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partition A F s A = (A1, 5,...)
M2M2 20

> X=n

{ Young) diagramof X = (4,4,3, 1)

3




partition A F s A = (A1, 5,...)
Ap2Ag2.-20

Ta=n

{ Young) diagramof A = (4,4, 3,1}

Young disgram of the conjugate pas-
tition X' = (4, 3,3,2):




standard Young tableau (5%T) of
shape A Fn e, A =(4,4,3,1)
<

1121710
s e|i1z2
il el




standard Young tableau (5%T) of
shape AFn e, A =(4,4,3,1):
<

1121710
s e|i1z2
il el

F = # of SYT of shape )

g, _;F[S'E:' =h

123 124 125 134 135
43 34 34 25 24

3 amaple formula for f"" { Frame- Robinzon-
Thrall hook-length formula)

k)



Note f* = dim(irrep. of Sg), where
&y i3 the symmetric group of all
permutationsof 1,2. .., n.



Note f* = dim(irrep. of Sg), where
&y i3 the symmetric group of all
permutationsof 1,2. .. ,n.

RSK algorithm: s hijection
=k
w = (F,q),

where w € G, and F, G see 8T of the
same shape A n,

Wrike 4 = sh(w}, the shape of w



Note f* = dim(irrep. of Sg), where
&y i3 the symmetric group of all
permutationsof 1,2. .. ,n.

RSK algorithm: s hijection
=k
w = (F,qQ),
where w € G, and F, G see 8T of the
same shape A n,
Wrike 4 = sh(w}, the shape of w
R = Gilbert de Besuregurd Robinson
S = Craige Schensted (= Ea Ea)}
K = Donald Ervin Knuth



w = 4132

L]

(h ]






Echensted’s theoram: Lef w

(F, @), where sh(F) = shi(q)
Then

(w) = longest row length = 3y
de(w) = lomgest colamm length = li,

= |8
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Echensted’s theoram: Lef w

(F, @), where sh(F) = shi(q)
Then

(w) = longest row length = 3y
de(w) = lomgest colamm length = li,

12 13
asz % s, 2
4 4

Blw)=2 defw)=3

= |8



Echensted’s theoram: Lef w

(F, @), where sh(F) = shi(q)
Then

(w) = longest row length = 3y
de(w) = lomgest colamm length = li,

= |8

Corollary [Erdds-Szekeres, Seiden-
berg) Let w € Gpgqr. Then either
is(w) > poor dsw}) > q.

Proof. Let A =sh{w). Ifisfw) < p
anddsiw} < gthen A < pand M| < g,
se i A Spg O



Corollary. Soy p < gq. Then
#{w € Gpg ¢ is{w) = p, ds(w) =g}

= (7}
By hook-length formmuls, bhis s

i !
[ﬁ.. 0T g+ P g l}l.:l



Romik: lek

w e Epz, isjw} = ds{w) = p.
Let £y be the permmubation matrix of
w with cerners (£1,£1). Then (infor-
mally} a8 ¢ — oo abmost surely the 1%
In By wil become dense in the region
bounded by the aurve

{mz - 3;2}2-1- ﬂlimg + -gz} =8

and will semain iselsted outside this s
giom



Romik: lek

w e Epz, islw} = dsiw) = p.
Let 5y be the permmubation makrix of
w with cerners (£1,£1). Then (infor-
mally} as p — 00 almost surely the 1's
In By wil become dense in the region
bounded by the aurve

(@ - ™+ 2+ o) =3,
and will semain iselsted outside this ye-
ElOTL

L

i
T --E'-'

.
*" .!J--n::ﬁ

wom %, L1614, 2,10, 1,5, 13,3, 16,8, 15,4, 12, ¥




..
4
E=
o
b=

(2® - P+ Yt T =3



Dvistribution of is{w)

E{n) = epectation of ix{w), w € &,

=¢:|E"*“:fh)3

Abln



Dvistribution of is{w)

E{n) = epectation of ix{w), w € &,

-a)

Abln

Ulam: what is distribubion of js{w)?
rabe of growth of E{n)?



Dvistribution of is{w)

E{n) = epectation of ix{w), w € &,

-an ()

Abla
Ulam: what is distribukion of ja(w)?
rabe of growth of E{n)?
Hammersley (1972):
E(n)
1";,—1 ¥

de= lin
Ta=b i)

aned #
— T o%E

Conjectorad c = 2

i



Logan-Shepp, Vershik-Kerov (1977)
B

Idea of prmf

Bfn) = = E:u (f"*)

Find “lmiting shape” of A F n masd.
mizing A a2 n — 20 wng hook-length

formmla.



Increasing and decreasing sub-
SeqUences

118496726 (i.a)
318496725 (da)

is{w) = [longest ia| = 4
ds{w} = |longest d.s.| =3



s f jllog[flzz;+.r-1cy}—z—y}dzdy.

mthjech to

ffﬁdy=1.
A



L

1.5

05

a

1.5



L

1.5

05

T =y+Zcoaff

y = E(sir.ﬁ' — B oos )
I
R

k-3



tipin) = #{w € 8, : a(w) < k]



tipin) = #{w € 8, : a(w) < k]
J. M. Hammersley (1%72):

1 (2
wln) =Ca —m(ﬂJs

s Catalan number,



tipin) = #{w € 8, : a(w) < k]
J. M. Hammersley (1%72):

1 {n
un) =Ca = m(ﬂ J
s Catalan number.
For =130 combinstorial mberpretations
of Ty, 8ea

wiww—nath . mit  adufwrstanfec



I Gessel (1990}
zor k
Eﬂuﬂn}m = clet [I“-ﬂ':gx)] =1’

where
ar

Imfz't} - ZM1

=0
s hyperbolic Bessel function of the
first kind of arder m.

L]



I Gessel (1990}
zor k
Eﬂuﬂn}m = clet [Ihﬂ"ﬂgz)] =1’

where
ar

Imfz't} - ZM1

=0
s hyperbolic Bessel function of the
first kind of arder m.

Eg,
,Iﬂn.
zt&[ﬂlm = Ug(2z)* — Uy(2z)?

n=i]

o

T
= % <, .
e

o nl



Corollary, PFor fited k, wg(n) is P-
recursive, &g,

fre + &) (n + 8)asg )
= (20n 4 620% + 230 — 2Juy(n — 1)
—Bdn{n — 1uyfn — 2)

(n+6)4(n + 4)ug(n)
= (375—400n — 8030 — 3200 350 M (n—1)
+ (259024 620n+45) (n— 1 Pug(n—2)
~225(n — 1 (n — 2 in — 3).

Conjectiures on form of recurrence due

to Bergeron, Favresu, and Krob.

k1



Baik-Deift-Johanssomn:
Define w{x) by

& )
&?Iu{z} = Zulz)® +azulz) (+),
wikh cerbain initial condifions
i #) s the Painlevé I equabion (roughly,
the branch poinks and essential singn-

lagities sze independent of the mitisl con-
dikiona).



Application: airplane boarding

Naive model: passengers bosrd in
order w =aiap ' dpfoveeabsl 2, .. .0
Each pamenger takes one time unit ko
be seated after asriving ok his seak

133614




Paul Painlevé

1863: bom In Pans
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1590 Grand Frix des Boiences M athématiques



Paul Painlevé

1863: bom in Pana
15890 Grand Frix des Boiences Mathématiques

1908; fiwst passenger of Wilbur Wright;
sek flight duration record of one hour, 10
rnimnkes



Paul Painlevé

1863: bom in Pana
15890 Grand Frix des Boiences Mathématiques

1908; fiwst passenger of Wilbur Wright;
sek flight duration record of one hour, 10
i kes

1917, 1925 Prime Minister of France



Paul Painlevé

1863: bom in Pana

15890 Grand Frix des Boiences Mathématiques
1908; fiwst passenger of Wilbur Wright;

sek flight duration record of one hour, 10
Trirbes

1917, 1925; Primne Minister of France

1933: died In Parla



Tracy-Widom distribution:
F(t)

= exp (- F (z - :}m:z]?dz)



Tracy-Widom distribution:
Fit)

= exp (- F (z - :}m:z]?ﬂ)

Theorem (Balk-Deift-Johansson) For
random [uniform) w € Gy ond oll
£ R we have
inw) — 2R

Jim_Prob (_1;"5_ < t] = F(t)

1



Tracy-Widom distribution:
Fit)

= exp (— F (z - :}m:z]?ﬂ)

Theorem (Balk-Deift-Johansson) For
random [uniform) w € G, ond oll
£ R we have

. iap(w) — 2R ]

lim Frob <t =Ft
ﬂ-ltmm ( 111;5 — { }'
Corollary.

s (w) = 2vin + U EdFl[if}} nlf 4 oinlft)
= 25..'}-— (l.rr11. . _]ﬂl,"ﬂ_'_ G[nllll'ﬁ}



+easal’s theorem reduces the problem
to “just” analysls, viz | the Riemann-
Hilbert problem in the theary of in-
tegrable aystemus, and the method of

steepest descent fo snalyze the saymp-
totie behavior of integrable systamns



{Geasel’s theorem reduces the problem
to “just” analysls, viz | the Riemann-
Hilkert problem i the theory of In-
tegrable aystemus, and the method of

steepest descent fo snalyze the saymp-
totie behavior of integrable systamns

Where did the Tracy-Widorn distzibu-
tion F(f} come from?

Fit)

=op(- [~ e s



Application: airplane boarding

Naive model: passengers bosrd in
order w =aiap ' dpfoveeabsl 2, .. .0
Each pamenger takes one time unit ko
be seated after asriving ok his seak

- 133614

2536 14
o O N ) Y )



Gaussian Unitary Ensemble (GUE):

Consides an n = n hesmitian malric
A = {Mt-j} with probahility denaity

z;lg—f::[ﬁd’?} M
d =[] dMy
[ ] a(Re(ad,;))a(lma (P50,

i<
where &, b & normalization consbaxk,

L]



Tracy-Widom (19%): let oy de
note the largest eiganvvslue of M. Then

Vvl
N

F‘rub((ﬂri - \-"El') Vit < ﬁ]
= Fy{f

-1



Is khe connection bebwesn klw) and
GUE & coincidence?



Is khe connection bebwesn klw) and
GUE & coincidence?

Okoumlkere provides & connestion, via
the theory of random topologies on
surfaces. Very briefly, o surface can be
deacribed In bwo ways

¢ Gluing polygons slong thelr edges,
sonmected to random matriess via quan-
b grraviky

¢ Feanified covering of & sphers, which
can be formulabted I ferms of per-
mnitations



Joint with:
Bill Chens [k 11|
Eva Deng AL 19
Rosena Du FL #5778
Catherme Yan ifR4E



icomplete) matching:

B P O o

cmssing: W
nesting: /::-..\



icomplete) matching:

B P O o

crossing: NN
nesting: /ﬁ"\

total mmber of matchings on 2n] =
1,2,...,2n} Is

(2rn — 1) :=1-3.5 - (3 —1).



icomplete) matching:

B P O o

crossing: NN
nesting: /:':*:\

total mmber of matchings on 2n] =
1,2,...,2n} Is

(2n — 13 :=1-3-5:--(2n—1).
Theorem. Tha number of maich-

wngs on [2n] with ne cressigs {or with
o neshings)

E'iu. = x (}}j.
n+tlin

=




Well-known:
Co=#{o; a5, : @y =2,

ap++ag 20, 3 =0}
{ballot sequence).

L1



Well-known

Cr=#{ag ag, &y =1,

ap++ag 20, 3 =0}
(hallot sequence).

S ety

1

R TRERG A
1 1 -1 1 -1 -1 1 -1

-1 1

L3



Application: airplane boarding

Naive model: passengers bosrd in
order w =aiap ' dpfoveeabsl 2, .. .0
Each pamenger takes one time unit ko
be seated after asriving ok his seak

- 133614

2536 14
o O N ) Y )
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What 1z the anslogue of mereasing and
decresaing subsequences for mabchings
MT



What 1z the anslogue of mereasing and
decresaing subsequences for mabchings
MT

Azsociabe with a msabching M on the
vertices 1,%,...,3n a fhed-ponk free
irvolution way & Gay,

e . P

1 2 3 4 5 & 7 B
why = (1, 5)(2,7)(3, 4)(5, &)




Whak 13 bhe analogue of mereasing and

decresaing subsequences for mabchings
MT

Azsociabe with a msabching M on the
vartices 1,2,...,3n a fhed-ponk free
irvolution way & Gay,

e . P

1 2 3 4 5 & 7 B
why = (1, 5)(2,7)(3, 4)(5, &)

Flaw: no symmetzry between iz and
da | different distributions on fixed-peint
free invalutions)



S

S—erosFng
e
i-pesting

M = mabohing

cr(M) = max{k : 3 kcrossing}

ne( M} = meao{k : I k-nesting} = %dal:wM}



S

F—Crossing
R g
i-pasting

A = makching

cr{M) = max{k : 3 k-crossing}
ne( M} = me{k | I k-nesting} = %d¢[wﬂ}

Theorem. Let fofi, i) = # match-
ings M on [Bn| weth cx(M) =i ond
ne(M) = j. Then fu(iyj) = fald i)

Corollary. # moatchngs M on [2n]
with (M) = & equals # matchings
M on [2n] with ne(M) =k



Main tool: oscillating tableaus.
o O H O m E:I M O BII
shape (3,1}, Jength &



Main tool: oscillating tableaus.
o O H O m E:I M O BII
shape (3,1}, Jength &

<] 4

k]
ko
[ 28]
Lax
-
Y
ik
e
-

eM)=(¢0 O I [P g O ¢)



@ 1 & bijeckion from mabchings on
1,%,..., 2 to asclllabing tablesusx of length
In, shape §.



¥ i3 = bijection from mabchings on
1,%,..., 2 to asclllabing tablesusx of length
2, shape §

Corollary, Mumber of cseillating
tablsauz of length 2n, shape B, i
(Zn—11ll [related fo Brauer algebra
of dimension (2n — 1)1 L



¥ i3 = bijection from mabchings on
1,%,..., 2 to asclllabing tablesusx of length
In, shape §

Corollary, Mumber of cseillating
tablsauz of length 2n, shape B, i
(Zn—1]ll [related fo Brauer algebra
of dimension (2n — 1)1 L

Schensted’s (heorem for match-
ings. Let

M= @=2"501 =9
Then

(M) = mae{ (3] : 0 < i< n)

ne(M)] = max{A; : 0 <i<n}

Froof. Reduce to ordmery REK



Application: airplane boarding

Naive model: passengers bosrd in
order w =aiap ' dpfoveeabsl 2, .. .0
Each pamenger takes one time unit ko
be seated after asriving ok his seak

- 133614

2536 14
S | S o O RS ST
5 164
O ] TR T A S S

& 4
0 L) )2 k20 L)

Fasy: Total weiting time = is(w).



Now let « (M) =4, ne{M) = j, and
)= =203, 3 =)
Disfire M by
B(M = (= (AW, (AL, 02 = 0).
By Schensted’s theorem for matchings,
or[M') =7, ne(M') =1
Thus M — M’ is an invelution en

mabchings of [2n] hterchanging cr and
ne.

T



Now let « (M) =4, ne{M) = j, and
)= =203, 3 =)
Disfire M by
B(M = (= (AW, (AL, 02 = 0).
By Schensted’s theorem for matchings,
or[M') =7, ne(M') =1
Thus M — M’ is an invelution en

mabchings of [2n] hterchanging cr and
ne.

= Theorem. Let fuli, i) = # match-
wngs M on 2n] with er(M) =i and
“'E{M-} =j. Then fali, J) = .r'rz-[:jl t).

T



New let (M) =4, ne(M) = j, and
D(M)= =292, 2% =)
Ciefine M Ty
S(MY = (9 = (AN, (., (Y = 9).
By Schensted’s theorem for matchings,
ar(M) =7, ne(M") =i
Thus M +— M’ i3 an mvelution en

mubzhings of [2n] hierchanging or and
il

= Theorem. Let foli, j) = # match-
wngs M on [2n] with er{M) = i and
ne(M) = 5. Then Fn(iy ) = fnld i).

Open: simaple desoripion of M —
M’ the anslogue of

B3 g g 0D,

which mterchanges Is and da

"



Enumeration of -noncrossing
matchings (or nestings),

Recall: The number of matchings M
on [2n| with no crossings, Le, a{M) =
1, {or with no nestings) is C, =ﬂ—__h{2:}.

Whak about bhe nurber with er( M) <
k?

Asguree er (M) < k. Let
HMy= 0 =2" 2. A=

Regard each A' = (Af,..., X} e ¥



Corollary, The rmber fr.(n) of
matchmgs M on [Bn] with e(M) <
k & the number of lathee paths of
length 2n from 0 de 0 = the region

cﬂ:={{ﬂT="'=“ﬁ}ENk eSS ag)

with sfepe te; (& = ith wnit coordi-
nate vector )

€ @ Koy 12 = fundamental chamber
for the Weyl proup of bype B



Grabiner-Magyar: applied (ressel-
Zeilberger reflection principle o
salve this latkice path problem (not know-
ing connection with nmb:hngs}

T3



Grabiner-Magyar: applied (ressel-
Zeilberger reflection principle o
salve this latkice path problem (not know-
ing connection with nmb:hngs}

Theorem. (lsfine
in

Hy(x) =Zf;,an;T},-

Then
&
Hifz) = det [I|,_ ;(22) - f#‘.,{gm}] iy

uifiere

M2
i) = L

as before,

TS



Example. k =1 (nonerossing mabeh-
ings):

Hilzy = Iy(2=) - leiﬁz}
- EG

=i



Example. k =1 (nonerossing mabeh-
ings):

Hilzy = Iy(2=) - leiﬁz}
- EG

Fzi
Compaire:
ug(n) = #{w € Sy : longest incrensing
aubaeqmuf]msth < k}.

Eu& _dﬂt [ﬂ—:{%} {,jul’

a2l

TR



Baik-Rains (koplicitly):
lim_Prob (‘“’"':M L <

e @n)iFe

where

Bi(t) = VF a:-:p( [ -w:zjdz]:

whers F(t] is the Tracy-Widorn diskri-
bution and uiz) the Fainleve Il fune-
tion

Fi8)
(— F (z - :}uqzﬁm]

I:] = Eu[m}a -+ mu{a:}

3

E;E*@

™



Bachmat, et al.: more sophiati-
sated model

Two conclusions:

# Usual system (hack-to-front) not muoch
better than rendom

¢ Better: first bosrd window zeats, then
cenber | bhen aisls,



@i p(n) :=F¢{mabchings M on Bn],
ar(M) £ j, ne(M) < k}

Mowr

gikn) = #{B=2020 0% =)

;,l.‘l-l-‘[ =.-}|1.:|:DJ .:"‘1 Ej Kkrﬁ:m#}:‘

a walk on the Hasse disgran M7, k)
of

Lij, k) :={AC j &k rectangle},
ordared by inclusion






A = adjscency malkrix of H(j, k)
Ap = adjscency mabrix of H{4, k) = {#}.
Transfer-rnabeix method =
3,1 det{l — z.Ag}
2 okl)e” = oy
a2l



A = adjscency malkrix of H(j, k)
Ap = adjscency mabrix of H{4, k) = {#}.
Tranger-metrix method =
gn det(l — z.Ag)
2 okl)e” = oy
Theorem {Crabiner, implicikly) Ew
exy zero of det(] —zA) has the fermn
Acos(mry/m)+ - 4 cos(mr;/m}),
whereench v, EE andm =i+ k+ 1

a2l



A = adjscency malkrix of H(j, k)
Ap = adjscency mabrix of H{4, k) = {#}.
Transfer-mabrix method ==
o = det(] — zAg)
2 okl)e” = oy
n=l
Theorem {Crabiner, implicikly) Ew
exy zero of det(] —zA) has the fermn
2lcos(mry/my+ o 4 coslmr;/m]},
whereench v, EE andm =i+ k+ 1

Corvollary, Euery factor of deb(] —
xA) cver ) has degree dividing

1
#(27+k+ 1),
where ¢ 1 the Buler pha-funciion



Example.
=2 k=% ﬁlﬂlﬁ] =d:
det(I —zA) = (1 —22%)(1 — dz®+ 2z
(1- Bzt + 81 - B4 827 - 0¥
(1 — Bz® — 82° — 2%

j=k=3 (14 =3
deb({f -z A} = (1—-z)(1+zi{1+z— 92— 2"}

(1-z- %24 2°)[1- 2= txi4 2’}
14z =222 — gy



Partition of the st [n}

f1,5%, {21, {3,6,8,9}, {4,7,10}

IR

1 2 3 4 5 & 7 & 92 10

Crenaralize ascillating bablesn: to
vacillating tableaux (relsted to the
partition algebra).



Partition of the st [n}
{15} {2} {3,6,89}, {4,7,10%

IRV

1 2 3 4 5 & 7 & 92 10

Crenaralize ascillating bablesn: to
vacillating tableaux (relsted to the
partition algebra).

Many ather varistiors: ase papezl



partition A Fa A= (A
ApAgzie2 :}\2““}

> X=n



