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PCA on Observed Dat
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CS-M-P: First Principal Component

Observations i have locations loc|i|, so for each PC 1, = X1,
contour plot of {leei], 10;[]}
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Scientific Significance

Did farmers or farming expand from Asia Minor into Europe?

Genetics: First PC

: L frae bhne perewsl
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s e [ l.h—-

Cavalli-Semn beoks 1884 2000, osp. Hislery & Googmphy of Human Gencs.
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Summary

Population (unknown) Data (observed)

Variables pwariables X, ..., _ X, X =)o)
Sample size T
Covariance matrix b S=alXTX
P.C. eigenvalues £ ﬁ:,-
P.C. eigenvectors V; Vi

Data are noisy/variable/limited, so interest in estimation error
£(X) - &, ViAX) —v;
and how many componeants :l::T ; are “significant”?
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Multivariate Gaussian distrnibution

v Np{.f_i7 E:]I Mean p= EX
Covariance Y = (X — p)( X — p)”

Density: f(X) = [v2rE|" 2 exp{—1(X — p)"E~HX — )}

Standard model: 1t independent draws

X X~ No(, 2
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Wishart Distribution W.(n, )

X =:] &  rows, independent N, (0, 2}

Definition: A= XTX ~ W,(n, E

 variate Wishart distribution. n “degrees of freedom™

E.g. sample covariance matrix 1 = n5

Density function (Wishart. 1928):
F(A) = enp |S|2| A|l2- /10t {— LT A)




Wishart and PCA

With 7 Independent Gaussian data, J? 1

eigenstructure of Wishart distribution X = :
My

++ PCA of X (Hotelling, 1933). ¥

Thus, if A =n5 ~ W,(n, ) and

;"1%,':&?.4'1 31:_?...21; i,

I

then

A :
I = ni; eigenvalues .
are PC of X
Uy = v

eigenvectors

1
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Canonical Correlations

X ¥ =X ... X, ¥ ... Y,] jointly p+ g-ver. Gaussian

“Most predictable criterion™: (Hotelling, 1935, 1938]).

max Corr (. X, v?}_"’}

Ehpaliy

With 7= samples {R“-, ﬁ), F="1, ...i¥

= Ay, =ri{A+Bw;, rz..2

wh

Two independent Wishart distributions:

‘4 ™ W}‘?{Qr @';ﬁl E ol Wp{n g erij}
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Double Wishart Sn‘iﬁrlg

Ao Weiny, I) 2 independent Wisharts, p < ny, 7.
B~ W, (ng, I) “null hypothesis” setting

Common feature: roots ! f;t.‘._-]l‘:;l of generalized eigenproblem:

det[z{A+ B) — A] =0

Single Wishar Double ‘Wisharl
4 Principal Componeni nnalysis & Canonical cermclation armbysis
i Faclor analyss 4 Mulihverale dnalysis of Vartance
4 Multidimensionsl scaling MANGYA)

i Mulliversle regression analysis
i Discriminan analysis
i Tests of equality of covarianoe mairices
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Onentation

A How does mathematics influence statistics?
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joint density of eigenvalues, 1939

ol 2

Fisher Girshick Hsu Mood Roy
i Cambridge) { Columbia) fLondan) {Princeton) {Calcutta)

FlEy, x}—cllw”zf:f}ll:r — ;) e S, B 8

o g
Single Wishart:  w{z) = ™" Fe™", (Laguerre)
Double Wishart: w{z) = 2F 711 — g 1, (Jacobi)
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> = K L L FT . ot
Random Matrices in Physics

Energy levels of nuclei «— sigenvalues of Hamiltonian
Hapy = By, D R

Wigner: (1950s) statistical description of higher energy levels
Model { £}, i large by eigenvalues of

Hy = (Hi)wew,  “random”, symmetric

Semicircle Law: H{;- iLi.d., mean ), var o°, i < b
Fry = empirical d.f. of eigenvalues TP o

. 1 ——
FulzovN) — Evﬂl—;r:fd:n.

E.P. ‘Wigner
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Ensembles and Orthogonal Polynomials

Joint density of eigenvalues &, ... &y:
N
cH w{z Y7 H |z — ;5.
1 <3
Classical orthogonal polynomials (Fox-Hahn, 1964
wiz) ="/ Hermite
e Laguerre

{1—x)*{1 + )" Jacobi

Wi e bl - p 3



Ensembles and Orthogonal Polynomials

Hli-";.; — L

ﬁl

Gaussian
Wishart
Double Wishart

Joint density of eigenvalues &, ... &y:
N
cH wiz )
1 <3
Classical orthogonal polynomials (Fox-Hahn, 1964
wiz) ="/ Hermite
e Laguerre
(1 —ax)™{1+ )" Jacobi
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Dyson’s “"threetold way”

Symmelry Type  Malrix entrles

=1 orthogonal real
=" unitary complex
=4 symplectic quaternion

So, classical multivariate /1, distributions 4+

Gaussian Orthogonal

Jacobl Symplectic

[easiest]

LOE etc.
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Some uses of RMT 1n Statistics

Eigenvalues:

Bulk Graphical methods [finance, communications]

Linear Statistics Hypothesis tests, distribution theory

Extremes Hypothesis tests. distribution theory. role in proofs
Spacings [Few so far]
General Computational tools, role in proofs

Eigenvectors:

Transforms subspace estimation

Wkl el e - p 35
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1. Principal Components Analysis
2. Gaussian & Wishart Distributions

3. Random matrices

4. Large o Asymptotics

W el R - p Rl



Asymptotic Regimes

Exact distributions complicated — asymptotic approximations

Traditionally: Statistics: n — o0, pfixed  Anderson, Muirhead

RMT: N—=m Mehia
Stat: CWisharl RMT: Laguerre UE
Density n'j_ [Pl [_[J'h'r  eye~ " Alr]
# variables: 7 N
Sample size; N —p o

Modern asymp totics:
A 1, p both large (e.g. p=cn) —
A Plancherel-Rotach type (= (1 — c) V).
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Spread of Sample Eigenvalues

aS ~ Wy(n, )

Phenomenon: sample eigenvalues are (much) more spread out

than those of population.

Population:  ; = £;(1}; for & =
Sample: £ = £4(5);

=1

H

Typical sample for 1 = p = 10 — sample eigenvalues of ~
(£;} = (003, .036,.005,.16,.30, 51, .78,1.12,1.40, 3.07)

= condition number {fﬂ.,mm;’gmh} = 1000

O el R - p B



Ornentation

A How does mathem atics influence statistics?

A Challenges of high data volume, many dimensions

Bl SO b - p



['he Quarter Circle Law

Description of spreading phenomenon:

Empirical distribution function: for eigenvalues {ft A
G,(t) = p ' 4{d; <t} — G(t) = g(t)dt.

Maréenko-Pastur, (87) For A H-’rp{n, I} p;‘r?t —h- Ty

For & = 1,
Mp  Vib—8)(E—b)
g @)= p— ;
e i e ﬁz.

LI | I 15 I 1%

11 4
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Outline

1. Principal Components Analysis
2. Gaussian & Wishart Distributions

3. Random matrices

4. Large o Asymptotics

2. Largest Eigenvalue Laws
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Hypothesis Test for Largest Eigenvalue

Observed eigenvalue data for n = p = 10:

() = (0.002,0.06,...1.08 2 52 4.25)

Is observed largest value 4.25 consistent with .5 ~ W (n, I)?

Terminology: Null hypothesis: nS ~ Wo(n, I
Alternative hypothesis: n5 ~ W.(n, X}, 3 8

Compare sample-to-sample variation: 3 samples from W(n, [)
003 pi2 ... 13 2N 2.

o003 o000F ... 172 28 340
Qoo B2 .. 180 211 A.5d

—= need Null hypothesis distribution:
P{é, > t| Hy = Wy(n,I}}

Wl el R - p R



Tracy Widom Limits

For {real, complex |, | single, double | Wishart matrices, if
nip— ey, [or (ny /p, nz/p) — (1, )] then

P{ﬂ% :E" .LLF:F—I_FTB-F‘SlHU} - P}_:;l:.ﬁ:} Johnmeson, M

Tracy-Widom distributions (1984, 1956):
Fols) = e~ I fe—e) alwlds
Fi(s)? = Fy(s)e [ alslds,

q" = sg+ 2g°  (Painlevé Il)

gls) ~ Ai{s) as 5 — oo

Wl el e - p 35



Second order accurac y

For {real, complex |, | single, double | Wishart matrices, if
nfp—y  ler{n/pnz/p) — (m, )]  then

|P{né, < pr, + 0,58 Ho} — Fa(s)| < Ceoop=23.

JahBimssn, IN, El Kasoll

E.g. Real, Single Wishart:

Wi e b - p 3
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Tabie o, AQice: 2% G50 Wae; 00 = G-0-T02, e = i-g-p-1u2
1 r :

Double Wishart case: oof

Tables of 95th percentile:
[William Chen, IRS, 2002]
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A different domain of attraction

“Extreme value” theory approach to maxima is (classically)
infeasible:
{mexycicy & <t} =1, Hi: <1}

Key role: determinants, notindependence:

[Ttk = &) = detllf Hhcipey

o

III{I <t} = Q{ 1y |l j[[!{ﬂ > t}.

k=0l “ =1

+ = determinantal formula for P{mm‘lg-&@ . < ?f}

Ik P R - p 33



Correlation kernels & Statistics payott

Complex data {

P{maxl; <t} = det{l — K,x:)
Ky (2,u) = 2 k=1 Pr{2)dn(v)

Distribution Ensemble  (Weighted) Polynomials
Gaussian Hermile e oc JwHy

Single Wishart  Laguerre ¢y o Jwif

Double Wisharl  Jacobi i 0 PP

Real data

o

#F{mm{ L <t} = /det{l — Koxa)

K. =LK
x, ) = v il (0
Kol v (eiﬂ; &7 )
RP=KF+T'1

ok e b - p e



Back to Example

Observed eigenvalue data for n = p = 10
:'.‘;;.' n) = (0.002,0.06, ..., 108 2652 4.25)
|s observed largesl value 4.26 consislent with n= ~ Hr'-_".l vi, 17

Yes! From Tracy-Widom approximation, jt., = 3.8, o, = (.53,

P{#; > 425 |W,(n, I)} =~ 0.061

Next question: power of test: could a difference be detected?
P{é, =t |W,(n,T)} 277

PR | S o R .
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Outline

. Principal Components Analysis

Gaussian & Wishart Distribu tions

. Random matrices

Large  Asymptotics
. Largest Eigenvalue Laws

Beyond the “Null Hypothesis™
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Orentation

A How does mathem atics influence statistics?

A Challenges of high data volume, many dimensions

A today — one example: multivariate statistics & AMT

Bl SO b - p



Bevond the “"Null .‘Ix'pntl'ln.*s_iih"

Classical RMT ensembles (e.g. W (1, 1))
= “null hypothesis”, symmetry, no structure.

Great interest for asymmefric situations, e.g. H’:__. {:ﬂ, E:il -

fell, b)) T2 ¢ Lyt | = &
0 ) BT e

5) forl #£ 1

A confidence interval for, e.g. A (2}

A poweroftest Pl{ =1

A specific applications
A block diagonal ¥ (genes; stocks)
& an-pllle (stationary processes)

Wl el e - p 30



Persistence of Tracy-Widom Linut

Back to PCA: For what conditions on . does
P{d) < thp(E) + 0,5(E)s} — Fyls) 77

Some answers:
A sufficlently many E;;,.[E:I accumulate near Flliﬂjl El Karou

A small number of (not too!) isolated £.(¥) [mexi]

Remark: More complete results for complex data due to

f —IIE_lUL{-erU dEt{-E"_nj Ik} Harish-Chandm
e = | me——reeeeree——r—
T ip) F(’.‘T}FH} lzykson-Zuber

with 7(E7%) = diag(;); L =diag(ly); V()= [Lplly — 1)

Wl el e - p 5



Finite rank perturbations: heuristics

“Spiked” model: X = diag(fy,..., f1,...,1)
b2z 28y >, M fixedas p " o0, p/n— .

Marcenino-Pastur density For bulke

D=1 o s

1 1+

Wi e bl - p e



Finite rank perturbations: heurnistics

“Spiked” model: X = diag(fy,... 1 1,...,1)
G282 2y 21, M fixedas p " o0, p/n— .

Mercenin-Pastur dmsity for bull
=1 AR idom
= / a-;?rl.h:tmtlcn

1 1+

Blarcentn-Pastar density for bulk

£13%1
! n:ar (L5

M= i { 7 ' flucnsation

1 (1445

Wi e bl - p e



Finite rank model: phase transition

E=odag(fy,... .0, 1,...,1)  p/n— 7y ks snusreche, faul

Interior point transition at{; = 1 + NGk Bik-Silversiein
¥ Tracy-Widom
t P ¥ lisctuation
£ ] 1+

Critieal pont 14+

A e Bl -



Finite rank model: phase transition

E=odag(fy,... .0, 1,...,1)  p/n— 7y ks snusreche, faul

Interior point transition at{; = 1 + NGk Bik-Silversiein
¥ Tracy-Widom
t P ¥ lisctuation
b ] 1+

Critieal pont 14+

A e Bl -



Finite rank model: phase transition

E=odag(fy,... .0, 1,...,1)  p/n— 7y ks snusreche, faul
Interior point transition at{; = 1 + NGk Binik-Silversiein

.E't Tracy-Widom
P ¥ lisctuation

1 1+

Critieal pont 14+

A e Bl -



Finite rank model: phase transition

E=odag(fy,... .0, 1,...,1)  p/n— 7y ks snusreche, faul
Interior point transition at{; = 1 + /7 Bk Silverstein

Y
i

Critcal poent 14+ pLE Y

R e Rl - p



Finite rank model: phase transition

E=odag(fy,... .0, 1,...,1)  p/n— 7y ks snusreche, faul
Interior point transition at{; = 1 + /7 BnikeSilversiein

N ™
[ ]

Crincal pomnt: 1+ plE

A 0 B -



Finite rank model: phase transition

E — ﬁlg{fi-,.. w1F 1£M? 1. ey 1:} P,I'rﬂ- —*7¥, BaikBen Arous-Peche, Paul

Interior point transition at £, = 1 + NGk Binik-Silversiein
¥ T:al:j,.I W idam
/ “Flyctuation
u+ﬁ1-

Critical point. 1 *1""

/\('/‘?, (S
. 3

i l;1+ﬂ'}i

Critical point: 14-% AR
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Outline

. Principal Components Analysis (PCA)

Gaussian & Wishart Distribu tions

. Random matrices

Large  Asymptotics

. Largest Eigenvalue Laws

Beyond the “Mull Hypothesis™

. Estimating Eigenvectors

Thants: Persi Disconis, Peler Formeslern, Melthew Harding, Flamen Hoew, Arnd Kuijisars, Creig Trady,

hsarien vanlessen,
Suppor: NSF, MIH
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Recent example: economics

How many factors are present in security returns? Use PCA??

S.J. Brown (1989) simulations, calibrated to NYSE data

4 factor model* — ¥ = diag{ /, ..., Fq,ﬂf,. - ,J_'f}
by by=4y =¥, > oF

Goal: Use PCA to estimate ;. .. (4.

Empirical puzzle (Brown, 198%9):

many sample eigenvalues swamp (>, {3 £,

(") Hp = Ef:ifmmfm +eg: i=1,...,pseourltles; t=1....1 times.

by~ N(Bob )i fae ~ N(0,07); eg~ N(0,03) allindependent ;

Wl el e - a2l



Recent example: economics

How many factors are present in security returns? Use PCA??

S.J. Brown (1989) simulations, calibrated to NYSE data

4 factor model* — ¥ = diag{ /, ..., Fq,JE,. - ,Jf}
by by=4y =¥, > oF

Goal: Use PCA to estimate ;. .. (4.

Empirical puzzle (Brown, 198%9):

many sample eigenvalues swamp (>, {3 £,

Explanation (Herding, 200&):
£n, 05, £, are below the 1 + ./~ phase transition.

(") Hp = Efr:ifmmfm +eg: i=1,...,pseourltles; t=1....1 times.
by ~ N(B. o) fue ~ N(0,03); ey~ N(0,a7) allindependent :

Wl el e - a2l



PL‘IPL]':]”E_}H values

Q.08

Fopulation eigemnvalus 1

| F’-:pulntil:l_nﬂ'iﬂmﬁlu?E -4
nose o

T00 A Z00
pr=# Sacunliez
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Brown(1989) plot

Av. lop eigenvalue |

gﬂ 100 . 160 200
p = # secunlies

b A R - 2



Marcenko-Pastur & phase transition

0.08p

0.07fp

| Marcenko-Pastur lim

tgo 100 . 160 200
p = # secunlies

Source: HardingZ008)
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Estimation of Eigenvectors

S ~ W,(n,E), B=0 1+ 2.0.67

Estimation and inference for &, 22

Classical: p fixed, 7 large: /{6, — 0,) — N

BUT: inconsistency when p/n — =~ = (:

AR

Raimmnn, v.d Broeck, Bew, Howle, Aatirey; Poud, Boik. Siversizin

M € (0,37

iﬁ%‘}*}f

[Signal processing literature]

(8,,8.) —
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Eigenvectors: Elements of an Estimation Theory

A Assume - a basis with sparse representation:
BEB8,(C): wg |B o <Ol g<?2

A Approximate by “signal in Gaussian noise” model
Lemma (M = lyLet (' = (&, §) and 6 = § — ('8, Then
8= (845U (Paul)

A U=4t ,"'”-Hl | is uniform on “SPTE = nearly Gaussian,

A& move from eigenvectors to sparse mean sstimation.

== near sharp upper & lower bounds for minimax risk:

2

inf sup E|d, -8,
8 4iE8,(C)

Wl el R - al



Finale

4 Role of eigenstructure in high-dimensions will grow in
statistics

4 Many topics not covered

& Benefit from many areas of math & physics

4 Role for both rigorous and non<igorous resulls

THANK YOU

L]
]
L]

i
‘rym
.
L] L

RAATH EWLATIC LA WS
I S

el el R - 2



Abstract PCA

Variables Ih s Xr; Heduce dimension using

L= (o) = CoviNy, N} = E(Xp — (X — par)
Derived variable: W = Zk vy . has

Var( W) = Z Uy o Vit = v Dy
k&
Successive maximization of variance
&= ma}i{vTEv 2 ‘vT\«';a = 0§ < g |v| =1}

— principal component eigenvalues afj: and p.c. eigenvectors v.:
Hope: small § capture most variance ({; > ¢, > . ),

Bl SO b - poa



Observed Data and Estimation

A ¥ and hence {#;, v;} are unknown.

Tik
A observe data X; = [ on each variable X :
Xp= | :
A — datamatrix X = (za) = ... %]

A 7 observations on each of p» variables,

Bl SO b - p



Observed Data and Estimation

A ¥ and hence {#;, v;} are unknown.

ik
A observe data ¥, © %™ an each variable X;,:

; X =

A — datamatrix X = (za) = ... %]
nky Tk
A 7 observations on each of p» variables, '

Example: Allele frequencies {after Cavalli-Sforma, Menoz=, Plaza, 1973 (1)

= 34 genes
A Rh HLA
Bifbao o afl 8
=400 localions  Helsindk 2 5 3 X (nxp)
Budspest, 3 3 8

Centering: Subtract means: =y, +— &g — Iy, Tpo= Z-:' Tik

Bl SO b - p



PCA on Observed Data - 1

A Rh H.A

Hilbeo a2 3

Assume mean centered X — [z ) n—— T T
Budapest.. 0 -2 -05

Sample Covariance Matrix 5 = {s11) = (71 3 wazar)

S=n"'X ?:ﬂ

Derived variable: w = Xv =" v.x,
Var(w) = v. Sy,

Directions of maximum variance:

¥ =max{vISv . vt =0, § < v|=1}

Bl SO b - p



