Mathematica), and the birth of Chaology. This relationship and the
increasingly. céntral role of computers in the modern world give rise to a
variety of problems and a problématique for mathematics education. Of
patticular ‘noteyis the problem of how the power of the computer can or should
Be employed in mathematics education to best effect. A second problem is
howgmathematics and school mathematics should be reformed in the light of
the’eomputer revolution. There is also a moral or political problem about the
relationship between computers and research in mathematics education:
namely, that because of the biases of funding bodies there may be a distortion
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of the field which favors research in mathematics education with computers as
a central part. This distortion might be seen as reflecting commercial, industrial
and military interests, possibly at the expense of the improvement of theyteach-
ing and learning of mathematics.

These represent some possible question-sets or problématiques for reésearchiim
mathematics education. They represent a brief and tentative attempt to“identify
some of the problems that arise from the specific characteristics®of mathematics
as a discipline, and its role in society. But there is also the issugyof the'problems
facing mathematics education which are shared by edu€ation in‘other.domains.
One criticism I would make at some research in mathematics €ducation is that it
takes too little notice of what is done outside of its\ewst narrow ambit, and it
consequently is perpetually ‘reinventing the wheel’. A very proximate field of
study sharing many of the concerns of mathematics education is'that of science
education. These two fields of study for too long haye had,a parallel but separate
existence. Thus, for example, recently I yemasked oniter interdisciplinary
themes which are the shared concern of both science and mathematics education
(Ernest 1992a), as follows:

1. Constructivism as learning thegry and approach to epistemology, and
alternative conceptions in mathematicsjand science.

2. Applications of exciting new humanistic theories from hermeneutics, post-
structuralism, postmodernism, anthrepology, ethnomethodology and rela-
tivistic philosophies of science and mathematics.

3. The impact of recent fallibilistic developments in the philosophy of mathe-
matics and science in challenging the ‘certainty culture’.

4. A recognition of the intertwined cultural, historical and philosophical devel-
opment of science, mathematies‘anditechnology.

5. Ciritical citizenship, ‘€pistemological\empowerment and enhanced demo-
cracy through science land mathématics for all.

6. A concern with the gender and'race imbalance in the participation rates and
assessment outcomes of school and college science and mathematics.

7. The move away from traditional teaching styles and the adoption of group-
work, discussiofipand enquiry approaches facilitated by teachers’ new roles
and by the new technology, especially calculators and microcomputers.

8. Problem-solving, investigation, the processes of enquiry and the nature of
mathemati¢s,and science.

9. The unique“contfibution of mathematics and science to rationality, via the
rationalfappraisal and rigorous testing in the warranting of knowledge.

10. The eritical“appraisal of theories of education, science, mathematics and
technology,and of their conceptual presuppositions.

Thisdlist illustrates that a significant part of what we think is the unique problé-
matique of mathematics education very closely resembles, if it is not identical
with, the problématique of an adjacent field.
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4. THE RESULTS OF RESEARCH IN MATHEMATICS EDUCATION

In general, the results of research in mathematics education will be significantly
affected by the underlying educational research paradigm (see section 2 above).
However there is one very important general issue concerning these,results
which needs discussion and clarification. This is the relationship betweenythe
results of research, the knowledge produced, and organized fields ofistudy and
disciplines.

I argued above that research in mathematics educatiofi $hould‘resuit,in knowl-
edge that links with and builds on existing knowledge, fitting into the ‘system of
knowledge’, resulting in the construction of some systematically.organized body
of reflective knowledge (possibly including new theory).

This raises a number of questions. What is the)relationshipsbetween mathe-
matics education as a field of study and other areas of kiiowledge such as mathe-
matics, education, philosophy, psychology, sociology, social/studies of science,
history, anthropology, cognitive science, linguistics, semiotics, and so on?
Should the results of research in mathematics ¢ducation be ‘home-grown’ theor-
ies, or should mathematics education theories relate,closely to existing theories
in other fields? It is undeniably the gase that local*or small scale theories are
home-grown in the field of mathematics educationjitself. For example, whatever
their current status, there is no dgubt that the hierarchical theories of the van
Hieles and of the CSMS project are home-grown. More such theories could be
cited, and more should be encouraged to develop.

In addition, I am of the opinionthat we need to pay serious attention to devel-
opments outside of the mathematics education community, as a disciplined
source and resource for our reflections and theorizing. Mathematics education as
an emergent field has an espécial'needdand responsibility to look outside itself
for new ideas, and for sourees of approaches and methodology, and for means of
giving our knowledge increasedyvalidity."Most concepts and methods employed
in research in mathematiesseducation originate in other fields of study. We need
to acknowledge this miere explicitly. Currently, the boundaries between existing
disciplines andgareas of Knewlédge are being questioned, and so the very issue
of what is a partof/our, field'1s problematic.

Overall, what I am‘propesing is that research in mathematics education needs
to look more syStematically at concepts and developments outside the field as a
means of making progress in theory. In my own work I have found that develop-
ments in the philosophy of mathematics (and in the sociology of knowledge,
philosophy®f Seience, rhetoric of the sciences, semiotics, logic, etc.) have been
a great source of insight for mathematics education (e.g. Ernest 1991, 1997).
Others, too numerous to mention, have added significantly to knowledge in
fmathematics education through a consideration of and application of the
knowledge, theory and methods of the history of education, psychoanalysis,
semiotics and linguistics, sociology, ethnomethodology, mathematical struc-
ture, psyehOlogy, post-structuralism, computer science, cognitive science, and
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so on. In my view, we need to always keep aware of developments across the
whole field of human thought, and take and apply whatever ideas are useful for
our researches.

5. CONCLUSION

An analysis of the nature of research in mathematics educ many
issues, but again and again the issue of the complexityfand m nature
of the field keeps emerging. There are various obJects of i search ap-
proaches and paradigms, traditions, institutional loc evaluation
criteria, adjacent fields of knowledge and a growmg ries, results,
and publications that deserve a full and thoroug acknowledge

this requires recognition of and tolerance for this ithout consen-

of the field of knowledge. Research in mathemat
and audiences, and remains healthy whilst it ¢ % surprise us. Ten years
ho i

education was unthinkable. Yet a'recent issue“of For the Learning of
Mathematics (vol. 13, no. 1, Februa oted to just that.

ics education that I have argued for m een as a license so that ‘any-
thing goes’. We must acknowledge the ex
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ERICH CH. WITTMANN

MATHEMATICS EDUCATION AS A ‘DESIGN SCIENCE!

In a paper presented to the Twenty-second Annudl Meetingpof German
Mathematics Educators in 1988 Heinrich Bauersfeld presénted some views on
the perspectives and prospects of mathematics educationgIt was his/intention to
stimulate a critical reflection ‘among the members of the,community’ on what
they do and on what they could and should do @aithe future (Bauersfeld 1988).
The early 1970s had witnessed a vivid programmati¢ discussion on the role and
nature of mathematics education in the Germanispeaking patt of Europe (see the
papers by Bigalke, Griesel, Wittmann, Freudenthal, @tte, Dress and Tietz in the
special issue 74/3 of the Zentralblatt fiir Didaktik der Mathematik as well as
Krygowska 1972). Since then the status of mathematics education has not been
considered on a larger scale despitg’the contributions by Burscheid (1983),
Bigalke (1985) and Winter (1986)4£So the time\is overdue for redefining the
basic orientation for research; theérefore,/Bauersfeld’s talk could hardly have
been more appropriate.

In recent years the interest in a better understanding of the nature and role of
mathematics education has also grown considerably at the international level as
indicated, for example, by the ICMI Study on ‘What is research in mathematics
education and what are its results?’ launched in 1992 (cf. Balacheff et al. 1992).

The following considerations are intended both as a critical analysis of the
present situation and an attempt to capture, the specificity of mathematics educa-
tion. Like Bauersfeld, theauthor presents them ‘in full subjectivity and in a
concise way’ as a kind of,‘thinking aloud about our profession’.?

1. THE ‘CORE’ AND THE“RELATED AREAS’ OF MATHEMATICS EDUCATION

The sciencesfshould influence the outside world only by an enlightened
practice; basically they all are esoteric and can become exoteric only by im-
proving some practice. Any other participation leads to nowhere.

(J. W. v. Goethe, Maximen und Reflexionen)

Generally speaking, the task of mathematics education is to investigate and to
develop_the teaching of mathematics at all levels including its premises, goals
and.societal environment. Like the didactics of other subjects, mathematics edu-
cation requires the crossing of boundaries between disciplines and depends on
results_and  methods of considerably diverse fields, including mathematics,

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 87-103.
© 1998 Kluwer Academic Publishers.
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general didactics, pedagogy, sociology, psychology, history of science and
others. Scientific knowledge about the teaching of mathematics, however,
cannot be gained by simply combining results from these fields; rathertgpresup-
poses a specific didactic approach that integrates different aspects into a‘coher-
ent and comprehensive picture of mathematics teaching and learninghand then
transposing it to practical use in a constructive way.

The specificity of this task necessitates, on the one hand, soufid relationships
to the disciplines related to mathematics education, and on the other hand, a
balance between practical proximity and theoretical @istance with,respect to
schools. Bauersfeld (1988, p. 15) refers here to the ‘two caltures’ of mathemat-
ics education. How we can integrate the variety ofyaspects,‘andjyat the same
time, set weights and deal with the tensions that exist\between theory and prac-
tice is not at all clear a priori. This is why it is s@ difficult to;artive at a generally
shared conception of mathematics education.

In my view, the specific tasks of mathemati€s,education’'€an only be actual-
ized if research and development have specific:linkages with practice at their
core and if the improvement of practice is merged with the progress of the field
as a whole.

This core consists of a variety of components, including, in particular:

e analysis of mathematical activigy“and'of mathematical ways of thinking,

e development of local theories (for‘example, on mathematizing, problem
solving, proof and practising skills),

e cxploration of possible contents that focts on making them accessible to
learners,

e critical examination and justification of contents in view of the general goals
of mathematics teaching,

e research into the presfequisites of learning and into the teaching/learning
processes,

e development and evaluation of'substantial teaching units, classes of teaching
units and curricula,

e developmentyof methods for planning, teaching, observing and analysing
lessons, and

o inclusion of the historjpof mathematics education.

Work in thejeore necgssitates the researcher’s interest and proximity to practi-
cal problems. Atcaveat is in order, however. The orientation of the core towards
practice may e€asily lead to a narrow pragmatism that focuses on immediate ap-
plicability,and may therefore become counterproductive. This hazard can only
bépavoided byyconnecting the core to a variety of related areas that bring about
an exchange of ideas with related disciplines and that allow for investigating the
diffefent roots of the core in a systematic way (see Figure 1). Of course, the core
and the related areas overlap, and the ill-defined borders between them change
over timegThus, a strict separation is not possible.
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Figure 1 The core and the areas related to hematics education, their links

field. This situation is compar to music, engineering and medicine. For
example, the composition and ance of music must take precedence over
the history, critique and the, c; in mechanical engineering the con-
struction and developme i paramount to mechanics, thermody-

namics and research of n in medicine the cure of patients is of
central importance wh

to medical sociology, history of medicine or
cellular research.

e pa
l-givisi
that the core is res d actical applications since the related areas have to

However, t n the core and the related areas does not imply
develop the necessal y. In fact, building theories or theoretical frame-
works related design and empirical investigation of teaching is an essen-
tial componen work/in the core (cf. Freudenthal 1987).

As in engine edicine and art, the different status of the core and the
related ar o clearly indicated in mathematics education by the following
facts:

. Th e 1s aimed at an interdisciplinary, integrative view of different
d at constructive developments whereby the ingenuity of mathe-

atics educators is of crucial importance. The related areas are derived

m ore from the corresponding disciplines. Therefore research and
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development in didactics in general get their specific orientation from the re-
quirements of the core. Theoretical studies in the related areas become
significant only insofar as they are linked to the core and thusgeceive a
specific meaning. In particular, the research problems listed in_Bauersfeld
(1988, pp. 16-18) can be tackled in a sufficiently concrete and preductiye
way only from the core.

2. Teacher education oriented towards practice must be based©n théicore. The
related areas are indispensable for a deeper understanding of practical pro-
posals and for their application in an appropriat¢’ Way. However, also in
teacher education, the related areas realize their full ipipaet,only if they are
linked to the core.

The central position of the core is mainly an expression of‘thelapplied status of
mathematics education. Emphasizing the core does/mot'diminish the importance
of the related areas, nor does it separate themfrom the core. As clearly indicated
in Figure 1, it is the core, the related areas and alivelyyinteraction between them
that represent the full picture of mathematics education and that also necessitate
the common responsibility of mathematics ‘edlicators independent of their
special fields of interest.

Work in the core must start from, mathematical activity as an original and
natural element of human cognitigh. Further, 1t must conceive of ‘mathematics’
as a broad societal phenomenon whose diversity of uses and modes of expres-
sion is only in part reflected by specialized ‘mathematics as typically found in
university departments of mathematics. I suggest a use of capital letters to de-
scribe MATHEMATICS as matheématical work in the broadest sense; this in-
cludes mathematics developed,and ‘used in science, engineering, economics,
computer science, statistics,/industry, ‘commerce, craft, art, daily life, and so
forth according to the customs and requirements specific to these contexts.
Specialized mathematics is'certainly an‘essential element of MATHEMATICS,
and the broader interpretation cannot prosper without the work done by these
specialists. However, the convérse is equally true: specialized mathematics owes
a great deal ofts ideas and.dynamics to broader scientific and societal sources.
By no means can it/€laim a‘monopoly for ‘mathematics’.

It should go without saying that MATHEMATICS, not specialized mathemat-
ics, forms the appropriate field of reference for mathematics education. In partic-
ular, the designyof teaching units, coherent sets of teaching units and curricula
has to be rootedin MATHEMATICS.

As a cofisequence, mathematics educators need a lively interaction with
MATHEMATICS \and they must devote an essential part of their professional
lives to stimtlating, observing and analyzing genuine MATHEMATICAL activ-
ities of children, students and student teachers. Organizing and observing the
faseihating encounter of human beings with MATHEMATICS is the very heart
ofididactic expertise and forms a natural context for professional exchange with
teachers:



MATHEMATICS EDUCATION AS A ‘DESIGN SCIENCE’

As a part of MATHEMATICS, specialized mathematics must be taken seri-
ously by mathematics educators as one point of view that, however, has to be
balanced with other points of view. The history of mathematics edugation
clearly demonstrates the risks of following specialized mathematics too closely:
On the one hand, subject matter and elements of mathematical language,can be
selected that do not make much sense outside specialized mathematics — perhiaps
a lasting example of this mistake is the New Maths movement-“On’the other
hand, the educationally important fields of MATHEMATICS that are no longer
alive in specialized research and teaching may lose{the proper’attention —
perhaps the best example for this second mistake is elementary geometry.

Mathematics educators must be aware that schodl,mathematics cannot be
derived from specialized mathematics by a ‘transpositionididactique du savoir
savant au savoir enseigné’ (cf. Freudenthal 1986). Instead, they'must see school
mathematics as an extension of pre-mathematical/human capabilities which
develop within the broader societal context provided by MATHEMATICS
(cf. Schweiger 1994, p. 299 and Dorfler 1994, asswellyas the concept of ‘ethno-
mathematics’ in D’ Ambrosio 1986). It is only\from ‘this perspective that the
unity of mathematics teaching from theyprimary threugh the upper secondary
level can be established and that reagonable mathematical courses in teacher
training can be developed which desé€rve tobe called a scientific background of
teaching.?

2. A BASIC PROBLEM IN THE PRESENT DEVELOPMENT OF MATHEMATICS
EDUCATION: THENEGLECT OF THE CORE

The ‘hard sciences’ are successful,‘as they deal with ‘soft problems’. The
. ‘soft sciences’ are badly off, as they are onfronted with ‘hard problems’.
(Heinz v. Foerster)

An approach to the study of prdblems of learning and teaching in mathematics
education requizes a scientifiegframework that includes both research methods
and standards. As afyoung discipline, mathematics education is under consider-
able pressure from differentdirections. How to establish standards is as contro-
versial as the status of mathematics education itself and can likewise be
addressed in different ways.

One tempting ‘approach is to adapt methods and standards from the hard sci-
ences and the humanities. I dare say that all around the world quite a number of
mathematies educators are taking this approach wherein the scientific back-
ground and their personal interests might be as influential as the wish to be re-
gognizedgand supported by scientists in the related disciplines. However,
approaches, ‘methods and standards adopted from related disciplines are more
easily applied 'to problems in the neighborhood of these disciplines than to prob-
lems inwthe”core. Consequently, a great deal of didactic research adheres to
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mathematics, psychology, pedagogy, sociology, history of mathematics and so
forth. Thus the holistic origin of didactic thinking, namely mathematical activity
in social contexts, is dissolved into single strands, and the specific tasks,of the
core are neglected. In my view this is a big problem that presently inhibits'majer
progress in mathematics education. The problem is by no meansAestricted fo
mathematics education, however. For example, Clifford and Guthrie (1988, p7'3)
have identified it as a universal problem in education:

Our thesis is that schools of education, particularly those located on gh&campuses ofyprestigious re-
search universities have become ensnared improvidently in the academigfand political cultures of
their institutions and have neglected their own worlds. They have seldom’succeeded,in,satisfying the
scholarly norms of their campus letters and science colleagues,antd they are simultaneously
estranged from their professional peers. The more they have rowed| toward, the shores of scholarly
research the more distant they have become from the public schools“theyiare bound to serve
(Clifford and Guthrie 1988, p. 3).

The movement away from the core and towards thie,related areas may also be
problematic because very often the adoption of frameworks and standards from
related disciplines is linked to the dogmatic claim,that these frameworks and
standards were the only ones possible for didactics“From this position follows a
blindness towards the central tasks @f mathematies education and a systematic
underestimation of the constructiye achievenients brought about in the core.
Sometimes the core is even denied a scientific Status. Mathematics educators
who retreat into a ‘mathematical garden’ (H. Meschkowski, oral communica-
tion) tend of course to trivialize the educational aspects of mathematics educa-
tion; similarly, those working in the areas related to psychology and pedagogy
neglect the mathematical aspec¢ts. These tendencies are reinforced by voices
from the related disciplines that'argue against the scientific status of didactics
more or less publicly. Asfayesult we havé,an unreasonable set back into reduc-
tionist positions analyzed as unfoundédimany years ago (cf. Bigalke 1985;
Winter 1985). It is ironic_that mathematics education set out in the late sixties to
overcome exactly thesepolarized positions. What is urgently needed therefore is
a methodological framework/that does justice to the core of mathematics
education.

3. MAEHEMATICS EDUCATION AS A SYSTEMIC-EVOLUTIONARY
‘DESIGN SCIENCE™

It is the\yardstick that creates the phenomena.... A religious phenomenon can
only be'revealed as such if it is captured in its own modality, i.e., if it is con-
sidered.by means of a religious yardstick. To locate such a phenomenon by
means of physiology, psychology, sociology, economics, linguistics, art, etc.
means to deny it. It means to miss exactly its uniqueness and its irreducibility.

(Mircea Eliade, The Religions and the Sacred)
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Establishing scientific standards in mathematics education by adopting standards
from related disciplines is, as mentioned, unwise because problems and tasks of
mathematics education tend to be tackled only insofar and to the extentsthat they
are accessible to the methods of the related disciplines. As a consequence, the
core is not sufficiently recognized as a scientific field in its own right.

Fortunately there is a silver lining in this dilemma if one abandons the‘fixation
on the traditional structures of the scientific disciplines and instead looks at the
specific character of the core, namely the constructive development ofand re-
search into mathematics teaching. Here mathematics education 1s:assigned to the
larger class of ‘design sciences’ (cf. Wittmann 1975) whosescientific status was
clearly delineated from the scientific status of natutal Sciences by the Nobel
Prize Winner Herb Simon. The following quotation¥from,Simon (1970,
pp. 55-58) explains also the resistance offered to the design s€iences in acade-
mia. In this way the present situation of mathematics‘education is embedded into
a wider context and becomes accessible to a yational evaluation.

Historically and traditionally, it has been the task of the Science disciplines to teach about natural
things: how they are and how they work. It has been the task of engineering schools to teach about
artificial things: how to make artifacts that have desired properties and how to design...

Design, so construed, is the core of all professional training; it is the principal mark that distin-
guishes the professions from the sciences. Schools of engineering, as well as schools of architecture,
business, education, law and medicine, are all'centrally, concerned with the process of design.

In view of the key role of design in professional activityyit/is ironic that in this century the natural
sciences have almost driven the sciences of the artificial from professional school curricula.
Engineering schools have become schools of biological science; business schools have become
schools of finite mathematics...

The movement toward natural science and\away from the sciences of the artificial has proceeded
further and faster in engineering, businesspand_medicine than in the other professional fields I have
mentioned, though it has by no means been absent from schools of law, journalism and library
science...

Such a universal phenomenon mustihave a basiC €ause. It does have a very obvious one. As pro-
fessional schools ... are more and more absorbed into the general culture of the university, they
hanker after academic respectability. In terms of the prevailing norms, academic respectability calls
for subject matter that is intellectyally tough, analytic, formalizable and teachable. In the past, much,
if not most, of whatiwe knew'about,design and about the artificial sciences was intellectually soft, in-
tuitive, informal and"cogkbooky. " Why would anyone in a university stoop to teach or learn about de-
signing machines or planningpmarket strategies when he could concern himself with solid-state
physics? The answerghas been'clear: he usually wouldn’t ...

The older kind of professignal school did not know how to educate for professional design at an
intellectual level appropriate to a university; the newer kind of school has nearly abdicated res-
ponsibility for training in the core professional skills ...

The professionalischools will reassume their professional responsibilities just to the degree that
they can discover a science of design, a body of intellectually tough, analytic, partly formalizable,
partly empiricaly teachable doctrine about the design process.

It“is~the thesis ofithis chapter that such a science of design not only is possible but is actually
emergingsatithe present time (Simon 1970, pp. 55-58).%

In my opjnion the framework of a design science opens up to mathematics
educationfa promising perspective for fulfilling its tasks and also for developing
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an unbroken self-concept of mathematics educators. This framework supports
the position described in part 2, for the core of mathematics education concen-
trates on constructing ‘artificial objects’, namely teaching units, sets ofseeherent
teaching units and curricula as well as the investigation of their possible effécts
in different educational ‘ecologies’. Indeed the quality of these conStructions
depends on the theory-based constructive fantasy, the ‘ingenium’, of the'design-
ers, and on systematic evaluation, both typical for design sciences. How'well
this conception of mathematics education as a design science reflects the profes-
sional tasks of teachers is shown, for example, by Clark and Yinger (1987,
pp- 97-99) who have identified teaching as a ‘design profession’.

The clear structural delineation of mathematics edagation as‘a design science
from the related sciences underlines its specific charactefand its relative inde-
pendence. Mathematics education is not an appefidix to mathematics, nor to psy-
chology, nor to pedagogy for the same reason that/anypether design science is
not an appendix to any of its related disciplinés. Attempts‘to 6rganize mathemat-
ics education by using related disciplines as models miss the point because they
overlook the overriding importance of creative designfor conceptual and prac-
tical innovations.

As far as research frameworks and standards are concerned, mathematics edu-
cators working in the core should pfimarily, start from the achievements in the
core already available. There igno doubt that during the past 25 years a
significant progress, including the creation ofythéoretical frameworks, has been
made within the core and that standards have'been set which are well-suited as
an orientation for the future. ‘Developmeéntal research’ as suggested by
Freudenthal and elaborated by Dutch mathematics educators is a typical
example (cf. Freudenthal 1991 4pp. 160-161; Gravemeijer 1994). Of course, it is
reasonable also to adopt methods“and standards from the related disciplines to
the extent that they are apprdpriate to the problems of the core.

It is no surprise that the;objections to'the view of mathematics education as a
‘design science’ emergegfor, the'simple reason that the design sciences have tra-
ditionally followed — and are §till widely following — a mechanistic paradigm
whose harmfulside effects,aredbecoming more and more visible. This approach
would certainly bedetrimental to education. However, we are presently witness
to the rise of a new paradigm for the design sciences that is based on the ‘sys-
temic-evolutionary’ develgpment of living systems and takes the complexity and
self-organization of these systems into account (cf. Malik 1986). Even if re-
searchers in the'design sciences in general hesitate to adopt this new paradigm,
there is nosféason, why mathematics educators should not follow it, even more so
since thig\paradigm corresponds to recent developments in the field. The sys-
tetnic-evolutionary view on the teacher—student and the theorist—practitioner re-
lationships, differs greatly from the traditional view. Knowledge is no longer
seenf@as the result of a transmission from the teacher to a passive student, but is
conceived of as the productive achievement of the student who learns in social
interaction”with other students and the teacher. Therefore the materials devel-
oped by mathematics educators must be construed so as to acknowledge afd
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allow for this interactive approach. In particular, they must provide teachers and
students the freedom to make choices of their own. In order to facilitate and
stimulate a flexible use of the materials designed in this way, teachers have to be
trained and regarded as partners in research and development and not as mere're-
cipients of results (cf. Schupp 1979; Schwab 1983; Fischer & Malle 1983; and
the papers by Brown & Cooney, von Harten & Steinbring, Voigt, and others in
Zentralblatt fiir Didaktik der Mathematik 4 (91) and 5 (91)). As"a‘consequence,
teacher training receives a new quality. An important orientationfor inngvations
along these lines is the approach developed by Schon (1987) for thestsaining of
engineers that is based upon the idea of the ‘reflective practitioner’.

As a systemic-evolutionary design science mathemati¢§ education can follow
different paths. It is certainly not reasonable to develop itiinto a ‘monoparadig-
matic’ form as postulated, for example, for the natural sciences. In a design
science the simultaneous appearance of diffefenthapproaches is a sign
of progress and not of retardation as stated bypThommen (1983, p. 227) for
management theory:

Because of a continuously changing economic world it iS_possible o (re-)construct an economic
context within different formal frameworks or medels: These need not be mutually exclusive, on the
contrary, they can even be complementary, for noymodel can take all problems and aspects into
account as well as consider and weigh them/equally. Thesmore!models exist, the more problems and
aspects are studied, the greater is the chance formutual correction. Therefore we consider the variety
of models in management theory as an indicator for.an advanced development of this field moving
on in an evolutionary, not a revolutionary process in which'new models emerge and old ones disap-

pear.

4. THE DESIGN OETEACHING UNITS AND EMPIRICAL RESEARCH

That, in concrete opegation, education is an art, either a mechanical art or a
fine art, is unquestionable. If there were an opposition between science and
art, I shouldgbe compelled to side with those who assert that education is an
art. But there'1s g@jepposition, although there is a distinction.

(JFehn Dewey, On the sources of a science of education)

For developingymathematics education as a design science it is crucial to find
ways how design_on the one hand and empirical research on the other can be
related toone anether. In the following I propose a specific approach to empiri-
cal research, namely empirical research centered around teaching units.
It,cannot beydenied that teaching units, and on a wider scale curricula, have
found attention in mathematics education in the past. In fact, curriculum devel-
opaient held a prominent place in the late sixties and early seventies.
Nevertheless, I contend that the design of teaching units has never been a focus
of researeh” At best teaching units have been used as more or less incidental ex-
amples in investigating and presenting theoretical ideas. Many of the best units
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were published in teachers’ journals, not in research journals, and were hardly
noticed by the research community. For this phenomenon the following explana-
tion is offered: in contrast to ‘research’, the design of teaching has beemgeensid-
ered as a mediocre task normally done by teachers and textbook authors. Te
rephrase Herb Simon: why should anyone anxious for academic réspeetability
stoop to designing teaching and put him- or herself on one level with teachets?
The answer has been clear: he or she usually wouldn’t.

In order to overcome this fundamentally incorrect view we haye to recognize
that in all fields of design there is — by the very nature ©f'design'= aawide spec-
trum of competence and experience ranging from the amatgur, to,the novice, the
less or more skilled worker, the experienced master, Uip,td’the creative inventor.
Typically, the bulk of design on a larger scale is done'in 8Special, centers for re-
search and development. As a design science mathematics“edu€ation can be no
exception from this rule. That teachers take part in design,can be no excuse for
mathematics educators to refrain from this task.¥®n the contrary: the design of
substantial teaching units, and particularly of substantial Curricula, is a most
difficult task that must be carried out by the experts in the field. By no means
can it be left to teachers, though teachersycan certainly.make important contribu-
tions within the framework of design provided by experts, particularly when
they are members of or in close connéctionwith a rfesearch team. Also, the adap-
tation of teaching units to the conditions’of a special classroom requires design
on a minor scale. Nevertheless, a teacher‘can besgcompared more to a conductor
than to a composer or perhaps better to a director (‘metteur en scene’) than to a
writer of a play. For this reason ghere should exist strong reservations about
‘teachers’ centers’ wherein teachérs\meet to make their own curriculum.

We should be anxious to delineate teaching units of the highest quality from
the mass of units developed at variousilevels for various purposes. These ‘sub-
stantial’ teaching units can be characterized,by the following properties:

1. They represent centnalgebjectives, contents and principles of mathematics
teaching.

2. They providewich sourcesgfor mathematical activities.

3. They are flexiblepand can easily be adapted to the conditions of a special
classroom.

4. They involyé‘mathematical, psychological and pedagogical aspects of teach-
ing and learning in @ holistic way, and therefore they offer a wide potential
for empirical‘research.

Typically, a substantial teaching unit always carries a name. As examples I
mention ‘Arithmogons’ by Alistair McIntosh and Douglas Quadling, ‘Mirror
gards’ bygMarion Walter, ‘Giant Egbert’ and other units developed in the Dutch
Wisk@bas project, and Gerd Walther’s unit ‘Number of hours in a year’. Other
examples and a systematic discussion of the role of substantial teaching units in
mathematie§ education are given by Wittmann (1984).
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Figure 2

For the sake of clarity, one example of a substantial te: it is sketched
ng of arith-

n
below. In our primary school project ‘Maths 2000’ th owin
mogons is used in grade 1:
A triangle is divided in three fields by conn.i g its nt to the mid-
e fields. The simple

the box of the corresponding side (see Figure problems arise: when
starting from the numbers inside, the numbers
tion. When one or two numbers insi nd
outside are given, the missing numbefs can be ca
traction. When the three numbers outside are,give
not allow for direct calculation bu
is always exactly one solution. However,
negative numbers.

The mathematics behind arithmogons is quite advanced: the three numbers
inside form a vector as well as three numbers outside. The rule of adding
numbers in adjacent fields de ear mapping from the three-dimensional
vector space over the reals i corresponding matrix is non-singular.
One can generalize the s as shown in MclIntosh and Quadling
(1975).

ulated by addition and sub-
e have a problem that does

e necessary to use fractions or

The teaching unit ba on mogons consists of a sequence of tasks and
problems that arise n from the mathematical context. The script for the
teacher may b'uctu ws:

1. Introduce the ru eans of examples and make sure that the rule is

clearly un d.
2. Present so xamples in which the numbers inside are given.
3. Present som les in which some numbers inside and some numbers

cn.

blem in which the numbers outside are given.
problems of this kind.

n, a substantial teaching unit is essentially open. Only the key
ms arg fixed. During each episode the teacher has to follow the students’
ideas 1 ing to solve the problems. This role of the teacher is completely
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Tools Method
Piagetian Psychology Structured sets of tasks Clinical interviews
Mathematics Education Teaching units Clinical teaching/@Xperiments

Table 1 Adaptation of the Piagetian psychology to mathematiés-edueation

different from traditional views of teaching. Teaching a'substantial Unitsis basic-
ally analogous to conducting a clinical interview duringfwhich only the key
questions are defined and the interviewer’s task is to follof the'child’s thinking.

The structural similarity between substantial teaching\units,on the'one hand, and
clinical interviews on the other, suggests an adaptation of‘Piaget’s method for
studying children’s cognitive development to empirigal résearch on teaching units
(see Table 1). As a result we arrive at ‘clinical teaching “experiments’ in which
teaching units can be used not only as research tools, butalso as objects of study.

The data collected in these experiments have multiple uses: they tell us some-
thing about the teaching/learning processes, individual and social outcomes of
learning, children’s productive thinking, and children’s difficulties. They also
help us to evaluate the unit and to,revise,it injerder to make teaching and
learning more efficient.

The Piagetian experiments were repcated many times by other researchers.
Many became a focus of extended psychological research. Some even estab-
lished special lines of study; for example, thé ‘conservation’ experiments. It is
no exaggeration to say that Piaget’s\experiments and the patterns he observed in
children’s thinking survived maich longer than his theories, in many cases until
the present. In the same way/clinical‘teaching experiments can be repeated and
thereby varied. By comparing the data wecan identify basic patterns of teaching
and learning and derive well-founded specific knowledge on teaching certain
units. Much can be leatnedyhere from Japanese research in mathematics educa-
tion (cf. Becker & Miwa 1989)!

In conductinggsuch studiesy€Xisting methods of qualitative research can be ef-
fectively used, particularly those developed by French mathematics educators in
connection with ‘didactiessituations’ and with ‘didactic engineering’ (cf.
Brousseau 19865‘Artigue & Perrin-Glorian 1991; Arsac et al. 1992). Concerning
the reproducibility of results it is very instructive to look at the social sciences.
Friedrich von Hayek, another Nobel Prize winner in economics, has convinc-
ingly pointéd out, that empirical research on highly complex social phenomena
yields reproducible results if directed towards revealing general patterns beyond
spéeial data (Ven Hayek 1956). To admit that the results of teaching and learning
depend_on,the students and on the teacher does not preclude the existence of
pattefns related to the mathematical content of a specific teaching unit (cf. also
Kilpatrick 1993, pp. 27-29; Sierpinska 1993, pp. 69-71). Of course, we must
not expeei’all these patterns to arise on any occasion, nor under all circum-
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stances. It is quite natural that patterns will occur, varying with the educational
ecologies. One should be reminded here of the well-known fact that Piagetian
interviews also reveal recurring content-specific patterns which, howevefado not
occur with every individual child.

Research centered around teaching units is useful for several reasonshFirst, it
is related to the subject matter of teaching (cf. the postulate of ‘relatedness’ in
Kilpatrick 1993, p. 30). Second, knowledge obtained from g¢linicaliteaching
experiments is ‘local’. Here we need to be more careful in generalizing over
contents than we have been in the past. In the future we ¢an certainlyzexpect to
derive theories covering a wide range of teaching andfleatning. But these
theories cannot emerge before a variety of individual teaching units has been in-
vestigated in detail. For studying the mathematical theory of groups the English
mathematician Graham Higman stated in thefifties ‘thatiprogress in group
theory depends primarily on an intimate knowledge/of a large number of special
groups’ (Higman, informal paper). The striking tesults achieved in the eighties
in the classification of finite simple groups showed‘thathe was right. In a similar
way, the detailed empirical study of a large number of substantial teaching units
could prove equally helpful for mathematics educations

Third, theory related to teaching eXxperiments,_is meaningful and applicable.
However, we should be aware that/due toithe inherent complexity of teaching
and learning, the data and theories thatresearch might provide may never
provide complete information for teaching a cestain unit. Only the teacher is in
a position to determine the special conditions in his or her classroom.
Therefore there should be no sharp separation between the researcher and
the teacher as stated earlier. As‘a ‘eonsequence, teachers have to be equipped
with some basic competence inydoing research on a small scale. My experi-
ence in teacher training indjcates thathintroducing student teachers into the
method of clinical interviews is an excellent way towards that end (Wittmann

- 1985).

In my opinion, the mestgimportant results of research in mathematics educa-
tion are sets of carefully, designed and empirically studied teaching units that are
based on fundamental theoretical principles. It follows that these units should
form a major part Ofithe professional training of teachers. Teachers who leave
the university should“haveyin their baggage a set of substantial teaching units
that represent the‘standards of teaching. From the experiences with our primary
school project|*Maths 2000’ it is clear that such units are the most efficient
carriers of innovation and are well-suited to bridge the gap between theory and
practice.

In concluding ‘this section, it is important to again emphasize that the design
of teaching units,and empirical research centered around them can only be suc-
¢essfullygearried out within a system of mathematics education that consists of
thesCore, related areas, related disciplines and lively interactions among these
components./In particular, strong links to mathematics in the broader sense (i.e.
MATHEMATICS) are necessary.
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5. AND THE FUTURE OF MATHEMATICS EDUCATION?

The frogs tend to forget that once they were tadpoles, too.
(Korean provetb)

Generally speaking, it may be taken for granted that dealing in an intelligent
way with complex systems on a scientific basis will become dnevitable in all
parts of human life. Very often the methods offered by the specialized disci-
plines are not sufficient. Riedel (1988) recently pleaded for aimoéresContext-
related, more practical and less-formal ‘second philosophy’, in,contrast to the
traditional ‘first philosophy’ that aims at complete descriptions<and deductions
and that is bound to fail when applied to complex systemsibecause of its ‘ideol-
ogy of self-restriction’ (Fischer 1980). This seems to be a‘signal for a critical
reflection in all sciences from which mathematicseducation as a systemic-
evolutionary design science can take profit inithéylong range, since society will
have to accept the fact that the development ofshuman, resources is at least as
important for economic prosperity as the development‘of new technologies and
new marketing strategies.

In the short run the status of didacti€s in the universities will remain arduous.
The resistance from the specialized Sectionsywithimithe related disciplines to es-
tablishing didactics in teacher training programs at all levels and to funding re-
search in didactics is likely to continue.“Thethistory of the universities shows
many instances in which scholars of established disciplines displayed their igno-
rance and acted in an unfair way towards newly evolving disciplines. The resist-
ance of the old universities towatrds\the technical schools, and the resistance of
pure mathematicians towards applied ones at the turn of the century and the vote
of the German Philosophical Society“against the establishment of chairs of peda-
gogy at the universities inithe fifties are only a few examples. Obviously it is
difficult, if not impossible; for specialists'to understand and to appreciate new
developments on the verygborderline of their discipline.

In order to strengthén their position at the universities and to acquire funds
from research foundations,ymathematics educators need support from society. In
this respect the relationships of mathematics education to the schools play a fun-
damental role. The useiandythe indispensability of didactic research for improv-
ing practice have'to be convincingly demonstrated to teachers, supervisors,
administrators,\parents and the public. This can only be achieved from the core,
that is, by concentrating on central tasks and by organizing design, empirical
research and‘teacher education accordingly.

At thelsame time, there is potential in establishing a network of ‘Public—
Scheol-School,Administration-Teachers’ Unions—Teacher Training—Design,
ResearchgbPevelopment’ people in which the core of mathematics education will
natufally findlits proper place. In other words, organizing a systemic effort involv-
ing-all the constituent groups.

ThissiggeOnsistent with the advice given by Clifford and Guthrie to schools of
education in general (cf. Clifford & Guthrie 1988, pp. 349-350):
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The major mission of schools of education should be the enhancement of education through the
preparation of educators, the study of the educative process, and the study of schooling as a social
institution. As John Best has observed, the challenge before schools of education is quite different
from that confronting the specialist in politics in a department of political science; coj
building the discipline, he or she is under no obligation to train county clerks, city
state legislators, and to improve their performance by conducting research directed

strength of schools of education is that they are the only places available to
issues from a variety of disciplinary perspectives. They have been doing s an half a
century without appreciable effect on professional practice. It is tin‘“

their gears (Clifford & Guthrie 1988, pp. 349-350).

vorss @ N

1. This chapter is a revised and extended version of per ‘Mal kdidaktik als “design
science™ , published in Journal fiir Mathematikdidaktik 13 (1 —70./1 am indebted to Jerry P.
Becker, P. Bender, H. Besuden, W. Blum, E. Cohors-Fres Cooney, L. Fiihrer, H. N.
Jahnke, A. Kirsch, G. N. Miiller, H.-Chr. Reichel, H. Sc elter, H.-J. Vollrath, J. Voigt,
G. Walther and H. Winter for critical remarks t ier dra per was published in 1995 in
Educational Studies in Mathematics 29, 355-374, and is reprinted in this volume with the
permission of the publishers.

2. The present paper concentrates on the dida atics although the line of argument
pertains equally to the didactics of other subjects ai o education in general (cf. Clifford &
Guthrie 1988, a detailed study on the identity crisis of jthe Schools of Education at the leading
American universities).

3. 1 do not intend to give mathematic ists an advice they have not asked for. However, in
my opinion, it would also be benefici erceive themselves as partners in a larger mathe-
matical system described by out some change of awareness on their part, all
attempts to change the public im re nothing but cosmetic and bound to fail.

sed subsequently in this chapter might cause irritation, for
are linked to mechanistic procedures of making tools and
3 ff.). In the third part of this paper we will show, however,

4. The term ‘design’ and rel
in traditional understanding
controlling systems (cf. Jack:
that, in striking c
‘systemic-evolutionary, igm based on the appreciation of the complexity and self-organization
of living systems. It is in th of this new paradigm that the term ‘design’ and similar ones are
being used.

5. The underesti ‘skills of designing and making’ is deeply rooted in our culture

(cf. Smith 19804p

e of our society we show little respect for the skills of designing and making.
our schools these very skills are looked down upon and are referred to as the
only for the less able in our community.

during my years as chairman of the Schools Council, visiting a school where, after
wn the fairly conventional range of school work, I was taken into the workshops
e bench was a most beautiful and competent piece of metal work. It was a joy to

extraordinary description, which spoke volumes about our distorted scale of values. There was a
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piece of work which expressed ability, as fine in its way as the best essay written by the highest
flyer in English, but never seen by academic people as such. To write things with pen on paper is
an up-marked, respectable activity; to conceive pattern in your mind and to make them with your
hands is a down-marked activity, less worthy of respect.
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WHAT IS MATHEMATICS EDUCATION?
A SURVEY OF MATHEMATICS EDUCATORS IN CANADA

This chapter is about some results from a survey of mathematics educators in
Canadian universities that was conducted in 1993. The,aim of the survey was to
collect information about their social backgrounds, education, careers and views
about mathematics and mathematics education,(in order to“gain a sense of the
identity of this professional community. The resultsiprésented here are mainly
those concerning the views about mathematj¢s education.“The remaining results
are discussed in Mura (1995a, 1995b).

After giving a few methodological details about the'survey and making some
comments on the translation of the termsyimathematies,education’ and ‘didactique
des mathématiques’, I shall briefly des¢ribe the kind of university degrees and em-
ployment held by mathematics educators. Iwill then turn to the main subject of
this chapter, namely how mathematics educators define mathematics education
and which books they consider to have had'the most influence on the field.

1. "THE SURVEY

My intention was to reach all’‘mathematics educators who were faculty members
of a Canadian university, In order to do ‘so, I sent questionnaires to all those
whose name appeared in“theymailing-list of the Canadian Mathematics
Education Study Groupemin its directory of current research (Kieran & Dawson
1992). I also asked each of thése people to name all mathematics educators in
their own univetsities, andplythen sent questionnaires to the additional individu-
als identified in this way.

The cover page of theguestionnaire contained the following two questions:
‘Do you hold ajtenured or tenure-track position at a Canadian university?’ and ‘Is
mathematics education your primary field of research and teaching?’. Those who
did not answer positively both questions were not part of the target population
and were ifivitedito return the questionnaire without completing it any further.

Altogether 158 questionnaires were sent off by mail. After two reminders,
106n(67%) were yeturned. Of these, 63 were completed by respondents belong-
ing to thestarget population and were retained for the present study. The sample
consisted of 44 men (70%) and 19 women (30%). The median age of the group
was 50 years, with a range from 30 to 64. Forty-one respondents (65%) spoke
EnglishatyWork and 22 (35%) spoke French.

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 105-116.
© 1998 Kluwer Academic Publishers.
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The instrument designed to collect the data was a questionnaire comprising 54
questions, 7 of which were open-ended.! An English or a French version of the
questionnaire was used as appropriate.

2. MATHEMATICS EDUCATION VS. DIDACTIQUE DES MATHEMATIQUES

The French word ‘didactique’ does not have the same pejorative connotation
that the English word ‘didactics’ seems to have. In the(questionnairéylsused the
term ‘mathematics education’ in English and ‘didactique des mathématiques’ in
French, that is I considered the two terms to be transldtion$ of each other. This is
common usage in Canada: for instance, the French name of the Canadian
Mathematics Education Study Group is ‘Groupe €ahadien d*Ettide en Didactique
des Mathématiques’. However, the term ‘didactique/des mathématiques’ is more
specific than ‘mathematics education’, the Aattér, beingliable to carry all the
various meanings of ‘education’: system of teaching, precess by which one gains
knowledge, knowledge gained, general area of Work coneerned with teaching, or
field of study concerned with all of these. Such'a variety of meanings can cause
misunderstanding. For example, the teym ‘educator’ applies to all teachers, hence,
all mathematics teachers are, in a sen$e, mathematics,educators.

Perhaps for this reason, some authors opt for the use of the words ‘didactics’
and ‘didactician’ in English, in spite of their present formality and negative con-
notation. Indeed, the expression ‘didactics of mathematics’ occurs in the title of
a recent publication in Kluwers series ‘Mathematics Education Library’
(Biehler et al. 1994). This choice‘might have been influenced by the fact that, al-
though the volume is written invEnglish, its four co-editors are German. Not all
of the contributing authors fgllow the‘editors’ example in this respect (most of
the native English speakersido not), but thgse who do, having two terms at their
disposal, are able to make'a‘linguistic distinction between the discipline, ‘didac-
tics of mathematics’, andgits, objeet of study, ‘mathematics education’ — that is,
education in mathematics.”

3 “WHOARE MATHEMATICS EDUCATORS?

Since the vastimajority’of universities do not have mathematics education de-
partments, ‘mathematics educator’ is a label that individual members of various
departmenfs‘mayyor may not choose to apply to themselves. A few of those who
received my questionnaires hesitated before deciding whether mathematics edu-
cation was their,primary field of research and teaching. In most cases it was an
interesteof,theirs, but was it a strong enough interest to be identified as the
primary one?\ A member of a mathematics department wrote: ‘I almost returned
your questionnaire with a NO for mathematics education being my primary
field, butglthesitated and now I am lost: I feel like I'm coming out of the closet!
Confessing to mathematics education as my primary interest’.
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Of the 63 who did acknowledge mathematics education as their primary field,
and who were thus retained for the present study, 47 (75%) worked in education
departments, 13 (21%) in mathematics departments and 3 had jointgappoint-
ments. Eleven of the 13 who were employed by mathematics departments were
concentrated in two Quebec institutions that assign to their mathematics,depart-
ments the task of teaching mathematics education courses.

Fifty-five (87%) of the respondents had worked, some timegin‘thelpast, at a
school or a two-year college: 25 (40%) at elementary schools, 45(71%) at
secondary schools and 23 (36%) at two-year colleges (some had‘wotked at more
than one level).

Concerning their education, 56 (89%) of the respondents héld doctoral
degrees: 46 in education (including mathematics education), 8 in' mathematics
and 2 in psychology. Thirty-five (56%) held university degrees both in education
and in mathematics, 16 (25%) did not have_any degree in education and 12
(19%) did not have any degree in mathematicsihyWithoutexception, those who
specified that their doctoral degrees were in-mathematics education (32)
classified them as degrees in education.

In summary, as a group, mathematigs, educatorsyin.Canada are closer to the
field of education than to that of mathematics; they are more likely to have
earned their doctoral degrees in edugation programs,and to be employed by edu-
cation departments. Thus, mathematics education tends to be institutionalized in
a way that is not conducive to its becoming ‘@ngdntegral part of mathematics’ as
advocated by Brousseau (1994). Furthermore, I am not sure that the mathemat-
ics community would be ready to gncourage such a development. For instance, a
participant in the present survey whe had turned from mathematics to mathemat-
ics education mentioned ‘the barbs from colleagues about how [he] was wasting
[his] time in mathematics education’."Another mathematician, who participated
in a survey that I conducted previously, inyresponse to a request for a definition
of mathematics, wrote: ‘Mathematics is What people who call themselves mathe-
maticians do. I would drawythe line’however at so-called Math Education. “Math
Methods” is not mathematics’ (underscoring in the original).

4. WHAT IS MATHEMATICS EDUCATION?

The question concerning views about mathematics education was open-ended and
it read: ‘How do‘you define mathematics education?’, in English, and ‘Comment
définissezsVoushla didactique des mathématiques?’, in French. A space of eight
blank lines,was proyvided for the answer. Of the 63 respondents, 13 (21%) skipped
thisyparticulariquestion. The 50 responses that were offered (33 in English and 17
in French)ranged in length from one single question mark to 72 words.
Idnalyzed) these data by listing all the ideas that I could detect in each re-
sponse. I then defined an initial set of eleven general themes emerging from this
list andgus€d them to produce a first classification of the responses. The themes
were not meant to be exclusive categories, as each response could contain refer-
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ences to several of them. I then submitted the data and the set of themes to two
independent judges, asking them to classify the data according to the given
themes and to comment on the themes themselves. One of the judgesywas a
history educator and the other one a mathematics educator who had ne¢
participated in the study.

The judges’ comments and reactions led me to revise my original
classification and set of themes, merging similar and overlappiig-themes, Clari-
fying the definitions and dropping the themes that occurred very infrequently.
This produced a final set of five themes that I shall pre§ent below, together with
my revised classification. Taking into account the merginghand dropping of
themes, agreement of the two judges’ original (and only)/€lassifications with my
revised one (that is, percentage of the occurrences of the themes identified by the
judges that I too recognized) was respectively 90% and 92%. Conversely, of the
occurrences of the themes identified by myself, all/wereyrecognized by at least
one judge and 74% were recognized by bothjudges. The numbers in parentheses
after each theme described below are respectively the number of respondents
who made reference to it (N), and the numbers,of these respondents who were
English-speaking (NE) or French-speaking (NF). Tojinterpret the data, one must
keep in mind that the French response§ constitute 34% of the sample.

Theme 1: Mathematics education concerns the teaching of mathematics
(N =36,NE =25 NF=11)
Examples:

o The study of teaching contexfs in the instruction of mathematics. (Classified
also under Theme 3.)

® The process by which students“are‘guided in their learning of mathematics
concepts [...] (Classified‘also under Theme 4.)

o La didactique de la mathématique est'Vétude des approches et des moyens a
prendre pour aider lesgieunes a‘construire leurs concepts mathématiques |[...]
(Classified also under Theme 4.)

Theme 2: Mathemiatics education concerns the learning of mathematics
(N =23,NE =15, NF=8)
Examples:

e Systematic study (with students) of how persons come to know and under-
stand nfathematics [...] (Classified also under Theme 3.)

e An understanding of the way people learn mathematics. (Classified also
under Theme 3.)

® [...]J=a didactique de la mathématique est I’étude de la compréhension de
c¢haque notion mathématique, de chaque concept mathématique par
Papprenant [...] (Classified also under Theme 3.)

Theme 3: Mathematics education is a theoretical pursuit. It is a (pure) science.
It is the study of the teaching, learning and creation of mathematics; the analy-
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sis of the construction of mathematical concepts by the learners (N = 22,
NE=15NF=7)
Examples:

o The study of the philosophical, psychological and pedagogical/issues, raised
by the teaching, learning and creation of mathematics. (Classified also under
Themes 1, 2 and 5.)

e [...] Domaine qui s’intéresse a ’analyse des phénomenes d’enseignement et
d’apprentissage des mathématiques avec ses propres conceptsyet/théories
fournissant un cadre explicatif possible a ces phénomenesy(Classified also
under Themes 1 and 2.)

e [...] Domaine de I’activité scientifique qui s’intéresseiparticulierement a la
compréhension des phénomenes associés(al’apprentissage des mathé-
matiques [...] (Classified also under Theme 2.)

Theme 4: Mathematics education is a practical-pursuit. It'is an art, an applied
science, an applied discipline. It is the search|fer ways to improve the teaching
and learning of mathematics. It is a way,of teachingemathematics. Mathematics
education is mathematics teaching (N/=21, NE = 14, NF =7)

Examples:

e The study of ways to improve the teachingyot mathematics. (Classified also
under Theme 1.)

o Mathematics education shouldmot seek to implant facts, rules, formulae, the-
orems, etc., but rather to awdken in the learner a personal drive for insights
into the pattern, beauty andypersonal relevance of mathematics. (Classified
also under Theme 1.)

e L’art de faire comprendre-les mathématiques. (Classified also under Theme 1.)

Theme 5: Mathematicsgeducation borrows from various disciplines; it is the
interface between various disciplines (N = 14, NE = 6, NF = 8). The disci-
plines mentiowed are:psychology, developmental psychology, psychology of
the learner (12 times), education, pedagogy, theory of learning, curriculum
theory (9 times); mathematics (9 times); epistemology (6 times); philosophy
(3 times), sociology (twice); history (once) and the sciences and engineering
(once)
Examples:

e Mathematics education is not a discipline per se. It is an integrated applica-
tion ofimathematics, psychology (mainly epistemology), sociology and
philesophy.

e C’est cette science [...] qui permet d’intégrer les diverses approches tant
mathématiques, épistémologiques que psychologiques pour en faire une
diseipline en soi avec ses propres balises. (Classified also under Theme 3.)

e Point de rencontre de la discipline mathématique avec 1’épistémologie, la
pédagogie et la psychologie.
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Themes 1 and 2 concern the object of mathematics education. Thirty-six re-
spondents mentioned the teaching of mathematics and 23 its learning. The two cat-
egories, of course, are by no means mutually exclusive; indeed, 17 respondents
mentioned both teaching and learning and one referred specifically to ‘the relation,
ship between the two’. However, in the present context of an open-ended'question,
teaching has come to the respondents’ minds more frequently than learning.

Several responses classified under Themes 1 and 2 do not contain’the actual
words ‘teaching’ or ‘learning’ (‘enseignement’ or ‘apprentissage’). Particularly
in the case of ‘teaching’, the authors chose expressions that probably better
convey something of their philosophies, like ‘guiding’, ‘lgading’, ‘awakening’,
‘supporting’, ‘helping’, ‘providing experiences’ or ‘cConsfruction ofyConditions’.
One was explicit in her rejection of the word ‘teaching’s, ‘La,didactique des
mathématiques est une fagon de faciliter la pensée mathématique. Nous ne
pouvons pas “enseigner” la pensée mathématique, maisinous pouvons offrir des
situations et des stratégies pour guider yerspune pensée mathématique.’
Similarly, learning was sometimes expressed as_ccoming to’know’, ‘understand-
ing’, ‘construction’ or ‘appropriation des concepts’.

Two main tendencies of approximately equal weight appear in mathematics
educators’ descriptions of the goal of their field. The'first one (Theme 3) is more
theoretical and was put forward by 22 respondentsylt identifies the aim of math-
ematics education as analyzing, upderstanding and explaining the phenomena of
the teaching and learning of mathematicsi¢some included the creating of
mathematics as well).

The second tendency (Theme 4) is a more practical one and can be traced in
the answers of 21 respondents. It assigns to mathematics education the goal to
improve the teaching of mathefaticsiand to facilitate its learning. Such a goal,
of course, implies a value judgmention what constitutes improvement. Thus, for
some mathematics educators, mathematics education means promoting or
putting into practice particular inethiods‘and philosophies of teaching and learn-
ing mathematics. A fewgesponses'seem to me to use the expression ‘mathemat-
ics education’ as a synonym for ‘mathematics teaching’ (see, for instance, the
second examplepillustrating,Theme 4 above). In this perspective, mathematics
education is action/otiented and it is thought of as an art or an applied science.

Again, the two tendencies identified here are not mutually exclusive. In fact,
four respondenfsiintegrated elements of both tendencies in their definitions of
mathematics education.)Contrary to what one might expect, even withdrawing
these four individuals, the group who expressed a theoretical orientation and the
group whefexpressed a practical orientation do not differ substantially from each
other in their involvement in research as measured by the number of publications
and,communieations, the number of theses supervised and manuscripts reviewed,
membership in editorial boards, participation in joint research projects, co-authored
publications and exchange of information with colleagues in Canada and abroad.

A'final important idea that emerges from the analysis of the present data is the
need for;mathematics education to make use of several other disciplines (Theme
5), especially psychology, mathematics, general education theories and episte-



WHAT IS MATHEMATICS EDUCATION? A CANADIAN PERSPECTIVE

mology. This theme is the only one that showed a difference between the two
language groups: it occurred 8 times among the French-speaking respondents
compared to 6 times among the twice-as-large English-speaking groupsSome
people went as far as defining mathematics education as some sort of<inter,
section of various combinations of other disciplines. For most, this pectiliar situ-
ation did not preclude mathematics education from being a discipline or a‘sciéfice
in its own right (or an applied discipline or science). Others chosg/different terms,
like ‘domaine de I’activité scientifique’ or ‘plus un champ disciplinaireé qu’une
discipline’, but one squarely stated that ‘mathematics ed@ication isnoba.discipline
per se’. Only two responses (one of them classified underithis theme, both
French) contained some comments asserting the autonemy of mathématics edu-
cation, mentioning that it has its own concepts, theories 'or guide marks.

To pursue the issue of whether or not mathematics, educationfis viewed by its
practitioners as an autonomous discipline, I list below, the actual terms that they
employed to refer to it (I indicate in parentheses, the number of responses in
which a term occurs):

English:  ‘study’ (11), ‘systematic study’ (1), applied discipline’ (1), ‘art and
science’ (1), ‘interface of £.." (1), ‘integrated application of ..." (1),
‘process’ (2).

French: ‘étude’ (4), ‘examen} (1), *domaing’ (1), ‘science’ (5, once in
quotes), ‘domaine de 1’activité scientifique’ (1), ‘science appliquée’
(1), ‘science et art’ (2), ‘art’ (1), ‘discipline’ (2), ‘champ disciplinaire’
(1), ‘point de rencontre de ..." (1), ‘carrefour’ (1), ‘processus’ (1).

The phrasing of several responses.aveided categorizing mathematics education
in this way, mostly by defining 1t'as‘an-activity (e.g. teaching, thinking, etc.).

Apparently, French-speaking respondents, were more inclined to label their field
a science than their English-speaking colleagues. This result may reflect a differ-
ence in the ways the twosgreups view mathematics education, or it may simply be
due to a difference in the usage of the word ‘science’ in the two languages.

I shall close this sectionibysquoting three definitions of mathematics education
that at first puzzledime, but that make sense when one thinks of the various
meanings carried by the word ‘education’ mentioned earlier:

e ‘Teaching and learning mathematics at all levels and in all forms.’
e ‘The integration and re-integration of mathematics with the living.’

LIIR)

o ‘See “niathematics”.

The.first onelmight correspond to a broad interpretation of ‘education’. The
Second.ene,remains rather cryptic, but it might allude to the process of acquiring
an-education\in mathematics. As to the third one, its author, by referring to the
definition of/mathematics that he gave elsewhere in the questionnaire, seems to
imply~that”mathematics education is identical with mathematics — that is the
knowledge gained through one’s education in mathematics.
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5. BOOKS THAT INFLUENCED MATHEMATICS EDUCATION

The question about books that influenced mathematics education readig‘Please
identify some of the books which, in your opinion, have had the most influenee
on the development of mathematics education. (Maximum of gen books:)’
Twenty (32%) of the 63 respondents did not answer this question at all:“Two’of
them explained their silence: ‘Le domaine est tout neuf. Je ne sui§‘pas siir qu’il y
ait eu un ouvrage décisif encore’ and ‘Answering this questiomywould take too
much thought and too much time’.

Most of those who did answer chose to name authors rathénthan book titles.
One person justified his choice: ‘I do not think thatyindividual béoks have an
impact as much as the collected works of an individual or'pessibly’a group.” For
this reason, I decided to compile statistics on authors rather than on book titles
(in practice, I had to allow a few special cases, like/thedSoviet Studies series or
the NCTM publications). When a respondentmentioned more than one book by
the same author, I counted it as a single citation of thatiauthor.

The 43 respondents who answered the question discussed here mentioned on
average 5.6 authors each. Altogether, 105 differentpauthors were named. I shall
present the results both globally and s¢parately by Tanguage group, for, whether
or not ‘mathematics education’ andf didactique des mathématiques’ mean the
same thing, there is a difference/in theywritings that English-speaking and
French-speaking mathematics educators consides/to have had the most influence
on their field.

The eight authors most frequently cited by English-speaking respondents
were: NCTM (16 times), Polyd (14 times), Piaget (10 times), Freudenthal
(7 times), Bruner and Dienesl(6_times each), Skemp (5 times) and Euclid
(4 times). As for the French<speaking respondents, the eight authors most fre-
quently cited were: Dienes and Piaget (8 times each), Vergnaud (6 times),
Brousseau and Freudenthal (§ times)each), Ginsburg, Polya and Skemp (3 times
each). The combined lisiofithe “top eleven’ authors for the whole set of respon-
dents reads: Piaget (18 times) Polya (17 times), NCTM (16 times), Dienes
(14 times), Freudenthal\(12,times), Bruner and Skemp (8 times each), Vergnaud
(6 times), Brousseat’¢S. times), Euclid and Skinner (4 times each).

This list is consistent With the ideas expressed by mathematics educators in
response to thequestion of defining mathematics education discussed in the pre-
vious section. \In_fact, both the theoretical and the practical perspectives that
were prominentiin the responses to that question are also well represented
among thesauthors cited here. Moreover, consistently with the view of mathe-
matics education @s a junction of various disciplines, the list features authors
coming from diverse backgrounds, especially mathematics and psychology.

The results also bear out the opinion expressed by one of the respondents that
math@matics_education is a very new field: with the exception of Euclid, all of
the'most frequently cited authors belong to the 20th century. Indeed, some of the
authorsgare”still alive today and some of the books quoted have only just been
published.
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6. CONCLUSION

What is mathematics education? The answer to this question evolvesithrough
negotiation within our professional community and with other groups interestedin
our activities. Rather than analyzing the major contributions to this débate, by
means of the present study, I wanted to capture the opinions of the whole‘mathe-
matics education community in Canadian universities — its ‘grassfroots’Jas well as
its leaders. The method that I used to collect the data was neithet suited nor meant
to explore in depth the views of individual respondents, Howeyer ithasiallowed me
to identify a few trends in the opinions of a rather large and s€attéred population.

In defining mathematics education, the participants\in the survey Have focused
on its object and goal, but have paid little attention to its,method, except for
stating that various other disciplines must be taken into aceount. The object of
mathematics education is rather easily describedAmuch, more easily, for in-
stance, than the object of mathematics®): 17 fespondents pointed to the comple-
mentary phenomena of teaching and learning mathematics, 6 mentioned learning
alone and 19 teaching alone, a few included the,creation of mathematics. Some
respondents spelled out that this object should be intespreted broadly: “The study
of all aspects of learning and teaching mathematics [...]” (my emphasis). I am
altogether in favor of such an attitude ofyopenness, for our object of study
remains narrowly defined compargd*to that of other disciplines like psychology,
sociology or mathematics itself. Our field is ingho danger of losing its identity
because of a lack of definition of its object ofistudy. On the contrary, the inclu-
sion of all possible aspects of it can only help us to better grasp its complexity.

As for the goal of mathematiCs‘education, some respondents were oriented
more towards theory and othefsgmore, towards action. Thus, at one end of the
spectrum, there are mathematics edueators whose main interest is, say, a theoret-
ical understanding of how people learn mathematics and who are operating more
or less within the territory’ of psychology or cognitive science, and, at the other
end, there are those whesegeverwhelming concern is classroom practice and for
whom mathematics education jis almost identical with mathematics teaching.
This kind of deuble goal ispnet exceptional. If we look again at other fields, we
find, for instance/pure and applied mathematics, experimental and clinical
psychology, and so on:

None of the respondentsbroached the subject of method — except indirectly, by
mentioning the eontribution of other disciplines. This might be due, in part, to the
fact that the majority of the mathematics educators surveyed have studied and
work in the“fieldyof education. They publish their writings in general education
journals as,well“as in more specialized ones devoted to mathematics education.
They. may“therefore consider their own specialty as a branch of education and
assume.that they have access to the whole of the ever-growing array of methods
available n this eclectic field. Only its object and goal, not its method, would
characterize mathematics education within the more general field of education.*

Frenehsspeaking respondents were more likely than English-speaking ones to
mention the role of other disciplines in defining mathematics education — maybe
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a legacy of Lunkenbein (1979, 1983), who already emphasized this idea several
years ago. I was somewhat surprised by the low frequency with which philoso-
phy and sociology were named in this connection as well as by the omission of
anthropology. Perhaps ethnographic methods, being a relatively recent acquisi-
tion in education, do not yet come to mind as readily as better established ones,
such as those borrowed from psychology.

What is the relationship between mathematics education andsthe contributing
fields? Two views have been expressed: for some, it is simply(acase of a disci-
pline making use of another’s tools (like physics using filathematicshor psychol-
ogy using statistics); for others, it is a mixing of disciplinés that creates a new
interdisciplinary field (like biochemistry, environmental studiesior women’s
studies).

These considerations lead to a further questiony Is mathematics education a
science? In the 1970s, Freudenthal (1978) gave one/of his books the subheading
‘Preface to a science of mathematical education’and explaified that it had ‘the
function of accelerating the birth of a science of-mathematical education, which
is seriously impeded by the unfounded view that such-already exists’ (p. v). He
insisted that his book did not contain ‘eyen the firstsudiments’ of such a science
(p. vi). He made his position very cléar: “There_1Sno science of mathematical
education. Not yet’ (p. 170). At about the\same time, Lunkenbein (1979) wrote
slightly more optimistically that ‘la‘didactique de 1a' mathématique’ was a science
‘in statu nascendi’, ‘une discipline professionnellé [...] en train d’émerger en tant
que science’. Four years later he described it'without hesitation as ‘science pro-
fessionnelle de ’enseignant de la mathématique’ (Lunkenbein 1983, p. 28).
However, progression of mathématics education towards increasingly high
scientific standards cannot be taken for granted. According to Kilpatrick (1992,
pp- 29-31), a mere decade after Begle called, in 1996 at the First International
Congress on MathematicalpEducation, for\mathematics education to become an
experimental science, doubtshwere being expressed about the capability of
education to become a science at-all.

Kilpatrick sets the beginning, of mathematics education as a field of study at
the end of thegh9th century.He notices that, early in its history, research in
mathematics education moved away from philosophical speculation towards a
more scientific approachjibut that, at present, the empirical-analytic model is no
longer the dominant one,jas researchers become interested in interpretive and
critical approaches. In)view of these diverse tendencies, past and present, he
chooses to define research in mathematics education as ‘disciplined inquiry’, spec-
ifying thats€ ‘feed not be “scientific” in the sense of being based on empirically
tested hypotheses,) but like any good scientific work, it ought to be scholarly,
public, and open/to critique and possible refutation’ (ibid., p. 3). In contrast,
Bichler et.al. (1994) head their anthology ‘Didactics of Mathematics as a Scientific
Discipline’ and claim that scientific work has been done in the field of teaching
and learning mathematics since the beginning of the 20th century. They grant that
scientific.edmmunication and the sense of belonging to a separate scientific disci-
pline were slower to develop, and they acknowledge that the role of the didactics
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of mathematics among other sciences at the university is still disputed, but they
consider the scientific status of this discipline to be firmly established (pp. 1-2).

Where do the participants in the present survey stand on this issueZpA few
applied the word ‘science’ to mathematics education without reservation. Onejef
them wrote: ‘La didactique de la mathématique est une science toutgijetine, qui'a
beaucoup évolué depuis 25 ans.” Most, though, did not use the word ‘sciencé’ in
their definitions, either because it did not occur to them or beca@ise they did not
think it appropriate.

In the end, of course, deciding whether mathematicsfeducation isha,seience or
not depends on one’s idea of what qualifies as a science, and the extent to which
the answer matters depends on one’s need for the,status conféfred by the
scientific label. However, the range in goals and the variety of ‘methods that
characterize our field, as highlighted by the présent, study,imust be taken into
account in setting standards that can be applijed fairlyite the whole of mathe-
matics educators’ research activities.
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NOTES

I. The questionnaijze is available from the author. Several questions were common to a previous
survey of mathematicians,(Mura1991,71993) in order to make it possible to compare the two groups.

2. Before adopting a_position_on'this linguistic issue, it might be useful to survey the situation in
sister fields. The expression ‘history education’, for instance, is less widespread than ‘mathematics
education’ or ‘science education’. At least one international society uses ‘history didactics’ in its
English name. Althoughisome of its English-speaking members are uneasy with the term because of
its connotationgofypedantry, they have not been able to reach a consensus on what to do about it
(Fontaine 1986, 1987,31988).

3. Several mathematicians, asked to define mathematics, responded by stating that ‘mathematics is
what mathematicians do’ (Mura 1993). No mathematics educator in the present survey defined
mathematics education as ‘what mathematics educators do’.

4. The situation is probably different for those mathematics educators, described by Balacheff in
Balacheffiet al. (1992), who ‘want to develop this research field within the academic community of
mathematicians’. They may have to work harder to define themselves and to gain credibility within



ROBERTA MURA

that community: they would have to explain not only their object of study and their goal, but, most
importantly, their methods of doing research.
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PROGRAMS FOR THE EDUCATION OF RESEARC
IN MATHEMATICS EDUCATION

1. MATHEMATICS EDUCATION N
The Field Ps N

Mathematics education is a discipline concetni tics teaching and
learning on all levels. Mathematics educa clate other fields, both
theoretical and practical, in various ways.
Mathematics is one of the basic sciences fo! :
sense, mathematics provides content. at cation research concen-
trates on topics that are mathemati i t. For example, the study of
fundamental concepts, reasoning blem solving are much in

focus in mathematics education. elopments within mathemat-
ics (the mathematics community) are imp mathematics education.

in contrast to much pedagogic sychological research, there is a stronger
link to teaching practice in ics education research. The two roots of
research in the field — ychology — we also find expressed in
Kilpatrick (1992).

We consider mathematics
science; it is in some
research in the field a
the field is e).:s ed
sciences to denot
summarized in

Mathematic cation’has developed into an academic discipline studied at
universities. n What is research in mathematics education? has for
some time us of the mathematics education community (Sierpinska,
Kilpatric ff, Howson, Sfard & Steinbring 1993).

comparable to engineering. We have fundamental
as application and ‘construction’. A similar view of
ann (1984). I will use the term educational
rious sciences focusing on education. The discussion is

Research Methods

g time, it has been the task of mathematics educators to try to define
r field and the research methods. At the Third International Congress on

t

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 117-127.
© 1998 Kluwer Academic Publishers.
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Figure 1

Mathematical Education (ICME) An Karlsruhe, Heinrich Bauersfeld (1977) of
the Institut fiir Didaktik der Mathematik in Bielefeld pointed to the problem:

Since it is difficult to get a discipline to adapt its research strategies for use in other disciplines,
mathematics educators will have to devglep their own approaches.... Research and development
within a discipline of mathematics education\therefore will have to develop its own standards and
methods. This means that an adequatelprecision will have to developed which on the one hand
makes the outcomes accessible to the practitioner, without further interpretation and on the other
hand is open to scientific control.(p. 242)

Since then, we have had movements to try to establish a theoretical founda-
tion for the field of miathematics education. Theory of Mathematics Education
(TME) has beemythe subjéct offseveral conferences, as well as part of others; for
example, the IEMES; The“education of researchers is an element much focused
on: ‘One of the crucial peints for the development of theoretical foundation of
mathematics edilication is, without doubt, the preparation of researchers in the
field’ (Batanero, Goding, Steiner & Wenzelburger 1992, p. 2).

Research methodsfin education are often divided into main categories. We
have qualit@fiveyand quantitative research methods as two main categories, but
there als@\exist‘ methods that are combinations of these. Education has an exten-
sive literature,and a long tradition on research methods (see, e.g., Cohen &
Manion_1980, 1985). Categories of research methods can be further subdivided
intoghistorical and developmental research, surveys, case studies, and so on, to
follow the outline in Cohen and Manion (1980).

The.uses6f research methods in education is the subject of much attention. We
have several research paradigms and an ongoing debate and development.
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In mathematics research, methods do not receive the same attention as in the
social sciences. We might describe the goal of a major part of mathematical re-
search as theorem proving, and the type of courses that come closestgto,being
methods courses in mathematics would often be problem-solving (seminars,
where the focus is on solving mathematical problems. A reflection gn method;is
usually not a dominant theme in published mathematical research.

Closely linked to the different research methods is the questién: What is ac-
ceptable research in mathematics education — and how is research being ap-
proved? Concerning this question, I claim that the mogtlimportantifactor is the
mathematics education community, nationally or internationally. Mechanisms
provided are university degrees and publications:\ges€arch repotts, journal
articles and books.

Mathematics Educators,

The community of mathematics educators is an important factor for the develop-
ment of the field of mathematics education. The relations among mathematics
educators are continually changing,shence ‘changing the field itself. The
influence of the mathematics education community“is crucial. I would like to
rephrase Paul Ernest (1991, bracketsdndicate,my additions):

At any one time, the nature of mathematics [education]his determined primarily by a fuzzy set of
persons: mathematics [educators]. The set is partially ordered by the relations of power and status.
The set and the relations on it are continually changing, and thus mathematics [education] is continu-
ously evolving. The set of mathematics [educators] has different strengths of membership. This in-
cludes ‘strong’ members (institutionally powerful or active research mathematics [educators]) and
‘weak’ members (teachers of mathematics). (p. 98)

The case for mathematicsieducators is not quite the same as for mathematics.
The teacher will have a differenposition within mathematics education — being
the practitioner in the fields, Also, the field itself does not have a long tradition,
making it more open to'changes)

2. PROGRAMS OF STUDY
Higher Education Studies in the Basic Sciences

Within high€reducation we find in many countries three levels of study: The
first levellis the'basic training level, giving students basic skills in their subjects
of ehoice."Students cover two (often related) subjects in this initial stage. The
stbjects could be mathematics and one of the natural sciences, or two languages,
or some other, combination. Some students would also be taking basic courses in
education and mathematics. The term most often used is undergraduate studies,
leading.toga’bachelor’s degree. Satisfactory completion of this level is required
to enter the next level.
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The second level is the first specialization level. Students will usually concen-
trate within one field (discipline) that was part of their first-level syllabus. They
will advance further in depth of the subject chosen. In many universitiesythis is
also a level where research is required. It gives an initial training in research,
The student is often expected to write a (research) thesis. The scopeyef these
theses may vary from one university (country) to another — some programs’do
not require (research) thesis work. Only extended written presgftations may be
sufficient. It is usual to call this graduate studies, leading to a master’s degree.

The third level is further specialization. Completion @f)a researchythesis is re-
quired. The doctor’s degree completes this level. This degree(er equivalent) is,
moreover, often the requirement for a university (reSear¢h) position. There are
various traditions concerning study at this level. One 'tradition is an almost un-
structured individual study. A university might provide a grantybut as research
fellows in this tradition the ‘students’ are on their Ownhand have to make their
own contacts and investigations. A thesis is &xpected withinfa certain period of
time. In the humanities and social sciences, the'average age for completing a
thesis of this kind is usually quite high. Another tradition is a — more or less
rigid — program of study, with coursewprk and‘€xaminations, the thesis occupy-
ing a certain percentage of the program. The second tradition is by many consid-
ered to be the more efficient — producingymorefdoctorates in a shorter time.
Because of the present stress on efficiency some countries have introduced the
second type (tradition) — when previouslyathe first type was the only one
possible.

The three levels are also linked to teacher ‘training. The first level is usually
the requirement for teaching in prfimary and lower secondary schools, the second
level for upper secondary and higher education (colleges), and the third level for
teaching at a university. In manycountries, a typical upper secondary teacher in
mathematics would have ‘@imaster’s degree, in mathematics, or one of the natural
sciences with mathematics courses in addition.

Mathematics Education

Programs of study“forsmathematics education do not always conform to pro-
grams of study ingthe basic disciplines. We find programs of study in mathemat-
ics education imostly in higher level studies, building upon studies in basic
sciences, such asimathématics or psychology. The programs, however, might be
subject to the,same‘requirements as programs in the basic sciences — educating
researchefs within rigid time limits. Time constraints might be in conflict with
the need foneducation in several basic subjects and experience in teaching, as a
prerequisite:

Forghie Seventh International Congress on Mathematical Education in Quebec
101992, an international survey of research programs was presented (Batanero
et al. 1992)4In this study, various characteristics of programs were given. What
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is probably the most striking feature of this documentation is the wide variation
in the programs:

The estimated time in doctoral programs necessary to finish a dissertation varies between, 1
(3 cases) and 6 years (average 2.8). This time has to be added to the time for course work.
21 doctoral programs include complementary research reports as part of credits necessarynln,the
master the estimated time to finish a dissertation varies between | and 4 years, with an average of
1.5. (p. 16)

Many hold the view that teaching practice is a keyl factor for educating re-
searchers in mathematics education. Some institutions require,the students to
have extensive school practice before entering graduate study. This requirement
means the program is of a different type than study in a¥basicysCience; it will
take more time to complete. Another possibility is o require teacher training
only, thus making it possible to have a research education comparable, in time
used, to research education in other areas..Séme programs do not require
teaching practice — the majority in the survey by,Bataneso et al. (1992, p. 11).

In mathematics education, there are probably few academic first-level courses.
There may be a few second-level courses, mainly asypreparations for third-level
studies. These could be designed forteachers or, for students having completed
teacher training. There are also seyeral categorieshof students studying mathe-
matics education.

The Students

The students in mathematics education come mainly from three fields: mathe-
matics, the educational scienges, and teaching — with a background in general
teacher training. These eategories of students have different backgrounds and
have different strengths and weaknesses;

Students with a background‘in mathematics have had little or no contact with
educational research.f/They are not used to giving written presentations as
essays; however, they have a knowledge of mathematics to a certain degree. The
weakness of the second group’is often lack of knowledge of mathematics. On
the other hand, they.may, have had some methods courses in education (or other
social sciences).and some fraining in writing presentations. They may be more
used to oral elements in their education. Both these groups may not have had
teaching experiefice. Hence concerning research education, they have very dif-
ferent needssStudents from any one field need to concentrate in the two others;
for example,“students with a mathematical background need to study some
pedagogy.and psychology, and need to have teaching practice.

Anrimportant'question is whether there should be different programs for edu-
catinggfesearchers in mathematics education for different groups of students.
The discussion above suggests that at least two different programs should be
considered,
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3. EDUCATING RESEARCHERS: PROBLEMS TO BE CONSIDERED
The Case of Norway

Mathematics education as a research discipline mainly developed internationally
after 1945. Some countries have had programs for the education of researchers
for quite a long time. In Norway and the rest of the Nordic counfries, we are just
now starting to introduce more structured programs.

It has, however, for a long time been a possibility t¢ write a‘thesisyin mathe-
matics education. Since this was an individual ‘program/; one,was in a sense
free also to choose the thesis topic. One problem with,the situation’was the as-
sessment of such a thesis. Since no one had an academic position in mathematics
education, the assessment had to be made by researchers in‘other fields, mostly
in mathematics or the educational sciences.

If we look at the situation in Norway, there are,two traditions in the types of
mathematics education research. One tradition is‘baseéd,on an extensive study of
the subject; that is, a master’s degree in mathematics: Another is based on the
study of general pedagogy. Up to thesend of thent970s, we have had several
master’s theses in both these traditions. At the beginning of the 1980s, structured
doctoral programs started to appeard - Theyfwere medeled after American Ph.D.
programs and started in Norway within €ivil engipeering. Most of the basic sci-
ences now have structured doctoral programs, ‘and the traditional doctoral degree
coexists with the new programs. Such new programs have been established in
mathematics and natural science education. To establish such programs in math-
ematics education, however, has hotbeen without problems.

Especially at the master’s level,.thére have been problems with graduate pro-
grams in mathematics education. One'problem is the length of study. It is felt that
a master’s degree in matheématics education should have a program of the same
length as a master’s degree in.a basic science like mathematics. The problem then
arises at the first level (inpundergraduate studies) if we want to integrate mathe-
matics, education, angther school subject besides mathematics — to complete
teacher trainingg and lastybutot least, teaching practice. In addition, there is a
first-level mathematies,education course that gives an introduction to the field.

Aims

Before discussing models, I should briefly comment on one key question: What
are the aini8'of educating researchers in mathematics education? To be educated
as a researcher inmathematics education should be no different from being edu-
cated as a researcher in any other academic field. Researchers should have a
broad knewledge in the field: they should be introduced to the mathematics edu-
cation community, know available ‘tools of the trade’, and also have a special-
ized’knowledge — an in-depth knowledge of some part of the field — and to have
carriedsthrough, under supervision, a research project.
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I will not discuss here the applicability of research in mathematics education,
but concentrate on the researcher. In several countries, researchers are likely to
play important roles in developing mathematics education on a national, level.
For models, we should look to the study of other educational sciences: There'is,a
wide variety of educational research in pedagogy and psychology,smuchjof
which would be a model for mathematics education as well.

Structure of Programs

There is a variety of different programs in mathematics education (Batanero et
al. 1992). Some are linked closely to mathematics, athers to other educational
sciences, and some to science education. Let us_considerisome, of the possible
structures, beginning with different types of books onyresearch methods:

There are three common types of books on research methodsyThe firstleads the reader through the
stages of research as if there was a mechanical sequence that, if followed/ arrives invariably at reli-
able and valid evidence. The second type supports one approach‘in opposition to others. Here the
reader is made aware that there are a variety of approaches\and,that there is a disagreement over their
relative virtues. But there is still an attempt to sellvene of many possible ways to collect evidence.
The third type of book introduces the reader tofthe yariety of.research methods without taking sides.
(Marten Shipment, Foreword to Cohen & Manion 1985)

Although this quotation concerns bookshen research methods, the same
classification, with some adjustments, holds for programs as well. Should a
program focus on leading a student through ‘the stages of research’ as a
mechanical process? Should the program focus on only one research approach?
Or should it introduce the student.to a\variety of research approaches?

The main difference between a'bookland a program is that in a program, re-
search has to be carried outf and a methodyhas to be chosen. Ideally, the method
used should follow from“an evaluation of different methods applied to a
problem. With programsgaiming at'a high efficiency in producing doctorates, the
ideal is perhaps not always/possible to implement.

This discussion points'teyan’ important problem concerning the education of
researchers in a fieldythat isnot a basic science itself but that builds on several
basic sciences. The programs will easily become too extensive. The same
conflict also arises in other elements of a program. Let us first consider the
content of coursework.

It is easy to agree that the study of mathematics should be a fundamental part
of mathenfaticsheducation study, but it should perhaps be a different type of
course than courses offered by the mathematics department. I claim that there is
a need fora different type of mathematics course, linking the subject to history
and philesophy. Is perhaps the division between the various departments in a
university not so suitable for the needs of mathematics education? The same
discussion is also important concerning the role of pedagogy and psychology —
is theregagficed for special psychology courses in mathematics education? We
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should also pose the same question of whether teaching practice should be
required.

Perhaps the most important and least controversial element of educating the
researcher is the writing of a research thesis. The writing of a doctor’'s (ofyte
some degree also the master’s) thesis is the researcher’s entry workyinto the
research community.

Requirements to be met by prospective students are in danger ofybeing too
extensive. The following elements would be desirable qualifications:

e background in mathematics (at least an undergraduate degree)
e background in pedagogy and psychology

e teacher training and some teaching experience

e proven academic record.

It is close to impossible to find students with all, these “qualifications. As men-
tioned above, students tend to fall into three categoriess those with a background
(at least an undergraduate degree) in mathematics, those with a corresponding
background in pedagogy and psychology, and students/(teachers) with extensive
teaching practice. Each group has strefigths and weaknesses.

One especially important type offstudefityis thelreturning teacher, with teach-
ing experience, interest in mathem@atics education, a practical knowledge of ped-
agogy, and in some cases very little formal mathiematics. Our experience shows
that students with this background can carry out important research, so the ques-
tion becomes: To what extent should these students have to prove themselves
academically in the various fields?

To sum up this discussion, Iiwould\like to focus on some important questions:
Should we work towards a more“uniform model for educating researchers in
mathematics education —\asfwe will find inthe basic sciences? Could we define a
core of common knowledge: that should'be present in all programs? Or should
we consider a wide vasiety, of programs to be a good thing in itself, with the
possibility of having very strong ‘subcultures’?

4, MODELS FOR EDUCATING RESEARCHERS IN THE FIELD OF MATHEMATICS
EDUCATION

Structure

When weconsider educating for research in general, we can identify at least two
different models.One model is the open academic study we find in the basic sci-
ences —.where the decision to specialize is postponed to the second level.
Another is‘the structure we find in some professional studies. In many countries,
studying to become a civil engineer or a psychologist is a study where the aim is
set at~thegbeginning. All courses given — also in the basic sciences — are some-
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what influenced by the profile of the education. Mathematics courses might be
specially designed for engineering students.

In many ways, professional studies might be more efficient. Coursesyean be
adapted to the need of the student to a higher degree than in general academic
studies. However, considering the range of different types of students -
especially practicing teachers — likely to enroll in a research program in‘mathe-
matics education, I claim that the open academic programs aré“mostsuitable.
However, this approach poses several problems.

Courses for Mathematics Education

The study of mathematics is an important element and sheould\not be left out.
The question is how much mathematics is nec€ssary? Forimost programs, the
mathematics necessary for teacher qualifications fof‘upper secondary should be
sufficient. Another problem is that the courses offered by‘most mathematics de-
partments are not so suitable for the purpose of‘mathematics education. Most
courses are designed with the research mathematician‘in mind, giving the foun-
dation for further studies in mathematies. In the initial training, little weight is
placed on the history and philosophy 0f mathematics. Communication in mathe-
matics is also generally neglected. These ‘elements,would be very important in
educating researchers in mathematics education. FThis observation suggests that
mathematicians and mathematics educators should cooperate in designing math-
ematics courses for students of mathematics education.

In the above discussion, attention was directed towards the different groups of
students likely to enter a study of mathematics education. This diversity leads to
the question: Could there be a program in mathematics education without math-
ematics? The question is almost contradictory, but allowing for a variety of re-
search, there clearly couldfbe a research\thesis within mathematics education
with no more mathematics than, found“within basic education in schools. A
program in mathematicsgeducation, on the other hand, should contain about a
year’s study of mathematics at niversity level.

Much of thegargument regatding mathematics also holds true for courses in
pedagogy and psychelogy.-"However, the important contribution from these
fields is in the area of‘research methods. Clearly, methods courses are important
and cannot be Jeft'out. However, here the field is open to various possibilities.
What is stated above for books on research methods above gives an important
classification forimethod courses. Within present programs in mathematics edu-
cation, aswell as,in pedagogy, two approaches are clearly visible: the survey-of-
methods Course or the single-project course.

An important question concerning all courses is: Who should teach them?
Should_the, mathematics courses and education courses for students of mathe-
matiCs education be taught by mathematics educators only, or by mathemat-
teians and educators, respectively? There are good arguments for both cases.
Whereasgthe mathematics educator would be more attentive to the needs of the
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students, the mathematicians and educators would provide contacts with two
related fields. We will probably see a variety of different solutions to this
problem, dictated by what is practical at different institutions.

The Research Thesis

The research thesis is the most important part of the researchier’s eéducation.
Theses vary a great deal from one university to another. Even within onelinstitu-
tion, two doctor’s theses in mathematics education wiitten in différent depart-
ments may vary widely. Concerning the thesis, there is the question of whether
the community of mathematics educators can agree 6n,séme criteria of quality.
It is difficult, however, to specify special criteria for mathématics education that
would not also apply to other academic fields such as pedagogy or psychology;
for example:

o provide an explicit discussion of the method used in the investigation,
arguing for the choice of method and weighing the method used against
alternative methods, and

e show mastery of the tools of thejtrade in the structure and format of the
thesis.

We can also formulate somewhat specific_criteria; for example, publishable in
national or international research journals. Such criteria are at present used in
mathematics and science education at the University of Oslo.

5./CONCLUDING REMARKS

Earlier the question was raised about the‘variation of programs for educating re-
searchers. My personal iew is that the field of mathematics education is in a
state where variety is [desirablé, The field itself has many facets, and students
with very different backgreunds are attracted to it. There should be room for
programs that caterifor the“student of mathematics as well as the student of
education. Special care should be given to the needs of the returning teacher.
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THE AIMS OF RESEARCH
1. INTRODUCTION .N
Educational research has become a huge, multi-purp(w Annual con-
11

ferences such as those of the American Educatit.l ese ociation illus-
trate this vividly. In 1994, for example, in addition ifferent divisions
listed in the meeting program — each with j pa focus — an ever-

of intentions and purposes, at least at t| Is it possible to discern,
or even reasonable to expect, a com ves at the broader level?
What is educational research, and w its ai

AL RESEARCH

for new knowledge, not only ¢ but that its findings are also amply docu-
mented. There is also evide stantial increase in recent years in the
volume, scope, and dive i research in general, and research in

mathematics education in

Definitions of educatiena h generally show overlap as well as subtle
differences. Romberg @‘ ted 10 activities characteristic of research and
which ‘almost gvery re ethod text outlines’ (p. 51). These are: identify-
ing a phenomeﬁl inte building a tentative model, relating the phenome-
non and model to o ideas, asking specific questions or making reasoned
conjectures, se g a general research strategy for gathering evidence, select-
ing specific proeedures/icollecting the information, interpreting the information
collected, trans e result to others, and anticipating the action of others.

These elen e reflected in the following definition.

Educa % arch is the

stematic_and in-depth inquiry concerning the purposes of education; the processes of teaching,
i onal development; the work of educators; the resources and organisational arrange-

Sierpinska, A. and Kilparrick, J. and Mathematics Education as a Research Domain: A Search for
Identity, 129-140.
© 1998 Kluwer Academic Publishers.
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Striking features of the definition are the implied diversity of the nature and
scope of educational research, the focus on disciplined inquiry, and on the
pragmatic aims of research.

3. DIVERSITY OF RESEARCH

In the natural sciences it has typically been assumed that a mat
have only one dominant research paradigm at any one '3
tions voiced by many others:

What role do interests, individual and collective, play in the evolut ienti nowledge? Do
all scientists seek the same kinds of explanations? Are the ki ask the same? Do
differences in methodology between different subdisciplines same kind of answers?
And when significant differences do arise in questions aske ought, methodologies
employed, how do they affect communication between , p. Xii)

These questions are particularly relevant in the nces and in education
where ‘it is far more likely that the coe 0 eting schools of thought

That this diversity exists within
the approaches listed by Kilpatri
Table 1.

Perspective

Empirical-analytic (the traditional in, predict, or control
aims of science)
Ethnographic (cf. anthropolo To understand the meanings of the learning and teaching
of mathematies for participants in these activities

Action research (cf. critical improve practice and involve the participants in that

sociology) vement
L\

and their aims
ilpatrick 1992, pp. 3-4.

Table1 Res
Source: Adapted

Over time, ati f research within the empirical-analytic tradition has
given way to cceptance and appreciation of investigations more consistent

with the metho s of the interpretative and critical techniques.

nt theoretical frameworks, methodologies, settings, assumptions
s encourage different conceptions of key issues. The implications

sections.
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Time line 1950s & 1960s  1970s 1980s 1990s
Economic Expansion Rapid growth Stasis
trends (1945-59) (1960-75) (1976-88)

Socio-political Interventionist Pragmatic Instrumental

discourse idealism realism rationalism

W
Research Amelioration Pure and Appli eg
culture innovation applied R & D consolidati setting
Operational Investigator Team-oriented, Foc orks and
patterns driven National R & D centri nerships
centres and labs ‘ntre\ ooperative
research centre

Table 2 Changing patterns of educationa
Source: Poole 1992, p. 4.

%
ESEA

In March of 1981, David Wheeler invited p als for ‘a “research programme”
for some particular problem within mathematics education’ (Wheeler 1981, p. 27).
Outlines of ‘a programme whichresearch should be concerned with’ were also
welcome. Several years later, i of 1983, another challenge was issued to
mathematics educators: to fo umber of specific problems whose solu-
tion would be likely to ly our knowledge about mathematics
education’ (Wheeler 1984 requests, it seems to me, are implicit

invitations to reflect on a1 research in mathematics education. The re-
sponses received and s ently published are summarized in Table 3.
Thus the research elected ranged from general and broad to quite
va

specific, were set'i mathematical domains which generally reflected
the interests of t , and could be investigated in various ways. The
aims of resear ey C tively represent are diverse, more often pragmatic,

ntific.

occasionally s
Perspectives on Disciplined Inquiry

1s of research, as noted earlier, are to explain, to predict, or to
i-from whose or what perspective? It has been claimed (e.g.,
inchy, Goldberger & Tarule 1986; Gilligan 1982; Harding 1991;

throughout history by the male-dominated majority culture. Drawing on their own perspectives and
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Author

Summary of Research Program/Problems

Pearla Nesher
Alan Bell
Caleb Gattegno

Geoffrey Howson

Tom Kieren

Nicolas Balacheff

Jeremy Kilpatrick

Dick Tahta

Jere Confrey

Alan Bishop

Efraim Fischbein

Willem Kuijk

Merlyn Behr,
John Bernard,

To understand the processes involved in the acquisition of
ics as a language system — using an interdisciplinary appro|
To achieve a discrete and permanent change in the level
understanding in a key conceptual task

production of mathematical structures

To know more about: factors that influence stude
teachers’ perceptions of their role, math
framework for studying and investi gatin!
What are the constructive mechanisms of m: nd how do
they function in knowledge building?
To understand better how characteristic
components of the school settin.ld meth
learning of mathematics
How are ‘meaning’ and ‘au
higher-level objectives be 4
related ‘low-level’ objectives?
intellectual abilities affected t
What are the criteri tion to a problem in

hing affect the

strated? Can
ect attainment of

the teachers’ intentio athematics learnt by students in
class?

nsure problem-solving success? Can they
ile the logical structure of mathematics with

al/neurological activities occur during mathematical
the acquisition of mathematical knowledge necessarily
al? Can computer simulation replace mathematical imagery?

. hie!
Gerard Vergnaud e children’s conceptions of mathematical operations formed
anged? How will computer science affect mathematics
d

ation?
an students’ success with formal mathematics be improved through
struction in reading mathematical symbols: identifying critical

barriers, optimum teacher characteristics, and effective instructional
materials; focusing on affective components of mathematics learning,
on links between mathematics and other subject areas? What is the
impact of computer technology on mathematics teaching and learning?

3 Imiplied aims of research in mathematics education®
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Author Summary of Research Program/Problems

John Mason How can personal and societal images of mathematics be modified,
updated, and balanced? What (personal) experiences influence
mathematics learning? What does it mean to ‘know’ soriething in
mathematics education? And how can that ‘knowing’ be passedion to

others?

David Tall Will computer technology change mathematics leafning and
teaching?

David Robitaille How can we evaluate and capitalize on théymathematicahstrengths of

each individual? How will, and should, calculators and"’computers
affect the teaching and learning of mathematics? What factors
facilitate/hinder mathematics problem'solving? Are these factors
unique to mathematics?

Tom Carpenter Mathematics education research is most fruitfully tised to address
problems which are theory driven, afd focused and specific rather
than general and broad.

W. M. Brooks What is mathematics education?

visions, men have constructed the prevailing gheories, written history, and set values that have
become the guiding principles for men and women ‘alike.... Relatively little attention has been given
to modes of learning, knowing, and valuing/hatymay|beésspecific’to, or at least common in, women.
(Belenky et al. 1986, pp. 5-6)

In this view, sexism has influenced the aims and methodology of research in the
framing of problems, in the methods of gathering information, in the coding and
analyses of data and in the interpretation of results.

While rejecting the notion of aydistinctive feminist method, Harding (Harding
and O’Barr 1987; Harding 1991) hasneyertheless argued that feminist empiri-
cism begins with the position that science)and its global methods are basically
sound, but that some practices, procedures, assumptions and therefore findings
of scientists are biased against females. Because these practices are detrimental
to females and to science ghey imust, she maintains, be identified and curtailed.
How this stanc¢® might affect the aims of research is illustrated in Table 4
through summarie§ of,important features of two views of intellectual devel-
opment: those proposed byaPerry (1970) and Belenky et al. (1986).

Despite the inevitable simplification of the two frameworks, the overlap and
differences in their value positions are apparent. Subtle differences in expected
behaviors emerge if we accept the proposition that ‘all our thoughts and
actions agé“inflienced by what we are, by our subjectivity, by our expecta-
tions, bylour placelin society and by the material and cultural context in which
wenlive’ (Murayl991, p. 35). How these differences affect research in mathe-
matics edueation per se, its aims, perspectives on learning, acceptable explana-
tionS and predictions is still keenly debated in the education and mathematics
education research communities. A study reported recently in the Australian
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Men’s forms of intellectual and ethical
development (Perry 1970)

Women’s ways of knowing (Belenky et al.
1986)

Basic dualism — passive learners depend on
authorities to teach them the truth. The world
is viewed in polarities (good/bad;
white/black)

Multiplicity — ‘the student’s opinion is as
good as any other’, no substantiation is
sought

Relativism subordinate — authority and truth
are no longer considered absolute. An
analytical approach is used to evaluate
knowledge

Full relativism — the relativity of truth, th
importance of context and individual

framework, is recognized. It is understood
that ‘knowledge is constructed, contextual,
and mutable’

Table 4 Two views of i
Source: Adapted from Sh

press (Lewis 1994) ca ve
told, had foun

Female students re 0st
performance....
ance:... a ‘kind o

Received knowledge — ideas and i
from others are accepted ‘as is’. /
knowers assume that they shou
themselves to the care and empowerm
others.... They are embed

and community’

Subjective know‘e trut] al,
informed by emotiol lings, instincts,

and intuition

rmity

er of reason
cious,
in the search

Procedural kno
is recogi
deliberate, s

wing (oriented

d"connected knowing (concern
jects to be understood)

nowledge — personal and
owledge, thinking and feeling are

. ‘All knowledge is constructed ...
the knower is an intimate part of what is
known’.... Scientific theories are now seen as
educated guesswork, simplified models of a
complex world - rather than absolute truth

a useful vehicle.® A recent study, readers were

sively on their teachers’ assessments to measure their academic
owever, appear to have three sources of information about their perform-
e of how they were doing’,
.. suggested important implications for the ways teachers should

... comparisons with their peers, ... [and]

=ful inspection of the methodology and instruments used, it is

know whether this is indeed an example of research where, as

e findings of scientists are biased against females’. There is no
ever, that those working within a feminist perspective would not
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want to accept uncritically the assumption that male behavior should be ac-
cepted as the norm, and to be aimed for in general. They would wish to consider
more carefully the conclusion that ‘critical feedback is more likely tondamage
the self-esteem and academic performance of girls than boys’, to examine, and
possibly question, the assumptions that shaped the study, the nature 6f,the in-
struments used to gather the data, the mode of response expected, other featiires
of the classroom and school environments, peer values and expéctations. Such a
change in emphasis would affect the aims of the research carriedyout.

5. PRAGMATIC CONSIDERATIONS

Many of those engaged in research are academics,employediat a university.
Aitken (1990) has argued that in this setting ‘only one élement of life and work
is organized to attract esteem — and that is re¢seateh’ (p. 12). In practice, univer-
sity appointments and promotions are governed by research output and perform-
ance. ‘It means that there are two classes of\academic: those who are in a
position to do their research and the ones who can’tget the money or time to do
theirs’ (p. 12). What research is most likely to be funded?

In Australia, as well as in many /other Countries it is now frequently argued
that research should contribute to”the country’s social, economic, and cultural
priorities and needs; influence and inform practice, and address the needs of
policy makers, administrators, teachers, students, parents (Review Panel,
Strategic Review of Research ingEducation 1992). There is no question such
goals reflect the priorities adoptédby funding bodies and influence which pro-
jects attract, or fail to attractf{wesearch funds. For example, the current (late
1994-1995) Strategic_Review of Mathematical Sciences and Advanced
Mathematical Services inAustralia includes the following among its terms of
reference:

Al. To determine the degre¢.to which a strong fundamental research base is required in all branches
of the mathematical sciences impAustralia and recommend on future support of this research....

4. To evaluate benefits gained“from participation in international mathematical research programs
and recommend actiong'to efthance those benefits. ... '

B1. To examine how advanced mathematical services contribute to other fields of endeavour, and to
assess the national bpenefits from Australia’s investment in the mathematical sciences.

2. To determine theyareas of the mathematical sciences most used by business and industry and iden-
tify those most likely tolbemeeded in the next decade.... (p. xii)

Thus advanced‘mathematical sciences in Australia, it is clearly implied, should
contribute te,the country’s business and economic climate as well as to its
résearch needs.

Atga time when quality control, performance appraisal and designated priority
areas influence the funding made available for educational research, there is an
increased likelihood that research endeavors are not theory-driven but instead
are heavily influenced by pragmatic, financial, and economic considerations:
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Under the new regime then, academics are expected to conduct their research to schedule, offer
a product for which there is an identifiable market, and compete for a buyer in that market.... The
activity of research, and the ideas to which it gives rise, are no longer in this system treated as ends
in themselves, but as means to basically mercenary ends. (Mathews 1990, p. 20)

Not only individuals, but institutions too, need to ‘justify’ their s
of aims or institutional quality outcomes to be assessed frequentl tai ms
such as the following:

degree
s in research

® Research-trained graduates — enrollments for resea.— e
courses, research trained graduates per annum, likely d
and industrial careers

Research publications in refereed journals
Evaluation of significance of publications .
Patent applications

Funding indicators — competitive peer re
income, consultancy income
Reputational analysis — invitations to high le % ch conferences, evalua-
tion by peers in relation to specific iplines sment after site visits by
review panels (Department of Employment, Education and Training 1989).

nt inc , contract research

Those of us involved in education ome to realize that, in many

6. G COMMENTS

Evidence has been presentediin, this chapter of the ways in which the aims of re-
search are affected by the'c ature of research, by the diversity of indi-
vidual perspectives an s, by differences in the methods and assumptions
of disciplined inquiry, by the constraints imposed by external forces and

pragmatic con.r tio s climate it is imperative that curiosity-driven
research not be fo! r ignored.

&

ork to facilitate the formulation of the issues/problems to be explored is an
earch process. | acknowledge my debt to those whose ideas I have summa-
dvance for the inevitable simplifications of the views they expressed in their
s. The complete correspondence can be found in volume 2(1) and volume 4(1) of
of Mathematics.

NOTES




THE AIMS OF RESEARCH

3. Also see, for example, Fennema, Damarin, Campbell, Becker & Leder (1994). Or consider mater-
ial from a special half-day workshop on feminist approaches to research methods: renovation or res-
olution also held at the 1994 AERA annual meeting. Discussions of differences between research
devised in a traditionally empirical-analytic and a feminist framework included:

® ‘Generally, the typical way is to look at one perspective with the hope
study through other eyes later on ... what happens are add-ons to the breakthro
Those perspectives not included in the breakthrough study may not be inc e
1994).

® How can we do research from a feminist standpoint? ‘State “problems” a
them’, ‘refer to more and varied literatures; engage in counter-rez&s i ain) decon-
structive readings’, use multiple methods, results ‘are descriptions of] as women experi-
ence it (and are often questions)’, conclusions and implicatiol nd rethinking
of educational practice’ (Damarin 1994).
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JAMES HIEBERT

AIMING RESEARCH TOWARD UNDERSTANDING:
LESSONS WE CAN LEARN FROM CHILDREN

The thesis of this chapter is that the primary goal of resear¢h ilpmathematics ed-
ucation should be to understand what we study. It wilhbe’argued that developing
understanding satisfies both fundamental or theoreti¢c aifhs, and practical aims
simultaneously. Research efforts that do not aim to understand Satisfy neither of
these goals and are not worth making.

The thesis is built on a common and simple definition‘of understanding that
says we understand something when we can identify the important elements in a
situation and describe the relationships between,them.This definition, appropri-
ate when considering issues of learning,and teaching/mathematics (Hiebert &
Carpenter 1992), is also appropriate when doing research. That is because doing
research and learning mathematics are bothybest viewed as sense-making activi-
ties. Both researchers and children”are sense makers. The argument that research
should aim to understand can be developed, impart, by considering how children
learn mathematics, how they construct understandings, and how they show us
that they understand.

The value of understanding impertant phenomena in mathematics education
and the parallels between whatywe.do to develop such understanding and what
children do to learn mathematics will'be,elaborated by considering four features
of research: the kinds of problems we investigate, the role of theories in our
work, the kind of data weicolleét;,and the'coordination of theories and evidence.
How we think about theseyfourfeatures determines what we mean by aiming
research toward understanding ‘and provides a measure of whether we are getting
there.

I._THE NATURE OF THE PROBLEMS WE INVESTIGATE

It is becoming‘increasingly recognized that children learn mathematics by
solving problems. Learning begins with problems (Brownell 1946; Davis 1992;
Hiebert, Carpenter, Fennema, Fuson, Wearne, Murray, Olivier & Human 1997).
Problems stimulate mathematical activity and provide the context for working
out relationships between mathematical ideas. Understanding is constructed as
problems-are defined and methods for solution are developed and refined. That
1s'because solving a problem usually means identifying the important elements
in thessitwation and building relationships between them. For children (and

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identiry, 141-152.
© 1998 Kluwer Academic Publishers.
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adults) constructing mathematical understandings and solving mathematical
problems are nearly synonymous (Brownell 1946).

A similar situation holds true for doing research. First, research begins with
problems (Laudan 1977; Romberg 1992). Doing research means trying to solve
a problem. Second, solving a research problem, like solving a mathematical
problem, means identifying the crucial elements in a situation and seeing how
they are related. As before, solving a research problem means gémingyto under-
stand the problem. As Karl Popper (1972, p.166) phrased it, ‘The activity of un-
derstanding is, essentially, the same as that of all problefiisolving’.

Consider the research problem of how young childrenfacquire addition and
subtraction skills. Partial solutions to this problem ate siow available because
important elements have been identified, such as early €eunting/skills (Fuson
1988; Gelman & Gallistel 1978) and the role of Word problem'sémantics in trig-
gering addition and subtraction behaviors (Carpenter & Moser 1984).
Furthermore, well-reasoned accounts have been offered for how the elements are
related (Carpenter 1986; Riley, Greeno & Heller:1983), Progress clearly is being
made in solving this problem.

If research begins with problems, then importantisesearch begins with import-
ant problems. But what constitutes ap important problem? Important problems
are likely to share at least two featurés. First, they Will be rich problems. Second,
they probably will be related to other impeortant problems that have been solved.
Rich mathematical problems engage students’curiosities and provide opportun-
ities to wrestle with important mathematical ideas. Such problems are often non-
trivial, multifaceted, and solvable using a variety of strategies. Moreover,
children’s understanding grows aS they engage in the full range of processes and
activities that emerge as they work toward solutions to these problems.

Rich problems for researchers are, immany ways, like rich problems for chil-
dren. They are nontrivialpand multifaceted. They can be approached from a
variety of perspectives, and‘thelprodess of solving them is often filled with inter-
mediate results and insights. New questions are often spawned during the solu-
tion process. In the end, it’is npt only the answer to the problem that is useful;
our increased aunderstandingdis attributable to the full set of activities and
processes that havefbeen engaged in working toward a solution.

A second feature of important problems is that the problems probably will be
related to othepfimportant problems that have already been solved. One of the
clearest resultsyfrom research on learning is that people learn by building on
what they already know. Children make sense of new situations by relating them
to what they already understand (Hiebert & Carpenter 1992). More specifically,
children [solve ‘new problems by relating them to problems they have already
sobved. In fact, it/appears that young students who understand arithmetic prob-
lems they have solved can solve related problems by adjusting their strategies
butate essentially unable to solve new problems for which they perceive their
strategic repertoire as inappropriate (Hiebert & Wearne 1992, 1996).

Building”carefully on previous results and working on related problems is a
useful research strategy as well. There are several reasons for this usefulness.
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First, it is possible to make good progress in solving new problems by building
on what we already know. Although the whole story of scientific progress does
not show a smooth cumulative character, productive research programs, over
shorter periods of time, do build in a cumulative way and display a chain-of;
inquiry nature (Cronbach & Suppes 1969; Lakatos 1978). Given(the,current
state of research in mathematics education, the chain-of-inquiry model séems
appropriate. Second, problems that are related to others that have already been
addressed are more likely to be resolved. Useful ways of conceiving the
problem and productive methods of attack may hayv€ibeen develeped from
the work on related problems. These benefits should not beyunderestimated.
Making progress on the research problems we haye defined, even if such
progress depends heavily on previous work, yields increased understanding. A
third reason is more subtle but simple: Problefns) that are‘related to previous
work are more likely to be recognized or defingd as,problems. Situations
that are completely unrelated may not even be seen‘as problems (Laudan
1977).

There are many research problems in mathematies education that would
qualify as rich and connected problems. For illustration purposes, consider the
relationship between teaching and learning in mathematics classrooms. That
is, in what ways does teaching affect learning and, vice versa? How do differ-
ent instructional approaches lead/to_ different kinds of learning? These ques-
tions define a problem that is rich. It is'nontrivial and multifaceted. Pursuing a
solution to the problem has triggered numerous additional questions that have
received attention from a variety, of perspectives (Artigue & Perrin-Glorian
1991; Cobb, Wood, Yackel & MeNeal 1992; Fernandez, Yoshida & Stigler
1992; Hiebert & Wearne 1993; Laborde 1989; Yoshida, Fernandez & Stigler
1993). For example, Yoshida“et'al./investigated whether students’ active
search for relevant ideashduring mathematics instruction might account for
differential learning. It is\likelyythat solutions to the original problem will be
the explanations that accumulatefor these individual questions that arise along
the way.

The problemgef how téaching and learning are related also is connected to
other problemsof interest and research can build productively on previous work.
Much research hds beenleonducted on students’ learning and on the nature of
teaching. Linking the two in classroom situations can build on what we know
from these previous efforts. Because we know a good deal about students’ learn-
ing of arithmetic_ infthe primary grades, it may be that initial breakthroughs in
explaininggt€aching—learning relationships will come in these classrooms. Here
researchers can‘take maximum advantage of what we understand about how
students acquire mathematical competence.

As the problem of understanding teaching—learning relationships illustrates,
impeftant research problems also allow work that is both fundamental and prac-
tical."Theoretical developments are needed to help conceptualize the crucial
issues~in the relationship and research on these issues is likely to have conse-
quences for how we design instructional environments.
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2. HOW WELL WE ARTICULATE OUR THEORIES

Research that aims to understand depends on the development of well-
articulated theories. I argue in this section that theories are needed for several
reasons — to guide the research process, to communicate with others; and“to
make the results useful. Developing and refining theories also provide“the bést
evidence that we are making progress in our understanding.

Before considering the research process, let us look again at ¢hildren®s mathe-
matical activity. As children construct solutions to prgblems, theyseontinue to
learn as they demonstrate their solutions to others. They makeéyclaims of under-
standing by showing their strategies and explaining hew ghings‘wotK. Their ex-
planations are taken as evidence that they understand.\That,is true both as they
respond to adult questions about their understadding and“as they explain their
thinking to peers. These explanations are children’s docaltheories of how things
work. Making their theories explicit keeps thé classroom’s attention focused on
the task of understanding rather than, say, imitating a psescribed procedure.

Children’s explanations or local theories also provide productive ways of
communicating and interacting. Assertions and hypotheses are examined and
revised as students explain, question, and defend solutions to problems (Lampert
1989). This kind of public scrutiny and debate is made possible only by making
assertions and explanations explicit‘and open to critique.

It is important to note that children’s theories,that guide their problem-solving
activity can be useful, even if they are wrong (Karmiloff-Smith & Inhelder
1975). What is important is that children become conscious of the theories they
are using and aware of mistaken’ predictions when they occur. From a slightly
different point of view, it is becoming clear that as mathematics classrooms
become arenas for sense making (rather, than only for skill acquisition), errors
become much more constructive (Ball 1993; Hiebert, Wearne & Taber 1991;
Schoenfeld, Smith & Arcavi 1993).)Errors, made explicit, can be sites for fruit-
ful analysis, discussion, and,increased understanding.

When children can [construct explanations and local theories, they can use
them to guide their solution,efforts on novel problems. They can use procedures
acquired in other gettings“and adjust them to meet the demands of the new
problem. Imagine’8-yearfolds learning to subtract multidigit whole numbers. If
they can explain‘the procedure they use by identifying its core features and how
they are relatedy, we say they understand the procedure. It turns out that these
children can often modify and adjust their procedure to solve a related but new
problem. Jaleontrast, children who have memorized a procedure they cannot
explain can seldom adjust the procedure to solve a new problem (Hiebert &
Wearne 1996):

What lessons can we learn from children about articulating theories when
doing research? First, we need to think of theories not as grand global theories
that'unify the elements in mathematics education but rather as the products of
making.explicit our hypotheses and hunches about how things work. Theories
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result from making public our private intuitions about the important elements
and relationships of the situation. They provide explanatory solutions to the
problems under study. They demonstrate that we are seeking to understand. In
this sense, theory building is a natural aspect of all research that aimsite
understand.

It is useful to note that explicit theories provide clear interpretive frameworks
for the research process. It is well-recognized now that all obsep¥ations;,all ‘data,
are theory-laden. We do not make neutral observations; our(observations are
biased by the theories we use. So the question is not whether we'useitheories but
how we use them. As N. L. Gage (1963) expressed it, resgarchers ‘differ not in
whether they use theory, but in the degree to which they dre aware 6f the theory
they use’ (p. 94). Making these theories explicit provides a way of dealing
openly with the biases that infuse our work. At the,same“time, the process of
making theories explicit keeps the light shining“dir€etly on activities that
contribute to understanding.

A second lesson from children is that making theeries explicit provides a
communication bridge with other work. It is useful forithe researcher because it
allows the study to be situated in the context oftelatediwork. That increases the
meaning and importance of the study. Communication also allows for public
debate and critique. That is especially, significant because, just as in the mathe-
matics classroom, the process of public critique is gritical for making progress as
a research community (Lakatos 1978; Phillipsyl987; Popper 1968). Developing
acceptable solutions to important problems depends on expressing potential so-
lutions as clearly and explicitly asgpossible and engaging colleagues in vigorous
critiques of them. In Popper’s (1968) words,

So my answer to the questions ‘How'do you know? What is the source or the basis of your asser-
tion? What observations have led you to it?” would\be: ‘I do not know; my assertion was merely a
guess. Never mind the source .\ if'you are interested in the problem which I tried to solve by my
tentative assertion, you may help'me'by criticizing it as severely as you can’. (p. 27)

The point is that ourthegries\reveal our tentative assertions and the more
explicit we cangbe about themgthe more useful the criticism will be.

A third lesson welean learn from children is that, in Popper’s sense, the use-
fulness of theories hasialmest nothing to do with their correctness. Theories are
useful if they areimade explicit, whether or not they eventually turn out to be
correct or widely, accepted. Explicitness, not correctness, is needed to guide the
research process‘and to communicate with others. Making mistakes is not such a
bad thinggifiwelean use them to make progress. Indeed, according to Popper
(1968), cosrecting our mistakes is the only way we can make progress. Just as
with, childrenjyerzors can be fruitful sites for exploration and for gaining new
insights,

Adfourthlesson is that well-articulated theories make the data useful. Clearly
expressed theories, or explanations, allow the research data to be interpreted
thoughtfully and used to inform decisions in a variety of settings. As children
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can modify a specific procedure for a new problem, researchers can use data
gathered in one setting to inform decisions in another setting. It is in that sense
that research aimed at understanding is the most practical kind of researeh:

Consider the example of studying the effects of a teaching innovation.
Without explicit hypotheses about what makes the innovation effective, the
study is likely to simply test whether the innovation is more effective than aytta-
ditional method. The researcher might compare the two method§'by measuring
which group of students showed the largest gain on a general achievement test.
The problem is that without a clearly articulated theorygfthese results; regardless
of which method wins, are of limited use. It is not clear whether the innovative
method would be effective with other topics, otherygroups of students, other
teachers, and so on. It is impossible to use the original data to shed light on a
new situation.

In contrast, if the aim of the study was to understand the effects of the innova-
tion, the researcher would design a different kindyof investigation to focus on the
elements hypothesized to be crucial to the outcomeyand on the relationships
between them. Hypotheses, or local theories, would point to the elements and re-
lationships to consider. Checking the success of the hypotheses provides a way
of explaining the outcomes. Although'this kind of“study is more difficult, the
results can be used to suggest how the inngvation'might be modified to be more
effective and to be effective in different contexts.

3. THE KIND OF DATA WE COLLECT

Theories are useful if they arefmadesexplicit, even if they are wrong. But the
story does not end here. Theories‘that are wrong can interfere with progress in
understanding if they aretheld too long in‘the face of conflicting evidence. That
is true in both children’s activities and tesearchers’ activities. It also is true, in
both arenas, that revisinggtheories'or abandoning them in light of new evidence
is one of the most difficult things to do.

Karmiloff-Smith (1988).repotted that children can resist so strongly giving up
their theory that"isfguiding“their problem-solving actions that they make up a
new theory that handles the counterexamples and hold both theories simultane-
ously. Sometinies)they even invent new evidence to confirm their original
theory. Deanna,Kuhn and her colleagues have reported a similar resistance to
change in a variety’ofproblem-solving contexts. D. Kuhn and Phelps (1982), for
example, founidythat, when children were solving chemical mixture problems,
the greatest impediment to progress was not the acquiring of new strategies but
rather the'abandoning of old ones. D. Kuhn, Amsel & O’Loughlin (1988) found
several ways in which children justify retaining a theory that is not supported by
the evidence. Several of those ways involve over-interpreting evidence as
confirming. For example, children interpret information showing covariation
between_vafiables as supporting their hypothesis of cause and effect, and they
interpret a'single unit of supporting data as confirming their theory.
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There are a number of interesting parallels between children and researchers.
The history of scientific research is filled with examples of theories being re-
tained in spite of critical disconfirming evidence (Greenwald, Pratkanisphieppe
& Baumgardner 1986; T. S. Kuhn 1970; Lakatos 1978). There are many reasons
for this phenomenon, including overly strong advocacy of particiilaritheories
(Greenwald et al. 1986) and pressures exerted by the social community-of're-
searchers (Campbell 1986). Evidence interpreted as confirminggis‘usually given
greater emphasis in public presentations than evidence that isydisconfirming.
Disconfirming evidence is often ignored or attributed(to faulty procedures or
measurement error. Small confirming data sets are weighted tooheavily.

Given the tendency of people (researchers and children) to confirm theories
rather than disconfirm them, what kinds of data are mostuseful? First, it must be
remembered that errors are likely, both in theory. construction afd data interpre-
tation. No sources of knowledge are completely reliable’(Popper 1968). No one
method of research nor type of data providegithelselution:“A variety of methods
(e.g. qualitative and quantitative) and a variety,0f data arc needed to provide
checks on each other. All methods should be sensitive to detecting errors, to
revealing disconfirming evidence.

A second consideration is that greater understanding may result from chang-
ing the research question from ‘Is this hypothesisitsue?’ to ‘Under what condi-
tions does the predicted effect ocgur?’ Greenwald et al. (1986) argued that the
first question is not very useful, because‘usually it will be answered yes. The
second question is better because it redirects the researcher’s predisposition to
search for confirming evidence into a search that refines the theories’ predic-
tions. The second question also defines an important aspect of understanding a
phenomenon — formulating more,complete descriptions of the conditions that
limit the reported findings/(Greenwald et al. 1986). It is interesting that
Cronbach (1986), in voicing,support for this approach, cited an example from
research in mathematics education. /Cronbach argued that Brownell and Moser
(1949) were successful dmgshedding light on an instructional approach because
they did not try to confirm/their hypothesis that “This method of subtraction is
best’ but rather@sked ‘Underwhat conditions is this method better?’

To summarize, faAogene kind of data will provide complete solutions to the
complex problems in‘mathematics education. So, no one method holds the
answers. Evidénce that both confirms and disconfirms hypotheses can be
helpful, but thedmost useful data may be data that shed light on the conditions
under which the‘hypotheses are appropriate. Information of this kind suggests
how theori€s'should be adjusted and hypotheses refined.

4. HOW WE COORDINATE THEORIES AND EVIDENCE
The activity of coordinating theories and evidence raises the research process to

a verysgonscious level. It requires reflecting on alternative explanations and
considering how well the evidence matches each one. Research that aims to
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understand phenomena necessarily involves coordination because getting better
explanations, explanations that more closely match the data, is the best evidence
that our understanding is increasing.

The lesson we can learn from children is that this coordination is not an easy.
activity and that it requires much practice. Although the seeds of the ¢eordina-
tion may be present in young children in simple contexts (Samarapungavan
1991), most children do not coordinate theory and data in moré‘complex 'situ-
ations (D. Kuhn et al. 1988; D. Kuhn, Schauble & Garcia-Mila 1992). Often
they do not see coordination as an important activity, orfthey simplyido_not think
to do it. At a conscious, deliberate, meta-level, the coordination of theories and
evidence is difficult to apply consistently.

But coordinating theories and data is essential for deepening our understand-
ing. It can serve two specific functions. First, th€feflection required by this co-
ordination serves as a powerful check on intuitions andispeculations about what
works. Education in general and mathematicg education in patticular are subject
to wildly oscillating opinions about courses of action3Without understanding the
situations in question, we have no informed Basis for making decisions or for
refuting the opinions of others. Fashion;, rather‘than,rational choice, is likely to
determine the course of action. Research aimed toward understanding and the
specific activity of coordinating theoriesyand evidence provide the kind of
reasoned and reflective check that js‘oftemneeded.

A second function of coordinating theoriestand evidence is that it generates a
cycle that continually deepens our understanding. Understanding is not an all-or-
none affair. It develops along a complicated path and over a long period of time.
The research activity that drives‘this process is one of stepping back, reflecting
on the theories (explanations),/and asking how well they fit the data. Are there
more powerful explanations that'might'be formulated?

Ultimately, the processtof coordinating\theories and evidence is a process of
warranting knowledge claims. Clairths to’know, within this chapter, mean claims
that we understand something of‘importance in mathematics education. Warrant,
according to Webster’$\Third New International Dictionary, means to give proof
of the authentieity of ‘semething, or to give sufficient grounds or reasons for
something. DeweyN(L938) argued that the process of warranting knowledge
claims is basic to allthuinan intellectual activity. It is a process that plays out
over and over in‘many ordinary daily activities.

Perhaps a mundane Jexample would illustrate Dewey’s claim. On a recent
morning, while"l was working on this chapter, I was listening to a sports-talk
program while¥driving to campus. The discussion was about the appeal of sports
because of theiricompetitiveness and uncertainty of outcome. A caller claimed
that, the reason,sports possessed these features was that all games began with the
Score of 0-0. The rather unforgiving host criticized the caller for not thinking
carefully ‘about the issue and pointed out instances where games could begin
with'scores of 00 and be very uncompetitive with no doubt about the outcome.
Using-uirterms, the caller claimed to have some knowledge about sports and
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offered a warrant for his claim. The host disputed the warrant by pointing to
some counterexamples, by presenting disconfirming evidence.

Dewey (1938) also argued that there were no differences, in principle,
between warranting knowledge claims in science, in other disciplipes, andin
daily life. Knowledge claims and warrants must be expressed clearly, they must
be connected through sound arguments, they must be matched against observa-
tions, and they must be examined carefully by peers and critics.{That is"true
whether one is warranting a claim about the competitiveness ofisports‘or about
how we learn or teach mathematics.

However, this argument does not imply that all knowlgdgeielaims and war-
rants are equally valid or equally productive in helping/tis understand. Dewey
devoted much of his work to describing the maturing process of Humans along
these lines, beginning with curiosities and the discovery and‘definitions of prob-
lems to the skillful warranting of solutions to genuinely important problems. The
maturing process in warranting claims, in coordinating theories and evidence, is
gradual and requires much reflective practice.

5. THE INTERNATIONAL RESEARCH ENTERPRISE

The principles that have been identified fof guiding research that aims to under-
stand educational phenomena are principles thatare likely to be endorsed by re-
searchers working within a variety of research'paradigms. Given the diversity of
paradigms that are popular across the international scene in mathematics educa-
tion, it is important to note that there,are still points of commonality and contact.
Although we are inclined to gmphasize differences, researchers share many
basic assumptions about the r¢search'process.

In fact, I would argue that'the shared assumptions are sufficiently fundamental
that it is possible, in principle, toyevaluate‘the warrants for claims across individ-
uals and research groupsgeven if‘these groups are located within different para-
digms. This possibility allows\researchers working within different research
cultures and traditions‘topeemmunicate with each other. Although there are
popular arguments to,the contrary (Feyerabend 1975; T. S. Kuhn 1970), I
believe the incommensurability argument often goes too far (Laudan 1990;
Phillips 1987; Siegel 1980), especially as applied to the mathematics education
research community. Pethaps we simply have used the paradigm vocabulary too
quickly and easily, and have mistaken differences for incommensurability.
Different £ultures and research traditions make it more difficult to establish
communigcation but.do not, in principle, preclude it.

Based on the conversations at the 1994 International Commission on
Mathematical Instruction study conference at the University of Maryland, I
believe the international research community in mathematics education is in the
position of working to open lines of communication that will, if pursued, be pos-
sible andgproductive. I do not believe that there are incommensurable differences
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between current paradigms of research. Evidence for this claim includes the
number of meaningful disagreements (as well as agreements) that emerged, dis-
agreements that were comprehensible to all parties. Such disagreementsywould
not even arise if we were working within incommensurable paradigms(Siegel
1980). If that is true, then to continue communication should be especially pro-
ductive because different perspectives encourage further reflection on our 6wn
interpretations. That has the potential to push our understandings/further.

The process through which communication can be sustained is,publi¢ conver-
sation and debate. Points of agreement and disagreemeiit provide bridges that
can open the conversation. The goal must be to clarify claims that we understand
and to examine warrants for these claims. This process néed not béyadversarial;
it can be engaged throughout the research process (Cronbach 1986). In the end,
however, our knowledge claims must be able o withstand the heat of public
debate and criticism. This process is essential for making progress in our
collective understanding.
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TRANSFORMING THE INTERNATIONAL MATHEMATICS
EDUCATION RESEARCH AGENDA

1. MATHEMATICS EDUCATION RESEARCH UNDER THE MIGROSCOPE

During the second half of the 1980s, the international mathematics education re-
search community was prepared to ask fundamgntal questignssabout the major
issues and methods of its field of endeavor (see, g.g.,)€harles & Silver 1989;
Grouws, Cooney & Jones 1988; Hiebert & Behrpl988; Sowder 1989; Wagner &
Kieran 1989). This questioning has continued into the,1990s, with mathematics
education researchers around the world scrutinizing the assumptions and
methodologies associated with their wosk (see;ie.gwy,Biehler, Scholz, Strifer &
Winkelmann 1994; Kilpatrick 1992471993; Mason, present volume; Secada,
Fennema & Adajian 1995; Sierpinska, 19935 Skovsmose 1994a, 1994b).

One manifestation of this interestin thefoundations of mathematics education
research was a symposium on ‘Criteria for Scieftific Quality and Relevance in
the Didactics of Mathematics’ held in Gilleleje, Denmark, in 1992. Another was
the International Commission on Mathematical Instruction (ICMI) study confer-
ence held at the University of Maryland in May 1994 in connection with the
present book.

At the Gilleleje symposiam, papers, by Kilpatrick (1993) and Sierpinska
(1993) responded to the ‘agénda set for the symposium by commenting on the
following eight criteria, which'havé been’used to evaluate the scientific quality
of education research inggeneral;‘and mathematics education research in particu-
lar: relevance, validity, objectiyity, originality, rigor and precision, predictabil-
ity, reproducibility, ‘andyrelatedness. Both papers were concerned with
discussing the meafiings these eight constructs might have in the context of dif-
ferent kinds of researchpmethodologies, and with whether these constructs
should continu€to be regarded as fundamental criteria for assessing mathe-
matics education research.

Despite the williigness of mathematics education researchers to put their
work undet théymicroscope, we believe that the debate over the agenda and
methods of mathematics education researchers has been too conservative. In the
mid-1990s _around the world well over one billion humans are attending formal
mathematics classes — in schools and other educational institutions — in which
theyfare being taught the internationalized version of mathematics. A massive
amount of money (probably of the order of US$1000 billion annually) is spent
on formalsmathematics education. Yet, the international mathematics education

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 153-175.
© 1998 Kluwer Academic Publishers.
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research community seems to have only rarely paid attention to the fact many
children around the world are still required to sit in classrooms where they un-
derstand only partially the words and symbols being used by teacherspand by
textbook writers.

This chapter calls for a radical reconstruction not only of the Antépnational
mathematics education research agenda, but also of prevailing attitudes‘towards
what constitutes good research. It acknowledges the tenor #f"SkGvsmose’s
(1994a) view that mathematics education, as both a practice and a form of re-
search, should discuss ‘basic conditions for obtaining (knowledge, ybe aware
of social problems, inequalities, suppression, and ... [be]/an aetive progressive
social force’ (pp. 37-38). Skovsmose maintains thagcritical edu€dtion cannot
support a prolongation of existing social inequalities.

Much of the contemporary theorizing and practice by mathématics education
researchers continues to take place as if mathematicsheducation itself is, and
should be, a neutral, value-free activity. Onefview, of mathematics education re-
search is that it is an enterprise conducting careful studies ‘that are informative,
in the sense that they generate share-able knowledge that is simultaneously non-
trivial, applicable, and not obvious. We,would“agree with that view, but would
add that for us mathematics educatiop researchers should pay more attention to
their role of helping to create morgfeguitable forms of mathematics education
around the world. In short, mathepiatics education researchers need to recognize
that their research ought to be both applicable’and transformative.

2. KEY QUESTIONS FACED'BY THE INTERNATIONAL MATHEMATICS
EDUCATION RESEARCH COMMUNITY

A background paper (Balacheff, Howsen, Sfard, Steinbring, Kilpatrick &
Sierpinska 1993) was preparedyin ordef to stimulate and direct the thinking of
those who would contribute to the 1994 Maryland workshop. Five key questions
were raised:

1. What is the'spegific objectof study in mathematics education?

2. What are the dims of'resgarch in mathematics education?

3. What are th€ Specific research questions or problématiques of research in
mathematics education?

4. What are the resulfs of research in mathematics education?

5. What gritéria should be used to evaluate the results of research in mathe-
matics, education?

Although these questions by Balacheff et al. (1993) are important, they beg a
number of larger questions. For example, with respect to the first question, one
might ask: ‘Should mathematics education have a specific object of study, or
should_it_bé acknowledged from the outset that there will be many legitimate
objects of study?’ Similarly, with respect to the third question, it could be
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argued that any list of problématiques of research in mathematics education
would be dangerously limiting, in the sense that it would inevitably reflect the
emphases of a particular group of people. The fifth question raises thegissue of
whether there should be clearly specified criteria for evaluating rescarchyin
mathematics education that are unique to the field of mathematics education.
Bishop’s (1992) approach was slightly different in that he identifiedythe
following five critical relationships in research in mathematics education:

1. ‘What is’ and ‘what might be’.

2. Mathematics and education.

3. The problem and the research method.

4. The teacher and the researcher.

5. The researcher and the educational system.

The text that, follows provides commentaryfoniBalacheff ef al.’s (1993) ques-
tions and Bishop’s (1992) critical relationships.

Avoiding Another Straitjacket

Although the criteria for evaluating/mathématics ‘education research expounded
by Kilpatrick and Sierpinska at the"Gilléleje Symposium, and the key questions
raised by Balacheff et al. (1993) and debatedatsthe Maryland workshop, would
seem to provide a fruitful basis for further diseussion, it is possible that such dis-
cussion could inhibit progress towards a much-needed radical transformation of
mathematics education and mathématics education research.

Our concern, expressed abgve, that any list of problématiques that might
define a research agenda for mathematies education could be dangerously limit-
ing - in the sense that suchya list would ingvitably reflect the emphases of a par-
ticular group of people —lisigiven greater credence if the influence of previous
sets of problématiques fermathematics education researchers are considered. It
is our view, for example,that, the widely acclaimed and influential book by
Begle (1979), €ritical Variables in Mathematics Education, and the equally
influential edited collection“of articles on Research in Mathematics Education
(Shumway 1980), straitjacketed thinking within the international mathematics
education reseafch community for many years.

In the editors? preface to Begle’s (1979) book the following excerpt from his
address at the First'International Congress on Mathematical Education, held in
Lyon in 1969, i§yquoted:

I see little hopeifor any further substantial improvements in mathematics education until we turn
iathematics edueation into an experimental science, until we abandon our reliance on philosophical
discussion based on dubious assumptions, and instead follow a carefully constructed pattern of
observation and speculation, the pattern so successfully employed by the physical and natural
_scientists.

We negdygto’ follow the procedures used by our colleagues in physics, chemistry, biology, etc., in
order to build up a theory of mathematics education.... We need to start with extensive, careful,



NERIDA F. ELLERTON & M. A. (‘KEN’) CLEMENTS

empirical observations of mathematics learning. Any regularities noted in these observations will
lead to the formulation of hypotheses. These hypotheses can then be checked against further observ-
ations, and refined and sharpened, and so on. To slight either the empirical observations or the theory
building would be folly. They must be intertwined at all times. (pp. x—xi)

Begle (1979) lamented the ‘lack of a solid knowledge base’ (p. 156) inimathe-
matics education, and called for mathematics education researchers to, develop
and test theories in their domain. For him, that was the only wayjahead:

Critical Variables in Mathematics Education first appeared in 1979, /towards
the close of a decade in which one particular form of ‘scientific’ research had
dominated education research in general, and mathematics education’research in
particular. This particular form of research emphasized the need for carefully
designed studies and the testing of hypothese§ Using statistical controls and
mechanisms. Constructs like reliability, validity, repli¢ability, and so on, were
defined in largely statistical terms.

In fairness, it should be said that Begle was primarily interested in arguing the
case for the need for better quality mathematics education research, for research
in which scientific methods and checks,were routinely’ employed. He certainly
should not be expected to carry the blame for the tendency of mathematics edu-
cators to equate his call for better qaality\mathematics education research with
the need to emphasize research whichhemployed inferential statistical tech-
niques. Indeed, he was only one of many.edueation researchers of his time who
displayed a preference for research involving experimental designs and
statistical analyses. It is easy in the mid-1990s to recognize that Begle was
defending a perspective on mathematics education research which would be fun-
damentally challenged in the 1980s,%but in the late 1970s most other research
methodologies, and particulafly“interpretive methodologies, were regarded as
being likely to generate only 'soft’ data forymathematics education.

Nevertheless, it is our contention)thatthe publication of Critical Variables in
Mathematics Education jeintly by the Mathematical Association of America and
the National Council of Teachers of Mathematics (NCTM) served to legitimize,
in the minds ofgmmany ‘mathematics education researchers in the United States
and in other parts 6f,the world, the notion that the ‘scientific’ approach, sup-
ported by ‘appropriate’ linferential statistics, provided the most rigorous and
useful way ahead for education research. According to Begle and Gibb (1980),
at the end of the, 1970s the field of mathematics education resembled the state of
agriculture in the United States several generations earlier. Although mathemat-
ics educatef§idrew from ‘general theories’ they had ‘no established general
theory to/provide a basis for [their] discussions’ (p. 9). Begle and Gibb (1980)
believed thathiwhat was needed was ‘the construction of edifices of broad theor-
¢tical foundations for the teaching and learning of mathematics as well as
curricula, content and organization’ (p. 9).

Begle’s (1979) call for a renewed emphasis on ‘scientific’ approaches in
mathematies education research came at a time when fundamental questions
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were being asked about whether the designed type of research, relying heavily
on the types of controls used in scientific laboratories, was, in fact, appropri-
ate to education settings (Carver 1978; Freudenthal 1979). Howewes, such
questions were hardly, if at all, raised in Shumway’s (1980) edited, collection:
A careful reading of this volume, which was published by NCTM,suggests
that at the beginning of the 1980s many North American mathematicsiediica-
tors had well and truly committed themselves to a path which{"they'expected,
would, through the application of statistical models and techniques, lead them
to grand theories that would enable mathematics @ducation topbecome a
science.!

At the Eighth International Congress on Mathematical Education (ICME-8)
held in Seville, Spain, in July 1996, the focus of one ofythe working groups
was ‘Criteria for Quality and Relevance in Mathematics Eduéation Research’.
A draft version of this present chapter was discuséed at,the first two sessions
of the Working Group, and Jeremy Kilpatrickjyawho had been one of Begle’s
students, stated, in reacting to the draft chapter, that he did not accept the
view that the Begle and Shumway publications were\as influential as we had
suggested in the chapter. He maintaingd that, in faet,the volumes represented
the end of an era, and that this wa$ recognized by mathematics education
researchers at the time. We would, disagree with this point of view, and
would argue that the authority defiving from thefact that the books were pub-
lished by the Mathematical Association‘of América and the National Council
of Teachers of Mathematics gave the books large credibility. Furthermore, the
fact that Begle’s (1979) Critical Variables in Mathematics Education
was reviewed at a series of special sessions at the fourth International
Congress on Mathematical Education (ICME-4) held in Berkeley, California,
in 1980, indicated to mathegmaties‘educators around the world that Begle’s
framework for mathematics education research needed to be seriously
considered.

James Wilson and Jeremy, Kilpatrick, both former students of Begle, became
editors of the Journalfor Research in Mathematics Education (JRME). During
the time of thejmeditorshipssmany of the articles published in JRME were of the
‘scientific’ type — inpwhich™null and research hypotheses were formulated and
tested using inferential statistical techniques. As Wilson (1994) has written, ‘a
large segment/of the mathematics education community [between 1976 and
1982, when he was Editor of JRME] had an image of JRME as totally reactive,
responding to the field with more concern for research rigor than for the
significaneg€of Tesearch problems’ (p. 2). Wilson added that ‘to many folks the
image of WJRME was quite stereotyped by statistical, methods-comparison
reSearch repotts’.

An impertant aspect of the scientific approach to education research adopted
in_the 1960s\and 1970s was the use of statistical significance testing. For two
decades now, the legitimacy of the use of inferential statistical techniques in
researehgift education, in general, has been regularly challenged, and in the
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mid-1990s there are many who are asserting, bluntly, that statistical significance
testing should never be used in education research (Haig 1996; Menon 1993;
Schmidt 1996; Shea 1996). Haig (1996) has stated that it is a major professional
embarrassment that researchers continue to employ statistical significance teésts
‘in the face of more than three decades of damning criticism’ (p./201). In the
same vein, Schmidt (1996) has challenged educators to articulate ‘even’one
legitimate contribution that significance testing has made (orfmakes) to the
research enterprise’ (p. 116). He stated that he believed it would,not be possible
to find any way in which statistical significance testingthad contributed to the
development of cumulative scientific knowledge.

Although there are still some defenders of the faithy(se¢, for'example, Bourke
1993; McGaw 1996), it is now clear that the emphases imyeducation research of
the 1960s and 1970s on theory-driven analysis (a§ 0pposed‘to theory-exploration
synthesis) was premature. Often, such research not only'uncritically accepted the
worth of largely untested theories, but it also/employed methoeds of analysis that
were based on inadequate statistical modeling and methods.

At the conclusion of Critical Variables in' Mathematics Education, Begle
(1979) included a list of goals for mathematics éducation. He also listed five
variables for research in mathematicgfeducation to“which he accorded highest
priority. These were:

1. The relationship between teacher knowledge’ of subject matter and student
achievement.

Drill.

Expository teaching of mathematical objects.

Acceleration.

Predictive tests.

whwN

Such a list reads strangely|in théymid- 1990s — the five ‘critical variables’ seem to
be very narrow in scope,

Begle’s (1979) list/focusedyresearch attention on what many would now
believe to be educationaliwastélands. At the same time, vitally important areas
of concern, suchasfthe influence of cultural or linguistic factors on mathematics
learning, seemed ‘to be Gverlooked or accorded low priority in the scheme of
things. Perhapsgthat is why, for example, over the past 15 years there has not
been, in our view, a coordinated series of investigations, among mathematics ed-
ucation researchersfifi'the United States, into how language factors impinge on
mathematie§ téaching and learning (see Ellerton & Clements 1991 for an exten-
sive review of pertinent literature).

Undoubtedly, Begle’s exhortations, and the early emphasis on statistically an-
alyzed research by the editors of JRME, reflected the mood and academic culture
of thé time. Nevertheless, we believe that in the new millennium it is important
for mathematics educators to cast off shackles of the past, while at the same time
building on’established strengths in their modes of operation.



TRANSFORMING THE INTERNATIONAL RESEARCH AGENDA

3. AN EXAMPLE OF A RECENT MATHEMATICS EDUCATION RESEARCH
STUDY THAT DOES NOT FIT THE MOLD

When we read Kilpatrick’s (1993) and Sierpinska’s (1993) papers — deliverediat
the Gilleleje symposium in Denmark — we felt uncomfortable about their eight
criteria (relevance, validity, objectivity, originality, rigor and precision, pre-
dictability, reproducibility, and relatedness) for evaluating mathematies educa-
tion research. We felt uncomfortable because we had only recently completed a
major investigation which, although definitely within(the categorysof’‘mathe-
matics education research’, did not rest easily with the eight criteria.

Our research has been reported in detail in a 400-page book €ntitled The
National Curriculum Debacle (Ellerton & Clements 1994)aThe book provides a
history of an attempt, over the period 1987-1993, by, Australian politicians and
education bureaucrats, to establish a national curricalumyWe extensively docu-
mented our argument that consultative procgssesyadopted by the politicians and
bureaucrats were inadequate. The outcomes-based cusriculum framework that
formed the basis of the nationally developed scheol mathematics documents was
not acceptable to leading mathematicians, mathematies.€ducators and mathemat-
ics teachers in Australia. In the bookf'we argued that outcomes-based forms of
education have their origins in behaviorismyand claimed, on the basis of exist-
ing literature, that behaviorist approachesyto mathematics education have rarely
been associated with quality mathematics‘teaching and learning.

One of our concerns about the eight criteria listed by Kilpatrick and
Sierpinska is it would be foolish te apply them to historical research of the kind
that we conducted unless careful thought had been given to their meanings in the
contexts of planning, conductifigsreporting and evaluating historical research.
Certainly, for example, we would"hope'that our research was relevant and valid,
but we would find it difficult to define what the words relevant and valid mean
in the context of our research. Se, far as“objectivity’ is concerned, in the fore-
word to our book, we acknowledge that there is no such thing as ‘objective’
history. Despite Kilpatrick’s (1993) point that researchers should strive for ob-
jectivity even ifsthey cannotachieve it, we wish to say that in the domain of in-
vestigation coverediby our research it is difficult to know what ‘objectivity’
might look like. In additions it would be difficult to apply the expression rigor
and precision to-our research (although we believe that our investigations were
comprehensive and thorough).

Regarding reproducibility, we recognize that although someone might seek to
replicate g@irresearch, the perspectives we brought to bear on the various issues
raised in(the book\were idiosyncratic. No one else would have chosen to carry
outpor could mew carry out, the research in exactly the way we did. From that
point ofview the issue of ‘reproducibility’ would seem to be irrelevant so far as
historical tnyestigations are concerned. Certainly, the documents we examined
and'discussed are still available, but for most historians the idea of someone else
replicating’research is not regarded as sensible. Documents can be checked, but
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the interpretations of documents and the marshaling of evidence that might per-
suade a reader to accept suggested causal links renders the idea of replicating a
historical study as nonsensical. That is not what good historians do.

Our last sentence (‘That is not what good historians do’) suggests that mathe-
matics education research can, for example, be historical research, andithat ifiit
is historical research then criteria for evaluating the quality of historical research
must apply. Of course, scholarly historians do not all agree on thécritéria which
apply to their domain, a fact which further suggests that any aftempt to specify
criteria for judging the quality of mathematics educ@tion researeh must in-
evitably result in failure. Mathematics education research can'be in the realm of
history, psychology, anthropology, linguistics, sociology, philosophy, mathe-
matics, and so forth, and there is not within-domainher between-domain
agreement on criteria for evaluating research. Hence, we must ¢onclude that any
attempt to introduce more than loose criteria, or giidelines, for assessing the
quality of mathematics education research, wouldbe foolish.

Probably, The National Curriculum Debacle wouldyfit both Kilpatrick’s and
Sierpinska’s criterion for ‘relatedness’. But, as'has been argued above, most of
the eight criteria do not really match the research We carried out. Yet we would
be adamant in asserting that the research has considerable relevance for mathe-
matics education, especially (thoughot only,) in the Australian context.

It would appear that the eight criteria éeho lists of criteria found in treatises on
how to conduct ‘scientific’ research. Our resedreh/was of an historical nature.?

4. TEN PROPOSITIONS FOR MATHEMATICS EDUCATION RESEARCH

Although we have argued above“thatiitican be unhelpful to list specific criteria
for assessing the quality\of mathematics\education research, we nevertheless
agree with Balacheftf et al.[(1993),that some consideration should be given to de-
scribing the main problématiquesiof mathematics education. The identification
of these concerns should assistymathematics education researchers to generate
specific researchyquestions:

We wish to put forward“ten propositions that, if accepted, would have major
implications for ‘those seeking to identify the special problématiques of
mathematics eddcation research.

(1) Identifying"Assumptions Influencing Current Practices in School
Mathematics

The,face of primary and secondary education around the world changed dramat-
iCally during the twentieth century. In 1900, less than 1% of the world’s popula-
tionghad gained a secondary education. Indeed, despite claims by some
histortans that ‘the nineteenth century had solidly established universal primary
educatien’g(Connell 1980, p. 4), less than 10% of the world’s population in 1900
had attended elementary schools for more than 1 or 2 years. In most countries,



TRANSFORMING THE INTERNATIONAL RESEARCH AGENDA

school mathematics programs were based on rigid, externally prescribed curric-
ula, formal textbooks, and written examinations, and it was accepted that only
the best students should continue with the formal study of mathematics
(Clements 1992).

As the twentieth century progressed, universal elementary education became a
reality in many countries, and an increasing proportion of people gained.a sec-
ondary education. Also, because of the sharp and continuous increaseyin world
population, schools educated ever-increasing numbers of children,, This‘phenom-
enon has generated important curriculum and associdted teacher-training and
professional development questions (Bishop 1993; Volminki1994).

Our first proposition calls for the identification of the underlyingassumptions
from which current mathematics curricula and ‘school mathematics cultures’
have been developed. Implicit in the proposition is the‘question: What can
be done to reduce, and ultimately eliminate, the prevalence and force of
unwarranted assumptions?

Proposition 1. Many outdated assumptions (influence the way school mathe-
matics is currently practiced. The identificationiof. those assumptions which
most urgently need to be questionedrepresents_the first, and perhaps most im-
portant, problématique of contemperary fmathematics education research.

We believe that during the twentieth centurysgn most countries, mathematics
curricula were unsuitable for the majority of secondary school students (Ellerton
& Clements 1988). More generally, the assumptions that influenced normal pat-
terns of behavior in mathematics’classrooms (represented by teaching methods,
assessment methods, and the attitudes, of students, teachers, school administra-
tors, employers, parents, etc.)/were‘inherited from nineteenth-century patterns of
schooling in leading Westerfinations such as the United States, England, France,
and Germany. These assumptions,)and“corresponding expectations for what
school mathematics programs should achieve, increasingly did not fit the new
circumstances of the twentieth century. They are likely to be hopelessly in-
adequate for thegtwenty-first,eentury.

To illustrate the/point being made, consider the case of developing nations
such as Indonesia. In“the Second half of the 1990s, less than half of Indonesia’s
school-aged children are receiving a secondary education, and only about one-
tenth enroll in any form of higher education (Suprapto Brotosiswojo 1995).
Under such circumstances it is legitimate to ask whether school mathematics
curricula infIndénesia should be designed mainly to meet the needs of those who
will go omto study\ mathematics and/or science in higher education institutions.
What kind‘of mathematics curricula for the nation’s schools are needed in such a
SituationZ,Given the dramatic expansion of formal education provision in
Indefiesia,"what kinds of initial teacher-education and professional development
programs are needed for primary and secondary teachers to enable them to cope
with thegdémands of the mathematics education programs being offered in the
nation’s schools?
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A word of warning concerning this first proposition is in order: it is unlikely
that the set of unwarranted assumptions would be culture-free. In other words,
findings with respect to Proposition 1 are likely not only to vary fromgnation to
nation, but also from culture to culture.

(2) Doing More Than Preparing Students for the Next Level of Mathematic's

The mathematics curriculum and standards of children at any| grade level have
traditionally been linked with those at the next grade (evel, and thesesexpecta-
tions have not changed much over time. It is the responsibilitjpof researchers to
question whether it is reasonable for universities to,continueto¥€xpect their
entering students to be able to do the same kind of mathematics, at more or less
the same level, as students in the past.

Many universities have introduced ‘bridging programs’ to bring ‘deficient’
students to an ‘acceptable’ level; others have chiosen simply’to fail greater pro-
portions of students. The possibility that the oldfirstsyear ‘tertiary mathematics
programs are no longer appropriate has hardly, if ever, been taken seriously.
Attempts by school systems to reformyptheir mathematics curricula have often
been opposed by mathematicians it universities, on the grounds that new
courses would not prepare students as, welljas the 9ld for first-year tertiary math-
ematics courses. This is the basis forthe second proposition.

Proposition 2. Those concerned with mathematics education need to free
themselves of the idea that preparation for higher level mathematics courses is
the main concern of school mathematics.

In particular, the quality of"mathematics programs in schools should not be
judged by how many students subsequently study tertiary mathematics (or by
how well those students who doyproceed to study first-year tertiary mathematics
perform in the mathematies,examinations at a university).

(3) Making,Language Factors a Central Concern

Our third proposition‘is imyline with comments made by Secada (1988) on how
cultural minorifies’and students in many so-called developing countries have
been tacitly regarded as deviant and marginal in much mathematics education
research. Secada pointed out that in many parts of the world it is normal to be
bilingual, €t moest mathematics education research has been with monolingual
children =with"bilingual children being regarded as ‘handicapped’, and there-
fote,likelyto need'special attention.

Secada’s point is well made. In many countries, including industrialized
Westérn countries, there are children (in some cases, a majority of school chil-
dren)"'who are required to learn mathematics in classrooms where the language
of instructiOn is not their first language. Sometimes young children sit in mathe-
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matics classrooms for years without understanding what the teacher or textbook
writer or examiner is saying. As Khisty (1995) has stated:

The teaching and learning process consists of an interaction between persons for the purpose ofide-
veloping and sharing meanings. It logically follows that language is crucial if the development of
meaning is to occur. Consequently, if we are to fully understand instructional dynamics'= andjebsta-
cles that arise in the process and constrain minority children — we must examine netenly curricalum
and classroom activities, but also classroom discourse, that is, what is said and“howjit is said.
(p. 280)

Ironically, sometimes it is claimed that in order to achieye ‘€quality of educa-
tional opportunity’ the language of instruction and thgycufriculum should be the
same for all, or most, children attending schools in the same country. This leads
to our third proposition:

Proposition 3. The implications for mathematics education of the fact that
many mathematics learners are bilingual or eyen'multilingual urgently need to
be explored.

Many linguistic factors impinge upon mathematics learning, and although
much has been done in regard to identifying,and relating these factors, more re-
search is needed (Ellerton & Clements 1991).

It would be foolish to pretend that thelanswers to questions which must be
asked will be easy to find. Take, for example; the nation in Papua New Guinea
in which almost 750 indigenous languages are spoken. Until 1995, English was
the language of instruction for all\grades in PNG schools, which meant that
young children sat in classrogms for several years not understanding of the
teacher and the textbook (Clgments & Jones, 1973). Now however, the official
policy is that in Community, Schools the language of instruction is the mother
tongue of the learners. Aldifferent/policy is in place in Indonesia, where 300
indigenous languages aregspoken. In Indonesia the national government has
decreed that the national language, Bahasa Indonesian, is to be the language of
instruction in schools (Suprapto Brotosiswojo, 1995). On the difficult issue of
language of instrugtion, mathematics education researchers need to carry out a
great deal more sensitive and detailed research than they have, up to now, if they
are to provide pértinent and helpful guidance to education policy makers.

(4) Rejecting Cultural Imperialism in Mathematics Education Policies and
Practice

What we ‘have,said of language can also be said, even more generally, of
‘culture’pBishop (1990) has argued that although many cultures have con-
tributed to“the development of the internationalized version of ‘Mathematics’,
“Western Mathematics’ has been one of the most powerful weapons used in the
impositiensof Western culture on ‘developing’ nations by colonizing powers.
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Colonialism is an attitude of mind, accepted by both the leaders and represen-
tatives of the colonizing power and by those who are being colonized, that what
goes on ‘at home’ should also take place in the colonies (Clements, Grimison &
Ellerton 1989). This ‘acceptance’ is sometimes a conscious act, but more oftenyit
is unconscious — people behave in a colonialist way simply because that is the
way they have learned to behave (Clements et al. 1989). D’ Ambrosio (1985)f in
concluding a paper in which he presented a case for a radical reyision’of mathe-
matics curricula in Third World countries, stated that ‘we should,not forget that
colonialism grew together in a symbiotic relationship @with modermpscience, in
particular with mathematics and technology’ (p. 47).

History provides a measure of support for D’ Ambtesi¢’s positiofi. The nine-
teenth and twentieth centuries provided many examples of,indigenous peoples
uncritically accepting Western forms of mathematics,as an‘esséftial component
of the curricula of community schools created by/thein,colonial supervisors.
Soon after white settlement in Australia, for gxample, the‘Colonial Office estab-
lished schools for ‘civilizing’ native Aboriginal children (Clements et al. 1989).
Arithmetic was an important subject, and arithmetic“textbooks from England
and Ireland were used. Instruction was imthe Englishlanguage.

According to Bishop (1990), the reason Western Mathematics has been so
powerful is that everyone has regarded it asyneutraly as the least culturally-laden
of all the school subjects imposgdion indigenops pupils. The mystique and
values of Western Mathematics have readilylbeen accepted by most local, in-
digenous leaders, for there is a common belief that, somehow, economic and
educational development is to be associated with these values.

Almost invariably, indigenous’children in most nations where the curriculum
has demanded they receive a Western‘version of school mathematics have strug-
gled to cope with ‘foreign’ conceptsiinherent in arithmetic, algebra, geometry,
trigonometry, calculus, Western measurement systems, and so on. A few stu-
dents have succeeded, but mostyhave become sacrificial lambs. When, finally,
independence has comegthe, newclass of indigenous rulers were often among
those who had succeeded at school — and therefore they chose to continue the
emphasis on Western Mathematics in their schools. In many countries they were
supported in theirfefforts to do this by expert foreign consultants, funded
through agencies suchias'Bnesco, the World Bank, and the Asian Development
Bank (Kitchen 4995). Ourfourth proposition is:

Proposition 4..The assumption that it is reasonable to accept a form of mathe-
matics gducation that results in a large proportion of school children learning
to feel incompetent and helpless so far as ‘Western’ mathematics is con-
cerned, ‘shouldbe rejected. Alternative forms of mathematics education, by
whichggreater value would be accorded to the cultural and linguistic back-
grounds of\learners, should be explored.

In putting forward this proposition we recognize that mathematics education
must always be political — in the sense that it inevitably imposes certain values
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on students and compels them to be involved in certain activities (Mellin-Olsen
1987; Harris 1991).

(5) Working Out the Implications of Situated Cognition Research Findings
for Mathematics Education

Our fifth proposition arises from recent ‘situated cognition’ research in mathe-
matics education. Researchers such as Carraher (1988), Lave (1988), and Saxe
(1988), have found that people in all classes and walks of life are‘capable of per-
forming quite complex ‘mathematical’ operations, despite/the fact that many of
them are not able to perform apparently similar opetations under more formal
circumstances — such as when asked to do so on pencil-afid-paper mathematics
tests. In Australia, for example, children who could easily calculate mentally
how much change they should receive from $5.00 if‘théy,were to buy a choco-
late bar for 45 cents were unable to find thgtvalue of 500.='45, when this was
presented as a pencil-and-paper task (Lovitt & Clarke 1988).

But the educational implications of this research are'not at all clear. Suppose,
for instance, there were 3 street ‘candy,sellers’ ifipagmathematics class of 35
junior secondary students in a school in Brazil. How can the ordinary teacher be
expected to know the special calculation abilities '0f these 3 children? After all,
the teacher teaches quite a few differenficlasses /And, even if the teacher did
know of the special calculation abilitiesiof the 3 children, how should that
influence the teacher’s normal class planning'and teaching methods? There are
32 other students in the class, and no doubt many of these also have special situ-
ated mathematical knowledge (relating, for example, to sporting interests,
gambling practices, etc.).

Intuitively, mathematics educators‘areinclined to believe that situated cogni-
tion research should sendiiimportant messages to mathematics teachers and
mathematics curriculum developers. But at present it is not clear what these
messages are. Future researeh needs to be directed more at exploring the class-
room implications of whatgs now a well-known phenomenon.

Proposition 5. Theésmplications of situated cognition research for mathemat-
ics curricula, and forithétéaching and learning of school mathematics, need to
be investigatéd'in creative ways.

With respect to.Proposition 5, we do not think that controlled experiments, in
which artificial €ducation environments are created, would be helpful.

(GmReconceptualizing the Role of Theory in Mathematics Education Research

Wegbelieve that some influential mathematics educators have been beguiled by
the“idea of mathematics education research becoming a science. There has been
a views=goften expressed publicly by powerful figures in the international mathe-
matics education research community, and applied in the refereeing of journal
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articles and research proposals — that the spectacular achievements of theory-
driven research in the physical sciences will be possible within the domain of
mathematics education when adequate theories are developed.

It needs to be recognized, however, that the definition of the term theory, and
the role of theory (whatever it means) in mathematics education researeh, is not
something on which all education researchers agree. Those who prefer to, work
from existing theories tend to justify their approach to research”by. referring to
metaphors (such as workers ‘building a wall’, by continually adding new
‘bricks’, the final aim being to complete the ‘wall’ ufider construction). From
our perspective, many of the theories — and the metaphorsisedyto support these
theories — are simplistic and have received more attention than they deserve.
Furthermore, because some theories, and associated ‘models’ (another loosely
defined term), have become so widely accepted @nd used, they have come to be
regarded as being objectively ‘true’, despite there beingyconsiderable evidence
that they do not apply in many contexts.

The preference for theory-driven, theory-confirmingyresearch has gone so far
that funding bodies in the United States have instructediassessors of proposals to
deny funding to applicants for grantsgwho have'netselaborated well-defined
theoretical bases for their proposed research.

We wish to assert that the domain of mathematies education is not controlled
by culture-free laws that can be/progressively/identified through research.
Mathematics educators should emphatically reject descriptions of mathematics
education as being at some point in a sequence from ‘myths’, to ‘traditions’, to
‘model building’, to ‘paradigm sglection’, to ‘scientific revolution’ (Romberg
1981, 1983).

Unlike many others, we do not,see ‘theoretical positions such as are associated
with the van Hieles levels of learning, the SOLO taxonomy, certain information-
processing models for additive and subtsactive task situations, and complex
models for explaining rational nimber concept development in children, as having
significantly enhanced theyquality“of international mathematics education research
over the past two decades. However, powerful figures who have insisted that re-
search based ongsuch theoretical models is superior to research in which more ex-
ploratory approachgstate preferred have succeeded in creating a mindset within an
influential section of the international mathematics education research community.

The view that‘mathematics education research should resemble scientific re-
search has resulted in theoretical structures being conjectured and much data
being generated‘in an attempt to confirm or partly confirm proposed theories.
Thus, forg@xample, Riley, Greeno & Heller’s (1983) information-processing
model foryexplaining how children process ‘change’, ‘combine’, and ‘compare’
addition and'subtraction word problems has been enormously influential. Yet
Riley etqal.’s (1983) study which supported the theoretical model involved
small, fairly select samples, as have most subsequent investigations based on the
same theory,

Onesdifficulty with such an approach is that the theories can all too quickly
become sét in stone, and counter results are all too easily ignored. Thus, for
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example, although Del Campo and Clements (1987), and Lean, Clements & Del
Campo (1990), produced data which demonstrated beyond doubt that the Riley
et al. (1983) theory did not stand with Australian and Papua NewgGuinean
children, that does not seem to have had any effect on subsequent writingsiof
American researchers (Fuson 1992; Hiebert & Carpenter 1992).

According to Secada (1988), theories purporting to explain the development
of addition and subtraction are ‘coherent but incomplete’ (p.#33). They have
been based on research that attended to majority cases. By excluding“minority
children from its findings, such research legitimizes an ongoing viewsof such
children as deviant.

We would go even further than Secada on this mattér, by asking: Who is
‘normal’? And to which populations can one generalize from.a study that, for in-
stance, involved mainly middle-class Anglo-Saxon children, Somewhere in a
university town in an affluent Western nation?

Proposition 6. The idea that the best mathematics’education research is that
which is based on a coherent theoretical framework should be subjected to
careful scrutiny. Furthermore, popular existingptheories for which strong
counter data have been reported, should either_be abandoned immediately, or
substantially modified.

We are not saying that logical classificationg§chemes, such as the ‘Change,
Combine, Compare’ system (for additive and'subtractive arithmetic word prob-
lems), and the Newman interview; approach (for analysing written responses to
mathematics tasks), have not had beneficial effects. We are saying that research
rigidly based on generalization§yfromyspeculative theories that do not stand the
test of multicultural invegtigations can‘be,dangerously limiting.

Rhetorical statements sich as Kurt Lewin’s ‘there is nothing as practical as
good theory and nothing 'asitheeretical“as good practice’ are often thrown at
those who argue that atgheypresent moment mathematics education needs more
reflective, more culture-sensifive, more practice-oriented, and more theory-
generating research, and lessstheory-driven research. Although we would accept
the second part of Léwin’s statement (°... there is nothing as theoretical as good
practice’ — see Propositiom8, below), we would wish to put forward an alterna-
tive to the first'part of Lewin’s statement. Our alternative statement would
begin: ‘In mathematics'education there is nothing so dangerous as speculative
theory based on'data deriving from a single culture’.

(7)Reveloping a New Epistemological Framework for Mathematics
Education Research

Ourfseventh) proposition concerns the need to establish an epistemological
framework? for mathematics education research. We believe that mathematics
educatiengfesearch will be most informative if attention is given to bringing
together the literature on (a) the histories of mathematics and mathematics
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education; (b) mathematical understanding and achievement in different cultures;
(c) influences of culture on young (preschool) children’s conceptions of mathe-
matics; and (d) the impact of schooling on learners’ conceptions of mathematics.

An example of the type of research we are contemplating was providediby
Clements and Del Campo (1990) who, in attempting to answer ghe question
‘How natural is fraction knowledge?’, provided commentaries on three bodies of
literature which had a bearing on this question. These were (a) the‘history of the
development of fraction concepts; (b) what is known about theyraction knowl-
edge of cultures outside the dominant Western Europedn tradition; ands(c) what
is known about how very young children seem to acquire fraction concepts, and
how that is influenced by culture. This approach couldybe/extended, from merely
covering fractions to every significant theme in mathematics.

Proposition 7. A suitable framework for achieving'a mere unified and system-
atic approach to mathematics education rgseateh is needed. One possible ap-
proach would focus on coordinated research'progeams that linked (a) the
histories of mathematics and mathematics education; (b) mathematical under-
standing and achievement evident an_differentycultures; (c) influences of
culture on young (preschool) children’s conceptions of mathematics; and
(d) the impact of schooling on learhers’ ¢onceptions of mathematics.

A framework based on Proposition 7 wouldinef be unduly restrictive, for most
existing research in mathematics education could comfortably be located within it.

(8) Questioning the Basis for‘Assessing Achievements in Mathematics

Evaluators of mathematics education programs, and those responsible for the
conduct of national and'\international mathematics achievement surveys and
mathematics competitions; are’still\inclined to regard achievement on pencil-
and-paper tests as fundamentally“important. Thus, for example, researchers in-
vestigating the effectiveness of\outcomes-based education approaches to school
mathematics have used penciléand-paper tests to define operationally the main
dependent and tndépendent variables (Sereda 1993). So too have researchers
comparing the mathematiesyprograms in schools in the United States and some
Asian nations (Stigler & Baranes 1988).

Yet, researchyhas generated data suggesting that students who give correct
answers to items.on So-called ‘valid’ and ‘reliable’ pencil-and-paper mathemat-
ics tests spmetimes have little or no understanding of the mathematical concepts
and relatienships the tests were designed to measure (see, e.g., Ellerton &
Clements 1995). That seems especially likely to be the case with tests consisting
6t multiple-choice items. A large research study into this question, jointly super-
vised by the authors and carried out in Thailand by Thongtawat (1992), found
that'the proportion of students who gave correct answers to multiple-choice
mathematics items but who did not understand the mathematical concepts and
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relationships involved in the items, was much higher than that for corresponding
short-answer but not multiple-choice items. Thongtawat also found that students
who scored poorly on a test could sometimes have a good conceptualggrasp of
the material which the items covered.

Proposition 8. Closer research scrutiny needs to be given to the issue‘of how
achievement is best measured in mathematics, and pressure should be exerted
on education systems, testing authorities, and mathematies competition
directors to apply the findings of this research.

In other words, mathematics education researchers\shoblld beginito pay more
than lip service to the truism that, in education, what isyassessed is what is
valued, and what is valued is what is assessed.

The issue of equity in mathematics education js inextricably linked with
methods of assessment. As Nettles and Bernstein,(1995)have stated, ‘the dual
issues of improving the ways student performance is‘measured, and eliminating
the racial and socio-economic gaps on whatevef measures are used, are enduring
ones for policy makers to address in the jears ahead’(p<6).

(9) Establishing Research Contmunities which,Value All Participants

None of the above propositions touches on théymportant issue of who should be
involved in mathematics education research, and in what ways. Bishop and
Blane (1994) have argued that research problems and questions need to be
couched in terms within the partiCipants’ sphere of knowledge, thereby offering
the dimensions of generality which make the difference between research and
problem solving. Theory will énterthrough the lenses of the participants’ knowl-
edge schema, and ‘insofafya$ these schema involve connections with published
theory, so will that theory play apart in shaping the research’ (p. 63).

Action research that attempts“to’maximize the potential contributions of all
participants in a research exercise, at all stages of the exercise — including the
design and reporting stageés,—and that aims at achieving improvement through
cooperation, has'nofibeen as'widely used in mathematics education as it might.
Yet reports of sucCessful action research projects in mathematics education have
been published (see, for example, Ellerton, Clements & Skehan 1989; Tan Sean
Huat & Sim Jin‘Tan 1991). A study by Desforges and Cockburn (1987) suggests
that unless we tap inf6 the wisdom of practice, and incorporate this wisdom gen-
erously intefmathematics education research, teachers will simply not listen to
the admonitions‘and theories of remote, self-designated ‘expert’ researchers in
mathematics eéducation.

Préposition 9. Practising mathematics teachers need to be involved, as equal
partners, in/action research projects, and the theoretical assumptions and prac-
ticalapproaches in projects should not be predetermined by outside ‘experts’.
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Just as center-to-periphery models of curriculum change are likely to be ac-
tively resisted by teachers, so too are recommendations emanating from research
carried out by persons who are perceived, by teachers, to be too remotegoyunder-
stand the pressures shaping what is possible in school mathematics|programs
and classrooms.

In relation to Proposition 9, it needs to be recognized that the term<action
research has been used in several ways in the literature, and that/some education
researchers regard it as little more than teachers reflecting on aspects of their
practice. Other education researchers seem to believe that any researeh’ project
which involves practicing teachers can be regarded as action résearch. From our
perspective, both of these represent inadequate views, of action résearch. We
accept the definition of action research put forward by Keémmis and McTaggart
(1988) as a form of collective self-inquiry undertaken by partiCipants in social
situations in order to improve the rationality and justicéyof their own social or
educational practices, as well as their understanding of these practices and the
situations in which these practices are carried out-“Groups of participants can be
teachers, students, principals, parents and other community members — any
group with a shared concern. The appreach is‘onlyyaction research when it is
collaborative, though it is importanto realize that the action research of the
group is achieved through the critically éxaminedyaction of individual group
members.

Particular emphasis is placed on the notionyef collaboration between partici-
pants, all of whom are active professional individuals who have common concerns.

(10) Making the International Mathematics Education Research
Community Truly International

There is a need to end théyEurocentric/North American domination of mathe-
matics education researchiwhichyhas emerged over the past three decades. For
example, most of the _keynote“speakers at the annual conferences of the
International Group for the Psychology of Mathematics Education Research
(PME) have been, fromNosth@America or Continental Europe, and only rarely
have more than afhandful“of participants from Bangladesh, China, India,
Indonesia, Korea, Pakistany Vietnam, the Philippines — and indeed all other
Asian nations @gxcept Japan — attended. Yet these last-named Asian nations
contain half theyworld’s population. It is simply not good enough to say that
PME conferences are open to whoever wishes to attend — often those interested
in mathematics @ducation in these countries are not aware of international math-
ematics education conferences, and even those who are, are unable to find the
money neededyto go.

Proposition 10. The present international mathematics education research
community needs to move proactively so that full and equal participation is
possible”for mathematics educators in countries that are currently under-
represented in the community.
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Among the issues requiring resolution are the need to: (a) identify funding
sources which will assist mathematics educators from all countries not only to
attend, but also to participate actively in, important mathematics education con-
ferences on a regular basis (Unesco, the World Bank, and the Asian Development
Bank may be able to help); (b) foster quality research by teams ofiresearchers
containing a judicious mix of experienced and inexperienced mathematics-eduica-
tion researchers from different countries; (c) develop agreementsbywhich the re-
porting of this research will give local researchers full credit; and,(d) expand the
set of nations in which important mathematics education conferences'aresheld.

5. CONCLUDING COMMENTS

The issues raised in this chapter need to be confrofited usgently by the interna-
tional mathematics education research community. A careful reading of our ten
propositions will reveal that collectively they emphaSize the need for the inter-
national mathematics education research community to: (a) examine fundamen-
tal assertions currently driving reseapeh _activitiesyinémathematics education;
(b) give due accord to how linguistic/and cultural factors influence mathematics
education; (c) question whether it isshelpful,to work towards the developments
of ‘grand theories’, on the assumption that mathematics education is progressing
towards being a science; and (d) demonstrate aygreater respect for the wisdom of
practice deriving from the classroom knowledge and the action-oriented theories
of practicing teachers of mathematics in different countries around the world.
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NOTES

I. This was.the case, despite the existence of North American mathematics educators — such as Les
Steffedand Robert Davis — who, in 1980, were clearly seeking to carry out scientific mathematics
education research without a heavy use of statistical analyses.

2. In Julygel996, Jeremy Kilpatrick stated, in reacting to a draft of this present paper at the Working
Group on ‘Criteria for Quality and Relevance in Mathematics Education Research’ (at ICME-8), that
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there was never any intention for the eight criteria to be applied to historical research. Rather, he
said, the eight criteria were meant to apply to ‘scientific’ approaches to mathematics education re-
search. This comment by Kilpatrick raises the issue of the nature of ‘scientific- research’ in the
context of mathematics education.

3. At the July, 1996, Working Group on ‘Criteria for Quality and Relevance j
Education Research’ (at ICME-8), reactors to a draft of the present paper argued that Pr
and 7 seemed to contradict each other in the sense that the ‘framework’ sugge
was, in fact, a ‘theory’. However, a framework for discussion is hardly a theo
the meaning to be given to the term ‘theory’. ‘

again, is
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JUAN D. GODINO & CARMEN BATANERO

CLARIFYING THE MEANING OF MATHEMATI
OBJECTS AS A PRIORITY AREA FOR RESEA
MATHEMATICS EDUCATION

TIO ANING
The specific aim of mathematics education as'e arch is to study the

factors that affect the teaching and learning of tics and to develop
programs to improve the teaching of math Ino o accomplish this
aim mathematics education must consider th ions of several disci-
plines: psychology, pedagogy, sociology, phil . However, the use of
these contributions in mathematics e tion

1. THE NATURE OF MATHEMATICAL OBJECTS: THE

nt. Such epistemological
analysis is essential in mathemati it would be very difficult to
efficiently study the teaching and learn

objects.
questions such as:
o What is the nature of mat

e What roles are playe:
development of mathe:

e Is mathematics disc or ?

o Do formal definitio d statements cover the full meaning of concepts and

® What is the ro d, e meaning of mathematical objects, by their rela-
tionships with oth ts, the problems in which they are used and the dif-

proposition
ferent symb epresentations?

It must also e the complexity of these questions and the variety of
possible 3 % As A. Dou says in the preface to Caifién’s book (1993), ‘The
()

matical entities and, even more so, their epistemology is
credibly disparate way and it still remains a mystery’ (p. 14).
also stated, ‘it was never possible to agree upon what in fact math-
ies are’ (p. 147). The acknowledgment of the difficulty of the ques-
oes ngt mean, however, that attempts at their clarification should be given

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 177-195.
© 1998 Kluwer Academic Publishers.
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up. We think it is important to address them if some progress is to be made in
the setting of a coherent research program aimed at defining the field of research
in mathematics education.

The essential role of the study of the meaning of mathematical objects
for mathematics education is emphasized, amongst others, by Balacheff
(1990), who stated: ‘A problem belongs to a problématique of researchl of
mathematics teaching if it is specifically related to the mathematicalymeaning
of pupils’ behavior in the mathematics classroom’ (p. 258). Sierpinska
(1994) stresses the close relationship between the fiotions of meaning and
understanding.

However, within this area of knowledge there is Ya,lack of“explicit theories
regarding the meaning and genesis of mathematical conecepts and procedures ac-
cording to newer tendencies in the philosophy of mathemati€s (Wittgenstein
1953; Lakatos 1976; Kitcher 1984; Tymoczko 19863Ernest 1991; Dossey
1992).

In this paper we present a theory of the nature’andymeaning of mathematical
objects (concepts, propositions, ...), which takes into account their epistemolo-
gical and psychological dimensions. This theoretical framework is applied to
frame certain basic research questions/in mathematics education.

The theory of the meaning of mathematieal objéets that we present has an in-
trinsic kinship with Chevallard’g"anthropological approach to mathematical
knowledge (especially his ideas of objet and rapport a I’objet (1991, 1992)) and
Wittgenstein’s doctrine of ‘meaning as use’ (1953), as interpreted by Kutschera
(1971), McGinn (1984) and McDonough (1989). Our educational perspective
and integrative intention lead us‘toycomplement these approaches with theoret-
ical elements such as personalfer.mental objects, in line with a psychological
epistemology (Kitcher 1984)/and"the‘psychological theory of situated cognition
(Brown, Collins and Duguid 1989).

We highlight the view.of miathematical objects as signs of cultural units,
whose systemic and complex nature cannot be described merely by formal
definitions when the perspgctive taken is that of the study of teaching and learn-
ing processes. Based on this,viéwpoint, we intend to explain some learning mis-
conceptions and diffieulties, not only in terms of mechanistic mental processes,
but by recognizing the complexity of meaning and the necessarily incomplete
teaching procegses'in schopls.

Finally, we 'shall study the possible effectiveness of the presented theoretical
system in formulating a problématique of research in mathematics education in
which thesCenter, of interest in studying meaning and understanding is shifted
from the{mental“processes to the institutional and cultural contexts. This change
of)perspectivéphas been proposed in philosophy of language by Wittgenstein, in
psychology. — by authors following the cultural psychological trend which also
emphasizes the idea of meaning (Bruner 1990), and, within mathematics educa-
tion, by ethnomathematical studies (e.g. Bishop 1988; Nunes 1992; D’ Ambrosio
1994)-
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2. INSTITUTIONAL AND PERSONAL MEANING OF MATHEMATICAL OBJECTS:
A PRAGMATIC AND RELATIVIST THEORY

According to the aforementioned tendencies in the philosophy of mathematies;
the epistemological and cognitive assumptions that serve as a pasiSyfor our
theory are the following:

(a) Mathematics can be seen as a human activity involving the,solution of so-
cially-shared problem-situations, which refer to the real or‘socialyworld or
which are within the realm of mathematics itself. As aresponse or solution
to these external and internal problems, mathematical objects (concepts,
procedures, theories, etc.) progressively emerge andevolve. People’s acts
must be considered, therefore, as the genetic_source 6f mathematical
conceptualization — in line with the Piagetian constraetivist theories.

(b) Mathematical activity creates a symbolicplanguage in which problem-
situations and their solutions are expressed,Jhe systems of symbols, as cul-
turally embodied, have a communicative function‘and an instrumental role,
which changes the person himselfgor herselfjpwhen using the symbols as
mediators (Vygotsky 1977; Rotman 1988).

(c) Mathematical activity aims, among others, atithe construction of logically
organized conceptual systemg:“The logical organization of concepts, theo-
rems, and properties also explains the/greatnumber of problems involved in
the learning of mathematics: A system cannot be simplified into a sum of
isolated components because jwhat makes it a system are exactly the inter-
relationships between the components.

It is thus necessary to distingtiish“two'interdependent dimensions in the genesis
of mathematical knowledget the personal (subjective or mental) dimension and
the institutional (objective, contextdal) dimension. Given that subjects grow up
and live within differengginstitutions, their knowledge is mediated by the pecu-
liarity of the corresponding cohntextual knowledge. It is important to recognize
that mathematies, as a‘cultural(reality (Wilder 1981), adopts different ‘ways of
life and of operation’, within“different human groups. Nevertheless, we should
recognize the dominant andscontrolling role of the formal and logical deductive
organization adopted by)mathematics in the institution of the ‘producer of
knowledge’, mainly dugito its effectiveness in setting and solving new problems
and in communiecating the solutions.

Hence, g#¥e réecommend considering the objects and their meanings in a rela-
tivistic way, withirespect to different institutions (in a sense that will be described
later, in the chapter). This will allow us to better appreciate the adaptation (or
transposition didactique, as Chevallard puts it) and mutual influences that mathe-
mati€al objects undergo as they are transmitted between people and institutions.

Below, weg have defined the theoretical concepts of practice, objects (personal
and institdtional) and meaning by adopting, as a primitive, the notion of



JUAN D. GODINO & CARMEN BATANERO

problem-situation, attempting to make evident and operative the aforementioned
triple nature of mathematics, the personal and institutional genesis of mathemat-
ical knowledge and the mutual interdependence between the latter twogThe pre-
sentation of the theoretical notions using a definition format does not intendte
establish any ‘axiomatics’ for the complex ontological and epistemological
issues that are raised. The definition format has been used in the aim of express-
ing our thoughts in a precise way and facilitating the analysis and"debate, thereof.
The concept of statistical association has been chosen in orderito illustrate the
proposed theoretical model and make it less abstract aid more generies’A more
detailed presentation of the framework can be found in Godino and Batanero
(1994), where the concept of mean had been used aSyan6ther examiple. In this
chapter, the implications of the theoretical framework are extended and system-
atized from the point of view of developing a fesearch agenda for research in
mathematics education.

Mathematical Problems, Practicés and Institutions

Our theoretical system is based on thé¢'notion of preblem-situation. We think
that this notion takes into account thefmain components of the activity of mathe-
matizing as described by Freudenthall(1991);~and the three types of situations
proposed by Brousseau (1986)" (action, fermulation/communication, and
validation).

We shall assume that, for any given person,.a problem-situation is any type of
circumstance in which mathematiging activities are needed.

As examples of mathematizing actiyities we could highlight:

e building or looking foRpassible solutions that are not immediately accessible;

e inventing an adequate Symbolizatigfi'to represent the situations and the
solutions found and to communicate these solutions to other people;

e producing new meaningful,expressions and statements through symbolic
manipulations; '

e justifying (validating orarguing) the proposed solutions;

e generalizing the'solution to other contexts, problem-situations and procedures.

These activitiesare not testricted to mathematics, but they become mathematical
if mathematical‘gbjeets, such as numbers, geometric figures, functions, logical
reasoningsg@teiytake part in them.

We are\not trying to define the notion of problem-situation here, but only to
explain it Imyfact, in our case, as we aim at defining the notions of object,
meaning_and understanding in mathematics, we need to consider the notion of a
mathématical problem-situation, or mathematizing, as primitive.

The generality that we attribute to the notion of mathematical problem-situation
is motiyated by our desire to integrate the invention, application and diffusion
contexts in the same epistemological model of mathematical knowledge.
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Problem-situations do not appear in isolation, independently from one
another, rather they constitute classes of interrelated problem-situations, sharing
similar solutions, representations, etc., which we shall call problem fiel

We consider the notions of problem-situation and problem field

fact, problem-situations if the students have no trivial and imn
what they are asked to do. o
Let us consider the following item as an example of a pr ituation:

Problem I: In a medical center 250 people have been d i
mine whether the habit of smoking has some relz‘1 1p

The following results have been obtained:

der to deter-
nchial disease.

Bronchial disease Total
Smoker 150
Non-smoker 100
Total 250

tistical variables. It is a parti i e problem field from which has orig-
inated the notion of stati iatignd This concept extends the notion of
functional dependence to cas ich the independent variable does not de-
termine a unique value frequency distribution for the dependent variable.

We might enunciat r similar situations by changing the context, the in-
tensity of the .e en een the variables, the numerical values of the
frequencies, etc. d also increase the number of rows and columns or
consider other t 0 les, such as, for example, inquiring into the linear
correlation between twoyquantitative variables.

The data of suggest the following problem from a different field:

g that the data of Problem 1 have been drawn at random from
what would be your estimate of the proportion of smokers in
ould you give an interval for the variation of the proportion of
population, with an error probability smaller than 5%?

and other similar problems, for example, the question of deciding
estimation is optimal, in what sense it is optimal, or the problem of
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computing the sample size necessary to produce a confidence interval of a given
size actually belong to a different problem field — the field of estimation of
parameters.

What actions could be carried out by people without specific knowledgelof
statistics to solve this type of problems? In our research (Batanerofet al. 1996)
we proposed the contingency table problem to a sample of 213 students, without
instruction in this subject. Some of them compared the ratio of bfonchial disease
in the smokers (90/150) with the ratio of bronchial disease in non-smokers
(60/100) and, as these ratios were identical, they argued'that there wassno rela-
tionship between the two variables in the given sample,/which is the correct
answer (let us denote this ‘way of solving’ or practice by P1). Other students
also obtained the correct answer by comparing the\proportion’of bronchial
disease in smokers (90/150) with the proportion @f)bronchial disease in the total
sample (150/250) (P2). Another practice, (P3), was t6.compare the ratio between
the number of people with bronchial disease/andythe number’of people with no
bronchial disease in smokers (90/60) with the same ratio in non-smokers
(60/40). )

The processes of solving problems frem this‘problem field require relating or
operating with mathematical objects such as frequencies, ratios, totals, etc. or
identifying previously built objects gatisfying some,given conditions. Situations
and practices of this kind are essential fonthe building of the concept of statisti-
cal association. In general, the basic role‘of theyactivity — in its wider sense — for
building mathematical objects is synthesized in Definitions 1 and 2.

Using these and the following definitions, we try to build a theoretical model
that allows us to distinguish the‘subjective and institutional dimensions of
knowledge, meaning and understanding in mathematics, as well as to point out
the relationships between both dimensions. Furthermore, we propose to base our
epistemological model forymathematics on the activity of subjects involved in
problem-situations, mediated bypsemiotic instruments provided by institutional
contexts.

DEFINITION Ja Let us_call practice any action or manifestation (linguistic or
otherwise) carried out.by somebody to solve mathematical problems, to commu-
nicate the solution to‘ether,people, so as to validate and generalize that solution
to other contexts.and problems.

These different'types of practices (action, formulation/communication, and
validation)dattempt to consider the category of situations that generate forms of
mathematical knowledge as described by Brousseau (1986).

Concrete and abstract objects intervene in mathematical practices and they
€an be represented in textual, oral, graphical or even gestural form.

Infgeneral, rather than in one particular practice for solving a specific
problem, wejare interested in types of practices, that is to say, in the operative
invariantsgshown by people during their actions concerning problem-situations.
These invariants shall be called prototype practices. Generally, for each problem
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field and, in principle, for each person, we can identify a system of prototype
practices.

The development of mathematical activity carried out by people involved in
problem-solving is not usually a linear and deductive process. On the contraryjit
is fraught with failed attempts, trials, errors, and unfruitful procedtresythat are
abandoned. Thus, we consider that it is necessary to introduce the notioff of
meaningful personal practice:

DEFINITION 2: We say that a practice is meaningful (or that'it makés sense)
for a person if, for that person, this practice fulfills a function in solving a
problem, or in communicating the solution to anothér,pérson, er in validating
and generalizing the solution to other contexts and problems.

Generally, problem-situations and their solutions afe soeially-shared, that is to
say, they are linked to institutions. For examplejdifferent collectives are inter-
ested in studying statistical association problemsyThe contingency table
problem, or some variation thereof, could be of interest'to ‘secondary school stu-
dents’, ‘university students’, ‘medical, researchers’s ‘public health chiefs’,
‘applied statisticians’, etc. Each of thgSe groups has different aims and uses dif-
ferent tools for solving these problems. Whilst for'secondary school students the
descriptive study is sufficient, atthe university, Students must apply the Chi-
square test of independence. Practices P1°to P3ywould be considered insufficient
to solve the problem at the university level. Applied statisticians and researchers
would have statistical packages available and would include other different vari-
ables in the analysis, to evaluate ‘Wwhether the empirical association could be
influenced, or not, by these othgrvariables.

These groups of people are examples of institutions in which problem-
situations are dealt with Using specific aims, tools and practices, and so they
constitute differentiated epistemological“formations. Therefore, we propose the
following descriptionsgoefythe notions of institution and system of social
practices.

DEFINITION 3:" Arnstitution (1) is constituted by the people involved in the
same class of problem=situations, whose solution implies the carrying out of
certain shared $ocial pragtices and the common use of particular instruments
and tools.

We shall uSe theyname of mathematical institution (M) for people involved in
solving new mathematical problems, i.e. for the producers of new mathematical
knowledge. Other institutions involved in mathematical problems are applied
mathematicians, scientists, technicians, teaching institutions, etc.

AsS has'been shown in the example, specific practices for solving a problem
Jreldare carried out within different institutions. It is essential to consider the set
of suchepraCtices from a systemic perspective, with the aim of inquiring into its
main components and structure. In teaching institutions, this information should
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be used as a reference universe for selecting representative samples of teaching
and assessment situations.

DEFINITION 4: The system of institutional practices of an institution I linked
to a problem field C, is constituted by the meaningful practices tonsolve C,
shared within I.

The social nature of these practices implies that they are observable.“"As exam-
ples of social practices, we may quote: problem descripfions, symbolic represen-
tations, definitions of objects, statements of propositionspand procedures
characteristic of the problem field, argumentations. We shall denote’ the system
of institutional practices by Py(C).

Institutional and Personal Objects

Examples P1 to P3 of students’ actions in the solvingiprocess of the contingency
table problem constitute the phenomenological substratum for students’ intuitive
conceptualization of statistical association. Forlexample, when a particular
student uses practice P2 it is becausg he or she supposes that the relative fre-
quency distribution for the dependent,variable mustchange in the case of depen-
dence when we restrict the samplg™to a given valge of the independent variable
(smokers). This practice is, for different‘peoples an operative invariant for this
type of problem. Its mathematical formalization is expressed in the following
definition for independence: ‘Independence between two statistical variables, A
and B, means the invariance of the distribution of B when conditioned by a
value of A’. The operative inVariants linked to P1 and P3 lead to different
characterizations for statistical"association.

When widening the scope of the contingency table problem, more complete
mathematical procedures wouldybe needed. For example, testing hypotheses con-
cerning association requizes,completing the Chi square test or the Fisher test. The
measures of association (PHI, Contingency C and V, Goodman Lambda, etc.)
have been created to assign,a.dégree to the intensity of association. Therefore, the
concept of association has“emerged and evolved progressively over time and
practices created to selveiproblems. It has also generated some related concepts,
such as multipléfop partialjassociation. Moreover, it has been the basis for devel-
oping new problem fields and tools for solving them. For example, the problem
of geometrical represéntation and reduction of dimension in multivariate data was
solved using theyeorrelation coefficient and led to factor analysis techniques.

This precess has a general character: mathematical objects are abstract entities
that.emerge progressively from the socially-shared system of practices, linked to
the activities of solving a given field of mathematical problems. According to
Morin (1977), the notion of emergence means that the overall product of the ac-
tivities that form a system has its own qualities which produce feedback from
the actiyiti€s of the system from which they cannot be separated.
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Since practices may vary from one institution to another, we must give the
object a relativity with respect to institutions. In our example, the concept of as-
sociation is very different for applied statisticians and for secondary seheol stu-
dents because the things that the students are able to say about association‘andyto
do in association situations are very limited. Thus, we propose the following
definition:

DEFINITION 5: An institutional object O, is an emergent of thexsystem.of social
practices linked to a problem field, that is to say, anfémergent ofsR(C). The
elements of this system are the empirical indicators of O,.

The emergence of the object is progressive over time. At any, given time the
object is recognized as such by the institution, butieyen afterwards it undergoes
progressive transformations as the problem fieldiwidens. The institutional
objects are the constituents of the objective knowledge in‘the/sense described by
Ernest (1991).

The progressive nature of the construction of scientific objects has its parallels
in the learning by the subject and in the inventiompefmew mathematical ideas.
‘Not only in its practical aspects, butfalso in its_theoretical aspects, knowledge
emerges from problems to be solved.and Situationg,to be mastered. It is true for
the history of science and technologiesiit is alsg true for the development of
cognitive instruments of young children*(Vergnaud 1982, p. 31).

During the learning process, students may develop some practices that do not
coincide with those considered appropriate by ‘the teaching institution.

Practices P1 to P3 are examples,of correct practices for solving the contin-
gency table problem, from the point of view of the descriptive study of associa-
tion (there is no inference from this'sample to a wider population). But some of
our students used procedufes that were Statistically incorrect, even from the
descriptive point of view, as‘in the following cases:

e P4: Using only the gell of sihokers with bronchial disease (90), to reason that
there is dependence'between the variables, because this frequency is
maximum.

e P5: Basing a judgmentenly on the frequencies in one row or one column of
the table; fofiexample, reasoning that there is dependence between the vari-
ables because, the number of smokers with bronchial disease (90) exceeds the
number of healthy smokers (60).

e P6: NotftaKing into account the empirical data and basing a judgment on
preconeeivediideas about the association that ought to exist between the
variables.

We introduce the notions of ‘a system of personal practices’ and ‘personal
object’ to differentiate between objective and subjective dimensions of
knowledge!
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DEFINITION 6: The system of personal practices linked to a problem field C is
constituted by the prototype practices that a person carried out to solve C. This
system will be denoted by P,(C).

DEFINITION 7: A personal object O, is an emergent of the systentof personal
meaningful practices linked to a problem field, that is to say, an emergent of
P(C).

p

The emergence of the object is progressive during the subject’s lifetime as a
consequence of the subject’s experience and learning. Personalobjects are con-
stituent parts of subjective knowledge (Ernest 1991).

Institutional and Personal Meaning of an Object

Objects are named and described by means ,0f cestain practices that are usually
considered as the definitions of the objects (these practices are even identified
with the object through metonymy). However, Vergnaud (1990) considers that
the meaning of a mathematical object, from a didactic;and psychological point
of view, cannot be reduced merely tojts definition. We agree with this author in
that the meaning of mathematical objects must refento the actions (‘interiorized’
or otherwise) that the subject caryies outyin relation to these objects. We also
think that it is necessary to distinguish between the institutional and the per-
sonal dimension of meaning. For example, the term ‘association’ has different
meanings in different people and gnstitutions. In secondary schools the curric-
ula propose solving descriptivé problems of contingency tables and linear
bivariate correlation and regréssion\Only simple data sets are studied. The
students compare the intensity of association using the correlation coefficient
but they do not compute confidence intervals, nor do they test hypotheses con-
cerning this coefficient. At'the umiversity'level, students would perform the in-
ferential study; they usepthe square correlation coefficient to decide the
percentage of variability expldined in the analysis of variance and to decide
the order in whieh differeéntindependent variables are to be included in step-
wise multiple regréssion analysis. A statistical consultant would decide how
many factors should beysetained using the size of multiple correlation
coefficient infactor analysis or using the percentage of the Chi-square
coefficient in correspondence analysis.

DEFINITION 8:i7he meaning of an institutional object O, is the system of insti-
tutional practices linked to the problem field from which O; emerges at a given
tinte.

WegShall"denote the meaning of O; by S(O;). This notion of meaning is a
construct that depends on the institution and on time. Symbolically, S(Oy) =
P,(C).4£1="M, we talk about the mathematical meaning of an object.
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The proposed notion of meaning allows us to introduce, in the didactic re-
search program, the study of the structure of the system of social practices from
which mathematical objects emerge, as well as their temporal evolution and
institutional dependence. Also, the semiotic analysis of the institutignal objects
involves considering the situations that produce those social practices.

DEFINITION 9: The meaning of a personal object O, is the syStem ofpersonal
practices that a person p carries out to solve the problem fieldyfrom which the
object O, emerges at any given time.

Thus, this meaning depends on the subject and on time. /Symbolically, S(O,) =
P,(C). Some personal practices can be observed, but net the “interiorized’
actions.

3. MEANING AND UNDERSFANDING

From the same problem field C in whichyan institutiond produces an object Oy,
with the meaning S(Oy), a person coyld produce an object O, with a personal
meaning S(O,). The intersection offthese two systems of practices is what the
institution considers correct manifestations, that is to say, what the person
‘knows’ or ‘understands’ about the object Opyfrom the institution’s point of
view. The remaining personal practices would|be considered ‘errors’ according
to the institution.

Concerning the practices that the\students performed in our research to solve
the contingency table problem/Pl.to'P3 would be considered correct from the
point of view of the competenice intended in secondary education. The teacher
would consider that a partictlar student understands the idea of association if he
or she shows one of these practices: On“the contrary, P4 to P6 would be con-
sidered mistaken and relatedyto a conceptual misunderstanding of association.

This situation is described in the following definition:

DEFINITION 10: Theymeaning of an object O, for a subject p, from the point of
view of the institution I Vis/the subsystem of personal practices linked to a
problem field that'are considered in | as adequate and characteristic practices
for solving theseyproblems.

In an idealsSituation, and within a given institution, we would say that a subject
‘understands’ the meaning of the object Oy, or that he/she ‘has grasped the
meaning’ of acencept, if he/she is able to recognize its properties and represen-
fations, tegtelate it to other mathematical objects and to use it in the prototype
problem-situations within the institution. The understanding reached by a
subject, at a given moment, will not be complete or null, but it will cover partial
aspectswefithe different elements of meaning.
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The concept of understanding that we have derived from Definition 10 is
closely related to the notion of ‘good understanding’ described by Sierpinska
(1994, chap. 4), to which this author also attributes .a relative-character, with
respect to cultural or institutional settings.

We also consider that the notions of acts and processes of understandingyin their
mental or subjective dimension, could be derived from our notions of meaningful
practice and personal meaning. Nevertheless, the compatibility and°complementar-
ity of our theory of mathematical object and meaning with the theory of under-
standing developed by Sierpinska should require further study and‘development.

4. A BACKGROUND TO THE PROPOSED THEGRY

In this section, we shall present a brief summary of the,sources that we have
taken into account to support our theory and sve shall mention authors and theo-
ries which agree with our viewpoints. We are awarejphowever, that a more in-
depth study of the common ground and differences between our proposal and
these theories should be carried out in the future.

The notion of meaning that we propose is inspired by Wittgenstein’s ideas
about meaning and understanding (Wittgenstein 1953), interpreted according to
authors such as Kutschera (1971), McGinn'(1984)/and McDonough (1989). The
doctrine of ‘meaning as use’ implies that'the key/concept is that of ‘context em-
beddedness’. The context is understood here, not merely as the physical environ-
ment of a linguistic utterance; rather the reference is made to the institutional
and cultural context. As McDonough (1989) points out, Wittgenstein’s
Copernican revolution in the théory of meaning, still undigested by the sciences
and technologies of human cégnition, describes the neural system as conceptu-
ally dependent on a new ¢eénter: the institutional and.the cultural contexts. In di-
dactics of mathematics ithis approachiis being persistently supported by
Chevallard (1992), who places the'study of ‘The Didactic (le didactique) within
the confines of cognitive anthropology.

The notions of, institution, practice and object are used by Chevallard (1989,
1992) to define his/€oncept of ‘rapport au savoir’, although we believe that the
meaning that he attributesitothese notions does not completely coincide with the
one we have préposed in this paper. According to our theorization, not all prac-
tices are pertinent to thel emergence of objects (some practices are incorrect, in-
appropriate or irrelévant). Moreover, a practice should be considered to be
linked to afcorresponding problem field. The introduction of the notion of
meaning ((personal\and institutional or, to put it in another way, psychological
and,epistemological) as a system of components — elements of meaning, mean-
ingful prototype practices — focuses our attention on the systemic and complex
nature of meaning.

We consider it useful to distinguish between the name of an object, the object
(as a eulturdl and psychological entity) and the system of practices linked to the
solving of problems from which this cultural unit emerges; that is to say, the
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meaning of the object. This formulation allows us to better conceptualize the in-
ference processes that are needed to characterize subjects’ knowledge about
mathematical objects, from the empirical manifestations of this knowledge.

With our definition of an institutional object we postulate the cultural eXis-
tence of different objects, according to the reference institution, in/sitiationsjin
which an absolutist conception of mathematics only perceives one object. This
formulation is a consequence of the pragmatic assumptions which'we have taken
as a basis and their utility for the anthropological analysis of icegnitiveland di-
dactic phenomena. Rotman (1988) has reached a simildt ¢onclusiondinghis semi-
otic analysis of mathematical activity when he asserts that‘théynumbers studied
by the Babylonians, Greeks, Romans and present-day\mathematiciafis are differ-
ent. Nevertheless, we believe that these numbers arg similar,because of the
phenomenon of regressive appropriation.

We would refer the reader to our paper (Godino and Batanero 1994) in which
we further develop the links between our Adeayof meaning and the ideas of
authors such as Ausubel, Bunge, Douady, Putnam,3Rotnan, Steinbring, and
particularly Vergnaud.

5. A RESEARCH AGENDAOR MATHEMATICS EDUCATION:
‘SEMIOMETRY’ ANDTHE ECOLOGY OF MEANING

Below, we attempt to show the utility of the“theorization we have presented in
the setting of certain basic reseaich questions in mathematics education. We
shall also present some research‘examples that have been carried out from this
theoretical perspective in the Department of Didactics of Mathematics at the
Granada University in Spain.

- We shall classify the regearch questions\into two categories: The characteriza-
tion of institutional and personalymeanings — which we shall call the semiometry
problem — and the studygef,the“evolution and interdependence of meanings in
which the ecological paradigm ¢ould be a useful model (Godino 1993).

Semiometry

The consideratiobn of the meaning of mathematical objects as systems of prac-
tices and the discrimination between personal and institutional meaning intro-
duces, into theddidactic ‘problématique’, the study of the structure and
characterizationhef these theoretical entities. This characterization can be con-
ceived as a_‘measurement’, not in a strict psychometric or mathematical sense,
bubin its general sense, that is, as the categorization of quantitative or qualitative
variablessincluding the use of nominal, ordinal, interval or ratio measurement
scales. Furthermore, it highlights the sampling nature of the process of selecting
teaching and evaluation situations and of the students’ manifestations and
behaviessThus, it contributes to overcoming the illusion of deterministic
transparency that is frequently adopted when considering these problems.
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A primary class of didactic research studies must be oriented towards the de-
termination of institutional meanings, especially the meanings within mathemat-
ical institutions. We have to research into the characteristic uses of mathematical
concepts, propositions and theories and to identify their different representas
tions. This reference meaning may be compared with the meaning of mathemat-
ical objects in teaching institutions. We can also study the conditioning factors
producing the development and changes of these meanings.

This type of research was carried out by Vallecillos (1994), who analyzed the
institutional meaning of statistical hypothesis testing ifiuniversityteaching. In
her dissertation, Vallecillos showed that the original problemifield from which
statistical inference has emerged refers to the search for iftductive procedures of
validation of empirical hypotheses. This problem has been substituted in the
Neyman-Pearson theory by another related problem fieldfor Which the test of
hypothesis is a satisfactory solution: obtaining an/induetive rule of behavior.
Nevertheless, this shift in the problems that interest applied Scientists and users
of statistics is, in general, not sufficiently explained in ‘the teaching of the
subject.

The experimental study proved that the personal meanings of hypothesis testing
built by students did not coincide, infgeneral, with“the statistical institutional
meaning. This fact caused many errofs, indorrect mference applications and mis-
conceptions. In particular, subjects conceived erroneously the level of significance
(or the p-value) in a statistical test as an ‘a postexiori’ probability of the hypothe-
sis, given the data obtained. Thus, the students identified testing hypotheses with
an inductive procedure to compute the probability of the hypotheses.

The theoretical system we hdve, described in this paper also allows us to
study, from a new perspectivedthe problem of assessing mathematical knowl-
edge. By ‘assessment” we mean, following Webb (1992), ‘the comprehensive
accounting of an individual’s or group’s functioning within mathematics or in
the application of mathematies (p. 662)!

According to our theorysa subject’s cognitive system (his/her conceptual and
procedural knowledge/ his/her intuitions, representation schemas, ...), that is to
say, the network of perSenalfobjects at a given time, is an organized and
complex totality. The, distinetion we have established between the domain of
ideas or abstract objectsi(personal and institutional) and the domain of mean-
ings, or systemstof practices from which such unobservable objects emerge, is
used to clarifyjthe problem of looking for the correspondence between both
domains, i.e. theiproblem of assessing institutional and personal knowledge.

The asseSsmient of subjective knowledge necessarily requires performing in-
ference processes,\from the set of observed practices in evaluation situations,
whese reliability /and validity must be guaranteed (Messick 1991; Feldt and
Brennan1991). The complexity of this inference process is deduced, first of all,
fromfthe interrelationships between the knowledge of different mathematical
objects. Subjects’ knowledge concerning a given mathematical object cannot be
reduced either to a dichotomy (to know or not to know) or to a degree or unidi-
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mensional percentage (to know X %). Students’ mathematical knowledge is
not unidimensional; it is a complex system. Nor could it be measured on an
interval or ratio scale. Assessment requires a multidimensional approach and
weaker measurement scales (ordinal or nominal). Therefore, it is not.approptis
ate to apply the classical psychometric theories of latent trait and¥domain
mastery to the assessment of mathematical knowledge (Snow and Eohman
1991).

For example, in his dissertation, Estepa (1993) used students?, strategies and
judgments of association to assess their conceptions concerning statistical asso-
ciation. He used a written questionnaire made up of 10 descriptive association
problems that included contingency tables, scatter plots/nd comparison of the
same variable in different samples. The different signs and'intensities of associa-
tion and the agreement between subjects’ previous theories and the empirical as-
sociation in the data were also considered. Factor analysis of students’ answers
showed a multifactor structure in the judgment,of association in which the
influence of the aforementioned task variablesswasiproyen. Correspondence
analysis has demonstrated the multifactor strueture of students’ strategies (in
which we included practices P1 to P6, described'in'theprevious sections), which
varied not only according to the matheématical contents of the problem, but also
depending on the students’ prior beliefs regardingithe association suggested by
the context of the problem.

The recognition of the complexity of meanings emphasizes the problem of as-
sessing students’ knowledge. Which criteria should be chosen for selecting the
system of empirical indicators which characterize the cognitive state, i.e. a
subject’s knowledge concerning 4 mathematical object?

As a consequence of our théerization: the observable nature of social prac-
tices allows us to determine/the problem field associated with a mathematical
object, as well as its institutional meaning)\with the help of a phenomenological
and epistemological analysis. The,analysis of the task variables for this problem
field provides a first criterion to structure the population of possible tasks. From
this population, a representative sample could be drawn to guarantee content
validity for thegassessmentpinstrument. These two elements, problem field and
task variables thergofyshall provide the first reference points in the selection of
relevant evaluation situations for assessing subjective knowledge.

This ‘semiometric category’ of research studies may be related to the ‘his-
torico-empirical’ approach to understanding in mathematics described by
Sierpinska (1994).

ECOLOGY OF MEANINGS
Thefproblems involved in studying the evolution of institutional meanings of

mathematical objects could be modeled with the help of the ecological metaphor
(Chevallard 1989; Godino 1993): a particular object performs a function in
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different types of institutions and it is required to identify the necessary and/or
sufficient conditions that allow this object to play its role in these institutions.

The notions of institutional object and meaning are intended to begused as
conceptual instruments in this ecological and semiotic analysis of mathcmatical
ideas.

The two types of studies described above would constitute the institutional
and personal ‘statics of meanings’ in this ecological metaphor. Ifs‘aimpwould be
to find the ‘state and control variables’ of meaning, considered as a system, at a
particular moment in time. These studies of the static a§pects of‘meaning should
be supplemented with dynamic studies, which we are going(toidescribe below.

The study of changes that the institutional meaning,offa mathemdtical object
undergoes to become knowledge to be taught in differentteaching institutions
(curricular design, mathematical textbooks, ...){would constitute the dynamics
of institutional meanings (didactic transposition,ecology of meanings,
Chevallard 1985).

We could quote, as an example of this type_of résearch, the work by Ruiz
Higueras (1993), concerning the study of students’ congeptions about functions.
She supported her research with a priorganalysis ofithe evolution of the meaning
of the function object throughout its Aistorical development and of the institu-
tional meanings presented to the stddentsjin hersample, using the analysis of
official guidelines, textbooks and notes taken by stiidents in the classroom.

Another fundamental problem in this category/is the construction of adequate
institutional meanings referring to a mathematical object for a specific school
level, i.e. the curricular design. According to the theorization proposed, teaching
should be based on the presentation, of a representative sample of problems and
other elements of the meaning gf.mathematical objects, taking into consideration
the time and resources available.

This problem is tackledifor combinatorial reasoning in Batanero et al. (1994)
where a curriculum is presentedyfor the'teaching of combinatorics, based on a
sequence of didactic situations. The'selection of the situations and their sequenc-
ing was supported by\a priorstudy of the structure of simple combinatorial
problems to provide a represeatative sample of this problem field.

The meaningfulflearning (relational or significative) of the subject can be
modeled as a sequence ofy‘acts of understanding’, or acts of overcoming obsta-
cles (SierpinskKa 1990, 1994). The characterization of these acts and the
identification ofithe me¢hanisms which produce the obstacles (Artigue 1990) is
a central theme'in the dynamics of personal meaning of mathematical objects.
Metaphoricallyiithe study of teaching and learning processes could be viewed as
the study, ef the'effects on personal meanings of ‘shocks’ of didactic sequences,
which hold the,elements of meanings.

Equallys,.a part of the characterization of the dynamics of personal meaning
would be the\study of the evolution of students’ conceptions, i.e. the transforma-
tion“of persgnal meanings as a consequence of instruction. Estepa (1993) em-
ployéedesysfematic observation of classroom work by a pair of students and
analysis of their interaction with computers. Using these data, he identified acts
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of understanding in relation to statistical association and assessed the over-
coming of some obstacles by the students during the learning process.

6. CONCLUSION

All of us, mathematics teachers and researchers, are interested jfi improving stu-
dents’ knowledge by means of instruction. This task requires|the characteriza-
tion of students’ knowledge and calls for the clarification of, the propesnature of
knowledge. As Wheeler asks (1993), ‘How can we assesshwhat we do not
know?’ (p. 87). One could add, how can we teach whatwe do not kfiow?

The search for appropriate answers to these theoretical problems has led us to
elaborate the theory that we have presented, from which we could extract some
general conclusions:

1. We must postulate two dimensions of mathematical knowledge: institutional
(epistemological) and personal (psychplogical), which are linked by
complex interrelationships. ‘

2. The meaning of mathematical objects (concepts, propositions, theories,...)
should be considered from a systemigycomplexity paradigm, on both the
epistemological and the psychgloegicahlevels. We see the meaning of a math-
ematical object as an extensional entity that,ean play the role of a universe of
reference from which to select assessment‘and teaching situations.

3. As students are subjects in different institutions, their knowledge is mediated
by these institutions. Conséquently, the characterization of institutional
knowledge should be a priofystep for assessing students’ knowledge.

4. The phenomenological, sémiotic-and epistemological analysis of mathemat-
ical objects, as culturalfentities, must ‘provide criteria for the representative
sampling of evaluation situafions‘of the students’ knowledge and for
organizing didactic situations‘that favor their adequate evolution.
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In Hungary, as in Italy, ‘research’ exists (sometimes concerning teaching and
learning of mathematics) in the domain of methodology of education. But it is
mainly carried out by researchers belonging to the academic field of ‘seiences of
education’ — not particularly expert in the content domain — and, results ase
evaluated according to standards which do not include the specifié interest for
mathematics education.

The opinions reported in this paper are strictly personal — eveniif they rély in
part upon some ideas which are largely shared by our colleagues i our two
countries.

1. INTRODUCTION

Researchers in mathematics education usually,_consider'mathematicians and dif-
ferent categories of people engaged in the sghoolsystem(not only mathematics
teachers, but also curriculum advisers, administrators;.etc) as natural and un-
avoidable interlocutors for their research works: Usually, these interlocutors are
primarily interested in ‘products’ they think are'suitable to improve mathematics
education: such as, for instance, better methodologies to prepare mathematics
teachers; productive innovations inghe domain ofymathematics education; new
devices suitable to help teaching gfimore/advanced and ‘modern’ mathematics.
Frequently they also acknowledge tools“and testlts for the quantitative assess-
ment of mathematics curricula, or quantitative and comparative studies concern-
ing different curricula, mathematigs education’in different countries, etc.

Many researchers in mathematics education nowadays are aware of the
limited value of many ‘products’ of\these kinds, both from a scientific and a
pragmatic point of view, They wouldlike to offer different tools and results, al-
lowing people to better tackle the teaching and learning of mathematics as a
very complex problem. Iniconneetion with' this aim, many researchers in mathe-
matics education are presently engaged in the effort of establishing mathematics
education as a specific field of research, with its own methodologies and au-
tonomous criteria to establish.whether a scientific result is pertinent and valid.

This situation produces alot of tension between the community of mathemat-
ics educators, the schoohsystem and the mathematicians’ community. It is
caused by certgin contradictions: between the researchers’ aims and the present
situation of scientific work in mathematics education; between ‘products’ ex-
pected by the outside community and research results offered internally by
mathemati€s.educators.

In our epinion it is necessary to take a closer look at such contradictions in
order to understand whether it will be possible to overcome them in the future,
and, if seghow. This paper tries to make a contribution in this direction.

We will'propose (in the next section) a classification of results in mathematics
edueation, syitable (in our opinion) to better analyze some of the present internal
and extesnal difficulties and contradictions. Next, some contradictions deriving
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from the expectations of the natural interlocutors of mathematics educators will
be discussed. Also contradictions inherent in the effort of establishing mathe-
matics education as a specific field of research will be considered. Finally, we
will try to establish some connections between the needs emerging from the pre-
ceding investigation and the problem of mathematics teachers’ préparation, in
relationship with present reality and current mathematicians’ ideas about this
problem.

2. RESULTS IN MATHEMATICS EDUCATIQON

Taking into account the existing tension between results heeded by the school
system (teachers, administrators, etc.), results recognized ‘as useful by mathe-
maticians, and results nowadays discussed and offefed by,researchers, we think
that it is useful to propose a specific classificatiomef results in mathematics edu-
cation suitable to better clarify the problems inherentiin this tension. The cate-
gories used are different in some aspects from(those implicitly suggested in the
ICMI Study Discussion Document (Balaeheff etal.11993):

1. ‘Innovative patterns’ to teach a specific Subject(eld or new for school mathe-
matics), or to develop some mathgmatical/skills; or, more generally, innovative
methodologies, curricula, projects, etc. Result§ymay consist in innovative teach-
ing material, ‘proposals’, or reports about innoyations or projects that have been
experimented. An important variable is the dimension of innovation both in
terms of time — a short sequence’vs, an innovative five year curriculum, and in
terms of content — a specific Subject vs. an integrated system of topics and
methodologies.

2. ‘Quantitative information’ abeut the“consequences of: educational choices
concerning the teachinggofia speeific mathematical subject; general method-
ologies; curricular chojees {including comparative and quantitative studies). Or,
quantitative infermation abeutdgeneral or specific difficulties regarding learning
mathematics, and theéix possible correlation with factors influencing the learning
process. Informationtis based on quantitative data, collected and analyzed
according to standard orjad hoc statistical methods. The level of statistical
treatment mayjybe elementary (only percentages and histograms) or quite
sophisticated.

3. ‘Qualitative information’ about the consequences of some methodological or
coiitent innovation, or some general or specific difficulties concerning mathe-
fatics,_etes In this case, information is based on careful analysis of pupils’ pro-
tocels, of recorded teacher—pupil interactions, of recorded group or classroom
discussions, etc. Frequently, these analyses implicitly or explicitly refer to
generakleduCational or psychological or didactic theories.
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4. ‘Theoretical perspectives’ regarding: what is the relationship in the classroom
between ‘teacher’, ‘pupils’ and ‘mathematical knowledge’; the role of the math-
ematics teacher in the classroom; what happens in the relationshipsgbetween
school mathematics and mathematicians’ mathematics; topics to be taught;ithe
relationships between research results and classroom practice in fnathematics
education, etc. These results may concern descriptions and classifications’ of
‘phenomena’, interpretations of ‘phenomena’, ‘models’, historical ofjepistemo-
logical analyses (oriented towards educational aims), etc.

In mathematics education, the same study may utilize and¥produce different
types of results. For instance, an ‘innovative pattern’ expgrimentediin the school
system may be the object of a study producing ‘quantitative’ and/or ‘qualitative
information’ and may raise questions about spe€ific phenomena needing ‘theo-
retical perspectives’ in order to interpret them (sge, for example, Brousseau
1980, 1981).

Referring to the Discussion Document, we find that:

e most of the results of the ‘innovative patterns’ type{but also some results of
the other types) belong to the ‘energizers of practice” category;

e many results of the other types bélong ‘e, the “demolishers of illusions’ cate-
gory; but some results of the ‘theoretical perspectives’ category belong to the
‘economizers of thought’ category;

e concerning the distinction between ‘pragmatic’ and ‘fundamental scientific’
aims, we find that today most research works with ‘pragmatic’ aims produce
results of the ‘innovative patterns’ and ‘quantitative information’ types and
(in some cases) of the ‘qualitative information’ type; most research works
with ‘fundamental scientifie'aims” produce results of the ‘quantitative inform-
ation’, ‘qualitative information’ and ‘theoretical perspectives’ types. Some
researchers consider resultspof the ‘qualitative information’ and especially
‘theoretical perspectives’, typesirelevant only to researchers (Figure 1).

We may alsogebserve that, at present, results of the ‘innovative patterns’ type,
and, in part, resultghof the“*quantitative information’ type, are the most access-
ible for teachers (and‘thémmost popular amongst them). Results of the ‘quantita-
tive informatiofi’ type and partly of the ‘qualitative information’ type, and
sometimes of the ‘theoretical perspectives’ type (depending on local traditions
and orientations'of fésearch) are the most popular amongst researchers.

Differeptff€asons may explain why this happens; in our opinion, one of them
is the present preparation of teachers and researchers. Most researchers in math-
ernatics education/come from mathematics, or from experimental sciences of ed-
fication;,almost all mathematics teachers have a ‘scientific’ background
(mathiematics plus, possibly, other experimental sciences). On the other hand, re-
search and related results of the ‘qualitative information’ and ‘theoretical
perspectives’ types need a specific ‘human sciences’ vocabulary, and are neces-



RESEARCH AND RESULTS IN MATHEMATICS EDUCATION

innovative patterns

energizers of practice pragmatic aims

quantitative information

economizers of thought

qualitative information

demolishers of illusions fundamental seientific aims
theoretical perspectives

Figure 1

sarily more overtly grounded in philosophical assamptions. Researchers
producing results of the ‘qualitative information? and ‘theof€tical perspectives’
types need both backgrounds. Furthermore, teachersyand researchers often do
not understand each other and we feel that in many cases a ‘translation’ is
necessary.

The main concern of this paper will be to try to“suggest that results of the
‘qualitative information’ and ‘theorétical perspectives’ types are important, not
only in themselves, but also because they/allow teachers and researchers to get
the other kinds of results under control =‘while the specificity of research in the
domain of mathematics education depends especially on results of the ‘innova-
tive patterns’ and ‘theoretical perspectives’ types and related methodologies.

3. SOME CONTRADICTIONS'DERIVING FROM EXTERNAL REQUESTS

In order to support the preceding statements, we will focus on some contra-
dictions underlying theresults“of the ‘innovative patterns’ and ‘quantitative
information’ types and currentproblems of mathematics education, and will try
to show how these contradictions may be tackled with suitable results of the
‘qualitative information’ and“theoretical perspectives’ types.

Useful and successful innovations (as results of the ‘innovative patterns’ type)
are very importanp in justifying research in the mathematicians’ and teachers’
eyes and in ensuring‘specificity’ to research in mathematics education.
Innovations should'be replicated from the level of proposals and prototypes to
the level offwidespread diffusion; but it is well-known that reproducing innova-
tions on @ large‘scale without substantial degeneration and loss of effectiveness
is‘wery difficuit.'

As to_this 1ssue, some phenomena should be quoted. We will only consider
some'examples of innovations concerning specific mathematical subjects. In the
past'twenty years, mathematics educators have been concerned with the distance
between proposals and prototypical innovation, and widespread innovation



PAOLO BOERO & JULIANNA RADNAI SZENDREI

about subjects like the ‘set’ approach to natural numbers, or ‘ratio, proportion
and linear functions’. A comprehensive research perspective is lacking.

Other phenomena refer to ‘popular’ and ‘not popular’ innovationsgln, Italy,
the introduction of substantial topics of elementary probability theory<in'the
comprehensive school (even if many prototypes are available) is confronted with
many obstacles. On the other hand, the introduction of elements of“analytic
geometry in the comprehensive school has taken only a few yéars fo,succeed.
Concerning probability, the situation in the UK and Hungary is,quite‘different!
It is not easy to tackle these phenomena in a research pefSpective.

As researchers, we think that intercultural differences ghould be taken into
account because frequently the situation is not the samefin differént countries.
Other aspects should also be considered: in-service teachereducation; the insti-
tutional aspects (official programs, relationships(with the precéding and follow-
ing levels of schooling, structure and content of finallexaminations); specific
‘didactic transposition’ (Chevallard 1991) problems; difficulties in integrating
new subjects in the old curriculum and/or changing Seme parts of it in the per-
spective of new subjects. But there are few research articles and surveys
available on these issues.

In order to begin to understand which ‘variables™may determine the success
(or failure or degeneration) of innovations‘and of the large-scale reproduction of
innovations in the field of mathematics eéducation,/we would need wide-ranging
and careful descriptions and analyses of:

e classroom teaching—learning processes, and (possibly) their interpretations
and modelizations;

e students’ long-term learningfprocesses — in order to better understand many
aspects of the development'of pupils’xmathematical knowledge, depending on
individual and social faetors, cultural influences and affective constraints (see
Bishop 1988; Carraher 19883Boéro & Szendrei 1992), etc.;

e teachers’ conceptions.and beliefs; in different countries.

Results of the, ‘qualitative ififormation’ and ‘theoretical perspectives’ types
are needed in orderlte, go beyond our present, very limited, knowledge of some
of these aspects. In particular, teachers’ conceptions and students’ mathematical
experiences in gveryday life should be carefully investigated because they may
have deep effects on classroom teaching—learning of mathematics; we may also
observe that this iSithe reason why, frequently, ‘quantitative’ information
provided b¥ ifiternational comparative studies is biased due to the lack of
knowledge about these aspects.

As an example, we may consider the different situations in Italy and in
Hungary.concerning the learning of natural numbers. In the Italian language the
names of natural numbers (‘one, two, three, four...’) are also used to indicate the
days of the month (only the first day is commonly named ‘first of..."), whereas
in the-Hungarian language all the days of the month are named with the ordinal
adjectives® ‘first, second, third, ..." ; so in the two countries the relationships
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between ‘cardinal’ and ‘ordinal’ aspects of natural numbers are different in the
first mathematical experiences of pupils. These differences may affect both the
cognitive hierarchy between different aspects of the number concept andythe op-
portunities offered to the teacher by real-life situations to approach these aspects
in the classroom.

If we agree that research in mathematics education must produce results of'the
‘innovative patterns’ type, these results must be circulated“and eompared
through international journals and meetings of mathematics edueators;but if we
analyze outstanding journals and take part in specializ€d)internatiohalneetings
we find less and less ‘didactic proposals’ or reports about ifnovations.

For instance, we may estimate that in the period from 4970 t0.1974 over 50%
of the papers published in Educational Studies in Mathematics dealt with ‘inno-
vative patterns’ type of results; in the period from 1987 to 1992iless than 15% of
the papers dealt with ‘innovative patterns’ type of fesults. Less and less results
of the ‘innovative patterns’ type are considéredyas outstanding ‘research prod-
ucts’ worth publishing in important journals. Indeed,nationally-circulated jour-
nals continue to publish a good number of papers of that kind, but they are not
considered (in most countries) as research journals..And also, in many rather
specialized international meetings of gesearchers (like the annual conferences of
the International Group for the Psychologymof Mathematics Education) the pre-
sentation of ‘innovations’ takes place essentially in poster sessions.

On the other hand, if we consider most ofith¢ results of the ‘innovative pat-
terns’ type, presented at congresses or in loeal journals, we see that they are
limited to teaching materials and/er descriptions of proposed (or experimented)
short-term or long-term didactic sequences concerning narrow or wide subjects,
and do not try to thoroughly afalyze\educational, epistemological or psycholo-
gical problems. The consequence of this fact is that conditions under which
innovations can be reprodiiced, variables conditioning effectiveness, etc., are not
known.

Taking these remarksginto account, we need a proper style of presentation of
the results of the ‘innoyatiye patterns’ type, supported and framed by already ex-
isting results ofgthe other types (especially of the ‘qualitative information’ and
‘theoretical perspg€tives’ type), in order to make them valuable as research
results. This is true both feiwrthe fundamental research perspective and the prag-
matic perspective.

If an innovatien has undergone a small-scale (or even a large-scale) successful
experiment, a careful’analysis of the conditions which allowed such success (for
instance: gAotivation of teachers, cultural background of teachers and pupils,
school traditions;etc.) should be provided, and possible limitations in the ‘repro-
dueibility*ofithe innovation should be pointed out. In an experimental plan con-
€erning innovation, phenomena such as ‘obsolescence of innovation’ (Brousseau
1986) — with consequent effects on the teaching—learning process — should be
taken into account.

Anethep’example: the epistemological analysis of mathematical content and
the analysis of the relationships between current and historical points of view in
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mathematics, and in the school mathematics concerning it, seems to be neces-
sary in order to situate an educational proposal concerning that content from the
cultural point of view. A teacher must therefore be encouraged to take some dis-
tance from his cultural background and possible ‘epistemological obstacles’in
herent in that content must be predicted (see: Bartolini Bussi & Pérgola 1992;
Boero 1986, 1989b; Brousseau 1983, 1986; Chevallard 1991; Laborde 1988;
Sierpinska 1985, 1987).

If we agree that research in mathematics education must keep,a close contact
with today’s mathematics and help teachers to teach cofitents whichhare/relevant
to modern views about mathematics — or take into accodntithe opportunities
offered by new technologies — research should then creaté connections between
these modern views and these opportunities. But, if we read,articles published in
leading international journals of mathematics education, we will observe how
most of them are concerned with ‘paradigmatic’ gontents and problems (i.e.,
contents and problems which allow for the ¢omparison of néw research results
and perspectives with previous ones) regardless of théjimportance of the content
or problems in mathematics education — whilé many traditional and new fields
are not covered. Also, results of the ‘innovative patterns’ type are concentrated
in few directions (regardless of the importance and difficulty of the subject).

In the last twenty years many studies have beenjseported in mathematics edu-
cation journals concerning fractions, ratiyand proportion, additive problems and
multiplicative problems; few research studiesyhave been reported in the same
period about percentages, parallelism and perpendicularity, absolute value,
integrals, discrete mathematics, graphs, etc.

Another example: today, ‘rational numbers, decimal numbers and approxima-
tions of numbers in a calculatof,or computer environment’ form a very import-
ant topic in mathematics edu€ation-which, however, is almost neglected in the
main journals.

As regards the results ofithéy‘quantitative information’ type, they are very
popular amongst school teachers‘and administrators; some mathematicians recog-
nize them as the only ‘$cientific} results in mathematics education.? We think that
these results must be seriouslysconsidered by researchers in mathematics educa-
tion. Indeed, as“wefobserved-earlier, they provide information which frequently
seems ‘objective”, “sciefitific’, and easily intelligible to teachers (and also to
parents, school ddministrators, etc.). Taking this aspect into account, the quantita-
tive evaluation\of pupils) teachers, school systems, projects and innovations needs
special attention‘as itfimay cause serious damage: for instance, it may orient the
teachers’ work'tewards preparing pupils to be successful in assessment tests.

On the ene hand, researchers should endeavor to find better tools than the ex-
isting ones_imporder to reduce the potential for damage. In particular, there is a
ficed for.additional statistics in order to better exploit, where possible, the multi-
dimefisional information of quantitative assessment — going far beyond the per-
centages of ‘good’ answers. On the other hand, researchers (and teachers) should
use resultssof the ‘qualitative information’ and ‘theoretical perspectives’ types to
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get the methodologies and the results of the ‘quantitative information’ type
under control. For instance, it is crucial to understand whether it is possible (and,
in this case, how it is possible) to keep ‘constant’ mathematics education, vari-
ables in order to create effective control groups (cf. Artigue 1990).

More generally, results of the ‘qualitative information’ and/‘theoretical
perspectives’ types (some as ‘demolishers of illusion’, others as ‘energizers of
practice’ of research) are necessary to get under control, in th¢*field of mathe-
matics education, the usage of experimental and statistical methodologies bor-
rowed from educational sciences. In particular, it should be importantto clarify
why some ‘laboratory’ results of the ‘quantitative informagion’ytype, which may
be interesting from a psychological or sociological p6int of view, may be
scarcely relevant to mathematics education.

4. CONTRADICTIONS INHERENT IN THE AiM OF ESTABLISHING
MATHEMATICS EDUCATION AS A SPECIEICEIEED. OF RESEARCH

If we claim that experimental researchyin mathematics education (like experi-
mental research in physics, biology, psychology) must produce data which can
be reproduced under similar conditigns, andywhoselinterpretations may be partly
or totally falsified by further research, thén researchers must isolate variables,
keep experimental conditions under controljpand communicate this in their
papers. But, mathematics education is a complex process: research results are in-
teresting (for their consequences in the school system, and also by themselves,
as scientific results concerning ‘mathematics education’) when this complexity
is taken into account. ‘CompleXxity.’ concerns mainly the fact that almost every
meaningful teaching—learning process‘appears as a long-term process involving
a large number of interrelated variables;ymoreover, at present, to isolate and
measure some of the relevantivariables dees not appear easy.
Some examples concemns

1. Deep culturalpand cognitive aspects of ‘context sensitivity’ in mathematical
problem-solving: These aspects may be revealed (in the school setting) only by
long-term exploratory“studies involving many variables in real classroom situ-
ations managed‘by’a teacher inducing (and giving importance to) those aspects.
The classroomymust be involved for a long period in meaningful problem-
solving activities.concerning a particular context in order to change the tradi-
tional relafionship between ‘context’ mathematics and learning processes.
Usually, ayreal life) ‘context’ is evoked by the text of an isolated word problem
andadoes not'become the subject of a long-term investigation involving many
problemgsituations. (Concerning this issue, mainly related to mathematics educa-
tionfas a long-term process, see: Artigue 1990; Bartolini Bussi 1991; Boero
1989a, 1989b, 1990, 1992; Carraher 1988; Douady 1984; Lesh 1985; Robert
1992):
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2. Research about the effects of LOGO on learning mathematics. Separating
variables and reducing the complexity of tasks, researchers have shown good
quantitative effects of LOGO-based activities regarding the learninggof some
geometric concepts (some examples concern ‘measure of angles’, ‘orientatiomef
angles’, ‘polygons’). Comparing performances of groups of students working in
a ‘paper-and-pencil’ environment and a LOGO environment, on very simple
tasks, better results were found in the case of the LOGO environment.But Hillel
et al. (1989), and other researchers’ qualitative results concerning more ‘open’
problem situations, point to the dangers of a particulds usage ofythe’ LOGO
environment on the development of conceptual geometric thinking: case studies
were realized through qualitative analysis of strategies producéd to solve
‘complex’ problems taking into account the learning envifonment (including the
teacher!). (Concerning this issue, mainly related t6 mathematics'education as a
process depending on many interrelated variables, see: Hillel, Kieran & Gurtner
1989; Hughes, MacLeod & Potts 1985; Noss 1987; Olson)/Kieren & Ludwig
1987; Simmons & Cope 1990, 1993).

In general, mathematics educators at present tendyto_agree with the statement
that the study of many aspects of mathematics education cannot be reduced to
the study of a finite number of indepéndent;meastrable variables; but this state-
ment should be supported by a/suitable analysis of long-term classroom
processes and theoretical considerations.

If we claim that research in mathematics edueation must be similar to research
in any ‘normal’ science, ‘cumulation’ and ‘universality’ of research results are
needed, and the existence of the¢ progress must be evaluated comparing new
results with previous ones.

But, if we read most research articles\on mathematics education published in
leading international journals, we see that'most of the references point to the re-
search school to which the author, belongs'(the barrier of languages acts as a de-
terrent, but even in articles written in English, ‘substantial’ quotations
concerning other articles written in English are frequently limited to a particular
audience or research school ignoring contributions from other research schools,
also written in English).

As an example, if‘weleonsider articles written in English and published in
Educational Stddies in Mathematics and For the Learning of Mathematics, in
the last four years in sgme specific domains (problem solving, classroom inter-
action and social €onstruction of mathematical knowledge and ethnomathe-
matics), we find that only less than half of the articles make substantial
references, to papers issued from different research schools. The ‘classroom
interaction and social construction of mathematical knowledge’ and ‘ethno-
fmathematics’ topics involve rather precise fields of research: in the last four
years' 18 articles were published in these domains, with only 8 of them making
substantial references to different research schools.

We-thinK that this is not due to lack of information, or to misjudgment of the
results of*others; the problem is that frequently results obtained by different
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research schools are very difficult to compare, and researchers prefer to stay
within a strictly homogeneous reference system.

This happens for various reasons: there is the possibility of the existence of
hidden variables; the same technical words may have different meanings for dif-
ferent schools, frequently referring to different epistemological, philosophical or
psychological frameworks. For instance, ‘interiorization’, with reference o a
Piagetian versus a Vygotskian framework (see Mugny 1984;Perret*Clermont
1980; Piaget & Inhelder 1947; Vygotskij 1967, 1978, 1990), Different words
may be used for partially similar phenomena: considering an example,selated to
specific research problems in mathematics education, in ‘ratio ‘and proportion re-
search’, three different definitions (‘internal ratiosNexternal“ratios’; ‘within-
state ratios, between-state ratios’; ‘function, scalar®),were 'proposed by
Freudenthal, Noelting and Vergnaud in order to(distinguish'between two differ-
ent kinds of ratio. These were used in proportionalityaproblems pointing out
different aspects: epistemological aspects in Freudenthal 1978; psychological
aspects in Noelting 1980; structural and psychelogical aspects in Vergnaud
1981, 1983.

An example related to more generahlearning preblems concerns the words
‘scheme’, ‘script’, ‘frame’ in Piaget’s, Minsky’s, Shank & Abelson’s, and
Vergnaud’s papers: these words pojfit outdifferentaspects of the same psycho-
logical phenomena which are alsorelévant to mnathematics education (see:
Minsky 1986; Piaget & Inhelder 1959; Shank &Abelson 1977; Vergnaud 1990).
Also, different theoretical frameworks are frequently used to plan experiments:
some relevant differences concerngthe role of the teacher (‘observed’ actor in the
classroom, like in Brousseau 1986y, or ‘participant observer’, like in Eisenhart
1988); selection and isolation ofyvariables in short-term (like in many ‘laboratory
studies’), or long-term classrgom studies,involving many variables; observations
centered on individual pupils, or on classtoom interactions. (For further discus-
sion, see: Artigue 1990; Balacheff) 1990; Bartolini Bussi 1991; Boero 1994;
Brousseau 1986; Chevallard,1992;Kilpatrick, 1992; Robert 1992; Steiner 1984).

As to the problem of the ‘cumulative’ character of research in mathematics
education, the best solutionyisanot, in our opinion, to refuse articles which do not
make substantial quetations from all the previous, outstanding results concern-
ing the same topics but rather that the community of researchers should help the
individual andérient himjor her in this work. We need to invent new kinds of
scientific meetings where different schools compare their results — especially
their vocabularyiand methodology regarding the same subject. This might also
produce the possibility of revealing hidden cultural, linguistic, and other
variables;

Also, renowned journals might contribute to the enhancement and deepening
of the exehange between different schools and traditions of research in mathe-
matiCs education: for instance, it might be useful to publish special survey arti-
cles'seeking to point out subjects worthy of closer investigation (‘white spots’ of
our knewl€dge); or, to publish short, preliminary information about ongoing
research.
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And, more generally, we also need theoretical tools of the ‘theoretical per-
spectives’ type concerning comparison of different types and methodologies of
research in mathematics education; i.e. going beyond descriptions (segpBoero
1994). Classifications, and models — if possible — are necessary. In this sense, we
share the idea that:

...this ICMI study does not seek to describe the state of the art. Nor does it infend toptell anyone
what research in mathematics education is or is not. Instead, the organizers of(this study propose to
clarify the different meanings these ideas have for mathematics educatois. ... (Balacheff et al. 1993)

5. SOME LINKS WITH THE PROBLEM OF TEACHERS? PREPARATION

As we have tried to prove, results of the ‘qualitative“inférmation’ and ‘theoret-
ical perspectives’ type are crucial for practitionérs _and researchers alike, but
usually those results need a specific vocabularyandpreeise references to human
sciences (anthropology, philosophy, sociology, psycholegy). This may be hard
for mathematics teachers and researcherSin mathematics education.

From this perspective, it appears eyident that changes are needed in the prepa-
ration of teachers and researchers. But, whatachanges? How does one negotiate
these changes with mathematiciang? How dees ong put them into practice?

Concerning teachers, in order for them™tg bé€ome able to use more research
results of the ‘qualitative information’ and ‘theoretical perspectives’ types in the
life of ordinary schools, we thinkdthat extensive research should be carried out
on teacher training and in-service training. Furthermore, researchers must make
a greater effort to make theirWorkgunderstandable to ordinary teachers. If we
look at the reality of present day teachers’ and researchers’ preparation, we
perceive a large gap in this regard.

Although mathematicseducatoss think that teachers’ preparation must be
based on good mathematicSipreparation and good preparation in the educational
field, we observe that in,almostlall countries, most current university courses of
mathematics atfended by, future teachers provide a deep and up-to-date special-
ized insight into manyatopics recognized as ‘basic contents’ for advanced appli-
cations and research in_mathematics. But school mathematics (especially in
elementary and secondary schools) deals with other topics which are not nor-
mally taught or taken into consideration at university level. On the other hand,
most current university courses attended by future teachers neither have connec-
tions with’scheolymathematics, nor cover in depth the relationships with other
domains 'ofymathematics, or give any idea of the cultural ‘meaning’ of what is
being. taught.'We may add that most university courses in the domain of
Educationpattended by future teachers are ‘academic’ courses detached from
theit cultural and professional needs. Moreover, unfortunately, the teacher train-
ing process i§ not a popular research domain.

The™problem of the relationships between school mathematics and mathemat-
icians’ mathematics (as well as ‘street’ mathematics, and social needs) should be
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dealt with in-depth to seriously tackle the difficult problem of the mathematics
curriculum for future teachers, and the connections between their ‘professional’
‘and their ‘cultural’ preparation in mathematics.

Concerning the preparation of teachers, it is also necessary to overcome the
false idea, so frequently shared in the mathematicians’ community, that'effectiye
teaching of mathematics is essentially based on good ‘technical’ knowledge of
the topics to be taught, and on the quality of the teacher as a se¢lf-made ‘artist’.
(This idea has well-known, important consequences for theppreparation of
teachers in many countries.)

Again, results of the ‘qualitative information’ and ‘theoretieal perspectives’
types might be useful to tackle these problems. But StresSing the importance of
these types of results may create friction within the mathematicians’ community
due to their lack of background in human sciences; there“aréimathematicians
who, as ‘scientists’, are suspicious about ‘humanities’fyphilosophy, anthropo-
logy, sociology, psychology, etc. Many mathematicians may take into consider-
ation (at least as ‘useful’ or ‘interesting’) the results ofythe “innovative patterns’
and ‘quantitative information’ type: few of{them are already open-minded
towards results of the ‘qualitative infermation’_ and,theoretical perspectives’
types.

As a key issue in this discussion, sve thifik that the ‘explanatory’ power of the
results of the ‘qualitative informagion’ and.‘theoretical perspectives’ types must
be proved on common, recognized meaningfiilygrounds; for instance, advanced
mathematics teaching, or phenomena concerning dissemination of innovations,
and in close connection with ‘innevative patterns’ type results. Also, problems
which are generally considered impertant in this historical period (like multicul-
tural teaching of mathematics:/elassrooms with mixed mother tongues and cul-
tural traditions) might be tackled to'show, the effectiveness of those results.

Results of the ‘qualitativé information’ type and (at least for the ‘description’
part) ‘theoretical perspectives’ type)require the involvement of teachers in the
research and collaboratiomgbetween teachers and researchers. The same thing is
needed during the preparation)of teachers and researchers to exploit/produce
such results. Butithis is‘noypessible in some countries, especially where innova-
tions are involveds ‘innovation’ implies very complex procedures for permis-
sion, since researchers (OnysStudents) cannot enter classrooms without special
permissions whichare rather difficult to obtain, etc. We think that experimental
(and observation) schools or sections must be created (especially in the countries
where it is difficult to' perform experiments and long-term observations in
ordinary ¢lasseshand existing experiences about ‘observation’ schools should be
analyzed|and compared.

6. CONCLUSION

ResultS%f the ‘innovative patterns’ type (for obvious reasons, connected to prag-
matic aims, and for other reasons, connected to the specificity of research in
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mathematics education) and results of the ‘theoretical perspectives’ type (as a
consequence of the preceding analyses) are needed to characterize ‘mathematics
education’ as a specific field of research. But, in our opinion, res
‘innovative patterns’ type alone are not consistent by themselves
results, and results of the ‘theoretical perspectives’ type alone are no

eyes.
Results of the ‘qualitative information’ and ‘theoretical pe
are important not only in themselves, but also in al"i
searchers to get the other kinds of results under control:
should gradually enter into teacher training. Unfortun esu qual-
itative information’ and ‘theoretical perspectives’ n S not popular
among mathematics teachers and mathematiciar‘v thin heir ‘explana-
tory’ power must be proved on common and recogni ningful grounds.
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CAROLYN KIERAN

MODELS IN MATHEMATICS EDUCATION RESEARCH:
A BROADER VIEW OF RESEARCH RESULZES

1. INTRODUCTION

It may seem strange to some to imagine models as researchyresults. How are re-
search results defined? Narrowly, in the sense{of empirical findings, or more
broadly as the products of research endeavors that“aredin some way linked to
empirical work. At international conferepces’of mathematics education re-
searchers, for example, the International Grouppfor the Psychology of
Mathematics Education (PME), one finds im\the guidelines for conference
proposals two categories of research rgports: empirieal and theoretical. But the
separation between empirical and thedretical work in mathematics education re-
search may, in fact, be a false one/~espegcially with respect to models. At the
least, the dividing line between the'tw isiblurring:

What are the aims of research in mathematicsfeducation? Clearly one of them
is the development of a better understanding of the ways in which students learn
mathematics and the ways in which teachers teach mathematics. Another is the
design of innovative learning environments with the potential of changing for
the better the ways in which stddents.come to understand their mathematics. But
whether one conducts research in the“spirit of the former or the latter aim — and
these are not the only aim§ of mathemati¢s education research (see the discus-
sion document of this ICMIStudy))— the“current reporting of research suggests
that both involve the desesiption“of observed phenomena by means of models.
Sometimes these descriptions might be based on implicit models or theories that
are held intuitively by ‘thesreséarcher. But as is often the case, the models that
are either being ugedpas tools or being created in order to explain the data are
explicitly formulated“Théypoint is that the way in which research results are
presently being'reported frequently takes the form of descriptive or explanatory
models. This abservation is not meant to suggest that all empirical work that is
reported includes explanatory models, but rather that most of the work involving
theoretical*models does incorporate empirical results (which does not exclude
the possibility ofiteferring to someone else’s empirical findings). That there is an
in@scapable synergy between the two — empirical results and explanatory models
~ is cleanpl return to this aspect below. So, we are beginning to see more and
mor€ often that the reporting of research results is not simply the enumeration of
the“observed empirical facts but also the description of a model that has been
developed”(or an existing model that has been further refined) to explain what

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 213-225.
© 1998 Kluwer Academic Publishers.
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has been identified; that is, that models are as much the results of doing research
as are the empirical observations.

However, there is a great deal of variation in the way in which the tesm,model
(or theory or principle or ...) is used in the field of mathematics educationire-
search. One person’s model can be another’s theory. The aim of thi§ chapteris:
first, to illustrate some of the various ways in which mathematics educationyre-
searchers have in the past few years been using the terms models andytheories;
and second, to provide a more detailed example of a model that,has emerged in
the past decade and that illustrates clearly the insepagéble interaction/between
empirical and theoretical work in mathematics education researeh.

2. USES OF THE TERMS: MODELS, THEORIES, ...

The first example of some of the various ways inywhich“the mathematics educa-
tion research community has been using the terms models and theories is drawn
from a monograph reporting the discussiong of the:Research Workshop on
Learning Models held in Durham, NewHampshiréyl977. John Richards (1979),
one of the participants, claimed that jn the literature’in mathematics education,
models are usually not distinguishéd from_theories’ (p. 6). In attempting to
provide a distinction between a theory and/ model, he argued the following:

The relationship between a model and a formal theory is‘one of the open questions in the philosophy
of science. ... I propose that theories are complex congeptual systems comprising explanations,
problems, methods, technological devicesfand so on. Theories, in a non-trivial sense, determine the
data to be analyzed and structured. ... If we View theories as including the larger context of scientific
enquiry, then clearly the use of modelsfisyan.intrinsic part of that undertaking. Theoretical considera-
tions are therefore necessarily prior to'building orjusing a model. ... In contrast to a theory, a model
is not even intended to be comipléte, or final. It iS\not intended to capture or explain a situation
totally. ... A model simplifies, represents, visualiZes, preserves structure (mainly), and finally dis-
appears. ... It is presented as a working hypothesis. ... In fact, within a theory it is expected that
various divergent models willibe proposed. Each may emphasize different aspects of the theory. ...
The ramifications of this framework for the researcher interested in models are fairly straightfor-
ward. First, the researcher 1§ always Operating within a tradition (a methodological research pro-
gramme) and the reseageher must.be cognizant of this. For mathematics education the programme
may be Piagetian, behaviorallogical, linguistic, and so on. Each of these has a fairly well developed
metaphysical and epistemological outlook. Each determines data which must be understood, and
each delineates geperal problems to be examined and resolved. Second, within a programme there is
a more or less wellkaccepted, up-to-date, theory which is adopted by the researcher. This provides
specific problems and perspectives. Mathematics education may still be in the stage of generating
theories. It isfafifrom being a mature science. Nevertheless, there are still well-defined programmes
determining the research. A proposed model functions differently than a theory within these pro-
grammes. That,is, even if the programme itself is general, or borrowed from other disciplines, a
theory., within thelprogramme still determines the data and the problems. Models may then be
proposedtomesolve these problems. (pp. 17-23)

Richards provided a specific example of the distinctions he was making by
referringgto the work of Steffe, Richards & von Glasersfeld (1979): ‘The models
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presented there relate the learning of whole number concepts to the Piagetian
tradition, and more specifically, to a theory within this tradition (i.e., construc-
tivism)’ (p. 23). And the nature of these models has been described byal eslie
Steffe (1983) as follows:

A constructivist research program in mathematics education has, as its central problem, the explana-
tion of the process of construction of mathematical objects as it actually occursgfi children. .i. The
explanations we formulate in our research constitute models. It must be understood thatthese models
are formulated in the context of intensive observation of children’s_construction,of mathematical
objects. But while they are based on actual human behavior, they also are based on ourlinferpretation
of the meaning that the children attribute to their behavior or, in other wordsjiwhy they exhibit the
observed behavior. ... The model, as we use it, can be understood using the‘metaphor of a black
box ... ; unlike behaviorists, however, who are not interested in the machinery inside of the box, a
constructivist attempts to design models which ideally willpgiven an_‘input’,) produce the same
output as the black box. One never speculates as to the function ofythe black'box, but only attempts
to design models which seem to be a viable explanation of.the input=output relation. (pp. 469-470)

The kind of model being discussed is the implicit medel that is guiding the
child’s behavior. Much of the research in our field that'inyolves model construc-
tion is based on the search for implicit medels.

Guy Brousseau (1972) was one of ghe first, I believe, to use the term implicit
models. In his descriptions of the proeesses by, which the child constructs mathe-
matical knowledge, he noted that when children are placed before certain objects
or elements that are related, they form“mental models of the situation that
control their actions:

[Lorsqu’un enfant] dans une suite de situations comparables (qui réalisent une méme structure) a une
suite de comportements comparables (qui_relévent d’une méme conduite), on est fondé a estimer
qu’il a pergu un certain nombre d’él¢ments et deuelations de cette structure. Il a donc au moins un
certain modéle mental de cette Situation qui régle sonjaction. (p. 57)

The implicit model thus defined by Brousseau introduces the idea of a certain
mental representation gf the relations between the givens, which modulates the
actions of the child in the/presence of comparable situations. This notion of im-
plicit mental models hasibeen further developed by Brousseau and other re-
searchers of the Frenchpcommunity of mathematics education researchers into
the Theory of Didactic Situations.

Rouse and Morris (1985), in their synthesis of the various definitions, uses, and
functions of mentalymeodels, point out that ‘the common themes are describing, ex-
plaining, andgpredicting, regardless of whether the human is performing internal
experiments, secanning displays, or executing control actions’ (p. 11). Other aspects
of_mental medels, which have been emphasized by Fischbein, Tirosh, Stavy &
Oster+(1990);-are’their autonomy with respect to the original and their stability:

Be€ing structurally unitary and autonomous, the model often imposes its constraints on the original
and not vice vgrsa! Consequently a model is not simply a substitute, an auxiliary device (more
simple, oré€familiar, more accessible). (p. 24)
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The autonomy and stability of mental models seem to suggest that they are not mere products, mere
reflections of the originals. They belong to the mental structure of the individual, well integrated into
this structure, reflecting its requirements, its particularities, its schemata, its laws. (p. 29)

Efraim Fischbein (1994) gives much priority to the intuitive chagacter ofim-
plicit models, as seen in the following excerpt aimed at explaining a“numbes of
misconceptions held by elementary school teachers concerning thesmathematical
concept of set:

A very simple interpretation may account for all these misconceptions. If the modellone’has in mind,
when considering the concept of set, is that of a collection of objects, all'thesépmisconceptions are
predictable. ... I do not affirm that students identify, explicitly and, consciously, the mathematical
concept of set with the notion of a collection of concrete objects. What Baffirm is that, while consid-
ering the mathematical concept of set, what they have in miifid — implicitly but effectively - is the
idea of a collection of objects with «ll its connotations. There i§'no_subjective conflict here. The
intuitive model manipulates from behind the scenes théymeaning, theluse, and the properties of
the formally established concept. The intuitive model seems téybe stronger than the formal concept.
(p. 236)

Fischbein, Deri, Nello & Marino (1985) have been,able to verify the presence
of the implicit models that they have/posited by _constructing situations that in-
troduce constraints for which the medel weuld ne,longer be able to function.
They have observed that, every tinte‘the problem givens did not respect the con-
straints imposed by the model, the pupils weredled to make predictable errors.
This approach permits not only the formulation'of hypotheses with respect to the
models used by pupils but also thesconfirmation of their existence.

The preceding brief discussion has focused on implicit models, that is, those
whose non-explicit character makes\it necessary for the researcher to try and
find ways to induce their presence:"Butinot all modeling in mathematics educa-
tion research is directly orieénted toward the uncovering of a subject’s implicit
models. (Please note that the examples mentioned in this section of the chapter
are not intended to be comprehensive, but merely illustrative. As well, there has
been no attempt to include’teaching models, that is, models used by teachers in
order to presentgcertain mathematical concepts — such as, the various teaching
models for negative humbers.)

In a somewhat differentyperspective, Margaret Brown (this volume) describes
research that isfaimed at ‘reducing the complexity of an enormous variety of in-
dividual behaviors or beliefs by modeling the field in terms of a limited number
of categorizations or “ideal types™ (p. 265). Such research, according to Brown,
results in modelsythat attempt to describe and explain understanding, attainment,
beliefs and/or practice. She cites as an example the Concepts in Secondary
Mathematies and Science study (Hart 1981), an assessment project that involved
data fromgthousands of students and which led to the development of models of
progression/levels in mathematical thinking. Brown (this volume) argues:

The act-of idenitifying common features in different groups of individuals and using these to describe a
number of “ideal types’ is a form of psychological modeling akin to mathematical modeling.
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In each case the model presents a general way of thinking about the behavior of specifics (objects or
people). This act of identifying common features means that other more idiosyncratic features have
been ignored. Such models are only valid if they are useful, which in general means that those features
ignored can be demonstrated or agreed to be of secondary importance for a particular purpose (p3272).

Eugenio Filloy (1990) has described a kind of modeling that results in,what
he calls local theoretical models:

The stability of the observed phenomena and the well-established replicability of the experimental
designs that were used in our studies confronted us with the need to propose a theoretical;omponent
to deal with different types of (1) algebra teaching models for the teaching=learning processes to-
gether with (2) models for the cognitive processes involved, both of which are related to (3) formal
competency models to simulate the competent performance of an ideal user of elementary algebraic
language. It was necessary to concentrate on local theoretical models apprepriate to specific phe-
nomena, which were nevertheless able to take account of all'these components; we also proposed ad
hoc experimental designs to throw light on the interrelationships“and Oppositions arising during the
development of all the processes relevant to each of thesg three.components. (p. PI11.19)

In their descriptions of the mathematical models constructed by students and
teachers — another use of the term model — Lesh and,Kelly (1994) emphasize the
representational aspect of models, in particular the*way in which these models
are subject to modification:

In the tutoring study, for example, students proposed ayvariety of different ways to think about a
problem. In the early stages, they suggested several models based on additive relationships, subtrac-
tive relationships, fractions, or proportions. These models were expressed in a variety of different
ways: as numbers, as verbal arguments, asgraphs, as sketches, and so forth. As the students explored
a relationship through a given representationy they oftentimes pursued features of the representation
that, in turn, suggested the pursuit of\an altérnative relationship. In this way, the models were
dynamic, unstable, and subject to mugation. (p. 278)

Implicit in the mathematicalymodelinglengaged in by the students described
by Lesh and Kelly is the_students’ underlying use of their own mental models.
The latter are also subject'to gradual change, as has been shown by the work of
Fischbein and his colleagdes and students. But just as children’s models of the
world evolve, so'tge,do researchers’ models of the phenomena they are study-
ing; and this evolution ofiresearchers’ models sometimes occurs over a period of
several years. Foflexample, the long-term research program of Jacques Bergeron
and Nicolas Herscovic§ led to several versions (e.g., Bergeron & Herscovics
1989; Herscovies &Bergeron 1983) of their two-tiered model of the understand-
ing of earlygnumber. Basically, the two tiers are related to the acquisition of
certain physical concepts, followed by the corresponding mathematical con-
cepts. But rather than providing a detailed picture of the dynamics of movement
through the two'tiers, this model has been used to suggest guidelines to teachers
aboutsthe conditions that should be satisfied in order for a pupil to construct an
enriched congept of early number.

Anqtherghodel of the growth of mathematical understanding is the one that
has been“developed by Susan Pirie and Tom Kieren (1992) — also the result of
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several years of classroom observation and case study analyses. This model,
with its eight modes of understanding depicted by concentric circles tangent at a
point, attempts to capture the nonlinear, dynamic growth of mathematicahunder-
standing at any level in any topic.

As has been seen from the two examples just mentioned, a model(is often not
the result of a single study; its formulation can be based on the analysisiof data
from several studies. Its development might also be subject to ifiput from addi-
tional sources, such as other researchers’ models or the history ef mathematics.
For example, the Sfard (1991) model of mathematical €onceptual development,
which is discussed at greater length in the next section, hag/itSibasis in both psy-
chological-empirical and historical work. Thus, the censtruction ofyinodels can
reflect varying degrees of contribution from empirical data, over/varying time
periods.

In addition to the evolving form of models, thérelis, another aspect to be
noted here. That is the fact that they tend to/belsituated within the context of a
more global, overarching theory — as was pointed out,earlier by Richards. For
example, Lesh and Kelly (1994), in their paper,on student and teacher models,
emphasize that ‘we begin with the assumption:that,students actively construct
meaning ... thus, we are in general’accord with“the precepts of what has
become known as constructivism’ (. 270, And Ririe and Kieren (1992) state
that ‘our theory is constructivist in‘its teots, e¢laborating the nature of under-
standing as the personal building and“re-organization of one’s knowledge
structures’ (p. 243).

But it is important to note that in the Piriec and Kieren description of their
model, there appears to be more/to\the term theory than simply that the model
has its roots in the theory of cdnstructivism, for they refer to their model as ‘a
model for the theory of growth ef'mathematical understanding’ (p. 245). Thus,
they seem also to be developing a theory of mathematical understanding for
which their model might be butythé current representation or metaphor. So we
see here an example of netonly the'development of a model within a theory, but
also the development of a theory within a theory.

This kind of modelingMwhich is closely and explicitly tied to the development
of a theory, remindSpus of‘the earlier mentioned theoretical work of Brousseau
and colleagues (i.e., the development of the Theory of Didactic Situations that
was based on His research involving children’s implicit mental models). Yet
even these broader theories, which are intended to be more complete and of
wider application than their partial dynamic models, are seen by some as still
being localdmodels:

Asyoften happefis,in the development of science, the selection of ‘narrow’ pieces of reality to be
nfodeléd cansolve the problem of both acceptable modeling and theoretical coherence:
‘Narrowifiess’ ould result, in turn, in a limitation of either the number of subjects involved, the dura-
tionfof observation, or the items of knowledge. A good example is the theory of didactical situations
(Brousseau 1986), which is successful for microdidactical studies, in which a given item of knowl-
edge andagiven problem situation is considered. (Bartolini Bussi 1994, p. 127)
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Presmeg (this volume) sums up this viewpoint when she says: ‘The dilemma of
constructing theory is that any theory, by its nature, is a simplified model which
facilitates understanding of some elements of a phenomenon butgxeludes
others; thus no theory can be complete or final (p. 63).

The phenomena that are being modeled in our field are basically £eaching and
learning phenomena. Because mathematics education is an applied diseipline,
the models we create do not look like, say, models of the atom. Fhey are models
of what people actually do when they learn or teach mathematics. The \goal of
this section of the chapter has been to show, directly, some of the vasious ways
in which mathematics education researchers use the term§ models and theory
and, indirectly, how closely model development in the discipline ig tied to the
conduct of empirical work and ought thus to be considerédya result of research.
In other words, results ought not to be limited to(the products offempirical work;
separating the theoretical work of modeling from emipirical work would seem to
be artificial.

In the following section, I take one particularimodel, =~ the process-object
model of mathematical conceptual development,— and\in 'showing the path fol-
lowed by its evolution illustrate the inseparable interplay between theoretical
and empirical work. The model that i§ featured is one for which different ver-
sions exist, but all share certain basic theeretical assumptions regarding the
duality of mathematical thinking,/situatéd within/the larger theoretical frame-
work of constructivism.

3. PROCESS-OBJECT MODELS OF'MATHEMATICAL CONCEPTUAL DEVELOPMENT

In 1985 a PME working group on“Advanced Mathematical Thinking was estab-
lished, and soon after beganfa series of diseussions that was to continue over the
course of several years on the learning oficertain mathematical concepts in terms
of process-object conceptualizations (e.g., Dreyfus 1990; Dubinsky 1991; Gray
& Tall 1994; Harel & Kaput 1991; Thompson 1985). At the same time, other re-
searchers not divectly invelved with the Working Group were doing related
work on model de¥elepment. For example, Sfard (1987, 1991) was gathering
evidence for a historicalspsychological model of the operational-structural
duality of mathematical thinking; Douady (1985) was conducting empirical
work associated, with the tool-object model that she was developing. Thus,
several individuals were working in parallel on the construction of similar
models.

When these various versions are compared, it becomes clear that, despite their
obwious resemblances, there are also certain differences. For example, the nature
6f the mevement through the models, the degrees of groundedness in past em-
pirical research findings, as well as the nature of the other components
influencing the theorizing process, all provide means of differentiating the
assortedgnenderings of the models. For these reasons, the path taken in the
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development of the process-object model varies according to the version being
described. A large part of the discussion below will center on the Sfard version.

Robert B. Davis (1975) was one of the first mathematics educators teipeint to
the ‘name-process’ dilemma facing mathematics students, that is, seeing an €x-
pression such as 3 + 5 as both a name for a number (in other words, afipobject)
and as a process to be calculated. More recently, Davis (1992) commented on
the notion that children learn many parts of mathematics as 6perations’, and
only later, as a result of reflecting upon their actions, do they\€eme to see that
each process can be seen as a thing in itself:

This, of course, is not a new idea; indeed, it lies at the heart of the miscofiception thatithe equals sign
means ‘... and the answer is ...”, which makes it difficult for many'children to deal with 7 = 3 + 4.
Fractions are clearly, at first, operators, a point used by MaxyBeberman three decades ago in his
middle school mathematics curriculum: students can deal with fone half of*"something-or-other,
long before they can come to see ‘one half’ as a thing intself (and of Course an abstract thing, not
tied to any concrete realization). In Davis (1984) this is discussed as acquiring first ‘verb’ status, and
only later acquiring ‘noun’ status. (p. 234)

There was a gap of several years between the bringing of this cognitive fact to
light over 20 years ago and the developing of a research model based on the
ubiquitousness of the phenomenon.

Anna Sfard’s (1991) historical-psycheélogical analysis of different mathemat-
ical definitions and representations hasishowed’that abstract notions such as
number and function can be conceived in two fundamentally different ways:
structurally (as objects) or operatignally (as processes). She has claimed that the
operational conception is, for most'people, the first step in the acquisition of new
mathematical notions. The transition from a ‘process’ conception to an ‘object’
conception is accomplished neither quickly nor without great difficulty. After
they are fully developed, both the process‘and the object conceptions are said to
play important roles in mathematical) activity.

Some of the historical examples'on which Sfard (1991) has drawn in arriving
at these conclusions aré as follows:

For long periods did mathematicians perform some special manipulations with already acknowl-
edged kinds of numbers-before,they were able to sever an abstract product from these new processes
and to accept the resulting entities as a new kind of mathematical object. For instance, a ratio of two
integers was initiglly“regardedlas a short description of a measuring process rather than as a
number. ... For along timegthe term ‘number’ appeared mainly in the context of measuring
processes. The Pythagoréan discovery that in certain squares the usual procedure for finding the
length of the diagonal cannot be described in terms of integers and their ratios (because the diago-
nal and the/sides"havelno common measure) was greeted with astonishment and bewilderment. ...
Much time ‘elapsed before mathematicians were able to separate the notion of number from measur-
ing processes-and tojacknowledge the fact that the length of any segment represents a number even
if it cannotgbe found in the ‘usual’ way. Eventually, the set of numbers was broadened again, to
includé positive)irrationals along with integers and fractions. This enlarged set, in its turn, gave
birth to new kinds of computational processes, and then to new kinds of numbers. ... The term
‘negative number’ and the symbol N-T were initially considered nothing more than abbreviations
for certain’‘meaningless’ numerical operations. They came to designate a fully-fledged mathemat-
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ical object only after mathematicians got accustomed to these strange but useful kinds of
computation. (pp. 11-12)

While in the process of developing her model, Sfard reports that she con-
stantly moved back and forth between her conjectures derived from the histor-
ical examples of mathematical development and the search for supporting
evidence from cognitive studies (see Sfard 1991 for illustrations); asywell, she
conducted some studies of her own. In 1987, she attempted to find out whether
sixty 16- and 18-year-olds, who were well-acquainteéd with the,notion of
function and with its formal structural definition, conceived ofyfunctions opera-
tionally or structurally (Sfard 1987). The majority of the students weére found to
view functions as a process for computing one magnitudéyby means of another,
rather than as a correspondence between two setst In a second phase of the study
involving ninety-six 14- to 17-year-olds, students werépasked to translate four
simple word problems into equations and also{tolprovideverbal prescriptions for
calculating the solutions to similar problems. They stieceeded much better with
the verbal prescriptions than with the construction of‘equations. This evidence
suggests a predominance of operationalsconceptions,among Sfard’s algebra stu-
dents. The empirical foundations of Sfard’s model also derived support from the
results of a previous study (Soloway, Lochhead &,Clement 1982) that showed
that students can cope with translating agword problem into an equation when
that equation is in the form of a short“computer program specifying how to
compute the value of one variable based on anether.

The way in which mathematical concepts e€volved historically, supported by
the available psychological-empirical research, led Sfard to elaborate a parallel
model of mathematical conceptyal development (see Sfard 1991 for details). She
hypothesized three phases in the“evolution of the process-object continuum: in-
teriorization, condensationdand reification. During the first phase, called interior-
ization, some process is performed)on @lready familiar mathematical objects.
The second phase, called.eondensation, is one in which the operation or process
is squeezed into more manageable units. The condensation phase lasts as long as
a new entity isgconceived.only operationally. The third phase, reification,
involves the suddenfabilityto'see something familiar in a new light. Whereas in-
teriorization and CondenSation are lengthy sequences of gradual, quantitative
rather than qualitative changes, reification seems to be a leap: A process
solidifies into am,object.linto a static structure. The new entity is detached from
the process that produced it.

In a subséquent study designed to follow, at close range, the movement of
computeg=programming students through the various phases in progressing
towards a‘striietural notion of function, Sfard (1989) reported that ‘our attempt
t6 promote, the structural conception cannot be regarded as fully successful’ and
conjeCtured that ‘reification is inherently so difficult that there may be students
for.whom thestructural conception will remain practically out of reach whatever
the teaching'method’ (p. 158).
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Further evidence from other areas of mathematics learning research, such as
that on rational number, illustrates the difficulty many students appear to have in
learning to interpret certain mathematical entities as objects. Behr, Wachsmuth
& Post (1985) reported that, for a particular task that they presented to_ fifth
grade students, ‘the [cognitive] load would appear to be particularly‘heawy forya
child who deals with a fraction as [the division of] two whole numbers.and is
unable to perceive it as a conceptual unit’ (p. 129). Examples ofasithilar ‘phe-
nomenon in the area of linear algebra have been provided by Hasel (1985). And
another case in point, which bears on a study carriedfout by Kaput,(4991) in
which students were determining functions from numefical,data, has been
described as follows by Harel and Kaput (1991):

There were two types of students: One type were essentially ‘pre-algebraic” linftheir thinking, and
treated every potential rule that they inferred from their numerical‘data,in a table (which they gener-
ated) as a natural language-based rule. That is, they thoughihef 2x + 1“as doubling and adding one. ...
The latter [type] were looking for growth rates, which theyintepieted as'the first parameter’s value,
etc. For them, a linear function was experienced as a ‘thing’s a‘conceptual entity, whose identity is
determined by the two parameters. The other students were looking for a way to translate from their
natural language-based encoding of an unencapsulated process to,algebra. (p. 90)

In contrast to the combined histéricalyand pSychological roots of Sfard’s
process-object model, Dubinsky (¥991)has pointed out that his version of the
process-object model has its basis primarilypin/Piaget’s theory of Reflective
Abstraction. But he has emphasized that this‘theory is only one of the bases of
his ‘genetic decomposition’ version of the process-object model:

The details [of the model]... come froni three‘sources. First, there is the psychological data that we
have gathered through observations of studentsfimythe midst of trying to learn these concepts. ... This
data, along with the ideas of Piagegformed the basis for the derivation of our theory, which is the
second source of the genetic decompositions. That is} for each phenomenon that was observed, we
tried to use our theory to describe it adjusting thetheory when necessary. (As the necessity for ad-
justment occurs less often, our.confidencein the theory increases.) The third source of the descrip-
tions is our mathematical understanding, of the concepts in question. It seems important that a genetic
decomposition should make sense from a mathematical point of view, although it might not be
exactly how the mathematician might have analyzed the subject in thinking about how to teach it.
(p. 110)

In addition, PDubinsky has insisted that, ‘some of the statements we make are
based on obseryvations of students and others are only suppositions, derived as a
preliminary to observations, from the general theory and our knowledge of the
mathemati€s’ (ppl04). This comment draws our attention to an aspect of model
building {that is semetimes used to distinguish theoretical work from empirical
research, thatlis;sthat model construction and/or modification/extension almost
alwaysdnyvelves partial supposition. However, even the ‘straightforward’ analy-
sissOf empirical data can be said to involve a certain amount of conjectural inter-
pretation. Ag Richards (1979) has pointed out, no data analysis is theory-free;
but, imeuf’field, as we have seen from the several examples provided, the con-
verse is also the case: No theorizing is data-free.
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4. CONCLUDING REMARKS

I have shown how one particular model has evolved in the field of mathematics ed-
ucation research, as well as the relation of the development of this model with eéms-
pirical results. I have claimed that models such as the ones I have illustrated ought
to be included under the heading, Results of Research, because they have been both
developed and refined on the basis of empirical work. There is nof€scaping the fact
that, in mathematics education, theory building and empirical| studies form the
vicious circle of research; each requires the other. Neither is truly ‘possible without
the other in a field such as ours. Margaret Brown (this volurpe) has argued that that
is the case for all types of research, even large-scale assessmient studies”

Data alone do not help us to interpret and understand the situation, although they’may stimulate us to
attempt to do so. The results of SIMS attainment tests alone do not shed much light on the nature of
and the reasons for the difference between English pupil$yand, say, Belgian pupils, although they
suggest some hypotheses. One of the reasons for the lack ofiinsight from SIMS test results alone was
the relative lack of theorization in their design and analysis (p- 264).

James Hiebert reminded us at the copference that gave rise to this volume that
‘we do not yet have theories in mathematics education that unify the field and
generate specific hypotheses’. It is noteven elear that such grand theories are re-
alistic goals for mathematics education, Gerald Goldin (1992), in exploring what
should be involved in developing a broader,inified psychological model of
mathematical learning and problem solving, discusses many of the diverse, yet
pertinent, empirical results that hdve been obtained. But taking into account all
of these results could lead to a,model that would be so complex as to be unus-
able or so general as to be of limitedsvalue. Robert B. Davis (1990) has pointed
out one of the pitfalls of attempting to produce a theory that would be widely
applicable: ‘Unfortunately, that which is,tiue for most people (or even true for
all people) is nearly always trivial’y(p. PI.14).

But on the basis of gar €mpirical work, we in the mathematics education re-
search community are sugceeding at developing non-trivial, locally applicable,
theoretical models. A searchiof current research journals in our field, as well as
the proceedings of research conferences, attests to the growing number of re-
searchers whose.empirical research and development of related theoretical
models are clogely interconnected. Nevertheless, models are often the product of
several years ofpwork(by dedicated researchers in a given research program.
Thus, the perspective that model development is a result of research is indeed a
long-term(view of\what constitutes research results.
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TOWARDS A COGNITIVE THEORY OF PRACTICE

As I view it, the topic of the relations between practicefand theory inymathemat-
ics education conveys two main problems. The first problémeencerns the rela-
tionship between mathematics as a practical activity,/and mathematics as a
theoretical body of knowledge. The second problem concesns mathematics edu-
cation, and the relationship between the teachers activity in the' classroom and
research in mathematics education and psychology/I think that, for both prob-
lems, we need a theory of practice and of agticulation between theory and prac-
tice. This theory must be quite general since it does not concern mathematics or
mathematics education alone, but all human activities.\To do this, we also need
some practice of theory, or theorizing, And we heed examples, since theory
without examples is usually incomprehensible.

Let me start with two examplesfoutside, mathematics (I will come later to
more specific examples in mathematics education). My first example is the satel-
lite expert’s. The satellite expert has books onthis'shelves, reports in his drawers,
and fifteen or twenty years’ experience in satellite conception. No satellite is
exactly the same as the former ones; therefore one has to reinvent something
each time. There is no individual able to conceive, alone, of a satellite. Satellite
conception is the task of a whole,community of people; sometimes several hun-
dreds. And yet, in this comniunity, oene,individual may appear, on some occa-
sion, as irreplaceable. Forlinstance, one may have to solve, in 1996, a technical
problem that is similar to a“problen) that'had been dealt with six or seven years
ago. But the person whegdid 1t“then has now retired. He or she had formed a
specific competence which/is ngt in books and reports. This competence may be
technical. It may, also have,se¢ial components since the solution may have in-
volved a whole netwerk of‘human and technical resources. Finally this person
will be called back from hissor her retirement place, if it is possible. There is no
expert-system toreplace this person; there is not even any younger engineer that
would have been trained in time for the purpose of inheriting and capitalizing on
that critical knowledge.

Analysestof people’s activity at work show that we develop many personal
competenees. Some of them are critical, in the sense that the functional entity in
which they take place (workshop, laboratory, or else) cannot survive without
them; alse,in the sense that they make a difference between those who have
formed such competences, and those who have not.

My second example concerns the swineherd who guides pigs with a stick at
the entrzane€ of a slaughterhouse: His job is low-qualified and the director of the

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 227-240.
© 1998 Kluwer Academic Publishers.
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slaughterhouse sees it as a very simple and unimportant job which does not
require any ergonomic analysis. Yet a group of ergonomists, who had to do
some expertise in this factory, insisted upon observing him and analyzingghis ac-
tivity. They discovered that he was likely to be the most important person‘in that
part of the factory. The pigs may have developed heart disease; thgy may haye
strong emotions and even die before being killed. When this happens the{oss” of
money is important, but even when they are only emotionally“stréssed; the
quality of the meat is low. This man’s competence was criti¢al and“had been
formed through experience: he was able to guide the pigs)as smoothly,as possi-
ble, detect those of them likely to die, and get them toheépisacrifice place’
before it was too late. He had great diagnostic competenées and had categories
for this: these categories were cognitive, if not theoretical, and very’efficient.

There are many other examples. For instancej ih a cement factory, one man
was able to repair water-pumps. When he fell ill /nobedy was able to repair
these pumps for three months.

Competences formed in practice concern all levelsof children’s development
and professional experience; at all levels of qualification, This is true even for
scientists. Most of our knowledge consists of competences. We have thousands
of them. They are organized in hierarchical systems and develop through life.
These competences are not made offa-conceptual procedures as some psycholo-
gists pretend them to be when they contrast procedural knowledge with concep-
tual knowledge, or instrumental understandingywith relational understanding, or
analogical processes with propositional processes. On the contrary, these com-
petences rely heavily upon efficient concepts-in-action and theorems-in-action;
that is to say, upon relevant categeries from which to select the information
available, deal with it, and generate from it plausible goals, subgoals, actions
and expectations. The concept of scheme, is essential to the understanding of the
cognitive structure of competences. This ¢oncept is not very well known, even
though Piaget introduced it sixtypyears ago — borrowing it from Kant. It has oc-
casioned many misunderstandings"due to the confusion with other ideas, like
those of schema, script, pattern, frame, scenario, and others. Therefore I will
define and analyze the coneeptOf scheme as precisely as possible.

1. THE CONCEPT OF SCHEME

Originally, Piaget (1980) used it to analyze what he called — like most psycholo-
gists of that'period — ‘sensory-motor activity’. He should have called it ‘percep-
tual and (gestural activity’, since its main characteristic is its organization of
pereeptions and. gestures, which is not simply sensorial and motoric but strongly
§tructureds, The main role of the schemes, according to Piaget, is to generalize
efficient behavior to new objects. For Piaget, schemes are functional dynamic
totalities. We need a more precise and more general definition. I propose the
followinggone:
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Definition:

Scheme: Invariant organization of behavior for a certain class of sit,

variant organization of behavior for a certain class of situations.
closely connected. But algorithms are schemes, whereas not all

rithms. Moreover, algorithms are effective (they provi.h solt a finite
number of steps, if a solution exists), whereas most scheme efficient (and
are only likely to lead to success). They may even be .E en students
and adults are supposed to learn and use algorithm develop personal
schemes: for calculations, for geometry, for alge., I I . The invariant
character of a scheme for an individual does not schemes are stereo-
chavior itself.

types. What is invariant is the organization of,
What does this organization consist of?

ior, no

o Goals, subgoals and expectations.

o Rules of action: They can be congidered as nerative part of schemes,
the part that generates behavior uncti me situation variables.

e Operational invariants: They ¢ ly in/concepts-in-action (to catego-
rize and select information), and theo ction (to infer, from the avail-
able and relevant information, appropriate goals and rules).

e Possibilities of inference: These possibilities are essential since there is
always some inference and computation in any activity.

Definition:
Theorems-in-action aan
she acts.

Counting a se‘ obj i
one-to-one corres ce

tiplicative decompos
arithmetic pro

d to be true by the subject when he or

ves important concepts-in-action like those of
cardinality. It may also involve additive or mul-
ommutativity, distributivity, etc. Solving ordinary
inyolves important and non-trivial theorems-in-action, as I
have demonst in contributions on additive and multiplicative structures
(Vergnaud 198 algebra, which is supposed to trace operations and

rules mo icitly, relies upon strong non-explicit theorems-in-action.
They co instance, conservation of equality, conservation of solution,
equiivale

t of scheme is very general:

¢ have schemes to catch something with the hand, sit down, walk, jump
e, fix a nail or use a square rule, etc.
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e We have schemes to speak: phonological ones (quite different for English
and French); syntactico-lexical ones to produce understandable sentences;
and also schemes to dialogue, argue, get into a conflict and cooperatgs

o We have schemes to organize sequences of physical or intellectual operations
in order to face some task, e.g. estimating, buying, cuttingfand,laying
linoleum in a room, or analyzing a problem in physics and translating it iit6 a
system of equations. ‘

The best way to understand the process of thinking is tofView it as a'gesture, that
is to say, as an activity that takes place over some periodofitime and follows
some organization; with rules to modify external behayior and“interhal activity
as a function of specific circumstances. To understand théytelationship between
practice and theory, we need to analyze represedtation as an ifitticate combina-
tion of both a set of competences and a set of conceptions:

2. CONCEPTIONS AND COMPETENCES

What are conceptions composed of? They are composed of objects, properties,
relationships, transformations and processéss Theréare objects at quite different
levels: ordinary physical objects, sets, numbers, functions, graphs, groups, dif-
ferential equations, etc. Part of mathematicsieonsists of producing sentences,
true or likely to be true, about these objects."Mathematics is composed of pro-
positions and texts; so too are physics, chemistry and technology. This is the
predicative analysis of scientific knowledge.

What are competences comp@sed of? They are composed of schemes aimed at
facing situations: They are not'madeofitexts. Schemes are the operational side
of knowledge. :

If one does not want to\fall into 4 dualistic and schizophrenic view of cogni-
tion, one must analyze thegrepresentational ingredients (objects, properties, and
propositions) containéd in’ schemes, so as to make the connection between
science as a practical ‘and,rational activity, and science as a theoretical and
textual enterprise. The coneept of operational invariant (concepts-in-action and
theorems-in-action) is‘théskeystone that makes the connection between practice
and theory. WHy are operational invariants so crucial? Because practice is
action; because,action Jis always efficient under certain conditions; because
action is driven‘by files of the form ‘if Cy, C,, ... then A, ... , A;; and finally,
because thefpossibility for such rules to emerge would not be understandable if
there were, no cegnitive categories to analyze these conditions, to analyze the
components 6fiaction, and to analyze the relationships between goals, conditions
and actions. For instance, the efficacy of algorithms is due to the bonds of neces-
sity<that connect the properties of the relevant variables in the set of situations
with'the properties of the operations.

The-partsOf conceptualization is therefore essential in practice, even though it
may not be explicit. Most researchers’ theoretical views today, both in psychol-
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ogy and in mathematics education, minimize the role of conceptualization. But
conceptualization is crucial in the development of human competences. This is
true, not only for mathematical competences but for all human competences:
professional, social, linguistic, physical.

The fact that this process of conceptualization is not directly obgervable, and
has to be reconstructed from observed behaviors, makes it a challenge foryre-
search, as is also the fact that schemes are the psychologicalfand subjective
counterparts of situations. The analysis of schemes makes it necessary
to analyze and classify situations carefully so as to undefstand whatyis,cssential
to be conceptualized in them; even if this conceptualization temains totally or
partially implicit.

These ideas are not specifically mine. They can beytraced back to the
work of several other authors, like Piaget (1971, 1980)“ofcourse, but also
Vygotsky (1962). Vygotsky’s stress on the role ofilanguage in teaching and
learning makes one sometimes forget that he was also/interested in the
formation of concepts in daily life, through experience. He even mentioned, in
his paper on everyday and scientific congepts, that some concepts are
‘unconscious’.

Having stressed the role of situatiogs and schemes'in the formation of knowl-
edge, I must also stress the idea that{the status of knowledge changes when it is
made explicit, put into words and _symbols, apd communicated to others.
Explicit mathematics does not have the same'eognitive status as implicit mathe-
matics contained in schemes. It is only explicit knowledge that can be discussed,
argued, proved or disproved. Therefore, in the teaching of mathematics, one
should find not only interesting‘and challenging situations for action but also
situations for formulation and ptoof, as Brousseau has so convincingly shown in
his work (see, for example, Brousseau1981).

Operational invariants \@té_the source of concepts and propositions, but their
scope of availability andivalidity is usually very limited and local, whereas
scientific concepts havegaginuch“wider scope and are organized in integrative
systems. Science is systemic orit is not science. Our intuitive grasp of situations
in ordinary lifeds,not usually,systemic.

For instance, priiacy school children can grasp some aspects of negative and
positive numbers, and'some,aspects of the linear function:

e a win of 4 and a loss/of 6 is a loss of 2
e more of something makes it more expensive; twice as much makes it twice as
expensive,

But,the integration of directed numbers into a system which makes it possible to
olve anysequation a + x = b, whatever the value of a and b may be, and whatever
a, bdand x may represent (transformation, state, part, whole, abscissa or differ-
ence...) giveS directed numbers a much more general cognitive status. Similarly,
the congept§ of function and variable, the writing of such linear properties as f{nx)
= nf(x) and f(x) = ax, or the plotting of different numerical values on a graph
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changes the cognitive status of the covariation of two magnitudes, which students
can grasp a long time before they can be taught functions explicitly.

It is important that we sort out what can be used from the work of
authors as Piaget and Vygotsky and what cannot be used, and what
an obstacle to new and fruitful ideas. A science which is not cumu
science, but just a [passing] fad. This is certainly a problem today
psychology and for mathematics education.. From my point of
pay more attention to Piaget and Vygotsky, even though the
criticized on many points. We need a more precise m‘mati 2
the knowledge involved in new competences.

L) s
6, 7, 8 for the union), to the counting-on proc % t from the cardinal of
the first set, as many digits as there ar t he'second set: 5..., 6, 7, 8)
or to the number fact (5 + 3 =8). Acy

‘What is the implicit mathematj
the critical move from the counti ocedure to the counting-on

procedure?’

This is one of the axi thé theory of measure. Five- or six-year-olds are, of
course, unablego, put omorphic property in words, but they show in
action that theﬂl an or small numbers.

Similarly, wheN to calculate 3 + 6, young children usually count
from the first many Steps as there are elements in the second set (3...4, 5,
6, 7, 8, 9), withythe help of their fingers, eventually. Then they move to a new
procedure: cou from-the-larger-set (6...7, 8, 9). This commutativity-in-

Consider, for example, the following problem:
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Suppose a student starts by dividing 972,000 by 120 (this procedure is fre-
quently observed). There are two different schemes in it, illustrated in Figure 1.
The first one generates the choice to divide 972,000 by 120, while t cond
consists of the division algorithm.

wheat | flour 972 009 1200
%6
120 100 012 8100
w1
v
972000 (]

[(A120) = A£(120)
Figure 1

How much flour can one make with 972,000 kg
give 100 kg of flour?

Nr 120 kg of wheat
The conceptual contents of each scheme are
The first one has to do with propogti
scalar ratio between 120 kg and 972,000 kg of wheat'to apply it later to the flour,
which is another kind of magnitude/It i ible to understand this choice if
the student does not understand a ratio is conserved when one
transforms wheat into flour.

to do with the proportionality bet the wheat and the flour any longer.

A proof of the difference b ese two schemes is evident from the fact
that the difficulties met
may multiply 972,000 b
any further. If one replace
possible to divide 96 b
larger one’. In the seco
derstanding of era
divider, or the%m
with both schemes

This examp

posed to be al
and even most

0 by 100 and then be unable to go
by 96, many students think it is im-
e ‘one cannot divide a smaller number by a
e, students’ difficulties occur due to a wrong un-
to the presence of zeros in the dividend, or the
ere are epistemological obstacles likely to interfere
b hemes are different.
o shows that procedures which are taught, and thereby sup-
ithms, often degenerate in personal schemes: most students,
ticians, do not follow the rules of the algorithm strictly.
ts — for better or for worse!

Itisw % zing, in some detail, the knowledge that underlies human ac-
i matics, this analysis must be made in mathematical terms, even
athematics underlying schemes may be totally implicit, or even

examples are taken from geometry (Figure 2). The first task (the
an be offered to 9-year-old students. The scheme which is necessary
to meet this particular task has a certain range of operationality; for all drawings



GERARD VERGNAUD

Draw the symmetrical figure
Figure 2

it is general. But students
e are only right angles, nor
suffice. All they have to do
e-sides, or half-sides.

that follow the lines of the squared sh
do not have to use the concept of a
do they have to use complex instr
is conserve or inverse orientations, and ¢

The second task is much more complex a
dents before secondary school. The conservation of angles and lengths is more
problematic; new instruments ar eded; the diagonal orientation of the axis
may be misleading; if the axis
required is much more sophi h from a gestural point of view, and
from a mathematical poi view, althotigh it obviously belongs to the same
conceptual field as the sch

UAGE AND SYMBOLS

Suppose now that'te quire students to put into words what they see, or
what they have , using such words as: ‘angle, length, triangle, symmetrical,
symmetry, conservation,lisometry’. Here are four possible sentences:

1. The foy S .

is symmetrical to triangle ABC in relation to line A.
serves lengths and angles.
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to produce it. But the main point to be stressed is the change of status of the
concept of symmetry throughout these four sentences.

In sentence 1, symmetrical is a one-place predicate and the argument,is the
whole figure, whereas in sentence 2, it is a three-place predicate with three argus-
ments: A’B’C’, ABC, A. The move from sentences 1 and 2 to senteniceByis even
more important since symmetry becomes an object which has its own propeities
and relationships. The linguistic operation of substantiation isgessential in this
transformation of a predicate into an object. In sentence 4, isometry becomes an
object. The singular for symmetry and isometry actually covers‘theawhole class
of symmetries and isometries, and sentence 4 expresses the inclusion relation-
ship of one class in the other. The singular for tfjangle ABC,6r line A in
sentence 2 is a true singular.

The production and the understanding of such) sentences réquires schemes
which are both linguistic and conceptual. We haye s€hemes to produce sen-
tences for mathematics, as well as for other domains of human activity: we have
schemes to discuss and argue, dialogue with others, give lectures, or write texts.
Schemes have physical, linguistic and social components. Their main character-
istic is their operationality: they operate on situations and deal with them in
order to overcome the difficulties, and organize progress in the managing of
these situations. When our schemes(fail, we develep cognitive activities to ac-
commodate them to the properties _ofithe situations that may have caused
trouble. Even emotion is made of schemes. Emetional schemes are often seen as
negative, but they may also be very positive and drive us to new ways of doing
and representing.

Algebra is a semiotic system thag covers a small part of the objects and rela-
tionships that one might be willing to‘sepresent. It is not a powerful way to com-
municate with other people. Thereforelit is not, properly speaking, a language.
Its importance in mathematics comes from its computable character and from
the fact that equations usually representjust the necessary and sufficient charac-
teristics of the problem weswant to'solve. Too little work has been devoted to the
‘put-into-equation’ task in the learning of algebra. Although algebra is not a lan-
guage, the putzinto-equation task also raises problems of expression: not only
does the writing offéquations tequest the identification of complex relationships
and functions, but alsg thesway these relationships are worded in natural lan-
guage contaminates the usg of algebraic symbols.

Da Falcao(Rochas/(1992) provides us with good examples of such
contamination.

The studentsigl6-year-olds) had to deal with different problems concerning
friends werking part-time at different travel agencies. Their salaries were
composediofithree parts: a part proportional to the number of hours worked, a
part propertional to the number of tickets sold, and a constant part. All
thre€ parameters (salary for one hour, salary for one ticket, constant part)
could vary from one agency to the next, but were held constant for each travel
agencys
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Different formulas could be elaborated, depending on the unknown, for

example :
S=Hh+Bb+C S salary
H number of hours w
H=5S=(Bb+C) h salary per hour
h B number of tick
p=S—=(Hh+C) b salary p.icket
b C constant p

Different tasks could be proposed: N '

e referring to one agency only

e referring to two given agencies

e referring to one or several unknown agenci he/'parameters become
"~ unknowns

e a system of several equations may become n

case 1

Moreover H does not hold f
part, Hh; B also holds fogth
case 2 (xH X ) + constant part = S
Here, the first parenth olds! for: unknown number of hours (xH) multiplied
by the salary e second one for: unknown number of tickets
(xB) multiplied b ry per ticket (1B).
This writing 4 rong, from an algebraic point of view. The first H
holds for the nit (hour) and the unknown number of hours is repre-

sented by x; the
same for x.

S—(xh>;1H+C)=B
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One can notice that he now uses different types of letters for the unit ‘hour’ ()
and the salary per hour (H), and even destroys his strange and awkward syntax
for the tickets: ‘B’ now represents the number of tickets and ‘b’ the per
ticket. This way of writing equations is totally opportunistic and idiosyn i
is nevertheless transparent for the student who uses it.

The production of mathematical expressions has therefore so

in common with the production of natural language, and tr
contaminated by it.
5. A THEORY OF REPRESENTATION N
in sci

Logical positivism has played a very perverse pecially in the
philosophy of mathematics. Knowledge is not a e, and mathematics
cannot be reduced to a system of symbols, ever of symbols may
be in mathematics. Not only this: one should: d of the simplistic
view of the relationship between reality, repre % d symbolism, as it is

commonly conveyed by the triangle (Figure 3
‘hii z

representation symbol for the
of the thing N presentation of the thing
Figure 3

First point: Re"y is ade of physical objects, but also of predicates
of different com i operties and several-argument relationships).
Objects can existwfferent levels of abstraction: a vector space is an
object for the ematician. Second point: Reality is also made of situations
(i.e. problems e dealt with).

Therefore we look at reality as both a set of situations of different
complexity“a et of objects at different levels. This dualistic analysis of the
reference @ matical knowledge is made necessary by the fact that situ-

mes are essential in the development of knowledge.
ing natural language or symbolic representation like algebra, graphs,
rams, we have to do with conventional systems that do not reflect

e think. Therefore, one cannot just identify the signified, as it is
the linguistic or symbolic signifiers, with the operational invariants
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that we develop or have developed in dealing with situations. It is a nominalistic
deviation to do so. I have summarized this analysis in Figure 4.

REALITY REPRESENTATION
SITUATIONS < s> SCHEMES
of different complexity operational invariants and

T implicit conceptions

!

signified €<——> signifier

OBJECTS AND PREDICATES ——> EXPLICIT
of different levels sentences al

Figure 4

involved in teachers’ prac-
teachers have to manage a

Let me come now to the analysis
tice. One can view it as an engi
complex process with many conditions,
One can also view it as a mediation taskjsince, when observing teachers
working, one is struck by the large number of decisions and mediation acts that
take place in a few moments. chers have schemes to interact with the
students and decide what kin
should provide.
As the concept of sch
tion acts by referring to th
According to Vygot here are two different components of mediation. The
first one is the others ponnt: Mediation consists in the help brought by
somebody el are acher or peer). The second one is the linguistic-
semiotic compone on consists in the part played in thinking and learn-
ing by symbols of a ’ Since teachers talk a lot to students, one tends to
confuse both i . This'is wrong: Teacher’s mediation schemes cannot be
reduced to dia
The first imp ediation act consists in offering situations and activities
aimed at tudents to learn. But once a situation has been offered to the
students,|the r has several other tasks:

e, I tend to analyze teachers’ media-
nents of a scheme.

he may have to clarify the goal to be reached, or the subgoals, or the
S5

or she'may have to show how to do something, or at least scaffold and

monitef the different steps to face the situation. This kind of help is usually

different for different students (which makes life difficult for teachers);
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e he or she may have to help a student by selecting and identifying the relevant
pieces of information; also by inferring, from that information, what subgoal
to reach, what events to expect, what sequencing of operations an
to generate.

Not only do teachers talk a lot to students, they also smile, make ge
all kinds, especially with their face and their hands. It is so
help for a student when the teacher points with his finger at 4 %
physical or written information. .

Figure 5 symbolizes different mediation acts of teacher ion to the the-

oretical analysis of a scheme I have provided earl ne study the
o ince mediation

teacher’s behavior in the classroom more than one d R
HER

is probably his or her most important job.

SITUATIONS
actions and rules of action
operational
invariants
- goals and expectations
Figure 5

e symbolic representations. However we
conveys much less information than
important burden to students: to re-
ressed, the meaning to the task. Action
mmunication schemes even more so.

decisions all the time. It is unavoidable. And there is
students the possibility to learn alone. The best
rove their practice is to offer them better representa-
edge, of children, of learning and development, of
Teachers improve their representations mainly through ex-
voidable. But training, research, theory and examples
s in interpreting their own experience.

Of course, words are impor
must not forget that ver
would be relevant. Teach
construct, from what is Sa
schemes are very selecti

Teachers make thei
no engineeringfhat co
way to help teac
tions of mathe
action and lan
perience; this

necessarily ::!i

referred to here by Vergnaud is not representing exactly the same idea as the so
epistemological triangle’, proposed in 1923 by C. K. Ogden & I. A. Richards (1946, The
‘Méaning, Harcourt, Brace and Company, New York) and adapted in mathematics educa-
for analyzing the contents of mathematics classes by, mainly, H. Steinbring (see his
chapter in this volume) (Editors’ note).

ica

NOTE
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FERDINANDO ARZARELLO & MARIA G. BARTOLINI BUSSI
ITALIAN TRENDS IN RESEARCH IN MATHEMA&
EDUCATION: A NATIONAL CASE STUDY FR
INTERNATIONAL PERSPECTIVE

Researchers mathematics

i
run the gisk o spiders which

ﬁd shin ut brittle webs;
or like ants,
which e blindly grains for winter.
hey must be like bees
which produce honey.
ed from Francis Bacon)

ation (referred to as ‘RME’
level emphasizes contrasting
number of monographs that

Every discussion about research in

straints, research questions,gme

birth of paradigms (e.g. t nch did ue des mathématiques). Despite this
increasing volume of inform the international level, the discussion of re-
search questions relate cal projects seems to be difficult (see Silver 1994).
Two different yet relat els of problems are involved: ‘

l. communicatio, is it possible to convey to the international profes-

sional com it searchers in mathematics education meaningful
information about the context of a local research project?

2. relevance: re the individual aspects of context-bound research that

are suppose relevant to and influential for the international commu-

nity, and hat are the general aspects of international research that are
d e relevant to and influential for any local research project?

aims to address both problems by starting from an analysis of the
n. In the first part of the paper, the authors present some elements
case study, in order to communicate information about the roots

Sierpinska, A. and Kilpatrick, J. Mathematics Education as a Research Domain: A Search for
Identity, 241-262.
© 1998 Kluwer Academic Publishers.
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is not a detailed presentation of the whole history (for which, see Bazzini &
Steiner 1989; Barra et al. 1992; Malara & Rico 1994), but a retrospective recon-
struction of the research scene in Italy since the middle of the sixtiespwhich
seeks to identify the reasons that make research in Italy different from reseateh
in other countries. As with every reconstruction, also this one suffersifsom the
bias of the authors’ scientific and professional interests and from the focus
chosen for this presentation. In particular, the authors point tosthe roles played
by the internal roots of Italian research arising from its traditions,and byl the ex-
ternal influences emanating from the increasingly fréquent contactsgbetween
Italian researchers and researchers from other countries. Inghe'second part of the
paper, the authors reflect on the significance of the Italiaf’ experience for the in-
ternational professional community of researchers in mathematics education;
they find it in its contribution to the emergence of an, original paradigm that has
research for innovation at its core.

1. ELEMENTS FOR A NATIONAL CASE'STUDY
The First Period of the Italian RME

For the purpose of this paper, we lave distinguished two periods, the first dating
from the mid-sixties up to the mid-eighties andfthe second concerning the last
decade. We shall analyze these periods by means of a conceptual structure quite
similar to that introduced by Bishop (1992), ‘who distinguished three different
research traditions: the Pedagogut tradition, the Empirical Scientist tradition and
the Scholastic Philosopher tradition.XThe two conceptual structures have been
generated independently (Arzarello“1992): the fact of their similarity can suggest
that the hope, expressed byyBishop, that such a structure can help understanding
some of the developmentsiinidifferent countries, is not unjustified.

Two internal trends: €ongept-based didactics and innovation in the classroom

In the first period,/@ilarge amount of research was produced in the universities
by professional mathematiecians who followed the tradition of the far past (e.g.
Veronese, Creniona, Peang, Enriques, Vailati, quoted in Barra et al. 1992). They
aimed at produeing ideas for improving mathematics teaching in ‘generic’ situ-
ations and focused on the logical organization of concepts, as considered from
inside mathematics. Specific problems were determined by cultural issues (such
as, what \is, really_ important about the concept of limit?). Disciplinary contents
were elaborated,in a form which was correct from a mathematical point of view
and withgaystrict adherence to the language of professional mathematicians. Due
to.exclusive emphasis on the disciplinary contents, the problems of the didactic
transposition (Chevallard 1980), i.e. the relationships between the knowledge to
be taughtgand scientific knowledge that legitimizes it, were not explicitly ad-
dressed. The didactic actions in the classroom were designed according to
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conceptual difficulties and complexities; possible psychological difficulties were
not ignored but rather reduced to their mathematical counterparts. When class-
room experiments were carried out, a considerable didactic ingenuitygwas, used
to make up for the little if any reference to research on learning processes¢
Consequently, when the same experiments were analyzed, practicélwas ex-
plained in terms of concepts. Thus attention was focused on products (e.g. stu-
dents’ performances and attitudes) rather than on the processes”ofimathematics
teaching and learning.

The best example of such an analysis is the so-called(Syllabus‘produced in the
late seventies on behalf of the Unione Matematica Italiana (UMI 1980), that is
the official association of Italian mathematicians, where/the main mathematical
abilities and knowledge required of students at the end ofyhighyschool (at least
for those intending to start a scientific course in uniyersity)were described in a
conceptual hierarchy, which put forward the possibleymain difficulties and
pitfalls of students by means of challenging guestiens and‘intriguing examples.

Even if different positions can be detected by more,detailed analysis, many
contributions of professional mathematicians ifthis first period can be clustered
within the trend, whose main features have been deseribed above and which will
be referred to in the sequel as conceptébased didactics or, briefly, as trend A.

However, in the same period from the siXties, aimovement for innovation was
generated in schools, with the strongiinvolvement of teachers and teacher associ-
ations. This movement aimed at producing paradigmatic examples of improve-
ment in mathematics teaching in ‘specific’ situations and focused on concrete
problems of mathematics education. Specific problems were determined by
practical issues (such as how to‘teach area in 6th grade?). As these problems
were embedded in a wider enyirenment and were analyzed also from a sociolo-
gical point of view, the analysis‘required a language distinguished from and
more complex than the dis€iplinary one, The didactic actions in the classroom
were designed pragmatically. When)classroom experiments were carried out, an
explicit recourse to thegprofessional competence of the teacher was often
claimed to change the,designlaccording to the classroom needs. Analysis of
classroom experiments wasgusually rather limited, evidence being the fact that
the experiment had worked in the specific school situation where it had taken
place. However, even'if only at a descriptive level, in this movement for innova-
tion, the proces$es of teaching and learning did enjoy some attention.

As a meaningful example, we quote a paper by Emma Castelnuovo (1965),
whose work deeply influenced much subsequent research in Italy (Barra et al.
1992). Affer.a detailed description of activities about the concept of area and
surface with 11-12 years old pupils, she concluded:

‘If one wishes for the teaching of intuitive geometry to have constructive and hence formative fea- -
tures thie recourse to both object and action is necessary; this is our conclusion and, we hope, also the
teader’s conclusion. Object and action must not follow a predetermined design but must always be
inspired by thgfactual needs of the classroom: the teacher must be sufficiently sensitive to grasp
them. Thei€xamples given have arisen exactly from such needs. The concrete materials to realize ex-
periences are not so important: they can be models, devices, experiences, made up by means of real
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stuff or purely imagined; they can be lights or shadows. And perhaps it is this very freedom in
designing and interpreting, which both the teacher and the pupils have, is one of the main features of
the constructive method’ (Castelnuovo 1965).

Even if the roots of the innovation movement were in schools, séme profes-
sional mathematicians were also engaged in the activity. Moreover, their'meet-
ings with groups of motivated teachers gave rise to the first Nueleipdi Ricerca
Didattica (Educational Research Teams) which played a very important role in
the next period. Also in this case, a detailed analysis would suggesadifferent po-
sitions: however, the increasing number of papers relatedyto the“innovation
movement can be clustered around a trend that will be referred toyas innovation
in the classroom or, briefly, as trend B.

Up to now, we have suggested a clustering ofgsesearch contributions around
two trends: the concept based didactics and innovatigniin the classroom, accord-
ing to the main aims and foci of research. We/are well awareythat, in some cases,
classifying the contribution of an author ‘intolofie,trendjor another may be
difficult and even misleading, because of thelintegration of different trends.
Moreover both types of produced results (e'geonceptual networks for the
former; patterns of experiments for theflatter) can‘be considered as energizers of
practice (Balacheff et al., 1993), still to be elaborated before being used in the
classroom.

However, some major differences are evident as far as the image of research
and the influence of research on the edueational system are concerned. In
concept based didactics, a top-down model is assumed: the starting point is con-
ceptual analysis by means of whi¢h practice is determined and described. In in-
novation in the classroom, action research is assumed: the starting point is the
specific teaching problem as itfis perceived by the teachers, while practice is de-
termined by the concreteycondition of agtion in the classroom. In the former
case, the influence on the edueational system is mainly played at the level of in-
tended curriculum (e.g. school'programs and textbooks, Barra et al. 1992), while
in the latter it is playedfat'the leyel of implemented curriculum (concrete realiza-
tions in the classroom)Aln both cases dissemination is based on an optimistic
faith in teachers. Inythe former, the teachers, provided with better pre- and in-
service education are supposed to be able to realize change (hence many efforts
in improving teacher training); in the latter, the teachers, provided with good op-
portunities for (collaborative work, are supposed to be able to pass professional
competence on to eachther.

In other countries (e.g. in France, see Rouchier 1994; in Germany, see Griesel
& Steinerfl1992)im\spite of the presence of similar trends, the pressure of acade-
mic_institutionalization of didactics as a scientific discipline has led to a com-
pl€te Separation“between forms of theoretical research (closer to concept based
didacti€s) and forms of action research (closer to innovation in the classroom),
to the extent that even communication between them appears not to be easy.

In Italy, a/different pathway was followed, namely the progressive integration
of both trends, under pressure to support effective innovation in school, in a
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delicate period when the programs in most school grades were being fundamen-
tally changed after decades of ‘wait and see’ policy (Barra et al. 1992; Malara &
Rico 1994). Embryos of this attitude, realized in a very pragmatic ways,have
been present since the early seventies. To quote but a couple of examples, the
textbooks written by professional mathematicians for high schéol (namely
F. Speranza, G. Prodi, E. Magenes, L. Lombardo Radice, V. Villani and“others,
see Barra et al. 1992, p. 35) are the products of cooperation bet#een deademics
and groups of motivated teachers. At primary school level, an emblematic
example is represented by the RICME Project (Pellerey{1980), wheréan’explicit
model of action-research is stated. The importance of the/cooperation between
professional mathematicians and school teachers (with,all the implications that
will be stated in the following sections) can hardly \be ‘overestimated and is
crucial to understand all the subsequent developrients,in Italianfesearch (further
details can be found in Boero 1994).

An external trend: laboratory obserVation ofiptocesses

In the late seventies, several Nuclei wgre*workingiin the departments of mathe-
matics at various universities on projects for curricular innovation, with the
financial support of the CNR (Natiohall€ouncil-fon Research). They consisted of
mixed groups of professional mathematicians, and school teachers at all levels,
from primary to high school (Prodi 1992;"Barra et al. 1992; Malara & Rico
1994).

In the progressive developmentief research a need grew up around the neces-
sity to make more precise the didactic dimension of the projects in order to un-
derstand, for instance, why some infiovations would work in some classrooms
and would not in others. This'necessity was similar to that expressed by Douady
(1988) in her review of the IOWO, Project (Treffers 1987). But the tools for
meeting such a need were not available in the Italian tradition of RME. Actually,
cooperation between re§earchers in didactics of mathematics and researchers in
education was not very widespread in Italy, due to an inheritance of the idealis-
tic positions ofithe avhole Italian culture and school (see a discussion in Barra
et al. 1992). This fact iSyconfirmed by the scarce presence of Italian researchers
in the international, fortm of mathematics educators (for example, with a few
exceptions, thescientific presence of Italian researchers in PME dates back to
only 1988).

Some crugial events made new tools and methods of research in mathematical
education| available to Italian scholars. In fact, both the Trento Conferences
(1980, 19835,19841/1991), where many prominent international researchers were
ipvited to leeture, and the XXXIII-CIEAEM Conference in Pallanza (Pellerey
198 )gput Italian researchers in contact with different research traditions and
mainly with the methods of what we call laboratory observation of processes,
which_will be illustrated later (we shall refer to it briefly as trend C). By trend C
we mean the constellation of research projects which aim to increase knowledge
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of classroom processes (mainly of a short and middle term nature), which can be
used to design and implement classroom experiments. Because of the focus on
knowledge, the specific problems were usually inspired by research issuess Most
of PME research reports clustered around this trend. Practice was designed, in-
terpreted and/or modeled by looking at cognitive difficulties, patterps ofiinterac-
tion and so on. Instruments were borrowed from psychology, sociology,
pedagogy and applied to experiments (in real laboratories orgin‘¢classrooms),
concerning specific mathematical concepts to be taught or processes to\be en-
hanced. The types of results produced (e.g. taxonomies, patterns.offinteraction)
can be conceived as economizers and demolishers of illusiony(Balacheff et al.
1993). The impact on the educational system was not‘addfessed‘as @main issue,
as the focus was on observation of classroom processes. As this research
claimed to be basic in the sense of classical natural science, it léft the problems
of wider application to others.

The introduction to this research tradition and the awareness that it could meet
the need of making the didactic dimension of individual projects more precise
caused a deep restructuring of activity amongst Italian‘researchers, which coin-
cided with their increasing participationgin international/conferences. Looking at
the national development from an ingérnational perspective makes it clear that
the three trends are the local mirror ihages'of moreéigeneral trends in the interna-
tional community (see the distinction bétween the Pedagogue tradition — our
trend B, the Empirical Scientist tradition —dour trend C, and the Scholastic
Philosopher tradition — our trend A, introduced by Bishop 1992).

The Second Pexiod of the Italian RME

The result of the reflective process‘inithe Italian community described above
was stated officially in thelEighth Session‘of the National Seminar in Didactics
of Mathematics (What isvReséarch in“Mathematics Education? Pisa 1991,
Arzarello 1992; Boero 1992; Malara 1992; Prodi 1992). It was pointed out that
there had been a progressiye ard deep mixing of the trend B (innovation in the
classroom) withpthe essentials€lements of the other two trends. A new trend,
which concerns Tnnovation as research and not only as action in the classroom
(henceforth called researchyfor innovation or trend D) is now becoming consoli-
dated through the'efforts of most Italian researchers to such an extent that we
can say that it now constitutes the core of Italian RME.

This trend is still in progress and so a complete definition of its features is not
yet possiblef'butia short tentative description of its main elements may be given.

The object of ‘research is the teaching—learning of mathematics, concerning
eithier, specificielassroom situations or throughout the wider educational system.
The maingaim of research is twofold:

(a)~to produge paradigmatic examples of improvement in mathematics teaching
(insthe”form of projects for curricular innovations concerning either the
whole mathematics curriculum or some special parts of it);
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(b) to study the conditions for their realization as well as the possible factors
underlying their ineffectiveness.

While the former is present also in the trend A, the latter is related to the'study
of classroom processes as in trends B and C. The didactic actions/in the class-
room are designed according to cultural and epistemological choices (trendyA),
pedagogical reasons (trend B) and conceptual (trend A) or coghitivei(trend C)
difficulties with attention also to the quality of interactiom(trend'C). The
influence on the educational system is played at differert levels:

(i) the gradual expansion of projects for curricular\innévation{int6 larger and
larger groups of teachers;

(ii) the recourse in teacher training to the progressively produced knowledge
about complex classroom processes, in order £o_ifierease teachers’ aware-
ness of their own work in the classroom/Malara & Rico 1994).

The specific problems of research are manifold:<a typical problem is to
produce knowledge about the relationships between proposals for innovation
(grounded in epistemological, cultural’and cognitive hypotheses) and their im-
plementation in the classroom (analyzedjby means of different instruments)
(Boero 1994). A strong experimefital eomiponent (teaching experiments in the
classroom) is present, an inheritance of trendsiBsand C. Because of the involve-
ment of teachers in all the phases of research, participant observation (Eisenhart
1988) is the most common way ,of collecting and interpreting data from the
classroom.

Typically the products of suth,a research are projects for curricular innova-
tion concerning either the whole ' mathematics curriculum or some special part of
it (e.g. concerning the methods or the contents), or examples of careful modeling
of classroom processes (concerning) for‘example, the teacher’s role). However,
such products, unlike these,of trend B, are usually given within a theoretically-
based frame (with local validity, as we shall argue in the following), which itself
has been origimated by, the,same research and is rooted in its methodology.
Hence the same objects and data are not only practical products produced in
some precise environmeiityybut are also basic results insofar as the variables
themselves whi€h featurejthe given environment are made explicit while doing
the research. Thus basi¢ and practical features sustain each other and are ob-
tained because of the ‘mixed’ approach to didactic problems including the deep
cooperatiofi“between teachers and researchers, both as designers and as partici-
pant observers. Thus, theory and practice are generated together, neither one
préeeding thepother during the research itself, except for a subsequent careful
analysisgof, the teaching—learning processes and of their effects. This point is
crueial, insofar as it distinguishes this type of research from those where the
project is designed according to a previously articulated theoretical framework
and thegmethodology of research separates the roles of the (detached) observer
and the observed.
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Another feature of this trend of research is that no global coherent theoretical
framework is assumed, because of its complexity and the number of interrelated
variables to take into account. Rather, instruments are borrowed frompgvarious
theoretical approaches or produced inside, and applied as elements_of a‘kithof
tools. Local coherence of the framework is necessary, but global coherenceis
considered impossible or at least irrelevant. We shall elaborate further‘onjthis
point later, discussing the notion of complementarity. '

Briefly, the core of Italian RME is trying to overcome the distinction between
theoretical and pragmatic relevance (addressed by Sierpiniska 1993)ibyaneans of
developing their mutual relationships from the very beginning, This attempt is
made initially in a very pragmatic way, by meansyoffthe jointywork of re-
searchers and teachers, as in other countries (see Kilpatrick 1992). Yet, it
becomes clearer and clearer over time that a very strong epistémological choice
is involved in it. Renouncing the classical distinctioh bétween observed and ob-
server (represented in educational research/respectively‘by/the classroom, in-
cluding a teacher, and a researcher) means a shiftfrom the'classical positivistic
view of natural sciences that has also influenced\research in education.

In fact, observation of classroom progesses 18 arelevant common issue of the
trends B, C and D. However a deep difference exists:"We can interpret the three
positions according to a model proposediby Racithel (1990) to describe three
modes of relationships between Actor and observer in the inquiring activity.
Trend B corresponds to the naive problem solvef who considers the meaning of
objects (classroom processes, in our case) to be inherent to them and who is not
able to build a symbolic structurg inseparablé from perceived reality. Trend C
corresponds to the detached observer who aims at understanding the flow of ac-
tivity by means of modeling thé,process to cope with its complexity — the devel-
opment of classical science is“a‘good example of this attitude. Trend D
corresponds to the participant observer, who develops a split between observing
and observed subjects in a'dialogical relation. By accepting participant observa-
tion, Italian researchersghave been coping with the paradoxes of actor and
observer pointed out by, Brousseau (1986).

Consequentlysin every feature of trend D we find the presence of two types of
contrasting issues: ghe first'are more empirical, pragmatic, concrete and specific,
whilst the second areimoresspeculative, theoretical, abstract and general. They
correspond to gwo different historical periods and to the two different poles of
the dialectic observed/gbserver, in the process of teaching—learning. That is, the
general issues are the most recent while the more specific ones are older and
rooted ingfrend, B (sometimes in trend A). The former are rooted in the
reflections,made’by the observer on the processes lived by the observed.

Hence, thelbig problem today is to elaborate tools adequate for analyzing such
a twofold.nature, namely grasping deeply the connections between the (practi-
calygproduets)and the (basic) results of the research.

We belieye that existing theories are not enough to grasp properly such new
tendengies/With their consequent products and results. In fact, the description of
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the core of Italian RME given insofar does not elicit something very important:
the dynamism between the components. In the following section we shall try to

fill this gap and to elaborate a dynamic analysis of trend D.
2. BEYOND THE NATIONAL CASE STUDY Q
A Dynamic Analysis: Adequacy Tests

The contradictions in trend D concern mainly the relati ips between the
components inherited from the other trends (trend cep d didactics;
trend B: innovation in the classroom; trend C: la ry observation of

processes). The Italian core of RME must be d"i ed a g process, not
only as a list of chosen categories. In this sense w; what might be called
and denotes rela-
mathematics educa-
dicate the grasping of
en a pupil understands
0 look at mutual dynamic
ME, not only in Italy, can
econd-order properties in a
f trends A, B, C, D are com-
pared and summarized in a table at the end o chapter.)

tionships of relations. As far as we know, in the
tion it has been used in CSMS papers (Hart
inter-functional dependence between yari
a rule from a table. Here we mean
relationships among the trends we
be described properly only by ¢

second-order properties. Even jf.si researchers do not use this terminology,
many of them are concerned j involving specific second-order issues.

The analysis of recent

nciés and changes in the core of Italian RME makes
ach i laim; namely, we can state two adequacy tests
for the research’in e al education.

us ready to m

TEST 1 (the alit t): In a research study in mathematics education at
least two of theythree components that correspond to trends A, B and C are
considered. Re equires that all three of the components be considered.

¢ necessary to avoid misunderstandings. The above compo-
an analysis of the prevailing situation in Italy. Many Italian
dies (which, of course, does not mean all) are in fact respecting such
the test, thus formulated, applies only to Italy. However, we

a test having possibly a more general validity, provided one intro-
ent components. We believe that much of RME nowadays, explicitly
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or implicitly, is working in order to integrate, at the second order, the main
components that characterize research in the different specific histories of its
development (for such a tendency see the analysis of research ongpreblem
solving instruction in Lester & Charles (1992) and the characterization of recént
developments in research in mathematics education in Bishop (1992).

Let us sketch some examples.

The first examples have a general character and are taken frém théypaper of
Boero and Szendrei (this volume). They point out, for instance, the necessity of
considering not only quantitative aspects but also ‘qualitative information about
the consequences of some methodological or content innovation’. This is a
typical way to look for second-order properties. Moréoyef, the authors’ theoret-
ical perspective focuses on ‘what is the relationship in_the,classroom between
“teacher”, “pupils” and “mathematical knowledge’’; what“happens in the rela-
tionship between school mathematics and mathematicians’, mathematics; the re-
lationship between research results and cldssroem practice in mathematical
education’. These are all second-order issues.

The second example is taken from French research. Perrin-Glorian (1994) re-
constructs the developments of researchactivity'in France, referring to the ‘inte-
gration of external contributions’, guch as: the didactic transposition, the
tool-object dialectic, and, more recently, the,concepts introduced by Chevallard
(1994) in his anthropological appreachjyand intg the theory of didactic situ-
ations, originally developed by Guy Brousseaun(1986). This last has for a long
time been identified as the core of the French' RME. However the recourse to
concepts elaborated in different frameworks and originating from different
initial problems (e.g. the gap between scholarly knowledge and knowledge to be
taught, as studied in the theorygef didactic transposition; and the shift from
knowledge to be taught to tayght knowledge in the classroom, as studied in the
theory of situations) makesfit necessary_to consider second-order relationships
between them.

Second-order approaches, are“also suggested by Anglo-Saxon researchers.
See, for an example, the apalysis of Cobb (1994) on interaction and learning in
mathematics classroom'situatiohs where the initial problem is ‘that of clarifying
the relationship between students’ situated conceptual capabilities and their
small group interaction’, This is a typical second-order problem.

Dynamic inter-functionality test

In a resear€h study in mathematics education relevant to this analysis, the com-
ponents considered are not combined together as in a puzzle, but rather the rela-
tionship between/them has a systemic character which can be described as
dynamicginter-functionality. We have borrowed this idea from the discussion in
chapfer one of Thinking and Speech (Vygotskij 1990): while discussing the de-
velopment of the study of thinking and speech, the author distances himself
from elassical psychology, which has decomposed the study into separate
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elements, that of thinking and speech. He claims that there is a need to carry out
an analysis that decomposes the unitary set into component units, meaning ‘the
products of the analysis that, even in the difference of elements, have theyfunda-
mental properties of the set and that are living parts (no more decomposable)iof
the above global unit’. The metaphorical example he suggests is theffollowingit
makes no sense to study separately hydrogen and oxygen in order to study, water
since they do not have the properties of water; rather it is ngéessaryato study
molecules and molecular movement. Applying this idea to RME, one can say
that it makes no sense to study separately conceptual hierarchies‘in mathematics
and social interaction in the mathematics classroom injordesto analyze the
process of teaching—learning mathematics.

The above discussion can be summed up by means \of aisecond’test. Suppose
that a research study has passed Test 1, then at(least,two components are taken
into account.

TEST 2 (dynamic inter-functionality): In a research Study in mathematics edu-
cation the dynamic inter-functionality between the companents is respected, i.e.
analysis is focused on the mutual relationshipsbetween the components rather
than on the components themselves.

Such an approach in RME is a further elaboration of the notion of complemen-
tarity, as discussed by Steiner (1985),4n order to avoid its reduction to a
phenomenological level. In his paper, Steiner himself proposes activity theory,
that has been developed from the seminal work of Vygotskij, as a source of
conceptual tools to cope with deep ter-functionality.

From this point of view a résearchystudy is deeper — the more it enters into
these problems — and wider £ the'more’it involves the different components in a
global and inter-functional Wway.

Many researchers nowadays in,Italy agree that doing RME means, above all,
studying processes of teaching—learning mathematics in all their complexity as
dynamical systems. This meangjthat they are analyzed (or at least the purpose is
to analyze themijas processesgwhere different components live together. Even if
this new trend is ¢léar enough and generally accepted by most of Italian re-
searchers, the concreteresuits are still provisional, at least as far as methodology
is concerned.

Two Examples

To give amore specific idea of research inspired by these new issues, which can
possibly passibeth tests, we sketch two typical examples. These come from the
authors’gpersonal research and appear deeply interconnected so that it is possible
toddentify ‘a\common ‘second-order’ development. More cases and details are
reported in the paper by Boero (1994), while the booklet by Barra et al. (1992)
has a mere’official and complete list of Italian papers.
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Example 1: Perspective drawing and mathematical discussion
(M. G. Bartolini Bussi)

The basic idea is to design, implement and analyze long-term teaching experi-
ments (grades 3-5 or 6-8) about the representation of the visible weorld by
means of perspective drawing, visualized at that level, alongside the systematic
introduction of both individual problems and mathematical diséussions orches-
trated by the teacher. In this project, the historical and epistemological analysis
of the birth of perspective (trend A) is strictly intertwinéddwith an analysis of the
function of geometry in school programs that determines the cheices concerning
the teaching—learning process (trend B).

Explicit assumptions about the teaching—learning process,are made with refer-
ence to Vygotskij (1990) and most of the furthef Work is basedion the develop-
ment of Vygotskian hypotheses, concerning mainly/intérnalization and semiotic
mediation. The study of the relationships between short-térm and long-term
processes as well as between the personal constructions of the pupils and exist-
ing mathematical knowledge (trend B) is made by means of concepts borrowed
from activity theory (Leont’ev 1978); pamely, théidistinction between activity,
actions and operations and between méaning and personal sense.

The modeling of the teacher’s role,in the, discussion (trend C), as well as of
the subsequent processes in the classroom, is one of the main issues addressed
by this research. The analysis of the teachinggexperiment as a paradigmatic
example of the component unit type is in progress (see Bartolini Bussi in press
a, in press b).

Example 2: The problem gfreflexive interrelation between syntax and
semantics (F. Arzarello, Gy P. Chiappini, L. Bazzini)

The main item in this research'is,the interplay between concepts, notations and
mediators in the processes,of teaching—learning mathematics. The question
which Arzarello and his colleagues are now studying can be summarized as
follows : ‘Whatgare the'main features of component units where the pupil is sup-
posed to grasp a ruleyin a“system of notations compatible with those of wider
society?’ (Cobb et al, 1992; Bakhurst 1988; Geertz 1983; Kaput 1991 for
terminology).
The problemeentails three components:

(i) an epiStemological analysis of mathematical concepts evoked by notations
(trend, A);

(ipan analysis,of the cognitive pitfalls (trend C) that are related to the so-called
Wittgenstein’s paradox of the understanding of a rule (Kripke 1982;
Arzarello et al. 1994);

(#ii)"an analysis of the social mediation in the classroom (trend B), which is
deemed essential in order to overcome the pitfalls of trend C and to regen-
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erate a consensual mathematical reality — which constrains pupils’ ways of
thinking and notating (Cobb et al. 1992, p. 116).

The ongoing research by Arzarello, Bazzini, and Chiappini attempts to_inte-
grate Vygotskij’s and Leont’ev’s activity theory with an approach o the,theory
of meaning based on intentional semantics (see Arzarello et al. 1993,/1994,
1995) and this seems to point to a new kind of component unit.

Some Consequences

The first consequence of the approach to RME representéd by the @bove exam-
ples, and characterized by the above tests, concerns the units,of analysis of every
research study aimed to pass both tests. One ofithe strategic problems encoun-
tered here is the choice among innumerable possibilitiesysuggested by concrete
teaching problems in school (e.g. sharing the/features of trends A, B and C) and
