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Tsunami Modeling
Tsunamis: 
•    Arise from earthquakes, landslides, weather fronts, volcanic explosions, asteroids 

•    Simulations require resolution varies by orders of magnitude (Adaptive Mesh 
Refinement)



Tsunami Modeling

Shallow Water Equations vs. Dispersive Equations: 
•  SWE work well if wavelength long relative to water depth (earthquake-generated tsunamis) 

•   Nonlinear SWE work well for on-shore inundation, wetting/drying 

•   SWE not adequate for short-wavelength tsunamis, where 
   dispersive depth-averaged equations perform better   

•   Several possible dispersive equations:  how do they compare 

•   Dispersive equations involve 2nd (and 3rd) derivatives -> need implicit solvers

• dispersion breaks waves into wave trains 
• how much does this affect inundation? 
• using open source software GeoClaw



Outline of Talk

• Review of Shallow Water Equations 
• Introducing open source software GeoClaw 
• A good example using SWE for earthquake-generated tsunamis 

• Asteroid Airburst-generated Tsunamis 
• A poor example using SWE 

• Model 1D problem explains several features found in simulations 

• Compare to linearized Euler to see effects of compressibility and dispersion  

• Adaptive Mesh Refinement with Implicit Scheme for Dispersion 
• Algorithm overview 
• Tsunami simulation from ocean impact from asteroid off Washington coast  

• Conclusions and Future Research



Shallow Water Equations 
Solve depth-averaged shallow water equations with bathymetry B(x,y,t)

Removes free surface and vertical dimension, but lots of numerical issues 
(need well-balanced scheme, moving shoreline, robust handling of drying/wetting)
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Some numbers:



Sketch of SWE Derivation

Start with incompressible, divergence-free, irrotational Euler eqs on flat bottom:

Boundary conditions (flat bottom):

w(z = 0) = 0

p = 0

ht + uhx = w

ut + uux + wuz + px = 0

wt + uwx + wwz + pz = �g

ux + wz = 0

uz � wx = 0
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u = horizontal velocity 
w = vertical velocity 
 p = pressure (setting ρ = 1)

z

x

h

no flow through bottom 
pressure at top (take = 0 since only gradient enters) 

h is water height above bottom (kinematic bc - 
relates motion of free surface to velocity )

Long wave length approximation: L horizontal length scale

h ~ 4 km in ocean (deepest is 11 km; continental shelf < 1 km) 
L ~ for earthquakes could be 50 - 500 km

✏ =
h

L
<< 1
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Sketch of SWE Derivation

Leading terms:

Asymptotic solution of form

ux + wz = 0
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ut + uux + wuz + px = 0

wt + uwx + wwz + pz = �g

ux + wz = 0

uz � wx = 0
<latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit>

⇒ <latexit sha1_base64="iDm1kiZAXRRd5S5GqNRzlK3zUDQ=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaQWbRdKwY3LCvYBbSiT6aQdOpnEmYlSQn/CjQtF3Po77vwbJ20FnwcuHM65l3vv8WPOlHacd2thcWl5ZTW3ll/f2NzaLuzsNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yv3VLpWKRuNbjmHohHggWMIK1kdp3PQedISffKxQdu1StOMdV9Ju4tjNFEeao9wpv3X5EkpAKTThWquM6sfZSLDUjnE7y3UTRGJMRHtCOoQKHVHnp9N4JOjRKHwWRNCU0mqpfJ1IcKjUOfdMZYj1UP71M/MvrJDqoeCkTcaKpILNFQcKRjlD2POozSYnmY0MwkczcisgQS0y0iSgL4fNT9D9plmz3xC5flYu183kcOdiHAzgCF06hBpdQhwYQ4HAPj/Bk3VgP1rP1MmtdsOYze/AN1usHZcaO6Q==</latexit>

w0 = 0

<latexit sha1_base64="/6M0856zG87GFAPGTbzd+n1PCVI="></latexit>

u = u0(✏x, z, ✏ t) + ✏u1(✏x, z, ✏ t)+

w = w0(✏x, z, ✏t) + ✏w1(✏x, z, ✏ t)+

p = p0(✏x, z, ✏ t) + ✏ p1(✏x, z, ✏ t) +

h = h0(✏x, ✏ t) + ✏h1(✏x, ✏ t) +



Sketch of SWE Derivation

Leading terms:

uz = wx u0, u1 independent of z

O(1)

⇒
O(✏2)

<latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit>

Asymptotic solution of form

ux + wz = 0
<latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit>

O(1)O(✏)
<latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit>

ut + uux + wuz + px = 0

wt + uwx + wwz + pz = �g

ux + wz = 0

uz � wx = 0
<latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit>

⇒ <latexit sha1_base64="iDm1kiZAXRRd5S5GqNRzlK3zUDQ=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaQWbRdKwY3LCvYBbSiT6aQdOpnEmYlSQn/CjQtF3Po77vwbJ20FnwcuHM65l3vv8WPOlHacd2thcWl5ZTW3ll/f2NzaLuzsNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yv3VLpWKRuNbjmHohHggWMIK1kdp3PQedISffKxQdu1StOMdV9Ju4tjNFEeao9wpv3X5EkpAKTThWquM6sfZSLDUjnE7y3UTRGJMRHtCOoQKHVHnp9N4JOjRKHwWRNCU0mqpfJ1IcKjUOfdMZYj1UP71M/MvrJDqoeCkTcaKpILNFQcKRjlD2POozSYnmY0MwkczcisgQS0y0iSgL4fNT9D9plmz3xC5flYu183kcOdiHAzgCF06hBpdQhwYQ4HAPj/Bk3VgP1rP1MmtdsOYze/AN1usHZcaO6Q==</latexit>

w0 = 0

<latexit sha1_base64="/6M0856zG87GFAPGTbzd+n1PCVI="></latexit>

u = u0(✏x, z, ✏ t) + ✏u1(✏x, z, ✏ t)+

w = w0(✏x, z, ✏t) + ✏w1(✏x, z, ✏ t)+

p = p0(✏x, z, ✏ t) + ✏ p1(✏x, z, ✏ t) +

h = h0(✏x, ✏ t) + ✏h1(✏x, ✏ t) +



Sketch of SWE Derivation

Leading terms:

uz = wx u0, u1 independent of z

O(1)

⇒
O(✏2)

<latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit>

�p0

�z
= �g ⇒ p0(z) = g(h0(✏x, ✏t)� z)

<latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit><latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit><latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit><latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit><latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit>

hydrostatic pressure

Asymptotic solution of form

ux + wz = 0
<latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit>

O(1)O(✏)
<latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit>

ut + uux + wuz + px = 0

wt + uwx + wwz + pz = �g

ux + wz = 0

uz � wx = 0
<latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit><latexit sha1_base64="kOZeqa/Z/BZ1YqpKnK7RY2ySrFs="></latexit>

⇒ <latexit sha1_base64="iDm1kiZAXRRd5S5GqNRzlK3zUDQ=">AAAB73icdVDLSsNAFL3xWeur6tLNYBFchaQWbRdKwY3LCvYBbSiT6aQdOpnEmYlSQn/CjQtF3Po77vwbJ20FnwcuHM65l3vv8WPOlHacd2thcWl5ZTW3ll/f2NzaLuzsNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yv3VLpWKRuNbjmHohHggWMIK1kdp3PQedISffKxQdu1StOMdV9Ju4tjNFEeao9wpv3X5EkpAKTThWquM6sfZSLDUjnE7y3UTRGJMRHtCOoQKHVHnp9N4JOjRKHwWRNCU0mqpfJ1IcKjUOfdMZYj1UP71M/MvrJDqoeCkTcaKpILNFQcKRjlD2POozSYnmY0MwkczcisgQS0y0iSgL4fNT9D9plmz3xC5flYu183kcOdiHAzgCF06hBpdQhwYQ4HAPj/Bk3VgP1rP1MmtdsOYze/AN1usHZcaO6Q==</latexit>

w0 = 0

<latexit sha1_base64="/6M0856zG87GFAPGTbzd+n1PCVI="></latexit>

u = u0(✏x, z, ✏ t) + ✏u1(✏x, z, ✏ t)+

w = w0(✏x, z, ✏t) + ✏w1(✏x, z, ✏ t)+

p = p0(✏x, z, ✏ t) + ✏ p1(✏x, z, ✏ t) +

h = h0(✏x, ✏ t) + ✏h1(✏x, ✏ t) +



Sketch of SWE Derivation

Leading terms:

 O(ε) terms give Shallow Water Equations

uz = wx u0, u1 independent of z

O(1)

⇒
O(✏2)

<latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit><latexit sha1_base64="hYC2H/mnhac8hhwyq/u3l/CegEU=">AAAB9HicdVDLSsNAFL3xWeur6tLNYBHqJiRVsN1IwY07KxhbaNMymU7aoZNJmJkoJfQ/3LhQcevHuPNvnD4EnwcuHM65l3vvCRLOlHacd2thcWl5ZTW3ll/f2NzaLuzs3qg4lYR6JOaxbAZYUc4E9TTTnDYTSXEUcNoIhucTv3FLpWKxuNajhPoR7gsWMoK1kTqXpTZNFOOxQJ3yUbdQdOxyteIcV9Fv4trOFEWYo94tvLV7MUkjKjThWKmW6yTaz7DUjHA6zrdTRRNMhrhPW4YKHFHlZ9Orx+jQKD0UxtKU0Giqfp3IcKTUKApMZ4T1QP30JuJfXivVYcXPmEhSTQWZLQpTjnSMJhGgHpOUaD4yBBPJzK2IDLDERJug8iaEz0/R/8Qr21XbvTop1s7maeRgHw6gBC6cQg0uoA4eEJBwD4/wZN1ZD9az9TJrXbDmM3vwDdbrByu2kdk=</latexit>

�p0

�z
= �g ⇒ p0(z) = g(h0(✏x, ✏t)� z)

<latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit><latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit><latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit><latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit><latexit sha1_base64="i3QB2RclK6fZC635RS6b7DfJGzs=">AAACF3icdVDLTgIxFO34RHyhLt3cSEwgQZxBE2GhIXHjEhMREiCTTinQ0OlM2o4RCJ/hxl9x40KNW935N5aHxudJbnJ6zr3pvccLOVPatt+smdm5+YXF2FJ8eWV1bT2xsXmpgkgSWiYBD2TVw4pyJmhZM81pNZQU+x6nFa97OvIrV1QqFogL3Qtpw8dtwVqMYG0kN7Efujak+mk4hnaq49qpOg0V44GAegauM/D51GnYg37aTSTtbK6Qtw8K8Js4WXuMJJqi5CZe682ARD4VmnCsVM2xQ90YYKkZ4XQYr0eKhph0cZvWDBXYp6oxGB82hF2jNKEVSFNCw1j9OjHAvlI93zOdPtYd9dMbiX95tUi38o0BE2GkqSCTj1oRBx3AKCVoMkmJ5j1DMJHM7AqkgyUm2mQZNyF8XAr/k3IuW8g654fJ4sk0jRjaRjsohRx0hIroDJVQGRF0g+7QA3q0bq1768l6nrTOWNOZLfQN1ss7266cyA==</latexit>

hydrostatic pressure

Asymptotic solution of form

ux + wz = 0
<latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit><latexit sha1_base64="Re/Y90qrHdbVtYukdliiB2wqHz8=">AAAB+HicdVDLSsNAFL3xWesr6tLNYBEEISRVsF0oBTcuKxhbaEOYTCft0MmDmUm1hv6JGxcqbv0Ud/6N04fg88CFwzn3cu89QcqZVLb9bszNLywuLRdWiqtr6xub5tb2tUwyQahLEp6IZoAl5SymrmKK02YqKI4CThtB/3zsNwZUSJbEV2qYUi/C3ZiFjGClJd80M/8WHaIb/w6dIhu1275Zsq1ytWIfVdFv4lj2BCWYoe6bb+1OQrKIxopwLGXLsVPl5VgoRjgdFduZpCkmfdylLU1jHFHp5ZPLR2hfKx0UJkJXrNBE/TqR40jKYRTozgirnvzpjcW/vFamwoqXszjNFI3JdFGYcaQSNI4BdZigRPGhJpgIpm9FpIcFJkqHVdQhfH6K/idu2apazuVxqXY2S6MAu7AHB+DACdTgAurgAoEB3MMjPBm58WA8Gy/T1jljNrMD32C8fgDLCJIE</latexit>

O(1)O(✏)
<latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit><latexit sha1_base64="P7W010v8QBOTW9XvxtraviJlOlk=">AAAB8nicdVDLSgMxFM3UV62vqks3wSLUzTBTBduNFNy4s4JjC52hZNJMG5pJQpIRytDfcONCxa1f486/MX0IPg9cOJxzL/feE0tGtfG8d6ewtLyyulZcL21sbm3vlHf3brXIFCYBFkyoTow0YZSTwFDDSEcqgtKYkXY8upj67TuiNBX8xowliVI04DShGBkrhVfVkEhNmeDwuFeueG6tUfdOGvA38V1vhgpYoNUrv4V9gbOUcIMZ0rrre9JEOVKGYkYmpTDTRCI8QgPStZSjlOgon908gUdW6cNEKFvcwJn6dSJHqdbjNLadKTJD/dObin953cwk9SinXGaGcDxflGQMGgGnAcA+VQQbNrYEYUXtrRAPkULY2JhKNoTPT+H/JKi5Dde/Pq00zxdpFMEBOARV4IMz0ASXoAUCgIEE9+ARPDmZ8+A8Oy/z1oKzmNkH3+C8fgD/LJE1</latexit>
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Patch-based AMR with GeoClaw

Patch-based mesh refinement to follow important features

• Adaptive in space and time - bridge scales 
from hundreds of kilometers to meters 

• Refines automatically to follow waves and 
other features (LTE, wave height, adjoint-
based) 

• Interpolate between patches automatically 
preserving sea-level (i.e. well-balanced) 

• Grid generation for patches handled 
automatically 

• GeoClaw part of open source software 
project Clawpack (specialized for bathymetry)

(Approved by US National Tsunami Hazard Mitigation Program)



Tohuko Simulation

Computation by David George (USGS)  and Randy LeVeque (UW) using GeoClaw

• 5 levels of refinement:  8,4,16, 32   (214 in each spatial direction!) 
• Resolution: 160 km on level 1;   10 m on level 5; 
• Many V&V benchmarking studies



Tohuko Simulation



Tohuko Simulation

Wave height at selected DART (Deep Ocean Assessment 
and Reporting of Tsunamis) buoys from NOAA.

(Approved by US National Tsunami Hazard Mitigation Program)



Asteroid Airbursts (ATAP)

Chelyabinsk, Russia, February 2013 
 Size: ~20 m diameter 
 Speed: ~ 20 km/sec 
 Energy: ~500 kilotons of TNT (2.2 x 1015joules) 
 Energy equivalent to magnitude 7.0 earthquake 
 Damage to ~7300 structures over 20,000 km2

Tunguska, Russia,  June 1908 
   Size: 50-80 m diameter 
    Air burst estimated at 10-15 km altitude 
    Energy: ~15-20 Mt TNT  
    Flattened 2000 km2 of forest 

• ATAP goal is to provide quantitative risk assessment for particular near earth objects 
includes both high-fidelity simulations at specific locations as well as fast engineering model for 
simulations with millions of realizations



• Earth is bombarded by relatively energetic objects with disturbing regularity 
• Could an asteroid airburst or impact in the ocean cause a tsunami that 

endangered coastal populations far away?

Asteroid Threat Assessment Project (ATAP)

500 
kT



Air-Burst Generated Tsunamis

• Bolide enters atmosphere, ‘explodes’ in air 
over water. 

• Initial shock wave reaches water, followed by 
longer rarefaction (plus more) 

• Modify shallow water equations: atmospheric 
pressure gradient is forcing function on rhs.

ht + (hu)x + (hv)y = 0

(hu)t + (hu2 +
1

2
gh2)x + (huv)y = �ghBx(x, y) � hpxair/�water

(hv)t + (huv)x + (hv2 +
1

2
gh2)y = �ghBy(x, y) � hpyair/�water

temperature

�Du

�Dv
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Simulation of 25 MT static spherical charge 

Computation using Cart3D 
by Michael Aftosmis

   Contours of Mach number, buoyancy effects included
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Air-Burst Generated Tsunamis

• Model of air-burst pressure wave based on ground footprint. Derived from 3D entry 
simulation by M. Aftosmis (NASA Ames, ATAP). 

• 250Mt has max 450% overpressure; (100Mt has 230% overpressure)

• Analytic model fed to GeoClaw as source term in momentum eq.   

19

• Friedlander profiles 5 seconds apart, traveling at 391 m/sec

• For context, Mt. St. Helens: 25-35 Mt;  Mt. Tamboura: 10-20 GT (global effects)

fit for envelope 
gives 

Friedlander profile
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Comparison of 4 Airburst Models in 2D
2 horizontal dimensions, 4 km deep ocean, 250MT airburst profile

• SWE (GeoClaw results).  
• LE (linearized Euler)

• SGN (using Basilisk) 
• Madsen Schaffer (using BoussClaw)

Boussinesq eqs: keep next terms in asymptotic expansion



Airburst Simulations (4 km depth)

• Leading response wave similar in all codes, but of different amplitudes 

• By 300 seconds, AG and both Bouss. codes agree well on first gravity wave 

• Not true for second wavefront, but both Bouss. codes agree with each other 

• AG has leading wave largest, not true for either Boussinesq sim. 

• SW gravity wave travels too fast and does not decay properly

response  
response  

wave

first gravity 

wave

2nd Bouss 

wave

SWE 

wave



1D Model Problem
Simplify to 1d without bathymetry:

Look for traveling wave solutions:  

p(x, t) = p(x � st) for pressure wave speed s

Turns pde into ode:    define m = x � st �
�x = �

�m
�
�t = (�s) �

�m

�shm + (hu)m = 0

�s(hu)m + (hu2 +
1

2
gh2)m =

�hpmair

�water

ht + (hu)x = 0

(hu)t + (hu2 +
1

2
gh2)x = �h pxair/�water

Odes can be solved exactly:



1D Model Problem
Solving and linearizing gives:  h0 initial depth, hr response wave

hr(x) =
h0

(s2 − c2)ρwater
∆p(x)air

•  Effect stronger in deeper water  (response  ~ depth) 
  Ex:  h0 = 4 km, Δpair = 1atm, s = 391 m/sec  ⟹  hr = 3.5m 

•  If s > c and pressure increases,  water height positive (hr > 0)! 

•  If s < c and pressure increases,  water height decreases (hr < 0) 

•  If  s ~ c ⇒  Proudman resonance   (regime for meteo-tsunamis)

c =
�

gh0

h = h0 + hr

Implications:

s = air speed

Linearized soln: 
(impulsive start) h(x, t) = hr(x− st)− 1

2

(s
c
+ 1

)
hr(x− ct) +

1

2

(s
c
− 1

)
hr(x+ ct)



1D Model Problem   (Linearized Euler)

�t + (�u)x + (�w)z = 0

(�u)t + (�u2 + p)x + (�uw)z = 0

(�w)t + (�uw)x + (�w2 + p)z = ��g

Euler equations:

Linearizing:

w(x, z = 0, t) = 0

ht + uhx = w(x, h(x, t), t)

p(x, h(x, t), t) = patm + pe(x, t)

��t + �w�ux + �w �wz = 0

�w�ut + c2
a��x = 0

�w �wt + c2
a��z = ���g

�w(x, z = 0, t) = 0

�hr(x, t)

�t
= �w(x, h0, t)

c2
a��(x, h0, t) � �wg hr(x, t) = pe(x, t)

Boundary conditions: (flat bottom)

� = �0 + �� u = �u w = �w p = p0 + c2
a��

• Soln depends on wave number k,    length scale L = 2π / k

• Bring in effects of compressibility and dispersion

• Let                             , compute response coefficients:  pe(m) = Ake
ikm hr(m) = �hr eikm

��(m, z) = ��(z)eikm
etc.



• System becomes:

• Traveling wave analysis for linearized Euler equations: m = x � st

1D Model Problem   (Linearized Euler)

�s��m + �w�um + �w �wz = 0

�s�w�um + c2
a��m = 0

�s�w �wm + c2
a��z = ���g

• which gives an ode (can be solved as fn. of z):
�

�u
�w

�

z

=

�
�g/c2

a i k
�i k (1 � s2/c2

a) 0

� �
�u
�w

�

• when use bc, gives expressions for  �u(z), �w(z)ĥr, for each k



1D Model Problem   (Linearized Euler)
 Single frequency results: for Ak =1 atm, h0 = 4 km, ca =1500 m/sec (and 108 m/sec),   k = 2π/L

• Compressibility is ~ 10% effect at long length scales 

• Dispersion reduces amplitude by 50% for short length scales 
      (For L ≈ 15 km, amplitude is half the SWE amplitude)

(m
)

d
is

p
e
rs

io
n

compressibility'
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1D Model Problem

What does wave with all frequencies look like?
Look at Gaussian pressure pulse (              , length scale 10 km) and forced wave response: 

depth 4 km depth 1 km

Broader LE peak due to dispersion; 
shorter wavelengths filtered

LE results for 1km depth much 
closer to SW

e−
1
2 (

x
5 )

2

Discrepancy grows with higher frequency forcing



• Length scale for air burst pressure forcing is ~10-15 km, compared to >100 km for earthquake-
generated tsunamis. Even worse for ocean impacts. 
For airburst in 4 km water, ratio is ~0.25, at very edge of applicability 

Shallow water waves decay ~ 1/√distance,   Boussinesq waves ~ 1/distance

Modeling Summary

• Want depth-averaged equations to remove vertical dimensions. Euler equations 
expensive for trans-oceanic simulations.   

•  Impact-generated tsunamis cannot be initialized using depth-averaged equations

kilometers
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Asteroid Impact Simulation Strategy (1)

*Thanks to ATAP team member Darrel Robertson (NASA Ames) for providing the initial conditions

1. Initial conditions from 3D ALE3D hydrocode run in 2D axisymmetric mode to  
generate initial surface. Surface at time 251sec is transferred to GeoClaw 
assuming radial symmetry. Velocity initialized using outgoing SWE eigenvector. 

       
 
 
      Place solution  in ocean for depth-averaged solution. 
      (Will show results of impact ~ 150 km off Washington coast) 

    



Asteroid Impact Simulation Strategy (2)

2.  Boussinesq equations of form: 

   

where        is solution of implicit system of equations   

(we use either Madsen-Schaffer, or Serre Green Naghdi)
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ht + (hu)x = 0

(hu)t +
�
hu2

�
x
+ gh⌘x =  
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Solve by splitting: 
• Solve elliptic equation for  

• Update momentum  (hu)t =        using e.g. Forward Euler 

• Take step with homogeneous SWE  (already in GeoClaw)

3. Switch to Shallow Water Equations near coastline to compute inundation
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What about Adaptive Mesh Refinement?

1. Coarse grid at time tN takes time step Δt 

2. Solve at new time for    N+1

1. Fine grid interpolates all variables from  
coarse grid including     to take two  
time steps of size Δt/2 

2. At time tN+1 fine grid updates coarse grid

Coarse Grid Step

Fine Grid Step
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<latexit sha1_base64="40hjGUdVn+4TMIl6s/jkUq2Eh9o=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hq0fYiBS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2gp8PBh7vzTAzL0g4U9px3q3Cyura+kZxs7S1vbO7V94/aKs4lYR6JOax7AZYUc4E9TTTnHYTSXEUcNoJJle537mjUrFY3OppQv0IjwQLGcHaSF4/Uaw0KFccu9qoO2cN9Ju4tjNHBZZoDcpv/WFM0ogKTThWquc6ifYzLDUjnM5K/VTRBJMJHtGeoQJHVPnZ/NgZOjHKEIWxNCU0mqtfJzIcKTWNAtMZYT1WP71c/MvrpTqs+xkTSaqpIItFYcqRjlH+ORoySYnmU0MwkczcisgYS0y0yScP4fNT9D9pV2333K7d1CrNy2UcRTiCYzgFFy6gCdfQAg8IMLiHR3iyhPVgPVsvi9aCtZw5hG+wXj8A4j6OwA==</latexit>

 

Repeat recursively for more levels



Grays Harbor







Boussinesq Simulation











Boussinesq Simulation - zoom

Dispersion leads to “soliton fission” near coast



Boussinesq Simulation - zoom

Dispersion leads to “soliton fission” near coast











Conclusions

• We can do simulations of asteroid-generated tsunamis from air-bursts using the SWE 
• SWE not right model for high fidelity simulations. Can we use for parameter studies of inundation? 

• Model problems in 1D to qualitatively understand airburst results 
• For SWE, response proportional to depth; seen in all codes 
• Linearized Euler, bringing in compressibility and dispersion, show reduced amplitude for both 

• Simulations with Boussinesq equations using AMR, for impact craters 

• Need better initialization to prevent small waves moving in wrong direction 

• Solve Boussinesq equations via splitting.  is it more accurate to solve coupled system 
when patch levels at same time?   Can second solve be eliminated?  What is right model? 

• Switch to SWE when close to shore. How much impact on inundation is switching criteria? 

• Tonga data for validation?

Future work


