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Sheaf / De Rham / Dolbeault / cohomology

@ Sheat cohomology H""i X..
especially when JF 15 a « lhrl nt analytic sheat
@ Special case : cmhmnnlmw groups H( X. K) with values
in constant coefficient sheaves R=Z. 0. R. C
= De Kham cohomology groups
e {5 = O(A*T;) = sheaf of holomorphic p-forms on X.
@ Cohomology classes [forms / currents yield same groups|

v d-closed k-form/current to C — {a} £ H?*9(X.C)
o ¢)-closed (p. g)-form/current to F — {a} € H?9(X.F
Dolbeault isomorphism ( Dolbeault - Grothendieck 1953)
H*9(X. F) =~ H*9(X_.O(F)).
HP{ X, F) = H*9(X,Q% = O(F))
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Sheaf / De Rham / Dolbeault / cohomology

@ Sheaf cohomology H9( X . JF)
especially when F 15 a coherent analytic sheat
@ Special case : cohomology groups H?( X. K) with values

O = — g

in constant coefficient sheaves K = Z. Q. ®. C.
De Rham cohomology groups
@ % = O(A°Ty) = sheaf of holomorphic p-forms on X.
@ Cohomology classes [forms / currents yield same groups)
v d-closed k-form/current to C — {a} & H*9( X.C)
av i-closed (p. g)-form/current ta F — {a} © H*(X. F|

Dealbeault isomorphism (Dolbeault - Grothendieck 1953)
H*9(X. F) = H*¥(X.O(F)).
H*(X.F) = H*?(X.Q% = O(F))




Hodge decomposition theorem

o Theorem. [f (X

o Each group HP9(X.C) is isomorphic to the
(p. g) harmonic forms o with respect to e Aa=0

@ Hodge Conjecture [a millenimn problem! |.
If X i1s a projective .n'_jz-*!r.r.;.-;' manifold :
Hodge ( p. p)-classes = H*?(X.C) N H*?{X. Q)
are generated by classes of algebraic cycles of
codimension p with (J-coefficients.

@ (Claire Voisin, 2001) 3 4-dimensional complex torus X
possessing a non trivial Hodge class of type (2.2), such
that every coherent analytic sheaf F on X satisfies

B aln-o




dea of proof of Claire Voisin s counterexample

The idea 15 to show the existence ot a 4&-dimensional complex
torus X % /A which does not contain any analytic subset of
pasitive dimension, and such that the Rodge classes of degree
4 are perpendicular to " for a suitable choice of the Kahler
metnc ..

The lattice A is explicitly found via 3 number theoretic
construction of Weil based on the number field Q[i], also

considered by S. Zucker

The theorem of existence of Hermitian Yang-Mills connections
~ for stable bundles combined with Liibke's inequality then
~ implies oy(F) = 0 for every coherent sheaf J on the torus.




Kodaira embedding theorem

Theorem

@ X can be embedded in some projes P
@ X carmes a hermitian holomorphic line bundie (L. h) with

positive aelinite smooth curvature form 18
For £
IOy = 1kl = —iikitogh

ci( L) {%91 l‘r}'-

& X possesses a Hodge metric, i.e., a Kahler metric . such
that {w} < H*(X.Z).
I | = W P O




Hositive cones

Dehmition.
@ | K ahler cone L he L A i

'R
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s e

@ | hi p'.-.'l.:[‘lu r"H‘IE-":_'l!'-'L-' one 15 the set £ H-Y A
'.'.:ll'-'l'! FOE Y |_|'|"\--'"- | I 1 i closed] DosItne | irrents

I his i5 a closed convex cone

”1'.,' Lr o, ..:]'.'I!f'.i.l.!:'ur--\.-« i bounded sets of currents)

2 Alwavs true: A. C &

& One can have: KX C &

if X is the surface obtamed by blowing-up ¥ in one
point, then the exceptional divisor £ ~ P has a
cohomology class {«v} such that [ = E = 1, hence
{a) € K, although {a} = {|E]} € £.

(4] o - - » aue




Kahler (red) cone and pseudoeffective (blue




Neron Severi parts of the cones

In case X 15 projective, it s interesting to consider the
“algebraic part” of our “transcendental cones’ A and £
which consist of suitable integral divisor classes. Since the
cohomology classes of such divisors live in H=( X, Z), we are
led to introduce the Neron-Seven lattice and the associated
Neron-Seven space

NS(X) = H“YX.R)n (H(X.Z)/{torsion}).
NSg(X) = NS5S(X)=zR.

Kxs = KNNSg(X).

Eng = ENN5g(X).




Neron Severi parts of the cones




smplex manifolds / (p. g)-forms

& Goal : study the geometnc | topologica shemalogical

properties of compact Kahler mamtolds
@ A complex n-dimensional mamifold s given by coordinate
charts equipped with

= =

local holomorphic coordinates (2. Tl

@ A differential form u of type (p. g) can be wrnitten as a
SUm
H{:} = E J.a‘;p..i..‘!d.i; - -IJLE;-,,

J=p.|K]|=g

where J = (ii.....Jo). K = (k... ko).

dz, d.?.'h 5 R o d.‘,’;__,. dZk df;_l L EERY LW . -




ymple / nef / effective / big divisors

Theorem
divisors A (Reca '

I i aear evetermn HY (X (N A

of X 1n projective spa
' FIF1F| CIOSE&0 COrne 'l' Wi ONSISLS OF [T
of nef divisors [D (or nef ine bundles | ) namely effective

integral divisors [J such that L) - ( 0 for every curve (

@ £vc 15 the closure of the cone of effective divisors, 1.e
divisors D =% gLk ¢ e R, |
® The interior £5 is the cone of big divisors, namely

divisars D such that h°(X. O(kD)) = c k™% for k large

o = - - R A




ymple / nef / effective / big divisors

ample
net
big

asffective




Approximation of currents, Zariski decomposition

a Defimtion. On A npact Kahle Kahler current

o - - - » oY |



Approximation of currents, Zariski decomposition

a Dehmtbtion. Un A 2] - Kahler Kahler current

i MTTE il f | ] f { 0 o k

@ Theorem

We say that £° is the cone of big (1. 1) classes




\pproximation of currents, Zariski decomposition

a Detimmtion. OUn X mpact Kahler. 3 Kahler current
LM ol 3 .
@ Theorem. o - & = {] | =

We say that £° is the cone of big (1. 1)-classes

@ Theorem (D92). Any Kahler current I can be written

S

1
hm I .

where T,, = o — | I |} has loganthmic poles, I.e

1 a modification p,, : X, — X such that
I.!J;_.Tm — [F,,.,] -

where L., is an effective Q-divisor on X,y with
coelficients in ﬁE and 3., is a Kahler form on X_,




dea of proof of analytic Zariski decompaosition

Locally one can write T = ick)- for some strictly
plurisubharmonic potential - on X. The approximating
potentials -, of - are defined as

1 . X
CmlZ) :—lu;;"_'_‘- Z.ml2)

i, [l S

where (g ..) 15 a Hilbert basis of the space

H(S2. mg) = {f € O(02). / flPe ™™ dV < +0}
Jo

" The Ohsawa-Takegoshi [? extension theorem (applied to
. extension from a single isolated point) implies that there are
ke ~ enough such holomorphic functions, and thus 2 > = — C/m.
. On the other hand > = lim,— .. = by a Bergman kernel
' trick and by the mean value inequality. . 5 - = 3 sae




{ea of proof of analytic Zariski decomposition

The Hilbert basis (g ,,) 1s a family of local generators of the
multiplier ideal sheaf I(mT) = I(m). The modification
Mo ;I_.“ - X is obtained by blowing-up this ideal sheaf. with

. I{ml) = O —mE,,)

for some effective Q-divisor E,,, with normal crossings on X,
Now, we set T, = ididoy, and Oy = ), T — [Em]. Then
B = itk where

1 2 -
W = m;ugz gt © B/ Bl®  locally on X,

* and h is a generator of O(—mE,,). and we see that 7, is a

': smooth semi-positive form on X.,. The construction can be

. made global by using a gluing technique, e.g. via partitions of

| unity, and (i, can be made Kahler by a perturbation argument.
. -Ei':i

S = (. J 3 - B e




Algebraic analogue

The more familiar algebraic analogue would be to take
o = ¢y(L) with a big line bundle L and to blow-up the base
locus of ImL|. m > 1, to get a Q-dvisor decompaosition

L e+ D E.. eltective [)_ free

Such a blow-up is usually referred to as a “log resolution” of
the linear system |ml|. and we say that E, + D, is an
:pq:l'nlimatﬂ Lﬁi‘éh-ﬂﬁnmﬁntt won of L. We will also use this
terminology for Kahler currents with loganthmic poles




\nalytic Zariski decom position




haracterization of the Fujiki class C

Theorem | Demandlyv-Faun 20041 A compact compiex
manifold X s bbmeromorphic to a Kahler mamfold X
aquivalently, domnated by a Kahler manifold X ) it and

it carries a Kahler current |

Proof. If j1 : X — X is a modihication and . is a Kahler
metric on X, then T = ;1,2 is a Kahler current on X.

Conversely, if 7 is a Kahler current, we take X = X_. and
& = (3, for m large enough

B Definition. The class of compact complex manifolds X
;‘__;' bimeromorphic to some Kahler manifold X is called

-~ the Fupiki class (.
M’ decomposition still holds true in C.




Complex manifolds / Currents

a A current is a differential form with distnbution

caethcEents

- = i :
" | — el 4 -
[(2)=i" I melz) 02 dZ
F

a & - - R On



haracterization of the Fujiki class

Theorem
manifold X s bimeromorphic to a Kahler manifold X
equivalently, dominated by a Kahler mamifold X} if and only
it carries a Kahler current |

Proof If i - X — X is a modification and & is a Kahler
metric on X, then T = .2 is a Kahler current on X

Conversely, if T is a Kahler current, we take X = X,, and

& = i3, for m large enough.

i Definition. The class of compact complex manifolds X
“himeromorphic to some Kahler manifold X is called

( the Fujiki class C.

.' Hudg: decomposition stilf holds true in O



Numerical characterization of the Kahler cone

Theorem

fat X b

cone of numencailly posiliv
Then the Kahler cone K. 1s

ane of the connected components of P




\lumerical characterization of the Kahler cone

Theorem

Let X b

P {oc H-Y(X.R) ’f >0, VY X.damY = p|

tone of numencally positive clisses
Then the Kahler cone k. 1s
one of the connected components of P




Mumerical characterization of the Kahler cone

T heorem | L) allv-Haun
Let X be a compact Kahler n

P= {ac HY(X.R): / 0. ¥Y C X. dim ¥ = p}

‘cone of numencally positive classes
Then the Kahler cone K is
one of the connected components of P

Cﬂl}“il'!f | I-.I_'I ) e tive case).

B F X is projective algebraic, then K = P.

; . Note: this is a "transcendental version  of the
| Nakai-Moishezon criterion.

o = ] 3 ™ B O




Example (non projective) for which X

Take X = genenc complex torus X = C" /A

Then X does not possess any analytic subset except fimte
subsets and X itself

Hence P = {a e HY'(X.R): |, a" > 0}.

Ix

Since H'( X.R) is in one-to-one correspondence with
constant hermitian forms, P is the set of hermitian forms on
L£" such that det(n) > 0, 1Le

possessing an even number of negative eigenvalues.

K is the component with all eigenvalues > 0.




Proof of the theorem : use Monge-Ampere

Fix o = A so that .F".".I U
If .; is Kahler, then {a + =} is a Kahler class ¥ 0

il |

Lse the Calabs-Yau theorem (Yau 1978) to solve the
Monge-Ampere equation

i_.| 3 x-d ,|.|I'|.F__' | f

where £ >~ 0 is a suitably chosen volume form.

Necessary and sufficient condition

f f=(oa+=w)" in H™"(X.R).
X

'__ Otherwise, the mlﬂm form of the Kahler metne
ﬁ =@ + =w + id6hp, can be spread randu{_nl?.ﬂ



Draof of the theorem : concentration of mass

In particular, the mass of the nght hand side f, can be spread
in an =-neighborhood U, ot any given subvanety ¥ C X

If codim ¥ = p, on can show that
(o + zw + 1ddého )P a8 weakly
where @ positive (p. p)-current and 8 > o|Y| for some 6 > 0

Now, “diagonal trick” : apply the above result to

X=X x X Y =diagonal C X iy = [r'r';u o L ey

As i is nef on X and [3(5)*" > 0, it follows by the above
that the class {a}" contains a Kihler current © such that
© > d]Y] for some 6 > 0. Therefore

T = (pry)e(© A priw)

[, -4 - X SRk



'raof of the theorem : concentration of ma

=

In particular, the mass of the right hand side f. can be spread
in an --neighborhood U. of any given subvanety ¥ © X

If codim Y = p, on can show that

(o + s + 10, )P — O weakly

where © positive (p. p)-current and € > 0[Y] for some & > 0

Now. “diagonal trick” : apply the above result to

X=X xX. Y = diagonal C X. @ = Pry a + praa.

As & is nef on X and J(@)*™ > 0, it follows by the above
that the class {a}” contains a Kahler current © such that
8 > dlY] for some 4 > 0. Therefore

T :=(pry).(© A priw)

is numerically equivalent to a multiple of o and dominates i,
k .#“_ﬂ that T is a Kahler current. o & T




| 4

In particular, the mass of the nght hand side f. can be spread

in an ~-neighborhood L. of any given subvanety ¥ © X
If codim Y = p. on can show that
(o + sw + iz )P — ©  weakly
where © positive (p. p)-current and & | Y| for some o = 0
Now, “diagonal trick”: apply the above result to
X=X x X, Y — diagonal C X. (@ = pr; a + pria.

As & is nef on X and [(@)*" > 0, it follows by the above
that the class {(}" contains a Kahler current © such that
8 > 4[Y] for some & > 0. Therefore

T = (pry). (8 A priw)

."~ is numerically equivalent to a multiple of o and dominates A,
- andwe see that T is a Kihlercurrent. o & - » 2 9ue




Generalized Grauert-Riemenschneider result

Main conclusion
Illr ll'. :I: 5
that |. o

Then {a |




omplex manifolds Lurrents

@ The curremt T i1s said to be positive it the distnbution
E \; \i Taxc 15 a positive real measure for all (1) = o

{5-'3 that T_J.L_; TJ},;. hence _T'_ T]

@ The coefficients T  are then complex measures — and
the diagonal ones T, are positive real measures




Generalized Grauert-Riemenschneider result

Main conclusion (]
Let X |

that |, o

Then co




‘inal step of proof

Clearly the open cone A 15 contamned in P, hence in order to
show that A is one of the connected components of P, we
nead only show that K is closed in P, ie. that KNP — K
Pick a class {0} € K N P. In particular {a} is nef and

~ 0. Hence {a} contains a Kahler current T.

satisfies |, o

Now. an induction on dimension using the assumption

|y, @7 > 0 for all analytic subsets ¥ (we also use resolution of
singulanties for Y at this step) shows that the restriction
{ox}yy is the class of a Kahler current on ¥

- We conclude that {a} is a K3hler class by results of Paun
| (PhD 1997), therefore {a} < K.




\Variants of the main theorem

Corollary 1 ([DP2004). Let X be ompact Kahles
IRl & H' (X, R) is Kibler < S Khler sit. |
forall Y X irreducible and all k 1.2 n=dim Y

Proof. Argue with (1 — t)a + tw, t € [0.1]
Corollary 2 (DP200M). Let X be a compact Kahler manifold

{']I' - .Fjl ‘ll'.: T-‘-;I IS ]'?L"]l[| '-: - e |':".-..]|rl-|llf'|r , il e 1 , I:I

o

forall Y ¢ X ireducible and all k — 1.2.....p = dim ¥
'Consequence. the dual of the nef cone k. is the closed

n=—1.n=1

" convex cone in Hy (X) generated by cohomology classes
I of currents of the form [Y] A w? ' in H™ " }(X.R)

'1I;— 5 T o ’ - ‘ I -"‘ﬂ.i




ariants of the main theorem

Corollary 1

{ll : II'|I l". i | ||I i

for all Y X rreducible and all | D lim

Proof Argue with (1 — t)a + tw, t & [0.1].

Eomollary 2 (DP200M). Let X be a compact Kahler manifoid.

{a} < H'*' (X.R) s nef(n € K) & Y Kahler / a1 >0
g ¥

forall Y — X irmeducible and all k = 1.2 p=dim ¥
Consequence. the dual of the nef cone K is the closed

| convex cone in Hg "1 X) generated by cohomology classes
I ofaurents of the form [Y] A wP™' in H™ V" (X.R)



Deformations of compact Kahler manifolds

A deformation of compact complex mamfolds is a proper

holoemorphic map

=X —=5 with smooth fibers X, = 7-'(t)
Basic question (Ixodan ). |s every compact Kahler
manifold X a limit of projective mamiolds

X ~ Xo = |lim X. t 0. X, projective

Recent results by Claire Voisin (2004)
& In any dimension > 4. 3X compact Kahler manifold

which does not have the homotopy lype (or even the
homology ning) of a complex projective mamifold
@ In any dimension > 8, 34X compact Kahler manifeld such
& that no compact bimeromorphic model X' of X has the
& hoemotopy type of a projective manifold.

- = - E e




eformations of compact Kahler manifold

A deformation of compact complex manitolds 15 a proper
holomorphlic map

X—5 with smooth fibers X, = = '(t).

Basic question (vodaira W Is every compact Kahler

manifold X a hmit of projective manitolds

X=X=ImX,. t. —0. X, projective !

Recent results by Claire Voisin (2004)
® In any dimension > 4, 3X compact Kahler manifold
which does not have the homotopy tyvpe |or even the
homology ring) of a complex projective manifold.

® In any dimension > 8, 3X compact Kahler manifold such
that no compact bimeromorphic model X' of X has the

::;-_ homatopy type of a projective manifoid.




Conjecture on deformation stability of the Kahler

property

Theorem
The Kahler property is open with respect to deformation
it X 15 Kahler fon }

aless Kihler (where “nearby’ 1s 1in metn nology

We expect much more.
Conjecture. et X' — 5 be a deformation with irreducible
base space S such that some fiber X, is Kahler. Then there
chould exist a countable union of analvtic strata 5 .
5 £ S, such that

@ X; is Kahler for t = 5~ 5.

@ X, is bimeromorphic to a Kahler manifold (1.e. has a
Kahler current) for t € | S,




['heorem on deformation stability of Kahler cones

TI'III_"I."H‘FI'I'I I LY | .'|E'_ il 1R1Y i L&l .|. _: e o
deformation of compact Kahler manifolds over an irreducible
base 5. Then there exists a countable union 5" = | ) 5, of

analytic subsets 5 S. such that the Kahler cones

K. C H*'(X;.C) of the fibers X, = = *(t) are V"' -invariant
over 5 ~ 5" under parallel transport with respect to the

(1. 1)-projection V'-* of the Gauss-Manin connection ¥ in the

decomposition of

-




Positive cones in H” " *(X) and Serre duality

Defimtion.
N =tone{{T} € H""(X.R): T closed
@ Cone of effective curves

Nig = N N NSE"1(X)

-tone{ {C} € H""""'(X.R); C effective curve}

@ Lone of movable curves - with | X — X, let
Mpys = cone{ {C} € H" 'Y X.R): [C] = p(H; ---Homi )}

where H; — ample hyperplane section of X

@ Cone of movable currents - with 1 - X — X. let
M= cme“T} EH "X R): T =pfwyA. .. '._:,,_l}}
where ; — Kahler metric on 3




Main duality theorem

H*'(X,R) — Seme duality — H"'"'(X.R)




Complex manifolds / Basic examples of Currents

@ The current of integration over a codimension p analytx
eyeleAd = ¥ c;A; is defined by duality as [A] = ¥ ¢[A]]

['1'-] ) = f UF

for every (n — p.n— p) test form v on X

with

@ Hessian forms of plurisubharmonic functions

plunsubharmonic <



Precise duality statement

Recall that the Serre duality pamnng 1s




Precise duality statement

Theorem | Demaillv-Paun
If X is compact Kahler, then
K and N are dual cones
{well known sinc:

Recall that the Serre duality painng «




Precise duality statement

Recall that the Serre duality painng 1s

Theorem ( Demaillyv-1"hun 2001]
IF X is compact Kahler, then

K and \ are dual cones

twell known since a long time ve and Nxe are dual)

Theorem ( Boucksom-Demaillv-Paun-Peternell 2004
if X is projective algebraic, then
Exs and Mys are dual cones.




Precise duality statement

Recall that the Serre duality painng 1s

X

Theorem | Demaillv-1"aum 20001

Iif X is compact Kahler, then

K and \ are dual cones

(M.l' Known since a fong time - K.yg and ",,--I. are dual)

Theorem | Doucksom-Demaillv-Paun-Peternell 2004)
B IF X is projective algebraic, then
B Exs and Mys are dual cones.

& Comjecture ( Boucksom-Demailly-Paun- Peternell 2004
o FX is Kahler, then

E and M should be dual cones.




Concept of volume (very important !)

Definition

The volume | movable self-intersection) of a big

'l'l"hl'.'ﬁ':' :|h|:.- SUDFremum s :...l”':.-\'.-r:l aver 4 Maifliier .:'.'_:_r:"-:_r'l_‘":: I

. &
=T
.
i
i
-
o
Bi

with logarithmic poles, and p* |
sﬂmE I"i'?.,"..';'.'l'.‘. A LIENT i \.l\. \"\.
lfl! — .II'. then 1'|.-n|(n}| = " I-\, a”

Theorem. (Boucksom 2002). If L s a big line bundie and

Bislmt) = (E.] + [Dn)
{where £, = fixed part. U,, = moving part), then

|
Vol(ci(L)) = lim —H(X.mL)= lim D=

m—-+o0 mM"




Movable intersection theory

Theorem

I|'|l'|_':-_l'| i

Exe--%E HI{:{} (ny (g ) = {evp-tha - = = (hg_q-01
such that Vol(in) ") whenever v 1s 3 big class
& ['he product is increasing, homogeneous of degree 1 and

superadditive in each argument. |.e

(0¥ [il;-vr;'] L o (4 | AT LS o oy

It coincides with the ordinary intersection product when
the o; € K are nef classes.

4] [- —.. - ® Oal




Movable intersection theory

Theorem

manio

HiS(X) = {{T} e H**(X.R): T closed

‘ J'" - 1 , I.-. CIANODNKS 3 -.I :.I-|.‘ it ercog -ll [

rodaineT
EFx---xE 'H!._I..{I'I'. (v g ) = (Ot - - (g0

such that Vol(a ) ") whenever ov is a2 big class
® [he product is increasing, homogeneous of degree 1 and

superadditive in each argument, 1.e

' Fr ] [
-:nl [1.{1”11 g ~~ {1y -1‘ (g )10y .|. (1

It comncides with the ordinary intersection product when
the o; © K are nef classes

n & - - B Oar




Construction of the movable intersection product

First assume that all classes «; are big, 1.e. a; = ¢ Fix a
smooth closed (n — k.n — k) semi-positive form v on X. We
select Kihler currents T; & «; with logarithmic poles, and

simultaneocus more and more accurate log-resolutions
o : X — X such that

We define

{H-.--rl-_-- rg ) = lim | H;r_.,,}l,i - TP, S L ) m]:'

f——-

. as a weakly convergent subsequence. | he main point is to

~ show that there is actually convergence and that the limit s
. unique in cohomology ; this is based on “monotonicity
 properties’ of the Zariski decomposition.




Construction of the movable intersection product

b _'_pupmiﬂ" of the Zariski decomposition.

First assume that all classes «; are big, 1.e. a; £ £°. Fix a
smooth closed (n — k. n — k) semi-positive form v on X. We
select Kahler currents T; © o; with loganthmic poles, and
simultaneous more and more accurate log-resolutions

oy : X — X such that

We define

iy - g - -ivg) = I | §(jtm)el ity m e A A2

"

* as a weakly convergent subsequence. The main point is to
~ show that there is actually convergence and that the limit is

unique in cohomology . this is based on "monotonicity




.eneralized abundance conjecture

Deluution.

(e

Conjecture | “ceneralized abundan njecture” ). For an
arhitrary compact Kahler manifold X, the Kodaira dimension

should be equal to the numerical dimension

#(X) = v{c(Kx))

Remark. The generalized abundance conjecture holds true
when (e[ Kx)) = —oc. 0. n (cases —>¢ and n being easy).

e ] (. . - B aOam




Complex manifolds / Basic examples of Currents

@ The current of integration over a codimension p analyti
cyvcle A = Y c;A: is dehined by duality as [A] = ¥ ¢|A]

with ;
['11 ) = ’]

for every (n — p.n — p) test form v on X

1

@ Hessian torms of plurisubharmonic functions

£

:_ e, r e .-',
plunsubharmonic L 77, ] =
then

T = iikk is a closed positive (1. 1)-current.



Proof of duality between £ys and M\«

Theorem (| Boucksom- Demanllv-1aun-1Veternedl 2
For A projective, a class o 15 10 &y pseudo-eifectine ) I anda
onlv it it 15 dual to the cone _\{yq of moving curve

Proof of the theorem. We want to show that £ys = M. By
obvious positivity of the integral painng, one has in any case

Exs C (Mxs)'.

If the inclusion is strict, there is an element a € d€xs on the
boundary of £xs which is in the interior of Ns. Hence

()




(haracterization of uniruled varieties

Recall that a projective vanety is called uniruled it it can be

covered by a family of rational curves (, = F~-

Th'ﬂ'ﬂl’f""'l P Ao ksonos sy = Voo Petepped] SN
A prajective manifold X is not uniruled if and only i Ky

ﬂfrf"”ﬁlﬂ effective 12 K .

Proof (of the non trivial implication). It Kx € £y4, the duality
pairing shows that there is a moving curve C, such that

Kx - C; < 0. The standard “bend-and-break” lemma of Mon
then implies that there s family [, of rational curves with

Kx -I'y < 0, so X is umruled.




mplex manifolds /| Kahler metrics

£ .u"t K anleEr metrs 5 a4 SIMDOLh |

@ [The manmfold X s said to be Kahler (or of Kahler type) o
it possesses at least one Kahler metnc o [Rahler 19:43]

@ Every complex analytic and locally closed submamifold
X C P2 in projective space is K3hler when equipped with
the restriction of the Fubini-Study metnic

I : > =
og{ izl + & +---+ |2ni")
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@ Especially projective algebraic vaneties are Kahler
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Sheaf

&

De Rham / Dolbeault

Sheaf cohomology H9( X . F)

especially when F is a caherent

cohomology

inalylic sheal



sheaf / De Rham / Dolbeault / cohomology

2 Sheaf cohomology HO( X. .
especially when JF i1s a coherent analytic sheal
@ Special case : cohomology groups H¥( .X. K) with values

in constant coethcient sheaves K = 2. Q. K. L
De Rham cohomology groups




