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o Connes "BO: T [T with prop T of Kazhdan
then Cut{£(T)), FILITY) are counta el

« Connes’ Rigidity Conjecture (CRC) '80:
MATCS, prop T, E(M) o L{A) s T2 A7
Strong Version: E%°X 8 Mo [%9Y A = o A
(wirtuain 7

Fartial Answers:

(a) L0+ SiFL) (Connes-Jones 94
Proof uses Haagens's darormation of F,

(b)Y M C Spln, 1) iettioe, then L{Ta) = L(Tm)
= n < m (Cowling-Haagerup "85,

(c} Strang CRC bruwe modwio countable sets,
i, T LT counlasde [o 1 (Popa "06)

Proof by “separabllity argumants 4 results of
Gromoy @md Shalom



rMeanwhile in OE Ergodic Theory

R. Zimmer '80. $L(n, 21 X, SLimE) ¥
free ergodic OFE = = m
Proof uses Zimmer's cocycla supssmigidity

D. Gaborau "93-"01: Frnr X, Fem ¥ e
argodic OF & n=m. Alzo FiEg ) ={1}.

2L el o

Proof uses (Saborau’s F-Bettl numbers for equi.
redations B(R) € [0, ], for which he shows:
Bl F ) o= B (T (ATIVah, Cheagar-Grom )
Ba(RY) = Bu(R)t.

A. Furman "99; free ergodic e X with T
higher rank lattioe are OF Subarrighd. any OE
belwasn [ X and an arbirany ee argadic
Mo Y comes from 3 conjugacy:

Froof uses Zimmer and Ratnaer resutts

M. Monod & %Y. Shalom "02: O Superigid-
Ry o products OoF 2 2 word-Rysariolic Qrouns.
Proof uses bounded coh. (Burger-bonod).



wh and OE rigidity
from coexiatence of deformation & prop, T

Thm 1 {P "01) A< L2, E) non-amenabie,
FA~AaTE=22 Then:
¥ LT o [9*T2 . A comes fram OFE

Froor uses defarmation figkdity and wmbarbwm-
ng subalgebras Technl gues

Consequences of Thm | 4 Gaboriau's results
o FIIPT2um) = {1}, Y7 C SL{2,E) TIn. Indax

v [7T2 4 Fa, n=2, 3, ... non<somarphic



Terminciogy T werighd IT AH < T nomal

wWith relative prag,. T of HEII‘ldEI‘l-MEFﬂLHI‘E

o M =Tgk &2 for My ¢ SL(2, ) non-amenabie
(Burgar;

o =Hx & with & Infinite Karhdan

Thm 2 (P '01-"04) T worighd ICC, T~ X
free ergodic; A arbirary I0C, A Y Berpoull
Ifp . L=XaTl o {L""!‘.-":--ﬂ.-'-.,‘.li thend=1

and g aomes oM 8 oniugacy

In particular

o [ werigd I, T e A Bermoudl) then M =
L% w4 T has F(M) =1, Out(M) calatable

# CRC for wreath products: T weripgr [CC,
H disorete abelian, Gy H Ty (wrealh prod.),
1=0,1 Then, LGy LiEy Gy



Thm 3 (loana-Pelerson-P 08}

YE compact abelian, wom > 3 3 adion
M=&Lin, T) 4 (£L{m, T) » £) s K with
FiR=Tym 1] and QUL[R= ) = K

Thm 4 (P-Vaes "06). N =304, Z) x E?,

Mg ={A™ | = £ &}, for cartain A ¢ L4, Z)

M (X, ) = ({0, 1}, 00) 70, pof0) #= woll)
Then M = [=*X « [ hazs no ‘outer symme-
trigs: F(M) =1, Out{li =1, M 2 *



Thim & (P "05}: OFE Superrigidity

Agzyme T werlghd T o~ X Bernowitl  Then
M XI5 OF superrigia:

¥ OF belween I~ X and arbirary frge érgodic
Ao Y oS frarm @ conJugacy

Proof follows from arcicle supsrrgia iy below,
appliad to codydle assod. 1o the OE (Zimmer)

Termiciogy Closed suDgroups ¥ o WUV with
N I ractor called Ainte Heps

E.g.: % countzbe discrebe, ¥ separalle com-
a0l GrOLPE,

Thm & (P "058): Cocycle Superrigidity
Aszymgs [ vwerighd, T e X Bafrnowll Than;
Wi finite tvpe, Wid-valued cocycle for o X can
e tunbwisbed" bo 8 grous morehiem T =0






Applying

Thm G (F "Of%): i
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Fhiiny o (F* "0%):
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Iomorphism of proBability measurs spaces

&7 (K, e (Y w)

Viewead A0 &5 isomorphism of alosbras

A zeX, [ au) = (1o, -rr )

via the relation Aald) = alA—18), Ve e 19X =
LX), t € X, Bxtends to L2X = L2¥

AUL(X, 1) "zame 35" Aut{L=X, [ dg)



M aroup. a measwe presrving M-action is a
morphism T — Aut(X, @), of T — Aut(L*=X F.dg)
NHatatlen: M &, T IF9X

M X fregif pi{t e X gt =4} =0,"g# e
FHICIT, s € LK grmx ¥y = 2 € C].

Example 1. T ¢ Aut{X, ) {eq. irrational ro-
tation on X =T, two-sided Bernoull shift on
X = {0,11%, atc), dvnamical astern (Thn &
Z) zame a5 2 X

Example 2 (Bernoulti actions). [ countable
arp. (N, po) Drob space, T e (X, p) = (Ko, po)"
B g (th)n = (4,1, )k SIMIElY T (Ko, jeg)" 770,
fof T o M Subgroup

Exampla 3 [ “Goometric” actions):

{a) T, A lathices in Lia group @, T G/A,
()T € FLinE), T T =T

(e} I — & dense In compact group &, [ e&



The group measure space construction
{F. Burray £ J, von Neumann “36)

Mo ()

Von Maumann Algebras FeX W, S

» H = @, L2X u, Hibert space
v H o3 Dby, "serias”
del > - -
o L3N = LX) 3.4, “coaflicients
# up, ke [, variabies"
¢ PAUITEICATON. (mpug ) (8,up) = wmaplf uap

Then
XAl Eeen |menen)
ey Bewr

&5 algebras of [t multiplication oparators on
W Thay ara von Newnann aigetvss, | o, closed
i topnl gy givan by Semincrms |48 )| on BIH D



o L7X a5 subalgabra of M o LK wa [ by
ooy, =l

s [ dp extends to posithie Binear functional -
on Moy

T Epeguy) = [fede Sabisfies riey) = r{w],
":"-as,y, ie v brace on M

¢ [ (X p) free ergodic, [F| =« < oo, then
X {1, pmn} g the comting measure

LK A T MpunlC), T=Te(-)/n

I=2X = diagonal operators.

# o (X, ) free ergodic, |F| = oo, then M
Iy macter, i.6. E(M) =, M has uniqua trace,
TP = [0, 1] { “continuous dimensken )

¢ SOT) 15 Ty Tactor 1T T infinie confugecy olass
(). Eg.: F =5, Fo, PSLInE). n> 2



& CONDInUoLE Fimerisisn 3lows -5m i cEton
of Tl Tactor M, ¥4 > 0, by M* = pho . { M)p.

2t p € PlMuen( M), mipl =¢fn
Motice: (MY)F = s

¥ FUH{]I"-E'.I':']G'.".'EE!' group of M
FM) = £ 0| M = M}

bAurray & won Meumann “4.3

Ay fackors DX Al wih T inoreasing dnmn
oF FINIE @roups IS apoeosimately finite dam
(AFD ) andg at AED Ly factors are lsomorphic

The unlquse AFD factor denoted R

Conzeguence: F{R) = R:‘P



o How doss the (Halld) somarphlsm oass of
M=I=Xqal gopand on T X 7
specifically: Describe L2°X o [ e (L7oF A
n terms of “lsemorphisms” of C e A, A Y
In particular

w Calciabe Ut M = AUL/INTIM ) and FM),
o M =L"Xur

“Classic Questions”

(Murray-von Meumann "3, Kadigon "67T )
A X, FIIXaT el 7 LiFa) = LFn) =
n=m" FILF)) = More generailly

[ g Fye Pl aF st n=m "

FL#X 0 By) =7

"Tsomonphism” of M X, Ac Y maans
conjugacy, e & (X e e (Yol and § T e A
With Adaz) = Slp)add), Yo elM e X

RMeober <Zonjugacy Implemsents [somorphism
L&X AT o B9 4 A BY Eaguy — Tolaghug



Singer 'S5 LXK = [ can ondv “remember”
the eguivaience refztion given by

crbtsof M X Ep'jéf{[i,gd) |2 e X gel}

Equivalantiy

Feldman-Moore 'T7. A0 180 & (X ) =
(¥, 2 eacbends to Lo w [ e LO9F W ACIEF A 18
an orbit equivalence ((OF), le ARy = Ra.
o A ey = A, W

Thus Coniueay = OFE =+ 50 o v algairas

CxBIE Equivaiance Ergodic Theor

(H. De "B3, FM 'TT)

Studv alf e X wp b0 OFE, o

How does OE o282 of [ e X gopand on K2
JONjueecy ofass, in parlicar on groun Iy



o Connes "Fo: A amerabde 11y factors are jso
bx B I factors LooX @ [, £(0) amanabia
(EhuE = BY IR T amaenabig

¢ Dye 'BO Ormstein-yWeiss, Connes- Feldman-
Wieigs "Bl AF ergodic mp actions of count
amanable grouss on NoR-Abirmic BroD. Spacas
ae OF

o ¥ non-amenable has » 2 non OF free ar-
podic actiong (K. Schimidt, Connes-Wess
@1 Tor non-T. Hiorth "02. ¥ T-group 3
non OE; Gaborlau-Fopa 03 same for Fo.
Golodets "82, Monod-Shalom, Popa, loana
0204 same for many nan-amanable growps)

¢ Connes- Jones 82 3 groue T and Fee ar-
godic T~ X, T~ ¥ non OF but g same

alpebra Lo o [ o L&Y m [



