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Ed Barbeau

subject.

Even those who get good grades ency and appreciation of its
structure and significance. Mathematici emselves may see little that
reflects the character of mathematics as they €xperience it.

The blame for this situation is gften laid at the door of the demands of a rigid
syllabus and the imperatives o ent.

We need to analyze these s. Mathematics is a highly structured
subject. It is hard to see one can proceed very far without orchestrating
topics and assessing the ents from time to time to make sure
they are prepared to make fur ogress. But does this mean that mathema-
tical instruction shoul ace so much mechanical learning and rely on recall
and stock situations?

The issue is Iypone ership—who owns the mathematics?

Too often, the is, “the system” or “the teacher”. From the pupils’
perspective, it i ed from without to achieve extrinsic goals. For
many, it makesilittle sefise. To be sure, mathematics can be difficult, but is it a
difficulty one t to surmount?

In the thi of the “Divine Comedy”, Dante’s pilgrim is advised by
Beatrice

ere un poco a mensa
ibo rigido c¢’hai preso,
a aiuto a tua dispensa.

)
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Apri la merte a quel ch’io ti paleso

a fermalvi entro; ché non fa scienza
sanza lo ritenere, avere inteso.
Or, in English

you must stay longer at the table
because the food you have eaten is tough
and needs time for digestion. .

Open your mind to what I shall reveal
and keep it there; whoever has heard
and not retained, knows nothing.

Paradis‘ant
This could be applied to the student of jnat . She must learn to
be patient, open the mind, and see ient r than transient

understanding.
These are qualities that require the learner
the student is permitted to be passiv
accepting this responsibility.
The task of the teacher and expo
to awaken these resources.

internal resources. If
e alienated and resist

Is there a puzzle instinct in
developed and refined by t
for some survival function? Or
of puzzles the product metaphysical force buried

deep within the psyche lingfpeople to behave in ways

that defy ratio'expla

Danesi sees thi ensity for puzzles as tightly bound up in human
culture. There i a uriosity to be found in every human civilization;
the environment poses wonders, threats and opportunities that must be
understood an ited by beings lacking many of the physical advantages
of the beastsgh owed with a powerful mind. However, it is not just
necessity e that leads people to accept challenges, as is borne out by
ch recreations as Sudoku, topological puzzles and games of

not overlook the social aspects of challenge that involve both
d competition. In sports and the arts, the participant is moti-
al-—a game or concert—and collaborates with others, a coach or
or expert guidance and colleagues for support and inspiration for
the achievement of excellence.

The pursuit of the goal leads to the acquisition of new skills.
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However, the goal must be commensurate with the abilities and character-
istics of the group; one plays with teams of comparable skill or perfor ical
pieces whose technical requirements can be mastered with reasona
expenditure of time.

Thus, growth is promoted through the presence of an appropsi

On the one hand, there is an aversion to the aridity of m
matics, and on the other a natural attraction to
predicated on the possibility that the first can be counter.
tion of the second.

First, we discuss the fundamental question, “wha

We shall examine sources of challenge and iytif
sitors can introduce challenge. We will address the ame
whether challenges enhance learning.

This Study places the issue on the internatio da and has as its purpose
to press for an answer to this question and to de understanding of the
role of challenge.

in which expo-
I question as to

0.2 Challenges and educatio

The tendency to see education in terms o
meet societal goals has become
told that children must be educate
order that the nation become
is achieved.
This is too narrow an .
initiation to prepare its yo
privileges of adulthoo
In less sophisticate

ormal institutions designed to
ry pronounced in many countries. We are
in order to fit them for various careers, in
itive and in order that economic success

society has provided some kind of
accept the demands, responsibilities and

etiegy this has tended also to provide children with a

succession of S.ll u s, so that they maintain a feeling of cohesion
with the larger co ity. This is described in a very graphic way in the early
chapters of Haleyzs,no ots (1976) which recounts in considerable detail the

first seventeen gears of
into the Madin

life of Kunta Kinte as he is progressively integrated
Juffure (now in Gambia) prior to his enslavement in

n education often can separate children from the larger
children in their own world. So we should think of educa-

. Accordingly, we have to think of education for the present, a
t is immediately rewarding for the student in and of itself, a
schooling®in which the pupil experiences the joy of learning and growth as
well as integration into the adult world through a broadening of interests and
points of contact.
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Properly handled, mathematics can be part of this. In many mathematical

situations, children with their curiosity and mental agility are in a of
equality with adults. In particular, mathematical challenges beco t
way in which they can feel intellectually alive and productive, but e-

thing that can be shared outside of their own age group.
To be sure, schooling must allow students to functio
employees, and to provide opportunities for work Vﬁt is
productive (in whatever sense we want to use this r
repare for
athematical

This is education for the near future that will open doo

the next stage of life. It can be claimed that e re to

challenges can support the resourceful flexibility t and deeper
ar

mathematical understanding that will make on of students
more successful.

But there is more to life than a job; m ent through other
activities and jobs. This is often movingly por scriptions in the press
of rich lives of some quite ordinary pe a fered some disaster.

In particular, through schooling w nerations whose interest
and curiosity will see that the arts 1 d all such tokens of human
excellence do not vanish, but tran 1Vi
tion for the far future.

This dichotomy between the transitory re of human existence and the
nobility of human achievement is strikingly expressed in the two answers that
the Old Testament provides for question, “What is Man?”

Man is like to vanity: his days a ow that passeth away.

Ps. 144:4
Thou has made him a little han the s, and has crowned him with glory and
honor. Thou madest him to'ha imion over the works of Thy hands; Thou has put
all things under his feet.

Ps. 8:5-6

The lesson <.h fir
second, to plunge
development.

edeem each moment in education, and of the
s into the broad stream of civilized achievement and

olume, mathematical challenges have a place in all
aspects of educa and intellectual growth, whether in a formal school setting
i eans such as clubs, museums, books, magazines, games
Internet.

athematics is a long saga of great thinkers pushing the
nowledge by formulating and solving problems. It seems
exulted in their growing mastery of ideas as step by step they

at we know today as mathematics.

I Study is predicated on the premise that we can duplicate some of
this sense of entitlement and mastery among the public, both within and with-
out school, by the use of mathematical challenges.
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0.3 Debilitating and enabling challenges

Already, mathematics often challenges both school children an
population, but for reasons that often discourage and alienate.

shroud in mystery what should be clear and overwhelms w
what should be surveyable.

Schools may be afflicted with teachers who themselves ain of their

mathematics, or whose mathematical training ill equips anticipate
possible stumbling blocks to learning even basic mat tics.
Sometimes, students get locked into a congeptua at is not at all

productive, so that they cannot move beyond their, ation.

¢mati general public to
understand it if they must accept someone else ation of it? Or should we
bring in lay people as participants, providing [ pportunity to grapple

s, problems and investiga-
with the teacher, each alive

If the latter, is it through the posi
tions, that the learner is brought int
to his own particular responsibilitj

0.4 What is a challenge?

For the purpose of the Study, egard a challenge as a question posed
deliberately to entice its recipient to a t a resolution, while at the same time
stretching their understa and knewledge of some topic. Whether the
question is a challenge depen he background of the recipient; what may
be a genuine puzzle fo erson may be a mundane exercise or a matter of
recall for another with e experience.

Furthermor. chall y or may not be appropriate. An inappropriate
challenge is one f the background of the recipient is so weak that she
may not unders W at stake or does not possess or is unable to create
the tools needed to engage with it. A good challenge is one for which the person
possesses the n athematical apparatus or logical skill, but needs to use
themin an n or innovative way.

A goo e will often involve explanation, questioning and conjectur-
ing, multi ches, evaluation of solutions for effectiveness and elegance,

st nd evaluation of examples.
Danesi (2002), we can expect a latent willingness for people to
ges provided a suitable stimulus can be devised. This is an
ssage which, as we shall see in the following chapters, has already
been validated in many individual situations across the globe. Indeed, we have
seen enough instances that we can analyze what is likely to be effective and what
is likely to be counterproductive.
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We see in mathematical challenge an idea that will revitalize discourse about
the role of mathematics in the educational culture. In schools, it
equip students to face future challenges in life by fostering desira
such as patience, persistence and flexibility, to learn content more
exploit connections, to identify and develop their mathematica
become self-actualized and confident, to experience the pleas %
and the joy of success and to participate in a community of le ng

We can see through challenge a kind of relationshirpga arner and a
learning opportunity, mediated by the engagement ofthe idual. In the
diagram below, we list the ingredients in the spher e leamner alongside
activities that could be in the learning environn‘t t

LEARNER LEARN ORTUNITIES

development
cognition
knowledge
metacognition
beliefs
motivation/beliefs
values
desire to learn
and succeed

exploring

HEOQFQZH

ides many examples of challenges. We look at
t they are about and what makes them work. It is
indicate to the educator or teacher in mathe-
an advanced background in the subject the scope of
e them to think through some of these themselves
deas about their possible use with students and the

The opening chapt
where they come from
hoped through.is ch
matics who may
challenges, and

ood challenges are like good musical compositions or
ate into the broader culture and are passed down from one

challengedimathematically have been introduced, from newspapers and maga-
zines, and an ever-increasing variety of competitions, to the work of artisans in
the creation of topological and other puzzles (the Rubik’s cube being a
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notorious example), as well as to mathematics “museums”, clubs and web sites.
The scope of these is examined and several examples are studied in

Of course, no examination of this topic would begin to cov
acknowledging the intensive intervention of technology. Technolo
serves to augment the effectiveness of traditional resources, su S

journals, lectures and schools, but it also provides a handy and % o

library

of information and problems; it provides electroni arning,
experimentation and understanding on a scale impos coneeive of until
now.

Its novelty and power has made possible brand interactive programs
and the capacity for in-depth investigations in b ombinatorics,

probability and geometry by students. With the computer, new areas of
mathematics have been opened out, such as anNms and stochastic
processes, and some of this is accessible to stud Moregver, the Internet has
made it convenient for mathematicians and s ollaborate easily.
Chapter Three takes stock of these develop orting out what is avail-
able, assessing how they relate to existi pedagogy and dissemina-
tion, analyzing the issues at stake ibing ways in which they can
support the use of challenge.
In Chapter Four, the promotion o
challenges is examined through several ca dies. The role of the teacher is
critical, for she must seek out appropriate material, calibrate and orchestrate
the challenges given, ensure that Students are properly prepared to meet them,
analyze what makes them successfultand see that the classroom environment is
conducive to an effective exp
Chapter Four touche$ybri€fly on an area that this author feels has not been
given due attention—the mathematical fallacies. Two decades ago, he
persuaded the editors of the Mathematics Journal to initiate a depart-
ment, “Fallacies, Fla Elimflam”, devoted to the collection of flawed
mathematical proofs solutions in the hope that this might be of use to
teachers. His uggests that it can be a serious problem for
students to troub awed argument, that the attempt to do so may
lead to an appreei ome rather subtle mathematical points, and that
students come to apprediate the need for care. Indeed, the reader may have been
in the position g a student solution, “smelling a rat”, but being hard
pressed to wi the error, for good students can make interesting mis-
takes. Eveg

atjcal learning through the use of

actually “work™ and the reasons for this. One source of such
vshovitz-Hadar and Webb (1998).

nity of students and their teachers or mentors, whether it be in a
s laboratory, special schools, a school assembly, a classroom or a
jamboree where teams compete in the consideration of an experiment or
research problem.
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The success of any educational regime in the schools depends on a well-
prepared corps of teachers. If the use of challenges in schools is to be
then the formation and professional development of teachers
suitably reformed. Teachers need to be convinced that what they a
to do authentically represents mathematics and is of lastin
student. They must be prepared to reassess the way in w
with the students.

Most importantly, they must come to see thems’e

their training, teachers need to grapple with math
selves, so that they know how to support their’ud
mathematical behavior. Such considerations a ur of Chapter Six,
which opens with a discussion of the nature ofiehallen ool and why they
are important. Some examples of challenge design, and the responses
they elicit are given.

Psychological considerations are importa
teachers from using challenging pro
and beliefs have on their willingness
What can be said about the devel
with the factors that lead to effecti
development.

Finally the chapter provides a description of some pre-service and in-service
programs. In China, the new cupficulum that promotes the use of challenging
problems has resulted in a Shanghai study, “Teacher Action Education”, to
promote the effectiveness of adopting the spirit of the reforms and
achieving student learni als.

In Miinster, German t teac
challenges and have to reflec

it that might prevent
t does their knowledge
andle challenging problems?
ain? The chapter next deals
and the role of professional

directly experience mathematical
eir own mental processes; their formation
involves teamwork, ¢ discussion of videotaped lessons and research,
resulting in the produc of educational materials. Similarly in New Zealand,
a numeracy m oject brought about extensive professional
development.

Likewise, at
take a course t
with sharing o

her ntucky University in the USA, pre-service teachers
t embraces work on challenging problems alone and in groups,
and preparation of examples to be used in schools.
ws this up with a look inside the classroom. The issue is
C teachers have to make sure that they cover the syllabus and
% or various tests. Nevertheless, it is argued that challenges
, part of the classroom experience. However, in many situa-
s against the grain of the existing culture. Teachers need to
own attitudes and be prepared to interact with the pupils in a
rian way.
sponsible for curriculum design and assessment need to question
whether their policies inhibit or promote an authentic and productive mathe-
matical experience in the classroom. This is the theme of Chapter Eight in which
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assessment issues in the framework of challenge are considered in four coun-
tries, and assessment is evaluated as to its role in promoting learn its
implications for curriculum and assessment. The chapter conclud
research questions needing further investigation.
While challenges have always been part of mathematical expesiti
small way, they have now come to the forefront in our concepfi
practice and public exposition. This Study has interveﬁ
has been a lot of activity and experience that can be assesse
for a gathering of the available materials and the f
field trials involving the use of challenges that will all
sound and measured way.
I am particularly indebted to Jean-Pierre ,a Leikin, Ralph
Mason and Peter Taylor for contributin rspe at informed this
chapter.

to move forward in a
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Chapter 1
Challenging Problems: Mathematical Contén
and Sources

Vladimir Protasov, Mark Applebaum, Alexander Karp‘omu ba,
Alexey Sossinsky, Ed Barbeau, and Peter Taylor

B

0 tegorized accord-
eyondthe classroom. Some

ing to the settings in which they occur, bothina
challenges arise as extensions of normal clas ice; other challenges,
some of very recent origin, become popular {he general population,
while still others are created especiall different populations of

students. In some cases, a detailed’ di i f their origins and uses is
provided. It should become clear t tent to which they betoken
the vitality and the creativity of ‘the atical enterprise and show how
much of a “human endeavor” mathema . The final section provides a

challenges given in the form of individual
extended investigations are mentioned
nsidered in later chapters.

challenges. This chapter focuses
problems; challenges that oc
briefly in the final section an

1.1 Introduction

Challenges in hem ot new. Once people began to observe numer-
ical and geome er sought to account for them, difficult problems
emerged naturall ge their wits and to force them to organize their
knowledge an lain underlying concepts more precisely. During the
Renaissance, thematicians who had discovered a new technique might
show off their ge by posing a challenge problem that others, not
privy to th ategy, could not solve. In the Enlightenment, prizes were

offered fa % o could make some progress on some pressing mathema-
tical,prob of the day.

nmo es, the first challenges aimed specifically at students were posed
nd in competitions, with Hungary being an early leader. These
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challenges were created especially for this purpose, so that it became a battle of
wits between the mathematicians who set them to confound the stude he
students who might arrive at a solution, often in an unanticipated

However, as the popularity of games like bridge, topological p
Sudoku and other puzzles in the popular press indicate, theregi
challenges of a mathematical type among non-mathematicia
in almost every culture there is an ancient tradition ‘ post
problems.

It is therefore plausible that both tradition and culture’s
tion of challenges both into the classroom and into p
appreciation of and facility in mathematics
general population.

However, the mathematician or teacher

e introduc-
enhance the
dents and the

and must select material carefully to
As we shall see in the final sectio i r, the research literature has

devoted insufficient attention to t propriate selection of chal-
lenges. The aim of the next four Sec courage educators to engage
and contribute to the discussion of challen d their use. We provide a set of

might respond.

A good challenge can
musical composition or a'
appreciative audience. Accor
should be matched b isce
entices but does not he

make commun‘. .

1.2 Challenges within the regular classroom regime

a work of art, similar to a poem, a
these are of no account without an
the creativity and elegance of a challenge
rnment to calibrate it so that the challenge

those with whom the challenger wishes to

in the normal classroomis spentin teaching standard results and

% lying them to stock situations. Understandably, pupils may
hesignificance of the work nor retain and use it effectively later.

i it may be useful to adapt a mundane question to make pupils

eply about structure of this mathematics and shine a light on its

featuges. Here are some examples:

Challenge<l.2.1 (Ages 6 to 8). Six-year-old Danny is discussing even and odd
integers with his father, a research mathematician and a talented teacher.
Danny has learnt what even and odd integers are: “It’s an even number of
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people when they can split up into pairs and no one will be left out, and an odd
number if one person doesn’t have a partner to hold hands with.”

Danny is asked to prove that the sum of two odd numbers is an
After some hesitation and mumbling, his face suddenly lights u
out: “Of course, of course, the two people who didn’t have a p
each other, they start holding hands, so the number is even!”

Discussion: If it can be said that one purpose of e.: i0 ral is to
encourage the child to be aware of and discriminati rds the world
ces

around her, this is particularly true in mathematic the mathe-
matics syllabus covers a lot of concepts and procedure hazard that pupils
can fall into a mechanical mode, reciting definit‘s dp ing operations
while unaware of the significance and utility of w are doing.

We need to insinuate into the situation s ing to ase awareness and
fluency. The posing of questions designed to mg il pause and take stock
is one way to do this.

The reader is invited to formulate h
oddsis even, and then think about sit
one might expect pupils of various

Two aspects stand out. First, i
needs a workable definition of “even
something that can be appealed to. What would be the understanding of a
young child? Perhaps it might that odd and even numbers alternate in
counting, putting 1 in the odd 2 in the even, and so on. How would a
child with this viewpoint ta question? Perhaps the criterion is the
remainder upon division_by eight-year-old work with this defini-
tion? A secondary studen ledge of arithmetic modulo 2 might
use this approach. Or wo ely to follow Danny in pairing off?

The second aspect is he pupil is being asked to prove a general proposi-
tion with infinitely ma tanges. Normally, one thinks of proofs as occurring
much later in scho perhaps not until high school geometry. Is a
child of Danny’s agelikely e “up to” handling such a proof?

That the sum of ds is even might be accepted through empirical
observation— ex le shows that it is true. In the same way, every
robin has a re east./Some children might not progress much further than
this. But this pa hallenge puts on the table a new and different aspect of
mathemati mpanied by similar future challenges, a child’s perception of
mathema and the power of reasoning to illuminate what can never be
1 be deepened.

sec how a challenge can originate from the desire of a teacher to
rges to probe more deeply into the mathematics.

ing of elation (Danny’s response) that one should try to induce in
enges before classes.

Challenge 1.2.2 (Ages 9 to 11): Take the digits 1, 2, 3, 4, 5 and 6. Using each
exactly once, form two numbers for which the difference is as small as possible.

s to why the sum of two
is can be asked and how
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Discussion: Generally, children master skills by working examples provided
by the teacher. But one might better create a sense of ownership in
children to create examples of their own. To begin with, a t
simply ask pupils to form two numbers from the six digits a
difference. However, by introducing the optimization questios
a goal that induces the pupils to look more carefully into
the situation and pay attention to what factors ‘Vern
difference.

There are a number of realizations that students wi ably impli-
citly. The first is that to make the difference small, t osen should
both have three digits. The teacher may wish t(iaw itly why this is
S0.

The second is that the leading digit of the
the leading digit of the smaller (subtrahend
after the leading one of the subtrahend sho
possible while the digits after the leading one
small a number as possible. The answ iven't

This is an example of what a teac i
set of digits could be varied and bo
products, quotients and exponentials
can be found. Another nice problem that le self to group work is to take the
ten digits 0, 1, 2, 3,4, 5, 6, 7, 8 and 9 and use them to construct three numbers,

the largest of which is the sum @f the other two. What are the smallest and
largest such sums?
1.2.1 Challenge from vatio

Sometimes a challeng
likely many pupils wh
two 2s are the &
The teacher ca
of numbers that
just positive in
Here is anot

inuend) exceeds
d is that the digits
s large a number as
uend should form as

smallest sums, differences,
o numbers using those digits

built on an interesting observation. There are

e
¢ noted with interest that the sum and product of

it this by asking pupils to find other examples of pairs
et e sum and product. The numbers involved can be
ers, onrationals.
o generalize the property:

now that we have a complete set of examples?
In tackling this challenge, one makes the key observation that for one of the
pairs, the sum must be at least as great as the product. It may be that some



Chapter 1: Challenging Problems: Mathematical Contents and Sources

children have never considered this possibility, having dealt only with situations
for which the opposite is true. The number 1 might not have bee
multiplier. We can see the possibility of counteracting a bias that
always makes things larger, a prejudice that can later confound a’c
ling of products of numbers other than integers.

Pre-algebra students may solve this problem informall
using trial and error. With algebra, a more systematic at )
The condition that ¢« + b > ab can be converted <1,
which for unequal positive integers a and b implies
equal to 1. Or one can draw from the conditions «
d, the equation (a — 1)(b — 1) + (¢ — 1)(d — 1)‘ 2.
{(2,2), (2, 2)} and {(2, 3), (1, 5)}.

The challenge can be extended. What hap,
Or we could ask that the product of each pai
of) the sum of the other.

ossibilities are

i negative integers?
ice (or some other multiple

1.2.2 Challenge from a textb

ard textbook problem that will
Igorithmic approach to a more

Sometimes a challenge can be made from
encourage students to look beyond a merely
holistic stance towards a proble

Challenge 1.2.4 (Ages 11 to 14
A man is standing in a theatr
line is behind him. How
up an equation, argue tha

More generally, we ¢
with the fraction x of t
and y are fractigms wri
makes sense, t
denominators of x a

roblem appeared in a first algebra text.)
the line is in front of him and 1/7 of the
the line altogether? Without setting
t be 42.

ituation. A man is standing in a theatre line
ront of him and the fraction y behind, where x
est terms. If x and y are such that the problem
er must be the least common multiple of the

1S problem was originally posed in a graduate course on
ticing secondary teachers, as part of a discussion on
ook exercises. Is it clear that the answer must be 42?

Discussion:
problem solvin
the creative use

e divisible by 6 and 7, so that the numbers before and behind are
integers. So the total number of people is a multiple of 42. Why must it be 42
itself, rather than a larger multiple? Expressing the reason clearly and comple-
tely is an expository challenge for even the brightest students.
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1.2.3 Increasing fluency with fractions

While we are on the topic of fractions, there are some challenge tc e
used to help students become more fluent with them and gain so er-
standing of inequality relations among them.

A good area for this Study is that of Egyptian fracti
numerators are 1. .

Challenge 1.2.5 (Ages 11 to 15): Solve the following e
numbers x, y, z:

whose

or the natural

I 1 1
—++-=1
X y z
Discussion: There is an obvious solution fo
pupils may also know about (x, y, z) =
exhaustive set of solutions.
The first task in meeting this challengey uce the level of complication
generality, we can assume
that x < y < z. Making this additio on is a mathematical gambit
that would probably not be taught as a reg rt of the syllabus, but one does
not require much experience in problem solving to see how such assumptions
become standard.
Ordinary syllabus problemszalsoNend to be directive in the sense that the
student follows a standard pr d goes directly after the solution. This
particular challenge illus that it is often a good idea to get an overview of
the situation before begin e grin hunting for solutions. We note that

the integers required cannot ery large. In particular, if all the integers
exceed 3, the left side e less than 1. Also it is clear than x > 1.
So we have zsonsi o gases: x = 3 and x = 2. The first yields only one
r

possibility. The'sec that y = 3 or y = 4, so we can now list all the
solutions, the two above and (x, y, z) = (2,4, 4).

If students b e interested in this challenge, it can be generalized to having
any number, say 7, of unit fractions on the left. If there are n fractions on the
left, we might a rge the largest denominator can be.

,z) = (3,3, 3). Some
allenge here is to get an

1
X y z

Discussion: It is a conjecture of Paul Erdos that 4/n admits such a representa-
tion for all # > 3. This problem works well with secondary students in particular
because most cases can be handled within a short space of time.
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Like many challenges, progress depends on making a key observation, in this
case that

1 1 1

Kkl TRk

Many students discover this after playing arou it} OWS us
to dispose immediately of the case that # is an even n : 1.6, WeE can write
n = 2m. Thus,

4 2 1 1 1
_———= — —|— _——= —
n m m m m
It turns out that generally within an hour a'¢ n arrive at a set of cases

1 when divided by 24.
1ke some progress on a

that cover every number # that does not leave 3
This is a nice example that illustrates
natural mathematical question, yet fi
intractable.

that nowadays a large percen population studies high school mathe-
matics and many of thes
downgrading in the sylla

However, the result is th
degree that permits fl
ability, it is easy for st

students do not engage in algebra to a
ability to make actual use of it. Without this
ee their studies as pointless.

Some students’haye e to study technical mathematics, and, if their
ambitions lie in a irection, they should not be penalized for avoiding it.
The experience e ning students can be enriched if we restore to the
standard syllabus moreichallenging material.

A standard about many students of mathematics is that they tend
e and do not appreciate the structure behind a formula.
jials is one way to ameliorate this deficiency.
oor” aspect to factoring. It is a mundane task to expand the
polynomials; to factor this product into its irreducible compo-
a range of skills and sensitivity to structure that will help students

ts t

(a) 4(a®>+b%) + 21b* — 20ab — 36;
(b) 6x%y — 15y — 5x + 18x)”°.
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Discussion: While there is no grand scheme that allows us to factor any
polynomial, nevertheless there are some rules of thumb that studen ick
up from experience and allow them to factor with increasing suc
will also depend on recognizing certain forms and analyzing the stru
polynomial to be factored. For example, in (a), the student mig
terms in % and note the difference of two squares, of a linear plo
6. In (b), one might isolate the terms of like degree and pull out mon factors.

We can observe an analogous situation in elementary ¢ u cre differ-
entiation of functions can be handled by a set easi rules, but
integration requires more skill and judgment.

Challenge 1.2.8 (Ages 13 to 17): Factor ()

(@) "+ + 1;
(b) 2(x° + »° + 1) = Sxp(x* + > + ).

04

Discussion: Part (a) is a nice challenge
approach is unlikely to lead to succe
the polynomial has the form x* + x and recognizing that this in turn is a
factor of x* — 1.

So we build up to factor a'> — iven polynomial as a factor.
However, this binomial is not only a di cubes but also a difference of

he “breaking down”

a®—1=@ - D@ +a>+W = (- D)d?+ +a® +d°+1).

At this stage, the stu need to erstand the significance of the result
that every polynomialm gi as a product of irreducibles. In
particular, @+ a+ lisani ible factor of &® — 1, and so must be a factor
ofd + & + 1.

Indeed, the require orization is

N —d +d —d*+d—a+1).

(

An alternatiye approach recognizes that all the roots of the given polynomial

are those 15th nity that are not Sth roots of unity and that two of its

roots are imagina e roots of unity.

% s a challenge of a different sort. In this case, one can work
netry'in x and y. Making the substitutions = x + yand p = xy,

polynomial can be rendered as

=550+ 5p7) + 1] = 5p(s* —=2p+ 1) = 10p* (s + 1) — 5p(2s® + s> + 1)
+2(s° + 1),

which has s + 1 as a factor. The desired factorization is
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(x4+y+1)2x* —2x%y + 2527 — 2x)° + 2% — 2% — X%y — xp? — 282X —
xy 4 2% = 2x — 2y + 2).

Challenge 1.2.9 (Ages 15 to 19): Find the smallest possible va

f(x) = cos2x — xcos x + x?/8 for alial X!

Discussion: Here is a challenge designed to help rid s f the habit of
blindly following an algorithm without paying attention to any special char-
acteristics of the situation. One can see how the pro s)\created using a
square involving cos x and then made more myii s by erting cos” x to
its equivalent involving cos 2x.

This is a “wolf in sheep’s clothing” sort of ¢hallen he student tries a
standard derivative approach and gets into a mrcss. Hew can this be avoided?
Noting the middle term, a mixture of x and c¢ %. ight recall that cos 2x
a perfect square some-

can be written in terms of cos® x and if we
where. Indeed

The foregoing classroom.ch te how one can start with straightfor-
ward material, and by pr i ist or asking a natural question, can
help authenticate the m rience. In addition, for this to be
effective, we need a p gy that does not force students to engage with
these on their own un rted, as has so often happened in the past.

Students canfoften o work in groups so that they can share ideas
and can be allowe to reflect on the problems, knowing that they cannot
always be expected to questions immediately. Any decision to introduce
challenges in t ssroom also requires that the whole system of teaching and
assessment be rewiewed So that different aspects of the classroom experience are
not working at poses.

Co orics

ere are problems not immediately connected with the syllabus
ed in the classroom to good effect.

torics is an area in which little specific background is needed for
some situations and children can be expected to be as successful in meeting a
challenge as an adult. We discuss a few possibilities.
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Challenge 1.2.10 ( Ages 9 to 15): In a supermarket there are different goods that
weigh from 1 kg to 40 kg (all the weights are integers). The bos ikes
mathematical problems decides to buy only four different count i
weighing any of the goods. Will he succeed? Which counterweights sho

Alternatively: What is the minimum number of counterwei fic
weigh all goods with integer weights between 1 kg and 40 k
conventional balance and two pans? .

Discussion: This has broad appeal. One approach is to ify the situation,
either by reducing the number of weights available o tryin eigh goods

from 1 kg up to a smaller number of kilograms. The k ucgessful prosecu-
e

tion of the problem is to realize that counterwei& nb n the same pan
as the goods to be weighed. Thus, students mjight Mo counterweights
inclu

of 1 kg and 3 kg will weigh goods from 1 kg xtending to three
and then to four weights, students might come :

Number of counterweights MCrweig
1 1

eight of goods

2 1,2,3,4
3 > 1-13
4 1,3,9; 1-40

Now the students can come t
students might not have the t
will be able to understand th
invites a generalization to
be able to conjecture what't

a conclusion. In the elementary grades,
stify their answers rigorously, but they
ris correct. This particular challenge
king at the data, some students will

1.2.7 Geomeflily

Geometry is an
by the general

a at lends itself to challenges that can be approached
ol pepulation.

1 to 17): Given four distinct points in the plane, there
are six dis airs of them and each pair determines a distance between the
neral, one would expect the six distances so obtained to be all
gtimes some of them are equal. Find all the configurations for

One issue that arises with this challenge is for students to realize
asked—that is, possibilities that are essentially different. Most
children realize intuitively that two configurations are not to be distinguished if
one can be obtained from the other by an isometry or similarity, but some do
have a difficulty with this point.
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This challenge has the agreeable characteristic that most classes can find a

them all. One is a 60-120 rhombus and there are three more for w
the points are at the vertices of an equilateral triangle. The one

example given was the trapezoid. When asked how thi
responded that he took a regular pentagon and delete

Challenge 1.2.12 (Ages 11 to 15): (a) A unit square
four regions by means of line segments AE and BF
BC and F is the midpoint of CD. Suppose tl‘ an intersect at P.
Determine the areas of the four regions, BPE, PE and ABP.

(b) A unit square ABCD is partitioned ons by means of
segments AE, BF, CG and DH where E, F, G and he respective midpoints
of BC, CD, DA and AB. Determine the area d i

a particular mindset

Discussion: Here are challenges '
f formulae and making of

among pupils, to wit the automati
calculations. Teachers who find t
use the standard area formulae shoul
the situation can be exploited.

Once students take this perspective, they progress quite rapidly. In the case of
(a), they do not arrive at sufficien any relationships to complete the solution:

them to see if the structure of

El=1/4
=1/4
[APFD] = 3/4.
The additional bit ormation that is needed is to observe that triangles
APB and BPE ‘ actor 2, so that [APB] = 4[BPE].
Problem (b) ca ed by folding out small corner right triangles onto the

verting the figure to a cross of five squares. How-
sting issue was raised by a student, that is, whether
deed a square. This was a question that needed an
ut to be a significant challenge for the class to find one.
rsuaded that the figure was most probably a square based on
ame a non-trivial task to actually describe that symmetry.

adjacent trapez
ever, in one cl

A3 (Ages 12 to 17): A regular tetrahedron A BEF has a common
a square-based regular pyramid 4 BCDE with apex E, where all

Discussion: This problem is a misfire on a multiple-choice examination in
1980 from the US Educational Testing Service (#44 on 3CPT1). It was evidently
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thought that the correct answer was 7 (the conjunction of the two solids
obliterates one face of each, so that the resulting solid inherits
from the tetrahedron and four from the pyramid); some taker
objected that the answer should be 5. Indeed, after the conjunctio
of the pyramid are coplanar with two respective faces of the te
That this is true is not obvious, especially if one conceives g
sitting obliquely like a carbuncle on a face of the pyranﬁ How
perspective makes the matter clearer. Translate the pyra cdge DA so
that we get a second pyramid 4 BB A E; that abuts the figst edge AB.

This example shows that a an be made challenging if a straightfor-
ward way of solving it udents are encouraged to look for a
different approach. See . 61-62), Brown and Walter (1990)
for further information.

1.2.8 Other settii ool challenges

Some challeng pupils can be suggested from the events of everyday life,
applications a uzzles.

Challenge 1 11 to 17): On Tuesdays after school, Ivan has tennis
aganskaya metro station, whereas his school is near Kievs-
etro stations are on the circular line and are diametrically
into the habit of taking the first train arriving at the Kievs-

independent of its direction (clockwise or anticlockwise).

tand why this was occurring, as he knew that the interval between
trains in either direction was always two minutes and the train schedule on
Tuesday afternoons was always the same. Why did this occur?
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Discussion: This problem was given in a mathematics circle for 15- and16-
year-olds whose participants were learning elements of probability
first, the students could not understand why this was possible.
that the events of going in either direction were equally probable.
them figured it out. The anticlockwise train apparently always
kaia 30 seconds after the clockwise train, he noticed, and th
wise train comes 90 seconds later.

This problem (in company with Challenge 1.2.12)

In this case, implicit in the problem, but not spelled
two recurrent processes with the same period c a phases.

In mathematical research, as well as in real Tife achieve some-
thing, care must be taken to analyze and undg ion, place it in an
appropriate context, make sure that possibilities tions are clear, and
carefully formulate it. It is rather rare tha are perfectly stated.
Challenges with ambiguities, vague wording generate the need to
at the challenge really
involves. This is an important facet 6f ics education, both for those
ians and for those who will
e real-life problems.

One practical problem is that of colleg ssions. Students apply to a list
of colleges, ranked according to preferencey colleges admit students ranked
according to some criterion. Thé\colleges hope to do this with a minimum
number of reversions whereiry theNstudents who are accepted pass up the
invitation in favor of a sup . A simplified version of this is the
Marriage Problem (Gale Shapley ):

Challenge 1.2.15 (Ages 1 A There are an equal number of men and
women. A matchmake he of pairing them off into married couples,
but he must do this in a way that there is no incentive for a mixed pair to
cheat. In othergwords, avoid a situation in which some man prefers
someone else’s % is and at the same time that other wife prefers him
to her own husband. s always be done? If so, describe a procedure that
will achieve thigf

Discussion:
technical
dents can

ine problem for secondary students, as it involves no
whatsoever, just imagination and basic reasoning. Stu-
e walked through some specific examples involving small numbers of
% get a feel for the situation. However, the perhaps surprising
: gorithm to find an appropriate pairing always exists and is
d to describe.

process involves several rounds. Each man and each woman
ividuals of the opposite sex in order of preference. In the first
man proposes to the top woman on his list; and each woman
provisionally accepts the proposal of the most preferred suitor. If each
woman gets a proposal, then the process terminates and the pairing has the
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desired property. Otherwise, there is at least one woman without a proposal and
at least one man who has been refused.

At the beginning of subsequent rounds, each man crosses fro
those women who have refused him, and proposes to the top woman
Any woman receiving a proposal provisionally accepts the

among any individual provisionally accepted in previous rou %
on this round. This continues until the process termin C

(as it must do); the provisional acceptances become pm and'a pairing is
obtained that satisfies the condition. N

Of course, there is another, possibly different, sol where the women do
the proposing. ‘
Challenge 1.2.16 (Ages 12 to 18): A magician has 1
100 inclusive. He puts them into three boxeg

numbered from 1 to
ite one and a blue

A member of the audience selects two of t xes, chooses one card
from each and announces the sum of e chosen cards. Given
this sum, the magician identifies the ich no card has been taken.

How many ways are there to put,
always works? (Two ways are co
different box.)

Discussion: Even though this problem was posed on an IMO examination
(2000), like the 4/n problem of Challenge 1.2.6 it has a simpler component that
makes it suitable for an ordin
possible allocations of cards
envisage such possibilitie

One can only speculate

made, or whether this m was constructed especially for competition or
arose out of some res result. In any case, it is attractive because of its
natural setting he ith which it is posed.

ali a

t
Some students t there is nothing special about the number 100
and perhaps experim fewer cards to get a feel for the situation. So this
challenge has t vantage that the student can get into it right away. Doubt-
less, some stud elying on their experience would realize that one could sort
the cards ac residues modulo 3, putting all cards with numbers
he red box, congruent to 1 in the white and congruent to 2

ight arrive upon the solution of putting card 1 alone in the
lone in the white box and the rest in the blue.

y 2007, (b) has 2007 digits, (c) ends with 2007 and (d) has 2007 as the
igits.

Discussion: The observation that 2007 = 9 x 223 suggests a simple strategy:
take 2007 occurring 223 times in the digits (making sure that the number starts
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and ends with 2007) and then fill up with 0s. For example, 20070...[1115
times]...02007...[222 times]...2007.

One can get more elaborate examples. Since 2007 = 9 x 223, w
arrange that the sum of the digits is a multiple of 9, the num
divisible by 223 and has the requisite number of digits. We ine
in order 223 9x times and 2007 y times so that 7(9x) + 9y =
223, and then fill in with 0s. We can take x = 31 and y =
223...[279 times] ...2230...[1146 times]...02007...[6 timeﬁ

This is a nice challenge of a somewhat different
ones, as it is usable with a wider audience. Its attra in its rather
symmetric statement with respect to 2007. Stud‘s c

more “interesting” examples.

One way in which pupils may experience
detection of patterns. While formally, ma
results, some of the hardest work is done in 130
wants to prove.

This depends on vigilance, experi sitivity to patterns. For
example, a pupil seeing the numerical equati 24+ 47 =5%and 52 + 122 =
132 may be encouraged to wonder but two of a whole flock of
similar or analogous relations. and “analogous” means is a
matter of judgment. Sometimes, it is not a he case that one’s expectations
of a generalization are satisfied, or perhaps satisfied in the way one may expect.
Consider the pair of equations: 4% = 52and 3° + 4° + 5° = 6°. Another
example of a pattern that doesgnot Sontinue is 1! = 1!, 113! = 3!, 1!315! = 6!,
11315170 = 10!

There is another w
relationship.

e chase” is in the
is all’about establishing

proceed from the basic 3-4-5 Pythagorean

Challenge 1.2.18 (Ages 17):

are true:
0
10

erify that the following numerical equations

+ 122 = 132 + 142

212 4222 4 232 4 247 = 257 + 267 + 27
These are the ee equations in a sequence of equations. What do you
think the n p equations should be?

% as been tried a number of times quite successfully. There are
ays e students can try to extend the pattern. It is an early observa-
umber of terms on each side of the equation increases by one with

However, some notice that 3 = 1 x 3,10 = 2 x 5,21 = 3 x 7, which
leads to a conjecture for the leading term of the fourth equation. Occasionally,
students can extend the pattern knowing only the first two equations.
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While a formal proof of the general equation requires a bit of skill in setting it
up, verifying a particular case in an insightful way gives pretty in
evidence that the general case is likely to be true. The only backgr n
is the result that the sum of the first n odd positive integers is n°.

Thus, for example,
(25% 4267 +27%) — (222 + 23% 4 24°) °

= (257 — 24%) + (26> — 23%) + (27 —
=49(143+5)=7>x32=212,

where a difference of squares factorization is u

To find the 57th (say) term in the sequenc
the left side, 57 on the right side. Since (57
6613, and 57 x 115 = 6555, we get the equati

65557 + ... + 6612°
whose truth can be checked by i ation of the third equation
given above.

Pattern challenges of this type not only e ce the propensity of students to
be observant and resourceful, they tend to work well with students of varying

abilities since there are often sevéral ways of describing the pattern. For more
advanced classes, they pose t ional challenge of providing a proof of

conjectures made.

r culture
In the introdu‘ re as made to popular culture as the source of
challenges. Some s go back hundreds of years. For example, many
cultures have a ion e following boat crossing problems:

(a) A man ha
However, th

d

1.3 Challenges in

wolfjla goat and a cabbage, and wishes to cross a river.
the boat requires that he can take at most two of his
h him. If he cannot leave the wolf alone with the goat, or the
the cabbage, explain how he can make the crossing.

usbands and wives) come to a river and wish to cross. The

opular types of problems involve having a number of vessels of
varying capacities, some full of liquid, with the requirement of obtaining a
fixed volume of liquid. For example, three ungraduated beakers can hold 19,
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13 and 7 liters of fluid; the 13-liter and 7-liter beakers are full, the 19-liter beaker
is empty. By pouring liquid from one beaker to another, obtain exac iters.,

However, new challenging problems are appearing all of the ti
obvious recent manifestation is the popularity of Sudoku puzzles,
carried in many newspapers and magazines around the world.
that has attracted a great deal of public attention is the Mon

ar-and-

goats) problem: .

Challenge 1.3.1 (Ages 12 to 110): A game show host tel estant that he
wins the prize behind one of the doors A, B, C that onte selects. The
contestant is told that behind two of the doors th godt and behind

the remaining one there is a car. The contest tura uld prefer the
car. The contestant points to door A. However, be aling what is behind
door A, the host opens door C to reveal a go4 s the contestant to
consider if he wishes to stick with door A or swi hoice to door B.

Since now there is a goat behind one of the d r B, and a car behind the
other, it appears that it does not matt testant switches. What
would you advise?

Discussion: While some form o

Savant’s answer was hotly conte by many of her readers, including several
mathematicians. A history of thi lem and the controversy is described in
the references below.
The problem has beco cational regime and has appeared in
many professional develo nd textbooks. Those that immerse
themselves in the prob ften“resolutely hold fast to their opinion, so the
teacher needs to be ca o 18t the discussion evolve so that students are not
squelched by t’dea i f authority (which was attempted by several
mathematicians onded to the original column of Marilyn Savant). For
further references sec u (2000, pp. 86-90) and Berlov et al. (1998).

Challenge 1.3. ges 10 to 110): You are given twelve billiard balls and an
equal-arms bal twelve balls look identical and eleven of them have

e . The twelfth has a different weight. Using the balance a
of times, determine which ball has the different weight from

lyards in the 1940s. It is a sort of problem that children can get
ts a lot of trial and error. Indeed, it is likely that some people will

However, it does yield to a more systematic and reasoned approach. First,
one can argue that at least three applications of the balance are required. There
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are 24 possible “states of the world”, as there are 12 possibilities for the odd ball
and two possibilities as to its weight relative to the others.

Each application of the balance has three possible outcomes
whether the pans balance or the left or right pan goes down.
outcome of the balance splits the number of outstanding 1
three categories.

After the first balancing, one result will leave atgeast
possibilities to be tested. After the second, there may
be arranged that there are no more than three, then the thi
contrived to distinguish them.

This realization allows one to devise a strategysfor s
the first balancing should compare one set of fo i ther set of four.
It can be seen that whatever happens will be iste actly eight of the
possibilities. The second weighing should naftr umbgr of cases to at most
three.

ing might be

1.3.1 Another schoolyard problem

Another “schoolyard problem” fro 40s has recently made a

reappearance.

Challenge 1.3.3 (Ages 10 to 110) ;
for a room. After the men go u

hree men go into a hotel and pay $10 each
irs, the desk clerk realizes that he made an
for the three of them. Accordingly, he
five dollars to the men. As he climbs
k? Those three guys won’t know the
difference. I'll give them one iec¢ and keep the other two.” That is what
pays $9 for the room—that’s $27, and the

t happened to the other dollar?

he does. So in the en ma
bellhop gets $2—that’ . W
Discussion: 'Q b a trap for the facile thinker, and requires of the

S
solver a willingne ly analyze the status of the various disbursements.
Of course, the t llarskept by the bellhop along with the twenty-five kept by
the desk clerk made up/the twenty-seven dollars ultimately spent by the three

individuals.

A e problem

vintage is the following problem, purported to be from Russia as
for talented students. However, this exquisitely contrived problem
ader public exposure.

Challenge 1.3.4 (Ages 12 to 110): A table that is free to rotate has four deep
wells embedded in its surface, symmetrically placed at the vertices of a square.
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Inside each well is a drinking glass, either upright or inverted, but not all
oriented the same way.

The wells are deep enough that you cannot see their conten he
rotates and stops at random. You are permitted to place your h
two of the wells, determine the state—upright or inverted—of.e
change the state of none, one or both of them. This is repeate ur task is to
ensure that the glasses are eventually all in the same state t or all
inverted. A bell sounds at the moment the task is successf] 1

Is it possible to ensure success? If so, how can it be a

Discussion: The implicit answer is that the task can leted, although it
is far from obvious to many that this is so. Af‘a
may be a well that one never has the opportuni

The apparent randomness of the outcomg
to confound an orderly approach. However,
solver needs to realize three things. First, it is
up the same way, not that they end up i

of the table seems
make progress, the
d that the glasses end

same state as that in the unvisited
Secondly, one in fact does have hoices at each move—either

Thirdly, the sounding or non-sounding o
mation upon which inferences can be made.

Now the problem can be solvedNin a straightforward way, as there are only
he first two moves, if the bell does not
sound, one can always arran lasses are upright and one is inverted.
It turns out that at most are needed for success.

Astonishingly, if one s to deny to solver the ability to

determine the state of t se t only to specify the two wells to be visited
and the final state of ssés in the well, the problem can be solved with a
maximum of s mo

1.3.3 The Mievosoft problem

The next proble wn as the Microsoft problem as it is said to be used by

Microsoft4 ers to determine suitable candidates for employment.

ges 12 to 110): Four men and a flashlight (with a
out for a walk on a very dark night. They come to a bridge,
kety that at most two can cross at a time and for which one needs
ashlight to see one’s way. One man can cross the bridge in
e second takes a minimum of two minutes, the third a minimum

minimum amount of time required to get all four men from one bank to the
other?
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Discussion: It is clear that at least three crossings of the bridge are necessary,
with one person bringing the flashlight back after the first two cro is
problem has the treacherous feature that most people accept with
that the fastest man returns with the flashlight so the others can cfo
easy to lock into the answer of 19 minutes for three crossings, wk
are determined by the slower three men in turn (accompanieg
and two returns by the quickest. ‘g

of,

Salvation comes only with the realization that th
flashlight after the second crossing need not be o
crossed the bridge. Thus, we can have the two s
save time in the forward direction), provided ha d that the two
quickest are already on the other side to cove
flashlight.

For school use, the problem can be gerdera following: Replace
the numbers 10, 5, 2 and 1 by «a, b, ¢ and d ¥ , where a > b > ¢ >
d > 0. What is the condition on the variab the obvious solution of
sending the quickest back with t
optimum solution?

A recent trend in problems is thefoccurrence of logical problems where people
guess the color of a hat that is placedon their heads when they can see the hats
on all heads but their own. roblem has in fact made it into the

children’s literature (NozZakifand Anno .
Challenge 1.3.6 (Ages 10 e three people and five hats, two of
which are green and th red”*The people are seated in a ring, so that each

can see the heads of th r two, but not her own head. Three of the five hats
are placed at re,om indheads. Every ten seconds a gong sounds. At the
08

sound of the gong o are certain of the color of their hats raise their

Discussion:
of her own_ee

sh, it seems that it is not possible for anyone to be sure
both green hats are not placed. But it is important to
ae rotating table problem with the bell, the lack of an action
drmation. If two green hats are placed, the remaining person
ors her own hat is red and raises her hand, the others then
this sudden decision is possible only when both wear green. If
1s raised after the first gong, then there are either three red hats placed
or two_red afid one green hat.

t this stage, everyone knows that there is at most one green hat
placed, anyone seeing such a hat will raise her hand. And each person can use
logical reasoning to identify their hat.

hands (but do not&
Is it possible wf son eventually to determine the color of her own hat?
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1.3.5 A probabilistic element

An interesting twist on the hat problem introduces a probabilistic

Challenge 1.3.7 (Ages 12 to 110): Three knights have rescued
daughter of the king from a fierce dragon. In return, the king ha

three a chance to win a vast fortune. He tells the knights that | %
in a circle and place on the head of each, either a green . d ha clls them
that, while each can see the hats of the others, no o his own hat.
Furthermore, there must be absolutely no communiation a em.

When he claps his hands, at least one person mu all speakers
must identify the color of their own hats. If s‘ w1 the fortune. If
anyone is mistaken, the fortune is lost.

At this stage, it seems that the best that ca
and he will have an even chance of being correc
chance to improve the odds in their favor. H that they can confer
ahead of time and agree on a strategy f deed possible to devise

a strategy that will allow the knight n even chance of winning the
fortune?

oNe is ne knight to speak
, the king gives them a

Discussion: It seems counterintuiti odds can be improved. How-
ever, the knights can arrange that their pro ty of bagging the fortune is 3/4.
Simply have any knight who sees the same’ color on the heads of his two
companions guess the opposite r for his own hat. This strategy loses only
if all three have the same colorhat.

1.3.6 Concluding co

s have the potential to become classics.

1th @ minimum of complication, but often have a
t may be that what is required seems impossible
at there is insufficient information. Sometimes it is
or to jump to a conclusion, based on an assump-
orted by the problem.

lem deserves respect for its elegance and the creativity
uthor. But what is most attractive is a kind of commu-
whose wits are to be matched. The gauntlet is thrown down;
o the challenge?

All of these modern pr

They are construct
paradoxical Chz‘:t rt
or counterintuitiv
easy to overloo
tion that is not,

In each case)
of its (often

discussed in Chapter 2, competitions can be classified either as
inclusive or exclusive. Inclusive competitions are sourced from outside the
classroom and written at possibly many schools and by up to hundreds of
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thousands or even millions of students. Examples of these are the AMC com-
petitions held by the Mathematical Association of America, the jan
Mathematics Competition held by the University of Waterloo, t st
Mathematics Competition, the European Kangaroo, and the Challe
the UK Mathematics Trust.

There are also other competitions for the broader, but stil
population, which are again conducted by an organg
room. These are written within schools under the supervi
receive support materials to help them deal with anti . One
example of this type is the Mathematics Challeng Young Australians,
conducted by the Australian Mathematics TI‘L‘ an i
several weeks to explore problems under teacher s

In these competitions, the assumed sylla
taught in the classroom. However unlike T PISA, which are designed
to test the classroom knowledge of students wi % um-bound” problems
not normally regarded as challenging, these co ons will contain problems
in which students use their knowled c‘problems to which they can
relate.

This can lead to the students
accessible tools such as the pigeonho , proof via methods such as
contradiction, cases or invariance, Diophantine equations, enumeration tech-
niques, graph theory and discrete optimization.

The more talented among th tudents tend to become independent lear-
ners, though many continue ntored by teachers or professors from
outside the classroom. Some Olympiad competitions, which will be
discussed in Section 1.5.

In this section we will rate the skills developed with exam-
ples drawn from such ¢ titions as those listed above and the International
Mathematics Tourna of Towns, an international competition based in
Russia, which isgalso d Chapter 2.

@’att’ons
.‘ 9

nowledge with reasonably

1.4.1 Dioph

which are linear equations with integer solutions,
t extension path for secondary students. The following
om an inclusive competition and had a good response.

Ages 13 to 15): Red rose plants are for sale at $3 each and
r $5 each. A gardener wants to buy a mixture of both types (at

(A)51 (B)67 (C)65 (D)58 (E)57.
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Discussion: Because of the finite nature of the problem, the_student

numbers between 53 and 63 inclusive). However, the problem co
algebraically. Here, the students are challenged to define sui
and construct the necessary functions. Logical thinking,
attention to the conditions of the problem, will I
ability to the solution (which is borne out b

competition).
e and l!), thought to have

been first articulated as such by Dirichlet ( 7) and often known
as Dirichlet’s principle, is simply a st here are pigeons to be
placed into pigeonholes, and there ore pigeons than pigeonholes, then
some pigeonhole will contain mo on. The statement can be
extended to cover cases where t of pigeons is more than double,
treble, and so on, the number of pi s, requiring the existence of
pigeonholes with at least three, four, and so,on, pigeons inside. The follow-
ing is an example of an accessible problem whose solution is best wrapped
up using this idea.

Challenge 1.4.2 (Ages 13 tol
each sending 5 cards to
cards to each other.

1.4.2 Pigeonhole principle

nds send greeting cards to each other,
ent people\Prove that at least two of them sent

Discussion: The wo least” are the ones which give the experienced
student the clue that igednhole principle will be useful here. However
the student lac’g suc nce might ask how many routes from sender
to recipient are ince each of the ten friends can send to nine
others, there a able routes. However, each pair of friends is
involved in 2 foutes, hat there are 45 pairs. If more that 45 cards are
i hole principle, two of the transmissions must be on
site directions. In this case since each student actually
e are 50 transmissions altogether and thus two friends do
other.
can generate discussion as to other situations where the
inciple is applicable, such as in combinatorics, number theory
. However, while a useful tool, it does require special circum-
application. Two problems can look quite similar. One can be
atched by the principle and the other can be very difficult indeed. It
requires judgment and insight to detect when the principle can be used and to
identify the “pigeons” and the “pigeonholes”.
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1.4.3 Discrete optimization and graph theory

Discrete optimization is quite a different skill than that found in
standard method, which should be applied in an optimization pr
integer variables, involves two steps, one showing existence

solution cannot be exceeded. The following exampl
Mathematics Tournament of Towns, is one in which t i 1ce use of
Eulerian graph theory, which is also a useful tool inywae

Challenge 1.4.3 (Ages 15 to 18): A village is conilct form of a square,
consisting of 9 blocks, each of side length /, in a 3'byz3, for . Each block is
bounded by a bitumen road.

If we commence at a corner of the villa
must travel along bitumen roads, if we are to p
road at least once and finish at the same corn

allest distance we
ch section of bitumen

tive classroom problem.
rst results until everyone is

Discussion: This problem is also a
Students can try for some time to i
convinced they have a result whic

The shortest route does turn out to
the diagram.

28/, with existence shown by

art of the proof'is a little more difficult, requiring the graph
of Konigsberg bridges. It is noted that there are three
ith 2, 3 and 4 joining lines. In the case of the even-
ortest path can go through them optimally, with an inward
outward route. However there are eight nodes with three
means they have to be visited twice, involving an apparent
ssuming they are in four pairs and that an extra route can be
a pair, there are at least four extra routes required. Since there
in any case, the shown route travelling along 28 links is optimal.

The optimali
theory reminis
types of nod

whether or not to include a diagram in the problem statement. The level of
challenge can be quite different for such problems dependent on whether or not
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a diagram is provided. In inclusive competitions and in classroom use diagrams
are more common. In advanced competitions such as the Internati
ematical Olympiad, constructing the diagram is usually part of
and diagrams are rarely if ever provided in the description of thep

1.4.4 Cases
0. &

Quite often experimentation with a situation leads to a ¢ i at a result
can only be established after an exhaustive con ation a mutually
exclusive set of cases. This method is usually known i y cases. The
challenge is two-fold. First, one needs to identif? ses ight apply and
to describe them in a way that is clear, efficiengand non-overlapping.
Secondly, one needs to ensure that the cases’ haustive, that nothing is left
out. This can be illustrated by the following pue of the more challen-
ging problems from the Australian Mathemat

th-
ha €

s selections but soon discover
elp, while at the other extreme

by 2 and 2. They will also be able to
being 1. So they are left to consider
only sums that use the n s 2 and 3 The situation is finally resolved by
noting that replacing any thr in'the sum by two 3s will increase the product.

In this problem, stu ight'ask whether the number 19 plays an essential
role, or whether the sa gunient is available when this number is replaced by
some other. A on in competition problems is to ask students to

C

look at a particul e of a general result; a student who is aware of this
may often estab

lish th: al result, often by a more effective argument as the
solver is not di ted by/rrelevant factors particular to the situation.
e for a more senior student studying calculus is to

A secondar
a continuous version of the challenge and formulate it

decide whet
exactly.

by contradiction

also see that 4 can always b
formally dispose of the

ost famous proofs in mathematics, that the square root of 2 is
s made by contradiction and is accessible from school mathematics.
It is often seen that a direct proof promises to look very complicated and these
are the occasions to try contradiction. The following problem, taken from the
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International Mathematics Tournament of Towns, is most easily solved by
contradiction.

Challenge 1.4.5 (Ages 15 to 18): There are 2000 apples, contai

number of baskets. Prove that it is possible to have an equal n
each of the remaining baskets, with the total number oiﬁples
h

Discussion: This is hardly in the form that a stu
school, and the initial challenge is to figure out
indeterminacy of the situation and the variety of p
apples and baskets boggles the mind. An efficie ay
to suppose that the result is false. As the readelrvf solution, within

egotiated.

int

Suppose that we have a configuration of applespand baskets for which the
result fails to hold. It does not change the propl assume that all empty
baskets have initially been removed. mber of remaining baskets
does not exceed 99; otherwise, we co ple in cach basket and get a

contradiction.

In a similar way, we see that
cannot exceed 49; the number of baske
33, and so on. We now estimate the num
cannot exceed

ast three apples cannot exceed
of apples in the baskets. This

99 449 433 424 4 .., F1/241/3+1/4+ ... +1/99)
+1/64)<100(7) = 700.

<100(1+1/2 Wj o
However, this contradiets t mption that there are at least 2000 apples.
1.4.6 EnumeraN

Combinatorialfproblems are popular in challenges because they can be less
dependent on knowledge and therefore be fair ways of identifying
potential pre ers. Enumeration is a popular source of such problems.
D ems, properly set, can be solved in the time allocated and
% tage of challenging the student later to try to generalize, to

i oblems to be solved from an algorithm.
mple is the derangement class of problems, of which the following
the Australian Mathematics Competition are good accessible

Challenge 1.4.6 (Ages 13 to 15): In how many ways can a careless office boy
place four letters in four envelopes so that no one gets the right letter?
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Discussion: It is possible for a junior high school student to list and count all
the cases. Then the student might find the answer if there had been
instead of four. If she looks at higher cases too difficult to count, s
the famous derangement formula.

matchings are correct and others incorrect. It is pos
count the cases, as the statistics from this inclusive co R
look for generalizations.

1.4.7 Invariance

simple resolution of an
riance applies in a situation

Discovering an invariant in a probl
otherwise intractable problem. The

property which is important to t t of the problem remains
unchanged in each transition.

the International Mathematics rnament of Towns, not just for its mathe-
matical properties, but for othet various associated aesthetic features.

Challenge 1.4.8 (Ages 15
and 17 crimson chamele
both simultaneously change
chameleon meet they
tually be the same col

Discussion: I’l

is clear that pair-wi

nd of Camelot live 13 grey, 15 brown
leons of different colors meet, they
the third color (e.g. if a grey and brown
ecome crimson). Is it possible they will all even-

mber of chameleons had been 15 of each color, it
of chameleons of the same color pairs would lead
ird color. However with this starting configuration
e same result fail. The student needs to find a basic
numbers 13, 15, 17 which remains unchanged during
every meeti wo chameleons of different colors. In fact, no two of the three
numbers ored chameleons leave the same remainder upon division by 3.

ver§e thinking

Sometimes there can be useful challenges involved by thinking in the inverse
direction. Here is a problem from the Mathematics Challenge for Young
Australians.
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Challenge 1.4.9 (Ages 14 to 16): A Fibonacci sequence is one in which each term
is the sum of the two preceding terms. The first two terms can be a itive
integers. An example of a Fibonacci sequence is 15, 11, 26, 37, 63

e Find a Fibonacci sequence which has 2000 as its fifth term.
e Find a Fibonacci sequence which has 2000 as its eighth ters
e Find the greatest value of n such that 2000 is the nth ter

sequence. .

Discussion: Generally one thinks of a Fibonacci se

direction. Here, as is common in an inverse thinking i ead of being
given the data and then finding the results, we arq've s and are asked
to find the data. It is a challenge for students to'thi i

The student can do this by searching thro nd-last terms and
working back. In doing so, depending on‘w e choose, they can
work back uniquely but some choices will nof go™6 ar. If the second last
term is less than 1000, the third last term is grea \ 000 and thatis as far as
we can go, as the next term would be ive. V ot do much better if the
second last term is too high.

The student can eventually foc
sequence can be traced back a fe
back optimally. The Golden Ratio can b

this problem, which makes a nice surprise.

1.4.9 Coloring probl :

There is a famous problem in an 8 by 8 checkerboard has it top-left and
bottom-right squares r d..One is then asked whether 31 dominoes (1 by 2)
can be placed over th aining 62 squares. At first sight this can seem a

tantalizing pro i dent trying for some time to show an arrange-
ment. However, a e chameleon problem, a solution is not reached and
the student is leftawon why not. In the end, the reason is obvious. Each

ily covérs one square of each color in the normal checkerboard
er the two squares removed are of the same color,

nge of values for which the
n finally the one which goes
vered in extended thinking of

A0 (Ages 14 to 18): A 7 by 7 square is made up of sixteen 1 by 3
by 1 tile. Prove that the 1 by 1 tile lies either at the centre of the
joins one of its boundaries.

n. This problem has a rather surprising result and at first sight, with
all the combinations possible, seems almost impossible to prove. But an exten-
sion of the domino question above, coloring with 3 colors instead of 2 and
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looking at the resultant way in which a 3 by 1 domino might cover squares of the

board, makes the problem accessible. Q

1.4.10 Concluding comments
101nS arc

The common feature of all these problems is that no‘f It
needed anywhere, which helps to ensure that students Ml class can
1

reach out to the problem from their normal experi A e problems
require the discipline of clear thinking, which wi&nh neral problem-
solving capacity of the student.

Major advances in our society often emerge
apparently simple problems. For example,/Et
blem led to a higher level of knowledge which4 o modern technology
today. For him to have been able to develop at yond what was known is
similar to the challenges which people inua on a day-to-day basis.

isciplined solution of
of the bridge pro-

1.5 Challenges from Olympiad c
of classroom teacher

tudents independent

There are students who wish to go beyond mass contests. They have to become
more independent, as their t ften cannot support them adequately.
Usually they participate i iona iads and a fortunate few participate
in the International Math ical d. Calculus is not involved in these
contests.
However, students cted to be fluent in concepts of proof, and to

e
learn in detail advanc ics in geometry, algebra, number theory and com-
binatorics. A ¢ lete O problems from 1959 to 2003 can be found at
www.kalva.demo imo.html.

The teachers V%e and coach students for contests of this kind are
highly dedicat nd icient mathematicians, who are themselves expert
creators and so roblems and skilled at leading students forward.

O

The posing nges is most refined when the audience is specialized.
Many appea oblems sections of mathematical journals, for which the
gnificant skill and experience.
have to be relatively elementary for mass contests (and there
r talent in setting problems that are at once interesting and
an ordinary school student), it is at the level of national

On one side, problems committees often consist of mathematicians and
teachers of some eminence, and on the other, the solvers are students with a
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great deal of talent and natural intuition augmented by a technical sure-footed-
ness and breadth of knowledge in the traditional contest areas.

Since both coaches and students can find a wealth of material e -
net, there is a premium placed on problems that are new, interesting ot
so abstruse as to bar almost everyone from attempting them.

Challenge 1.5.1 (Ages 1310 20): Let A = 4444**** B be the s
A, C the sum of the digits of Band D the sum of the dig‘)f .
1975).

Discussion: In principle, the problem is trivial. Si work Qut what 4 is,
sum the digits and continue until you are finishemn fact; lass where this
was tried, one student used the mathematical so ap compute 4; the

i y impractical but

If this problem is to be solved within the ti ‘% for a contest without
electronic aids, the question has to be reworked n wefind out bits of informa-
tion about D that will allow us to ded z ithout knowing exactly

igits of
?(IMO

highly prone to error.

value of B is less than 9 x 20,00
This makes D no bigger than

Even though this problem i iad caliber, it also works well in a class
t the students towards the winning

where the teacher is in a ti

strategy. The value of pro i is that students learn that when one

cannot enter by the fro T, e is often a back entrance that can be used.

Challenge 1.5.2 (Ages 20): We call a positive integer alternating if every

two consecutiv.g' si mal representation are of different parity. Find

all positive integer%t n has a multiple which is alternating. (IMO 2004)
pro is inviting in that one can begin by looking at

can eliminate multiples of 20. However, as expected

, the problem was difficult.

as provided by an Australian student who proceeded by a

owing in turn that powers of 2, powers of 5, twice powers of
divisible by either 2 or 5 have alternating multiples. Any

Discussion:
particular examples. O
for a problem i

if @ has an alternating multiple and b is divisible by neither 2 nor
an alternating multiple.

5.3 (Ages 14 to 20): Twenty-one girls and twenty-one boys took
part in the mathematics competition. Each contestant solved at most six pro-
blems. For each girl and each boy, at least one problem was solved by both of
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them. Prove that there was a problem that was solved by at least three girls and
at least three boys. (IMO 2001)

Discussion: Combinatorial problems of this type are standard

of combinatorial experience on the part of both the setter a
initial solution of this one was quite complex, requiri‘t east
double summations, but in the end a simpler solution w .
Challenge 1.5.4 (Ages 14 to 20): Assign to each side b onvex po
maximum area of a triangle that has b as a side ag is

the sum of the areas assigned to the sides of P
[IMO 2006]

lygon P the
n P. Show that
e the area of P.

st t

Discussion: This result is easy when the polyg drilateral or regular
with any number of sides. It thus becomes onjecture for convex
polygons in general. It is attractive, si quite believable.

In fact, this is a really tough problem; it was the final problem on the IMO. It
is further discussed at imo2006/d i tml . The solution can be
found at imo02006.dmfa.si/imo20

product of the four prices is exa
that one is supposed to add to e four prices, not to multiply them. “Oh,
dear!” exclaims the shop assi then sums the four numbers. But, can
you imagine, the right s
cost? [Swedish, Challengi

Discussion: This is a, ularly difficult example of a type of problem that
can be given in a publ ue Aln principle, the solution is straightforward, a
matter of “sear@ijand The trick is to set up the structure so that this
can be done efficie d quickly. If there are too many cases, then one runs a
high risk of eith a mistake or leaving something out.

The use of déc ions may be for some a confounding feature, so one
can convert th to one of cents rather than euros. This leads to the pair
of equation ces:

al fx

a+b+c+d=711=3%79
abed = 711(10%) = 20325879,

atter of gathering evidence. Exactly one price is a multiple of 79
58, 257, 316, 395, 514, 593, 632) and at most three prices are

Itis not possible for three prices to be a multiple of 25, so one of them must be
a multiple of 125 and, clearly, not at the same time a multiple of 79 (giving the
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possibilities 125, 250, 375, 500). This reduces the field of possibilities, but the

analysis still requires some care and proficiency.
The answer is (1.20, 1.25, 1.50, 3.16) in euros.
Challenge 1.5.6 (Ages 15 to 20): Solve the equation nontrivially

8cosxcosdxcosdSx = 1.

(Barak‘o et )

Discussion: Trigonometric problems such as this re a enticing for
the connoisseur, as they are particularly suited to chal tudent who must
select from a wealth of identities those that wi itythe se. An obvious

trial solution by inspection is to let x be a tipl t attempts along
these lines lead to —1 rather than +1 as# e of the left side. This “red
herring” makes the problem more delicious.
However, a stroke of inspiration is still pos
making cos 4x = 1, then we should tr

e hits upon the idea of

4cosm/12si

and we have a solution.
A more systematic approach involves usmg the product-sum conversion
rules. Since

2cos X,

the equation becomes N

2

0s 4x + cos 6x,

+ cos4xcos6x) = 1,

from which x
Alternatively,

/12,18 guess.
nder the equation as

2cos2x +2cos8x+2coslOx+2 =1

and make titution ¢ = cos 2x to obtain

0= (4> = 3)(82 + 4> — 4t — 1)

a solution. Thus, we have a well-constructed problem with a
icity of solutions. However, the cubic factor has at least one real root
betwe 1, so there are evidently other solutions not so easily described.

Challenge 1.5.7 (Ages 15 to 20): Prove the inequality &> + b* + ¢ > 45./3
where a, b and ¢ are the sides and S is the area of a triangle.
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Discussion: Like the previous problem, this too involves trigonometr
a geometric setting, so that one can look to various areas such
coordinate geometry or vector geometry for solutions. The solver
of tools and must make a productive selection. Because of this,
students may produce many different solutions (one class foundsmi

possible. Some relied on standard inequalities such as mt
geometric means, while others used some more obsc
metry. However, students with an elaborate approach
working out the details, while the solutions that ar
only more natural but have the bonus of avoiding a
For example, one of the briefest starts with ition
vector form

aa+cc+ (c—a).(c—a)

where the origin of vectors is at Bwhi
— — .
BA and BC. This leads to the scal

sin B,

(ax &) + sin(B + 7/6)),

which is clearly nonnegativ lity occurs if and only if the triangle is

equilateral.
Challenge 1.5.840dges
have in the 100 jon r the decimal point?

What digit does the number M = (/2 + 1)°%

ile t blem may be a challenge to a novice contestant, it
has become suc¢h a standatrd type that the experienced solver will know exactly
the trick invol sum of the number M and its surd conjugate is an
integer. As_the onjugate is less than 1, it becomes merely a technical
task to complete the solution.

Discussion.

dges 13 10 20): Solve the equation x* + 4[x] + 3 = 0, where
e largest integer that does not exceed x.

Without the greatest integer function, this would be a standard
ation. The challenge is created by “breaking the pattern”. While
ay have met the greatest integer function, its appearance in this
setting is novel and unbalancing. The challenge comes from the combining of
apparently incompatible notions.
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How to solve it? Perhaps one might begin by checking for integer solutions:
x = =3 and x = —1 both satisfy the equation. To get other solutio ed
to narrow down the field. If x is not an integer, we have [x] < x < [x ,S t

X4 dx 43>+ 4N 43> +4x—-1)+3=x"4 :
This allows us to deduce that [x] must be either —4 ‘5 an hat x is
either —/13 or —/17.
Thus there are four solutions. The presence ofytheyg integer term
a

breaks the rule of quadratics having but two root curious student
might be challenged to investigate the number ‘po 1 ions equations

of this form can have.
Challenge 1.5.10 (Ages 13 to 20): Find th the in the plane deter-

mined by the inequality

(»* — arcsin x)(

and y must both lie between
e standard approach is simply

1.2.13, in which a new way of looking
at the situation makes th n easier version with the same idea is
to determine the area und

consider a half-turn about th

Challenge 1.5.11 (Age
BD passing thregugh a
the largest poss

).

20): Given a circle with diameter AC, draw a chord
t Fin AC so that the quadrilateral ABCD has

Discussion:
“hidden target]
but the only wa'
given one. Thi

C ging problems are based on what might be called a
rinciple. Roughly speaking, one is required to find the value,
it is to find a different value and then connect it to the
given to the 1980 Moscow Mathematical Olympiad by
rates this principle. One can see how it might have been
g/ backwards from a simple problem, a common technique in
petition problems.

that if BD is a diameter, then Fis the center of the circle and the

ial idea is to pass from the area of 4 BCD (which is inconvenient to
deal with) to the area of triangle OBD, where O is the centre of the circle. After
this “change of target”, the problem is almost standard. Observe that
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[ABC].[OBF] = AC:OF = [ADC]:[ODF], so that [ABCD]:[OBD] = AC:OF.

Thus, instead of maximizing [4 BCD], we maximize [OBD]. Since t B
and OD are constant, the largest area corresponds to the largest val e
of the angle BOD. This is 1 when OF/OC > 1/2/2, and is also attai D

is orthogonal to AC. °

1.6 Content and context

A mathematics educator, in giving students a mathema
solve a pedagogical one. Different examples of m
presented in this chapter. Such challenges may be

oblem, attempts to
tic nges have been
e most diverse peda-
cus on the interac-
oth with respect to
their creation and with respect to their applicatid ords, itmustfocuson
the interaction between mathematical ¢

In general, considerable attention
to the influence of various paramet

tions. Recently, this topic has increasing attention, as evidenced by the
work of Arbauch and Brown the publication of the special issue of
the Journal of Mathemat tion devoted to mathematical tasks
(2007 No. 4). Such studie ed and expanded. The aim of what
follows is to urge educat ge in such research and to suggest several
topics that deserve to b @ oréd in greater depth.

Usiskin (2000)iden eight levels in the development of talent, from the
levels of the une and the “ordinary” American schoolchild at the
bottom, to the level o at the top. Such a classification is naturally some-
whatarbitrary: i elscan besubdivided further, and conversely, several
of them can into one. Nonetheless, Usiskin poses the significant
to the next level and expresses confidence in the realiza-
tion of suclia am. Our own basic premise is that students need challenges at

W ypment. However, the selection of assignments at every level
on must be accomplished in its own distinctive way.

It may be argued that three groups of nonmathematical requirements must be
taken into account in selecting any problem for any challenge:
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e the students’ cultural-educational level;
e the students’ psychological characteristics;
e the pedagogical problem being addressed.

putting together problems for middle school students must us

sive generality and abstraction. Problems involving . details
that are unfamiliar to the student are likewise infeasible.
By way of a simple example that confirms these clai i ce observed

that a student teacher gave students a “Problem of t k™ that dealt with
similar figures. Wishing to make it more unde ble ivid—and thus
more interesting for the students—the teacher fo d the challenge as a
problem about making reduced photocopig , however, that no
one in the class had encountered a photocopie herefore, although the
problem was well within the students’ mathen
stood by any of them.

The second group of requiremepnts educators to anticipate the
influence that, for example, success ve on the students’ percep-
tion of mathematics and on their i in it. Naturally, much depends on
a purely pedagogical effort to create an here in which even those stu-
dents who fail to solve various problems will
deal is also contingent upon the wdy in which the mathematical assignments are
selected and structured. The abi 1ty anticipate students’ perceptions relies on
an analysis of their individua ities,(where this is possible), but also on the
consideration of group ¢ se who have repeatedly taken part in
national mathematics Ol differently to the fact that they fail
to solve a problem, than thos e first-time participants in an Olympiad at
the school level. Conse ,1 e latter instance, the inclusion of excessively
unfamiliar problems rn gut to be unacceptable.

Finally, ma nges may be given for various different pur-

poses: to involve in mathematics, to develop their level of education
and to involve t in ch, to assess them, and for other aims. One should
also not forge ut other attributes of different pedagogical situations: the
Olympiad pro nstance, is one that, by definition, students should be
able to solved ours (and in reality much faster); in selecting problems
lementary school students in mathematics, particular atten-
to making the formulation engaging. In each case, the
Fthe situation must be taken into account when assignments
ted and composed.
s respect, it is important to study the experience accumulated by
educators ig/different countries. Compare, for example, the aforementioned
.2.7 (a) from the Russian (Farkov 2004, p. 45) and Challenge 1.2.7
(b) from the American (Flener 1989, p. 10), problems books which were written
as an aid to conducting local mathematics Olympiads in schools.
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Both problems are typical “school-level” problems, in the sense that nothing
is required to solve them except a certain degree of accuracy in the ion
of techniques studied in school. At the same time, the combina
techniques goes beyond the limits of what is demanded in ordinary
cannot immediately remove a factor or immediately make use o
a difference of squares.

In this way, the problems offered for inclusion in
turn out to be challenges that are in some sense closest

technical details must be taken into account: the num
the place in which the grouped terms of an expressi

these elements are significant. The two problems-ar ar. Yetitis clear
i ing in one country
ppears in a similar

dered challenging (in

would have the same status in another co
pedagogical situation. Studying which problex

1.6.2 Challenges in classrooms: i,
in their appearance

ging tasks—should take place during
every classroom session; w same time was convinced that chal-
lenges could be drawn on
the students were learning in
example, Challenge 1.
from a textbook. Ho

developed into‘n ine

tbooks. This is obviously not the case. For
w out of a perfectly routine school problem taken
r, injorder for standard textbook problems to be
ges, and in order for teachers—or better yet,
students—to pos oblems, a special atmosphere of openness towards
construction an plo n must arise in the classroom (Brown and Walter
1990, Watson a 2005). How such an atmosphere may be achieved,
how it is achi ifferent countries, and what are the basic existing
techniques 2 s used for creating such an atmosphere—all these are
further investigation.

d, vast sets of challenging problems have been and continue
different countries precisely on the basis of ordinary school-
tics. In effect, new fields have appeared in school-level mathe-

ssia, where problems books for schools offering advanced teach-
ematics or for elective courses in mathematics are published on a
regular basis (Sharygin 1989-1991, Galitsky et al. 2001, Karp 2006). Such
problems books reflect both the history of mathematics education, with some
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problems taken from books of the nineteenth century, and the contemporary
creativity of teachers and examination administrators. Sometimes,
of such problem books is highly specific and adapted to a specifi
while in other cases it can be successfully used in other countries.
it is important to become acquainted with the work that has b
respect in different countries.

®

1.6.3 The psychology of the art of writing p esearch
problem
®

The process of putting together a new challenge
ways. The general claim can be made, howg
task faced by a writer and compiler of proble
context in which the problems will be posed.
teristics as the beauty of the mathemati

Let us return, for example, to the
defined by the inequality (y* — arcsi
The experienced solver of proble
beauty. However, this problem is unlik
who has never solved standard problems onyfinding areas. On the contrary,
such a student will see it only as pointlessly cluttered and unwieldy. The writer
of this problem had his audience 1mmind, to some degree, when he wrote the
problem, and based on an i
expected, he formulated warted those expectations. Insofar as
the writers of problems p i ipulate their audiences, the psychol-
ogy of the art of problem

and as such, it deserves@ers

1.6.4 Using dif reas of mathematics in different contexts

The problems allemnge 1.2.7 are challenging for students with little contact
with mathemat of Challenge 1.2.8, also devoted to factorization, will
be challengingyfor ore experienced problem solvers. However, in higher-

problems with such straightforward formulations as
uite rare. On the whole, such problems turn out to be too

porary writers and compilers of high-level Olympiads avoid
ol-level solutions, but school-level formulations as well. Factor-

Id in many different
all aspects of the
anected with the specific
rns even such charac-

inding the area of the region
in y) > 0 (Challenge 1.5.10).
d by its unexpectedness and

rarely constitutes the entire problem for the well-prepared student who is
interested in mathematics. Paradoxically, factorization problems are probably
equally unsuitable for students who are not interested in mathematics.
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If we believe that even those who are planning to devote themselves exclu-
sively to the humanities in the future must nonetheless become acqu
mathematics, then we must offer them challenging problems, bot
in extracurricular work. However, these problems cannot be comp
tical to the problems offered to students who intend to deal wit
the future; if they were, they would fail to win student interes
approach is to use new non-traditional areas of mathematics,
mathematics of elections, which looks at different eleﬁ) and out-
comes (COMAP 2006). This can be both engaging for a
at the right level, not difficult even for a ninth-grade

The pedagogical context in this case compelsyus r new areas of
mathematics wherein to find challenges. We observe cess in working
with mathematically gifted students, where al are dern mathematics
are used to formulate problems (Berlov et al! choice of the mathema-
tical field from which challenges are drawn is bitrary. In most cases,
e context spurs us to
structuring problems.

In extracurricular activities as we in classroom practice, problems must not
r, but as representing specific groups

Watson and Mason 2005 i les of problems book (such as Polya
and Szegd 1976), in whic structured in order to instigate and
help students engage 1 stematic and deeper investigations, can have an
impact on the writing ¢ 1gn nents in areas of mathematics far more elemen-
tary than thos') W yroblems books are devoted. The craft of the
problem writer co, in being able, while taking into account an existing
context, to alter it gra in a certain direction and thus enrich the students’
mathematical S.

Consequentlyy it becomes useful to study the structure of mathematical
assignments, the which the different parts of a problem set are inter-

related. T phology” of problem blocks—as they are assembled in dif-
ferent co % a worthy topic of investigation.

e I§sue of mathematics teacher education

The crafting of problems and challenges has a role to play in teacher education
as well. One might suppose that a rather large number of teachers do not
consider the selection of challenges and indeed of any mathematical
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assignments to be a part of their work at all (Skott 2001). Meanwhile, it is
precisely the teacher who, at least at the beginning, poses challenges fi
and encourages them to pose them for themselves. It is there
understand how to prepare teachers who are capable of doin
This topic is discussed in the special issue on mathematical tasks
of Mathematics Teacher Education (2007, No. 4) and in a nu

this volume. The investigation and dissemination of go area of
teacher education is inextricably linked to the degre at school
teachers will have in the exploitation of problems a challenges

in their classes.

1.6.7 Conclusion

In this section, we have mainly concentrated o iestions and topics for
further research. Indeed, mathematic rch in this area is only
beginning. But an enormous amo f expetience has been accumulated,
internationally. The generalizatio ination of this experience is a
task of great practical and scientific
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Chapter 2
Challenges Beyond the Classroom—Sourc
and Organizational Issues

Petar Kenderov, Ali Rejali, Maria G. Bartolini Bussi, ‘eria s
Karin Richter, Michela Maschietto, Djordje Kadijevich, er Taylor

N

This chapter surveys the existence of many, u of beyond class-
room mathematics challenges from around’the d, diseusses the value and
describes special features of each type and giv; v rge number of exam-
ples which indicate the wide variety of types % ge which successfully
operate around the world.

2.1 Introduction
“bhomes” of education. The process of convey-
ing and/or acquiring information and knowledge takes place in many forms and
in many places. There are hig t ways of learning today which by-pass
the classroom. Printed waterials , journals and newspapers), radio,
television and the Worl powerful information sources that
operate parallel to schools. dents undertake extra learning of mathe-
matics in what are kno clubs or “circles”, that is, specially invited groups
of students from typic ore'than one school who meet with an independent
teacher to deve. eir atical knowledge.

Tasks given to as “homework” or “take home” exams also contri-
bute to the “bey ducation” in some countries. One should take into
account the e ole of different extracurricular activities which are
conducted outs r classroom hours such as competitions, mathematics

) dition, one should not neglect the impact on learning of
d interaction with more experienced peers, friends, parents,
nvited friends and other volunteers. All of these factors,
orm a kind of “beyond classroom education” which comple-
s and enriches what has been achieved in the classroom.

The classroom is only one of the

)
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The “beyond classroom education” has one specific and important role which
deserves to be mentioned explicitly and separately. The school educati
in the majority of countries is designed to serve the needs of students
abilities because the latter constitute the majority in the class. The
requirements and standards are set up in such a way that even

many students are learning less in the classroom tha s might
allow. Further, students of higher ability do not nec (
level of attention from their teachers as those who experi

The standard school curriculum and syllabus req ot represent
a real obstacle or challenge for higher achiev T t prompted to
apply more efforts during the educational procepl
and even talents can remain undiscovered an
on what is available in the classroom.

On the other hand, every society needs hig Ssionals in all areas of
sciences, economics and social sciences. This
identification, development and culti
achieved through continually motivati
and abilities can be developed. Unli
which disappear once discovered an apilities and the talent of a given
person will disappear forever if not discov eveloped and used.

This is where beyond classroom education’has an irreplaceable and promi-
nent role: to challenge the minds 0f those with higher abilities and talents. This
refers especially to mathematicg whege insight and understanding are obtained
as a result of a solid investm and effort. This role of beyond class-
room education is well re ized today g many countries. It has prompted the
existence of an impressive itics designed to challenge the minds of
those who could achieve more:

The most popular a liest developed beyond classroom activities of this
type have been the dif competitions and competition-like activities. They
take various fo’s in di countries but there are many success stories of
whole generation mathematicians who may not have developed as
such otherwise t st numbers of students entered in competitions
annually now i8.a markjof success.

These comp ploit the intrinsic desire of human beings to compete
with others_a students to exhibit their abilities and talents. They also
2 participants in competition and competition-like events to
to be among the winners. This, in turn, deepens mathema-

and improves competition skills.
nown that there are many students who dislike mathematics,

urees, such as mineral deposits,

In this chapter we describe several types of activities which belong to beyond
classroom education and have already been tested and used in many countries.
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Taken together these activities form a “Challenging Environment” (on national
and international levels) where young people can exhibit and de heir
abilities in the field of mathematics or can enjoy mathematics b
and feeling its essence and beauty. These activities provide the “co
infrastructure, in which challenging happens.

In Chapter 1, we discussed the mathematical content s %

young minds, while in Chapter 3 we turn our attentio the ¢
information and communication technologies ca o-challenging
environments.

2.1.1 Working as individuals and in teahld

An important issue about mathematics co s is er students should

work individually or in teams. Arguably theg

learning in teams can be valuable and an im nndation for later life.
Most international competitions are iidi d but some training for
this can usefully be done in teams. Soufie such as Iran, have found that

1 competitions if they have
had prior training working in tea petitions have increasingly
become part of their profile.

Norway has developed another example of a successful team competition.
Students work in teams comprising their whole class in the KappAbel contest

(see Section 2.2.1.2).

2.1.2 Involvement o hers

Most countries have b 0 ed about the difficulty of getting strong
involvement from ot an\a few committed teachers. As a result quite
innovative metheds h designed to increase this with much success.
Teachers are reh oS esults and are encouraged to propose problems,
prepare their studen upervise volunteers. As an example, Iran (Rejali
od record of being able to organize events so that
teachers becomeyi without the need for experienced problem creators or
university profe e present. The same has applied also for competitions
irect experience for teachers in these activities can add
ir professionalism and confidence. Often experiencing the

ironments for challenging mathematics

cs competitions were the earliest form of challenge in a beyond the
classroom context and are still arguably the most popular as measured by
participation numbers across the world. One of the Affiliated Study Groups
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(ASG) of ICMI is the World Federation of National Mathematics Competi-
tions (WFNMC), which was founded principally on a base of in

as mathematics clubs (or circles), mathematics camps, mathemati
journals (see WENMC 2002).

However there is also a number of other beyond the cl
which provide challenge and which are outside the statgdyintere
The best example of this is probably mathematics exhibitio
a number of notable ones.

Here we provide a list of some of the main so together with some

indication as to how the writers see their main sen >
5main categories.
Traditionally the main competitions were iy¢ competitions, typi-

fied by national and international Olym the latter half of the
20th century has seen the rise of dmclusiv titions, in which entry
numbers go into hundreds of th ich provide challenge for
the average student. Examples e USA, Canada, Australia
and Europe (the Kangaroo, o ed on the Australian model,
has annual entries in the millions). competitions are perceived to
be strong in identifying mathematics ability and thinking skills, enriching
mathematical knowledge andgskills and providing a path for nurturing
high achievers, while inclusive Gompetitions have provided recreation and
fun through mathematics ¢ d public awareness of mathematics.

e Mathematical journals, b resources. These are seen as particu-
larly strong at enrich knowledge and skills and also in
nurturing high achieve

® Research-like activiti
important in nurtu
mathematicidi, as

° Mathematic’s‘é iti

historical displ

particularly
and in raisi
environment,

e Mathematics competitions. Competitio

erences, projects. These are also seen as
igher achievers, giving them experience of life as a
identifying and enriching mathematics skills.

mathematics playgrounds, mathematics rooms,
S, atics and science centers. These are seen to be
g at providing recreation and fun through mathematics
ubli¢ awareness, but they certainly provide a challenging
es identifying a different type of student than the one

and skills. They provide recreation and enjoyment, and because
sical presence they raise public awareness. These houses are also

e Mathematics lectures. In various forms these provide a mechanism for
enriching and nurturing talented students.
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e Public lectures, columns in newspapers, magazines, movies, TV, books and
general purpose journals. These events all popularize mathemati
vide recreation and fun through mathematics for the public at

e Mathematics days and open houses at universities and science ‘ce
mally conducted in a recreational atmosphere, they raise publie
but can also identify and enrich talented students.

o Mathematical modeling programs. These can at Vﬁus I

student to an enjoyment of mathematics and hel ted"s
ents 1

udent to a
greater understanding.

e Correspondence programs. Particularly useful fo emote loca-
tions, these can provide all students with challeng vel.

e Interdisciplinary workshops, games, puzzles, s exhibitions. These can
have a wide range of values, depending o c rams.

® Web sites. There is a range of web sites ffo which provide Olympiad

style enrichment to those from which stud evel can access infor-
mation and learn.

e Mathematics camps, summer schoo tes. Depending on their
theme, these can be held for very nts, or have broader themes,
for example, exploring what m s do'in normal life.

e Family mathematics programs. n the public domain and take
a recreational and fun approach.

e Presence of mathematics in community fairs’and events. Again these normally

take on a recreational and fu proach in the public domain.
This list is indicative rather austive. We now discuss some of these in
more detail. i

2.2.1 Mathematics,

etitions

First, it should‘ te enderov (2006) and Kenderov (2007) provide
definitive comme the role and extent of competitions as they currently
apply, and also

It is not ea
school student

ir hi .

o trage back the origins of mathematics competitions for
ng to V. Berinde (2004) a primary school math com-
pants was held in Bucharest, Romania, as early as 1885.
prizes awarded to two girls and nine boys.

is widely accepted today that the E6tvos Competition in
the forerunner of contemporary mathematics (and physics)
or secondary school students. Its model is still widely used today.
rs were given four hours to solve three problems individually (no
1th other students or teachers was allowed). The problems in the
petition were specially designed to challenge and check creativity
and mathematical thinking, not just the acquired technical skills; the students
were often asked not only to give the correct answer, but also to provide the
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reasons why this was the correct answer. As an illustration, we give here the
three problems from the very first E6tvos Competition in 1894.

P1. Show that the set {(m, n): 17 divides 2m + 3n} coincides with
17 divides 9m + 5n}.

P2. Given a circle C, and two points A, B inside it, constr
triangle PO R with vertices on C and hypotenuse QR suc
side PQ and B lies on the side PR. For which A, 83§ thi )

P3. A triangle has sides length a, @ + d, @ + 2d and are ind 1ts sides and

or *

angles in terms of d and S. Give numerical ans S =6.

(Complete collections of problems from thisgem n be found in
Rapaport 1963a, Rapaport 1963b, Liu 2001.)
To compete means to compare your abuliti
Thus, the broader the base of competition, ; e the comparison.
This seems to be the driving force behind thg ansition from school
competitions to town competitions, to nationala nternational competi-
tions. The E6tvds competition was th i
The idea migrated from country to ime getting enriched both as
to the style of conducting the com 1 the mathematical content.

bilities of others.

In the middle of the 20th century, the flagship of math competitions, the
International Mathematics O 0), was born. In 1959, the first IMO
took place in Romani ts from seven countries: Bulgaria,
Czechoslovakia, German

and the Soviet Union (US e second IMO (1960) was organized by
Romania as well, an then it has been hosted by a different country
every year (except 198 en no IMO was held).

661 u

Originally, the right to send a team of up to eight high
school students g a team leader and a deputy team leader. In 1982 the
number of stud in a onal team was reduced to four students. Since 1983

a national team has comsisted of up to six students accompanied by a team
leader and a d leader. Over the years the number of participating
countries haspi d and in 2007 the IMO in Vietnam was attended by

¢ competition: participation, problem selection, assessment of
tribution of medals, and many other essential details. More

petition itself occupies two consecutive days. On each day the
students have 4.5 hours to solve three problems. The problems are selected by
an international jury comprised of team leaders as well as representatives of the
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host country. There is no official syllabus for the IMO but the problems are
accessible to the most talented secondary students. The problems ult
and their solution requires a significant degree of inventive i uit
creativity. The solution to a problem is worth seven points. The™p
is, therefore, 42 points.

After the competition, there is a social program for partici at they
can get to know each other, discuss different soluti
share future plans. Team leaders also exchange exper(gc
on such matters as the creation of new “Olympiad”
of students.

Officially, IMO is a competition for individuals. ipants are ranked
according to the points scored. On this basis, t
Unofficially, as in the Olympic Games, the n

participants in a certain team are accumul rank the countries.
This provides an opportunity for internationa

IMO is the most prestigious international atics competition today.
To participate successfully in IMO, ¢ i velop their own systems

of competitions in order to identify ithyhigh abilities and to motivate
them for hard work. It is notew istence of the IMO led to
International Olympiads in other’sci ysics, chemistry and biology. In
1989 under the auspices of UNESCO st International Olympiad in
Informatics (computer science) was organized in Bulgaria. There are also new
Olympiads in some narrower disciplines (or sub-disciplines), although these are
not as large as the biggest fivesscienge Olympiads, and are not recognized by
every country. Further, the re many countries restrict them to attend-
ing only the original five d scientifi

2.2.1.1 Inclusive comp

oti
aof matics competitions encompasses millions of stu-

searc maticians, educational authorities, publishers
and parents. Hu competitions and competition-like events with

f
national, regio@national importance are organized every year. A
atl

Today the wo
dents, teachers

T

remarkable intérnational cooperation and collaboration has gradually emerged
in this field. H
The Mathem

tem works can be seen from the following story.
ssociation of America first held a national competition,
pulti-choice problems in 1950. The University of Waterloo
inadian competition of the same kind in 1963 (see cemc.
uch papers, with problems for students of broad ability groups,
n computers with answer sheets read by optical readers.
athematician Peter O’Halloran, while on sabbatical leave at the
Waterloo over 1972/73, observed these events and identified
1 to hold such a competition in Australia. This event was held for
the first time in Canberra in 1976 and was so popular that the competition
went national as the Australian Mathematics Competition (AMC) (see
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www.amt.edu.au/eventsamc.html). The AMC run by the Australian Mathe-
matics Trust (based at the University of Canberra ) involves up to h
participants, larger than the Canadian Mathematics Competition
European competition Le Kangourou des Mathématiques (modele
suggests, after the AMC) (see www.mathkang.org/), whic
nineties, in 2005 involved 3.5 million students from different

Some national competitions are truly impressive geo. T
Olympiad for public school students was initiated 004 (see
www.obmep.org.br/). In 2006 it alone had 12 million p

It would not be an exaggeration to say that the r1
mathematics competitions is one of the charac i na of the 20th
century. It deserves to be studied and analyzed. is not an easy
task. A glance at the World Compendiun ics Competitions
(www.amt.edu.au/wfnmccom.html) maintaine
Trust and at MathPro Press (www.mathpropre§
of web sites related to competitions maintaine y Rab1now1tz) reveals
a variety of competitions which resist

The terms “inclusive” and “open”
There is a distinction between these
2002) in the sense used here means tha ge number of students of all
standards participate. However there are competitions which are “open” in
the sense that anyone can entepfywhich have wide participation in terms of
numbers, but which would notsbe régarded as “inclusive”. A good example of
this is the Mathematics Chall ung Australians, run by the Australian
Mathematics Trust, wh and attracts up to 15,000 students
annually.

This is an event in which ts have three weeks to discuss problems
which have stages, sta otmally with an easy question, but building up a
theme step by step t ething more advanced. Because the student can
consult with v luding their teachers, there are no prizes, and
the student is ess ompeting with herself, and potentially gaining the
satisfaction of s i

term “inclusive” (WFNMC

open to

pes of competition

intended for all) competitions are intended for students of a
abilities, “exclusive” (by invitation only) events target talented

titions re each problem is supplied with several possible answers, from
which the competitor has to find (or guess, as no justification is required) the
correct one. In contrast, “classical style” competitions (like the E&tvos
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Competition and IMO) require students to present arguments (proofs) in
written form. In “correspondence” competitions like Tournamen
(www.amt.canberra.edu.au/imtot.html), the students do not nec
each other, but write the papers under supervision in their home tow

the need to travel, such competitions are cheaper to organize co
tions are also organized by many journals (see Section 2.2.2)
icl

in the
under the

In “presence” competitions the participants are cc,)etin
presence of other competitors. This enables all studentsto
same conditions. There are even mixed-style competi

ong

first stage and correspondence-style subsequent stag mpetitions may also

be “individual” (for ranking of students, like 'O MY competitions”

where the score of the whole team is what matters a dents might cooperate
pri

sence-style

in the solution process.
The competitions may differ by age of particip

secondary school students, students in collegg iversities). Competi-

tions differ also by affiliation of partigci m one school, from several

schools or from all schools in a town, nationwide“eompetitions and interna-

itions which escape such

ry school students,

classifications.
There are also competitions in spec ics/of mathematics. For instance
Iran has a statistics competition and tralia has a statistics poster
competition.
Here are some (of the many)

1. An exclusive competition o ive style. The competition Euromath is
a European cup of mg
content&task = blogca
of 7 people: students fr
six best teams are ¢
of their work on 1

y school to university and one adult. The
o participate in the final competition by the results
games. In the final, these teams work in front of

spectators. eds to be quick and to have good mathematical
knowledge but t important thing is lesprit d’équipe.

2. Another mod sive competition. Kapp Abel (www.kappabel.com/
index_eng. ordic competition for 14-year-olds in which whole
classes parti teams. The first two rounds consist of problems dis-

net and downloaded by the teacher. Within a 90-minute
ass discusses the problems and decides how to answer each
ird round is divided into two parts: a class project with a
ding with a report, a presentation and an exhibition), and a
lving session run as a relay where two boys and two girls repre-

(2004), Mathematics and communication (2005) and Mathematics in holi-
days (2006). The three best teams from the third round meet on the following
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day for the final, which is a problem-solving session with an audience
consisting of teams that did not make it to the final (www.kap
overskriftside-eng.html).
. Ontario Math Olympics. This is a team contest for year 7-8 stude
runs in each region. There are school teams of 4 students
2 year 7, 2 year 8), which complete various mathematics ta
day. Usually, there are four 30-minute team actiﬁs in
three or four 15-minute activities in the afternoon.

or fun activities that involve all participants. The
region compete in the Provincial Math Oly‘ics in) June over two
days at some Ontario University.
. International Mathematics Tournament o rnational Mathe-
matics Tournament of Towns is a mathermna olving competition
in which towns throughout the world can t e on an equal basis.

Students participate in their own towns es minimal transport
and administrative costs.

The Tournament is conducted ea two stages—Autumn and
Spring. Each stage has two pa el and an “A” level, which

1 paper is more difficult, but

offers more points. Students and their
or level, or in both levels and both stages.

The Tournament is open to
points for their best three q
based on their best score i

There are two versi o) er, known as the Senior and Junior
papers. Students in Ye
Russian nomenclature) ar
attempt the senior
their scores are mul

ified as senior participants and therefore
So that Year 10 students are not disadvantaged
5/4. Younger students, in Years 9 and below,
attempt the ’xi ensure that the scoring is fair to all levels of
students, Year s have their scores multiplied by 4/3, Year 7 students
have their sc mu ed by 3/2 and Year 6 students and below have their
scores multiplied by 2.

Students ed a certain minimum score are awarded a diploma
by the i ademy of Sciences. Local organizing committees also
wn awards. The Tournament is managed by a central
scow, which is a subcommittee of the Russian Academy

d

rnament dates back to the late 1970s in the USSR. At that time,
1 (All-Union) Olympiad of the USSR was based on a system that

The first Tournament was known as the Olympiad of Three Towns
(Moscow, Leningrad and Riga) and was held in the 1979-1980 academic
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year. Participation quickly grew and the Tournament changed to its current
name in the following year.
The Tournament had difficulty in obtaining political recog
early years, but its popularity grew and it finally won recognit
when it became a subcommittee of the USSR Academy o i
support of the USSR Academy of Sciences allowed thg
become international. This attracted entries initialgrom
particularly Bulgaria, where a national committee was
The Tournament was confined to Eastern Bloc,co il/1988, when
Canberra was invited and participated. Sinc
has continued to grow with over 100 towmsyparti

recently. New

towns in recent Tournaments included Bue es and Bahia Blanca
(Argentina), Luxembourg (Luxembou itsa  (Yugoslavia)
Other entries have come from Australia, lombia, Germany,
Greece, Iran, Israel, New Zealand, Sloveni and USA.

The problems of the Tournament papers allenging and provide
a good source of classical mathe s"at the high school level.
Five volumes of Tournament of I ow s and solutions have been
and Storozhev (1998) and
Storozhev (2005). The Tourname
imtot.html.

A-Lympiad competition whi as two rounds. In the first round, teams of
students compete for a full at\their own school. There is also a second
international round in whi
in a conference centre

The main aim of this i aching problem solving or modeling
by providing appropgi
competition for tea @ hree or four students. The teams work on an open-
ended assignment in Whichdproblem-solving and higher-order thinking are
required to cal-world situation. The result of the assignment is a
written report.

secondary s e Freudenthal Institute of Utrecht University in the
Netherlands .uu.nl/alympiad/en/welcome.html) started the compe-
tition ab@ years ago. It provides a challenging atmosphere for team

eneral comments

Informationfabout mathematics competitions and competition-related activ-
ities is regularly published in Mathematics Competitions, the journal of the
World Federation of National Mathematics Competitions (www.amt.edu.au/
winmec.html).
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There are opponents of competitions and a number of arguments arise.
These matters are addressed in the Proceedings of Discussion G at
ICME-10 (Taylor et al. 2004).

One of the problems with the classroom is that a school curric
restricted and cannot suit all. Competitions enable students t@
other aspects of mathematics and for them to apply the skills
situations. Competitions enrich the learning experie
sands, in fact millions of students who participate in thi

Competitions and mathematics enrichment activities d as events
that provide impetus for subsequent discussions a students (as well as
among their teachers, friends and parents). Frem thi
new mathematical knowledge (facts and techng ter competition
discussions” might be as important as the préparatio d the competition
itself. Many mathematicians owe a significan of their knowledge to just
such “corridor mathematics”. From this poi { the social programs
organized after competitions provide additio

2.2.2 Mathematics journals,
(including Internet)

d other published materials

Although they are important for identifying mathematical ability, the competi-
tions themselves can be the culmination of a challenging situation. Their
benefits accrue to those stude ve undergone a period of mathematical
enrichment that involve of time and effort as they improve their knowl-
edge and skills.

To motivate and encour h students, a variety of supports have
emerged: activities su circles, clubs and camps, attractive educational
materials, mentorship ughiipersonal contact or correspondence, journals
and electronic exials es, compact discs, games and software).

In addition to t Os competition the year 1894 was notable also for the
birth of the fam rnal Ko Mal (an acronym of the Hungarian name of
the journal, ich translates to “High School Mathematics and Physics
Journal”). Fou aniel Arany, a high school teacher in Gy6r, Hungary,
the journal wa for the preparation of students and teachers for compe-
third of each issue was devoted to problems and problem
were asked to send in solutions. As noted by G. Berzsenyi in
Jah et al. (1999), about 120-150 problems were published
h year, and about 2500-3000 solutions were received. The best

develop their mathematical abilities. Many of them later became world-famous
scientists. For more information in this respect, see the journal web site
(www.komal.hu).
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About the same time, a similar development occurred in Hungary’s neigh-
bor, Romania. The first issue of the monthly Gazeta Matematicd, a
journal for Romanian mathematics, was published in Septemb
journal organized a competition for school students, which improve
over the years and eventually gave birth to The National Math i
piad in Romania. %

The journal played another important role too. 3
transformed to Society Gazeta Matematicd in August i
the Romanian Parliament approved the legal stat

this is considered to be the birthday of the Romani tical Society
(Berinde 2004). ’
There are many examples around the world of jo ned to stimulate

istorical articles,
, such as the four
corners, where new

student interest in mathematics. These jo
expository articles on contemporary subject
color theorem and Fermat’s Last Theorem,

of such journals in Eastern
Europe, where the traditions are al (Hungary) and Kvant
(Russia). In the West outstan re Crux Mathematicorum
(Canada), Mathematics Magazine (U atical Spectrum (UK), Para-

thematicians can we find who has not been

American Mathematical ematics Magazine. In the English
language the Mathematic iati f America has a massive catalogue
and the Australian Mathe i st has a significant number of publications.

Mir. In the F
prodigious Catzgc the Chiu Chang Mathematics Education Foun-
dation in the Chines ge.

This list refe just a few major languages, but there are other mathematics
journals in the 1d that motivate students. For example, in Iran, there is an
expository journ d Yekan, which interested young high school students
for its pr ithout solutions! But there were also some papers in this
journal a -called new mathematics and set theory at a time when the
d not contain any set theory.
of observations of the effect of this Iranian journal on the interest
jali 1989), publications of some expository mathematics journals

and today there are many expository mathematics journals in

It is impossible to list all possible references with information about printed
materials. One could follow the links at www.mathkang.org/ksf/index.html
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(France), www.amt.edu.au (Australia), and www.maa.org/ (USA) for a rich
variety of printed resources.

A relatively recent development is the publication of the
Manual. The MATHEU Project was carried out with the sup e
European Community within the framework of the Socrat ram. Its
complete name is “Identification, Motivation and Support matical
Talents in European Schools” (www.matheu.eu/). T roje ed the
efforts and the experience of the different countries 't 0 h higher
ability students in mathematics.

The Manual (MATHEU 2006), the outcome o MA U Project,
contains a sequence of “ladders” designed to len inds of students
(and teachers). Climbing a ladder is possible onlyif, erson increases his/her

] xt, focused on a
rs or by students in

specific mathematical topic, which could b
their work in and beyond the classroom.
In essence the ladder is a succession of mat
and questions for self-testing, ordered ay that the degree of difficulty
increases slowly. By working up t the student, as well as the

dents, and teachers, can enrich, heir knowledge on a specific
mathematical topic.

The lower part of the ladder i
studied in class. As “steps”, on
explanations, pieces of informagion

the normal curriculum material
s mathematical problems, definitions and
d other challenges that the learner has to
master in order to acquire t vel of understanding of the material.
Depending on their indiv abilities théstudents advance, that is, “climb”, to
different heights on the la e deg f advancement will single out higher
ability students. Therefo e rs help identify talented students too.

If the ladder is we gned and consists of interesting and challenging
problems, it willattral otivate the students to apply more time and

he S.

energy in stud

2.2.3 Resea ctivities, conferences, mathematics festivals

of contemporary competitions cultivate the ability to answer
% blems posed by other people. However, the ability to for-
elevant to a problem or situation is also important, especially
search.
of classical competitions is that success depends on the student
ly a good mind, but a quick one. With a limited time allowance of
usually three or four hours, most competitions impose significant stress on
participants. Not only do they have to solve the problem correctly, but do so
quickly in the presence of other competitors.
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However there are many highly creative students who do not perform well
a

under pressure. Such students often come up with new and valua
mere day (or even just five minutes) after the end of the competitio
no reward or incentive.

Traditional competitions disadvantage such students, even
them could become good inventors or scientists. What ma
rarely the speed of solving difficult problems posed ot
often, what matters is the ability to formulate questions,
and reject conjectures, to come up with new and no
activities require ample thinking time, access to
libraries or on the Internet, communication \(’\H
on similar problems, none of which are allowe

Obviously, other types of competitions
and develop such minds. Such competitions
research, containing a research-like phase, alo

1

ntify, encourage,
the true nature of
pportunity to present

annual competition for studentsfinder the age of 21, who work, alone or in
teams, on projects of their owns Th&projects are presented at special sessions,
where the winners are award

Switzerland has a sinii
Schweizer Jugend Forsch
1970. The competition cover
and humanities (Www.

which is organized annually by the
uests) Foundation, established in
entific directions, including social sciences

2.2.3.2 Researc ute (RSI), USA

In fact, Jugend cht originally modeled on the many “Science Fairs” in
USA. We mention onlyjone such program from USA here, because it empha-
sizes mathemat international character and was successfully used as
a model forsimi grams in other countries.

pased Center for Excellence in Education (CEE)
founded by Admiral H. G. Rickover in 1983. The major
esearch Science Institute (RSI). Each summer approximately
students gather for six weeks. They are selected from the United

tstanding students, who are carefully selected, are admitted to this
program. The RSI starts with a series of professional lectures in mathematics,
biology, physics and chemistry. The students are paired with experienced
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scientists and mentors, who introduce them to interesting research topics and
share with them the joy and excitement of exploring new territorie
days are filled with research, evening lectures, as well as recreati
sports and ultimate Frisbee. At the end of the program, the stu

their own research, both in written and oral form, and awards the
best performers (wWwww.cee.org/rsi/).

The RSI is an international program: almost a thi s come
from other countries. It provides a unique environm ented students
from different parts of the world to meet, live and waqrk tdg a relatively
long period of time. The networking and friends by the RSI

nt ticipants. The

boration more

program are important for the future develo
fact that they know each other could make t
fruitful.

2.2.3.3 High School Students’ Institute for Mz
Bulgaria

and Informatics,

ian conditions and traditions
athematics and Informatics

The Virginian RSI model was adapged
and in 2000 a High School Studen
(HSSIMI) was created.

Throughout one academic year, the 1 d high school students (grade
8-12) work on freely chosen topics (projects) in mathematics and/or informatics
(computer science). They work individually or in teams and are supervised by a
teacher, a university student, a , or just any specialist in the field, willing
to help. In fact, some recent ojects were successfully supervised by
former HSSMI participa ho are now university students.

HSSIMI organizes thr wo competition-like student confer-
ences and a summer school. student conference is held in January and
the second one is a st ong (but otherwise regular) section at the annual
spring conference of t ion/of Bulgarian Mathematicians (UBM) in April.
The latter sect is, th visited event during the spring conference of
UBM. It is atten njversity professors, researchers, teachers, parents

SSIMI events, students submit a written paper (or
software prod ith the results of their work. Specialists referee the sub-
S the materials, and suggest improvements. Students pre-
the conferences and both content and presentation skills are
y. Winners receive awards. As a special award, two of the
0 USA as participants in the above mentioned RSI.
s of the best projects are invited to a three-week summer school.
st two weeks, eminent specialists from universities, research
institutes, software companies give lectures and practical courses in mathe-
informatics.
As in similar programs, the main goal of this preliminary training is to
expand the students’ knowledge in topics of their interest and to offer new
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problems for possible projects. During the third week, students hold a High
School Students Workshop, where they briefly present their ide
projects.
For the relatively short period of its existence, the HSSIMI ha
valuable addition to the (rather densely populated) system of tsaditi
petitions in Bulgaria. As was expected, the HSSIMI attracte udents who
were not regular participants in the traditional compeﬁons.

OOp!lVe research in

rn to do research
icnce doing research in
rs in their university

2.2.3.4 Mathematics festivals, Iran

Students who get involved in studying and &
schools or outside their schools during theirgeho
and learn mathematics more eagerly. Thé
school years makes students successful you
work.

In Iran there are many festivals for

discoveries about mathematics. Eve is a student festival in which
students present their achievemen i Festival has different sec-
tions. Young researchers can presen i eries or papers in this presti-

gious Festival.

fractals found in ancient building§,of Isfahan. This work was done as a project
in the Isfahan Mathematics H H), with the cooperation and guidance
of architects. This group suc aining a good result at the Kharazmi
Festival. After this succ were more anxious to learn mathe-
matics. There are several the benefits of early years’ research
were presented. Other festiv as [sfahan Mathematics House Festival
and Fars High School nt Festival are all providing a challenging atmo-
sphere for students of ematics throughout the country.

The experiel‘ th n Mathematics House (IMH) and many other
institutes through world prove that research-like activities and oppor-
tunities for stu to ent their findings and the results of their studies
make a challenging atmosphere in which they can learn mathematics.

When a stu a chance to present a lecture at a national or local
conference Oyl ized at a festival, it makes him or her excited to learn
more and better results in future. All of these activities provide a
challengi % ere to encourage further learning.

ematical exhibitions

Exhibitions, in the sense of gathering material together for people to view or
interact with, are becoming increasingly common. These are generally outside
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the classroom and may be aimed as much at the general public as they are at
students. They can also take place in a variety of settings from
museums to shopping malls to the open air.

We mention here several examples of these. The idea of a science
present scientific phenomena in a hands-on way. This means
challenged by a real experiment and then try to understand i
for example, Australia (Questacon, www.questacon.egau/
Israel (The Israel National Museum of Science, Techn

>, in Haifa
www.MadaTech.org.il) have national science cente mathema-
tical experiments.

There are also science centers devoted e i thematics, for
instance the Mathematikum (www.mathemati 1 ermany (which
is discussed in more detail in Section 2. ino di Archimede
web.math.unifi.it/archimede/archimede/inde in Jtaly or Atractor in
Portugal (Chaves 2006). These permanen best visited with a
guide, attract tens and hundreds of thousa sitors per year. Instru-

ments for museums, laboratories
expensive.

There are also annual exhibiti
An example of this which attracts
the Salon Culture et Jeux Mathématiqu aris. Further, there are also
occasional exhibitions, such as the international exhibition FExperiencing
Mathematics (www.mathex.or athExpo/EnHomePage). Sponsored by
UNESCO and ICMI jointl other bodies it was presented in
2004 at the European Cong thematics and the 10th International
Congress on Mathemati Education, (ICME-10). This is discussed in
Section 2.2.4.2.

Exhibitions can have a s heme, such as the one at the University
of Modena and milia  featuring mathematical machines
(www.mmlab.unimor n-line/Home.html). These machines are copies
of historical i1‘ en include curve drawing devices, instruments
for perspective d nd instruments for solving problems. The math-
ematical machi ex on is discussed in more detail as a case study in
Chapter 5.

sands of visitors per day is

¢ 17th century, where mathematics instruments and models
together with other “wonderful” scientific artifacts (including
uffed beings made up of pieces of different animals). Famous

general public; kings and nobles organized them to astonish and display their
power to their visitors.
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Scientists and mathematicians of the time had an ambiguous response

(as often happens with any popularization of science). No rea fic
intention of popularization was included; yet the cabinets s S
where the marvels were on show evolved into the first m of

science.

In mathematics, they evolved to the displays of mathema % uments
and models that were common in universities in t!nine h and early
twentieth centuries. Here too, the audience was not eral"public, but
mathematicians and students. Thus, the exhibitions, be to educa-
tion. In the second half of the twentieth century, the ber of )mathematical
exhibitions increased and tended to incorpora'lan s- bits to involve
Visitors.

Exhibitions can be classified into one of g types, ding to aim.

es. These are aimed at
~and the exhibitors are

1. Exhibitions to illustrate mathematical ideas g
the general public, including teachers and
normally mathematicians.

The challenge, for exhibitors, j

to_communicate abstract mathematical
ideas without misrepresenting i

theychallenge for visitors is to

lasts a few seconds.
Examples of such
centers (e.g. Prague, Bos rancisco), Mathematikum in Giellen,
Mathematica viva in, n, Giardino di Archimede in Florence, Matemilano,
Matetrentino, and s in Ataly, UNESCO Exhibition (Paris), exhibitions
for the year .)0 n pecial events.
2. Exhibitions to i some methodology for teaching. These address the
i cus is specifically directed to teachers and educa-
tors. The ex d to be mathematics educators.
ibitiofis, the challenge for exhibitors is to create teaching and
ts that combine epistemological analysis with cognitive
ceds, while the challenge for visitors is to fixed ideas about

of such exhibitions include the Mathematical Machines exhibi-

dena and the Mirrors exhibition in Oporto.

icularly towards parents and the local community. The exhibitors
can be teachers, students and sometimes parents.
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The challenge for exhibitors here is to bridge the gap between school and
out-of-school experiences, while the challenge for visitors is to wi
views about mathematics in school.

An example is Matematica nella realta by Emma Castelntio
Ecole Decroly in Belgium.

The reader is also referred to the Study Volume fox
Popularization of Mathematics, particularly the chapters
education.

In every exhibition (as the exhibition space an Visi me are not
unlimited!) a choice has to be made between the foll :

e to focus on one particular topic; or
e to explore a lot of mathematical ideas.

The aim in each case is different. The forn y ! show the depth of

mathematical experience and to illustrate at a % the network of math-
ematical processes. The latter aims to s ofimathematical experience

and to illustrate at a micro-level the ematical processes.
Examples of the former include, o (Beyond the compass, by
achines (Modena), and the

lar examples, we refer to the page of the
web.math.unifi.it/archimede/archimede
here there is a discussion of what it
us on philosophy.

Before discussing some parti
1l Giardino di Archimede
NEW _inglese/presentazione?2.
means to exhibit mathemati

2.2.4.2 Examples of exhibitio

We now discuss some nown exhibitions in more detail.
Example 2.1: b‘d n atics at Mathematikum (in Gieflen).

The idea of th centre Mathematikum has roots more than 10 years
old. In 1993 spacher (Professor of Mathematics at the Univer-

Al t
sity GieBen ), together with a group of his mathematics students, started the first
activities in ha thematics.
The projeetsha ple goal: to give all people interested in mathematics, or

even the erested, the opportunity to discover the beauty of mathe-
matics by g hands-on experiments.

i ed is the first step to get behind the mathematical secrets”,
telspacher has said.

h only a few geometrical exhibits in 1994, the project grew to
0 hands-on mathematics exhibitions in different German cities,
y Professor Beutelspacher and his team. The activities of Albrecht
Beutelspacher culminated in the opening of the science centre Mathematikum in
November 2002.




Chapter 2: Challenges Beyond the Classroom—Sources and Organizational Issues

Now Mathematikum is a very big hands-on mathematics exhibition in its
own building. But Mathematikum is much more than a mathematic
or exhibition in the common or traditional sense. Under the motto,
doing” the students, their teachers and their families are invited to le
matics using their hands, to think about mathematical experi an
nomena and to find out mathematical secrets.

This special mathematics centre connects the exl?tion mat
experiments with a lot of other activities. These inclu

ical

atica blems (such

e workshops for children or students on special ma
as the 2006 workshop “Number summer” (bthe tics of Pascal’s
triangle);

e “Maths for kids”: children’s lectures with
daily life, nature and the world around

e “The mathematical couch”: mathematical t
mathematicians;

e science weekends;

e Art in mathematics: special expo

tINpics dealing with

students and invited

® giving a creative environment for doin ematics; given a real thematic

Thus, Mathematiku its motto. Its web site is at www.
mathematikum.de.

Example 2.2: The 200 bition sponsored by UNESCO and ICMI.

Let us conside‘n ex m this exhibit. In the tiling and symmetries
corner of the™e 1 xperiencing Mathematics (www.mathex.org/
MathExpo/Tilings

it
a very short m on ajposter.

s), some colored wooden shapes are offered with

Tiling technique

study is far from being finished. So, is it possible to tile using only one shape? It’s
a mystery! Tiling patterns find applications in mathematics, crystallography,
codes, particle physics and other fields.
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Challenges are only given. When visitors manipulate the material on their
own, they are not expected to solve a mathematical problem, but en
their view of mathematics in several respects:

mathematics may have aesthetic qualities;
mathematics is not a frozen body as it still contains mysten
mathematics may have applications (in tiling floors);

mathematics may concern also physical objects. .

This is an example of informal (or lifelong) learpin r may find
that a negative attitude towards mathematics they mi ave developed can be
reversed. The organizers state their aim clearly'

Welcome to MathExhibition. We hope that you willtake 0 go through this site.
This exhibition is aimed particularly at young peo ir pare their teachers, but
it is hoped that the ideas will interest all those who rn more about Science in
general and Mathematics in particular.

itself or in an attached
can offer hints for reflec-
a more directed investiga-

The same material may be used—i
laboratory—under the guidance of
tion. The unprogrammed explorati

may or may not tile a floor. The manipu physical objects may, in some
cases, be substituted by movies or animations (as in the many web sites con-

Finally, the same exhibit (ma multiple copies) may be used in a
classroom, under teache explicit link to the mathematics
curriculum. Children m allenging problems concerning the
discovery of regulariti r inStance, they are asked to measure angles by
means of a protracto tojlook for patterns, when a “perfect” tiling is

made. .

Example 2.3: Istituto
scientific instru s

This museum alilgo.imss.firenze.it/ ) comprises exhibitions and learning
materials on the , the exploration and the use of historical mathematical

yssibilities to reproduce the instruments;

arning materials on the mathematics (geometry) and on the
he instruments;

applications (see brunelleschi.imss.fi.it/esplora/compasso/

di storia della scienza Firenze (Italy ). Exhibition of

e hand outs for children.
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Special features include

e online exhibitions;

e online learning;

e cducational activities for school groups (see www.imss.{1:
index.html).

po/

Example 2.4: Museo della Matematica del Comune conti di

i Ro
Numeria ‘

This is an exhibition with learning materials on
mathematical models, and includes

ments and

models;
e children’s lectures (see http://www2.co

Example 2.5: Historical mathematical collection sities or high schools
Examples are the mathematical collection of th ersities Gottingen or
Halle.
Exhibition and learning material
of historical mathematical instru

the exploration and the use
include

handouts for reproducing the models;
interactive learning materials;
multimedia applications;

children’s lectures on special m
the history of mathematics;
e solving of historical

els, on the mathematics of the models, on

ed with the instruments or models.

2.2.5 Mathematic se
Since 1999, in of teachers and university staff have estab-
athematics Houses throughout the country.

I
lished what a al
The Houses ate meantyto provide opportunities for students and teachers
at all levels ence team work by being involved in a deeper
understandiigyo hematics through the use of various media. These

ion technology and independent studies, feeling the
atics and learning about the history and applications
sciences, playing mathematics games and studying inter-
ideas such as mathematics and art, studying mathematics and

Team competitions, e-competitions, using mathematics in the real world,
studies on the history of mathematics, the connections between mathematics
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and other subjects such as art and science, general expository lectures, exhibi-

tions, workshops, summer camps and annual festivals are some n-
classic mathematical activities of these houses. See Appendix 2. or e
information about these houses.

The houses provide opportunities for public mathemati wareness,
especially for families of the students. They also pres matics

through recreation and fun by playing with mat atic
the applications of mathematics and observing th
bution to art and other areas of science, tech
aspects of life.

arning
1 contri-
r medical

The members of the houses can demonstrategtheir ical ability and
thinking skills, and the houses can identify the itics. dents enjoy the
atmosphere of cooperative working and g rmation in these

Mathematics House is a playground
ging infrastructure and its aim is to
the challenges in mathematics ed
for making necessary challenges for te

We do note that some other activities li
concept of the Mathematics House, such as t
Section 2.2.13.2.

The Mathematics organization

providing good challen-
uestions on the problems of
vides an up-to-date state of art
students.

n this section are similar to the
Adam Ries house referred to in

himedes (see Appendix 2.4.2), located in
Serbia, may be viewed as ano organization, because of its permanent
physical presence, but th re some differences in philosophy between these
organizations, probably he, pe alities of the energetic people who

founded them. 2

2.2.6 Mathem tures
In many mat artments weekly colloquia are designed for pre-

matics
senting new id
This is r enhancing research activities, starting joint research

anging knowledge and introducing new discoveries.
ing new areas. They also provide a challenging atmo-
cturer as well as the audience, prepare the students for
eir ideas and promote learning about different branches

jate people will help audiences (mostly teachers and students)
eas and experiences and learn more about different methods of
teaching, applications and the concepts of mathematics. These lectures may
be delivered by invited speakers from universities or schools (teachers or even
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students), and the follow up questions and works on the subject make a
challenging atmosphere for learning and doing mathematics.
Such lectures occur widely; examples are those in the UK by the
and the Sunday afternoon science lectures in Toronto by the Roya
Institute. These latter lectures have been given each year sinceghi84
recently generally included one or two on mathematics in ea
museums also conduct science lectures which include
By giving mathematics lectures all around the
like Paul Erdos inspired many from their audiences t
As an example of an eminent case one can see i
Godel the influence of the lectures given Q
switch into mathematics (see www-history.mcs.st-
Godel.html).

2.2.7 Mentoring mathematical

As discussed in Sheffield and Gavi
the gap between the established le

advanced rounds of competi-
tions. For example, members of the nati team often train over several

(Carroll and Carroll 2004).

2.2.8 Mathematics c chools

days, sometimes a week or two where all
or the whole period. Along with mathematical
shops, friendly competitions, small or large

Camps and schools run
participants are acco @
activities, suchgas lect
research investig i

g and motivating to the students that they feel recog-
and privileged, which is a strong motivator for further

0 know each other better in an informal environment, which
connections and friendship for many years to come. Good
ep in touch exchanging ideas on their further work, thus, moti-
supporting each other in future.

the group of students is relatively homogeneous and many hours
can be dedicated to a topic or investigation, it is possible to deliver a high-
quality rigorous program that can greatly enrich the students in the long run.
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Several examples are given in the next sections.

2.2.8.1 International Mathematics Tournament of Towns summer

The Tournament of Towns referred to in Section 2.2.1.2 als summer
camp, to which winners of the competition are invited.
n

The camp is held in a country setting, a differe lac r. The
students arrive and there are a few in-depth proble them. It
will start with some work which is readily accessiblg, g eloping an
idea, until the last part is typically unknown even to rob author. The
authors are experienced composers of problem‘/ho e camp for the
week-long duration of the camp.

Students can work individually but usuall§mwor . In the middle of
the week they formally report back on their nd at'the end of the week

there are prizes for the best solutions. Someti have been known to
solve open problems.

The camp has a number of other a
be activities which are not mathem
lectures are given, not just relatin

ities g ultaneously. There can
nd avaumber of interesting ad hoc

the national winners of the Eugopean Kangaroo contest. For a week, interna-
tional groups of students gat and participate in many activities that
involve team work, so titions, many recreational activities
and trips.

2.2.8.3 Summer Schog

This festival ru‘
national contest
organized by th

The partici
three correspo
and partici
The tradi

uly for several days. It is the final round of the
talents UM +, for students from Years 4 to 7,
lga mathematics magazine Mathematics PLUS.
nts are)selected from the best performing students after the
nds of the contest. At the festival, they attend lectures
shops led by outstanding teachers and mathematicians.
d in 1994, when the first UM + festival was organized within
Second Conference of the WFNMC in Pravetz, Bulgaria.
icipants were honored to meet face-to-face legends of mathe-
Paul Erdos and Peter O’Halloran.

Canadian seminar

This camp, for about 50 students who are the winners of the Canadian national
inclusive competition, is held at the University of Waterloo for a week each
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June. The students live in a college of the university, and experience a number
of activities, including lectures by invited mathematicians, probl in
sessions, and some fun activities such as mathematics relays.

2.2.8.5 Isfahan summer camps

Students who take part in Isfahan mathematics summe.a s .math-
house.org) are usually developing interest in other activiti e house and in
doing so learn more mathematics. Those who atte se or summer

schools learn mathematics through playing games, liv ether and enjoying
social life. These camps and summer schools pl‘d use efficient tools,

not just for learning mathematics, but also teach t icipants to hone social
skills.
2.2.8.6 The Institute for Advanced Study, i

This organization has a long histo ing these programs (see wWww.

These programs provide acce llenging activities for a wide range of
interested students, many w ote areas and cannot be taught face-
to-face. While the form a nerally students get regular problem
sets that have to be solve of a week to a month.

These solutions go t ess Is who send comments along with a collec-
tion of model solutio terials from past rounds are available and can be
used as a resou’ fors igeCted learning and training. These programs help
identify talente ts who may lack the opportunity to participate in
contests and other ¢ ing activities.

Correspond schools and programs are very helpful and provide good
opportunities hallenging mathematics.

Examples inc

)lympiads Correspondence Program (Olymon ), Canada (see
a/Competitions/MOCP/ and www.math.utoronto.ca/

s are posted. The students who submit the best solutions to these
problems are invited to participate in the aforementioned three-day mathe-
matics camp UM +.
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e The national competition for students in grade 5 to 7 organized by the
Bulgarian mathematics magazine MATEMATHKA. This ¢
runs in several correspondence rounds during the year. The
participate in the final round, where they compete face-to-face.

e A correspondence school for secondary students was

This school, first operating during the Soviet era
supported by mathematicians at Vilnius Universit
were first given a theoretical background. Prohle
Lithuanian daily newspaper, and a selection of the
to write up their solutions and submit then@ his school has
been renewed in the year 1998 on a wider iSpwi cooperation of
several universities, teachers and studen ian Mathematical
Society is also involved. The main object’o competition which
provides a good atmosphere for challengi i

face-to-face teaching with equiv dence programs, which are
often successful in identifying s
lift the standard of participating s
e In Iran, the university student member e Isfahan Mathematics House
correspond with Iranian and foreign scholars who live in the country or
abroad, in order to develop théir research skills (see www.mathhouse.org).
e In USA, the Gelfand Corresponidence Program in Mathematics (GCPM)
was established by I. Gellf: . It is administered by faculty and staff
at the mathematics d ment o gers University and is open to high
school students all ove ited States. Although it is based on experience
from the Moscow Corres ce School, the GCPM program has been
designed to be com with American education. Participation in GCPM
is valuable for stud intending to continue the study of mathematics or
mathematic s. The goal of GCPM is not just the education
of future scienti nhancing a student’s intellectual abilities, and will be
useful foras atter what career they ultimately choose. For many
ortant component of a correspondence school is
entors, teachers or scientists, which provides a catalyst
ematics outside the classroom later (see gcpm.rutgers

interaction
for challengi

ergesellschaft fiir Mathematik (Mathematical Student Society
orrespondence program combined with seminar activities and
eckends. The central idea is challenging mathematically inter-
ifted children with different activities under the supervision of

iety offers to mathematically interested and gifted children different
programs to enable them to come together and be engaged with mathe-
matics. The main activities are seminars that regularly take place at the



Chapter 2: Challenges Beyond the Classroom—Sources and Organizational Issues

University of Leipzig and are conducted by students and mathematicians
from the mathematics department. These seminars address ich
school students in Years 5 to 12 in the Leipzig region.
Interested pupils who cannot come to the meetings are sen
course material and exercises for their year level. The partiei
answers and send them back. The tutors prepare samp
remarks on the participants’ solutions that are rfgned
three or four meetings held later in the academic year.
summer holiday time the society offers a special su
ematical training.
Additionally, for students in Years 9 to 1 es
weeks and seminar weekends (once per aca i
pants) with a more academic character,

arduring the
with math-

anizes seminar
out 20 partici-
rs (students and
niversity) present
lectures and discussions at an advanced level and give intro-

ductory classes on higher mathematics.

e University of Jena ), and
Monoid (mathematical student’s j s 5 to 12), supported by the
University of Mainz, see www.mathe ni-mainz/monoid). A further
example is Problems of the Month, a correspondence program supported by
the Hamburger Schiilerzirkel Mathematik and given to all schools of Ham-
burg (www.hh.schule.de/ifl/mathematik/zirkel.htm).

e As another example, in 'ANS (also discussed in Section 5.3.5)
each team works in boration with a university researcher who has
proposed a problem, cenneeted to their research, on which the
students work for a long p often up to a full school year).
MATh.en.JEANS i ual laboratory of mathematical research (investi-
gation), under the ices/of a scientific committee, open to all whether

professionals, that allows them

curious layn‘, a
(a) to learn abNtter appreciate problems under investigation by
professi@e aticians;

(b) to follo research protocol beginning with a question that is at once
open (th complete answer is not known) and accessible (it is
pOse ediately understandable terms).

cal problems of different levels the students are invited to solve
end their solutions to mathematical experts. Very good solutions
ed in the journal of MATh.enJEANS (see www.mjc-andre.org/

(a) learning mathematics by solving interesting problems at home (under a
relaxed, in some sense, but not really isolated atmosphere), and
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(b) problem solving and solution discussion (via correspondence)

e problem solving;

e formulating the solution, or possibly formulating qu to jan
expert;

e understanding the answer of an expert;

e thinking about the answer;

e starting to solve the problem with the hints .hi ex
2.2.10 Web sites N

®
ICT (Information and Communication Technol ood medium for
the propagation of mathematical challengg is, will eated in detail in
Chapter 3. Both teachers and students enjoy th ¢ Internet to acquire
mathematical information. Especially for yo adents, electronic books,
competitions and weblogs are importa ng. Pozdnyakov (2006)
noted that computers can be used toti

The web makes possible chat ro
globe to communicate, share no
this environment, students are self-moti
need of teachers.

Many societies, associations a
teach mathematics. However, the
compete in national and internati
(www.artofproblemsolvi

roblem solvers around the
problems. Significantly, in
d learn together without the

even schools make use of their web sites to
st popular site among students aspiring to
lympiads is the Art of Problem Solving
by Richard Rusczyk.

2.2.11 Public lectu olumns in newspapers, magazines, movies,
books‘ene urpose journals

Mathematics can esting, exciting and attractive. Unfortunately, for

many, it is n ore n arithmetic calculations and simple practical
measurement.

One of the fi ward promoting mathematics challenges is to increase
public awarene at mathematics is and what mathematicians do. This is

closely rela mproving the publicity of mathematics-related events from
>ducation, applications, etc.) in the media and making them
arger number of people. To date, everything excellent that
athematics institutes and laboratories is isolated and known in
ce only to a relatively small group of specialists. If something
media to the general attention of the public there can be mis-
ings among journalists. It is helpful to involve public relations
specialists in the process of preparing and presenting mathematics news to the
public in a popular, attractive and concise way.
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Not only will this de-demonize the nature of mathematics as something too
abstract to be applicable, but also it will show the variety of pr
themes mathematics comprises. As a result it then has more pote
connected to people’s everyday life experience.

There has been an increasing trend for mathematics to be a
movies, plays and books (such as 4 Beautiful Mind, Proof
Code) and there is an increasing trend for the proi
Poincare) and news events such as announcements of“Fi

considerable coverage of the Fields Medal announ ormer IMO
Gold Medalists Perelman and Tao, and interesw st

2.2.12 Math days, open houses, proro vents for school

students at universities

Examples of such events include:

e Mini-enrichment courses are e universities in Ontario.
Every year during the first wetk igh school students participate
in a variety of mini-enrichment cour ght by university professors.

researchers. They increase ts’ interest and knowledge, and are not
restricted to highly motiva pable students only.

e Within Education week imMay, partment of Mathematics at Ottawa
University, together e Canadian Mathematical Society, organizes
Mathematics Horizon senior high school students (grade 11).
About 30 schools te, each with a team of four students. In the
morning, the stude tend a lecture on a selected math theme, presented
by a faculty.: ber: afternoon, they participate in a team contest,
where they hav e a sequence of 10 problems, divided into two rounds
of five (know Regatta). The best three teams get trophies. For

more informa ww.mathstat.uottawa.ca/community/outreach_en.
html.

e There ar r examples of successful Mathematics Days designed on
similar%Canberra (Australia) and Ulm (Germany) are two of many
sites.

%emaﬁcs Sairs
These events are not competition-based and are designed to enable large num-

bers of students to experience some mathematics, in the form of lectures,
displays, and interactive experiences, certainly providing challenge.

S a
n s
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2.2.13.1 Canadian Andy Liu model

A very good example is the SNAP Math Fairs, founded by
Edmonton, AB, Canada. The acronym makes its charact
Student-centered, Non-competitive, All-inclusive, Problem-based.

An active proponent of such fairs in Ontario is Tanya Th ho has
organized them in Collingwood, Toronto and Ottaw
example—a fair involving Year 7 students—to illustrate
projects can be used to create a challenging envir
problems and puzzles (some of them classical, such
crossing the river with a wolf, goat and cabbag
student (or group of students) selects one.

They are required to write a story using the Wizard of Oz
that present the problem and to produce a pos s other students to

interdisciplinary
about fifty
f the farmer
e teacher, each

try or demonstrate the problem. After the > completed, they are
presented at a school exhibition whe chers and other students
are invited to participate. The presen students played the role of authorita-
tive guides who have to give suitabl ho attempt their problems

Germany, the arithmetic school gi
the history of mathematics as w, ecial historical mathematical techniques.
Special activities for child

e children’s lectures and
without the abacus;
e children’s lectures a kshops on the mathematics of the Adam Ries era;
e workshops on hist mathematical problems of the Adam Ries era;
athematics of the Ries era.
ects are:

e workshops diiithe hi
Important eduN
® |earning ma atics in (a special) historical context;

e understandi ic/mathematical techniques by using them for historical
proble

e connection of mathematics and history through special

r team work.

e is located at www.adam-ries-bund.de.

thematics day at universities

Examples are at Universities of Kaiserslautern and Hamburg. These are differ-
ent from the more purely competition-based Mathematics Days such as those in
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Canberra (University of Canberra and Australian National University) and
Ulm (University of Ulm) (Section 2.2.12). At these events mathema
ments invite students of all grades to visit the university and
mathematics with activities such as:

e students’ lectures with mathematical topics dealing with a hemati-
cal research;

e children’s lectures with mathematical topics dealil.w’th
and the world around us;

e mathematics team contests;
e workshops on special mathematical problems‘.
Nhe

ical problems or topics

a nearly authentic research

, nature

2.2.13.4 Long night of mathematics at the hi

This activity involves lectures on interesting
given by mathematicians of the high school.
Important educational aspects incl

® |earning mathematics and doing math:
context;

® gaining experience in problem s
mathematicians;

e being able to work at different Jevels.

discussing problems with

2.2.13.5 India

The Montessori school ucknow organized a series of mathematics
and computer fairs, kno cfairs. According to its web site (Www.
cmseducation.org/macfaif)ptheir-goal is to expose the young “to technology
of tomorrow through es of grueling and interesting competitions”. In the
belief that comp@tition al component of education, the events “strive to

create a competiti osphere that is free of all limitations, prejudices and

distinctions”.

al quizzes

of mathematics and the growth of motivation for learning
be promoted by mathematical quizzes—a particular form of
on an individual or a team basis) that uses questions typically
—30 seconds. Answers to such questions require prompt and
inking, contributing also to the development of mathematical

conjunction with other events such as mathematics days and fairs.
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2.2.14.1 The mathematical organization Archimedes

This organization has arranged more than hundred mathematica,
far, usually during summer and winter mathematical camps a ema-
tical performances. Among these was the quiz “Sharpen Your Mi na

regional broadcasting station with seven episodes. These q iﬁl ave' been
q

appreciatively received by both the competitors and the
medes’ quiz usually involves three or four teams of ' stude from differ-
ent grades, who solve the majority of problems in 10-30 . The number
of questions is usually between 10 and 15. Two Z qui

younger and one for older students), taken from K
(2006), are given here. ‘

Marinkovic¢

e Express 0 using three 3s (by using the digifsthree rite an expression
that is equal to zero). Time: 10 seconds. ‘A /3or(3—3)x3.

e A box contains blue, green and red balls nt numbers for each
color). How many balls should be minima from this box in a blind
draw to have at least four balls of t me: 20 seconds. Answer:
10 balls.

that tasks for mathematical
room, should be used in the
tics education for the cognitive

The experience of the Archime
quizzes, directed to challenges beyond
classroom as well, to refresh regular mathe
and affective benefits for all students.

2.3 Concluding rema challengi
motivational fact

infrastructure—a powerful

Young people are nat titors. They like challenges and contests. As far

m
as mathematic, con articipation in any form of competition (or
competition-lik e* a lot of benefits. Here is an incomplete list of

them:

e Competitions provide an opportunity to compare to others and to elevate
standards.
ition character and life-long skills such as perseverance, rea-

experience exciting moments and build a network for further con-
tacts. In this light, the competitive activities contribute to this very important
aspect of their life as adolescents.
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e Students willingly push themselves towards learning at a higher level of
complexity, improving academically and achieving significant
the long run, the process of training and practicing for a co
more beneficial than the contest itself. A healthy portion of stre
the right word, as it is free of the stress of normal assess i as a
more official status) is a powerful positive force in this prg

e Students learn to manage stress, they learn howgto
emotions in case they do not win, and how to ben
mistakes.

e [t is a rewarding activity and brings the joy of s
done and recognition by society. It buildsdf—e
further efforts.

e The benefits of competitions become ev ore nt when children
have already got a sense of mathematics in elementary school. The
number of contests suitable for younger stu to increase each year,
providing further opportunities.

motivates for

It is important to choose the challenge, regar form and complexity to
suit the age, abilities and traini ipants. Challenges can be
adapted to all levels of achieve n thgse with limited abilities can
. 1 be involved in the investiga-
tion and strategizing from the outset, and so‘gain an intimacy with the mathe-

managing stress.

Itis also important to set achi goals for each student. In some contests
and for some students, the si participation is a great success. The
principle of the Olympic exuded in Mathematics Olympics—
let everybody participate i o their best and let the best ones (on
the day) win. But the spisitpis
competitors, and use t %” nt to help widen your circle of friends.

2.4 Appendi

ganizations which, in recent decades, because of the
mber of committed teachers, have established strong
pngoing physical presence.

We describe h

ichment programs, such as those at the Australian Mathe-
nd the University of Waterloo in Canada, but the two described

e similarities between the organizations discussed here, but there are
also some differences in philosophy. However they do form models of what
could be achieved elsewhere.
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2.4.1 Iran: what is a Mathematics House?

Mathematics Houses have become a distinct institution in Iran, wi
various kinds from municipal councils. We give here some backgro
Iranian version, which is a relatively new, but rapidly growing

Although we have mentioned many mathematical centers i

Mathematical Houses in Iran are distinctive. Their 1’1
infrastructure to explore challenging mathematics outside e classroom, not
only for the benefit of teachers and students with ayconeo fect on the

education system, but also for the public at large. Ind
part by municipal councils. ‘

Isfahan Mathematics House, the first of its was established as a
project for the World Mathematical Year Ip of the Isfahan
Municipal Council. Its operation in this historic: d cultured city is the fruit
of cooperation among mathematicians who y people, mathematics
and education.

ey ar¢ supported in

2.4.1.1 History

To prepare for the World Mathematica ar (WMY), the First Iranian
Mathematics Education Council, (I1st IMEC) was organized in Isfahan in
1996. This led to the establishmentof Mathematics Teachers’ Societies across
Iran, the enrichment of mathematics\education and the provision of informa-
tion technology facilities for d their students. A high commission
headed by the President o for the observance of the WMYY was set up, and,
in 1997, took as a goal the ematics houses to function in part as
centers of research. Th ened in Isfahan in 1997.

1. popularizin’a ema
2. investigating t
3. investigating

of mathematics;
tions of mathematics, statistics and computer

science;
4. developing i n technology;
5. tical sciences among young students;
6. working among young students and teachers.

acilities for non-conventional education;
new instructional techniques;

ging joint and collaborative research;
modeling and applying mathematical sciences;
welcoming relevant novel ideas.
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To date, there are mathematics houses in Isfahan, Neishabour, Tabariz,
Yazd, Kerman, Khomein, Kashmar, Sabzevar, Babul, Zenjan, Ga
bad and Najafabad. To regulate the cooperation among these, a hi
sion for the chain of houses has been established. The web site
www.mathhouse.org.

As the houses serve as a playground for non-conven education, an infor-
mation center for the history of mathematics amda pla iliarize young
people with various mathematical sciences throg rvation, collaboration
and access to resources, they serve the gener, s of all levels and
their families, including gifted and blind stude hers’and even university
professors, graduate students, researchers and

2.4.1.2 Audiences

2.4.1.3 Activities

1. Lectures (popular and special topics
One of the main activities is a series 0 lic lectures directed to both
professionals and amateurs that are designéd to expose the history and scope
of mathematics and its signifiéance for their lives. Each year at the Isfahan
Mathematics House (IMH) ¢ five or six expository lectures as well as
special talks for special udents, teachers and members of the
house.

Especially popular he mathematics of architecture, as
Isfahan is a showpi fo achievements of ancient scientists and
architects.

Special t on
scholars help“di

ics and its applications by Iranian and foreign
ps use ideas in their own investigations. Talks
and workshops o matics education help teachers become aware of
new pedago ments and to find ways to achieve a better learning
environmentin their/classes.

t for visitors, particularly children and their families.

ses provide computer facilities where participants can use
op software, access the Internet and be taught mathematics elec-
tronically. Many of them have their own site with pages for statistics,
e-competitions and teaching tips.
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2.4.1.4 Activities for high school students

Expository mathematics workshops are held regularly to encourage
research among students and to acquaint them with mathematica

e Research groups
High school members of the houses join a research group i
various fields and present the result of their investig"ons 1 nualfestivals

or in publications.

e Mathematics team competition
IMH organizes the participation of students in t ernational Tourna-
ment of Towns; unlike other cities, Isfahanf§tuden icipate as teams
instead of individually. In October, 2006, a new, istics team competition
was organized.

® The Isfahan school net
To establish electronic communication for
technology for education and resea ; ablished the Isfahan School
Net.

e Robotics workshops
Workshops have been institute
organize student robotics teams.

students with robotics and

e Camps and problem-solving workshops
These activities are designed Ao popularize mathematics and expand the
experience of young people throtigh the provision of challenging situations
to spur mathematical lear

e Statistics day
This is observed annually with the assistance of student scientific societies to
foster resear

® Research groﬁ

Research groups o ity students are organized to help them participate

in collabor resea through electronic communication with Iranian

researchers oad. JAnterdisciplinary studies and research are their main
functions.

e Entrep i
Unive ts have the opportunity to design web pages and software.
duc rkshops

ecome versed in using mathematics and statistics software.
Activities for teachers

groups
To motivate and support teachers as well as secondary and tertiary
students in research, IMH has organized teachers’ research groups
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in various educational fields. This has also been done by some other

houses.

e Information technology workshops
The workshops are held in conjunction with scientific societies fo ers
to train them in the use of modern educational devices and intithem

with information technology.

e Teachers’ workshops .
IMH has conducted workshops on goals, standards a epts of mathe-
matics education in elementary schools for teac ig ol teachers

are served by workshops on new secondary and information
technology.

2.4.1.7 Other activities

seminars for studying
e cooperation of major
ead to modifications in the
among themselves, as well

Apart from the activities described above, the
problems of university entrance examifiations
universities and educational organiz
admissions process. The houses als
as with a number of professional/o uch as the Adib Astronomy
Centre, the Iranian Mathematical Socie ranian Statistical Society, the
Isfahan Mathematics Teachers’ Society, thejlranian Association for Mathe-
matics Teachers’ Societies, the Scientific Society for the Development of Modern
Iran, the Ababasir Educational e and the Science and Art Foundation.

2.4.1.8 Library

IMH and some other houses
to other information r
Teachers’ Research C

n specialized libraries which provide access
es in the country, particularly the library of the
as well as the I.P.M. library in Tehran.

2.4.1.9 Laboratories

The mathema
facilities for vis
researcher
standard

s, statistics and physical science laboratories provide good
ents and teachers of many levels. At IMH, a group of
ring the blind to invoke their hearing acumen to use
facilities and access the Internet and software packages.

ed new methods for teachers. They have presented new ideas,
nd internationally, for developing mathematical sciences, promoted
information technology among students and teachers, and enjoyed success in
teaching mathematics and computer science to the blind.
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In 2002, the houses received first prize and special recognition in_the fifth
round of awards of the Society for the Development of Sciences of H
teams won the 2001 and 2002 Kharazmi National Festivals. Th us e
receiving increased recognition internationally.

2.4.2 Serbia: the mathematics organization A.l

In Belgrade, Serbia, there is a fascinating organizat whic s as a high-
level base where students are challenged, and is.a pl isit much like the
Iranian Mathematics Houses. It has an operi cra ructure, but is
largely under the inspiration of a very remarkabl icated mathematics
uilding in central
students of a range of
standards. The club attracts the most skilful t nd is in effect the centre
of training of students who will form t erbian IMO team. The
following information is based on

The organization is called the
web site www.arhimedes.co.yu. i ch more than a normal club

mathematics teachers. For exam
matical knowledge and skills i imedes’ mathematical schools and camps
have traditionally been amo solvers at local examinations, and at
regional, state and intermation atical competitions. Despite such a
continuous success, the fi i
rities has been minimal, wit
teachers acting in a vo

As regards challeng

of the drive behind the club coming from
apacity.

athematics beyond the classroom, Archimedes has
dealt with mos 10 by the ICMI Study 16 Discussion Document
for more than thi . In order to justify this statement, we summarize
below some of clu ctivities and the main lessons learned from these

activities.

24.2.1 A |%
imede gunded in 1973 and its main goals are

ization of mathematical schools as well as summer and winter

nization of mathematical competitions;
e the organization of in-service professional development of mathematics
teachers;
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e the formation of a specialized library containing some of the leading national
and international mathematical publications;

e the publication of various materials for mathematics education
booklets, magazines).

Archimedes’ members are mathematics teachers and stude
tional levels as well as mathematical enthusiasts and other
Archimedes’ teachers are not only experts from unive‘ti s a
tions, but also distinguished teachers from primary a
Archimedes is governed by an 11-member board.

adults.
aet institu-
dary schools.

Basic statistics (1973-2007) ‘

e mathematical schools and camps: more th
generations) and about 10,000 students‘in
delivered);

e popularization of mathematics and science
tions and about 200 other gathe
23,000 persons present;

e mathematics team competition:

out 44,000 lessons

ar lectures or presenta-
hibitions, etc.), about

iions with more than 3,400 teams
(one team per school) comprising dents (about 15,000 students);

e International Mathematics Tournamen wns: participation of Belgrade
team for the regular part and Serbian/students for the final summer
conference;

e Kangaroo-like competitionssin
participants, respectively;

e in-service teacher professi ent: 1,330 presentations/lectures for
primary and secondar hematics and informatics (at semi-
nars and other professiona s) with about 55,000 teachers present;

e specialized mathem brary: about 25,000 books and about 5,500 issues
of journals and ma es with many rare publications (about three-quarters
of these pub‘t' ilable to teachers and students);

e publication pr : about 300 titles of various publications published in
more than t illi pies;

e registered ers: about 27,000 members; more than 90 per cent are pupils
and student 1,000 members are active each year.

6 and 2007 with about 7,000 and 14,000

matics should be arranged in a continuous and well planned way.
e, studentsin the Archimedes schools have a 90-minute lesson each

knowledge. For students who like mathematics but are not com-
petition ded, there is a standard program. For students with a good record
at mathematical competitions who have passed Archimedes’ entrance examina-
tion , there is an advanced program. Each program concludes with a test.
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The test’s results are very good because not only do students work in
homogenous groups, but they are also taught by distinguished teac
of whom have developed their expertise within Archimedes). A co
well-planned use of mathematical challenges is also arranged for ca
national teams for international mathematical competitions,
medes’ students to be the most successful members of these t

Mathematics competitions should require both basic an.d c !
knowledge.

A team mathematics competition (an open team pion of Serbian
secondary schools) arranged by Archimedes has prov d)combination of
team and individual competitions at a nationaﬂ The mpetitions are
arranged for lower secondary school (Years A secondary school
(Years 9-12). Each team includes one stude a, each grade.

To help students gradually and successfully,d ghallenges, students in
group comprises tasks
reflecting the official mathematic hile the second one
consists of non-standard tasks fro itignal mathematical curriculum
(Marinkovic¢ 2004). Tasks used in I sually (1) non routine, (2)
interesting with respect to
aps unexpected answers, and

contextually.
If not resolved appraopri use of challenging tasks may be an
significant obstacle to their i ion i mathematics education. An appro-

priate approach may be
isomorphic problems iffer contextually. Such sets may comprise tasks
that have mathematic me$, that are very similar or isomorphic. Another
possibility is t s whose solution methods are very similar or

o’ve se
identical. What fo is a sample of tasks with the same mathematical themes

taken from Kadijeyic arinkovic (2006).

e At a test cachstudentcorrectly solved at least five tasks. Also, each task was
correctly sol y by four students. Were there more students or tasks
at this t tart with 55 < 4¢.]

bs live in one country. Each Marab knows 9 Marabs and 7
§ each Sarab knows 6 Marabs and 8 Sarabs. Are there more

teachers deal with challenging mathematics, Archimedes has orga-
nized a continuous and well-planned in-service professional development pro-
gram for mathematics teachers. This development is based upon ten lectures/
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presentations per year (one per month except for July and August) as well as 6-8
lectures/presentations arranged during the traditional one-day wint
However, even such continuous and well-planned professional de
mathematics teachers has had a small global impact on the use of
challenges in the classroom.

According to the results from Archimedes’ mathematical con
ably just about 5-10 per cent of all students have met
the way cultivated by Archimedes. A promising way to
Archimedes to have more challenging professional devel

References

Baltrusaitis J.: Anamorphoses. ou perspectives curieu marion, Paris (1984)
Berinde, V.: Romania—The Native Countrypof Inte
brief history of Romanian Mathematica
Carroll, S., Carroll, D.: Mentoring mathe
tion Report (2004) www.projectm3.o
Chaves M. A.: The Atractor Project in athematical Society Newsletter,
60, pp 35-39 (2006)
Kadijevich, Dj., Marinkovi¢, B.: Challenging mathe cs by “Archimedes”. The Teaching of
Mathematics 9, 1, pp. 31-39 (2006) elib.mi.sanu.ac.yu/journals/tm/ . Accessed 15 January
2008
Kenderov, P.: Competitions and Mathe
Congress of Mathematicians.
Kenderov, P.: World Federatio
(2007) www.amt.edu.au/w
Liu, A.: Hungarian Problem
Marinkovi¢, B.: Selected P
Serbian). Archimedes, e (2004)

MATHEU: Project Partn , Identification, Motivation and Support of Mathematical
Talents in Eur n Schi ual (An outcome of the European Project MATHEU).
Intercollege, Cypr 6)

Olah, V.(ed.), Berzsenyi, , E., Fried, K., (assoc. eds.): Century 2 of KéMaL, KéMal.
Janos Bolyai matical Society/Roland E6tvos Physical Society, Budapest (1999)
Pozdnyakov, S.: ComputerfTools for Internet-Supporting of Research Activity in Mathe-

matics. Submi ICMI Study 16 (2006)

Rapaport, E.: oblem Book I, Mathematical Association of America (1963a)

Rapaport, E ian Problem Book II, Mathematical Association of America (1963b)

a erest of students for studying mathematics. Mathematics, Education

SCO Document Series, 35, pp.146-147 (1989)

sky Mathematics Competitions, Mathematics Teachers and Mathematics
Iran. Mathematics Competitions 16, 1, pp. 91-96 (2003)
avin, M.K.: Mentoring mathematical minds. Submitted paper, ICMI Study

8s 22, Baia Mare (2004)
ject: Program Year Two Evalua-

ics Education. Proceedings of the International
1583-1598 (20006)
athematics Competitions A Short History

cal Association of America (2001)
le “Archimedes” Mathematical Competitions (in

in thhua ia. Submltted paper, ICMI Study 16 (2006)
Storozhev, A.: International Mathematics Tournament of Towns, Problems and Solutions,
Book 5, 1997-2002. AMT Publishing, Canberra (2005)



Challenging Mathematics In and Beyond the Classroom

Taylor P.J.: International Mathematics Tournament of Towns, Problems and Solutions,
Book 1, 1980-1984. AMT Publishing, Canberra (1993)

Taylor P.J.: International Mathematics Tournament of Towns, Problems :
Book 2, 1984-1989. AMT Publishing, Canberra (1992)

Taylor P.J.: International Mathematics Tournament of Towns, Problems an ions,
Book 3, 1989-1993. AMT Publishing, Canberra (1994)

Taylor P.J., Storozhev, A., International Mathematics Tournament of T
Solutions, Book 4, 1993-1997. AMT Publishing, Canberra (1998)

% lems and
Taylor, P.J., Gourdeau, F., Kenderov, P.: Proceedings of ICME&) cu; p 16, The
Role of Competitions in Mathematics Education (2004) www, u.au/icmel0dgle.

D

html. Accessed 06 February 2008
World Federation of National Mathematics Competitions, ocument (2002) www.
amt.edu.au/wfnmcpol02.html. Accessed 06 Februaryz2008

:
§

&
O




Chapter 3
Technological Environments beyond the Class

Viktor Freiman, Djordje Kadijevich, Gerard Kuntz, Sergey Po
and Ingyvill Stedoy .

N

ing to mathematics
g virtual resources
point to new challen-
iechnology by means of
dynamic and interactive tools of mo enting. Finally, recent
developments of flexible and sophisti nication tools create numer-
ous virtual spaces where people estions, discuss, and work
collaboratively on challenging mathe ing tasks. We present a broad
view of existing worldwide practices and a concrete examples that deepen
our understanding of the advantages and disadvantages related to integrating
technology into challenging mathgmatical activities in and beyond the class-
room. We conclude with several reSearch paths that are opening in this rela-
tively new field of study in m education.

teaching and learning, in providing access to
that become easily available to all learners. Reg

3.1 Introduction

Playing differengroles i nt stages of human development, technology
serves as a tool faci i ematical computing, application of mathema-
tical knowledge, ing and investigating and learning mathematics.
Inspired by th athematical challenge as an idea to revitalize dis-
course about the role of mathematics in education culture, in classrooms and
beyond, we can ize the potential benefits of technology in promoting
and/or pr of mathematical challenge as a tool to develop curiosity,

imaginati iveness and creativity.
edu e can also see a close connection between technology and
athemati oughout history and in all cultures, especially in the recent
AY f technology based on the new generations of computers and the

V. Frei )
Université de Moncton, Canada
e-mail: freimanv@ UMoncton.CA

E.J. Barbeau, P.J. Taylor (eds.), Challenging Mathematics In and Beyond
the Classroom, New ICMI Study Series 12, DOI 10.1007/978-0-387-09603-2_4,
© Springer Science+Business Media, LLC 2009
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Internet. These push our perception of mathematical activity beyond the limits
of traditional educational forms and settings, offering new challen
tunities of doing and learning mathematics for all.

Chapter 7 of this Study Volume discusses the role of technolog
challenging tasks in the classroom accessible at the lower schoe
same time, technology gives also numerous challenging opporg ) “break
the walls of the classroom” and to bring everyone" onderful and
fascinating world of mathematics through the freedo i
freedom of learning, freedom of fun and freedom of ¢
breaks the walls of the classroom” is an expressio
Koninck, the author of the 29-episode TV seri€8)C’ smatique and the
more recent project ShowMath (www.smac.ulaval owmath/) at his open-
ing speech of the 2004 winter meeting of the Ca ematical Society
(www.math.ca/).)

Moreover, this freedom of choice in tech
intrinsic motivation that helps to combine in activity entertainment with
learning and fun with challenge. Thi ¢ of technology, or ICT
(Information and Communicatio the term used in a much
broader sense, has been underline 2004, p. 96) as a catalyst of
challenging activities:

“ICT can bring difficult tasks within the (Zone of Proximal Develop-
ment, in the Vygotskian sense, discussed in more detail in Section 6.2.2.3 and
also discussed in Sections 4.5.4 7.3.2) of more pupils through screen cues
that provide scaffolding not a rom the teacher. Tasks can be motivat-
ing and enjoyable because o tivity. Conjecture and risk taking are
encouraged by the provi lity so that‘pupils can learn constructively from
their mistakes. This foster hich enables pupils to meet the high
expectations placed o appreciate the role of personal effort in
achieving success.” (Vy

An unprece(?ted g heof web-based educational resources allows Klotz
(2003) to affir athematics, as in other disciplines, the Web is
expanding our conc he classroom itself, changing what gets learned
and how, affec student-teacher relationship, and providing access to new
types of mathematical activities and resources that can be used by teachers”.

Mathematica ges can be differentiated to meet the educational needs
of all lea giving them access to tools unavailable in the classroom.
Learning %

ents enhanced by technology offer access to traditional
side the classroom as well as to new forms of mathematics
in classroom settings.

f this Study Volume analyzes a number of types of beyond the

enriching mathematical knowledge and skills, and helping to nurture high
achievers with more challenging mathematics.
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In this chapter, we will analyze how technology may contribute to the
realization of these outcomes and look at its advantages and dis
We will study in depth how technology can become a catalyst o
mathematical activity beyond the classroom. We will discuss
challenging mathematics can be supported by technology,
technological tools that help to create challenging learning
well as discuss the diversity of forms of challenging mathema
these tools.

At the same time, we will study several examples of;n rtunities of
challenging mathematics that can be created by use o nology. We will also
analyze pedagogical and technological issues t a icsieducators may

face if they want to integrate technology into ch

m
l‘aa ing mathematical activity
in and beyond the classroom.

3.2 Technology and challenging e yond the classroom:

tool of learning and fun

We can categorize the activities offer chnology into four groups:

e mathematical publications and media addressing the general public and
professional mathematicians (TV progranis, books, magazines);

e mathematical events addresséd\to the individuals, community and family
(conferences, fairs, competi ;

e general, mathematics-sp
games, clubs, circles,

e web-based resources in
forums, applets, learning,sce

interdisciplinary activities (puzzles,

cyclopedias, dictionaries, discussion
0s, lessons).

Activities from the can be presented in electronic form (text and multi-

media), provid‘s s rmation about activities and give immediate
feedback through ion, blogs and wikis. With a user-friendly system of
management, te lo es access that is both flexible and adaptable to user

needs any timejlanywhere'and for everyone.

The activitie e second group can be supported by virtual resources
(Internet o - s) giving information about the events and allowing
registrati ) and communication with other participants. The third
group ca ced by all resources mentioned as well as online and CD-
active resources (in the form of applets). The last group
inds of resources including those that can only be used with the
logy (programming, multimedia design, modeling, investiga-

(2002) sees technology as a catalyst transforming socio-mathematical
norms. More specifically, she stresses a new kind of relationship between
problems and knowledge regarding the type of problem as well as the process
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of solution. It might be a direct relationship in the case of symbolic manipulators
such as DERIVE or an indirect one when professional software li
or AUTOCAD can be used to solve mathematical problems. T,
Mariotti (2002) made to the classical work of Papert remains vali
unprecedented opportunities that information technology sepa
combinations opens in terms of the quality of learning enviro %
school, and in recreation.

Technology can enhance the mathematical develog
offering them attractive challenging environments.Pagen ovide chil-
dren with these activities in the form of educational s re (CD-ROMs) and
multiple resources on the Internet. These activi? ca logical think-
ing (puzzles, patterns, card games, and many other, ber and spatial skills
(adjusting to the level of children), categorizati classification and
grouping abilities (leading to the higher leve ceptual thinking in the
Piagetian sense).

There are three major types of edugationa
with mathematical challenge: sets i
animated stories that allow childr
mathematically challenging activi

e that provide children
ities of different kinds,
situation while engaged in
all kinds of creativity soft-

options, mathematical structures such as m
As examples of the first type of,activities, we can name Millie’s Math House
math.htm), Mighty Math Number Heroes
(www kidsclick.com/descrip/
1-3  (www.kidsclick.com/d ), JumpStart Learning System
U (www.adibou.com/), Math Rab-
.com/), and many others. The second
story books like Disney’s Mulan, Arthur’s
in the Hat, Winnie the Pooh and Tiger Too
s/reviews/e_read/3/sw_suml.shtml). The third
¢ with all kinds of creative artist’s software like
KidPix, Read, Write e (www.learningcompany.com/).

All kinds of] ronicmind-boosting games can also be useful to nurture
mathematical iosity/in very young children by challenges: LEGO, chess,
checkers, cards C-TOE, puzzles, labyrinths, and others (www.funbrain.
pdilus.org/; mzone.mweb.co.za/residents/profmd/challenges.
se.iufm.fr/rallye/; www.legoeducation.com/store/SearchResult.

bit’s collection (www.lea
type can be illustrated wi
Computer Adventure
(www.superki m/a
type of activities

C

mputer-based activities are very attractive to young learners
Itimedia features (colors and animations), high level of adapt-

interfaces that they can personalize. Interactivity is another factor attracting
young learners.
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Much of this technology-supported educational and recreational material
may help children sharpen their minds as they move on through their, ing.
They complement the regular classroom.

During school years, learners can benefit also from all kin
mathematical challenging activities, such as math clubs and p
contests. They can become members of informal online mat
nities building strong interpersonal ties. We will analy. aplesof these
activities in later sections. These kind of mathema are very
important since they can give everyone access to t thematical
resources and activities which can be offered only by

It is very important to mention that this vagiety o

differentiation:

e by task: different pupils are
during project-based activity;

learning objectives making
investigation;
e by support: ICT resource rally adaptable to the level of pupil’s
understanding guidin riate cues;
e by resource: ICT supp resources can be created in different
formats (images, words, can be suitable to pupil’s learning
capacity.

We stress thegrucia T resources in compensating for disabilities to
enable pupils w ion ring problems to function at a higher level than
they would otherwis to attain.

The multipl lligences theory also supports these particular roles of ICT
(Campbell et al32006). Regarding development of logical mathematical intelli-
is on modeling and simulation as methods of mathe-
1at combine mathematical challenges with various multimedia
nmediate retroaction to the learner.

sed site Récréomath (Wwww.recreomath.qc.ca) proposes enrich-
that go beyond traditional classroom mathematical practices.

challenges such as a choice of profession that may require a higher level of
mathematical knowledge than might be provided by schools. Many technology
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resources are available for self-learners, helping them to prepare for all kinds of
exams and competitions.

Adults can also find many useful and interesting ways to deal
ging mathematics through many mathematical entertainments, po
ematical e-literature, and lifetime learning opportunities. Final
uses mathematics of any kind at work can find in technolog

challenges. .

3.3 What kind of challenging mathemat" b classroom

can be supported by technology?

Information and communication technology has radically modified our
working space. Educational technology (E % contrary, has rather
marginally contributed to changing aching and learning so far.
However, there is a considerable pote 0-be meaningfully integrated
into the process of teaching and neral (Jonassen 2004) and
mathematics in particular (King e t al. 2005). Today’s level of
ET development allows use of powerfu Is and learning environments
that can help teachers extend their work t new “going beyond the class-
room” mathematics practice. For example, ah automated theorem prover can
be integrated with a geometric/microworld in such a way that properties,
suggested by experiments on gonsttucted objects, can be not only formally
verified (e.g. WinGCLC at e/misc/software/gclc/), but also added

with their illustrations roofs to aNknowledge repository for later uses
(Janicic and Quaresma 20

3.3.1 Types 9 ita
mathematic

3311 A cont@.king skills and digital tools
The ISTE e al Society for Technology in Education) Educational

Technolo rds for students require students to use educational technol-
s for creativity and innovation, communication and colla-
: and information fluency, as well as for critical thinking,
ing and decision making (www.iste.org). As one digital tool (e.g.
d) can be used for creativity, research fluency and decision mak-
ing, types of digital tools should rather be defined with respect to relevant
aspects oftknowledge such as development, presentation, and sharing.

By doing this, we can, following Jonassen (2000), make a distinction between
semantic organization tools (e.g. databases and concept maps tools), dynamic

s and their support for challenging
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modeling tools (e.g. spreadsheets and microworlds), interpretation tools (e.g.
search tools and visualization tools), knowledge construction tools
media and multimedia tools), and conversation tools (e.g. asynch
synchronous conferencing tools). Furthermore, as computers sho
constructivist ways that “engage learners in representing, masai
reflecting on what they know, not reproducing what so
(Jonassen 2000, p. 10), learners should try to utilize
mindtools.

tool is used as a mindtool depends on whether, and to
promotes different thinking skills, among whic“e u he following:

® critical thinking skills, which involve major ski valuating, analyzing,
® creative thinking skills, which call for genera claborating, synthesiz-
ing, and imagining;
® complex thinking skills, which compui pes of skills: designing,
problem solving and decision ma

Although the degree to which o igi sed as a mindtool depends
upon the features of learner, assigne d aitilized learning environment,
different types of digital tools may provide
skills.

Our analysis of Jonassen (2000) reveals that while all nine types of major

dynamic modeling and know ruction, interpretative tools can mostly
promote skills of evaluat onnecting and imagining. Additionally, although
conversation tools mostly
sizing, they can also promote
making, especially wh

f designing, problem solving and decision
chronous conferencing tools are used.

3.3.1.2 Challengl ematics in this context

The expression len mathematics is typically used to describe mathe-
matics or a mathematical task that is interesting and perhaps enjoyable, but not
easy to deal wit . Although the degree of challenge of a particular task,
which can bege in terms of a range and depth of major thinking skills
depends upon the features of the learner and learning
ny tasks that can require the learner to transfer, justify,
extend, integrate or apply some mathematical results can be

tasks may particularly be those that require the learner to relate
entities (concepts or procedures), by considering, for example,
their di nt representations, views or applications (Kadijevich 2007). Solu-
tions to such connecting tasks appropriate for learning projects beyond the
classroom are primarily supported by a dynamic modeling tool, which, for
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example, enables simultaneously-updated displays in algebraic and geometric
windows (e.g. Casio ClassPad and TI-Nspire). In addition, a sema ni-
zation, interpretation or knowledge construction tool may be use

Challenging mathematics entails going beyond the traditional p
understanding and use of mathematics. A challenging task is t
one that requires mathematics teachers to present the historig
applicative issues of the examined topic, enabling differe
within that topic. Such a task is called Historica
(HSA) (Kadijevich 2004). What digital tools are need
lenges of this task?

Being an instructional design task, the princi ledge construc-
tion tool (e.g. hypertext writing environment Sw
software Opus or web development package /M

e interpretation tools for historical and str
Google for historical issues and a yisualiza 1 such as JavaView for
structural ones);

e dynamic modeling tools for stru tive issues (e.g. GeoGebra,
Fathom and TI-Nspire).

Solutions of task HSA may be attaine
ported by a conversation tool (e.g. ClearWiki)!' Of course, at a simple level, tools
for knowledge construction and genversation may be attained by widely used

Firefox (explore your e-mail
The development and

using web-mail service).
task HSA, due to its complexity, are

this learning more successfu
tools, scaffolded thro
impersonal devices) in
process, called ‘r e
applied tools, whi

(Guin et al. 200:

332 T oaches to challenging mathematics by hypermedia
le

rs should be, for mathematically complex
rqcess that transforms digital tools they use (i.e.
eir digital instruments (i.e. personal devices). This
esis, is usually hindered by some features of the
be recognized and adequately pedagogically treated

multimedia hypertext, that is, hypertext expressed in several
text, graphic, sound and animation. As already underlined, hyper-
ultimedia tools are used for knowledge construction. As developers
of instructional material learn more from these materials than their users, envir-
onments for developing hypermedia, multimedia or web applications (e.g. Opus,
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StorySpace or MS Front Page) can be powerful tools for knowledge constructio

(Jonassen 2000), especially when learning units are based upon sound ia
learning principles like those given in Mayer (2001).
Mathematics teachers may develop multimedia mathematica at

respect the following six requirements:

1) use at least words and pictures to develop multimedia less

2) achieve a good technical realization of the develop.a ef
3) present the mathematical structure of the examined t

4) show the application(s) of this topic;
5) make possible different learning paths within the
6) deal with relevant conceptual and procedur

their relation.

nowledge and

A recent study examined the implemenfta requirements for
future Serbian teachers of mathematics (Kag 04). The teacher first
made the Serbian designers aware of the six ents and some web sites
five-week group project
gestions for improvements
were sent to students who asked f e-mail.

HTML pages based on applets or indg of animations (simple hyper-
media) were successfully developed for va opics despite missing technical
skills at the beginning (using software such as Euklid, developing and using
Java applets within web pages). J{,was much easier for the designers to fulfill
requirements 3) and 4) than 5)4 whigh was in turn much easier than 6). Many
students liked the project bec ouraged teamwork and creativity.

The outcomes of this show thatmathematics teachers can cope with
HSA-like tasks with som: ss,,whieh'would be higher when pedagogy is
appropriately linked to techn o support the use of various types of major

thinking skills. By usin ailed approach to hypermedia design with various
digital tools, fuﬁer re h may thoughtfully examine the learning difficulties
1

and opportuni iih f learning.

3.3.2.2 Learner-tailoredinstruction
According to Ca (2003), e-learning should be based upon the delivery of

interactives€e according to the user’s choice of the implemented states of
% % ilt-in navigational modes supporting the chosen state that

e.to state. To attain this end, a hypermedia/multimedia solution

may be, developed, for example, in a general way that can be
r particular learners according to their preferences for learning

path: from applicative issues, to structural and epistemological
issues, to historical issues (defined by available sequencing of the implemen-
ted global issues);
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® targeted competence: making connections (chosen from those available of the
implemented competences);
o instructional mode: exploring and examining different standpoi n
consequences (selected from a list of available strategies or ¢
the implemented instructional design).

Of course, available options for learning path, targeted 1ce and
instructional mode (possibly constraining each othe.n
to topic.

Such a conceptualized generator of personalized
which should also help the learner challenge the
appears as a tool of the future. However, the‘s 3
close to this generator called ActiveMath (wWwww.ac

HSA task,
ing process,
latform that is

e-learning and intelligent tutoring systems: ind al courses are assembled
according to learning goal, learning scenario ces, learning content
and preferences specified by the learnesgpduring
the learner’s model, the learner can ini ve; the learner can explore
and negotiate with his/her model g th@system; the structures of the
examined mathematical domains ized; and the content of Active-
nd semantic search.

Algebra systems is supported ctiveMath (the work on a collaborative
discussion tool is under way) can indeed make use of various tools
eling, interpretation and knowledge
mathematical content and its pre-
agement of their e-learning.

ine how different aspects of the learner’s

Further research m se
work with ActiveMat sighing instruction and learning from it with its
possible modifigations) his/her cognitive, metacognitive and affective

e-learning outco N

3.4 Making

construction to ease mee
sentation, as well as chall

atics beyond the classroom more challenging

hat kind of technological environments might make mathe-
classroom more challenging and we investigate related
edagogical and social issues.

unity to manage an environment is a powerful internal stimulus

ossibility. Using computer programs allows constructive activities
such as the creation of geometrical or mechanical virtual objects. That gives a
new challenging dimension to such a productive class of problems as “problems
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with straightedge and compasses”. It expands this area by “problems in geome-
trical transformations”, “problems in geometrical measuring” and in
relation to analytical and geometrical representations of objec
foster mathematical investigations in and beyond the classroom.
In this context one can ask if such well-known mind-boosting
can still be used in providing young learners with mathematica
has been argued by Maddux et al. (1997), self-correg'ng,
LOGO can provide practice in spatial relationships
matics in an arena free of negative associations and,ex
special technology-supported environments for distracti
not often succeed at school, can help them be es
and thus have positive mathematical experienc!t
change their attitude towards mathematics i

relations.

. Building
ren, who do
n mathematics
t the same time,
ial skills and peer

tant piece of mathematical competence to be acquired) and trying to test them
and prove those which seem t
et more autonomy and power to test
in-depth cases. By intelligent and
inventive use of different soft difying parameters and changing registers,
students get more insig problems. The more the user becomes creative with
these tools, the better ming they can become. Moreover, technology tools
favor developn‘ sul rtant qualities of human activity in general and
mathematical acti articular, as initiative, invention and creativity. With
the help of tech ematical activity can be enriched adding an experi-
at can be somehow lost in traditional learning environments.
i n, can enhance mathematical questioning.
Use of thisgki software also brings a new domain into extracurricular
ities like statistics (using spreadsheets to generate random
iteria) and mathematical modeling. These two domains are
oles of how technology might enhance mathematical experiment.
thematicians have to develop, as early as possible, a competence

different hypotheses and

ogical advantages and challenges we have discussed.
At the same time, technology can play the role of a Trojan horse due to the
pixel-type nature of the computer screen. Critical evaluation and reflection of
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results obtained with technology become an important part of the investigation
process. Students must be aware of situations such as ill-conditionin
approximations and graphs obtained with calculation tools that mi
accurate answers. This awareness has to be part of their learning s
discoveries and control of technology have a solid mathematicadgba

Technology lets one deal with new kinds of mathematical ag ich are
not part of the traditional school curriculum. Acciing ] (1999),
increasing the number of tools for dealing with complexitipi the most

accessibility for mathematicians, as for students,

modeling like Mathematica, AgentSheets, Sta!)G

possible to investigate by simulation. Examples

of natural systems (most popularly, predatoy
Using a tool to explore these patterns not‘or es students the opportunity

to learn about a biological interaction, but/

include models

alculations necessary to
yield any kind of pattern is astron le new area of mathematics
becomes suddenly available to mi ool students.

. Previously the field of study
ple of the connection between

create tessellations with Tessellm@nia or fractal images with simple program-
ming languages. As has been
the rise of chaos in the mathe
educational system, but

mmunity have yet to filter through the
ddition of'such an engrossing and artistic topic
may turn out to be an op ity to emgage and challenge more students”.
Due to their very univers re, the technology tools of mathematical
simulations and mod an play an essential role in various challenging
activities beyond the oom, like mathematical competitions, Olympiads,
mathematical eatio sitions addressed to general public. They can
also stimulate mo ing mathematical activities within the classroom.
Use of comp, too anges the nature of mathematical activities. Now
we can assert the existence of experimental mathematics. The experimental
work helps to mathematical properties and verify conjectures pre-
ceding theoseti of. The same tendency can be seen in the process of
teaching mathematics. For example, creators of problems for Olympiad com-
i % ols of dynamic geometry to search for geometrical invariants
ontestants. This represents a significant shift in a new direction
experimental mathematics with technology to enhance challen-
ematics beyond the classroom.
e of many interesting mathematical facts can be shown by means
tion tools, which are provided by modern computer technologies.
Use of such material in the pedagogical process of teaching mathematics will
nurture the interest of the students to study important mathematical ideas.
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The understanding of some difficult mathematical laws becomes accessible to
students, who had difficulties in understanding them previously.

We must take account, not only of the stimulus, but also of ag 1
obstacles in introducing challenging mathematics. An interesting a
ging problem may appear to be inconsequential to a student lacki

order to appreciate the subtleties and difficulties. Text
augmented by tools for verifying partial solutions. Thi
these books and expand the spectrum of problem types
even replace communication between student and
provide alternative ways to verify students’ asgio . rification may
be partial to check the correspondence between tion and the necessary
conditions for it. But it could suffice in leadi he stu understand some
pment of computer instru-

ond life to
acilitate or
puter tools

ments will make it possible to use tools for thg
in and beyond the school settings.

based virtual so-called Numeric
the learner a unique opportuni efit from all these tools at the same time,
namely software for experim d modeling, diverse databases (such as
mathematical, pedagogi i ical knowledge bases, problem banks,
banks of clearly explaine ions, philosophical and conceptual
i cussion space for all users. They are thus
adaptable to all challe @ dependently of their form, allowing the public at
large to discovemand to déepen their mathematical knowledge and expertise.
The NWS isﬁ owerful tool for preparation of contenders (groups
tical competitions (Rallies, Kangourou, Olym-
.mathkang.org/default.html; cemc.uwaterloo.ca/;

lem of the Week which offers a new challenging non-standard math
problem every other week that can be answered online or offline, with the
opportunity for feedback from mentors.
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e Ask Dr. Math in which all participants can get advice from professional and
expert volunteers.
e Math Tools allows exploration and discussion about the use at f
the variety of interactive tools for understanding mathematica
e Teacher2Teacher invites educators from around the world to
on many challenges of teaching and learning mathematics
e Other options include online mentoring and teachc
ment, face-to-face workshops and collaboration wi

together

Most of these services at Math Forum were devel it rch funding
and volunteer support. Some of them now charge a | fee'for operating
costs. 5

There exist a number of NWSs that giv,

ac 1l through a public

l activities within a NWS, databases
ge base (facts and formulas needed
lem base (problems from past years for
mathematical compet s with solutions), discussion forums, comments
from teachers Data can be organized in different forms: texts,
multimedia ap;gi onferences, and so on.

For example, i construct a site with mathematical problems, we
need to create nism$to present and discuss solutions, to classify and store
problems and Selutions, The site devoted to research in a concrete area of

can accomplish several fu

t of databases is constantly updated by offering a larger number
electronic documents and activities. It becomes a kind of collec-

ities whose aim is to provide every member with mathematical challenge and
entertainment, thus deepening their knowledge, in particular, of complex areas
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of mathematics as well as nurturing public interest in mathematics by means of
puzzles, games and recreation.

The immediate, diverse and flexible access to these electroni
changes radically the very nature of mathematical learning beyon

room, giving more power, and giving the user more autonomy_ osing the
time, the place and the type of challenging mathematical acti
3.4.2.2 NWS2. Communication and exchange
There are different communication tools that can al used 1 these virtual
spaces to enable direct chat, and file and video gxcha n members.

A group of people who participate in a co tivity'via the common

e main feature of
mation space as a
are common for this

information space build a so-called communi
such a community of practice is to create @
necessary mechanism for the achievement of §

group.

Students who join such communj to different classes or
schools; they may have different a t goals of participation for
activity beyond the classroom. So ould be interested in participa-
tion in Olympiad-related activiti€s, o uld be involved in some kind of

research activity, but all of them find an a nal source of motivation in the
opportunity to communicate with peers and experts. Anyone might find a
partner for the purpose of discussing questions, propositions and conjectures.

Each contribution is careful in the computer memory, organized in a
form that allows users to foll elopment of discussion and to interact
with other users (publim em.univ-mys.fr/biblio/ AAA05010.htm). The vir-
tual communication spac e thu‘vehicle of co-construction and shar-
ing of knowledge in which eve an contribute. The discussion is monitored
and directed by teach perts. They can intervene, bringing new ideas
and asking new questi

The main a
people to comm
Another advan
do not necessa
lists in specific
virtual spacesgs
the traditi
of time.

nternet is that it provides an opportunity for
each other from different parts of the world.

ave direct educational training (such as scientists or specia-
ut there are corresponding disadvantages. People in
y have no experience of working together, in contrast to
room where students may study together over a long period

of virtual common space must learn to use common lan-
can be inconvenient for some participants (the term “language”
1l avenues of communication) and may affect the quality of
productivity of work. Finally, group participants may have
terests and background regarding the context of the activity. So we
must take into account all these factors in implementing challenging mathe-
matics beyond the classroom by Internet-based learning environments.
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challenging mathematics in and beyond the classroom, increasing
tion and engagement (publimath.irem.univ-mrs.fr/biblio/AAA0Q
In such learning environments teachers and experts would he st to

freedom to take charge of the most difficult question
giving hints and clues. The community would free th
handling them by themselves. The activity helps to creat
in which everyone’s input would be welcomed and a iated.

asier issues
f members

3.4.2.3 NWS3. Freedom for learning mathemn

If one compares features of an activity beyondgthe pom with those in the
classroom, the main difference would be “menta ”. In activity beyond
the classroom, many restrictions, whi classroom activity, are
eliminated. There are no restrictions i1 choosingcontent, no limitations of time
and age.

So the main question in the cre chnglogical environment is how to

support the mental freedom of students t hem in studying mathematics.
Technological environments for supporting agtivity beyond the classroom can
be distributed between two big gubups:

mon use; they will support any common
G

e technological environments
activity without restrictio
e technological environ

s for suppotging special mathematical needs.

“near mathematics” activities where
athematical information are not needed.

aryfor discussing mathematical results by writing
formulas, doin.l ebr formations, drawing pictures. For such pur-
poses there are s ols such as “virtual mathematical blackboards” or
dynamic geometsy, SO , which give a great variety of communication
means. An interactive ytechnological environment can test a solution of a
problem and e point to some mistakes, helping students in under-
and in discussing productive ideas on how to solve it.
via Internet may be supported by pedagogical assistance,

The first group is good
special tools for organi
The next group is

k questions and share their ideas, and be in full and efficient
control chosen activity. This freedom breaks down hierarchy and depen-
dence on teachers, supervisors and other members. Everyone becomes a partner
in the search for solutions and answers in a context where trial and error is a
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normal and well accepted strategy that frees the spirit of discovery and creativ-
ity, allowing full expression of ideas and development of a collectivg
The new learning tools enhanced by technology modify essentig
of dealing with all kinds of mathematical challenges. They chang
known teaching-learning routine where the teacher plays thed
of knowledge holder and translator, and students are pass
information and methods, which gives them a certair‘
not surprising that both teachers and students may me
with some controversy. But those who accept and ada
NWS could find pleasure of freedom and autonomy i nd learning.

3.4.2.4 NWS4. Local, regional and worldwide,exp

rapidly, attracting experienced and gifted mat
others who just like to taste the bea hematics. Sites which can be
particularly useful are language speci 38 other than English, like
Spanish and Russian, which are langtiage to many countries.

For a common information sp i
common features and goals.

In the next section, we will analyze some ples of NWS and their possible
contribution to mathematical challenges.

3.4.3 Issues related

In order to develop and ru ed to take into account several issues
related to the technical I components, because of the complexity of
such systems. For exa , welneed not only find optimal technical solutions
but also const.ly u d replace some of their components or re-
structure them co ly. There are costs of programming, hosting, content
development, ma %ﬂd monitoring by experts, which require stable and
continuous fi . s issue has to be carefully studied from the very
beginning of th jects]A modular structure would facilitate the development,

and much expe ion is needed to find the most efficient format and
optimize é

ological difficulties

We have allélded to psychological discomfort as another obstacle to be con-
sidered with technical and financial issues. We might expect resistance from
teachers concerned with losing control over the development of their students.
They might fear being challenged by learners who might go beyond their
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expertise. In these new environments, teachers have to accept the same uncom-
fortable role as learners as their students (in all its technical, p ical
didactical and cognitive aspects).

We can say that the real challenge of bringing more challengin
beyond the classroom is related to the willingness of teachers to
They have to realize that it is a real pleasure to move from
knowledge, even if it comes along with a hard, sometimes ev
search for solutions to difficult problems. But how
students without being challenged? Accordingly, it is impo
culture of challenge in the process of initial teacher traifi
generations of teachers become more receptiye, to
teaching and learning.

ing that new
in NWSs, in

3.5 Challenging mathematics beyond the sroom using Internet-
based learning environments

In their analysis of issues related orative learning in mathe-
matics, Nason and Woodruff (2 two/obstacles in establishing and

tational tools to be used (a technolegy-related issue). They thus opt for inno-
vative approaches to be used i atical CSCL, allowing for the creation
of authentic mathemati t involve students in model-eliciting
mathematical experience
tical problems, to allow
(Nason and Woodruff
how these innovatio
environments ana

solutions. ~

week challenge

1ve hypermedia-mediated discourse
p. . In the following section, we will discuss
help to build challenging mathematical virtual
ral promising pedagogical and technological

3.5.1 Proble
We have many years that problem-solving abilities play an impor-
he development of mathematical understanding. Recent work
obb 2003, Sfard 2003) has also revealed that the role of com-
ould be more emphasized in the learning processes used to con-
standing of mathematics concepts. “When students are given the
o communicate about mathematics, they engage thinking skills
ses that are crucial in developing mathematical literacy” (Pugalee
2001, p.296). We can then say that communicating mathematical ideas is part of
building mathematical understanding. However, those communication
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activities need to be authentic and they have to make sense for the students. The
use of information and communication technologies (ICT) can bec
tool to create significant activities. As a matter of fact, the Nation
Teachers of Mathematics (2002) asserts that technology is an essen
nent in the learning and teaching of mathematics. Not only
guide the mathematical concepts that are being taught but it ¢
the learning potential of students by offering a variety

In her model for the development of mathemati
Sheffield (1999) opted for the use of multidimensional t
a heuristic and open model, which would contribu
abilities to create, make links, investigate, com ica luate. In short,
in order to succeed in teaching mathematics, it'1s o create a good
equilibrium between the routine and well- , and those more
creative and innovative. The students ne solid repertoire of
positive experiences in problem solving, whi
their self-confidence and potential (Klein 200

Several recent studies report a positi fect
onments on the pupils’ motivatio
NRICH Project (www.nrich.mat

al problem-based envir-
ematics. For example, the
eated in 1996 with the original
idea to provide the most talented’stu i riched resources online that
are not otherwise available in schools. r framework for mathematics
enrichment, the authors of the project share their research findings:

itable solely for the most able, but have
11 abilities.

ntent, but a teaching approach that
covery and communication.

king the barriers to engagement and

e Such on-line resources are not
something to offer pupils o
e Enrichment is not o
offers opportunities fo
e Effective mediation off
learning (Piggot 200

ogically powerful virtual environment has been
orum (mathforum.org ). Members of a virtual
d, the services and resources participants generate

An example of a
created within j
community inter
together. These j
about mathematics, pedagogy, and/or technology. The interactions also con-
tribute to what
collaboration em posing and problem solving (Renninger and Shumar

-solving communication process as a teaching approach
dimension to such projects. The project Solving Mathema-
within a Virtual Environment was started by a group of educators
uebec universities (Charbonneau 2000). It promotes a connec-
eacher training programs and schools, setting up a virtual bank of
al problems and a computer environment for discussion and com-
munication. The Internet-based project CASMI (www.umoncton.ca/casmi)
was created in 2000 on the following three assumptions:
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e Challenging problem solving is an essential part of learning mathematics.
e Communication plays a significant role in reaching a higher lev
standing of mathematics.
® ICT could help create authentic learning situations in mathema
ing a larger population of students to rich mathematical resg@

CASMI became one of the more informal educational res
to motivate school students from all school levels to so‘c lle §
and thus contribute to the deepening of their understa mathematical
concepts and the improvement of their abilities to r an mmunicate
mathematically. Pursuing a long-time tradition of rrm s challenging
each other with difficult problems by normal m’it rne o be a valuable
example of meaningful integration of technolegy i thematics classroom
of the 21st century.

As a result of a close collaboration betwee
the project had three original goals:

ity and the schools,

® to be a tool to help francophone i evelop problem-solving
and communication skills;
® to be a tool for pre-service teac 1 in Mathematics education, help-
ing students to learn how to integ logy in a mathematics class-
room, how to evaluate a solution of m atical problem in a formative
way, and how to understand children’s mathematical reasoning and ideas
beyond it;
® to be a resource for teache hallenging activities in and beyond the
classroom (Vézina and La,

le. Every Monday morning (for 30
blems are posted on the web site.
ollowing way: one problem intended for students
Year 2, one problem for students at the elementary
oblem for students at the middle school level
ally one problem for students at the high school level
). ts have the week to send their solutions, which
cient eXplanation to meet the requirements on communicat-
i ation, using a web-based form or e-mail. Once the
e pre-service teachers’ work begins.

ms, they have to assess the work done by the students. First,

The functioning of C
weeks during the school
Problems are divided i
at the level Kindergart
level (Year 3 tdf¥ear
(Year 6 to Year 8)
(Year 9 to Year
should include
ing mathemati
solutions are

mplary for featuring on the web site. Some pre-service teachers
were alsotoccasionally involved in creating problems for the web site. The
dynamic between the pre-service teachers and the students from the school
system seems to be a positive one. It meets the different needs of both groups
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of participants: helping to improve problem solving and communication abil-

ities for some and to develop better teaching and assessment str; or
others.

The CASMI virtual community is built upon a few basic princip
e Friendly welcome: Every student from Kindergarten to Gra elcome

to join the community at any time; it is free of charge and % .
e Math challenge: Everyone can submit a solution 'a. 0

ch

problem and send it to the CASMI team.
e Formative feedback: School students who send theirgolut t a personal
comment from a university student; this comme ways positive and
encouraging; it aims to encourage each p ipant persistent and

continue to participate.
e Variety: The CASMI environment is opg

promotes knowledge sharing and k ¢ ¢ through collaboration
and discussion.

In fact, the importance of challe matics through problem solving
and communication turns out to be a discovery pre-service teachers
make while undertaking a CASMI project athematics education courses.
This evidence is confirmed by schoolchildren avho say (although in fewer num-
bers) that this feedback helps thepato improve their problem-solving skills.

Research data also show that the university students find CASMI beneficial for
the development of mathemati nication with young children (Freiman
et al. 2005). This commuticdtion is fruitful when it is bidirectional. This means
that pupils are encourage e their mathematical ideas using a
variety of tools. Pre-service te should be able to understand this variety,
to appreciate it and to hildren through their problem-solving process.

As an infor reso CASMI gives pupils a chance to choose an appro-
priate problem ol their own pace using their own strategy and
communication t fact that each participant gets a personal comment
from a universi n be seen as a motivating and challenging factor for
schoolchildren{They seg that their work attracts the attention of other people
and is being soc ated by personal attention or even public recognition.
Children b tly aware of this recognition when their solution is posted
as interes eir name is placed on the congratulation list.

ollaborative problem solving: challenge and historical
contéxt

What would happen if we gave the same open-ended problem to learners from
20 different classrooms and asked them to work together using the same virtual
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collaborative space? Such observations can be made by readers of the magazine

Activités mathématiques et scientifiques through the remote access gi he
IREM of Montpellier to the collaborative learning space Plei (s .
pleiad.net) that records all activity.

Here is the text of one Babylonian problem. °
3.5.2.1 A Babylonian problem ‘
In Mesopotamia fields are trapezium-shaped.

A land surveyor is to share a field equally between t thers. The field is a

trapezium. The two bases are 7 and 17; the tv&‘h re re both trape-
ziums. N
top width

We observe the following

e 17 is the “top width”.
e 7is the “lower width”.

e The fair share line
width”.

Question: F ig i idth.

arallel to the two bases is called the “middle

Twenty class; ere into six groups of three or four. Exchanges were
recorded withifi each group by a tutor, and a project team coordinated all
activities. The discussion, helped to settle some issues and gave
suggestion ese suggestions was to use CABRI dynamic software
(which w by students spontaneously to test their conjectures).
he p s addressed initially to older students (2e-Terminale, in
0 to 12). However, it also attracted some groups of students
6e—5¢ (in French, or Years 6 and 7) to whom it presented addi-
e. In fact, the younger students were surprisingly ingenious and

creative.

One of'the teachers of these classes realized this and they decided to use this
problem in the beginning of the school year in order to install an atmosphere of
investigation into the classrooms. This investigation helped to introduce later
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important concepts of area, Thales theorem and equations. So children could see
the utility of what has to be learnt. In addition, the use of CABRI s as
seen by students not as an external tool imposed by teachers but rath, ce t
as a meaningful and important tool for problem solving and investi

3.5.2.2 L’Agora de Pythagore: virtual communityof yow mat
philosophers

L’Agora de Pythagore (euler.cyberscol.qc.ca/pythago /in 1)is a vir-
tual learning community that invites several groups o Ichildren to partici-
pate in discussion forums linked to mathematics‘ atur s learning.

The discussion starts in the classroom where t er takes up with the
i ts will then pursue
nternet-based environ-

group of students around the questio
structed only by straightedge and co
became so interested in this questio
made interesting observations. F
maticians of ancient times believed tha
like duplication of a cube could be someh
right away believe that it is non-sglvable.
In the conclusion to his analys$is\Pallascio (2003) notes that in such commu-
nities there is a need for an e o can play the role of a scientific guide.
They also ask what coul motivation for children to participate
vehicle for this participation would

be
actively in the discussion.\Mt{secems that t
be the role of the student an‘actor in the process of learning but also
as the author, creator el owledge. The environment supported by

technology creates thu dudational situation in which students can interact,
interpret, build‘ con nd produce reflective arguments.

‘i:acti’e! of teachers

y the ancient philosophers
discussion, the researchers
e, contrary to the fact that mathe-
wn constructability problems
solved, today’s children would

3.6 Effecto

ogy has led to reconsideration of the function of the
working alone in the classroom, she can exchange ideas
others. Her role changes from that of knowledge provider
and guide in a challenging technological environment.

e stressed that with technology not only do the classroom’s
oundaries tend to disappear but so also do boundaries between
teachers and'learners. In fact, everyone becomes a learner independent of the
chosen aetivity. According to Putnam (2003), for students, computers and
calculators provide new ways to represent abstract mathematical ideas, rich
sites with realistic data for mathematical problem solving, and computational
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tools that can enable them to focus on “higher level” aspects of problem solving.

tion and interactions with others.
Video and multimedia hold great potential for representing ‘te
learning in rich ways that can serve as examples for others ag

mathematical activities of all kinds seems to bring n
matics education, if we as educators would “focus on the'e
of the Internet and engage distributed population i
and discussing knowledge” (Iseke-Barnes 2001, p. 30

Furthermore, Hollebrands and Zbiek (200 po ossible role of
teacher as collaborator. This opportunity arises in i hen technology
r not part of the
or example, students can
get an opportunity to pose a novel problem

mathematics. Teachers can then make their wa the student as collabora-
tor by testing together conjectures lea elopment of a new solution
that yields interesting mathematical/Conneeti

This shift of teacher-learner ro asis on the development of

communities of teachers in order to co- to share resources, ideas and
experiences. The creation of sites and the remote exchange about emblematic
software (dynamic geometry, computer algébra, spreadsheets, etc.) help the
teacher to come out from isola and from doubt related to difficulties of
the teaching job. The informati circulated, training is permanent, experi-

ments, whether successful or g, are circulated. Everyone’s ideas are
made available for al individualistic teacher discovers collective
intelligence.

We give four examp 1 strate the evolution of choice.

3.6.1 Mathenp

The program Mathenpdche (“Maths in the pocket”) (mathenpoche.sesamath.

net/ ) virtually s itself. A small number of French teachers, forming an
associatio n themselves the mission of creating online resources to

cover all @ hematics taught in College (Years 6-11). Those resources are

colleagues, over various sites, to suggest ideas for exercises.

ritten and put online. They were tested in classes on a large scale,

multiple-choice items to more delicate and elaborate forms, including open
problems.
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Groups were constituted in various IREMs so as to create resources, which
integrate into their collection all the ideas and experiences accum
thirty years of educational and didactic research. Supported by i
participants, the collection evolves, becomes richer and diversifies.
is the one most commonly used in French Colleges (secondary,s
to 11). An official experiment was lead by the Ministry of
département of “Seine et Marne” (département here m
administrative districts). Some 80 per cent of the teacher harge of sixieme
(Years 6 to 7) participated on a volunteer basis. Teachers, nd parents
unanimously approved the experience. It is to be ca further'in cinquieme
(Years 7 to 8) in the following year. Mathenp' w y expand con-
siderably in the coming years and become a st for the teaching of
mathematics in France. Extensions to prim hoo 'ycée (Years 11 to
13) are being studied.

3.6.2 WIMS

WIMS (Web Interactive Mathematic ultipurpose) Server: wims.
univ-mrs.fr/ with the English version available at wims.univ-mrs.fr/wims/
wims.cgi? lang=en& + session = 9FODBDSAC.1& + module =home), a vir-
tual tool for sharing, has many poiats in common with Mathenpoche.

It was created by just one Xiao (a Professor at Nice University),
and it is now involves many m a number of departments. Among
those are many teacher: from collége, lycée or universiteé.
Though it was created in athematics, there is no reason why
it could not be used to subjects like chemistry, electricity, French
and English. That inte spect would also apply to Mathenpoche which
could be divertédito fie than mathematics. The powerful tools of ICT
have broad appli so that even the Ministry of Education might find
possibilities in econo scale.

Unlike Mathenpoche, ose creators provide the content, WIMS is depen-
dent on the use op content. Each user is invited to become a creator of
exercises and_ac in turn. Being tested and improved by use, online

gain in importance. But the fields covered by that basis

he comceivers’ centers of interest. A data base of mathematics

ented (unlike Mathenpoche, which tries to cover all the fields

e programs of secondary schools, WIMS only deals with the

ggested by its creators) and offered, free of charge, to everyone.
That work ig'collective and not exhaustive.

Like Ma@thenpoche, WIMS allows the creation of virtual classes, which makes
it a tool well adapted to the work of a teacher with a class or group of students.

ot
gp
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3.6.3 PUBLIREM

PUBLIREM (www.univ-irem.fr/index.php?module = Publirem
is a search engine for the various online resources of the French
of the resources evolved in various research groups over sevg
provide rich and complex situations. These resources are not ¢ %
the students. They require the mediation of a teach S
from them and adapts them to the needs of his class. ?IQ,
planning, and can use the source collaboratively. P
in comparison with Mathenpoche. (At first sight stud
Mathenpoche without any special preparation. ]'th €
and of loss of control of the class.)

Many other sites could be mentioned, wh spirit to the three

sites briefly described in this section. They are 4 ive work and they leave,
in their trail, an important collection of ex¢ cisms, and improve-
ments. Teachers who take part benefit from se intellectual activity
thus generated and in which they eve art. In France this has been a

considerable revolution.

3.6.4 La main d la pdte

aning “Hands on”, www.lamap.fr/), often
measure the power of transformation
teaching of science and on teachers’

It is with the site La main a la pdte (
referred to as LAMAP, that
brought by a quality sitewi
practices.

Like PUBLIREM and un thenpoche, LAMARP is not directly meant
for student use. It ofl ientific resources (not particularly mathematics-
oriented, but promot n gxperimental attitude in scientific matters) in
great quantity ‘1 a achers of the elementary school (Years 1 to 6)
to adapt to the 1 their class. They can complete their own scientific
training, which be ficient. They can find scientists and educationalists
with whom they can exehange virtually or by personal contact.

Concurrently wi teaching of science, LAMAP insists on the importance
poses of description, debate or explanation: each pupil
entific observations and conclusions in one’s own words, in
flexperiences.

AP seminar took place in September 2005 to re-evaluate the
matics on the site. A fundamental question was: can mathematics be
experimental process which characterizes LAMAP? It was con-
can if teams of teachers adapt to that experimental spirit some
at were created within the framework of mathematics. That approach
is yet to be completed. Teams must be set to work in the LAMAP spirit to imagine
new situations using primary schools mathematics. (A site in statistics is in
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preparation. It will cover a field ranging from elementary school to lycée, that i is,
the end of secondary education. The experimental aspect will be very i
it.)

The French Ministry of Education, as a result of the quality o
the support of Georges Chapak (www.biocrawler.com/encyclopedi
Charpak), has profoundly changed the programs and met
science in elementary schools. The way of thinking W pro
have been largely adopted.

Within a few years, LAMAP has become globaliz
multiply from Brazil to China, from Germany to
improve the access to science to learners from a‘arl

s and sites
ontinuing to

, thu

3.7 General discussion

is relatively new. It has
oretical frameworks. It is
river of innovative educa-
s proved it generally to be of

The process of ICT integration in edu
neither a long history nor tradition
however a booming field of study
tional practices. An important bo
high educational potential and offers a impact of technology on the
learning and teaching of all subjects in and beyond the classroom.

Unlimited access to resourcesqgenerated or supported by many types of
technology creates many oppo ities for challenging mathematics in and
beyond the classroom. In pre tions we critically analyzed underlying
theoretical principles of deve implementation of challenging math-
ematical environments € ced by technology, and also several practical
applications of these prin rm the role of ICT as a catalyst of
expansion of challenge d classroom. In particular this looked at:

opportunities adaptable to particular needs of

promoting mathematics among the general

titions, discussions, recreations);

e tools that su ttr onal mathematical activities and create new oppor-
tunities in ¢omputation, modeling, visualization, search for information,
communicat ing dynamic virtual mathematical investigations and

® context-sensitive ne rni
individuals &i 0
public (attracti

g, and knowledge building and sharing;
ividuals and groups in mathematical activity when the learner
re active, autonomous and intrinsically motivated, the teachers
rn become learners and collaborators, as well as guides and
rs; specialists and experts play new roles of software and content
developers together with educators; many human resources are involved in
management and marketing activities.
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With our concept of using technology to provide challenges beyond the

and cognitive characteristics, as well as theories of 1
interaction. In this environment, the computer serves’n
the solution of challenging problems.

Our survey shows that pedagogically and techno
tion of ICT supported resources in beyond tl“las T

highly on the successful resolution of several issueN

3.7.1 Conception

lly effjCient integra-

ctices depends

Issues include:

e how to produce challenging edu
all questions related to the déve
factors of time, costs and human and te gical resources;

e how to make it known to potential users {learners, educators, and general
public), promotion, access, se engines (possibility of informational over-
flow—too many resources);

e how to construct and ma on information space and challenging
mathematical activiti i s, learning theory based on technical

ystrumental and environmental gen-

cess, security and ethical issues, reliability
adaptability, speed;

ps of users with access to rich resources (we

ataloguing, creating a place on the Internet and

aJlenging mathematics and challenging information

nd’ maintenance which includes

esis), organization and con
of the content, inter 2
e how to provide dif t
need tools fi cti
building a netws

systems). :

3.7.2 Fo

Thsg are ays of relating ICT and challenge in mathematics, through

hallenging mathematical activities of all kinds (such as puzzles,

establishing forums for discussion;
providing competitions.
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(ICT tools are not normally used in competitions, but the forms of mathe-

matics competitions are often diversified. A problem might be pos r
different way. For example, candidates might be directed to find a er
certain figure or to discover an equation.)

ticipants

Participation in these activities may have a positive impact o
in many aspects:

fun (emotional and social pleasure); .
deeper understanding of mathematics;
boosting and empowering of the mind;
new ways of learning (more creative, divergent thi ;
use of a variety of learning tools;

adjustment to individual needs (such as,ada r pace and style)—
personal challenging environments;

stimulation and motivation to pursue math 1vities;

evaluation of accomplishments (publicatio

access to challenging, special instpmunents erimental mathematics
environments;
adaptation of resources to a par ulation of learners;
provision of the pleasure of pe ifficult intellectual work;
provision of a rich context for mathe
discovery of new interdisciplinary links;
discovery of new faces of mathematics (showing that mathematics can be
more than solving routine pro s and doing exercises);

appreciation of the usefuln thematics;

e development of a social i g a part of the community.

3.7.3 Content

In order to ens
to re-create math
challenging co ents:

the,rea n of the opportunities discussed above, we need
vironments to which technology could add more

® programmi : informatics contests without formal programming;
construction ms: how to construct concrete figures, new pictures

an electronic form);
e mathematics clubs on the Internet;
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e interactive games with mathematical content (e.g. save a community of
mathematicians, magic squares, Sudoku);
e tools of construction and investigation (LOGO, dynamic geom SO e
(Geometry Sketchpad, CABRI)).

3.7.4 Implementation ® Q

Practical questions on implementation will include:

e to whom resources are directed (ICT for speﬁlist 1 teachers);
e how to start and to boost challenging lear T a ies beyond the

classroom:;

e how to keep learners challenged: will t inue’ they change their
attitude?

e how to evaluate resources;

e how to improve the quality of a . ob eedback from visitors,
monitoring activity;

e how to maintain statistics of vi berof users may decrease with
increasing difficulty of mathemia ent

3.7.5 Research

We have pointed out how ICT] any positive impacts on mathematical
teaching, learning, and r ions. Ther&is an important body of research that
has studied these impacts ional settings.

For example, the study o fficacy of online teaching conducted by
Taylor and Maor (20 d the Constructivist On-Line Learning Environ-
ment Survey (COLL to assess university students enrolled in online
courses with r&

to ions, professional relevance, reflective think-
ing, interactivity, ive demand, affective support, and interpretation of

meaning.

While preliminary rgsults report that students have high expectations in
relationship to thinking and affective support, relevance and inter-
pretation, the 1ses questions about cognitive support and interactiv-
ity. The f related to the perception that the role of the tutor in
i assumptions, stimulating their thinking and modeling
seand reflective thinking is important, but not always. Excep-
e cases of monologue-like interaction rather than dialogues and

ies beyond the classroom. One of these studies was conducted by the
NRICH.team (Jones and Simons 2000). Research data collected from students’
questionnaires revealed some important characteristics of such activities:
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e The main source of information about web sites came from browsing the net
and recommendation from parents to teachers.

® Access to such resources can be sometimes from the schoo
from home, and in a few cases from a public library or otherp
location.

e For most young participants there was no access to othg
facilities (such as “mathematics clubs™) at their sch

® The majority of pupils accessed NRICH about on
accessed the pages of mathematics problems and pu

e There was little difference between the relative usa

boys.

e Pupils had positive views about the activi& y the NRICH
project and almost half of them said th better than the
mathematics they did in school.

e Most pupils argued that NRICH had madg e interested in mathe-

matics and more likely to continue studying

One of the important characteristi integration as a research field
consists in a constant developmen
innovative pedagogical ideas. F
developed a new project called VMT
org/vmt/TheVMTProject.pdf).

It gives members of this Interngt community an opportunity to form differ-
ent groups using three types of virtual environment: open rooms for anyone,
restricted rooms for people invi ¢ person who created them, and limited
rooms allowing someonewhgwa iginally invited to ask for permission to

e, the' NWS, mathforum.org, has
ath Team, vmt.mathforum.

join.
It also creates opportuni arious types of challenging mathematical
activities like posing a ing problems together, exploration of open-ended

ordgr to develop interesting questions related to
the world, and finally, organization of discus-
ated to mathematics, such as perplexing questions or

mathematics situatio
studying struct.l ro
sion on an open t
difficult homew

The immen

pr .
for ation available on the Web along with stimulating
digital or com resources gives the potential of the Internet to link
learners with of knowledge around the world. The VMT project
c antages of technological innovations offering unique oppor-

% sing mathematical discussions, which are rarely found in

poms that depend on one teacher, one textbook and one set
o engage and train a room full of individual students over a long

ence documented by the Math Forum research team shows that
nal forms of learning can now be supplemented through small-group
experiences of VMT chats, incorporating a variety of adaptable and tailored
personal interactions.
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It is also important to underline that as with many other challenging math-

expertise, devote their time and energy and thus contribute to the
of mathematics.

cite the Interactive Mathematics Miscellany and P
parents and students who seek engaging mathematicsﬁ

education (www.mccme.ru/). These examples illustr
resources that can be created or collected to e‘cat rtain everyone
who loves mathematical challenge.
Summarizing our findings, we can say tha
enhanced by technology is an important and™p
development and has an enormous potenti
technological and educational development a
room” practice.

ging mathematics
Id of research and
ence both innovative
n and beyond the class-

dy o

3.8 Conclusion

Technology can bring new dimengions in challenging mathematical activities in
and beyond the classroom. IC en used appropriately, supports teaching
and learning in terms of reso Is, and contexts. But it has to be made
clear that technology caanot comp replace standard methods of mathe-
matical work and play.

Sometimes, the use of tec
tion of mathematical
sions or solutions. So
applied to anal.n al
ematical activities
of proving disco

can ¢ven lead to the incoherent representa-
and relationships, and thus to incorrect conclu-
critical thinking and logical mindtools should be
es. Moreover, challenging experimental math-
means of technology do not eliminate the necessity
s (www.lettredelapreuve.it/PreuveAvertFR .html).
-crayon environment thus keeps its value and even
ient on many occasions.

ated by research, that the most important advantage of
the diversification of teaching and learning approaches,
ic aspects of mathematics, and, especially, learning through
h others. All these aspects have to be taken into account by
stems in mathematics whether or not technology is being used.
ology can help indirectly to give a new boost to mathematical and

proves to be m
It is also a

Technology ... increases the range and nature of experiences that can be provided for
the learning of [complex and abstract] subject matter... The interactive character of
modern technology can support reasoning by amplifying the nature and boundaries of



Chapter 3: Technological Environments beyond the Classroom

scientific models of objects and events. But the full realization of the potential of such
experiences will still rely on students’ access to conversation partners who
discussions in which these models and concepts are validated. Technology
be seen as replacing such communication but rather as providing a
supporting it. (Sdljo 1999)

We summarize what technology can bring to all members
community in terms of mathematical challenge beyon$he c
a

1. Technology can give access to the resources th
accessed.

2. Technology can provide a free choice of resources the level and
the particular needs. g

3. Technology can provide dynamic tools of m ical investigation giving
a chance to modify parameters of an acti i tive way.

4. Technology is a valuable tool of communi bout mathematics with
other people.

5. Technology empowers the people with the
operations and more sophisticate

nts, facilitating routine

Technological tools finally hel
time, more adequate mental repres athematical objects, struc-
tures, and operations through model g and experimentation, thus
contributing to the promise of more positive experiences in mathematics for
everyone.

complex and, at the same
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Chapter 4
Challenging Tasks and Mathematics Lear

Arthur B. Powell, Inger Christin Borge, Gema Inés Fioriti, Ma

Elena Koublanova, and Neela Sukthankar .

g0a enging mathema-
tical problems and the cognitive importance 0 lving schemas. We
distinguish between mathematical tasks, exey hallenging problems
and discuss how challenging problems ynstruction of problem-
solving schemas. Similar in purpos

Chapter 5, we offer six diverse exa ging mathematics problems
from varied cultural and instructi . each example, we examine
issues related to its mathematical, co idactical aspects. Two exam-
ples are research-based and accompanie nalysis and discussion of stu-

their use in practice. In the aggre@ate, the examples illustrate how challenging
mathematics problems are suit arange of learners and diverse didactical
situations; how such proble instruments to stimulate creativity, to
encourage collaboration formation of problem-solving sche-
mas; and, finally, how the ing problems invite educators to study
learners’ emergent mathemat as, reasoning and schemas.

4.1 Introduc’

4.1.1 A goal foPchallenging mathematical problems

In many count ents have come to experience school mathematics as
napproachable, a mysterious activity quite distinct from their
eserved for people with special talents. After repeated failure
tics and estrangement from the discipline, students often
imilar to what a student once expressed to the first author:
is something that you do, not something that you understand.”

.B. 0%)
Rutgers University, New Jersey, USA

e-mail: powellab@andromeda.rutgers.edu

E.J. Barbeau, P.J. Taylor (eds.), Challenging Mathematics In and Beyond
the Classroom, New ICMI Study Series 12, DOI 10.1007/978-0-387-09603-2_5,
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Similar views emerge from other students’ school experiences. A con51derable
proportion of such students become excluded from meaningful p
in academic mathematics. This is particularly true of students who
of socially excluded sectors of their societies, lacking in privileged ¢
social capital, to use Bourdieu’s (1986) categories. As Zevenberge
“aspects of pedagogy and curriculum. . .can exclude students .
of language, work, and power are implicated in the con
it becomes [important] to understand how we can cha
that they become more accessible and equitable for Qur sfu . 219).

To contribute toward making mathematics more
less exclusionary and, thereby, more inclusiveﬂls sits the use of
mathematical tasks that have particular characteristi ther, in addition
to the social function of inclusion, such tasks e sychological and
cognitive consequences. The chapter will e gaging students in
solving challenging mathematical problems ca to construct effective

and important problem-solving schemas. Thi ical goal is to engage
students with different mathematical different settings so that
they can further develop their mathe as, reasoning and problem-

A paramount goal of matherati ucation is to promote among learners
effective problem solving.
ability to solve individua
previously encountered.
we first discuss our undg

The meaning of ma

tively problems that they have not
e of schemas in achieving this goal,
f problem solving and then that of schemas.
al “problem solving” is neither unique nor uni-
versal. Its me g dep ontological and epistemological stances, on
philosophical E\llgv atics and mathematics education. For the pur-
scribe to how Mayer and Wittrock (1996) define

e problem solver (Mayer 1992). According to this definition,
as four main characteristics. First, problem solving is cognitive—it
oblem solver’s cognitive system and can be inferred indirectly from
blem solver’s behavior. Second, problem solving is a process—it
ting and manipulating knowledge in the problem solver’s cognitive
, problem solving is directed—the problem solver’s thoughts are moti-
s. Fourth, problem solving is personal—the individual knowledge and

Coupled with these cognitive and other psychological characteristics, pro-
blem solving also has social and cultural features. Some features include what
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an individual or cultural group considers to be a mathematical
(D’Ambrosio 2001, Powell and Frankenstein 1997), the context i
individual may prefer to engage in mathematical problem solvi
problem solvers understand a given problem as well as what they ¢o
adequate responses (Lakatos 1976). In instructional settings, st
solving activities are strongly influenced by teachers’ repres
gies, which are constrained by cultural and social factoss,(Cai

An attribute that distinguishes expert mathematic
less successful problem solvers is that experts have
abstract knowledge about the underlying, similar
common classes of problems—to form solutionsde pr
problem schema, as Hayes (1989) characterizes 1t i
about the properties of a particular proble

The role of schemas in mathematical proble
by psychologists and cognitive scientists, as athematics education
researchers. Below is a summary of this resea

general terms a
of information

e Experts can categorize problems igto types based on their underlying math-
ematical structure, sometimes a reading only the first few words of the
problem (Hinsley et al. 1977, ermann 1982).

e Schemas suggest to experts what a the problem are likely to be
important. This allows experts to focus o portant aspects of the problem
while they are reading it, and toiform sub-goals of what quantities need to be
found during the problem-s process (Chi et al. 1981, Hinsley et al.
1977).

e Schemas are often equipp
are useful for formula

iques (e.g. procedures, equations) that
olutions to glasses of problems (Weber 2001).

To illustrate the notion an of schemas for problem solving, consider
the following problem, en start at the same spot. The first man walks
10 miles north and 4 m! ast,/The second man walks 4 miles west and 4 miles
north. How fal.a ar o men? In discussing a similar problem, Hayes
(1989) notes that erienced mathematical problem solvers read this
statement, it wil ke ht triangle schema” (problems in which individuals
walk in parallelor orthogonal directions to one another can often be solved by
constructing a iate right triangle and finding the lengths of all of its
sides). A techmni solving such problems involves framing the problems in

finding the missing length of a right triangle, setting as a sub-goal
% of two of the sides of the triangle, and using the Pythagorean
¢ the length of the unknown side.

ematical tasks, exercises, and challenging problems

In the mathematics and mathematics education literature, no universally
accepted definition exists for the mathematical terms “task”, “problem”, or



Challenging Mathematics In and Beyond the Classroom

“exercise” and for the appellation “challenging” when describing a mathema-
tical task or problem. In this chapter, as a starting point, we use Ha

now [an initial situation] and where you want to be [an adequate res
you don’t know how to find a way [a sequence of actions] to cros
have a problem” (p. xii).

In other words, “a problem occurs when a problem ﬂer we
a problem situation from the given state into the goal state
method for accomplishing the transformation” (May
p- 47). For something that may or may not be a pro
use the generic term “task”. To complete a mat}gati
needs to apply a sequence of mathematical ac

obvious
ittrock 1996,

tial situation to
atical actions, the
problem solver will have to represent the gdp v or physically—which is
to say, to understand the nature of the proble

The definition provided by Hayes provided by Mayer and
Wittrock suggest grounds to distingui osely related tasks: exer-
cises and problems. Distinguishing t
eration of the problem solver. A m an exercise to an individual
learner if, due to the individual’s exper rner knows what sequence of
mathematical actions should be applied t eve the task (such as knowing

reflecting on the solution to e t produced an appropriate response.

A mathematical prob ay presenfyseveral plausible actions from which
to choose (Schoenfeld 1
challenging if the individ are of procedural or algorithmic tools that
are critical for solving oblem and, therefore, will have to build or other-
wise invent a subset o tical actions to solve the problem.

For instance‘ high school geometry are problems, and some-
times difficult on prover needs to decide which theorems and rules
of inference to many alternatives (Weber 2001). However, proofs
that require t
theorems woul
mathematig S, learners build what are for them new mathematical
ideas and d their previous knowledge.

>

y fr

e of challenging problems to promote
schema construction

In mathematics education, challenging mathematical problems have psycholo-
gical and cognitive importance. Since “problem-solving expertise is dependent
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upon the acquisition of domain-specific schemas” (Owen and Sweller 1985,
p. 274), many researchers argue that an important goal of the mat atics
curricula should be to provide students with the opportunities
problem-solving schemas (De Corte et al. 1996, Nunokawa 200
What is less clear is how this goal should be achieved. Marsha a
that the issues of how students construct problem-solving sg % nd what
types of environments or instructional techniques mi%fost ese gonstruc-
tions are open questions in need of research.

Some psychologists and mathematics educators have at students

construct schemas by transferring the solution of to another
superficially different but structurally anal'us (Novick and
ents often have

Holyoak 1991, Owen and Sweller 1985). Unfo

) ing the solution of
one problem situation to another (Lobato "2 ieberty 2002, Novick and
Holyoak 1991). Accordingly, it is suggested A construction can be
facilitated by providing students with, basic to which that schema
applies, both to increase the likeliho ansfer and to minimize
the cognitive load that students use roblems, thus leaving more
resources available for learning r 1985). Contrary to these
findings, discussing a long-term rese on the development of stu-
dents’ mathematical reasoning, Francisco Mabher (2005) report evidence
that students often develop a rich yunderstanding of essential ideas in the context
of solving complex, challenging™problems. In this chapter, in one specific
example among others, we will illustrate how students developed a powerful
combinatorial schema while nds of problems that were challenging
(in the sense described eatlier in this chapter).

4.2 Categoris of @-g mathematics problems

There are many di categories of mathematics problems that are suitable
as challenges foraslear a group of learners. This diversity is also discussed
and illustrated apter'S of this volume, and Chapter 3 has treated the issue
of challenging tics and the use of information and communication

A a specific mathematics problem is a challenge depends
1 experience of an individual learner. Nevertheless, appro-
be given to mathematically talented students as well as to
and struggling students, be they children, teenagers, or adults.
as will be discussed later in this chapter, there are important
sychological and social reasons that all students should be
challenging mathematics problems. In this chapter, we present
pes of challenging problems, some of which are about paradoxes,
counterintuitive propositions, patterns and sequences, geometry, combinato-
rics and probability. It goes without saying that the categories of challenging
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problems that we present are neither comprehensive nor exhaustive: there are
many areas of elementary and advanced mathematics that our exam,
include.

Not only is it important to consider the type of problems to u e
contemplate the physical settlng and pedagogical climate in ¢

informal as an afterschool program or with street ki
public space. The pedagogical approach may include ve'or coopera-
tive learning with an instructor as a facilitator or i of learners
presenting their solutions. The actual mathematical be selected
by students or be a sequence of challenging prob ibute to students
building problem-solving schemas.

4.3 Challenging mathematics problem a development

We present six diverse examples of ngin ematics problems from
varied contexts, one in this section, four imSection4.4, and a final one in Section
4.5. Some of the examples that we in several challenging problems.
The first and third examples are empi , while the remaining four are
informed by reflection on practice. Follow presentation of each example,
we provide three types of analysis: mathematical, cognitive, and didactical. The
two research-based examples apé\each also accompanied by an analysis of
students’ work and a discussion.

4.3.1 Strands of chal athematical tasks

In this section, based o
time students ¢
from their wor

ysis of Weber et al. (2006), we exemplify how over
n dev an important and effective combinatorial schema
Ly d of challenging problems. The students’ build-
ing of problem-s emas related to combinatorics occurred within the
context of a lo dy, now in its 20th year, tracing the mathematical
development of\students while they solve open-ended but well-defined mathe-
matical proble r 2005).

] allenging in the sense that students often initially are not
1 or algorithmic tools to solve the problems but are asked to
problem-solving context. The strand of problems presented
an environment in which collaboration and justification are
nd teachers and researchers do not provide explicit guidance on

, that judgment being left to the students.

ct of this study was that students worked on strands of challenging
tasks—or sequences of related tasks that may differ superficially but designed
to pertain to identified mathematical concepts. The use of a strand of
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challenging problems allows teachers and researchers to trace the development
of students’ reasoning about a particular mathematical idea over 1 iods
of time (Maher and Martino 1996).

This study in which the challenging mathematics problems were
important distinguishing feature. Most studies examining schen
or transfer take place over a short period of time in conceptual
students have limited experience (Lobato and Siebertg2002). , mean-
ingful mathematical schemas are likely constructed over sighi
time after students become accustomed to the domaig being 4

Hence, Anderson et al. (1996) argue such studies evidence of schema
usage and transfer in places where one is least likelgato f1 re not aware of
long-term studies in mathematics education tha ema acquisition.
at Maher (2005)

S S

describes has the potential to offer unique researc an important area.

The following set of mathematical challeng mple of the problems
in a strand of combinatorial tasks. i problems in the strand
allowed students to develop mathem asoning strategies within

a particular domain.

To provide a comprehensive
develop problem-solving schemas wit
detail a case of five students from a resea
(Weber et al. 2006).

First, we present three probl
students in the study—a brie
indicate cognitive, mathemati
ging with these problems.
a group of five students so
in the next section, w, se
challenging for the co n

4.3.2 Examplesfiro strand of challenging mathematical tasks

ssibility that students can
fic mathematical domain, we
project at Rutgers University

—challenging for the particular group of
matical analysis of the problems, and
es that learners can build from enga-
vide results and a discussion of how
oblems. Following this presentation,
ther examples of mathematics problems,
ich they have been used.

The Four-Topp Problem

A local pi s asked us to help design a form to keep track of certain
pizza choi offer a cheese pizza with tomato sauce. A customer can then
wing toppings: peppers, sausage, mushroom and pepperoni.
many different choices for pizza does a customer have? List
le choices. Find a way to convince each other that you have

Your group has two colors of Unifix cubes. Work together and make as many
different towers five cubes tall as possible, each with three red and two yellow
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cubes. See if you and your partner can plan a good way to find all the towers
four cubes tall.

The Taxicab Problem
A taxi driver is given a specific territory of a town, showngbel
originate at the taxi stand. One very slow night, the driver 1
three times; each time, she picks up passengers at ‘3 f
indicated on the map. To pass the time, she considers ossible routes
she could have taken to each pick-up point and ers 1 could have
chosen a shorter route.

What is the shortest route from the taxi sta‘t eac ? How do you
know it is the shortest? Is there more than o shw to each point? If

r.

not, why not? If so, how many? Justify you,

R

=

taxi stand

AL

4.3.3 Math@analysis
4

The ansv@ first task is > (‘:) = 2% The second has as an answer
r=0

= __ "= or, equivalently, (g) The answer to the third task is

! |
<7> 7! =35 and <10> —£:252 for the three

4) " a3 5 ) 7 58!

pickup points. However, these problems all have the same underlying mathe-
matical structure that can be associated as a “Pascal’s triangle schema.” The
students in the research project had not studied combinatorics, were not
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familiar with the standard notation for permutations or combinations, and yet,

as we will show, they correctly solved the three problems by otheQ
4.3.4 Cognitive analysis

Based on teaching and research experiences, the mat’n tic
soning strategies that students are likely to develop o

following:
. counting without omission or repetition; ‘
symmetry;

nd rea-
e include the

1

2.

3. powers of 2; ~

4. Pascal’s triangle;

S. counting the number of distinct subsets, ¢ (Z) =,C,;

6. reasoning by controlling variables mi h independent variable

to change and manipulating this independentvariable to determine changes
in the dependent variable);

7. reasoning about isomorphism

Table 4.1 Taxonomy of iso

mﬁrphisms amoéng three mathematical tasks

Taxicab Towers Pizzas
Objects East and south ed and blue Unifix Different toppings
vectors ubes
Actions Go east or s Affix red or blue Add a topping or no
N ifix cube topping
Products Different shortes Different Towers Different Pizzas
taxicab

4.3.5 Studen’
of challengi s

roblems from a strand

Weber et al.
ICMI Stud
the long-
examine
i a) SO

epared the work excerpted in this section for the
tudents whose work is analyzed are participants in
ili! dy described by Maher (2005). Here, Weber et al. (2006)

group of five students (Ankur, Jeff, Brian, Michael and
phe three problems presented above when they were in 10th
es.

many pizzas are there with four different toppings?

In a 10th grade session, Ankur, Jeff, Brian and Romina used case-based reason-
ing and various counting strategies to obtain the correct answer—fifteen pizzas
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with toppings plus one pizza with only cheese and tomato sauce. Michael
developed a binary representation to create each of the pizzas.
pizzas was represented using a four-digit binary number, where
was associated with a place in that number, where a one signific
topping was present on the pizza and a 0 signified that the toppi
For instance, with the four toppings—pepperoni, sausage,
room—the binary number 0010 would refer to a pizza
Michael was able to use this notation to explain why 16%i uld*be formed
when there were four toppings available and convince that there
would be 32 pizzas if there were five toppings a other group
members believed that there would be 31, not 32spizz

At the end of the session, the researcher a:
reminded them of any other problems. Bria
the problem of forming four-tall towers fro

if this problem
ers”—referring to
w cubes. However,
he same”, since more

mushroom more than once on the to
this time accepted Ankur’s explan
sented the towers problem using bi
refers to the nth cube in the tower, 'wit
cube. For example, 0010 would represen r-tall tower in which the third
block was red but the other three were yellow. Hence, using this binary nota-
tion, Michael was able to show hi§\group a correspondence between the towers
and the pizzas. (For an elaborated analysis of Michael’s binary representation
and how he used it to indica orphism between the towers and pizza
problems, see Kiczek et 01.)

There are two things oting ut these problem-solving episodes.
First, when students were ini mparing the pizza and towers problems to
one another, they did m,to see the deep structure between the problems.
In fact, Ankur argue problems differed significantly. The connections
between the probl t immediately perceived but were only con-
structed by Mic eflection. Secondly, the notational system that
Michael develo orking on the pizza problem was critical for the
construction ofthis corrgspondence.

he following week, Michael repre-
ton—the nth digit in the notation
ifying a yellow cube and a 1 a red

4.3.5.2 Li e pizza problem, the towers problem, and Pascal’s triangle

tudents were invited to further explore the relationship
problems and tower problems. They were asked to determine
e-tall towers could be formed with three yellow blocks and two
sing Michael’s binary representation, they translated this pro-
mine how many five-digit binary numbers with three Os and two
formed. By controlling for where the first one in this sequence
occurred, the students were able to deduce that 10 such towers could be
formed. Note that the methods Michael developed to cope with the previous
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pizza problems were now a scheme that the students used to make sense of a
new pizza problem (see Uptegrove 2004). After obtaining their
researcher introduced students to Pascal’s triangle, explained how,
of Pascal’s triangle were the coefficients of the expression (¢ +

the terms in Pascal’s triangle were often represented usin bin i
notation. For instance, the fourth row—I1, 4, 6, 4, l—catten as
r

OGO ey

y one. After
o make these links.
’s)triangle corre-

erstand

what these coefficients might mean in terms of what t
thinking about these problems, the students were
They noticed the 10 that appears in the fifth ':v i

sponding to the expression (;) also corre onw-tall towers with
two red blocks (and three yellow blocks). Fu investigations led these
students to describe the relationship betwee
problem—namely, that the (7) 3 gle corresponds to the

number of pizzas that could be f i ppings if there were n to

choose from. These students coul

n n _(n+1 R ) .
<i> + (i n 1> = <i 1 ) (Pascal’s Identity) were true by using the towers

problem and the pizza proble

4.3.5.3 Solving the taxica blem

Two years later, Michael, R Jeff and Brian (now in 12th grade) were
given a version of the roblem. In essence, they were asked how many
ways that a taxi could a shortest route along a grid to go four blocks down,
one block right bl n, four blocks right; and five blocks down, five
blocks right. Thi d, as a challenging problem for the students. The
solution to thi ble ore or less requires the application and use of
combinatorial fechniqugs, yet the students solving this problem had not used
such technique o solve novel problems. The initial stages of the stu-
dents’ activi loratory in nature. They worked to make sense of the
e initial conjectures that turned out to be incorrect (for
distance from the starting point to the endpoint would tell you the
est routes), and tried to answer the question by explicitly
ounting the routes.

s if it would be possible to “do towers” to the problem. Michael
note that the distance to one of the points is 10 and wonder if
umber of shortest routes to that point is 2'°. Later, the students
attempted to solve the problem by finding the number of shortest routes to
corners close to the point of origin (e.g. there are two shortest routes to go
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one down, one right; three shortest routes to go two down, one right). They
produced a table like the following:

11} 1] 1] 1 ¢
11 1] 3| 4] 5 °
1 1] 6|10/ 12 .
1| 4]10]15 ~
! 0 \P

m units to the east, n units south.

Romina notices that the fourth diag is the sequence 1, 4, 6, 4,
1 and declares, “it’s Pascal’s triangle
spond to the rows of Pascal’s trian
next diagonal would not be corr
evaluate the number of routes it takes
Brian announces that he found 15 routes, Michael comments, “it means that it is
the triangle.” A little later, Romina writes a 20 in the box for three right, three
puting this value. At this point, Michael
asks his colleagues how they k i s 20. Jeff responds that if they can show

at the 12 and the 15 in the
case and asks Brian to re-

To understand why P
routes to any points on th
the triangle back to the s and focuses on the 1 2 1 diagonal. She notes that
all of the points on thi onal are two away from the starting point and this

also forms the .3 dr scal’s triangle. Further, she notes a connection
between the middl in that column—with towers, the middle entry would
refer to a two-tall.tow one yellow and one red block; with taxicabs, this

refers to a trip ne across and one down. Likewise, the entry two down, one
right, would re wer that was three-tall, with two yellow and one red
blocks, or the cation three away, with two down and one across. The
he rest of their grid in accordance with Pascal’s triangle. For
filled in the cell for five down, two over, they reasoned that
fites would correspond to the fifth entry of the seventh row of
le (not counting the beginning 1) since it would be “five of one
of another thing.” At a researcher’s request, Michael also
onnection between Pascal’s triangle and the pizza by using his
ber notation. For the taxicab geometry problem, a 0 would indicate
going down and a 1 would indicate going across. Hence, using the example of
going two down and one across, one would need to find the number of binary
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strings that have two 0s and one 1. In their work relating Pascal’s triangle to the
pizza problem, the group had already established that this would
entry (ignoring the first 1) of the third row of Pascal’s triangle.
group was able to use these constructions to answer the given qu
instance, the number of shortest routes to the point that was fiyessi

4.3.5.4 Discussion—strand and schema

In the first two excerpts above, we illustrated ho dents“g¢onstructed a
powerful problem-solving schema for solvin problems. We
then illustrated how students applied that sc solve the challenging
taxicab geometry problem. The applicatio not only allowed
them to construct the solution to the probl but i ovided them with a
deep understanding of their solution and enp Schema that they had
constructed. In this section, we will discuss fo of our problem-solving
environment that enabled students to structions.

First, students were asked to work’on ing problems. If students were
asked to work on problems for whi dy had strategies, they may
i that they had learned would
be applicable to the problem. As the stu eeded to develop techniques to
make progress on these problems, this was not an option for these students. A
particularly important precursofjtoward developing the schema that these
students constructed was the ment of useful ways of representing the
problem. Michael’s binary re n of the towers and the pizza problem,
in particular, paved the it to see the deep structure that these
problems shared. One ge indi m the longitudinal study was that
students developed powerful ntations in response to addressing challen-
ging problems (Davis aher 1997, Maher 2005).

Secondly, stlﬁnts asked to work on strands of challenging problems
that were superfici but shared the same mathematical structure.
This provided st ith the environments in which schemas could be
constructed. R che so fostered this construction by encouraging stu-
dents to think @bout haw the problems they were solving might be related to
problems that solved in the past. However, we believe that having
students wos ds of challenging tasks is a necessary but not sufficient
a construction and usage. Students also need time to
d benefit from heuristics that guide their explorations in

dents were given sufficient time to explore the problems and were
opportunities to revisit the problems that they explored. The
not instantly see the connections between the towers and pizza
or did they see how the taxicab problem was related to either of
these problems. It is especially noteworthy that students initially believed that
the towers and pizza problems were similar, but also differed significantly, and
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that Romina’s initial suggestion to relate the taxicab problem to the towers was
not immediately pursued. Further, as the students revisited prob eir
representations of the problems became increasingly more sgphi
enabling them to see links between the problem being solved a
problems on which they had worked. As Uptegrove (2004) i
of the connections students made could be traced back to
sessions on which they worked months or years befor

Finally, as Powell (2003) emphasizes, the heuristies t ents used in
their problem solving enabled them to relate the proble jon to their
schema. Among the heuristics that the students used ing: solve a
difficult problem by solving easier ones (beforegdi ber of shortest
routes to a location ten blocks away, find the test routes to a

location two blocks away); generate data andfleokto s; and see if there
is an analogy between this problem and a f one (Powell 2003). Without
the use of these heuristics, the links to an exis a may not have been

made. However, the disposition to use such cs was likely developed

Uptegrove 2004). Moreover, these
a process that Powell (2006, p. 33) ergent cognition.

4.4 Other examples and contexts for challenging mathematics
problems

amples of challenging mathematics
ich each has been used. In the fifth

In this section, we pres
problems and describe t
section, we present anoth
earlier, the second ex 18 section is empirically based, while the
remaining three are in d by reflection on practice.

4.4.1 Examp u producer

The Context
The problem

cuss as an example of a challenging mathematical task is
Producer, and we consider two different settings where it has
st setting, the participants were students taking part in an
w for the University of Oxford, UK. The student, while alone
viewer, was given problems on a piece of paper and had paper

student should attempt to solve in front of the interviewer, to
rmation on his or her potential as a mathematics student, and hence
on whether to offer this student a place. The student was given some time to
think about the problems before the discussion with the interviewer started.
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(The Number Producer was suggested as a problem by Juliette White of the

Open University, UK, and has its origin with Smullyan (1982)).
In the second setting, the participants were third- and fourth

matics students at a teacher training college in Vestfold, Norway.

presented with the Number Producer problem in class wheregi

through. They were then given the problem as an assignme hand\in after

five days. Some worked in groups, others indiViduah So | or and

i

received hints and clarification via e-mail. After the so -
The Number Producer

in, there was a discussion of the process.
In this problem, a number means a positive integel‘i in al notation with
all its digits non-zero. If A and B are numbers, by 4 e number formed
when the digits of 4 are followed by the digits 6 d not roduct of 4 and B.
For any number X, the number X2.X is called the of the number X.
There exists a machine. When you put a
while a number comes out of the ma€hine. He , the machine does not
accept all such numbers, only some ers accepted by the machine
are called acceptable. We say tha oduces a number Y if X is
acceptable and when X is put intd't i
The machine obeys three rules:

R1. For any number X, the number 2X is acceptable, and 2X produces X.

R2. If a number X is acceptabletand produces Y, then 3X is acceptable and
produces the associate

R3. If you cannot decide t
is not.

is acceptable from R1 and R2, then it

Questions:

. What is the associa
. Foreach of m
is acceptable, fi

(a) 27482
(b) 435
(©) 25

() 325

594

[N

below, find whether or not it is acceptable. If it
number it produces.

describe the numbers that are acceptable?
. Can you think of a number that produces itself?
5. Can you think of a number that produces its associate?

A .
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Mathematical Analysis

We note that the presentation of the problem is as it was given to the

participants (translated). In the interview setting, questions 2

grouped together as one question, as were questions 4 and 5.
Those who know about functions might think “functie

“machine” when they read through the Number Producer.

is posed in order to build up the mathematical action tl’whe ¢

symbol AB, one should think concatenation, and n iplication, of the

numbers 4 and B, and also posed to assist students to gra finition of

the associate of a number. Hence, one should find t e assogiate of 594 is

5942594. ’

Questions 2 and 3 help the problem solver and how the machine
eptable numbers,
whereas the others are acceptable. Also note e given numbers in
question 2 (a) is acceptable (and produces 74¢ not acceptable; (c—f)
should help the problem solver to see and crea érn (with answers 5, 525,
5252525, and 525252525252525, resp ; d by (g) and (h) which are
not acceptable; and finally we have (i heck®for the understanding (which
produces 5862586). From this, t er might have created the
algorithmic tool for answering questi cceptable numbers are of the
form “(possibly 3s)2(a number)”.

Once the problem solver has been able to dé these questions, he or she can try
to solve the final two questions, g what he or she now knows. (The answers
to questions 4 and 5 are “yes oduces itself”, and “yes, there is also a
number that produces its ass hich we leave for the reader to find!)

Cognitive Analysis
For a challenge to have
difficult, but “just out o
development, as it is re
this Study Vol.e in
7.3.2). For a parti
the possibility of.being

tical and cognifive chal
understood an
an alphabet in

effect on learning, it should not be too
atis, it should be within the zone of proximal
Vygotskian terms (Vygotsky 1978, defined in
.2.2.3 and also discussed in Sections 3.1 and
oup of learners, an appropriate challenge has to have
red. In the Number Producer, there are mathema-
ges, where the definitions and the notation must be
. For example, it might help to think of the numbers as
em. In any case, a learner also has to accept the rules the
ich in turn creates new mathematics for the learner.

g (the interview), all the students accepted the challenge
ome quickly started talking while others thought for a few
interviewer started asking questions to see whether the student

”»

d to

given in the Number Producer. This particular setting forced the
be extremely focused. They all said it was an interesting problem,
and managed to give most answers very quickly. Through the discussion the
interviewer could follow the process the students went through to understand
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how the machine worked, hence learning new mathematics. It was obvious that
none of them had seen this problem before. Seeing that they could t
the problems with the interviewer rather than just presenting the
could come up with gave a positive feel to a stressful situation.
discuss a mathematical challenge in such a setting is a valuablg

In the second setting (that of the teacher training studen
Producer was given as one of several problems togi
thinking as part of the history of mathematics. On
students give some thought to how new mathemati ince this was
the first assignment of the course, there were no imm e complaints, and all
the students went away to make an attempt at

However, it turned out the students spent a |

LK
oto on itand found it very
houg s too difficult for
S anaged to hand in
partial solutions, while a few didn’t hand i at all. As one of the
students said, “This is a problem where we ink for ourselves and
ed for help in textbooks
without luck. To these students th challenging, in the sense we
described in Section 4.1.3—the p
algorithmic tools that are critical for
have to build or otherwise invent a subset 0

problem, and therefore will
thematical actions to solve the

problem.
As for the solutions, some stddents just wrote the answer, whereas others
elaborated so that one could f eir process. From this, it was clear that

they asked themselves good
worked, and hence learn

order to figure out how the machine
And so they built what are for them
new mathematical ideas a hat they previously knew.

In the discussion tha veral points were made. Some felt that this
sort of problem could be ructive in the sense that some students lose
confidence wh oduce an answer at all. Further, they spent a
lot of time on t d some felt it was a waste of time when they could
not find any answers: er, it turned out that several students had started
thinking about this challenge was given, and one said, “I didn’t interpret it
as traditional hs, but thinking back I realize that maybe it was.” Also, they
learned what it to not always be able to solve a problem completely;
they were used to handing in almost perfect solutions to assignments.

Didactica
f the participants and the setting in which the challenge is
lications for learning. For example, in the case of the Number

e way they were, whereas the interviewed students were certainly
challenge. Another difference was that the teacher candidates had
more time to think about the problem, but they did not have the interviewer
with whom to discuss their insights. This makes the learning processes and the



Challenging Mathematics In and Beyond the Classroom

outcomes very different, and hence influences the effect of the challenge on
learning.

Another point to be made about the effect on learning from thi
motivation. The person presenting the challenge and the people
must have some sort of agreement beforehand: Why do this? i
students receiving the Number Producer were very clear on t
a non-typical classroom situation). The teacher traininggstude ereina
typical classroom situation), it turned out, were not.

Variation to the curriculum requires interesting a
order to have a positive effect on learning. For ex the teacher
candidates faced with the Number Producer gaid, an interesting

”

theory. All the ingredients are explained in the % atement. The first few

machine works, whereas the
ese new challenges are
easier to accept if you have done thefirst i then you want to apply the
things you have learned. Learnin and being challenged on it
immediately enhances learning. “No have understood how the
machine works, can you find a number w roduces itself?” It is in human
nature to learn, and we all need to be challenged on what we learn, otherwise we
lose interest.

4.4.2 Example: Patt

The Context
The turmoil following 01 erisis in Argentina led to many students dropping
out of school. T.s erl situation is indicated by the following statistics:
35 per cent of you en the ages of 15 and 24 neither study nor work; 13 per
cent of teenager ool; the unemployment rate among those under 29
years old is 13 per cent, among whom 54 per cent live in poor households.

In 2004, the ent of Buenos Aires started the Back-to-School pro-
gram for secenda dents, in line with the Zero Dropout Plan (for more
www.buenosaires.gov.ar/areas/educacion/desercioncero),
escent school leavers living on the margins of society. Its
a curriculum equivalent to that of compulsory secondary
t will lead them to gain the necessary official certificates and

The Zero Dropout Plan targets an important sector of the young population.
The participants in the Back-to-School program must be at least 19 years old
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and have interrupted their educatlon for at least a year, but be interested in and

in both their primary and secondary schooling, and many of the
their education with family and work responsibility.
Some students dropped out of school many years ago,
poor primary education. Many of them do not even go
and division algorithms nor can they use basic pro

poor and a high rate of absenteeism interferes with
first year, many have difficulty in adapting to tbsch

Pattern and Sequence Problems
The initial problems given to the students reqt
step or the result of a regular process, such as of the first n natural
numbers or the calculation of the number o siof a certain geometric
configuration. The geometrical conte s recognize the equiva-

escribe the general

(a) Determine the number eeded to form the sixth figure in the

sequence.
(b) How many matches w uild the 100th figure in the sequence?
(c) Find a formula for thesmumber of matches in the nth figure.

(d) Is it possible for o @ the\figures to be composed of 1549 matches? 1500
matches? .

Mathematical An
Algebra can be rs s a tool to model and handle problems of a certain
type. The procgss that students go through to obtain a formula for the number
of elements of a is reflected in the form of the expression found. At the
same time, helps students to appreciate the meaning of a “letter”
and get a feel for the correct use of algebraic expressions.

ts look for patterns, find formulas to describe them and produce
arguments to validate them. The teacher is not expected to “teach” the formulas
nor the students to “apply” them; rather the students have a chance to speculate,
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create, test and validate them. The problems are designed to admit multiple
approaches and formulas for the same process.

Cognitive Analysis
The work of the students illustrates how equivalent formulas are foun the
number of matches required for n squares. For example, stude S
new square as resulting from the addition of three matc %
formula n.3 + 1. Another formula 2.n + n + 1 o.e ro dents who
counted the horizontal matches in pairs, added in the verti es completing
the squares and finally the initial vertical match. Othe ent the formula
4 + 3(n — 1), noting the four matches for the first sque%v ree additional
matches for each new square. Finally, some stud ve 4. — 1), counting
er of vertical matches

four matches for each square and then subtracti
that were double-counted.

gt

is for introducing the
owing the equivalence
ept of multiplication as
+m—1)+ (n—1)and

notions of common factor and distributivity.
of 4+3(n—1) and 3n+ 1 many stude sed
repeated addition. They considered 3

e hand the ns and on the other hand
— 1)=3n — 3. We observed that the
commutative and associative properties in
they had not learned the symbolic formulation.
d the distributive property, which the students
could be formalized. Eventually, students would write
+ )=4+3n—-3=4—-3) + 3n=1+ 3n=3n + 1.
alence of two formulas is a gateway to algebraic manipula-
la imvolving a variable arises in some context, students can
erically.

yith an examination of the work of some students who

Then they added by as
the —1s leading to establis
students implicitly madg
connection with additio
From this, the ?1
had not yet worke
such equations as

Proving the

tion. When a f
check special ca

e calculations were tentative, the following one led to a correct

301 =100

x5
1501 = 500
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By this, the students wished to express that if 301 matches are needed for the
100th figure, then for the 500th figure, they would need 301 x
subtraction for the number of matches that repeat when conca
series of 301. They multiplied 16 by 3 for the matches needed for an
16 squares, and these added to the 1501 yielded 1549 matc n
required for the 516th figure in the sequence.

Didactical Analysis .
The problem was developed in one of the reinsertion sch illa Lugano, a
neighborhood of the city of Buenos Aires. The teache colla ed with had
a strong commitment to the project, positive expectat ex students and a
sound mathematical education. We collaborated im,desi problems that
were to challenge her students mathematical
We expect that the performance of the sttie on t oblem would help
provide a benchmark for suitable mathematicg ges. We plan to formu-
late what is a challenge from a theoretical e as well as from the
perspective of the teacher and stude h them, we will study
tically challenging activities
atics classroom and how a

from a socio-cultural perspective
can motivate students to participa

e participants can contribute
on as a step towards learning.

particular way of handling interacti
to a classroom culture that facilitates par

4.4.3 Examples: Probabi

The following two exam onstrate’how challenging mathematical pro-
blems can be used to engage s in a post-secondary, introductory prob-
ability course. In such se, students have difficulties in seeing connections
between basic probabil odel§ and word problems of a varying verbal content,
that are based . Furthermore, a typical dilemma for students in
this course is to ¢ a proper way, intuitive and strictly mathematical
approaches to lem ing. In order to stimulate students’ creativity, the
following course projedt was offered to students at Community College of
Philadelphia. ts have the option of selecting a challenging problem
from extern or attempting one suggested by their instructor. In the
dents selected the first problem, and the instructor offered the
ems were solved and presented to the class by students.

th Disease Problem

per hundred people has the infectious Foot-and-Mouth disease.
ility of a person with this disease testing positive is 0.9, and
ability of a person who does not have this disease testing positive

e What is the probability that a person who tests positive has the discase?
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Three Cards Problem

e Suppose you have three cards: a black card that is black on b
white card that is white on both sides, and a mixed card that is
side and white on the other.

e You put all the cards in a hat, pull one out at random, and p
The side facing up is black.

e What is the probability that the other side is also bbk?

Mathematical Analysis
The level of difficulty of both problems is higher tha of's d problems
in this course. The solution of the Foot-and-Mouth problem involves
such notions as conditional probability, co S ty and Bayes’
formula.

This is one solution presented by a stude

We define events as “Yes”: a person has th “No”: a person has no
disease; “Pos”: a person is tested positively; “ erson is tested negatively.

We can see P(Yes)=0.01 and P(N,
Then

P(Pos/Yes) =

What is P( Yes/Pos)?
Now the “branch probability”

P(Yes/Pos) x P(Pos) / Yes) x P(Yes) = P(PosN Yes).
Using Bayes’ formula?

(Pos/ Yes) x P(Yes)
P(Pos) ’

that is, .

P(Pos/Yes) x P(Yes)
( o0s/ Yes) x P(Yes) + P(Pos/No) x P(No)’

P(Yes

that is,

0.9 x 0.1 9 1
T0.9%x0.01+02x0.99 ﬁ_§_0'043““4%'

ive solution was also presented based on a tree diagram and
anch probabilities.

ee Cards problem is a well-known example of a counterintuitive
problem. This problem is discussed broadly in the literature (Nickerson 2004)
and on the Internet (en.wikipedia.org/wiki/Three_cards_problem). There are
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various solutions of this problem based on notions of reduced sample space,
conditional probability, and multiplication of probabilities.

This problem contains two types of challenge: mathematical a
gical. While the mathematical challenge is to find a solution, the ps
one is to be confident of one’s solution even if it may disag
intuition. An effective approach to solving the problem i
faces, three black and three white, with probability 1/

One of the solutions, based on Bayes’ theorem, is a nt E is to

P(ENF) P(F/E)x P
R

Another possible solution is based on the fo or conditional probabil-
ity and the reduced sample space for faces.

A quite popular approach employs the i
B1 and B2 are black faces on the blac
card, then one can see that the prob

The Three Cards problem w
courses and a calculus-based probabi tistics course, 50 per cent of
whose students were undergraduate majors athematics. In all three classes,
25 students in each, approximately, 60 per cent of students gave the same wrong,
“intuitive” answer (it was %2), afidthree students in each class presented the
correct answer and solution.

g faces of three cards. If
black face on the mixed
face being B1 or B2 is 2/3.
o introductory probability

Cognitive Analysis
In the introductory probability coursegmiany students are future elementary
school teachers. However, f them may be placed in a category of
“remedial and struggli athematics students with a strong math anxiety.
The goal of this cou roject is to combine methods of challenging and
collaborative 1 ing t udents develop logical thinking and creativity,

both of which are or future teachers.

In the cours je ere was a general opinion among students that a
word problem with an caling content, even if it is difficult, is more stimulat-
ing than an ea oring, non-contextualized problem. For instance, the
Foot-and-Me se problem was uptodate in its content since this disease

y in the press at that time. In addition, the result, showing
that a person who tested positively has the disease is as low

ree atmosphere. All students, including individuals with a weak
, found that they benefit from solving and presenting challenging
problems. Capable students, not previously identified in class, can be recog-
nized as informal group leaders in this process.
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Didactical Analysis
In the project, students were randomly divided into study group
asked to find challenging, curriculum-related problems, satisfyin
teria, and present their solutions to the class. Each group was also
to solve and present a second problem from the set of challeagi
offered by the instructor.

The project started with class discussion about iQp
outcomes. Students had four weeks to prepare the assi

blems, quality of presentations and effectiveness of t
Importantly, most of the groups selected in i

matter how difficult they were, and prepare tions carefully.
Students clearly described ideas and concep h problem, accu-
rately explained methods and formulas dpp rated validly with
mathematical notions many of which they ficult in routine class

studies. The audience met presentations with a'§
by animated discussion.
In evaluating the project overall, stdden his activity stimulating and
helpful for their success in the cla t carefully selected challen-
ging problems can be incorporated in ductory probability curricu-
lum and may be used dynamically throug e entire course.

4.4.4 Examples: weekly
The problems discussed are diffesent from the ones discussed so far, as
they were given in a class' ta in English to students with a different first

language. For the stud Papua New Guinea’s University of Technology in
Lae, English is a secon irdlanguage, so learning mathematics may require
multiple transl‘) . find it hard to interpret a problem, but can
normally solve it explained to them. The use of mathematical logic, the
conversion of w, s to mathematical ones and their solution is very
challenging fo hankar 1999).

In 1992, Su and her colleagues started a feature in the University
of Technolog ublication, Reporter, called “Fun With Mathematics,”
which con athematical quizzes. The problems were designed to create
interest in tics and to encourage maximum participation by the appro-
i of clues. They tried to add problems which would not only
ents to improve their mathematical skills but also teach them how
rd problems symbolically with proper mathematical interpreta-
tion and cosfect use of technical English words.

They found that a little help from the lecturers made a big difference in the
number of participants who used the clues to research a particular topic and
arrive at a solution. There were prizes awarded every week to the winning

o )
pr
m (S
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students. The student response to these quizzes was excellent, and consequently,
the Department of Mathematics and Computer Science decided(t
this feature of mathematical quizzes to the weekly publications g
versities and tertiary institutions in Papua New Guinea. This idea
establishment of the Annual Mathematics Competition for al jary 1nsti
tions in the country.

Below are five sample problems chosen from the weekly q
Problem 1. If three dice are thrown, what is the prob

the sum of
numbers on the top faces is not more than 15?

Problem 2: Tim and John celebrate their birthdays ree years, Tim

will be four times as old as John was when“Timywas ears older than
John is today. If Tim is a teenager, what,is his
Problem 3. In a test given to a large group/ofipeople, the'scores were normally

distributed with mean 70 and standard ag10. What is the least
whole number score that a person could get.and yet score in about the top
15 per cent?
Problem 4: The numbers p, ¢, r, onsecutive positive integers,
arranged in increasing order, s + tisa perfect cube and
q + r + sisaperfect squar i smallest possible value of r?
Problem 5: Sheep cost $40 each, cows and hens $2 each. If a farmer
bought a total of 100 of these animals for a total cost of $3279, then how

Mathematical Analysis
Methods for solving all t
edge of counting elements
tions, normal distributions, p
In Problem 1, the fi
much easier to count m
1

ifferent. The solutions involve knowl-
ces, solutions of simultaneous equa-
of prime numbers and mathematical logic.
g that the students needed to note was that it was
r of sums greater than 15 than the number of
en they had to ensure that no arrangement was

s had "problems understanding phrases like “more than,”

” @ @

“less than,” “n
The soluti
interpreta

2 «

n,” “not less than,” “at least,” “at most,” and so on.
m 1 was a double challenge since it required correct
on @ hen a mathematical solution.

% it hard to translate the apparently confusing wording of
athematical equation in two variables. Let 7 and j denote the
d John. When Tim was two years older than John is today, John’s
nJohn’s present age j by the difference between Tim’s present age
en he was two years older than John, namely ¢t — (j + 2). Thus,
eragewasj— (t —j— 2)=2j —t + 2. From the given conditions we
get t + 3=4(2j — t + 2), which gives us 5t=8; + 5. Hence 5(t — 1)=8j
and since Tim is a teenager, this implies that t=17.

%«

sums less than . a

missed or repeat ile calculating the number of ways. This is a good
problem in whiz ow to calculate the sample space systematically.
The students alw
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Problem 3 is a typical example of a straightforward probability
involving conversion of a normal distribution to a standard normal
and finding the probabilities using the standard normal distribution
table. Although it is not so much mathematically challenging, it was
for the students to interpret the problem correctly.

The solution for Problem 4 is based on properties of pri
denote the five consecutive numbers asn — 2, n — 1, +
from the given conditions, we have to find the least n}q
cube and 3n is a perfect square. The smallest n that
conditions has to be divisible by 5> and also, since 3

roblem,

s. If we
2, then
a perfect
th of these
s n, must be divisible

by 3°.

Hence n= 5% x 3°. Most students started by \”{ e consecutive numbers
asn,n + 1,...,n + 4. They soon realized i g too complicated
to derive from the given information 5# + 10 as.a pe beand3n + 6asa
perfect square, the smallest possible n + 2. ourse, they chose the
sequencen —2,n — 1,n,n + 1, n + 2 and arr 1e solution.
sical elimination process
which are used in simple number thegdret ms very often. A sheep costs
$40, a cow costs $65 and a hen and £ be, respectively, the
number of sheep, cows and hens. ing that ¢ must be odd and that
the units digit of 4 must be 2 or 7. These fa n be used to help narrow down
the search, or as a check on the answer. We have two equations

4054+ 656+ 2h = 3279

and

+ h =100.

ice d from the first gives 38s + 63¢=3079.
Since 19(2s + 62) + 1, we see that 6¢ — 1 must be divisible by
19. Hence, ¢ must ha ainder 16 when divided by 19. Since ¢ is odd and
63c < 3079, wi t have'c = 35. This quickly leads to s =23 and /1=42. The
same problem also be solved in many ways using congruence and divisibility

properties.

Subtracting

how to calculate the number of ways to get a particular sum
oblem, but to extend to three dice was challenging for most of
the number of ways to get a sum equal to 8 on two dice A and B,
took the following systematic approach of listing combinations
), (4,4), (3,5) and (2,6). This method uses an approach of starting
the first die and then decreasing the numbers to 5, 4, 3 and 2 and
getting the appropriate numbers on the second die to make the sum 8. By this
method, no combination is missed and all possible combinations are counted.
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The same idea is extended for the three dice problem. By the same method, it
was easy to calculate the 10 combinations that give the sum 15 on (fl dice:

counting approach, they appreciated the combinatoriyn

The phrase “not more than 15" was confusing for
mally do not notice this problem with students ish as their
mother tongue. They were not sure whether the ex sum on the
top faces of three dice not more than 15,” mea < or 15!

In Problem 2, one needs to interpret carefully t bal eXpression into an
equation. Students needed help to get the ¢ i =§j. Some could
easily derive the answer 1 =17 from the equati is a teenager and 8
has to divide 7—1.

For solving problems on normal distri ould be noted that a
problem of the following type was ea

“If Xis normally distributed wit
find the probability P (X < 10).”

However, it would take them longe it was worded as follows:

“The weekly salaries of 5000 employees o rge corporation are assumed to
be normally distributed with mean,$640 and standard deviation $56. How many

employees earn less than $570 p
The students had been ex
tical logic. Therefore more than half
For the rest, it was challenging but

number theory, geometry a
of them could solve Pro 4 correctly!
within their reach!
Students solved pro 1 erent ways. It is a good exercise to find the

b,
properties of number ¢ mathematical logic. By observing carefully the
costs of each sheep, ¢ n, the number of animals and the total cost,
n

the method re er of choices for integers to be the number of
sheep, cows and hen

totaling to 100 with total cost $3279.
Didactical Analysis

Animportan
math prob,
personal

. We nor-

solving quizzes involving elementary

e of these efforts was that students realized that solving
be fun. They were involved in small study groups and had
ns with lecturers. They felt that they were enjoying mathe-
and it is not as intimidating as they had earlier thought.

used this opportunity to concentrate a bit more on our female
ind out the reasons for their lack of active involvement in class-
athematics learning. Mathematics is still regarded as a male subject,
il Papua New Guinea. Boys always dominated classroom discussions
and were expected to do better in education than girls. Girls have almost never
taken part in any mathematical discussion and for most of the time were silent
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listeners. They seemed to lack the ability to initiate any mathematical activity
(Sukthankar and Wilkins 1998).

During an academic semester in 1997, ten first-year female stud
University of Technology who identified themselves as having low el
their ability to learn mathematics were studied (Sukthankar and
During the first half of the semester, they were interviewed and
was closely monitored as well as their manner of study an,

Then in the second half, they were especially encour
weekly mathematics quizzes; their lecturers also gave th
learnt from the interviews that the use of computer ms for their
course work and understanding of mathematic
were also given extra help to prepare for the t
strength and weaknesses were discussed and

the tests, their
priately tutored.
ere encouraged to
enroll for the Annual Mathematics CompetitiQ e d that over the period

of almost six months, there were some positive'cha their attitude towards
mathematics. They participated in the atics Competition. This
time we found that almost all of the thusiastic to compete, there
was an urge to do better and their, were very considerably beyond

d that the main cause of their
inability to do mathematics was deeply ro the social and cultural factors
of their society. Overall, they felt incompetent and had a low self-esteem, and
could not see the relevance of studying higher mathematics once they could do
basic mathematics. A change i de improved their performance and as a
result they felt more confide higher studies.

4.5 Example: the ¢ g a contradiction and schema
adjustment

As for the exampl sented in the previous section, the presentation of the
following example re m considered reflection on practice.

4.5.1 Incons p, contradiction and cognitive development

eloping schemas, it is important to ensure a certain flexibility
carner’s overall schema system. A poor or rigid schema system
roblem solver to use a very specific representation, and as a

e example of this is the so-called Einstellung effect or mechaniza-
ght, when a solver, based on her repetitive practices, forms a certain
stereotype and tends to use the same method again and again without noticing a
novel element that critically changed the situation.
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For instance, when asked to find the area of a right triangle with hy potenuse
equal to 12 units and altitude drawn to the hypotenuse equal to 7 unifs
uses the usual area formula 12(7)/2 without noticing that a right
such measurements simply does not exist! (Applebaum and
Familiarity with inconsistent questions can cause a solver to fo

or conclusion. Checking data for consistency shoul
selecting a formula or solution method.

A flexible schema can lead to efficiency. For exa jent to solve
the quadratic equation, x> — 123456790x + 123456
discriminant and using the standard formula foggoots. serves that the
constant term is just one less than the middle cg an use the Viete

theorem or the factor theorem to obtain ediately without
calculation.

A novice problem solver can easily overloo
contrast, an expert’s schema system includes, cthods and procedures,

possible error and verification techni A s¢ of multiple representa-
tions and often prevent the solver from usi
statements.

In the rest of this section, we illus
propositions can be used for further
system.

Based on her practices, a lear
about the nature of problems
form an opinion about wha
statement that surprises
the whole process of und
learner’s stereotypes and un
formal theories.

Say, for instance, o able'to illustrate that 1 =2 by certain mathematical
manipulations as he problem then becomes one of locating the
error (logical, alg arithmetic) that leads one to the impossible outcome.
Notice that the main ps logical feature of the situation that distinguishes it
from other forms of intellectual inquiry is the presence of the appealing voice of
the problem, t iee  that essentially passes the ownership of the question
~The very fact of the impossibility of the conclusion forces
for an inconsistency in the reasoning apparently accepted

inconsistent and contradictory
ment of a learner’s cognitive

forms a set of domain-specific expectations
d statements. She develops ways to judge and
to be true and what is not. Often, a
ner or challenges her expectations will stimulate

ing thegsubject. It may also help to break the
larity in the realm of explicit rules and

n gives four paradoxical problems of different nature. They are
followed by a short comment about mathematical reasons and instructional
implications.
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Problem 1: Consider the following algebraic derivation:

Leta=5b.

Then a* = ab.

Then a* — b*= ab — b* or, equivalently, (a + b)(a — b) =b(a — b).
Thena + b=b.

Since a = b due to step 1, we have 2b =b.

Thus, 2=1. ()

Problem 2: Draw a semicircle of diameter 2. Then draw
each of the halves of the diameter. Then draw fou ici one on each
quarter of the new diameters, and so on.

A

emicircle is w, and so is the sum of the
s the sum of the next four. One can
any positive power, n, of 2. On the

Note that the length of t
lengths of the next two semici
reason then in fact it will

other hand, when the pg 7 ing larger and larger, the curve consisting of
2" semicircles gradual @.. hes the segment of length 2. This apparently
proves that © :.

Problem 3: Three salesmen have car trouble and are forced to
spend the nig a small town inn. They go in and the innkeeper tells
them, “The cost of thgiroom is $30”. Each man pays ten dollars and they

go up to the r e husband of the innkeeper says to her, “Did you
¢ full amount? Why not give them five bucks back since

Chapter 1.)
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Problem 4: Areas paradox: this figure “proves” that 64 = 65.

The tasks presente 1s séction may be viewed as illustrations of challen-
ging conceptua'sks i e that Kadijevich (1999) describes.

Ny

ments on the paradoxes in Problems 2 to 4

4.5.3 Brief

Problem 2 is per and trickier than Problem 1. It appears in the framework of
% eads to the old philosophical questions. Does a segment

t whenever such an operation appears in our reasoning? What
and why do we talk about different types of convergence?

le: those who can count and those who can’t. The resolution turns
allocating the amounts. The $27 consists of the $25 kept by the
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innkeeper and the $2 not returned to the men. It does not include the $3 given
back to the men.

Finally, Problem 4 is an interesting visual illusion. If one loo
lengths of the triangles and rectangles involved in the figure, one
they are 3, 5, 8, 13, some of the Fibonacci numbers Fj, . = Fy 4
is remarkable that the illusion is based on the property of Fi %

]

|Fi> — Fxy1Fr—y = 1,| which implies smallness of the differe
k. ~
4.5.4 Analysis of Problem 1 ~

Mathematical Analysis
The algebraic expressions AX = BX and 4 =
In our example, X =a — b is zero sinc
A= Bisnot possible. Since a forbiddén s
a contradictory conclusion occurs
makes sense if « =b =0. But then the
for the same reason.

Fr  Fiyg

, especially if one pick large values of
Fe_1  F

lent only if X is not 0.
ction from AX = BX to
de (passing from line 3 to 4)
duction from line 3 to 4 still
om line 5 to 6 is not possible

Cognitive Analysis
If 4=B then AX=BX for all X\Students often tend to mistakenly treat
an implication (if-then state an if-and-only-if statement. Thus the

reduction from AX=BXto#d =Bc be taken mistakenly as an equivalent
to the initial one.

The reduction AX —&B works in the majority of cases (all but
X=0). Students tend re this special case and proceed formally. If an
algebraic example is elyMlong and the student is relatively new to the
activity, she W(.i n the main route and ignore the rare case. Her
working memory e occupied by other tasks such as factoring and the
assumption thatghis ¢ uld be temporarily put aside. At the moment of
reduction the of finding similar factors on both sides of the equation
dominates the his factor is equal to zero.

Technica ents know about the rule that division by zero is not
it is often a dead rule, one on a list of other rules. Students

d the contradiction in line 6 reveals itself, the student tries to
ontradiction occurs. She knows that 2 is not equal to 1, and that

there are only six lines supports her hope for success. A paradox
ind of self-appealing (self-contained) challenge.

Compared to an algebraic exercise that just requires simplifying an expres-
sion, this one, which leads to a contradiction, provides a motivation to check
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the derivation and locate the mistake. When a student finds that violation of a
certain rule leads to a contradiction, the student gets to understand

behind why the rule is worth remembering and obeying. This examplei
how a paradox serves as a disequilibrator of learner’s schemas, an
standing of an algebraic rule develops from rethinking (restruct

Didactical Analysis
The mathematical challenge of Problem 1 may be giver. stud iar with
algebraic derivations. Students with experience and succ ilar algebraic
problems are expected to be able to resolve the con ction: fact of the
contradiction is obvious. To ensure that the whole pr elangs to the ZPD
(Zone of Proximal Development (Vygotsky 197‘1 n 6.2.2.3)) of a
i : eductions and makes
sure that students can do and check their g ] ' dents will tend to

approach as long as the student does algebraic

In the experimental setting (Kondyati
blems 1 and 4 were given to first-
resolved in class during a ten-minu

university students to be
udents were not tested nor
the task since they had all
licitly assumed that they had

. Everyone was intrigued and
. Not everyone was able to
students were able to loc ong line in Problem 1, but no clear
explanation was give ents were successful with Problem 4.
3. Good students found
theless interesting. The t they learned to stay alert while doing
formal derivations ting a pictorial proof.
4. Some students co d their own examples of paradoxes using similar
ideas. Such aftaskwa signed, and the fact that they did so voluntarily
illustrates an 1 t human tendency to mimic-and-create during the
process of acguisitio new knowledge.

DN —

d, they all have in common the intrinsic call for a resolution,
ing Aristotle’s metaphorical idea, the mind experiences itself in

d place of paradoxes in the process of cognitive development can
within Piaget’s theory of equilibration, which refers to the Kantian
epistemological proposition that the knower constructs her knowledge of the
world. Paradoxes disequilibrate a learner’s schemas, and that is the starting
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point of the process of accommodation of a portion of new information. Then

knowledge with justification.
If we want students to learn how to verify and validate their solu
critically read others’ work, we need to familiarize them with si i
ving contradictions and paradoxes. They then need to know hg
situations and how to analyze and arrive at possible resolutic
tions. That is why an exposition of paradoxes is so vaﬂ
We conjecture that the phenomenon of paradoxes,dri e of human

intellectual development because the challenge of a i is the main-
spring of learning on both individual and his,ica erefore, these
types of challenges cannot be ignored but instea refully analyzed
and promoted as instructional tools inside a, eyo assroom.

4.6 Conclusion

The preceding examples of challengi problems together with the
them illustrate that students
benefit socially and cognitively from en nt with challenging problem:s.
The qualitative analyses suggest that the gaingare evident in the short term and

cated strategies to solve challe
From a cognitive perspecti gh meaningful engagement over time
with problems within asstr matics, students build effective and
important problem-solvi develop insights into the mathema-
tical structure of related pro is knowledge becomes schematized.
Moreover, students n evelop flexible schemas since rigid ones may
inadvertently cause a em/solver to choose a non-optimal or inadequate
solution metho‘)r esolving inconsistent and contradictory pro-
positions or para support the development of flexible schemas.
a construction has been done using traditional
,'investigating how and (more often) to what extent
t and apply schemas in a short period of time. The
. (2006), which forms the basis of the examples in Section
is paradigm significantly, looking at how students developed
11 the while solving challenging problems. They believe that
pective radically altered the nature of their findings. If their
icipants were given straightforward problems, they would not

psychological
individuals ca

ere only given a short period of time to explore these problems, the
schemas also would likely not have been constructed. In fact, students initially
did not see the deep connections between the various problems on which they
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worked. Hence, looking at the processes that individuals use to form and use
schemas in relatively short periods of time is looking at only a su
processes used in this regard. The work of Weber et al. (2006) dem
studying the way that students solve challenging strands of pro
longer periods of time provides a more comprehensive and us
students can construct and use problem-solving schemas.
As this chapter has illustrated, challenging matherrﬁcs p
ble for a range of audiences and didactical situations. The
questions for entrance into university mathematic btain win-
dows into how students think mathematically; as for teacher
candidates to further develop their own mathemati anding and to
acquire insight into how learners learn math
material integrated throughout a course; as
students into mathematics, providing them
tain their minds; and, by placing mathematica
or weekly newspaper, as vehicles to popular >ate interest in mathe-
matics among students studying the s inald age other than their own.
Challenging mathematics proble be inStruments to stimulate creativ-
ity, to encourage collaboration ners’ untutored, emergent
ideas. We have also shown that iate for secondary and post-
secondary students as well as for high-a g and low-achieving learners.
From a didactical perspective, it is important that the problems require little
specific background and generallyican be attempted successfully by students of
varying mathematical backgrounds:
Economic and social capit
mathematics. In Fioriti
tion 4.4.2 is excerpted, th

e suita-
Iinterview

insert marginalized
ith which to enter-
in a university’s daily

t be markers of who can participate in
orgorio (2006), from which the example in Sec-
rs indi how it is possible to engage socially
excluded youngsters with ch g mathematics problems so that they are
reinserted into school gs, and thereby widen their possible social and
academic participatio their society. Clearly, there are a host of socio-
economic reali‘ t be addressed to truly democratize academic
and social partici owever, engaging students of diverse backgrounds in
challenging mat, ati oblems contributes to this larger goal.

Making mathematics less exclusionary and more inclusive depends on shift-
ing from tradit gogies and procedural views of mathematics learning
(Boaler and 00). It requires reversing a common belief among tea-

[ rder thinking is not appropriate in the instruction of low-
S/(Zohar et al. 2001). If challenging mathematics problems
settings such as formal classrooms and other informal arenas,
t begin to recognize mathematics as accessible and attractive (cf.
1 2003). They would have opportunities to build mathematical
oning over time, develop flexible schemas and inventive problem-
roaches, and become socialized into thinking mathematically.

As Resnick (1988) suggests: “If we want students to treat mathematics as an
ill-structured discipline [that is, one that invites more than one rigidly defined
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interpretation of a task]—making sense of it, arguing about it, and creating it,
rather than merely doing it according to prescribed rules—we w
socialize them as much as to instruct them. This means that we ca
any brief or encapsulated program on problem solving to do the'jo
we must seek the kind of long-term engagement in mathemati i
the concept of socialization implies”. (p. 58)

If mathematics educators and teachers adopt a lon
development of problem-solving schemas, then a pa
matics education—to further learners’ effective probl
more achievable.

of mathe-
would be
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Chapter 5
Mathematics in Context: Focusing on Studen

This chapter presents nine case studies in gwhich s udents engage in
challenging mathematics outside their immed assr environment. In

each case, students are encouraged to collaporate vestigations that go
beyond the standard curriculum and creati % e ingredients of the
particular context. In Italy, students v, al laboratory to under-
stand and utilize mathematical m ing assembly at an Indian
school brings students from many herin the solution of mathema-
tical problems. Four of the project rance: students analyze the
configuration of a heap of sand, pursue a mical investigations with soft-

advanced geometry sequenc
syllabus early, the secon
the third, using the schoo

from exhibits in an art museum, and

student understanding of geometric
constructions. All such activi d to be evaluated for their effectiveness, so
that they move from j

j g initiatives of dynamic individuals to serve as the
foundation for syste provements in the way in which students learn,
understand an(‘s a cs. In the early part of this chapter, we briefly

mention how rese such activities might be approached.

5.1 Introducg\ments

For cent ers such as John Comenius (Jan Komensky, 1592-1670), a
C ed reformer, and Maria Montessori (1870-1952) have appre-
ted the be s of actively involving learners in their education, consigning
e the role of a wise guide.
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E.J. Barbeau, P.J. Taylor (eds.), Challenging Mathematics In and Beyond
the Classroom, New ICMI Study Series 12, DOI 10.1007/978-0-387-09603-2_6,
© Springer Science+Business Media, LLC 2009



Challenging Mathematics In and Beyond the Classroom

Accordingly, we can expect that challenges that invite and engage students

would be effective in and beyond the mathematics classroom. Som; ns

emerge naturally. For example, we can ask

e whether challenges can be used to motivate students for study 1 he-
matics and science;

e how mathematics can be linked to popular culture;

e how challenges can stimulate the enjoyment of ma tic

More intrinsically, we can enquire also

e whether challenges lead to a deeper understan concepts and the
nature of mathematics;
e whether challenges improve retention and hel
techniques;

correlate ideas and

mathematical ideas and techniques.

The design of a general framework j , compare, and contrast

athematics becomes crucial.

various artifacts; the distinguishing ¢ isti¢s of challenging mathematics;
obstacles to a successful

laboratories, scientific museums/and popularization events; and the categor-
ization and evaluation of challenges.\We include in this chapter a description of
long-running programs to ntify the salient features of such a

framework.

The philosophy of lea r ing challenged evokes two types of
questions. On the one h t ¢ psychological ones dealing with expecta-
tions, motivation, dise| rium, Zone of Proximal Development, and short-
term processes, fer exa the other, there are organizational issues , such

as stability, consist 1cal content, and suitable contexts.

Following a gefic ntation of the position of the learner in a challen-
ging environme

veral'gase studies will be described. They will illustrate how
educators in diverse settings have successfully implemented mathematical chal-
e classroom. Here is a brief summary (consistent with

lenges in and b

elsewhere 4 Study Volume, authors of the individual case studies are
identified % nowledgements):
. a

1M ics laboratory: In a mathematics laboratory, students work in
ith mechanical devices designed to produce conic sections. Their
ided by worksheets (depending on the grade level). Students
results of their explorations.

ian school: Mathematical challenges are periodically given to stu-
dents at the morning assembly in school. Occasionally these challenges take
on a life of their own, being discussed by students and modified into other
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challenges. In these cases, a special bulletin board is created so_that all
students may see the problem and its solution.
® 5.3.3 Sand pouring: Inspired by an exhibition in the Jardin de

Paris, students who participated in the Rallye mathématique d 0)
and the Rallye mathématique de la Sarthe (2003) experimentedswi ring
sand on a flat surface. They discovered that the angle betwe s of the
conical heap and the surface is always the same. also be
taken to the classroom in an extended form.

e 5.3.4 Hands-on Universe, Europe: Interactive astrono ht to class-
rooms from primary school to university. Begun sity of Cali-
fornia at Berkeley, this collaborative projec chers and edu-

ge veloped special

cators is spreading globally. The Europea
software for students to practice science afid
® 535 MATh.en.JEANS: Young researc
interesting problems, which are then selec
dents. Each problem is selected by two tea

s of high school stu-
{ifferent schools. Teams
e proposers, and then

coordinating these activities.
e 5.3.6 Applied geometry: Many hi ents complete calculus at the

topics in two-, three-, and foursdimensional geometry, with an emphasis on
hands-on work.

e 5.3.7 Open-ended proble s and teachers of all levels, primary
school through unive with open-ended research problems
in mathematics (such a sion problems). The context may be
the classroom, teacher trai r a special event. Participants design their
own problems, and sisted by a professional mathematician. Results of
their work are pres both orally and through poster presentations.

e 5.3.8 Mathematies a tudents visit a local art museum and see how
symmetry and re involved in artwork. In teams, they go on a
geometrical t”.

e 5.3.9 Lawn nstruc ions: Using sticks and brightly colored yarn, students
perform geo onstructions on a large, flat lawn. They then analyze

their co using pictures of their work taken from a nearby tall

buildi

ion of contexts for challenges

Of cou e feature common to all mathematical challenges is mathematics
itself. While setting challenges mathematical facts are not presented by an
authority. Rather, through explorations, students arrive at results and modes
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of reasoning on their own. This process of discovery allows them_to learn
mathematics in a more meaningful way. New cognitive processes are

We discuss in turn different aspects of the context for
challenges:

1) the social learning environment;
2) the time element;
3) instruments and objects; .

4) pedagogical methods.

ed.
em |

Clearly, there is a great diversity in social learnin iron ts for math-
ematical challenges. While the case studies hglig f these, many
educators spend much of their time in classro us need to accept

the challenge of making the classroom both efigaging llenging. Many of
the challenges described here and elsewhére o y Volume may be
adapted for classroom use. For example, ma e § could use problems

this possibility here.

The duration of mathematical ¢
ms such as MATh.en.JEANS
take place over the course of an entire year. e classroom challenges may be
met within a single classroom session, while in a course for advanced students,
they may last for the entire schoolfyiear. Often, the challenge must be adapted to
suit a given time frame; many is sort of flexibility.

Even greater diversity occ ¢ instruments and objects used in the
design and implementati f mathematical challenges: special instruments
may be constructed for thematical laboratory; an innovative use
may be found for an ordinar rial like sand; one classroom project used
three thousand donate pact discs.

Educators use man agogical methods to engage their students in chal-
lenges. An effe.e ra o design these so that they can experiment and
discover mathem inciples. This is usually followed up by recording their
thoughts in a em journal or making a presentation to classmates,
family members, or a group of researchers; not only is this exciting for the
students, but a kind of learning takes place when they discover and
formulate emselves. Journals are especially important when chal-
lenges are, % er a longer period of time, as they enable students to review

their thous ever the challenge is revisited.

p between student and teacher is implicit in the use of peda-
d. For with a challenge, a student may pose questions whose
not be clear to the teacher. Indeed, the teacher might not even

(1997), evolves as the challenge gains momentum.
Students and teachers also have relationships with others, such as parents,
the popular press, granting bodies, and the professional community. In France,
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there are several mathematics publications directed to different age groups.
Their goal is to popularize mathematics among students, teache
public at large. They generate discussion in the classroom and in
some countries, such as the United States, professional mathem
encouraged to take a more active role in primary and second n so
that students are encouraged to proceed to a higher level.
The evaluation of mathematical challenges is both 4
Their very nature forces a significant qualitative corﬂf .
themselves must be assessed for difficulty, appropriateness ility to sup-
port particular curricular and affective goals. The deg ent and the
consequent long-term effects among students be'e . Students may
judge how a challenge induced them to change theis thinking and take stock of
a challenge has
ematics. How can
challenges be assessed externally? Reliable pg 2 sments of challenges

ducing it to a learning environment. T dhere to a prescribed syllabus
may not allow time to consider additiona ics. Money may be lacking to
obtain the necessary materials. The attitude 6f administrators towards mathe-
matics may be counterproductive. There may be students whose mother tongue
is not the language of instruc dents may use the Internet which may
show solutions to challenges ight otherwise use.

5.2.1 Highlight on ~-tetn studies

ize that, in order to be effective, the use of challenges
diversion but should become part of one’s philo-
f the challenges described in this chapter take place
over a long p s makes the processes more complex with a greater
chance of ob sing over the longer time frame. Thus, the wise use of
class timef1s am mmportant consideration. In some countries, such as Italy,
ents for more than one year. Accordingly, they must plan
pecially as many feel responsible for the development of the
f their students.

it has been easier for educational research to focus on short-term
ever, new research techniques developed in Europe and North
ke the complexity of long-term projects more accessible to study. It
is beyond the scope of this chapter to review all of this work, so we limit our
discussion to two examples and provide some references to the literature.

It is important to
should not be a
sophy of teachi
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5.2.1.1 Ingénierie didactique

Drawing on the theory of didactical situations (Brousseau 19

the classroom, and considers the relationship between resear
learning environments. The focus is on the “situation”, a sys
enabling a group of students or an institution to solve e.o le
incorporates the “didactical triangle” of teacher, learner,
the relationships among the parts of this triangle.
evolution can be modeled.

Just as the idea of “situation” extends thal"
“didactical engineering” extends that of “didacti
didactical engineering is to create and test
as tools for the teacher, to make explicit the of lable in using these
situations, and to justify the choice among ons theoretically and
experimentally.

Each option is viewed from two pegSpectives: obal perspective concerning
perspective concerning the
s the yarious stages and didactical
il mind the motivation of the
eractions between students and

nowledge, and

y, t tem and its

the concept of
ign”. The object of

individual situations. The engine
variables of each situation, always ke
student and the objectives of the sequence.
situations should be characterized, if possible.
Now the sequence is ready xperimentation, followed by an analysis
based on data collected duri session. Data may take the form of
observations, video, or wri Is. This comparison between theory
and practice is crucial, a ing the sequence as a tool for learning
and teaching, or suggests ements to the design. Most French
researchers use this mo g the application of theoretical ideas in the

classroom.
®

5.2.1.2 Activity theo

ual processes are understood only in the context of

social processe because people do not passively absorb and react to

stimuli, butgna 1vely explore and transform their physical and social

environ % in-Olsen (1987) analyzed the design and implementation
d

>s from the perspective of activity theory, and in Nordic
¢s, some scholars are using a similar approach.
w, mathematical ideas are considered historical “artifacts” of
(Vygotsky 1998). Therefore, the process of learning to think
ly is a process of enculturation. This is clearly an interpersonal
activity involving the student, teachers, peers, and others.

Artifacts may also include instruments such as straightedge or compasses.
They may be used by individuals or groups to solve mathematical problems.
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Students working in a group may, over time, formulate abstract principles as a
result of their concrete experiences.

This process has been observed in groups of students solving
problem (Bartolini Bussi 1996): Students are given a perspective
table, and are asked to draw a small ball in the center of the tab
instruments, and must explain their reasoning.

Students from Year 2 through to university level e fo roblem
challenging. Most students, including adults, try con ifig, th points of
opposite sides of the quadrilateral representing the N However,
since the table is drawn in perspective, this procedure not lead to a correct
solution.

Working together, students formulate postula perspective drawing,
such as “if three points line on a straight li i ve images also lie
on a straight line”. Once they formulate enoug 1lates, the problem shifts
from the concrete to the abstract. Instead of y h concrete drawings,
students begin to reason using the abstract pri y have developed. This
process moves them closer to the sol >'ball at the intersection of
the diagonals of the quadrilateral. justify this solution using the
abstract postulates they have for

5.2.2 Conclusion

Creating and implementing
ing. It is hard to creat
challenge and stimulates

al challenges is ambitious and demand-
ironment that engages students in a

t of their mathematical reasoning
abilities. In this regard, it is st the student who is challenged. We as
educators are also cha

It is hoped tl&the %s included in this chapter will serve as inspira-
tion. Interested S tact any of the authors for more details on their
work. We must ether to insure that mathematical challenges are
available to all nts ywhere.

5.3 Cas

Th ratory of Mathematical Machines

instruments (mathematical machines) for the teaching and learning of geometry.
The MMLab is visited by both teachers and students (www.mmlab.unimore.it).
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5.3.1.1 Learning environment

The MMLab is open to classes during the whole school year. W
decide to come to the MM Lab, they reserve it and choose to stu
sections or geometrical transformations. In this section, we would lik
attention to some aspects which characterize MMLab activit

1. Asession at the MMLab is structured differently froma vis
or a classical mathematical classroom—only the be?
to a “standard” visit, where a presenter introduc

2. In the MMLab, the “rules of the game” are made
it is the first time that they accompany the ccbses) ot imparted to
the students who know only the chosen topic:

3. The three subjects involved in the MM
dents and teacher) play different roles. T

he animator, stu-
he voice of history
ontrols the working

groups, guides the pupils’ presentations, a ates their answers. The
pupils are visitors and manipulatgrs. S formulate conjectures,
and discuss, and they present th . lly, students do not play so
many different roles during a . Only the teacher’s role is
not well defined in our laboratory he is a kind of “joker” and is
relieved of the responsibility of teachi ing a MMLab session. More-

ine different relationships among the
pupils, between the pupils between pupils and mathematics.

In order to analyze t rmat and compare this with other
situations such as the cl m “standard” visits to exhibits, we distinguish
among formal educat onxformal education and informal learning (EC
Communicatio'OOl, 004, Rodari et al. 2005, SEEQUEL Project
2004).

Briefly, “for e ion” takes place in a planned way at recognized
institutions su schools, colleges, and universities. Teachers mediate the
learning in a ibed) setting. “Non-formal education” shares with formal
education the ch stic of being mediated, but the motivation for learning
may be w insic to the learner. It typically does not lead to certification.
“Informa results from personal exploration and discourse and may

pon y in situations in everyday life. These distinctions are noted

here mathematics exhibitions are treated. Because it is difficult to

boundaries between them and the importance of the context,

recent approdaches suggest considering a continuum between formal and infor-
g.

Thus, the MMLab’s activity may include both non-formal and formal
education or, in other words, is between non-formal and formal education.
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Indeed, a MMLab session does not entirely correspond to a mathematics
classroom concerning a didactical long-term project (formal educa ime
objectives and handling are different. Nevertheless, the session doegiot fi -
formal education, because of the presence of the teacher and the ani nd
the management of the session.

5.3.1.2 Duration o

A laboratory session lasts an hour and a half. Three sta titute each
session.

ducted by the

Stage 1: The chosen topic is introduced. ‘ ag
MMLab personnel, using both physical i ents present at the
MMLab and interactive/non-intera imu (Cabri II Plus,
Cinema 4D).
n

Stage 2: Pupils are invited to form small g
receive a mathematical machi

or five pupils), which
sheet to guide their

exploration.

Stage 3: Each group presents t ematical machine to their
fellow pupils. It is an impor, i ization moment (Brousseau
1997), because the results of eac ork session are shared by the

5.3.1.3 Instruments

The practice of using ta i in mathematics (especially in geo-
metry) was historically inc e of mathematicians. In the MMLab,
there are many differentskinds athematical machines (Bartolini Bussi and
Maschietto 2006). A afical machine (in geometry) is an artifact that is
designed to forgera point, aili gment, or a plane figure (supported in a way as
to make it visibl¢ a uc e) to move according to a determined mathema-
tical law. Two hundr machines (examples in Figures 5.1 and 5.2) have
been reconstruwa idactical aim, according to the design described in
cl

historical texts sical Greece to the 20th century.

semiotic mediation (Bartolini Bussi 2000, Bartolini Bussi and
, Bartolini Bussi et al. 2005, Maschietto 2005, Maschietto and

1) the cultural-historical pole, to describe the features of technical and psycho-
logical tools which have the potentiality of creating “new forms of a cultu-
rally-based psychological process” (Vygotsky 1987);
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Figure 5.1: Ellipsograph

ibg the way of designing, implementing and ana-

ediation;

eribe the process of internalization of interpsycho-
s the plane of individual consciousness.

s of oti
[
logical activity, t
The MMLa‘ =a gio example of what has been called a “mathematics

lyzing proce
3) the cognitiv

laboratory” by ing Commission of the Italian Mathematical Society

ctive mode of knowledge (Bruner 1967) is usually limited to young
people in mathematics education, as if the importance of handling objects and
exploring space decreased with age. In some cases the confidence in the power of
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the concrete experience itself was surely excessive, as if the mathematical mean-
ings were transparent from the procedures embodied in it.

5.3.2 Seeding mathematical challenges at morning
at a school in India
®

Morning assemblies are common in Indian schools.
gather to be led in prayer, sing the school song, hear invi
topics, or commemorate special occasions. The gvent ied to the curricu-
lum and varies from school to school. At Vidyatﬁy ol, Hyderabad,
the twenty minutes occupied by morning asgemb d creatively. Tea-
chers had the opportunity of presenting any 4t i
students and fellow teachers. This provided t
tical challenges.

Sharada Gade taught mathematic
students for two or three yearsinar
combined high school and middle
separate. She had the opportunity t
she had taught, was currently teaching, o teach in the coming years. In
setting a challenge, there were three considerations. First, what would the
challenge be about? This depended upon who would be present in the assembly
and what she thought would interest\them. She could build upon a current topic
in the curriculum, or offer s he had learnt herself elsewhere in the
discipline of mathemati ussion of challenges in this setting
provided an open invita to participate. Thirdly, could she
communicate the challenge 1 e available?

Not all students acc he challenge. The provision of the challenge took
the form of an invita and those students accepting the challenge were
encouraged to ,i 0 her again during the day. At times they shared
their solutions; at imes they shared the excitement about what one, a pair,
or a group of t exp ced in attempting the challenge. As a teacher, this
provided valudble feedback as well as further opportunity. First, students’
responses gave dea of what kinds of problems challenged students,
combined width re of the mathematics that challenged them. Secondly,
atact with the students interested in the mathematical chal-

and teachers

grades, having the same
s, at the assembly, the school
sometimes, they were kept
tical challenges for students

ested students allowed her to put students across different
h with each other. At times this created a kind of friendship or
e initiated but did not pursue further. At other times interest in a
llenge was taken a step further. Could the challenge be attempted
using other skills and techniques? Was the use of an equation necessary? Could
the present challenge be a background upon which to set another? At times the
challenge that was seeded in the morning resulted in students bringing forth
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challenges from their home, set by a friend, aunt, or uncle. Some of these were
also shared with other students at a pinup board, either in the class in
common areas between classrooms.
Seeding challenges and keeping interest in them alive, beyond't
learning of the curriculum in the classroom, called for an alert
role as a teacher. The processes she initiated demanded tim
dynamical situations which were not envisaged or anticipat
very setting forth of a dynamic process had benefits™fo
teaching-learning as well, since the students were some
inside her classroom. With challenges at morning ass
was possible to create, without additional effort‘e e
the subject of mathematics. The attitude of que

tion to
er, the
rriculum

ckground, it
ct of interest in
eking solutions,
ce in the learning

In the nature of seeding challenges descri the time element for
each varied. Some students were not gven a or the twenty minutes;
s were; but for some, the
challenges lasted the bus ride home§ for weekend. The flexibility of

ition and interest, not making
challenges part of either regimen or routing. The combination of creating

plurality of pedagogical meth

Sometimes the twent i iscussion across a hundred students
resolved the challenge. challenge was pursued in a more
focused manner in the ma at followed the morning assembly,
where a solution was de a thirty students. At still other times a group
of students from diffe asSes met to discuss the challenge in the intervals
between classe?n oc group of students presented a challenge at the
morning assembly elves.

Sharada’s goal in challenges was generally a simple one: that of
questioning th ent wledge that any student displayed, thereby extend-
ing their curre nowledge of mathematics and in mathematics. Since she
became fairly w ainted with the interests and abilities of her students,
vious realization that a challenge for one student was not a

was challenging for some, just as finding the LCM of 15 and 18
ing for others. Finding the volume of a toothpaste carton through

paper and scissors, one with a certain volume, or even making one with twice
the dimensions of a given carton. Examples of challenges follow.
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Example 5.3.2.1
Observe the pattern which emerges on conducting the following thr

Step 1. Take any number to start with.

Step 2. If the number obtained is odd, triple it and add one; if th
obtained is even, halve it.

Step 3. Repeat Step 2 with the number which results

Step 2. .

For some students finding the 4, 2, 1 pattern th

€T

orming

challenge,

where for others it was the use of the number 27 in t +For the more
adept, the challenge was to find out if a regular iter rom any other
sequence of steps or stated conditions.

Example 5.3.2.2

Find the difference between 825 and its reverse
Find the difference between the two-digit 1
can you say whether it is or not a multi

iple of 9?
" and its reverse. How

The extension of this challenge i llenges was not very difficult

for Sharada’s students.
In summary, the practice of séedi tical challenges was enabled
and supported by the way the morning ly was conceptualized in the

school, and how Sharada was able to capitalize on the opportunity to make
mathematics challenging and excifing. The seeding of challenges and nurturing
elcome culture of teaching-learning in

mathematics.

The practice provide
mathematical challenge,
both between peers and acro

ot only for the setting of a particular
velopment of a particular challenge
. The seeding of mathematical challenges
and making the relate ice “common knowledge” enabled a greater sense
of awareness of the ¢ ity and cultural inheritance of mathematics in the

students and tl‘b als school. For more details see Gade (2004).
5.3.3 Heapsfof'sand: !hat we can do with sand in and beyond the
classro ith a mathematical aim

on was constructed in the Jardin des Plantes in Paris by the
1 Métais (www.jbmetais.com/), with the assistance of scien-
pUniversity in Paris. It provides the inspiration for a challenge
ipants of the Rallye mathematique de Paris.

ines, students of a scientific workshop (a multidisciplinary learn-
ent where students are free to study as they choose) in a school at
the west of France) studied the form of some heaps of sand. Four
pupils and their teacher explained their work at the Salon Culture et Jeux
Mathematiques in Paris.
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Sand is a special material, an
d’Olonnes in the west of France, g the substance since 1990
(www.chez.com/sable/).

We describe the tasks tha ed in the first Rallye mathématique de
Paris (family teams) and
tition for whole classrooms).
are given here in simpli rm.

contests, the questions were similar; they

Example 5.3.3.'

Look at the heaps ront of you.

H
4

3

that the angle appears to be constant. Determine the average of
ents.
e geometrical form of the heap? Measure the base diameter of the
heap and determine the volume of sand.
Now we open a small hole exactly at the centre of the base of the heap.
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Sand pours through it to form anothe p underneath the plane of the
first.

When does sand stop pouri
happens when the base angle js ¢
heap of sand at the end of
of the upper heap thro

part?

from the top heap? We note that this
al to 0. Describe the form of the upper
iment. Draw the vertical cross-section
AWhat is the volume of sand in each

ity can be extended to last for perhaps
six hours in the final iddle school. The pupils of a class are broken
into small tea ith a situation that requires them to observe,
model and carlrg ole of the teacher is just to set the experiment in
motion. Each team is ed on the basis of the observations and conclusions
recorded in jo an an oral presentation.

There are s al levels of challenge for the students to account for in their
observations. T basic is that the heap of sand is symmetrical, so what
kind of s is exhibited and why? Moreover, the shape of the heap
seems to ndent of the amount of sand involved, which raises the
i . Whether the sand fills a cup or the back of a dump truck,
t the shape of the heap is invariant. When sand from a top heap is
k into a bottom heap, students might relate the shape of that
heap vacated by the sand to the shape of the lower part; the two
rse have the same volume, but will they also be congruent? Is this
to be expected? Such questions have both mathematical and physical
components.

For longer durations
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5.3.4 SalsaJ: astronomical software

“Hands-on Universe” is an international project for teachin
from primary school to university. This project, started at the
of California at Berkeley, is thriving and growing actively
places in the world, for instance in Europe (EU-HOU)
of collaboration between researchers in astropl"cs
mathematics and science.

The projects are based on real observations, possib
dents themselves through a worldwide network of a
to the Web. The observations can be manipulat‘vit
Salsal, developed by the European component, an
resources.

Using this software, students can practice scig and engage in challenging
mathematical activities. A full description of thg am along with descriptions
of many projects and software can be obtai ebsite www.cuhou.net.

Here you can see a very small activities developed in a
scientific workshop. The title of thi “Crateres et volcans dans
le Systéme Solaire”.

ny other
result
ers of

al by the stu-
tic telescopes linked
ftware, such as
ated into pedagogical
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Using the tools /ine, and afterward analyze and then crop, we can discover the

number of pixels on the 1500 meters, sub-picture. Q

We can know that, in this case, one pixel is approximatel

Using again the same tools (line, analyze and crop)‘ can
diameter of this crater is 2500 meters.

Furthermore, we can do the same operations agai a btain more
details about the disturbances resulting from the sh or ple, we can
measure the crown around the crater where th nd ied.

that the

535 Mathematic%ges around Orsay

MATh.en.JEA etwork of mathematics clubs operating across France
that was founded ap ately two decades ago. A description of its scope
and activities be found on the website mathenjeans.free.fr/amej/
accueil.htm. A ndary school teacher may decide to create a club, and,
with the permis the headmaster, can contact the MATh.en.JEANS
iati provides access to consultants and mathematical problems
year there is a national congress that focuses on particular

it¢ Paris-Sud at Orsay 1is one centre of activity. Apart from its
in MATh.en.JEANS, there are numerous contacts between its
mathematicians and secondary students. Challenging activities for students
are bui ound visits to the laboratory of mathematics at Orsay and to the
Institut des Etudes Scientifiques in Bures/Yvette by classes of secondary school
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students, in particular at the occasion of the so-called Féte de la Sciences, held
every year in the fall.

Longer term activities take place as part of MATh.en.JEANS
coordinator is Professor Pierre Pansu in the Department of Mat
sample of one of their activities, on Bezier curves, is descri
www.math.u-psud.fr/~pansu.courbes.html. Young researc
in the department propose a list of problems. Each j

two teams of high school students at different schools; explore the pro-
blems by themselves, sometimes with the help of t sample of
themes may be found at the webpage ww .u-psud.fr/~pansu/

sujets_0708.html.

In any case, there is contact between teams a
whole process, which lasts several months.
event, where teams come from the whole o
during an afternoon. In 2006 the congress too

roposers during the
s with a national
esent their reports
% a Cité des Sciences et

ol falt-on des mathéematiques?
The subjects in 2006 included co i umber theory, probability,

magic squares, theory of automata, cory'‘and econometrics. Here is one
of the tasks, a generalization of a kaight’s tour problem:

Example 5.3.5.1
ABCD is a rectangular board, with AB = 20 and BC = 12. It is partitioned into
20x 12 unit squares. A positive integer r is given. One is allowed to go from one
square to another if and only ifthe distance between their centers is exactly /7.
Is it possible to go by steps f] uare with vertex 4 to the square with

vertex B?
The teams that worked
grade of high school (/ ho were interested in mathematics.

blemconsisted of young people in the final
This is a problem in er theory. First, it has to be decided what values of

ractually perm‘n to one square to any of the other squares. In other
words, for the prowsolvable, it is necessary that r = (a>+ b?), where a
ti

and b are nonn ers representing the horizontal and vertical dis-
tances betwee wo squares.
However, it obvious which values of this form actually work; there is a
system of Diop equalities and inequalities to explore.
de puld have used complex numbers in approaching this pro-
% Because the possible values of r were limited by the size of
al criterion for the values for r was needed. Nevertheless, the
was guessed by both teams.
ctical perspective, it is significant that students and teachers were

class benefited. Not all teachers can face a situation where they appear as
learners along with the students, but this is typical of a true research situation.



Chapter 5: Mathematics in Context: Focusing on Students

The fact that the proposers were young research mathematicians helped to
establish a good relationship.

The student reports to an audience consisting of members of
their teachers and mathematicians from the university, were bot
enthusiastic. They enjoyed the subject and explained their res
puters as well as the blackboard, in an almost professional w

An interesting feature of the final event was a dﬂate t ed the
lecture, “Why do we do mathematics?” The audience wasface opposing
opinions of two famous mathematicians, Fourier an ortly after
Fourier died, in 1830, Jacobi wrote a letter to Leg saying that Fourier
had been wrong in criticizing Abel and himself fox av k on questions
of public interest or problems raised by the nat iences. Fourier, he wrote,
should have known that “le but unique de i nneur de 'esprit
humain” (“the sole purpose of science is to
Fourier had expressed his opinion a few years
la nature est la source la plus féconde des d
thorough investigation of nature is t
discovery”). Of course, these are very di

The audience was invited to e i
Jacobi were cast almost unanimoOus ents and teachers, while the
votes for Fourier, together with the refusa oose, overwhelming came from
university people who were there. It can be guessed that the vote for Jacobi

would have been almost unanimgus among university people also, some thirty
years ago.
5.3.6 Challenging gi igh scheol students

At Quincy Senior High
eleventh graders_com
matics course (.S
grade. Developed
Public Schools i 6,
Klauser of Quincy Hig
The text for
and Geodesie

S‘mathématiques” (“the
ource of mathematical

lin Quincy, Illinois, USA, an increasing number of
calculus. The Creative Problem Solving in Mathe-
gned to challenge these students in the twelfth
e leadership of Dr. Sandra Spalt-Fulte of the Quincy
isnow in its tenth year and is team taught by Todd
chool and Dr. Vince Matsko of Quincy University.
e is an innovative geometry manuscript, “Polyhedra
es” (Matsko 2005). A detailed outline of the course is

ound the course exciting and valuable. Former students
urn as guest speakers to talk about careers in mathematics-
One former student remarked that CPSM was the most beneficial

challengediand learn[ed] about new areas of math that I never knew existed”,
and, “because of the class size we [were] able to enjoy the learning in an
environment unlike that of any of my other classes.”
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Below is the current topic-by-topic syllabus of CPSM, with the approximate
length of time spent on each topic. Class meets five days a week for
One day every two weeks is Problem Day, which consists of pre
solutions to two problems assigned over the two-week period. Thes
are chosen to expose students to various topics in mathematic
technical writing ability. Problem areas include number theo
tine equations, combinatorics, calculus and probabili

Students select individual topics for a research j
third quarter. Occasional class days are devoted to wer
The three-week project period at the end of the year
twenty-minute presentations on their projects. "y u
summary paper. Students sometimes work in pai

e projects.
for students to give
rite a ten-page
larger projects. Past
ron, constructing

graphics, cryptography, and designing a geod L

In addition to the individual projec ¢ dertake a more extensive
at'www.vincematsko.com/.
Hands-on work, whether in the form mathematical envelopes or

indicates that individual or class buildi
next to a topic indicates that students use Geometer’s Sketchpad during the unit.

Chapter numbers refer to the draft mandscript “Polyhedra and Geodesic
Structures” (Matsko 2005). So hapters are not covered in class but are
handed out for self-study an
for other topics is given as cl

1. G: Basic Construction
edge constructions are rev
2. Trigonometry (Ch , 1 week). A review of important trigonometric
relationships is give
3. G: Angles
regular figures
angles are intzeduce
4. BG: The Platonic

s (Chapter 1, 1 week). The construction of
trigonometric functions of 36 degree and 72 degree

lids (Chapter 2, 1 week). Geometric and algebraic
latonic solids are given.

onometry (Chapter 3, 2 weeks). Basic formulas are
d to calculate the edge and dihedral angles of the Platonic
clidean considerations are emphasized.

eometry (2 weeks). Students explore the geometry of the
etric (Krause 1986).

sic Structures (Chapter 4, 2 weeks). Spherical trigonometry is

Archimedean Solids (Chapter 5, 1 week). The Archimedean solids
are enumerated both geometrically and algebraically.
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9. Angles and Archimedeans (Chapter 6, 2 weeks). Spherical trigonometry is
applied to calculating the edge and dihedral angles of the Archime ids.
10. G: Geometrical Inversion (2 weeks). Inversion in a circle i
including extending the plane by adding a point at infinity.
11. BG: Geodesic Structures, II (Chapter 7, 1 week). Furthe

12. Antiprisms and Snub Polyhedra (Chapter 8, han
13. B: Duality (Chapter 9, 1 week). Duals of the Pl
solids are discussed. Edge and dihedral angles are ca

trigonometry.

14. Geodesic Structures, IIT (Chapter 10, handeut o

15. B: Deltahedra (Chapter 11, 1 week). The nvex polyhedra
with equilateral triangular faces—are g ihedral angles are

found using spherical trigonometry.
16. Kepler-Poinsot Polyhedra (Chapter 12, hg
17. Euler’s Formula (Chapter 13, handout o
18. Coordinates of Polyhedra (Chap C artesian coordinates in
three dimensions are found for i the Platonic solids and some
Archimedean solids.
19. G: Mathematical Envelopes ‘(2
gives the illusion of curvature; the app
is used to find a Cartesian equation of an
of lines (Boltyanskii 1964).
20. Matrices and Symmetry (Chapter 15, 2 weeks). The symmetry
groups of some of the Pla are represented as groups of matrices.
21. Graph Theory and e ter 16, 2 weeks). The adjacency of
vertices on a polyhed ented as a graph. Various properties
of such graphs are discus
22. Projects (3 weeks).

arameterized family of lines
curve is the envelope. Calculus
velope given a parameterization

Creative Pr?em i Mathematics is a stimulating, challenging
course for talented nts. Tts demands on the instructors are perhaps greater
than for a typical hig 1 course; the teacher may need to learn new topics
and devise wa t them at an appropriate level. In our case, the
involvement o niversity faculty member (Vince Matsko) as mentor to a
high school teac d Klauser) was especially valuable. Currently, Matsko
assroom once or twice weekly as time permits. It is important
elease time from the usual course load or other forms of
involving a university faculty mentor.
ial is the support of school administrators. The enthusiasm of the
r the mathematics curriculum in the public schools (Dr. Sandra

pres
\

CPSM would not have been possible.
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5.3.7 Maths a Modeler: research situations for teaching
mathematics

The context of research and the solving of open questions form th
ground of scientific knowledge. We shall assume that an
and didactical study of “real mathematical research sit
situations which are crucial to the core of ongoing.athe
still partially unsolved) is promising and has an inn i
learning potential.

Research Situations for the Classroom (RSC) dered as the
transferring of mathematical research to the cl"oo X rent levels and
in different contexts (for example, in primary an dary schools, univer-
sities, and teacher training programs, but lic at large, as in
scientific museums or popularization events). ive access to the study of
mathematical growth.

Since 1991, we have devised and studied se
experimental point of view. They ha
in the type of situations and tasks
developed, and in the teacher’s ro

from a theoretical and
teresting in many ways:
in the knowledge and skills

From our viewpoint, a RSC ulfill the following criteria (Godot and
Grenier 2004).

1. ARSCis akin to a pr ional research strategy. It must be related in some
way to unsolved ques he ¥ollowing reason: the student will be
confronted with toug s, putting him/her in a real research situa-
tion. Both teacher an t are in the same position as the researcher.

2. The initial
should be Zﬁ ood by students, and the problem should not
demand heavil izéd mathematics.

3. Possible initj are in view, and can be considered without requir-

4. Several resea egies and several developments are possible, from the
point o mathematical activity (construction, proof, calculation) as
well as point of view of the mathematical concepts involved.

n can possibly lead to other fresh questions.

incentive in studying and implementing such situations in the

nowledge and skills (i.e. skills and knowledge which straddle
s, used in a variety of mathematical contexts). These include prov-
ing, conjecturing, refuting, creating, modeling, defining, extending but also
transforming a questioning process, being able to mobilize non-linear
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reasoning, experimenting, decomposing-recomposing, and having a scientific
responsibility.

All these points may have a place in French curricula under the
word “scientific activity”. Of course this has only partially to do
solving, but the way in which we consider RSC leads us to go bg
of problem solving and heuristics as defined by Schoenf]
(Schoenfeld 1985).

The RSC we implement in classroom have been Qe ong time in
various workshops (like MATh.en.JEANS described i 5.3.5) from
elementary school to university, and have been st theoretical
point of view both by teachers and by a groupyof from various
departments. Since 2003, a project has been‘ ay: Maths a Modeler
(www.mathsamodeler.net). The current teamis,com researchers both
in discrete mathematics and mathematics edticat he figld of discrete mathe-
matics is actually a good environment for leafs ining and popularizing
mathematics and mathematical heuristics. The pblems of researchers in
mathematics education concern the clationship between the
knowledge and the management of

To develop this point, note t
(savoir in French) and knowing (con
cheff and, later, by Brousseau. Broussea
confuse these two notions because they ha
explicit the relationship in these

guish between knowledge
French), as is done by Bala-
97) finds it important not to
different meanings. He makes

wing depends primarily on their cultural

The distinction between knowl
igfan institutionalized knowing. (Brousseau 1997, p. 62)

status: a piece of knowle

aling with RSC are supposed to construct
euristics such as modeling, proving, refuting and
ho /guides students during their research, it is not
easy to manag‘ resea cess involving several heuristics. How can she
help students? W of knowing are the students able to mobilize and
construct? How il th her institutionalize knowing in order to contribute
to the construction of pieces of mathematical knowledge which are as transver-
sal and undefin odeling and proving?

3 blem. Teachers should have skills to use RSC in their
cel comfortable using them and also have confidence in such
, this does not seem obvious because these Research Situa-
rrent mathematical research and are still partially unsolved.
hten teachers who usually possess knowledge.) So, the researchers
deler try to explain to teachers how to guide RSC and how the
ay be attained by the students in order to convey to them the
essence SC.

In a general way, the theoretical background uses the theory of didactical
situations (Brousseau 1997). The designing of a full theoretical framework is

From our perspective, stu
and mobilize mathem
defining. For the teac
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actually at stake. It concerns the design, the development, and the management
of RSC as a whole (Godot and Grenier 2004, Knoll and Ouvrier-B
Ouvrier-Buffet 2006). Let us now present such a RSC and the gui
propose to a teacher.

5.3.7.2 Hunting the beast! 9

resent case).

Let us consider a given territory (a rectangle on the grid i

A beast is a given polyoming, constituted by a few squares, (see below)

We have to position tr
placed. The aim is to posi number of traps.
This problem resemb t1 ion problems. Indeed, in order to prove the
optimal value, it is ne td produce a solution with this value on the one
hand, and to preye th ot do better on the other hand. The problem,
which has givenus ought for this RSC, is due to Golomb (1994).

In the classroom
We shall now [describe) the chronology of an experiment consisting of five
sessions (one ). Hunting the beast! was used experimentally and
observed byqdi ns and mathematicians in several contexts (at the end
level, with psycho-pathologic pupils with mental and beha-
(he secondary level, and in teacher education). We would like
that'students work in groups (3 to 5 per group) on RSC for the
e and didactical reasons. A teacher and an educational researcher

e both in the position of researcher and project manager. They are
not expected to demonstrate notional knowledge. The instructor, called
Manager-Observer (MO), is also in the position of researcher, but he is also a
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project manager in an unusual position. His functions are to identify transversal
knowledge learning opportunities and bring assistance without leading and/or
hinting. The MO is not a custodian of knowledge but a catalyst. The, MO 'may
be the teacher and/or the researcher.

The next presentation about Hunting the beast! is condueted through

mathematical and didactical problematics. The progress of the RS€C Hunting
the beast! is as follows (we can obviously generalize sueh a process tolanother
RSC).

D

Devolution of the situation and the problem of @ptimization : each group
of students chooses a beast (consisting of at most |3 squares) to hunt on an
8 by 8 grid. We note that mathematicians_do snot neeessarily know the
optimal solution in each case.

Different groups propose solutions. The Manager-Qbserver removes one
trap from the students’ solution to see if a beast eam,be introduced. If this is
not possible, then it may be that the optimization preblem is solved: we have
excluded the beast with the fewest traps. Howevessthis raises a subtle issue.
Is it in fact the configuration withfthe fewest, traps? In other words, is such
a “local” optimum a “global” optimum?,The group may believe so, until
another group produces a bettér solution.

Research on a particular case: the next'session concerns the hunt for the 3 by

1 beast | on a 5 by 5 grid.

After solutions have been found for 11, 10 or 9 traps, students produce
solutions using only 8 trapsf

Students are usually persuaded that the optimum is 8 traps because they
tried andfailed several times with 7 traps. A crucial point appears then: the
necesSitypof a proof. The position of the MO becomes important to engage
students m a rational proof problematic. He can refer to simplest cases
(tfo provegthat it is impossible with 1, 2 or 3 traps, for example).

A™filing” argument may appear during the proving process: if one can
put 5 disjoint beasts on the territory, then at least 5 traps are required. In our
case, one can prove that 8 traps are necessary.
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3) Research on a particular case: the next se erns the hunt for the beast

ona 5 by 5 grid.
The organization of this session 1 r to the previous one: the
students build upon the previous proof process. Nevertheless, the tiling
argument for this beast is not gnough because one can put at most 8 beasts
ona 5by 5 grid. In the diagram bélow, we see that we can catch the beast with
10 traps.

ow that the optimum number of traps lies between 8 and 10
uch results are common in mathematical research. However, we
efinejthe tiling proof in order to prove that 10 traps are necessary. We
ined this proof from some groups of students. The following
figure shows a sketch of the proof. Note that each square area requires
two traps.
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4) Application of students’ strategies: students apply t d/or methods
to larger territories (7 by 7 squares, for inst )
5) Realization of a poster and an oral presentation:
research processes: ideas, results, meth
present these in a seminar called Maths a ior in our research
laboratory.

Excerpts (pupils, 10 years old)

Let us bring to the reader some pupi i their mathematical produc-
tion is very close to the previous d : They underline that they began
to learn to:

work together;
listen to each other;
not say “it’s impossible” right a
simplify a problem to exa i
try to prove and find ents;
discuss these proofs wi ch other;
understand flaws in rea

These sentences spe themselves.
Conclusion andgacti tives
These RSC hav inspired by current mathematical research. They have

been designed to_tra cipants to use concepts and modes of reasoning
more attuned keeping with the practice of active research mathemati-
cians. RSC giv a chance to study the cognitive processes of students going
through doubti ecturing, refuting, generating new counter-examples,
and testi indow is thereby opening on the educational potential of
those stu e now planning to engage in a collaborative effort to work
d to suit the different grades of students for the evaluation
such experiments in the classroom. In order to promote the use
tuations in teacher education and in the classroom, we must
anagement and practical implementation of such situations.

the absence of a researcher in the classroom? In fact, the presence of a researcher
in the classroom has two advantages: the researcher is not the “knowledge
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holder”, contrary to the classical position of the teacher. It makes the devolu-
tion (in Brousseau’s sense) of the research process easier for th
Moreover, the researcher can explain and show concretely ho
such RSC, that is, how to transmit the research process to the’s

how to deal with the students’ procedures and issues. Besides, the can
underline how to identify the students’ processes. This las nnot be
easily and concisely expressed.

In the absence of the researcher, the teacher sh arge of the
devolution of the research process and the guidance of t ion. It requires
that the teacher has been trained previously. In othe eacher must
have experienced the situation in order to under’nd search process
involved and the position of “being a researcher”. must also have

Maths a Modeler
chers and to create

witnessed a RSC. That is the reason that
regularly go into classrooms in order to conve to
a researcher-teacher network for further experil S.

It is particularly desirable that our experim lized also with under-
achievers. Ultimately, experiments in should then be easier. To
work and experiment with several audi the emergence of invariants
in the use of Research Situations j . With underachievers for
instance, we notice that their relation tics upgrades from a bad one
to a more confident one. This “psychologi ct (i.e. the students’ relation to
mathematics is modified when they work on RSC) has to be studied too in order
to describe all the stakes and potgntialities offered by Research Situations.

Maths a Modeler concrete support for teachers with a
researcher in the classroom a ical cards that provide the teacher with
a basis for further use of ns. The experiments of these last few
years have emphasized a s uidance of the RSC which is easy to
convey to teachers (such as t oing script for Hunting the beast!). Now,
we have to go beyon stage, in mathematics education, to renew the
relationship of a teach nowledge within the didactical contract. We should
also develop haracterization of the MQO’s behavioral and
cognitive style. S ttitude is essential for a good transmission of RSC
from the resear to eachers. Several theoretical frameworks have been
used in this perspective but the design of such a useful framework is still at stake.

5.3.8 M, ics and art

lves a visit to a local art museum. Students engage in two
allenge activities.

symmetry is a subtext of much of the algebra and geometry we
teach. Sometimes it is useful to keep the symmetry below the surface, as intuitive
motivation for the techniques we discuss. But sometimes it is important to make
symmetry a subject of direct inquiry.
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In the latter case, geometric symmetry is perhaps the easiest form to a
Students can observe and exploit symmetries in geometric figures m
than in algebraic expressions. For some students, merely observin
tries and distinguishing the different types is a challenge. Other
greater challenge, one that involves a more formal study of th
symmetries and the group structures to which this operation g

Whatever the level of challenge sought, it is importaat to st ork with
concrete objects: diagrams, paper folding, pictures, an e following is
an example of one adventurous way of approaching this’s

New York City’s Metropolitan Museum of Ar
objects from Islamic cultures. These objects ﬁr
large variety of finite symmetry groups. For s
opean cultures, the viewing of these objects is
looking at the world.

ollection of
examples of a

a fin

dihed sroup of order 2, 4, or 8).
Islamic art, however, exploits many mose types,of reflection. Students often

contexts, symmetry groups of odd order.

Every year, the students of Mark Saul in New York take a trip to the
Metropolitan Museum of Art t on a “treasure hunt” to find objects with
these types of symmetry. They first gt a quick tour of the collection, including a
brief introduction to the cul h produced these artifacts and a few
examples of objects with etry groups of odd order, and symmetry groups
which do not include line ion§.

They are then divided into Each team is challenged to find ten objects
with interesting symm y are rewarded for finding symmetry groups of
odd order: a group o er 2n receives n points, while one of order 2n+1
receives a full 2wl p hey are also rewarded for finding symmetry
groups which do reflections: a group without reflections receives
double the num fp it would, had it included reflections (so that such a
group of order(2n receives 2n points, and such a group of order 2n + 1 receives
4n+ 2 points). ps of order 12 or less are considered lest students spend
too much time g the 100-fold symmetry of a large object.
ost interesting mathematics in Islamic art involves infinite

ortunately, the Metropolitan Museum of Art does not have
les of these in the collection to use for study. Perhaps in some
the activity could be significantly extended.)

designs which form knots or links. Since they can submit only ten objects,
they must choose carefully which objects will give them the highest score.
They write down the acquisition number of each object, a mathematical
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description, and its score. Then teams exchange papers, and check each other’s

work.

Challenge 5.3.8.2

While not central to the mathematics curriculum, topolog1ca1
objects can make for interesting student investigations, p

intuitive level. The notion of the genus of an object (rough ber of
‘holes’ it has) is one that students find intriguing. Sl ¢ as m, it is
sometimes a significant challenge to perform a topo mation of

one object into another to see that they have the sa

African artists, carving in wood or working in cera have created objects
which are interesting aesthetically and also topglegic eir annual trip
to the Metropolitan Museum of Art in New y students visit
the extensive African collection, and ans out the genus of
various objects.

Students study objects selected in advance,

ask to the wearer’s body,

which are not usually part of the design o are not counted.) They end
up looking at the objects in a new

As it builds only minimally on previ atical experience, this activity
offers a fresh start for students. This is a pa ar benefit to remedial students

Often, ordinary visitors to thé®museum are intrigued by the students’ con-
versation and will ask them to
this is sometimes the first oc
anything mathematical.

have ever been considered experts in

5.3.9 Lawn constr

The topic of ge‘e ic tion is often misunderstood. The classic (Eucli-
dean) developmen etry involves construction using unmarked straight-
edge and collapsi ses. The latter is usually not discussed in curricula:
there is no sim tool which will not allow the student to “transfer” distances, and
Euclid hlmself t two propositions, shows that any construction which
can be dong compasses can also be done with collapsible compasses.
prtance of constructions lies not in the particular instruments
onstructions, but rather in the restriction to the particular
d the resulting analysis of the problem at hand. So it can be
classroom, to consider construction using folded paper, or con-
both sides of a straightedge, or two linked straightedges, or a
erforms line reflections. This challenge provides another example
ction environment.

For many years, co-author Saul was lucky enough to teach in a school with a
large, flat lawn. On nice days in June or September, he would use this resource
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to work with students on construction problems. He got a box of medical
tongue depressors (sticks about 10 cm long) to use as stakes, a
thick, bright, colored yarn, and asked students to do large-scale
on the lawn. The points were indicated by the stakes and the lines
The allowable operations were developed as students worke
stretch yarn between two stakes, measure one length of yar
or describe circles by swinging the yarn in an arc, wig‘ fixed S center.
Their intersection points with lines could be indicated, irc arcs could
be approximated with segments.

To begin, students were asked to perform many la structions that they
had learned with straightedge and compasses: (‘)pi g ting perpendi-
culars, bisecting segments or angles, and so on. ound that they could
bisect a segment simply by halving the length Nting that segment
(measuring one half against another). They ¢ create a right angle by
forming lengths of yarn in the ratio 3:4:5, thg
them. Sometimes students invented n 1th yarn and stakes. If
they could justify them to others, ved to use them in their
constructions. These added possibiditi new ways to think about
construction problems.

(some students figured out th uld do this by drawing two segments—
the diagonals—that were eq ed each other). They also had to know
that the center of the rec i
insights gave new meani ems they had studied back in the
classroom.

In trigonometry, st ‘@7 wére challenged to construct a regular dodecagon,
then its largestgdiago apdiameter of its circumscribing circle), then the
segments perpendi to this diagonal from each of the vertices. Having
done this, they coul proximate a sine curve by copying these segments
atequal interv ng a line, perpendicular to that line. This activity gave them
insights into w ine actually measured.

In pre-calcul nts used yarn and stakes to construct conic sections.
They con arabolas with a given focus and directrix, and hyperbolas
and ellip ven points as foci. The construction of the ellipse usually
rge-scale version of the classic string-and-thumbtack con-
etimes, students enjoyed “acting out” Kepler’s law: planets in
t equal areas (from the focal point) in equal times. That is, they

challenge, the opportunity is a good one to fix in the students’ minds this
interesting, and somewhat counterintuitive, phenomenon.
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In all these cases, after the completion of the construction, and before the

photographs of their constructions. An examination of the photdgra
led to new discussions about the nature of projections. They co
rectangle they constructed in the photograph, but could also
image was actually a parallelogram because of the aﬂe at
graph was taken.

References N
[

Artigue, M.: Ingénierie didactique. Recherches en_dida es mathématiques 9, 3,
pp. 281-308 (1989)
Bartolini Bussi, M.G.: Mathematical Discussion and Pe
Educational Studies in Mathematics 31, 1-2, pp. 1 €4
Bartolini Bussi, M.G.: Ancient Instruments in the Mat

ive Drawing in Primary School.

Classroom. In: Fauvel, J., van

Bartolini Bussi, M.G., Maschietto, M.: atiche: dalla storia alla scuola.
Springer, Milano (2006)

Bartolini Bussi, M.G., Mariotti, M.A.:‘Se n in the Mathematics Classroom:
Artifacts and signs after a Vygotskian Pers In: English, L. (ed.) Handbook of
International Research in Mathematics Education, 2nd edn., pp. 746-783. Routledge,

New York (2008)
Bartolini Bussi, M.G., Mariotti, M.
Direr’s glass. In: Hoffmann, M.,

erri, F.: Semiotic mediation in primary school:
,J., Seeger, F. (eds.) Activity and Sign: Ground-

Brousseau, G.: Theory of Di i i iny Mathematics. Kluwer, Dordrecht (1997)

Bruner J.S.: Toward a Theor ion"Harvard University Press, Cambridge, MA
(1967)

Commission UMI-CIIM, matica: Attivita didattiche e prove di verifica per un

nuovo curricolo di i Ciclo secondario (2003). umi.dm.unibo.it/italiano/

MatematicaZO‘n tem html. Accessed 07 February 2008

European Commissio, : Communication: Making a European Area of Lifelong Learn-
ing a Reality (2 opa.eu.int/comm/education/policies/lll/life/index_en.html.

Gade, S.: Creativity: moderm school mathematics. Orient Longman, Hyderabad, India (2004)

Godot, K., Grenier, B oretical and Experimental Study of Research-Situations for the

SG 14. Copenhagen, Denmark (2004)

yminoes: Puzzles, Patterns, Problems and Packings. Princeton Science
NJ (1994)

atics research situations. CERME 4 (Conference of the European Society
in Mathematics Education) Proceedings. pp. 332-341 (2006)
xicab Geometry: An Adventure in Non-Euclidean Geometry. Dover Pub-

. Mathematical Machines at Modena. European Mathematical Society News-

letter, 57, pp. 34-37 (2005).

Maschietto, M., Bartolini Bussi, M.G.: Meaning construction through semiotic means: the
case of the visual pyramid. Proceedings of PME29, Melbourne, Australia (2005)



Chapter 5: Mathematics in Context: Focusing on Students

Maths a Modeler CD-Rom: Les 7 énigmes de K’stét. Generation5, Chambéry, France (2007)
www-leibniz.imag.fr/LAVALISE/. Accessed 07 February 2008 www.maths
Accessed 07 February 2008

Matsko, Vincent J.: Polyhedra and Geodesic Structures. Draft manuscript (

Mellin-Olsen, S.: The Politics of Mathematics Education, Kluwer, Dordrecht (1

Ouvrier-Buffet, C.: Exploring mathematical definition construction progce
Studies in Mathematics 63, 3, pp. 259-282 (2006)

Rodari, P., Conti, F., Benelli, E.: Sperimentare la scienza (2005) www.zad v Accessed
07 February 2008 ‘

Rogers, A.: Looking again at non-formal and informal education — a new paradigm,

The Encyclopaedia of Informal Education (2004) www.infed.osg/bi " formal_par-
adigm.htm. Accessed 07 February 2008
Schoenfeld, A.: Mathematical Problem Solving. AcadeﬁPre , FL (1985)
infor

SEEQUEL Project: Quality guide to the non-formalian arning processes,

Scienter-MENON Network (2004) www.educationob ics.net/seequel. Accessed
07 February 2008

Vygotsky, L.S.: Il processo cognitivo. Boringhieri, Tor

Vygotsky, L.S.: Thinking and Speech. Kluwer (1998)

&
O




Chapter 6

Teacher Development and Mathematical
Challenge

Derek Holton, Kwok-cheung Cheung, Sesutho Kesiany ari osada,
Roza Leikin, Gregory Makrides, Hartwig Meissner, Li ield,
and Ban-Har Yeap ‘ ‘

In this chapter we look at the issues around te
they relate to teaching using mathematical es.
matics is; discuss why challenging mathemafics p
school classrooms; give some examples of p %
lenge in a classroom situation; and su,
use of challenging problems. We
research that is relevant to the the
pedagogy and teacher preparation, es both theoretical and prac-
tical aspects and suggestions for someone may want to design a profes-
sional development project using challenging/mathematics.

6.1 Introduction ;

6.1.1 What is mathemati what are mathematical
challenges?
At the heart o iscusston on challenges in the mathematics classroom

that is taken up ov hapter and the next two, is the notion of what
mathematics is consider the subject to be made up of two interconnecting
parts. One of \these is/the content that has developed over centuries. This
covers everythi basic facts to calculus and beyond. This part of
mathemati ins most of what is commonly taught and examined in
school s contains the rules and algorithms with which we are all
fapiiliar.

al development as
ok at what mathe-
s are important in
that can provide a chal-
rs that might inhibit the
the mathematics education
his is followed by effective
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However there is more to mathematics than this. There is also the creative
side, the processes that lead to the solution of open problems
generation and consolidation of new mathematical knowledge.
side is a key ingredient in research, in the history of the discipline,
development of the mathematical thinking of each individua

immediately clear, this side of mathematics harbo
solving challenging mathematical problems. This
where experimentation may be needed in order
where conjectures may either fall to refutations or ofs, both of
which may need to be achieved by example or bysargu her, it is where
problems are extended and generalized. A more co discussion of this side
of the subject can be found, for example, i 5), Hardy (1969),
Holton et al. (2001), Lakatos (1976), Polya (2 0) and Thomas and
Holton (2003).

Mathematical challenges are not j
Furthermore a mathematical proble
individual or a group at a given ti
for one student and a routine
problems for able students are not ne ifferent in nature from chal-
lenging problems for regular students. The tion for the same problem may
also be scaffolded differently to provide challenges on several levels, as we
shall see with the problems in tion 6.1.3 below (and see, for example,
Sheffield 2003).

Of course the teacher is ce
ing and learning of stude

(1

lems (see Chapter 1).
nge with respect to an
roblem may be a challenge
her. However, challenging

moting the mathematical understand-
choosing appropriate tasks and providing expert
assistance. Many mathe s (for example, Simon 1997 and
Steinbring 1998) sugg ing may be facilitated by using a cyclic

© t
model of teaching in tedchers first provide their class with challenging
learning oppor’xities. noting and reflecting on the results of the
interactions with't t s, teachers can adjust their initial plans. In this
a

context, handling tical challenge should be a part of the didactical

contract—a se implicit rules that determine students’ expectations from
their teacher and, teachers’ expectations from their students (Brousseau 1997,
Sierpinska 2007):

ty to adjust teachers’ learning agendas in the light of their interac-
tions with students;
4. an awareness of the nature and importance of mathematical challenges.
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6.1.2 Why are challenging mathematics problems importa
in school?

We will focus here on five aspects of this complex question. It go ut

saying that we want students to develop a robust conceptual 4 f mathe-
matics as a discipline and to enjoy the mathematical experie ing on
a

from the first section then, one answer to the question 'd in n title is
that challenging problems help students to have a better nding of what

mathematics is and how mathematics develops.
This aspect concerns students’ impressions of ma ti d the beliefs
that are generated in them and developed by l‘n in t ess of problem
af]

solving, beliefs that subsequently exert a considera

under the level of the cookbook.” Within sug nical framework, it is
understanding of its
ontrivial situations, and

significance, the ability to apply it i
i application (Cooney 2001,

above all, even the ability to conc
Cooney and Krainer 1996).

But there is a second consideration t ess important. The memoriza-
e object of solving myriads of

ization of the materials
regarding problem solvin
to perform can only
structures”—when th
other words, o‘t ro

ations which it requires the students
nse of-—can only be seen as “meaningful
textualized within a broader framework; in
g more challenging problems.

e familiar with situations in which, having worked
partly through the given on a worksheet, students seem to begin to
1 that are demanded of them correctly. A short while
g has been forgotten. This is hardly surprising: there

€ C

later, however,
has been no_interpreta
to mentio, ence of any positive emotional reaction, the importance of
whjch in

roblem, a Vorstellung in German (for details see Meissner 2002).
Process Theory we know that two types of Vorstellungen develop,
partially independent of, and sometimes even conflicting with, each other.
Type 1 is mainly intuitive and spontaneous and based on “common sense”.
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On the other hand, type 2 is reflective, analytical and logical (Kahneman and
Frederick 2005, Leron and Hazzan 20006).
In mathematics education largely it is the second type that is lo
regular schoolwork. But to work successfully on a challenging pr
are essential, a sound and mainly intuitive “common sense” andpa

mathematics both types of Vorstellungen must develo
challenging problems are needed in order to nurture b

to all students no matter what their ability. A four
propose is that challenging problems are of vitalim or mathemati-
cally able students. These students can becom and bored very
easily in “routine” classrooms unless they die nd yet it is com-
mon to hold back our brightest students. inues o be the case today
in the United States, over twenty-five years

of realizing full potential, is the gifte
p. 18).

Much more recently, in a stu cts of teachers and schools on
student learning, William Sanders an the Tennessee Value-Added
Assessment System found: “Student achi ent level was the second most
important predictor of student learning. The/higher the achievement level, the
less growth a student was likely/e have” (DeLacy 2004, p. 40). Challenging
problems in school appear togbe a\step in the direction of addressing this
problem of the more able stu

Finally, in their com nsi is of mathematics lessons in the US,
Germany and Japan, Stig
the kind of mathemat ght. They say, “If the content is rich and

ics_that
challenging, it is mor that the students have the opportunity to learn
more mathemﬁ an arn it more deeply” (p. 57).
The researc 1 quality of school mathematics as a function of

coherence, and making connections, and state

s
content elaboration;
that the quality at tics at each lesson contributes to the development
emati
1

of students’ m l understanding. Mathematical tasks that the teachers
select as well a ings in which the students are presented with them

determine 6 of mathematical instruction (Leikin 2004b).

A3 do challenging mathematical problems for school
assrooms look like?

resent four examples of challenging problems or situations that
have been used in school settings. They illustrate a range of uses of challenging
problems. The first one, the Six Circles problem, is not explicitly connected to
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normal curriculum content (though it does need a knowledge of arithmetic and
algebra), but it does provide a method of introducing students to th
tical processes of experimenting, conjecturing and proving. It is al
where a variety of approaches is possible.

The second problem, the Decimal Grid, is a challenge that
cally designed to make students aware that the product of t
always bigger than either of the two original numbegss The of Odd
Numbers is used in a professional development cou a and also
allows a range and depth of approaches. FinallytheyD1 rinciple is
specifically designed for mathematically able studen is not linked to most
curricula and can be undertaken by students ou?e the m. However, it
can be used by teachers to allow exploration an nect different mathe-
matical fields.

Before continuing, we note that it is we
Sudoku puzzle loses its “challenge” when wg
have tried to solve it ourselves. The s
tical challenge. Therefore we will
given here before reading the next

o attempt the problems
ction. This will help to get

This problem can be use
olton 2003) has a number of points where

abilities. The Six Circles pro

students might stop w, illyhaving engaged in a challenging activity. The
problem asks if_the n rs Ithrough 6 can be put into the six circles (see
Figure 6.1) so ‘t es the numbers on each side of the triangle is the
same. (Each num y be used once.)

S C
®

Figure 6.1: The Six Circles problem




Challenging Mathematics In and Beyond the Classroom

Note that if there is an answer, it can quickly generate five others by use of
the symmetries of the equilateral triangle. For simplicity we will co ese
to be the same answer.

There are at least six potential challenges or staging posts on
2006). After each staging post, given a student’s ability, they omthei cher
may decide that they have gone as far as they can. A first challg ind one
answer; a second is to see how many answers there argaa thi how that
there are only four answers; a fourth is to extend t the set
{1,2,3,4,5, 6} to other sets of six numbers; a fifth is to which sets
of six numbers will work here; and a sixth is to pro re. Further
challenges can be introduced by asking the students ther proof, to
formulate additional “what if” questions, and

This investigation has the advantage offbei
students, even those in elementary school,
requires a knowledge of arithmetic and the ap

e tackled by all
arly stages it only
logical arguments. It
great deal of practice
with number sense and addition fact manner that will facili-

also give secondary students a c
situation.

With help, bright elementary students how that there are only four
answers. This can be done without algebra by noting that, because 1 has to be
on one side, the highest sum it capfbe involved inis 12 (=1 + 6 + 5). A similar
argument with 6 shows that thegside'sum has to be at least 9. By looking at how
9,10, 11 and 12 can be made e numbers 1 to 6, it can be shown that
there are only four answ the original problem.

Because it seems to nee a, a complete proof of which sets of six different
numbers can be put into the si to produce equal side sums is not accessible
until upper secondary . However students can learn to make convincing
arguments using_ tech s such as making exhaustive, organized lists and
analyzing the ibilit e numbers that must be used in the corners
must add to a mul hree. In the process of using such problems a teacher
can see where a ent ents lie and help to develop them.

6.1.3.2 Decimal k

e 6.2, select a path from 4 to B. Change the direction after
ep. Multiply together (with a calculator) the decimal numbers
oo along. Find the path with the smallest product.
4 trials. What is your answer? What is your smallest product?
solvers start working, individually or in small groups. The reader
should_do thé same. Please answer the questions before you continue reading. Be
ere is more to this problem than you might think.

After about 10 to 15 minutes the class might be asked for solutions. Who
got 62.121... as their smallest product? Who got 1.89? Who got 0.3564?
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Figure 6.2: The Decimal Grid

Who else got a product between
and 0.01? Who got one between’0.
than 0.001?

got a product between 0.1
? Is there a product smaller

explain the paths to others. Are
chance of finding the best path
Before you continue readi
strategies or arguments
Now we will summariz
the past:

ake three or four notes about possible
up in the discussion.
periences that have been reported in

(a) I do not remembe

(b) T always t th
62.121...);

(c) Itook as few step sible (2.5 x 8.4 x 0.3 x 0.3=1.89);

(d) T looked f many “zeros” as I could (13.2 x 0.5 x 0.6 x 0.3 x
0.3=0.356

(e) After 5.9 (se

I chose a specific path;
number at each point (this strategy gives

p) we can continue with smaller factors (0.7 x 5.9 x
x 0.3=0.11151);
rsmall “detours” (instead of 13.2 g0 0.7 x 5.9; instead of 5.4

Analyzing the different paths we also find some assumptions that were made
but that were not mentioned:
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(j) multiplication produces bigger numbers;

(k) make no “detours”;
() reach the goal B as quickly as possible;
(m) do not go “backwards”.
In this problem several cognitive jumps can occur. For ex

(n) an unconsciously existing notion, “multiplicationgmakes may be
destroyed;

(o) a new experience can become conscious: “mult
give a bigger result”;

(p) amore concrete realization is “for multiplication, gger than | are

quite different from decimals less than 17;
cto ead to a smaller

(q) another new experience might be “mo
eral times makes the

iplicdti not always

product”;
(r) repeating the “cycle” (...x 0.6 x 0.8 x 0.
product smaller and smaller;
(s) repeating the “cycle” (...x 0.6 x 0 . : ain and again, we might
reach zero.

Discussion is very important i of problems like the above
because there are often conflicts betwee we and analytical Vorstellungen.

6.1.3.3 Triangle of odd

Teachers need to experien

appreciate student problemsso experiences.

Each week, teache @7 olléd in a graduate course at Northern Kentucky
University on gessm eehniques in K—12 Mathematics tackled a different
problem thems [ took the problems back to their own students.

The students of the
consistently a

ers ranged in age from 6-17, and teachers were
at tho'depth of understanding exhibited by their students.

Teachers oftén noted)that students found enjoyment in challenges that had
sometimes stum teachers, and frequently found solutions that the tea-
chers had ght of. One such problem asked students to find the next
three line diagram below and to find where the number 289 was. Work
and Dan, aged 16, is shown below. Again we note that there

13 15 17 19
21 23 25 27 29
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Tyler’s first response was:
L
As a second grade student, Tyler was using subtractio’o t
Tyler was asked to find the row that contained 289 and Tylgr r

-~

er. Next
as follows:

! '
N E@' A Feow 17,
Mern of finite differences increasing by 2 each time in

e end df each row on the right-hand side. When he ran out of
ticed a similar pattern in the first number in each row.
, he realized that he had passed 289 and noted on the
e needed one-half of the row. When asked to find another

the following:

Tyler first nog
the numbers a
space on the ri
When he g

!3;":1@!/ 3 \17@1/2.329“17@
2k3235 27690 Y Yra Uy

Very tmi T count - Rengye
wifh 9
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Dan, a high school student, used algebraic reasoning to explain_why the
middle number in each row was a perfect square.
A.
1

teenth row is 289 (17%). The proo

Since each row has the num
one can add the row numbe rming the number of numbers in
total. Therefore, by the end of ro isgequals 1 + 2 + 3 + ... + n.
Then, the fact that the sum of a series is equal to n(n + 1)/2 combined with
the fact that each term equalg its number doubled minus one, one finds
that the last term is equal t n + 1) — 1). Therefore, to find the first
term, one merely needs to last for the previous row and add two,
making (n(n—1) — 1_+

Representing the the row by (n(n — 1) — 1 + 2)
and the last by (n(n + n is therefore

(nn—1)—=142)+( DAL (P —n+1)+@m*+n—1) 2%
@ @L— 2 =2

C. The sums of the,con ive rows are consecutive perfect cubes: 1, 8, 27, 64,
125, ... Th¢.sum of all numbers from one to n gives us the mean of row n.
For examp 4, mean of row 2, 1+3+5=9, mean of row 3,

ean of row 4. The diagonal columns increase by 2

as one goes along, 2,4,6,8,. .. from one left diagonal, and

one right diagonal, and so on. This pattern also holds true

N 5
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The pattern in part B doesn’t hold true in this even-numbered triangle.
In this case, the squared row number is one less than the mean ow
whether it is even or odd.

6.1.3.4 The Dirichlet Principle

supporting materials for the identification, motivati
students with higher abilities in mathematics. The ker
materials is a set of “ladders”. Each ladder is a self-co
focused on a specific mathematical topic, whieh, ca
e sequences of
f-testing, ordered
so that the degree of difficulty, and amount o

The ladder entitled the DIRICHLET PR

of graded questions on
the Dirichlet Principle (also knownd a igeonhole principle). After an
j re distributed into z groups
and m > n, then at least two of the‘oby e and the same group. This is
followed by a series of problems.

Problem 1. There are 367 pupils in a school. Show that at least two of them
celebrate their birthdays on one the same day.

Problems 4 and 5 lead to a theorém:

Theorem If 7 is a natural n
one could chose two suc t their di nce is divisible by n.

We give here two of th ems from the next sequence that demonstrate
the use of the principle applie ints in a square.

Problem 10. Given i Ssquare, which is divided into 25 unit squares. In
an arbitrary way 26 po re marked on the square. Prove that at least 2 points
fall on one of t& it s

Problem 14. Gi % 3 square with 9 unit squares. One of the numbers
—1, 0 or 1 is writen of the unit squares. Prove that at least two of the
sums of all the [rows, columns and diagonals are equal.

Problem 15 t eads to a more general version of the Dirichlet Principle

from arbitrary n + 1 natural numbers

same kind.
eneral form of the Dirichlet Principle is: if m objects are distrib-

ito one of the groups.

s on to a number of applications in Problems 16 to 22. Among the
final three problems, the principle is used not to consider the distribution of
objects but rather the number of groups.
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We will say more about the pedagogy of these and other challenging problems
in Section 6.3. The Dirichlet Principle is also discussed in Chapters 1

6.1.4 What barriers might prevent teachers from usi
challenging problems? PY

There are several reasons that teachers may not use problems.
Not the least of these is the lack of an overview athe cs that sees
the process side as being significant. Two posﬁe r re that this view
has never been presented to them or tha ha iled to grasp
its importance. Furthermore the latter m imitations in their
subject-matter knowledge and pedagogic t knowledge so that they
are not able to take their class further tha rial of their current
textbook.

Another reason might be that a st teaching of algorithms
and procedures requires less ability and kaowledge than organizing cooperative
ight also be linked with a
teacher’s view that their students’ar ieyers and so teachers have low
expectations for them. Low achievers cu ily learn mathematics through
pedagogical strategies that are more procedural and simplified than knowledge
generating (Boaler et al. 2000, Hgussart 2002, Siber 2003, Zevenbergen 2003).

It is also possible that teaghersyhave not been motivated to undertake
challenges in their classes. Thi imply be the result of mistakenly believing
that only the more able nts can efit from such an approach (Leikin
and Levav-Waynberg 20 rther, may believe that they do not have
adequate resources at their 4

Finally the teacher
tions. Various social o

of use of challenges may have systemic founda-
cational policies or economic conditions may be at
the heart of th‘ le ers’ understanding of mathematics and peda-
gogy within the ¢ ity of practice is bounded by socially constructed webs
of beliefs, which rm achers’ perception of what should be done (Brown
etal. 1998). Thiis, appropriate use of challenging mathematics by teachers is not
a simple task i
mathematicsgi

etimes impossible given that contemporary school
result-oriented and mostly topic-centered (Schoenfeld
conditions may lead to a curriculum that holds no place for
>specially so if teachers perceive the school curriculum and
onal materials as the prescribed sources of knowledge (Leikin
ynberg 2007).

may not feel that they can stray too far from the standard problems that are to
be found in the examination because of pressure from parents, students and the
school administration.
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6.2 Research

6.2.1 What do we know about the effect of teachers’ kn
and beliefs on the teaching and learning of challengi
mathematics?

In this section we look at the literature on teaching and.c er dge and

beliefs. This leads to a model of teachers’ knowledge.

Epistemological analysis of teachers’ knowledge r s sl t complex-

ities in its structure (Scheffler 1965, Shulman 1986, WM 87). We now
ow

introduce a three-dimensional model of teache.k hich describes

this complexity (Leikin 2006, based on Scheffler 19 bein 1987, Kennedy
2002, Shulman 1986). In the context of this tudy, we present this model
in relation to the teachers’ role in promotin ing mathematics (see
Figure 6.3).

Dimension 1 The axis “Types of k d on Shulman’s (1986)
components of knowledge. Teachers j tter Content Knowledge (SM
in Figure 6.3) comprises their own llenging mathematics, and
their ability to tackle mathematic themselves using both critical and

SM PC cC

Types of
knowledge

(Schulman 1986)

ditions and forms
of*knowledge (Fischbein 1987, Scheffler 1965)

Figure 6.3: Dimensions of teachers’ knowledge (from Leikin 2006)
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mathematics that encompasses both content and process and they should
realize the value of challenges in the subject that have been no
(Note this is also frequently called Subject Content Knowledge
acronym SCK, which is used in Section 7.3.4.)

Teachers’ Pedagogical Content Knowledge (PC in Figure re
also given the acronym PCK, as used in Section 7.3.4) includ

e knowledge of how students deal with challenging |‘h ma

e teachers’ knowledge of appropriate learning settings t
particular mathematical content and to particula em classrooms;

e identifying, developing and supporting each stude tential;

e helping students to communicate their mathematical ries;

e motivating students to engage in incrgasin plex mathematical
challenges.

be matched to

Teachers should have a number of challenges as of their pedagogical
repertoire that are appropriate both for differentparts of'the curriculum and for

a range of students and they should r ges constantly
Teachers’ Curricular Content Kn Figure 6.3) includes knowl-
edge of mathematical challenges i pes of curricula and the under-

standing of different approaches fo t enging mathematics.
Dimension 2 “Sources of knowledge” is on Kennedy’s (2002) classifi-
cation of teachers’ knowledge according to the sources of its development.
Teachers’ Systematic Knowledge is acquired mainly through systematic
studies of challenging mathematics ‘and related pedagogy in colleges and uni-
versities, and through readi h articles, journals and professional
books. This knowledge retical, codified and abstract, and
concerns the teachers’ sen!
Craft Knowledge is large oped through classroom experiences with
challenging mathemati nnedy argues that teacher knowledge of this type is
mainly intuitive and m an incremental and cumulative impact on teachers.
Prescriptive éo e quired through institutional policies, which are
transparent in tests; ntability systems, and texts of diverse nature. It is
motivated mai s’ sense of responsibility to students and to com-
strongest influence on teachers’ decisions concerning
allenging mathematics in their classes.
itions and forms of knowledge” differentiates between
nowledge, which is mostly connected to teachers’ planned
nowledge as determined by teachers’ actions that are not
inson and Claxton 2000), and teachers’ Beliefs, which are
eachers’ concepts of teaching. Intuition is a form of knowledge

teachers’
actions, I

ct things, in the nature of a habit or readiness” that express “a
disposition to act in a certain way under certain circumstances” (Scheffler
1965, p. 76).
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Thus, professional development programs and/or courses that are aimed at
the development of teachers’ awareness of, and favorable dispositi
offering students the opportunity to experience different types of
school mathematics have to take into account the complexit
knowledge. Such courses consider teachers’ intuition as the basi
opment of their formal knowledge. On the other hand, the
teachers’ beliefs and be aimed at developing teach"
introduction of challenging mathematics in school.

6.2.2 What other factors are important bte
challenging mathematics?

Teachers also need to be introduced to, and 1
so that they begin to understand better the p
situations. Below we consider aspects of moti
This is followed by the need for more

The main reason for teachers to
reason. In a professional develop
reasoning of gifted and talented stude
of regular students and that of the teachers
is the context for this research on students’ mathematical reasoning. The
courses may include reading stitdies by well-known researchers, individual
research projects or collaboratiye reSearch with students.

allenging mathematics.
rch is to learn how students

compared with the reasoning
selves. Mathematical challenge

6.2.2.1 Motivation

Motivated teachers, as descr the Oregon School Boards Association
(2006) (see www.naen. re,ones who not only feel satisfied with their jobs,
but who also are empo d tosstrive for excellence and growth in instructional
practice. Teac i one of the driving forces and determinants of
how a teacher fun rticularly so, in the area of challenging mathematics.
Here, more attention s be paid to the work content factors (NCES 1997)
as these are asso@ciated with intrinsic motivation. These factors concern profes-
sional develop ognition, challenging and varied work, increased

ilitygma ent, empowerment, authority, and so on (Frase 1992).
bout the things that would enable and motivate a teacher to

dtivation is perceived to have the potential for sustaining lifelong
professional development for both prospective and in-service

abled forms a very useful base for attracting teachers towards
work on challenging mathematics. They would then view challenge as a learning
opportunity rather than an obstacle to be avoided. Teachers who are intrinsi-
cally motivated to tackle challenging problems themselves are much more likely
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to present challenging problems to their students. Since this is related to the
development of positive attitudes, efforts should be made in teach
ment to engage teachers in activities known to have the potential
attitudes. Teachers with a positive mind-set towards working wit
mathematics will not only be in a position to employ challengin

spheres of professional influence, be these their scho ir loea or even
their own country.

6.2.2.2 Brain development

Research has shown that the brain changes s
depending on learning and experience. ities for tackling
challenging mathematical problems have the p change the human
brain for life. This has tremendous implicatio L levels of education (see
www.newhorizons.org/neuro/front_neuio.ht

well as functionally

6.2.2.3 Zone of proximal develop

The power of Vygotsky’s ideas lies in his ation of the dynamic interde-
pendence of social and individual processes./In contrast to those approaches
which focus on internal or subjg€tive experience and behaviorist approaches
which focus on the external, Vygotsky conceptualized development as the
transformation of socially sh ities into internalized processes. In this
way he rejected the Cartdsi etween the internal and the external.
By way of contrast, Vygot at the unity and interdependence of
the internal and external, star m birth. To address the way in which this
social and participato ning took place, Vygotsky (1978) developed the
concept of the zone of imal development (ZPD) , which he defined as “...
the distance between t 1 developmental level as determined through
independent prob ing and the level of potential development as deter-
mined through le ing under adult guidance or in collaboration with
more capable peers” (p) 86). Teachers need to be able to find the appropriate
ZPD for each s the presentation of challenging problems.

The notion 1s central both to teachers’ knowledge and to the knowl-
ucators. Learners, students and teachers, face difficulties
1athematical tasks. The principles of “developing education”
which integrate Vygotsky’s (1978) notion of ZPD, and Leon-
heory of activity, claim that to develop students’ mathematical
g the tasks should neither be too easy nor too difficult. Challenging

ith “powerful tasks” is fundamental for teacher development

93).
The ZPD is also discussed elsewhere in this Study Volume, particularly in
Sections 3.1, 4.5.4 and 7.3.2.
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6.2.3 What other research is needed?

There is considerable room for research into the effect of teaching carning
through challenges both with teachers and with students. Research 1 ry
in challenging mathematics classrooms to see what changes mi expected
in both students’ and teachers’

content knowledge; .
attitudes toward mathematics;
willingness to continue in mathematical pursuits;

risk-taking and up-taking of other challenges.‘

~

6.3.1 What is the role of the teacher in % phere challenging
problems are used?

6.3 Effective pedagogy

Jaworski (1992, 1994) offers a teac
tivist perspectives of learning and t
ments, which are involved in the creati
learn mathematics:

is consistent with construc-
triad synthesizes three ele-
opportunities for students to

e the management of learning;
® sensitivity to students;
e mathematical challenge.

Although apparently se elements are often inseparable.
According to Jaworski (1992,

his triad forms a powerful tool for making
sense of the practice o ing mathematics”. According to this triad, in any
classroom situation t cher should include mathematical challenges and
know how to n‘a thi g process in accordance with students’ reason-
ing and needs.

In this secti :mmber of roles that we think a teacher in a challen-

ging mathematical classroom should have. These are:

1. lems;

Generally, these are in no particular order, but the first and most funda-
mental of these is a necessary attribute to establishing a challenging
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environment in the classroom. Above all, teachers themselves should enjoy
solving mathematical problems. Unless teachers are fluent in solvin

engender these abilities in their students.

Steinbring (1998) has a model in which teachers offer learnin
to their students in which the students operate and constr
school mathematics in an autonomous way. This o s by
pretations of the tasks in which they engage and by o;g' cction on their
work. The teachers are responsible for the design of learning igns in which
students deal with challenging mathematics. By obs the sfudents’ work
and reflecting on their learning processes the te‘er C n understand-
ing, which enables variation of the learning opportufities in ways that are more
appropriate for the students.

Consequently the learning opportunities
students are a function of that teachers’ kno
the importance of teachers’ knowledgefor st
many places, for example, Artzt and
Cohen 1999, Simon 1997). To be a

provide for their
ilar arguments about
earning may be found in
as 2002, Ball 1992, Ball and
eir own knowledge and so

design appropriate learning situa allenging mathematics, tea-
chers should be continually looking for for themselves to solve as well
as for their students. Teachers might also k about creating problems for

encourage students to tackle

Such teachers would hav
mathematics since resear
of perseverance required i
Hancock 1997). Additi

motivated to engage in challenging
many teachers display the qualities

1d seem that one of the reasons for educa-
tion is to support stud th lifelong learning and to solve new problems
as they arise in yda sing challenging questions in mathematics, the
subject can support this type of learning.

Secondly, and _per viously, the teacher should promote challenging
mathematics i ool, Not all learning, even mathematical learning, takes
place in class, e have seen in Chapters 1, 2 and 3. Teachers should be
aware of, if no ed in, extracurricular opportunities for challenging
i as individual and group competitions, math clubs/circles,
weekend and summer math programs and exhibitions. In
Id be aware of what is available on the web through such
rich.maths.org.uk and www.nzmaths.co.nz . All of these sources
hallenges for teachers and students alike.

addition, their critical and creative abilities should be developed and their
enjoyment of math should be encouraged and fostered.
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In the process of solving problems, it is not sufficient to simply get an answer.
This is because it is not clear that the student knows how to solve t
until an argument has been given. Further by writing, or other
nicating the reason for their results, the student’s understandmg 18
Consequently a fourth role for the teacher is that of assis
communicating their ideas and solutions.

The use of ladders and rich mathematical prob
encourages students to engage in increasingly mor
challenges. This is a fifth role for the teacher—to motiva
into mathematics in contexts that are both pure and i oth are part
of and outside the required curriculum.

Often a class will find a number of different
For instance, to prove that there are precise

given problem.
to the Six Circles
¢ encourage the use
of a variety of techniques, resources and teg g and ensure that the

The sixth role of the teacher is to
achievement in mathematics. This
student when a good job has been ic récognition when a good result
has been achieved in an external i

The last role is being able to let go. T e many anecdotal examples of
teachers who have suggested to students that they should stop the approach
that they are using and work on teacher’s suggestion. Students who will not
take the teacher’s advice or w 16k to their own method may well solve the
problem their own way.

Teachers might be o
importantly, they must r
After all, education is for li
turn to. It is import
problems.

So it is 1mp‘a

their students. And perhaps more
ance of giving control to students.

t students develop their own ways of tackling

ers to realize that their responses to certain
situations shoul eta-cognitive. Questions like “Have you seen
something like ?” and “What if you tried a simpler case?” are
more valuableffor students in the long run, than “Why don’t you write that
asx +2=77 nitive scaffolding such as this prepares students for
the next p ell as for independent learning (Holton and Clarke
2006).

is effective pedagogy for classrooms using
challenging mathematical problems?

From the start we should say that the literature shows that there is no general
teaching method that will generate high performances in all students (Hiebert
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et al. 2003). In fact, Watson and De Geest (2005, p. 223) note that, after
studying teachers who seemed to make a difference to their student ing
some practices “would have comfortably fitted into a typical ‘r
room; some would have comfortably fitted into a classroom in
textbook work was the norm”.

However, there were some common themes that appeared i % and De
Geest’s study. They found that the kinds of teacher‘prac lead to
active and purposeful learning include:

developing extended work on

e developing routines of meaningful interaction;

® choosing how to react to correct and incorre‘ans

e giving students time to think and learn;

e working explicitly or implicitly on memo ~

e using visualization;

e relating students’ writing and learning;

e helping students to be aware of progress;

e giving a range of choice;

® being explicit about connections i s in mathematics;
e offering, retaining and dealing atical complexity;
[ ]

[ ]

This list is reinforced in a revieyhof research on numeracy practices by Brown
et al. (1998), who found that good teaching practices include:

statements and tasks which require

e the use of higher order
thought rather than p e;

e an emphasis on establ dialogue, meaning and connections
between different m ati deas and contexts;

® more autonomy fo nt§ to develop and discuss their own methods and

ideas. .

Clarke and Cla 4) have a similar list from their work with teachers of
students in the ye school. However, they feel that the features listed
below may apply acrosgall levels of schooling:

i [l

nt mathematical ideas;

igh but realistic mathematical expectations of all learners;
encouraging mathematical reflection;
using assessment effectively for learning and teaching.
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In his examination of the video lessons that accompanied the Trends in
International Mathematics and Science Study (TIMSS) Watson (
two main ideas: the presentation of mathematical concepts an
student engagement.

In lessons from Japan and Hong Kong, the difficulties of the
students were exposed to were not played down. In fact, instea
problems down to their technical level, classes focuse
complexities within the mathematics.

for enhancing student performance is the creation of a
mathematicians” who are all actively involved i
problems with which they are presented. To achieve

ity, the teacher’s
contribute to what
eir work on the Improv-
g these practices:

mathematicians actually do. Watson et al. (200
ing Attainment in Mathematics Project 1AMPB).,

choosing appropriate techniques;
generating a student’s own enqui
contributing examples;
predicting problems;
describing connections with prior kno
finding underlying similarities or differences;
generalizing structure from diggrams or examples;
identifying what can be changed
making something more dj
making comparisons;
posing their own quest
working on extended task
creating and sharin
using prior knowle
changing th i
initiating their hematics.

, giving reasons;

IVIRE T

own methods;
ealing with unfamiliar problems;

(This extends
Section 6.1.1.)

einforces the concept of mathematics that we outlined in

readily easy to achieve either for teachers or students.
showed that there was student progress in their ability to
ficult and extended problems over a period of two years.
e better and more confident at tackling more complex and

learners (Thomas and Tagg 2005) are the ones who learn most from profes-
sional opment. They are able to connect ideas from professional develop-
ment to their own classrooms. As they teach, they continue to reflect on and
adapt what they have learned (Bicknell and Anthony 2004, Higgins et al. 2004).



Challenging Mathematics In and Beyond the Classroom

Teachers’” pedagogical competence appears to be strongly related to their per-
sonal beliefs and their desire to learn continually.

Similarly, Chambers and Hankes (1994, pp. 286—7) refer to the
Cognitively Guided Instruction Project as “to help teachers unde
dren’s thinking, give the teachers an opportunity to use this k
classrooms, and give them time to reflect on what happens a
this knowledge”.

Although many of the studies that we have quot
mention challenging mathematics, it is clear that to achi
tical performance that they are capable of, students

We acknowledge here our indebtedness to Qe b
characteristics of effective pedagogy in Math
and Walshaw (2007) on which this section gvas ba
international studies to “identify a set of fundamn

explicitly
mathema-

work of the effective classroom teacher. In § met thus far, these
principles were enacted in various ways, by d achers, and in different
classroom settings. We have made us principles to guide our

evidence-based synthesis:

e acknowledgement that all stu

relationships and connectednés i ;

holistic development for pr; ive citizenship through mathematics;
interpersonal respect and
fairness and consisten

6.4 Teacher prepa n

6.4.1 What ig
classes wi

of professional development in encouraging
nging mathematical problems?

In this section
ging and aiding t

r what role professional development has in encoura-
rs to use challenging mathematics in their classrooms.
e little distinction between the part played by pre-service or
. Consequently when we refer to “teachers” we generally

First we underline here the importance of modeling with teachers the challen-
ging approach to teaching that we would like them to use in their classroom.
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Two premises underlie our comments in this section.

1. Many teachers fail to grasp the relationship between unive
graduate mathematics and school mathematics (Franks and
Moreira and David 2004).

2. Teachers tend to organize their classroom and inform their in much
the same way as they were taught (Brown et al. 1990, \% . 1990,
Scharm and Lappan 1988, Shulman 1987).

With respect to the first of these, the objective t te s develop a
profound understanding of fundamental mathematic essential feature of
their mathematical education. In this way they ‘ se o provide rich,
challenging and creative opportunities in thei exploring the way
higher mathematics relates to school mathe Ma .
of effective pedagogy in
mathematics that we have singled out from pre ons should be modeled

in teacher development programs. Th

situation is to provide mathematical textbooks specifically designed for tea-
chers that relate higher math iesidirectly to school mathematics—by tra-

2000). Challenges, that exp
mental mathematics, a y element of this process.

The perspective of enging mathematics for the teacher” that includes
full treatment (.p ro her mathematics and clear ties to fundamental
mathematics can ially fruitful for understanding the nature of mathe-
matical challen 97, Sfard 1994, Lakoff and Nunez 2000).

In this resp istory of mathematics shows clearly that new mathe-
matics can be en when based on partially inadequate or incomplete
mathematica . (Thus Euler produced many beautiful results in math-
though the meaning he gave to the concepts of infinity and
ber system was seriously flawed). Properly oriented, this
¢ teacher to present challenging problems that deal with a
cept or concepts, even when students have yet to construct a fully
ing for the concept.
ly, this approach allows the teacher to understand the original
nature of problems that have become routine, and to extract extra
mathematical mileage even from that part of mathematics described above as
content.

readth and depth the richness of funda-
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Furthermore, turning to the second premise, if specific preparation in school
mathematics and challenges for school mathematics is missing in tea fevel-
opment, teachers will resort to their own school experience for
presenting school mathematics to their students, potentially perp
emphasis on content over process and the absence of challengi
mathematics classrooms.

Thus in all teacher development activities the facieytor
model, incorporating challenge as a fundamental asp

Simon 2000) and in short-term, self-contained enric
teacher. (For a recent example, see McGatha aQSh .

Leikin and Winicky-Landman (2001) cons hat focuses on
challenging tasks, types of tasks and types 1 challenges. The
teachers cope with challenging mathematiCs ners gnd so undergo the
same experiences that their students will fac the development of
Subject-Matter Knowledge (Section 6.2.1) is t purpose of the course,
Pedagogical Content Knowledge and icula t Knowledge are devel-

oblems. This is especially so for teachers
t have had sufficient background in
roblem solving can provide. But it
teachers. In either case it will offer
ods with them and provide examples for

on actual challenging mathem
in elementary school as the

should not be overlooke
chances to model pedagogic
their future classroom

The challenging sit ns considered here should involve examples that are
appropriate fo&e ve ch the teacher is teaching and at the teacher’s
level of ability. In er case they will be useful for the future. In the latter

case they will le ers to experience the learning process that their
students will experience} in particular the thrill of success.

Classroom nt techniques should be part of the didactical content
of professional,development. Matters such as the presentation of problems,
p work, questioning techniques, the use of oral mathema-
time management must be considered. Assessment in this

sarly important too but we leave that discussion until Chapter 8.
: Mentoring Mathematical Minds (Gavin et al. 2006), a five-year

red inquiry approach that encourages students to think like
ians, asking questions that enable them to make sense of mathe-
matics. Student study units have been developed to add depth and complexity
to the typical elementary mathematics curriculum.
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Each lesson has “Think Deeply” questions and a Mathematician’s Journal
that students use to develop and organize their mathematical reaso
questions generally follow an investigation where students are a
deeply into a “big idea” in mathematics, and are designed to assis
organizing their thinking and making sense of the concept. S
ready for more challenge are presented with “Think Beyong
encourage them to probe further into the mathematies. Stu
work with a partner and in small groups that provide s i
dialogue to foster conceptual understanding.

This is often followed by whole class discourse, gi
nity to further develop and consolidate their o
questioning skills as they work with classmates
analyze concepts. Students in the program

reasoning and
plex skills and
ificant gains over a

comparison group of like ability on standdrd ell as on an open
response assessment that contains released ite National Assessment
of Educational Progress (NAEP) and the Tre ernational Mathematics
and Science Study (TIMSS) . (See ww, j

In addition, it is important that ti spent on technology (includ-
ing graphic calculators, individua ath labs), visual and phy-

One advantage of this is to enable studen roduce a number of examples
quickly and so have access to a wider range of experience.

The new technological envir ent, therefore, can change the nature of
mathematical tasks from pro inquiry. Inquiry dialog (Wells 1999) has
been seen as a way of incre uality of school mathematics. Inquiry
tasks are usually challehgi demanding, and stimulate highly
motivated students. In su nt students are encouraged to con-
jecture, debate the conjectures; h for explanations and proofs and discuss
their preferences regar ifferent ways of solution (Yerushalmy et al. 1990).

The use of technolo tools allows children to enjoy engaging in geome-
try, pattern an‘u be ctivities. Among these technological tools are
games, dynamic g environments (DGE) and graphical algebra tools.
ed practice and free exploration as well as the

real-life experie of these tools can include suggestions for relating the
software withgha classroom activities and home practices.

dents can investigate geometric concepts inductively, make
en frame deductive arguments to prove or refute their con-
s'can guide their students by asking scaffolding questions that
ents and change the quality of mathematics in the classroom

ning sequence applied with the support of a technological tool can
help to make mathematics that was once assumed to be difficult for students
become “natural” (for example, recursive thinking, visualizing equations in two
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unknowns in three dimensions). Technologically-supported curricula can lead to

change in students’ cognitive hierarchies, though such change may h ch
to do with the curriculum as it has to do with technology (Yerushalfity 20

6.4.1.3 Practica

Even for teachers who have taught for several years’uch ined by

working in a classroom with an experienced teache ection 6.4.2.3).

Having the chance to experiment with new ideas undergui i§ invaluable

for changing teaching practice. Here we look at a ple of this use of
S

practica. We also consider the use of outstanv k and look at
ways of assessing professional development.

6.4.1.4 Mathematical coaching

To be effective, professional development must
teachers’ classroom work, specific
focused on research-based approac

ng, deeply embedded in
r academic content and
ky Center for Mathematics

face-to-face support network chers can share and critique ideas about

teaching and learning mathe

Mathematics coaches

intensive training in pedag

and techniques for workd it ults. During the school year, coaches work

with other teachers fo eas half of their time and meet online with other
allénges and share tips and successful strategies.

One way to investigate the effects of professional development activities on
teachers’ propensity to include challenge in the mathematics classroom is by
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using the 4-1 Model. This model is adapted from the teacher-innovator model
developed to study teachers’ responses to an educational reform (Y

The model comprises four stages—Ignoring, Imitating, Int
Internalizing.

Teachers at Level 0 (Ignoring) are indifferent to the need
lenge in the mathematics classroom even though they are awa
lum requirements for its inclusion and have attended
courses that encourage the inclusion of challenge.

Teachers at Level 1 (Imitating) design tasks that he same as
those that they have encountered during the professi ent courses.
Any differences though are superficial.

Teachers at Level 2 (Integrating) are able tO’d ruc changes to the
tasks they have used during professional dey, e S.

Teachers at Level 3 (Internalizing) belit he usejof challenge in the
mathematics classroom. They may not even he tasks used during
tions indicate that the
culture of the classroom is one where S ent and valued.

6.4.2 Some in-service and pre-se

There are many projects reported in the literature that provide professional
development for teachers. We sent four of these in some depth below.
However, two other useful conftibutions of the same type that were presented
at the ICMI Study are the
casmi/casmi/index.cfm,
et al. 2005a, Freiman et
Transalpin (Grugnetti
problem-solving activi @ or
sional development for teach
found in Chap

eiman and Vézina 2006, Freiman
e Association Rallye Mathématique
2006). Both of these essentially provide
udents but they also provide valuable profes-
s. Another example from Singapore can be

6.4.2.1 A Chingse experience

The essence of Chinese Mathematics Curriculum Standards is the

anghai familiarize themselves with the rationale and logistics
ds. The research team identified two key aspects of a model of

1. Teachers need exemplary lessons to guide their professional development.
The guidance should be facilitated by curriculum reform specialists and
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experienced teachers who would like to make a shift toward the new curri-
culum standards.

2. Teachers need to work together with the curriculum reform s
other experienced teachers as a team to prepare lessons, carry ou
ing experiments as planned, reflect on all aspects of the teachin
and come up with revised teaching experiments as follow-up

The two steps of reflection are important characteri.s ftl
Teacher Action Education (see Figure 6.4). First, a teach ucts a lesson in
the usual manner. This lesson is then discussed w ec um reform
specialists and other experienced teachers in the rojN gaps between
the teacher’s conceptions and those espoused ivie urri standards (e.g.
ideas of mathematization) are then identified sson is then rede-
signed and taught to a new class as a teaching the same teacher.
This lesson is reflected upon again.

This second time of reflection will focus
desired knowledge with understandin

The lesson is subsequently redesigne
teacher in a third class of student that succeed through these

1
erime

students acquire the
skills with proficiency.

Existing Revised
Practices: Practices:
Focusing Focusing on
on previous behaviours
experiences an developed by
existing teachi students

Reflection for Student
Improvement:
Gap between the designed

een one’s ideas and and the classroom realities

% osed in standards

m allowing teachers to work together with curriculum
eform specialists and other experienced teachers in the project
teamfto design exemplary lessons, carry out teaching
experiments, and reflect on practices for student improvement

Figure 6.4: Basic Model of Teacher Action Education
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6.4.2.2 A German experience

Pre-service experiences from Miinster help prepare student teacher

must experience work on mathematical challenges. They mu
work and they must learn to learn by doing. Learning by lis

told is not sufficient. On the other hand, in additim‘ el d often
unconscious experiences, they must consciously learn ¢ mental pro-
cesses which may be happening when working on the 1 challenge.
They must also experience how to bring that theoret ge into prac-
tice. To summarize, they must gain experience‘ y

reflect on them. Only then might they be ab

ecome able to
students.

help their future
Three different learning environments helpsp ¢ teacher trainees in

articipate in small groups
omework problems then get
presented. A system that was practiced in erlands by Hans Freudenthal

blem, students can raise their hands to get
r staff members.

s that each team should actively find solutions that
fter this session. For many students this is the
first time that they, erienced speaking and discussing mathematics. As a
result, they learn late and to answer questions and their existing
knowledge is a¢tively expanded.

Secondly, videoyi d extensively. To work on challenges needs flexibility
and creativi necessary for both mathematical content and for the
mathematics. But flexibility and creativity cannot be taught
her as a list of algorithms, procedures or activities, nor as a list
ties and rules. Flexibility and creativity must be experienced
then be reflected on later.
canjassist in several ways. When pre-service teachers are practicing
ingchools, an experienced university staff member videotapes the
lessons. After the lesson the pre-service teachers discuss their individual obser-
vations of the lesson and then study the videotape. The tapes provide a valuable
learning experience.

idea of how to continue wit
help from one of the t

The goal of this ses
can be written .b th
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Another use of video is to record groups of student teachers solving a
mathematical challenge. They are encouraged to argue and discuss t em
and can work with objects or manipulatives. These videos are then 7¢
teacher pre-service seminar.

In seminars on mathematics education, students are often aske
oral presentation together with a written report. In some
seminars the students get a choice, they also can pr
the topic. Many creative video spots have been produc
other mathematics education lectures or seminars.

Finally, pre-service teachers learn as researchers. are many similarities
between solving a mathematical challenge and dein research. The
pre-service students in Miinster are involved irical“research projects
where they produce materials and tests, p lessons, observe
and analyze teaching sessions, and evaluate’ ite a report related
rch vary widely from

6.4.2.3 A New Zealand experience

Motivated by the poor 1995 TIMSS results (Garden 1997), New Zealand
developed their Numeracy Devglopment Projects (NDP) on the basis of
research into children’s number understanding and learning. (For the basic
material and some underst the NDP, see www.nzmaths.co.nz/
Numeracy/index.aspx).

For New Zealand teac e ND s novel in both the approach to the
delivery of basic arithmetic a method of professional development. The
delivery centers on pr here students are encouraged to use their own
solution metho&Cha es are considered to be important in all students’
understanding rn right 20006).

As this was a oach to teaching arithmetic for almost all primary
teachers, professiomal opment was required on a national basis. So facil-
itators were trained in the delivery methods and based in the country’s six major
institutions of t cation. The outline program was available to teachers
in print andsomn nistry’s web site. However, the facilitators were the key
i essional development process. They first introduced the
3/ from local clusters of schools using workshops. They also
s'and worked with individual teachers in their own classrooms.
sisted of giving sample lessons, co-teaching with the classroom
bserving their lessons. The facilitators’ pedagogical approach in
as the same as was expected from teachers in their classrooms.
observation is of fundamental importance both in the NDP and in
professional development generally. Professional development that mirrors
what is expected of teachers in their own practice appears to be very effective
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(Leikin 2003, 2004a). Hence we would advocate this approach in an
sional development around challenging mathematics. We not
approach is time intensive and therefore expensive to operate. H
national change in approach to teaching basic number it appears t
fairly successful, at least as judged by student performance (E

6.4.2.4 An American experience .
Each state in the United States has its own laws govépnifig tea ertification
and within each state, different universities prepare te lightly differently.

In most instances, students must take an exa r standards to
enter a teacher certification program.
Upon completion of all courses, they mt A er exam to receive
initial certification or licensure in addition to re
degree. Teacher education programs might be
graduate level and almost always req
ing, where the prospective teachers work
levels and subject areas.

At Northern Kentucky Univefs
middle or secondary level take one thr mathematics education class
(45 contact hours) focusing on teaching and learning mathematics. This is
combined with a field-based pragticum class where they work with an experi-
enced teacher to teach mathematics\to students at the appropriate level. In this
mathematics education class as in the previous 3—-12 mathematics
content classes, challengi athematics is stressed.

Pre-service teachers w mathematics problems individually
and in small groups, shar of solutions, often using technology and
concrete hands-on an sual models, and then use similar problems with
elementary, middle or sch@ol students.

Lesson plan‘r e tics they will teach to K—12 students, following
state guidelines, ude a description of how the lesson will be differen-
tiated for specialseduc students who may have difficulty learning mathe-

matics, as well fas how ater for gifted and talented students who may have
already master thematical concept that is the topic for the day. Pre-
service teac theories of learning mathematics, curriculum design,
analysis, ation and the effects of assessment of various types. They
nts to ask questions, such as those beginning with “why,
hen does that work, and how many ways might I ...”, that
to focus on making sense of more complex concepts and to dig
to related mathematical ideas.

al development for practicing teachers might take place in grad-
uate university classes, in sessions offered by school districts, embedded in
everyday practice, online and through formal or informal lessons or topic
study groups.

e graduate or under-
rses and student teach-
ith students at the appropriate grade

teachers at the elementary,

t,w
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6.5 Summary
6.5.1 Overview

In this chapter we have looked at the various aspects of profes
ment and the theoretical basis that is required to enable and hers to
teach using a challenging mathematics approach. Herggwe su e basic
aspects of professional development that we consid;'

professional development program.

6.5.1.1 Fundamental principles

The list from Anthony and Walshaw (200
Section 6.3.2 provides a possible framework
this area. In summary, we want to give st

ted at the end of
ional development in
etter learning, under-

standing and appreciation of mathe as 4 in its own right and a
tool for solving real problems. In doing.so we acknowledge that all students,
irrespective of age, have the capaei ecome powerful mathematical

learners. This does not mean tha
PhDs in mathematics but it does mean learners can be guided to see
relationships between apparently different parts of mathematics. They can
also be empowered to see for thémselves how mathematics develops. In the
process they can be encultured into mathematics and become apprentice
mathematicians.

allstudents to want to complete

6.5.1.2 Aims

Clarke and Clarke (200
Australian stuyjelie
experience, ha

and pleasure when
overall aims to

But fundam
has two aspects:

otéd that the effective teachers involved in their
athematical learning should be an enjoyable
edge of the subject, and made known their pride
dents were successful. These would seem to be
ofessional development might aspire.

dent gains is teacher knowledge (Hill et al. 2005). This
hers’ own mathematical knowledge and their pedago-
s far as their personal mathematical knowledge goes, tea-

Ito

edge of mathematics content and processes;
nding of the relationship between higher mathematics and school

an ability to tackle challenging situations;
a knowledge of where to find suitable challenges;
a knowledge of challenges outside the classroom.
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On the pedagogical side, in order to develop a classroom of apprentice
mathematicians they should:
have a theoretical knowledge of how students’ learn;
be able to use appropriate scaffolding;
be able to develop cooperation between students;
e
Professional development can range from direct d

encourage both written and oral communication between
el i on or by the
web for a relatively few students, up to a natic‘ proje 1l cases we feel

6.5.1.3 Modeling

that it is important to model what it is that teachers be expected to develop
in their classrooms. As part of the program, e to see teaching in
action. Even better, teachers value and are mo ersuaded, if someone
involved in the development process can ac with their class and

show how the process they are proposi gains by their students.
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Chapter 7
Challenging Mathematics: Classroom Pra

Gloria Stillman, Kwok-cheung Cheung, Ralph Mason, Linda

Bharath Sriraman, and Kenji Ueno .

In this chapter we examine classroom practicéi teachers provid-
ing mathematical challenges in their everyda SS . We examine how
challenging mathematics can become the essef ematics classrooms,

how challenging mathematics can be designed everyday classroom and
how classroom artifacts and practice cS d for mathematical chal-

room practices associated with the
classrooms is addressed and illustrat

g mathematics in everyday

7.1 Challenging mathematics—the esseénce of mathematics
classrooms

Our challenge as educators i make challenging mathematics avail-
able in school. It is to en invite and seaffold students to accept and exploit
the challenge that richer tical erstandings can offer them (Mason
and Janzen Roth 2004). i e following task used by Mason and Janzen
Roth in one of a serie ign experiments (Cobb et al. 2003, English 2003)
which will be oyerview this chapter.

The tennis ball : Consider the following problem for which you are

given a set of reseurc might use. For each use of a resource, there is a

point-cost that{ reduces, the total for your team. Up to 100 points will be

awarded for a ccurate solution. The resources are:

e a tube cg er just large enough for the 3 tennis balls it holds: 60 points;
measure: 20 points;

0 points;
g: 5 points.

trin
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You have 10 minutes to decide on the resources you might use. You then
have a further 10 minutes to answer the question.

Question: By what percentage does the height of the tube contdiner e
tennis balls exceed the distance around the tube (or vice versa)?

engages
ce and
ent had
s a repeated
tually con-
o answer the

This task has been used to introduce a unit of mathema
students in looking more deeply into the formulae for the ¢ %

area of circles. The students who participated in th
learnt in previous years that C=2nr, C=nd and A=nr
source of disappointment for the researchers how tude
sidered using the relationships summarized by the a
problem, and so answer the question without g an urces. Why so
few? Why have the capable students we teach o develop a purely
procedural understanding of the mathematiéa ations they are studying?
Mason and Janzen Roth posit that this is ence of students not
perceiving the potential benefits, including t satisfaction, available
to them if they accept the challenge of understandings. What
is it about classroom practices thatgfoster thissshallow understanding of the
power of mathematical relationshi

We could, of course, be pessimi

Nn €
it wa

e Vinner’s line that “there are two
essential conflicting elements in the hum ology which are active in the
domain of teaching and learning mathematics: the need for meaning and the
ritual schema”, and “there is no chance that one tendency will take over the other.
The educators will continue their, callfor meaningful learning, whereas the masses
of students will prefer the ritu ural) approach” (Vinner 2000, p. 121).
Alternatively, we co hands and say perhaps this lack of
depth in student underst s underpinning formulae, say, is an
artifact of classroom practic result from different teaching styles. The
King’s College Project tal. 1997), for example, which studied teaching
styles in the UK fou recthat were prevalent: transmission, discovery
learning and cc‘e i0
Teachers adopti nnectionist viewpoint, for example, would use chal-
lenging activitiesgsuch roblem solving in the classroom, by building on
students’ currefit Knowledge and existing connections between mathematical
ideas to look i t a problem to make sense of it and generate new
connections i, ive ways. This is a far cry from the transmission of
procedur k in familiar contexts but are quickly discarded by students
as useless novel situations (Stillman and Galbraith 2003, p. 183).
e transmission method of instruction, which is often seen as the
roach in Western mathematics classrooms, a traditional method in
ntary school is to solve a problem through full-class discussion.
teacher, the children can learn more than the curriculum intends.
anese open approach (Hino 2007, Nohda 2000, Shimada 1977,
Tejima 2000) “offers opportunities for especially bright students to exercise
their creative abilities and devise insightful ways to deal with mathematical
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topics and problems” (Hashimoto and Becker 1999 p. 101). When usmg the
open process aspect of this approach, the focus is “on different ways
problem when the answer is unique” (Hashimoto and Becker 1
As an example of this practice, suppose the class is given the problem
4/5 by 2/3. One student might observe that 6 is the least com

2 and 3, and write
6
2 5 4><3 1.~
5
3

The children can then come to realize that tg uivalent to the
standard algorithm and can be used with f fractions. “It is
important how [the] teacher leads students/to ¢ relationships on the basis
of different conceptions” (Tejima 2000, p. 25 % ocess, as in this case.

O cD

Wl
SN NI\

However, the different conceptions could also oblem formulation or
what counts as a solution, if it is an ended em. From the teacher’s
point of view, this dynamic is unpredi . Consequently, the teacher requires
deep mathematical understanding i
tion. However, when the challenge
taken up rather than dismissed and the ap succeeds, the children deepen
their mathematical experience. What is it about the classroom practices in this
approach that ensures this “metadlearning” (Nohda 2000, p. 30) occurs?

ternative solution process is

7.1.1 Why do we ne allenges in regular classrooms?

Organizing mathematical cha n overloaded mathematics lessons, whether
they be short open or ¢ roblem-solving tasks (Sriraman and English 2004),
or investigation“lgont 7), mathematical modeling tasks (Galbraith et al. in
press, Kadijevi 6) cts involving extended challenging tasks parti-
cularly those i invo l-world contexts, can be time-consuming. Therefore,
there must be va eas or doing so. There are indeed pay-offs for teachers
using challengifig mathematical tasks in regular classrooms.

First, when ained in accordance with a theory of knowing, such as
Gardner’s The ultiple Intelligences (1983, 1999) or Tall’s Theory of

oncept, enriching their concept image. A student’s concept
set of all the mental pictures associated in the student’s mind

reyfus 1989, p. 356).

the same concept using multiple channels and perspectives (that is,
teaching with and through multiple intelligences) is one promising way to allow
students to learn concepts with deep understanding (Cheung 2003). Students’
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concept images become enriched through challenging tasks if, for example, the
tasks allow students to see that there are more transparent forms
concepts in different situations. This happens when the Chick
problem (“There are pigs and chickens in a farmyard. Altogether,
heads and 68 legs. How many chickens and how many pigs are th
using a spreadsheet rather than by hand. Thus finding a soluti
task is of little benefit in itself, rather the enrichment
are able to look across several situations or severg)
different manifestations of the concept, some of which are m

at

ily recogniz-

able and separable from the task context than others
Secondly, setting the mathematical tasks umpreal

makes the challenges more personally relevar! d

ions not only
life of students
to approach the
challenges at different levels of mathematizat reudenthal 1973). Julie
i 1 the real-life contexts
ass or through mathe-
erest in issues of direct
ility” (p. 201). However, in
ut that schooling is also about
yet perceive as interesting”

matics. He confirmed that students
personal appeal bolstered by a hi
agreement with Skovsmose (1998
“foregrounding” issues that “learners
(p. 201) so such real contexts for challeng ed not be restricted to current
interests if a long-term perspective is taken. Students will have greater oppor-
tunities to encounter similar challenges in their everyday lives as they grow
older. Their experiences will a ulate through these encounters.

According to Freudentha four levels of mathematization which
could be the basis for rea the situation level where knowledge
and strategies specific to t ch the task is set are used in the task

rld tasks: (

context; (2) the referen eve ere models and strategies refer to the task
context; (3) the genera @ where the focus is on mathematical strategies and
models for thigk co wand (4) the formal level involving working with
formal mathemati and procedures. (See Gravemeijer (1999) and

ota
Cheung (2005) for a
not be at a hig
research of Ma
it is possible to

Year 9 secg .
Thirdl % udents engage in solving challenging mathematical tasks,
atya psychological boundary between their comfort zone and
i allenges teach students how to sustain themselves in uncer-

relevant for lifelong learning—and successes with challenges
ts for real life. As real life is often messy and may not be easily

ation and illustrative examples.) Such tasks need
vel of mathematization to be challenging, though. In the
and Janzen Roth (2005), for example, tasks such as whether
uare of area 10 cm? have proved to be challenging for

of the intricate details and the significance of the roles these details may play for
solving the challenges. Therefore, it is essential that mathematical challenges
should be presented at different forms of mathematization so that students at all
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grade levels can experience how open-ended real-life problems may be
approached by mathematicians and their teachers.

7.1.2 How often should challenges be used and for w

It is essential that challenging experiences be providegd, regu ijjevich
and Marinkovi¢ 2006, Silver and Stein 1996). Student tunity to
engage with such tasks on many occasions. They m gage with a
particular challenging task but encountering several
opportunities for them to access such tasks an,
that it is an expectation of all students to be ab

fate structuring or
scaffolding of the task as necessary (Mason‘et 3 ield 2003, Stillman

et al. 2004) indicates to all that solving mathe

experiential backgrounds, and as suc way to address inclusion
and intellectual diversity (Sriraman
allenge themselves to learn
e is one of the characteristics
of academic tasks that motivate learning, a ing to Paris and Turner (1994).
Amit et al. (2007) see it as a “social obligation” that we ensure “no child be
denied the materials, conditions, kinds of teaching necessary for developing
good mathematical thinking and thesocial and economic benefits deriving from
it” (p. 75). Williams (2003a suggests this is possible through the
development of resilienc

“Resilience relates to hild e ins occurrences in their day-to-day
encounters with the world” s 2003b, p. 374). Resilience is “an ‘opti-
mistic orientation’ to rld characterized by a positive explanatory style
where successes are pe ed as permanent, pervasive, and personal, and fail-
ures as tempoz‘r, eC d external (Seligman 1995)” (Williams 2003b,
p. 752). Accordin illiams (2003a), “resilience, and inclination to pursue
novel mathematical i appear to be mutually sustaining (overcoming a

mathematical ¢hallengejconditions an optimistic orientation and an optimistic
orientation inc
splay resilience but rather can be seen as displaying
where in between these two. However, Seligman (1995) has
ience of a child can be altered over time. Using Csikszent-
oncept of flow as a framework, he found “that in overcoming
es to gain successes, the child’s inclination to undertake future
increased” (Williams 2003b, p. 378). Williams describes flow and
its effects ag’ “an optimal learning condition that may occur when a person
works justiabove their present skill level on a challenge almost out of reach.
Individuals or groups in flow become so engrossed with the task at hand that
they lose awareness of self, time and the world” (p. 378). Those challenges that
develop resilience are self-set as individuals or groups spontaneously decide to
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explore unfamiliar mathematics encountered in a challenging task set by the
teacher (Williams 2006).

Thus, what is being advocated here is regular use of challengi
within which groups or individuals have opportunities to set thet
lenges at a level of difficulty that is appropriate for them. Th
providing opportunities for mathematical challenges for all
the potential for students to develop resilience, if they
it, and an inclination to desire to pursue more mathemati

7.2 Designing challenging mathematics ' cl
7.2.1 Setting the scene

Before we can consider how challenging mgf I activities and tasks
might be designed for the everyday classroo three issues that must
be addressed. First, it is necessary to ider t re of the mathematical
understandings that we expect to by use of these challenges.
Secondly, teachers need to be awar,
what they are currently doing in mat classrooms and what is possible
using mathematical challenges. Thirdly, 1 cessary to point out that when
mathematical challenges are being used, students need to be made aware that
the rules of the didactical gam rousseau 1997, Mercier et al. 1999) have
altered and so the didactic contract (Brousseau 1997) needs to be renegotiated.

7.2.1.1 Nature of mathe 1 understandings expected to be deepened

In designing challenging acti and tasks for the regular classroom, our
purpose is not to res confine students with activities or tasks that
students find palatab d mathematical payoff is limited, rather we
want an invitat ac at not only draws students towards the activity
but also has the q f mathematical inquiry that will sustain it.

Thus, “we m m an invite people to our mathematical game—we will
have to play hiest to ehsure all the guests feel the pleasure of addressing an
intellectual chal ason 2000, p. 111) through engaging in meaningful and
rewarding math thinking. The processes that are required to solve chal-
cognitive knowledge and strategies that can be brought to bear
those processes are also considered content, when it comes to
necessary to engage with challenges fruitfully in the classroom.

p between what is being proposed and present practice

e often not aware that their own teaching practices contribute to the
students in their classes not experiencing or not desiring to be challenged in their
mathematics classrooms. However, the gap between present practice and what
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is being proposed may not be all that wide as the following vignette from Japan
illustrates.

Primary teachers in Japan use the area of a rectangle as a starti o1 T
finding the area of a circle. In Years 4 and 5, 10 and 11 year olds a w
the formula for area of a rectangle (Takahashi 2006) and iyen many
small problems about area for complicated configurations hose in
Figures 7.1 and 7.2. Students are asked questions suchas: Wh bigger
area, the area in Figure 7.1(a) or that in Figure 7. h imeter of
a figure is longer, is the area bigger?

(@

Figure 7.1: Complicated configuratio
students

U

mplic nfigurations for finding area for Year 4 and 5 students

(®)

or comparing area and perimeter for Year 4 and 5

ent might propose to compare these figures by regarding them as the
bases of boxes and then filling them with small balls represented by circles as shown
in Figure 7.4. So the area of Figure 7.3(b) is bigger than that of Figure 7.3(a).
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(@

Figure 7.4: Using balls to ¢

Another student ra about the applicability of the proposed
method pointing out t rclds will never fill up the rectangles. At this point,
there are severalgways her to handle the challenge to the first solution
method. One possibility is se circles of different radii, progressively making
the radii smaller and In this case students will see the essence of the idea
that a certain i e process is necessary. Then the teacher has the opportunity
to explain, or s nts gan be given the opportunity, to find for themselves that
to discover the a onfigurations such as Figures 7.2(a) and 7.2(b), even if
rectangles , an infinite process is still needed. This would be a good
prelude t ing the area of a circle. Another possibility is to ask what
si ice to cover the bases of the boxes instead of balls.
if teachers think these questions will merely make the students
ight take the point of view that it would be better just to skip the
so skip the challenge) saying that it would result in the same
sing rectangles or circles anyway. In this instance, the teacher just
wants to make things simple and ignores the challenge of using circles, which is
much more difficult: an opportunity lost.
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After these preparations, students are asked to find the area of a_triangle
themselves by using rectangles and known formulae for these (Figu

AN

Figure 7.5: Finding area of triangle from rectangles so]"m b 5 students
Students then find areas for a parallg m jum and a circle
(Figure 7.6). However, unless the chall aken WUp in the teaching

moment, rather than avoided, the link to the déc . of infinite processes
(Figure 7.7) is lost.

d

Lk

Figure 7.6: Finding areas of standard figures by Year 4 and 5 students
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\ . 4

Figure 7.7: Finding the area of a circle by the infinite ess 0 tangles of decreasing
width
Thus, teachers are the key to effec cha e classroom. However,

they need to be convinced themselves it is negessary to go in a new direction
(Pehkonen 2007) and to engender ith confidence that challenges are
essential in the classroom. Continu iding the addressing of challenges

denies students the opportunities to lear ngaging in them. It is impera-
tive therefore that the teacher suspend judgment for a while when these seren-

7.2.1.3 Clarifying chang

According to Mercier et al eau defines the didactical contract as
a system of reciprocal g between teacher and pupils, concerning
knowledge, which co @ is Setting both pupil’s and teacher’s acts and can
explain them tmeby” : Furthermore, “Modeling a teaching situation
consists of produci pecific to the target knowledge among different
subsystems: the educ ystem, the student system, the milieu, etc.” (Brous-
seau 1997, p. 4 t what happens when the implicit rules for this didactical
game have to beehanged? If students are used to doing several short quick tasks
in every lesson mathematization of such tasks has been fully laid out

g ntroducing a task that now requires, say, that they work out
n themselves and that they are expected to persist for several
the same task is a contravention of the usual didactical

attention must be given to this issue of clarifying expectations. Failure to do so
can result in few outcomes related to the mathematical purpose of the lesson or
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organizational difficulties and frustrations for both teachers and students (see
Cheung 2006, for an example).

7.2.2 Task design

Kadijevich and Marinkovi¢ (2006) in making a plea that r iculum
content be the source of challenging tasks in the regula’ 0 gest that

mathematical quizzes involving questions which are solv to 30 seconds
be used. These quiz items should “require a promptﬂ meticulous [form of]

thinking, contributing to the development of mathe oning” (p. 34).
Sample items are:

e A mouse’s bodyis 12 cmin length and thi
How long is the tail? (15 seconds are allowe iimarystudents to answer.)
e Write down an expression for 100 by usin es; (b) 3 seven times.
(30 seconds are allowed for Years 7

method, are also advocated by arinkovi¢ (2006). Examples
of the former types of tasks are:

Parking stations: Two parki ions in a town are competing for custo-
mers. At present, more
levels than in another one
three levels will be extend
tioned station from tw
parking space than th

Examples of‘ th

As a result, the parking station with
. Will an extension of the first men-
ee levels enable it to continue to have more
ded second station?

morphic with respect to method would be non-
re all solvable using translation of geometric figures
to gain an insi i ple method of solution. Exemplar tasks can be
arinkovic (2006). Design features that should be
ing such tasks are: “(1) there is a good mathematical
) the task is not routine; (3) the task is interesting with
ion and content; (4) the task has a nice and perhaps unex-
5) the task requires its solver to stretch his/her mind; and
of the task is usually short and not complicated, enabling the
nowledge and skills traditionally learned in the classroom” (p. 35).

borne in mind
idea behind. th

ngaging challenges for lower secondary students is not without
challenges as was shown in the RITEMATHS project, (extranet.edfac.unimelb.
edu.au/DSME/RITEMATHS/). (RITEMATHS was a collaborative research
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project, funded by the Australian Research Council Linkage Scheme, involving
the Universities of Melbourne and Ballarat, six schools and Texas I ts
as industry partners.)
Despite thoughtful consideration by the teacher in both desigii
used in one part of the project, and providing timely task scaffoldi
during task implementation when students were expected to nged by
the cognitive demand of tasks, there were always differgnces b
expected of students, the challenges and what transpli
up the challenges as expected but for others thes es did not
eventuate as the significance of particular require
missed, or the mathematical implications of regs
which should generate challenge, were not reali
challenges arose for individual students as t

uring the task,
es, unforeseen
ifferent complex-

ities in their unanticipated interpretation of illman 2006).

As an example of the former, in the task, Sh , one pair of students
were challenged by their interpretation of the hen they tried to mathe-
matize the run line. The teacher ex ts to consider a player

down their specified run line in 1 ich'would have kept the line of
the path parallel to the sideline, this udents took a stepped trajectory
towards the goal considerably increasing t
them.

The major elements of Shot Goal Task from RITEMATHS research
project are:

Many ball games have t
goal has only a narrow an,
soccer when a player is ru
line) the angle appears to chang
the run line, has the att.
scoring the goal?
Assume you agéinot ru ingthe GOAL-to-GOAL corridor. Find the position for
the maximum goal in run line is a given distance from the side line. As the
run line moves close from the side line, how does the location of the position
for the widest vi f th change?

if it is to score a goal. In field hockey or
lar line (a run line parallel to the side
e distance from the goal line. At what point on
layer opened up the goal to maximize the possibility of

7.2.2.1 Rephras eans of tweaking a task for different grade levels

Another e example of a challenging mathematical task set in an

’% pplicable to Years 7 to 12 is presented below. This task will
odified in order to demonstrate how mathematical challenges
oduced into regular classrooms at all grade levels through a

n Macao, but it is a common task in secondary schools in many
rldwide although not all versions or implementations are challenges
(French 2002, Harvey et al. 1995, Pierce and Stacey 2006). As will be discussed
later in this chapter, whether or not a task is challenging for a particular student
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is very much dependent on the actions of the teacher and other students and the
student’s own abilities and experiences.

Open box problem (initial version): Use a sheet of 12cm x 12 ¢ bo
cut away four corners, fold and glue to form an open box to hold as m

or as much as possible.
When this problem is introduced for student project work, w

a group, it is advisable for the teacher to phrase it in a .1 er
better connection with everyday life and appears more
the students. For example, the problem may be stat

he cardboard

Open box problem (rephrased in an everyday HM
(12 cm x 12 cm) provided, form any kind of op 0 CO as many paper

clips as possible (or contain as much rice as possi

blishes a
lly relevant to

The rephrased problem provides students w fic rtunity to change a
realistic practical problem into a mathematig for solution. If this

are available for the students in
el gtudents engage in both hands-

carefully what background knowle
order to arrive at a solution. At the'sit
on and minds-on activities. They need to m open box and then find the one
box that contains the largest number of clips. Teaching experiments conducted in
Macao with this problem (Cheung2006) revealed that some younger students do
not know how to make an open box. They simply treat the task as a paper-folding
exercise to come up with a co then see how many clips it can contain
without spilling. Their pts to make such containers are by no means
systematic. They simply t task mathematical game where the con-
tainer holding the most wins, lizing they might not have stumbled upon
the one that contains t st possible. They do not see that the mathematical
purpose is to find the onship between volume and height of the open box.
They fail to see at etween the height of the box and the length of
the side of the squ om the corners of the cardboard.

Another intesesting rvation is that some students are reluctant to cut
away corners from the, cardboard when the open box is made. Interviews
conducted afte ing experiments revealed that there is a misconception
preventing then doing so, namely, students possess an intuition that the
om the cardboard the lower the volume of the open box
remaining cardboard will be. This illustrates that teachers
eady to learn from their students, and teachers should treat
wing an unexpected phenomenon such as this as an asset, not a

sed on these misconceptions or alternative conceptions.

sk, as in all mathematical challenges, teachers need to know what
the gap is between what is proposed for them to accomplish mathematically and
what the students may do.
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Students in Macao learn how to conceptualize and calculate the volume of a
cuboid before Primary 6. Cuboid and capacity are two mathematica
may prompt students to adopt a mathematical approach for a s
problem could be rephrased accordingly.

Open box problem (rephrased in an everyday context with m 1 hints):
Using the cardboard (12 cm x 12 cm) provided, form an open form of
a cuboid with an internal capacity as large as possibl er e, ruler,
calculator, etc. may be provided if students opt to solve lem using an
experimental approach, or a combination of experi athematical
approaches.)

tal a

Students need to form a net in the form o in order to have it

cross. Students may experiment with how or how many paper
clips the open box is able to conta
volume formula of the cuboid to ¢ nal capacity of the open
box. For those students who ado al approach, they need to
continue making more boxes of sizes and make the necessary size
comparisons accordingly. For those who adopt a mathematical
approach, they need not make more boxes @nce they can make sense of the
calculations done to the first box.

Instead, they can try differe eights of the cuboids and calculate the
e up with an optimal solution. Since
the mathematical appr kes references to a concrete case in
i ocess is at the referential level of
mathematization (Freude emeijer 1999). In order to reach the

optimal solution, stude y e tabulations to find relationships between

the height of the cuboi the internal capacity of the open box.

However, th. stu@ insist on adopting an experimental approach

will not know w their solutions are optimal or not. What they are

targeting are be Nter solutions by making more and more boxes.

The level of m atization still remains at the situation level of mathemati-

zation. Howev lizing that mathematical challenges are essential to develop

reasoning, the te should suspend judgment for a while and should not

usher stu a higher level of mathematization right away, “as it is the

extent to locus of knowledge generation is with the learners which
the ce” (Watson 2004, p. 366).

i an be assigned as a group project so that students not only learn

r but also learn from each other. When students of a hetero-

p engage in collaborative exchanges, they can contribute their

strengths and at the same time have their weaknesses scaffolded by

their peers. The effectiveness of peer scaffolding is, however, mediated by the

appropriateness of task-related questions framed by their peers “and the extent
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to which one learner attends to the questions (and other contributions) of the
other” (Clarke 2001, p. 310).

For a project the teacher could, for example, ask the group to g
the following five cases, that is, those with 1 cm, 2 cm, 3 cm, 4
square corners, should be cut to form the required net. Research

4 cm case because they believe that if the cuboid r be then the
volume of this cube should be the largest. Howe', th at the netis to
be folded into an open, not closed, box.
Students choose the 2 cm case because thg
broad base area and yet have considerable
volume. In this task, the mathematical challenge
the relationship between the height of the ope
the box formed. Even senior prima
students without knowledge of advance
ities and calculus, can generate so
At the referential level of mathema has to be aware that it is still
very difficult for the teacher to explain to s ts why the 2 cm case produces
an open box with maximum capacity. The teacher can only point out that it is
the largest amongst the five casesinder consideration. In this regard, reformu-
lating the mathematical challe igher levels of mathematization, such as
the general or formal levels ( 1 1973, Gravemeijer 1999), is required
for a convincing explanati ill be considered in the context of
answering our next questi

en box to have a
ce a large enclosed
one of seeking to find
he internal capacity of
and junior secondary
atics, for example, inequal-
g a variety of approaches.

ct

7.2.2.2 Does thaatur e task change with increasing grade level?

With increasing g,

that students can_bri
example of th
afford higher 1

vel the sophistication and the breadth of mathematics
solving a challenge increases. Returning to the
en BoxX problem, the problem can easily be rephrased to
of mathematization.

em (rephrased in mathematical context affording higher levels
: Given a sheet of cardboard of dimensions ¢ cm X «a cm,
mum capacity of the open box that can be formed from it?

ent of the problem may be regarded as a typical textbook pro-
secondary students. At the general level of mathematization, no
ds to be made by the students and the length of the sides of the
needs not be specified numerically. Students can simply make
sketches of the net of an open box and use the sketch to formulate a non-linear
equation relating capacity of the open box ¥ cm® with length of the side of the
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corner cut x cm. Using the non-linear equation, students find the maximum
value of V" without recourse to the original problem situation.

V = f(x) = x.(a — 2x)*, where a is the length of the side of a pi
paper, is therefore a model used for relating variables having non-
tionships of third degree. Students may solve this problem 4
knowledge of inequalities. At the formal level, using V' = f{
the maximization problem using formal mathematical
differentiation.

One difficulty faced by students at the general and fo
tization is that their attention is often exhausted on
V' = f(x), and success in tackling the task dependsen y can make use
of the mathematical knowledge and skills taugh formal lessons.
If they cannot formulate an equation and if th to investigate the
problem at a lower level of mathematization, annot proceed further. In
this sense, such textbook problems may notgbe ce ‘red as mathematical
challenges at all. In contrast, relaxing proble %‘- s and constraints can
make problems more challenging th 3 the use of sophisticated
formulae and techniques.

Open box problem (rephrased ‘wi n of problem conditions and
constraints): Given a 12 cm x 12 cm squ ce of cardboard, construct an
open box in the form of a cuboid with an internal capacity as large as possible.
You are not allowed to waste anytof the cardboard. Any cardboard that is cut
away should be taped back to

This problem is open d and can ke assigned to both junior and senior
secondary students. Stud erally meed to start from the situation level of
mathematization to come up ne tentative solution first. After that, they

need to attempt altern ethods and find out if other solutions exist. Since it
is often time-consumi experiment with more cases by hand, students may

simulate the pr‘e si using a computer or graphing calculator.
If a maximal sNing sought, then the problem needs to be solved at
1

the general or s using sophisticated mathematical methods, for
example, partidl differentiation, or alternatively, graphical or symbolic manip-
ulation techniq iSted by technology. The ultimate solution relies on the
application efythe ange multiplier method. The constraint is that the area

of the netfequa 4 cm? because no paper is to be wasted. After derivation, V/
approximately equal to 166.28 cm®.

need new topics for challenges or can we find them within
the existing curriculum?

Althoughthe topics in existing curricula have not been exhausted as sources,
there are some areas that could prove fertile ground for a source of challenges.
Sriraman and English (2004) make a case for combinatorics as the topic is
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“accessible to students starting at the elementary levels because it builds from
simple enumerative techniques” (p. 183). In Sriraman and English (2
ples are given of the use of combinatorics problems as challenge
school. Sriraman (2006) suggests that in addition the area of numbe
good source of challenges. Sriraman and Strzelecki (2004) offers
challenges in number theory. In Section 7.4, Sriraman’s use o
both these areas in secondary classrooms will be revieid.

7.2.2.4 How can technology be incorporated into tas h
of mathematical challenges? N
Use of electronic technologies such as calcul&r di ¢ digitizers can
reduce the cognitive demand of tasks through PP ion” and/or “reor-
ganization” of human thought (Borba and 'V cal 2005) by carrying out
routine arithmetic calculations, algebraic ma , or graph sketching;

acting as an external store of interim results; o g visual images within
owever, these technol-

tate the use

ogies also have potential to influenc
transform classroom activity and of activity to occur.

multiple representations, easily a€gessible with graphing calculators and tasks
amenable to electronic technol harness opportunities for students to use
technology to stimulate highe inking in investigating real-world situa-
tions. Within tasks, dia rical, symbolic, graphical and alge-
braic representations can mployed to support bridge-making
from one representation to an nd to provide opportunities for interpreta-
tion across representa as, well as from each representation back to the

situation being investi .
several projects implementing well-formulated

As Dede (2 i
Mve demonstrated that “typical middle years stu-
f]

technology-based

dents [are capa ring science and mathematics previously thought
appropriate tofiteach only” (p. 111) to students at higher schooling levels.
However, two middle years students face when engaging in extended

investigations irst time (Loh et al. 2001) are the inability to recognize

east, to provide timely instructions throughout task state-
ting recording of key information, a planned solution, checking

, some “fading” of this scaffolding (Guzdial 1994) should occur,
that related to task structuring and technological tool selection and
instructions. This is not to say mathematical analysis tools need be withdrawn.
On the contrary, “learning to ‘work smart’” in a technology-rich learning
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environment may involve “learning to establish one’s own scaffolds for perfor-
mance, and fading these may be beside the point” (Pea 2004, p. 4@
7.3 Designing classrooms for mathematics challeng

7.3.1 How do we teach students strategically télad,

re llenge?
To help students not only to address the mathemat ha with which
they have been presented but also to deepen their ma ical] reasoning and
develop their mathematical creativity, students‘l e en ed to question
the answers to the challenges, not just answer tions. The use of a

: o think like math-
ematicians, asking questions that enable them ense of mathematics, is
one of the critical aspects of the Project M3: ' Mathematical Minds
(Gavin et al. 2006). This curriculum a y in the United States is
designed to nurture mathematical talént and creativity in elementary students
i | curriculum units for stu-
hen students begin to create
solution is just the beginning

dents. The deeper mathematical r
and solve their own challenges, realizing
of a new investigation.

how” in writing an article for th ool newspaper, they can learn to ask and
answer these same questions investigate, create and extend mathema-
tical challenges. All students 1d challenge themselves to deepen and
extend their mathematica

Some suggested questi
challenges are:

® Who? Who has a n different idea? Who is right?

e What or whatif? Wha an I make of this problem? What is the answer?
What are the ial elements of this problem? What is the important
mathematics? at erns do I see in these data? What generalizations
might I make from the patterns? What proof do I have? What if I change one
or more par roblem?

® When? is work? When does this not work?

Where id that come from? Where should I start? Where might I go
ht I find additional information?

? Why does that work? If it does not work, why not?

is this like other mathematical problems or patterns that I have

does it differ? How does this relate to real-life situations or

ow many solutions are possible? How do you know you have

1 the possible solutions? How many ways might I use to represent,

simulate, model or visualize these ideas? How many ways might I sort,

organize and present this information?
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Students of all ages can learn to deepen their mathematical reasoning and
enjoyment by asking themselves these questions. The questions mig
in any order as they fit the problem under consideration. The
questions is developed further in Extending the Challenge in
Developing Mathematical Promise in K-8 Students by Sheffiel
variety of challenges with samples of student work are prese

Students are using the heuristic shown in Figure 748,as t on pro-
blems. Students may start at any point on the diagram any order
that makes sense to them. They might do the following:

relate the problem to other problems that they ha
investigate the problem, think deeply and as‘
evaluate their findings;
communicate their results;
create new questions to explore.

As they begin to learn to think like % tudents might change
the order of the steps and of the qu t ask once they begin the

of two consecutive numbers: 15408, 57, 58, 228 and 229. They relate this to
earlier problems that they hay, ne,with odd and even numbers. They then

investigate numbers that ca m of three consecutive numbers and
relate this to work with tiples of three and finding the mean of a set of
consecutive numbers. Stu couraged to ask related, sometimes
divergent questions.

Some students exte ir investigations to sums of four or more consecu-
tive numbers and,i y numbers that are a sum of four consecutive
numbers are no iple . Some students do more work with mean and
median while others igate other patterns with sequences and series. One

very interestin stigation involves trying to find all numbers that cannot be
Relate
c Create Investigate

Figure 7.8: Heuristic used
whilst solving challenges Evaluate Communicate
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written as the sum of any number of consecutive counting numbers. Fmdmg
these numbers and proving that they can never be the sum of ive
numbers challenges even the most outstanding mathematics stude
Another challenge that lends itself to this graded treatment is Cha
in Chapter 1.
In this way, the challenges for the students are differentiz
their background and interests, and all students developsa deep
of the topic under consideration. The teacher obser\g
lenges students who are ready to move to a higher leyel, &1
who might be frustrated and ready to give up on a dif
when to bring students together as pairs, smallggrou whole class to
discuss their findings and probe possible misco

ent (accommodation), and will do so
iscomfort with the fit between their
nment. [t is not difficult for teachers
issonance (Festinger 1957), although
ant to do so (Pierce and Stacey 2006). (Consult
nfo/learning/dissonance.htm for a brief primer on
enge lies in having students accept the discom-
ange or grow, rather than rejecting the discomfort as a

only in the face of relati
orientation and some asp
to offer discomfort, that is,
some teachers may be
www.learningandteac
cognitive disso
fort as an invitati

source of frustr tis Vygotsky’s (1978) idea of the zone of proximal
development ( at helps us organize our pedagogy when we offer
students oppo ities( to grow beyond their current capabilities. (This is

defined in olume in Section 6.2.2.3 and discussed in Sections 3.1
and 4.5.4
we offer to students into this region beyond what they can
dently, and sense what they can do with the scaffolding we

in their relationship with us and the classroom in which they are

learners tolenable them to learn beyond what they can do on their own. “Each
task has a relative cognitive value for an individual. Tasks that are too easy or
too hard have limited cognitive value” (Diezmann and Watters 2002, p. 78).
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However, if students engage in tasks of high relative cognitive value for them,
potentially they can explore the cognitive challenge of engaging wit
tically challenging tasks and enhance their learning (Diezmann
2000, 2002). This suggests that we can offer significant invitations
change (dissonance) (Neighbour 1992) only when we also g

zone as likely to generate success for them.

It must be borne in mind, however, that these are starti
points. If this is truly scaffolding in the sense of Wood et
accompanied by cycles of diagnosis of the student’s
the need for scaffolding which then results i
scaffolding required (Pea 2004, Stone 1993). Thus, caffolding fades
1 of support where
the scaffolding is not dismantled enable Pea (2004, p. 431) calls
“distributed intelligence” with the conquering

being “accomplished” not achieved. Scaffoldi

v class on the pretext that
02, p. 78). As Diezmann and
most adversely affected by

Watters add, “the gifted students
unnecessary scaffolding” (p. 78).

7.3.3 The role of textbook

We should not underestimate how textbeoks might affect the classroom prac-
tice of teachers providing nges. their content and the way they are
used have an impact.

Textbooks could be n so that challenging activities are the philosophy
and leading idea behin m, and not merely fragmented parts of the content
of the book. Sa., is the case in practice. There is research evidence
that many mathe xtbooks in various countries contain few challenging
tasks and often lev hallenge is not as high as expected. Haggarty and
Pepin (2001, ina study conducted in 15 lower secondary schools in
England, Fran many found that French textbooks provided students
with more challe asks than did their English and German counterparts.
eden where mathematics textbook tasks are grouped into

fering abilities, Brandstrom (2005) found when she examined
matics textbooks “the level of challenge is low in almost all

untries (e.g. Germany) where there has been “a shift in mathe-
matics textbooks for all grades from rather algorithmically oriented tasks
to more demanding problems” (Reiss and Toérner 2007, p. 440). It would
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appear, though, that in many countries teachers might need to look for
specialist publications rather than the chosen textbook for
challenges.

Even when textbooks have a more than adequate supply o
tasks, how these tasks are implemented in the classroom by teae
the cognitive demand placed on students as they engag
Henningsen and Stein (1997) and Stein et al. (1996) e fo
level of cognitive demand of textbook tasks can be achers who
remove the challenging aspects of such tasks. Teac e challenge
in textbook tasks when students start to struggle, ggle is what
challenges are all about.

This practice is fueled by a belief that “all b

le pupils [need]
ggarty and Pepin
difficulties that students
arily (Diezmann and

allenging projects or tasks are used.
ho use challenges in their classroom

all the divergent process
Several strategies are offe
employ to cope with this

The use of open qu s by teachers (Sullivan and Clarke 1991) is often
advocated in mathem clagsrooms as a means of facilitating the deeper
thinking requil‘ athematical challenges. However, as Herbel-
Eisenmann and B (2005) point out “merely using open questions is not
sufficient” (p. 4 i
technique call
fogle 2005, Go

unneling” (for examples, see Herbel-Eisenmann and Brey-
007, pp. 51-54) where questioning is used in such a
classroom discussion [converges] to the thinking pattern
er than that of the students (Goos et al. 2007, p. 54). This can

articularly extended challenging tasks, as the teacher’s inten-
o scaffold students along a particular solution pathway, so that
nce the processes involved in solving such a task and have some
insight intohe complexity of their management of strategic resources in this
process. Hifunneling questions are being used for this purpose, it is necessary
that the teacher brings to the foreground the “meta-cognitive purpose of the
questions” being used “and explicitly encourages students to start asking
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themselves these same questions. As students take responsibility for doing this,
the teacher then fades the scaffolding” (Goos et al. 2007, p. 54). T
scaffolding provided and how long these are sustained are depe
level of schooling of the students undertaking the activity, the
individuals (Diezmann and Watters 2002) and the previous ¢
students with challenging tasks.

Another questioning technique called “focusing” (fes exa
Eisenmann and Breyfogle 2005, Goos et al. 2007, pp. Q
“articulate their thinking” (Goos et al. 2007, p. 58) aboutt
classroom discussion of a challenge, “the teacher as
restates aspects of the solution to keep attentiog)cu
aspects of the particular student’s solution. ,
effectively, the teacher must be able to see t
and, on a moment-by-moment basis, the essen
a student” (Goos et al. 2007, p. 58).

The guiding basis for group or class discus
students, not the teacher (Doerr a
effectively requires that teachers developed PCK and SCK
(specifically Mathematical Conte CK) ) with respect to the
use of challenges. (See Chapter 6, pa ction 6.2.1, and Leikin 2006,
for an explanation of these terms.)

discriminating
his to be used
athematical task
lution preferred by

ines of thought of the
. Use of this technique

matter what form they take, will #sgek to reduce the task complexity by seeking
specific input from the teacher” and English 2006, p. 9). Often, however,
teachers using extended chall hemselves under sustained pressure as
many students simultane seek their help with different parts of the task. In
this situation a technique edyin ITEMATHS research project (see
Section 7.4.2.1) has proved us ne or two students who the teacher knows
has expertise in the pag he task in question are designated “experts” for the
other students r adlimited period of time. The student experts are
only to be cons ¢ way as a student would ask for assistance from
the teacher with h own solution. They are not meant to tell or impose
their solution o asking for assistance. For example, a student might
be using a spreadsheet f@r a numerical solution to a task and decide to graph the
data but not kn o do this. An announced spreadsheet expert can then
be consult the teacher.

3.5 can teachers introduce mathematical challenges into the

gular classroom?

When challenging tasks are used with middle school students, teachers use a
variety of methods to introduce the tasks to students. In Section 7.4.4.2, Olga
Medvedeva’s approach to introducing abstract mathematical challenges in the
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regular classroom is outlined. Her approach is based on the ideas of Davydov
(1972/1990) and is basically a guided deep analysis of an abstract m ical
task beginning with the heuristic, solving a simpler problem
facilitate students’ identification of the essential relationships a
structure of the problem, and to enable them to generalize to str
problems.

When teachers use extended real-world challenging tasks i
school (Years 8 to 10), the cognitive demand required“for,

ation by

middle school students is high, potentially leading to a this early
phase of the solution if students were to find the leve too high for
them to engage with the task. To help overcorrghis, se a variety of
methods to ensure students do not have difficult erp g the situation

(Stillman and Brown 2007). These include p a tions often invol-
ving concrete props in which students partiCipe obsernve; writing activities
such as stating the aim of the task or the godl the e to reach; debating;
dynamic computer simulations; and scale dra %o her forms of diagram
drawing by both students and teac ies serve to bridge the
enactive and iconic worlds as wellfas eans of introducing some
structure, which reduces some of when there are no cues as
to how to deal with the information 1 agion presented.

7.4 Designing research for ¢hallenging mathematics classroom

practices
7.4.1 Fruitful researc igns for éxamining challenges
In the following sections il gest and illustrate three types of classroom-
based research designs (@' e believe are fruitful for exploring and researching
classroom pra s rela e role of challenging tasks in everyday mathe-

matics classrooms
teaching experime

¢ design-based research, Japanese lesson study and
ted by teacher researchers.

7.4.2 Desigu d research

rch (Collins et al. 2004) where iterative cycles of design,
on, c¢valuation and refinement are used to improve educational
otential for researching classroom practices related to the use of
is already being used for this purpose (Mason and Janzen Roth
06, Stillman 2006). The purpose of design experiment research as
educational research is to explore the qualities of student under-
standings and their development of further understanding as the development
of instructional resources progresses through these cycles (Lobato 2003).
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Researchers and teachers work collaboratively to test theories in everyday
classroom settings. Both theory and practice inform the design pha re
informed by what transpires during each teaching experiment (Pa, ar
as shown in Figure 7.9.

This example is from an Australian research project where
mentation cycle for a set of extended tasks developed by teachefs
in the RITEMATHS project (extranet.edfac.unimelb,edu.a
MATHS)) is shown to be informed by a theory about t iation'of cognitive

demand of the tasks by teacher actions, as well as wisdo ice documents
prepared by teachers about previous experiences wit asks, and conditions
T
nit'is

for success identified by classroom observation o cycles.

umthe
In addition, during this third and final imp 10 indicated that
data will be collected about student perspecti n pr he project will be
described more fully in the next section.
Theory

Mediation of
Cognitive Demand
by teachers
@ Design

Refine

Wisdom of Practice document
onditions for success
tudent perspectives

3

lement

p
te
Figure 7.9: Design resear

%A for teacher/researcher meeting in the RITEMATHS
Research Project .

7.4.2.1 An Aus n Example
An Australian project investigated how teachers engineer learning

assrooms to accommodate increased cognitive demands
real-world applications and how students negotiate such

gh application in novel and complex situations and the use of a wide
variety of representations, sometimes simultaneously in the same phase of the
solution and in different phases of the solution.
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According to Kadijevich (2007), “the degree to which mathematical learning
is successfully attained depends on the degree to which learner[s] c
fully cope with the coordination of different mathematical entitie
cies, activity, knowledge types, representations, etc.)” (p. 7). I
intention of the teachers who were designing and using exten
project to focus on just one of these aspects at a time, a ¢
mathematics teachers according to Kadijevich (2007).

The design and sequencing of extended investigative't
demand matches students’ needs at a particular stage i
their mathematical, technological, and investigative
issues of interest to teachers in the project. At thedegi
hypothesized that management of cognitive de
nology-rich teaching and learning environmen
tuning by the teacher of the interplay betWwe
complexity and (c) complexity of technology

Task scaffolding is the degree of cognitive

project, it was
g tasks in tech-
through careful
affolding, (b) task
et al. 2004).

plex tasks beyond their
capabilities if they depended on theif cogaiti ources alone. Task structure

contributes to the level of task scaffolding.
The complexity of a real-wogld task can be characterized by identifying and
assessing the level of those a the task that contribute to its overall
s aspects contributing via the math-
ematical, linguistic, intel tational, conceptual or contextual
complexities of the task
Overall task compl sq varies along a continuum from simple to com-
plex with the latter pr ing a challenge for many students. For a particular
task, students l‘.! ubset of attributes when assessing overall task
complexity (Still Galbraith 2003) but these indicative cues contribute
i ith the task.
eveloped a lower secondary mathematics curriculum
pportunities for engagement in extended investigation
sks, set in real-world contexts considered meaningful for
achers. A major focus was in Year 9. During the Year 9
g with local curriculum requirements, students were intro-
ematical model being used to describe the relationship between
eal situation, and then being used to predict an outcome in terms
ariable when a control variable is altered. A series of extended

of these tasks was studied in depth over the lifetime of the project.
Adoption and implementation by other classroom teachers who have differ-
ent motivations for the use of real-world tasks and/or electronic technologies in
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the lower secondary years, means the integrity of the task is not guaranteed even
if the design can be shown to be worthwhile. Some of the tasks fro
school were modified by members of the research team and teac
project schools where they were then implemented to fit the differén
existing at that school.

One research question investigated during the project was
implemented in different contexts (e.g. shorter time bme,
dents used to more highly structured investigations)

of research as well as knowledge amongst teachers
teachers to act when diagnosing students’ soluta
vening in cases of students’ difficulties” (p. 223).
lack of knowledge of strategies for “independén
demanding mathematical tasks (p. 230).

The difficulty for teachers is to decide whe fsary to intervene and

they highlight a
” interventions in

project, it was observed that blockage gress differed in type and
cognitive demand (Stillman et al. 20 kages were induced by a lack
of reflection on interim results, or i i plete knowledge, students
were observed overcoming these blo ithout teacher intervention when
allowed to continue to struggle and reso situation themselves. Students
appeared to do this by genuinely reflecting on their mental image of the problem
and their approach. This reflection, sometimes stimulated by reflective ques-

blockages observed where students
t prevented them from activating
s. These students persisted in attempting
to assimilate, rather th ommodate (Piaget 1950) new contradictory infor-
mation into their chos ructtire for the task.

In this instanee, succ acher intervention that supported independent
progression on th inyolved the promotion of reflective learning where the
teacher first trie alte students’ current mental model through reflection
and then the acfions of the student. Thus, for example, rather than say a group’s
model was wro cher used the group’s model to produce an incongruity
that the stude elves were able to perceive before focusing attention on
be employed to rectify the situation.
ecognize when students are facing mere lower intensity
they should be able to resolve themselves if they engage in
tion (self-initiated or orchestrated by the teacher or task sheet), is

However, there were
were engaged in cogniti
procedures to unblock their

sist rather than pre-empting when intervention is necessary, seems a
pre-requisite for task implementation that does not reduce the challenge
intended in the task. Likewise, being able to recognize and intervene in a
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manner that promotes reflective learning when students are experiencing cog-
nitive dissonance beyond that which they can resolve themselves will re
the level of challenge and engagement with such tasks is retained.

Mason and Janzen Roth (2004, 2005, 2006, 2007)
design experimentation using instructional resources at delib-
erately and aggressively attempt to reorient students’
mathematics toward the challenge of developing ¢
rather than the stockpiling of additional proc hing program
uses challenging mathematical activities (e.g. th i roblem, Section
( ics to accomplish

its educational goals.
The curriculum design for these teaching ex began with a study of
clationships, especially
arly Chinese mathemati-
cians (Liu 2003). The history of mathématics provides a context for presenting a
narrative of mathematics as an on loping, through thoughtful
effort, our communal mathematical u ings (Arons 1988, Mason 1999).

and Williams 1998).

Although individuals erstanding$\do not necessarily follow the histor-
ical order in which mat i ed, the historical structure of the
discipline offers a framewor in which educators can think about the
educational sequence ucture of topics (Mason 2001, Rudge and Howe
2004). The history of ematics gives us the mathematical version of the
inquiry proces in ntent. Design experiment research may give us

the mechanism, o to develop instructional versions of those processes
that preserve th enge and intrinsic rewards of the mathematician’s

irit,
original inquirigs.

The researc completed three full cycles of design, implementation
and redesi st cycle of curriculum development incorporated the
responses aticians and educators to instructional activities attempt-
i ognition of Archimedes that is summarized by the pi-based
students learn to use. It is difficult to reconstruct the cogni-
t mathematicians in producing their results in mathematics as
esult with justification, not the thinking that produced it, is all
ed in surviving treatises. However, in the case of Archimedes, a
copy of adetter written by himself entitled The Method and preserved on the
surface of a palimpsest was found in 1906. This discovery and technological
advances since its restoration to the scrutiny of academics in 2001 provide us
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with an insight into his thinking about the inquiry processes he carried out in
investigating the relationships among the measures of circles, not j
result (Hoffman 1988, Netz and Noel 2007). “Specifically, in the ¢
medes’ work with circles and with pi, The Method shows his thinki
geometric: inscribing, circumscribing; (b) empirical: specific e
quantities; (c) algebraic: general quantities, relationships; a
extending sequences to infinity (early calculus)” (Maso‘nd Ja
p- 2).

For the students who were to be the audience f
designed by Mason and Janzen Roth, the qualities
medes that were desired were: “(a) tangible=prac
exploratory—questing, noticing, connecting; a!
wondering, generalizing” (Mason and Janzep

In the second cycle (Mason and Janztn 3, 2005), academic Year 9
students interacted with a prototype unit of i including a sequence
of six guided instruction student inquiries bu istorical vignettes. In
the final cycle (Mason and Janzen R he unit was adapted to
challenge the understandings of the fiat hematics held by a group of
academic Year 12 students.

Each cycle has provided oppoftun
students in the challenge of deep understan falgebraic formulae. First and
foremost, students hold a wide range of beliefs and values about the nature of
academic mathematics and its rightful place in school. Some held an instru-
mentalist view of mathematics (Erndst 1989, cf. traditional view, Dionne 1984)
as a set of ideas and formulae ed for use in applications and in further
study. Others held a co athematics as a collection of ideas
with internal and interco ¢ (cf. Platonist view, Ernest 1989,
formalist view, Dionne 1984). saw mathematics as a field of present-tense
inquiry in which they ¢ articipate through problem solving and inquiry in
the kinds of thinking are/part of our culture and history (cf. problem-
solving view, Ernestpl 989; ructivist view, Dionne 1984); others saw mathe-
matics as a collec rtifacts from past inquiries to be apprehended and
remembered. P d, students portrayed their beliefs as deeply
embedded in their lived histories as learners of mathematics and as products
of their person iences and their social environments.

Studentsqimiti erstandings of the functions and relationships that the
nmarize (for mathematicians) were disappointingly shallow.
ess 1s clearly remediable, through engaging students in
cmatical inquiries related to those relationships (Mason and
005, 2006).

r understand how to engage

beliefs is vatally important” (Furinghetti and Pehkonen 2000, p. 23) for those of
us attempting to bring change through curriculum development. It is thus
crucially important to find that students of all orientations towards
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mathematics, including instrumentally orientated students, accepted the chal-
lenge presented to them and were open to perceiving mathematics on
and Janzen Roth’s historically grounded curriculum presents it, co

human enterprise available to their abilities.

7.4.3 Japanese lesson study o °

Japanese lesson study (Fernandez and Yoshida 2004, 1 Nm) “refers

to a process in which teachers progressively strive rove their teaching
a

methods by working with other teachers to exa‘le one another’s
teaching techniques. . . .[It] functions as a means of ing teachers to develop
and study their own teaching practices” (Ba . appears to be an

ideal method to ensure classroom practices I ] sing challenges in
mathematics classrooms can be improved i y term by generating,

ensures the transformation of] such
base” (Hiebert et al. 2002, p. 10).
Indeed, in sketching a brief his

owledge into a professional knowledge

on study in mathematics education
in Japan, Isoda (2007) points out that 1 vehicle “for the emergence of
teaching methods that focus on problem solving, which today are globally
recognized as models of construgtivist teaching” (pp. 13—14). This has led to
“the problem-solving approach‘[becoming] well known as a major way of
teaching mathematics in Japa
Although lesson study m
ment has spread to othe
cated if it is to be used i
pivotal role played by
“university researcher
teaching practi. .S
comments on less

Isoda 2007, p. x:

7.4.4 Te experiments or teaching-research

r research and professional develop-
ticular feature that should be repli-
challenges in the classroom is the

hers'and supervisors interested in this area. These
expgcted to have accumulated deep knowledge of
y can provide constructive and well-informed
served and the ensuing discussions” (Stephens and

1
O

nts where the researcher is also the teacher, and the pri-
¢ 18 to improve the teaching in particular classrooms where the
ing conducted, have proved a valuable source of insight into

promises and challenges of the design are discussed in Czarnocha and Prabhu
(2004).
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7.4.4.1 A North American example

Sriraman conducted several teaching experiments (Sriraman 200

to study how students abstract and generalize. In th )
students were given a series of combinatorics problems th: ere to work on
independently in their journals over an extended pert

In the first teaching experiment (Sriraman 2004 and English
2004) students worked on problems over a fo that included
four Steiner triple arrangement problems. were framed in the
context of recreational arrangement proble ¢ ng people over for
dinner, schoolchildren on a walk and prisoners,cha in triplets (see Gardner
1997 for examples). A Steiner triple system i$§ @ angement of n objects in
triplets such that every pair of objec iplet exactly once. The
students worked on the problems i other students and explicit
instruction from the teacher. More of the students were able to
devise strategies that required a hi bstraction and systematization to
count all possible arrangements.

increasing complexity assigned every second week over a three-month period.
The problems were all based onhole principle, which states that if m
pigeons are put into m pi i
there is a hole with more t
this volume).

The principle is beli
the name Schubfachpr

have first been stated by Dirichlet in 1834 under
(“drawer principle” or “shelf principle”). Almost 50
per cent of stu.-t W to use the pigeonhole principle intuitively, by
focusing “on und ing the structure of a given problem, in addition to
engaging in refleeti action” (Sriraman 2004c, Sriraman and English

] use of these problems.

experiment (Sriraman 2003b, 2006) focused on Diophantine
% ere introduced to elementary Diophantine equations as
al problems. The problem chosen for investigation was the
Diophantine problem supposedly posed by Diophantus himself
in the rationals. A Diophantine n-tuple is a set of n positive
that the product of any two is one less than a square integer. It
that a very elementary version of the problem would kindle student
interest and eventually result in an attempt to tackle the as yet unsolved 5-tuple
problem in integers: does there exist a Diophantine 5-tuple?
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The author initiated this problem by simply mentioning in class the 3-tuple
problem: if one considers the integers 1, 3, and 8, then it is always the ¢
product of any two is always one less than a perfect square. Indeed
2—1;1x8=3x3—1;and3 x 8 = 5x 5—1.Thisremarkled studen
if other such 3-tuples existed. This problem was then assigned reational
journal problem. Students in the class found different 3-tu led to
the following questions naturally: What is the patter’.)r 3- e there
4-tuples? These questions were the catalyst for an inve 0 unsolved
S-tuple problem over the course of the school year.

In this experiment students started working on pr s independently but
once they had received written feedback in thei@jou their solution
they were allowed to work with others. In one lesso week there was a time
for presenting solutions and defending stratg

integer solutions. The progress of the ded completely on the
“will” of the students. Mathematical ated as a class only after
every student had expressed the partic i in their own words. It was
crucial that students initiated the cture, proof and refutation
out of their need to resolve the uni ifficulties that arose from a

seemingly easy problem.

students in trying to solve -tuple Diophantine problem clearly
indicates that students ar inal thought that goes beyond mimi-
cry and application of pro the classroom. The students’ efforts
did not resolve the 5-t o by any means but these fourteen-year-old
students persisted ove xtefided time period in trying to solve this challen-
ging problem.
Sriraman (2 Tu that the use of journals to nurture the process of
conjecture-proof-ref as invaluable to the teacher, as it was in the other
teaching experi s. It allows for constant communication between the indi-
vidual student the|teacher, and allows room for reluctant students to
express themsel rnals also allow the teacher insight into the affective
ts, as well as their capacity for originality and creativity.
s also allow for extended investigations that are student

students” (2006, p. 7).
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7.4.4.2 A Russian example

The work of Olga Medvedeva in researching her own cla§sr

in instruction. The approach is illustrated using a combi
The Walking problem.

The walking problem: Consider the problem of ing 1 4 “rectan-
gular city” (see Figure 7.10). In how many possible can,a’person move
from a point A to a point X travelling only up a. right e edge of each
grid? (Medvedeva 2002, cited in Sriraman and En 04) (This problem in
another setting is treated in Section 4.3.3.)

First, the students would be asked to work on apler'problem such as the
finding of a path in a smaller “rectangular city % . Secondly, in order to
facilitate abstraction, several students eddto read aloud the direc-
tions for their path using the word up”. These paths are then
represented using the letters R and rite several such strings for
different paths they discover. T e teacher will help students
associate path length with string lengtht y, the problem of finding all
possible paths in the smaller rectangular cityjcan be restated in a generalized
form as a combinatorial problem such as determining all possible five-letter
strings with 3 Rs and 2 Us that repgesent a valid path from A to X. Fourthly,
students then predict and enu ths for other dimensions of the “rectan-
gular city”. Finally, studentsyare ged to conjecture and test a formula
for an n x m city throug ializing (.8 using specific cases). According to
Davydov, “scientific knowle equires the cultivation of particular means
of abstracting, a parti analysis, and generalization, which permits the
internal connections o gs, their essence, and particular ways of idealizing
the objects of c.li ion ablished” (1972/1990, p. 86). “The essence of a
thing is none othe he basis (included in itself) for all of the changes that

~

Figure 7.10: 6 x 4 “rectangular city”
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occur with it in interaction with other things” (Rubinstein, cited by Davydov
1972/1990, p. 194).

Sriraman and English (2004) add that a further step in keepi
notion of establishing the essence of the task could be that students
pose problems that extend or are of a similar structure to the.gi

White 2007).

7.5 Conclusion

lenges in their regular classrooms are addre chapter. The regular
use of challenges for all students i assroom is advocated.
Design features of challenging ta

a in most countries have not
been exhausted as sources of challenges, inatorics and number theory

means of mediating the cogniti emand of some challenging tasks. Ques-
tions by students of themselveg in ahalyzing a challenging task and the ques-
tioning engaged in by teach cting with individuals, groups or the
whole class during pro promoted as the means by which
students and teachers ef the demand of mathematical chal-

of challenging activitigs otivation rather than an add-in is still a long
way from beingtealizedhH er, we point out that challenging tasks in the
classroom do ri allenge students, as this depends on a number
of factors, such as mentation. These tasks are by no means “teacher
proof™.

In the final{section,)it is suggested that design-based research, Japanese
lesson study a ng experiments conducted by teacher researchers in
their own are potentially fruitful research designs for the study of
issues related to the use of challenging tasks in the mathe-
A number of case studies using these research designs are
ving how these research designs proved fruitful in practice:
uch issues as the type of teacher interventions to be used when
are blocked in their progress so as not to remove the challenge, and
i utside the normal curriculum can be used to promote student
and generalization through challenges worked mainly
independently.



Chapter 7: Challenging Mathematics: Classroom Practices

References

Arons, A.B.: Historical and philosophical perspectives attainable in introd
courses. Educational Philosophy and Theory 20, 2, pp. 13-23 (1988)

Amit, M., Fried, M.N., Abu-Naja, M.: The mathematics club for excellent st
common ground for Bedouin and other Israeli youth. In: Sriraman, rndational
perspectives on social justice in mathematics education. Monogra ontana
Mathematics Enthusiast. Montana Council of Teacher" Ma and The
University of Montana Press, Missoula (2007)

Askew, M., Brown, M., Rhodes, V., Johnson, D., Wiliam, D.: Effecti
Final Report. School of Education, King’s College, Lond

Baba, T.: How is lesson study implemented? In: Isoda,
Miyakawa T. (eds.) Japanese lesson study in ma
potential for educational improvement, pp. 2-7. World

of numeracy.

., Ohara, Y.,
ct, diversity and

C., Galbraith, P., Blum, W., Khan S. (eds.) Mathe

tion, Engineering and Economics, pp. 222-231. Ho ighester, UK (2007)
Borba, M.C., Villarreal, M.E.: Humans-with-media a ganization of mathematical

thinking. Springer, New York (2005)
Brindstrom, A.: Differentiated tasks in maghematics textbooks: An analysis of the levels of

Brousseau, G.: Theory of didactical sit i tics: Didactique des Mathéma-
s (1997)

d: Exemplary case studies of multi-
stal Educational Publications, Hong

Cheung, K.C.: Raindrops soothing amidst the s
ple intelligences inspired education (in Chinese).
Kong (2003)

Cheung, K.C.: Mathematization and istic mathematics education: An analysis of their

Cheung, K.C.: Challenging
Study 16 (2006)
Clarke, D.J. (ed.): Perspective i eaning in mathematics and science class-
rooms. Kluwer, Dordrech
Cobb, P., Confrey, J., diS|
tional research. Educat
Collins, A., Browi
reading, writing, a,
tion: Essays in honor
(1989)
Collins, A., Joseph, D., Bielaczyc, K.: Design research: Theoretical and methodological
issues. The Jou
Csikszentmihalyi

earcher 32, 1, pp. 913 (2003)
, S. E.: Cognitive apprenticeship: Teaching the craft of
ematics. In: Resnick L.B. (ed.) Knowing, learning, and instruc-
rt Glaser, pp. 453-494. Lawrence Erlbaum, Hillsdale, NJ

¢ flow experience and its significance for human psychology. In:
., Csikszentmihalyi, 1.S. (eds.) Optimal experience: Psychological
consciousness, pp. 15-35. Press Syndicate of the University of
bridge (1992)

ess, Cambridge (2000)

rabhu, V.: Teaching-research and Design experiment—Two methodologies

tion, pp. 78-80. Goa, India (2004) www.hbcse.tifr.res.in/epistemel/ Accessed 16 Decem-
ber 2007



Challenging Mathematics In and Beyond the Classroom

Davydov, V. V.: Types of generalization in instruction: Logical and psychological problems in
the structuring of school curricula. Soviet studies in mathematics educa
(J. Kilpatrick, ed., J. Teller, trans.). National Council of Teachers of
Reston, VA (1990) (Original work published 1972)

Journal of the Learning Sciences 13, 1, pp.105-114 (2004)

Diezmann, C.M., Watters, J.J.: Catering for mathematically gifted ele
Learning from challenging tasks. Gifted Child Today 23, 4, pp. 14-1

Diezmann, C. M., Watters, J. J.: The importance of challenging t:
gifted students. Gifted and Talented International 17, 2, pp. 76

Dionne, J.: The perception of mathematics among elementarypsc " In: Moser, J.
(ed.) Proceedings of the 6th annual meeting of the North ican chapter of the Inter-
national group for the Psychology of Mathematics E‘ati N 28. University of
Wisconsin, Madison, WI (1984)

Doerr, H.M., English, L.D.: Middle grade teachers Jearni
with modeling tasks. Journal of Mathematics Tga

English, L.: Reconciling theory, research and practice: A
Educational Studies in Mathematics 51, 2/3, pp. 2

Ernest, P.: The impact of beliefs on the teachi a
matics teaching: The state of the art, pp. . Fa lew York (1989)

Eves, H.: An introduction to the history ies. Holt, Rinehart & Winston, New
York (1960)

Fernandez, C., Yoshida, M.: Lesson st
teaching and learning (Studies in mathem
wah, NJ (2004)

tudents’ engagement
, 1, pp. 5-32 (2006)
modelling perspective.

learning algebra, pp. 174-190. Contintum, London (2002)
Freudenthal, H.: Mathematics as an i task. Reidel, Dordrecht, The Netherlands (1973)
Furinghetti, F., Pehkonen, E.:
autonomy in doing mat ics. i atematikkdidaktikk [Nordic Studies in
Mathematics Education] 8,
Galbraith, P. L., Stillman, G.A., . P.: Turning ideas into modelling problems. In:

Lesh, R., Galbraith, um, ., Hurford A. (eds.) Mathematical Modeling
(ICTMA13): Educatio the Design Sciences. Horwood, Chichester, UK (in press)
Gardner, H.: Fral' of mi eory of multiple intelligences. Basic Books, New York

(1983)
Gardner, H.: The last't Springer-Verlag, New York (1997)
ed: Multiple intelligences for the 21st century. Basic Books,

Gardner, H.: Intelli ere
New York (1999
Gavin, M.K., Sh , Chapin, S., Dailey, J.: Project M3: Mentoring Mathematical
Minds (Series o ulum units). Kendall Hunt, Dubuque, IA (2006, 2007 and 2008)
j org (2006). Accessed 22 December 2007

5., Vale, C.: Teaching secondary school mathematics: Research and
century. Allen and Unwin, Crows Nest, Australia (2007)

ow emergent models may foster the constitution of formal mathematics.
Thinking and Learning 1, 2, pp. 155-177 (1999)

ftware-realised scaffolding to facilitate programming for science learning.
arning Environments 4, pp. 1-44 (1994)

epin, B.: An investigation of mathematics textbooks and their use in English,
French and German classrooms: Who gets an opportunity to learn what? In: Winter, J.
(ed.) Proceedings of the British Society for Research into Learning Mathematics (Proceed-
ings of the BCMES) 21, 2, pp. 117-125 (2001)




Chapter 7: Challenging Mathematics: Classroom Practices

Haggarty, L., Pepin, B.: An investigation of mathematics textbooks and their use in English,
French and German classrooms: Who gets an opportunity to learn what? B
tional Research Journal 28, 4, pp. 567-590 (2002)

Harvey, J.G., Waits, B.K., Demana, F.D.: The influence of technology on t
learning of algebra. Journal of Mathematical Behavior 14, 1, pp. 75-109 (19

Hashimoto, Y., Becker, J.: The open approach to teaching mathematics 1
of mathematics in the classroom: Japan. In: Sheffield, L. (ed.) Develo
promising students, pp. 101-120. National Council of Teac of
VA (1999) hﬁ

Henningsen, M., Stein, M.K.: Mathematical tasks and student co Classroom-based
factors that support and inhibit high-level mathematical thi gan ning. Journal
for Research in Mathematics Education 28, 5, pp. 524-549

Herbel-Eisenmann, B.A., Breyfogle, M.L.: Questionin pa stioning. Mathe-
matics Teaching in the Middle School 10, 9, pp. 484489

Hiebert, J., Gallimore, R., Stigler, J.: A knowledge ba
would it look like and how can we get one? Eduga

Hino, K.: Toward the problem-centered classroom: Trex:

ing profession: What

31, 5, pp. 3-15(2002)

ematical problem solving

ics Education 39, 5-6,
pp. 503-514 (2007)

Hoffman, P.: Archimedes’ revenge: The joys i atics. Fawcett Columbine,
New York (1988)

Isoda, M.: Where did lesson study begin
M., Ohara, Y., Miyakawa, T. (eds
diversity and potential for educational im
pore (2007)

Isoda, M., Stephens, M., Ohara, Y., Miyakawa, T. (eds.): Japanese lesson study in mathe-
matics: Its impact, diversity and poténtial for educational improvement. World Scientific,
Singapore (2007)

Julie, C.: Learners’ context prefere
P., Blum, W., Khan S. (eds.)
ing and Economics, pp. 1

Kadijevich, Dj.: Suitable activi
ging mathematics in and beyon

Kadijevich, Dj.: Towards
presentation at CAME
05 February ]2\”

Kadijevich, Dj., 1
Mathematics 9, 1,"pp: 006)

Leikin, R.: Learni : The case of the Sieve of Eratosthenes and one elementary
school teache : i . Campbell, S. (eds.) Number Theory in mathematics educa-

spects, pp. 115-140. Lawrence Erlbaum, Mahwah, NJ (2006)

esson/study in mathematics: Its impact,
pp. 8-15. World Scientific, Singa-

athematical literacy. In: Haines, C., Galbraith,
odelling (ICTMA12): Education, Engineer-
ichester, UK (2007)

actors influencing the outcomes of challen-
sroom. Submitted paper, ICMI Study 16 (2006)
procedural and conceptual knowledge by CAS. Invited
07) www.lkl.ac.uk/research/came/events/ CAMES/ Accessed

allenging mathematics by “Archimedes”. The Teaching of

adinsky, J., Edelson, D., Gomez, L., Marshall, S.: Developing reflective
tices: A case study of software, the teacher, and students. In: Crowley, K.,
kada, T. (eds.) Designing for science: Implications from everyday, class-
ofessional settings, pp. 279-323. Erlbaum, Mahwah, NJ (2001)

Mason, R.T.: Teaching mathematics as a humanity. Colloquium, Department of Mathe-
matics, University of Manitoba, Winnipeg (1999)



Challenging Mathematics In and Beyond the Classroom

Mason, R.T.: Mathematics—By invitation only. In: Simmt, E., Davis, B., McLoughlin, J.G.
(eds.) Proceedings of the annual meeting of the Canadian Mathematics Edu
Group [Groupe Canadien d’Etude en Didactique des Mathematiques]. E
No. ED472904, Montreal, QC (2000)

Deutsches Museum, Munich, Germany (2001)

Mason, R.T.: Scientists as role models: making good examples from hist
Mason R.T. (ed.) Proceedings of the Fourth Annual Semi“i
Education. University of Manitoba, Winnipeg, MB (2003)

Mason, R.T., Janzen Roth, E.: The insight of Archimedes: S i ’ approxima-
tion of pi. International Institute on Units of Historical Pre jon i ence Teaching.
Deutsches Museum, Munich, Germany (2004) Q,

Mason, R., Janzen Roth, E.: Thinking like Archimedes: i
Proceedings of the Eight International Congres
and Science Teaching, Leeds, UK (2005) www.ihp
11 January 2008

Mason, R., Janzen Roth, E.: Can high school students 3 natically like Archimedes?

design experiment.
ilosophy, Sociology
papers.htm Accessed

A design research experiment in challengi e mitted paper, ICMI Study
16 (2006)

Mason, R., Janzen Roth, E.: Why 7? Instrugtional design‘experiment to incorporate history of
science in student learning. Proceedi the Ninth Imternational History, Philosophy

and Science Teaching Conference,
ihpst07/ Accessed 11 January 2008
Mercier, A., Sensevy, G., Schubauer-Leoni, M-L.:
depend on the teachers’ assessment of the pupils’ various mathematical capabilities:
A case study. In: Schwank I. (edf), European research in mathematics education 1,
Proceedings of the first Conferen ¢ European Society in Mathematics Education 1,
pp- 342-353 (1999) www.fmd.unj k.de/ebooks/erme/cermel-proceedings/cermel-

e 24-28 (2007) www.ucalgary.ca/

Mitchelmore, M., White, P.: raction in mathematics learning. [Editorial] Mathematics
Education Research Journ

Netz, R., Noel, W.: The edes codex: Revealing the secret of the world’s greatest
palimpsest. Weidenfeld icolson, London (2007)

Nohda, N.: Lear ough open approach method. In: Mathematics educa-
tion in Japan, pp. ociety of Mathematical Education, Tokyo (2000) (Ori-

Palinscar, A. S.:

Research and , pp. 218-220 (2005)
Paris, S.G., Turn : ated motivation. In: Pintrich, P.R., Brown, D.R., Weinstein C.
E. (eds.) Studen tion: Essays in honor of Wilbert J. McKeachie, pp. 213-237.
e, NJ (1994)
y: The social and technological dimensions of scaffolding and related

into and out of design experiments. Learning Disabilities

13, 3, pp. 423-451 (2004)

o change or not to change: How primary school teachers speak about stability

pleasures® from real world contexts. Zentralblatt fiir Didaktik der Mathematik 38, 3,
pp. 214-225 (2006)



Chapter 7: Challenging Mathematics: Classroom Practices

Ponte, J.P.: Investigations and explorations in the mathematics classroom. ZDM-—The
International Journal on Mathematics Education 39, 5-6, pp. 419-430 (2007

Reiss, K., Torner, G.: Problem solving in the mathematics classroom: The Ge
tive. ZDM—The International Journal on Mathematics Education 39, 5
(2007)

Rudge, D.W., Howe, E.M.: Incorporating history into the science classro

71, 9, pp. 52-57 (2004)
Seligman, M.: The optimistic child. Griffin Press, Adelaide, Australia (1

}3 athe romise in
new proposal

Sheffield, L.: Extending the challenge in mathematics: develo
K-8 students. Corwin, Thousand Oaks, CA (2003)

Shimada, S. (ed.) The open-ended approach in arithmetic and
toward teaching mathematics (in Japanese). Mizuumishob

Silver, E.A., Stein, M.K.: The QUASAR project: The “ ssible” in mathe-
matics instructional reform in urban middle schools. 30, 4, pp. 476-521
(1996)

Skovsmose, O.: Critical mathematics education. I . z,J.M., Hodgson, B.,
Laborde, C., Pérez, A. (eds.) Proceedings of the 8the atignal Congress on Mathe-
matical Education: Selected Lectures, Seville, pp.

% M Thales, Seville, Spain

1-solving situations. In: Mew-
Bryant, R.L, Nooney, K. (eds.)
an chapter of the International
thens, Georgia, 3, pp. 1411-1414.

(1998)

Sriraman, B.: Generalisation processes in co
born, D.S., Szrajn, P., White, D.Y.,
Proceedings of 24th annual meeting
group for the Psychology of Mathe
ERIC/CSMEE Publications, Columbus,

Sriraman, B.: Mathematical giftedness, problem so , and the ability to formulate general-
isations. Journal of Secondary Gifted Education ¥4, 3, pp. 151-165 (2003a)

Sriraman, B.: Can mathematical discoVery fill the existential void? The use of conjecture,
proof and refutation in a high school%¢lassroom. Mathematics in School 32, 2, pp. 2-6
(2003b)

Sriraman, B.: Discovering a
pp. 25-31 (2004a)

Sriraman, B.: Discovering St

e case of Matt. Mathematics in School 33, 2,

Sriraman, B.: Reflective a on, uniframes and the formulation of generalizations. The
Journal of Mathematici 101 23, 2, pp. 205-222 (2004c¢)
Sriraman, B.: Thef€hallen isCovering mathematical structures: Some research based

pedagogical re
Study 16 (2006)
Sriraman B., Engli .D:%Combinatorial mathematics: Research into practice. Mathe-

Stein, M.
thinking a easoning: An analysis of mathematical tasks used in reform classrooms.

i nal Research Journal 33, 2, pp. 455-488 (1996)

.. Introduction to the English translation. In: Isoda, M., Stephens, M.,

iyakawa, T. (eds.) Japanese lesson study in mathematics: Its impact, diversity

for educational improvement, pp. xv—xxiv. World Scientific, Singapore

e role of challenge in engaging lower secondary students in investigating real

s. Submitted paper, ICMI Study 16 (2006)

Stillman, G., Brown, J.: Challenges in formulating an extended modelling task at Year 9. In:
Reeves, H., Milton, K., Spencer, T. (eds.) Mathematics: Essential for learning, essential for



Challenging Mathematics In and Beyond the Classroom

life. Proceedings of the twenty-first biennial conference of the Australian Association of
Mathematics Teachers (AAMT), pp. 224-231. AAMT, Adelaide, Australia
Stillman, G., Galbraith, P.: Towards constructing a measure of the complexity
tasks. In: Lamon, S.J., Parker, W.A., Houston, K. (eds.) Mathematical
of life, pp. 179-188. Horwood, Chichester, UK (2003)
Stillman, G., Brown, J., Galbraith, P.: Identifying challenges within trg
mathematical modelling activity at Year 9. Paper presented at the
tional Conference on The Teaching of Mathematical Mod% and

mington, IN (2007) site.educ.indiana.edu/Papers/tabid/53 cessed 10
January 2008

Stillman, G., Edwards, I., Brown, J.: Mediating the cognitive in real-world
settings. In: Tadich, B., Tobias, S., Brew, C., Beatty, B i J(eds.) Towards
excellence in mathematics, pp. 489-500. Mathem 1 Ass f Victoria, Mel-
bourne (2004)

ience curriculum. In:
ce education. Kluwer,

Stinner, A., Williams, H.: History and philosophy g
Fraser, B.J., Tobin, K.G. (eds.) The internationa
London (1998)

Stone, C. A.: What is missing in the metaphor of sca Forman, E., Minick, N.,
Stone, C. (eds.) Contexts for learning: Sociocultura

Sullivan, P., Clarke, D.: Communication i : The importance of good question-
ing. Deakin University Press, Geelon

Tokyo, Japan (2006)

Tall, D.: A theory of mathematical growth thro mbodiment, symbolism and proof.
Annales de Didactique et de Sciences Cognitives V1, pp. 195-215 (2006)

Tejima, K.: Open-ended approach and jmprovement of classroom teaching. In: Mathematics
education in Japan, pp. 29-32.J ciety of Mathematical Education, Tokyo (2000)
(Original work published 1997)

Vinner, S.: Mathematics educati
Abstract. Proceedings of iomal Congress on Mathematical Education:
Plenary and Regular Lect ternational Commission on Mathematics
Instruction, Copenhagen, Den

Vinner, S., Dreyfus, T.: 1 a efinitions for the concept of function. Journal for
Research in Mathemat ucation 20, 4, pp. 356-366 (1989)

Vygotsky, L.S.: Mifid, in so: evelopment of higher psychological processes (Cole, M.,
John-Steiner, V., berman, E. trans.). Harvard University Press, Cambridge,
MA (1978)

Watson, A.: Red : 4 ‘best’ mathematics teaching and curricula. British Journal
of Education 1 , 4, pp. 359-376 (2004)

Williams, G.: As
lience. In: Brag

555

etween student pursuit of novel mathematical ideas and resi-
pbell, C., Herbert, G., Mousley, J. (eds.) Mathematics educa-

nclination to work with unfamiliar challenging problems: The role of
arke, B., Bishop, A., Cameron, R., Forgasz, H., Seah, W.T. (eds.) Making
ians, pp. 374-385. Mathematical Association of Victoria, Brunswick, Victoria

conference of the International Group for the Psychology of Mathematics Education 5,
pp- 393-400. PME, Prague, Czech Republic (2006)



Chapter 7: Challenging Mathematics: Classroom Practices

Wood, D., Bruner, J., Ross, G.: The role of tutoring in problem solving. Journal of Child
Psychology and Psychiatry 17, pp. 89-100 (1976)

Woodward, J., Brown, C.: Meeting the curricular needs of academically
students in middle grade mathematics. The Journal of Special E

pp. 151-159 (2006)

~
$

§
&

&
O




Chapter 8
Curriculum and Assessment that Provide
Challenge in Mathematics

Maria Falk de Losada, Ban-Har Yeap, Gunnar Gjone,. °

and Mohammad Hossein Pourkazemi

provide challenge
in relation to the
provision of mathematical challenge. In the firs e chapter, case studies
from Singapore, Norway, Brazil and Iran are g .'In the second part, the
relationship between the conception sessment, the features of
assessment tasks and the provision well as how this relationship
may affect issues of curriculum a er different conditions, are
discussed. Possible research questions are included in the final part
of the chapter.

8.1 Introduction

any fac mathematics teaching and learning
bears on the implemented curriculum. In
rqovide challenges for all students, rather than just

by the shift in focus from skills and procedures to
e

The influence of assessme
is difficult to ignore. In parti
many countries, the ne
the most able, is evide

problem solvinl W changes will not be effective unless they are
accompanied by nt systems consistent with their goals. In addition,
there have be Is ntify those students who are capable of meeting

mathematical ¢ghallenges. Thus, in several countries, curriculum revisions have
been accompa w assessment practices, some on a national scale and
all-scale pilot projects.

uments four cases of assessment practices and discusses if
g challenges is related to variables associated with mathe-
tasks for students in different grades and of different levels of
nd ability.

M.F. ds%a =9}
University Antonio Narino, Bogota, Colombia

e-mail: rectoria@uan.edu.co

E.J. Barbeau, P.J. Taylor (eds.), Challenging Mathematics In and Beyond
the Classroom, New ICMI Study Series 12, DOI 10.1007/978-0-387-09603-2_9,
© Springer Science+Business Media, LLC 2009



Challenging Mathematics In and Beyond the Classroom

We first describe how the studies documented in this chapter were selected.
The bulk of the chapter is devoted to describing these studies. Ther
discussion on the relationship between the features and practices
tasks and how these tasks encourage or discourage challenge.

tionship change under different conditions? Finally, we identi ient

edge gaps in this area of study and suggest a potentially pr esearch
agenda to fill these gaps. .

8.2 The case studies .

Assessment practices in Singapore, Norway, Brazi Iran are given as case
studies of practices at the primary, lowe ¢ secondary levels
respectively. Singapore and Norway implement eir practice for the whole
school population, while Brazil targeted a se % p of students. Brazil’s
case is interesting in that, while its system i (ithe education system, it
has a significant impact on all schools on Iran is on a number of
upper secondary assessments, not | population, but the cases
discussed cover a broad part of t

8.2.1 The case of Singaporeyprimary school level

8.2.1.1 Background and curric

Singapore has possessed blem-solving curriculum since 1992 (Ministry of
Education Singapore 199 997, theiMinistry of Education made a call for
the teaching of thinking ski ey subjects including mathematics. The
initiative Thinking Sc earning Nation encouraged the explicit teaching
of thinking skills and stics (Goh 1997). The mathematics curriculum was
revised in 200 i er with this initiative (Ministry of Education
Singapore 2000).

In 2003, the Mini

erprise (Tharman 2003). In 2004, the Prime Minister of
call for teachers to teach less in order to allow pupils to
004). This call underlines fundamental changes that are
o pupils acquire a set of competencies that are valuable in a
sed economy. Teachers are encouraged to focus on fundamental
se the available time to motivate pupils in the learning process
ife them to figure things out.

n a decade after the implementation of the problem-solving curricu-
lum, schools have been encouraged to develop strategies to help every pupil learn
competencies that are important for the 21st century. Alternative strategies are
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encouraged in order for pupils who have not done well in schools to also acquire
the ability to solve problems. The education system placed an empha
pupil having an opportunity to engage in some challenging situatio

In the latest revised curriculum (Ministry of Education Singa
pupils are encouraged to use calculators in the last two years ofomni
mathematics. This signals a further de-emphasis on computati©
increased attention to solving a wider range of proble& ave the
opportunity to engage in more challenging tasks.

8.2.1.2 National examination for primary schoolb

In Singapore, there are national examinations for ts in Grades 6, 10 and
12. In this case study, we focus on the natig at i¢s examination for
Grade 6 students. The items released from theprimary school national exam-
ination (called the Primary School Leaving on or PSLE) over a
period of five years (2000 to 2004) we lentify items that assess
competencies beyond procedural kno .
The PSLE Mathematics is a tw hour paper-and-pencil test
that comprises forty-eight items 4 i i
items. In thirteen of these items, stu quired to communicate their
solution methods. These thirteen items ma 50 per cent of the total score.
For a small percentage of pupils who have/not done well academically, an
alternate examination called PS oundation Mathematics is offered.

8.2.1.3 Test items

Items released from the P matics corresponding to the years 2000 to

2004 were selected for a of 196 of the 250 items were released. About
80 per cent of all the ite re feleased each year. The examination is in English,
I

the language of gmstruct gh not necessarily the language used at home.
The released’e e ssified as procedural items or challenging items.

Procedural items %wledge, basic skills, routine procedures and the

solving of fami word jproblems. Challenging items require competencies

that are beyondioutingprocedures.

Here we give mples of items classified as procedural items. The first

¢ value of the digit 4 in 854 013?
(1)4000 (2)400 (3)40 44
(SEAB 2005, p.1)
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Procedural Item 2
Find the value of 3 + 6.

(SEABI2005,

Procedural Item 3
A piece of wire is bent to form the right-angled triangle show
area of the triangle.

ind the

(SEAB 2005, p.24)

Procedural Item 4
Lynn joins Tang Fitness Club. She
$5.50 each time she books a bad
How much does she pay the club altoge

ip fee of $45. She also pays
e books the court 30 times.

(SEAB 2005, p.24)

We now present some examples of items classified as challenging items. The
first item requires pupils to se propriate computation to perform. An
inappropriate computation anclude iding the volume of the block by the
volume of a 3-cm cube. In cond item)pupils are unable to succeed by only

applying the necessary co skills, even if they possess them.

Challenging Item 1
A toymaker h rect lock of wood 30 cm by 14 cm by 10 cm. He

wants to cut as ma* es as possible. How many such cubes can he cut?
{ ' 30cm
10cm
14 cm

Challen Item 2
Peter, James and Ruth had some stamps. James and Ruth together had 3 times
as many stamps as Peter. The ratio of the number of stamps James had to the

(SEAB 2005, p.25)
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number of stamps Ruth had was 3:7. Peter and Ruth had 310 stamps altogether.
How many stamps did Peter have?

challenging. With such a significant proportion of the items
challenging, it is not difficult to understand why the culture o
ops in a typical mathematics classroom.

In a study involving 38 pupils solving a collection of oblems, it was
found that the ability to perform basic computati d procedures
were not sufficient for pupils to be successful in probl vin eap 2005a).
“Big math ideas” were used together with basic tati procedures in

cases where pupils solved the problems successfull our “big math ideas”
used by pupils in the study to solve chal pro

number sense, visualization, patterning and m

8.2.1.4 Discussion

s are classified as

A significant proportion of the itemsfin al examination were challen-
ging. In other words, all pupils d |with opportunities and are
expected to be able to handle challen
The national examination for pupils w considered to be academically
weaker also contained a small number of such challenging tasks. Here we give
an example of a challenging item/rom the Foundation Mathematics examina-
tion. The inclusion of challenging itetas in the examination of the weakest pupils
in the system clearly suggests pupil is expected to have some oppor-

tunity to engage in challéngifig tasks in ics.
Foundation Mathematics ing Item |
Yong gave away a total arbles to Paul and Rashid. Rashid received twice

as many marbles as P owmany marbles did Rashid receive?
(SEAB 2007, p.13)

Foundation Math hallenging Item 2
The prices of twessizes ndles at a shop are shown below.

Small candl 2 edch
Large candl h

0 al number of small candles and large candles. She spent
many candles did she buy altogether?

(SEAB 2007, p.13)

of her salary to her mother and another 1/8 of her salary to her
pt the remaining $1680.

(a) What'fraction of her salary did she keep?
(b) How much money did she give her mother?
(SEAB 2007, p.15)
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This leads to the question of how average students, and even weaker ones,
can be helped to handle challenging situations without losing their
and interest in the subject. In a study on the mathematics textb
primary schools in Singapore, it was found that pictorial appro
common in two of the most popular textbook series used (Yea
emphasis on the use of pictorial heuristics seems to have pro
with a platform to handle challenging problems. g

in

A study conducted on a typical primary six class ed on the
heuristics used by the pupils to solve challenging proble e next few
paragraphs, heuristics used by pupils in the study tha ntial to help
many pupils, not just the mathematically incli ve challenging

mathematics problems are described.

Race Problem
Tom and Gary ran in a race. When Gary had ce e run in 20 minutes,
Tom had only run 5/8 of the distance. Tom’s & ed for the race was 75
m/min less than Gary’s.

(a) Find the distance of the race.
(b) What was Tom’s speed in met;

ple sketch shown in Figure 8.1.
every minute, the gap between

and Tom is 1500 m, which is 3 the distance of the race. The subsequent
computations that Indra did t the first question were 1500 = 3 = 500

. . @ 1500m

Figure 8.1: Indrafs solutio After 20 minutes

Tom Gary
A

oojot

Marbles Proble
7 of the number of marbles Jack had. When Sara received 36
both had the same number of marbles.

ore marbles did Jack have than Sara at first?

marbles were there altogether?
(SEAB 2005, p.17)

Ived the Marbles problem by using a method that is known as the
“model method” in the Singapore textbooks. She used rectangles to represent
unknown amounts. Her initial diagram is shown in Figure 8.2.
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Figure 8.2: Janice’s solution
Sara
Jack
Sara ’

Figure 8.3: Janice’s soluti Jack

1gure 58.5: Janice's solution 1
Subsequently, Janice modified her diagrg igure 8.3 and did
the computation 36 ~ 3 = 12and 6 x 12 = 72 er,the first question and

22 x 12 = 264 to answer the second question ot have to do cumber-
some computations involving fraction

the textbooks (Yeap 2005b).

In this line of thought, the r
school children to confront more cha tivities of problem solving is
important. For almost two decades competitions such as the “Future Olym-
pian” competition for primary gchools in Colombia has generated visual
representations of concepts, me s, problems and solutions, as shown, for
example, in Figure 8.4, whic oung primary students to think about
and successfully solve lly associated with more advanced
strategies and representa of algebra.

resentation in empowering

8.2.2 The case of lower secondary education

8.2.2.1 Backgrou iculum

The present syste
1997. Basic sc

of lawer secondary education in Norway was introduced in
ludes a ten-year block of compulsory education, the
ich make up lower secondary education. Whereas the
st common in primary school, the subject teacher is more
secondary school. The basic school is not streamed, and this
all subjects.

school there is no formal grading, and it is very rare for a student
a year, since there is more emphasis on the social functioning of the
group. Until'2004 there was no national testing in the first 7 years. National
tests weredantroduced in grades 4, 7 and 10 and the first year of upper secondary
in 2004 and 2005. There was no national testing in 2006. Starting in 2007 there
are national tests at the beginning of years 5 and 8.
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We are goin to solve the following
problem: A cashier changes
$400 pesos for coins of 5, 10
and 20 pesos The number of

10 peso coins was 3 times the
number of 20 peso coins and
the number of 5 peso coins
was twice the number of 10
peso coins. How many 10

peso coins were there?

M@

Well ... What I did,

Ready! I solved
it by writing an
equation...

I did the same.
So I invite you to have
a look at the solution
that Ari thought of

First, the problem says:
For each 20 peso coin there
are 3 coins of 10 pesos

N

ition stal
0 coin

A,

Coins of
$20

Coins

%10

of

Cogrgr]Coms
..
._
@-

The 10 coins on the table I d
add up to $80 because

$20 + (3x $10) + (6x $5)= $80

N\

That's right!
So there were 15
coins of 10 pesos,
because in each of
the tables there are 3

awe need S of these
bles to get $400

ause

Coigs gf coins of 10 pesos.

®©6
®©®
®®

there are also national exams; there are written national exams in

the subjects English, mathematics and Norwegian, and possibly oral exams in

these as well as other subjects.
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Traditionally Norway has been a very homogeneous society. Education
since the mid-20th century has been dominated by social democrat;
well as Christian (Lutheran) ideas. As a consequence it is felt tha
education should give the same opportunity to all. Important cho
students will come at a later age; no important choice has to be
students have completed basic compulsory school. Selectio
streams of upper secondary education has been basedyon g
secondary. It should also be noted that every student h i
of upper secondary education. This right, however,_the

some years.
Many teachers feel that the impact of exam uld be kept to
a minimum, at least during the years of compulsor, ucatiton, and in fact, in

ittee that suggested
9-year compulsory
iCy because of strong

the mid-1970s there was even a government-
there should be no formal grades in the then fic
school. However, this was not to become
opposition.

Another basic principle is that the s
the lower school level. Hence there a,
“mainstream” education. The type
student is based on performance‘in
education is based on performance in
leaving exams have high stakes for the stude

s, but no entrance exams in
ry education available to a

Norway introduced lowe ling as part of compulsory education
with the reforms of the m 0s. this reform lower secondary educa-
tion consisted of different typ hools, that is, different kinds of vocational
schools. The traditio in the more academic schools were written
exams; oral exams we t usually given to students at this stage.

Written exas gian tradition were national exams, and quite

extensive—five- o

inythe
r exams that covered a large part of the curriculum
were the rule. B th rm the student’s grade on an exam determined the
final grade in the subjedt. There were also course grades given by the teachers.

With the refor mid-1970s different ideas were introduced. The grade
given for uld be a combination of the course grade given by a
teacher a de given on the exam. Moreover, oral exams became more
lying philosophy was that the grade should reflect different
competence. Moreover, any test—written or oral—should
the students’ know, not on what they do not know. There is no
Itiple-choice problems.

1980s and up to the reforms of 1997, there was experimentation

calculators in lower secondary education. These were introduced by the revised
curriculum in 1987.
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8.2.2.3 The written exams

There have been different developments concerning the exam format.
introduction of technology the exam was divided in two parts, on t and
one with the use of technology. The students would receive the whole the
beginning, and then get a calculator when they handed in t rt. This
system is no longer in effect—the calculator is now allowed le test.

However, the test has been divided into three parts having di oci. One
% and one is
students are given

0

part is what we might call “basic skills”, one is “proble
more of a “project” task.

In recent years, the practice has been introduced w
“general” information to be used in the soluti(‘)f T They will then
have to find the relevant information themselyes. e from the Grade
10 examination given in the spring of 2006

Example: Norwegian Metrology Service

Controlling weights and measures h n i t historically for many
centuries. Regulations for weights and'm ere included in Magnus Laga-
i trader should use controlled
shed. Today, the Norwegian
he following three examples

measuring instrument use ulate the amount of consumption has
not been subject to qualit
cent error will represe ignificant amount during a year.

e On average we pay NO or our car each year. Then it is good

to know that the gas S equired to be accurate within 0.5 per cent.
This is a requireme hich the metrology service pays close attention.
e A houscholdgen av s fruit, green vegetables and meat which are

weighed directly e for about NOK 5000 per year. This is done by
weights with an ac 0.2 per cent (a requirement of the metrology service).
TASK
Look at pa, i oklet about the Norwegian Metrology Service. Choose

he three examples and construct a text for a mathematical

factor which should be mentioned is that there is a certain system
for arranging written exams. Due mainly to the cost of having three written
exams for all students, a student presents for only one of the exams, in English,
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mathematics or Norwegian. The students are given notice of which one of these
subjects they will be examined in only two weeks prior to the exami
the choice itself is made in a national draw.

Another line of development is the introduction of what
“preparation time”. Two days before the exam, information on
covered by the project part of the exam is given to the studen
ment must be seen as a step to make the whole exam @re co

N

The traditional oral exams were the responsibib of , or a group of
schools in a region. This is now being changed; chool*authorities on a
national level are beginning to require that ghe exa some standard.
They are also publishing sample tasks for te , the examination is
still the responsibility of the teacher. The scho es provide guidelines.
im are selected through a

8.2.2.4 The oral exams

the draw for the oral exam is for in
The teachers are given informati
week in advance. They are not suppo y information on the subject
to the students at this time. The teacher s a topic and prepares for the
examination that she will be conducting. The/students are then given two days
notice (exclusive of holidays) of subject as well as the topic. It is expected
that the students make a presengatiohat the beginning of the examination, after
which the teachers will ask qu ere is an external grader present during
the examination who ha to ask the student questions as well.
Each student is examined
A sample topic as given by ool authorities is presented below. It is up
to the teacher to decid detailed her instructions to the students will be.

Example: Builc' a ho

ject for the examination one

You have a prop 00 m? and want to build a house there. The house
should cover thegmea .

What mightfthe property look like, and where on the property would you
locate the house erthe scale 1:250.)

You willb 1als for the house, and therefore will need to know how

from all sides.

need (windows, doors, outside paneling, inside paneling, roof, insulation, etc.).



Challenging Mathematics In and Beyond the Classroom

How much do you need of each type? Make a list of necessary materials and
prices with and without tax. Use a spreadsheet.

8.2.2.5 Course grade and final grade

The student also receives a course grade from his teacher. T ould be
based on tests (oral or written) during the year. The ﬁl‘g ourse is
a combination of grades for the different components. might be

only the course grade if the student is not drawn t
matics at the end of compulsory education. The stu
written exam in one subject and an oral in anot‘.

8.2.2.6 Discussion

The examination system in lower secondar in Norway is now
changing with the introduction of the new cuf hat is seen are plans
for a more comprehensive system of everal components such
as national testing, diagnostic tests inati
However, the basic principles
grades for the first 7 years, all grades ar
test construction as well: multiple-choice qu
into the various forms of testing. Another issu€ is the effect of having technology
available for the exams. Since m nd more computers are going into schools,
beginning in lower secondary, s of testing are being developed.

8.2.3 The case of Bra ary and lower secondary levels

8.2.3.1 Curriculum an ground

No member of wri
for this Study.
and the Brazilian sit

is Brazilian, but Brazil is a country of interest
this section is obtained from personal contact
ec.gov.br/seb/.

National Curri
In the national

ar Guidelines in Mathematics in Brazil

i guidelines for secondary schools in Brazil it is stated
e their roots in a “wide discussion with the technical
stems of education, with professors and students from the
ork and with representatives of the academic community.
t aterials produced is that of contributing to a permanent
een teachers and schools concerning teaching practice. The qual-
is essential to the inclusiveness and the democratization of
in Brazil; it is the task of all to confront the challenge of offering
quality ic education that will enable the student to be included in the
development of the country and in his/her consolidation as a citizen.” (portal.
mec.gov.br/seb/arquivos/pdf/book_volume 02 internet.pdf)
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The school system is divided into nine years of basic schooling and three
years of middle schooling, corresponding to secondary or hi
education.

Mathematical thinking
What are the general goals of the school system? The undefsta

logical structure of mathematics by secondary students must & %
deepened. The resources of mathematical thinking

ould b
imagination, intuition, inductive reasoning and logica ive
Students should distinguish between mathematical emp

ea

reasoning.
validation,
and progressively become adept with the deductive

The guidelines also state that it is pertinent 1‘n recommenda-
tion in the implementation of public policies that iority to the continual
training of mathematics teachers working i ary lin order to build
up autonomy in their teaching and profession .

Content
Secondary school mathematics is divide
and operations, functions, geome
A description is given of the cont

Itis furthermore stated that someti onally, topics not treated fully
in elementary and basic schooling are taken nce again in secondary school.
It is the moment to consolidate certain topics of elementary school mathematics
that require explanations whose prehension needs more maturity than that
possessed by basic school stud

Technology is seen as ben
school, both teachers an
tion of knowledge, especi
tion and is a challenge f ac

rge categories: numbers
is of data and probability.
of these areas.

veloping the curriculum of secondary
ools are encouraged to work toward the integra-
rdisciplinary work, which requires coopera-

An extract stressing pr solying
The following e.a sh rly the importance given to the development of
students’ problem abilities in the secondary curriculum.

the content of mathematics in secondary school is devoted to
odels of Ja continuous nature, the real numbers and geometric spaces.
of functions of a real variable fits in this context, reflecting
the calculus in science.

The greater pz
mathematical
The study of t
the fundamen

atical models. In this process a significant development of the area of
s and the mathematics of finite sets has taken place. In secondary school,
binatorics” is usually restricted to the study of problems of counting, but
e of its aspects. Other types of problems could be the subject of study in

stood but not necessarily easy to solve, such as the Konigsberg bridge problem.
Problems of this type can be used to develop a series of important abilities: modeling a
problem using the structure of a graph, identification of situations that do not have a
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solution, convergence toward the discovery of a general condition for the existence of a
solution. Many other examples of combinatorial problems can be treated
similar to the Konigsberg bridge problem; examples such as determining t
path in a transportation network or determining an efficient trajectory fi
garbage in a city are given in the guidelines. (portal.mec.gov.br/seb/arqui

book_volume_02_internet.pdf’)
.c Is
a ela Publica
engages students, not in the form of a required exami but using incentives

to have all students in grades 5 through 8 of th blic take part in an
Olympiad. Each school is encouraged to register al dents in the event and
will be responsible for their participation.
The objectives of the Olympiad are to:
e identify young people with talent a ve t
tific and technological studies;
e give incentives for the in-servic i f teachers in the public schools
contributing to their professiona
e contribute to the integration of the p ools with the public universi-
ties, institutes of research and scientific sogcieties;

e promote social inclusion ough promoting the dissemination of
knowledge.

8.2.3.2 The Brazilian Mathematics Olympiad for publ

In Brazil the Olimpiada Brasilera de Matematica

e public schools;

e stimulate and promote the study of mathe
i entives to go into scien-

er four levels of interest. First, the
students can win a medaldand the right te attend a special enrichment course
offered by the organizers rdzili athematics Olympiads.

Secondly, the teache acc g to the distinction obtained by their stu-
dents—may win as a p @ e tight to attend an in-service course. This might
enable them to gicate better challenging environments or give them the oppor-
tunity to work problems for their students.

Thirdly, schoo ed prizes, such as laptop computers and mathe-
matics books aries, according to the number of students who
receive medals in the Olympiad from that school.

Finally, a to in government funding for sports facilities and tro-
¢ achievements of its schools in the Olympiad.

The incentives for partici

Problem #8 Paniela wants to enclose the property shown in the diagram. In the
diagram all pairs of consecutive sides are perpendicular and the lengths of some
of the sides are shown in meters. How many meters of fencing will Daniela have
to buy?
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60

[

80

(A) 140 (B)280 (C)320 (D) 1800

Problem #10 A team earns 3 points for t for each draw, and no
points for a loss. Up to now, each tea ames. If one of the teams
won 8 of their games and lost 8, how many'poi es that team have right now?

(A)23 (B)25 (C)26 (D)

Level 2, Grades 7 and 8
Problem # 6 This is the same as problem number 10 of Level 1. This illustrates
that many problems will be of intétest and challenge students of different grade
levels, and in fact this is commg@n in‘wmany competitions.

a boat for $200.00 for an outing. This
amount is to be divided lly among all of them. On the day of the outing,
some of the people decide count of this, each person who does
go on the outing has to S. ore. How many people decided not to go on
the outing?

(A)10 (B)ddhy (C

Level 3, Grades 9
Problem # 2 A

Problem #7 Twenty people d

13 (E)14

ngular'sheet of paper of length 10 cm and width 24 cm is
folded in half t@umake a double sheet of length 10 cm and width 12 cm. Then the
folded sheet wal n the middle parallel to the fold making three rectan-
gular piec t 1s the area of the largest of these three pieces?

(A) 30 60 cm?> (C) 120 cm? (D) 180 cm?®  (E) 240 cm?

azil the Celsius scale is used for measuring temperature while
countries the Fahrenheit scale is used. To convert temperatures

of the follawing graphs represents the relation between the measure of the same
temperature in Fahrenheit degrees (indicated by °F) and in Celsius degrees
(indicated by °C)?
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ce ce ce ce ce
32 32
FO % /
32 F° 32 ' F° 32 F°
(A) (B) (©)

(D)

Under these conditions of voluntary participationg arc nevertheless
encouraged to register all of their students, coupled with i irficentives. In
the first version of the Olympiad held in 2005, there wer lion students
in the first round. Indeed, the coverage resembled %t national exam.

A second round is set for the top 5 per cent of t nts from each school.
It consists of problems for which a full w, n_sol as required. The
papers of the 600,000 students taking part in th d of the Olympiad are

graded by professors of the public universities %
Examples of the problems are shown,belo

Level 1, Grades 5 and 6

Problem #3 (of six problems) Emili
edge length 5 cm. As shown in the fig
block and some cubes have already been p

ox with wooden cubes with
as the shape of a rectangular
inside.

S¢;

(A) How y cubes has Emilia already put in the box?

(B) Ca te the length, width and height of the box.

(C) How many cubes are required in order to fill the box if Emilia continues to
place them around those shown in the figure?
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Level 2, Grades 7 and 8

Problem #3 (of six) Jeremy’s pick-up can hold loads of up to 2000 kg. ts
a job of transporting 150 sacks of sugar that weigh 60 kg each and sa
flour that weigh 25 kg each.

(A) Will Jeremy be able to do the job in five trips? Why?
(B) Describe a way he can do the job in six trips.

—

Level 3, Grades 9 and 10
Problem #3 (of six) In a certain city there are only
Dona Leopoldina and Don Pedro I1. Dona Leopoldina
$3.00 plus $0.50 for each kilometer travelled and P
fare of $1.00 plus $0.75 for each kilometer travelled

and Helena work in that city and always takeg i
work. To pay less, Helena always takes taxis
and for the same reason, Bento always takes ta

rning home from
o Dona Leopoldina’s fleet

(B) Which of the three friends tra istance between work and
home?

8.2.3.3 Discussion

This can be seen as an interesting
and one in which more ambi
many school children—

ernative to compulsory national testing,
tives with respect to exposing a great
efs—to challenging mathematical tasks
can be realized. Notice kes of outcomes regarding future
educational opportunities, su reaming or university entrance, are absent
from this experience. er,incentives strictly pertinent to further opportu-
nities to confront mo allenging mathematical learning seem to put the
emphasis exac Id be. The fact that teachers and schools are
encouraged to ha udents take part reflects both the belief that some
challenging mat, uations can be handled by all students, and the fact
learned from hat more routine mathematical learning does not
always enable to gauge the mathematical potential of each student.
Itis a creatiye esign that deserves attention and it has great possibilities
pany countries.

The last half century has witnessed three phases in the educational program of
Iran. In the first period (1956-1973), apart from pre-school education, there
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were six years each of primary and secondary school. Each level concluded with
uniform national final examinations. However, to accommodate n ics
such as set theory, modern algebra, linear algebra and solid analyti
the Ministry of Education revised the secondary curriculum in 1
ged the regime to five years of primary school, three years of “gui
(middle school) and four years of high school, concluding wi
examination to qualify for diplomas. Q

a

e

The teachers were not familiar with the new topics
the mathematics-physics branch was limited in sc
during the next few years by omitting some parts o
teacher professional development. After 1993, the;aut ided to change
the curriculum. They reduced the high school peri
years and, more importantly, they changed t
unit system with each educational year spli
three-year period, some students are admitted iniversity program of
two semesters. Mathematics is now taught in & {four “books” followed
by simple calculus. Differential and i previously studied in a
freshman course at university, is no

1. National University

2. High School Students

3. Special School entrance as nt;

4. Iranian Mathemati ciety Mathematics Competition for University
Students;

5. Internation’c' i piad on Mathematics for University Students.

These assessment ces have implications for the teaching of mathe-

matics to high ol and'university students, as well as for the teachers and
lecturers, and ted challenges for students to learn mathematics. In Pourka-
ziemi (2006), tea allenges in mathematics is explained. In the following
section we iefly at these assessment processes and the challenges that are
created fa hematics majors.

necessary fof university admission. It tests students on the work of the last four
years of school, a syllabus that includes geometry, algebra, trigonometry,
analytic geometry, differential and integral calculus, discrete mathematics and
statistics.
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Despite extensive preparation by teachers using previous examinations, only
about 25,000 of 400,000 participants are successful. There are 5 iple-

85 minutes. They are partitioned into three groups according to
The first group can be answered by almost all the studg

fewer students. Only creative and careful students can amswer
questions. These questions are new to the students ang
the time available, and success with them can ma
result of the examination.

Asking creative questions allows for the idenqati d students who
can solve unfamiliar questions efficiently and fast. new type of question
is used, it becomes part of the stock of questionis,prep future candidates
who try to find the shortest solution. These que ns become a challenge for
both student and teacher to attempt them. T % University Entrance
Examination has been used since 1964 (www. esh.org). Here are two ques-
tions from the first group:

Problem 8.2.4.1 The equation m

parameter m in which this equati
MH-3 -2 G2 #3

Problem 8.2.4.2 If ¢, b and ¢ were the roots of equation 23— X —5x—2=0,
what is the value of @* + b* + ¢ 3, abe?
MHs @6 37 D8

— 6=0 is given; find the
twg real roots with inverse value.

Students in high scho etwoy of Euclidian Geometry. The teaching
of geometry is very impo especia ecause it familiarizes students with
inferential reasoning. On th hand, it enables students to observe and

perceive the relationshi een pure and applied mathematics through utiliz-
ing the coordinates. S xamples of questions in geometry are given below.
Students are ex‘t t each question within one minute.
Problem 8.2.4.3 1 three squares with same length (1 cm) are shown.
What fraction length of BM is the length of AM?
A
M|~
B

/4 (3)2/9 @1)5

(
Proble .4.4 In the figure, the point D of tangency between BC and the circle
ranges between the two fixed points £ and F. What happens to the circumfer-
ence and the area of the triangle A BC?
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A

B

(1) The circumference changes; the area changes.
(2) The circumference changes; the area is

(3) The circumference is fixed; the area chang
(4) The circumference is fixed; the area is fix

Problem 8.2.4.5 Two sides of a recgtangle lie aleng the coordinate axes; the
fourth vertex lies on the curve y , with/x lying in [0, 2]. What is the
maximum area of this rectangle?

Y

o C

(H 119 (2 7 .(3)10/9 (4)28/27
Finally, we h. questions from the third group.

o numbers are chosen randomly in the interval (0, 2). What
at their quotient is less than 1/3?
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The sample space S and outcome A (shaded area) are shown in the figure.

‘m‘Ns

The desired probability is the ratio of the of area of the
square:
(2/3 + 2/3)/4 = 1/3.

Problem 8.2.4.7 In triangle ABC, th 0 Vi and C are fixed with

BC = 6 cm, while 4 moves in suc ay that angle 4 is equal to 60°. The
bisector of angle 4 meets the circu B@again in D.
What is the length of the segmén
e 23 32 3" @

First Approach: Students are challenged to ¢ome to grips with why all angle
bisectors have a point in commén; why is this so? The clue comes from the
constancy of the angle 4, whichstudeats should recognize as lying on an arc of a
circle.

Y4
2k

en a matter of realizing that the bisector of angle 4 must
rough the midpoint of the minor arc BC. This allows the
struct the appropriate diagram.

done, getting the length of BD is standard. For example, the
recognize that the radius of the circle from B and the segment BD
s of an equilateral triangle. Or else, they might realize that it is now
enough to look at a particular position of A, in particular, when AD is a
diameter. In either case, we are led to the answer (3) as correct.
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Band D are fixed,
ndicular bisector of
AD=2R, and angles
1/2 and AD=R.

Second Approach: As vertex 4 moves on mci
thus length of BD is invariant. When A4 reaches™t erp
BC, the triangle ABC becomes equilateral, m
DAB=30°, BDA=60° and ABD=90° )

From Pythagoras’ theorem in tri
correct.

A high school students mathemiatical Olympiad has operated in Iran since
1984. This is a three-round co open to year 9 students with an average
above 17 out of 20. Public special classes in many schools help
candidates prepare. The round is multiple-choice with four options for
each question. Out of 160 idates@n’2007, 800 were invited to participate
in the second round. Ei students competed in the final round

1Iy;
(with essay-style questi or\bronze, silver and gold medals. The winners of
the gold medalqill m e Iranian IMO team, which has earned many

gold medals in“the m al competition. The winners of the third stage
rred entrance to Iranian universities (olympiad.

examination also
sanjesh.org/).

8.2.4.5 Ass nt of the gifted high school students to enter special schools

% plution in Iran, special schools were established for gifted
ediate and high school levels. Every year there are entrance
one of these schools. Each one is a multiple-choice test with four
most important subject is mathematics.

ne per cent of Iranian high school students study in these special
gifted students. The great desire of students to be accepted in these
special schools has led to the previous year’s questions of the entrance exam to
these schools being discussed in the math classes of other schools.
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8.2.4.6 University students mathematics competition

Since 1974, every year there is a math competition among the universi
students in the areas of integral and differential calculus, analysi
mathematics. The organizer of this competition is the Mathematical
Iran and the questions are in written form (Www.ims.ir).

8.2.4.7 University Students International Scientific Ol”p'

The University Students International Scientific Ol
two-stage assessment that has been organized every y 6. In the first
stage a five-member team is selected by each u‘e ity. teams compete
with each other in the areas of integral and differe culus, algebra, linear
algebra and analysis.
onis are selected. In the
the participants from
sia, China, Azerbaijan,
n is in written form and it

next round, there is an international competits
other countries like Armenia, Ukrain
Oman, Bahrain, Indonesia and Kirgi

8.3 Assessment and learning, assessment and challenge, assessment
and curriculum

In this section the relationship, he conception of the role of assessment,
the features of assessmeng tasks an rovision of challenge, as well as how
this relationship may affe es of ulum and may vary under different
conditions, are discussed.

8.3.1 The rolddo sglt: assessment and learning

Assessment mu vie s part of the learning process, not as separate from
it. The lessons learned about objectivity from natural science apply as well to
social science; urement itself is an essential part of the situation
measured. Asgp more challenging mathematics curriculum, assessment
t students know and can do in new ways that allow them the
ore—and to do new things with what they have learned—
ssed, not simply to show what they have already learned and
important aspect of assessment might be that it induces the

ing the role of assessment in a learning culture, Shepard (2000, p. 4)
speaks about classroom assessment in the following terms. “This article is about
classroom assessment—not the kind of assessment used to give grades or satisfy
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the accountability demands of an external authority, but rather the kind of assess-
ment that can be used as part of instruction to support and enhance 1
Shepard’s starting point is the contrast that she draws bet
efficiency curricula, behaviorist learning theories and ‘scientific mea
and a “social constructivist conceptual framework that blend i
cognitive, constructivist, and socio-cultural theories.” She ¢la
ways assessment practices should be consistent with‘d sup

structivist pedagogy.
f learning,
nt (a mathematician

Shepard goes on to detail the use of assessment in t
will be used to

stating that improving the content of assessment is im
would say necessary) but not sufficient to ensur
enhance learning and be part of the learning pr

’;at S
~

allenge

8.3.2 The role of assessment: assessm

art from many widely accepted concepts
s, in a way that is similar to

The Norwegian case study sets itself
of assessment and standardized as
most out-of-school challenges. the discussion of the case
study presented we find the following p “Moreover, any test—written
or oral-—should focus on what the students knjow, not what they do not know.”

A slight variation that assessmgnt should focus on what students can do and
not on what they cannot do, leads\us to consider that the inclusion of more
challenging mathematics in t iculum should imply a change in the very
concept of assessment.

The previous two para, ring to them, but it is not clear how
much content they have. On hope that any decent assessment will focus
on what students can e point of assessment is to make a judgment as to
what students are cap of, presumably with a view to further action. Is an
assessment iter‘a id he ability to discriminate? And if it discrimi-
nates, are not som ts bound to perform better than others? In particular,
might it not tur dents cannot do? What sort of “change in the very
concept of asseSsment” is envisaged here?

On this poi Shepard has some interesting contributions to make.
She states 1s a close relationship between truly understanding a
able to transfer knowledge and use it in new situations. In
ation—and in contrast to the behaviorist assumption that
ust be taught as a separate learning objective—true under-
exible, connected and generalizable. Not surprisingly research
strate that learning is more likely to transfer if students have
ty to practice with a variety of applications while learning (Brans-
. 11).

“To support generalization and ensure transfer, that is, to support robust
understandings, good teaching constantly asks about old understandings in
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new ways, calls for new applications, and draws new connections”
1997, p. 27). “And good assessment does the same. We should not, f
agree to a contract with our students, which says that the only fai
with familiar and well-rehearsed problems.” (Shepard 2000, p. 11).

Chappuis and Stiggins (2002) echo these ideas in the fg
“Assessment for learning occurs during the teaching and learn,
than after it and has as its primary focus the ongoing |
for all students. Teachers who assess for learning u
assessment activities to involve students directly and de
ing, increasing their confidence and motivation to I
gress and achievement rather than failure and at.

Considerations such as these are meant for
going under the name of formative assess

ence, frequently
eir pertinence for

curriculum, not as some sort of decorative “exn but as a fundamental
and integral component, and about mitrori ole with the introduc-

For example, Stiggins (2002) spe
to an open-ended math problem,

ommon that points be given for what a
given for correct answers and for pro-
t self-assesses that he does not know),

ple-choice type competitions it
student has accomplished, m
blems left unanswered (a sig

Major challenges of m i tion are thus related to developing
and linking different comp in solving problems through relating the
underlying conceptua dural knowledge. This seems to get at the
essence of the psesent hatever we do in the classroom is governed
by what we regi e earning of mathematics. If this involves resour-
cefulness and makin tions, ability and confidence to tackle all sorts of
problems, then provides an incentive to incorporate something that will
achieve this in @ur exanmiinations and classroom practice.

In sum, emp and analyzing, eliciting and bringing to the fore what
ather than focusing on what they might not be able to do, is
hich makes possible the incorporation of challenging and
ment into the learning process.

the vanta
wonthwhi

CE P
8.3.3 Thegole of assessment: assessment and curriculum

The case of Singapore shows that challenging mathematics can be a significant
part of testing in a standard nationwide setting. Such inclusion broadcasts an
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important message to teachers, to parents, to students and to the society as a
whole. Furthermore, the crux of the “challenge” facing contempor
matics education itself is clearly delineated in the Singapore ca
items for struggling students required some level of challenge. THhis
the education system placed an emphasis on every pupil having.anye
to engage in some challenging situations.

There is a call worldwide for more challenging currigula, a
and Norway experiences address the implications foﬁ; i
practices.

Among many others, Oakes and Wells (1998) have
several years later the Harvard Education Letter,of
necessary to underline not just the desirabilit
challenges within the curriculum for all studg

nues to find it
ssity of greater

challenging curricula for all students is clear 1 graduate mathematics; a
recent international conference took he need for challenges,
and indeed in the literature many ces to formative assessment
speak to the undergraduate leve

keep your mouth shut.”

Perusing the abstracts fromy theNSecond International Conference on the
Teaching of Mathematics ( rgraduate level) held in Hersonissos,
Crete, in 2002, we found
undergraduate mathemat

Georgieva (Pacific Univer caks about a course in which a solution
manual for problems gi s homework was distributed, but that in fact there
had been no blind cop stating that “we attribute this fact to making clear
early in the se.s t tests are extensive both in content and level
of intellectual cha e observe a big jump in the students’ motivation.”

(p. 142)
Guineo & Martinez from Uruguay propose projects to their students based
on the motivati i by real-life challenges (p. 153).

Igbal & of their objectives in a course dealing with algorithms (p.
182), amq o “equip students with the necessary tools and techniques,
nfidence, required in solving non-textbook problems.” This
sentially a creative effort containing all the ingredients of a
ture, excitement, challenge and suspense.”
iu, speaking on developing views on mathematical thinking,
lenges given to students when asking them to discover inadequa-
cies in concepts of the calculus found in historical texts and contexts (p. 236).

Nolan, studying pre-service teachers’ conceptions when faced with challen-
ging mathematics, states clearly (p. 281) that: “Factors other than ability
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influence students’ approaches to challenges” and cites factors such_as their
persistence (or withdrawal) and their use of cognitive skills. Q
8.3.4 Competitions and curriculum
Out-of-school activities, such as competitions on all levgls, can model-
ing for teachers the sorts of challenging, intriguing and enteftaining mathematics
that are central to a deep and broad understanding of the s s well as to
giving opportunities to develop and enhance students ematical thinking.
Liu (2004) describes this possibility as follo‘ “Tea n benefit from
mathematics competitions because they are a ferti nd for hunting down
good problems as classroom examples or h wents.”
Competitions such as the Hunter Primary tition state among their
aims such things as to “encourage the broa pth coverage” of the
mathematics curriculum (Bishop 2002)
Speaking about the UK Primary
offers this view: “It is not the intenti
rather to set problems on primary
work at this level.”
Rounding out this idea with the aims of t thematics Challenge for Young

Australians, Dowsey and Henry (2000, p. 39) give a prominent place to “provid-
ing teachers with some excellent pfoblems as resources for their own classrooms.”

enge Peter Bailey (2005)
s on secondary topics, but
ad to discovery and further

8.4 Knowledge gaps uture reséarch questions in this domain

In this section we look ossible research questions for challenging
mathematics in the clas . In some cases we consider extensions of research

It seems clear into assessment practices in the classroom invol-
ving mathematical es is scanty. Therefore, the questions to be
addressed are

8.4.1 E opposing views of assessment and their
re Ip to challenging mathematics

t shed further light on the opposing views of assessment that can

le, compare Shepard’s remarks, “If we wish to pursue seriously
ssessment for learning, . . ., it is important to recognize the pervasive
negative effects of accountability tests and the extent to which externally
imposed testing programs prevent and drive out thoughtful classroom
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practices” (Shepard 2000, p. 9), with a more traditional view of assessment
(NCTM 2000): “Assessment should support the learning of import
matics and furnish useful information to both teachers and stude
This second stance is usually interpreted to mean that asses
“rank” students, for this is the meaning most commonly giv
“furnish useful information to both teachers and studen
involves setting a standard—which may be high—angythen
student compares to the standard, which traditionallgﬂ b
or she falls short of the standard.
It is not possible to properly analyze these views w t goinginto the issue
of the purpose of the assessment and the pertinenee o rd to it. Where
an assessment is made, for example, in order toﬁ n admission to college
or university, we need to study how judgmep assessment are in
fact borne out by the future progress of the stu e the criteria authentic
itted into a situation

ensure that the students indeed havefthe specified,competencies?

How can studies involving the i allenges into the mathema-
tical experience of every student she e relative benefits of each of
these views?

8.4.2 What is the role of c.
between assess

g mathematics in the relationship
ing?
In their review of research o tive assessment Black and Wiliam (1998)
state that “One of the nding features of studies in assessment in recent
years has been the shi the/focus of attention, towards greater interest in
interactions between as t and classroom learning and away from con-
centration on the ies of restricted forms of test which are only weakly
linked to the le ”

As related
evidence that
features of lea

lacky and Wiliam (1998), “Ames (1992) started from the
A(i.c. task-related) goals can secure and review the salient
ironments that can help secure these advantages. She

-referenced goals by offering a meaningful, interesting and
manding challenge.” Some key words in their on-going analysis
tion and self-directed learning.

re, when examining links to learning theories, Black and Wiliam
us: “The arguments given by Zessoules and Gardner (1991) show
how any assessment changes of the types described above [relating to the ideas
of Ames and similar ideas] might be expected to enhance learning if they help
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students to develop reflective habits of mind. They further argue that such
development should be an essential component in programs for the n-
tation of authentic assessment in classroom practice. Assessment is e s S
a moment of learning and students have to be active i
assessment. ...”

What kinds of reflective habits are elicited by challenging
classroom and in classroom assessment?

In particular, can the use of challenging mathematies C ent better
help the student pull together the threads of mathematiCs iously encoun-
tered to obtain a more coherent view of a mathemati better sense
of their growing mathematical power?

What kinds of student activity are triggered b | athematics and
challenging assessment tasks?

Furthermore, Black and Wiliam (1998) fela 1t eir detailed quali-
tative study of the classroom characteristics v standing high school
science teachers, Garnett and Tobin (1989)
success was the way they were able t
feature was the diversity of classroo; 1viti ith an emphasis on frequent
questioning in which 60 per cent o

One research question might foc
that elicit deep questioning by the students:. od and Klenowski (2002) have
this to say: “Research suggests that to improve learning and indeed teaching,
educational assessment must be fermative in both function and purpose and
must put the student in the centre ofithe assessment process.”

How can this be done in r hallenging mathematics?

ly the kinds of mathematics

8.4.3 What is the nat d elassroom assessment?

Cochairman of this St etel Taylor expressed the following position at the
Study Confere wor loring: “A good assessment is one which has a
balance with some i0 quiring mathematical reasoning which tests their
[students’] ability to and research unknown areas.”

This quotatj uts the spotlight on the idea that assessment is not a
termination, b stagelin the mathematical development of the student. This

pulls together s e ideas raised in earlier sections about deeper under-
standing bility to move on to a more advanced stage.

4.4 are the differences in focus for challenging mathematics
light of assessment to determine ability and assessment

ermine achievement?

t
to

Ecclestone (2002) makes the distinction between behaviorist—based assessment as
extrinsic, focused on rewards and short-term goals, and humanist-constructivist
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based assessment as intrinsic, focused on higher levels of creativity. She makes the
further contrast that constructivists look at performance and achieve
as effort while behaviorists consider ability as fundamental. In her
tive assessment is linked with critical reflection and engagement.
Implanted in the classroom is a model of assessment th
friendly when it comes to designing difficult tasks, but is ini
How can the difference for the student between difficub?d chy ging mathe-
matics be delineated by assessment practices? How ha
in tests designed to measure achievement? What are the
these tests? What are the implications for challen
difference between achievement tests in the se Xp
achievement tests as defined in the dictionary 2’:
Achievement test: A collection of tests tha
ciency and accumulated knowledge of specitie
test is a standardized test that is designed to
knowledge in a particular area. Unlike an i est which measures a
person’s ability to learn something, ieve est focuses specifically
on how much a person knows ab ifig topic or area such as math,
geography, or science.

hat is the difference between enrich-
an with regard to the aims of the
curriculum, the belief in apacity of each individual student?
This is a question whichginyit ther exploration, however we believe that
enrichment is a proces h does not necessarily include challenge.

Another possible research q

ment and challenge? W oes each
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Many educational developments have led to,
ICMI Study. The typical classroom regime 1
itarian more child-centred approach, with ing
benefits conferred on the pupil by schooling.

u t engendered this

ing towards a less author-
ention to the present
s\are encouraged to look
arges gain understanding

and appreciation of mathematical topics 1 bus. Further, there has been
enormous growth not only in mat i of many types but of clubs,
exhibitions, participatory fairs ahd have generated a wealth of

technology provides an environmeént in which it becomes realistic and desirable
to introduce challenge into the matical edusphere.

In this Study Volume we culmination of many years’ work by
many notable practition y of educational and mathematical
backgrounds, work that ed,the wing opportunity for teachers to
provide challenges for their ts. A freer ideological atmosphere along
with the wealth of re ailable through courses, conferences and the

\%
Internet have allowed educators to be innovative both within and without
the classroom.

The authors of: dy feel that the scope and value of challenge is not
adequately und, od. pared with other fields of educational study, the
amount of research andjliterature directly dealing with challenge is sparse.

The authors that the reader will conclude that challenges can not
only take vaiie s in and beyond the classroom but are equally applicable
tandards. Indeed the authors are convinced of the value of
s and lay people in various ways. Considerable research is
belief as well as to find the best ways to achieve the goals of
matics intelligible, enjoyable and enriching to those who must or
it.

t depends on the generous collaboration of mathematicians and
ts. The task of the former is to suggest suitable material, ensure its
integrity and to provide the professional edge in monitoring its propagation and

om a var
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use. The task of the latter is to deal with psychological and cognitive issues, to
suggest and analyze regimes that will allow teachers and expositor oy
ires

challenges and assess their effectiveness.
Our hope is that this Study Volume highlights the main issue
the ongoing research that this topic deserves.

June 2008
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