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Regularity results
|7 # The universal estimate holds (Aronson-Bénilan, 79): _I

Av > —Cft.

w o~ uw ! s the pressure.

# (Caffarelli-Friedman, 1982) O reqularity: there is an o = (0, 1}
such that a bounded solution detined in a cube 15 &*
continuous.

Jun L VERQUET - Ranlinear Difusion Parous Madiom and Fasl Difesian Equalions = po 417



Regularity results
|7 # The universal estimate holds (Aronson-Bénilan, 79): _I

Av > —Cft.

w o~ uw ! s the pressure.

# (Caffarelli-Friedman, 1982) O reqularity: there is an o = (0, 1}
such that a bounded solution detined in a cube 15 &*
continuous.

# |f there is an interface [, it is also O continuous in space time.

Jun L VERQUET - Ranlinear Difusion Parous Madiom and Fasl Difesian Equalions = po 417



Ii.l

L

Regularity results

The universal estimate holds {Aronson-Bénilan, 79): _I
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w o~ uw ! s the pressure.

(Caffarelli-Friedman, 1982) O reqularity: there is an o = (0, 1)
such that a bounded solution detined in a cube 15 &*
continuous.

If there is an interface I, it is also O continuous in space time,

How far can you go? Free boundaries are stationary (metastable) if
initial profile is quadratic near 80: w,(x) = Q(d*). Thisis called
waiting time, Characterized by V. in 1983, Visually inferesfing a1 thin ilms
spreadng on & fable. Existence of corner points possible when
metastable, — ne O Aronson-Caffareli-v, Regularity stops here in n = 1
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I'ree Boundaries in several dimensions
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A complex free boundary in 1-D A ragular free boundary in n-0

# (Caffarelli-Vazquez-Wolanski, 1987} If uy has compact support,
then after some time T the interface and the solutions are 'L,
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A complex free boundary in 1-0 A ragular free boundary in -0

# (Caffarelli-Vazquez-Wolanski, 1987} If uy has compact support,
then after some time T the interface and the solutions are 'L,

# [(Koch, thesis, 1997) If vy is transversal then FB 1s O after T'.
Pressure is “laterally” O i is a broken profile always when # moves.
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Free Boundaries 11. Holes
|7 # A free boundary with a hole in 20, 30 is the way of showing _I
that focusing accelerates the viscous fluid so that the speed
becomes infinite. This is blow-up for v ~ V™1,
The setup is a viscous fluid on a table occupying an annulus of
radii », and »y. As time passes r:(¢) grows and r;(t) goes to
the origin. As £ — T, the time the hole disappears, the speead

r{ (t}) — —co.
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—

|7 # A free boundary with a hole in 20, 30 is the way of showing
that focusing accelerates the viscous fluid so that the speed
becomes infinite. This is blow-up for v ~ V™1,
The setup is a viscous fluid on a table occupying an annulus of
radii », and »y. As time passes r:(¢) grows and r;(t) goes to
the origin. As ¢ — T, the time the hole disappears, the speed

r{ (t}) — —co.

# There is a semi-explicit sclution displaying that behaviour
wlz,t) = (T —)* F{=(T — £)%),

The interface is then v {t} = a{T' — ¢)°. It is proved that & < 1.
Aronson and Graveleau, 1993, later Angenent, Aronson,...,
Vazquez,
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Linear heat flows

|7 # From 1822 until 1850 the heat equation has motivated
(i} Fourier analysis decomposition of functions (and set theory),
(i} development of other linear equations
—= Theory of Parabolic Equations

Uy = 15__: {:-f_-,:aff}_fﬂ+ E ﬁ:,:'ﬂé'ﬂ- + o+ ..f
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lIl. Asymptotics
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Asymptotic behaviour

Nonlinear Central Limit Theorem ]
B Choice of demain: 7 Chace of data wolz) € LA™ We can wriks

e = Afju|™ " )+ f
Letusput f € LE, Lot M = [ug(e) do+ [f f dedt
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Asymptotic behaviour

Nonlinear Central Limit Theorem ]

B Choice of demain: 7 Chace of data wolz) € LA™ We can wriks

e = Afju|™ " )+ f
Letusput f € L2, Lol M = [ ug(e) de+ ([ 7 dedt

» Asymptotic Theorem [kamin and Friedman, 1980, v 2001] Let

B{x,t; M) be the Barenblatt with the asymptotic mass M ;u
converges to B after renormalization

t*[w{z, t) — Bz, )| —= 0
For every p > 1 we have
lu(t) — Bt)lp = oft™/7), p'=p/(p-1).

Mote. acand 3 = a/n = 1/(2 + n(m — 1)) are the zooming
exponents as in B{x, t).

|
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» Asymptotic Theorem [kamin and Friedman, 1980, v 2001] Let
B{x,t; M) be the Barenblatt with the asymptotic mass M ;u
converges to B after renormalization

t*[w{z, t) — Bz, )| —= 0

For every p > 1 we have

lu(t) — Bt)lp = oft™/7), p'=p/(p-1).

Mote. acand 3 = a/n = 1/(2 + n(m — 1)) are the zooming
exponents as in B{x, t).

B  Slarling result by FK takes ap > 0, compact support and £ =0 J
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Asymptotic behaviour. Picture

|7+ The rals cannal b improved withioul mans nfeemation on wg

+ e Also less than 1 but supercritical (— with even better convergencs called relative amor
COrmwargenos)
i R |:"-'. ':II."& niaE DIg aurpnsas;

=10 — we=Aloge — Ficol fow wilk slrangs proparlies,

Proal works ior p-Laplacian flow
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Asymptotic behaviour. I1

Ii.i The rates. Carrillo-Toscani 2000. Using entropy functional _|
with enfropy dissipation control you can prove decay rates
when [uplz)|z|* de < oo (finite variance):

lu(t) — B(t)]1 = OE™),

We would ik tohave & = 1, This problem is sl open form = 2 Hew resulls by JA

Carrilia, McCann, Del Firg, Dolbeaull, Vazques &l &l includs s <
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Eventual geometry, concavity and convexity Result by
Lee and Vazquez (2003). Here we assume compact support There exists

lame after which the presaure 15 concave e domain cormdar, Lhe leved 2als cormes and
g
(D*(, &) — kD)oo — 0

unifgrmly in the supporl The solubon has only ons mazimum. Inner ComeEargenc: in
_:‘:."h:l'?
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Linear heat flows

|7 # From 1822 until 1850 the heat equation has motivated
(i} Fourier analysis decomposition of functions (and set theory),
(i} development of other linear equations
—= Theory of Parabolic Equations

Uy = 15__: {:-f_-,:aff}_fﬂ+ E ﬁ:,:'ﬂé'ﬂ- + o+ ..f

# Main inventions in Parabolic Theory:
(1) a5, be, e, f regular = Maximum Principles, Schauder
estimates, Harnack inequalities; ' spaces (Holder); potential

theory: generation of semigroups.
(2) coefficients only continuous or bounded = W=7 estimates,
Calderén-Zygmund theory, weak solutions; Sobolev spaces.
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Calculations of the entropy rates

|7 » We resc-ala the funclion as  w(z,t) = r{$)" plyrt),s) _I
where r(t] is the Barenblatt radius at ¢ + 1, and “new time" is
s = logil + ). Equation becomes

pe = div (p(Vp™ ! + ZVy?)).
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Calculations of the entropy rates

# ‘We rescale the funclion as  w(z, i) = r{§)" ply (i), s) _I
where r(t] is the Barenblatt radius at ¢ + 1, and “new time" is
s = logil + ). Equation becomes

pe = div (p(Vp™ ! + ZVy?)).

# Then define the entropy
g | s
Efu)(t) = [I.;Pm+ EPPEH‘H

The mummum of enfropy is wdentited as fhe Barenblalf profle,
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i 1 i
Moreover,
et}
— - R AL,
K.

We conclude exponential decay of I} and E 1 new frme s, which & potenfial i real
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Asymptotics IV. Concavity

The eventual concavity results of Lee and Vazquez _I

Eventual concavity for HE Eventual concavity for FDE
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Linear heat flows

|7 # From 1822 until 1850 the heat equation has motivated
(i} Fourier analysis decomposition of functions (and set theory),
(i} development of other linear equations
—= Theory of Parabolic Equations

g =3 aiGi@u+ D bibut cu+ f

# Main inventions in Parabolic Theory:
(1) a5, be, e, f regular = Maximum Principles, Schauder
estimates, Harnack inequalities; ' spaces (Holder); potential

theory: generation of semigroups.
(2) coefficients only continuous or bounded = W=7 estimates,
Calderén-Zygmund theory, weak solutions; Sobolev spaces.

# The probabilistic approach: Diffusion as an stochastic
process: Bachelier, Einstain, Smoluchowski, Wiener, Lavy, lto,...
dX = bat + ogdW
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