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Since 2001, there has been an explosion of in-
terast in and applications of the SLE approach.
To discuss this, we tirst describa SLE.

For, say, a Jordan domain 2 in the plane with
distinct a,& on its boundary 8D, and = > 0,
(chordal) SLE. I8 a certain random continu-
ous path in the closure D from a to & When
v < 4 SLE- is asimple path that only touches
a0 at a and b Loewner, In work dating back
to the 20°s, studied the evolution Trom « Lo
& of nonrandom curves in terms of a continu-
ous real-valued “driving function," L7{¢). SLE.
corresponds to U(t) = Bi{xt) where B Is one-
dimensional Brownlan motion. When s > 4,
SLE. Is non-simple and for &« = 8 It becomes
plane-filling.



Many SLE-based results were motivated by
{nonrigorous) results in Statistical Physics about
d = 2 critical phenomeana, Fhysical critical
points happen at specitic values of parameters,
such as where the vapor pressure curve ends in
a liquid/gas system, Critical systems have re
markable properties, such as microscopic ran-
dom fluctuations manifesting themselves macro-
scopically. Also many quantities exhibit powel
lawy behavior, with the non-integer powers, known
as critical exponents, belleved to satisfy “uni-
versality”, e.q., microscopically distinct mod-
els with the same exponent walues at their
respective critical points. Critical systems In
d = 2 have another remarkable property, at
the heart of both the SLE approach and its
FPhysics predecessors — conformal invariance
on the macroscoplc scale.



Many SLE-based results are proofs of expo-
nent values derived earlier by nonrigorous ar-
guments such as those of “"Conformal Field
Theory” (CFT), which dates back to Polyakow
and many others in the 70's, 80's, 00's; oth-
ars were brand new, T'll discuss a few below,
but most exciting is that the SLE approach
is conceptually quite complementary to CFT.
Warner has emphasized that complementary
relationship including a focus on the ‘restric-
tion property”, as in his paper on the confor-
mally invariant measure on salf-avoiding 1oops.
That is part of a burgeoning interest in ex-
tending the original focus on random curves
o random fooos, sEill with conformal invari
ance — both Tor percolation scaling limits and
in the general context of Conformal Loop En-
sambles, currently studied by Scott Sheflield
and Werner.



Here are more examples of the results of recent
YEears,

Let Wit) be a planar Brownian motion. The
complemeant in the plane of the curve seg-
ment W{[0.t]) Is a countable union of open
sats, one of which is infinite; the boundary of
that Infinite component s the Brownian fron-
tier. Using deep relations with SLEs, Lawler,
Schramm and Werner proved a celebrated 1982
conjecture of Mandelbrot:

Theorem 2. The Hausdorfl dimension of the
Brownian frontier Is 4/3.



Another set of results are stated informally In
the next theorem. They concern loop-erased
random walks and related objects on lattlices.
UInlike the percolation case discussed next, these
results about continuum scaling limits, inwhich
the lattice scale shrinks to zero, are not re-
stricted to a particular lattice.

Theorem 3. For D (sayv) a Jordan domain, the
scaling llmits in D of lfoop-erased random walk,
the uniformiyv random spanning tree and the re-
fated jattice-filling curve are, respactively (ra-
dial) SLE,, a continuum ‘SLE,-based tree”
and the plane-filfing (chordal) SLEs,



Scaling limits of lattice models are among the
mast interesting results, They require the Com-
bination of techniques Trom three different ar-
eas: conformal geometry (as In the classical
[nen-random] Loewner evolutions), stochastic
analysis {(since for SLE the driving function Is
random), and the probability theory of lattice
madels {(e.q., random walks, or percolation or
Ising models or _..). The work of Werner com-
bines all three ingredients admirably well.



Another example of how these three areas in-
taract is scaling limits of parcolation. Fhysi-
cists knew (nonrigoroushy) exponent values and
some geometrical information — i.e, the Tor-
mulas of Cardy 1or scaling lHmits of Crossing
probabilities. Butb there was no understanding
of the scaling limit geometry of objects lke
cluster “interfaces.”

Cluster interfaces indicated by heavy lines,



Then Schramm argued that the limit of the
particular “exploration path" interface should
be SLE,. Mext, tor the triangular lattice, Smirnov
proved that (A) crossing probabllities do con-
verge to the conformally invariant Cardy for-
mulas, sketched how that could lead to (B)
convergence of the exploration path to SLEs
and argued that one should be able to obtain
(C) a “full scaling limit" for the family of “in-
terface loops” of all clusters. Then, Smirnoy
and Werner proved certain percolation expo-
nants, using exploration path convergence (B),
while Lawler, Schramm and Werner combined
the full scaling limit (C) with percolation ar-
guments to prove another exponent value (see
balow),



Convergence in (B) and (C) can be proved
by using lattice percolation machinery includ-
ing results of Kesten, Sidoravicius and Zhang
about six-fold crossings of annull and of Aizen-
man, Duplantier and Aharony about narrow
“fjords.” Thean the results of Warner and coau-
thors apply and prove a prediction of den Nijs
and Mienhuis;

Theorem 4. In critical site percolation on the
triangular lattice, the probability, P(R), that
the cluster of the origin has diameter greater
than R Is

P(R) = R5/M8+e(1) 35 R oo



Traditionally, much of Probability Theory has
focussad on continuum objects such as Brown-
fan Motion and Stochastic Calculus, with SLE
as the latest in the pantheon. Those of us
raised in Statistical Mechanics sometimes re-
aard lattice models as more “real.” But this is
a narrow view, Continuum models have extra
properties, like conformal invariance Tor d = 2,
that relate Probabllity T heory to other areas of
hMathematics — relations that are of increasing
importance. Even for the original lattice mod-
els, Teatures like critlcal exponents and unlver-
sality require a deep analysis o7 the continuum
models in the scaling limit. Thanks to the
work of Wendelln Werner, his collaborators,
and others, it is Tair to say that now

we are all “continuistas.”



It is my pleasure to repart on some of Wendealin
Wearner's research that has led to his Fields
Medal at ICM—-2006. There are aspects of
Werner's work that add to my pleasure. One
is that he trained as a probabillist, recelving
his Ph.l in 1993 under the supervision of Le
Gall In Farls. His dissertation concerned planar
Erownlan Motion, which plays a major role In
his later work as well.  Until now, Probability
Theory had not been represented among Fields
Medals and so I am very pleased to be here to
witness a change in that history



Wearner's work, with collaborators such as Greg
Lawler, Oded Schramm and Stas Smirnov, in-
volves applications of Probablity and Confor-
mal Mapping Theory to fundamental problems
in Statistical Physics. A second pleasure s
that this, together with other work of recent
years, represents a watershed in the Interac-
tion betean Mathematics and Physics. Math-
ematicians such as Werner not only provide
rigorous proofs of already existing claims In
the Physics literature, but also new conceptual
understanding of basic phenomena — in this
case, a direct geometric picture of the Intrin-
sically random structure of physical systems
at their critical points (at least in dimension
d = 2),



One Important example s percolation.

Fortion of a percolation configuration on
the triangular lattice. Hexagons represent
sites and are assigned one of two colors,
In critical percolation, colors are assigned
randomly with equal probability.



Parmit me a remark as director of the Courant
Institute. We hawve a sclentiflc viewpoint, as
did our predecessor Institute in Gottingen —
that a goal should be the elimination of ar-
titicial distinctions bebween the Malthaematical
Sciences and their applications — Wendalin
Warner's work lives up to that philosophy

A third pleasure concarns the collaborative na-
ture of much of Werner's work., Beautiful, pro-
ductive mathematics can result from many dif-
ferent workstyles, But the highly Interactive
stvle, of which Werner, together with his col-
laborators, is a leading e<emplar, appeals as
simultanecusly good for the soul while leading
to work stronger than the sum of its parts, It
bodes well 1o see a Fields Medal awarded Tor
this style of work.



The area of FProbability Theory which most
strongly Interacts with Statistical Physlcs Is
that involving stochastic processes with non-
trivial spatial structure. This area has long
combined interesting applications with first-class
Mathematics. Recent developments have raised
the status of the best work from “merely”
first-class to outstanding. Let me mention
two pieces of Werner's work from 1998-2000.
These are of intrinsic slanificance and also were
among the precursors to breakthroughs about
to happen in the understanding of € = 2 Crit-
ical systems with (natural) conformal Invari-
ance. (Other precursors include Alzenman’s
path approach to scaling limits and Kenyon's
work on loop-erased walks, )



The tirst I1s a 1998 paper of Balint Téth and
Weerner that constructed a continuum wversian

of Tath's earlier lattice “true self-repalling wallk.

This Involved a beautiful mathematical struc-
ture {extending a nearly forgotten construction
done decades earlier by Arratia) of coalesc-
ing and “reflecting” one-dimensional Brownlan
paths, running forward and backward in time
and filling up all of space-time. A {random)
plane-filling curve in this structure is analogous
to one in scaling limits of uniformlby random
spanning trees and was one of Schramm’s mo-
tivations in his 2000 paper about SLE. SLE is
an acronym for Stochastic/Schramm-Loaswner
Evolution; more aboul SLE shorthy



The second work consists of two papers with
Lawler in 1999 and 2000 involving planar Brow-
nian intersection exponents, In the second of
thesa, It was shown that the same sel of ax-
ponents must occur providing only that certaln
locality and conformal invariance properties are
valid. This key ldea, combined with the intro-
duction of SLE for the analysls of & = 2 critical
phanomena, led to a remarkabla series of threa
papers In 2001-2002 by Lawler, Schramm and
Werner which yielded a whole series of inter-
section exponents.



E.q., lat Wlit), W=2(t),... be Independent pla-
nar Brownian motions from distinct points at
t = 0. Then the probabllity that the seg-
ments WL([0.¢]), ..., W™{0,¢t]) are disloint Is
4 tell) 35 ¢+ — 0o for constants &y,

Theorem 1. The infersection exponents {n,
for n = 2, are given by

— 4n*-1
en =5

This was conjecturad by Duplantier and Kwaon
and derived nonrigorously by Duplantier using
d = 2 quantum gravity. Despite the simplic-
ity of the formula, prior to SLE, Its prool by
conventional probabilistic technigues had been
totally out of reach.



