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s‘ MATHEMATICAL MODEL
From global 10 1068] ——

Bloodis a
suspension of

red cells,
leukocytes

and platelets
on a liquid
suspension

called plasma




MATHEMATICAL MODEL

» Representation Framework: Neither Lagrangian... !

ﬂgr‘ungiun
Representation




MATHEMATICAL MODEL
I}

... hor Eulerian...

Eulerian
Representation




MATHEMATICAL MODEL

,_ ... ALE!
ALE (Arbitrary Lagrangian Eulerian) _#

Representation

with inflow and outflow
bondaries fixed




\ MATHEMATICAL MODEL
ALE framework: an abstract setting | ————

| The moving control domain
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‘ MATHEMATICAL MODEL )
| Fluid equations

—

Assumplions on the fluid (in large arteres).
+  Homogeneous

*  MNewtonian {1 = constant)

ogr(ug, P) = —PI + 2ue(uy)

Cauchy stress tensor

e{uyp) = ;{?ull.- + {THJ-]J‘I.}

Strain rate tensors

Incompressible Navier-Stokes equations in ALE conservation form:
e &0 31
FLES AN +diviprusRius—w)—orluy, P}) =0, in 2:(¢)

Ji o
divuy =0, in Q¢(t)
ug=ugp, on lyp

=

agr(ug, P)ng=grn. on Tjy
ug=ur, on ()




MATHEMATICAL MODEL

'.'.'I Velocity profiles in carotid bifurcation (rigid boundaries, Newtonian) |




\ MATHEMATICAL MODEL —
WSS (Wall Shear Stress) - an indicator of atherosclerosis I_
T cha
Was = ,[:(EE . T)

.l."rr|'|I
u wvelocity feeld
i, T hormal and tangential unit vectors to the vessal wall

AT, Tk 1M

=
'L I.l'll_. il

W3S puimonery atary [congenitel haert disease) W35 on coronaries (M.Progl, K Perktold TU-Graz )

m oy




N MATHEMATICAL MODEL
Viscosity depends on shear rate and vessel radius I_

In small vessels (below Tmm radii) red blood
cells move toward the central part of the vesssal,
whence blood viscosity shifts toward plasma
viscosity {(much lower)

Red bood cells aggregate
as in stack of coins




MATHEMATICAL MODEL

MNon-Newtonian Models —

oplug, P} = —PI+2pe(ug)  Cauchy stress tensor

Generalized Mewtonian model;

p= (%) F=2r(e2) (4 Rate of deformation, or shear rate)

POWER LAW model:  p(#) = k4®!

Shear thinning if n<1, /! is a decreasing function of <

) i |

g | Pa ™|

k)= 0 T E, D4R

T A0 B, 0.08F)

— =0 B, D AE)
OD15

oo

2,005




Patient’'s real
data

suncertainty
ssRnsitivity

Mathematical
Modeal

PROBLEM
Analysis of the
cardiovascular system

oo - g -
sl e e T
AOMBEr IS0 - wWithn

experiments, validation



\ MATHEMATICAL MODEL

Some Generalized Non-Newtonians Models —

fg = _lirr:.l pl) = 0.056 Pa s

Hoe = lim p(%) = 0.00345 Pa s

At

MODEL “ll::I_—_;Ix MATERIAL CONSTANTS POR BLOOD
POWELL-EYRING %_:Mﬂ] A = h.38d s

CHOSS {1+ (A5 A= 1007z m = 1.028
MODIFIED CROSS (14 (A5)™)" A=3273a m=3.408, o=0264
CARREAU 1+ (A5 PRym—1a A=33135 n=0.5568

A=1902g n=022a=1.725

CARREAU-YASUDA {1 4 (A4)%)in—1/e

{Y.1.Cha and KR Kensey, Boorheology, 1861)



\ MATHEMATICAL MODEL

Model of the arterial vessel —
Mechanical interaction
(Flukd-wall coupding)

Biochemical interactions
(Mass-transfer processes:
macromolecules, drug
delivery, Oxygen,...)

. 4

MEDTA




MATHEMATICAL MODEL
—

Mechanical interaction: equations for the solid wall

The momentum conservation (elastodynamic) equation
{Lagrangian approach)

-~ agﬁﬂ . = i i ﬁ
PS’DF == dlUi(FS ) — G n &

deformation gradient

1 Jacobian

L a0t second Piola-Kirchoff tensor

P density in reference configuration




MATHEMATICAL MODEL

N,
Solid wall Eﬂuaﬁﬂl‘li —

We assume the solid to be a hyper-alastic material;

I}/ Is a given density of elastic energy

” lreae
E=- lF£ Fs— IJ Is the Green-Lagrange strain tensor

Equilibrium of a hyper-elastic solid:
_ B e |
— divg(F:£) =0, in £

Ps.0 afg
fs=0 on [,p

F_:_.:iﬁg —_— iﬁlF;TﬁS%gHIH'I on
ngﬁg — .fq|FS_T ﬁqlgr, on

FH,N

E




MATHEMATICAL MODEL

|

The coupled fluid-structure problem —

Equations for the geometry;
iy = Ext(i,p), w = "Ef,s‘a 1) =T+ 7))
Equations for the fiuid:
gf_-fiz’-j?lfl_+|:Ii'ur{,r.~lrn_|rl:f:|{u_lr—wj—e:r_r{llf,P}) =0, in §2¢(t)
I divuy =0, in Qp(t)
uys = up, on Fflﬂ
::rf{uf, P)ﬂf = Bf.N: on rf!_.'u.,r
ug=mw, on (i)
Equations for the structure:
;R ;
P50 g2 —divg(F:£) =0, in €
T]'.-ii =1 an l_.s D
Fsiﬂs - jﬁlF I1¢,|g5 jrv.|I1 . on |_
F.Li; = Jos(uy, PYF; Th;, on F
_m




H‘ MATHEMATICAL MODEL
Energy balance

Faor homogeneous boundary data (isolated system);

ur=0 on 92:(t)\I(t)

Fsiﬁ5=ﬂ L aﬁs\r

e [EK(uy,us)+EP(E)]4Diss(us)=0

dt
ith Ws = F1ls
W g —
' ot

o e . Il:';":-ﬂ- [ - ,
EK(up us) = -/;TJ-'I:I',} E‘r|uj|grix - -/ﬁx ?;u,,-;?dx Kinetic energy
EP(E) = /S;E W(E)dx Elastic potential energy
DiSE{qu] = ./njl:” Emslfull.-ﬂzfix Viscous dissipation




Y] MATHEMATICAL MODEL

(Existence of strong or weak solutions, control, stability of time-
discretizations in time-dependent domains)

Le Tallec and Mouro (95),

Beirao da Veiga (04),

Desjardin and Esteban (99),
Osses and Puel (99),

Grandmont and Maday (00-02),
J.L.Lions and Zuazua (95),
Zhang and Zuazua (04-086),

Murea and Vazquez (05),

Cheng, Coutand and Shkoller (06)
L.Formaggia and F.Nobile (99-04)
D.Boffi and L.Gastaldi (04)




\ MATHEMATICAL MODEL
Dimensional reduction: working at interface I_

Role of Interface

p=— |
oo B \
i Qu(t)

Q(t)




N‘ MATHEMATICAL MODEL

Interface Problem: Domain Decomposition Formulation, | |_

Steklov-Poincare’ equation

SPe(X) 4+ SPs(X) =0

Construction of the Steklov-Poincare’ (Dirichlet-to-Neumann) maps SF, and 3P,

s (W,p) = RESJF(T) - SF_}:[T) = Jf(ﬁ?p)‘ﬁ}f{

X — (@,p) = Ress(X) — SPy(X) = 0s(W,p)-74




\ MATHEMATICAL MODEL
DD Formulation, II: Preconditioned lterations |e———
SP(X) +SPs(X) =0

1. Compute the residual stress from a given displacement

7F = —(SPH(AF) + SPs(A %))

2. Apply the inverse of the preconditioner to the stress

—» recover displacement

In
3. Update displacement

AL =k L R

"""Fr s fj—l‘a_'*.k‘

Pl = o (SPHA®)) L 4 af(SPL(NE)

{5. Deparis, M. Discacclati, G-Fc-urestei and A Q. 2004)




Geometric

Pre-
Processing

Extraction of 3D geometrnc model from medical
Images (anatomy)

stical analysis and classification

{according to clinical protocols)

Generation of boundary and initial conditions

(physiology)




\ ‘ MATHEMATICAL MODEL

FSl for carotid bifurcation : wall deformation I_
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MATHEMATICAL MODEL

-'i Ep-urlnuw. reFIc::tlnnf; wnh Frtr: wtrcﬁq nutFInw t:nndltlnn'?. ,
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N‘ MATHEMATICAL MODEL

Geometric Multiscale




MATHEMATICAL MODEL
Cardiovascular System: Functionality | —

Pulmonary circulation

Pulmeonary || Pulrnonsry
Arenies Wging

Systemic Circulaton




MATHEMATICAL MODEL

Representative fluid dynamics values e —_-_——

- Geomefrical and mechanical parameters of blood vessals vary highly from the
artenal scale to the capillary one

= Customarily, the flow has a [aminar regime

Vessal Humber Diameter Wall Varlocity Average
[emi] thickness [emis] Reynokds
[cm] number
Aorta 1 ] 0.2 48 3400
Arteries 154 05 0.1 46 00
Arberiohes 1.dab 0.004 0,002 & Q7
Capillaries 3. 28 0.0008 00001 0.1 0,002
Venbes 20e6 0.007 0.0002 0.2 0.0
Veins 40 05 0.05 10 140
Venas cavs 2 = 0.3 a8 3300

Full scale turbulence (kgh Re) can develop in a few cases only:
1. High cardiac output (exercise)

2. Stenoses

3. Low blood density (for example: anemia}




MATHEMATICAL MODEL

A local-to-global approach

Local (levelt):
3D flow model

Global (level 2):

1D network of
major arteries and
VEins

Global (level 3):
0D capillary
network




\ ‘ MATHEMATICAL MODEL

Dimensional reduction by geometric multiscale ’—

SD 3D Mavier-Stokes (F) +
3D ElastoDynamics (VW)

1 D 1D Euler {F' +
Algebraic pressure law

0D lumped parameters
{system of linear ODEs)

1

0D H.g . 2
T

o




A\l MATHEMATICAL MODEL

| Geomefric multiscale models ’—

3D Mavier-Stokes (F) + 3D ElastoDynamics (V-W)
pelpu+ (0 —w) - Vu] — pAu+Vp = 0 in £2;
divu = 0 in £2y
dyn —div e(n) = [f(n) in S
e(nl-n = T(wp)'n onlC
u = on

Assume that:

R

. hae a prescribed steady profike
=average over axial sections
sciatic equillbrium for the vessel

Then we cbtain a 10 problem,




N ‘ MATHEMATICAL MODEL
Geometric multiscale model —

1D Euler(F} + Algebraic pressure law

A+ 8:Q g,
aQ+ 8. (2) + 48P = -K.9,

P(A) = ,3.5{.".11":3!3.;{{{_@:@_?

Assume Lo

* linearize 10 equations

= consider average infernal variables

* relate inferface values to averaged ones

Then we obtain a 0D problem (ODE).




\ ‘ 6EOMETRIC PRE-PROCESSING ~
| Extracting geometry from medical images !—

MR (Magnetic
Resonance)

i Contour axtraction
gﬂkfflim?ﬂ:i by segmentation Sample points on
{using B-Splines)  @xtracted geometry

B KoM 2006




MATHEMATICAL MODEL

Geometric multiscale model —

0D Lumped parameters [system of linear ODE’s)

"?% = —(Qi41— Qi)
L%{" = —{(F;— F_1)— RQ;

The analogy Fluid gynamics Elecirical circuifs
Pregsure WioRagpe
Flow rate Current
; Biood viscosity Reskstance R
% % Blaod inestia Inducismnce L
A Wall compliance Capacéance C
— i+
1_'|_% ff:'_| T » RLC eircuts model “large” artenes
= [ = RC circuits account for capillary bed

= Can describe compatments
(sch as perpheral circulation)




MATHEMATICAL MODEL
- One-dimensional models .—

Stenosed artery Junction of three MNetwork of 55
arteries arteries
(stented abdominal aorta)

- T vy



MATHEMATICAL MODEL

A 0D model of the whole circulation

—

Systembc Tree

Heon

Ry
2 AR
; 5 iy
Ry 5 Ry S3| R Ry L, I R,, 5J R,
WD WA e w.s—=- '
£ | | i
=i, | e 2 iha c'J_
Dy | T | I U,
:d R =

gl
5; Rs Ry Ly
A {__.'.' ___\ '. ;51-_5-_=
Cy — Ci |

Pulmonary Trec
Ly

Continuity of fluxes and pressure yields the DAE system:

d
d’i B(y,z,t) te (0,T]
G(y,z) =0




\ ‘ MATHEMATICAL MODEL

A full geometric multiscale model: 0D-1D-2D (or 3D) coupling I—

Ra

h | B
e & —
o T H
By

i

B Monitoring Station

S




MATHEMATICAL MODEL

{ 3D-1D - 0D |




MATHEMATICAL MODEL

= S W S
3D and 1D for a cilindrical artery: pressure pulse |

30 medel (spurious reflections) 3D-1D coupled model

1A Moura)



MATHEMATICAL MODEL
: 3D-1D for the carotid: velm:it_z._r field

1A Moura)



MATHEMATICAL MODEL

s 3D-1D for the carotid: pressure pulse

(5=

1A Moura)



\ MATHEMATICAL MODEL

Some references on the 1D system ’_

L.Euler, Principia pro motu sanguinis per arteria determinande, 1775
Continuous dependence of 1D: L.Formaggia. J.F. Gerbeau, F.
Nobile, A. Q., 2001
Existence of local-in-time regular solution for in the half-space for
1D: S. Canic, E.H. Kim, 2003, 5.Canic and A.Mikelic, 2004
Asymptotic analysis for 1D-0D coupling: M.Fernandez, V.Milisic
and A.Q., 2004
Existence of regular global selution on bounded domains without
source term and special b.c:

D.Amadori, 5. Ferrari and L.Formaggia, 2006

Treatment of interfaces between models of different dimension
(A.Q. and A. Veneziani, MMS SIAM, 2004 (3D-0D, Shauder fixed point})
L.Formaggia, J.F.Gerbeau, F.Nobile and A.Q., 2002

AVeneziani, C.Vergara, 2006, L.Formaggia, A.Veneziani, C.\Vergara,
2008

(by either Lagrange multipliers or optimal control)




N MATHEMATICAL MODEL

A Global Scenario: An Qutlook _

®

Respiratory Heart Irrorated
system model compartments
| |
= 1 Nervous
o~
. chemoreflex
N Circulation sl R
model | Ll
Systemic Resistance
A N— Flow Rate )
{ Concentialions Iﬁ.l‘tenal':ml:entratmn
| Pressures 3
R R e
Metabolism ' e ex )




N‘ GEOMETRIC PRE-PROCESSING

Building the surface S from sample points )—

S={xe€ R3: o(x) = O}  implicit definition

d(x) = > wip(||x — x;||)  Radial basis expansion

1
Two possible choices: (F*'(T) — T or 4,0(’?“) = T3

Extracting information from the surface :

Hy(x) = éﬁj T X €5  Normalized Hessian

Allows computation of curvature:

U(Hh) e {D: Emins Bmazx }
B | T




Ay POST-PROCESSING and MODEL VALIDATION

FPost-

processing and =Imor analysis (comparison with exact selutions an
model benchmark problems and resulls-in Btaratune
validation

Comparison with experimental results

(i wivo N witrg)

Assessment by M.D and clinicians




\ ‘ APPLICATIONS

1 - Cavo-pulmonary shunt

2 - Cerebral aneurysms

3 — Stents




APPLICATIONS

1 - Cavopulmonary Shunt

LABS, Politecnico of Milan
Cariplo Foundation
Great Ormond Street Hospital, London




APPLICATION 1: CAVOPULMONARY SHUNT

=shunt for restoring heart-pulmonary circulation

Central Shunt Modified Blalock-Taussig Shunt
(CS) (MBTS)




APPLICATION 1: CAVOPULMONARY SHUNT

Central Shunt
{ES} a PULMONARY

Floner (%) UPPER BODY
s CORONARY

&0

‘_':".:,_- -:.. e j .i Z
'-'_E"'"""'-'--"-'.'.-'I-';':: '- | :.::. ”

Relevant climical iIssues ™+
0

+ shunt radius choice
535

+ gystemic/pulmonary flux
balancing




I
‘ APPLICATION 1: CAVOPULMONARY SHUNT
| A multiscale 30D-00 model

FULMORAAY BRTERIES

I 17
I 1 |
S
T [T T
I+ 1 /F i s e i p
T § 1
SHUNT ﬁ :
1 HPFER BOOY || - -
- l‘ l i HE&RT I "\‘
Shunt ngﬁmu; I AETH

1




E——
\ APPLICATION 1: CAVOPULMONARY SHUNT

m Flow reversal in the pulmonary artery




\J ‘ APPLICATIONS

2 - Cerebral Aneurysms
The ANEURISK Project

Siemens ltalia
Niguarda Hospital, Milan
Lab of Biological Structures — Politecnico of Milan




APPLICATION 2: THE ANEURISK PROJECT :

Project description

CEREBRAL ANEURYSMS are lesions ansing on
cerebral vessels characterized by a bulge of the
vessel wall. Quite often they are sulbject to rupture,
yielding dangerous cerebral haemorrhage,

“If iz esfimated that 5% of the population has some type
of aneurysm in the brain. The incldence of ruptured
anelrysm is approximalely 10 out of 100,000 people
per year. .. About 10% of pafients who have one
aneurysm will have at least one more.” Nalional Library
of Medicine, NfH U5, hitp:/fwww._nim.nih.gov

PROJECT GOAL:
To highlight the possible relationships between vascular

morphology and risk of development and rupture of
ANSyYSnTs

METHODS:
Integration of extensive data analysis and numercal simsations




Model . Bifurcations ientification

1.
2. Centerlines . Centerlines of each branch
3 Maomsl Inscribed Sphere Radius . Branch ldentifications

ML 200G




“l GEOMETRIC PRE-PROCESSING

Generating a computational mesh )—

Constrained optimization procedures are needed to maximize a
suitable measure of the grid guality (to avold triangle distorsion)
while keeping the desired accuracy of surface representation

Original grid (marching cube Optimized god (.
algorithm, J Bloomenthal, 1994 Peiro et al, 2006)

O OmTT




\I APPLICATION 2: THE ANEURISK PROJECT

From geometric reconstruction to numerical simulations )—

& &

Reconstruction
of the aneurism's geometry

Pressure field

Velocity streamlines




N APPLICATION 2: THE ANEURISK PROJECT
mmm=|  Particle tracing in an aneurysm during a full cardiac pulse




wj| APPLICATION 2: THE ANEURISK PROJECT
Statistical analysis and CFD on 65 patients I_

o

Demnsy
LN O

s

Cunvature
.

TF]

o
=

ITee - z r T T

Occwrence of 154 Anawrysms; .
Histogram of Aneurysms'location Curvilinear Abscissa
shows that |[CA anewrysms eceur

essentially in bvo sites Classes Introduced In Hassan et al., J. Newosurgery, 2005




APPLICATIONS

3- Drug Eluting Stents

Haemodel EU Project, 6th Framework
MIUR, Italian Ministry of Research and University

FNS, Swiss National Funds
Fondazione Cariplo




*ﬁﬂ APPLICATION 3: DRUG& ELUTING STENTS
Stenosys in the carotid bifurcation —

Angiography
after stent
placement




APPLICATION 3: DRU& ELUTING STENTS
— = e

Stent deployment

L




APPLICATION 3: DRUG ELUTING STENTS

Four commercial coronary stents I—

JOSTENT

Differant stent design may
affect the local drug
distribution across the
arterial wall

PALMAZ

The final configuration
reached after the stent
deployment has to be
taken into account an
incorrect expansion may
calse sites of toxic dose




N APPLICATION 3: DRUG ELUTING STENTS

Arterial Wall thickness: 0.4 — 1.0 mm

Coating thickness: 5§ #m

I—.' Modelled

with three phases:

= Effective solid phase (drug
bound to the polymer)

<::>- Virtual selid phase (polymer
swelled - free interface)

’w_ « Liguid phase (drug dissolved
_J in plasma)




N

APPLICATION 3: DRUG ELUTING STENTS

A Multi-Domain/Multi-Phase Problem  re—

e
(]_ — DAe+ uVe Macroscale, mm {in the arterial wall)
At
Macroscale, pm (in the coating matrix)
‘}{—" li (.”' i ﬁ bl = W Lipa rlllih':' (1 = Kpat)
i I fir i il . LIQUID
Diffusion Erasion Dissolution tilecils
”j—‘ —m:”“'u — Kier * 1) — G5 * Ky VIRTUAL SOLID
el L PHASE (free interface)
e o o o) EFFECTIVE SOLID PHASE (dynamics
A Vel €l — Lz of polymer concentration)
H" £ H’ i D Depend on polymer characteristics (porosity, tortuosity,... )
r8s ST

Determined by stochastic models




APPLICATION 3: DRUG ELUTING STENTS

Numerical strategy

Grid around the stent

in shent coating ins thae wrall
#Elements H65.081 1.018. 475

{ramy more for realistic geometries)

Con't consider the
coating as a 3D
domain, rather
approximate the
transient flux at the
interface to the
arterial wall




\ GEOMETRIC PRE-PROCESSING

Volume-grid generation —

A good surface mesh is a key factor for the generation of a 30 velume grid
for the numerical simulation of blood flow

ek Tirwe™ gred @
G irvapnh  w o p ey
v mnadad bn g fhivparins




4j| APPLICATION 3: DRUG ELUTING STENTS e
Heparin release from stent coating |—

Concentration around a simplified geomeliry
Effective time: 1 day (uniform coating)

Blood plasma prassura
disfribution for a realistic
madel {deployved stent)

aEHEERE=
[ e |

=— Sinulation of stent expansion

and drug relesass M .Prosi)

O OmTT



APPLICATION 3: DRUE& ELUTING STENTS )
Uniform vs multilayered coating: release dynamics I_

1 day 2 days 3 days
Uniform




CONCLUSIONS/QUTCOME

Better understanding of physiclogical proces:

[ hasic research)

essment of risk indicators for pathological
upnses (clinical diagnosys)

Tool for therapeutic/surgical planning
{optimization)

NEW MATHEMATICAL
DEVELOPMENTS

— T \CM 2008
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MATHEMATICAL MODEL

Mathematical
Model

Set-up of numerical methods

stable, efficient and accuraie)

Computer simuiation




MATHEMATICAL MODEL

1.Local analysis
2. Fluid-structure interaction
3. Geometric multiscale

4. A global scenario




