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Successful ideas developed by physicists:

@ Renormalization Group: This gives a convincing heuristic
justification to the fact that different models behave in the
same way in the large-scale limit. [Kadanoff, Wilson,
Fisher, - -]

@ Conformal Field Theory. Provides tools to compute the
value of critical exponents when the dimension is 2.
[Belavin-Polyakov-Zamolodchikoy, Cardy]

Also: Coulomb Gas [Nienhuis, den Nijs, Cardy, Duplantier,
Saleur, ...], and Quantum Gravity [Knizhnik-P-Z,
Duplantier] The {exponents) of the models are classified
according to their "central charge”.

@ Scaling relations: Relate the behavior at the critical point to
what happens near the critical point. [Kadanoff, Fisher, - . -]

Apart from the last item (Kesten in the case of percolation),

these ideas had not been understood from a rigorous
mathematical point of vue.



Example of a model: 2d percolation

The model: Toss a coin for each hexagon on a honeycomb
lattice to decide its color: black with probability p, white with
probability 1 — p. We are interested in the connectivity
properties of the set of black hexagons. The phase transition
appears to occurat p, = 1/2:
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Example of a model: 2d percolation

The model: Toss a coin for each hexagon on a honeycomb
lattice to decide its color: black with probability p, white with
probability 1 — p. We are interested in the connectivity
properties of the set of black hexagons. The phase transition
appears to occurat p, = 1/2:

@ When p = 1/2: One infinite black connected component
(called the infinite cluster), with positive "intensity” #(p).

@ When p < 1/2: no infinite black connected component.

@ Atp = 1/2 one sees clusters at any scale. Their "shape”
appears to be random.
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Predictions by physicists

Prediction
@ Whenp — 1/2+: 8(p) ~ (p— 1/2)%/38

@ When p = 1/2, the probability that one given site is in a
cluster of diameter greater than R decays like R—2/4% g5
R — ox.

These predictions are now mathematical theorems [see
Schramm’s lecture].

Another model to keep in mind: Ising model (percolation has
some very specific features due to the independence between
the state of different hexagons). In the Ising model, a
configuration has a probability that depends on its number of
disagreeing neighbors.



New approach

One of the main novelties in the recent mathematical approach
is that one is going to describe/construct the entire random
geometric objects that appear in the scaling limit, and not just
describe some of its properties. In CFT, one focuses for
instance mainly on the "correlation function” that can be viewed
as "finite-dimensional marginals” of this entire law.



New approach

One of the main novelties in the recent mathematical approach
is that one is going to describe/construct the entire random
geometric objects that appear in the scaling limit, and not just
describe some of its properties. In CFT, one focuses for
instance mainly on the "correlation function” that can be viewed
as "finite-dimensional marginals” of this entire law.

Ex. of correlation function:

f(X1,...,%) = P(X1,...,Xs @re in the same cluster)



Qutline

o Background: Critical models, critical exponents
9 Conformal invariance & SLE
© conformal restriction

a Conformal loop-ensembles
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What does conformal invariance mean?

If one takes a critical lattice based model in two conformally
equivalent domains Dy and Dy (with propper boundary
conditions on &0;), on a very very very fine mesh, one gets
families of clusters {Cg,k < K)in Dy and {Cf._j = J)in Ds.
One has conformal invariance in the scaling limit if for any
conformal map F (i.e. an angle preserving one-to-one map)
from Dj to Dy, the law of (F(C/l),k € K) and that of (C2,j € J)
are the same (in the limit when the meshsize goes to zero).

In this morning’s lecture, Oded described the status of this
“discrete-to-continuous” results: Proven to hold for critical
percolation (the model on hexagons that we described) [Stas
Smirnov], loop-erased random walks and uniform spanning
trees [Lawler-Schramm-W.]. There is ongoing spectacular
progress for other models [Stas Smirnov’s lecture yesterday!]



ortla mial iInvanance & SLE

So, in the scaling limit, we should have, for each domain D, the
law Ppn of what one observes in D. And, conformal invariance
then "T'IFI'“EE o Pp= Pq-.{lr_}]

This is not a very restrictive condition...

We need an additional input.



Exploration and SLE ()

Discrete interfaces. Suppose that two points on the boundary
of D are given, and that we impose "boundary conditions™. All
hexagons on one of the arcs (called ¢4) between A and B on
oD are white/blue, and all hexagons on the other arc (called )
are blackired. Then, there exists a unique curve from A to B
that separates the blue cluster attached to &; from the red
cluster attached to &, This is the inferface.



arifof mal invanance: & SLE

Discrete interfaces can be explored. Knowing the beginning
of an interface is precisely saying that all hexagons on one side

of the interface are blue and that all hexagons on the other side
are red.



SLE (1)

Hence, in the scaling limit, we expect the interfaces to converge
to continuous random curves that satisfy:

@ Conformal invariance
@ Exploration property

There exists at most a one-parameter family of random curves
satisfying these two properties and they can be constructed via
terations of random (infenttesimal) conformal maps.

These curves are the SLE curves Stochastic/Schramm
Loewner Evolutions.



SLE (1l1)

Some facts on SLEs [Schramm, Rohde, Beffara, Lawler, W.]:

@ This one-parameter family indeed exists. The parameter is
usually called .

@ One can compute various exponents, dimensions that
describe the behavior of the curve

@ One can show that certain values of s (forinstance x = 6

and x = 8/3) correspond to certain additional properties of
the random curve

@ The curve is a simple curve only when s < 4,






