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Machine Learning in one picture

Training data:

“Learn” function
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<latexit sha1_base64="FtcV0o7VhVHlGJchMvq4U8zXfrA=">AAACFnicbVDLSgMxFM3UV62vqks3wSK0oGVGiropFHXhSirYB3TakkkzbWgmMyQZsQzzFW78FTcuFHEr7vwbM+0stHogcDjnXm7OcQJGpTLNLyOzsLi0vJJdza2tb2xu5bd3mtIPBSYN7DNftB0kCaOcNBRVjLQDQZDnMNJyxheJ37ojQlKf36pJQLoeGnLqUoyUlvr5I9tDaoQRiy5jWIV2VLzvRUVaig/hZEZK0I77Ea1ace+6ny+YZXMK+JdYKSmAFPV+/tMe+Dj0CFeYISk7lhmoboSEopiROGeHkgQIj9GQdDTlyCOyG01jxfBAKwPo+kI/ruBU/bkRIU/KiefoySSEnPcS8T+vEyr3rBtRHoSKcDw75IYMKh8mHcEBFQQrNtEEYUH1XyEeIYGw0k3mdAnWfOS/pHlctk7KlZtKoXae1pEFe2AfFIEFTkENXIE6aAAMHsATeAGvxqPxbLwZ77PRjJHu7IJfMD6+AY5+nb0=</latexit>

D = {(x(i), y(i))}Ni=1
<latexit sha1_base64="iTn9E29ZOR3GGvB4ImO4lqEXoqM=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWpMxIUZdFNy4r2Ad0xpJJM21okhmSjDgM/QA3/oobF4q49QPc+Tdm2llo64HA4Zxzyb3HjxhV2ra/raXlldW19cJGcXNre2e3tLffVmEsMWnhkIWy6yNFGBWkpalmpBtJgrjPSMcfX2V+555IRUNxq5OIeBwNBQ0oRtpI/VK58nCXVmh1cgKTGalCV1EOXY70CCOWNicmZdfsKeAicXJSBjma/dKXOwhxzInQmCGleo4daS9FUlPMyKToxopECI/RkPQMFYgT5aXTYybw2CgDGITSPKHhVP09kSKuVMJ9k8xWVPNeJv7n9WIdXHgpFVGsicCzj4KYQR3CrBk4oJJgzRJDEJbU7ArxCEmEtemvaEpw5k9eJO3TmnNWq9/Uy43LvI4COARHoAIccA4a4Bo0QQtg8AiewSt4s56sF+vd+phFl6x85gD8gfX5A6R2miM=</latexit>

(x(i), y(i)) ⇠ P

<latexit sha1_base64="0X7aBVc6ANMwq0gw0DYZPtXdf0g=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWakqBulKBSXFfqCTimZNG1DM5khuSOUoX/jxl9xI6iILv0TM23B2nogcDjnXm7O8SPBNTjOl5VZWV1b38hu5ra2d3b37P2Dug5jRVmNhiJUTZ9oJrhkNeAgWDNSjAS+YA1/eJv6jQemNA9lFUYRawekL3mPUwJG6tjX5Y4HAwYEe1xiLyAwoEQk5TG+wl7yawa8i+cHqyn1xh077xScCfAycWckj2aodOxXrxvSOGASqCBat1wngnZCFHAq2DjnxZpFhA5Jn7UMlSRgup1Mco7xiVG6uBcq8yTgiTq/kZBA61Hgm8k0iF70UvE/rxVD77KdcBnFwCSdHurFAkOI09JwlytGQYwMIVRx81dMB0QRCqbanCnBXYy8TOpnBfe8ULwv5ks3szqy6Agdo1PkogtUQneogmqIokf0jN7Qu/VkvVgf1ud0NGPNdg7RH1jfPwFDpW8=</latexit>

F✓ 2 F = {F✓ | ✓ 2 ⇥}

<latexit sha1_base64="vLm8qEO8UAyAOIvAAGg4f31zdC8=">AAACDnicbVDLSgMxFM3UV62vqks3wVJwVWakqLgqCuKygn1IpwyZNG1DM5khuSOUYb7Ajb/ixoUibl27829M2wG19UDg5Jx7ufcePxJcg21/Wbml5ZXVtfx6YWNza3unuLvX1GGsKGvQUISq7RPNBJesARwEa0eKkcAXrOWPLid+654pzUN5C+OIdQMykLzPKQEjecXylefCkAE5x25AYEiJSNopdiH8+d+lXrFkV+wp8CJxMlJCGepe8dPthTQOmAQqiNYdx46gmxAFnAqWFtxYs4jQERmwjqGSBEx3k+k5KS4bpYf7oTJPAp6qvzsSEmg9DnxTOVlRz3sT8T+vE0P/rJtwGcXAJJ0N6scCm2Mn2eAeV4yCGBtCqOJmV0yHRBEKJsGCCcGZP3mRNI8rzkmlelMt1S6yOPLoAB2iI+SgU1RD16iOGoiiB/SEXtCr9Wg9W2/W+6w0Z2U9++gPrI9vDTCcIw==</latexit>

F✓ : X ! Y
<latexit sha1_base64="Q58trJywi8HZ0Yk+lnDO0AK4/Xg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZ7HUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f6I2NAw==</latexit>x

<latexit sha1_base64="nBBOe3fXphKGaw7HGZ7U6/a6pTw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgb NSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSvqp619Vas1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD6hGNBA==</latexit>y



Machine Learning in one picture
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“Learn” function
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<latexit sha1_base64="FtcV0o7VhVHlGJchMvq4U8zXfrA=">AAACFnicbVDLSgMxFM3UV62vqks3wSK0oGVGiropFHXhSirYB3TakkkzbWgmMyQZsQzzFW78FTcuFHEr7vwbM+0stHogcDjnXm7OcQJGpTLNLyOzsLi0vJJdza2tb2xu5bd3mtIPBSYN7DNftB0kCaOcNBRVjLQDQZDnMNJyxheJ37ojQlKf36pJQLoeGnLqUoyUlvr5I9tDaoQRiy5jWIV2VLzvRUVaig/hZEZK0I77Ea1ace+6ny+YZXMK+JdYKSmAFPV+/tMe+Dj0CFeYISk7lhmoboSEopiROGeHkgQIj9GQdDTlyCOyG01jxfBAKwPo+kI/ruBU/bkRIU/KiefoySSEnPcS8T+vEyr3rBtRHoSKcDw75IYMKh8mHcEBFQQrNtEEYUH1XyEeIYGw0k3mdAnWfOS/pHlctk7KlZtKoXae1pEFe2AfFIEFTkENXIE6aAAMHsATeAGvxqPxbLwZ77PRjJHu7IJfMD6+AY5+nb0=</latexit>

D = {(x(i), y(i))}Ni=1
<latexit sha1_base64="iTn9E29ZOR3GGvB4ImO4lqEXoqM=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWpMxIUZdFNy4r2Ad0xpJJM21okhmSjDgM/QA3/oobF4q49QPc+Tdm2llo64HA4Zxzyb3HjxhV2ra/raXlldW19cJGcXNre2e3tLffVmEsMWnhkIWy6yNFGBWkpalmpBtJgrjPSMcfX2V+555IRUNxq5OIeBwNBQ0oRtpI/VK58nCXVmh1cgKTGalCV1EOXY70CCOWNicmZdfsKeAicXJSBjma/dKXOwhxzInQmCGleo4daS9FUlPMyKToxopECI/RkPQMFYgT5aXTYybw2CgDGITSPKHhVP09kSKuVMJ9k8xWVPNeJv7n9WIdXHgpFVGsicCzj4KYQR3CrBk4oJJgzRJDEJbU7ArxCEmEtemvaEpw5k9eJO3TmnNWq9/Uy43LvI4COARHoAIccA4a4Bo0QQtg8AiewSt4s56sF+vd+phFl6x85gD8gfX5A6R2miM=</latexit>

(x(i), y(i)) ⇠ P

<latexit sha1_base64="0X7aBVc6ANMwq0gw0DYZPtXdf0g=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWakqBulKBSXFfqCTimZNG1DM5khuSOUoX/jxl9xI6iILv0TM23B2nogcDjnXm7O8SPBNTjOl5VZWV1b38hu5ra2d3b37P2Dug5jRVmNhiJUTZ9oJrhkNeAgWDNSjAS+YA1/eJv6jQemNA9lFUYRawekL3mPUwJG6tjX5Y4HAwYEe1xiLyAwoEQk5TG+wl7yawa8i+cHqyn1xh077xScCfAycWckj2aodOxXrxvSOGASqCBat1wngnZCFHAq2DjnxZpFhA5Jn7UMlSRgup1Mco7xiVG6uBcq8yTgiTq/kZBA61Hgm8k0iF70UvE/rxVD77KdcBnFwCSdHurFAkOI09JwlytGQYwMIVRx81dMB0QRCqbanCnBXYy8TOpnBfe8ULwv5ks3szqy6Agdo1PkogtUQneogmqIokf0jN7Qu/VkvVgf1ud0NGPNdg7RH1jfPwFDpW8=</latexit>

F✓ 2 F = {F✓ | ✓ 2 ⇥}

<latexit sha1_base64="vLm8qEO8UAyAOIvAAGg4f31zdC8=">AAACDnicbVDLSgMxFM3UV62vqks3wVJwVWakqLgqCuKygn1IpwyZNG1DM5khuSOUYb7Ajb/ixoUibl27829M2wG19UDg5Jx7ufcePxJcg21/Wbml5ZXVtfx6YWNza3unuLvX1GGsKGvQUISq7RPNBJesARwEa0eKkcAXrOWPLid+654pzUN5C+OIdQMykLzPKQEjecXylefCkAE5x25AYEiJSNopdiH8+d+lXrFkV+wp8CJxMlJCGepe8dPthTQOmAQqiNYdx46gmxAFnAqWFtxYs4jQERmwjqGSBEx3k+k5KS4bpYf7oTJPAp6qvzsSEmg9DnxTOVlRz3sT8T+vE0P/rJtwGcXAJJ0N6scCm2Mn2eAeV4yCGBtCqOJmV0yHRBEKJsGCCcGZP3mRNI8rzkmlelMt1S6yOPLoAB2iI+SgU1RD16iOGoiiB/SEXtCr9Wg9W2/W+6w0Z2U9++gPrI9vDTCcIw==</latexit>

F✓ : X ! Y
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<latexit sha1_base64="nnMPcObCi92MK3QFU4nBZgVK7QA="></latexit>

R(F✓) = E(x,y)⇠P

h
loss(y, F✓(x))

i

<latexit sha1_base64="KFJrn1e2v7QsG+LUbF5aWfa/mcw=">AAACDnicbVDLSgNBEJz1GeMr6tHLYBDiwWVXRIVcAoJ4jGASIRvD7KQ3GZx9MNMrCUu+wIu/4sWDIl49e/NvnDwOGi1oKKq66e7yEyk0Os6XNTe/sLi0nFvJr66tb2wWtrbrOk4VhxqPZaxufKZBighqKFDCTaKAhb6Ehn93PvIb96C0iKNrHCTQClk3EoHgDI3ULux7CH3UQQZ21/bKXnlISwN6SC/aHvYAWal/cHB71C4UHdsZg/4l7pQUyRTVduHT68Q8DSFCLpnWTddJsJUxhYJLGOa9VEPC+B3rQtPQiIWgW9n4nSHdN0qHBrEyFSEdqz8nMhZqPQh90xky7OlZbyT+5zVTDM5amYiSFCHik0VBKinGdJQN7QgFHOXAEMaVMLdS3mOKcTQJ5k0I7uzLf0n9yHZP7OOr42KlMo0jR3bJHikRl5ySCrkkVVIjnDyQJ/JCXq1H69l6s94nrXPWdGaH/IL18Q0Rspoz</latexit>

e.g. (y � F✓(x))
2



Machine Learning in one picture

Training data:

“Learn” function

Test data:
Goal: generalization

-10

-5

0

5

8

population risk
-10

-5

0

5

8

-10

-5

0

5

8
<latexit sha1_base64="FtcV0o7VhVHlGJchMvq4U8zXfrA=">AAACFnicbVDLSgMxFM3UV62vqks3wSK0oGVGiropFHXhSirYB3TakkkzbWgmMyQZsQzzFW78FTcuFHEr7vwbM+0stHogcDjnXm7OcQJGpTLNLyOzsLi0vJJdza2tb2xu5bd3mtIPBSYN7DNftB0kCaOcNBRVjLQDQZDnMNJyxheJ37ojQlKf36pJQLoeGnLqUoyUlvr5I9tDaoQRiy5jWIV2VLzvRUVaig/hZEZK0I77Ea1ace+6ny+YZXMK+JdYKSmAFPV+/tMe+Dj0CFeYISk7lhmoboSEopiROGeHkgQIj9GQdDTlyCOyG01jxfBAKwPo+kI/ruBU/bkRIU/KiefoySSEnPcS8T+vEyr3rBtRHoSKcDw75IYMKh8mHcEBFQQrNtEEYUH1XyEeIYGw0k3mdAnWfOS/pHlctk7KlZtKoXae1pEFe2AfFIEFTkENXIE6aAAMHsATeAGvxqPxbLwZ77PRjJHu7IJfMD6+AY5+nb0=</latexit>

D = {(x(i), y(i))}Ni=1
<latexit sha1_base64="iTn9E29ZOR3GGvB4ImO4lqEXoqM=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWpMxIUZdFNy4r2Ad0xpJJM21okhmSjDgM/QA3/oobF4q49QPc+Tdm2llo64HA4Zxzyb3HjxhV2ra/raXlldW19cJGcXNre2e3tLffVmEsMWnhkIWy6yNFGBWkpalmpBtJgrjPSMcfX2V+555IRUNxq5OIeBwNBQ0oRtpI/VK58nCXVmh1cgKTGalCV1EOXY70CCOWNicmZdfsKeAicXJSBjma/dKXOwhxzInQmCGleo4daS9FUlPMyKToxopECI/RkPQMFYgT5aXTYybw2CgDGITSPKHhVP09kSKuVMJ9k8xWVPNeJv7n9WIdXHgpFVGsicCzj4KYQR3CrBk4oJJgzRJDEJbU7ArxCEmEtemvaEpw5k9eJO3TmnNWq9/Uy43LvI4COARHoAIccA4a4Bo0QQtg8AiewSt4s56sF+vd+phFl6x85gD8gfX5A6R2miM=</latexit>

(x(i), y(i)) ⇠ P

<latexit sha1_base64="0X7aBVc6ANMwq0gw0DYZPtXdf0g=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWakqBulKBSXFfqCTimZNG1DM5khuSOUoX/jxl9xI6iILv0TM23B2nogcDjnXm7O8SPBNTjOl5VZWV1b38hu5ra2d3b37P2Dug5jRVmNhiJUTZ9oJrhkNeAgWDNSjAS+YA1/eJv6jQemNA9lFUYRawekL3mPUwJG6tjX5Y4HAwYEe1xiLyAwoEQk5TG+wl7yawa8i+cHqyn1xh077xScCfAycWckj2aodOxXrxvSOGASqCBat1wngnZCFHAq2DjnxZpFhA5Jn7UMlSRgup1Mco7xiVG6uBcq8yTgiTq/kZBA61Hgm8k0iF70UvE/rxVD77KdcBnFwCSdHurFAkOI09JwlytGQYwMIVRx81dMB0QRCqbanCnBXYy8TOpnBfe8ULwv5ks3szqy6Agdo1PkogtUQneogmqIokf0jN7Qu/VkvVgf1ud0NGPNdg7RH1jfPwFDpW8=</latexit>

F✓ 2 F = {F✓ | ✓ 2 ⇥}

<latexit sha1_base64="vLm8qEO8UAyAOIvAAGg4f31zdC8=">AAACDnicbVDLSgMxFM3UV62vqks3wVJwVWakqLgqCuKygn1IpwyZNG1DM5khuSOUYb7Ajb/ixoUibl27829M2wG19UDg5Jx7ufcePxJcg21/Wbml5ZXVtfx6YWNza3unuLvX1GGsKGvQUISq7RPNBJesARwEa0eKkcAXrOWPLid+654pzUN5C+OIdQMykLzPKQEjecXylefCkAE5x25AYEiJSNopdiH8+d+lXrFkV+wp8CJxMlJCGepe8dPthTQOmAQqiNYdx46gmxAFnAqWFtxYs4jQERmwjqGSBEx3k+k5KS4bpYf7oTJPAp6qvzsSEmg9DnxTOVlRz3sT8T+vE0P/rJtwGcXAJJ0N6scCm2Mn2eAeV4yCGBtCqOJmV0yHRBEKJsGCCcGZP3mRNI8rzkmlelMt1S6yOPLoAB2iI+SgU1RD16iOGoiiB/SEXtCr9Wg9W2/W+6w0Z2U9++gPrI9vDTCcIw==</latexit>

F✓ : X ! Y
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<latexit sha1_base64="nnMPcObCi92MK3QFU4nBZgVK7QA="></latexit>

R(F✓) = E(x,y)⇠P

h
loss(y, F✓(x))

i

<latexit sha1_base64="JOIp7vu4xB1PutHTy04h/Z5e0tc="></latexit>

bR(F✓) =
1

N

NX

i=1

loss(y(i), F✓(x
(i)))

minimize empirical risk



Machine Learning in one picture

Training data:

“Learn” function

Test data:
Goal: generalization

-10

-5

0

5

8

population risk
-10

-5

0

5

8

-10

-5

0

5

8
<latexit sha1_base64="FtcV0o7VhVHlGJchMvq4U8zXfrA=">AAACFnicbVDLSgMxFM3UV62vqks3wSK0oGVGiropFHXhSirYB3TakkkzbWgmMyQZsQzzFW78FTcuFHEr7vwbM+0stHogcDjnXm7OcQJGpTLNLyOzsLi0vJJdza2tb2xu5bd3mtIPBSYN7DNftB0kCaOcNBRVjLQDQZDnMNJyxheJ37ojQlKf36pJQLoeGnLqUoyUlvr5I9tDaoQRiy5jWIV2VLzvRUVaig/hZEZK0I77Ea1ace+6ny+YZXMK+JdYKSmAFPV+/tMe+Dj0CFeYISk7lhmoboSEopiROGeHkgQIj9GQdDTlyCOyG01jxfBAKwPo+kI/ruBU/bkRIU/KiefoySSEnPcS8T+vEyr3rBtRHoSKcDw75IYMKh8mHcEBFQQrNtEEYUH1XyEeIYGw0k3mdAnWfOS/pHlctk7KlZtKoXae1pEFe2AfFIEFTkENXIE6aAAMHsATeAGvxqPxbLwZ77PRjJHu7IJfMD6+AY5+nb0=</latexit>

D = {(x(i), y(i))}Ni=1
<latexit sha1_base64="iTn9E29ZOR3GGvB4ImO4lqEXoqM=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWpMxIUZdFNy4r2Ad0xpJJM21okhmSjDgM/QA3/oobF4q49QPc+Tdm2llo64HA4Zxzyb3HjxhV2ra/raXlldW19cJGcXNre2e3tLffVmEsMWnhkIWy6yNFGBWkpalmpBtJgrjPSMcfX2V+555IRUNxq5OIeBwNBQ0oRtpI/VK58nCXVmh1cgKTGalCV1EOXY70CCOWNicmZdfsKeAicXJSBjma/dKXOwhxzInQmCGleo4daS9FUlPMyKToxopECI/RkPQMFYgT5aXTYybw2CgDGITSPKHhVP09kSKuVMJ9k8xWVPNeJv7n9WIdXHgpFVGsicCzj4KYQR3CrBk4oJJgzRJDEJbU7ArxCEmEtemvaEpw5k9eJO3TmnNWq9/Uy43LvI4COARHoAIccA4a4Bo0QQtg8AiewSt4s56sF+vd+phFl6x85gD8gfX5A6R2miM=</latexit>

(x(i), y(i)) ⇠ P

<latexit sha1_base64="0X7aBVc6ANMwq0gw0DYZPtXdf0g=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWakqBulKBSXFfqCTimZNG1DM5khuSOUoX/jxl9xI6iILv0TM23B2nogcDjnXm7O8SPBNTjOl5VZWV1b38hu5ra2d3b37P2Dug5jRVmNhiJUTZ9oJrhkNeAgWDNSjAS+YA1/eJv6jQemNA9lFUYRawekL3mPUwJG6tjX5Y4HAwYEe1xiLyAwoEQk5TG+wl7yawa8i+cHqyn1xh077xScCfAycWckj2aodOxXrxvSOGASqCBat1wngnZCFHAq2DjnxZpFhA5Jn7UMlSRgup1Mco7xiVG6uBcq8yTgiTq/kZBA61Hgm8k0iF70UvE/rxVD77KdcBnFwCSdHurFAkOI09JwlytGQYwMIVRx81dMB0QRCqbanCnBXYy8TOpnBfe8ULwv5ks3szqy6Agdo1PkogtUQneogmqIokf0jN7Qu/VkvVgf1ud0NGPNdg7RH1jfPwFDpW8=</latexit>

F✓ 2 F = {F✓ | ✓ 2 ⇥}

<latexit sha1_base64="vLm8qEO8UAyAOIvAAGg4f31zdC8=">AAACDnicbVDLSgMxFM3UV62vqks3wVJwVWakqLgqCuKygn1IpwyZNG1DM5khuSOUYb7Ajb/ixoUibl27829M2wG19UDg5Jx7ufcePxJcg21/Wbml5ZXVtfx6YWNza3unuLvX1GGsKGvQUISq7RPNBJesARwEa0eKkcAXrOWPLid+654pzUN5C+OIdQMykLzPKQEjecXylefCkAE5x25AYEiJSNopdiH8+d+lXrFkV+wp8CJxMlJCGepe8dPthTQOmAQqiNYdx46gmxAFnAqWFtxYs4jQERmwjqGSBEx3k+k5KS4bpYf7oTJPAp6qvzsSEmg9DnxTOVlRz3sT8T+vE0P/rJtwGcXAJJ0N6scCm2Mn2eAeV4yCGBtCqOJmV0yHRBEKJsGCCcGZP3mRNI8rzkmlelMt1S6yOPLoAB2iI+SgU1RD16iOGoiiB/SEXtCr9Wg9W2/W+6w0Z2U9++gPrI9vDTCcIw==</latexit>

F✓ : X ! Y

-10

-5

0

5

8

<latexit sha1_base64="nnMPcObCi92MK3QFU4nBZgVK7QA="></latexit>

R(F✓) = E(x,y)⇠P

h
loss(y, F✓(x))

i

<latexit sha1_base64="JOIp7vu4xB1PutHTy04h/Z5e0tc="></latexit>

bR(F✓) =
1

N

NX

i=1

loss(y(i), F✓(x
(i)))

minimize empirical risk

expressive 
power

Optimization

Estimation



Machine Learning in one picture

= predicted 
label

4
1

3

2

Training data:

Learn function

? ?

Test data:

<latexit sha1_base64="MteLB91UhyRvI9ZSiqU+KTCmWq8=">AAACE3icbVDLSsNAFJ34rPUVdekmWITqoiRSVHBTVMRlBfuAJoTJdNIMnTyYuRFKyD+48VfcuFDErRt3/o3TNgttPZcLh3PuZeYeL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zgMVksXRPYwS6oR4EDGfEQxKcvXjGzezAwyZDQEFnOf2JRtU7YuZUuKRq1fMmjmBMU+sglRQgaarf9n9mKQhjYBwLGXPMhNwMiyAEU7zsp1KmmAyxAPaUzTCIZVONrkpNw6V0jf8WKiOwJiovzcyHEo5Cj01GWII5Kw3Fv/zein4507GoiQFGpHpQ37KDYiNcUBGnwlKgI8UwUQw9VeDBFhgAirGsgrBmj15nrRPatZprX5XrzSuizhKaB8doCqy0BlqoFvURC1E0CN6Rq/oTXvSXrR37WM6uqAVO3voD7TPH+B2nN8=</latexit>

F✓̂

⇣ ⌘



Machine Learning with Graph Data: Applications

ETA in Google Maps  
(Derrow-Pinion et al, 2021)

recommender 
systems 

(Ying et al 2018)

guiding human intuition  
in mathematics 
(Davies et al 2021)

learning simulations, n-body problems 
(Sanchez-Gonzalez et al 2020)

molecule property prediction 
(Duvenaud et al 2015, Stokes et al 2020)

drug interactions 
(Zitnik et al 2018)



• Data: attributed graphs (of bounded size) 
 
 
 
 
 
 

Machine Learning with Graph Data

<latexit sha1_base64="+c6idgFIDLJG19X50BNVgDdh4rA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi4LCrqsYB/QhDKZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcp373UcqFYvFg54m1I/wSLCQEayNNLCrHhPIi7AeE8yz29nArjl1Zw60StyC1KBAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPgMnRpliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV75GRNJqqkgi0NhypGOUd4CGjJJieZTQzCRzGRFZIwlJtp0VTEluMtfXiWd87p7UW/cN2rNm6KOMhzDCZyBC5fQhDtoQRsIpPAMr/BmPVkv1rv1sRgtWcXOEfyB9fkDm3OTFA==</latexit>

2 G
<latexit sha1_base64="zPnCzNUBGcy1pK32XOn7EJetciI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKUY8FRT1WsB+wXUo2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5H11O//cS04Uo+wjhhQUwGkkecErCSf9vrwpABqdyd9Uplt+rOgJeJl5MyytHolb66fUXTmEmgghjje24CQUY0cCrYpNhNDUsIHZEB8y2VJGYmyGYnT/CpVfo4UtqWBDxTf09kJDZmHIe2MyYwNIveVPzP81OIroKMyyQFJul8UZQKDApP/8d9rhkFMbaEUM3trZgOiSYUbEpFG4K3+PIyaZ1XvYtq7aFWrt/kcRTQMTpBFeShS1RH96iBmogihZ7RK3pzwHlx3p2PeeuKk88coT9wPn8ATtqQog==</latexit>

F✓(G)

<latexit sha1_base64="QQqeHT/ytnBxmvZy/D/h5dRlHvM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoMQQcKuBPUYUNRjBPOAZAmzk95kyOzDmd5ACPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W5mV1bX1jexmbmt7Z3cvv39Q11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wPfUbQ1BaROEjjmJwA9YLhS84QyO5t5029gFZ8e5seNrJF+ySPQNdJk5KCiRFtZP/ancjngQQIpdM65Zjx+iOmULBJUxy7URDzPiA9aBlaMgC0O54dvSEnhilS/1ImQqRztTfE2MWaD0KPNMZMOzrRW8q/ue1EvSv3LEI4wQh5PNFfiIpRnSaAO0KBRzlyBDGlTC3Ut5ninE0OeVMCM7iy8ukfl5yLkrlh3KhcpPGkSVH5JgUiUMuSYXckyqpEU6eyDN5JW/W0Hqx3q2PeWvGSmcOyR9Ynz+WPZFY</latexit>

F✓(G, v)

<latexit sha1_base64="ILk41LxEha/owaMUjHeGTIqMBQo=">AAAB+nicdVDLSsNAFJ34rPXV6tLNYBFchUlpapcFNy4r2Ac0IUym03boZBJmJtUS8yluXCji1i9x5984fQgqeuDC4Zx7ufeeMOFMaYQ+rLX1jc2t7cJOcXdv/+CwVD7qqDiVhLZJzGPZC7GinAna1kxz2kskxVHIaTecXM797pRKxWJxo2cJ9SM8EmzICNZGCkplL7sLpl4eZFPoMQE7eVCqIBvV3ZrTgMh2kdNwXEOqroNQFTo2WqACVmgFpXdvEJM0okITjpXqOyjRfoalZoTTvOiliiaYTPCI9g0VOKLKzxan5/DMKAM4jKUpoeFC/T6R4UipWRSazgjrsfrtzcW/vH6qhw0/YyJJNRVkuWiYcqhjOM8BDpikRPOZIZhIZm6FZIwlJtqkVTQhfH0K/yedqu3U7dp1rdJsruIogBNwCs6BAy5AE1yBFmgDAm7BA3gCz9a99Wi9WK/L1jVrNXMMfsB6+wR3KpQl</latexit>

{xv}v2V
<latexit sha1_base64="At0gcVeIyo04WxN8XGzNC7gtiso=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCqyFT2tplwY3LKvYBnXHIpGkbmskMSaZYxi78FTcuFHHrb7jzb0wfgooeCBzOuZd7csKEM6UR+rCWlldW19ZzG/nNre2dXXtvv6niVBLaIDGPZTvEinImaEMzzWk7kRRHIaetcHg+9VsjKhWLxbUeJ9SPcF+wHiNYGymwD2+DEfSYgF6E9SAMs6vJTdadBHYBOahSLrlViJwycqtu2ZBi2UWoCF0HzVAAC9QD+93rxiSNqNCEY6U6Lkq0n2GpGeF0kvdSRRNMhrhPO4YKHFHlZ7P8E3hilC7sxdI8oeFM/b6R4UipcRSayWlK9dubin95nVT3qn7GRJJqKsj8UC/lUMdwWgbsMkmJ5mNDMJHMZIVkgCUm2lSWNyV8/RT+T5pFx604pctSoVZb1JEDR+AYnAIXnIEauAB10AAE3IEH8ASerXvr0XqxXuejS9Zi5wD8gPX2CVBPllI=</latexit>

xv 2 Rd

<latexit sha1_base64="9uHXlkPNq2S/33vie7z2kKQOBoE=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoIENmaGu7K4jgsoJ9QKeUTJq2oZnMkGQqZShu/BU3LhRx61e4829MH4KKHrhwOOde7r3HjzhTGqEPa2l5ZXVtPbWR3tza3tnN7O3XVRhLQmsk5KFs+lhRzgStaaY5bUaS4sDntOEPL6Z+Y0SlYqG40eOItgPcF6zHCNZG6mQOveQ2F5+NTr1JJ5kR6DEBLyewk8kiG7mlQt6FyHYLqOyUDSkgp1zMQ8dGM2TBAtVO5t3rhiQOqNCEY6VaDop0O8FSM8LpJO3FikaYDHGftgwVOKCqncxemMATo3RhL5SmhIYz9ftEggOlxoFvOgOsB+q3NxX/8lqx7pXaCRNRrKkg80W9mEMdwmkesMskJZqPDcFEMnMrJAMsMdEmtbQJ4etT+D+pu7ZTtPPX+WylsogjBY7AMcgBB5yDCrgCVVADBNyBB/AEnq1769F6sV7nrUvWYuYA/ID19glNB5Ya</latexit>

{w(u, v)}(u,v)2E

<latexit sha1_base64="KGdtzA0MuG/Ko01PbzKtIbNMp/g="></latexit>

G = (V,E,X,W )

<latexit sha1_base64="lBdelI1+8GoMmycH+K3b1plf21c=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rLoxmUV+4Amhslk0g6dPJi5EUsIbvwVNy4UcetXuPNvnLRZaOuBC4dz7uXee7yEMwmm+a0tLC4tr6xW1qrrG5tb2/rObkfGqSC0TWIei56HJeUsom1gwGkvERSHHqddb3RZ+N17KiSLo1sYJ9QJ8SBiASMYlOTq+3aIYeh52U1+l/muDfQBsjiFPHf1mlk3JzDmiVWSGirRcvUv249JGtIICMdS9i0zASfDAhjhNK/aqaQJJiM8oH1FIxxS6WSTF3LjSCm+EcRCVQTGRP09keFQynHoqc7iYDnrFeJ/Xj+F4NzJWJSkQCMyXRSk3IDYKPIwfCYoAT5WBBPB1K0GGWKBCajUqioEa/bledI5qVun9cZ1o9a8KOOooAN0iI6Rhc5QE12hFmojgh7RM3pFb9qT9qK9ax/T1gWtnNlDf6B9/gC3bphM</latexit>

Rdout



• Data: attributed graphs (of bounded size) 
 
 
 
 
 
 

• Want: graph/node invariants

Machine Learning with Graph Data

<latexit sha1_base64="+c6idgFIDLJG19X50BNVgDdh4rA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi4LCrqsYB/QhDKZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcp373UcqFYvFg54m1I/wSLCQEayNNLCrHhPIi7AeE8yz29nArjl1Zw60StyC1KBAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPgMnRpliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV75GRNJqqkgi0NhypGOUd4CGjJJieZTQzCRzGRFZIwlJtp0VTEluMtfXiWd87p7UW/cN2rNm6KOMhzDCZyBC5fQhDtoQRsIpPAMr/BmPVkv1rv1sRgtWcXOEfyB9fkDm3OTFA==</latexit>

2 G
<latexit sha1_base64="zPnCzNUBGcy1pK32XOn7EJetciI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKUY8FRT1WsB+wXUo2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5H11O//cS04Uo+wjhhQUwGkkecErCSf9vrwpABqdyd9Uplt+rOgJeJl5MyytHolb66fUXTmEmgghjje24CQUY0cCrYpNhNDUsIHZEB8y2VJGYmyGYnT/CpVfo4UtqWBDxTf09kJDZmHIe2MyYwNIveVPzP81OIroKMyyQFJul8UZQKDApP/8d9rhkFMbaEUM3trZgOiSYUbEpFG4K3+PIyaZ1XvYtq7aFWrt/kcRTQMTpBFeShS1RH96iBmogihZ7RK3pzwHlx3p2PeeuKk88coT9wPn8ATtqQog==</latexit>

F✓(G)

<latexit sha1_base64="QQqeHT/ytnBxmvZy/D/h5dRlHvM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoMQQcKuBPUYUNRjBPOAZAmzk95kyOzDmd5ACPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W5mV1bX1jexmbmt7Z3cvv39Q11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wPfUbQ1BaROEjjmJwA9YLhS84QyO5t5029gFZ8e5seNrJF+ySPQNdJk5KCiRFtZP/ancjngQQIpdM65Zjx+iOmULBJUxy7URDzPiA9aBlaMgC0O54dvSEnhilS/1ImQqRztTfE2MWaD0KPNMZMOzrRW8q/ue1EvSv3LEI4wQh5PNFfiIpRnSaAO0KBRzlyBDGlTC3Ut5ninE0OeVMCM7iy8ukfl5yLkrlh3KhcpPGkSVH5JgUiUMuSYXckyqpEU6eyDN5JW/W0Hqx3q2PeWvGSmcOyR9Ynz+WPZFY</latexit>

F✓(G, v)

<latexit sha1_base64="ILk41LxEha/owaMUjHeGTIqMBQo=">AAAB+nicdVDLSsNAFJ34rPXV6tLNYBFchUlpapcFNy4r2Ac0IUym03boZBJmJtUS8yluXCji1i9x5984fQgqeuDC4Zx7ufeeMOFMaYQ+rLX1jc2t7cJOcXdv/+CwVD7qqDiVhLZJzGPZC7GinAna1kxz2kskxVHIaTecXM797pRKxWJxo2cJ9SM8EmzICNZGCkplL7sLpl4eZFPoMQE7eVCqIBvV3ZrTgMh2kdNwXEOqroNQFTo2WqACVmgFpXdvEJM0okITjpXqOyjRfoalZoTTvOiliiaYTPCI9g0VOKLKzxan5/DMKAM4jKUpoeFC/T6R4UipWRSazgjrsfrtzcW/vH6qhw0/YyJJNRVkuWiYcqhjOM8BDpikRPOZIZhIZm6FZIwlJtqkVTQhfH0K/yedqu3U7dp1rdJsruIogBNwCs6BAy5AE1yBFmgDAm7BA3gCz9a99Wi9WK/L1jVrNXMMfsB6+wR3KpQl</latexit>

{xv}v2V
<latexit sha1_base64="At0gcVeIyo04WxN8XGzNC7gtiso=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCqyFT2tplwY3LKvYBnXHIpGkbmskMSaZYxi78FTcuFHHrb7jzb0wfgooeCBzOuZd7csKEM6UR+rCWlldW19ZzG/nNre2dXXtvv6niVBLaIDGPZTvEinImaEMzzWk7kRRHIaetcHg+9VsjKhWLxbUeJ9SPcF+wHiNYGymwD2+DEfSYgF6E9SAMs6vJTdadBHYBOahSLrlViJwycqtu2ZBi2UWoCF0HzVAAC9QD+93rxiSNqNCEY6U6Lkq0n2GpGeF0kvdSRRNMhrhPO4YKHFHlZ7P8E3hilC7sxdI8oeFM/b6R4UipcRSayWlK9dubin95nVT3qn7GRJJqKsj8UC/lUMdwWgbsMkmJ5mNDMJHMZIVkgCUm2lSWNyV8/RT+T5pFx604pctSoVZb1JEDR+AYnAIXnIEauAB10AAE3IEH8ASerXvr0XqxXuejS9Zi5wD8gPX2CVBPllI=</latexit>

xv 2 Rd

<latexit sha1_base64="9uHXlkPNq2S/33vie7z2kKQOBoE=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoIENmaGu7K4jgsoJ9QKeUTJq2oZnMkGQqZShu/BU3LhRx61e4829MH4KKHrhwOOde7r3HjzhTGqEPa2l5ZXVtPbWR3tza3tnN7O3XVRhLQmsk5KFs+lhRzgStaaY5bUaS4sDntOEPL6Z+Y0SlYqG40eOItgPcF6zHCNZG6mQOveQ2F5+NTr1JJ5kR6DEBLyewk8kiG7mlQt6FyHYLqOyUDSkgp1zMQ8dGM2TBAtVO5t3rhiQOqNCEY6VaDop0O8FSM8LpJO3FikaYDHGftgwVOKCqncxemMATo3RhL5SmhIYz9ftEggOlxoFvOgOsB+q3NxX/8lqx7pXaCRNRrKkg80W9mEMdwmkesMskJZqPDcFEMnMrJAMsMdEmtbQJ4etT+D+pu7ZTtPPX+WylsogjBY7AMcgBB5yDCrgCVVADBNyBB/AEnq1769F6sV7nrUvWYuYA/ID19glNB5Ya</latexit>

{w(u, v)}(u,v)2E

<latexit sha1_base64="KGdtzA0MuG/Ko01PbzKtIbNMp/g="></latexit>

G = (V,E,X,W )

Permutation invariance

Permutation equivariance

<latexit sha1_base64="lBdelI1+8GoMmycH+K3b1plf21c=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rLoxmUV+4Amhslk0g6dPJi5EUsIbvwVNy4UcetXuPNvnLRZaOuBC4dz7uXee7yEMwmm+a0tLC4tr6xW1qrrG5tb2/rObkfGqSC0TWIei56HJeUsom1gwGkvERSHHqddb3RZ+N17KiSLo1sYJ9QJ8SBiASMYlOTq+3aIYeh52U1+l/muDfQBsjiFPHf1mlk3JzDmiVWSGirRcvUv249JGtIICMdS9i0zASfDAhjhNK/aqaQJJiM8oH1FIxxS6WSTF3LjSCm+EcRCVQTGRP09keFQynHoqc7iYDnrFeJ/Xj+F4NzJWJSkQCMyXRSk3IDYKPIwfCYoAT5WBBPB1K0GGWKBCajUqioEa/bledI5qVun9cZ1o9a8KOOooAN0iI6Rhc5QE12hFmojgh7RM3pFb9qT9qK9ax/T1gWtnNlDf6B9/gC3bphM</latexit>

Rdout

<latexit sha1_base64="qzBhkd5aYhnHV57eVd+MI9MtAbc="></latexit>

F✓(P⇡AP
>
⇡ , P⇡X) = F✓(A,X)

<latexit sha1_base64="kxJLSNir6T8ORkF7owyP6oSiMfs="></latexit>

F✓(P⇡AP>
⇡ , P⇡X, v) = F✓(A,X, v)



Outline

• What is a Graph Neural Network? 
 

• Approximation: Which functions can a GNN approximate? 
 

• Generalization: How well is it doing on unseen data? 

• … and on “out-of-distribution” data?

<latexit sha1_base64="MteLB91UhyRvI9ZSiqU+KTCmWq8=">AAACE3icbVDLSsNAFJ34rPUVdekmWITqoiRSVHBTVMRlBfuAJoTJdNIMnTyYuRFKyD+48VfcuFDErRt3/o3TNgttPZcLh3PuZeYeL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zgMVksXRPYwS6oR4EDGfEQxKcvXjGzezAwyZDQEFnOf2JRtU7YuZUuKRq1fMmjmBMU+sglRQgaarf9n9mKQhjYBwLGXPMhNwMiyAEU7zsp1KmmAyxAPaUzTCIZVONrkpNw6V0jf8WKiOwJiovzcyHEo5Cj01GWII5Kw3Fv/zein4507GoiQFGpHpQ37KDYiNcUBGnwlKgI8UwUQw9VeDBFhgAirGsgrBmj15nrRPatZprX5XrzSuizhKaB8doCqy0BlqoFvURC1E0CN6Rq/oTXvSXrR37WM6uqAVO3voD7TPH+B2nN8=</latexit>

F✓̂

⇣ ⌘

?

?



GNNs: Origins and Relations

• Recurrent neural networks (Gori-Monfardini-Scarselli 05) 

• Graph signal processing, DFT, graph convolutions  
(Bruna-Zaremba-Szlam-LeCun 14, Defferard-Bresson-Vandergheynst 16)  

• Message passing in graphical models (Dai-Dai-Song 16) 
local algorithms (Loukas 20) 

• “Learnable” graph kernels (Lei-Jin-Barzilay-Jaakkola 17) 
Weisfeiler-Leman algorithm (Morris-Ritzert-Fey-Hamilton-Lenssen-Rattan-Grohe 19, Xu-Hu-Leskovec-J 19) 

• Geometric deep learning (Bronstein-Bruna-Cohen-Veličković 21) 
encoding symmetries/invariances 
…



 

1. Encode each node (neighborhood) via node embedding 
2. Aggregate set of node embeddings into a graph embedding

Message Passing Graph Neural Networks

…

<latexit sha1_base64="RsIflTfEuA8dkDcH4cvkAvzCuR8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPbGvXLFrbpzkFXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgtNRNNSaUjegAO5ZKGqH2s/mpU3JmlT4JY2VLGjJXf09kNNJ6EgW2M6JmqJe9mfif10lNeONnXCapQckWi8JUEBOT2d+kzxUyIyaWUKa4vZWwIVWUGZtOyYbgLb+8SpoXVe+qevlwWand5nEU4QRO4Rw8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wde0o3e</latexit>

hv

<latexit sha1_base64="nQsX9L/lq/3dlYfgFTiVm5DZ8sE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZpaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+7nfGqPSPJaPZpKgH9GB5CFn1FipPu4VS27ZXYCsEy8jJchQ6xW/uv2YpRFKwwTVuuO5ifGnVBnOBM4K3VRjQtmIDrBjqaQRan+6OHRGLqzSJ2GsbElDFurviSmNtJ5Ege2MqBnqVW8u/ud1UhPe+lMuk9SgZMtFYSqIicn8a9LnCpkRE0soU9zeStiQKsqMzaZgQ/BWX14nzauyd12u1Cul6l0WRx7O4BwuwYMbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AOYfjQM=</latexit>v
<latexit sha1_base64="pwKvpRZpSZjIO7iJdPrR5RVQoMI="></latexit>

F✓(G) = fRead({{hv | v 2 V }})

Merkwirth-Lengauer 05; Gori-Monfardini-Scarselli 05; Scarselli-Gori-Tsoi-Hagenbuchner-Monfardini 09; Bruna et al 14; Dai et al 16; 
Battaglia et al. 16; Defferrard et al. 16; Duvenaud et al. 15; Hamilton et al. 17; Kearnes et al. 16; Kipf & Welling 17; Li et al. 16; Veličković et al. 
18; Verma & Zhang 18; Ying et al. 18; Zhang et al. 18; … 

<latexit sha1_base64="SgYTycHOFR2G7d4HHvV2A2Q2tXs=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hiECBJmJKgXJSCoxwhmgWQYejo9mSY9C901gTAE/BUvHhTx6nd482/sLAdNfFDweK+KqnpeIrgCy/o2ckvLK6tr+fXCxubW9o65u9dQcSopq9NYxLLlEcUEj1gdOAjWSiQjoSdY0+vfjP3mgEnF4+gRhglzQtKLuM8pAS255kHgDvAVvnWzDgQMyKh0dzo4cc2iVbYmwIvEnpEimqHmml+dbkzTkEVABVGqbVsJOBmRwKlgo0InVSwhtE96rK1pREKmnGxy/ggfa6WL/VjqigBP1N8TGQmVGoae7gwJBGreG4v/ee0U/Esn41GSAovodJGfCgwxHmeBu1wyCmKoCaGS61sxDYgkFHRiBR2CPf/yImmcle3zcuWhUqxez+LIo0N0hErIRheoiu5RDdURRRl6Rq/ozXgyXox342PamjNmM/voD4zPH3ZSlIU=</latexit>

hv = F✓(G, v)



Message Passing for Node Embedding

for t = 1, …, T

<latexit sha1_base64="rhLBS7GK/YOCvID0+s3jL7Kfdks=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEqSJmRooIIRTcuK9gHdGrJpJk2NJMZkkyxDP0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOueTe40WcKW3b39bC4tLyympmLbu+sbm1ndvZrakwloRWSchD2fCwopwJWtVMc9qIJMWBx2nd61+P/fqASsVCcaeHEW0FuCuYzwjWRmrn8r324D4p2EcjdIke2oNj5F4g1w8l5hwNkMsEqpmUXbQnQPPESUkeUlTauS+3E5I4oEITjpVqOnakWwmWmhFOR1k3VjTCpI+7tGmowAFVrWRyzAgdGqWDzAbmCY0m6u+JBAdKDQPPJAOse2rWG4v/ec1Y++ethIko1lSQ6Ud+zJEO0bgZ1GGSEs2HhmAimdkVkR6WmGjTX9aU4MyePE9qJ0XntFi6LeXLV2kdGdiHAyiAA2dQhhuoQBUIPMIzvMKb9WS9WO/WxzS6YKUze/AH1ucPLK+ZLg==</latexit>

h(0)
v = xv, 8v 2 V

<latexit sha1_base64="UojWIxUwK7pfSipoWOIBUDNsIsw=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhXsKuBPUY9OIxinlAHsvsZJIMmZ1dZnoDYdmbF3/FiwdFvPoL3vwbJ8keNLGgoajqprvLCwXXYNvfVmZldW19I7uZ29re2d3L7x/UdRApymo0EIFqekQzwSWrAQfBmqFixPcEa3ijm6nfGDOleSAfYBKyjk8Gkvc5JWAkN388dMfduAhnCW5zids+gaHnxfdJN+65kLj5gl2yZ8DLxElJAaWouvmvdi+gkc8kUEG0bjl2CJ2YKOBUsCTXjjQLCR2RAWsZKonPdCee/ZHgU6P0cD9QpiTgmfp7Iia+1hPfM53TO/WiNxX/81oR9K86MZdhBEzS+aJ+JDAEeBoK7nHFKIiJIYQqbm7FdEgUoWCiy5kQnMWXl0n9vORclMp35ULlOo0ji47QCSoiB12iCrpFVVRDFD2iZ/SK3qwn68V6tz7mrRkrnTlEf2B9/gDNhJlM</latexit>

h(t)
v 2 Rdt

Aggregate

<latexit sha1_base64="Y9RzqKmwXYeqB2dtAep0drym+XY="></latexit>

h(t)
v = fUp

⇣
h(t�1)
v , fAgg

�
{{h(t�1)

u | u 2 N (v)}}
�⌘

Update



Message Passing for Node Embedding

for t = 1, …, T

<latexit sha1_base64="rhLBS7GK/YOCvID0+s3jL7Kfdks=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEqSJmRooIIRTcuK9gHdGrJpJk2NJMZkkyxDP0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOueTe40WcKW3b39bC4tLyympmLbu+sbm1ndvZrakwloRWSchD2fCwopwJWtVMc9qIJMWBx2nd61+P/fqASsVCcaeHEW0FuCuYzwjWRmrn8r324D4p2EcjdIke2oNj5F4g1w8l5hwNkMsEqpmUXbQnQPPESUkeUlTauS+3E5I4oEITjpVqOnakWwmWmhFOR1k3VjTCpI+7tGmowAFVrWRyzAgdGqWDzAbmCY0m6u+JBAdKDQPPJAOse2rWG4v/ec1Y++ethIko1lSQ6Ud+zJEO0bgZ1GGSEs2HhmAimdkVkR6WmGjTX9aU4MyePE9qJ0XntFi6LeXLV2kdGdiHAyiAA2dQhhuoQBUIPMIzvMKb9WS9WO/WxzS6YKUze/AH1ucPLK+ZLg==</latexit>

h(0)
v = xv, 8v 2 V

<latexit sha1_base64="Y9RzqKmwXYeqB2dtAep0drym+XY="></latexit>

h(t)
v = fUp

⇣
h(t�1)
v , fAgg

�
{{h(t�1)

u | u 2 N (v)}}
�⌘

<latexit sha1_base64="4EqzTimU+0vplak3uKVSep7clWg="></latexit> X

u2N (v)

'(t)
�
h(t�1)
u , h(t�1)

v , w(u, v)
�

Aggregate

<latexit sha1_base64="UojWIxUwK7pfSipoWOIBUDNsIsw=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhXsKuBPUY9OIxinlAHsvsZJIMmZ1dZnoDYdmbF3/FiwdFvPoL3vwbJ8keNLGgoajqprvLCwXXYNvfVmZldW19I7uZ29re2d3L7x/UdRApymo0EIFqekQzwSWrAQfBmqFixPcEa3ijm6nfGDOleSAfYBKyjk8Gkvc5JWAkN388dMfduAhnCW5zids+gaHnxfdJN+65kLj5gl2yZ8DLxElJAaWouvmvdi+gkc8kUEG0bjl2CJ2YKOBUsCTXjjQLCR2RAWsZKonPdCee/ZHgU6P0cD9QpiTgmfp7Iia+1hPfM53TO/WiNxX/81oR9K86MZdhBEzS+aJ+JDAEeBoK7nHFKIiJIYQqbm7FdEgUoWCiy5kQnMWXl0n9vORclMp35ULlOo0ji47QCSoiB12iCrpFVVRDFD2iZ/SK3qwn68V6tz7mrRkrnTlEf2B9/gDNhJlM</latexit>

h(t)
v 2 Rdt



for t = 1, …, T

Message Passing for Node Embedding
<latexit sha1_base64="rhLBS7GK/YOCvID0+s3jL7Kfdks=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEqSJmRooIIRTcuK9gHdGrJpJk2NJMZkkyxDP0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOueTe40WcKW3b39bC4tLyympmLbu+sbm1ndvZrakwloRWSchD2fCwopwJWtVMc9qIJMWBx2nd61+P/fqASsVCcaeHEW0FuCuYzwjWRmrn8r324D4p2EcjdIke2oNj5F4g1w8l5hwNkMsEqpmUXbQnQPPESUkeUlTauS+3E5I4oEITjpVqOnakWwmWmhFOR1k3VjTCpI+7tGmowAFVrWRyzAgdGqWDzAbmCY0m6u+JBAdKDQPPJAOse2rWG4v/ec1Y++ethIko1lSQ6Ud+zJEO0bgZ1GGSEs2HhmAimdkVkR6WmGjTX9aU4MyePE9qJ0XntFi6LeXLV2kdGdiHAyiAA2dQhhuoQBUIPMIzvMKb9WS9WO/WxzS6YKUze/AH1ucPLK+ZLg==</latexit>

h(0)
v = xv, 8v 2 V

<latexit sha1_base64="Y9RzqKmwXYeqB2dtAep0drym+XY="></latexit>

h(t)
v = fUp

⇣
h(t�1)
v , fAgg

�
{{h(t�1)

u | u 2 N (v)}}
�⌘

<latexit sha1_base64="4EqzTimU+0vplak3uKVSep7clWg="></latexit> X

u2N (v)

'(t)
�
h(t�1)
u , h(t�1)

v , w(u, v)
�

Aggregate

<latexit sha1_base64="UojWIxUwK7pfSipoWOIBUDNsIsw=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhXsKuBPUY9OIxinlAHsvsZJIMmZ1dZnoDYdmbF3/FiwdFvPoL3vwbJ8keNLGgoajqprvLCwXXYNvfVmZldW19I7uZ29re2d3L7x/UdRApymo0EIFqekQzwSWrAQfBmqFixPcEa3ijm6nfGDOleSAfYBKyjk8Gkvc5JWAkN388dMfduAhnCW5zids+gaHnxfdJN+65kLj5gl2yZ8DLxElJAaWouvmvdi+gkc8kUEG0bjl2CJ2YKOBUsCTXjjQLCR2RAWsZKonPdCee/ZHgU6P0cD9QpiTgmfp7Iia+1hPfM53TO/WiNxX/81oR9K86MZdhBEzS+aJ+JDAEeBoK7nHFKIiJIYQqbm7FdEgUoWCiy5kQnMWXl0n9vORclMp35ULlOo0ji47QCSoiB12iCrpFVVRDFD2iZ/SK3qwn68V6tz7mrRkrnTlEf2B9/gDNhJlM</latexit>

h(t)
v 2 Rdt



for t = 1, …, T
<latexit sha1_base64="Y9RzqKmwXYeqB2dtAep0drym+XY="></latexit>

h(t)
v = fUp

⇣
h(t�1)
v , fAgg

�
{{h(t�1)

u | u 2 N (v)}}
�⌘

Message Passing for Node Embedding
<latexit sha1_base64="rhLBS7GK/YOCvID0+s3jL7Kfdks=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEqSJmRooIIRTcuK9gHdGrJpJk2NJMZkkyxDP0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOueTe40WcKW3b39bC4tLyympmLbu+sbm1ndvZrakwloRWSchD2fCwopwJWtVMc9qIJMWBx2nd61+P/fqASsVCcaeHEW0FuCuYzwjWRmrn8r324D4p2EcjdIke2oNj5F4g1w8l5hwNkMsEqpmUXbQnQPPESUkeUlTauS+3E5I4oEITjpVqOnakWwmWmhFOR1k3VjTCpI+7tGmowAFVrWRyzAgdGqWDzAbmCY0m6u+JBAdKDQPPJAOse2rWG4v/ec1Y++ethIko1lSQ6Ud+zJEO0bgZ1GGSEs2HhmAimdkVkR6WmGjTX9aU4MyePE9qJ0XntFi6LeXLV2kdGdiHAyiAA2dQhhuoQBUIPMIzvMKb9WS9WO/WxzS6YKUze/AH1ucPLK+ZLg==</latexit>

h(0)
v = xv, 8v 2 V

<latexit sha1_base64="4EqzTimU+0vplak3uKVSep7clWg="></latexit> X

u2N (v)

'(t)
�
h(t�1)
u , h(t�1)

v , w(u, v)
�

Aggregateneural network(s)

“Learnable” 

parameters  of θ Fθ

<latexit sha1_base64="UojWIxUwK7pfSipoWOIBUDNsIsw=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhXsKuBPUY9OIxinlAHsvsZJIMmZ1dZnoDYdmbF3/FiwdFvPoL3vwbJ8keNLGgoajqprvLCwXXYNvfVmZldW19I7uZ29re2d3L7x/UdRApymo0EIFqekQzwSWrAQfBmqFixPcEa3ijm6nfGDOleSAfYBKyjk8Gkvc5JWAkN388dMfduAhnCW5zids+gaHnxfdJN+65kLj5gl2yZ8DLxElJAaWouvmvdi+gkc8kUEG0bjl2CJ2YKOBUsCTXjjQLCR2RAWsZKonPdCee/ZHgU6P0cD9QpiTgmfp7Iia+1hPfM53TO/WiNxX/81oR9K86MZdhBEzS+aJ+JDAEeBoK7nHFKIiJIYQqbm7FdEgUoWCiy5kQnMWXl0n9vORclMp35ULlOo0ji47QCSoiB12iCrpFVVRDFD2iZ/SK3qwn68V6tz7mrRkrnTlEf2B9/gDNhJlM</latexit>

h(t)
v 2 Rdt

<latexit sha1_base64="11g7HDEMv/FLxV62AHmFcN2AsoE=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREFelgn1AO5ZMmrahSWZIMkoZ+h9uXCji1n9x59+YaWehrQcCh3Pu5Z6cIOJMG9f9dlZW19Y3NnNb+e2d3b39wsFhU4exIrRBQh6qdoA15UzShmGG03akKBYBp61gfJ36rUeqNAvlvZlE1Bd4KNmAEWys9NAV2IyUSG5qtWmv3CsU3ZI7A1omXkaKkKHeK3x1+yGJBZWGcKx1x3Mj4ydYGUY4nea7saYRJmM8pB1LJRZU+8ks9RSdWqWPBqGyTxo0U39vJFhoPRGBnUxT6kUvFf/zOrEZXPoJk1FsqCTzQ4OYIxOitALUZ4oSwyeWYKKYzYrICCtMjC0qb0vwFr+8TJrlkndeqtxVitWrrI4cHMMJnIEHF1CFW6hDAwgoeIZXeHOenBfn3fmYj6442c4R/IHz+QNFtpJf</latexit>

FNN2

<latexit sha1_base64="31CZEi6hs+gRn0vA9v1PHpqXHKs=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFQVyVCvYB7VgyadqGJpkhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+Dr1W49UaRbKezOJqC/wULIBI9hY6aErsBkpkdzUatOe1yuW3LI7A1omXkZKkKHeK351+yGJBZWGcKx1x3Mj4ydYGUY4nRa6saYRJmM8pB1LJRZU+8ks9RSdWKWPBqGyTxo0U39vJFhoPRGBnUxT6kUvFf/zOrEZXPoJk1FsqCTzQ4OYIxOitALUZ4oSwyeWYKKYzYrICCtMjC2qYEvwFr+8TJpnZe+8XLmrlKpXWR15OIJjOAUPLqAKt1CHBhBQ8Ayv8OY8OS/Ou/MxH8052c4h/IHz+QNEMpJe</latexit>

FNN1

If FNN large enough, universal approximation of continuous multi-set functions (Xu et al 2019, Wagstaff et al 2019).



Fully connected Neural Network (FNN)

image source: https://tikz.net/neural_networks/

<latexit sha1_base64="RAkU4BDbZjUv0ECSi0ndAVdWkoc=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnpC1lvQi8cEzALJEHo6NUlrz0J3jxiGfIEXD4p49ZO8+Td2FkFFHxQ83quiqp4XC640IR9WZm19Y3Mru53b2d3bP8gfHnVUlEgGbRaJSPY8qkDwENqaawG9WAINPAFd7/Zy7nfvQCoehdd6GoMb0HHIfc6oNlLrfpgvELtYJvVqDRO7TJx6qWgIIbV6hWDHkDkKaIXmMP8+GEUsCSDUTFCl+g6JtZtSqTkTMMsNEgUxZbd0DH1DQxqActPFoTN8ZpQR9iNpKtR4oX6fSGmg1DTwTGdA9UT99ubiX14/0X7NTXkYJxpCtlzkJwLrCM+/xiMugWkxNYQyyc2tmE2opEybbHImhK9P8f+kU7Sdil1qlQqNi1UcWXSCTtE5clAVNdAVaqI2YgjQA3pCz9aN9Wi9WK/L1oy1mjlGP2C9fQJV541Q</latexit>x

<latexit sha1_base64="LHNzx353XgfXcPCXyAgA3+4/4bA=">AAACEXicdZDLSgMxFIYzXmu9jbp0EyxCC1JmpFZdCEU3LlxUsRdoSzmTpm1oMjMkGbEMfQU3voobF4q4defOtzG9WFT0h8Dh+88h5/xeyJnSjvNhzczOzS8sJpaSyyura+v2xmZZBZEktEQCHsiqB4py5tOSZprTaigpCI/Titc7G/qVGyoVC/xr3Q9pQ0DHZ21GQBvUtNN1xToC0pDBJ7guQHeliK/oRWkwRbdpZw8yTTvlZA8c9zjvYifrjISnxJ2QFJqo2LTf662ARIL6mnBQquY6oW7EIDUjnA6S9UjREEgPOrRmSh8EVY14dNEA7xrSwu1AmudrPKLfJ2IQSvWFZzqHO6vf3hD+5dUi3T5qxMwPI019Mv6oHXGsAzyMB7eYpETzvimASGZ2xaQLEog2ISZNCF+X4v+L8n7WzWdzl7lU4XQSRwJtox2URi46RAV0joqohAi6Qw/oCT1b99aj9WK9jltnrMnMFvoh6+0T02ObIA==</latexit>

�(a) = ReLU(a) = max(0, a)

<latexit sha1_base64="13rUx3EUx5aWaYsNeSM39lc90OM="></latexit>

T (`)(x) = �(W (`)x+ b(`))

Layer:

Activation function: e.g.

<latexit sha1_base64="JTPyctoVf30T0T18VOsuo27a/do=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQhJpIUZdFNy6r2Ac0MUwmk3boZBJmJkIJ+Qw3/oobF4q47c6/cdJ2YVsPDBzOuZe55/gJo1JZ1o9RWlldW98ob1a2tnd298z9g7aMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/OFt4XeeiZA05o9qlBA3Qn1OQ4qR0pJnnjsRUgPfzx7ypyzwHMJYDh0Vw3k9K4wzO889s2rVrAngMrFnpApmaHrm2AlinEaEK8yQlD3bSpSbIaEoZiSvOKkkCcJD1Cc9TTmKiHSzSbAcnmglgGEs9OMKTtS/GxmKpBxFvp4szpWLXiH+5/VSFV67GeVJqgjH04/ClEEdvGgJBlQQrNhIE4QF1bdCPEACYaW7rOgS7MXIy6R9UbMva/X7erVxM6ujDI7AMTgFNrgCDXAHmqAFMHgBb+ADfBqvxrvxZXxPR0vGbOcQzMEY/wLb8aDp</latexit>

Rd` ! Rd`+1



Fully connected Neural Network (FNN)

Universal function approximation for L=2 as  (Cybenko 89)dℓ → ∞

image source: https://tikz.net/neural_networks/

<latexit sha1_base64="o4V14OjloA25DZvz0E8Yj0EK6j8="></latexit>

FNN(x) = T (L) � . . . � T (2) � T (1)(x)

<latexit sha1_base64="RAkU4BDbZjUv0ECSi0ndAVdWkoc=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnpC1lvQi8cEzALJEHo6NUlrz0J3jxiGfIEXD4p49ZO8+Td2FkFFHxQ83quiqp4XC640IR9WZm19Y3Mru53b2d3bP8gfHnVUlEgGbRaJSPY8qkDwENqaawG9WAINPAFd7/Zy7nfvQCoehdd6GoMb0HHIfc6oNlLrfpgvELtYJvVqDRO7TJx6qWgIIbV6hWDHkDkKaIXmMP8+GEUsCSDUTFCl+g6JtZtSqTkTMMsNEgUxZbd0DH1DQxqActPFoTN8ZpQR9iNpKtR4oX6fSGmg1DTwTGdA9UT99ubiX14/0X7NTXkYJxpCtlzkJwLrCM+/xiMugWkxNYQyyc2tmE2opEybbHImhK9P8f+kU7Sdil1qlQqNi1UcWXSCTtE5clAVNdAVaqI2YgjQA3pCz9aN9Wi9WK/L1oy1mjlGP2C9fQJV541Q</latexit>x

<latexit sha1_base64="LHNzx353XgfXcPCXyAgA3+4/4bA=">AAACEXicdZDLSgMxFIYzXmu9jbp0EyxCC1JmpFZdCEU3LlxUsRdoSzmTpm1oMjMkGbEMfQU3voobF4q4defOtzG9WFT0h8Dh+88h5/xeyJnSjvNhzczOzS8sJpaSyyura+v2xmZZBZEktEQCHsiqB4py5tOSZprTaigpCI/Titc7G/qVGyoVC/xr3Q9pQ0DHZ21GQBvUtNN1xToC0pDBJ7guQHeliK/oRWkwRbdpZw8yTTvlZA8c9zjvYifrjISnxJ2QFJqo2LTf662ARIL6mnBQquY6oW7EIDUjnA6S9UjREEgPOrRmSh8EVY14dNEA7xrSwu1AmudrPKLfJ2IQSvWFZzqHO6vf3hD+5dUi3T5qxMwPI019Mv6oHXGsAzyMB7eYpETzvimASGZ2xaQLEog2ISZNCF+X4v+L8n7WzWdzl7lU4XQSRwJtox2URi46RAV0joqohAi6Qw/oCT1b99aj9WK9jltnrMnMFvoh6+0T02ObIA==</latexit>

�(a) = ReLU(a) = max(0, a)

<latexit sha1_base64="13rUx3EUx5aWaYsNeSM39lc90OM="></latexit>

T (`)(x) = �(W (`)x+ b(`))

Layer:
<latexit sha1_base64="JTPyctoVf30T0T18VOsuo27a/do=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQhJpIUZdFNy6r2Ac0MUwmk3boZBJmJkIJ+Qw3/oobF4q47c6/cdJ2YVsPDBzOuZe55/gJo1JZ1o9RWlldW98ob1a2tnd298z9g7aMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/OFt4XeeiZA05o9qlBA3Qn1OQ4qR0pJnnjsRUgPfzx7ypyzwHMJYDh0Vw3k9K4wzO889s2rVrAngMrFnpApmaHrm2AlinEaEK8yQlD3bSpSbIaEoZiSvOKkkCcJD1Cc9TTmKiHSzSbAcnmglgGEs9OMKTtS/GxmKpBxFvp4szpWLXiH+5/VSFV67GeVJqgjH04/ClEEdvGgJBlQQrNhIE4QF1bdCPEACYaW7rOgS7MXIy6R9UbMva/X7erVxM6ujDI7AMTgFNrgCDXAHmqAFMHgBb+ADfBqvxrvxZXxPR0vGbOcQzMEY/wLb8aDp</latexit>

Rd` ! Rd`+1

Activation function: e.g.



for t = 1, …, T

Message Passing Tree

Aggregate &
<latexit sha1_base64="Y9RzqKmwXYeqB2dtAep0drym+XY="></latexit>

h(t)
v = fUp

⇣
h(t�1)
v , fAgg

�
{{h(t�1)

u | u 2 N (v)}}
�⌘

Update

Agg

Agg

Agg

Agg

Unrolled: “computation tree” 

<latexit sha1_base64="LMiP8UwFqsi+MjxJhV7rvnVG+h4=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXgo9bwIvHCOYhyRpmJ7PJkJnZZaY3EJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxALbsB1v53c2vrG5lZ+u7Czu7d/UDw8apoo0ZQ1aCQi3Q6IYYIr1gAOgrVjzYgMBGsFo9uZ3xozbXikHmASM1+SgeIhpwSs9DjsjZ/SMpxPe8WSW3HnwKvEy0gJZaj3il/dfkQTyRRQQYzpeG4Mfko0cCrYtNBNDIsJHZEB61iqiGTGT+cHT/GZVfo4jLQtBXiu/p5IiTRmIgPbKQkMzbI3E//zOgmE137KVZwAU3SxKEwEhgjPvsd9rhkFMbGEUM3trZgOiSYUbEYFG4K3/PIqaV5UvMtK9b5aqt1kceTRCTpFZeShK1RDd6iOGogiiZ7RK3pztPPivDsfi9ack80coz9wPn8Ad4yQLA==</latexit>

h(t)
v

<latexit sha1_base64="Gn87/GFlXiftiyfGck7qEVDtrLg=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiwbArwcct4MVjBPOAzRpmJ7PJkNmZZaZXCEs+w4sHRbz6Nd78GyfJHjSxoKGo6qa7K0wEN+C6387K6tr6xmZhq7i9s7u3Xzo4bBmVasqaVAmlOyExTHDJmsBBsE6iGYlDwdrh6Hbqt5+YNlzJBxgnLIjJQPKIUwJW8oe99DGrwLl3NumVym7VnQEvEy8nZZSj0St9dfuKpjGTQAUxxvfcBIKMaOBUsEmxmxqWEDoiA+ZbKknMTJDNTp7gU6v0caS0LQl4pv6eyEhszDgObWdMYGgWvan4n+enEF0HGZdJCkzS+aIoFRgUnv6P+1wzCmJsCaGa21sxHRJNKNiUijYEb/HlZdK6qHqX1dp9rVy/yeMooGN0girIQ1eoju5QAzURRQo9o1f05oDz4rw7H/PWFSefOUJ/4Hz+AFS+kJ0=</latexit>

h(t�1)
u

<latexit sha1_base64="8sE+Tx2Uvmh3MRs76hRrxs9/Ihw=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WsC0tSio9dwY3LCvYBbVom00k7dDIJMzdKCfkPNy4Uceu/uPNvnLZZaPXAhcM593LvPV4kuAbb/rJyK6tr6xv5zcLW9s7uXnH/oKXDWFHWpKEIVccjmgkuWRM4CNaJFCOBJ1jbm9zM/PYDU5qH8h6mEXMDMpLc55SAkfrjQRKfpv2kDOfVs3RQLNkVew78lzgZKaEMjUHxszcMaRwwCVQQrbuOHYGbEAWcCpYWerFmEaETMmJdQyUJmHaT+dUpPjHKEPuhMiUBz9WfEwkJtJ4GnukMCIz1sjcT//O6MfhXbsJlFAOTdLHIjwWGEM8iwEOuGAUxNYRQxc2tmI6JIhRMUAUTgrP88l/Sqlaci0rtrlaqX2dx5NEROkZl5KBLVEe3qIGaiCKFntALerUerWfrzXpftOasbOYQ/YL18Q2GG5Hb</latexit>

h(t�2)
u0

<latexit sha1_base64="lNH9l3xt7p4YYR4NxIVKj6bsloo=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQF5akFB+7ghuXFewD2lgm00k7dDKJM5NCCfkONy4UcevHuPNvnLZZaOuBC4dz7uXee7yIM6Vt+9vKra1vbG7ltws7u3v7B8XDo5YKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vfHtzG9PqFQsFA96GlE3wEPBfEawNpI76ieT9DEp64vqedovluyKPQdaJU5GSpCh0S9+9QYhiQMqNOFYqa5jR9pNsNSMcJoWerGiESZjPKRdQwUOqHKT+dEpOjPKAPmhNCU0mqu/JxIcKDUNPNMZYD1Sy95M/M/rxtq/dhMmolhTQRaL/JgjHaJZAmjAJCWaTw3BRDJzKyIjLDHRJqeCCcFZfnmVtKoV57JSu6+V6jdZHHk4gVMogwNXUIc7aEATCDzBM7zCmzWxXqx362PRmrOymWP4A+vzByR6kas=</latexit>

h(t�2)
v



Outline

• What is a Graph Neural Network? 
 

• Approximation: Which functions can a GNN approximate? 
 

• Generalization: How well is it doing on unseen data? 

• … and on “out-of-distribution” data?

<latexit sha1_base64="MteLB91UhyRvI9ZSiqU+KTCmWq8=">AAACE3icbVDLSsNAFJ34rPUVdekmWITqoiRSVHBTVMRlBfuAJoTJdNIMnTyYuRFKyD+48VfcuFDErRt3/o3TNgttPZcLh3PuZeYeL+FMgml+awuLS8srq6W18vrG5ta2vrPblnEqCG2RmMei62FJOYtoCxhw2k0ExaHHaccbXo39zgMVksXRPYwS6oR4EDGfEQxKcvXjGzezAwyZDQEFnOf2JRtU7YuZUuKRq1fMmjmBMU+sglRQgaarf9n9mKQhjYBwLGXPMhNwMiyAEU7zsp1KmmAyxAPaUzTCIZVONrkpNw6V0jf8WKiOwJiovzcyHEo5Cj01GWII5Kw3Fv/zein4507GoiQFGpHpQ37KDYiNcUBGnwlKgI8UwUQw9VeDBFhgAirGsgrBmj15nrRPatZprX5XrzSuizhKaB8doCqy0BlqoFvURC1E0CN6Rq/oTXvSXrR37WM6uqAVO3voD7TPH+B2nN8=</latexit>

F✓̂

⇣ ⌘



 
Distinction implies function approximation  
(Symmetric Stone-Weierstrass theorem) 
(Azizian & Lelarge 21, Chen-Villar-Chen-Bruna 19, Keriven & Peyré 19,  
Maron-Fetaya-Segol-Lipman 19) 
for  and Fθ(G) Fθ(G, v)

Function Approximation and Graph Distinction
Which graphs can GNNs distinguish?

<latexit sha1_base64="TOiNRlte1Ys61zIKELV5k57AugI=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSAml7ArQb0pCupRwSRCdgmzk04yZHZ2nekVQvDmxV/x4kERr/6CN//GSQz4iAUNRVU33V1hIoVB1/1wJianpmdmM3PZ+YXFpeXcymrVxKnmUOGxjPVVyAxIoaCCAiVcJRpYFEqohd3jgV+7AW1ErC6xl0AQsbYSLcEZWqmR2zhp+NgBZIXTIvUVXNNvYbt40Mjl3ZI7BB0n3ojkyQjnjdy734x5GoFCLpkxdc9NMOgzjYJLuM36qYGE8S5rQ91SxSIwQX/4xy3dskqTtmJtSyEdqj8n+iwypheFtjNi2DF/vYH4n1dPsbUf9IVKUgTFvxa1UkkxpoNQaFNo4Ch7ljCuhb2V8g7TjKONLmtD8P6+PE6qOyVvt1S+KOcPj0ZxZMg62SQF4pE9ckjOyDmpEE7uyAN5Is/OvfPovDivX60TzmhmjfyC8/YJDiKXhA==</latexit>

F✓(G) 6= F✓(G
0)?

<latexit sha1_base64="g5ZqeaAQUIN9WDz0dUydwLLATvY="></latexit>

(G,G0) 2 ⇢(F) , 8F 2 F , F (G) = F (G0)
<latexit sha1_base64="g5ZqeaAQUIN9WDz0dUydwLLATvY="></latexit>

(G,G0) 2 ⇢(F) , 8F 2 F , F (G) = F (G0)



 
Distinction implies function approximation  
(Symmetric Stone-Weierstrass theorem) 
(Azizian & Lelarge 21, Chen-Villar-Chen-Bruna 19, Keriven & Peyré 19,  
Maron-Fetaya-Segol-Lipman 19) 
for  and Fθ(G) Fθ(G, v)

Function Approximation and Graph Distinction
Which graphs can GNNs distinguish?

<latexit sha1_base64="TOiNRlte1Ys61zIKELV5k57AugI=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSAml7ArQb0pCupRwSRCdgmzk04yZHZ2nekVQvDmxV/x4kERr/6CN//GSQz4iAUNRVU33V1hIoVB1/1wJianpmdmM3PZ+YXFpeXcymrVxKnmUOGxjPVVyAxIoaCCAiVcJRpYFEqohd3jgV+7AW1ErC6xl0AQsbYSLcEZWqmR2zhp+NgBZIXTIvUVXNNvYbt40Mjl3ZI7BB0n3ojkyQjnjdy734x5GoFCLpkxdc9NMOgzjYJLuM36qYGE8S5rQ91SxSIwQX/4xy3dskqTtmJtSyEdqj8n+iwypheFtjNi2DF/vYH4n1dPsbUf9IVKUgTFvxa1UkkxpoNQaFNo4Ch7ljCuhb2V8g7TjKONLmtD8P6+PE6qOyVvt1S+KOcPj0ZxZMg62SQF4pE9ckjOyDmpEE7uyAN5Is/OvfPovDivX60TzmhmjfyC8/YJDiKXhA==</latexit>

F✓(G) 6= F✓(G
0)?

<latexit sha1_base64="g5ZqeaAQUIN9WDz0dUydwLLATvY="></latexit>

(G,G0) 2 ⇢(F) , 8F 2 F , F (G) = F (G0)
<latexit sha1_base64="g5ZqeaAQUIN9WDz0dUydwLLATvY="></latexit>

(G,G0) 2 ⇢(F) , 8F 2 F , F (G) = F (G0)

Theorem. 
For invariant  on compact domain: if                                 then           can approximate    : 
 

                                  :   

H
<latexit sha1_base64="HClIXM1vXvrc3XRetO4PBY4cxEw=">AAACGXicbVDLSgMxFM34rPVVdekmWIR2U2akqMuioF2VCvYBnbFk0ts2NPMwyQhl6G+48VfcuFDEpa78GzPTLrT1QOBwzrnk3uOGnEllmt/G0vLK6tp6ZiO7ubW9s5vb22/KIBIUGjTggWi7RAJnPjQUUxzaoQDiuRxa7ugy8VsPICQL/Fs1DsHxyMBnfUaJ0lI3Z9piGBRsj6ghJTy+mtylXHjxda02KWJbRq4EBfc4DVaL3VzeLJkp8CKxZiSPZqh3c592L6CRB76inEjZscxQOTERilEOk6wdSQgJHZEBdDT1iQfSidPLJvhYKz3cD4R+vsKp+nsiJp6UY8/VyWRtOe8l4n9eJ1L9cydmfhgp8On0o37EsQpwUhPuMQFU8bEmhAqmd8V0SAShSpeZ1SVY8ycvkuZJyTotlW/K+crFrI4MOkRHqIAsdIYqqIrqqIEoekTP6BW9GU/Gi/FufEyjS8Zs5gD9gfH1AyzEoGI=</latexit>

⇢(FGNN) ✓ ⇢(H)
<latexit sha1_base64="T+ed71CkVKRA3cov0352PNXOJ1M=">AAACAXicbZDLSgMxFIYzXmu9jboR3ASL4KrMSFGXRUFdlQr2Au1YMmnahiaZIckIZRg3voobF4q49S3c+TZmprPQ1h8CH/85h5zz+yGjSjvOt7WwuLS8slpYK65vbG5t2zu7TRVEEpMGDlgg2z5ShFFBGppqRtqhJIj7jLT88WVabz0QqWgg7vQkJB5HQ0EHFCNtrJ693+VIjzBi8VVyn7Hk8XWtlvTsklN2MsF5cHMogVz1nv3V7Qc44kRozJBSHdcJtRcjqSlmJCl2I0VChMdoSDoGBeJEeXF2QQKPjNOHg0CaJzTM3N8TMeJKTbhvOtMd1WwtNf+rdSI9OPdiKsJIE4GnHw0iBnUA0zhgn0qCNZsYQFhSsyvEIyQR1ia0ognBnT15HponZfe0XLmtlKoXeRwFcAAOwTFwwRmoghtQBw2AwSN4Bq/gzXqyXqx362PaumDlM3vgj6zPH+++lzY=</latexit>

FGNN <latexit sha1_base64="zFgakf0wZ8TsQ7ROciarN4vAkYs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKBnjNU=</latexit>

H
<latexit sha1_base64="tjYGkhG0ll/YzslOXIWyRFNHs8Q="></latexit>

8✏ > 0, 9F 2 FGNN
<latexit sha1_base64="Pqt2VfFE6EH76OZpR+Yi2UryCfQ=">AAACFXicbVDLSgMxFM3UV62vqks3wSJU0DIjRV0WBVtwU8E+oFNKJr1tQzOZMckIZdqfcOOvuHGhiFvBnX9j+lho9UDI4ZxzSe7xQs6Utu0vK7GwuLS8klxNra1vbG6lt3eqKogkhQoNeCDrHlHAmYCKZppDPZRAfI9Dzetfjv3aPUjFAnGrByE0fdIVrMMo0UZqpY9cFYWtuIhdJvD1CLvDUrZ4iI/xlbncIXY53GEXQsX4OJ6xc/YE+C9xZiSDZii30p9uO6CRD0JTTpRqOHaomzGRmlEOo5QbKQgJ7ZMuNAwVxAfVjCdbjfCBUdq4E0hzhMYT9edETHylBr5nkj7RPTXvjcX/vEakO+fNmIkw0iDo9KFOxLEO8Lgi3GYSqOYDQwiVzPwV0x6RhGpTZMqU4Myv/JdUT3LOaS5/k88ULmZ1JNEe2kdZ5KAzVEAlVEYVRNEDekIv6NV6tJ6tN+t9Gk1Ys5ld9AvWxzevHJyr</latexit>

sup
G2K

kH(G)� F (G)k  ✏



 
 
coloring 


isomorphism test: 
 

Color refinement / Weisfeiler-Leman algorithm

…

<latexit sha1_base64="CML+KocC8osdhLru4kO/WYUO3ic=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzUlRcFV3osqJ9QGcsmTTThiaZIckIZagbf8WNC0Xc+hfu/BvTdhbaeiBwOOdebs4JYkaVdpxva2FxaXllNbeWX9/Y3Nq2d3YbKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDy7HffCBS0Ujc6WFMfI56goYUI22kjr2P79OiLo3OYaN4VYKejqB3S3scdeyCU3YmgPPEzUgBZKh17C+vG+GEE6ExQ0q1XSfWfoqkppiRUd5LFIkRHqAeaRsqECfKTycJRvDIKF0YRtI8oeFE/b2RIq7UkAdmkiPdV7PeWPzPayc6PPNTKuJEE4Gnh8KEQZNzXAfsUkmwZkNDEJbU/BXiPpIIa1Na3pTgzkaeJ43jsntSrtxUCtWLrI4cOACHoAhccAqq4BrUQB1g8AiewSt4s56sF+vd+piOLljZzh74A+vzB81zlTY=</latexit>

c(t) : V (G) ! ⌃
<latexit sha1_base64="rFZUyIMSLvBaVJ/vmDHfi2uuIkQ="></latexit>

c(t)(v) = Hash

⇣
c(t�1)

(v), {{c(t�1)
(u) | u 2 N (v)}}

⌘

<latexit sha1_base64="E+Qbdg7+y2t5nu9MYJxQgCl3zLc="></latexit>

{{c(t1)(v) | v 2 V (G)}} 6= {{c(t1)(v0) | v0 2 V (G0)}} ?

(Morgan 65, Weisfeiler & Leman 68)



 
 
coloring 


 

vs GNN: 
 
 
 

Color refinement / Weisfeiler-Leman algorithm

…

<latexit sha1_base64="CML+KocC8osdhLru4kO/WYUO3ic=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzUlRcFV3osqJ9QGcsmTTThiaZIckIZagbf8WNC0Xc+hfu/BvTdhbaeiBwOOdebs4JYkaVdpxva2FxaXllNbeWX9/Y3Nq2d3YbKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDy7HffCBS0Ujc6WFMfI56goYUI22kjr2P79OiLo3OYaN4VYKejqB3S3scdeyCU3YmgPPEzUgBZKh17C+vG+GEE6ExQ0q1XSfWfoqkppiRUd5LFIkRHqAeaRsqECfKTycJRvDIKF0YRtI8oeFE/b2RIq7UkAdmkiPdV7PeWPzPayc6PPNTKuJEE4Gnh8KEQZNzXAfsUkmwZkNDEJbU/BXiPpIIa1Na3pTgzkaeJ43jsntSrtxUCtWLrI4cOACHoAhccAqq4BrUQB1g8AiewSt4s56sF+vd+piOLljZzh74A+vzB81zlTY=</latexit>

c(t) : V (G) ! ⌃
<latexit sha1_base64="rFZUyIMSLvBaVJ/vmDHfi2uuIkQ="></latexit>

c(t)(v) = Hash

⇣
c(t�1)

(v), {{c(t�1)
(u) | u 2 N (v)}}

⌘

<latexit sha1_base64="Y9RzqKmwXYeqB2dtAep0drym+XY="></latexit>

h(t)
v = fUp

⇣
h(t�1)
v , fAgg

�
{{h(t�1)

u | u 2 N (v)}}
�⌘

(Morgan 65, Weisfeiler & Leman 68)



 
 
coloring 


 

vs GNN: 
 
 
 Theorem (Morris-Ritzert-Fey-Hamilton-Lenssen-Rattan-Grohe 19, Xu-Hu-Leskovec-J 19) 

Any GNN can at best distinguish the same graphs as the 1-dim WL algorithm. 
For any n, there exists a GNN such that for any t,                .

<latexit sha1_base64="UFAWnAWGGlnatC9LlqdR//LBKNE=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqJsyI0VdFty4rGAf0I4lk2ba0ExmTDKFMnbhr7hxoYhbf8Odf2PazkJbD1w4Oedecu/xY86UdpxvK7eyura+kd8sbG3v7O7Z+wcNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD66nfHFGpWCTu9DimXoj7ggWMYG2krn1E7tOSPpugDn1I2AgN5s+uXXTKzgxombgZKUKGWtf+6vQikoRUaMKxUm3XibWXYqkZ4XRS6CSKxpgMcZ+2DRU4pMpLZ/tP0KlReiiIpCmh0Uz9PZHiUKlx6JvOEOuBWvSm4n9eO9HBlZcyESeaCjL/KEg40hGahoF6TFKi+dgQTCQzuyIywBITbSIrmBDcxZOXSeO87F6UK7eVYrWaxZGHYziBErhwCVW4gRrUgcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gDPoJVV</latexit>

c(t) ⌘ h(t)

<latexit sha1_base64="fSGE0Ikl57NitBg41Ag5STNz13E="></latexit>

c(t)(v,G) = c(t)(v0, G0) ) h(t)
v (G) = h(t)

v0 (G0)
<latexit sha1_base64="fSGE0Ikl57NitBg41Ag5STNz13E="></latexit>

c(t)(v,G) = c(t)(v0, G0) ) h(t)
v (G) = h(t)

v0 (G0)

Color refinement / Weisfeiler-Leman algorithm

…

<latexit sha1_base64="CML+KocC8osdhLru4kO/WYUO3ic=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzUlRcFV3osqJ9QGcsmTTThiaZIckIZagbf8WNC0Xc+hfu/BvTdhbaeiBwOOdebs4JYkaVdpxva2FxaXllNbeWX9/Y3Nq2d3YbKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDy7HffCBS0Ujc6WFMfI56goYUI22kjr2P79OiLo3OYaN4VYKejqB3S3scdeyCU3YmgPPEzUgBZKh17C+vG+GEE6ExQ0q1XSfWfoqkppiRUd5LFIkRHqAeaRsqECfKTycJRvDIKF0YRtI8oeFE/b2RIq7UkAdmkiPdV7PeWPzPayc6PPNTKuJEE4Gnh8KEQZNzXAfsUkmwZkNDEJbU/BXiPpIIa1Na3pTgzkaeJ43jsntSrtxUCtWLrI4cOACHoAhccAqq4BrUQB1g8AiewSt4s56sF+vd+piOLljZzh74A+vzB81zlTY=</latexit>

c(t) : V (G) ! ⌃
<latexit sha1_base64="rFZUyIMSLvBaVJ/vmDHfi2uuIkQ="></latexit>
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Implications
• “Inherit” results about WL / color refinement (Babai & Kučera 79, Babai-Erdös-Selkow 80, Cai-

Fürer-Immerman 92, Arvind-Köhler-Rattan-Verbitsky 15, Kiefer-Ponomarenko-Schweizer 17, Kiefer 20, …) 

• Characterizations via logics with counting:   ( ) 
unary query Q expressible in graded modal logic   Q expressible by a GNN  
Q expressible by a GNN and in first-order logic  Q expressible in . 
(Barceló-Kostylev-Monet-Pérez-Reutter-Silva 20) 

∃≥px, x = y, E(x, y), Pi(x)
GC2 ⇒

⇒ GC2



Implications
• “Inherit” results about WL / color refinement (Babai & Kučera 79, Babai-Erdös-Selkow 80, Cai-

Fürer-Immerman 92, Arvind-Köhler-Rattan-Verbitsky 15, Kiefer-Ponomarenko-Schweizer 17, Kiefer 20, …) 

• Characterizations via logics with counting:   ( ) 
unary query Q expressible in graded modal logic   Q expressible by a GNN  
Q expressible by a GNN and in first-order logic  Q expressible in . 
(Barceló-Kostylev-Monet-Pérez-Reutter-Silva 20) 

• Failures: in general, cannot identify/count  
(conjoint) cycles of specific size, subgraph  
structures, diameter, … 
(above, Chen-Chen-Villar-Bruna 20, Garg-J-Jaakkola 20)

∃≥px, x = y, E(x, y), Pi(x)
GC2 ⇒

⇒ GC2



Improving discriminative power

1. GNNs on k-tuples (“higher-order GNNs”) 

2. Node identifiers 

3. Other augmentations of 

• structural information (subgraphs, random walks…)


• Laplacian eigenvectors … 

4.Encode subgraphs & aggregate results


 

Improves in theory & practice
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GNNs on k-tuples
k-tuples instead of nodes: (k+1)-order tensor 

• equivalents of higher-order WL-algorithms 
(Morris-Ritzert-Fey-Hamilton-Lenssen-Rattan-Grohe 19, Maron-Ben-Hamu-Serviansky-Lipman 19;) 
message passing on simplicial complexes (Bodnar-Frasca-Wang-Otter-Montúfar-Liò-Bronstein 21) 

• k-linear equivariant networks:  
(parameterized) equivariant linear operations and coordinate-wise nonlinearities 
(Maron-Ben-Hamu-Shamir-Lipman 2019)  
 

Similar expressive equivalences to k-dim WL algorithms and logic 
but 
Computationally expensive



Node IDs and Local Algorithms
Analogies to local algorithms:

• Approximation bounds for combinatorial problems  

(Sato-Yamada-Kashima 19)

• LOCAL model (Anglouin 80, Linial 92, Naor & Stockmeyer 93):  

With unique node IDs, “large” GNN can compute any  
Turing computable function (Loukas 20).


• CONGEST model (Peleg 00): lower bounds on #iterations T,  (Loukas 2020) dim(h(t)
v )
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Node IDs and Local Algorithms
Analogies to local algorithms:

• Approximation bounds for combinatorial problems  

(Sato-Yamada-Kashima 19)

• LOCAL model (Anglouin 80, Linial 92, Naor & Stockmeyer 93):  

With unique node IDs, “large” GNN can compute any  
Turing computable function (Loukas 20).


• CONGEST model (Peleg 00): lower bounds on #iterations T,  (Loukas 20) 

Challenge: permutation invariance

• Sum over permutation group (Murphy-Srinivasan-Rao-Ribeiro 19)

• Random node IDs: high-probability universal approximation of invariant graph functions 

(Abboud-Ceylan-Grohe-Lukasiewicz 19)
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Outline

• What is a Graph Neural Network? 
 

• Approximation: Which functions can a GNN approximate? 
 

• Generalization: How well is it doing on unseen data? 

• … and on “out-of-distribution” data?
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The challenge with generalization

• Neural Networks: expressive functions in high dimensions …  
                                          … yet interpolation is not arbitrary!  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The challenge with generalization

• Neural Networks: expressive functions in high dimensions …  
                                          … yet interpolation is not arbitrary!  
 

• Inductive biases:
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Bounding the generalization gap

• Complexity of function class          
(Scarselli-Gori-Tsoi-Hagenbuchner-Monfardini 18,  
Garg-J-Jaakkola 20, Liao-Urtasun-Zemel 21)  

• Optimization process: e.g., Neural Tangent Kernel 
(Du-Hou-Salakhutdinov-Poczos-Wang-Xu 19)  

• Computational Structure: “Algorithmic alignment” 
(Xu-Li-Zhang-Du-Kawarabayashi-J 20)
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Neural Tangent Kernel
Challenge: high-dimensional nonconvex optimization!


• # neural network parameters  makes life easier   
(Jacot et al 2018, Arora et al 2019; for GNN: Du et al 2019)  

→ ∞
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Neural Tangent Kernel
Challenge: high-dimensional nonconvex optimization!


• # neural network parameters  makes life easier   
(Jacot et al 2018, Arora et al 2019; for GNN: Du et al 2019)


• Fully connected network, iid Gaussian initialization of , gradient flow: 
tends to linear regression after nonlinear map 


• Closed-form solution (min-norm interpolation in corresponding kernel Hilbert space) 

→ ∞

θ
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Neural Tangent Kernel
Challenge: high-dimensional nonconvex optimization!


• # neural network parameters  makes life easier   
(Jacot et al 2018, Arora et al 2019; for GNN: Du et al 2019)


• Fully connected network, iid Gaussian initialization of , gradient flow: 
tends to linear regression after nonlinear map 


• Closed-form solution (min-norm interpolation in corresponding kernel Hilbert space) 

• Generalization bound (Bartlett & Mendelsohn 2002):  
 
 
 
for GNN: polynomial if  are generated by one iteration of message passing with 
polynomial aggregation (Du et al 2019)

→ ∞

θ

y(i)

<latexit sha1_base64="KQcedOQQ4buxmKTOKeDML04F8Ok=">AAACE3icbZA9SwNBEIb3/DZ+RS1tFoOQWIQ7CSrYBASxVDAq5M5jbrMxi3t7x+6cJBz5Dzb+FRsLRWxt7Pw3bj4Kjb6w8PDODLPzRqkUBl33y5manpmdm19YLCwtr6yuFdc3Lk2SacYbLJGJvo7AcCkUb6BAya9TzSGOJL+K7o4H9at7ro1I1AX2Uh7EcKtEWzBAa4XF3S71Y0gNJtRXEEkIfexwBHpS7h7REd/kZbfSr4TFklt1h6J/wRtDiYx1FhY//VbCspgrZBKMaXpuikEOGgWTvF/wM8NTYHdwy5sWFcTcBPnwpj7dsU6LthNtn0I6dH9O5BAb04sj2xkDdsxkbWD+V2tm2D4McqHSDLlio0XtTFKbwCAg2hKaM5Q9C8C0sH+lrAMaGNoYCzYEb/Lkv3C5V/X2q7XzWqleH8exQLbINikTjxyQOjklZ6RBGHkgT+SFvDqPzrPz5ryPWqec8cwm+SXn4xsLaJz8</latexit>

x 7! r✓F (x; ✓(0))

<latexit sha1_base64="C7K4ZmfmBeAuLm+nf1JWXyu+agk="></latexit>

R(FNTK) = O
�

1
N

q
y>H�1y · tr(H) +

q
1
N log(1/�)

�

<latexit sha1_base64="JOIp7vu4xB1PutHTy04h/Z5e0tc="></latexit>

bR(F✓) =
1

N

NX

i=1

loss(y(i), F✓(x
(i)))



Computational structure

(figure of n-body system: Battaglia et al 2018)
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“Physical reasoning”/ 
n-body systems, …

Learnable Algorithms 
“Neural Algorithmic reasoning”

vs

Why not use a black box for everything?



 
Algorithmic Alignment:  
Neural Network can simulate algorithm via few, “simple” learnable blocks. 
 

Algorithmic Alignment

Correspondence via category theory: Dudzik-Veličković 22

GNNs align with Dynamic Programming

<latexit sha1_base64="tK493rISZVRBWrBdu4Om+0WW+pQ="></latexit>

h(t)
v =

X

u2N (v)

FNN(h(t�1)
u , h(t�1)

v )

<latexit sha1_base64="MO1ZNoABPPC4dRgokqyt6S1Sjnw="></latexit>

Answer[t][v] = DP-Update
�
{Answer[t� 1][u], u = 1 . . . n}

�

low sample complexity



 
Algorithmic Alignment:  
Neural Network can simulate algorithm via few, “simple” learnable blocks. 
 
Practice: Alignment helps generalization 
Theory: Initial support: direct impact on sample complexity (Xu-Li-Zhang-Du-Kawarabayashi-J 20)


Algorithmic Alignment

Principle of alignment has guided neural network design in many works 
(Davies et al 2021, Sanchez-Gonzalez et al 2020, Veličković et al 2020, Zhu et al 2021, …)

GNNs align with Dynamic Programming
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What if we apply  to data from a different distribution?Fθ

Physical reasoning

different position, mass, number of objects 

(Wu et al. 2017, Battaglia et al 2016, Janner et al 2019)

different graph size,  
graph structure, edge weights, … 
(Battagalia et al 2018, Dai et al 2018, Velickovic et al 2020)
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Big picture: when may extrapolation “work”?

1) Data distributions in training and test are sufficiently similar 
 

same distribution of computation trees (message passing GNNs) (Yehudai-Fetaya-Meirom-
Chechik-Maron 21) 
shared underlying structure (spectral GNNs): e.g. manifold, graphon,… (Levie et al 2019, Ruiz 
et al 2020) 
 
 
--- or … --- 

…



Big picture: when may extrapolation “work”?

1) Data distributions in training and test are sufficiently similar 
 

same distribution of computation trees (message passing GNNs) (Yehudai-Fetaya-Meirom-
Chechik-Maron 21) 
shared underlying structure (spectral GNNs): e.g. manifold, graphon (Levie et al 2019, Ruiz et 
al 2020) 
 
 
--- or … --- 

2) Understand what the model “learns”, and restrict model via prior knowledge 
(Xu-Zhang-Li-Du-Kawarabayashi-J 21)

…

Neural network structure,  optimization algorithm, data geometry



Extrapolation in fully connected ReLU networks
Neural network

Neural network

Training data

Theorem (Xu-Zhang-Li-Du-Kawarabayashi-J 21) 
Let  f  be a 2-layer ReLU FNN trained with Gradient Descent in the NTK regime. Along any 
direction away from the data, f  approaches a linear function at rate 1/t.

(Linear regions: Montufar et al 2014, Arora et al 2018, Hanin & Rolnick, 2019; Hein et al., 2019)



Shortest Path: 
(target) 
 
GNN: 
 
 
 
 
 
 
 
 

Implications for the full GNN
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Need FNN to be nonlinear!
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Shortest Path: 
(target) 
 
GNN: 
 
 
 
 
 
 
 
 
Task-specific nonlinearities help 
empirically reflected in many works 
(Trask et al 2018, Johnson et al 2017, Yi et al 2018,  
Mao et al 2019,Cranmer et al 2019,2020, Veličkovic et al 2020 …)

Implications for the full GNN
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Open Questions…
Approximation

• Complexity vs expressiveness tradeoff. Tighter results for classes of tasks?  

Mathematical inspiration for new GNN models? 
 

Learning: What a Neural Network learns depends on 

 

Model structure (architecture) + optimization + data geometry + task structure  

• How does structure/symmetry affect the optimization dynamics?  
(& beyond the Neural Tangent Kernel regime)


• What is the expressive power of the solutions we obtain?


• Conditions on data: identifiability? characterizing distribution shifts? 


