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1 General Relativity.

In contradistingti-on with the Flewion's abaohibe space and tame, snd in gener-
aligation of Gpecial Relatimby, a spacetiov of General Relakivity @ sy diffler.
wabiable mandfald V¥ endowed with & peands Blanassdan matrie g of Lownks o
signatee Watdm @ tobe | v otk A tamgent wobor X to Vb dmdis
X X < 0ol W plX Xy 0 cauweal i g X X} 20 The shanifeld ix
wisally o dinsndicn far, but highar drerdsons wrd Being sordbdised in U
wrn of walcation of grovtalion with the ciher fundumental Soce of ralure,
electromagnetiom, weak and strong sderactions. The physical e marked by
a clock s elapsed| between e cwenks is the ¢ Benggth of She timefike trajectory
followad by tha thoelk



5 Cosmic censorship conjectures

A ww phencanenan, legdy weifed by cheorwbon teday, is the omtens of
hluck heolen, pradeched by thd Schwermdhdd sclution of Uhe Eiraban squatioos
whach model Uy grewmbabioca] Bald satariar to s spharically idmametns bady

n Sarep =

'—:l Lir® +r2ggt Bl
Thiough the metric can be extmded o @ smocth metric o v > ©, no ansal
line can escaps ooy e inbekor v < B, e bomdary v B oull (a2
charpterstic Fypasorfon caled horeon), The sirgpolaiby st 5 D et
Be woen by & for away obsewey. Perse bas fondated the conjectee (weak
s crdorabip ) Uhik B oy aodalendd o Wik b ¢ alled] " nakoes] g dsrifien”
i% b gerdie peopertion of phpically realinhis Fieafelein i e iivw
Tha lpcing cosiori: msdribip conpeburs [which in Ml e ot mply D
weak one] abo orjgnates from Paoote sy thet the gobally hypesbolic
Ewrstemdan developmens of complete, gereric, phosically realistic iratal data is
ipsnderchibde, owen as 4 Lorentmon marifold The maximal globaBy hyperbolic
Teh spacating, 2w v o) acndibe tn 2wl & e ok emple be
stroeyg ol eddseship, bt it s wos g, dos to it spmemstry group.



The validity of the coemic oemship oomjarbuee Bas bees stodied in da-
taal foo Eiratomr equations with sowes & salar Beld, by Chestododow in the
spharically symonetric e, with W 7. Ha hio sEown that for sraadl indtial
duts ie g ner o the Beldan mebbe, 5 e U o oowdl i e scalar
fiacd it i fuit i, tha alobally byparbalic Erateinian duvlopment is an oot and
complete. For Targe wnitial data Christodoudou o the exifence of & global
penemabaed sofution, and prows that & may deveop naked cendral sngul anibhs,
Dk o slrgguiloriies dre et abl woade small veelations of the dota.



i Hesults for global existence (Vacoum case, n=3).

symptotically Faclidean space manifold,

Cleisbedoalos aved Mlabo iven peowad [1983] the ovstans of fubiore awd
Pt coegpdete vaowen Bleskoiv e devwdopmants wikh istbial data oo B e
to the Minkesskiaon estial data A shortar poroef, weing wow cocedinates, his
ben giwin By Lind W sd and Rodnianski 2004 Prévicaus reta by H Friedrich
1353 jarcrvind tha 4 dencd of Tuburs cosrgilets dirvelojminks af initial dala cn an
u}rup'h:ﬂﬂ]];rnu]]h‘pnhnl:ld vsirsg his confoemal formalation of the Eirstan

Theze resalts showw that & compectuss of Birsten, that bfekowski
spasckime wee the Bl an  sofukion of the wes-
w&uuwﬂn& m:ﬂr&ﬂw Lh:m;&.m“t&n st v M Hha-
Cindea.



Commpact space mmanilold,

1 s comjecturad, and partially poowed, that thie mardfeld T« B with the flat
rastnic @ i caly fuure dnd past complits Birabeiiin spasetion: it is axpectad
that theee Wil garscically sxist & adsgularity e oed tow draction, phiacally
in @ ficibe past, the by Bang

Various posalbditie axist foc the fubae.

Thae future cormplete odastence hae bean proved in the follosang, »aosam case:

SSpace T il T spereretey, withoot omallees sovenpbicn oo the ivdtial
duta [Berger, Chrwenl, lsabig, Mo 1997

SSpace M & prncpad fike busdk M — E with groap aned typwed fibe 71}
andd Basis B, & 2manifiad with geees grate Ben 1, with ] parasabe specdike
incretry group deficed by the scleom of 1) The initie] dils &m suppasd Lo
be neme wekial data of & fak spastime (poansed cae, ie. ochiz
trajfedories to pofacs I ow {1, OB -Monovef 2001, gemral case, TF 3004}

= Imitsal data eeay wetial data cbtained by guotierts with discrete mometrizs
of @ oo of Miskowsld Soene time [Avdurison - Moo 250040



T 8! symmetric vacuum Einsteinian spacetimes.

Theonggh aur peoad is valid cely for sevall daba, he Fature conp ke e legs
darba 18 s open ousstron which may have o posdfiive arowsa

7.1 Egquations

A sposetime (Ve Mg is said o possess & spacdike 5, ie T(1), sometry poup
Vs W u R oand M iz an §' Bber bunde ove @ pxface B (then Ve & an
E fiber bondie ovse Vy 8 x K and Wi i Dieariant eedker the action of thi
mroug 5 Then, i e beeal brivialeotive of ¥y bl moetie seads

Mg g Fg e VAR A, 713

wisand oy, Py, A aré respedtiedy @ stalar, @ Loratein metric, and the nepea.
sarbunk of o 5 ocecncction 1 S all on W

Rraghtforemd calculation ghows that the wormm Bretan spaiione on
Wy, Bicaftg) & imply that ke covabues F o d4 of tbe §' connection id
such that:

die* B {72
This sguution @ saved by siiing
F ot 'Tidu 73

ar iF a scalar Funckion on Wy called the Swiat potendial



The Einstein aguations are then eopu vakent bo: =3
1. The pai (r, o) satife feaem (1 iete B
fei ]!J.EL[I:..F']]. a4 ware map squation (Ve Flg)

Pz Hdrd « (120 Y] T

2. The Loreniesan metrls Py satiufes the Birstorn equations on Ty with
Borte Hhae wave M

Riccitly)  p= Pifumia) {75}

In 3 space dmersions the Riscl Wrecr i Hoearly eguivalert & the Bhmann
b, one saore soematarmas bhat the Blcdtan equatioce in 2+ ] dimensions are
vt dymamical Hewerws the erps walkes of the resbution of thise 241 eopuations
with thie rescdution of the corstraints on ead speodike soface L depends on
tha Lepekagy of B I i1 can T abown Bl the mooluibon of Ehe cordlreels
i e gurfese By for Tha dnchiced 2 - mwtree g and axbigde cumalors & g
that the prapetins dn B, and The oused profedisen on B aed the neeenal Lo
I, of the Einstein equatiocs 5.8 aeeoo The Planch i dertities show ke that
the projection o Z; of Bicci®g) e braccies, and alao tzanseass, that is he

& wardahivg divesgencs in tha metmic g of By e the cee of o ssenpact aorfas
E, the spase of sodh Btersor felds, called T7° tersoes, & Aoibe demansoeal,
iscmapbd e b the spae of el of sardemally ooyl vakent pratebes o B, called
Tuchencllir s, o mandold dlecmanphic Lo U F =, G bhe g of
E Ok bha sphare [ ) bhire are oo TT barades, o0 th Bons (7 1) Ueire
ae ¥ lnesaly indkependert T tensces. In bEe case & > O soomi equakion oust
be added to the coesbairds bo o e the wethoaton of the full 2 + 1 Brsten

et



W mowai oy the oo witvard: M 15 compact and & o 1 Wk fmd thers that the
2+1 dirensiona] Ensain aquations are epava bt to

i Mﬂmmmﬂ,_mmmuwmmu&rmﬂmm-
vk ks gy = My, with oy stene ¢ depercland Riemasoden metrie oo B Qe
firuds thal the coratraisty are equivalend be o sem@nee dlipbic apten o sk
E;. which determnines ¢, and &, modalo geoge conditiors equvakmt to dliptic
Em:wa;:ﬁm.ﬂ:}mtmmﬂdnm‘u'E-nnnm&:t.lt
ek = it

':Eb. I, eopaabices for tha tiene svcluotice of the wofermed geamby of
(B, 4]

%.2  Local existence theorem

The formmulaton geen sbore, and known theossmme for allipbic and hyperbalic
wquationg, lad bo tha followsng Sonen

Theorem 7.1 1. The Csachp dsts on B, ama o O medwms oy and s TT fompor

o, Legether nith soaler fonotions, (pp.an) “ng  wllpo) € Hyoig @V 1Bt

Hy. Thea these eriity @ sohafinn af ghe B0 Bindtein -mase wdg orsatiens dm

Eadly &b+ &) takng Phese Dhachy duta, 3fdy and &y dre sl evomph
£ Therrsmly 4 comraaponiing, sEcawts, ) ymmeteic Sinsdenin spacskime

af e kol defa safisfy an misgrmalkbity condiion for e comibrecion of A,



7.3 Global existence

We hawe denoted by ¢ bhe mean extriress oarature of B, Hemoe L opande
whay 1 inchiase Enam Ty o 0 Do sore. St r 1 areases froem ty = 0t
iefnty, B, collapess whees f basds bo sors W choesge thie fature o b the o
panding direction The spacelicns vl manifal s oepalar®y & the eonlracting
disecticn, thal & whant o« ! b B o

Thea Tubure global dxistmncs @ peoesd e tevall dala by wing the Juaaical
methods of ewergy estimates and bootstrap . A dfficulty arises due o the fck
that the metric o, wed in eliptic estimates, 15 (el an wnknoen which must
be sbown to be wfiraly equvalet to it mkie] valee  The prod of this
eqivala reguines the fredietion of erracted e

Enar gies el imate,

Ot et the fiwat margy by using e H sl bond an conatrent of the 240
Ewnebein squations. Ona darctes by & e rocdess part € dpr of &, and o
sk

= Ejt) = Jf;iLD-I‘+h'P + 3Pl

Foar thee seccnd anir gy, whioh Bas novo Bvbous phoysical e s, we tade o woal
sisord snury of @ s mag, & et danoling & s comirian dertise

=m0 = [ QA"+ DY e,
Hlipkic ssbmate daduord lrom e @ebrent and gauge speelsed. g

1
I EEITIE" <]+ 0 s+l

DL N=Cpalet+ ),

whare the Up ; dencte poslbive contivesos furabiors of an 4 peiced Bound of
A+ iy wnad o Wi dorniin of o in Teaberalar gace



Wawe map etimaben give thee the equalities

4 1.
SEW v Lmr-’hiw o

iy
% FrER rimwphﬂ

whard £ satiafy the squalky
|81 = O pie +u P

The obtared bounds e wot sufflcded to show, wig the ODE, that o,
profects on 4 bossdked nibset of Tadhomilkr space



Coameeted energies.

I cbbain bourds o the domain of &, we reed mot andy Bourds. on aneagies,
but decay This decay b prowed by egploiting the egaties (Bon definibe)] b
it the srvir i inegualities. Cine sets

ity Eft) -r_lLt‘-: 'y

whare w s ERe mean value of u, namal

B p?::rt—l-‘i:_:'%, &= [, )

El) Eluﬂ]rm}:‘i!l..t'lfh

T can be sbewen that, for apgropristey chosn o, the quastity Ba ++ :'B'.:.“
Bt e total gy o + 6], and that qlipki eshmstes kad o
for bha corzectod g, which mply the following decay of tha botal et gy

et g FMet teilte), £ 0

Thus decay, init ton, mmplle 2 bound of o, The coafficint W in this weguakty
depanids on the a priot bounds Op ;. A bootrirap angument shows the decar of
thie total e if the wotsal total emrgy is soall encoghe The focal ocstenoe
thecrsen bevomes B a fabure global edstence thaceem, for & £ & < 4o, o
small initial data sy el fe The obtained spasetimi can ba s to be fubore
etraplile

Theorem 7.2 Theve exiets o fafsr complefe sooawm, 5 ppmrsefric Emptemaan
Epacedime cormapondmg do Be Cucky dafomg, g, o smanik metric gnd TT deme
w7, and e faaiang [Tk slis ) f My oay o (0 e dadis, ) @ Hy
i all ghese Panctions ere smodl enoash M narms.

Progpross sbeut bha global evickoseg for Lirge initiel deta of wese omps fran
8 241 dmerascnal mandeld inks 4 space of repalsw favature willl span e
way ba the remova] on this smaliniss Fpotiass.



2 Einstein eguations.
A spestime [V, g & called BEiabeidan i (s ik setaes the Brated aua-
biare
Ewmat(gl+ g T, 21}
whare Eimst{g] is the Erctewn terace, gven in tamme of e Bloo tensor Becfgh
and the scalor corvatare Kp) of the mabic § by
Bwutly) Ricely) gofia) e

A 5o msbe called the memologeal constant T pesme n the Batan
wpsabios, wnd its peatble vahues e wnder discussion. T i & synematnic 2-
temgor, caled the stross ovue gy tersete, whidh moddls all the moe gravibatiosal
rvir g, el e e Shrces. ik o bn vEcmen



& Behaviour near the singularity.

A gararal conjecburs is that the spes isbarecbos baoms nadighle as o
wprproschas B aingalarity Elroban equstiong. Beoume squivabinl U tha DTFE
atrkunad i dropping spacs dirivabivig in Yhicy sqaiticeas A sclulion to thiss
ODE ii called a VTD (Vekety Torme Dommabad] solubisn Sush & slulise
ic called erixrraster, of BHL (Bobnsds, Malabikow, Lipsbits) f & shows soms
kind! of cecill atory befsawonr when apgroaching the singolanty. Woek based on
M ard oo an smetheds (Dramonr e al | suppodts the sonjeciurs of o generic
BHL bebuwow e spacs bmes of dinedgan € 10 The singolarity b calld
AT (Aspraptotic Valoaty Terms Dordnatad) o the tfall Buaten squatioes
wdmit a sofubion which ends asymptaticaly to s gwm VI solubion as o
approaches the smgd ariby. AT behaior hae bean proved, by using Pacheian
Evpe enpoabiona, For classes of 4 dirsined-onal sp e b with souree {Andeson:
RenadedTh oo with (N1} bosmeby groy (08, honbe g, Mooy,



9 Open problems.

Aornoeg thi apes problios s Be rigerous matberatical sty of the poasible
dmsillabing Behavous of Uhe spackberee riir bha Big Bang

A prablim foe 51 ayrenbne spacitinee with AVTD Bebavicur, ks o makch
thi seluticon dedocsd from & VI goven sclution with tha fubirs comnplits slu-
Eion

T fiskure ewohution probley for arbityary indtsal date and foom abon of an.
Ealarites togetber itk Eha wer i b of the soars = sarserabe com Bl ard
atill asgady cpen, in spite of going on reneckable progrsss meds by ot
matbatatises using rafiead e batheiues



The Bk identites smply that the wwariset diverpano: of the Birstan
tersor i idadicaly saro. The sowroe tenscr T Has covamiant diver pesse s
wheen e Sounced Rabialy The relivard sguaticn Maowsd] and Yarg - ME05 s
tiare S dictromagnetis and othat fondarmsrtal inbicactioes, or appropetate
ot wlicn equations i tha case of mMacroeopls Mt souros. Thise e
Lo

vr oo {23}

ks bhe spatemn of souations 21, 23 coherant. They Srgly in particular that
et partiches follows gecdimica of tha malbriz, the Misbrating By Lol sqew-
liwea ol irwrbial Farci and gravitalion

W Eha soures T & krcan, Che Eiralain eguebicng dre a Sraleen of Guid-
linear partial dferential equations of the second ceda for the metric p. Thae

gpsations are geomatess eguations, wvariant by diffecmorphisms of ¥ Thair res-
alubsn tnvalws masy probom lxkoed with the thacey of Both bypeebelie and

alliptie partial differentiol eopmtions an manifold



1t s still bedicwand by the majority of physicsts wnd astronoras that an Bin
staimian manidtld, ewerually of deveresrs gasta than fur, model the cos
mes ab el asdis Such mardialds modd e privoival erssse ebir thi Planc
tima {abast 0 9 seearck].  Aawrnptalically Bodidean e space Firatenian
rardflds are wed e sody the makion of twe bolated graviteticg bodiea. A
repremTiation agreang with obeevations of the whole cosmos by an Einsteindan
mamfold & & subjed of adree debate, mnoe, o spite of pedacda woges in
trerevmieal chasvations sBl Hithe b keowrn about cur oedwrss e a
It Bas become waid be ol ®osmelogeal” thow Brsterian specetines whick
have aompack spascihe setions. Hovmwe the samas we bve b may well hawe
nén goanp et spacelibe seticrs 1L o kgilenate for the mallemetcie Lo hops
that hie study of all poeible madid with arbitrary topalagy will have aome
relevamoe boplysim. This opens a vast bedd of ineeshigations ke the mathe-
matioan, whee remarkable conjectwes have beem proposed. Mang mesilb hawe
bem obtained, sometimes reprsing, but many fundemental guestions rerain
EOT



Amoeyg the most fnberesting goestions debated today, are the guestioss of
the Eegining ard the eed of ow wawese It is geecrally Belicwed that it kad
a biginning, Bt modirn atronormars bl oo bhe Bagisoing we & big bieg,
that @, for the mathematiciss, o dngdarby of the spasrting  The ulisate
tubire futs of thi coimds we e o canncl row really Ba peidictad, i spite
of the meost recerst ofmervation data For the ovathematican the orstion & of
thae fuare global exstnee of a solotion of the Blnstein eguations. itafing from
iestial daba  Shess the oceomes s both o phpessal and gesemteical ohjeet, the

naome Lo tial data® eecuires soerm thought, o well as the woed “global”, dnoe
the alepeed Hrae dap ek on the trajetory of the ohsrse * (lokal™ & assally
Lidin e ™ canphabinans of ool geadiass®



3 Caochy problem.

Tha Bnstein eguations an ootz squations, @ prope Resnalabion of thi
Cauchy preblim for U squations @ abo peardire. O the cthir Band soa
dapeits wlubkved of Bt squaticng, o Jeascsl, ron gquanburs, Reld thaory,
b rapinct U paletywabic suusaliby prirciph. The corraponding spscebimes are
globally hypebalic, that is (Leray] the set of causal pathe joirang two polnts iz
pompadt in the Frachet topofory. Tt Fus been poosed by Gaoch that gobally
hepperbalic spatines | M, @) are tapalagical pradosts M =R, with sach 8 = (T}
icbersectid aroa by aick Dnedardible toedike oewe Juoh sobmesifolds are
called Cauclsy surfams

An inital datwe set for the vapeen (T = 0 Besden squations iz o tripht
(M, p. K} whime & & an wedimemeional manidfeld, g a proparfy Remasnian
maetnic andd K a symmeebnic Bbmaor oo M. A developramt of an mathel data et
is an &+ 1 diveeetenal masold ¥ with o Lososfotn mdtno g sl that W can
be idertified with a sobmeedold of V, g & the metric induced by g o M and
Kt idantifed with the ecticas arvibore of A s psbnenald of (Vog) A
duvaloprnant is sl Einatainian if Lhe pralric g aliales the Einilain squatisen



ot raulnd 5.
The Cauchy data cancct be arbiteary, thew must satafy, on M, o scalar and
 weh o egpnabicen, called ceatraindy; in veum

Rigl KN & |Trace KT 2, =1}

Dupkl  gudX 0 o

Moduls some arbutrary daka, represending in 2 vague seroe okl radiation deta,
th eoetrects can be put under the form of @ somilinear dlipfic satem. B2
reacdubion i fanly complebe for compad or evopictically Budidean manafolds
with small Troce K.



Evolotion,

True to diffecenar phi sm s iroariane, the seliakion et urdaos for tEe anatyat.
I cdebirrmination depicd on o cheiod of geoge Whas the Jocel coordirates
antifly tha wars egoakion b tle spastivne orafele ¢ B Protan eguatsos resd
i epsani ch gl syabarn o glssdlivsar wae aouations for Ehe ecmpornsnts of
g, omdratc in fimt derivatives of g

#
Rt GVNE B 6 A gm =5

Tha cocrdinely tondibiong acd the wealranls sd prassresd By such swobataon,
dus to the Biandks iderkibies.

Thieowwin 3.1 [leeal sistence, podmiERRs BRigachess, adcatm oase) An
engtal dats set fo, ) € HJ w P 5 o B+ 1 sodinfing the soastvodnts admits
a plalully hyperbobc Emadenie dedoprient, wnijes [(ap o fomelme) o the
elirs of warimol glxbally hypedo e Srsdeinss deselpnent (OF and el ),



4 Obstructions to future completeness.

Tea Hawkicg - Parross aispadariby thiorens, i the srvalia, Qv visious oo-
diticrs usekir which the micdmal fubee Ersteickan desalkgommt of Teadhe
tatw 15 incomplits For Brvaldon or ll geocha @, whin the sourcis satioly soms
ol drar gy Bapotheais, Batwoes grawbabion o Char abbrectien i thardfors
has a terdency o foous the timekke, oo mall, peodedcs (Faychauduri iragual-
by, davived feom the Jaoobs idendity sabesfied By the seoond wariabon of the
wre leryrth in & Larerdeian masifeld with Alest torssr soro o satisfping some
postivity comditice) A saople of thi hypobhees mads e these Beorays i

1 M Bies g coestost positiee e axfriesl suswabue

o

2. The initial 3 » marafold M conkaing a ckesd Gapped surface F, that iz
Ehire acits an opxn o sk wely compssk sot in M whose Bosndary 7 @ sach that
ooatigoig ol gecded e ot poimks of 5 e oo Eieg

The pecblan with tha appdoation of the second singalarity theeam to thi
Frobed axblencs of & solubion of B Caucky probles b that il B el ko boaw
La esnlral Ui forriation of a Crappeed sl e gerseh: inbiad dats



