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(2) Gaussian orthogonal ensemble (GOE)—an
ansemble of N = N real symmetric matrices
M = MT = (M) with probability distribution

Pr(M)dM = fe "M  ans
_ —1rif<
= -Z%e I 4My.
kel
traf? — trv (M), V. R [, IiI'I'I._m|_,ﬂ= Viz) = oo =
general Orthogonal Ensembles. .
And of course, eig@'s AM(M) =--- = Ay(M) become
random var's under GOE
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We say that a system s modeled by RMT 1T it
behaves statistically like the €'values of a “large”
(GUE. GOE,. .. » random matrix

There is something known as the standard procedure;
suppose we wish Lo compare some statistical
quantities [« } in the nkhood of some pt. 4 say with
the e'values {A;} of some matrix in a nbhood of some
anerdy E, say, then we always

center ap — a — A, Ap — A, — E and

scale ap — G = yalar — A), 2 — A =il — E)

0 that

E{+# ofa,'s/unit interval} = E{# of Ay's/unit interval} =1

So whenever we compare some phys. /math. system

with an figenvaluse ensemble, wea'll always Tollow the
standard procedure
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VWe are interested in 2 particular statistics Tor GUE
(there are similar formulae for GOE, but we won't
write them down). Let @ > 0, and define the

gap probability

Py (8) =P{M < GUE . M has no &ig's in{—8,0}}.

Let <y be the appropriate scaling for the standard
procedure

Gaudin and Mehta showsed that Tor u = O,
lirm Pﬁrl::yr"ljlw] = det{l — Ky}
Iy =iy
where K, denotes the trace-Class operator with kernel

_ sinw{u—w)
Ky{u,v) = W
acting on LZ(—y,4).
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Regarding the eigenvalue Ay{M) at the
top of the spectrum of A, we have the following
result. of Tracy and Widom:
Ayl < 1}
o—1/2p—1/6 —
= F{t) {= Tracy-Widom distribution)
— S Ge—t)ule)” -:[5,

lim P/ M c GUE -
Py dd,

where w(s) is the (unique, global) solution of the
FPainlevé 11 eqn -

u''(s) = Eu{sja + su(s), u(s)~ Ai(s) as s — Joo.
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In addition, we note the characteristic feature of GUE,
GOE, . viz repulsion

P, e Ay dh = e [T 12— A5 dA
o

1 GOE
2 GUE
4 GSE)

a
a
f
Thus the probability that two elgenvalues are close s
small!
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C. Examples of mathematical /physical systems

(1) Consider scattafm? of neutrons » off heavy nucha,
such as Th3< or U
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Rahn et &l Meutron resonance speciroscopy, Fhys Bev, O 6

(1972}, p. 185T
CJuestion. How does one model the resonance peaks?
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(2) Here we consider the work of H. Montgomery in
the early 1970°s on the Feros of the Riemann Zeta
function £{s). Assuming the Kiemann hvpothesis,
Montgomery rescaled the Imaginary parts

y1 <42 <. of the (nontrivial) zeros {2 4 iy} of {(s),

- _ ilogy

T e

to have mean spacing 1 as T — oo, |.&
g XU 2L Ty
T —oe T

For any & < &, he then computed the two-point

correlation Tunction for the 3,°s

Ffj —_

#{ordered pairs (G, j2), 1 # j2 © 1< g1 iz < N, ¥, —5 € (a,B))
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He showed, module certain technical restrictions, that

1
Ria, b) = ,}Enm ﬁ#{ﬁrﬂ&rﬂﬂ pairs(fi, d2) i #= 52 °
1<j,f= Nr%}'] _:I-"J'*z < {a, B}

axists and is given by a certain explicit formula.

Cuestion: What formula did Montgomery obtain for
R{o, )7
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(3) Card game-patience sorting

Consider a deck of N cards numbered Tor convenience
1,2, .... N Shuffle the deck and play the following
game. place the top card... = #F of piles

=gy = gquiw). m €8y

Example. consider N = 6. After shuffle » € Sy
suppose we get 3,4,1,5,6,2. Then, sorting

1 1 1
3 3 4 34 3465 345 6

and s0 g;(w) = 4 piles

L =
P B

Equip Sy with uniform measure.

Cuestion: How does gy{m) vary statistically as
N — oa?
i



(4) Buses in Cuernavaca, Mexico

Ihere is a town in Mexico called Cuernavaca (pop.
~G00,000%. No municipal bus system, but individual

operators. Polsson phenomana, bunching and long
walts, What to do?

Hire observers, tell drivers to T o | = steady and
reliable bus service! Citizens of Cuernevaca pretty
pleased with their bus service. Recently, 2 Czech
physicists, Krbdlek and Seba, went to Mexico to
investigate Took data for ~1 month, on Route 4

Cuestion: What did they find?
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COutline of talk:

A. General discussion of universality

B. A mathematical model random matri< theory
{RMT)

C. Some physical and mathematical systems

D. Solution of C.

E. Mathamatical methods



(5) Walker model (M. Fisher)

Suppose we have walkers on £ located initially at
0,1,2,.... subject to the following rules:

(a) at each integer time & one walker makes a step to
the left;

(b) no 2 walkers can occupy the same site ( "vicious
walkers" ),

{(C) the walker that moves at time & is chosen
“randomiy’ .



Example: consider the following walk from time £ =0
totimet =4

® TR - ST t=4
by . ® W =3
®oOx R t=2

1 b A S L f t=1

W W W t=0

-4 -3 =2 -1 01 2 3 4
Let dpy be the distance moved by the the O-walker at
limet=N. (Hered, =2

QUESUGFIZ How does dpr Dehave statistically as
N ond



6y Artec diamond

Consider tilings of the (tilked) square of size n 4+ 1 by

horizontal and vertical dominges, eg. fornd4 1 =4
1 1

o dominos contained in Lhe
_ - sUAare;

- o Fint1]/2 tilings:

o assume all tilings are
equally likely

Cuestion: What does a typical tiling ook like as
Yo — KT



(7) Alrline boarding (E. Bachmatl et al )

A problem familiar to all of us—how long does it take
to board an airplans?

Simplifying assumptions (can make modeal far more
realistic.. )

— 1 seat/row

— passangers ara very thin

- passengers move very quickly Bulk of time -1 unit-
Is taken to store luggage.
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Example. N = & passengers, order at the gate
(34156 2)
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D. Solutions of Problems (C)

The remarkable Tact s that all these syslems are
modelad statistically by random matres theory, More

precisely:

(1) scaltering resonances. after the standard
procedure. the probability that there are no
resonances in the interval {—x, o) is given either by
det(1 — /), which is the (asymptotic) gap probability
for GUE introduced above, or by its GOE analog,
depending on certain symmetry conditions
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(2) Feta function: the formula that Montgomery
obtained (modulo some technicalities) for the limiting
Z-point corredation Tunction Bia, &) for the zeros of the
Feta function was

Rap) = [1- (22} ar

Yo nr
As noted by Dyson, this is precisely the limiting
2-point correlation function for the eigenvalues of a
random GUE matriz (later Rudnick, Samak, Katz,
Keating, . )

(3) patience sorting: Py(m) = # of piles behaves like
the largest GUE eigenvalue A((M), i.e

P — 24N

Y < t) — F{t) = TW distribution

N—swa § N1/6
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(43 buses in Cuernavaca Krbdlek and Seba found that

the spacing distribution between buses behaves
statistically like the spacings between the sigemnvalues
of a random GUE matrix given by [ plu) die, where

plu) =£det{1 — K | L*(0,w))

and
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Iniegraled spacing density

The data. = '

1

M. Krbdlek and P. Seba, The statistical properties of
the city transport in Cuermavaca (Mexico) and random
matri< ensembles, J Phys A5 AMath Gen 33 (2000),
220-234.
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(5) walkers: dy behaves - see Forrester - like the
largest eig. of GOE

i.a, after cantaring and scaling 4y appropriately, it
converges in distribution to Fy(t), the TW-distribution
for the largest GOE eigenvalue (similar to F(t), also
involves Painleyé 1T solution)

(6) aztec diamond. rescaling as i« — oo, o — /41,
an archic circke emerges (Elkles, Propp €t.al)




A, General discussion

All physical systems in equilibrium obey the laws of
thermodynamics (TD");

Maost familiar — conservation of energy

Another law — so-called 2" law of TD™; tells us the
following:

Suppose we have a haeat engineg

W=work done Q,
= Q'J_ Qi
Q,

Temp.T, B ] am




Inside polar regions, tiing s rozen, while Inside
temperate zone it is chaotic

Johansson has proved that MNuctuations of Lthe archic
circle follow Tracy-Widom.

TW fluctuat ions

7 airline boarding. Again, after centering and scaling
appropriately, Tpy, the boarding time, converges in
distribution to F{#), the Tracy-Widom distribution.
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E. Mathematical methods
Many other problems: hexagonal tilings, condensation,
percolation, I functions,

Status of the problems.

{1} neutren scattering - eparimeantal /numearical
(2) Zeta Tunction = theoram {(modulo restrictions)
(3 patience sorting = theorem

{4} buses in Cuernavaca — modsal + theorem

(5) walkers - theoram

(6) aztec diamond - theoram

(F) airline boarding — theoram
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What kind of mathematics is involved here?

Integrable systems is the kay player;

—inverse scattering theory

—Riemann-Hilbart methods

—Painlevé theory, determinants

—classical and Riegmann-Hilbert stespest descant
meet hed

-Combinatorial dentities: Gessal



Intuitions: intrinsic probabilistic point of view
Baik-Suidan, Bodineau-Martin

Space of probability distribulions. natural arena.

Ly ERIAT

W

“Macroscopic’ mathematics?
—some systems/ examples isomaorphic, others not




Efficiency %o of the conversion of heat into work is

%o = W/Qy.

20 |law: if very careful, no loss to friction, then the
maximal effliciency is aiven by

-1
ﬂ —— e —
{90 Imax T

Mature is sal up 50 we can't do any better.

On the other hand, it is a very old thouaht

(< Democritus) that matter, hard matter like this
table, 15 built out of tiny constituents—atoms—obeyving
theair own laws of interaction



The juxtaposition of these 2 points of view
macroscopic world of tangible objects —— microscopic
world of atoms

= fundamental, continuing challenge to
scientists/philosophers, in particular

How does one derive the macro. laws of TD from
Lhe micro. laws of atomsy

Special, salient Teature of this challenge is that
Lhe same laws of TD' should emerge no maltter what
the details of the atomic interaction

h]



In the world of physics this 1s known as

UNNERSALITY

Caveat: physicists usually use "universality™ in more
restricted sense, critical phenomena with the same
scaling laws. ., but. .

Sub-universality classes. water, vinegar,_ .. obey
MNavier-Stokes eqns. . heavy olls obey lubrication eqns.




ntil recently, This kind of thinking not Commcn in the
world of math., Mathematicians think of Their
problems as sul genens, with special features. . Two
problems are the “same™ only if one can establish
some isomorphism bebween them . But in the last
few years, universality has been emerging in the
problems they consider. the goal is Lo ilustrate somea
of these developrments.

Mathematical precendents. central imit theorams—de
Moivre-Laplace: {x;} i.0.d., mean O, variance 1,

1t
IP(T Et) — N{0, 1)




B. A mathematical model: RMT

Al this point, many different randocm matri< modeals
are of interest. We will be interested here primarily in
2 ensembles

(1) Gaussian Unitary Ensemble {GUE }-an ensemble of
N N Hermitian matrices M = M* = (My;} with
probability distribution

Pr{M) dM = e ~tM? gnp

—-f —trihi= l_[ d”kk W l_[ dRﬂ'Mjk
¥ k=1 Ry

x T dim My,

R



If replace triM? = tri(M), vV R =R,

”mltl v ¥V {2} = 400, get general Unitary Ensemble:
"unitary” refers Lo invariance under unitary
conjugation.

Eigenvalues: A(M) > A(M) = .- = Ay (M)

Under GUE, {A:( M)} become random variables



