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The deep learning revolution (recent examples)
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Deep Learning
The story we all tell: deep learning algorithms build hierarchical models of input 
data, where the earlier layers create “simple” features and layer layers create high-
level abstractions of the data
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[Lee, Grosse, Ranganath and 
Ng, “Convolutional deep belief 
networks for scalable 
unsupervised learning of 
hierarchical representations”, 
ICML 2009]



This talk
We can replace traditional depth in deep 
networks with a single (implicit) layer 
• Simpler architectural design
• Vastly reduced memory requirements
• Matches or exceeds accuracy of 

comparable fixed-depth networks

Offers a new perspective on what deep 
networks are “really” computing
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[Bai, Koltun, Kolter “Deep Equilibrium Models”, NeurIPS 2019]
[Bai, Koltun, Kolter “Multiscale Deep Equilibrium Models”, NeurIPS 2020]



From deep networks to DEQs

Traditional network
𝑧
𝑖+1

= 𝜎(𝑊
𝑖
𝑧
𝑖
+ 𝑏

𝑖
)
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Long history of related work
Fixed point iterations and other implicit layers 
have a long history within deep learning
• Roots in recurrent backpropagation 

[Almaida, 1987; Pineda 1990]
• Recent advances in recurrent backprop 

[Liao, Xiong, Fetaya, Zhang, Yoon, Pitkow, 
Urtasun, Zemel 2017]

• Similarities to Neural ODEs [Chen, 
Rubanova, Bettencourt, Duvenaud, 2018]

• Modern usage in Trellis Networks [Bai, 
Kolter, Koltun, 2019], Universal 
Transformers [Dehghani, Gouws, Vinyals, 
Uszkoreit, Kaiser, 2018]
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DEQs in theory: “One layer is all you need”
Theorem 1: A single-layer DEQ can represent any feedforward deep network

Proof: “Stack” all hidden layers together, and let 𝑓 be “shifted” application of all 
layers (important note: just for theory, not what is done in practice)

Note: in practice, use 𝑧⋆ = 𝜎(𝑊𝑧
⋆
+𝑈𝑥+ 𝑏) with dense 𝑊,𝑈, 𝑏 (of larger size, 

to make # of parameters equal across networks)
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DEQs in Theory: “One layer is all you need”
Theorem 2: A single-layer DEQ can represent any multi-layer DEQ

Proof: Two equilibrium models can again be represented as a single equilibrium 
model with layer again “stacked” together

But doesn’t address … existence of equilibrium point? uniqueness? stability?
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Implementing DEQs
In practice, use a single “cell” rather than a literal single layer

𝑧
⋆
= 𝑓(𝑧

⋆
, 𝑥)

Forward pass: Given 𝑥, compute equilibrium point 𝑧⋆

Backward pass: Compute the gradient through the 
equilibrium point

𝜕ℓ

𝜕𝜃
=

𝜕ℓ

𝜕𝑧⋆
⋅
𝜕𝑧

⋆

𝜕𝜃
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The DEQ forward pass
How do we compute the equilibrium point 
𝑧
⋆
= 𝑓(𝑧

⋆
, 𝑥)?

We could simply perform the forward iteration: 
initialize 𝑧

0
= 0 and repeat

𝑧
𝑡+1

= 𝑓(𝑧
𝑡
, 𝑥)

… but this is quite slow to converge in 
practice

Instead, can use (any) accelerated root-finding 
technique, e.g. Anderson Acceleration 
[Anderson, 1965]
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Anderson(𝑧
0
, 𝑓,𝑚,𝑇 ):

For 𝑡 = 1,… ,𝑇

1. Solve the optimization:
min
1𝑇𝛼=1

∑𝑟
𝑡−𝑖
𝛼
𝑖

2

where 𝑟
𝑡
= 𝑓 𝑧

𝑡
, 𝑥 − 𝑧

𝑡

2. Update:

𝑧
𝑡+1

=∑

𝑖

𝛼
𝑖
𝑓(𝑧

𝑡−𝑖
, 𝑥)

Next iterate is a linear 
combination of previous 

function evals



How to train your DEQ
Compute gradients analytically via implicit function theorem

Use Anderson acceleration to also solve the backward pass indirectly, without 
directly computing/storing the inverse

13

Known via “ordinary” automatic differentiation
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More information on implicit layers
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http://implicit-layers-tutorial.org

http://implicit-layers-tutorial.org/


Language modeling: WikiText-103
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Transformer-XL
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DEQ-Transformer
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70-layer TrellisNet DEQ-TrellisNet Transformer-XL
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DEQ-Transformer
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Transformer-XL
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For visual networks, layers also serve as multi-resolution representations ⟹
multiscale DEQ (MDEQ) maintains multiple spatial resolutions simultaneously

Multiscale deep equilibrium models

16[Bai, Koltun, Kolter “Multiscale Deep Equilibrium Models”, NeurIPS 2020]
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Citiscapes mIoU
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Visualization of Segmentation
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20[Winston, Kolter, “Monotone operator equilibrium networks”, NeurIPS 2020]



Theoretical/algorithmic challenges for DEQs
What can we say about the fixed point?

𝑧
⋆
= 𝜎(𝑊𝑧

⋆
+𝑈𝑥+ 𝑏)

In general, a non-linear dynamical system, can 
be difficult to establish existence, uniqueness, 
and stability of the fixed point iteration
• Unlike e.g., Neural ODEs where 

existence/uniqueness is guaranteed by 
Picard’s theorem

Monotone operator theory provides a useful 
framework for analyzing these questions
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Key result
Theorem: Consider single-layer DEQ

𝑧
⋆
= 𝜎 𝑊𝑧

⋆
+𝑈𝑥+ 𝑏

Then there exists a unique fixed point of the system provided that
1. We have 2 1 −𝑚 𝐼 ≽ 𝑊 +𝑊

𝑇 (in positive definite sense)
2. The nonlinearity is given by 𝜎 = prox

𝑓
for some convex 𝑓

And resulting network has Lipschitz constant 𝑈
2
/𝑚 (no dependence on 𝑊

2
)

The result comes from the fact that the fixed point can be viewed as the solution 
to a monotone operator splitting problem
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Proof sketch for simpler case
Proof: Consider the iteration

𝑧
⋆
= 𝜎 𝑊𝑧

⋆
+𝑈𝑥+ 𝑏

with 1) (1 −𝑚)𝐼 ≻ 𝑊 (𝑊 symmetric), and 2) 𝜎 𝑧 = 𝑧
+
≡ ReLU(𝑧)

And consider the (strictly convex) optimization problem

min
𝑧≥0

1

2
𝑧
𝑇
𝐼 −𝑊 𝑧 − 𝑧

𝑇
(𝑈𝑥 + 𝑏)

A projected gradient descent step for the above problem is given by
𝑧
𝑡+1

= 𝑧
𝑡
−𝛼 𝐼 −𝑊 𝑧

𝑡
+𝛼 𝑈𝑥+ 𝑏

+

which is equal to above update for 𝛼 = 1 (and fixed point at optimum).
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Monotone operator equilibrium networks
Are prox operators good nonlinearities?
• Yes [Combettes and Pesquet, 2018; Bibi, Ghanem, Koltun, Ranftl, 2019]; 

e.g. ReLU = prox
𝐼 𝑥>0

, tanh ≈ prox
log 1+𝑥

2 , many others

Is it realistic to assume/require that 2𝐼 ≻ 𝑊 +𝑊
𝑇 ?

• No: will be true at most commonly-used random initializations, but training 
will quickly cause this condition to be violated

• The trick is to parameterize the network in a way that enforces this condition
𝑊 = 1−𝑚 𝐼 − 𝐹

𝑇
𝐹 +𝐺

𝑇
−𝐺

for linear operators 𝐹,𝐺 (which can be e.g., convolutions)
• In practice, performs worse than “normal” DEQs, but provides a useful 

theoretical setting for analyzing equilibrium models
24



Advantages of monotone operator formulation
1. (What I’ve stated already) By parameterizing the DEQ in the manner, we can 

guarantee that there exists a unique fixed point 𝑧⋆ = 𝜎 𝑊𝑧
⋆
+𝑈𝑥+ 𝑏

2. We can use more involved operator splitting approaches (e.g., Forward-
Backward-Forward, Peaceman-Rachford) to find the fixed point 𝑧⋆, which will 
be guaranteed to converge (linearly)
• Note: more complex operator splitting methods like Peaceman-Rachford

require that we invert the operator (𝐼 −𝑊 ), which is challenging for e.g.
convolutional networks, but can be accomplished via the FFT

3. Backward pass, via implicit function theorem also has operator splitting 
formulation, can use this to also derive efficient backward pass methods
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Initial study: CIFAR10
“Simple” multiscale network:

𝑊 =

𝑊
11

0 0

𝑊
21

𝑊
22

0

0 𝑊
32

𝑊
33

Similar tricks to enforce PSD form of 
𝐼 −𝑊 , and compute inverse via FFT

Fixed point computation using 
Peaceman-Rachford algorithm
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Additional points on monotone DEQs
We can bound the Lipschitz constant of monDEQ models by 𝑈

2
/𝑚, which 

allows us to, e.g., build networks that are more robust to adversarial pertrubations

Can use similar techniques to bound Lipchitz constant w.r.t to weights of the 
network 𝑊 , use this to obtain generalization bounds on network

• [Pabbaraju, Winston, Kolter, “Estimating Lipschitz constants of monotone 
deep equilibrium models”, ICLR 2021]

Can also relate fixed point iteration to mean-field inference in Boltzmann machines
(multi-layer Markov random fields), provide sufficient conditions for global
conference of mean-field inference

• [Feng, Winston, Kolter, “Monotone deep Boltzmann machines”, under 
review 2022]
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Final thoughts
The output of deep networks is often (rightly?) viewed as a tangle of arbitrary 
operations, with millions of parameters

We can alternatively formulate them as solutions to (simpler) conditions, i.e.
equilibrium states or solutions to monotone operator splitting problems

Offers insight into the nature of deep networks, and works as well as traditional 
deep networks (for non-monotone DEQ case)

A return of shallow (implicit, structured) learning?
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Papers and code at:
http://zicokolter.com

Also see:
http://implicit-layers-tutorial.org

http://zicokolter.com/
http://implicit-layers-tutorial.org/

